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Preface

These are notes from an introductory course on ergodic theory given at the
Hebrew University of Jerusalem in the fall semester of 2012.

The course covers the usual basic subjects, though relatively little about
entropy (a subject that was covered in a course the previous year). On the less
standard side, we have included a discussion of Furstenberg disjointness.



Chapter 1

Introduction

At its most basic level, dynamical systems theory is about understanding the
long-term behavior of a map 7" : X — X under iteration. X is called the phase
space and the points x € X may be imagined to represent the possible states
of the “system”. The map T determines how the system evolves with time:
time is discrete, and from state z it transitions to state Tx in one unit of time.
Thus if at time 0 the system is in state z, then the state at all future times
t=1,2,3,... are determined: at time ¢t = 1 it will be in state Tz, at time t = 2
in state T'(Tx) = T?z, and so on; in general we define

Tz =ToTo...oT(x)
—_—

n

so T™x is the state of the system at time n, assuming that at time zero it is
in state . The “future” trajectory of an initial point z is called the (forward)
orbit, denoted

Or(z) = {z, Tz, T?x,...}

When T is invertible, y = T~ 'x satisfies Ty = z, so it represents the state of
the world at time ¢t = —1, and we write T~" = (T~1)" = (T™)~!. The one can
also consider the full or two-sided orbit

OE(z)={T"z : n € Z}

There are many questions one can ask. Does a point * € X necessarily
return close to itself at some future time, and how often this happens? If we
fix another set A, how often does z visit A? If we cannot answer this for all
points, we would like to know the answer at least for typical points. What is the
behavior of pairs of points z,y € X: do they come close to each other? given
another pair x’,3’, is there some future time when x is close to ' and y is close
toy'? If f: X — R, how well does the value of f at time 0 predict its value at
future times? How does randomness arise from deterministic evolution of time?
And so on.
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The set-theoretic framework developed so far there is relatively little that
can be said besides trivialities, but things become more interesting when more
structure is given to X and 7. For example, X may be a topological space, and
T continuous; or X may be a compact manifold and T a differentiable map (or
k-times differentiable for some k); or there may be a measure on X and T may
preserve it (we will come give a precise definition shortly). The first of these
settings is called topological dynamics, the second smooth dynamics, and the
last is ergodic theory. Our main focus in this course is ergodic theory, though
we will also touch on some subjects in topological dynamics.

One might ask why these various assumptions are natural ones to make.
First, in many cases, all these structures are present. In particular a theorem
of Liouville from celestial mechanics states that for Hamiltonian systems, e.g.
systems governed by Newton’s laws, all these assumptions are satisfied. Another
example comes from the algebraic setting of flows on homogeneous spaces. At
the same time, in some situations only some of these structures is available; an
example is can be found in the applications of ergodic theory to combinatorics,
where there is no smooth structure in sight. Thus the study of these assumptions
individually is motivated by more than mathematical curiosity.

In these notes we focus primarily on ergodic theory, which is in a sense
the most general of these theories. It is also the one with the most analytical
flavor, and a surprisingly rich theory emerges from fairly modest axioms. The
purpose of this course is to develop some of these fundamental results. We will
also touch upon some applications and connections with dynamics on compact
metric spaces.



Chapter 2

Measure preserving
transformations

2.1 Measure preserving transformations

Our main object of study is the following.

Definition 2.1.1. A measure preserving system is a quadruple X = (X, B, u, T')
where (X, B, 1) is a probability space, and 7' : X — X is a measurable, measure-
preserving map: that is

T 'AcB and w(T™rA) = pu(A) forall Ae B

If T is invertible and 7! is measurable then it satisfies the same conditions,
and the system is called invertible.

Example 2.1.2. Let X be a finite set with the o-algebra of all subsets and
normalized counting measure pu, and 7' : X — X a bijection. This is a measure
preserving system, since measurability is trivial and

!
RY

1

u(T~1A) X

T2 Al = = |A] = u(4)
This example is very trivial but many of the phenomena we will encounter can
already be observed (and usually are easy to prove) for finite systems. It is

worth keeping this example in mind.
Example 2.1.3. The identity map on any measure space is measure preserving.

Example 2.1.4 (Circle rotation). Let X = S with the Borel sets B and
normalized length measure p. Let o € R and let R, : S' — S! denote the
rotation by angle «, that is, z +— e?™@2 (if o ¢ 27Z then this map is not the
identity). Then R, preserves u; indeed, it transforms intervals to intervals of
equal length. If we consider the algebra of half-open intervals with endpoints

6
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in Q[a], then T preserves this algebra and preserves the measure on it, hence it
preserves the extension of the measure to 3, which is pu.

This example is sometimes described as X = R/Z, then the map is written
additively, z — = + a.

This example has the following generalization: let G be a compact group
with normalized Haar measure p, fix ¢ € G, and consider R, : G — G given
by z — gz. To see that u(T1A) = u(A), let v(A) = u(g~*A), and note
that v is a Borel probability measure that is right invariant: for any h € H,
v(Bh) = pu(g *Bh) = u(¢g~'B) = v(B). This v = p.

Example 2.1.5 (Doubling map). Let X = [0,1] with the Borel sets and
Lebesgue measure, and let Tx = 2x mod 1. This map is onto is ,not 1-1, in
fact every point has two pre-images which differ by %, except for 1, which
is not in the image. To see that T, preserves p, note that for any interval
I=la,a+r)C[0,1),

1 + 1
ga—l—rua 1 a+r

Lllaatn) =l 5Vl 55 +3)
which is the union of two intervals of length half the length; the total length is
unchanged.

Note that T'I is generally of larger length than I; the property of measure
preservation is defined by u(T-1A) = p(A).

This example generalizes easily to T,z = az mod 1 for any 1 < a € N. For
non-integer a > 1 Lebesgue measure is not preserved.

If we identify [0,1) with R/Z then the example above coincides with the
endomorphism z +— 2z of the compact group R/Z. More generally one can
consider a compact group G with Haar measure p and an endomorphism 7 :
G — G. Then from uniqueness of Haar measure one again can show that T'
preserves fi.

Example 2.1.6. (Symbolic spaces and product measures) Let A be a finite set,
|A] > 2, which we think of as a discrete topological space. Let X+ = AN and
X = A? with the product o-algebras. In both cases there is a map which shifts
“to the right”,

(02)n = Tny1

In the case of X this is an invertible map (the inverse is (o), = 2,,—1). In the
one-sided case X, the shift is not 1-1 since for every sequence z = z1zs ... € AN
we have 071(x) = {xom122... : 20 € A}

Let p be a probability measure on A and u = p”, ut = p" the product
measures on X, X", respectively. By considering the algebra of cylinder sets
[a] = {x : x; = a;}, where a is a finite sequence of symbols, one may verify that
o preserves the measure.

Example 2.1.7. (Stationary processes) In probability theory, a sequence {&,}52 ;
of random variables is called stationary if the distribution of a consecutive n-
tuple (&g, ..., &k+n—1) does not depend on where it behind; i.e. (&1,...,&,) =
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(&ky - -+ Ektn—1) in distribution for every k and n. Intuitively this means that
if we observe a finite sample from the process, the values that we see give no
information about when the sample was taken.

From a probabilistic point of view it rarely matters what the sample space is
and one may as well choose it to be (X, B) = (YN, CY), where (Y,C) is the range
of the variables. On this space there is again defined the shift map o : X — X
given by o((yn)221) = (Yn+1)5%;. For any A;,..., A, € C and k let

A=Y X .. XY XA X .. XA, xY XY XY % ...
—_—
k

Note that B is generated by the family of such sets. If P is the underlying
probability measure, then stationarity means that for any Aq,..., A, and k,

P(A% = P(AF)

Since A¥ = 07k A® this shows that the family of sets B such that P(¢~!B) =
P(B) contains all the sets of the form above. Since this family is a o-algebra
and the sets above generate B, we see that o preserves P.

There is a converse to this: suppose that P is a o-invariant measure on
X = YN, Define &,(y) = y,. Then (&,) is a stationary process.

Example 2.1.8. (Hamiltonian systems) The notion of a measure-preserving
system emerged from the following class of examples. Let Q = R?"; we denote
w € Q by w = (p,q) where p,q € R". Classically, p describes the positions of
particles and ¢ their momenta. Let H : 2 — R be a smooth map and consider
the differential equation

d  OH
api - 0q;
d . _ oOH

a%‘ = op;

Under suitable assumptions, for every initial state w = (pg,qo) € Q and t € R
there is determines a unique solution 7, (t) = (p(¢), ¢(t)), and w; = 7, (t) is the
state of the world after evolving for a period of ¢ started from w.
Thinking of ¢ as fixed, we have defined a map Ty : Q — Q by Tiw = v, ().
Clearly
Ty(w) = 7 (0) = w

We claim that this is an action of R. Indeed, notice that o(s) = v, (t + s)
satisfies 0(0) = 7, (t) = wi and 6(s) = v, (t + s), and so A(0,5) = A(y.(t +
$)sJw(t 4+ s)) = 0. Thus by uniqueness of the solution, +,,, (s) = Y, (¢t + s). This
translates to

Tiys(w) = Yu(t + 5) = Y0, (5) = Tsw = Ts(Thw)

and of course also Tyt s = Tsqt = TyTsw. Thus (T3)ier is action of R on Q.
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It often happens that 2 contains compact subsets which are invariant under
the action. For example there may be a notion of energy F : 2 — R that
is preserved, i.e. E(Tiw) = E(w), and then the level sets M = E~1(eg) are
invariant under the action. FE is nice enough, M will be a smooth and often
compact manifold. Furthermore, by a remarkable theorem of Liouville, if the
equation governing the evolution is a Hamiltonian equation (as is the case in
classical mechanics) then the flow preserves volume, i.e. vol(T;U) = vol(U) for
every ¢t and open (or Borel) set U. The same is true for the volume form on M.

2.2 Recurrence

One of deep and basic properties of measure preserving systems is that they
display “recurrence”’, meaning, roughly, that for typical z, anything that happens
along its orbit happens infinitely often. This phenomenon was first discovered
by Poincaré and bears his name.

Given a set A and = € A it will be convenient to say that x returns to A if
Tz € A for some n > 0; this is the same as x € ANT~™A. We say that x
returns for A infinitely often if there are infinitely many such n.

The following proposition is, essentially, the pigeon-hole principle.

Proposition 2.2.1. Let A be a measurable set, 1(A) > 0. Then there is an n
such that p(ANT—"A) > 0.

Proof. Consider the sets A, T"'A,T72A,..., T *A. Since T is measure pre-
serving, all the sets T~*A have measure u(A), so for k > 1/u(A) they cannot
be pairwise disjoint mod g (if they were then 1 > u(X) > Zle w(T—tA) > 1,
which is impossible). Therefore there are indices 0 < i < j < k such that
W(T—PANT=IA) > 0. Now,

TANTTA=T"Y(ANT-U=94)
so p(ANT=U=DA) > 0, as desired. O

Theorem 2.2.2 (Poincare recurrence theorem). If u(A) > 0 then p-a.e. v € A
returns to A.

Proof. Let

E:{xEA:T"z¢Aforn>0}:A\UT*”A

n=1

Thus EC Aand T""ENE CT "ENA=0 for n > 1 by definition. Therefore
by the previous corollary, u(FE) = 0. O

Corollary 2.2.3. If u(A) > 0 then p-a.e. x € A returns to A infinitely often.
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Proof. Let E be as in the previous proof. For any k-tuple n1 < ng < ... < ng,
the set of points x € A which return to A only at times ni,...,n; satisfy
Tz € E. Therefore,

xr € A : x returns to A finitely often} = T " F
{ y

k ni<...<ng
Hence the set on the left is the countable union of set of measure 0. O

In order to discuss of recurrence for individual points we suppose now assume
that X is a metric space.

Definition 2.2.4. Let X be a metric space and T : X — X. Then x € X is
called forward recurrent if there is a sequence ny — oo such that Tz — x.

Proposition 2.2.5. Let (X,B,u,T) by a measure-preserving system where X
is a separable metric space and the open sets are measurable. Thenu-a.e. x is
forward recurrent.

Proof. Let A; = By, (x;) be a countable sequence of balls that generate the
topology. By Theorem 2.2.2, there are sets A, C A; of full measure such that
every © € A returns to A;. Let Xo = X\ J(A4; \ 4}), which is of full y-measure.
For z € X, if x € A; then x returns to A;, so it returns to within |diam A,| of
itself. Since z belongs to A, of arbitrarily small diameter, x is recurrent. O

When the phenomenon of recurrence was discovered it created quite a stir.
Indeed, by Liouville’s theorem it applies to Hamiltonian systems, such as plan-
etary systems and the motion of molecules in a gas. In these settings, Poincaré
recurrence seems to imply that the system is stable in the strong sense that it
nearly returns to the same configuration infinitely often. This question arose
original in the context of stability of the solar system in a weaker sense, i.e.,
will it persist indefinitely or will the planets eventually collide with the sun,
or fly off into deep space. Stability in the strong sense above contradicts our
experience. One thing to note, however, is the time frame for this recurrence
is enormous, and in the celestial-mechanical or thermodynamics context it does
not say anything about the short-term stability of the systems.

Recurrence also implies that there are no quantities that only increase as
time moves forwards; this is on the face of it in contradiction of the second
law of thermodynamics, which asserts that the thermodynamic entropy of a
mechanical system increases monotonely over time. A function f: X — R is in-
creasing (respectively, constant) along orbits if f(T'z) > f(x) a.e. (respectively
f(Tz) = f(z) a.e.). This is the same as requiring that for a.e. = the sequence
f(x), f(Tx), f(T?x),. .. is non-decreasing (respectively constant). Although su-
perficially stronger, the latter condition follows because for fixed n,

pla = f(T"(2) < f(T"2)) = p(T™{z : f(Tz) < f(z)})
= ple: f(Tz) < f(x))
0
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and so the intersection of these events is still of measure zero. The same argu-
ment works for functions constant along orbits.

Corollary 2.2.6. In a measure preserving system any measurable function that
18 increasing along orbits is a.s. constant along orbits.

Proof. Let f be increasing along orbits. For § > 0 let
JO)={ze X : f(Tz) > f(z)+ 0}

We must show that p(.J(8)) = 0 for all § > 0, since then p(U,—, J(1/n)) = 0,
which implies that f(Tz) = f(z) for a.e. z.
Suppose there were some ¢ > 0 such that p(J(0)) > 0. For k € Z let

J(6,k) = {z € J(6) : kg < fla) < (k+ 1)%}

Notice that J(0) = U,z J(9, k), so there is some k with p(J(d,k)) > 0. On the
other hand, if x € J(4, k) then

f(Tﬂﬂ)Zf(z)+52kg+6>(k+1)g

so Tz ¢ J(d,k). Similarly for any n > 1, since f is increasing on orbits,
f(Trz) > f(Tz) > (k+1)5, so T"x ¢ J(8,k). We have shown that no point of
J(0, k) returns to J(4, k), contradicting Poincaré recurrence. O

The last result highlights the importance of measurability. Using the axiom
of choice one can easily choose a representative x from each orbit, and using it
define f(T™x) = n for n > 0 (and also n < 0 if T' is invertible). Then we have a
function which is strictly increasing along orbits; but by the corollary, it cannot
be measurable.

2.3 Induced action on functions and measures

Given a map T : X — Y there is an induced map T on functions with domain
Y, given by R
Tf(x)=f(Tx)

On the space f : Y — Ror f : Y — C the operator T has some ~obvious
properties: it is linear, positive (f > 0 implies T'f > 0), multiplicative (T'(fg) =
Tf-Tg). Also [Tf] = T|f| and T(f°) = (Tf)"

When (X, B) and (Y,C) are measurable spaces and T' is measurable, the
induced map T acts on the space of measurable functions on Y.

Similarly, in the measurable setting T induces a map on measures. Write
M(X) and P(X) for the spaces signed measures and probability measures on
(X, B), respectively, and similarly for Y. Then 7 : M(X) — M(Y) is given by

(fu)(A) = u(T™1A) for measurable A CY
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This is called the push-forward of p and is sometimes denoted T,y or Ty p. It
is easy to check that Ty € M(Y') and that p — T this is a measure on Y. It

is easy to see that this operator is also linear, i.e. T(apu 4 bv) = aTp + bTv for
scalars a, b.

Lemma 2.3.1. v = f,u is the unique measure satisfying [ f dv = fff dp for
every bounded measurable function f:Y — R (or for every f € C(X) if X is a
compact).

Proof. For A € C note that T14(z) = 14(Tz) = Lp—14(x), hence
[ TLadi=u(@12) = @) = [ 14T

This shows that v = YA“;L has the stated property when f is an indicator func-
tion. Every bounded measurable function (and in particular every continuous
function if X is compact) is the pointwise limit of uniformly bounded sequence
of linear combinations of indicator functions, so the same holds by dominated
convergence (note that f, — f implies T'f, — Tf).

Uniqueness follows from the fact that v is determined by the values of [ f dv
as f ranges over bounded measurable functions,or, when X is compact, over
continuous functions. O

Corollary 2.3.2. Let (X, B, ) be a measure space andT : X — X a measurable

map. Then T preserves p if and only if ffdu = fff dp for every bounded
measurable f : X - R (or f € C(X) if X is compact)

Proof. T preserves p if and only if 4 = f,u7 so this is a special case of the
previous lemma. O

Proposition 2.3.3. Let f : X — Y be a map between measurable spaces,
pw€PX)andv € Tu € P(Y). Then T maps LP(v) isometrically into LP(u)
for every 1 < p < o0.

Proof. First note that if f is an a.e. defined function then T [ is also, because
if £ is the nullset where f is not defined then T~'FE is the set where Tf is
not defined, and u(T~'E) = v(E) = 0. Thus T acts on equivalence classes of
measurable functions mod p. Now, for 1 < p < oo we have

~ p ~ ~
|25 = [ Prran= [ 2as1yan= [ 157100 = 51
For p = oo the claim follows from the identity [|f||,, = limp—oo || fl,,- O

Corollary 2.3.4. In a measure preserving system Tisa norm-preserving self-
map of LP, and if T is invertible then T is an isometry of LP.

The operator T on L? is sometimes called the Koopman operator. When T
is invertible it is a unitary operator and opens up the door for using spectral
techniques to study the underlying system. We will return to this idea later.

We will follow the usual convention and write T instead of T'. This introduces
slight ambiguity but the meaning should usually be clear from he context.
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2.4 Dynamics on metric spaces

Many (perhaps most) spaces and maps studied in ergodic theory have additional
topological structure, and there is a developed dynamical theory for system of
this kind. Here we will discuss only a few aspects of it, especially those which
are related to ergodic theory.

Definition 2.4.1. A topological dynamical system is a pair (X, T) where X is
a compact metric space and T': X — X is continuous.

It is sometimes useful to allow compact non-metrizable spaces but in this
course we shall not encounter them.

Before we begin discussing such systems we review some properties of the
space of measures. Let M(X) denote the linear space of signed (finite) Borel
measures on X and P(X) C M(X) the convex space of Borel probability mea-
sures. Two measures p, v € M(X) are equal if and only if [ fdu = [ fdv for
all f € C(X), so the maps pu+— [ fdu, f € C(X), separate points.

Definition 2.4.2. The weak-* topology on M(X) (or P(X)) is the weakest
topology that make the maps p +— [ fdp continuous for all f € C(X). In
particular,

fn — b if and only if /fd,un — /fd,u for all f € C(X)

Proposition 2.4.3. The weak-* topology is metrizable and compact.

For the proof see Appendix 9.
Let (X,T) be a topological dynamical system. It is clear that the induced
map T on functions preserves the space C(X) of continuous functions.

Lemma 2.4.4. T : C(X) — C(X) is contracting in |||, and if the original
map T : X — X is onto, the induced T : C(X) — C(X) is an isometry.
T :P(X)— P(X) is continuous.

Proof. The first part follows from
IT flloc = max [F(T(@)] = max [fyz)l < [1£llo

and the fact that there is equality if TX = X.
For the second part, if u,, — p then for f € C(X),

/de,un:/fon,un—>/fon,u:/de,u

This shows that T'u,, — Tu, so T' is continuous. O

The following result is why ergodic theory is useful in studying topological
systems.
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Proposition 2.4.5. Every topological dynamical system (X,T) has invariant
Measures.

Proof. Let x € X be an arbitrary initial point and define

L V-1
IN =37 HZO Orny
Note that
L V-1
[ rans =5 s

Passing to a subsequence N(k) — oo we can assume by compactness that
LNy — 1 € P(X). We must show that [ fdu = [ foTdu forall f e C(X).
Now,

[ran= [soran = tm [(r-fom)duve

k—o0
' L V- )
- o 2 [ remam)

. 1 1
= Jlim s (PN - (@)

=0
because f is bounded. O

There are a number of common variations of this proof. We could have
defined py = + Zg;ol Opngy (with the initial point xx varying with N), of
begun with an arbitrary measure p and py = % 211;/:—01 T"u. The proof would
then show that any accumulation point of py is T-invariant.

We denote the space of T-invariant measures by Pr(X).

Corollary 2.4.6. In a topological dynamical system (X,T), Pr(X) is non-
empty, compact and conver.

Proof. We already showed that it is non-empty, and convexity is trivial. For
compactness we need only show it is closed. We know that

Pr¥) = () (nePX): [(f=FoT)dn=0}
fec(x)
Each of the sets in the intersection is the pre-image of 0 under the map y —
J(f = foT)du; since f — foT is continuous this map is continuous and so
Pr(X) is the intersection of closed sets, hence closed. O

Corollary 2.4.7. Every topological dynamical system (X, T) contains recurrent
points.

Proof. Choose any invariant measure pu € Pr(X) and apply Proposition 2.2.5
to the measure preserving system (X, B, u, T). O
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2.5 Some technicalities

Much of ergodic theory holds in general probability spaces, but some of the
results require assumptions on the measure space in order to avoid pathologies.
There are two possible and theories available which for our purposes are essen-
tially equivalent: the theory of Borel spaces and of Lebesgue spaces. We will
work in the Borel category. In this section we review without proof the main
facts we will use. These belong to descriptive set theory and we will not prove
them.

Definition 2.5.1. A Polish space is an uncountable topological space whose
topology is induced by a complete, separable metric.

Note that a metric space can be Polish even if the metric isn’t complete.
For example [0, 1) is not complete in the usual metric but it is homeomorphic
to [0, 00), which is complete (and separable), and so [0, 1) is Polish.

Definition 2.5.2. A standard Borel space is a pair (X, 8) where X is an un-
countable Polish space and B is the Borel g-algebra. A standard measure space
is a o-finite measure on a Borel space.

Definition 2.5.3. Two measurable spaces (X, B) and (Y,C) are isomorphic if
there is a bijection f: X — Y such that both f and f~! are measurable.

Theorem 2.5.4. Standard Borel spaces satisfy the following properties.
1. All Borel spaces are isomorphic.
2. Countable products of Borel spaces are Borel.

8. If A is an uncountable measurable subset of a Borel space, then the re-
striction of the o-algebra to A again is a Borel space.

4. If f is a measurable injection (1-1 map) between Borel spaces then the
image of a Borel set is Borel. In particular it is an isomorphism from the
domain to its image.

Another important operation on measure spaces is the factoring relation.

Definition 2.5.5. A factor between measurable spaces (X, B) and (Y,C) is a
measurable onto map f : X — Y. If there are measures u,v on X,Y, respec-
tively, then the factor is required also to satisfy fu = v.

Given a factor f : (X,B) — (Y,C) between Borel spaces, we can pull back
the o-algebra C and obtain a sub-c-algebra £ C B by

E=fc={r"1C:CeC}

Note that C is countably generated (since it is isomorphic to the Borel o-algebra
of a separable metric space), so £ is countably generated as well.
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This procedure can to some extent be reversed. Let (X, B) be a Borel space
and £ C B a countably generated sub-o algebra. Partition X into the atoms of
&, that is, according to the the equivalence relation

T~y = 1g(x) =1g(y) forall E € &
Let 7 : X — X/ ~ denote the factor map and
E/~={ECX/~: 1 'Ec&}

Then the quotient space X/& = (X/ ~,E/ ~) is a measurable space and 7 is
a factor map. Notice also that 77! : (£/ ~) — &£ is 1-1, so £/ ~ is countably
generated. Also, the atoms of ~ are measurable, since if f £ is generated by
{E,} then the atom of x is just (| F,, where F,, = E,, ifz € E, and F,, = X\ E,
otherwise. Hence £/ ~ separates points in X/ ~.

These two operations are not true inverses of each other: it is not in general
true that if £ C B is countably generated then (X/ ~,&/ ~) is a Borel space.
But if one introduces a measure then it is true up to measure 0.

Theorem 2.5.6. Let u be a probability measure on a Borel space (X, B, u), and
E C B a countably generated infinite sub-o-algebra. Then there is a measurable
subset Xog C X of full measure such that the quotient space of Xo/E is a Borel
space.

As we mentioned above, there is an alternative theory available with many of
the same properties, namely the theory of Lebesgue spaces. These are measure
spaces arising as the completions of o-finite measures on Borel spaces. In this
theory all definitions are modulo sets of measure zero, and all of the properties
above hold. In particular the last theorem can be stated more cleanly, since
the removal of a set of measure 0 is implicit in the definitions. Many of the
standard texts in ergodic theory work in this category. The disadvantage of
Lebesgue spaces is that it makes it cumbersome to consider different measures
on the same space, since the o-algebra depends non-trivially on the measure.
This is the primary reason we work in the Borel category.



Chapter 3

Ergodicity

3.1 Ergodicity

In this section and the following ones we will study how it may be decomposed
into simpler systems.

Definition 3.1.1. Let (X, B, u, T) be a measure preserving system. A measur-
able set A C X is invariant if 7-'A = A. The system is ergodic if there are no
non-trivial invariant sets; i.e. every invariant set has measure 0 or 1.

If A is invariant then so is X \ A. Indeed,
THX\NA)=T'X\T'A=X\4

Thus, ergodicity is an irreducibility condition: a non-ergodic system the dynam-
ics splits into two (nontrivial) parts which do not “interact”, in the sense that
an orbit in one of them never enters the other.

Example 3.1.2. Let X be a finite set with normalized counting measure, and
T:X — X al-1map. If X consists of a single orbit then the system is ergodic,
since any invariant set that is not empty contains the whole orbit. In general,
X splits into the disjoint (finite) union of orbits, and each of these orbits is
invariant and of positive measure. Thus the system is ergodic if and only if it
consists of a single orbit.

Note that every (invertible) system splits into the disjoint union of orbits.
However, these typically have measure zero, so do not in themselves prevent
ergodicity.

Example 3.1.3. By taking disjoint unions of measure preserving systems with
the normalized sum of the measures, one gets many examples of non-ergodic
systems.

Definition 3.1.4. A function f : X — Y for some set Y is invariant if f(Tz) =
f(z) for all z € X.

17
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The primary example is 14 when A is invariant.
Lemma 3.1.5. The following are equivalent:

1. (X, B, 1, T) is ergodic.

2. If T"'A= Amod p then pu(A) =0 or 1.

3. Every measurable invariant function is constant a.e.

4. Iff €LY and Tf = f a.e. then f is a.e. constant.

Proof. (1) and (3) are equivalent since an invariant set A produces the invari-
ant function 14, while if f is invariant and not a.e. constant then there is a
measurable set U in the range of f such that 0 < u(f~1U) < 1. But this set is
clearly invariant.

Exactly the same argument shows that (2) and (4) are equivalent.

We complete the proof by showing the equivalence of (3) and (4). Clearly
(4) implies (3). Conversely, suppose that f € L' and Tf = f a.e.. Let g =
limsup f(T™z). Clearly g is T-invariant (since g(T'z) is the limsup of the shifted
sequence f(T™1x), and is the same as the limsup of f(7™z), which is g(z)).
The proof will be done by showing that ¢ = f a.e. This is true at a point
z if f(T"z) = f(x) for all n > 0, and for this it is enough that f(T""lz) =
f(T"x) for all n > 0; equivalently, that T"x € {Tf = f} for all n, i.e. that
x €T ™{Tf = f}. But this is an intersection of sets of measure 1 and hence
holds for a.e. z, as desired. O

Example 3.1.6 (Irrational circle rotation). Let R, (x) = e2™i®z be an irrational
circle rotation (a ¢ Q) on S! with Lebesgue measure. We claim that this system
is ergodic. Indeed, let x,,(z) = 2™ (the characters of the compact group S') and
consider an invariant function f € L°(u). Since f € L?, it can be represented
in L? as a Fourier series f = >_ anXxn. Now,

TXn(Z) — (62772'042)77, _ 627Tinazn — 227rino¢Xn
so from |
f=Tf= Z anTxn = Z €2mnaaan

Comparing this to the original expansion we have a,, = €>™"%*q,,. Thus if a,, # 0
then 27" = 1, which, since a ¢ Q, can occur only if n = 0. Thus f = agXo,
which is constant .

Non-ergodicity means that one can split the system into two parts that don’t
“interact”. The next proposition reformulates this in a positive way: ergodicity
means that every non-trivial sets do “interact”.

Proposition 3.1.7. The following are equivalent:
1. (X,B,u,T) is ergodic.
2. For any B € B, if w(B) > 0 then |J,~ x T~"B = X mod p for every N.
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3. If A, B € B and u(A), u(B) > 0 then p(ANT~"B) > 0 for infinitely many
n.

Proof. (1) implies (2): Given B let B’ =J;~ ;T "B and note that

oo [ee]
T-'(B)=|JT'T"B= |J T"BCPH
n=N n=N+1

Since u(T~'B’) = p(B’) we have B’ = T~'B’ mod p, hence by ergodicity
B’ = X mod p.

(2) implies (3): Given A, B as in (3) we conclude from (2) that, for every N,
WANU,—xy T~ "B) = p(A), hence there some n > N with u(7-"A) > 0. This
implies that there are infinitely many such n.

Finally if (3) holds and if A is invariant and p(A) > 0, then taking B = X'\ A
clearly ANUT "B = () for all n so u(B) = 0 by (3). Thus every invariant set
is trivial. O

3.2 Mixing

Although a wide variety of ergodic systems can be constructed or shown ab-
stractly to exist, it is surprisingly difficult to verify ergodicity of naturally aris-
ing systems. In fact, in most cases where ergodicity can be proved because the
system satisfies a stronger “mixing” property.

Definition 3.2.1. (X, B, u,T) is called mizing if for every pair A, B of mea-
surable sets,
WANT"B) = p(A)u(B) as n — 0o

It is immediate from the definition that mixing systems are ergodic. The
advantage of mixing over ergodicity is that it is enough to verify it for a “dense”
family of sets A, B. It is better to formulate this in a functional way.

Lemma 3.2.2. For fivzed f € L? and n, the map (f,g) — [f-T"gdu is
multilinear and Hff . T"gd,uH2 < |1 flls llglls-

Proof. Using Cauchy-Schwartz and the previous lemma,
/f~T”gdu <Al 1T glly = 1£1l2 llgll =
Proposition 3.2.3. (X, B, u,T) is mizing if and only if for every f,g € L?,
/f'Tnng%/fd,u~/gdu as n — oo

Furthermore this limit holds for ail f,g € L? if and only if it holds for f,g in a
dense subset of L?.
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Proof. We prove the second statement first. Suppose the limit holds for f,g € V
with V' C L? dense. Now let f,g € L? and for ¢ > 0 let f’,¢’ € V with
Ilf = f'll <eand ||g — ¢'|| <e. Then

H/f-T”gduH < H/(f—f’+f’)~T"(g—g’+g’) duH
< H/(f—f’)T”gduHJrH/f-T”(g—g')du‘ +
+ H/(f —f)-T"g—-4d) duH + H/f’-T”g’duH
<

g+ IIfl e + 2 + H/f ~T”g’duH

Since || [ f'- T"g' du|| — 0 and £ was arbitrary this shows that || [ f - T"g dpu|| —
0, as desired.

For the first part, using the identities [1adp = p(A), T"1a = lp-na
and 141 = lanp, we see that mixing is equivalent to the limit above for
indicator functions, and since the integral is multilinear in f, ¢ it holds for linear
combinations of indicator functions and these combinations are dense in L2, we
are done by what we proved above. O

Example 3.2.4. Let X = A” for a finite set A, take the product o-algebra, and
1 a product measure with marginal given by a probability vector p = (pg)aca-
Let ¢ : X — X be the shift map (ox), = x,+1. We claim that this map is
mixing and hence ergodic. _

To prove this note that if f(z) = f(x1,...,2%) depends on the first k co-
ordinates of the input, then " f(z) = f(a:k_H, ey Than)- If f,g are two such
functions then for n large enough, c"g and f depend on different coordinates,
and hence, because p is a product measure, they are independent in the sense

of probability theory:

/f~0”9du:/fdu~/0”gdﬂ:/fdu'/gdu

so the same is true when taking n — oo. Mixing follows from the previous
proposition.

3.3 Kac’s return time formula

We pause to give a nice application of ergodicity to estimation of the “recurrence
rate” of points to a set.
Let (X, B, 1, T) be ergodic and let pu(A) > 0. Since Xo = [J;, T "4, and

its measure is at least p(A) which is positive, by ergodicity 1(Xo) = 1. Thus for
a.e. there is a minimal n > 1 with T"x € A; we denote this number by r4(x)
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and note that r4 is measurable, since

{ra<k}=An( ] 774
1<i<k

Theorem 3.3.1 (Kac’s formula). Assume that T is invertible. Then [, 4 dp =
1; in particular, E(ralA) = 1/u(A), so the expected time to return to A starting
from A is 1/u(A).

Proof. Let A, = AN{ra =n}. Then

/ radp = Znu(An) = Z
A n=1 n=1k

The proof will be completed by showing that the sets {T*4,, : n € N,...1 <
k < n} are pairwise disjoint and that their union has full measure. Indeed,
for a.e. x € X there is a least m > 1 such that y = T"™x € A. Let n =
ra(y). Clearly m < n, since if n < m and T"y € A then T"y = T"T "z =
T-(m=n)z ¢ A and m —n > 1 is smaller than m. Thus z € T™A,,. This shows
that the union of the given family is X up to a null set.

To show that the family is disjoint, suppose z € T™ A, for some (m/,n") #
(m,n). We cannot have m’ < m because then T~z € A, C A would contra-
dict minimality of m. We cannot have m’ > m because this would imply that
ra(T~™z) > m' > m, and at the same time T~ "z = T™ ~"™(T~™z) €
A, C A, implying ra(T~™z) < m' —m < m/, a contradiction. Finally,
m = m’ and n # n’ is impossible because then then T-™x € A, N A/, de-
spite A, N A, # 0. O

H(TkAn)
1

Even under the stated ergodicity assumption this result strengthens Poincare
recurrence. First, it shows now only that a.e. € A returns to A, if shows that it
does so in finite expected time, and identifies this expectation. Simple examples
show that the formula is incorrect in the non-ergodic case.

The invertability assumption is not necessary. We shall later see how to
remove it.

3.4 Ergodic measures as extreme points

It is clear that Pr(X) is convex; in this section we will prove a nice alge-
braic characterization of the ergodic measures as precisely the extreme points
of Pr(X). Recall that a point in a convex set is an extreme point if it cannot
be written as a convex combination of other points in the set.

Proof. Let f =dv/du. Given ¢t let E = {f < t}; it suffices to show that this set
is invariant p-a.e. We first claim that the sets E\ T"'E and T-1E \ E are of
the same p-measure. Indeed,

WENTT'E) = pE)—u(ENTE)

WTE\E) = T 'E)-uwENT 'E)
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and since u(F) = u(T~1E), the right hand sides are equal, and hence also the
left hand sides.
Now

)= [ fan= [ pdpr [ g
E ENT-1E E\T-1E
On the other hand

v(E)=v(T7'E) = /T—lEﬂEfdM+ /(T—lE)\Efdu

Subtracting we find that

/ f = / fdu
E\T-'E T-1E\E

On the left hand side the integral is over a subset of E, where f < ¢, so the
integral is < tpu(E\T~1E); on the right it is over a subset of X \ E, where f > t,
so the integral is > tu(T~'E \ E). Equality is possible only if the measure of
these sets is 0, and since u(E) = u(T1E), the set difference can be a p-nullset
if and only if £ = T~'E mod p, which is the desired invariance of E. O

Remark 3.4.1. If T is invertible, there is an easier argument: since Ty = p and
Tv = v we have dTv/dTy = dv/du = f. Now, for any measurable set A,

/de/:/lAdTu:/leTdu:/lede,u:/1AfoT‘1dTu:/ foT~Yarpu
A A

This shows that fo T~ ! = dTv/dTu = f. But of course we have used inverta-
bility.

Proposition 3.4.2. The ergodic invariant measures are precisely the extreme
points of Pr(X).

Proof. If p € Pp(X) is non-ergodic then there is an invariant set A with
0 < u(A) < 1. Then B = X \ A is also invariant. Let py = ﬁ/ﬂA

and pup = ﬁ/ﬂ B denote the normalized restriction of u to A, B. Clearly

= p(Apa + w(B)up, so u is a convex combination of pa,up, and these
measures are invariant:

paTE) = —muANT )

= ﬁu(TflAmTflE)
- ﬁw—lmm»
= pAanD)

= pa(E)
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Thus p is not an extreme point of Pr(X).

Conversely, suppose that © = av + (1 — @)d for v,0 € Pr(X) and v # p.
Clearly p(E) = 0 implies v(F) = 0, so v < p, and by the previous lemma
f=dv/dp € L*(p) is invariant. Since 1 = v(X) = [ fdu, we know that f # 0,
and since v # p we know that f is not constant. Hence p is not ergodic by
Lemma 3.1.5. O

As an application we find that distinct ergodic measures are also separated
at the spacial level:

Corollary 3.4.3. Let p,v be ergodic measures for a measurable map T of a
measurable space (X,B). Then either p=v or u L v.

Proof. Suppose p # v and let 0 = %u + %u. Since this is a nontrivial represen-
tation of 6 as a convex combination, it is not ergodic, so there is a nontrivial
invariant set A. By ergodicity, A must have p-measure 0 or 1 and similarly for
v. They cannot be both 0 since this would imply 6(A4) = 0, and they cannot
both have measure 1, since this would imply §(A) = 1. Therefore one is 0 and
one is 1. This implies that A supports one of the measures and X \ A the other,
sou L v. O

3.5 Ergodic decomposition I

Having described those systems that are “indecomposable”, we now turn to
study how a non-ergodic system may decompose into ergodic ones. One can
begin such a decomposition immediately from the definitions: if p € Pr(X)
is not ergodic then there is an invariant set A and p is a convex combination
of the invariant measures 14, pix\ 4, Which are supported on disjoint invariant
sets. If pa, up are not ergodic we can split each of them further as a convex
combination of mutually singular invariant measures. Iterating this procedure
we obtain representations of u as convex combinations of increasingly “fine”
mutually singular measures. While at each finite stage the component measures
need not be ergodic, in a sense they are getting closer to being ergodic, since at
each stage we eliminate a potential invariant set. One would like to pass to a
limit, in some sense, and represent the original measure is a convex combination
of ergodic ones.

Example 3.5.1. If T is a bijection of a finite set with normalized counting
measure then the measure splits as a convex combination of uniform measures
on orbits, each of which is ergodic.

In general, it is too much to ask that a measure be a convex combination of
ergodic ones.

Example 3.5.2. Let X = [0,1] with Borel sets and Lebesgue measure p and
T the identity map. In this case the only ergodic measures are atomic, so we
cannot write p as a finite convex combination of ergodic measures.



CHAPTER 3. ERGODICITY 24

The idea of decomposing p is also motivated by the characterization of
ergodic measures as the extreme points of Ppr and the fact that in finite-
dimensional vector spaces a point in a convex set is a convex combination of ex-
treme points. There are also infinite-dimensional versions of this, and if Pr(X)
can be made into a compact convex set satisfying some other mild conditions one
can apply Choquet’s theorem. However, we will take a more measure-theoretic
approach through the measure integration and disintegration.

3.6 Measure integration

Given a measurable space (X, B), a family {v, },cx of probability measures on
(Y,C) is measurable if for every E € C the map x — v,(E) is measurable (with
respect to B). Equivalently, for every bounded measurable function f : Y — R,
the map = — [ f(y) dv,(y) is measurable.

Given a measure p € P(X) we can define the probability measure v =
[vedu(z) on'Y by

W(E) = / ve(E) du(z)

For bounded measurable f : Y — R this gives

[ rav= [ ([ rav.)dutz)

and the same holds for f € L!(v) by approximation (although f is defined only
on a set E of full v-measure, we have v, (E) = 1 for py-a.e. z, so the inner
integral is well defined p-a.e.).

Example 3.6.1. Let X be finite and B = 2%. Then
[ i) = Y- ut) -
reX

Any convex combination of measures on Y can be represented this way, so the
definition above generalizes convex combinations.

Example 3.6.2. Any measure p on (X, B) the family {0,}.cx is measurable
since 0, (E) = 1g(x), and p = [, du(z) because

u(X) = [ 1p(e)duta) = [ valE) duta)

In this case the parameter space was the same as the target space.
In particular, this representation shows that Lebesgue measure on [0, 1] is
an integral of ergodic measures for the identity map.
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Example 3.6.3. X = [0,1] and Y = [0,1]%. For = € [0,1] let v, be Lebesgue
measure on the fiber {z} x [0,1]. Measurability is verified using the definition
of the product o-algebra, and by Fubini’s theorem

V(E) = / v (B)dp(z) = /O 1 /0 1 1p(z,y)dy do = / /E 1dzdy

so v is just Lebesgue measure on [0, 1]2.
One could also represent v as [ vy, dv(x,y) where v, , = v,. Written this
way each fiber measure appears many times.

3.7 Measure disintegration

We now reverse the procedure above and study how a measure may be decom-
posed as an integral of other measures. Specifically, we will study the decom-
position of a measure with respect to a partition.

Example 3.7.1. Let (X, B, 1) be a probability space and let P = {Py,..., P,}
be finite partition of it, i.e. P; are measurable, P, N P; = () for ¢ # j, and
X = UP,. For simplicity assume also that p(P;) > 0. Let P(x) denote the
unique P; containing x and let u, denote the conditional measure on it, u, =
m;ﬁp(w). Then it is easy to check that u = [ pi, dp(x).

Alternatively we can define Y = {1,...,n} with a probability measure given
by P({i}) = u(P;). Let pi = ypymlp, Then p =37 u(Pp; = [ pi dP(0).

Our goal is to give a similar decomposition of a measure with respect to an
infinite (usually uncountable) partition & of X. Then the partition elements
E € & typically have measure 0, and the formula ﬁm £ no longer makes
sense. As in probability theory one can define the conditional probability of an
event F given that z € E as the conditional expectation E(1g|P) evaluated at
x (conditional expectation is reviewed in the Appendix). This would appear to
give the desired decomposition: define p,(F) = E(1g|€)(z). For any countable
algebra this does give a countably additive measure defined for p-a.e. x. The
problem is that p,(F) is defined only for a.e. x but we want to define p,(E)
for all measurable sets. Overcoming this problem is a technical but nontrivial
chore which will occupy us for the rest of the section.

For a measurable space (X, B) and a sub-c-algebra & C B generated by a
countable sequence {E,}. Write  ~¢ y if 1g(x) = 1g(y) for every E € &, or
equivalently, 1g, (z) = 1g, (y) for all n. This is an equivalence relation. The
atoms of £ are by definition the equivalence classes of ~¢, which are measurable,
being intersections of sequences F,, of the form F,, € {E,, X \ E,,}. We denote
E(x) the atom containing x.

In the next theorem we assume that the space is compact, which makes the
Riesz representation theorem available as a means for of defining measures. We
shall discuss this restriction afterwards.
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Theorem 3.7.2. Let X be compact metric space, B the Borel algebra, and
E C B a countably generated sub-c-algebra. Then there is an £€—measurable
family {uy}yex C P(X) such that p, is supported on E(y) and

p= / ty du(y)

Furthermore if {; }yex is another such system then p, = i, a.e.

Note that £-measurability has the following consequence: For p-a.e. y, for
every y' € E(y) we have p,, = p, (and, since since py,(E(y)) = 1, it follows that

Ly = iy for py-ae y').

Definition 3.7.3. The representation = [ p,, du(y) in the proof is often called
the disintegration of u over .

We adopt the convention that y denotes the variable of £-measurable func-
tions.

Let V C C(X) be a countable dense Q-linear subspace with 1 € V. For
feVlet

f=E(fl€)

(see the Appendix for a discussion of conditional expectation). Since V is count-
able there is a subset Xy C X of full measure such that f is defined everywhere
on X for f € V and f — f is Q-linear and positive on Xy, and T = 1 on Xj.
Thus, for y € Xo the functions A, : V — R given by

Ay(f) = F(y)

are positive Q-linear functionals on the normed space (V,|-||..), and they are
continuous, since by positivity of conditional expectation WHOO <[ f|l - Thus
A, extends to a positive R-linear functionalA, : C(X) — R. Note that A,1 =
1(y) = 1. Hence, by the Riesz representation theorem, there exists y,, € P(X)
such that

Mf = [ 5@ duyta)

For y € X \ X define p, to be some fixed measure to ensure measurability.

Proposition 3.7.4. y — p, is E-measurable and E(14|E)(y) = py(A) p-a.e.,
for every A € B.

Proof. Let A C B denote the family of sets A € B such that y — pu,(A)
measurable from (X, ) to (X, B) and E(14|€)(y) = py(A) p-a.e. We want to
show that A = B.

Let Ay C B denote the family of sets A C X such that 14 is a pointwise
limit of a uniformly bounded sequence of continuous functions. First, Ag is an
algebra: clearly X,0 € A, if f,, = 14 then 1 — f, = 1x\ 4, and if also g, — 1p
then fngn — 1alp = 1lanB.
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We claim that Ay C A. Indeed, if f,, = 14 and || f,||,, < C then

[ wiiy = [ Ladiy = )

by dominated convergence, so y — p,(A) is the pointwise limit of the functions
y + [ fndpy, which are the same a.e. as the measurable functions fo =
E(f.l€) : (X,€) — (X, B). This establishes measurability of the limit function
y — py(A) and also proves that this function is E(14|€) a.e., since E(-|€) is
continuous in L' and f,, — 14 boundedly. This proves Ay C A.

Now, Aj contains the closed sets, since if A C X then 14 = lim f,, for
fn(z) =exp(—n-d(z,A)). Thus A generates the Borel o-algebra B.

Finally, we claim that A is a monotone class. Indeed, if A; C Ay C ...
belong to B’ and A = |J A,,, then p,,(A) = lim p,(A4,,), and so y — i, (A) is the
pointwise limit of the measurable functions y + p,(Ay). The latter functions
are just E(14,|€) and, since 14, — 14 in L', by continuity of conditional
expectation, E(14,[) — E(14|€) in L'. Hence py,(A) = E(14|6) ae. as
desired.

Since A is a monotone class containing the sub-algebra of Ay and Ay gen-
erates B, by the monotone class theorem we have B C A. Thus A = B, as
desired. O

Proposition 3.7.5. E(f|€)(y) = [ fduy p-a.e. for every f € L*(p).

Proof. We know that this holds for f = 14 by the previous proposition. Both
sides of the claimed equality are linear and continuous under monotone in-
creasing sequences. Approximating by simple functions this gives the claim for
positive f € L! and, taking differences, for all f € L!. O

Proposition 3.7.6. p, is p-a.s. supported E(y), that is, p1,(E(y)) =1 v-a.e.
Proof. For E € £ we have

15(y) = E(15[€)(y) = / 1 djty = 1, ()

and it follows that u,(E) = 1g(y) a.e. Let {E,}5%; generate &, and choose a
set of full measure on which the above holds for all £ = FE,,. For y in this set
let F,, € {E,,,X \ E,} be such that £(y) = (F,,. By the above p,(F,) = 1,
and so 1y (€(y)) =1, as claimed. O

Proposition 3.7.7. If {M;}yey is another family with the same properties then
[y = Hy for p-a.e. y.

Proof. For f € L'(u) define f'(y) = ffdu;. This is clearly a linear operator
defined on L(X, B, i1), and its range is L' (X, &, 1) because

[181dn< [([ 11w dnto) = [171au= 151,
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The same calculation shows that [ f'du = [ fdp. Finally, for E € & we know
that p, is supported on E for p-a.e. y € E and on X \ E for p-a.e. y € X\ E.
Thus p-a.s. we have

(1ef)(y) = /1Efd/i§, = 1E(y)/fdu; =1g-f

By a well-known characterization of conditional expectation, f' = E(f|€) = f
(see the Appendix). O

It remains to address the compactness assumption on X. Examples show
that one the disintegration theorem does require some assumption; it does not
hold for arbitrary measure spaces and sub-c-algebras. We will not eliminate the
compactness assumption so much as explain why it is not a large restriction.

We can now formulate the disintegration theorem as follows.

Theorem 3.7.8. Let p be a probability measure on a standard Borel space
(X,B,u) and € C B a countably generated sub-o-algebra. Then there is an
E-measurable family {p,}yey C P(X, B) such that p, is supported on E(y) and

p= / fy dp(y)

Furthermore if {uy, }yex is another such system then p, = ju, .

3.8 Ergodic decomposition 11

Let (X,B,u,T) be a measure preserving system on a Borel space. Let Z C B
denote the family of T-invariant measurable sets. It is easy to check that 7 is a
o-algebra.

The o-algebra 7 in general is not countably generated. Consider for example
the case of an invertible ergodic transformation on a Borel space, such as an
irrational circle rotation or two-sided Bernoulli shift. Then Z consists only of
sets of measure 0 and 1. If Z were countably generated by {I,,}22;, say, then
for each n either u(l,) = 1or (X \I,) = 1. Set F,, = I, or F,, = X \ I,
according to these possibilities. Then F' = () F}, is an invariant set of measure
1 and is an atom of Z. But the atoms of Z are the orbits, since each point in X
is measurable and hence every countable set is. But this would imply that u is
supported on a single countable orbit, contradicting the assumption that it is
non-atomic.

We shall work instead with a fixed countably generated u-dense sub-o-
algebra Zy of Z. Let L'(X,Z, ) is a closed subspace of L'(X, B, 1), and since
the latter is separable, so is the former. Choose a dense countable sequence
fn € LY(X, T, 1), choosing representatives of the functions that are genuinely Z
measurable, not just modulo a B-measurable nullset. Now consider the count-
able family of sets A, ,, = {p < fn < g}, where p,q € Q, and let Z; be
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the o-algebra that they generate. Clearly Zo C Z and all of the f,, are Zy-
measurable, so L' (X, Zy, u) = L*(X,Z, ). In particular, Z is contained in the
pu-completion of Zj.

Theorem 3.8.1 (Ergodic decomposition theorem). Let (X, B, u,T) be a mea-
sure preserving system on a Borel space and let Z,Zq be as above. Then there is
an Ty-measurable (and in particular T-measurable) disintegration p = [ pig dp(x)
of i such that a.e. p, is T-invariant, ergodic, and supported on Zy(y). Further-
more the representation is unique in the sense that if {y,} is any other family
with the same properties then p, = p, for y-a.e. y.

Let {py}yex be the disintegration of p relative to Zy, we need only show
that for p-a.e. y the measure i, is T-invariant and ergodic.
Claim 3.8.2. For p-a.e. y, p, is T-invariant.
Proof. Define ,u; = Tuy. This is an £ measurable family since for any F € B,

1 (E) = p, (T~'E) so measurability of y — pu (E) follows from that of y
py(E). We claim that {y; },ex is a disintegration of p over Zy. Indeed, for any

E e B,
(] i@ nty

(] By auty)
(T1F)

= u(E)

Also T~Zy(y) = Zo(y) (since Zy(y) € Z) so

1y (Zo(y)) = py (T~ To(y)) = py(Zo(y)) =1

so ju, is supported on E(y). Thus, {u;}yex is an E-measurable disintegration
of 1, so iy, = i, a.e. This is exactly the same as a.e. invariance of p,,. O

Claim 3.8.3. For p-a.e. y, pu, is ergodic.

Proof. This can be proved by purely measure-theoretic means, but we will give a
proof that uses the mean ergodic theorem, Theorem 4.2.3 below. Let F C C(X)
be a dense countable family. Then

N
DT S E(FIT) = E(f1T)
n=1

in L2(B,pu). For each f € F, we can ensure that this holds a.e. along an
appropriate subsequence, and by a diagonal argument we can construct a sub-
sequence Ny — oo such that Nik ZnNi1 T f — E(f|Zp) for all f € F, a.e. Since
p = [ pydp(y) this holds p,-a.e. for p-a.e. y. Now, for such a y, in the measure
preserving system (X, B, uy, T'), for f € F we have N%c Zgil ™f — KL, (f|T)
in L?; since f € F is bounded and the limit is a.s. equal to E(f|Zy), we have
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E,,(f|T) = E(f|Zo) p-a.e. But the right hand side is Zo-measurable, hence
py-a.e. constant. We have found that for f € F the conditional expectation
E,,(f|T) is py-a.e. constant. F is dense in C(X) and therefore in L*(B, p,,),
and E, (-|Z) is continuous, we the image of E,, (-|Z) is contained in the constant
functions. But if g € L'(B, p1,) is invariant it is Z-measurable and E,, (g|Z) = g
is constant. Thus all invariant functions in L*(B, Lty) are constant, which implies
that (X, B, py,T') is ergodic. O

Our formulation of the ergodic decomposition theorem represents p as an
integral of ergodic measures parametrized by y € X (in an Z-measurable way).
Sometimes the following formulation is given, in which Pr(X) is given the o-
algebra generated by the maps u — p(E), E € B; this coincides with the
Borel structure induced by the weak-* topology when X is given the structure
of a compact metric space. One can show that the set of ergodic measures is
measurable, for example because in the topological representation they are the
extreme points of a weak-* compact convex set.

Theorem 3.8.4 (Ergodic decomposition, second version). Let (X,B,u,T) be
a measure preserving system on a Borel space. Then there is a unique prob-
ability measure 0 on Pr(X) supported on the ergodic measure and such that

p= [vdi(v).



Chapter 4

The ergodic theorem

4.1 Preliminaries

We have seen that in a measure preserving system, a.e. x € A returns to A
infinitely often. Now we will see that more is true: these returns occur with a
definite frequency which, in the ergodic case, is just p(A); in the non-ergodic
case the limit is p,(A), where u, is the ergodic component to which = belongs.

This phenomenon is better formulated at an analytic level in terms of av-
erages of functions along an orbit. To this end let us introduce some notation.
Let T : V — V be a linear operator of a normed space V, and suppose T is
a contraction, i.e. ||Tf|| < ||f||- This is the case when T is induced from a
measure-preserving transformation (in fact we have equality). For v € V' define

| Nl
Snv = N nz:% T

Note that in the dynamical setting, the frequency of visits  to A up to time
N is Syla(z) = £ SN "14(T"x). Clearly Sy is linear, and since T is a
contraction ||[T™v|| < |lv|| for n > 1, so by the triangle inequality, ||Syv| <
+ Zg;ol IT™v|| < ||lv||. Thus Sy are also contractions. This has the following
useful consequence.

Lemma 4.1.1. Let T :V — V as above and let S : V — V be another bounded
linear operator. Suppose that Vo C V is a dense subset and that Syv — Sv as
N — oo for all v € V. Then the same is true for allv € V.

Proof. Let v € V and w € V. Then

lim sup ||Syv — Sv|| < limsup ||Syv — Syw|| + limsup || Syw — Sv||
N —o0 N—oo N—o0

Since [|Syv — Syw|| = ||Sn(v — w)|| < |lv —w| and Syw — Sw (because w €
Vo), we have

limsup [[Syv = Svf| < [lv = wlf +[|Sw = Svl} < L+ [[S]]) - Jlv = w]
—00

31
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Since ||v — w|| can be made arbitrarily small, the lemma follows. O

4.2 Mean ergodic theorem

Historically, the first ergodic theorem is von-Neuman’s “mean” ergodic theorem,
which can be formulated in a purely Hilbert-space setting (and it is not hard
to adapt it to LT). Recall that if T : V — V is a bounded linear operator
of a Hilbert space then T* : V' — V is the adjoint operator, characterized by
(v, Tw) = (T*v,w) for v,w € V, and satisfies ||T*| = ||T|.

Lemma 4.2.1. Let T : V — V be a contracting linear operator of a Hilbert
space. Then v € V is T-invariant if and only if it is T*-invariant.

Remark 4.2.2. When T is unitary (which is one of the main cases of interest to
us) this lemma is trivial. Note however that without the contraction assumption
this is false even in R?.

Proof. Since (T*)* =T it suffices to prove that T*v = v implies Tv = v.

lo—To||> = (v—Tv,v—Tv)
= [lol* + [ To]* = (Tv,v) = (v, Tv)
ol + [ Tv]|* = (v, T*v) — (T*v,v)
2 2
[v]I” + [[T]|” = (v,v) = (v, v)
2 2
[Tl = [lv
0

IN

where the last inequality is because T is a contraction. O

Theorem 4.2.3 (Hilbert-space mean ergodic theorem). Let T' be a linear con-
traction of a Hilbert space V', i.e. |Tv| < ||lv||. Let Vo <V denote the closed
subspace of T-invariant vectors (i.e. Vo = ker(T — I)) and 7 the orthogonal
projection to V. Then

N-1
1
NX%T"U—MTU forallveV

Proof. If v € Vi then Syv = v and so Syv — v = wv trivially. Since V =
Vo & Vgt and Sy is linear, it suffices for us to show that Syv — 0 for v € Vgt.
The key insight is that V- can be identified as the space of co-boundaries,

Vit ={v—Tv:veV} (4.1)
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assuming this, by Lemma 4.1.1 we must only show that Sy(v — Tw) — 0 for
v € V, and this follows from

| Nl
Sy(v—Tv) = NZT”(U—T’U)
n=0
1 N+1
= N(w—T w)

— 0

where in the last step we used ||w — TV w|| < [Jw|| + || TV w|| < 2w
To prove (4.1) it suffices to show that w L {v—Uv : v € V} implies w € V.
Suppose that w L (v — Uw) for all v € V. Since

(w,o=Uv) = (w,v)— (w,Uv)
= (w,v) — (U w,v)
= (w—U"w,v)

we conclude that (w — U*w,v) = 0 for all v € V, hence w — U*w = 0. Hence
Uw = w and by the lemma Uw = w, as desired. O

Now let (X, B, u,T) be a measure preserving system and let T' denote also
the Koopman operator induced on L? by T. Then the space V; of T-invariant
vectors is just L?(X,Z, i), where Z C B is the o-algebra of invariant sets, and
the orthogonal projection 7 to Vj is just the conditional expectation operator,
wf = E(f|Z) (see the Appendix). We derive the following:

Corollary 4.2.4 (Dynamical mean ergodic theorem). Let (X,B,u,T) be a
measure-preserving system, let T denote the o-algebra of invariant sets, and
let  denote the orthogonal projection from L(X,B,u) to the closed subspace
L?(X,T,u). Then for every f € L2,

N—-1
1 n .
¥ N Tf > E(fIT)  inL?
n=0
In particular, if the system is ergodic then the limit is constant:
1 N1
NZT”f%/fdu in L?
n=0

Specializing to f = 14, and noting that L2-convergence implies, for example,
convergence in probability, the last result says that on an arbitrarily large part
of the space, the frequency of visits of an orbit to A up to time N is arbitrarily
close to p(A), if N is large enough.
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4.3 The pointwise ergodic theorem

Very shortly after von Neumann’s mean ergodic theorem (and appearing in print
before it), Birkhoff proved a stronger version in which convergence takes place
a.e. and in L'.

Theorem 4.3.1 (Pointwise ergodic theorem). Let (X, B, u,T) be a measure-
preserving system, let T denote the o-algebra of invariant sets. Then for any

feLi(p),
| Nl
N EOT"f—HE(f\I) a.e. and in L'

In particular, if the system is ergodic then the limit is constant:
1 N1
NZT"f%/fdu a.e. and in L'
n=0

We shall see several proofs of this result. The first and most “standard” proof
follows the same scheme as the mean ergodic theorem: one first establishes the
statement for a dense subspace V C L', and then uses some continuity property
to extend to all of L'. The first step is nearly identical to the proof of the mean
ergodic theorem.

Proposition 4.3.2. There is a dense subspace V- C L'such that the conclusion
of the theorem holds for every f € V.

Proof. We temporarily work in L2. Let V; denote the set of invariant f € L2,
for which the theorem holds trivially because Sy f = f for all N. Let V5 C L?
denote the linear span of functions of the form f = g — Tg for g € L*>. The
theorem also holds for these, since

g+ TV gl o <llglloe + 1TV gl . =29l

and therefore

N—1
1 1
N;T”(ngg):N(ngNHg)%O a.e. and in L'
Set V' =V + V2. By linearity of Sy, the theorem holds for f € Vi + V5. Now,
L is dense in L? and T is continuous on L% so Vo = {g —Tg:g¢€ L?}. In
the proof of the mean ergodic theorem we saw that L? = Vi@V, 50 V = V1@ Vs
is dense in L2, and hence in L', as required. O

By Lemma 4.1.1, this proves the ergodic theorem in the sense of L'-convergence
for all f € L'. In order to similarly extend the pointwise version to all of L!
we need a little bit of “continuity”, which is provided by the following.
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Theorem 4.3.3 (Maximal inequality). Let f € Llwith f > 0 and Syf =
~ ZN LT f. Then for every t,

u(a: sup Sy f(a ) /fdu

Before giving the proof let us show how this finishes the proof of the ergodic
theorem. Write S = E(-|Z), which is a bounded linear operator on L!, let f € L!
and g € V. Then

|Snf — Sf] |Snf — Sng|l+ [Sng — Sy
SNn|f =gl +|Snvg — Sf]

Now, Syg — Sg a.e., hence |Syg — Sf| — |S(g — f)| < S|f — g| a.e. Thus,

<
<

limsup [Sn f — Sf| < limsup Sy|f — g + S|g — f|
N—o0 N—o00

If the left hand side is > ¢ then at least one of the terms on the right is > &/2.
Therefore,

0 (nmsup Swf—Sfl > ) <u <nmsupsN|f _gl> 5/2) L (Slg— £ > £/2)
N —oo N —o00

Now, by the maximal inequality, the first term on the right side is bounded by
5/% |lf — gl|, and by Markov’s inequality and the identity [ Shdu = [ hdpu, the
second term is bounded by ﬁ llg — f|| as well. Thus for any € > 0 and g € V
we have found that

) 4
i (hmsup|SNf—Sf| > 6) < = |f -4l
N —o00 €

For each fixed ¢ > 0, the right hand side can be made arbitrarily close to 0,
hence limsup |Sy f—Sf| = 0 a.e. whichisjust Syf — Sf = E(f|Z), as claimed.

We now return to the maximal inequality which will be proved by reducing
it to a purely combinatorial statement about functions on the integers. Given a
function f: N — [0,00) and a set ) # I C N, the average of f over I is denoted

Sif = |Zf
el

In the following discussion we write [i, j] also for integer segments, i.e. [i, j]NZ.

Proposition 4.3.4 (Discrete maximal inequality). Let f : N — [0,00). Let
J C I CN be finite intervals, and for each j € J let I; C I be a sub-interval of

I whose left endpoint is j. Suppose that Sfjf> t for all j € J. Then

171

S]f>t |I|
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Proof. Suppose first that the intervals {I;} are disjoint. Then together with
U = I\ I they form a partition of I, and by splitting the average S;f
according to this partition, we have the identity

- 1
S — Sy
= “Zm

Since fz 0 also SU]?Z 0, and so

1;
1f 2 S sl = gy o= g

Now, {I,},ec is not a disjoint family, but the above applies to every disjoint
sub-collection of it. Therefor we will be done if we can extract from {I;},c; a
disjoint sub-collection whose union is of size at least |J|. This is the content of
the next lemma. O

Lemma 4.3.5 (Covering lemma). Let I, J,{I;};cs be intervals as above. Then
there is a subset Jy C J such that (a) J C |J,o; I; and (b) the collection of
intervals {J;}ic 5,18 pairwise disjoint.

i€Jo

Proof. Let I; = [j,j+N(j)—1]. We define Jy = {ji} by induction using a greedy
procedure. Let j; = min J be the leftmost point. Assuming we have defined j; <

. < jrsuch that I}, , ..., I; are pairwise disjoint and cover JN[0, jr+N (jr)—1].
As long as this is not all of J, define

Jk1 = min{I \ [0, jx + N(jr) — 1]}

It is clear that the extended collection satisfies the same conditions, so we can
continue until we have covered all of J. O

_ We return now to the dynamical setting. Each z € X defines a function
f=f::N—=[0,00) by evaluating f along the orbit:

f@) = f(T"x)

Let
A= {supSnf >t}
N

and note that if 77z € A then there is an N = N(j) such that Sy f(T7x) >t

Writing
Ii=1[j,j +N(@)—1]

this is the same as R
S]jf >t

Fixing a large M (we eventually take M — o0), consider the interval I =
[0, M — 1] and the collection {I;},c s, where

J=J,={0<j<M-1:Tz€Aand I; C[0,M — 1]}
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The proposition then gives

z |
_ ti
Sio,m—11f > %

In order to estimate the size of J we will restrict to intervals of some bounded

length R > 0 (which we eventually will send to infinity). Let

Ar={ sup Syf >t}
0<N<R

Then ‘
JO{0<j<M-R—-1:T2€ Ar}

and if we write h = 14, then we have
M—R—1
gz Y hG)
§=0
= (M-R- 1)S[O,M7Rfl]ﬁ
With this notation now in place,the above becomes

M-R-1

: e 11he 4.2
i Sio,M—R-1] (4.2)

S[O,M—l]fﬂc >t-

and notice that the average on the right-hand side is just frequency of visits to
Apg up to time M.

We now apply a general principle called the transference principle, which
relates the integral [gdu of a function g : X — R its discrete averages Srg
along orbits: using [¢g = [T™g, we have

1 M—1
/gdu 7 /T’"gdu
m=0

- (X rm) a

m=0

= / Si0,M-1]9x dp(z)

Applying this to f and using 4.2, we obtain

/fdﬂ = S[O,M—l]J?a:
M—-R-1
> t~To/hdu
R—
R—-1
= t- (1= ——) u(Ag)
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Letting M — oo, this is
/fdu>t-u(AR)

Finally, letting R — oo and noting that u(Ar) — w(A), we conclude that
[ fdp > t-pu(A), which is what was claimed.

Example 4.3.6. Let (£,)22, be an independent identically distributed se-
quence of random variables represented by a product measure on (X, B, u) =
(Q, F, P)N, with ¢, (w) = &(w,,) for some € € LY(Q, F,P). Let 0 : X — X be
the shift, which preserves p and is ergodic, and &, = &y (c™). Since the shift
acts ergodically on product measures, the ergodic theorem implies

L N1 L N
N > b= ~ D 0"+ E(lT) =B, ae.
n=0 n=0

Thus the ergodic theorem generalizes the law of large numbers. However it is a
very broad generalization: it holds for any stationary process (&,)%2; without
any independence assumption, as long as the process is ergodic.

When T is invertible it is also natural to consider the two-sided averages
Sy = ﬁ Zﬁ;fN T"f. Up to an extra term ﬁf, this is just Sy (7T, f) +
%S’NT_l7 f), where we write Sy (T, f) to emphasize which map is being used.
Since both of these converge in L' and a.e. to the same function E(f|Z), the
same is true for Sy f.

4.4 Generic points

The ergodic theorem is an a.e. statement relative to a given L' function, and,
anyway, L' functions are only a.e. Therefore it is not clear how to interpret
the statement that the orbit of an individual point distributes well in the space.
There is an exception: When the space is a compact metric space, one can use
the continuous functions as test functions to define a more robust notion.

Definition 4.4.1. Let (X,T) be a topological dynamical system. A point
x € X is generic for a Borel measure p € P(X) if it satisfies the conclusion of
the ergodic theorem for every continuous function, i.e.

1 Nl
— T"f(z) = | fdu for all f € C(X) (4.3)
v

We have already seen that any measure p that satisfies the above is T-
invariant.

Lemma 4.4.2. Let F C C(X) be a countable ||-|| . -dense set. If 4.3 holds for
every f € F then x is generic for p.
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Proof. By a familiar calculation, given f € C(X) and g € F,

)~ [ rau

limsup |Sy f(z /fd,u| < limsup |Snyf(z) — Syg(X )|—|—hmbup|SNg
N—oo N—oo
< 1grljgopSN|f—gl( +hmsup|/gdu /fdu\
< 20f -9l
since g can be made arbitrarily close to f we are done. O

Proposition 4.4.3. If yu is T-invariant with ergodic decomposition p = [ p, dp(z).

Then p-a.e. x is generic for jig.

Proof. Since = [ p, du(z), it suffices to show that for p-a.e. z, for p,-a.e. y,
y is generic for p,. Thus we may assume that p is ergodic and show that a.e.
point is generic for it. To do this, fix a [|-|| -dense, countable set F C C'(X).
By the ergodic theorem, Sy f(x) — [ f a.e., for every f € F, so since F is
countable there is a set of measure one on which this holds simultaneously for
all f € F. The previous lemma implies that each of these points is generic for
L U

This allows us to give a new interpretation of the ergodic decomposition
when T : X — X is a continuous map of a compact metric space. For a given
ergodic measure (i, let G,, denote the set of generic points for ;1. Since a measure
is characterized by its integral against continuous functions, if y # v then
G, NG, = 0. Finally, it is not hard to see that G, is measurable and ;(G,) =1
by the proposition above. Thus we may regard G, as the ergodic component
of p. One can also show that G = Ugu, the set of points that are generic for
ergodic measures, is measurable, because these are just the points such that
ergodic averages exist against every continuous function, or equivalently every
function in a dense countable subset of C'(X). Now, for any invariant measure
v with ergodic decomposition v = [ v, dv(z),

1G) = [ va(@)dvla) =1

because v, are a.s. ergodic and G,,, € G. Thus on a set of full v-measure sets G,,
give a partition that coincides with the ergodic decomposition. Note, however,
that this partition does not depend on v (in the ergodic decomposition theorem
it is not a-priori clear that such a decomposition can be achieved).

Example 4.4.4. Let X = {0,1}" and let po = Sopo... and p1 = d111.... These
are ergodic measures for the shift o. Now let x € X be the point such that
n=0for k* <n < (k+1)?if k is even, and x, = 1 for k? <n < (k+1)% if k
is odd. Thus
z = 111000001111111000000000111 ...
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We claim that z is generic for the non-ergodic measure p = %ﬂo + %,ul. It
suffices to prove that for any /£,

1 = 1

1 1
N ZO 112 (T"l‘) — 5

Il
- O

where 0%,1¢ are the sets of points beginning with ¢ consecutive 0s and ¢ con-
secutive 1s, respectively. The proofs are similar so we show this for 0¢. Notice
that 1pe(T"x) = 1if k2 < n < (k+1)2 — £ and k is even, and 1 (T"z) = 0
otherwise. Now, each N satisfies k> < N < (k + 2)? for some even k. Then

N-1 k/2 k/2
S 1o () = 30025+ 17~ 0) — (24)) = Y4 + 1 - €) = (54 + O(k))
n=0 j=1 j=1

Also N — k? < (k+1)? — k* = O(k). Therefore Sy1ge(z) — 1 as claimed.

Example 4.4.5. With (X, o) as in the previous example, let y,, = 0 if 2 <
n < 2+ for k even and y, = 1 otherwise. Then one can show that z is not
generic for any measure, ergodic or not.

Our original motivation for considering ergodic averages was to study the
frequency of visits of an orbit to a set. Usually 14 is not continuous even when
A is topologically a nice set (e.g. open or closed), so generic points do not have
to behave well with respect to visit frequencies. The following shows that this
can be overcome with slightly stronger assumption on A and zx.

Lemma 4.4.6. If x is generic for p, and if U is open and C' is closed, then

N-1

1
hmian;lU(T”x) > w(U)
e
limsupﬁngolc(T”x) < wu(C)

Proof. Let fr € C(X) with fi 7 1y (e.g. faly) = 1 — e *4@W:UD) Then
1y > fn and so

N-1 N-1

lim inf% Z 1y(T"z) > lim% Z fr(T"x) = /fkd,u — w(U)

n=0 n=0
The other inequality is proves similarly using g, \, 1¢- O

Proposition 4.4.7. Ifz is generic for p, A C X and p(9A) = 0 then + Zf::ol 1a(T"x) —
1(A).
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Proof. Let U = interior(A) and C' = A, so 1y < 14 < 1¢. By the lemma,
liminf Sy14 > liminf Sy1y > w(U)

and
limsup Sy1a4 < limsup Syle < u(C)

But by our assumption, u(U) = pu(C) = u(A), and we find that

w(A) = liminf Sy1a <limsup Syla < pu(A)

So all are equalities, and Sy14 — u(A). O

4.5 Unique ergodicity and circle rotations

When can the ergodic theorem be strengthened from a.e. point to every point?
Once again the question does not make sense for L' functions, since these are
only defined a.e., but it makes sense for continuous functions.

Definition 4.5.1. A topological system (X,T) is uniquely ergodic if there is
only one invariant probability measure, which in this case is denoted px.

Proposition 4.5.2. Let (X,T) be a topological system and u € Pr(X). The
following are equivalent.

1. FEwvery point is generic for .
2. Snf — [ fdp uniformly, for every f € C(X).
3. (X, T) is uniquely ergodic and p is its invariant measure.

Proof. (1) implies (3): If v # p were another invariant measure there would be
points that are generic for it, contrary to (1).

(3) implies (2): Suppose (2) fails, so there is an f € C(X) such that
HSNf /Lffd,uHOO — 0. Then there is some sequence x; € X and integers
Nj, — oo such that Sy, f(zx) = ¢ # [ fdp. Let v be an accumulation point
of Nik ZnNi1 Orng,. This is a T-invariant measure and [ fdv = ¢ so v # p,
contradicting (3).

(2) implies (1) is immediate. O

Proposition 4.5.3. Let X = R/Z and oo ¢ Q. The map Tox =z +« on X is
uniquely ergodic with invariant measure p = Lebesgue.

We give two proofs.

Proof number 1. We know that p is ergodic for Ty, so a.e. x is generic. Fix one
such z. Let y € X be any other point. then there is a 5 € R such that y = Tsx.
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For any function f € C(X),

| N=1 1 Nl
— " -
an::o wf(y) N2 fly+ an)
1 Nl
= N f((E + oy + ﬁ)
n=0
1 N1
= & 2 T)(T)
n=0
=+ [Tasdn= [ ga
Therefore every point is generic for p and Ty, is uniquely ergodic. O

Our second proof is based on a more direct calculation that does not rely on
the ergodic theorem.

Definition 4.5.4. A sequence (z) in a compact metric space X equidistributes

e 1 N *
for a measure p if 5 >, 0., — p weak-*.

Lemma 4.5.5 (Weyl’s equidistribution criterion). A sequence (zr) C R/Z
equidistributes for Lebesgue measure p if and only if for every m,

N-1
1 2TiMTy, 0 m=0
TN

Proof. Let xm(t) = ™™, The linear span of {Xu, }mez is dense in C(R/Z) by
Fourier analysis so equidistribution of (x) is equivalent to Sy xm(z) = [ xmdp
for every m. This is what the lemma says. O

Proof number 2. Fix t € R/Z and x; =t + ak. For m = 0 the limit in Weyl’s
criterion is automatic so we only need to check m # 0. Then

N-1 N-1 2mimalN
i e?ﬂ’imwn _ ie%rimt . (627rima)n o ie%rit . € —1 =0
N 2 N 2 N 2mima —1
n=0

n=0

(note that o ¢ Q ensures that the denominator is not 0, otherwise the summa-
tion formula is invalid). O

Corollary 4.5.6. For any open or closed set A C R/Z, for every x € R/Z,
Sn1la(z) — Leb(A).

Proof. The boundary of an open or closed is countable and hence of Lebesgue
measure 0. O
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Example 4.5.7 (Benford’s law). Many samples of numbers collected in the
real world exhibit the interesting feature that the most significant digit is not
uniformly distributed. Rather, 1 is the most common digit, with frequency
approximately 0.30; the frequency of 2 is about 0.18; the frequency of 3 is
about 0.13; etc. More precisely, the frequency of the digit k£ is approximately
logyo(1+ ).

We will show that a similar distribution of most significant digits holds for
powers of b whenever b is not a rational power of 10. The main observation
is that the most significant base-10 digit of x € [1,00) is determined by y =
log,ox mod 1, and is equal to k if y € I = [log,, k,log;o(k + 1)). Therefore,
the asymptotic frequency of k being the most significant digits of b™ is

N 1 X Inb
Jim 7 3ol (omot”) = Jim 53 1 ()

= Leb[logm k7 IOgIO(k + 1)]
1
Oglo( + k>

since this is just the frequency of visits of the orbit of 0 to [log;, k, log,o(k + 1)]
under the map ¢t — ¢t +Inbd/In10 mod 1, and Inb/In 10 ¢ Q by assumption (it
would be rational if and only if b is a rational power of 10).

4.6 Sub-additive ergodic theorem

Theorem 4.6.1 (Subadditive ergodic theorem). Let (X, B, u,T) be an ergodic
measure-preserving system. Suppose that f, € L'(u) satisfy the subadditivity
relation

fm+n(x) < fm(x) + fn(me)
and are uniformly bounded above, i.e. f, < L for some L. Then lim,_, %fn(x)
exists a.e. and is equal to the constant lim,, %f fn-

Before giving the proof we point out two examples. First, if f, = Z;é Tkg
then f, satisfies the hypothesis, so this is a generalization of the usual ergodic
theorem (for ergodic T').

For a more interesting example, let A,, = A(T™z) be a stationary sequence of
d x d matrices (for example, if the entries are i.i.d.). Let f,, =log || Ay - ... Ayl
satisfies the hypothesis. Thus, the subadditive ergodic theorem implies that
random matrix products have a Lyapunov exponent — their norm growth is
asymptotically exponential.

Proof. Let us first make a simple observation. Suppose that {1,..., N} is par-
titioned into intervals {[a;, b;) }icr. Then subadditivity implies

fN(J:) < Zfbi_ai (Taix)

el
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Let

1
a = liminf — f,
n

We claim that a is invariant. Indeed,

L) 2 (fua (@) ~ (@)

From this it follows that a(Tx) > a(x) so by ergodicity a is constant.
Fix ¢ > 0. Since liminf X f,, = a there is an N such that the set

1
A={z: Efn(:z:)<a+5forsome()§n§N}

satisfies p(A4) > 1 —e.
Now fix a typical point x. By the ergodic theorem, for every large enough
M

)
M-1
1

i > 1a(T"z) > 1-¢

n=0

Fix such an M and let
Iy={0<n<M-N:T'ze A}

For i € I thereis a0 < k; < N such that %fk (T'x) < a+e. Let U; = [i,n+ky).
Applying the covering lemma, Lemma 4.3.5, there is a subset I; C I such that
{Ui}ier, are pairwise disjoint and |, .; U;| > |Iy| > (1—€)M. By construction
also U, Ui € [0, M).

Choose an enumeration {U; }ier, of the complementary intervals in [0, M) \
Uier, Ui, so that {U;}ier,ur, is a partition of [0, M). Writing U; = [a;, b;) and
using the comment above, we find that

i€l

1 1
M@ < 47 (; fo—a,(T%2) + ; For—a, (T%@)
Znell ‘UZ| Znelz |Uz|
< T let o+ = Il

< (ate)+ellflle

Since this holds for all large enough M we conclude that lim sup ﬁ fu <a=
lim inf % fn so the limit exists and is equal to a.
It remains to identify a = lim % [ fn. First note that

[ tnn< [ tmtit [ gootmau= [ g+ [ g

SO a, = f fndu is subadditive, hence the limit o’ = lim %an exists. By Fatou’s
lemma (since f,, < L we can apply it to —f,,) we get

1 1 1
a= /limsup = fndp > lim sup/ = fudp = lim —a, = d’
n n n
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Suppose the inequality were strict, ' < a — ¢ for some € > 0 and let n be such
that a,, < a —e. Note that for every 0 < p < n — 1 we have the identity

[N/n]—1

fn(x) Sfp(CC)‘F Z fn(Tknerx)_|_fN_p_n([N/n]_l))(Tern([N/n]*l))x)
k=0

Averaging this over 0 < p < n, we have

Iy < Sw(f) + O(5)

This by the ergodic theorem,

1 1 1
1\}1—%0 NfN_J\}l—IgoSN(nfn) /nfn<a ©

which is a contradiction to the definition of a. O

4.6.1 Group actions

Let G be a countable group. A measure preserving action of G on a measure
space (X, B, ) is, first of all, an action, that is a map G x X — X, (g,2) — gz,
such that g(hx) = (gh)(z) for all g,h € G and z € X. In addition, for each
g € G the map T} : v — gz must be measurable and measure-preserving. It is
convenient to denote the action by {T}4eq-

An invariant set for the action is a set A € Bsuch tat 7,4 = Aforall g € G.
If every such set satisfies p(A) =0 or u(X \ A) = 0, then the action is ergodic.
There is an ergodic decomposition theorem for such actions, but for simplicity
(and without loss of generality) we will assume that the action is ergodic.

For a function f : X — R the function Tyf = foT,—1 : X — R has the
same regularity, and {7} } e gives an isometric action on L? for all 1 < p < oo.
Given a finite set E C G let Sgf be the functions defined by

Spf(z) = f(T)

geE

As before, this is a contraction in LP. We say that a sequence E,, C G of finite
sets satisfies the ergodic theorem along {E,} if Sg, f — [ f, in a suitable sense
(e.g. in L? or a.e.) for every ergodic action and every suitable f.

Definition 4.6.2. A group G is amenable if there is a sequence of sets E,, C G
such that for every g € G,
|E,gAE,|
| En|

Such a sequence {E,} is called a Fglner sequence.

—0

For example, Z? is a amenable because E,, = [-n,n]? N Z? satisfies

‘(En + u) N En| = |Enf\|u|\oc| = |En‘ + 0(1)
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The class of amenable groups is closed under taking subgroups and countable
increasing unions, and if G and N < G are amenable so is G/N. Groups of
sub-exponential growth are amenable; the free group is not amenable, but there
are amenable groups of exponential growth.

Theorem 4.6.3. If{E,} is a Folner sequence in an amenable group G then the
ergodic theorem holds along {E,} in the L? sense (the mean ergodic theorem,).

Proof. Let
Vo =span{f —T,f : feL* geG}

One can show exactly as before that Vj- consists of the invariant functions
(in this case, the constant functions, because we are assuming the action is
ergodic). Then one must only show that Sg, (f —T,f) — 0 for f € L?. But
this is immediate from the Fglner property, since

Se,f—Se, Tyf = Se \g.r—1f

and therefore

1 1 _ |E,AE,g7 !
TS5, (f = Tyf)|| < o Ba \ Eng™' - I flly € ———IIfll, = 0
H | En Tl T BT T 2 | Enl 2
This proves the mean ergodic theorem. O

The proof of the pointwise ergodic theorem for amenable groups is more
delicate and does not hold for every Folner sequence. However, one can reduce
it as before to a maximal inequality. What one then needs is an analog of the
discrete maximal inequality, which now concerns functions f : G — [0, 00), and
requires an analog of the covering Lemma 4.3.5. Such a result is known under
a stronger assumption on { £, }, namely assuming that || J, ., E,'E,| < C|E,|
for some constant C' and all n. Every Fglner sequence has a subsequence that
satisfies this, and so every amenable group has a sequence along which the
pointwise ergodic theorem holds a.e. and in L'.

Outside of amenable groups one can also find ergodic theorems. The sim-
plest to state is for the free group Fs on s generates giﬂ, ...,gF'. This is a
non-amenable group which can be identified with the set of words in the gen-
erators that don’t contain any occurrence of wu~!'. The group operation is
concatenation follows by reduction, that is, repeatedly deleting any pair ss'.
For example the product of words aba'c and ¢~ 'abb is

aba"YecYabb = aba"'abb = abbb

the right hand side is reduced.
Let E,, C Fs denote the set of reduced words of length < n.

Theorem 4.6.4 (Nevo-Stein, Bufetov). If Fy acts ergodically by measure pre-
serving transformations on (X,B,u) then for every Sg,f — [ f for every

fe LY (p).
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There is a major difference between the proof of this result and in the
amenable case. Because |E,AE,g~'|/|E,| /4 0, the there is no trivial rea-
son for the averages of co-boundaries to tend to 0. Consequently there is no
natural dense set of functions in L' for which convergence holds. In any case,
the maximal inequality is not valid either. The proof in non-amenable cases
takes completely different approaches (but we will not discuss them here).

4.6.2 Hopf’s ergodic theorem

Another generalization is to the case of a measure-preserving transformation
T of a measure space (X, B, ) with u(X) = co (but o-finite). Ergodicity is
defined as before — all invariant sets are of measure 0 or their complement is
of measure 0. It is also still true that 7" : L?(u) — L?(u) is norm-preserving,
and so the mean ergodic theorem holds: Sy f — 7 f for f € L?, where 7 is the
projection to the subspace of invariant L? functions. Now, however, the only
constant function that is integrable is 0, and we find that Sy f — 0 in L2. In
fact this is true in L' and a.e. The meaning is, however, the same: if we take a
set of finite measure A, this says that the fraction of time an orbit spends in A
is the same as the relative size of A compared to €; in this case p(A)/p(2) = 0.

Instead of asking about the absolute time spent in A, it is better to consider
two sets A, B of positive finite measure. Then an orbit visits both with frequency
0, but one may expect that the frequency of visits to A is u(A)/u(B)-times the
frequency of visits to B. This is actually he case:

Theorem 4.6.5 (Hopf). If T is an ergodic measure-preserving transformation
of (X, B, ) with p(X) = oo, and if f,g € L*(n) and [ gdp # 0, then

Yo T Jfdp
Snse Tng N [gdu

Since the right hand side is usually not 0, one cannot expect this to hold in
L'

Hopf’s theorem can also be generalized to group actions, but the situation
there is more subtle, and it is known that not all amenable groups have sequences
E, such that Y-, T9f/>°, T9h — [ f/ [h. See ?7.



Chapter 5

Some categorical
constructions

5.1 Isomorphism and factors

Definition 5.1.1. Two measure preserving systems (X, B, u, T) and (Y,C, v, S)
are isomorphic if there are invariant subsets Xg C X and Yy C Y of full measure
and a bijection 7 : Xy — Yj such that 7,7~ ! are measurable, 7 = v, and
moT = Som. The last condition means that the following diagram commutes:

X0 5 X,
m m

Y, 2 v,

It is immediate that ergodicity and mixing are isomorphism invariants. Also,
7 induces an isometry L?(u) — L?(v) in the usual manner and the induced maps
of T, S on these spaces commute with 7, so the induced maps T, S are unitarily
equivalent in the Hilbert-space sense. The same is true for the associated LP
spaces.

Example 5.1.2. Let @« € R and X = R/Z with Lebesgue measure u, and
Toxr = x+a mod 1. Then T,, T_, are isomorphic via the isomorphism x — —x.

Example 5.1.3. Let X = {0,1} with p the product measure %,% and the
shift 7', and Y = [0,1] with v = Lebesgue measure and Sz = 2z mod 1. Let
m: X — Y be the map m(z) = Y .2 2,27", or w(x) = 0.x122x5 ... in binary
notation. Then it is well known that 7y = v, and we have

S(rz) = S(0.x122...) = 0.2923... = w(Tx)

Thus 7 is a factor map between the corresponding systems. Furthermore it is
an isomoprhism, since if we take Xy C X to be all eventually-periodic sequences

48
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and Yy = Y \ Q. These are invariant sets; p(Xo) = 1, since there are countably
many eventually periodic sequences and each has measure 0; and v(Yp) = 1.
Finally 7 : X9 — Yy is 1-1 and onto, since there is an inverse given by the
binary expansion, which is measurable. This proves that the two systems are
isomorphic.

Example 5.1.4. An irrational rotation is not isomorphic to a shift space with a
product measure. This can be seen in many ways, one of which is the following.
Note that there is a sequence ny — oo such that T}*0 — 0; this follows from
the fact that 0 equidistributes for Lebesgue measure, so its orbit must return
arbitrarily close to z. Since x = T,0, we find that

T g = T™T,0 = T,T™0 — T,0 = x

so Tz — x for all x € R/Z. It follows from dominated convergence that for
every f € L?(u) N L°(u) we have T™ f — f in L?, hence

Jrmseso [

On the other hand if (A%,C, v, S) is a shifts space with a product measure then
we have already seen that it is mixing, hence for every f € L?(v) we have

[smrg—(f pra

By Cauchy-Schwartz, we generally have ([ f)? # [(f?) so the operators S, T
cannot be unitarily equivalent.

Definition 5.1.5. A measure preserving system (Y,C,v,S) is a factor of a
measure preserving system (X, B,v,T) if there are invariant subsets Xy C X,
Yo C Y of full measure and a measurable map 7 : Xy — Y{ such that 7y = v
and ToT = Som.

This is the same as an isomorphism, but without requiring 7 to be 1-1 or

onto. Note that 7 = v means that 7 is automatically “onto” in the measure
sense: if A C Yy and 77 1(A) = 0 then v(A4) = 0.
Remark 5.1.6. When X,Y are standard Borel spaces (i.e. as measurable spaces
they are isomorphic to complete separable metric spaces with the Borel o-
algebra), one can always assume that 7 : Xy — Yj is onto (even though the
image of a measurable set is not in general measurable, in the standard setting
one can find a measurable subset of the image that has full measure, and restrict
to it).

Example 5.1.7. Let T}, be rotation by a.. Let k € Z\0. Then 7 : © — kz mod 1
maps Lebesgue measure to Lebesgue measure on R/Z and

1Thx = k(x 4+ o) = Tyamx

Thus Ty, is a factor of T,,. Note that unless & = £1 this is not an isomorphism,
since |7~ 1y| = k for all y.
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Example 5.1.8. Let A = {1,...,n}, p = (p1,...,pn) be a non-degenerate
probability vector, X = A% with the product o-algebra and product measure
p = p” Let B be aset and 7 : A — B any map, and let ¢, = p,—1; the
push-forward probability vector. Let Y = B% and v = ¢%. Finally let S be the
shift (on both spaces) and extend 7 to a map X — Y pointwise:

(oo o1, 20,21,...) = (...7(x_1),m(Xo), m(x1),...)

Then by considering cylinder sets it is easy to show that this 7 = v, and clearly
St —wS. This Y is a factor of X.

Proposition 5.1.9. Let (X, B) and (Y,C) be measurable spaces and T : X — X
and S :' Y — 'Y measurable maps, and 7w : X =Y w: X =Y be a measurable
map such that ' = Sw. .

1. If p s an invariant measure for T then v = mu is an invariant measure

for S and 7 is a factor map between (X,B,u,T) and (Y,C,v,S).

2. If the spaces are standard Borel spaces and if v is an invariant measure
for S, then there exist invariant measures p for T such that v = wu and
7 is a factor map between (X, B, u,T) and (Y,C,v,S) (but no uniqueness
is claimed).

Proof. The first part is an exercise.

The second part is less trivial. We give a proof for the case that X,Y are
compact metric spaces, B,C the Borel o-algebras, and 7,5, 7 are continuous.
In this situation, we first need a non-dynamical version:

Lemma 5.1.10. There is a measure jg on X such that mpu = v.

Proof No. 1 (almost elementary). Start by constructing a sequence v, of atomic
measures on Y with v, — v weakly, i.e. [gdv, — [gdv for all g € C(Y). To
get such a sequence, given n choose a finite partition £, of Y into measurable
sets of diameter < 1/n (for instance cover Y by balls B; of radius < 1/n and set
E; = Bi\U,; B;). For each E € &, choose g and set v, = 3 e V(E) 0xp-
One may verify that v, — v.

Now, each v, can be lifted to a probability measure p, on X such that
Ty, = Vp: to see this, if v, = Y w; - §,, choose x; € 71 (y;) (there may be
many choices, choose one), and set p, = Y w; - dy,.

Since the space of Borel probability measures on X is compact in the weak-*
topology, by passing to a subsequence we can assume p, — p. Clearly p is a
probability measures; we claim mu = v. It is enough to show that [gd(mu) =
[ gdv for every g € C(Y). Using the identity [gdv, = [ g o mdu, (which is
equivalent to v, = wu,) we have

/gduzlim/gdun:/gowdun:/gOWdu:/gd(Wﬂ)

as claimed. O
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Proof No. 2 (function-analytic). . First a few general remarks. A linear func-
tional p* on C(X) is positive if it takes non-negative values on non-negative
functions. This property implies boundedness: to see this note that for any
f € C(X) we have ||f|| ., — f > 0, hence by linearity and positivity p*(|| f]|,.) —
p*(f) = 0, giving

w () <t lloe) = I llo - w7 (1)

Similarly, using f + || ]|, = 0 we get p*(f) > — || f||..- Combining the two we
have |1*()] < C |l where C = u*(1).

Since a positive functional p* is bounded it corresponds to integration against
a regular signed Borel measure y, and since [ fdp = p*(f) > 0 for continuous
f >0, regularity implies that u is a positive measure. Hence a linear functional
w* € C(X)* corresponds to a probability measure if and only if it be positive
and p*(1) = 1 (this is the normalization condition [ 1dp = 1).

We now begin the proof. Let v* : C(Y) — R be bounded positive the linear
functional g — [ gdv. The map n* : C(Y) — C(X), g — g o, embeds C(Y)
isometrically as a subspace V = w(C(Y)) < C(X), and lifts v* to a bounded
linear functional pg : V' — R (given by ui(gom) = v*(g)).

Consider the positive cone P = {f € C(X) : f > 0}, and let s € C(X)* be
the functional

S(f) = sup{0, —f(x) : v € X}

It is easy to check that s is a seminorm, that s|p = 0 and that —u§(f) < s(f)
on V. Hence by Hahn-Banach we can extend —pug to a functional —p* on C'(X)
satisfying —p* < s, which for f € P implies pu*(f) > —s(f) = 0, so u* is
positive. By the previous discussion there is a Borel probability measure p such
that [ fdp = p*(f); for f = g o this means that

/gd’”‘ B /Wdu = w(gom) = pilgom) =v'(g) = /gdu
so u is the desired measure. O

Now let p,, = %ZZ;& T* o and let p be a subsequential limit of p,. It is
easy to check int he usual way that p is T-invariant. Also,

1n—l 11’L—1 1n—1
_ k _ - k _ _
Wun—nkzoﬂ'(T ,u)—nkZOT ﬂu_nkz_ou—y

Since the space M of measure on X projecting to v is weak-* closed, and
[y € M, also their limit point u € M, as claimed. O

Example 5.1.11. Let A, B be finite sets, A%, B% the product spaces and S the
shift. Let 7 : A>"*! — B be any map and extend 7 to AZ — BZ by

(m2); = T(Timns oy Tiy oo Tin)

This commutes with the shift and so any invariant measure on A% projects to
an invariant measure on B% and vice versa.
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For example if A = B ={0,1}, n =1 and 7(a,b,¢) = b+ cmod 1 then we
get a factor map as above and one may verify that the (%7 %) product measure
is mapped to itself; but the factor map is non-trivial since each sequence has
two pre-images.

If r : X — Y is a factor map between measure preserving systems (X, B, u, T')
and (Y,C, v, S) (already restricted to the invariant subsets of full measure). Then

aic={x"1C:CeC}

is a sub-o-algebra of B and it is invariant since 77" = Sw. Noe also that 7 is an
isometry between L?(7~!C, ) and L*(C,v). Thus
There is also a converse:

Proposition 5.1.12. Let (X,B,u,T) be a measure preserving system on a
standard Borel space and let C' C B be an invariant, countably generated o-
algebra. Then there is a factor (Y,C,v,S), with (Y,C) a standard Borel space,
and factor map m such that C' = 7~ 1C.

The proof relies on the analogous non-dynamical fact that a countably gen-
erated sub-o-algebra in standard Borel space always arises as the pullback via
a measurable map of some other standard Borel space. We shall not go into
details.

5.2 Product systems

Another basic construction is to take products:

Definition 5.2.1. Let (X,B,u,T) and (Y,C,v,S) be measure preserving sys-
tems. Let Tx S : X xY — X xY denote the map T x S(z,y) = (T'z, Sy).
Then (X xY,BxC,uxv,T x S) is called the product of X and Y.

Claim 5.2.2. The product of measure preserving systems is measure preserving.

Proof. Let 0 = uxvand R =T x S. It is enough to check that (R~ (Ax B)) =
(A x B) for AC X, B CY, since these sets generate the product algebra and
the family invariant sets whose measure is preserved is a o-algebra. For such
A, B,

O(R"Y(AxB)) =(T'AxS™'B) = (T *A)w(T7'B) = u(A)v(B) = f(ax B)
O

Remark 5.2.3. Observe that the coordinate projections 7w and o are factor
maps from the product system to the original systems.

The definition generalizes to products of finitely many or countably many
systems.

We turn tot he construction of inverse limits. Let (X,,, By, ttn, Tr) be mea-
sure preserving systems, and let m, : X,,11 — X,, be factor maps, and suppose
that m, are defined everywhere and onto their image. Let Xoo C x50, X,
denote the set of sequences (...,Z,, Tp-1,...,21), with 2, € X,,, such that
Tn(Tnt1) = Tp.
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5.3 Natural extension

When (X,B,u,T) is an ergodic m.p.s. on a standard Borel space, there is

canonical invertible m.p.s. (X, g, 1, TV) and factor map 7 : X — X such that if
(Y,C,v, S) is another invertible system and 7 : Y — X a factor map, 7 factors
through m, that is there is a factor map ¢ : Y — X with 7 = 7o

vy % X
TN\ 7
X

We now construct X. Let m, : X% — X denote the coordinate projections,
which are measurable with respect tot he product algebra, and let

X = {reX?: Te,=1x,1}

This is the intersection of the measurable sets {x € X7 . Tpt1Z =T ompx} so
X is measurable. The shift map T is measurable and X is clearly invariant. It
is also easy to check that m, : X — X is a factor map: T'm,, = w,T.

As for uniqueness, if o : (Y,C,v,S) — (X, B, T, i) we can define 7 : Y — X%
by 7(y)n = o(T™y). Then the image is )?, o = 77 is automatic, and one can
show that v = p1; again, we omit the details.

Lemma 5.3.1. If a m.p.s. is ergodic then so is its natural extension.

Proof. Let X be the original system and X its natural extension, 7 : X — X the
factor map. Then from the construction above it is clear that f = LimE(f|B,,)
for f € L2(ji), where B,, = T"7'B. It is clear that (X, Bn, 71, T) = (X, B, u, T)
and is therefore ergodic. It is also clear that E(Tf|B,) = TE(f|B,), since B,
is invariant. Therefore if f € L2(fi) is T-invariant then E(f|B,) is invariant.
Since it corresponds to an invariant function on the ergodic system (X, B, u, T')
it is constant. Since f = limE(f|B,), f is constant. Therefore X has no non-
constant invariant functions, so it is ergodic. O

Example 5.3.2. Let (X, B, 4, T) be an ergodic measure preserving system and
A € B. Define the return time r4(z) as usual. If T is invertible, Kac’s formula
(Theorem 3.3.1) ensures that [, r4dpu = 1. We can now prove this in the non-
invertible case: let (X,T.7i) and 7 : X — X be the natural extension. Let
A=7"14 and 7z the return time function in X. Since X is ergodic, by Kac’s
formula [rzdfp = 1. But clearly rz = rqom so [rzdi = [radrp = [radpy,
and the claim follows.

5.4 Inverse limits

A very similar construction gives the following theorem.
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Theorem 5.4.1. Let (X, B,,T,, tn) be m.p.s. and 7, : X,, — X,,_1 factor
maps. Then there is a measure-preserving system (X, B, 1, T) and factor maps
T i X — X,, such that

1. Tp—1 = TnTn-
2. X is unique in the sense that if Y is another m.p.s. and o, : Y — X,

satisfies op,_1 = Tpoy, then there is a factor map 7 :' Y — X such that
Op = TnT-

8. If all the X, s are ergodic, so is X.

5.5 Skew products

Let (X, B, 1, T) be am.p.s. and G a compact group with normalized Haar mea-
sure m (for example R/Z with Lebesgue measure). Fix a probability space(Y,C,v)
and let G = Aut(v) be the group of invertible v-preserving maps Y — Y. This
group can be identified with a subgroup of the bounded linear operators on
L?(v) with the operator topology (strong or weak) and given the induced Borel
structure.

Now suppose that ® : © — ¢, is a measurable map X — G. Now form
Xo=xYand Ty : X XY = X XY by Te(z,y) = (Tz, ®(2)y).

Lemma 5.5.1. Let 0 = p X v. Then 6 is Tg-invariant.

Proof. Using Fubini, for A C X x Y we have:
0Ty A) = /qul(A)dG

_ / 14 (T, 2)d6(x)

/ (/ 1A<Tx,somy>du<y>) dpu(z)

I
—
—

—_

=
~
s
s
Y
=
s
~
=y
=
&

as claimed. O

The m.p.s. (Xs,0,Ts) is called a skew-product over X (the base) with
cocycle ®.

Note that 7(z,y) = « is a factor map from (X xY,0,Ts) to (X,u,T). In a
sense there is a converse:
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Theorem 5.5.2 (Rohlin). Let 7 : Y — X be a factor map between standard
Borel spaces. Then'Y is isomorphic to a skew-product over X.

Note that we already know that the measure on Y disintegrates into condi-
tional measures. What is left to do is identify all the fibers with a single space.
Then & is defined as the transfer map between fibers. We omit the technical
details.



Chapter 6

Weak mixing

6.1 Weak mixing

Ergodicity is the most basic “mixing” property; it ensures that any two sets A, B
intersect at some time, i.e. there is an n with y(ANT~"B) > 0. It also ensures
that every orbit “samples” the entire space correctly. The notion of weak mixing
is a natural generalization to pairs (and later k-tuples) of points. Thus we are
interested in understanding the implications of independent pairs z,y of points
sampling the product space. This is ensured by the following definition.

Definition 6.1.1. A m.p.s. (X, B, u,T) is weak mixing if (X x X, B x B, u x
w, T x T) is ergodic.

This property has many equivalent and surprising forms which we will now
discuss. Let us first give some example.

Since X is a factor of X x X and the factor of an ergodic system is ergodic,
weak mixing implies ergodicity. The converse is false.

Example 6.1.2. The translation of R/Z by a ¢ Q is ergodic but not weak mix-
ing. Indeed, let d be a translation-invariant metric on R/Z, so that d(T,z, Toy) =
d(x,y). Then the function d : R/Z x R/Z — R is T' x T-invariant and is not a.e.
constant with respect to Lebesgue measure on the product space (each level set
is a sub-manifold of measure 0). Therefore the product is not ergodic.

Example 6.1.3. More generally, if (X, d) is a compact metric space, T : X — X
an isometry, and p an invariant measure supported on more than one point, then
the same argument shows that (X, u,T) is not weak mixing.

Example 6.1.4. Let X = {0,1}% with the product measure p = {3, 3}* and
the shift S. Then X x X = {00,01,10,11}% with the product measure p x y =

{%, %, %, %}Z, which is ergodic. Therefore (X, u, T) is weak mixing.

In the last example, X was strong mixing: u(ANT~"B) — u(A), (B) for all
measurable A, B, or: [ f-T"g — [ f [gin L? for f,g € L?. Weak mixing has

56
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a similar characterization. Before stating it we need a definition. For a subset
I C N we define the upper density to be

In{l,....N
d(I) = lim sup —| {L,...,N}|
N—o00 N

Definition 6.1.5. A sequence a,, € R converges in density to a € R, denoted

an 2> a or D-lima,, = a, if
d({n : |lan, —a] >€}) =0 foralle >0

Compare this to the usual notion of convergence, where we require the set
above to be finite rather than 0-density. Since the union of finitely many sets of
zero density has zero density, this notion of limit has the usual properties (with
the exception that a subsequence may not have the same limit). One can also
show the following:

Lemma 6.1.6. For a bounded sequence ay, the following are equivalent:
1. a, 2> a.
N
2. % > n=olan —al =0.

3. LN (an, —a)®>=0.

4. Thereis a subset I = {n; <ng < ...} CNwithd(I) =1 andlimy_ e an, =
a.

We leave the proof as an exercise.

Theorem 6.1.7. For a m.p.s. (X,B,u,T) the following are equivalent:
1. X is weak mixing.
2. % Zg;ol |[f-Trgdp— [ fdu [ gdp| — 0 for all f,g € L*(n).

3 % Ef::ol |u(ANT"B) — p(A)u(B)| — 0 for every A, B € B.

4. w((ANT"B) EEN w(A)u(B) for every A, B € B.
This is based on the following;:
Lemma 6.1.8. For a m.p.s. (Y,C,v,s) the following are equivalent:
1. Y 1is ergodic.
2. % Zg:o (WANT"B) — pu(A)u(B)) — 0 for every A, B € C.

3. %ZnN:Of(f-T"g—ffdu-fgdu) — 0 for every f,g € L*(v).
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Proof. The equivalence of the last two conditions is standard, we prove equiva-
lence of the first two.

If the limit holds then, it implies that p(ANT"B) = [14-T"1pdp > 0
infinitely often if (A)u(B) > 0. This gives ergodicity.

Conversely, if the system is ergodic then by the mean ergodic theorem,
Sng = % Zg;ol Tmg — [g in L? for any g € L% So by continuity of the
inner product,

N-1 N
Jim Z% pANT™"B) = lim — z_% (/ 1a- T”leu)
= lim <1A7 SNlB>
= (1la, 1Bdu>
= (1a,u(B))
n(A)pu(B)
which is what we wanted. O

Proof of the Proposition. Since |u(ANT~"B) — u(A)u(B)| < 1, the equivalence
of (3) and (4) is Lemma 6.1.6. The equivalence of (2) and (3) is standard be
approximating L? functions by simple functions and using Cauchy-Schwartz. So
we have to prove that (1) < (2).

We may suppose that X is ergodic, since otherwise (1) fails trivially and (2)
fails already without absolute values by the lemma. Then for f,g € L (u) we
know from the lemma that

;JZZ_::/ﬁT”g%/f/g (6.1)

Suppose that X is weak mixing. Let f' = f(z)f(y) € L*(u x p) and define
g' € L?(uu x p) similarly. By ergodicity of X x X

1 N—-1
- f/' T T)n 'd f/ /
an%/ (T g“X“_}/ /g
but
/f’(TxT)”y’du Xpo o= //f(x)f(y)g(T"x)g(T”y) dp(z)du(y)
= (/f-T"gdu)2

/f’duxw/g/duxu: (/fdu)z(/gdu)2

and
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Thus we have proved:

Ng / fo1mgdw? ([ 1 [ o7 (6.2)

Combining this with Z f-T"g— [ f[g, we find that

;Jg(/f.T"gdudf/g))Mo (6.3)

and since the terms are bounded, this implies (2).
In the opposite direction, assume (4), which is equivalent to (2). We must
prove that X x X is ergodic, or equivalently, that for every F,G € L?(u x v),

N-1
]1]X%/F-T"Gdu><1/—>/Fd/1><1/-/Gd,u><V

By approximation it is enough to prove this when F(x1,x2) = f1(z1) f2(22) and
G(x1,22) = g1(x1)ga(x2). Furthermore we may assume that f1, fo2, g1, 92 are
simple, and even indicator functions 14,14/,15,15,. Thus we want to prove
that for A, A’, B, B/,

N—
Z (ANT"B)u(ANT " B') = u(A)u(B)u(A)u(B')

2 \

But u(ANT "B) — p(A)u(B) in density and u(A'NT~"B") — u(A)u(B’) in
density, so the same is true for their product; and hence the averages converge
as desired. ]

Corollary 6.1.9. If (X, B, u,T) is mixing then it is weak mizing.

Proof. p(ANT"B) — u(A)u(B) implies it in density. Now apply the propo-
sition. O

6.2 Weak mixing as a multiplier property

Proposition 6.2.1. (X, B, u,T) is weak mizing if and only if X XY is ergodic
for every ergodic system (Y,C,v,S).

Proof. One direction is trivial: if X x Y is ergodic whenever Y is ergodic then
this is true in particular for the 1-point system. Then X X Y = X so X is
ergodic. It then follows taking ¥ = X that X x X is ergodic, so X is weak
mixing.

In the opposite direction we must prove that for every F,G € L?(u x v),

N—1
1
NZ/F-(TxS)”Gduxu%/quxy/Gduxu
n=0
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As before it is enough to prove this when F(x1, z2) = fi(x1) fa(22) and G(z1, 22) =
91(21)g2(22), and it reduces to

;fNE—I/f1($>T”f2(l')d,u(.’L‘)-/92($)Sngg($)dy($) — /fld,u/deM/gldy/gzdy

Splitting L?(u) into constant functions and their orthogonal complement (func-
tions of integral 0), it is enough to prove this for f; in each of these spaces. If
f1 is constant then [ fi(2)T" fo(x)dp(z) = [ frdp [ fodv and the claim follows
from ergodicity of S. On the other hand if f fidp = 0 we have

1]\771 >2
— fr(@)T" fo(x)du(z) - x)S" go(x)dv(x
(N;O/l() 2(@)d(a) - [ g2(2)S"ga(a)dv()

<1 Ng (/ fl(x)T”fz(x)du(w)>2 = Ng ([ w5 satoranto)) 2
but
¥ NZ_% ([ nrm i) =< & N__O ([ sm e - [ 5 [5) o
by weak mixing of X and we are done. O

Corollary 6.2.2. If X is weak mizing so is X x X and X x X x ... x X.

Proof. For any ergodic Y, (X x X) xY = X x (X xY). Since X xY is ergodic
50 is X x (X xY). The general claim follows in the same way. O

More generally,
Corollary 6.2.3. If X1, Xo,... are weak mizing so are X1 X Xo X .. ..
Also

Corollary 6.2.4. If (X,B,u,T) is weak mizing then so is T™ for alln € N (if
T is invertible, also negative n).

Proof. Since T x T is ergodic if and only if T—! x T~ is ergodic, weak mixing
of T and T~ are equivalent, so we only need to consider n > 0.

First we show that ¢ weak mixing implies 7™ is ergodic. Otherwise let
f € L? be a T™ invariant and non-constant function. Consider the system
Y ={0,...,m—1} and S(y) = y + 1 mod m with uniform measure. Since X, T
is weak mixing, X x Y, T x S is ergodic. Let F(x,i) = f(T™ 'z). Then

F(Txz,Si) = f(T™ =00y = (T ') = F(x,i)

so I is T x S invariant and non-constant, a contradiction. Thus 7" is ergodic.
Applying this to 7" x T, which is weak mixing, we find that (7" x T)™ is
ergodic, equivalently 7™ x T™ is ergodic, so T is weak mixing. O
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6.3 Isometric factors

An isometric m.p.s. isam.p.s. (Y,C,v,S) where Y is a compact metric space, C
the Borel algebra, and S preserves the metric. We say that system is nontrivial
if v is not a single atom.

We have already seen that nontrivial isometric systems are not weak mixing,
since if d is the metric then d : Y X Y — R is a non-trivial invariant function.
In this section we prove the following.

Theorem 6.3.1. Let (X,B,u,T) be an invertible m.p.s. on a standard Borel
space. Then it is weak mizing if and only if it does not have nontrivial isometric
factors (up to isomorphism,).

One direction is easy: If Y is an isometric factor then X x X factors onto
Y x Y and so, since the latter is not ergodic, neither is the former, For the
converse direction we must show that if X is not weak mixing then it has non-
trivial isometric factors. We can assume that X is ergodic, since otherwise the
ergodic decomposition gives a factor to a compact metric space with the identity
map, which is an isometry.

Recall that if (X, B, i) is a probability space then there is a pseudo-metric
on B defined by

d(A, B) = p(AAB) = ||14 — 15|,

Identifying sets that differ in measure 0 dives a metric on equivalence classes,
and the resulting space may be identified with the space of 0-1 valued functions
in L', which is the same as the set of indicator functions. This is an isometry
and since the latter space is closed in L', it is complete.

Now suppose that X is not weak mixing and let A C X x X be a non-trivial
invariant set. Consider the map X — L! given by 2 — 14, where

Az ={ye X : (z,y) € A}

The map is measurable, we use the fact that the Borel structure of the unit ball
in L! in the norm and weak topologies coincide (this fact is left as an exercise).
Then we only need to check that

T / La, (y)g(y) du(y)

is measurable for every g € L*>. For fixed g, this clearly holds when A is a
product set or a union of product sets, and the general case follows from the
monotone class theorem.

Now, notice that

TA, = {Ty: (z,y) € A}
= {y: (T 'y) € A}
= {y: (a,T7'y) e T A}

= {y: (Tz,y) € A}
ATw
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so 7 :x — A, commutes with the action of T on X and L'. Finally, the action
of T on L' is an isometry. Therefore we have proved:

Claim 6.3.2. If T' is not weak mixing then there is a complete metric space (Y, d),
and isometry 7' : Y — Y and a Borel map 7 : X — Y such that Tnm = =T.

Let v = wpu, the image measure; it is preserved. Thus (Y, v, T) is almost the
desired factor, except that the space Y is not compact (and there is another
technicality we will mention later). To fix these problems we need a few general
facts.

Definition 6.3.3. Let (Y, d) be a complete metric space. A subset Z C Y is
called totally bounded if for every e there is a finite set Z. C'Y such that

Z C UZEZE B.(2).

Lemma 6.3.4. Let Z C Y as above. Then Z is compact if and only if Z is
totally bounded.

Proof. This is left as an exercise. O

Lemma 6.3.5. Let (Y,d) be a complete separable metric space, S :' Y — Y
an isometry and p an invariant and ergodic Borel probability measure. Then
supp p s compact.

Proof. Let C = supp p. This is a closed set and is clearly invariant so we only
need to show that it is compact. For this it is enough to show that it is totally
bounded.

Choose a p-typical point y. By the ergodic theorem, its orbit is dense in C.
Furthermore since S is an isometry, B, (S™y) = S" B, (y). Now let z € C. There
is an n with d(z,S"y) < r so B,.(T™y) C Ba,(z), hence

This is true for every r.

Now, let {z;} be a maximal set of r-separated points in C. the set must
be finite, because B, /5(2;) are disjoint balls of mass uniformly bounded below.
Therefore Bs,-(z;) is a finite cover of C, and since r was arbitrary, C' is totally
bounded. O

Let v be, as before, the image of i under the map 7 : X — L'. Then supp v
is compact and we can replace X by 7! (suppv), which has full measure. We
are done.

6.4 Eigenfunctions

Definition 6.4.1. Let T be an operator on a Hilbert space H. Then A\ € C is
an eigenvalue and u a corresponding eigenfunction if Uu = Au. We denote the
set of eigenvalues by 3 (U).
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As in the finite-dimensional case, unitary operators have only eigenvalues of
modulus 1, because if Uv = Av and |[v|| = 1 then

A = Qw, M) = (Uv, Uv) = (U*Uv,v) = (v,v) =1

Lemma 6.4.2. If Uv = M and Uv' = Nv' and A # X then v L V. In
particular, if H is separable then |S(U)| < .

Proof. We can assume |[[v|| = [[v'|| = 1. Then the same calculation as above
shows that AN (v,v") = (v,v’), which is possible if and only if (v,v") =0. O

From now on let (X, B, u,T) be an invertible m.p.s. and denote also by T
the induced unitary operator on L?(p).

Notice that an invariant function is an eigenvector of eigenvalue 1, and the
space of such functions is always at least 1-dimensional, since it contains the
constant functions. Therefore,

Lemma 6.4.3. T is ergodic if and only if 1 is a simple eigenvalue (the corre-
sponding eigenspace has complex dimension 1).

2mia

If T is ergodic and e
| f| satisfies

is an eigenvalue with eigenfunction f € L?(u), then
T\fI = |Tf| = |e*™ f| = |{]

so |f] is invariant. Therefore,

Corollary 6.4.4. If T is ergodic then all eigenfunctions are constant.

By convention, we always assume that eigenfunctions have modulus 1.
Therefore if «, 8 € X(T) with corresponding eigenfunctions f, g, then f - g
has modulus 1, hence is in L2, and

T(fg)=Tf Tg=af-Bg=af-fg

so aff € %(T) and fg is an eigenfunction for it. Similarly considering f we find
that @ = a~! € X(T). This shows that

Corollary 6.4.5. X(T) C C is a (multiplicative) group and if T is ergodic then
all eigenvalues are simple.

Proof. The first statement is immediate. For the second, note that if f, g are
distinct eigenfunctions for the same « then fg is an eigenfunction for aa = 1,
hence fg =1, or (using g = g~ !) we have f = g. O

Note that X(U) is not generally a group if U is unitary.
The following observation is trivial:

Lemma 6.4.6. If7: (X, T) — (Y,S) is a factor map between measure preserv-
ing systems then %(S) C X(T).
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Proof. If A € 3(S) let f be a corresponding eigenfunction, Sf = Af then
T(fn) = faT = fSm = Af~m
This shows that A € (7). O

Theorem 6.4.7. (X,B,u,T) is ergodic then it is weak mizing if and only if 1
is the only eigenvalue, i.e. X(T) = {1}.

One direction of the proof is easy. Note that from a dynamical point of view,
an eigenfunction f for o € ¥ of (X, B, u,T) is a factor map to rotation on S!,
since if f is an eigenfunction with eigenvalue o and R,z = az is the rotation
on S! then the eigenfunction equation is just

fT(z) = af(z) = Ra(f(2))

so fT = R, f, and the image measure fy is a probability measure on S' invari-
ant under R,. Of course, R, is an isometry of S!, and if a # 1 then fu is not
a single atom; thus we have found a non-trivial isometric factor of X and so it
is not weak mixing.

For the other direction we need the following. For a group G and g € G
let Ly : G — G denote the map h — gh. A dynamical system in which G is a
compact group and the map is L is called a group translation. Note that Haar
measure is automatically invariant, since by definition it is the unique Borel
probability measure that is invariant under all translations. If Haar measure is
also ergodic the we say the translation is ergodic.

Proposition 6.4.8. Let (Y,d) be a compact metric space and S : Y — Y an
isometry with a dense orbit. Then there is a compact metric group G and g € G
and a homeomorphism w : Y — G such that Lgm = wS. Furthermore if v is an
invariant measure on Y then it is ergodic and wv is Haar measure on G.

Proof. Consider the group I' of isometries of Y with the sup metric,

d(v,7') = sup d(v(y), 7' ()

Then (I',d) is a complete metric space, and note that it is right invariant:
d(yod,700) =d(y,7).

Let yo € Y have dense orbit and set Yy = {S™yo}nez. If the orbit is finite,
Y = Yj is a finite set permuted cyclically by S, so the statement is trivial.
Otherwise y € Yy uniquely determines n such that S"yy = y and we can define
m:Yy— T by y— S™ €T for this n.

We claim that 7 is an isometry. Fix y, 1y’ € Yy, so y = S™yo and y' = S™ v,
SO

d(my, my') = sup d(S"z, 5™ z)
z€Y
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Given z € Y there is a sequence ny — oo such that S™*yy — z. But then

d(S"z,8"2) = d(S™(lim S™yp), S™ (lim S™*yp))
lim d(S™ 8™y, S™ 5™ o)
lim d(S™ (S™yo), S™ (5™ yo))
= limd(S™yo, S yo)
= d(S™y0, S" o)
d(y,y')

Thus d(ry,7y’) = d(y,y’) and 7 is an isometry Yy — I'. Furthermore, for
y = 5"yo € Yo,

m(Sy) == n(88"y) = S"* = LsS" = Lsn(y)

It follows that 7 extends uniquely to an isometry with Y < I" also satisfying
7(Sy) = S(my). The image 7(Yp) is compact, being the continuous image of the
compact set Y. Since 7(Yy) = {S™},ez and this is a group its closure is also a
group G.

Finally, suppose v is an invariant measure on Y. Then m = nv is Lg
invariant on G. Since it is invariant under Lg it is invariant under {L%}nez,
and this is a dense set of elements in G. Thus m it is invariant under every
translation in G, and there is only one such measure up to normalization: Haar
measure. The same argument applies to every ergodic components of m (w.r.t.
Lg) and shows that the ergodic components are also Haar measure. Thus m is
Lg-ergodic and since 7 is an isomorphism, (Y, v, S) is ergodic. O

Corollary 6.4.9. If (X,B,u,T) is ergodic but not weak mizing, then a non-
trivial ergodic group translation as a factor.

Finally, for the existence of eigenfunctions we will rely on a well-known result
from group theory.

Theorem 6.4.10 (Peter-Weyl). If G is a compact topological group with Haar
measure m then the characters form an orthonormal basis for L*(m) (a char-
acter is a continuous homomorphisms £ : G — S C C).

Corollary 6.4.11. Let G be a compact group with Haar measure m and g € G.
Then L*(m) is spanned by eigenfunctions of L.

Proof. 1If £ is a character then
Ly&(z) = &(gz) = £(9)¢(x)

so ¢ is an eigenfunction with eigenvalue £(g). Since the characters span L?(m)
we are done. O
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In summary, we have seen that if (X, B, u, T') is ergodic but not weak mixing
then it has a nontrivial isometric factor. This is isomorphic to a non-trivial
group rotation, which has a non-trivial eigenfunction. This eigenfunction lifts
via the composition of all these factor maps to a non-trivial eigenfunction on
X. This completes the characterization of weak mixing in terms of existence of
eigenfunctions.

6.5 Spectral isomorphism and the Kronecker fac-
tor

We will now take a closer look at systems that are isomorphic to group rotations.

Let T = (Sl)N , which is a compact metrizable group with the product
topology. Let m be the infinite product of Lebesgue measure, which is invariant
under translations in T°°. Given a € T let L, : T — T°° as usual be the
translation map. Note that

Lhx=a"x

Lemma 6.5.1. The orbit closure G,, of 0 € T under L,, (that is, the closure
of {a™ :n € N}) is the closed subgroup generated by .

Proof. Tt is clear that it is contained in the group in question, is closed, contains
a, and is a semigroup. The latter is because it is the closure of the semigroup
{a" }nen; explicitly, if z,y € G, then = lima™ and y = lim 0™, so

zy = (lima)(lima™) lim @™ ™™ € G,

Thus, we only need to check that x € G, implies 27! € G,. Let x = lima™.
We can assume n; 1 > 2n;. Passing to a subsequence, we can also assume that
a™ 172 5 0 But then

zy = (lim o) (lim o™+ 72"1) = lim @™+ 7" = 2271 =1
soy=x"". O

Lemma 6.5.2. Let « € T = (SYY and G, be as above. Let m, be the
Haar measure on G, equivalently, the unique L -invariant measure. Then
Y(Ly) = {a1,00,...) C S, the discrete group generated by the coordinates o
of a.

Proof. Let m, : T® — S! denote the n-th coordinate projection. Clearly
Tn(LaZ) = n®y = anm, (), so the functions 7, are eigenfunctions of (G4, mq, Ly).
Let A denote the C-algebra generated by {m,}. This is an algebra of continuous
functions that separate points in T° and certainly in G, so they are dense in
L?(my,). Since this algebra consists precisely of the eigenfunctions with eigen-
values in (a1, ag,...) we are done. O
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Proposition 6.5.3. Let (X,B,u,T) be an ergodic measure preserving system
on a standard Borel space. Let %(T) = {ay, as,...} and a = (a1, a3, ...) € T™.
Then

1. (Goyma, La) is a factor of X

2. If L?(u) is spanned by eigenfunctions then the factor map is an isomor-
phism: X 2 G,.

3. If 7 : X =Y is a factor map to an isometric system (Y,S,v) then w
factors through G, .

Proof. We may restrict to a subset of X of full measure where all the eigenfunc-
tions f; of «; are defined, and satisfy T'f; = a; f;. Let F': X — T°° denote the
map F(z) = (fi(z), fa(x),...). Then it is immediate that F(Tz) = L,F(x).
Let v = Fu, which is an L,-invariant measure on T°°, and y € supp v be a point
with dense orbit (which exists by ergodicity). Consider the map L,-12 — y e,
which commutes with L, (because T* is abelian) and note that L,-: maps the
Ly-orbit of y to the Ly-orbit of 1. Writing m = L,-1v it follows that m is
L-invariant and suppm = G,. Hence m = mq. Also 7 : x +— L,1F(x) is a
factor map from X to G,.

Suppose that the eigenfunctions span L?(u). Since each eigenfunction is
lifted by 7 from an eigenfunction of G, we find that L2(n~!B,) = L2(u),
where B, is the Borel algebra of G,. It follows that 7 is 1-1 a.e. and by
standardness it is an isomorphism.

Finally suppose 7 : X — Y as in the statement. Then (Y, X) is a group
rotation, its eigenvectors are dense in L?(v), and we have an isomorphism o :
Y — G where 8 = (81, B2, . ..) enumerates X(5). Now, each eigenvector f of
(G, S) lifts to one of X and since the multiplicity is 1, this is the eigenvector for
its eigenvalue. Thus the coordinates of « include those of 5. Let u : G, — T
denote projection to the coordinates corresponding to eigenvalues of S; then the
map u o F' = o o1 defined above. The claim follows. O

Let us point out two consequences of this theorem. First,

Definition 6.5.4. An ergodic measure preserving system has discrete spectrum
if L? is spanned by eigenfunctions.

Corollary 6.5.5. Discrete spectrum systems are isomorphic if and only if the
induced unitary operators are unitarily equivalent.

Proof. This follows from the theorem above and the fact that two diagonal-
izable unitary operators are unitarily equivalent if and only if they have the
same eigenvalues (counted with multiplicities), and ergodicity implies that all
eigenvalues are simple. O

Second, part (3) of the theorem above shows that every measure preserving
system has a maximal isometric factor. This factor is called the Kronecker
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factor. The factor is canonical, although the factor map is not — one can always
post-compose it with a translation of the group.

We emphasize that in general it is false that unitary equivalence implies
ergodic-theoretic isomorphism. The easiest example to state is that the prod-
uct measures (1/2,1/2)% and (1/3,1/3,1/3)% with the shift map have unitarily
isomorphic induced actions on L?, but they are not isomorphic.

6.6 Spectral methods

Our characterization of weak mixing is, in the end, purely a Hilbert-space state-
ment. Thus one should be able to prove the existence of eigenfunctions without
use of the underlying dynamical system. This can be done with the help of the
spectral theorem. Let us first give a brief review of the version we will use.

Let us begin with an example of a unitary operator. Let u be a probability
measure on the circle St and let M : L?(u) — L?(u) be given by (M f)(z) =
2f(2). Note that U preserves norm, since |2f(2)| = |f(2)| for z € S* and hence
p-a.e. z; it is invertible since the inverse is given by multiplication by z.

The spectral theorem says that any unitary operator can be represented in
this way on any invariant subspace for which it has an cyclic vector.

Theorem 6.6.1 (Spectral theorem for unitary operators). Let U : H — H be
a unitary operator and v € H a unit vector such that {Umv}S._ = H. Then
there is a probability measure 1, € P(S*) and a unitary operator V : L*(u) — H
such that U = VMV =1, where M : L*(p) — L?(u) is as above. Furthermore

V(1) =w.

We give the main idea of the proof. The measure ., is characterized by the
statement because its Fourier transform i, : Z — R is given by

fuln) = [ 27 diay = (M1, ) = O 0,0)

Reversing this argument, in order to construct u, one starts with the sequence
a, = (U™1,1). This sequence is positive definite in the sense that for any
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sequence \; € C and any n, szzl )\Z—)\ijai,j > 0:
0 o n o o
Z )\i)\jai_j = Z )\,’)\j <U27]1},1}>H
ij=1 ij=—n
= Z <Ui/\ﬂ),Uj>\jU>H
i,j=—n
= < Z Ui)\i’U, Z Uj>\j11>
i=—n j=—n H
n 2
i=—n 2
> 0

Therefore, by a theorem of Hergolz (also Bochner) a,, is the Fourier transform
of a probability measure on S* (note that ag == |[v||> = 1).

One first defines V' on complex polynomials p(z) = Zi:o b,z" by Vp =
Ed b,U"v. One can check that this preserves inner products; it suffices to

n=0
check for monomials, and indeed

(V(b2™),V(cz™)) = be (U™ v, Umv) = bé-am—n = bE/zm_"d,uv = /(bzm)(cz")d,uv = (b2",b2") 12,0,

Since polynomials are dense in L2(u) it remains to extend V to measurable
functions. The technical details of carrying this out can be found in many
textbooks.

Lemma 6.6.2. LetU : H — H be unitary and v a cyclic unit vector for U with
spectral measure p. Then o € X(U) if and only if p, (o) > 0.

Proof. If o is an atom of p, let f = 1;,). This is a non-zero vector in L?(u,),
and M f(z) = zf(2) = af(z). Hence a € ¥ (M) and by the spectral theorem
aeX(U).

Conversely, suppose that p,({a}) = 0. Consider the operator U, (w) =
aUw, which can easily be seen to be unitary. Clearly w is an eigenfunction
with eigenvalue « if and only if U,w = w. Thus it suffices for us to prove that
% Zg;ol UZw — 0 for all w, and, since v is cyclic and the averaging operator is
linear and continuous, it is enough to check this for v. Transferring the problem
to (S, py, M), we must show that 4 Zg;ola"z” — 0 in L?(u,). We have

1= 1 (@)N —1
Bl atat = 2 o
N N az—-1

This converges to 0 at every point z # «, hence p,-a.e., and it is bounded.
Hence by bounded convergence, it tends to 0 in L?(u,), as required. O
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Proposition 6.6.3. Let U, H, v, p, be as above. If p, is continuous (has no

atoms), then
— Z |(w, U™w")| = 0
n=0

for every w,w' € H,.

Proof. Using the fact that w,w’ can be approximated in L? by linear combina-
tions of {U™wv}, it is enough to prove this for w, w’ € {U™v}. Since the statement
we are trying to prove is formally unchanged if we replace w by U*'w or w’ by
U*lw', we may assume that w = w’ = v. Also, we may square the summand, as
we have seen this does not affect the convergence to 0 of the averages. Passing
to the spectral setting, we have

/ 2" d

2 (/Z”duv~/2"duv>
lez(//”"duv e)
= //( : Zy_11>duv><uv(z,y)

The integrand is bounded by 1 and tends pointwise to 0 off the diagonal {y = 2},
which has p, X u,-measure 0, since u, is non-atomic. Therefore by bounded
convergence, the expression tends to 0. O

2

MZ

L
N

Z\H

2:
Ho

I
Z\H
._.o

Corollary 6.6.4. If (X,B,u,T) is ergodic then it is weak mizing if and only
if wy is continuous (has no atoms) for every f L 1 (equivalently, the mazimal
spectral type is non-atomic except for an atom at 1), if and only if X(T) = {1}.

Proof. Suppose for f L 1 the spectral measure iy is continuous. By the last

proposition, N, Z \ff T f d,u| — 0. For general f,g we can write f =
'+ [f.9=g —i—fg7 where f’, ¢’ L 1. Substituting f = f'+ [ f into

N-1

N Z [ rmsan= ([ £du( [ gdu)

we obtain the expression

1 N—-1
N[5yl
n=0

which by assumption — 0. This was one of our characterizations of weak mixing.
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Conversely suppose T is weak mixing. Then it has no eigenfunctions except
1 (this was the trivial direction of the eigenfunction characterization), soif f L 1
also span{U"f} L 1 and so, since on this subspace T has no eigenfunctions, p
is continuous.

We already know that weak mixing implies 3(7") = {1}. In the other di-
rection, if 7" is not weak mixing, we just saw that there is some f L 1 with
ps(c) > 0 for some «, and by the previous lemma, a € X(T). O

In a certain sense, we can now “split” the dynamics of a non-weak-mixing
system into an isometric part, and a weak mixing part:

Corollary 6.6.5. Let (X,B,u,T) be ergodic. Then L*(u) = U @V, where
U= L*(u,&) for & C B the Kronecker factor, and V is an invariant subspace
such that Ty is a weak-mizing in the sense that + E;V;Ol | [f-Trgdpl — 0
forgeV.

One should note that, in general, the subspace V in the corollary does not
correspond to a factor in the dynamical sense.
An important consequence is the following:

Theorem 6.6.6. Let (X, B, u,T) and (Y,C,v,S) be ergodic measure preserving
systems. Then X XY is ergodic if and only if ©(T) N X(S) = {1}.

Proof. Let Z =XxY, R=TxS5,0 =puxv. If a # 11is a common eigenvalue of
T, S with eigenfunctions f, g, then h(z,y) = g(y) - f(z) is a non-trivial invariant
function, since

hR(z,y)) = g(Sy) - [(Tz) = ag(y)ef(x) = h(z,y)

and so Z is not ergodic.

Conversely, write L?(i) = Vipm @ V,p, where Ty, as in the previous corol-
lary, where Ty, has no eigenvalues, and decompose L?(v) = Wy ® Wy,
similarly. We must show that

1N—l
N:}/h-RnthA(/h)Q

for every h € L?(6) and it suffices to check this for h = fg, f € L*(u), g € L*(v),
since the span of these is dense in L?. Then [hR"hdf = [ fT" fdu- [ gS™gdv.
Also, since we can write f = fum + fpp and g = guwm + gpp for fum € Vm etc.
we can expand the expression above, and obtain a sum of terms of the form

;Ji/h-mhde% (/ = > (;]:z__;(/ fiT”fjdu)(/gsS"gth)>

2,5,8,t€{wm,pp}
(6.4)
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Consider the terms in parentheses; they are all bounded independently of n. So
if 4, j = wm we can bound

1 N1
~ D fT" fidp)( | 955" gedv)
N 7;) / Jap /9 gt

and similarly if s,t = wm. Also if i = wm, s = pp, then T" f; = o™ f; for some
a,and f; L f;. Hence

1 N-1
<Cog 31 [ £l 0
n=0

/fiT"fjdu:a”/fifjdu:a<fijj> —0

Thus in 6.4 we only need to consider the case i, j,s,t = pp. In this case we can
expand each of the functions as a series in normalized, distinct eigenfunctions:

fop = > @i and gpp = Y 1, where T'pp, = agpr, and Sy, = Briy. We assume
o = const and 1y = const. Expanding again using linearity, we must consider
terms of the form

N-1 N-1
ifnz::o(/ @iT”%du)(/wsS”wth) = % ;(a?/wiwjdu)(ﬂ?/wswtdw

Now, the first integral is 0 unless ¢; = %, and the second is 0 unless 1, = 1.
If this is the case we have, writing ¢; s = ||, 11 ||1/Jj||2

1= ¢ a; =f ¢ aj=f
= — nete. = e 7 , 1,8 J = Pt
N z_% o5 B Cis { cLS%i(a?l_l otherwise N—oo { 0  otherwise
Since 3(T) N X(S) = {1} the limit is thus 0 except for i = j = s =t = 0. In
the latter case, co0 = [ 3du [Vidv = ([ f)?([ g)?, so this was the limit we
wanted. 0
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Disjointness and a taste of
entropy theory

7.1 Joinings and disjointness

Definition 7.1.1. A joining of measure preserving systems (X, B, u,T) and
(Y,C,v,S) is a measure 6 on X x Y that is invariant under 7' x S and projects
to u, v respectively, under the coordinate projections.

Remark 7.1.2. There is a more general notion of a joining of X,Y, namely,
a preserving system (Z, €&, 60, R) together with factor maps 7x : Z — X and
my : Z — Y. This gives a joining in the previous sense by taking the image of
the measure 0 under z — (rx(2), 7y (2)).

Joinings always exist since we could take § = pu x v with the coordinate
projection. This is called the trivial joining.

Another example arises when ¢ : X — Y is an isomorphism. Then the
graph map ¢ :  — (z,x) pushes p forwards to a measure on X X Y that
is invariant under 7" x S and projects in a 1-1 manner under the coordinate
maps to u, v respectively. In particular this joining is different from the product
joining unless X consists of a single point.

We saw that when X, Y are isomorphic there are non-trivial joinings. The
following can be viewed, then, as an extreme form of non-isomorphism.

Definition 7.1.3. X,Y are disjoint if the only joining is the trivial one. Then
we write X L Y.

If X is not a single point then it cannot be disjoint from itself. Indeed,
the graph of T' is a non-trivial joining. Also if X,Y are ergodic but X x Y
is not the ergodic components of 8, of u X v must project to pu,v under the
coordinate maps, mx#, is T-invariant and f 0, = 0 implies f mx0, = u, and by
ergodicity of p this implies 70, = pu for a.e. z; similarly for my#. Thus if the
ergodic decomposition is non-trivial then the ergodic components are non-trivial
joinings.

73
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Example 7.1.4. Let X = Z/mZ,Y = Z/nZ with the maps ¢ — i + 1. If
m: X — Y is a factor between these systems (i.e. preserves measure) then,
since it is measure preserving, the fibers 771(i) all have the same cardinality,
hence n|m. Conversely if m|n there exists a factor map, given by x — x mod m.

It is now a simple algebraic fact that if # joining of X,Y, then it consists
of a coset in (Z/mZ) x (Z/nZ) generated by (i,5) — (i,7) + (1,1). Thus the
systems are disjoint if and only if (Z/mZ) x (Z/nZ) is a cyclic group of order mn
generated by (1,1), which is the same as saying that mn is the least common
multiple of m and n. This is equivalent to ged(m,n) = 1.

Since any common divisor of m,n gives rise to a common factor of the
systems, in this setting disjointness is equivalent to the absence of common
nontrivial factors. It also shows that if X,Y are disjoint, then any factor of X
is disjoint from any factor of Y (since if ged(m,n) = 1 then ged(m’,n’) = 1 for
any m/|m andn/|n.

These phenomena hold to some extent in the general ergodic setting.

Proposition 7.1.5. Let X,Y be invertible systems on standard Borel spaces
(neither assumption is not really necessary). Suppose that 1xX — W and
myY — W are factors and (W, E,0, R) is non-trivial. Then X LY.

Proof. Let p = [ p.df(z) and v = [1v.df(z) denote the decomposition of p
over the factor W. Define a measure 7 on X x Y by

T= /uz X v,df(z)

We claim that 7 is a non-trivial joining of X and Y.
First, it is invariant:

(TXS)T:/TXS(uZXVZ)dG(z) :/Tuszysz(z) = /uRZXVRZdH(z) :/uzxyzdﬁ(z) =7

Second, it is distinct from p X v. Indeed, let E C W be a non-trivial set and
E' =71'E x ny'E. Then

"(B) = [ i By B)ib(:) = [ 16(:)16(:)0(2) = 6(E)
On the other hand
(1 x V)(E') = plmx B) - v(my (E)) = 0(B)’
since 8(E) = 0,1 we have 0(E) # 0(E) so 7 # pu X v. O

The converse is false in the ergodic setting: there exist systems with no
common factor but non-trivial joinings.

Proposition 7.1.6. If X1 1 X5 and X1 — Y] and Xo = Y3, then Y7 L Y5,
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Proof. Let us suppose X1 — Y7 and X5 — Y5, and 6 € P(Y; xY3) is a non-trivial
joining. Let pu1 = [ p1,,dvi(y) and pe = [ po,ydra(y) be the disintegrations.
Define a measure 7 on X; x X5 by

T = /,Ull,yz X ﬂ?,yzdg(y17y2)

One can check in a similar way to the previous proposition that 7 is invariant
and projects to u1, 2 under the coordinate projections. It is not the product
measure because under the maps X; x Xo — Y7 X Y5 given by applying the
original factor maps to each coordinate, the image measure is § which the image
of p1 X pg is v X vs. O

Proposition 7.1.7. Let (X,Y) and (Y, S) be uniquely ergodic topological sys-
tems. and p,v invariant measures respectively. Suppose p 1 v.

1. For any generic point x for u and y for v, the point (z,y) € X XY is
generic for u X v.

2. If XY are uniquely ergodic then so is X X Y.

Proof. Clearly any accumulation point of % ij;ol L(rna,5ny) Projects under
coordinate maps to p, v, hence is a joining. Since the only joining is p X v there
is only one accumulation point, sot he averages converge to p x v, which is the
same as saying that (x,y) is generic for p x v.

If X,Y are uniquely ergodic then every invariant measure on X X Y is a
joining (since it projects to invariant measures under the coordinate maps, and
these are necessarily p, ). Therefore by disjointness the only invariant measure
on X XY is puXxuwv. O

Remark 7.1.8. In the ergodic setting, unlike the arithmetic setting, there do
exists examples of systems X,Y that are not disjoint, but have no common
factor. The examples are highly nontrivial to construct, however.

7.2 Spectrum, disjointness and the Wiener-Wintner
theorem

Theorem 7.2.1. If X is weak mizing and Y has discrete spectrum then X 1Y .
In fact this is a result of the following more general fact.

Theorem 7.2.2. Let X, Y be ergodic m.p.s. andY discrete spectrum. If X(X)N
Y(Y) = {1} then they are disjoint.

Proof. We may assume Y = G is a compact abelian group with Haar measure
m and S = L, a translation. B
Suppose that § is a joining. Define the maps Ly : X x G — X x G by

Ly(z,h) = (2, Lgh) = (x, gh)
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and let B
0y = Lg40

These are invariant since L, and L, commute, hence Eg commutes with T'x L,,.
Also, m0, =m0 = p and maby = Lyma0 = Lyma = mg, so 0, is a joining.

Let
- [oincts

This is again a joining. Now, for any F' € L?(9),

/}w@hmy@Jn _ /}w@hywALhmmG@)

/ Ly F(x, h)d8(z, h)dme(g)

/ F(x, gh)d0(z, h)dme(g)
_ / F(z, gh)dme(9)d6(x)
/ F(2, g)dma (g)do(z)

which means that #’ = 1 X mg is a product measure.

Now, from Theorem ?? we know that X x Y is ergodic hence 6’ is ergodic.
But ¢ = [6ydme(g) and the 6, are invariant. Thus by uniqueness of the
ergodic decomposition 6, are mg-a.s. equal to €. Since they are all images of
each other under the Zg maps, they are all ergodic, in particular § = 6, = 6,
which is what we wanted to prove. U

Corollary 7.2.3. Among systems with discrete spectrum, disjointness is equiv-
alent to absence of nontrivial common factors.

Theorem 7.2.4 (Wiener-Wintner theorem). Let (X, B, u,T) be an ergodic mea-
sure preserving system, with X compact metric and T continuous (this is no
restriction assuming the space is standard), and f € L*. Then for a.e. = the
limit limpy 00 2 Zn 0 Lan f(Tmx) exists for every a € S

Proof. Fix f. If we fix a countable sequence «; € S, then the conclusion for
these values is obtained as follows. Given « consider the product system X x S!
and T X R,, and the function g(z,z) = zf(x). Then by the ergodic theorem
lim N ZN 1(T><R )" g exists a.s., hence for p-a.e. x thereisaw € S1 such that

lim 4 Zf:[ Ol(T X Ro)"g(z,w) exists, but this is just limw Zn 0 Lanf(Trx)
so the claim follows.

First assume f is continuous. Applying the above to the collection of «
such that o or some power a™ are in X(7T), we obtain a set of full measure
where the associated averages converge so it is enough to prove there is a set
of full measure where the averages converge for the other values of . For
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these a consider the system X x S! as above. Now (X,T) and (S, R,) are
disjoint (since X(R,) = {a™} so by choice of o, X(T) N X(R,) = {1}) so the
only invariant measure is u x m. It follows that if x is a generic point for T
then (z, z) is generic for u x m (this is proved similarly to the statement about
products of disjoint uniquely ergodic systems). Therefore the ergodic averages
of g converge, and hence 4 Zn 0 Lanf(z).

We have proved the followmg for continuous f there is a set of full measure
of x such that % Zn o a”f( ) converges for every a. Now if f € L! we
can approximate f by continuous functions, and note that the limsup of the
difference of the averages in question is bounded by || f — f'||; for every o and
a.s. x. This gives, for fixed f, a set of measure 1 where the desired limit
converges for every a. O

7.3 Shannon entropy: a quick introduction

Entropy originated as a measure of randomness. It was introduced in informa-
tion theory by Shannon in 1948. Later the ideas turned out relevant in ergodic
theory and were adapted by Kolmogorov, with an important modification due
to Sinai. We will quickly cover both of these topics now.

We begin with the non-dynamical setting. Suppose we are given a discrete
random variable. How random is it? Clearly a variable that is uniformly dis-
tributed on 3 points is more random than one that is uniformly distributed on 2
point, and the latter is more random than a non-uniform measure on 2 points.
It turns out that the way to quantify this randomness is through entropy. Given
a random variable X on a probability space (£2, F, P), and values in a countable
set A, then its entropy H(X) is defined by

Z P(X =a)log P(X = a)
acA

with the convention that log is in base 2 and 0log0 = 0. This quantity may in
general be infinite.

Evidently this definition is not affected by the actual values in A, and de-
pends only on the probabilities of each value, P(X = a). We shall writedist(X)
for the distribution of X which is the probability vector

diSt(X) - (P(X = a))aErange(X)

The entropy is then a function of dist(X); fixing the size k of the range, the

function is

H(tl,...,tk) = —Ztilogti
Again we define 0log0 = 0, which makes ¢logt continuous on [0, 1].
Lemma 7.3.1. H(:) is strictly concave.

Remark if p, g are distributions on €2 then tp+ (1 —t)q is also a distribution
on Qforall 0 <t¢<I1.
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Proof. Let f(t) = —tlogt. Then

f'@t) = —logt—1
o = -

so f is strictly concave on (0,00). Now
H(tp+(1-t)g Zf (tpit(1-t)a;) = Z tf(pi) + (1= 1) f(a:) = tH (p)+(1-1)H(q)

with equality if and only if p; = ¢; for all 4. U

Lemma 7.3.2. If X takes on k values with positive probability then 0 < H(X) <
log k. the left is equality if and only if k = 1 and the right is equality if and only
if dist(X) is uniform, i.e. p(X = x) = 1/k for each of the values.

Proof. The inequality H(X) > 0 is trivial. For the second, note that since
H is strictly concave on the convex set of probability vectors it has a unique
maximum. By symmetry this must be (1/k,...,1/k). O

Definition 7.3.3. The joint entropy of random variables X, Y is H(X,Y) =
H(Z) where Z = (X,Y).

The conditional entropy of X given that another random variable Y (de-
fined on the same probability space as X) takes on the value y is is an entropy
associated to the conditional distribution of X given Y =y, i.e.

H(X[Y =y) = H(dist(X]Y =y)) Zp =zlY = y)logp(X =z]Y =y)

The conditional entropy of X given Y is the average of these over y,

H(X|Y) Zp H(dist(X]Y =y))

Example 7.3.4. If X|Y are independent 1 5 2 coin tosses then (X,Y) takes 4

values with probability 1/4 so H(X,Y) = log4.
If X, Y are correlated fair coin tosses then (X, Y) is distributed non-uniformly

on its 4 values and the entropy H(X,Y) < log4.

Lemma 7.3.5. .
1. H(X,Y) = H(X) + H(Y|X).
2. H(X,Y) > H(X) with equality if and only if Y is a function of X.
3. H(X|Y) < H(X) with equality if and only if X,Y are independent.
4. More generally, HX|YZ) < H(X|Y).
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Proof. Write

HX,Y) = =) p((X,Y) = (z,9)logp((X,Y) = (z,y))

= Zp Zp =z|Y =y) (—logp((X’Y) = (5y) —logp(Y=y))

p(Y =vy)
= —Zp =y)logp(Y Zp =alY =y)
—Zp =) > p(X =a|Y = y)logp(X = z[Y =)
= H(Y)+HX|Y)

Since H(Y|X) > 0, the second inequality follows, and it is an equality if and
only if H(X|Y = y) = 0 for all y which Y attains with positive probability. But
this occurs if and only if on each event {Y = y}, the variable X takes one value.
This means that X is determined by Y.

The third inequality follows from concavity:

H(X]Y) = ZP(Y: y) H(dist(X]Y = y))
< Zp y)dist(X|Y =vy))
= H(X)

and equality if and only if and only if dist(X|Y = y) are all equal to each other
and to dist(X), which is the same as independence.
The last inequality follows similarly from concavity. O

It is often convenient to re-formulate entropy for partitions rather then ran-
dom variables. Given a countable partition 8 = {B;} of Q let

dist(f) = (P(B))Beg

and define the entropy by

H(B) = H(dist(8)) = — Y _ P(B)log P(B)
Beg

This is the entropy of the random variable that assigns to w € Q the unique
set B; containing w. This set is denoted S(w). Conversely if X is a random
variable then it induces a partition of2 and the entropy of X and of this partition
coincide.

Given partitions «, 3 their join is the partition

avVB={ANB:Aca: Bepj}
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This is the partition induced by the pair (X,Y") of random variables X : w
a(w)and Y : w +— B(w). If we define the conditional entropy of a on a set B by

H(a|B) = - > P(A|B)log P(A|B)
Aca

and

H(a|B) =Y P(B)-H(a|B)

Bep

then we have the identities corresponding to Lemma ?7. Specifically, we say
that a refines 5, or a < 3, if every A € « is a subset of some B € 3. Then we
have

Lemma 7.3.6.

1. H(aV B) = H(a) + H(B|a).

2. H(aV B) > H(a) with equality if and only if o < 5.

3. H(«o|B) < H(«a) with equality if and only if «, B are independent.
Definition 7.3.7. Given a discrete random variable X and a o-algebra B C F,
the conditional entropy H(X|B) is

/H dist(X|B(w)) dP(w /pr )dP(w)

where dist(X|B(w)) is the distribution of X given the atom B(w), and P, is
the disintegrated measure at w given B. For a partition o we define H(«|B)
similarly.

Proposition 7.3.8. Suppose « is a finite partition and 1 > B2 > ... a sequence
of refining partitions and B = o(B1,P2,...) = \/ Bn the generated o-algebra.
Then

H(alB) = lim H(X|3,)

Equivalently, if X is a finite-valued random variable and Y, are discrete random
variables then
H(X|Y,Ys,...)= lim HX|Y;...Y,)
n—oo

Remark 7.3.9. The same is true when « is a countable partition but the proof
is slightly longer and we won’t need this more general version.

Proof. By the martingale convergence theorem, for each A € o we have
P(A|fn(w)) = E(1alfn)(w) — E(14[B)(w) = P(A[B(w))  a.e.

This just says that dist(«|B,) — dist(a|B) pointwise as probability vectors.
Since H(t1,...,t4|) is continuous this implies that H (dist(a|3,)) — H(dist(a|B),
which is the desired conclusion. O



CHAPTER 7. DISJOINTNESS AND A TASTE OF ENTROPY THEORYS81

Remark 7.3.10. There is a beautiful axiomatic description of entropy as the only
continuous functional of random variables satisfying the conditional entropy for-
mula. Suppose that H,,(t1,...,tm») are functions on the space of m-dimensional
probability vectors, satisfying

1. Hs(-,-) is continuous,

2. Ho(1,3) =1,

3. Hk-i—’m(plaan o Pksq1, - 7q7n) = (sz)Hk(p/h cee 7p;g)+(z Q1)H’m(qi7 e 7Q;(;)7
where p} = p;/ > p; and ¢; = ¢;/ D G-

Then H,,(t) = — > t;logt;. We leave the proof as an exercise.

7.4 Digression: applications of entropy

We describe here two applications of entropy. The first demonstrates how en-
tropy can serve as a useful analog of cardinality, but with better analytical
properties. The basic connection is that if X is uniform on its range X, then
H(X) =log|X|.

Proposition 7.4.1 (Loomis-Whitney Theorem). Let A C R? be a finite set
and Ty, Tzz, Ty, the projections to the coordinate planes. Then the image of A
under one of the projections is of size at least |A|?/3.

If we make the same statement in 2 dimensions, it is trivial, since if |7, (A)| <
V|A| and |7, (A)| < y/|A| then A C 7, (A) x 7, (A) has cardinality < |A[, which
is impossible. This argument does not work in three dimensions.

Lemma 7.4.2 (Shearer’s inequality). If X,Y,Z are random variables then

H(X,Y,Z) < % (H(X,Y)+ H(X, Z) + H(Y, Z))
Proof. Write
H(X,Y,Z) = H(X) + H{Y|X) + H(ZX,Y)
H(X)Y) = HX) + H{Y|X)
H(Y,Z) = HY) + H(ZY)
H(X,Z) = H(X) + H(Z,X)

Using H(Y) > H(Y|X) and H(Z|X) > H(Z|X,Y) and H(Z|Y) > H(Z|X,Y),
the sum of last 3 lines is at least equal to the first line. This was the claim. [

Proof of Loomis-Whitney. Let P = (X,Y,Z) be a random variable uniformly
distributed over A. Thus

H(P) = H(X,Y, Z) = log|A|
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On the other hand by Shearer’s inequality,

1 1
LH(XY) + H(X.2) + H(Y.2)) =
so at least one H (7 (P)), H(my.(P)), H(my.(P)) is > 2log|A|. Since m(P)
is supported on m(A) we also have H(m, .(P)) < log|suppmy ,A|, etc. In
conclusion for one of the projections, 7(|A]) > 2log|A|, which is what we
claimed. O

H(P) < (H (70 (P)) + H(m02(P)) + H(72y (P)))

We now turn to the original use of Shannon entropy in information theory,
where H(X) should be thought of as a quantitative measure of the amount of
randomness tin the variable X, Suppose we want to record the value of X using
a string of 0s and 1s. Such an association ¢ : ¥— {0,1}* is called a code. We
shall require that the code be 1-1, and for simplicity we require it to be a prefix
code, which means that if a,b € ¥ then neither of a,b is a prefix of the other.
Let |c(a)| denote the length of the codeword ¢(a).

Lemma 7.4.3. If ¢ : ¥— {0,1}* is a prefiv code then ) 5, 2-lela)l < 1.
Conversely, if £ : ¥ — N are given and }_, . 2-49) then there is a prefiz code
c: X —{0,1}* with |c(a)] = £(a).

Theorem 7.4.4. Let {{;};,cx be integers. Then the following are equivalent:
1L Y274 < 1.
2. There is a prefix code with lengths /;.

Proof. We can assume ¥ = {1,...,n}. Let L = max/; and order ¢; < {5 <
... <4, = L. Identify | J;. {0, 1}* with the full binary tree of height L, so each
vertex has two children, one connected to the vertex by an edge marked 0 and
the other by an edge marked 1. Each vertex is identified with the labels from
the root to the vertex; the root corresponds to the empty word and the leaves
(at distance L from the root) correspond to words of length L.

2 = 1: The prefix condition means that ¢(i), ¢(j) are not prefixes of each
other if ¢ # j; consequently no leaf of the tree has both as an ancestor. Writing
A; for the leaves descended from i, we have |A;| = 2% and the sets are disjoint,

therefore
ZQL—& _ Z |A;] = |UAZ| < [{0,1}F] = 2%

dividing by 2% gives (1) .

Conversely a greedy procedure allows us to construct a prefix code for ¢; as
above. The point is that if we have defined a prefix code on {1,...,k — 1} then
the set of leaves below the codewords must have size

Al <D 1A =) 2k <2F
i<k i<k i<k

The strict inequality is because Y 27% < 1, and the sum above includes at least
one term less than the full sum. Therefore we can choose a codeword for k that
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is the ancestor of a leaf not in | J,_, A;. This extends the prefix code to k and
we continue until all codewords are defined. O

Now, given a code ¢(+), the average coding length (w.r.t. X) is E(|¢(X)|). We
wish to find the prefix code that minimizes this. quantity. This is equivalent to
optimizing E(¢(X)) over all functions £ : ¥— N satisfying > 274 < 1.

Theorem 7.4.5. If ¢ is a prefix code, then the expected coding length is > H(X)
and equality is achieved if and only if |c(i)] = —log P(X = i).

Proof. Let ¢; be the coding length of ¢ and p; = P(X = i). We know that
Y- 27% < 1. Consider

A

H(p) — Zpifi
- Zpi (logp; + )

Let r; =27%/>227% s0 > r; =1 and ¢; > —logr; (because > 274 < 1).

A

IN

— > pi(logp; —logr;)
>

_ , Pi

= — Zp’ <log m)

= Zpi (log 7%)

Di

Using the concavity of the logarithm,

< log (Zpi(;?)) ~log1 =0

Equality occurs unless r;/p; = 1. O

Theorem 7.4.6 (Achieving optimal coding length (almost)). There is a prefix
code whose average coding length is H(X) + 1

Proof. Set ¢; = [—logp;]. Then

ZQ*& SZQ*IOgPi :Zpi -1

and since ¢; < —logp; + 1, the expected coding length is
> pili <H(X) +1
Thus up to one extra bit we achieved the optimal coding length. [

Corollary 7.4.7. If (X,,) is a stationary finite-valued process with entropy
h(X) =lm*H(X;...X,), then for every ¢ > 0 if n is large enough we can
code Xj ... X,, using h + € bits per symbol (average coding length < (h + €)n).
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Proof. We can code Xq,...,X,, using H(X1,...,X,)+ 1 bits on average. Di-
viding by n and assuming n > 2/¢, and also that L H(X; ... X,) < h+¢/2, this
gives a per-bit coding rate of

1
ﬁ(H(Xl,...,Xn)Jrl) <h+e/2+e/2=h+¢
0
7.5 Entropy of a stationary process
X = (X,)22 _ ., be a stationary sequence of random variables with values in

a finite set X; as we know, such a sequence may be identified with a shift-
invariant measure p on ¥4, with X, (w) = w, for w = (w,) € X%, and X, (w) =
Xo(S™w), where S is the shift. The partition induced by Xy on X% is the
partition according tot he 0-th coordinate, and we denote a. Then X,, induces
the partition T"a = {T"™A : A € a}. Since (X, (w))22__, determines w, we

see that the partitions T"«, n € Z, separate points, so B = \/2- T .

n=—oo

Definition 7.5.1. The entropy h(X) of the process X = (X,,) is

1
lim —H(Xy,...,X,)

n—oo n
Let us first show that the limit exists: Let H,(X) = H(X1,...... X,). For
each n, m,
Hypin(X) = H(X .. Xm,Xm+1,...,Xn+m)
= H(X1,...,Xp) + H(Xmst, s Xoninl X1y ooy Xm)
< H(Xl,...7 m) + H(Xmt1s oy Xonan)
= H(Xy,...,.Xm)+H(X1,...,X5)

= H,(X)+ H,(X)

Here the inequality is because conditioning cannot increase entropy, and then
we used stationarity, which implies dist(X,41, -, Xman) = dist(Xy, ..., X,).
e have shown that the sequence H, (X) is subadditive so the limit h(X) =
lim 1 H,,(X) exists (and equals inf 1 H,,(X)).

Example 7.5.2. If X, are i.i.d. then H(X;,...,X,) = > H(X;) = nH(X,)
and so h(X) = H(X1).

Example 7.5.3. Let p be the S-invariant measure on a periodic point w =
SNw. Then (X,) can be obtained by choosing a random shift of the sequence w.
Since X7,..., X, takes on at most N different values, H(X1,...,Xy) < log N
and so 1H(X;...Xn) — 0= h(X).
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Example 7.5.4. Let 6 € R # Q and Ry : R/Z — R/Z translation, for which
Lebesgue measure p is the unique invariant measure. Let Xy (x) = 1jg,1/9)(2)
and X,, = X;(Rjz). We claim that the process X = (X,,) has entropy 0.

Indeed, the partition determined by X, is an interval of length 1/2 in R/Z
and so (X1,...,X,,) determines a partition that is the join of n intervals. This
partition is the partition into intervals that is determined by 2n endpoints and so
consists of 2n intervals. Hence H(X7,...,X,) <log2nandso h(X;...X,) —
0=h(X).

Theorem 7.5.5. h(X) = H(Xo|X_1,X_2,...).
Proof. It is convenient to write X}, = X,,,..., X,. Now,

H(X?) = H(Xl...Xn_1)-‘rH(Xn‘Xl,...,Xn_l)
= H(Xl...anl)-‘rH(Xo‘X,n,...,X,l)

by stationarity. By induction,

n—1
H(X{') =) H(Xo|XZ})
=0
SO
. 1
MX) = Jim ~H(Xy,...X,)

n—1

1 .
Jim ; H(Xo|X~})

Since H(Xo|X L) = lim,, o0 H(X0|X~}), the summands in the averages above

—n

converge, so the averages converge to the same limit, which is what we claimed.
O

Definition 7.5.6. A process (X,,)2% ___ is deterministic if X~ a.s. deter-
mines Xy (and by induction also X7, Xo,...).

Corollary 7.5.7. (X,,) is deterministic if and only if h(X) = 0.

Proof. H(Xo|X~1) = 0 if and only if a.e. the conditional distribution of X
given X~1 is atomic, which is the same as saying that X, is measurable with
respect to o(X L), which is the same as determinism. O

— 00

Remark 7.5.8. Note that the entropy of the time-reversal (X_, )0 __ is the
same as of (X,,), because the entropy of the initial n variables is the same
in both cases. It follows that a process and its time-reversal are either both

deterministic (if the entropy is 0) or neither is. This conclusion is nonobvious!

o0

Definition 7.5.9. For a stationary process (X,,)52 __, the tail o-algebra
is the o-algebra T = (),—, 0(X_-%). The process has trivial tail, or is a
Kolmogorov process, if T is the trivial algebra (modulo nullsets).
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Intuitively, a process with trivial tail is a process in which the remote past
has no effect on the present (and future).

Example 7.5.10. If (X,,) are i.i.d. then o(X_[) is independent of X5, ;.

so T is independent of all the variables X,, and so, since it is measurable with
respect tot hem , is independent of itself; so it is trivial.

Proposition 7.5.11. If X = (X,,) has trivial tail and H(Xg) > 0 then h(X) >
0.

Proof. Since H(Xo|X-2) — H(Xo|T) = H(Xy). Therefore there is some ng
such that such that H(Xo|X_-2°) > 0. Now,

H(XOa"'vXn) Z H(XO7Xn07X2nov'~'7X[n/n0]no)
[n/no]l—1
= Y H(Xin|X0, Xngs - X(i-1)n,)
=0

> [7’;] H(Xo|X~20)

SO

1 1
PX) = Jim = H(Xo,. o, Xo) 2 - H(Xol XZ) > 0

as claimed. O

Corollary 7.5.12. The only process that is both deterministic and has trivial
tail is the trivial process X, = a for all n.

7.6 Couplings, joinings and disjointness of pro-
cesses

Let (X,), (Y,) be stationary processes taking values in A, B respectively. A
coupling is a stationary process (Z,) with Z,, = (X],,Y,)) and the marginals
(X)), (Y;)) have the same distribution as (X,,), (Y,), respectively. This is the
probabilistic analog of a joining. Indeed, identify (X,),(Y,) with invariant
measures j,v on A% BZ respectively. The coupling (Z,,) can be identified with
an invariant measure § on (A x B)%, and the assumption on the distribution
of (X7), (Y;!) is the same as saying that the projections (A x B)? — A% maps
6 — 1 and the other projection maps 6 — v; thus 6 is a joining of the systems
(A% 1, S) and (B%,v,S). On the other hand any joining gives an associated
coupling, Z, = m,(z) where 7, : (A x B)? — A x B is the projection to the
n-th coordinate.

Definition 7.6.1. We say that two processes are disjoint if the only coupling
is the independent one; equivalently, the associated shift-invariant measures are
disjoint.
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Proposition 7.6.2. If (X,,), (Y,) have positive entropy, they are not disjoint.

Proof. We prove this for 0, 1-valued processes, the general proof is the same.
If U,V are random variables taking on values 0,1 with positive probability,

then there is a non-trivial coupling that can be constructed as follows: let
p=PU =1)and ¢ = P(V =1). Let Z ~ U|0,1] and set U" = 1{z,} and
V' = 1{z<q. Clearly P(U" = 1) = p and P(V' = 1) = ¢, but U’,V’ are not
independent because, assuming w.l.o.g. that p < ¢, if U’ = 1 then Z' < p < q
so V' = 1. This shows that

HWV'IUY=0
Similarly if ¢ < p then

HV'NU"Y=0
Since H(U', V') = H({U")+ HV'|U") = H(V') + H(U'|V’), we see that in any
case,

HU', V") <max{H(U),H(V)}

We construct a stochastic process (Uy, ;)2 with U2 ~ X _and V3 ~
Y, as follows. Choose U—L ~ X~! and V- ~ Y~ independently. Now
assume we have defined a distribution on sequences UZZ, V-7 for some n > 0
such that U”  ~ X" __ and V" ~ Y" . we almost surely have a conditional
probability p = P(X,41 = 1|X" =U",) and ¢ = P(Y,41 = 1|Y" = V" ).
For each realization of U™_, V™ in a set of probability 1, this allows us to
define Upy1, V41 as above, using an independent auxiliary random variable
Zn+1 ~ [][07 1]

Let 0 denote the measure associated to the sequence (W) = (U,,V,). By
construction 6 is not a product measure and projects to p,v (the measures
associated to (X,,),(Y,)) on the marginals, but it is not invariant. To fix this

we can pass to a limit
1
0" = lim — S™0
ey

This measure is invariant, and still projects to u,r on the marginals (because
the set of measures with this property is closed). It remains to show that 6’
it not the product measure. Suppose, by way of contradiction, that it is a
product measure. Let W/ be the associated process; we obtain a contradiction
by showing that h(W) < h(X) 4+ h(Y). To see this, note that

h(W’) = h(Wg|(W') o) = lim H(Wg|(W')~7)
— 00
so it suffices to prove that
H(Wg|(W')Z7) < h(X) + h(Y)
for some T'. Now, for a given T we have
- 1 i
HWg|(W)Zp) = lim — > H(W,;|W; =)

k—oo N
1=Ng
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Now, for i > 1 note that H(W;|W/~}) is determined in a manner independent
of i by the conditional distribution of (U;, V;) given (Uj, Vj);‘;LT and the latter
is converging to an independent coupling of the marginal distributions, so this
limit is

HWg|(W")Zg) = HWA W r, )
and this — H(Wy|W-L1) as T — co. Therefore it is enough to show that

HWy WP ) < h(X) + h(Y)
0

But, by construction, for each realization w® = (z,y)% . of W9_ we have

and we have a strict inequality with positive probability, because each term is
positive with positive probability, and the pasts are independent. Therefore

HOWR[WO.) = / HOW WO, = uf,) dP(’..)

< [HOGIXO = a0 )+ HOAYS = o) di < v((20)° )
= W(X)+h(Y)
as desired. 0

Theorem 7.6.3. Let (X,,) be a process with trivial tail and (Y,) deterministic
process, taking values in finite sets A, B respectively. Then (X,) L (Y,).

Lemma 7.6.4. Let Z = (X,,,Y,)52 _ be a stationary process with values in
A x B. Then
hZ)=h(Y)+ H(Xo|X_L,Y%)
Proof. Expand H(Z1,...,2Z,) = H(Xy,...,X,Y1,...,Y,) as
H(Yi, . Yo X1so 0 X)) = HY) +HYis .. Yoo, X1y .o Xo|YVo)
= H(Yn) + H(Y7L—1|Yn) + H(Yla cey Yn—27X1a cee X7L|Yn—1Yn)

n—1
= Y Hu YT + H(Xy . X[V
i=0
n—1 ‘ n—1 )
= S HETT 4 Y HG X
=0 =0

Dividing by n, the first term converges to h(Y). The second term, after shifting
indices, is an average of terms of the form H (XX~ Y™ ) where k — —oo and
m — oo, and these tend uniformly to H(X|X ™1 Y2 ), so the average does
too. O
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Lemma 7.6.5. Let Y = (Y, ary...... Yoiar). Then h(YM) = h(Y).
Lemma 7.6.6. H(Xo|X_y, X-onm,...) = H(Xo) as M — oc.

Of the theorem. Suppose Z,, = (X,,,Y,,) is a coupling. Let us first show that
Xy is independent of o(Y>S,). If not then there is some M and £ > 0 such
that H(Xo|YM,) < H(Xo) —e. Consider Y™ = (Yo_pry.ve.. Y,+nm) and
ZM = X, (Yo-ary-- -, Yo ). Then Z, is stationary. Consider the stationary
process (Z31 ). Then

WZM) = h((Xan)ily) = h(Xo) — €

assuming M is large enough. But applying the previous lemma,

M
n

WZ™M) = h(Y")+H (Xo| (Xn) 2 oo, (V.

k=—00"

)"5) < 0+H (Xo|Yg") = H(Xo|Y),) < H(Xo)—¢

a contradiction.
To show that the coupling is independent, repeat this argument with (X, Y")
in place of (X,Y), noting that XM also has trivial tail. O

7.7 Kolmogorov-Sinai entropy

Let (X,B,u,T) be an invertible measure-preserving system. For a partition
a ={A4;} of X we define

n

.1 —i
hy(T, o) = nh_}ngo EH“(MT @)

This is the same as the entropy of the process (X2)22 where

n=-—o00"’
Xi(x) =1 = Tz € A;
Definition 7.7.1. The Kolmogov-Sinai entropy h,(T) of the system is

hy(T) = sup h, (T, )

This number is non-negative and may be infinite.

Proposition 7.7.2. h,(T) is an isomorphism invariant of the system (that is,
isomorphic systems have equal entropies).

Proof. Since H,(\/}_; T~ ‘a) depends only on the masses of the atoms of \/"_, T*«,
and the partition 8 = ma of Y has the property that 7(\/;_, T 'a) = \/[_, S78,
the two have equal entropy. It follows that h,(T,a) = h,(S,ma). This shows
that the supremum of entropies of partitions of Y is at least as large as the
supremum of the entropies of partitions of X. By symmetry, we have equal-
ity. O
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Definition 7.7.3. A partition a of X is generating if \/;”___ T ‘a = B mod
L.

Example 7.7.4. the partition of A% according tot he first coordinate is gener-
ating.

In order for entropy to be useful, we need to know how to compute it. This
will be possibly using

Theorem 7.7.5. If o is a generating partition, then h,(T) = h, (T, a).

Proof. Let a be a generating partition and S another partition. We only need
to show that h,(T,a) > h,(T,B). Consider the process (X,,Y,) where X,, is
the process determined by « and Y,, the one determined by £ (so (X,,Y,) is
determined by aV3). By definition h, (T, o) = h((Xy)) and h, (T, 5) = h((Yy)).
Now, since H(X7,Y{") > H(Y{") we have h((X,,,Y,)) > h((Y,)). On the other
hand by a previous lemma,

h(Xn, Yn)) = h((Xn) + H(Yo|Y o, X2)

Since o (X)) is the full o-algebra up to nullsets, the conditional expectation on
the right is 0. Thus, h, (T, o) = h((X,)) > h((Yy)) = hu(T, B), as desired. [

Example 7.7.6. Let p = (p1,...,pn) be a probability vector and y, = p” €
P({1,...,n}%), S= the shift. Then the partition a according to the 0-coordinate
is generating, so hy,(S) = h((X,)) where (X,) is the process associated to
«. This is an i.i.d. process with marginal p so its entropy if H(p). Thus,
tp = 11, implies that H(p) = H(q). In particular, this shows that (1/2,1/2)% #
(1/3,1/3,1/3)7.

7.8 Application to filterling
See Part I, Section 9 of H. Furstenberg, Disjointness in ergodic theory, minimal

sets, and a problem in diophantine approximation, 1967, available online at
http://www .kent.edu/math/events/conferences/cbms2011 /upload/furst-disjointness.pdf
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Rohlin’s lemma

8.1 Rohlin lemma

Theorem 8.1.1 (Rohlin’s Lemma). Let (X,B,u,T) be an invertible measure
preserving system, and suppose that for every § > 0 there is a set A with u(A) <
§ and (X \U,—,TA) = 0. Then for every ¢ > 0 and integer N > 1 there is
a set B such that B,TB, ..., TN"'B are pairwise disjoint, and their union has
mass > 1 —e.

Remark 8.1.2. We will discuss the hypothesis soon but note for now that if p is
non-atomic and T is ergodic then it is automatically satisfied, since in fact for
any set B of positive measure, C' = |J.-, T" B satisfies C' C T~'C, hence by
ergodicity p(CAX) =0.

Thus the theorem has the following heuristic implication: any two measure
preserving maps behave in an identical manner on an arbitrarily large fraction
of the space, on which it acts simply as a “shift”; the differences are “hidden” in
the exceptional € of mass.

Proof. Let €, B be given and choose A as in the hypothesis for § = ¢/N. Let
ra(z) =min{n >0 : T"z € A} and A into A, = r,'(z) N A, that is,

A, ={xcA:T'xcAfor 0<i<nbut Tz c A}

Note that
00 n—1
Urra={J 14,
n=0 n =0
Both are X up to measure 0, but the union on the right hand side is disjoint.

Now, fix n and let
[n/N]—1

A= |J 14,
=0

91
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Also set )
E,= |J 14,

i=N[n/N]
Notice that
n—1 N—-1
U T'A=E, U U T A
i=0 i=0

and the union is disjoint.
Since the above holds for all N, the set

B=]4,

has the property that B, TB, ..., TN !B are pairwise disjoint, and M(X\Ui]if)l T'B) =
w(E), where E = J E,,. Finally, to estimate u(E), we have

p(E) = 3 u(Bn) < 3 Niu(Ay) = Nu(4) < N =
as desired. O

Definition 8.1.3. For a measure-preserving system (X, B, u, T') let
Per(T) = U {reX  x=T"x}
n=1

The system is aperiodic if p(Per(T)) = 0.

Proposition 8.1.4. If (X, B, u,T) is aperiodic and (X, B) is standard, then the
hypothesis of the previous proposition is satisfied.

Proof. First, we may assume that Per(T) = () by replacing X with X \ Per(T).
Let £ > 0 and consider the class A of measurable sets A with the property that
p(A) <ep(U,—oT™A). Note that A is non-empty since it contains @, and it is
closed under monotone increasing unions of its members.

Consider the partial order < on A given by A < A’ if A C A’ and p(4) <
u(A”"). Any maximal chain is countable, since there are no uncountable bounded
increasing sequences of reals. Therefore the chain has a maximal element,
namely the union of its members. We shall show that every such maximal
element A must satisfy p(J,_,7T"A) = 1.

To see this first suppose that A € A and p(lJ,—,T"A) < 1. Set X' =
X\ Uy~ T™A which is an invariant set (up to a nullset, which we also remove
as necessary). All we must show is that there exists £ C X’ with p(E) <
en(Up—oT"E), then AU E = A. To see this let d be a compatible metric
on X, with B the Borel algebra. Let N = [1/e]. By Lusin’s theorem we can
find X" C X' with pu(X”) > 0 and all the maps T,...,T" are continuous
on X”. For x € X", since all the points z, Tz, ..., TNz are distinct, there is a



CHAPTER 8. ROHLIN’S LEMMA 93

relative ball B = B,.(,) ()N X" such that B,TB, ..., T" B are pairwise disjoint,
which implies p(E) < ep(U;— o T"B). Moreover the same holds for any B’ C B.
Choose such a B’ containing X from some fixed countable basis for the topology
of X" (here we use standardness, though actually only separability is needed).
Since these B’ form a countable cover of X" one of them must have positive
mass. This is the desired set E. O

8.2 The group of automorphisms and residuality

Fix = ([0,1], B,m) Lebesgue measure on the unit interval with Borel sets.
Let Aut denote the group of measure-preserving maps of €, with two maps
identified if they agree on a Borel set of full measure.

We introduce a topology on Aut whose sub-basis is given by sets of the form

U(T,Ae) ={S € Aut : p(STTAATA) <&}

where T' € Aut, A € B and ¢ > 0. Note that T' € U(T, A, ¢).

We may also identify Aut with a subgroup of the group of unitary (or
bounded linear) operators of L?(m). As such it inherits the strong and weak
operator topologies from the group of bounded linear operators. These are the
topologies whose bases are given by sets

{S:|Tf-Sfly<e} for given operator T, f € L* £ > 0
and
{S: (Tf,Sf)—(f, f)l<e} for given operator T, f € L? e > 0

respectively. When restricted to the group of unitary operators these are equiv-
alent bases, as can be seen from the identity

ITf —SFla=ITfl3—2(TFSF)+|SfI3 = 2(f, f) — 2(Tf,Sf)

Now. the topology we have defined is clearly weaker than the strong operator
topology, since

u(STTAAT T A) = |1g-14 — Lrally = [|S1a — T1all3
SO
U(T,14,e%) CU(T™ A e)
On the other hand for step functions f = Zle a;14, we can show that it is
also stronger: setting a = > |a,],

k
(\U(T, Ai,e/ak) CU(T, f,¢)
i=1
For general f one can argue by approximation. Hence, all three topologies on
Aut agree. It also shows that the topology makes composition continuous and
makes tha map T +— T~ continuous (since this is true in the unitary group).
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Definition 8.2.1. Denote by D,, the partition of [0, 1) into the dyadic intervals
[k/2", (k+1)/2").

Lemma 8.2.2. Aut is closed in the group of unitary operators with the strong
operator topology.

Proof. Let T,, € Aut. Since T,, arise from maps of [0, 1], each T}, is not only
a unitary map of L?, it also preserves pointwise multiplication of functions in
L%: T, (fg) = Tnf - Tng. Tt is easy to see that if T, — T € U(L*(m)) in
the strong operator topology. Then is it a simple matter to verify that T' also
preserves pointwise multiplication. But it is then a classical fact that T arises
from a measure preserving map of the underlying space. By using the fact that
Tt — T~ we similarly see that T~! arises from a measure preserving map.
Now the relation T,,7;'A = T, 1T,,A = A imples that T, T~! are inverses, so
T,T7! € Aut. O

Corollary 8.2.3. Aut is Polish in our topology.

Definition 8.2.4. A set is called dyadic (of generation n) if it is the union of
elements of D,,. Let D} denote the algebra of these sets.

T € Aut is dyadic (of generation n) if it permutes the elements of D,, (with
the map of intervals realized by isometries).

A dyadic automorphism is cyclic if the permutation is a cycle.

Note that if 7 is a permutation of D,, then there is an automorphism S, €
Autp such that S; : I — 7l in a linear and orientation preserving manner.

Proposition 8.2.5. The cyclic permutations are dense in Aut. Furthermore
for every ng, the cyclic permutations of order > 2™ are dense.

Proof. Fix ng. Let U; = U(A4;,Ty,e4), © = 1,...,k, be given. We must show
that Aute N5, U; # 0.

First let us show that Autp N(U;) # 0. Let A denote the coarsest partition
of X that refines the partitions {A4;, X \ A;}. Let T'A be its image, which is

similarly defined by the sets T'A;. Fix an auxiliary parameter 6 > 0. Given n
and A € A let

E(A) = {Ie€D,:m(INA)>(1-0m)}
Fn(A) = {Ie€D, : m(INTA) > (1-56m(I)}
and write
E.(A) = UEL(A)
F, = UF,(A)

By Lebesgue’s differentiation theorem, we can choose an n > ng so large that
for every A € A,

m(AAE,(A)

< 6
m(TAAF,(A)) < 6



CHAPTER 8. ROHLIN’S LEMMA 95

Of course, m(A) = m(T'A), so the above means that |m(E,(A4)) —m(F,(A4))| <
26. i m(E,(A)) < m(F,(A)), remove dyadic intervals from F,, (A) of total mass
< 20, to make the mass of E, (A), F,,(A) equal. Then all the inequalities above
will hold with 39 instead of d. Similarly if m(F,(4)) < m(E,(A)).

Thus we assume m(E,(A)) = m(F,(A)), which is equivalent to |£,(A)| =
|Fn(A)|. Let 7 : D,, — D,, be a permutation defined by choosing an arbitrary
bijection 7 : &,(A) — F,(A), and then extending to a permutation where
it is not defined. Let S, be the associated permutation. For A € A clearly
S‘n'(En(A)) = Fn(A) S0

M(SzAATA) < m(SyAASEn(A)) + m(SyEn(A)AF,(A)) < m(Fu(A)ATA)
< m(AAE,(A)) + 0+ m(F,(A) + TA)
<

66

Assuming § was small this shows that S, € " U;.

The permutation m above need may not be cyclic, so we have only shown so
far that Autp is dense. To improve this to Autc proceed as follows. Fix a large
N and consider the partition D,,;y into dyadic intervals of level n + N. Let 7’
be a permutation of D,,, y that has the property that if I’ € D,y and I' C I
for I € D,,, then ©'I’ C wlI. There are many such 7’ and we may choose one so
that every cycle of 7’ covers a complete cycle of w. For example, if [y — I, — I;
is a cycle or order 2 of 7, then enumerate the (n+ N)-adic subintervals of I as
1., 11 and similarly 15 5, ..., I5 ;. the sub-intervals of I, and define

O T L L L P A PRI LSS (A L

Now, if 8" = S,/ is the automorphism associated to 7’ and S to 7, then S’'I = ST
for every I € D,,, so the argument above shows that m(S’A,TA) < 66 for A € A.
Also, it is clear that 7’ has the same number of cycles as m, which is at most
2", By changing the definition of 7’ on at most 2" of the n + N-adic intervals,
we obtain cyclic permutation 7" and associated S” = S, € Autc with

m(S"IAS'T) < 2m2~ "N =2~V for T € D,

Thus, assuming 27V < §, we will have m(S’A,TA) < 85 for A € A. Thus
S" e Aute NN\ U;, as desired. O

Theorem 8.2.6 (Rohlin density phenomenon). Let (X,B,u,T) be an aperi-
odic measure preserving transformation on a standard measure space. Then the
isomorphism class

[T]={S€Aut: S=T}

is dense in Aut.
Proof. Take S € Aut, A and e, we must show [T]NU(S, A,¢) # 0. By the pre-
vious proposition, it suffices to show this for S € Aut¢ of arbitrarily high order

N. Now, by Rohlin’s lemma we can find B € B such that B,TB,..., TV"'B
are disjoint and fill > 1 — ¢ of X. Let I,...,Ix denote an ordering of dyadic
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intervals as permuted by S. Let I, denote I, \ I/) where I/ is the interval at
the right end of I, of length ¢/N. Thus m(I}) = (1—¢)/N = pu(B) and S maps
I, =1,

Using standardness we can find an isomorphism my : B — I;. Now for
x € T"B, 0 <n < N, define n(x) = S™(mo(T"x)). Finally, extend 7 to an
isomorphism X — [0, 1] using standardness again.

Let S’ : [0,1] — [0, 1] be given by S’(y) = #T7~'y. By construction, §’ = S
on (JI),. From this it follows easily that for any dyadic interval J of level
< logy N, we have m(S’JASJ) < 2¢. The claim therefore follows then A is a
finite union of dyadic intervals (by taking N large relative to their lengths); and
for general A by approximation. O

Take a moment to appreciate this theorem. It immediately implies that
the group rotations are dense in Aut (in fact, any particular group rotation
is); the isomorphism class of every nontrivial product measure is dense in Aut;
etc. Stated another way, for any two non-atomic invertible ergodic transfor-
mations of a standard measure space, one can find realizations of them in Aut
that are arbitrarily close. Hence, essentially nothing can be learned about an
automorphism by observing it at a “finite resolution”.

Theorem 8.2.7. Let
WM ={T € Aut : T is weak mizing}

Then WM 1is a dense Gs in Aut. In particular the set of ergodic automorphisms
contains a dense Gsg.

Proof. Let {f;} be a countable dense subset of L?(m). Let

U=NUT € Aut - \(fikafj)—/fi/fjl <1/n}
n k

i

Since T + (fi,kaj) is continuous, the innermost set is open, and so this is a
G5 set. We claim U = WM. To see that WM C U, note that for every weak
mixing transformation and every 4, j,, we know that

|<fi,T’€fj)—/fi/fj| density,

so for every n there is a k with the difference < 1/n, hence T € U.

In the other direction, if ' € Aut \W M, then there is a non-constant eigen-
function Ty = Ay, ||¢|| = 1, which we may assume has zero integral. Then
Taking f;, f; close to ¢ we will have |(f;, T%f;)| > (¢, T*p)| —1/2 = 1/2 for all
k, thus for n = 3 and these 4, j we do not have |(f;, T f;) — [ f; [ f;| < 1/n}
and therefore T' ¢ U.

Finally, WM is dense by the previous theorem, since it contains aperiodic
automorphisms. O
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Theorem 8.2.8. Let
SM ={T € Aut : T is strongly mizing}
Then SM is meager in Aut.

Proof. Let I = [0,1/2]. Let o(S) denote the order of a cyclic automorphism
S € Aute and let

o(5)

i 1
V:ﬂ U ﬂU(S’SI’n~0(S))

n {SeAutc :0(S)>n} =0

where 0(S) is the order of S. This is a Gs set and it is dense since Autc is
dense. So we only need to prove that V N SM = (). Indeed, if T € V then for
arbitrarily large n there is a cyclic automorphism S of order k£ = o(S) > n with
T € U(S,1,1/nk). Now note that m(I N S¥I) = m(I). It is an easy induction
to show that m(S‘IATI) < i/nk for 1 < i < k, since for i = 1 it follows from
T e U(S,I,1/nk, and assuming we know it for ¢ — 1, we can write

m(SIAT'I) = m(S(S™'T)AT(T"'I))
< m(S(STDHAT(STM) + m(T (ST ) AT(T 1))
1 ) )
< i—1 i—1
< - Fm(STHATT)
oL il
- nk nk

where in the second inequality we used T € U(S, S*11,1/nk) and the fact that
T is measure-preserving. We conclude that

ko1
FIATFD) < = = =
m(s )< nk n

SO 1

m(IAT*I) < m(IASFT) + m(SFIAT*T) =0+ ~

n

Since k — 0o as n — 0o, we do not have m(IAT*I) — m(I)? = 1. This shows
that T is not strong mixing. O
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Appendix

9.1 The weak-* topology

Proposition 9.1.1. Let X be a compact metric space. Then P(X) is metrizable
and compact in the weak-* topology.

Proof. Let {f;}52, be a countable dense subset of the unit ball in C(X). Define
a metric on P(X) by

d(p, v) :i2_1|/fidﬂ_/fidl/|
i=1

It is easy to check that this is a metric. We must show that the topology induced
by this metric is the weak-* topology.
If pi, — p weak-* then [ fidp, — [ fidp — 0 as n — oo, hence d(pup, 1) — 0.
Conversely, if d(iy,, ) — 0, then [ fidp, — [ fidp for every i and therefore
for every linear combination of the f;s. Given f € C(X) and £ > 0 there is a
linear combination g of the f; such that || f — g||., < e. Then

|/fdun—/fdm < \/fdun—/gdunlJrl/gdun—/gdul+|/gdu—
< €+\/gdun—/gdu|+€

and the right hand side is < 3e when n is large enough. Hence p,, — p weak-*.

Since the space is metrizable, to prove compactness it is enough to prove
sequential compactness, i.e. that every sequence p, € P(X) has a convergent
subsequence. Let V = spanQ{ fi}, which is a countable dense Q-linear subspace
of C(X). The range of each g € V is a compact subset of R (since X is compact
and ¢ continuous) so for each g € V' we can choose a convergent subsequence
of [ gdu,. Using a diagonal argument we may select a single subsequence Hon ()
such that [ gu,;) — A(g) as j — oo for every g € V. Now, A is a Q-linear

98
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functional because

Alafi +bf;)

klim / (afi +bf;) dpin (k)

= i a [ gy +5 [ Fidingy
— aA(f) +bA(S)

A is also uniformly continuous because, if || f; — f;|| ., < € then

AG = = |t [ G 5 diagey
< klggo/|fi_fj‘dﬂn(k)
< €

Thus A extends to a continuous linear functional on C(X). Since A is positive
(i.e. non-negative on non-negative functions), sos is its extension, so by the
Riesz representation theorem there exists p € P(X) with A(f) = [ fdu. By
definition [ gdu — fgdun(k) — 0 as k — oo for g € V, hence this is true for the
fis 50 d(fip (), p) — 0 Hence i,y — p weak-* . O

9.2 Conditional expectation

When (X, B, ) is a probability space, f € L', and A a set of positive measure,
then the conditional expectation of f on A is usually defined as ﬁ / 4 fdu.
When A has measure 0 this formula is meaningless, and it is not clear how
to give an alternative definition. But if A = {4;};er is a partition of X into
measurable sets (possibly of measure 0), one can sometimes give a meaningful
definition of the conditional expectation of f on A(zx) for a.e. z, where A(x) is
the element A; containing x. Thus the conditional expectation off on A is a
function that assigns to a.e. = the conditional expectation of f on the set A(x).
Rather than partitions, we will work with o-algebras; the connection is made
by observing that if £ is a countably-generated o-algebra then the partition of
X into the atoms of £ is a measurable partition.

Theorem 9.2.1. Let (X, B, 1) be a probability space and £ C B a sub-o algebra.
Then there is a linear operator L' (X, B, n) — LY(X, &, 1) satisfying

1. Chain rule: [E(f|E)du= [ fdpu.
2. Product rule: E(gf|€) = g -E(f|€) for all g € L= (X, &, ).

Proof. We begin with existence. Let f € L'(X,B, ) and let us be the finite
signed measure duy = fdu. Then puy < p in the measure space (X, B, ) and
this remains true in (X, &, pu). Let E(f|€) = dus/dp € L'(X,E, 1), the Radon-
Nykodim derivative of py with respect to p in (X, &, u).
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The domain of this map is L*(X, B, 1) and its range is in L' (X, €, u) by the
properties of dyy/dp.

Linearity follows from uniqueness of the Radon-Nykodim derivative and the
definitions. The chain rule is also immediate:

JEiE = [T an= [ san

For the product rule, let g € L™ (X, &, 1n). We must show that g- ddLuf = d’;—zf
in (X, &, p). Equivalently we must show that

/gddﬂd,uz/%du forall B € &
E Op E Q[

Now, for A € £ and g = 14 we have

/dﬁdu _ / s o
E du AnE dp

= ur(ANE)

= fdp
ANE

- /E 1af du

dﬂlAf
/E dp

so the identity holds. By linearity of these integrals in the g argument it holds
linear combinations of indicator functions. For arbitrary g € L> we can take
a uniformly bounded sequence of such functions converging pointwise to g, and
pass to the limit using dominated convergence. This proves the product rule.

To prove uniqueness, let T : L' (X, B, u) — L'(X, &, 1) be an operator with
these properties. Then for f € LY(X,B,u) and E € &,

/Ede,u

/1EdeM

[ raen

= /1Efdﬂ
/Efdu

where the second equality uses the product rule and the third uses the chain
rule. Since this holds for all E € £ we must have T'f = duy/du. O

Proposition 9.2.2. The conditional expectation operator satisfies the following
properties:
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~

. Positivity: f > 0 a.e. implies E(f|€) > 0 a.e.
. Triangle inequality: |E(f|Z)| < E(|f||Z).
. Contraction: |[E(f|E)|, < | flly; in particular, E(-|E) is L'-continuous.

. Sup/inf property: E(sup f;|€) > supE(f;|€) and E(inf f;|€) < inf E(f;|E)
for any countable family {f;}.

N o

5. Jensen’s inequality: if g is convex then g(E(f|€)) < E(go f|E).
6. Fatou’s lemma: E(liminf £, |€) < liminf E(f,|&).
Remark 9.2.3. Properties (2)—(6) are consequences of positivity only.

Proof. (1) Suppose f > 0 and E(f|€) # 0, so E(f|€) < 0 on a set A € £ of
positive measure. Applying the product rule with g = 14, we have

E(1af|€) = 1AE(f|E)

hence, replacing f by 14, we can assume that f > 0 and E(f|€) < 0. But this
contradicts the chain rule since [ fdu > 0 and [E(f|€)dp < 0.

(2) Decompose f into positive and negative parts, f = f* — f~, so that
|fl = fT + f~. By positivity,

E(fIE)] = [E(fFIE) —E(f71E)
[E(fHIE)] + E(f71E)]
E(f*|€) +E(f71€)

E(f*+f71€)

= E(|f]I€)

IN

(3) We compute:

Bl = [ 1Bl d

/ E(f]|€)| dy

= /Ifldu

= Ifl

where we have used the triangle inequality and the chain rule.

(4) We prove the sup version. By monotonicity and continuity it suffices
to prove this for finite families and hence for two functions. The claim now
follows from the identity max{f1, fo} = 3 (f1 + f2 + |f1 — f2|), linearity, and
the triangle inequality.

(5) For an affine function g(t) = at + b,

E(g o fI€) = E(af + blE) = aE(fI€) + b = g o E(fIE)

IN
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If g is convex then g = supg; where {g;};cr is a countable family of affine
functions. Thus

E(go fl€) = E(Stz}pgiOfI&
> sng(giOfIE)
= sgpgioE(fIE)
= goE(f|€)

(6) Since infy~,, fr / liminf f; as n — oo the convergence is also in L', so
by continuity and positivity the same holds after taking the conditional expec-
tation. Thus, using the inf property,

lminf E(f,|€) = lim inf E(f%|€)
n—oo

n—oo k>n

A, EULL )

= E(liminf f,|€)0O
n—oo

Y

Corollary 9.2.4. The restriction of the conditional expectation operator to
L?(X, B, ) coincides with the orthogonal projection 7 : L*(X, B, i) — L*(X,&, ).

Proof. Write m = E(-|€). If f € L? then by by convexity of t — t? and Jensen’s
inequality (which is immediate for simple functions and hence holds for f € L1
by approximation),

Infll, = / E(fIE) du
< [B0sPiE)

= /|f\2 du by the chain rule
= 7l

Thus 7 maps L? into the subspace of £-measurable L? functions, hence 7 :
L?(X,B,m) — L*(X, &, 1). We will now show that 7 is the identity on L?(X, €, i)
and is 7. Indeed, if g € L?(X,E, i) then for every A € £

mg = E(g-1/¢)
g-E(1[€)

Since [E(1|€) = [1 = 1, this shows that 7 is the identity on L?(X,&,). Next
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if f,g € L? then fg € L', and

(fimg) = /f-E(glrf)du

= /IE (f-E(g]&)) du by the chain rule
= /IE (FIE)E(g|E) du by the product rule
= /IE (E(f|€) - g) du by the product rule
= /E(f\é’) ~gdu by the chain rule
= (nf.9)
so 7 is self-adjoint. O

9.3 Regularity

I’'m not sure we use this anywhere, but for the record:

Lemma 9.3.1. A Borel probability measure on a complete (separable) metric
space is regular.

Proof. It is easy to see that the family of sets A with the property that

w(A) = inf{u(U) : U D Ais open}
= sup{p(C) : C C Ais closed}

contains all open and closed sets, and is a o-algebra. Therefore every Borel set
A has this property. We need to verify that in the second condition we can
replace closed by compact. Clearly it is enough to show that for every closed
set C and every € > 0 there is a compact K C C with u(K >> u(C) —e.

Fix C' and € > 0. For every n we can find a finite family By, 1,..., By k(n) of
d-balls whose union B,, = |J B,, ; intersects A in a set of measure > p(A) —e/2".
Let Ko = C N[) By, so that u(Ky) > p(C) —e. By construction Ky is pre-
compact, and K = Ky C C, so K has the desired property. O



