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Abstract

1 Introduction

We aim to obtain local limit theorem and mixing as the size of the scatterers p goes to zero. A
first statement on the limit theorem is included in Section [7l

2 Lorentz gas on Z? with small scatterers

The whole billiard will be the plane R? which is divided into countably many compact cells. A
single cell for this model is a unit square, which can be made into the 2-dimensional torus. The
phase space of the billiard map in this cell is M = 90 x [-7, T], where O is a round disk at the
origin with radius p. The phase space representing all cells together is therefore M =M x 72
and the displacement function by x : M — Z? indicates the difference in cell numbers going
from one collision to the next. We use coordinates # € S' in clockwise orientation (so the
corresponding point on 90 is (psind, pcosf)) and ¢ € [-7, 5] for the outgoing angle that the
billiard trajectory makes after a collision at a point with coordinate 6 with the outward normal
vector ]\79 at this point (so ¢ = 5 corresponds to an outgoing trajectory tangent to O in the
positive #-direction).

Let T, : M — M be the corresponding billiard map. It preserves an invariant probability
measure

1
- = . 1
du g cos ¢ df do (1)

In these coordinates (6, ¢), the measure p has the same form for all values of the radius p > 0.
Integrals involving the displacement function k, however, do depend on p. For instance, for
indicator functions of the form 1y,_n¢yey, the dependence on p exists in the fact that the set
of (0, ) € M for which the next scatterer hit is at lattice point N¢ 4+ ¢’ becomes smaller when
the scatterers become smaller.

The billiard map on the entire lattice M = M x Z? (or M x Z in case of the Lorentz tube)
can be modelled by a Z¢ extension (Z-extension for the Lorentz tube)

T,(0,0,0) = (T)(0,0),£ + x(0,9)),  (0,6) € M, £ €Z2

In Sections @ and @ where we want to emphasize the p-dependence, we write x(p). Apart from
this section we suppress the p in the notation.

If |k(z)]| is large (for z = (0,¢) € M), then the flight between (z,¢) and (T(z),l + x(x))
goes through such a corridor and the angle at which the second scatterer is hit is close to 7.
This sparks another long flight in the same corridor, i.e., ||«(Tx)|| is large too.



2.1 Corridors and their widths

The function k : M — Z? is unbounded, because the billiard in Z? has infinite horizon. More
precisely, as soon as the scatterer radius p < %, there are infinite corridors parallel to the
coordinate axes. If p < %\/ﬁ, then corridors at angles of +45° open up, and the smaller p
becomes, the more corridors open up at rational angles.

Let O, denote the circular scatterer of radius p placed at lattice point ¢ € Z2. The com-
putation of u(z € 00y x [~3, §] : k(x) = (p,q)) is based on the division of the phase space in
corridors. These are infinite strips in a rational directions given by ¢ € Z? \ {0} that are dis-
joint from all scatterers (but maximal with respect to this property), and they are periodically
repeated under integer translations. Given 0 # ¢ € Z? and p > 0 sufficiently small, there are
two such corridors, simultaneous tangent to Oy and Og, one corridor on either side of the arc
connecting 0 and £&. We denote the points of tangency of these two corridors in d0g by z¢ and

Zo. The widths of the corridors are denoted by d(¢) and d(€), see Figure
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Figure 1: Corridors tangent to 0 and £ = (3,2)

Lemma 2.1 If p =0 and £ = (p,q) € Z? is expressed in lowest terms, then the width of the
corridors for & satisfy

For p > 0, the actual width of the corridor is then d,(§) = dp(ﬁ) = max{0, [¢|7 — 2p}.

Remark 2.2 Let us call these two corridors in the direction £ the £-corridors. They open up
only when p < do(€)/2 = do(€)/2. For p = 0, the common boundary (called &-boundary) of the
two &-corridors is the line through 0 and £. The other boundaries are lines parallel to the &-
boundary, going through lattice points that are called £’ and " in the below proof. For & = (p,q)
(with ged(p, q) = 1), these points &' = (p',q'), & = (p”,q") are uniquely determined by & in the
sense that p'/q' and p”/q" are convergent preceding p/q in the continued fraction expansion of
p/q. In particular |£'],]€"] < |€]. In the sequel, we usually only need one of these two &-corridors,
and we take the one with £ in its other boundary.



Proof. If (p,q) = (0,%+1) or (£1,0), then clearly d(¢) = d(¢) = 1, so we can assume without
loss of generality that p > ¢ > 0. Let L be the arc connecting (0,0) to (p,q). The corridors
associated to & intersect [0, p] x [0, ¢] in diagonal strips on either side of L.

Let % = [0;a1,...,a, = a] be the standard continued fraction expansion with a > 1, and the
previous two convergents are denoted by ¢'/p’ and ¢”/p”, say ¢"/p" < q/p < ¢'/p’ (the other
inequality go analogously). Therefore ¢'p — qp’ = 1 and ¢"p’ — ¢'p" = —1. Also

(a_l)q/+q// q q/

(a _ 1)p/ +p// P p/

are the best rational approximations of ¢/p, belonging to lattice points & above L and &” below
L. The vertical distance between ¢ and the arc L is |¢' — p/ %| = %\q’ p—1pql = %. The vertical
distance between L and ¢£” is

1
((a—1)p' +p”)z% —((a=1)¢d+¢") = ];((a —1)(qp —d'p) + ap" — ¢"p)
1
= S(l—a (o + 0"~ (@' + 1))
1 1
= Z(1-a+a q/p//_q//p/ ——
p( ( ) )

The corridor’s diameter is perpendicular to £, so dp(§) is computed from this vertical distance
as the inner product of the vector (0,1/p)” and the vector £ = (p,q)” rotated over 90°:

el ()= e

The computation for dy(€&) = % is the same. O

2.2 Singularities of the billiard map

In the coordinates (6, ¢,¢) € S' x [~F,%] x Z? (or XZ if it is a Lorentz tube), the size of the
scatterers p doesn’t appear, but it comes back in the formula of the billiard map T and in its
hyperbolicity. Also the curvature of the scatterers is £ = 1/p. We recall some notation from
the Chernov & Makarian book [§] (going back to the work of Sinai), bearing in mind that we
have to redo several of their estimates to track the precise dependence on p. Let us write the
phase space as M = M x Z2 = Urezz My, where each My is a copy of the cylinder St x 5,51,
see Figure

Let So = {¢ = £5} be the discontinuity of the billiard map corresponding to grazing

collisions. The forward and backward discontinuities are
Sp=UL T74(Sp) and S, =ULT(So)

so that T : M\ S, - M\ S_,, is a diffeomorphism. We line the curve Sy with homogeneity
strips Hj, bounded by curves | £ 5 —¢| =k and | £ § — ¢| = (K +1)77°, k > ko, for a fixed
number rg > 1. The standard value is rg = 2, but as distortion results and some other estimates
improve when rg is larger, we choose the optimal value of r( later.

The set S_1 consists of multiple curves inside Mg, one for each scatterer from which a
particle can reach Oy in the next collision. In Figure [2] we consider the corridor in the direction
of £ € Z?, and drew the parts of S_; coming from scatterers O¢, O_¢ and O_, for some scatterer
on the other side of this corridor.



Figure 2: The parameter subset M, with singularity lines and x = & — M.

Figure 3: A corridor collision map from O_¢ and O_, to O.

Lemma 2.3 For the {-corridor, let (0_¢,5) € Mo be the point of intersection of So and the
part of S_1 associated to the scatterer O_¢, and (0x,5) € Mo, k = § — ME, be the point of
intersection of Sy and the part of S_1 associaled to the scatterer O, = Og_pre) at the other
side (i.e., the £'-boundary) of the &-corridor, see Figure @ Let (0., ¢l.) be the intersection of the
parts of S_1 associated to the scatterers O_¢ and the scatterer O, = Og_pe. Then

0—¢ — Ol = 75(1\54) (1 o <\fif\4>>

L £ (Ol P B SOV /AC
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Proof. The angle _¢ refers to the point where the common tangent line of Op and O_¢ touches
Oyp. For the value 6, k = ¢’ — M&, we simply take the common tangent line to O and Og _ ¢

: d -
which has slope ﬁ (1 + O(ﬁ)) This is then also [#—& — 6,].

and

3

4



Figure 4: Illustration of the proof of Lemma [2.3

Now for the other endpoint of this piece of S_1, consider the common tangent line to O_¢ and
Og¢'— p¢ which has slope tan o := (]\/[d’ii(f))m(l + O(K‘(M%l))), hitting the scatterer Op in point P
and when extended inside Og hits the vertical line through the origin O in point Q. Let also R be
the tangent point of Oy to the corridor, and Q' is the point on OgR at the same horizontal height
as P, see Figure 4. Then |RQ| = || sina whereas |OpQ’'| = p — (|€] — psinf,)sina = pcosf.
The latter gives

0. = 2’5|sma <1 - (’)(% sin9)> = \/2%\4@ <1 - (’)(% - 1\14)>

The triangle APOyQ has angles ¢, o + § and 6}, which add up to . Hence

T e 2O (| (e 1 VG
R (7 G (I TR ®
as claimed. 0

2.3 Hyperbolicity of the Lorentz gas with small scatterers
The derivative DT : T M — T M preserves the unstable cone field

c;:{(de,d¢)e7;M;1<1d¢<1+ P }

— 27 df — Tmin

3)

This is [8, page 74] in the coordinates § = r/27p, and we can sharpen this cone by replacing
Tmin by 7(x), the flight time at x before the next collision. The derivative of the inverse of the
billiard map preserves the stable cone field

P 1 do _

< o 1 (4)

€= {(db.dg) € ToM: 1~ Lo < 5T <

Clearly these cone-fields are transversal uniformly over M, and §,, is a unstable (or stable)
curve if n > 0 (or n < 0).



The expansion/contraction factor A, using the adapted norm of the tangent space ||dz||, =

27mp cos ¢|df|, and collision parameter R(z) = ﬁ satisfies

2Tmin

A >1+ T($)R(Z‘) >1+ Tmianin =1+ .
P

This proves uniform hyperbolicity of the billiard map.
The adapted or p-norm for unstable vectors is defined as ||dz||, = cos ¢ dr, and the relation
between the Euclidean norm is therefore

jaag = VLG AP G
= cos ¢ e =

2mpcos @

1zl
The expansion of DT of unstable vectors is uniform in the p-norm, see [8, Formula (3.40)]:

d, _ () <1+ 1 dg pcos¢>‘

| DT (dax)|, 7(x) _ L
dr p COS @ 2ndf  7(x)

=1+ K+
Iz, c0s g

Expressed in Euclidean norm, this gives, for DT (dx) = (d6y,d¢1),

DT (dz)| Am2p? + (9542 r(x) (1 1 do pcos¢)

ldzll — ~ \ an2p2 + (4)2 peosor \ " 2rdd T 7(a)

For later use, if T'(x) is in the homogeneity strip Hy, then cos ¢; ~ k~"°.

3 Growth lemmas

First we fix the constants for the rest of the paper. We use the same notation as in [I1] except
for some subscripts o, and in fact some of the constants reduce to their value in [11] if 7o = 2.

o > 2 is the exponent of the homogeneity strips:
Hie={l£5 -l €l(k+1)7,k7)},
O<rv< % — % the exponent of k in the continuity estimate for the

transfer operator,

G=1-— 307"—2”1 upper bound on ¢in Jensen-ised growth lemma, (6)
ap < min <m, go) needed for [I1, Lemma 3.7] for general 7,

so = %’;ﬁl) >0 used in Lemma, [6.1

0<qo<po< mﬁ cf. Lemma [B.2]

0 < fp <min{%,po — qo}-

We use a class W?* of admissible stable leaves defined as C? leaves W in the phase space
such that all its tangent lines are in the stable cone bundle, their second derivative is uniformly
bounded, W is contained in a single homogeneity strip, «(x) is constant on W and there is a
p-dependent upper bound on |W|, namely

sup |[W| = do := cp” (7)
wews



where ¢ < 1, to be fixed below, is independent of p.

Let W € M? be an admissible stable leaf. The preimage T~!(W) is cut by the discontinuity
lines §; and boundaries of homogeneity strips into at most countably many pieces V;. Note that
we may have to cut the pieces V; further into curves W; of length < dy. In addition, we assume
that

1/(rg+1)
01 € (07 50/2) is such that H*ecd61 ot

for distortion constant C; from Lemma

=: 91 <1 (8)

3.1 Growth lemma in terms of V;

The particle can reach the scatterer Qg at the origin from corridors in all directions, indexed by
(&,¢') € U, see Figure 3| If the previous scatterer is ¢ itself, we call this a trajectory from the
&-boundarys; if the previous scatterer is at lattice point & — ME, the trajectory comes in from the
&-boundary, see Remark To each such scatterer and homogeneity strip Hj belongs one V;,
and the contraction |T'V;|/|V;| is governed by (f]), where we use that the distortion T : V; — T'V;
is uniformly bounded, see Section [B]

Proposition 3.1 Assume 0 < v < & — L. Then there is a constant C > 0, uniform in p,v

2rg °
and ro such that

Vl v

for every admissible homogeneous stable leaf W* € W* on which k(W?) is constant.

Remark 3.2 (i) Since |W?| < §y < cp¥, there is 0, < 1 such that

Z| |‘<36’(p+c) 0.,

for p sufficiently small, and c chosen appropriately.

(ii) As later we will need v > 1, we can take ro =4 and v = %.

Proof. The homogeneous admissible preimage curves T-'W* = U;V; are obtained by parti-
tioning according to

e incoming corridors &

e for the corridor (that is, §) fixed, the scatterer (of the plane) on which V; is located.
Accordingly, k(V;) = M¢ — &' for some M, and the summation is over M.

e for the scatterer fixed, the homogeneity strip in which V; is located, that is, V; C Hj for
some k.

If W is on the scatterer Op and V; is on the scatterer Og _pz¢, then both of these scatterers

dp(€)
M¢]

there is a lower bound on the collision angle given by . This puts restrictions on how M is
related to k; as reflected by allowed intersections of homogeneity strips and M-cells on Figure
In particular

with the corridor and

1
k> Clpd,y(§)~' M) (9)
which determines the range of k for M fixed.



We sum over the homogeneity strips for ¢ and M fixed on the & boundary.

L TVil plé] MY L
2 IR T < S 2w
VieMgl,Mg k>max{C/( dpl(\g) 71})%«70

< PR TN () T M T
< o TRl T

Where we used that the exponent 5 — % of d,(&) is non-negative. By our assumption that

v < 5 27« , this expression is summable over M, and therefore the sum over the £-boundary
of the entire &-corridor is

TV, 1,1 . 3, 1
> !m(vi>\”||vf| < prEolg
(]

corridor &

The sum over homogeneity strips for £ fixed on the {-boundary is no different:

TV, v
R S

ViE./\/l_g k>1

Next we sum over all opened-up corridors, indexed by all the “visible” lattice points inside a

sector of angle |W*|/v/1 + 472, because only trajectories from scatterers within such a narrow
sector can hit Oy at coordinates in W. It can happen that a single corridor, or even a single
scatterer in a corridor blocks the entire sector, and we reserve one term for |{| > 1 (which is the
worst case because the contraction of T is the weakest). Apart from this corridor, we replace
|W$| by its upper bound &y. This gives

Z\ Vil ot 3 el 4 pP e

Vi (€€)eTw
< p+p oo+ p' " log(1/p) + plog®(1/2p)5; "

—v 1—v 1+t 2 -1
+p "0+ p " 1og(1/p) + p? 20 log™(1/2p)d,
1, 1
< p+p oo+ pl—” 1og<1/p> +p2 70 log?(1/2p)0; 7,

by Lemma applied toa =1—v and a = 3 — v — 5—. This completes the proof. ]

3.2 Growth lemma in terms of W,

The pieces of preimage leaf V; C T—1(W) emerge by natural cutting at the discontinuity set
S! and the homogeneity strips, but even so, their lengths can be larger than g, the bound of
admissible stable leaves. We therefore need to cut them into shorter pieces, denoted as W;. In
the worst case, each V; needs to be cut into d, ! pieces, which gives the estimate

Z| |VI[//V|| Cpsgt+p")<p™” (10)

Although this estimate suffices for some purposes, it is not always good enough for larger iterates
T™. The next lemma (which follows [I1, Lemma 3.2] or [13, Lemma 3.3]) achieves an estimate,
uniform in n, for v = 0.



Lemma 3.3 There is a constant Cs > 0, independent of p, such that

Wy
L1 <O, (11)
W.nezg;(vv) Wl

and

WP (T W _
g = <O 12
W TR = (12)

(2

WreGn(W
for all s € [0,1).

Proof. Fix W € W?. As in [13], we construct the components Gi(W) of T~*W inductively on
k =0,...,n. In particular, to obtain Gi1(W) first we apply Proposition to each curve in
call G, (W), and then we partition curves that are longer then §y into pieces of length between
dp and dp/2. We will write Wi”C € Gi(W) and call it the kth generation. Define L£j as the
collection of indices such that W} € Gi(W) that is long, i.e., |[WF| > §; for i € Ly, and In(WJk)
as the collection indices of W such that their most recent long ancestor is Wf € Gpy(W). If

(2
for some W} no such long ancestor exists, set k(i1) = 0 and W/ belongs to Z,(W); if W is
itself long, set k(iz) = n. Fix some j € L. As for W} € In(Wf) the preimages under T"* of
T *W: need not be cut artificially (they are already short), and due to the distortion bound

from Lemma

" kyyn %
> W <07 F for 6 = 6,04 (13)

, o I
1€ (WF)

Recall that by our assumption §; is so small that 6; < 1. In the estimate below, we group
W € G,(W) according to their most recent long ancestors.

Wy Wy Ty
2w T > Yo% Wi T 2

k=1 WkeLy(W)ieZ,(WF) i€Ln (W) i
n |Tnkaln‘ 1/70+1C’ ‘Tk ’ .
SIS ) T e |Wk‘ + 07
k=1WkeL, (W) \ieZ,(WF) v
< 3> e TRWE 467
k=1wkeL, (W)
< CSTU WY 0r R+ o7 < G (14)

k=1

where we have used that for fixed & and Wf € Lr(W), (i) ]Wf| > 01, (ii) the Tka are pairwise
disjoint subcurves of W, and (iii) |W| < é;.
By Jensen’s inequality and ,

1—
|Ws | T W] |W| 1-vs |T”W” [T W -
frg C <
Z WS w7 Z W7 W Z W <&
which proves the second statement. O



It is worth including the following bound, which follows from by Jensen inequality:

> ‘|W,’g ’|V[/n‘ <" veelo). (15)
€L, (W) ¢

Remark 3.4 For further reference, here we state a version of forv > 0,n = 1. Let

o=1- 735311
|TW;| |[W;]© _
k(W)Y < pY, Vs € [0,40). 16
This follows by Jensen’s inequality from , applied with %_g in place of v. Note that the
condition ¢ < ¢y ensures ﬁ < % — % For the choices ro =4, v = % we have ¢y = é.

4 Banach spaces and spectral gap

For the exponents py and ¢y defined in @ we define the Banach spaces (of distributions)
CPo B, By, (C?)" in analogy to [13]. |I| We recall that (C%)" is the topological dual of C'%.
Given W € W?*  let my be the Lebesgue measure on W, and define

[Vl w,a,po := [WI[* cos W [th]cwo, [Y]cro := [¥|co + Hip (),

for a > 0, cos W = |W|™! [}, cos ¢ dmyy (note that cos W < k=" if W C Hyy), and H{}) () the
Holder constant of ¢ along W. Also let dy (W7, Ws) stand for the distance between leaves as in
[11, Section 3.1] or [I3] Section 3.1]; in particular, if W7 and W5 belong to the same homogeneity
layer, dyy (Wi, W3) is the C! distance of their graphs in the (6, ¢) coordinates, and otherwise

infinite.
Given W € W* and h € C1(W), define the weak normﬂ

s, = sw s | hdmy. (17)
Wews |ylecrow) JW
|w|W,O,pDS1

With gy < po fixed we define the distance between functions d(11,¥9) in the same way as in [11]
Section 3.1]. We define the strong stable norm by

[|h]ls == sup sup / hap dimyy . (18)
Wews  yeciow) w
W)lW,aO,qo <1

Choosing ¢¢ € (0,d0) and Sy € (0, min{ag, po — qo}), we define the strong unstable norm by

1
|h|lw ;== sup  sup sup - —-
e<eo Wi,WaeWws ¢,eCPo(W), €
d(WhW?)SS |'¢'z|cl(w)§1

dqq (Y2,12)<e

/ hapy dmy — hqudmw‘. (19)
W1 W2

Note that our setup fits the conditions (H1)-(H5) in [13] Section 2.1], with f(z) = f(6,¢) = cos¢ and k = 1 in
(H1), r, =ro+1in (H2), { =1 and to = 1 in (H3), po = ﬁ in (H4) and 9 = 0 in (H5).

?In the definition of the weak norm [I3] uses test functions with |¢|w,,,, < 1 for some v > 0, and requires p < 7.
However, this is needed only to ensure that the inclusion B, — (C?)’ is injective, cf. [I3, Lemma 3.8]. Since we do
not use this property, we can take v = 0 in the definition of the weak norm, and avoid additional restrictions on py.

10



The strong norm is defined by ||h||g = ||h||s + cu||h||u, Where we will fix ¢, < 1 (but independent
of p) at the beginning of Subsection

Since CP° C B C By, C (C%) (see Subsection [d.1]), we have ||h[g, + [|hllz < C||hllcr. As
in [13], we define B to be the completion of C?! in the strong norm and B,, to be the completion
in the weak norm.

4.1 Transfer operator on B

Throughout we let R, : L'(m) — L'(m) be the transfer operator of the billiard map 7,. We
recall that [I1, Lemmas 3.7-3.10] ensure that: i) R,(C') C B and as a consequence R is well
defined on B; B,; ii) the unit ball of B is compactly embedded in B,,. and iii) C?* C B C B,, C
(CoYy.

It follows that R, is well defined on B and B,,, and we also let R, denote the extension of
this transfer operator to B,,.

4.2 Lasota-Yorke inequalities

Using Proposition with ¥ = 0 and Lemma we obtain the analogue of the Lasota-Yorke
inequality [I3], Proposition 2.3]. As our setup fits [I3], our only concern is the dependence on p.
It is important to point out that our all estimates in Section [3]and Appendix [B] are independent
of p, except for §; < dp <K p”.

Lemma 4.1 (Weak norm) There exists a uniform constant C > 0 so that for all h € B and
for allmn >0,
[17phls, < C-Csllhls,,

where Cy is given by .
Proof. Note that for W € W*, h € CY(My), ¢ € CP*(W) with |¢|w.aep < 1,

/Rnhqumw— > / \DTn onnde

WreGn(W

Using the present definition of the weak norm,

/Rhwdmw<wn€zg: / 1h|5, !l;TIO( )\onp|Cpo(Wi)cos(I/Vi)de.

From here on the argument goes almost word for word as the argument in [13, Section 4.1],
except for the use of equation (the analogue of [13, Lemma 3.3(a)] with ¢ = 0). O

Lemma 4.2 (Strong stable norm) Take 0; as in and 01 as in (13). There exists a
uniform constant C > 0 so that for all h € B and all n > 0,

IR3hl < € (670" CIeoA=wn) ] + €8 s,

Remark 4.3 The compact term C6; °°||h||, in Lemma is the only point in the Lasota-
Yorke inequalities where a p dependence arises, via 1 < p.

11



Proof. The argument goes almost word for word as the [I3, Argument in Section 4.2], except
for the differences:

i) We use of equation with ¢ = ag instead of [I3] Lemma 3.3 (b)] (also with ¢ = ay)
in [I3, Equation (4.5)]. In particular, using the present definition of the stable norm, with the
same notation as in [I3, Section 4.2], we have the following analogue of [13] Equation (4.5)]:

> / Bt (0T = ) dm

WeGn(

WP W p
Sy
Wi

< ARl )Y
Wi"EQn(W)

where we have used the distortion bounds of Appendix [B|and Formula (with ¢ = ay).
ii) To obtain the analogue of [13, Equation (4.6)], as in [13] section 4.2], we split the sum

" Jwyn T
ST S W)t [

k=03j€Ly icZ, (W)

into a term for £k = 0 and further terms for kK = 1,...,n. For k = 0, we use the strong sta-
ble norm and (the analogue of [I3, Lemma 3.3(a)]) with ¢ = «y, giving a contribution
< ||h||50?(17a0). For the terms k = 1,...n we use the weak norm, (the analogue of [13|,
Lemma 3.3(b)]) with ¢ = ag, and the fact that for j € L (W) we have \Wf! > 1, resulting in
a contribution of < ||h|/g,d; “°. O

As in [13], dealing with the strong unstable norm is the most delicate part of the Lasota-
Yorke inequality. The only difference from [I3, Argument in Section 4.3] is that we apply
(instead of [I3 Lemma 3.3 (b)]) multiple times. Note that our bound in (11]) is independent of
p which ensures that no p-dependence arises here.

Lemma 4.4 (Strong unstable norm) There exists a uniform constant C > 0 so that for all
h € B and for alln >0,

IR Al < C - Cs - A% |]ly + C - Cs - nlhs.

Proof. Given Wi, Wy € W? with d(W;,Ws) < e, we may identify matched and unmatched
pieces in T, "Wy, £ = 1,2. The estimates of [13] on the length of the unmatched pieces apply,
thus we may estimate their contribution by the strong stable norm using (instead of [13]
Lemma 3.3 (b)]). As the length estimates give €*/2, By < ag/2 is essential here (cf. [I3)
Formulas (4.10) and (4.11)], noting that v = 0 in our case).

To bound the contribution of the matched pieces we use, on the one hand, the strong unsta-
ble norm (as in [13, Formula (4.14)]) and, on the other hand, the strong stable norm (as in [13]
Formula (4.17)]). Here again we rely on equation which plays the role of [13, Lemma 3.3
(b)]. Bo < po—qo ensures that after division by £ the proof of Lemma can be completed. [

5 Perturbed transfer operators

A standard way of obtaining limit theorems for dynamical systems is via the perturbed transfer
operator method. In Section [7] we will use the spectral properties of the family of perturbed
transfer operators R,(t),t € R with R,(t)h = R(e**P)h), h € L'(m).
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5.1 Continuity properties

By definition, ]A%p(O) =R, Take 0 <v < i- % as in Proposition In this subsection we

show that the following continuity estimate holds:
I(Rp(t) = Rp(0))Rls < Cp"|t]" ||l (20)

for some uniform constant C.
The argument goes parallel to Subsectlon u Just as this time we need the estimates (i) for
v > 0 and (ii) only for n = 1, we rely on and (16 instead of Lemma

Lemma 5.1 Assume . Then there exists a uniform constant C > 0 so that for all h € B,
1Rp(e ) — 1)h)[|,, < Cp*[t]" |||, -

Proof. The argument goes similarly to the argument in [I3] Section 4.1] restricted to the case
n = 1. More precisely, for W € W*, h € C1(My), ¢ € CPO(W) with [{|w.agpe < 1,

T
/R(”” — Dhpdmy = Y / (etrle) — |gT|P¢oT dmyy .
w i€G1 (W)

Using the definition of the weak norm and the inequality |e®® — 1] < ¥,

/ Ry(e™) — 1)hp dimayr < [t S / 15 R (W)
w 1€G1 (W

| Jw: Tplcvo(w)

DT, |zp o Tplcro(w,) cos(Ws) dmyy .
p

From here on the proof goes the same as the argument in [13 Section 4.1] except for the use of
equation instead of [13] Lemma 3.3 (b)]. O

Lemma 5.2 There exists a uniform constant C > 0 so that for all h € B and for all n > 0,
IR (™) — D)h)[|s < Clt) p~ ||l

Proof. This time we are only concerned with n = 1, and do not need a contraction of the
strong stable norm. Hence, an argument analogous to the proof of Lemma suffices, with
the weak replaced by the strong stable norm. Accordingly, we use equation with ¢ = ag
instead of [13, Lemma 3.3 (b)]. O

Lemma 5.3 There exists a uniform constant C > 0 so that for all h € B,
IRy (®) — 1)R) || < Clt[” (p7 - 1Bl + o7 - 1]ls)) -

Proof. As with the proof of Lemma the argument goes similar to [13, Argument in Section
4.3], restricted to the case n = 1. The matched and unmatched pieces can be again identified,
this time for T-1W,, £ = 1,2. Then, as in the proof of Lemma the factors |t|” and |k(p)|”
arise. Clearly k is constant on each of the (matched or unmatched) pieces, and takes the same
value on any two pieces that are matched. Accordingly, the various contributions can be esti-
mated in the same way as in proof of Lemma[4.4] with the only difference that, by the presence
of the factor |k(p)|”, throughout the argument is used instead of . O

Equation follows from the definition of the norm in B together with Lemmas
and (.3
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5.2 Peripheral spectrum and spectral gap

Choose 1 > o > max{A~", 9§1_a°),A*‘10}. By Lemmas and H and arguing as in [13]
Equation (2.14)], we obtain the traditional Lasota-Yorke inequality for some N > 1, provided
¢y in the definition of || || is chosen small enough in terms of N. That is,

IR hlls < o™ ||h]|5 + OOy A3, (21)

Combined with the properties collected in Subsection (that is, the relative compactness
of the unit ball of B in B,), equation shows that the essential spectral radius of R, is
bounded by ¢ and that the spectral radius is 1.

Let II, be the eigenprojection (that is, the projection on the eigenspace of R,) corresponding
to the eigenvalue 1. In particular, II,1 = p is the invariant measure for 7). Since for every p,
T, is mixing, the peripheral spectrum of R, consists of just the simple eigenvalue at 1. Thus,
for every p > 0, the eigenprojection II, corresponding to the eigenvalue 1 of R, can be also

characterized by
I,h = lim R'h, (22)

m—ro0

for all h € B.
Let @, is complementary spectral projection. From here onwards, we exploit that for every
p > 0, there exists y(p) € (0,1) and C, > 0 so that

1Q5' I8 < Cp(1 =~(p))™ (23)

for every m > 1. Altogether, R;' =11, + Q}", where @, satisfies .

6 Asymptotics of the dominant eigenvalue

A standard route for proving limit (in particular, local) theorems is by means of the Fourier trans-
form. For establishing limit theorems (such as Theorem below) we study the asymptotics
of E,(e*m(P)1) = B, (R,(t)™1), as t — 0 and m — co. We recall that R,(t)h = R,(e™*(P)h),
h e B.

We already know that for every p, 1 is a simple eigenvalue of Rp(O) = R, when viewed as
an operator from B to B. Due to (20), Rp(t) is C¥ (in t) from B to B. It follows that for ¢ in a
neighbourhood of 0, R,(t) has a dominant eigenvalue \,(t) (with A,(0) = 1).

Let v(p) be as in equation . The continuity properties together with ensure that
there exists d € (0,7(p)) so that for all ¢ € Bs(0),

A~

RBp()™ = Xp(8)" L, (1) + Qp(0)™,  1Qp(1)" 5 < Cp(1 =~ (p))™, (24)

for some C, > 0 and I1,(t)> = I1,(t), I1,(t)Q,(t) = 0. Further, for all ¢ € B;(0),
W)= [ =Ry du (25)
|lu—1]|=6

for all ¢ small enough. A standard consequence of and is that for every § € (0,v(p)
and for all u so that |u — 1| =0,

[(u— Ry(t) ™" = (u— Rp(0) |z < Cp [t [[(u — Rp(t)) |5l (u — R,o(0)) 15
< Cp"v(p) 2t (26)

Hence, [[IT,(t) — I1,(0)|ls < Co™"|t|"p™"(p) 2J¢|""
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The rest of this section is allocated to the study the asymptotics of \,(t) as ¢t — 0.

The following property was used in [16], 4, 5] (see [5, assumption (H2)]) for the study of
eigenvalues of perturbed transfer operators in the Banach spaces introduced in [10]. Here we
use it to obtain an adequate analogue for the present setup.

Lemma 6.1 Take s = %?—H) as in @ Let h € B and v € CP°. For every corridor with

boundaries determined by O¢ and Og, there exists constant C' > 0 independent of p and & so
that

8 g1 i B
‘ / hvl{n(p):§'+N§}dm‘ < CllhllsJolowd, (€) 30l pmF oo N3+,

Proof. Let {W;}scr be the foliation of the set {k(p) = £ + €N} into stable leaves. We can

parametrise these leaves by their endpoints (¢, ) in Sp, then L is an interval of length ¢ < NZ(\%

according to Lemma (2.3 . The lengths of these stable leaves |W;| < ¢ for another constant
d < %, again by Lemma The measure dmyy, is Lebesgue on the C' stable leaf Wy,

and it can be parametrised as (wy(¢), ¢) where w is C'! with —%piﬁm”‘ < w'(¢) < —5 because
of the direction of the stable cones, see (4)).

Let v be a measure on L that produces the decomposition of Lebesgue measure m on {k(p) =
&' +EN} along stable leaves. We have v < my, (and dv/dmy, is bounded above). Since we need
to partition stable leaves W, by the homogeneity strips Hj, near Sp into pieces Wy := W, NHy,
we get an extra sum over k > k(¢) := [(¢/)71/70|. Then

’/hvl{,{(p)_N&g/} dm’ = / / hvdmw, dv(l)
Wek

k>k(c')

< /\cho Z /W ’U|qu dmyy, dl

k>k
< Jolewllhls / S Wyt / cosd /I F [ (@) dé | de
L\ k>k(e) We
< |v‘cqo”h”5/ Z o~ (ro+1)ao dr
k>k c’

< |v|cao ||B|s c k() 0ot D)=ro

< [vlemllhllslel " d, (6§ pm Ao N R0,
for sg = %:OOH) as claimed. ]

Using , Lemma and Lemma we obtain the asymptotics of the eigenvalue in
Proposition [6.3] below.

2 1 _ (©)%(t.8)*?
Lemma 6.2 Fort € R*, let A(t,p) =D j¢1<1/(2p) ”T Then

/ It L0
lim ~A(t, p) = = (Xt t) for L =1(27 | |.
p% 2 271' 0 %

Proof. The coordinate axes p = 0 and ¢ = 0, and the two diagonals p = ¢ and p = —¢q divide the
plane into eight sectors. Here we count counter-clockwise with the first sector ¥ directly above
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the positive p-axis. Let v = (¢, ) be the angle between the vectors ¢ and £. Let o = arctangq/p
and 6 be the polar angles of ¢ and t € R? respectively, so v = # — . For the first sector ¥y,
taking into account that for every £ there are two &', we have

dp(§)*(t,6)° 2 dp(€)*(|€] cosv)?
RASVARGL VR
L T A 2 T
o2 Z dp(€)*(cos ) cos al€] + sin 6 sin o€ |)?
(£,8)ely <l

_ Q‘t‘z Z dp(’f)2(pcolsfe‘ —+ qSinQ)Q )

(&,€)ev:

IS

The eighth sector Wy directly below the positive p-axis gives the same result with —¢ instead of
q, and sectors ¥4 and U5 above and below the negative p-axis give the same results as sectors
Wg and ;. Therefore

Z 4, (€)° = 4]t|? Z d, (€)° (p? cos® 0 + ¢ sin? h).

(£,8)ev Ul UTsUTg |€| (£,£)ev, ’€|

The same result holds the remaining sectors with cos 6 replaced by sin § and vice versa. Putting
the results on all eight sectors together, we get by Lemma [A4]

dp(O*(t,€)* |t (1€ =20 o5 5
D I P VT
(PP (&,€)ev
t|? _
= ’2| > e —4p+ 4%
(&&)ev
it 27 1 2 1 2|t|?
= BT 2 ) a401) = (1 4+ 0(1).
Hence ¥ is a diagonal matrix with diagonal entries lim,_ §A(t, p) = % O

For the result on the asymptotics of the eigenvalue in Proposition [6.3] we will also assume
some correlation decay type results. Namely, we assume that there exists (p) € (0,1) and some
non-uniform constants C, so that for every j > 1,

. . . . 2 . .
‘/ (eztn(p) —1) (eltn(l’) ~1) o T dpu — (/ (eztn(/?) —-1) du) ’ < C’p|t|2(1 —3(p)) . (27)
Mo Mo

More generally, we assume that that there exist (p) € (0,1) and some non-uniform constant
C) so that for every j > 1 and every m > 0

‘ /M (€™ — 1) R, (0)™ (") — 1) (") — 1) o T4 dpu (28)
0

= [ @ RO~ [ (@0~ 1)
Mo Mo

_ C(/ (eite(e) 1) du) / (it*(0) — 1) (&) _ 1) 0 TV dp
Mo M r

0

. 3 ~ .
o[ @~ 1ydn)| < Gl -2
Mo
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where C =0 if m =0 and C =1 if m > 1. As justified in Proposition in Appendix [C] via
the argument used in [9, Proof of Proposition 9.1], assumptions and are natural.

Proposition 6.3 Assume and , and let A(t, p) be the matriz defined in Lemma .
Let 6 € (0,7v(p) so that holds. Then there exists 69 < 8° so that for all t € Bs,(0),

1= (0) = At 4 E(r,p),

~

where |E(t, p)| < C,3(p) L |t +Ct[*p~2 for C’p and ¥(p) as in and some uniform constant
C.

Remark 6.4 f Let Ap) be the flight function taking values in R? as opposed to the displacement
function k(p) taking values in Z2. A similar statement hold for the the dominant eigenvalue
of the perturbed operator Rp(eitA(p). The proof is similar to the one below using that |A(p) —
[k(p)l] < 1.

Proof of Proposition In the notation of Banach spaces of distributions (see, for in-
stance, [16]) for h € C% we write (h,1) = (1,h) = [ hldm and (m,h) = [ hdm.

Let v,(t) = % and recall that v,(0) = 1, where 1 is both an element of B and of
(C)’. Recall that for every p, \,(t)v,(t) = Rp(t)vp(t) for ¢ small enough, and that A,(0) = 1.
Since (v,(t),1) =1,

L= Ap(t) = 1= (Rp(t)vp(1), 1) = (1 — ™) 4 (R, (t) — Ry(0)) (v(t) — 1),1)
=: u(1 — e )y LV (¢, p).

With the meaning of inner product clarified, for ease of notation from here on we will write
Vt,p) = fM(eit“(”) — 1)(vp(t) — 1) dm. To continue, we recall the terminology in Remark
For & = (p,q) with ged(p,q) = 1), we let £ = (p/,¢’) be the point uniquely determined by £ in
the sense that p’/q’ is convergent preceding p/q in the continued fraction expansion of p/g; in
particular || < [€|. Recall that U is the set of all such pairs (£, &) with |£] < 1/(2p). With this
specified, we write

p(l =ty = % Z (MEFNO _ 1) u({r(p) = € + NEY).

(§¢)ew N=1

Using the fact that [ k(p)dp =0, we compute that

(1 — ety = 3" Z( SN 1 — (¢ + NE)) ul{r(p) = €' + Ne})

(£,¢)e¥ N=1
1/[¢]
= 3 3 (M 1+ Ne)) (o) = € + NEY)

(€€)ew N=1

+O (It Y &l Y Nu({r(p) =€ + N&Y)

(€€)er  N>1/i
Vi
= > Z {t.& + N u({r(p) = € + N&Y) + O(|t]*) := I(t, p) + O(|t),

(€€)ev N= 1
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where the involved constants in the last big O are independent of p. Further, using Lemma[A2]

1/t
- Y ey L

1€1<1/(2p) €] N=max{1,d,(£)/(2p)}

1
O | [t Z —— Z 4p® N |¢|
AmlElp )/(20))

(&,8)ev N<max{1,d,(¢§

/1t
1 d, 1 _
o Y Bhgr Y Lo
1€1<1/(2p) N=max{1,d,(£)/(2p)}
/i) () L
Smp > g (t,€)* + O (|t]*p " log(1/p)) -

§1<1/(2p)
Hence, with the quantity A(t, p) as in Lemma

(1 = e 00) e, )5S 4 0 (29 hog(1/p)

Hence, 1 — \,(t) = A(t, p) 28 + E(t, p), where E(t, p) = O (|t}2p~ og(1/p)) + V(L. p). It
remains to estimate V (¢, p). Note that

o (p) — 1 = ML) —11,(0))1) (IT,(t) — T1,(0))1
=1 =T O e
Hence,
_ L) ~IL,0)1) [ ) St (€750P) = 1)(ILy (1) — I1,(0)) 1 dm
Vi) (I, (2)1) /Mo( T dut (T, (t)1)

= Lt p)+ Lt p).

Estimating I (¢, p). Since f/\/lo k(p) du = 0, we have

p((1,(t) — 11,(0))1)
(I, (t)1)

Lt p) = /M (0 1~ itw(p)) dp.
0

Now, by and Lemma
/Munp(t) Nildi= 3 Z/ Lty | (T, (1) — L, (0))1

(§:¢)ev N=1

< D TRt 0)lls ZN_%

(€6new
< Cp"y(p)2[t)"

for some uniform C'. Using also that |e® — 1 —ix| < 2¥, for any y € (0, 2],

1L (t, p)| < Cp~"y(p) 2|t [t[>~/? /M k()| > dp < Cp~y(p) 2 [t]"/*F2.
0

Note that for |t| € Bs,(0) with 6y < v(p)®, as in the statement, |t|*/? < v(p)? for all v < 1/2.

Thus, [11(t, p)| < Cp~"|t[*.
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Estimating I5(f, p). Recall that (23) holds and that § is chosen so that (25)) holds, 1e
d < y(p). Using the definition of II,(¢) and noting that for every p, (u — R L(0) 11 =(1—u)" 1,

() =101 = [ (s Rl0) ™ (Rylt) =y (0) (o~ y(0) 1

- / 1 S w) " (u = Ry(t) " (Ry(t) — Ry(0))1 du.

Thus,

B Gith(p) _ — W) Yu— R (L — R wdm
IQ(tvp)—/MO( P 1)/u ' 5(1 )" (u—Ry(t))” (Ry(t) — Ry(0))1dud

+ [ (@ ) /| 7 (e R) ™ = = Ry (0) ) (Role) — A0 s
(29)

= Ji(t, p) + Ja(t, p)-

Now,
Bt = [ @01 [ 0w e R) T (Rlt) — ,0)
< (1= By(0)) " (Ry(t) — Boy(0))L dudm = Ky (t,p) + Kalt, ).
where
Katp) = [ (@0 1) /| 007 Ry 0) 7 (Ry0) ~ Ry(0)
x (u— R,(0) "N (R,(t) — R,(0))1 dudm (30)
and

e =0 [ (e Re) ™ = R0 )

KZ(ta p) =
Rp(0)) " (Ry(t) — Ry(0))1 dudm.

x (Rp(t) - RP(O))(U -
We first treat Ko (t, p). Note that for u in the chosen contour, ||(u — R,(t)) " |z < v(p)~*

Using , for all such wu,
[ (0= Ro®) ™" = (= Ryl0))71) (Rylt) = Bo(0)) (= Bp(0) ™ (Rylt) — Ro(0))
< Cp™ 2 [t)*~(p) .

This together with Lemma gives that

|K2 t , P ‘ < Z Z / /u_”(S |]. _U|_11{,{(p):§’+N§}|€"‘t“

(£,£")ew N=1
X ’(U - Rp(t))_l —(u— Rp(o))_l(f{p(t) - IA%p(O)(u - Rp(o))_l(RP(t) - RP(O))l du dm

oo
v —3v - -} -1 -3 —3v — v
<P p ¥ 9(p)™ D gl atopm a0 Y N T2 < Cp Py (p) PP

) —1q|
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Since v € (1/3,1/2), we have |Ka(t,p)] < Cp~'v(p)~3|t|>/2. Thus, for all |t| € Bs, with
o < v(p)%, as in the statement, we have [t|'/2 < y(p)*. Tt follows that |K»(t, p)| < Cp~t|t[2.

Estimating J; (¢, p) in (29) and K (t, p) in (30). These terms are in, some sense, indepen-
dent of the Banach space B (see the explanation below) and can be analysed either directly via
the correlation function or some form closely related to it. The rest of the proof is allocated
to this type of analysis.

We start With Ji(t, p) defined in (29), which is easier using (27). Recall that R,(0) = R,

and f u—1|= s( —u)"2du = 0 due to Cauchy’s theorem. This gives

Ji(t, p) = / (eftr(p) 1)/ (1—u)™" > w7 R) R,y (") — 1)1 du dm
Mo |lu—1]|=68 =0

2 o0
- (etr(P) — 1) d,u) / (1—u)™ w7 tdu
(/./\/lo |lu—1]=6 Jgo

= / (1—u)™? Zu_j_l/ (eftrlp) — I)Rf; R, () — 1)1 dm du
lu—1]=5 = Mo

2
- (e'tr(P) 1) d,u> / (1 —w) w7 du.
</Mo lu—1]= 6 Z

Swapping the order of the integrals is allowed because due to . The quantity

. . . . 2
(/ (eltn(p) - 1)Ri)+1(€ztn(p) - 1) du — / (eztn(p) - 1) d,u)
./\/lo MO

decays exponentially fast. Hence, we can write

DR RN S
u—1|= =0

2
X (/ (e5(P) — 1) (%(P) — 1) o TIH1 dyy — / (™) — 1) dp ) du
Mo P MO

, 2
Using Lemma |A.5| to control the dependence on p, (fMO(eztn(p) —-1) du) < C|t2p~2. Next,

recall that (23) holds and set § = min{vy(p),%(p)}/2. Note that for |u — 1] = J, we have
lu| =0+ < (1 —4(p)/2)~ U+, This together with (27) gives

|J1(t, p)| SCp|t|2/ 11— ul” 1Z|“’ =1 (1 = 4(p)) !

lu—1]=6

’A}/ J+l R
<<C\t\2( L AT

An argument similar to the one above used in estimating Ji (¢, p) with instead of
allows us to deal with Ki(t, p) defined in (30). Compute that

Kl(t,p):/M (eim(p)_1>/ . 6 (1—u)~ Zu mzu ]R zm() 1)
0 u—

m>1 i>1

x R, (0)™ (&) — 1) du dm.
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Let

E(t.p) = /M (e0) — 1) dy /| -
0 u—1|=
D P / () — 1) R, (0™ () — 1) dps du

j>1 m>1 Mo

/ (1 —w) IZUJZu_m/ () — 1) dp
lu—1|= 5

i>1 m>1 Mo

X / (e5(P) — 1) (P — 1) o Tg dp du
Mo

— </Mo<eim(p) _l)d’u>3/|u1| By (1—u)~ Zu J Zu m g

§>1 m>1

= (Btp) = Baltp) [ (0~ 1)d = Bt ).

Using )

K1t p) = B(tp)| < ColtP Y Jul ™ D7 a7 (1= 4(0))"™* < 4G, [t4(0) 72,
m>1 j>1

where in the last inequality we proceeded as in estimating J; above.
Finally, we need to argue that E is bounded by [¢?|. First,

Ei(t,p) = /| _ (1—u) Zu J Z um/ () — 1R, (0)™ (&™) — 1) dp du
u—1 6

i>1 m>1 Mo
= / (1—wu)
|lu—1]|=6 m

:/|u_161—u Zu

m>1

2
X / (eF(P) — 1) (P — 1) o T, dpdu — </ (etrP) — 1) du) dp
Mo Mo

2
eitlﬁ( ) _ — U -2 u_m u = 1 2 .
+ (/MO( P —1) du) /|u_1|:§(1 )72 du = Ey(t,p) + E{(t, p)

m>1

m/ ztn(p ( itk(p) _ 1) o Tpm du du
>1 Mo

Using (27), we have that |E1 (¢, p)| < 20, 1t)>4(p) 1.

Also, Es(t,p) = J‘|u71\:6(1 —u) Y s u AfMo (er(P) — 1) (e(P) — 1) o T du and using
again and Cauchy’s theorem, |Es(t, p)| < 4C, |t|*4(p)~2. Finally, Es(t, p) = 0. Altogether,
[K1(t, p)] < 8Cy [t 4(p) 2. O

7 Limit theorem and mixing as p — 0

The first result below is the non standard Gaussian limit law, known to hold when the horizon
is infinite. Our main contribution is in characterizing the limit path allowed as p — 0; this is
done up to the unknown v(p), C, in and C'p, Y(p) as in (27)).

We let = stand for convergence in distribution with respect to the invariant measure pu.
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Theorem 7.1 Let v(p), C, be as in (23)), let C'p, Y(p) be as in and let C' be as in Propo-
sition[6.3 Let ¥ be the variance matriz defined in Lemma|[6.2.

Set by, = 7W. Then for n >> exp (maX{C’pv(p)_l, C’pﬁ(p)_l} + C’p_Q) ,

ﬁg(p) — N(0,X) asp—0.
n.p

Remark 7.2 A similar statement holds for the flight function A(p). The only change in the
proof is the use of Remark[6.4) instead of Proposition[6.3

Proof. By equation , for ¢ small enough,

B, (¢ 0)1) = B, (R, (6)"1) = A (1) / L(OLdu+ | Q)" du

Mo Mo
=00 [T O1d+ 0(C, (1= 2(0)"),
Mo

Hence, as n — oo and given the range of n, equivalently as p — 0,

n t\" t
E, <exp <¢t”(”)>) — A <> / 0, <> ldu‘ 0.

bn.p bn.p Mo bn.p

Also, it follows from that ||II,(¢) — I1,(0)||g — 0, as ¢ — 0. Thus, a standard argument
based on the dominated convergence theorem shows that as n — oo, equivalently as p — 0,

 (en(o52) 0 )

n
It remains to understand A, (ﬁ) as p — 0. By Proposition

0 (10 (55)) = A (5 o) st/
+n0 ((Cﬁ(p)l +Cp?) (b’t’p)?) .

By assumption, n > exp (C'p@(p)_l + Cp_2>. Hence, as p — 0,

— 0.

Tt 4rltPp

— P — o(|t]?).
log(nfp) )

n (C’,ﬁ(ﬂ)fl + C'/fz) < )2 = (CA',O’Ay(p)f1 + C’p72)

Now, given that A is as in Lemma
n -t 1 1 45+ pA(t, p)
— A ( p> == pPA(t,p) =
dmp \bny log(n/p?) p (£.) log(n/p?)
Also, using Lemma [6.2] and recalling the range of n,

n - t b
lim— A — 1 L
p04mp (bw,p) Og(w)

= 11m
o0 log(n/p?) % \ Tt

bn.p

_ o p Alt,p) Vi /log(n/p?) | _
_11)%210g(\f>10g< P 7\/E|t| ) = (Xt,1),

22



where in the last equality we have used Lemma [6.2] and the uniform convergence theorem for
slowly varying functions.
Putting the above together,

: t\" t
;1)135 Ao (bn,p> = ;g%exp <n <1 LY <%)>> = exp ((Xt,1)), (31)

as required. O

The next result gives a local limit theorem as p — 0, again up to the unknown ~(p), C,, C’p
and 4(p). This is possible due to the present method of proof based on spectral methods which
produces the fine control of the eigenvalue in Proposition We remark that the present proof
of local limit theorem for the infinite horizon is new even for p fixed. We recall that the only
proof of such a local limit is given in [22] via the abstract results in [2] for Young towers. Our
proof relies on Proposition [6.3] which is new in the setup of the Banach spaces considered here
and it heavily relies on Proposition |3.1

In the notation of Theorem we let ®y; be the density of a Gaussian random variable
distributed according to N(0,Y) and recall from Section [4.1] that CP0 C B.

Theorem 7.3 Assume the assumptions and notation of Theorem[7.1l Let v € CP°(M) and let
w € LY(M), for a > 1. Then for n > exp (maX{Cp'y(p)_l, Coi(p) ™1 + C'p_2>,

E,(v)E,(w) N
1 _ T dy — 2L "B —_— .
‘/M Ul kn(p)=N}W O L, L (b )2 = b =0

uniformly in N € Z? as p — 0.

Remark 7.4 For N = 0, a similar statement holds for the flight function A(p). The only
change in the proof is the use of Remark instead of Proposition [6.3 Also, the uniform

estimate in N can be obtained by a straightforward adaptation of the argument used in [18,
Proof of Theorem 2.7].

It is known that for for very p > 0, k(p) is aperiodic, that is that there exits no trivial solution

to the equation e*#()g o T, = g. The aperiodicity of x(p) has been used in [22] to provide LLT
for fixed p. Given Proposition and the aperiodicity of k(p), the proof of Theorem is
classic, see [I] and for a variation of it that provides the uniformity in N, see, for instance, [20}
First part of Proof of Theorem 2.2]. The proof below recalls the main elements needed to obtain
the range of n in the statement.
Proof. of Theorem (7.3 Let dg < d be so that , and Proposition hold for
all [t| € (0,d0). Since kp) is aperiodic, a known argument (see [Lemma 4.3 and Theorem
4.1][1]) shows that || R,(t)"||ls < C,(1 — y(p)™, for all |t| > &. Tt follows that |E,(R,(t)"1)| <
IR, (t)"|5 < C, (1 —~(p))" for any |t| € (6, 7). Thus, using that v € CP C B,

n 1 —itN . n
/MUl{Kn(p)N}w ° Tp dpt = 472 [—m,m]2 e /M Rp(t) vwdpdt
N 12 / fﬁN/ Ry(t)"vwdpdt + 0 (Cy (1= 7(p))")
am [—80,00]2 M

1 —1 n n N R n

-4 ey (1) / Hy(t)vwdpudt + 0 (C, (1= (p))" +C, (1= 3(p)")
[_60750]2 M

1 A 2 n

= 5lpt) +0 (Cp (1= v(p))" + C,p (1 = 4(p)) ) _ (32)

23



Using that w € L%, a > 1,

I(p,t):/ _ZtN)\ dt/ vd,u/ wdp
(5,52
+:/ EMN&AO”/jab@)—Ibmﬂvwduﬁ
[_676}2

:/ _ZtN)\ dt/ vd,u/ wdp
[_675]2
+0 (uwmm [ [ r<np<t>—np<o>>v\dudt>.
[—4,0)? M

Using (126)), and Lemma and proceeding as in the estimate of I; in the proof of Proposi-
tion S [, (1) = T,(0))v| dpe < Cp~2y(p) 2[t]” < Cp~2[t|¥, for some uniform C and some
€ > 0. Thus,

I(p,t):/ e NN, ( dt/ vdu/ wdp + O | ||wl|ge(uyp™ / [t]° [N, (0)"| dt
[=00,d0]? [—d0,d0]?

With a change of variables,

w0 il ww / =
Py = 77 9 e n, —_—
(Br0)? J (=50, ps50bnp]2 P\ bnp

-2
+O<Wﬂmm)

p / Jul* | A (33)
(bn,P)g [—6Obn,p750bnm]2

Given the range of n in the statement, we use (31)) to obtain

A2 / efiu%)\p (“)n du — Oy, <N) =0.
[=8bn,p,0bn,p]? bn,p bn,p

To deal with the big O term in , we use that by there exists a uniform constant C' so
-2

that
p~? / | u \" P | Cluf?
— ul®|A <> du < / ul|®e” 1" du.
(bnvp)g [*5Obn,p75obn,p}2 g bn,p (bn,p)2+5 [*5Obn,p760bn,p]2

Given that n > exp (C’p_z), © )2+5 < 1°g)72‘+6 =0 (ﬁ) as p — 0. Putting these together
n,p n,p n,p

and using (33)),
47 I(p,t) — <I>g< ) / vdu/ wdu’—o
p—0 n.,p

lim
This together with gives that as p — 0,

N
vl (py=nrwo T} du — <> vdu/ wd,u‘
‘/M {rn(p)=N} P b M M
o(1

:o(wn,p)?(cp(l— <>> +c< $(0)")) = o),

lim
p—0

where in the last equation n > exp (max{Cp’y(p)_l,CA’p&(p)_ID and that v(p),5(p) € (0,1).
This concludes the proof. O
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It is known that the local limit theorem for x and the billiard map T (with p fixed) implies
mixing for the planar Lorentz map 7' (again p fixed): see [20]. In fact, sharp error rates in local
limit theorems and mixing are also known: see [20] for the finite horizon case and [2I] for the
infinite horizon case.

We recall from Section [l that the Lorentz map 7 p defined on M = M x Z? is given by
Ty(0,6,0) = (T,(0,9),£ + k(6,¢)) for (0,6) € M, £ € Z>. Let i = u x Lebgz, where Leby is
the counting measure on 72.

An immediate consequence of Theorem is

Corollary 7.5 Assume the assumptions and notation of Theorem 7.3 Let v € CP*(M) and
let we L*(M), fora> 1. Then for n > exp (maX{C’pv(p)_l, C’pﬁ(p)_l} + C’p_Q),

(bn,p)z/ vonpdﬂ—/ vd,u/ wd,u‘:().
M M M

Remark 7.6 The class of functions in Corollary[7.5 is rather restrictive as the functions v, w
are supported on the cell M. Given the work [20] (see also [21), Section 6]), it is very plausible
that the present mixing result can be generalized to a suitable class of dynamically Holder func-
tions supported on the whole of M. Since the involved argument is rather delicate and not a
main concern of the present work, we omit this.

lim
p—0

A Estimates on Corridors

A.1 Estimating P(k = £ + N¢)

Given a corridor associated to §, there a neighborhood Uy of 29 = 2¢(€§) in 00¢ x [-5, 5] of

initial conditions = such that the next collision occurs at a scatterer on the opposite side of the
corridor. For this situation, Szész & Varji [22] use the coordinates (a, z), where « is the angle

the trajectory of some x € 00y makes with the tangent line at z(, and the intersection point is

y = xo + 2&, see Figure
(o)
&3
—_—
20 Qa
G

Figure 5: A corridor and coordinates («, ).

Lemma A.1 In coordinates (z,«) the volume form in a neighborhood of xo = x¢(§) is

1
ﬂ sinadadz = — cos ¢ df do.
4dmp 47

Proof. The part sin adadz can be understood because the Liouville measure of the billiard
flow projects to a form cos ¢ dp dr for any transversal section parametrised by arc-length r and
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with ¢ the angle of the trajectory to the normal vector at the collision point. When this section
is the line y = xg + x§, we have a = § — ¢, s0 cos ¢ = sina. But to get the correct normalizing
constant, we give a more extensive argument. From Figure [5| we have

p(1 — cos @)

z|¢| — psinf’ (34)

T
§:9+a+¢, tana =
After making o and z subject of these equations, we see that the change of coordinates involved

is
B (T, P 1 —cosf .
@) = F0.0) = (00 ¢ (tan( ).

The Jacobian determinant is

1 -1 OF: OF:
det <6F2 a%)’ =22\

|det(dF)| =
00 T¢ 89 8(;5

P cos 6
E (tan(’zr Ty —I—cos@) .

Thus, using and some trigonometric formulas,
\f |

sinadadz [Elsina p < sin0 + cos 9> df d¢
tan(

drp €] 5—0—9)

1
yym (cos asin @ + sin avcos 0) df d¢
T

1 1
yym sin(a + 0) df dop = e cos(¢) db do,
as claimed. 0

The following is [22, Proposition 6] in more detail and precision:

Lemma A.2 Suppose that the scatterers have radius p > 0 and the width of the corridor given
by & is dp(§). Then

T T

pl{ € 000 x [~ 3, 7]+ nlw) = NIg| +€')) = 4 minf4p?, d, (2N -2}(1 + O(N ),

1
47Np
where £ as in Remark 1s the integer vector on the boundary of the corridor opposite to the
&-boundary.

Figure 6: [29, 21] g

9 (blue)

& (red).

Proof. We take the region in (z, a)-coordinates where k = N& + &' In the z-direction this is
an interval [zg, z1], where for z = 2, there is only one line connecting Oy and O,;, namely the
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common tangent line of Oy and O,_¢. For z = 2 there is also is only one line, namely the
common tangent line of O¢ and Oy, see Figure @ These two lines are obtained from each other
by translation over one unit £, so z1€ — 20€ = |£|. However, if p is small compared to N, these
two tangent lines are the common tangent lines at the upper sides of Op and O, and at the
lower sides of Oy and O,. In this case

2p _ 2p(NI¢[+1€']) < p >
21€ — 20é| = — = + . 35
1€ = 20 sin v d,(&) +2p d,(&) +2p (35)
This also shows that the transition between the two cases is when 2p = d,}sg).

For each z € [z, z1], the range of possible values of « is again bounded by the a’s obtained
at the tangent lines to O,_¢ and O,. Therefore, see Figure m,

o & laofe)en(a) = et (g g ) wrean (= e )|

Since [£'| < |€| (see Remark and z < |£] as well, each « in this interval satisfies o =
%1+ ON)) and

N
d _
a1(z) — ap(z) = p2(€> (1+O(N 1)) (36)
NZ[¢]
Integrating the density given in Lemma for the case 2p > dp]\(,f) (s0 |21 — 20| = |£]) and using
|21 — 20| = |€| and the approximation cosag — cosaq ~ (a1 + ap)(a1 — ag) gives:
/ZI /QI(Z) L sinadadz = 1 cos(ap(z)) — cos(ai(z)) dz
zo Jao(z) dmp dmp 20
€] dp(§) dp(§) 1
= 14+ O(N
amp vig) N2l O
1 dy(8)° -1
= 1 N .
TN gz 1O

Now for the case 2p < de(g)’ see Figure [7| with small version of O, we have

— dy () d,(€) +2pcosa(z)
a € [ao(2), a1 (2)] == [arctan (N|€’ o - o 2psina> , arctan <N|g\ s 2psina>] :

so still o = %28 4 O(N~2) and

an(2) — ag(z) = ]\%(1 +O(N . (37)

Integrating as before gives, using and the fact that d,(£) +2p = [£|7! from Lemma

% amp J,,

Ol 2N 40 20 o
imp dy(6) +2p Njg| Mg T ONT)

2

_ 4p -1
= eNs (1+0(N"1).

z1 pai(z) |§| ' B ﬁ z1 B
sinadadz = cos(ap(z)) — cos(aq(z)) dz
z0 Jao(z)

as required. O
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0-) A

ag(z

Figure 7: The parameter interval [ag(2), oy (2)] given by angles between two tangent lines.

A.2 Corridors sums

Let ¢ be Euler’s totient function, i.e., the number of integers 1 < ¢ < p coprime with p. The
following lemma is classical number theory, but we couldn’t locate a proof of the full statement.

Lemma A.3 For every a > —2, we have

N u - Na+2 1
nz::ln p(n) = P @(1 +0(1))

2

where ¢ is the Riemann (-function, so ((2) = % .

Proof. Let yu be the Mébius function. A standard equality is p(n) = >4, p(d). Therefore

;N:ln%(n) = Zznu sza ( )Hl

n=1 djn n=1 d|n

N ¥ N at2
- E:E:WM®m“4—§:WM®ai2<Z> (1+ o(1)
d=1

d=1m=1

No+2 N M(d) Not+2 1

a7z 2 (o) = T 1+ o)
where we used the Dirichlet series identity Y~ df) = ﬁ for s = 2.

As an aside, there are asymptotic formulas for s > 2

—1
ZSO (s 1) and ZSO ——i—(’)((logN)%(loglogN)%), (38)
p>1 )
where ¢ the Riemann (-function, see [15, Theorem 288|. O

In the course of this paper we denote the set of pairs (£,¢’) that are “visible” from the origin
by ¥, i.e., £ = (p,q), ged(p,q) = 1 and |¢] < (2p)~!. Sums of the type in the following lemma
were used throughout the paper.
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Lemma A.4 We have

a+2 gQ(W) (20)7@D  ifa > —2;

S 1ee{ < Jlog ifa=—
(e£ew <L ifa<—2.

where ¢ is the Riemann (-function.

Proof.Using the two coordinate axes and their bisectrices, we divide the plane into eight sectors
and for each sector, we sum the scatterers in §. Circular sections of radius R have asymptotically
7 as many points as triangular sectors with base R. By Lemma their sum is, for a > —2,

a 81 a __ 1 — a
Z €]~ 1 Z |€]¢ =27 Z #(p)p® 2+ @ )(2p) (2+a)

(§€)ev 0<q<p=(2p)~* 1<p<(2p) 1
If a = —2, then a similar computation gives < |log p|, and for a < —2, the series is summable:
27 3 <pe(apy-1 $@)PT < 27 [(Cx%dr = -2z O

Lemma A.5 Forp € [1,2), the p-norm of the displacement function satisfies
Iklle < (p(2 —p)) 7 p~"

Proof. Take p € [1,2). We estimate over all £-corridors similarly as in Lemma

S < ST N e min{ag €N

€1<(20)~1 N>1
L4 (€)/(20)] o

1 _ _ _
S DNl D DRI D DR G
l€1<(2p) 1 N=1 N=[d,(€)/(2p)]
1 1 1 _ _
< m (e i) X i
™ —p B
1€1<(2p)
1 1 1
~ ol ot ) @2p)77,
o rasy) @
by Lemma [A:4] Taking the p-th root gives the result. O

Lemma A.6 Suppose § > 0 is such that Mertens’ function M(n) =>4, u(d) satisfies |M(n)| <

0 Let W € W* be a stable leaf, and let Uy stand for all lattice points & = (p,q) € ¥ that
can be reached from Og with coordinates in W. Then for every a € (% +0,1),

—a a— a— lo 2 1/2
Z €17 < W p* % +p llog(l/p)+g’§/v/’p).
(£,£)evy

Validity of the Riemann hypothesis is equivalent to |M(n)| < n%%, and the numerical
evidence available int the literature shows no counter-example to |M (n)| < %\/ﬁ for n < 101900,

Given that n ~ (2p)~! in the way we will apply this, it seems safe to use of Lemma for
0= %, as we will.
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Proof. There is an arc W € S! of length [W| < |W| such that every lattice point that can
be reached from Op with coordinates in W has its polar angle in W. Due to the symmetries
in the Z2, it suffices to study W C [0,7/2], so the lattice point £ = (p,q) in this Sector satisfy

0 < ¢q < pand tan(W) C [0,1]. In fact, we will start by assuming that tan(W) € 5 1%]

Because p>+¢” > 2pq for all (p, q) = &, we have 3¢ eneq,, 617" <272 X ney o Liv (5)-
We will apply an estimate from [23 Theorem 2.2], which, in our terminology, reduces to

> 1a/2¢<p> = CaP”/w(ﬂf) dz + O(p"“log(1/p))

cirew (pq) q

k
Po|Yam ¥ oa S BB )
L#£0 d<(2p)~1 k<(2pd)~
dje

where C, is a constant depending only on a, and c¢(¢) is the ¢-th Fourier coefficient of =
Y(x)x™ o

If ¢ = 1y5, then these Fourier coefficients are not summable, so we first smoothen 1 to a
function 1) supp(¢)) is concentric to W and |supp()| = |W| =: 3w. On W itself, ) = 1 and on

the two interval components ¢ is a translated copy of the function f : [~%,§] — R defined by
1 1 2rx
folt) =5 =5y T

Then [ dz = 2w and integrating by parts twice gives an estimate of the Fourier coefficients of

x = p(x)x™?

because supp(?) is bounded away from {0,1} (so 2= doesn’t blow up) and (¢¥(z)x~*)" =0
outside supp().

For a > % + 9§, the Dirichlet series of the M6bius function can be estimated using the Abel
summation formula:

Z,u(k‘)kf“ =M(n)n=*— M(1) + a/ M(x)z 1 7%dr < patee a/ 252 dr < 00
1 1

where we used our assumption on Mertens’ function M(n) = > p_; u(k). In fact, >, & ((’f =
¢(a)~! for a > 2, again provided the Riemann hypothesis holds.

Gronwall’s Theorem (see [15, Theorem 323]) implies that }_;,d < floglogf. We use this
to estimate the last big O-term in .

—a 1 loglog? 1 2p) ' loglog(1/2p

2
£eN a<(2p)~1 2<0<(2p) 7t £>(2p)~1 ¢
dj¢
log?(1/2p)
" )

Hence becomes

1
Z Wlw(g)ﬁ Z

(£,¢)ev £,¢)ev

log?(1/2p)
wi

1 P a— a—
TOLE b)) < Wl >4 p*log(1/p) +
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as required. . )

It remains to consider the cases that tan(W) ¢ [55, i5]. Suppose instead that tan(W) C
(0, %] (we ignore the single § = (0,1)). In this case, we give an injection between the lattice
points in the W-sector with coprime coordinates to the set of lattice points (with coprime
1

coordinates and comparable norm) in a sector of comparable width, but near polar angle 5

Indeed, set Qr = {q/p : p.q € N,ged(p,q) = 1} U {0} and Z., = {(¢,p) € Z* : p,q >
0, gcd(p, ¢) = 1}, and define the Calkin-Wilf map f : Qcp — Qgp [6] as well as g : Zep — Zep by

fram— 15512m g:(q,p) = (P, —q+2q|p/q])

The f-orbit of 0 enumerates all non-negative lowest-term rationals, see [6] and g is just the same

function expressed on the collection of lattice points. Since f2((0, &]) C (3, 3] and [g(¢)| < 4¢],

the second iterate g2 provides the required injection. In case tan(W) C | ) we use g°. O

B Distortion properties

Throughout, a uniform constant is a constant that is independent of p.

Let us recall some terminology and notations from [§]. Unstable curves generate dispersing
wavefronts, which are evolved by the free flight, and then leave traces of unstable curves on
the scatterer at the next collision. For wavefronts it is convenient to use the Jacobi coordinates
(d§,dw), and an important quantity]’| Q = ‘3—2’, the curvature of the wavefront. Q= and QF
denote its value immediately before and after a particular collision, respectively.

On the scatterer, the traditional coordinates are (r, ¢) yet, we prefer to use the p-independent

(0, ¢) and take advantage of

d d
= = (27p)—.
a9 = )y,

First we relate 2~ to the slope of the unstable curve:

(2%)_1% =pQ cosp+1

differentiating with respect to 0 gives

d? aa~ d
(27r)*1d—£ = —gpcos ¢ — p§)” sin qbd—z. (40)
Lemma B.1 There exists a uniform constant C > 0 such that for any C? smooth unstable
curve W there exists ny such that for n > ny on all components of T"W we have

d%¢

2 < Cp. (41)

Thus we may restrict to the class of regular unstable curves for which holds. Also, this
shows that as p — 0, the unstable curves limit in a C? sense to straight lines of slope 2.

Proof. The properties of the free flight are not effected by shrinking the scatterers or using the
f-coordinate. Thus
0< Q- < (Tmin)_l

3Usually called B in billiard literature such as [8], but we write € to avoid confusion with Banach spaces B.
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and, by , it is enough to show
dst <C
do | —
to prove the lemma. Now % = (Qﬂp)%, and the evolution of dfll—; is discussed in [8, section
4.6]. Following the notation there, introduce

ey &

=2 J o
& r 1= 03

and use superscripts — and 4+ to denote pre- and post-collision values of these quantities, re-
spectively. [8, Formula (4.37)] states

0 3
_F1+: (Q"‘) Fl_—l-Hl,

where
B 6p~2sin¢ + 6p~ Q" cos psin ¢

(2071 + Q~ cos ¢)?

H,y

and by the analysis of [8, page 81]:
e [ remains constant between collisions
e there exists a uniform constant ©® < 1 such that g—; <6,

e there exists a uniform constant C; > 0 such that |Hi| < C;. This remains valid for
shrinking p as the denominator scales with p~2 while the numerator scales with p—2.

Hence it follows that |Fy(n + 1)| < ©3|F(n)| + C, where Fj(n) is the value of F} between the
n-th and the (n 4 1)st collision. This implies that there exists Co > 0 and ny (depending on
the curve W) such that for any n > ny we have |Fi(n)| < Cs.
Now &7 | = |Fy |- (27)3 < Cs for some uniform C3 > 0, and finally [8, Formula (4.24)]
states
aQ~

_ - (02w
= =& cosp— (2 )*sing

which thus implies that ‘dg—r_‘ < (4 for some uniform constant C4 > 0. This bound completes
the proof of the lemma. O

It follows that regular unstable curves can be parametrised by the coordinate 6, and for any
smooth function f : W — R, % = %, where z is (Euclidean) arc-length along the curve —
dx? = df? + dp? (not to be confused with the arc-length r along the scatterer).

Let us also recall that an unstable curve is homogeneous if it is regular and contained in
one of the homogeneity strips Hjy, = {(6,¢)|5 — k™™ < ¢ < § — (k+1)7"}. For such curves,
analogous to [8, Formula (5.13)], we have

ro+1
IW| < Ccos ™ ¢ (42)

for some uniform constant C' > 0, where ¢ corresponds to some (and thus any) point of W.
(This follows as the slope of the curve is uniformly bounded away from 0 and co.)

Distortion bounds are stated as follows. Let W be a homogeneous unstable curve, and
assume that for some N > 1, W,, = T~"W is a homogeneous unstable curve for n =0,1,..., N.
For x € W, let z,, = T""x € W,. Let JyT "(x) and Jy, T *(z,) denote the respective
Jacobians.
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Lemma B.2 Consider W and N as above and y,z € W arbitrary. There exists a uniform
constant Cyg > 0 such that

1
[og JwT N (y) —log JwT N (2)] < Cy|W|70+T,

Proof. The lemma relies on Formula

C

Cos ¢,

d
— log JWnT_l(xn)

dr. (43)

for some uniform C' > 0, cf. [8, Formula (5.8)].
Using this formula the argument in the proof of [8, Lemma 5.27] can be repeated literally:

N—-1
llog Jw TN (y) —log JwT N (2)] < > [log Jw, T " (yn) —log Jw, T~ (zn)|
n=0

N-1
> [Wa|max
n=0

N-1

< C Z |Wh|"o

n=0

IN

d
—log Jw, T (z,
dx, 08 JWn (n) COS ¢p,

N-1
S C Z |Wn|
n=0

1

T < oW, (44)

where we have used the chain rule, Formula (43)), Formula and the uniform hyperbolicity.
It remains to prove . Here we essentially follow [8 pp. 106-107]. We have

1 don\*\ 1 dpni1\>
log JWnT_l(xn) = logcos ¢, + ilog (47T2p2 + (g;;) ) — ilog (47r2p2 + (d?,:i) >

— log (2p_17n+1 + €08 i1 (1 + Tns195,4)) -

Let us consider the derivatives of these terms separately. As noted above, differentiation with
respect to 0, and xz,, can be interchanged. By Lemma the derivative of the second term
w.r. to 6, is uniformly bounded. The same applies to the derivative of the third term with

respect to 0,41, while

dﬂjn—f—l — JWnTil (xn)

dz.,

is uniformly bounded from above. The first term gives the main contribution: as cos ¢, is not
bounded away from 0, the derivative of its logarithm is

’ d(log cos ¢y,) d(log cos ¢y,) C

= cosoy,

<C‘

The fourth term is the logarithm of the quantity

2p_17'n+1 + 08 Gpp1 (1 + 7192, 1)

that is bounded from below, but not from above. It is thus (more than) enough to show that,
when taking the derivative, all contributions to the numerator are uniformly bounded. This
holds immediately by the previous discussion for all the terms except 2p*1d$:7“ which requires
further investigation. Note !

Tnt+1 = dist(P(xy), P(Tn11))

where P(z,) and P(z,41) are points on the billiard table (and thus on R?) associated to the
points x,, € W, and x,,+.1 € W,,1 on the two scatterers, respectively. In an appropriate reference
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frame P(x,) = (pcos by, psinb,) hence the 0,,-derivatives of both coordinates are < p, and the
same holds for the 6,,11-derivatives of the coordinates of P(x;,1). Thus

dTp41

<Cp

dx,

which is sufficient for our purposes.

Case m > 1. The main differences in this case come down to bringing the integrals contain-
ing non bounded terms such as x” and k" to a form similar to (56]) after having gained some
exponential decay in m. It is exactly here where we shall use that Ba, C LP(u Ap)‘ O

C Decay of correlation for k.
The main result of this section is the justification of , that is
Proposition C.1 There exist C'p >0 and 1§p < 1 such that

e for any j > 1 we have

‘ / (™) — 1) (")) — 1) o Td dp — / () — 1) dp / (P —1)dp| <
Mo Mo Mo

< Gy, (45)
e and for any j,£ > 1 we have

‘ /M (") — 1R — 1) (e0) — 1) 0 TV dps
0

_ /M (eitﬁ(p) _ 1)Rf)(€im(p) —1) d#/ (eitn(p) —1)dp
0

Mo
— (/ (eit“(p) - 1) d,u) / (eim(p) -1) (e”“(p) —1)o Tg du
Mo MD
. 3 . N
+ ( / (e@tﬂ<ﬂ>—1)dﬂ) ( < O, tf2omta, (46)
Mo i’

The dependence of this exponential rate on p gives the main source of unknown dependence
on p in the main results of our paper. During the proof we will point out the exact sources of
unknown dependence of 1§p <1 on p.

The proof of this result consists in: a) reconsider [J, Proposition 9.1]; b) only for (46]), work
with a version of R, with spectral gap in a Banach space embedded in some LP space with
p > 1. Ttem a) is needed in order to obtain the bound [¢t|? and the decay of correlation in j.
Item b) is needed to obtain the joint decay in j and ¢. Item b) is possible because for every
p >0, there exists a Young tower A, and a tower map T, associated with the billiard map T;
this is ensured by the construction in [7, 24]. We emphasize that we will not exploit any fine
dependence on p of Ta, (the mere existence is enough), which is why this part of our arguments
can be worked on the Young tower A,.

Throughout, C' > 0 (C1,Cs...) and ¥ < 1 (91,72, ...) denote constants independent of p and
f =< g means that there exists C > 0 such that C~1f < g < Cf. In particular d,(¢) =< ¢~
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C.1 Standard pair argument

In this section we reconsider [9, Proposition 9.1]. Let us introduce truncation levels H, H>0
to be fixed later and
= “Lw<n K=K — K

"
A

" n
K = K—K .

IS ®

L

As |k| < [¢]m on Dg . the truncation ' restricts x to the cells D, with m < H|¢|™1.
The result we will use in the proof of Proposition below is

Lemma C.2 For any cy > 2 we have
(i) [ W] 6" o T du < CH2H 7,
. 1,1
(ii)" [ |K"| |5 o T9 dp < C|log p| - (H 220 log H p=3" + H2—cop—2—co).

Furthermore, for any q € (1, % - m) and

q+1 1—%
— < c<
9_¢q T 2—2

(i) [|K7-|K"|9 0TI dp < CHITLHI-2p=3,

(i) [|&"]7- k|70 Tidu<C (H—%+‘1+C(q—1)+ﬁpc(q—l)—q—Q—V + Hc(q—2)+q+1p—1—q—c(2—q)>,

Remark C.3 Let q(rg) = % — ﬁ, the upper bound on q for ro fived. Let, furthermore,
_1
c1(q) = %_(11 and c2(q) = 2(}% — 1, the lower and upper bounds on ¢ for q fized. Note that c1(q)

is increasing in q, while ca(q) is decreasing in q, and c1(q(ro)) = c2(q(rg)). Also ¢1(1) = 2 and
c2(1) = oo, which is in accordance with the conditions on cy. Note also that:
1

o The condition ¢ < c2(q) = 5.7 — 1 is equivalent to ¢+ c(q — 1) < 3 - % This ensures
that the power of H in the first term of (ii) is negative.
e Since c>ci1(q) = %, the power of H in the second term of (ii) is negative.

—_

e Choosing H = H¢, the power of H in (i) is also negative, again for ¢ > c¢1(q) = 2%

LS

Standard pairs and families. Let us recall some terminology related to standard pairs,
see also [0 page 29]. A standard pair ¢ = (W, hy) is a regular unstable curve W that supports
a dynamically log-Holder continuous probability density hys. As such, it can be regarded as a
probability measure on the phase space M, which will be denoted by ¢, too.

A standard family is a collection of standard pairs G = {{,}, a € A equipped with a
probability factor measure Ag on A. This induces a probability measure Pg on M.

For a standard pair ¢ = (W, hyy) any = € W splits W into two subcurves, let ry(z) denote
the length of the shorter, and let Zy = sup,-¢e 4(ry < ¢). By Hélder continuity of log hyy, ¢
is equivalent to the normalized Lebesgue measure on W and thus Z, =< |[W|~!. This generalizes
for the Z-function of a standard family Zg < [ )I\gV(fl) dmyy.

The T-image of a standard pair is a countable collection of standard pairs. Hence, the image
of a standard family is a standard family. Given a standard family G, for n > 1, G,, denotes the
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T™-image of G. It follows from the growth lemma (Proposition for ¢ = 1) that there exists
¥ <1 and Cq,Cy > 0 such that

Zg, < C19"2g + Caby

where §g < p”, see and also Remark part (i)). As consequence, for any standard pair
and for any n > 1

2g, < Cmax(Zg,,p™"). (47)

Cells. For ¢ € Z? such that the corridor is opened up, and for m € Z let D¢y ¢ M
denote the set of points for which k = mé +¢’. The geometric properties of D¢ ,,, and its image
T D¢, will play an important role in the argument. T D¢ p, is depicted in Figure 2, A similar
description applies to Dg p,; it is delimited by a long singularity curve, decreasing in the (6, ¢)
coordinates, which is connected to the boundary of M by two shorter decreasing singularity
curves, of length =< (|¢|pm)~1/2, running at a distance =< (|¢|m)~2 from each other. Further
properties:

o W(Dem) = u(TDem) < p €| 3m™3 (due to the factor cos ¢ in the measure).

e an unstable curve may intersect D¢ ,,, in a subcurve of length < C(|¢|m) ™2

1
e T' D¢, intersects homogeneity strips of index k > C/(p[&|m) 270

If £ = (W,hw) is a standard pair, then it can intersect D¢,, in a subcurve of length
< C(|¢|m)~2, thus the intersection has probability bounded above by C(|&|m)2|W|~! =<
Zy(]€|m) 2. Tt follows that for a standard family G we have

Pg(Dem) < C(1€|m) > Zg. (48)

Our argument below follows the proof of [9, Proposition 9.1] taking into account that the
corridor structure depends on p.

Proof of Lemma [C.2L For item (i), using pu(7~ JD 5) << p it 3|73 as well as Lemma [A.4
several times, we get

m‘m

/W‘q ’FLHHOT]’qd/’L<CZZ’E‘ WZ Z miu(Den N T "De )

\&I

%
<0p*1ZZ\£! i3 e Z Mt

=i
<Cp7' Y HTN T Y AT T < CHTTHT?p
§ 3
We will take H = H® for ¢ > 0 to be determined. To get a negative power of H, we need ¢ < 2
and ¢ > #.

For the proof of (ii), we need to estimate
[ o < CZZ\& e Z mf Z (D NTID; ). (49)
m_T
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For different ranges of the indices, we will use two different estimates to bound (D¢, N
T_JDém). On the one hand, as before, we have

#(Dean NT"De 1) < Dy ) < Co ], (50)

For the other estimate, foliate D ,, with unstable curves |W| of length =< (|¢|m)~2. The
image of any such curve stretches along T'Dg ,,, crossing homogeneity strips with indices k >
1
C(p|¢lm)?o. The piece of TW in the k-th homogeneity strip will be denoted by T'Wy, it has
length < k=70~ and its preimage has length
P P

Wi| < k=0t =
e mire ~ JepmkzroeT

as the expansion factor of T on W}, is < p~!|¢|mk™. Equipped with the conditional measure
induced by p, W is a standard pair £ = (W, hyy), and its image is a standard family 70 associated
to the curves TWy. To obtain the Z function, we use that the weight of |TW},| within this family

o IWal
ERVUE thus

_ (Wil 1 _ pIEPM?
Zpg = Z W’ka‘ = Z WWO
1 1
k>C(pl€|m) 70 k>C(pl¢|m) 20
1, 1
<pmlgl 3L K= (pmlgl)

1
k>C(plg|m) 370

This analysis applies to all the curves in the foliation. Accordingly, u conditioned on Dy ,, can
be regarded as a standard family G, and the Z function of its T-image satisfies

1,1
Zg, < C(pm|¢])> " 0.
For further iterates, it follows form that
_ 1,1
Zg, < Cp¥(mlg])> 7.
Now we apply to get
Dem NT "Dy 1) = t(Den)Pg, (D 5,) < Cpi Dem) Zg,, €] >

5 1

~ _5, 1
< ClE|™ 42| 2  Zrom 2 mo i, (51)

We split into two parts. If m < m€ (for some ¢ > 0 to be determined), we use and get

o0 me¢
DD Il > m® > mIn(Degn VT "D )
¢ ¢ m=il  m=l
Shgril 2 S S
ScpflfVZZm 214 2r0‘§|q72 Z m~ 2T 3Gy cla—1)
€ ¢ m={

< Cpf1qu—%+q+c(q—1)+ﬁ Z j€~1—ela=D) Z a2
£ £

3 1
< Cv]y—5‘*‘(14“3((1—1)4‘%pc(qfl)qu2fu7
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where we have used that by ¢ + ¢(¢ — 1) < %

1

1—L
condition is equivalent to ¢ < ca(q) = Qq:%, cf. Remark |C.3). Note that if ¢ = 1 then this
contribution is independent of ¢; however, there is an additional factor of |log p| - log H.

If m > m® we use and get

— ﬁ the contribution of m is summable (this

o

DD JEFIET Y0 mT YT mtu(Dem N T Dg )
I3 m

_H m=m¢
¢ [€]

m=m¢

<O Y Y mt Y
€ ¢ m=1

<Ot Y I 3 mele
€ ¢ m=11

< CHA I Dtatl -1 Z |¢|e@-a)—1 Z |€]973 | < cgela-2tatl ym1-g—c(2=q)
€ 3
and in case ¢ = 1 we still have an additional |logp| factor. The condition of summability

S sati g+1
¢(q —2) +q < —1is satisfied as ¢ > 5=
Summarizing, we need

3 1 q+1
1<qg<?2, -1 <z —=—, — <
<q g+elg—1) <3 50 5 g ¢

First we may fix ¢ such that
31 q+1 2 —1
Z_ -~ > " (g—1)= = <2-
2 g 1T V=5 I -1

7o

and then we can fix c slightly larger than %, such that the conditions are still met. The range

of allowed ¢ depends on rg, it can never exceed g; for the traditional 7o = 2 the upper bound is

%, while for ro = 4 the upper bound is %0. O

C.2 Exploiting the existence of a Young tower for 7,

Let (ApaTApn“Ap) be the corresponding one sided Young tower and let Rx  be the transfer

operator of T . Let #(p) be the version of x(p) on A,. Since £ is constant on stable leaves, we
have for any j,¢ > 0,

/M (") — 1) RE(e™(0) — 1) (™) — 1) 0 TY dps
0
= /A (e™F(P) _ 1) Rgp(ewm —1) (") — 1) 0 T, dpa,- (52)
P
We recall that for every p > 0, Rx when viewed as an operator acting on the Young Banach
AP

space By C LP(ug ) has a spectral gap (see [7, 24]).
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Proof of Proposition We first prove the statement for the case when £ = 0 and point
out the required modifications when ¢ > 1.

Case ¢ = 0. Given , in this case we need to show that

o o . o 2
1tk 1tk _ 1tk _
/Ap<e D)) @ 1o T s, ([ (@ - 1)ng,)

Ap

< Clt[*99. (53)

for some 1§p < 1 and some uniform C'p.
Throughout this proof, we let x’, ", k", k""" also denote their corresponding versions on the

tower A, and the context in which they appear will make it clear which version we are referring
to.

Write

/_ (ez'tf%(p) —1) (eitf%(p) —1)o Tép dMAp — /_ (eir%t _ ei”,t) . (ez’f%t —1)o Té'p d,UJAp
P
+/A (emt _ 1) . (ez’fet o eiﬁ t) OTJApdNAp _|_/ (eint _ 1) . (ein t 1) OTip d.UAp
p p

:/A emt.(emt_l),(ei/%t_l)oTédeAp-l-/ (eiﬁt_l),ein tOTép‘(em t_l)oTépd/J’Ap
P P

+ / (et —1)- (""" —1)0 Tﬁp dpg, = (L, p) + Iz(t, p) + Is(t, p).
Ap

For I5(t, p) we use the exponential decay of correlation. This gives the only source of unknown

dependence on p in the case m = 0. More precisely, for every p > 0, there exists 6 < 1 and some
uniform constant C, > 0 so that

Bit) = [ (@ = 1)dus, [ (€D dus,
A, A,

///t

< Cp 0 )€™ gy, €™ 1|5y, < C, 03H H |t (54)

Thus,

Bit) = ([ (@0~ 1)ps,)

Ap

] [ @ dus, [ @1 dus, ~ [ =1 dus, [ - 1)dug
A, p A, P ~ p A, p
= C,00H H|t]* +|J(t, p)l.

< C,09H H [t

By definition,

ol =] [ @ - ndu [ @ nda [ @ nau [ @1
Mo Mo Mo Mo

and we note that J(¢, p) is bounded by the sum of

/ femlt : (eit,{// . 1)|d,u/ ‘eitm//t . 1|d/1' < ’t’2/”€1{m>H} d,u/ |I€///’du
Mo Mo Mo

and a similar term with H instead of H. Using the Holder inequality (with exponents 1—J2r5 and
1—35), the tail behaviour of x and Lemma we obtain that

/M 6l s iy it < 16l posces) pul|s] > H)O02 < pm = (70),
0
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Also [ K" dp < ||l L1y < p~". Hence,

T, )| < [12p72 (B0 4 0700 (55)

Finally, note that

Lt p) + Io(t, p)| < |1 / WL |6l o T} dpis, + [t / W[ 5" 0 TY dpa,

p Ap

= |2 (/M |/~€"|-|/{0Tipd,u+/M m’|-|fe””!oTipdu>- (56)
0 0

For this case £ = 0 case if we fix any ro > 2 (taking into account that H = H), then we may
bound the coefficients of |t in |.J (¢, p)| from (B5), |11 (¢, p)| and |I5(t, p)| from (56)), respectively
by p’QH*(I*‘S); H’ép*‘l + H2fr:opf%7007 Hzfcopfz.7
where in the bound for |I;(¢,p)| the exponents of H and p have been slightly decreased to
bound the logarithmic factors. Fixing ¢y = and 0= , all these are dominated by H _%p_%.
On the other hand the coefficient of [¢|? in \Ig(t p)| is C, ) Heot! = C, éf)H% Thus letting

H = (Cp 1 Hp] p ?> T we conclude that all terms are dominated by

1.1
POy (07).

I have not checked the ¢ > 1 case yet but I think we can argue by continuity that the same
exponents work there, too (choosing ¢ sufficiently close to 1 and thus p large accordingly). Well
the price we pay that we have to replace C, by CS from — which, for large p, can be large —
but since we have no control on it anyway, I do not think we should bother with that too much.

Case ¢ > 1. The main differences in this case come down to dealing with integrals containing
unbounded terms " and «”” in such a way that can gain exponential decay in £ and then proceed
as in the case £ = 0 treated above. To do this, we exploit that By, C LP(uz ).

Using , we need to estimate

Ttop)i= [ (€0 1) RE (10— 1) (0 1) 0 TS ds,

Ap

— [ @0 - DRE (€~ 1) dus, [ (@O - 1) du,

A, A,

_ / (e'F(P) — 1) dpa, / (e5(P) — 1) (P — 1) o Tg dpa,
A, A

o
i (/Ap(eit/%(p) _ 1)dMAp)3-

For every p > 0, the transfer operator R A, (0) has a spectral gap in B A, Thus, for every £ > 1,
RZAP (ez‘m(p) —1)— pr (ez‘m(p) —1) dﬂA Qe ( itr(p) _ 1) where

1%, (") = 1|5, < C, 6y, (57)

for some non-uniform C, and some Gp < 1. This is the first source of unknown dependence on
p- Since By C LP(ug,),

1QK, (¢ = Dll1ouy ) < Cp 6, (58)
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for some non-uniform C’g. This is the second source of unknown dependence on p.

With these specified, we can write

_ itk 1 itk itk j _
Tt = [0 1) Q4 (€0~ 1) (€40 1) o TS dus,

Ap

- [ @ - 0Qh (¢ 1) dus, [ (@ 1) du,
A

A, ,
= E(t,p) — G(t, p)

and rearranging as in the case m =0,

Bltp) = [ (€= ") Q4 (0 ~1) (¢ < 1) 0 TS dus,
P
+ /A ( k't )QE ( ith(p) 1) (ei/%t o ein”’t) ngp d#Ap
P
///t

+/ (™! =1) Q, (") —1) (™" 1) o T% dus,

Ap

:/ thE (’Ltl‘ip —1)(em”t—1)~(emt—1)OT£deAp

Ap

k't ¢ wk(p) iK
+ [ @15 0 1)

P

///t ////t

o Tép (et~ 1) o Tép dug,

N /Nt

+/A (e iK't )QZ (m@p —1) (e _1)OT£,, d,uAp = F(t,p) + Ex(t, p) + Es(t, p).

Let g € (1,2 — 7Tf_1) so that Lemma holds. Using Hoélder inequality with 1/p+1/q =1
and ,

Bi(t,p) + Balt, p)] < 1Q5, (59 = 1) pagug y 10206+ 17 0 T, o
1S, (9 ~ oy W1 W10 T i
Y4
< OG5 (1161151 0 T3, lzagus, ) + MWL 16710 TS, Nzt ) -

Similar to estimating , using Lemma and Remark and without trying for optimal
bounds, we can pick g close to 1 and ¢y < % such that co(q—2)+q+1= —%. For these values,

A _1 =5
|Ev(t, p) + Ea(t, p)| < CCQOL[t]P H 5apa . (59)
Next, let

N /Nt

Lift) = [ (€7 =1) Q5 (€10 — 1) (¢ = 1) o TS du,

- [ @ D@L @ < Vs, [ (D dus,

A, A,
and note that

Es(t,p) — G(t,p) = La(t, p) — / (") — QY (") — 1) dpg, / (€™ — 1) dux,

A, Ap
_/ (eztn )Qﬂ ( ith(p )d#A / ( wh(p) eitn’”) d,uA
A, A ?

= Ll(ta P) - LQ(tap) - L3(t7p>'
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By the exponential decay of correlations as in as well as

[Li(t.p)l < Co @O H H [tP|Q (€™ = 1)l|a(y ) < Cp Cp b [t HF,

where as before ¢y < % Finally, by the equation before , we have

[La(t, p)] < 1% 7 H- U QK ("5 = 1)l (g ) < Cp Cp G182  p~ 1 H- ()

A similar argument applies to L3(t, p).

The conclusion follows with a similar choice of H as in the case £ = 0 treated above. O
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