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Abstract

We prove that the critical point and the point 1 have dense orbits for Lebesgue-a.e.,
parameter pairs in the two-parameter skew tent family and generalised S-transformations.
As an application, we show that for the generalised S-transformation with the tribonacci
number as slope, there is matching (i.e., 7"(0) = T"(1) for some n > 1) for Lebesgue-a.e.
translation parameter.
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1 Introduction

Tent maps and S-transformations are among the simplest interval maps that exhibit topo-
logically chaotic behaviour, whilst having an absolutely continuous invariant measure p
(acip), provided their slopes are greater than one in absolute value. The orbit of the
critical point (for the tent map) and the orbit of 1 (for S-transformations) are the most
important because they delimit every other orbit. Several paper has been devoted to
whether this orbit is dense, or even typical w.r.t. u (i.e., the Birkhoff Ergodic Theorem
applies to this orbit), for a prevalent set of parameters. Schmeling [12] showed that for
the standard S-transformation x — Sz (mod 1), the orbit of 1 is typical w.r.t. the acip
tp Lebesgue almost every slope 8 > 1. His proof relies on dimension-theoretic arguments.
Bruin [4], using inducing techniques, proved analogous results for the symmetric tent fam-
ily Ts(x) = min{sz, s(1 — z)}, s € (1,2], after previous results on denseness of the critical
orbit by Brucks & Misiurewicz [2] and Brucks & Buckzolich [1], who improved “almost
every parameter” to “a co-o-porous parameter set”.
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Definition 1.1 A set A C R"™ has porosity constant n if for every a € A and r > 0 there
is v’ € (0,7) and a ball B(x;2nr") which is contained in B(a;r") \ A. We call A porous
if it has a positive porosity constant, and o-porous if it is the countable union of porous
sets Ay, (and hence the porosity constants n, > 0 are allowed to tend to 0 as n — o0), see
[8, 13]. The complement of a o-porous set is called co-o-porous.

Porous sets are nowhere dense and have no Lebesgue density points, so o-porous sets
in R™ are meager and have zero n-dimensional Lebesgue measure. However, they can have
full Hausdorff dimension.

In this paper we study the problem for two-parameter families, namely the skew tent
family T, g (named by Misiurewicz & Visinescu [9] and defined in (1) below) and the gener-
alised f-transformations G, g(x) = Bz 4+« (mod 1). These generalised S-transformations
were probably first studied by Parry [11], and Faller & Pfister [6] (using methods similar
to Schmeling’s) proved that the orbit 1 (and in fact every x € [0, 1]), is typical for the
acip for Lebesgue-a.e. parameter pair.

The strategy consists of fixing one for the parameters, and showing denseness of the
critical orbit (or orbit of 1) for almost every value (or in cases a co-o-porous set) of the
other parameter. This falls slightly short of two-dimensional co-o-porosity, which is left
as an open problem. Also, the result is weaker than [6, Theorem 2|, for generalised (-
transformations, but whereas they fix a and vary (3, we prove it the other way around,
fixing § and varying «. This allows the following an application, namely that if the
slope B > 1 is a multinacci numbers, ie., 1 + 8+ 82+ --- + N1 = BN for some
N > 2, then for Lebesgue-a.e. translation parameter o € [0, 1], there is n > 1 such that

o.5(0) = Gy, 5(1). This property is called matching and has been studied in [5], where
it is shown that matching occurs for all quadratic Pisot slopes and a set of translation
parameters whose complement has Hausdorff dimension < 1. The tribonacci slope (i.e.,
1+ B+ % = B3) is also treated there, but the multinacci case is still open.
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2 Skew tent maps

The skew tent maps Ty, g : [0,1] — [0, 1] are given by

Q™

x, x € [0,a],

Top(x) = {1—601 (1-2), z¢€al], @

for 0 < max{a,1 —a} < g < 1.

Fix a € (0,1) and let &,(B8) = T, 5(v), where we note that « is the critical point of
the skew tent map. We call &, : I — [0, 1] a branch of &, whenever I is a maximal interval
on which &, is monotone. Let

£.(8)

%Tgﬁ(a*)’

Qn(B) =

where 8% denotes the space derivative and o~ the left limit lim;, »,. We can compute



that Q1(8) = % and Q2(8) > min{é, ﬁ} We have the recursive formula

%Taﬂ(fn_l(ﬂ)) + %Ta,ﬁ(gn—l(ﬁ))§;171</8)
5 Lo5(En-1(8) g5 T (a7)

_ %Ta,ﬁ(gnfl(ﬁ)) +Q (B)

= n—1 .

%Tgﬁ(a*)

Qn(ﬂ) =

Since ’%Tgﬁ(a_)‘ > A" for A := min{g, %} > 1, and %Ta’g(ﬁn_l(ﬁ))‘ < max{1, L},
the sequence (Q,,(8))n>1 is a Cauchy sequence that converges exponentially fast to its limit

@, and we can check that Q) > 0.

Lemma 2.1 There are u,C > 0, depending only on o € (0,1), such that for every n and
branch &, : I — [0,1] and every B1, 2 € 1,

& (B2)
&n(B1)
Proof. By the exponential convergence of (J,, together with the exponential growth of

%TOTZL, s(@”), we know that |I| is exponentially small in n. We can assume that 1 < 2,
so AS := By — B1 < |I| is positive and also exponentially small. In general,

1 <cem

-1

n—1
%T&“ﬁ(a_)zﬁ” [Taco)] . a(x):{

j=0

a, for r < «a,

1—a, forzxz>a.

is exponentially large because f > max{a, 1 —a}. Therefore there are exponentially small
errors €2 , and €1, such that

ACH Q£T§,52<a—>+52,n:<ﬁ2>”cz+sz,nﬁ;"

&(61) QETr; (a7) +e1n Bi) Q+einBi"
AB\" w1
<1+B> Qtcanby__ 14 omag).
B Q +e1nfy
This proves the lemma. O

We continue to fix parameter o. Let W,,_1 = W,,_1(5) be te maximal neighbourhood
of 8 =T, g(c) on which ngl is monotone, and M,, = M, () = Tg;l(Wn_l).

Lemma 2.2 For n > 1, there are integers 1 < ry, 7, < n such that ngl(aWn,l) =
(T3 (0. T ()}

Proof. Let 8 € W,_1 =: [bn_l,l;n]. By maximality of W,,, there is 7, < n such that
T 1(b,_1) = ¢ and so To’}ﬁ(bn,l) = T(ZET" (c¢). Likewise for bn_1 and 7. In fact, in
terms of cutting times {Sk}r>0 and co-cutting times {gl}lzg, b, =n —max{Sg : Sk < n}
and b, = n —max{S; : S; < n}, see [3]. O

This lemma is rather trivial, but it introduces the notation for the next lemma. Given
n >4, let Z,(5) be the maximal interval containing the critical value 8 such that ngl
is monotone on Z,(3). (If § is the common boundary point of two such interval, choose
the left one.) Since |8%T£,B| is exponentially large and due to Lemma 2.1, Z,(5) is
exponentially small.



Lemma 2.3 Let 3, and B, be the boundary points of Zn(B). Then (possibly after swap-
ping Bn and B,) we have &,(Bn) = &n—r, (Bn) and £n(Brn) = &n—i, (Bn). Moreover the

quotient
511(5,) B gnfrn (6/)
gnffn (5/) - gnfrn (ﬁ/)

is a monotone map from Zy () onto [0, 1].

q: B —

Proof. By maximality of Z,(53), at the boundary points 3, and By, of Zy, (8), there must
be integers 7, and 7, such that & (8,) = ¢ = &, (ﬂNn) Now as 8’ moves through the
interior of Z,(3), we have ¢ € T,";(0W;,-1(8')) and ¢ € TZTB(aWn—l(/B,))' This shows
that r,, and 7, depend only on Z,(3) (that is, on 8 only), and by swapping the boundary
points on Z, (/) if necessary, the integers r,, and 7, are the same as those in Lemma 2.2.
Finally, ¢ is clearly continuous, and thus onto [0, 1]. Since the slope of &, is larger than
the slopes of &,_,, and &,—,, the quotient ¢ is indeed a monotone function. O

Given a point = € [0,1] \ {a}, let the involution Z be the point different from x such
that T, g(2) = Tap(x). Let p= % € [a, B] be the orientation reversing fixed point of
Ta - Note that Tiﬁ(oz) <p<p<T,pla).

Proposition 2.1 Let T, g be a skew tent map with 0 < min{a,1 —a} < < 1. Then
there exists n € (0,1) and arbitrary small neighbourhoods J of the critical point ¢ = «
for which there are intervals H C J with |H| > n|J| and n € N such that T} 5 maps H
monotonically onto [p,p].

Proof. Let Jy = [p,p] and Hy C [c,p] be such that Taz’ﬁ(Ho) = [p,p]. First we assume
that the critical point ¢ is recurrent; the proof of the proposition is simple otherwise.

We construct neighbourhoods Ji 3 ¢ with subintervals H; and flk adjacent to the
endpoints of Ji inductively. We always set the ratio

e = R _ Ayl _ |[Hi U Hy
ILk| | Ly |Jkl

where Ly is the component of Ji \ {c¢} containing Hj, and Ly, is the other component.
Suppose Ji and Hy, H,, C J are known and assume by induction that

orb(8.Jx) N Jj, = 0, (2)

where ° denotes the interior. Let my = min{n > 1:T7 s(c) € Jy \ (Hx U H;)}, and let
Ji+1 be the maximal neighbourhood of ¢ such that 7,5 (J;, ;) C Ji. By the inductive
assumption, this means that 7,"5(9.J;, ;) C 9Jj.

We claim that there are C,u > 0 independently of k such that

J/
| k:—&—l‘ <Cefuk. (3)

This is because, for any = € J;_; \ {c} and J, the component of J;_ ; \ {c} containing z,

ka J/
2 o] - etk < L
or & |2 |y




But the derivative @ka is exponentially large and n;p > k, so there are C,u > 0

J/
depending only on «, 8 such that ‘|’“+|1| < Ce "k which is (3). As a consequence, 7 :=

70 HZ‘:() ( ‘{Jﬂl') > 0.

Now there are two cases:

. Tm‘“(JkH) B Jiyq- In this case, we set ny = my, Jpy1 = Jj,; and by (2) we have
orb(&]kﬂ) N Tk C 0Jg. (4)

Thus we can take Hyy1 and Hy 1 C Jy4q such that Tg%(HkH) = Tg%(ﬁkﬂ) equals

Hj, or Hy, say it is Hj, and J,j is the component of Ji \ {c} containing Hj. Because
the branches of T o.3lai . are affine

J
Pyt = nIJHk‘| Z |Hk‘| 2 - | k?| > <1 - ’ k?+1|> (5)
T 5 (Jes)l — Lk U T "Ly U Jk+1| | Tk |

o T7%(Jiy1) O Jipq- In this case choose ny = min{n > 1: T7 5(c) € J;,,} and let
Jk+1 be the maximal neighbourhood of ¢ such that 7" (Jk+1) C Jg. By (2) and

(4), again orb(8Jy41) N Jppq = 0 and To"5(0Tk41) C GJk Thus we can take Hy 1

and lﬁIkH C Jga1 such that TZ%(Hk+1) = Taﬁ(HkH) equals Hy or H,.. Also here
(5) can be verified in the same way.

This concludes the inductive construction, and we have

T2k (Hy) = Tk (Hy) = [p,p] for Ni :=np +ng—1+ - +no+ 2.

By (5) also r, > 19 Hi-:(} (1 — ‘ﬁfﬁ‘) > 1, so the proposition follows. O

Lemma 2.4 The set A= {(c, ) : orb(c) is not dense for T, g} is a Borel set.

Proof. Let {U;};en be countable basis of the topology on [0,1]. Then &,1([0,1] \ U;) is
closed and A = N; Uy, &,1([0,1] \ U;) is Borel. O

Theorem 2.1 The set of parameters (a, ) for which the critical point of Ty g has a
non-dense orbit has zero Lebesgue measure.

Proof. First fix o € (0,1). Then we show that the set of parameters 8 for which the
critical point of T,, 3 has a non-dense orbit is o-porous.

Let {U;}jen be countable basis of the topology on [0,1]. Fix « and let A; = {f :
T3 5(c) ¢ Uj for allm > 1} We first look at the sets U; that contain the critical point,
so B € Aj means that ¢ is not recurrent for T, g. Fix § € A; and define Z,(3) 3 S to
be the maximal neighbourhood of 5 on which &, is monotone. Now take n arbitrary such
that £,(Zn(8)) 3 ¢. Since T'5(c) ¢ U; for all m < n, £,(Z,) D U; and by Lemma 2.1,

& WU/ 12| > 51U Smce n can be taken arbitrarily large A; is porous. Hence the set
of B such that c is not recurrent Uy, A; is o-porous.

So for the rest of the proof we can assume that c is recurrent and we consider the Ujs
that don’t contain c¢. We call n a closest approach time if |§,4+1(8) — 8] < |&m+1(8) — 8]
for all m < n. Let n/ such a time and pick k maximal such that Jx 2 &,(8), where Ji

5



are the intervals in Proposition 2.1. Once this k is fixed we can take the smallest closest
approach time n < n’ such that &,(5) € Jx. Then &,(Z,(8)) D Jr D Hy. Therefore
(€1 (H) /16 (Jk)] = 7 and therefore |¢ 1 (Hy N T, A (U)I/1€5 ()| = nlUj]. Since n
can be taken arbitrarily large A; is porous. Therefore the set of 8 for which c is recurrent
but its orbit avoids some Uj is o-porous too.

Recall that o-porous sets have zero Lebesgue measure. Because we are speaking of
Borel sets (see Lemma 2.4), the result for all « follows from Fubini’s Theorem. 0

3 (eneralised [S-transformations
The generalised (-transformation G, : [0,1] = [0,1] is given by
Gop(z) =Pr+a (mod 1),

for a € [0,1] and 8 > 1. Due to the symmetry Go5(1 —2) =1 — Gi_(a48 (mod 1)),8(7) it
suffices to study only parameters a < (1 + |a+ 5] — 5)/2.

T
e

T
)

Figure 1: The generalised g-transformation with some important points indicated.

When we consider this as map on the circle [0, 1]/ ~, then it has a single discontinuity
point ¢ = 0 = 1. We call the left and right limit of the images G s(c™) and G¥ 5(c).

Lemma 3.1 For each f > 1 and o € [0,1], Gop has a unique smallest invariant
union Vo g of non-trivial intervals. Furthermore, for every 6 > 0 there is L such that
UJL:_Ol Gflﬁ(M) = Vg for every interval M of length |M| > 0.

Proof. If J is a non-trivial interval, that |Gy g(J)| = B|J| unless 0 is an interior point of
J. Hence J keeps growing under iteration of G, g until it contains 0 in its interior, and
in particular, there cannot be two disjoint G, g-invariant unions of intervals. We denote
the smallest such by V,, .

Now for the second statement, choose r € N such that " > 4. If a = 0, then G, g
is the normal j-transformation and there is nothing to prove. So take a € (0,1) and
choose ¢ > 0 such that Gjaﬁ(B(O;s)) Z 0 for 0 < j < r. This implies that if the interval

M C B(0;¢) and j > 1 are such that Giﬂ(M) > 0, then ]GQB(M)\ > 2|M|. For general
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intervals M C V, g of length |M| < ¢, we obtain |G]aﬁ(M)| > 27/ M| as long as Giﬂ(M)]
does not contain a component of B(0;¢) \ {0}.

If x is a left endpoint of (a component of) V,, g, then at least one point of G;}B(aj) is
equal to c or a left endpoint of V,, g. If the latter is true for all left endpoints, then these left

endpoints contain a periodic point, say of period m, which is expanding. Hence G;”’ (p+

n) > p+mn > p for all sufficiently small > 0, and therefore Va75\U;71:_()1 [Gfxﬁ(p), Gi’ﬂ(p—i—
n)) is forward invariant, contradicting the minimality of V, g. The same argument applies
to the right endpoints. Therefore 0V, g is contained in the forward orbit of the left and
right limit of the discontinuity point: there is Ly € N such that 0V, g C Ufﬁoqu B({a, a+p
(mod 1)}). Since Gy g is expanding, we can find L; € N such that

Ly Li-1
Vas © | J G50, and Vogc [ G (=2, 0]
j=0 Jj=0
Then the claimed property holds for L(§) = L — logy d". O

In [6] it is shown that for every o € [0,1] and = € [0, 1], the set of 8 > 1 such that =
is a typical point w.r.t. the measure of maximal entropy (i.e., the absolutely continuous
invariant probability measure (acip)) of G4 g has full Lebesgue measure. From this it
follows that for Lebesgue-a.e. pair («, 3), the point 0 is typical, and in particular has a
dense orbit in V, g from Lemma 3.1. This is in many ways stronger than what we will
prove, but for our purposes later on, it is important to first fix § (and = = 0 but any other
x would work equally well) and then vary «. In this way, we can use particular values
of 8, such as Pisot numbers. Namely, if 3 > 1 that are Pisot numbers, the techniques
to prove this result can also be used, to prove that G, g has matching for a full measure
set of «, cf. [5]. For us, only the typical denseness of the orbit of 0 is of interest, not the
stronger property of being typical w.r.t. its own acip, nor shall we prove that the set of «
with a non-dense orbit is o-porous.

For the generalised S-transformations, %Ggﬁ(aﬁ) = " and for fixed 8 > 1, &,(a) =

G7, 5(0) has derivative & (o) = % Therefore
§n(a) (8" —1) 1

=T o BBy T B-1 ST

and we can derive the same (uniform) distortion properties for &, as for the tent-map
case. In particular Lemma 2.1 holds.

For fixed 8 > 1, let W,,_1 = W,,_1(«) be the maximal neighbourhood of a = G, g(c™)
on which Tgﬂgl is monotone.

Lemma 3.2 For n > 1, there are integers 1 < 1} r;, < n such that Gz_ﬁl(ﬁWn_l) =
it e
{Gogm ("), Gogm(c)}

The proof is analogous to that of Lemma 2.2 and thus omitted. The parallel result
holds for the maximal neighbourhood of & +7 (mod 1) = G, g(c™), but we will not need
it.

Given n > 4, let Z,(«) be the maximal interval containing a such that &,_1 is mono-
tone on Z,(«). Since ‘8% ol is exponentially large and due to Lemma 2.1, Z,(a) is
exponentially small. The next lemma is the analogue of Lemma 2.3, proven in the same
way.



Lemma 3.3 Let o, and &, the boundary points of Z,(«). Then (after swapping o, and
du, if mecessary) we have &p(an) = &, +(an) and & (an) = &, - (an). Moreover the
quotient
G g @)
§nrr (@) =&, ()

is a monotone map from Zy(a) onto [0,1].

Proposition 3.1 For any fized 5 > 1 there is § € (0,1/8) such that for Lebesque-a.e.
a € [0,1], there is a sequence (n;) such that |, (Zn, (a))] > 6.
Zno Zn1 Zn
Znoo ‘ Zno1 :itted Znp11
&n &n
\ Ko : < M
:itted
7o
GOL,B T;lﬁ
. Ko T Ko JMnO
\—«‘: Ki1 JMTLI

omitted

Figure 2: Intervals used in the proof of Theorem 3.1.

Proof. It suffices to show that no a € [0, 1] can be a density point of the set of parameters
such that limsup,, |{,(Zn(@))| = 0. Take ap and n € N arbitrary. We will show that for
a definite (i.e., independent of n and «y) fraction of the set Z,(«yg), there is n’ such that
o (Zun ()] > 6. ] )

First set M, = &u(Zn(a)). Since &, = 55 we have [My| = 5= Zn(a0)| >
Cp"|Zn(ap)| for some C' > 0. Without loss of generality we can assume that ¢ € M,,, and
denote the two components of M, \ {c} by Ky and K7, and let Z,0(), Zn1 (o) C Zn(ap)
be the subintervals such that &,(Zni(ao) = K;. If |K;| < CB™?|Z,(ap)|, then we omit
Zni(ag) from Z,. Since |Ko| + |K1| > CB"|Z, ()|, at most one of them can be omitted,
and the omitted fraction is < f~"/2.

Next let 7, € N be the minimal integers such that &,r,(Zni) 2 ¢ and set M,; =
En+tr;(Zni) with components K;j;, j = 0,1, of My; \ {c}, and corresponding subintervals
Znij(o) C Zi(ap). Similar to the above, M,; = |K;o| + |K;1| = "|K;| and we omit
Znij(ao) if |Kj| < 87"/?|K;|. Thus the relative Lebesgue measure of omitted parameters
in this round is < §="1/2 := min{3~70/2, g~"1/2},

Continue inductively, until the images M,;,. ;. are finally longer than §. The non-
omitted proportion is [], (1 — 6*”’"/2) > exp(— Y ., 5*7"’”/2). Since each next My, i, is
much larger than the previous My, ;.. _,, the sequence (7)., is strictly decreasing and
naturally all the (finitely many) factors in the product are < 1. Hence the proportion
of non-omitted parameters is always at least exp(—>_, B_m/2) = e V(A1) — n > 0,
independently of o and n.

For each non-omitted parameter « € Z, () there is some n’ < n+ry + -+ 7 such
that |,/ (Z, ()| > 0, and this concludes the proof. O




In general, we would like to have the stronger statement where § = 1. This is not always
possible. First, of course, the largest branch may not have length 1. If 0 < a < f4+a < 2,
then the largest branch has length max{1 — a,a + 8 — 1} < 1. Recall from Lemma 3.1
that V,, g = w(z) for some z € [0,1].

But even so, the lack of topological mixing can prevent § from being 1, see e.g. The-
orems 4.5-4.8 and also Theorem 6.6 of [10]. However, with a single exception 8 = V2,
a = (2 —+/2)/2, every two-branched G g is topologically mixing for 3 > V2.

Theorem 3.1 Recall the union of intervals Vi, g from Lemma 3.1. For every 3 > 1 and
Lebesgue-a.e. a € [0, 1], the Gqo g-orbit of ¢ =0 is dense in V, g.

Proof. Fix 8 > 1 and take § > 0 as in Proposition 3.1. Lemma 3.1 stated that there is
L = L(J) € N so that Uf;ol G, 3(M) = Vo g for every interval with diameter [M] > 4.
Let {Uy}r be a countable basis of the topology of V,, 5. Then Leb(U]L;O1 G;]ﬁ(Uk) NM) >
L=1'p=L|Uy| for each k.

By Proposition 3.1, each neighbourhood Z,(cg) contains an n-proportion of points
o such that |Z,/(a)| > 6, and therefore also for an nL~'3~*|U.| proportion of points
a € Zp(o), the G, g-orbit of 0 will visit Uj. Since oy is not a density point of the com-
plement, it follows that for Lebesgue full measure set Ay of « € [0, 1], the G4 g-orbit of 0
will visit Uj. Now take A = Ny Ag. Then A has full Lebesgue measure, and the G, g-orbit
of 0 is dense in V,, 5. ]

3.1 Matching

In this section we show how the previous result can help in proving prevalent matching for
generalised (-transformations with Pisot slopes. We say that G, g has matching if there
is an iterate k > 1, called matching indez such that G, 5(0) = Gy, 5(1), or, when viewed
on the circle with discontinuity ¢ = 0, Gf, 5(c”7) = G, 5(c*). It was shown in [5] that if
B is a quadratic Pisot unit, then there is matching for Lebesgue almost every a € [0, 1].
In fact, matching occurs on an open and dense set (prevalent matching) and the set of
parameters where matching fails has Hausdorff dimension < 1.

It is expected that matching is prevalent for every Pisot slope 8. Recall that § > 1 is
a degree N Pisot unit if it is the leading root of an irreducible polynomial

N-1

P@B)=8"-> ap, ack, (6)

1=0

and all the algebraic conjugates of 3 lie strictly inside the unit disk.
The Pisot numbers we are trying to tackle are the multinacci numbers, i.e., the leading
roots of the polynomials

N —1
-G

Thus 8 < 2 (in fact, for N = 2, 3 is the golden mean, and for N = 3, § = 1.8392867552. ..
is the tribonacci number) and f 2 as N — oo. It can be easily computed that

PB) =" = (B 8+ ) =Y

(7)

1=87"4p2+--+p " and 2-8=p". (8)



In [5] it was shown that for N = 3, i.e., the tribonacci number, the non-matching set has
Hausdorff dimension < 1. For all N > 4, prevalence of matching is still an open question.
Let p = 5 be the fixed point. Due to symmetry, we can assume that 7'(0) < p, i.e.,
a < % or equlvalently a < B7L If @ <2 - B, then G, g has only two branches on [0, 1].
In this case, for 1 <n < N, we have
pr—1

n _ Bn_l Bn_l n _m
Ga,ﬁ(o)_a/@_l Sa5—1+ﬁ ﬁ—l_Ga’5(1)7

and therefore (using from (7) that g% = g1 T ) there is matching at step N.
From now on, take @ > 2 — g and deﬁne

N

d(n) = |Gq 5(1) = Gg 5(0)] = Zei(n) s, ei(n) € {0,1},

d(n+1) ZNI eiy1(n)p" if this is positive;
n = .
N4 Zi:l (1 —ej+1(n))B~" otherwise.

That is: we either shift the string e = (eq,...,en) or shift it and swap all Os to 1s and
vice versa. In particular, if e(n) = e100...0, then e(n+ 1) =000...0 and d(n + 1) =0,
so we have matching. This is easy to see by noting that G7, 5(0) and G7, 45(1) lie [e1]/f
apart so their images are the same. Therefore, if

Gng(O) — G’;E}(l) doesn’t change sign for 0 < i < N, 9)

there is matching for some ¢ < N. Converse, if Gy, 5(0) — G, 5(1) has just switched sign,
so ey (n) = 1, then matching after N step implies (9).

It suffices to find an interval U such that if G7/5(0) € U, then (9) holds for some
n > m. Indeed, if such U exists, then Theorem 3.1 1rnphes that for a.e. «, there is indeed
m such that Gm ( ) € U. Taking this viewpoint, we give a simpler proof of prevalence of
matching than prov1ded by [5, Theorem 5.1].

Proposition 3.2 The generalised (-transformation Go g with B the tribonacci number
has matching for Lebesgue-a.e. o € [0, 1].

Proof. As mentioned before, there is matching if T has only two branches, so we assume
a > 2— . If «is still so small that the fixed point p = % >1—-p"N=p-1,and if
o.5(0) is very close to p, then also (9) holds for the next IV steps, because there is no
place in [p, 1] for GZ'H(l) Combined with Theorem 3.1, this means that we have almost
sure matching for « € [0, (2 — B)].
So from now on we assume that 7' > a > B(2 — 3) = BV, where the equality
follows by (8). These assumptions give (recalling that ¢; = 1—7(1)

= 1-a <1—61‘N_6—1
B2 pBB-1) " BB-1) B

where the last equality follows since 1 — g1~V = gl=N(g - 1)(BN 24+ N3 4 ... 4+ 1) =

B-1)B 4+ NNy =(B-1)(1 - N)=(8-1)? by (8). Therefore

11 _ 1 2 — 1
ﬁ_62>ﬂ_(p_cl>_02_p>ﬁﬁ_5jv+l (11)

<p—c (10)
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by (8). Also note that

sop—cy <+

B
Assume that G7, 5(0) = p (the case G}, 5(1) = p goes likewise). Since Go5(0) =

8—-1< 1‘% = p1, taking a finite number of iterates if necessary, we can assume that
Z,,B(l) < Gg,ﬂ(o)'
1. If d(n) = %, then there is matching at the next iterate.
2. If d(n) > %, and therefore G, 5(1) < p, then Gy 4(1) < ngl(l) < G} 5(0) and
din+1) = pd(n) — 1.
3. If d(n) < 2 and therefore d(n) < p — 1, then ¢; < Go (1) <GY 5(0), d(n+1) =

B
Bd(n) and Gzzl(l) < GZ,,B(U'

4. The remaining case is % <d(n) < % Here we have to make further case distinctions

on (. Since f is the tribonacci number, d(n) = ﬂ% + 5—13 is the only possibility. If

p—oc1 > dn) = ﬂ% + %, then this case goes as part 3., and we find Gg}l(l) =

GZJrﬁl(O) — % — 1, and by part 1. above, we have matching in two iterates. So assume
that p — ¢ < % + /81—3 We have

1 1 1 1 1 1-— la+5-2
@<1_@_@SCQ_p:B_(pl_Q):B(l_B_?):E%'

We distinguish two cases:

(i) c2 —p1 > é which happens when o > % Then

1

Gril(1) = Gri0)+ 3 <
1

GriP(1) = GL2(0)+ 7 <o
n mn ]'
GrP(1) = GUP0)+ 5

and matching occurs at the next iterate.

(ii) ﬁ% <ecp—p< é which happens when 5;2 <a< % In this case,

1
Gril(1) = GrE0)+ 7 <
1
GriZ(1) = Gr20)+ 7> e
n " 1 1
GrP(1) = Gr(0) - R

Hence, if G}, 5(0) = p exactly, then (G, 5 + k(0), ngk(l))kzo is a sequence of
period 3, and there is no matching. However, for every k > 1, there is a small
interval V' C p—e, p) to the left of p such that Gz’fgl(V) =V'.= (p—%,p—%).
This means that if G}, 5(0) € V, the GZ?’“H(O) € (p—e,p), GZE%H(l) €
(p —e,p), so after 3k + 1 iterates, the roles of 0 and 1 have swapped. By part
3. above, we have matching in three steps.
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part 4(i) part 4(i) part 4(i)

ot [oor] " ota) ™ i)

W)

[+010]  [+110]

Jpart 2 Jpart 2

[+001]-—— [+101]-——[+100] ——

part 3 part 3
Figure 3: Flow-chart with codes +e;eze3, and £ indicates sign(G7, 5(0) — G2 5(1)).

part 4(ii)

3k + 1 steps

In other words, G}, 5(1) cannot lie in the region (p, c1) where T'(z) > p, and therefore,
symbolically, the map T acts as the shift on e = e; ... en. Hence we have matching within
N iterates.

This pattern persists if G7, 5(0) € U = (p — €,p) for € > 0 small. By Theorem 3.1,
there is matching for Lebesgue-a.e. a € [0, 1]. O

75¢
from start
50+ T(0), T(1)
9251 /\
TN ™ /‘\vAV
v\_/()ll() VV \/ \_]
0.3 0.4 05 «

Figure 4: Number of iterates before matching for the tetrabonacci number.

For the tetrabonacci number (i.e., N = 4) a similar proof seems possible, but the num-
ber of case distinctions becomes very large. Instead, in Figure 4, we give some numerics
on the number of iterates needed before matching occurs. The black curve has starting
point (7°(0),7'(1)), and the other curves are in the gist of the proof of Proposition 3.2,
namely they start when G, 5(0 is close to the fixed point: Gy, 5(0) = p —¢ for € = 0.01

and Ggﬁl) = Gy, 5(y) — d(N) for d(n) = Z?‘Zl ei(n)B3~% with e = 0110, 0101 and 0111.
The range « € |73, 37| with 100 grid-points in the horizontal direction.
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