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Abstract

We investigate a renewal scheme for non-uniformly hyperbolic semiflows that closely
resembles the renewal scheme developed in the discrete time case, in order to obtain sharp
estimates for the correlation function. The involved observables are supported on a flow-box of
unbounded length and the present abstract setting does not require the use of Markov structure.
However, the type of Dolgopyat inequality used here as an abstract hypothesis is at present
only known for suspension flows over Markov maps.

1 Introduction

Mixing is a delicate phenomenon for flows. Exponential decay of correlations for Holder observ-
ables has been established for Anosov flows with C'! stable and unstable foliations in [8] and for
contact Anosov flows in [14]. Building upon the techniques developed in these works, exponen-
tial decay of correlations has been later established for ’less smooth’ or Markov systems (see, for
instance, [5, 4, 3]).

The situation for superpolynomial decay of correlations (rapid mixing) is somewhat better.
The work [9] established rapid mixing for (nontrivial) basic sets for typical Axiom A flows. This
was extended in [17] to non-uniformly hyperbolic flows given by a suspension over a Young tower
with exponential tails [24].

The recent work [21] develops an operator renewal theory framework for flows and applies
this to the study of mixing properties of (non-uniformly hyperbolic flows that can be modeled as)
suspension semiflows over Gibbs Markov maps. For this class of continuous time systems, [21]
obtains: a) upper and lower bounds for polynomial decay of correlation in the finite measure
preserving case and b) sharp mixing rates in the infinite measure preserving case.

The results obtained in [21] for infinite measure preserving suspension semiflows over Gibbs

Markov maps (satisfying certain assumptions among which regular variation for the roof function
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is a must) are the direct analogue of the results in [20]. Polynomial upper bounds on the correlation
for semiflows over Gibbs Markov maps (e.g. the class of flows that can be modeled as suspensions
over maps with indifferent fixed points as in [ 1 5]) have previously been established in [18]. In [21],
the authors show that for a large class of systems considered in [18], the established mixing rates
are sharp; namely using operator renewal theory techniques they obtain lower and upper bounds.
Although the method of proof is significantly different from the discrete time scenario, the results
in [21] on decay of correlation for finite measure preserving suspension semiflows over Gibbs
Markov maps (with polynomial roof function) are again the direct analogue of the results in the

discrete time set-up [1 1, 22].

In the setting of Gibbs Markov semiflows the results of [21] are optimal, so this paper cannot
improve on them. Instead, the aim of this paper is to investigate a different renewal scheme for
semiflows that more closely resembles the renewal scheme developed in the discrete time case.
As explained below, the main new elements are that we a) induce to a dynamical system with
better mixing properties, and b) relate twisted transfer operators to inverse Laplace transforms,
which allows us to show that the main techniques/computations used in the discrete time setting
carry over to the continuous time case. Contrary to the results obtained in [21], this method allows
us to study decay of correlation for observables that are supported on a flow-box of unbounded
length. The abstract framework developed here does not require the use of Markov structure and
allows us to obtain optimal results for observables supported on a flow-box of unbounded length.
However, the type of Dolgopyat inequality used as abstract hypothesis is at present only known

for suspension flows over Markov maps.

We provide an abstract framework similar in structure to the ones developed for discrete time
systems. In Section 4 we list a set of hypotheses (HO)-(H6), with versions for the finite and infinite
measure setting, under which the main theorems in Section 5, namely Theorems 5.1 and 5.2 for the

finite and infinite measure setting respectively, give optimal bounds for the correlation function.

The main ingredients are:

(D) The type of renewal equation established in [21] (see Proposition 3.1), or more precisely, the
argument used in establishing a renewal equation for flows in [21].

(II) A new inducing scheme which resembles the inducing scheme employed in the discrete time
scenario, namely we induce to a hyperbolic map with exponential decay, see Section 2. The in-
ducing scheme used in [21] involves observables supported on a flow-box of unit length, and the
action of the inducing scheme in the flow direction is somewhat trivial. In contrast to inducing to
a thickened Poincaré section as in [21], we induce to a flow-box Y with in principle unbounded
flow-time. We induce in such a way that the induced version of the semiflow is a uniformly hyper-

bolic map @, acting non-trivially in all dimensions, by forcing expansion in the flow direction.

The choice for the present inducing scheme creates certain technical complications that are
overcome by introducing scaled versions of the measures and observables. Although at first this

looks counter-intuitive and considerable complicates the formula for the induce time ¢, this choice
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ensures, given that R is the transfer operator associated with ®, its twisted version R(e™5¥),
Rs > 0, has the spectral properties required in (H2) and (H3).

(IIT) We notice that twisted transfer operators can be related to proper Laplace transforms of non
delta functions. More precisely, the twisted version R(e~*#v) of the transfer operator associated
with @, can be related to fooo Ryve™st dt, where Ryv = R(1{t<p<t41)v). For details we refer to
Section 3. This makes it possible to show that many techniques/calculations from the discrete time
scenario [22, 11, 20] carry over to the continuous case.

(D-(IIT) above allow us to develop an abstract framework based on assumptions on
(HO,1) properties of the region Y and tail estimates of the induce time ¢,
(H2,3) functional analytic assumptions for the map ®, in some appropriate Banach space.

(H4,5) the asymptotic behavior of the integral [ || Ry || do for the finite and infinite measure case

respectively, and
(H6) a Dolgopyat-type inequality.

To ensure that (H6) holds, we further assume a Diophantine ratio condition (see Section 9.1 for
details) for the return time ¢ , which is natural in this class; see [9, 17, 21])°.

In Section 9, we provide a simple example with bounded length flow-box that, along with
hypothesis (HO)-(H3) and (H6), illustrates the use of hypothesis (HS), which is a relaxation of
(H4) for the infinite measure setting. For an example with unbounded length flow-box, we refer to

[71.

Notation: We will write a(t) < b(t) or a(t) = O(b(t)) if there is a constant C' > 0 such that
a(t) < Cb(t) for all ¢. Similarly, a(t) = o(b(t)) means that lim; a(t) /b(t) = 0.

2 A general inducing scheme for flows

2.1 Inducing to a semiflow over an expanding base map

Let g; be a C? semiflow on a manifold M. Let Y x {0} be a section transversal to g;, and
Y = Uyev{y} x [0, h(y)) be a flow-box where the coordinates § = (y,u) are chosen such that

within Y the flow becomes parallel and of unit speed:
ge(y,u) = (y,u+t) for0<u,u+t<h(y).

Let
wo =min{t >0:¢:(y,0) €Y x {0}}

Instead of a Diophantine condition, one could work with assumptions as in [3, 5] and as such obtain a better
exponent «, namely « € (0,1), in assumption (H6). By working with this sort of assumptions one can establish
optimal bounds for the correlation function ff, vw o fydjfi for C™-smooth w, where m > «, but not arbitrarily large.
We do not consider this sort of assumptions here because we do not exploit the advantage of a smaller m in the proofs
of the present abstract results. For a future use of this type of assumption we refer to Remark 6.12.
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be the first return time to the section. The function ¢ can be in L!(x) (the finite case), or not
(infinite case); in either case we will put some tail conditions on ¢gq.

We assume that the Poincaré map F' = g, is a uniformly hyperbolic map with partition P,
and it preserves a probability measure y. This means that the total mass of M is ¢g := fY wodp.
We also assume that F' is uniformly expanding and has bounded distortion, see (9.1)

In the above, the height function 4 : Y — (0, 00) is defined and h(y) < Teo(y) p-ae. We
will assume that & € LP(y) for some p > 1, that inf,cy h(y) > 1, and that h is C? smooth on

each Z € P. The corresponding suspension semiflow on Y is

~(u%_(%u+w if0 < u,u+t < h(y),
PPUTVER0) ift=hiy) -,

and then continued for ¢ > ﬁ(y) — u by the usual group property of a flow.

Remark 2.1. If (M, g;) is itself a suspension flow over some base map f : X — X with roof
function h, then we can take Y C X, F = 7 :Y — Y is the induced map with induce time T,
and o (y) = Z;Zol ho fi(y). For example, suspension flows over interval maps with a neutral

fixed point (see Section 9 and [7]) fit in this framework.

We define a return map to Y which complements I’ = g, with an artificial hyperbolic part

(the doubling map) in the u-direction. Set

_ 2h(Fy)

K(y) := ) (2.1)

Then taking ®1(y, u) := gy (yu) (¥, w) results in
@ﬂ%m:{aw,K@W%N ifu < hy)/2 02

(Fy, K(y)u—h(Fy)), ifu>h(y)/2,
for
_ (K(y) — D, if u < h(y)/2,

ww”””””*{mwwﬁmfﬁww,ﬁuszm. -

2.2 Remetrize to make ¢ uniformly expanding

The idea behind ®; is that it maps the flow-line {y} x [0, h(y)) as a piecewise expanding map
onto {Fy} x [0, h(Fy)]. This is non-injective: for every 0 < u < h(y)/2, there is another u/ :=
u+ h(y)/2 such that ®; (y, u) = ®(y, u'). Yet, ®; is invariant and ergodic with respect to % dp du
and mixing if (Y, F, ) is mixing.

However, if K (y) = M < 1, then @ is still not expanding in the vertical u-direction. This

h(y)
can be remedied by a change of coordinates:

@?%Yx@ﬂ.@wﬁﬂyi;)
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@(y,u")

fi

(Fy,0) Y (9,0 (Fy,0) (y,0)

Figure 1: The flows g; : M — M, §; : ¥ — Y and map ®,(y,u) = Joo(y,u) (Y, u) acting as
doubling map on the vertical coordinate. On the right is the image under the change of coordinate
(y,u*) = ((y, u) make the map ® uniformly expanding.

Then ® := ( o ®; o (7! is precisely the doubling map in the vertical direction: ®(y,u) =
(Fy,2u mod 1), and hence @ is uniformly expanding. In these new coordinates the formulas

are

q)(y’ u) = fgo(y,u) (yvu) - (Fy7 2u mod 1)a (2.4
where
_ ( i <u< 5,
M%M—¢Mw+{( . flou<l, (2.5)

Using the F-invariance of 4, it is straightforward to check that [ (¢ — ¢o)due = 0 for due =
dp du. Hence,

[ pdpe = / ®o dp. (2.6)
Y Y

The change of coordinates ( comes at the price that the semiflow f; = ¢ o g; o (™!, although

parallel, is not of constant speed:
fily,u) = (y,u+t/h(y)) for0<wu<1,0<u+t/h(y)<1.

That is, the speed is constant on each flow-line, but differs from flow-line to flow-line. Therefore
ft and ® preserve the measures ug and [ respectively, and these measures are equivalent via the

scaling

diit = hdpdu = hdug. (2.7)
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3 Operator renewal equation

Let Ly : L'(ue) — L'(ua) be the transfer operator for the flow f; defined by fY Lyv* w* due =
[y v*w* o fydue for all w* € L°(ug). Through-out, we write v € L'(f1), w € L*°(f) and

v*

v* € L' (ug), w* € L®(ug). In particular, we note that v € L'(ji) can be written as v = =
where v* € L (uq).

Define T}, U; : L'(pa) — L'(11a) by
Tt’l)* == 1)~,Lt(1)~/v*), Utv* == 1)7Lt(1{4p>t}v*)' (31)
For s € C, we define the following Laplace transforms:

T(s) ::/ Tye tdt, Uls) ::/ Ure™5tdL.
0 0

Let R : L'(1a) — L'(pa) be the transfer operator for ® defined by [, Rv* w* due = [, v* w*o
® dug for all w* € L*(ug). For s € C, we define the following twisted/perturbed transfer

operator

R(s)v* := R(e™*%v").
Clearly, R, T, U are analytic on H = {s > 0} and R is well-defined on H = {Rs > 0}.
Proposition 3.1. The following holds pg-a.e. on Y forall s € C:

T(s)(I — R(s)) = U(s).

Proof. The argument below goes exactly as the [21, Proof of Theorem 3.2]. By direct computa-

tion:
/T(S)R(S)U*‘W* dpe = / / 1y Li(1y R(e™*%v*))e " w* dt dug
Y Y Jo
= / / v* - w* o f¢+tefs(‘p+t) due dt
o Jy
/ v* o w* o fre St dt dug = [ / Lyv* - w*e st dt due
¢ Y Jo

oo @
</ Liv* - w¥e st dt — / Lov* - w*e st dt) dug
0 0

T(s)v* - w* dpe — /~ U(s)v* - w* dpg.
v

Il

O]

3.1 Relating the twisted transfer operator ]38(5) with a Laplace transform of non-
delta functions

Although in the sequel we will not view R(s) as a Laplace transform (as noticed in [21]), any
twisted transfer operator R(s)v* := R(e™#v*) can be written as R(s) := IS R(6(p—t)estdt),

we will sometimes make use of the following representation:
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Lemma 3.2. Set R ,v* = R(1{y<pctra)v”) and define La(s) = Jo~ Riqe*tdt. Then for s € H,
and a € Ry such that e’® # 1, we have

Proof. Compute that

. o0 ¢
/ Lo(s)v'w* dpe = / / R(l{t<@<t+a}v*)w*e_8tdt dpe = / / Rv*w* e *'dt dug
Y Yy Jo Y Jo—

o)
:/R(e_s“’v*)w*-/ e dt dug =
Y w—a

a esa _ 1 N
= / estdt - / R(e™*?v")w* due = R(s)v*w* dug.
0 Y s Y

S

~R(e™*v")w* dpe - / eStdt
Y 0

5

Therefore, R(s) = s(e5* — 1)~ L,(s), as required.
For the second equality, set @ = 1 and note that s(e* — 1)~! = 1+ O(s), as s — 0. O

4 Abstract set-up

We assume the setting and notation introduced in Section 2. Throughout, we assume that one of
the two tail conditions holds:

(HO0) i) Finite case: ug((y,u) €Y : @(y,u) >t) = Ot "), 8 > 1.

ii) Infinite case: uo((y,u) €Y : p(y,u) > t) = £(t)t~° where £ is slowly varying and
B e (1/2,1).

We require that

(H1) inf,cy h(y) > 1 and that b = ©g, where

i) Finite case. Under (HO) i), we assume that vy € (0, 1).

ii) Infinite case. Under (HO) ii), we assume that v € (0, min{%ﬂ_—_ﬁl, 215;_61, B}).

Among others, as will be made clear by Lemma 4.4 below, assumption (H1) ensures that the
tails u(y € Y : wo(y) > t) and po((y,u) € Y : @(y,u) > t) are of the same order. The
assumption vy < [ ensures that in both cases of (HO), fY hP dp < oo forall 1 < p < B/v and that

In this paper, we work with (H1) above, but simplifications for the case h bounded from above

and below will be pointed throughout the paper.
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4.1 Functional analytic assumptions

We require that ® satisfies the functional analytic assumptions listed below. We assume that there
exists a Banach space B, with norm ||.|| 5 such that*
(H2) i) The space B contains constant functions and B C L™ (ua).

ii) 1 is a simple eigenvalue for R, isolated in the spectrum of R.

Recall that R(s)v* = R(e*%v*) is the twisted transfer operator associated with the map ®.

By (H2) ii), 1 is an isolated eigenvalue in the spectrum of ]%(0) In addition to (H2) ii), we require
(H3) The spectral radius of R(s) is strictly less than 1 for s € H — {0} and is equal to 1 for s = 0.

For s € H, let a € Ry such that e*® # 1. Set Ry v* = R(1l{jcpciiqpv™) and define
La(s) = Jo" Reae tdt. By Lemma 3.2, R(s) = s(e® — 1)"'Ly(s). Given a > 0, we make

certain assumptions on || R; 4|, which in the sequel will be used to obtain appropriate continuity

properties for R.

(H4) Finite case. Under (HO) i), we require that for any 7 < 3, the following upper bound holds
uniformly in a € [1,2]:

o0
/ " | Ryalls dor < o0,
0

(H5) Infinite case. Under (HO) ii), we require that there exists a Banach space B such that B C
By C L*(pe) such that

i) There exists constants C; > 0, Cy < 1 and some 6 € (0, 1) such that

1R (s)vlls < CL6™vlls + Callvlls,, — 1R(s)vlsy < [0l

ii) The following upper bound holds uniformly in a € [1, 2],

[ee]
/ | R
0

formax{l — 3,26 — 1} <7 < %

|B=B, do < o0,

Remark 4.1. Assumption (H4) is very strong: it does not hold in standard Banach spaces such as
Holder or BV, unless we make further very restrictive assumptions on the return time @ (such as
piecewise constant on partition elements of the ®-partition). However, as we show in [7], it can
be verified for a Banach space of analytic functions, which also puts restrictions on the map P.
Assumption (H5) ii) is rather mild. As we show in Section 9, under the assumption that h is

bounded from above, (H5) ii) holds for typical suspension flows over Markov maps with indifferent

* The assumption B C L°°(uq) can be relaxed to B C L?(ue). Because the main results are cumbersome to state
under the weaker assumption (and require more elaborated arguments), we do not pursue this issue here.
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fixed points, for By = L (ug). In this case (H5) is easy to check. Assumption (HS5) ii) makes the
proofs slightly more difficult. In particular, one has to estimate several operators in the ||.|s—z,
norm. We can pursue this issue in the proof of Theorem 5.2 along some arguments in [16], which
deals with similar estimates in the context of discrete time hyperbolic infinite measure preserving
systems; in the present set up the arguments in [16] are greatly simplified by the fact that B C
By C L.

Remark 4.2. We believe that the argument we provide below for the proof of Theorem 5.1 under
the strong (H4) can be adapted to work with an assumption of the type (H5) with appropriate T;
more precisely, we would assume that there exists a space By such that both (B, By) and (By, L)
satisfy the appropriate finite case version of (H5). However, because the involved argument is
rather complicated, here we reduce the analysis to the case where (H4) holds. However, see Re-

marks 6.12 and 6.22 for an outline of future work using a weak form of (H4).

Remark 4.3. It is easy to see that (H4), (H5) ii) above implies that j;oo |Roall do < 77, for T
as in (H4) and (HS) ii), respectively.

4.2 Assumptions (H0): analogy with the discrete time scenario

The first result below shows that assumption (HO) can be verified by estimating the tail p (o > t),
which is easier to verify. In a large class of examples the tail 1(o > t) can be estimated based on

knowledge about p(7 > n): see [21].

Lemma 4.4. Assume that h = cpg, v € (0,1). Then forany 0 < § < 1,

pa (e > 1) = plpo > t(1 —t7°)) + O(u(po > tE=9/7)).

Proof. Fix 0 < § < 1. We argue considering each of two formulas for ¢ in (2.5). For u € [0, %)
we have p(y,u) = @o + (2h(Fy) — h(y))u. Since we also know h = 0l v € (0,1), 0 >t
implies that g > t(1 — t~%) or 2h(Fy) > t'~°. Thus,

ple>1) < p(po > (1 — 7)) + p(2h o F > 1177
= u(po > t(1 —t7%)) + pu(2h > t179),

by F-invariance of . The conclusion for u € [0, 3) follows.

For u € [L, Fy) — h(y))u — h(Fy).

2
e B Y T =8 or F 1-5
Again since h = ¢, v € (0,1), ¢ > t implies that ¢g > (1 —¢t7°) or h(Fy) > t'~°. From here

on the argument goes exactly same as in the case u € [0, %) O

1], the argument is similar since p(y,u) = ¢o + (2

Also in analogy with the discrete time case, we note that
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Proposition 4.5. Assume that o € L'(ug). Let ﬁf%(s)

. be the derivative of R(s) in —s
S=

evaluated at 0. Then

d “
- 1o dug = du.
/?d(_S)R(S)LO v dps /Ysoo 1

Proof. Using the pointwise formula for the twisted transfer operator, we write
R(s)ly = R(e™*%1y) = Y. ePWlemselv'a),
(v w)=(y,u)
where (V') is the potential associated with the hyperbolic map ®. Therefore,

d
d(=s)

R(s)ly = > etWlem=eWpy/ o),
Sy w')=(y,u)

Evaluating at 0,

Ly(you)= > Yoy ) = Ro(y,u).
O(y' u')=(y,u)

Thus,

1ydu¢=[R@-1du¢=/¢du¢.
s=0 Y Y

The conclusion follows from the above together with (2.6). ]

4.3 Assumptions required in the continuous time case: Dolgopyat type inequality

We recall that /i is f;|; invariant. In the finite measure case we normalize the measure /i such that
din = dp/ oo with @y = fY @o dp, is fi|; a probability measure. In the infinite measure case we
let i = [i.

For appropriate v, w, we want to estimate the correlation function

1 ~ 1 ~
plv.w) = [vwe fdi=— [ howo fdpo = — [ Tilfwywdue.
)% Yo Jy ®o Jy

Note that v € L'(j1) if and only if hv € L' (ug).
Let p(s)(v,w) = [;~ pe(v,w)e *'dt be its corresponding Laplace transform. By Proposi-
tion 3.1, hypotheses (H2) and (H3), for all s € H — {0}

N 1 PN A N =17

p)ew) = — [ T Ewdus = [ T = Be) ™ (o) dp.
Yo Jy Y

Hypothesis (H4) gives a good control of (I — R(a + ib))~" for @ > 0 and |b] < 1. To be able

to estimate the inverse Laplace transform p;(v, w) of j(s), we need a good understanding of the

asymptotics of (I — R(a + ib))~!, for a > 0 and large values of b. For this purpose we assume

(H6) Dolgopyat type inequality. There exist C' > 0 and « > 0 such that for all |o| > 1

I(Z = R(ab)) | < CJb|.
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Sometimes in the sequel we will need the following form of (H6):

(H6’) There exist Cyp > 0, 8 € (0,1) and some oy > 0 such that for all [b| > 1 and k& >
(1 +log Colb])/ log ¥,
1R(a + ib)*||s < 1 — [b]=*.

Remark 4.6. By a standard argument, one checks that (H6’) implies (H6). More precisely, by
(H2) and (H3), | R/ (ib)|| < Cy for some constant Cy independent of j. Together with (H6’) this
implies that

I(I—R(ib)) s = ||(L+R()+ -+ RFI(ib))(I — R*(ib)) ' ||s
1 +log Cp + log |b]

< kCd™ <Gy log 0

b < Ob”,

for some o« > g and C depending only on Cy, C, 0 and oo — «.

4.4 Partitions of Y and w observables

Let P be the partition of Y into domains of continuity of F, and forn > 1,let P, = PV F PV
...V F~("=1)PD be the n-th joint of this partition. On Y, in the vertical direction, let Q be defined
as the partition of Y into the complementary domains of the line {(y,1/2) : y € Y}, and the n-th
joint Q,, as the partition of ¥ into the complementary domains of the lines {(y, j27") : y € Y’}
for the integers 0 < j < 2™. Then & is continuous on each element of the product partition
Pr = Pn X Q.

Let w* : Y — C, C™ smooth (for some m > 0 to be specified below) in the (vertical) u-

direction and piecewise continuous (or smooth) in the (horizontal) y-direction. Assume also that
oy P
%(%0) = %(y, 1) 4.1
forally e Yandj =0,...,m.

Note that for each n, w* o ®"(y) is discontinuous at the lines {(y,j27") : y € Y} for
0 < j < 2", but the left and right limits of lim._, +o ®"(y, u + ) equal (F"y,0) resp. (F"y, 1)
due to the Markov property in the u-direction.

By our assumption, the function values and partial derivatives of w™* are identical at these
points. Therefore, the partial derivatives %w* o ®"(y, u) in the u-direction exist at all points and
they dependent smoothly on y within the domains of P,. Hence, we can assume that ||%w* o
Q" (y, u)| oo (ug) < 00, forall j =0,...,m.

In what follows, we let C" (Y, 1) be the class of functions w* that satisfy (4.1) and such that

Ha‘%w* 0 ®"(y, u)|| oo (uy) < 00, forall j =0,...,m, and set

C™(Y, i) ={w:Y = C, w=— withw* € C™(Y, ua)}. (4.2)

}z‘ S*
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Proposition 4.7. Let m > 1. Suppose that v € L' (i) and w € C™ (Y, ji). Then
m .
BOW.0) =3 0y gy 1 (0577 + 57 pygpu(s),
j=1

where atj w indicates the j-th partial derivative w.r.t. the second variable.

Proof. We recall the short argument for convenience (see for instance [21]). Note that p;(v, w) is

m-times differentiable and p,, ,,/) = Py.oiw f0r J = 0,...,m. By Taylor’s Theorem, p;(v,w) =
O

P, (t) + Hp(t), where

m—1

1 . . t tmfl
Pot) =Y Zpu D00, Hpy(t :/ gt = 7)o ™M () dr,  g(t) = ——
(t) ;j! (0) (t) ; (t—7) (1) (t) (m—1),
Hence ﬁ(s)(v,w) = Z;n:_ol pUVagw(O)si(jJrl) + I:Im(s)> where I:Im(s) - g(s)ﬁv,é){"’w(s) =
s_m[)q,’agnw(s). O

S Main results in the abstract set-up

In contrast to the discrete time operator renewal theory which is concerned with estimating the
operators 7} in the norm of some appropriate Banach space, here we follow the strategy in [21].

Namely, we adapt renewal theory techniques to estimate the correlation function

plv.w) = [ owo fid

Y
where dji = %’3 for g = fy o dp in the finite case (under (HO) 1)) and dfi = dji in the infinite
case (under (HO) i1)).
For the statement of the main results, we recall that Cm(f/, i) is the class of observables

defined in (4.2). Recall that B is the Banach space defined by (H2) and (H3) and that the corre-

sponding norm is denoted by ||.|| 5
5.1 Finite case

Under (HO) i), we let ¢ > 0 and define

=79, =2

U(t) = 950/15 H‘b(@ > T) dT» gﬂ,e(t) = {t_(25_2), 1 ;5 <9 (5.1

With these specified we state:

Theorem 5.1 (Finite measure). Assume (HO) i), (HI) i), (H2), (H3), (H4) and (H6). Set o such
that (H6) holds. Let v = % with v* € B. Let w € C™ (Y, fi). The following hold for all m € N
such that m > 3 4+ «(B + 1) and for any € > 0.
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(a) Letnand §g_. be as defined in (5.1). Then,
piv.w)— [ vdic [ wai=n(o) [ vdi [ wdi+ O slwlon g €ae(t)
v v v v
(b) Suppose further that [ vdji = 0. Then,
pu(v,w) = O([[o* Il g gyt~ ).

5.2 Results in the infinite case

Set ds = 1 sin 7. With this specified we state:

Theorem 5.2 (Infinite measure). Assume (HO) ii), (HI) ii), (H2), (H3), (H5) and (H6). Set o such
that (H6) holds. The following hold for all m € N such that m > 2(« + 1). Let v = % with
v* € B. Letw € C"™ (Y, ji). Then

E(t)tl_ﬁpt(v,w)%dgfvdﬁﬁwd/].
Y Y

Remark 5.3. The results for the case 3 = 1 and higher order asymptotics of p(v,w) obtained
in [2]] can be also obtained in this framework. To simplify the exposition we omit these issues

here.

6 Arguments for the finite case: proof of Theorem 5.1

Let B(s) = s(I — R(s))"!, s € H. Note that by Proposition 3.1, the Laplace transform of p(t) is

A

p(s)(v,w) = /?U(S)B(s)(iw)w dig. (6.1)

The first result below on the asymptotic behavior of B will be essential in the proof of Theo-

rem 5.1. Before its statement we establish the following

Notation: Because some of our result below have a direct analogue among the results in [21] we

use the same notation here.

a) Let A be a general Banach space. Suppose that S : [0,00) — A lies in L' with Laplace
transform S : H — A. In what follows we write S € R.4(a(t)) if ||S(t)|| < Ca(t) for all
t > 0. When A = L' we simply write S € R(a(t)).

b) Lets — S (s) be an analytic family of .A-valued operators, s € H defined on some Banach

space, such that the family extends continuously to H. If p > 0 is an integer, define

d,S(ib) = Jmax 15D (ib) || 4.

=U,...,
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If p > 0 is not an integer, define

dpS(ib) = diy S(ib) + sup || ST (i(b + h))) — SED ()| /| b~ 1),
h#0

We recall that P : L'(jug) — L' (114 ) is the spectral projection associated with the eigenvalue
1 with Pv* = [v*dug. Let Pz, = (o) P. We also recall that by Lemma 3.2, R(s) = s(e® —
1)~'Ly(s) for all s € H with ® # 1, where L;(s) = Jo© Repe st dt.

Proposition 6.1. Assume (HO) i), (HI) i), (H2), (H3), (H4) and (H6). Then
s B(s) = s Py + P / / ( / Ro1dr)do)e dt) P,y + E(s),
0 t o

where E(s) is as follows

a) There exists 0 < r < 1 such that for any C* function 1y : R — [0, 1] with supp ¢ C [—r, 7],
Y(b)E(ib) € Ri(Ep.e(1))-
b) Write s = a +ib, fora > 0 and b € R. Then for all b € R with |b| > 1,
IE(s)]| < [B]*,
where « is as in (H6).

Remark 6.2. Item b) of the above result is not used as such in this work. It is an immediate

consequence of item a) and (H6); we provide it here only for a complete description of E.

Proposition 6.3. Assume the setting and notation of Proposition 6.1 a). Let v* € B and assume
that Pv* = 0. Then 1(b)b~1B(ib) € Ru((t~(5~9)).

The proof of Proposition 6.1 is postponed to Section 6.2. Using equation (6.1) and Proposi-
tion 6.1 (which is new and required for the proof of Theorem 5.1 in our abstract setting) we can
proceed to the proof of Theorem 5.1, following the main steps in [21]. First we notice that

. 11 - ~
p(s)(v,w) = /~ U(s)Pg, (hv)wdpa
$o S Jy
1 R o o o -
+ — [ U(s)Pg, / (/ / R.qdr da) et dt Pz, (hw)wdpe
¥o Jy 0 t o
1 S -
+ — [ U(s)E(s)(hv)wdpe
Yo Jy
= p1(8)(v,w) + p2(s) (v, w) + p3(s) (v, w).

Hence, it suffices to estimate the inverse Laplace transforms p; (¢), p2(t), p3(t) of p1(s), p2(s), p3(s).
Following the strategy in [21], the inverse Laplace transforms p; (¢), p2(t), p3(t) will be computed
by moving the contour of integration to the imaginary axis (the functions in question are nonsingu-
lar on H). Hence we deal with inverse Fourier transforms. In this sense, we enlarge the definition
of R(a(t)) to include functions defined on the imaginary axis with inverse Fourier transform dom-

inated by a(t). For this purpose, we collect some technical estimates.
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Lemma 6.4. Assume the setting of Theorem 5.1. Let p : R — [0,1] be a C* function with
supp v C [—3, 3]. Then the inverse Laplace transform p1(t) of 1(b)p1(ib) is given by

t)(v,w)z/?vdg/?wdmfz(t)

where | E(t)] = Ot [0"|| Lo (g 0" | Lo (1) )-

Proof. By Lemma 8.2 and the definition of p1,

1 ~ “ 1 7 *
3%AMwABM&MWM@ﬂde

1 ~ g ~ )
+ C,Oo/f/h(y))/u @PSBO(h(y)U(y,T))dTw O(I)dM<I>+E(t)7

where w = “’Twnhw € L>®(ug) and |E(t)| = Ot [[v* || 11 (g | w* || L0 () )- Now Py, (hv) =
%fhvd,u(p = %fvd,u = [wvdji. This gives

1 u 1 1

:¢/vdﬂ/~/ dTw*du¢+_/vdﬂ[/ dr w* o ®dug + E(t)
0

/vd,u// dr w*dpe + E(t) /vdu/wdu+E

as required. O

Lemma 6.5. Assume the setting of Theorem 5.1. Let b : R — [0,1] be a C* function with
supp v C [—3, 3]. Then the inverse Laplace transforms ps(t) of 1(b)p2(ib) is given by

pat)0,w) = n(t) [ vdi [ wdi+ B
Y Y
where 1)(t) is as defined in (5.1) and |E(t)| = O(t_BH’U*HLoo(“q)) 0" | Loo (1))

Proof. By definition

o pho
0 o

- 0)Py, / / / RTdea)e_StdtP¢0(ﬁv)wdu¢
0 o

1 . N 00 0o oo B
+ = [ (U(s) = U(0))Py, / ( / / R, decT)e_St dt Py, (hv)wdpe
Yo Jy 0 t o

= fy(s) + P3(s).

R, dr da> e~ dt P, (hv)wdpig
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Recall v = %, v* € B C L*(ug) and compute that

/ / R, dea %(hv) / (hv) d/@/ / /R 1y dug dr do
5

= hvduq)/ / ua(T < <74 1)drdo

o+1
/vdu/ / a(p >T1)drdo
:/Nvdﬂ(/ e (p > o) da+/ / a(p>T) uq>(g0>a)d7'da)
Y t

— (n(t) + K(1)) /Y vdi

where

e’} 1
]K(t)|§/t / lua(p >0+ 1) — ue(p > o)|drdo
- /too ol > o) — palp > o + 1) do = Olual > 1).

This together with Lemma 8.6 implies that the inverse Laplace transform p}(¢) of pi(s) is given
by
1 1
p(8) (v, w) = = (n(t) + K (1) [ vdiiru dus

)

+Sjo( (6) + K (1) / / /vd,udTw o @ djio.

As in the proof of Lemma 6.4 we note that [ w* o ® due = [ w* due, for w = w* /h € L>(ji)
and that

1 —i v dil ! 7_~ w* _ vdil wdil
A0, w) = —(0(t) + K (1) /Y dj /Y /0 dr h(y)w* dua = (n(t) + K (1)) /Y i /Y dj.

It remains to estimate the inverse Laplace transform p3(t) of pa(s). Write

1 [ UG)=U@) ~ -
[)g(s)(v,w) = @0/ (S)S()M(s)(hv)w dus, (6.2)
where - o oo
NI(s)(hv) = 5Py, / ( / / R. d7d0>e’3t dtP, (). 6.3)
0 t o
Note that

1 -
——M(s)(hw) = SP@O/ / / Rfldea ~t dt Py, (hv)

:// R,115do /—se_sado') dtdu¢[vdﬂ

vJo Jt 0 1%
/vd,u/ / uq>0<<,0<0+1)d0>( st 1) dt.
v 0
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Together with Remark 8.7 this implies that

22(s) (v, w) —/yvd,&/y (/OOO /tool@(a<<p<a—|—1)da(e_8t—1)dt)</ooo B(t)edt),

where |E(t)| < ||w* || 20 (uq)t " Hence,

P2(E) < (/ Ud,z)(/ pa(o < ¢ < o +1)do) » E(t) < (/ 0 ) o eyt
Y t Y
as desired. ]

Lemma 6.6. Assume the setting and notation of Lemma 6.7. Then for all p > 0,

(1= 9(0))(p1(b) + p2(ib)) € R(||v”|[5l|lw]| Lo ) (1/87))-

~

Proof. By definition, p1(s)(v,w) = 1 [; U(s) P, (hv)wdpg. Reasoning like in (6.2) we get

S

po(s)(w,0) =+ /Y 0(5) M1 (5) (o) wdpia,

where M (s) is defined in (6.3). By (H4), when viewed as an operator on B, M(s) is bounded.
Also by Lemma 8.4 we know that U(s) : B — L'(ug) is bounded. Thus, for all |b| > 1,
| & [ U (i) (Ps, (hv) + M (s) (hv))wdpa| < C/[b], for some C > 0. Hence, |(1—1(b))(p1(ib) +
p2(ib))| < C/|b|. This together with Lemma 6.9(b) implies the desired conclusion. O

We state the result on the inverse Laplace transform of (1 — (b)) p3(ib) below and postpone
the proof to Section 6.1.

Lemma 6.7. Assume the setting of Theorem 5.1. Let p : R — [0,1] be a C* function with
supp ¥ © [=3,3]. Then, (1 — (b)) (i) € R([o* |l g (1/£5), for any e > 0.

As an immediate consequence of Lemma 6.7 and Lemma 6.6, we have

Corollary 6.8. Assume the setting and notation of Lemma 6.7. Then the following holds for any
e>0

(1= ¢(0)a(d) € R([v"|5llwll o0 ) (1/7)).

We can now complete

Proof of Theorem 5.1. Item a) follows by Proposition 6.1 a), Lemma 6.4, Lemma 6.5 and Corol-
lary 6.8. Item b) follows by Proposition 6.3 a) and and Corollary 6.8. O
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6.1 Proof of Lemma 6.7

We start by collecting a few technical estimates.
Lemma 6.9. [2/, Proposition 14.1]

(a) Suppose that the family b — S (ib) is CP for some p > 0 and that there is a constant C' > 0
such that d,S(ib) < C|b|=2 for |b| > 1. Then S € R(1/tP).

(b) Suppose that g : R — R is C*°, such that g = 0 in a neighborhood of 0, and g(b) = 1 for
|b| sufficiently large. Let m > 1. Then g(b)/b™ € R(1/tP) for all p > 0.

The next two results can be viewed as the analogue of [21, Propositions 2.1 and 12.2] in our

abstract framework.

Lemma 6.10. Let B be the Banach space defined by (H2) and (H3). Assume (H4). Then, for any

€ > 0, viewed as a family of operators on B, b — R(ib) is C°~¢ and ds_.R(ib) < C(1 + |b|) for
allb € R.

Proof. Let|b| < 1.By Lemma 3.2, R(ib) = —ib(e~®—1)"'L; (ib), where L (ib) = [° Ry1e™ dt.
It is easy to verify that for any p > 0,

—ib

dpe_ibi—l = 1+O(b), aSb—>0.

Also, by Lemma 3.2, R(ib) = —ib(e~%® —1)~1L,(ib) for any |b| > 1 such that e~"* £ 1, where
L(ib) = Jo° Re e dt. Given b € R, fix a € Ry such that [e=®* — 1| > 1. Then, there exists
some constant C' > 0 such that
—ib
< Clb).
<

dp e—iab _

Hence, it suffices to show that for all b € R and appropriate a € R, there exists C' > 0 such that

forany € > 0, dg_.Lq(ib) < C.
Under (H4), let 7 < 8. Put g = 7 — [7]. By (H4),

i~y Ea(ib)]| = \/Ooot[T]Rmeibt dt| < /Ooot[T]]Rdet < x.
Moreover, there exists C' > 0 such that
G0 +0) ~ B @ < | [ R 1)
<o [T Ry
= Che /OOo t7||Re.all dt < B,

where the last inequality follows since (H4) holds for any 7 < . O
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Corollary 6.11. Assume the setting of Lemma 6.10. Suppose that (H6) holds and fix o accordingly.
Then, viewed as a family of operators on B, b — (I — R(ib))~" is C5~ and there exists C' > 0
such that dg_ (I — R(ib))~" < C|b|*B=+D+1 for all |b] > 1.

Proof. As in the proof of [21, Proposition 12.2], we give the details for 5 — € not an integer. A

straightforward induction argument shows that 4 (I — R(ib))~! is a finite linear combination of

b7
factors

Mk? e {(I_R)_(k+1)7 dkR}’ kz]‘?"'?]?

foreachj € N, j < f—e. Also, by (H6) and Lemma 6.10, maxz—1__; | My, (ib) || < |b|*(B—et1)+1
and maxy—;,__; d.My(ib) < |b|*P=¢+D+1 The required estimate follows. O

Remark 6.12. We believe that replacing (H4) with an assumption of the form (H5) (i.e., such
that both (B, By) and (Bo, L™) satisfy (H5) with T as appropriate) one can show that || kab(I
R(ib)) Y| posp, < Clb|*P=+DH for ail |b| > 1 and k < B by: a) obtaining oo € (0,1) as
suggested in footnote 1; b) exploiting the type of arguments used in the proof of Lemma 7.7.

Proof of Lemma 6.7. By Proposition 4.7, j(s)(v, w) = P, (s) + Hy,(s), where P,,(s) is a linear
combination of s/, j = 1,...,m, and H,,(s) = s ™p,. amw(s).
By the argument used in the proof of [21, Proposition 3.7], (1 — (b)) Py, (ib) € R(1/t?) for

all p > 0. Note that
~ m 1 N\ — 7 m
P(5)(w, ") = — /Y 0(s)(I — B)~(5)(hw) 0w dpsa
Recall hv = v* € B. Therefore

Hy(s)=s™ /Y U(s)(I — R)~Y(s)v* 0w dpg.

By Lemma 8.3, we know that U (s) : B — L' (i) lies in RB—L' (ua (1/755) Since B C L™ (pa)
it remains to show that Q(ib) = b= (1 — 1 (b)) (I — L(ib))~'(s) hes in Rp(1/t57).

By Lemma 6.10, R(ib) is CP~¢, for any € > 0. Hence, (I — R(ib))~'is C"~on R\ {0}
and Q(ib) is C”~¢ on R. Moreover, by Corollary 6.11, for all |b| > 1 there exists C' > 0 such
that dg_.(I — R(ib))~! < C|b|*B=<+1+1 Hence for all [b] > 1 and all m — a( — € + 1) > 3,
ds—_.Q(ib) < |b|~2. Together with Lemma 6.9(a), we get that Q € Rp(1/t°~¢), as required. [

6.2 Several technical results required in the proof of Proposition 6.1

As in [21], a main step in proving a result of the form of Theorem 5.1 is based on the following

continuous time version of [1 1, 22, First Main Lemma]. In our abstract set-up, we state:

Lemma 6.13. A version of [2], Lemma 13.1] Assume (HO) i), (H2), (H3) and (H4). Let ¢ : R —
[0, 1] be C° with supp 1) C [—r,r] where r € (0, 1) is sufficiently small and such that ) = 1 in a
neighborhood of 0. Then, for any € > 0, B € Ri(1/tP7°).
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The next result is required in the proof of Lemma 6.13.

Lemma 6.14. Assume (HO) i), (H2), (H3) and (H4). For all C* functions ¢ : R — [0, 1] with
supp 1y C [—3, 3] and for any € > 0,

R(ib) — R(0 .

w(b)()b() € Rp(1/t°7°).

Proof. We first prove a). Recall that R;1v = R(1lgcpcr413v) and Li(s) = [{° Regetdt,
s =a+ib=¢€ H. By Lemma 3.2, for all [b| < 1,

R(s) — R(0) 1. 1. 1. . s—e*+1.
= L ——L =—(L — L —L
. o L1(s) = - L1(0) = ~(La(s) = L1(0)) + e 1) 1(s)
1 . - 1—e®—se 9.
— S(La(s) — Ly (0)) - —& %} 6.4
S(La9) = L0) = S (o) (6:4)
and note that % = 1 + O(s). Applying this for s = ib, we know from the proof

of Lemma 6.10 that Ly (ib) is C~¢, for some small ¢ > 0 and dg_ef/l (ib) < C, for some

constant C' > 0. Also, it is easy to verify that for any p > 0, w(b)% is CP and

dp (w(b)%> < C for some constant C' > 0. Hence dg_ (¢(b)%fq(ib)) <

C, for some constant C' > 0. Note that the inverse Fourier transform S(t) of ¢(b) %ﬁl (ib)
is given by

3 1— —ib_'b—ibA )
St = /3 V) bfl — e‘Zib;z Lu(@)e™d.

Integration by parts gives

3
1S@)] < =69 /
-3

1—e ™ —jpei .
(i —(B-9),
=) 1(zb)> ’ db < t

dg—e (w(b)

Thus, the second term of (6.4) lies in Ri(1/t%7°).
It remains to deal with the first term of (6.4). Compute that

IA/ b —[: 0 00 7ibt_1 o t .
A N
0 0 0

—ib L —ib
= / ( / R, do)e ™ dt.
0 t

The above equation together with (H4) (or more precisely, Remark 4.3) implies that ¢ (b) %_ﬁl(o) €
R5(1/tP~€), which ends the proof. O

Remark 6.15. For later use (in the proof of Proposition 6.1), we rewrite (6.4) to

R(s) — R(0)  Ly(s) — L1 (0) 1 .

S s 2
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where F(s) = g(s)L1(s) where g(s) = O(s) belongs to CP for any p > 0. By the argument used
in the proof of Lemma 6.14, 1 (b)F(ib) € Rp(1/t°=°). Also compute

d - d . 5 _1—ges . 00
—R(s) i Li(s) = %Ll(s) R / tRye ' dt

ds :gesfl es —1
o0

1. & 1. OOO
— —=L1(0) / tRydt = ——L;1(0) — / Rydo dt as s — 0.
2 0 2 o Ji

Together with (6.5) (with s instead of ib), the above equation implies that

<R(s)_—81fz(0) ~ d(fs)fa(o)) - /OOO (/too Rondo) (™ = 1)dt +Q(s),  (66)

where ||Q(s)|| = O(s) as s — 0.

The following result has been established in [21]. The corresponding proof in [21] builds upon
the strategy in [11]. Roughly, it establishes the existence of an operator R that is identical to R in
a neighborhood of 0 and whose eigenvalue X is well defined on the imaginary axis. So, one can
speak of the inverse Laplace transform of (1 — A(b))/b. Furthermore, the result below establishes
that (1 — A(b))/b is different from zero on a compact interval [—r, ] for some r > 0, and one can

speak of the inverse Laplace transform of b(1 — A(b)) L.

Proposition 6.16. [2/, Proposition 13.4, Proposition 13.5] Assume (HO) i), (H2), (H3) and (H4).
Let § > 0. For any € > 0 and for all r > 0 sufficiently small, there exists a C”~€ family b — R(zb)

with a CP~¢ family of simple eigenvalues \(b) € {z € C : |z — 1| < 8} such that

(a) R(ib) = R(ib) for |b] < T
(b) R(ib) = R(0) and \*(b) = 1 for |b| > 2.
(c) ||R(ib) — R(0)|| < 6 forall b € R.

(d) Forallb € R, the spectrum of R(ib) consists of \(b) together with a subset of {z : |z —1| >
30}.

(e) (1 — X(b))/b is bounded away from zero on [—r,].
(N (1= AD))/be R(1L/tF7).

(g) Let B(ib) = b(I — R(ib))~". Then, for b € [—r,r], B(ib) = P + D(ib), where D(ib) €
Rp(1/t°7¢).

Remark 6.17. The proof of Proposition 6.16 goes word by word as the proofs of [2 ], Proposition
13.4, Proposition 13.5] with Lemma 6.13 above replacing [2], Lemma 13.3].
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Proof of Lemma 6.13. The rest of the proof of Lemma 6.13 goes exactly as the proof of [2],
Lemma 13.1] with the norm ||. || of our function space B replacing the norm ||.||g in [21]. This is
possible due to Lemma 6.14. We provide the main steps for the reader’s convenience.

By Proposition 6.16(a), B = 1B where B(ib) = b(I — R(ib))~'. Let P(b) be the spectral
projection associated with A(b). By definition,

B(ib) = ((1 — X(b))/b) "1 P(b) 4+ b(I — R(ib))"*(I — P(b)).
The second term is CP~¢, for any € > 0. Hence, it lies in Rg(1/t?~¢) when multiplied by 1.
By the argument used in the proof of [21, Lemma 13.1] (which applies to our setting because of
Lemma 6.14), we have 1»(b)((1 — A(b))/b) "' P(b) € Rp(1/t°~¢). The conclusion follows.  [J

6.3 A step in the proof of Proposition 6.1 analogous to the discrete time setting

In the present and next sections we show that Proposition 6.1 a), which can be viewed as the
continuous time version of [11, Theorem 1] (a generalization of [22, Theorem 1]), can be proved
by adapting the techniques developed in [11, 22]. A variant of Proposition 6.1 a) is implicitin [21],
which restricts the analysis to suspension flows over Gibbs Markov maps. The argument used in
the proof Proposition 6.1 a) is essentially different from the type of arguments used in [21]. This
is, of course, required since this result is formulated in the abstract setting of Section 4 as opposed
to the setting of Gibbs Markov maps in [21]. As we explain below, due to Lemma 3.2, we are able
to adapt the main steps in [11, 22, Proof of Theorem 1] from discrete to continuous time systems
and as such offer a transparent proof of Theorem 5.1.

We start by constructing a continuous time version of the polynomial operator valued function
used in [11, 22]. Recall from Lemma 3.2 that R(s) = ﬁ[ll(s) forall s = —a +ib,a > 0,
b| < 1, Lyi(s) = Jo" Ree”®t dt. To simplify notation, throughout this section we let L(s) =
f)l(s) = fooo Ryie st dt.

For N > 0, define

N [e%S) o)
LN(S) = / Rt716_8t dt + / Rt71 dt — (6_8 — 1) / th71 dt
0 N N
~ S ~ ~

Rn(s) = Ln(s), Bn(s)=s(I— Rn(s))". (6.7)

es—1

Throughout this section we assume (HO) i), (H2), (H3) and (H4).
The first result below can be viewed as the continuous time version of [22, Step 1, Proof of

Lemma 5].

Lemma 6.18. There exists § > 0 such that for all s € H with b € Bs(0)

Bn(s) = Pg, + (1 — e *)Dn(s),

where D (s) is analytic.
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Proof. By definition, Ly (0) = L1(0) = R(0). Hence, Ry (0) = L1(0). Denote by —%— L x(s)

d(—s)
the derivative in —s and note that ﬁLN(S) L:o = d(fs) La(s) Y Since
d ~ d S ~ S d -
a6 = 5 () Ve + g gy )

we have ﬁRN(s) = ﬁﬁi(s)\s:o. Since s — Ry (s) is differentiable in H, there exists
s=

8o > 0 such that Ry (s) has an eigenvalue Ay (s) in Bs, (0) such that

1. Since Ry (0) = L1(0) = R, An(0) is simple and isolated in the spectrum of Ry (0) and
An(0) = 1. (Recall that by (H2) ii), 1 is an isolated simple eigenvalue in the spectrum of
R.)

2. The rest of the spectrum of Ry (s) is contained in {\ € C : |A| < 1}.

Recall that P is the spectral projection associated with the eigenvalue 1 of R(O) = R. Let
Px (s) be the spectral projection associated with A (s) and note that Py (0) = P .
To obtain the expansion of Ay (s) as s — 0, we follow [22]. More precisely, starting from

Ry (s)Py(s) = An(s)Py(s), differentiating (in —s) and applying Py (s) to both sides,

d
d(—s)

d - d

Py (s) Ry (s)Py(s) = /\N(S)PN(S)ﬂPN(S) + A=)

AN (8)Pn(s).

Next, by Proposition 4.5, Pd(fs)}?(s)

P = ¢y # 0. Combined with the previous equation,

s=0

we obtain that s — 0,

d -
An(s)=1+4s- P@R(s)

. P+o(s) =14 s@g + o(s). (6.8)
S=

Let Qn(s) = I — Py(s) be the complementary spectral projection. Putting the above together,
we have that there exists 0 < § < &g such that for all s € B;(0),

Bi(s) = (F ) oy () + (e - D~ B(s) Q).

with ||(I — Ry(s))"'Qn(s)|| < C for some constant C' > 0. By (6.8), s = 0 is the only zero of
1 — An(s). This together with the above equation and the analyticity of Ry ends the proof. [

The next result is the analogue of Lemma 6.14 for Ry.

Lemma 6.19. For all C* functions 1) : R — [0, 1] with supp ¢ C [-3, 3].

N N

R(ib) — Ry (ib)

b GRB(l/tﬁ_e).

¥(b)
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Proof. Write

R(ib) — Ry (ib) _ R(ib) — R(0)  Rn(ib) — R(0)

ib o ib ib
CL(ib)—L(0) 1-—et—ibe . = Ly(ib) —L(0) 1—e®—ibe ®.
ST aioew M- ib T ey L)
L(ib) = L(0)  Ly(ib)—L(0) 1—e®—ibe=® . .
_ ~ _ - R o (L(ib) — L (ib)). (6.9)

By the argument used in the proof of Lemma 6.14 (which relies on Remark 4.3), when multiplied
by 1, each term in (6.9) lies in R(1/t%~¢). The conclusion follows. O

Based on the spectral properties of Ry mentioned in the proof of Lemma 6.18, we can obtain

a continuous time version of [22, Second Main Lemma].

Lemma 6.20. Choose 1 such that the conclusion of Lemma 6.13 holds. The following hold for
any p > 0.

a) Let Dy (ib) be defined as in Lemma 6.18, so By (ib) = Py, + (1 — e ) Dy (ib). Then
Y(b) Dy (ib) € Rp(tP).

b) (o)t (MO — 2 d fin)| ) € Ris(t7)

Proof. First, we note that ¢(b) By (ib) is well defined. Let B(t) be the inverse Fourier transform
of »B. By Lemma 6.13, ¥ B € R(1/t°~). Hence, there exists Cj such that

o0
[ 1Bl < o .10
0
Recall supp ) C [—r, 7] where r € (0, 1) is sufficiently small. For |b| < r, write

By(ib) = B(ib) <I _ R bRN (i) (zb)>_1.

Continuing from equation (6.9),

R(ib) — Ry (ib o 1—e® —jpeib| oo
e Y M e oy L
Clearly, \%ﬁi’%] = 5+ O(]b]), as b — 0. Together with Remark 4.3, this implies that for
any 7 < [3 and for all |b| < 1
R(ib) — R (ib
B bRN(Z Jj<on--v, (6.11)

for some positive finite constant C. Choosing N < Cp/2 (with Cy as in (6.10)), we have that
¥ (b) By (ib) is well defined.

Reasoning as in [22, Step 1 of Proof of Lemma 6], for any by € supp ¢, there exists dg > 0
such that b — By (ib) is analytic in Bs, (bo). Also, by Lemma 6.18, there exists & > 0 such for
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all b € Bs(0), By(ib) = Pz, + bDy (ib), where Dy is analytic. It follows that for any p > 0,
Y(b) Dy (ib) is CP with dy[1(b) Dy (ib)] < C, for some constant C' > 0. By the argument used in
Lemma 6.14 (in estimating S(t) there), we have v (b) Dy (ib) € Rp(t~?), which ends the proof
of a).

For the proof of b), we note that reasoning like in Remark 6.15, we have

1 (Ry(ib)—R(O) d ., (e —1)
%( = —d(ib)R(zb)‘ / / R,,lda S dt + - QN(Z(I)6)12)

where Qn (ib) — 0 as b — 0 and 1 (b)b~'Qn(ib) € Rp(1/?), for any p > 0. The conclusion

follows since the first term has finitely many inverse Laplace transforms. 0

6.4 Proofs of Proposition 6.1 and Proposition 6.3

At this point in the exposition we can summarize the rest of the argument and emphasize on the
analogy with the discrete time situation.

Put C(s) = s~} (Rn(s) — R(s)). By equation (6.11), ||C(s)|| < CN~C~D forall s € H
with [b| < 1, for some positive finite constant C'. By Lemma 6.20, ||C(s)|| < C, for some positive
finite constant C. Hence, we can choose N such that (I — C'(s)By(s))~" is well defined for all
s € H with |b] < 1.

By the resolvent equality, B(s) = By (s)(I — C(s)Bn(s))~", forall s € H with |b| < 1 and

B(s) = By(s) + Bn(s)C(s)By(s) + [Bn(s)C(s)]?B(s).

Hence,

N ~ ~

s71B(s) = s 'Bn(s) + s 1By(s)C(s)

By (s)+ s [Bn(s)C(s)]?B(s). (6.13)
A discrete time version of the above identity has been used in [11, 22].

As already mentioned, in contrast to the discrete time scenario, following the strategy in [21]
we only estimate the correlation function p;(v,w). For such a strategy it suffices to estimate the
inverse Fourier transform (in the operator norm) of (b) By (ib), 1(b) By (ib)C(ibBx (ib) and
¥ (b)[Bn (ib)C (ib))>B(ib), with ¢ chosen as in Lemma 6.13.

The inverse Fourier transform of the first term is dealt with in Lemma 6.20. In what follows
we estimate the inverse Fourier transform (in the operator norm) of (b) By (ib)C(ibBy (ib) and
¥(b)[Bn (ib)C (ib)]2B(ib) by adapting the techniques in [11, 22] (including those steps in [11]
needed to deal with the case 8 > 1) to the continuous time scenario. Again, the basic observation

that makes this possible is Lemma 3.2.

Lemma 6.21. Assume (HO) i), (HI) and (H2), (H3) and (H4). Choose 1) such that the conclusion
of Lemma 6.13 holds. Then, the following hold for any ¢ > 0, any p > 0 and all s = a + b,
a>0,[b <1
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a) s 'Bn(s) = s 1Py, + Dn/(s), where ¢p(b) Dy (ib) € Rp(tP).

b) s 'Bn(s)C(s)Bn(s) = Pso(J5° [T Repdr) do)e™t dt) Ppy+A(s), where 1(b) A(ib) €
Ry(t= =),

¢) Y(b)b~ By (ib)C(ib)|2B(ib) € Ri(a(t)), where

t—(B—¢) if B> 2;
a(t) <=2 ifB =2, forany e > €
=22 g <2

Proof. Item a) follows immediately from Lemma 6.20 a). For the proof of b), write

s:0>_<RN(s)—R(0) d R(s)

—s d(—s)

-5 d(—s)

= Ci(s) — Ca(s).

Continuing from (6.6),

Ci(s) = /OOO (/too Ryado) L )

/OOO (/too Ry do) (/Ot €™ do ) dt + Q(s)
:/OOO (/too (/:O Reydr )do ) e~ dt + Q(s),

where ¢ (b)b~'Q(ib) € Rp(1/t°~¢). By Lemma 6.20 b), for any p > 0, 1(b)Ca(ib) € Rp(t~P).

Hence,
C(s) = /000 (/too (/:O RﬂdT)da)e_St dt + C*(s),

where C*(s) = Q(s) 4+ Ca(s) and thus, 1 (b)b~1C*(ib) € R(1/t57°).
Putting these together,

s'Bn(s)C(s)Bn(s) = Py, /000 (/too (/:0 RT,ldT)dO'>€_St dtPg, + Als),

where A(s) is a sum of products, all of them including the factors Dy (s) and C*(s). Hence,
b(b)A(ib) € Rp(t~#=9).
We continue with the proof of c¢). We first note that by (6.6) and (6.12) (with s = b and
multiplied by s),
o0 o0
€)= [ (] Roado) (e = 1)dt+(QGs) = Q)

N

where ||Q(s) — Qn(s)|| = O(s) as s — 0. Also, for any 0 < § < 1 and s small,

/ (/ ||RU,1||da)|eSt—udtg\sP/ té(/ | Roalldo)dt.
N t N t
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Since by Remark 4.3, [ || Ry1[/do < t7, forany 7 < 3 and § > 1 and § is arbitrary small we
have that [ ¢° ( [ HR@l”dO') dt < co. Hence,

/ (/ Rg,lda) (et —1)dt =0, as s — 0
N t

and as a consequence, C'(s) — 0 as s — 0.

Put G(ib) = 1(b) By (ib)C (ib). By item a) and Lemma 6.14, G(ib) € Rp(t~(5=9). Clearly,
G(s) — 0as s — 0and G(0) = 0. Writing G(s) = [;° G(t)e~*! dt, we have [;° G(t)dt = 0
and ||G(t)|| < t~#~¢). Thus,

~ A~

(s fzbt %) oo )
G(Z.:) Gl G / ay——Lar = / ( / G(o) do)e=™ dt.
-1 0 t

Since [|G(t)|| < t~#~9), wehave [ ||G(0)||do < t~3~1=<) and hence b~ ' G (ib) € Rp(t~F~179).
Next, put E(ib) = b~'G(ib)>B(ib). We want to estimate the inverse Fourier transform of

E(ib). Write E(ib)’ := %E (b) . To obtain the required estimates, we proceed as in the discrete
time scenario [11, 22] by estimating the inverse Fourier transform of E (ib)" and then integrate.
Let B’ and G’ denote the first derivative of B, G in b. Compute that

Biby = — (G(bib))QB(ib) +i[(é(gb)é(ib)' + Gy © ;b))]é(ib)
+ i@(ib)(é(gb))é(ib)’.

By Lemma 6.13, ¢ (b) B(ib) € R(1/t°~). It follows that ¢»(b) B’ € R(1/t°~17¢). Due to these
estimates and the fact that b= G/(ib) € Rp(t~(F~179), the rest of the argument goes exactly like
in the discrete time case [11]. We recall the main elements. First, the statement and proof of [11,
Lemma 4.3] on convolutions goes exactly the same as in the discrete time case (with of course,

sums replaced by integrals). As a consequence we obtain, b~2G(ib)2B(ib) € Ri(b(t)), where

t=(B-1=9 if 3 > 2
b(t) < L ¢~ (1=€) if 3 =2, forany € > ¢;
=63 if g < 2.

Also, based on the continuous time version of [ 1 |, Lemma 4.3] and the fact that Y B’ € R(1/t8717¢),
one obtains similar estimates for the other terms of E(ib)'. Integrating, we obtain that E(ib) €

Rp(a(t)), with a(t) as in the statement of item c), as required. O

Proposition 6.1 follows immediately from equation (6.13) and Lemma 6.21. It remains to com-

plete the

Proof of Proposition 6.3. Recall Pv = (. Continuing from (6.13),

A~ ~ N

sTIB(s) = s Bn(s) + s ' Bn(s)C(s)Bn(s) + s [Bn(s)C(s)]? + s B (s)C(s)]>B(s).
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By Proposition 6.1 a), s By (s Dy (s)v, where ¢(b) Dy (ib) € Rp(t~P), for any p > 0. By

Ju = ) w (i
Proposition 6.1 b), By (s)C(s)Bn(s)v = A(s)v, where 1(b) A(ib) € Rp(t~(5=9)). Thus,

A A~ ~

s HBn(s)C(s))20 = A(s)C(s)Dn(s)v

and
sTHBN(s)C(s)]>B(s)v = A(s)C(s)Dn(s)C(s)B(s).

By Lemma 6.19, »C(ib) € Rp(1/t°¢). By Lemma 6.13, ¢y B(ib) € Rp(1/t°~¢). Hence, as-
suming that Pv = 0, ¥b~'[By(ib)C(ib)]> € Rp(1/t5~) and b~ [By(ib)C (ib)]> B(ib) €
R5(1/t7~¢). The conclusion follows by putting the above estimates together. O

Remark 6.22. Showing that the estimates provided by Lemma 6.21 hold with |||\ replaced by
||.l|B=B, under a weakened (H4) (that is, such that both (B, By) and (B, L) satisfy (H5) with T
as appropriate) brings up several complications. Among these, we note that a) one needs to work
with an appropriate version of Lemma 6.13; b) the last term of equation (6.13) is a complicated
product, so its inverse Laplace transform cannot be easily estimated under a weakened (H4).

We believe that for a) one could exploit a decomposition of VB into the scalar part given by
A (of which inverse Laplace transform can be estimated under a weaker (H4)) and the rest. Also,
we believe that this route for dealing with a) can be further combined with repeated applications
of the type of arguments and abstract results of [ 3] (or rather the improved version of the men-
tioned abstract result in [12]) to solve b). This type of argument for dealing with a) and b) above

constitutes the subject of work in progress.

7 Arguments in the infinite case: proof of Theorem 5.2

As in Section 6, in this section we make transparent that the present abstract set-up allows us to
show that main part of the techniques developed for the discrete time scenario (namely, [20] with
some required generalizations in [16]) carry over to the continuous time case. Due to (HS) ii), in
part of the arguments we follow the steps in [16], which exploits an analogue of (HS) ii) in the
discrete time setting. Equally important, as in Section 6, some techniques/calculations required to

deal with continuous time infinite measure preserving systems are directly borrowed from [21].

7.1 Estimates for (I — R)™!

By (H2), (H3) there exist § > 0 and a continuous family A(ib) of simple eigenvalues of R(ib)
such that A(7b) is well defined for all |b| < ¢ and A\(0) = 1. In what follows, we let P(ib) be the
associated spectral projection, v(ib) be the associated eigenfunction and set Q(ib) = I — P(ib).

The continuity properties of R(z’b), b € R, are obtained via Lemma 3.2 and assumption (H4).

Lemma 7.1. Assume (H2), (H3) and (H5) ii). Let T be as defined by (H4). Then there exists C > 0
such that for any h > 0,
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IR(i(b+ h)) — R(ib) |55, < Cmax{L,[b[} h7.

Proof. By Lemma 3.2, for all b € R and a > 0 such that e~ # 1, R(ib) = g4 (i) L, (ib) with
La(ib) = [ Reqe™@" dt and gq(ib) = —.

A standard calculation shows that |g1 (i(b+ h)) — g1 (ib)| < h, forall |b| < 1 and |g; (b)| < 1.
Next, given b € R, fix a > 0 such that [e=®® — 1| > 1. Then, there exists some constant C' > 0
such that [g,(i(b + h)) — ga(ib)| < Ch and |g,(b)| < C|b|.

It remains to show that ||L,(i(b + h)) — La(ib)||55, < h", for all b € R and appropriate

a > 0. This is an immediate consequence of (HY) ii):

1Za(ib1) = La(iba) |55, = |l /0 Rpa(e” "M —e=™)||5,5,

< hT/ t"|Rt.all BB, dt < h”.
0

O]

To estimate || P(ib) — P||p—z, for b close to zero (and as such ||Q(ib) — Q||p—s5,, ||[v(ib) —
v(0)||B=n,) we recall the following abstract result of [13], which due to Lemma 7.1 applies to our
setting with no modification of the involved proof (except adjusting the corresponding labeling of

the quantities and parameters used there).

Lemma 7.2. [/3, Corollary 1] Assume (H2), (H3) and (H5). Then, there exists 6g > 0 and some

constant C' > 0 such that for all b € spec(R(ib)) N Bs«(0), for all h < |b| and for any € > 0,
|P(ib) — Pllss, < CoT, PG5+ k) — P(ib) 55, < ChT.
Moreover, the same estimates hold for the families Q(z) and v(z).

The result below is a consequence of (HO) ii), Lemma 7.1 and Lemma 7.2.

Lemma 7.3. Assume (HO) ii), (H2), (H3), (H5) i) and (H5) ii) with max{28 — 1,1 — 5} < 7 <
B — . Fix 8y > 0 such that Lemma 7.2 holds.
Let cg = ifooo e~oP do. Then, for all |b| < 5 and for any € > 0,

(L=A(b) ™" = eg 01/ 1B)) 0P +O(b*™=),  (I=R(ib)) ™" = ¢z e(1/|b])~'b~P (P+E(ib)),
where E(ib) is a family of operators satisfying || E(ib)| s—B, = O(|b]7 ™).

Proof. The argument is standard. For similar arguments we refer to, for instance, [2, 20, 19, 21]).
Due to our assumption (HS5) ii), we need to use Lemma 7.2 (for a similar use of Lemma 7.2 in a
different set up we refer [10]).

Recall fx’(z’b)v = R(e~™%v). Following the formalism in [12] (a simplification of [2]), we

write

A(ib) = /Y A(ib)v(ib) dugp = /Y R(e™®u(ib)) dug = /Y e dug + V(ib), (7.1)
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where V (ib) = [5 (R(ib) — R(0))(v(ib) — v(0)) dus.

By the argument in [10], 1 — [, = dpu ~ cgl(1/b)bP as b — 0.

By Lemma 7.1 and Corollary 7.2, the families R(ib) : B — By and v(ib) : B — By are C7
and C7~, respectively, in Bs, (0). Since B C By C L™ (us), |V (ib)| = O(b*"~¢). Thus,

1 — A\(ib) = cgl(1/b)b° + O(|b|*™ ).
Next, for all [b| < do,
(I —R(ib))™t = (1 = A(ib)) 1P — (1 — A(ib)) "L (P(ib) — P) + (I — R(ib)) "1 Q(ib).

By (H3), ||(I — R(ib))~*Q(ib) ||z = O(1). By Corollary 7.2, || P(ib) — P(0)||5—5, < b" . Set

E(ib) = P(ib) — P(0) + (1 — A(ib))(I — R(ib))~*Q(ib)
and note that || E(ib)||s—5, = O(|b|""). Thus,
(I = R(ib))™" = (1= A(ib)) " (P + E(ib)) = c5'€(1/b) "6~ " (P + E(ib)),
as required. O
An immediate consequence of Lemma 7.3 is:
Corollary 7.4. Assume the setting and notation of Lemma 7.3. Then
i) |(I = R(ib)) " p=n, < €(1/b)"b|~F forall 0 < |b] < do.
ii) There exists C > 0 such that ||(I — R(ib))Y||_p, < C, forall §y < |b| < 1.
Using Lemma 7.1, (HS5) i) and the type of arguments in [ 3] we obtain

Corollary 7.5. Assume the setting and notation of Lemma 7.3. Then, there exists C' > 0 such that
(I = R(ib)) ™" — (I — R(i(b+ )" Y|s—p, < C h7log(1/h), for all &y < |b| < 1 and h > 0.

Proof. By the resolvent equality,
(I — R(ib))™ — (I — R(i(b+ )~ = (I — R(ib)) "L (R(ib) — R(i(b + h))(I — R(i(b+ h))
= (I — R(ib))"*A(b, h).

Next, by (H2), ||(I — R(ib))~!||z < C, for some C' > 0 for all §y < |b| < 1. Together with (H5)
i) and the type of arguments in [13], this implies that for any v € B,

17 — R(ib) " A(b, hyolls, < Y I R(i0) Ab, Yo, + |[R(b)" (I — R(ib) " A(b, )]s,
j=1

< nllA(b, h)vlls, + C10"(|(T = (b)) A(b, h)vlls + Call(T = R(ib) ™ A(b, k)] -
By Lemma 7.1, for all 9 < |b] < 1, ||A(b, h)v||g, < h7||v||5. Recalling Cy < 1 and using the
last displayed inequality,
(1= Co)||(I = R(ib)) " A(b, h)vlls, < C16"[v]|5 + nhT[|v]5.

The conclusion follows by taking n = [7log(h)log(6) ] (so, 6" < h™ and n < log(1/h)). O
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The next result provides the required continuity estimates for A(ib) and (I — R(ib))~! under
(H5) ii).

Lemma 7.6. [/6, Proposition 3.7] Assume the setting and notation of Lemma 7.3. Then the
following hold for any 0 < h < |b| < §* and any € > 0.

i) IAG(b+ h)) — A(ib)| < hPe(1/h) + hT=<|bJ".

ii) Also,

I(T=R(0)) ' = (I=R(i(b+1)) " |58, < £(L/[6])2R7=[b|=7+£(1/|b])~26(1/h)R7 || 7.

Proof. The proof goes word by word as the proof of [23, Proposition 4.2], [ 16, Proposition 3.8]

(by setting u = 0, 8 = b and relabeling the parameters used there), with the change that in the

present set-up B C By C L°°(ug). Because the proof of item i) is short we provide below for

completeness. As in [ 16, Proposition 3.8], item ii) follows from item i) together with Lemma 7.2.
Put Ay = |A(i(b+ h)) — A(4b)|. Using eq. (7.1) we write

Ay = /Y (e 0N _ o= dpuig + /Y (RG(b+ h)) — R(ib)(v(i(b+ h)) — v(0)) dua

+ [ (R = RO)(i(b+ 1) = o) duo

Y

= / (e71OHhe _ o=b2) d1ig, 4 Vi (ib) + Va(ib).
Y

Using the fact that B C By C L™ (uq), we get

[Vi(ib)| < Jv(i(b + h)) = v(0)l| 55,

| Reitb+ ) = Reit) da|

= [+ 1)) = o) [ (€ = %) |

and
[Va(ib)| < [[v(i(b+ h)) — v(ib)|| B, | /Y(R(i(b +h)) = R(0)) dua|
/(ei(bJ“h)‘P -1) d,t@’.
v

By Corollary 7.2, for any € > 0, ||(v(i(b + h)) — v(ib)| BB, < h"¢. Similarly,
1)) — 0(0)l5spy < [b+ Al < BT,

Next, let G(z) = po(p < ). Itis easy to see that [ (e 7/ b+he —e=b¢)dpq = [ e7ibz(e—ihe
1)dG(z). The estimate | [;° e~ (e~"* — 1)dG(z)| < hPL(1/h) follows by the argument used
in the proof of [10, Lemma 3.3.2]. Similarly, | [ (e~*(t+P%® — 1) d,ucb’ < b+ h|P < vP.

Putting the above together and using that 0 < h < [b|, [V1(ib)| < |[b+h|7"h? < |b|~h® <«
h™=¢|b|? and [Va(ib)| < h7¢[b|%. Since | [5 (e {bTMP — e=%) dyig| < hPL(1/h), the conclu-

sion follows. ]

= [[o(i(b+ h)) — v(ib)|l5-s5,

v(i(b+
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Lemma 7.7. Assume (HO) ii) and (H5) ii). Assume (H6’) and choose « such that (H6) holds.
Assume that |b| > 1. Then the following holds as h — 0,

11 = R(i)) ™ — (I = RG(b+ h) 5, < h™ log(b)) b+,

Proof. Write (I — R(ib))™! — (I — fz('(b + h))~! = (I — R(ib))"*A(b, h), with A(b,h) =
(R(ib) — R(i(b+h))(I — R(i(b+ h))~". With the notation of Remark 4.6, let k = %ﬁgbg'bl
and note that

k
I(Z = R(ib)) " Ab, )olls, < Y 1R(ib) A(b, h)vs, + [ R(i)* (I — R(ib)) " A(b, h)vl|s,
j=1

Using (H6), (H6) and the fact that || A(b, h)v||g, < |b|*T AT ||v||5 (by Lemma 7.1),

b= (1 = R(ib)) "t A(b, h)v|5, < Clog(|b)[|A(b, h)v]ls, < Clog(|b])[b|** A7 |Jv]ls,
for C' > 0. The conclusion follows. L]
7.2 Estimates for T = U(I — R)™!

In this section, we combine our estimates for (1 — R)*l obtained in Section 7.1 with the estimates
for U obtained in Section 8.2. Recall that c5 = i [ e ="~ do.

Given that 7' = U (I—R)~" is a product, in the result below we speak of || I/ (1—R)~* |(B=Bo)— L (1us)

101861 (ua) I = B) 2|50

Lemma 7.8. Assume (HO) ii), (HI) ii), (H2), (H3) and (H5). Assume (H6) and choose « accord-
ingly. Let v = % with v* € B and w = “’T* with w* € L*(ug). Let T be given as in (H4).
Then,

(a) [ T(ib) vwdu—c 01/b))71 7 [odi [3wdi(1+0(1)).

/Bl 0< bl <1,
ble, bl > 1.

(0) 1T (i) | (5 B0)— L (ugr) < {
(c) Forany (0 < h < |b| < 1 and for any € > 0,
IT(i(b+ h)) = T(@) 58011 (ua) << E(L/1B1) 2R (0|77 + £(1/[b])~26(1/ )R |b| 7.
(d) For|b| >1andany0 < h <1,
1T (6 + R)) = T (i) (3-By) -1 (1) < [BI** T A7 (log [B])[6]** .
Proof. (a) By Lemma 8.6(b), U is continuous. Thus,

lim E(l/b)bﬁ/y (ib)vwdi = lim U( b)e(1/b)bP (I — R(ib)) v w dfi

b—0+ b—0+

:[ 0(0) T £(1/0)(T = R(ib)) " ow
Y

<
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Combined with Lemma 8.6(a), the above equality yields

hrn E(l/b)bﬁ/ T(@Eb)vwdp = / /0 lim £(1/b)b° (I — R(ib)) Lo (y, 0) dow*(y, ) due

b—0+
+// R E Jim 5(1/b)b5(1—1%(ib))*1v) (y,0) dow* (y, u) dus
/ /O lim 6(1/0)6° (1 — (b))~ v(y, 0) dorw* (3, u) dpa

b—0+

/ / hmm/bbﬁ(f R(ib)) ™! )( o) dow* (y, u) o ® .

b—0+

Recall w = “’{L Lemma 7.3,

lim E(l/b)b’g/T(ib)vwdﬂ:cﬁl/ B/ U(y,a))do’d,u@/wd,&
b—0+ v vy Jo Y

1
+cﬂ1/h/ U(y,a)dadu¢[w*0¢du¢.
Y u Y

Since ff/ w* o ® du.:p = f}} w* d,u<1> = ff/ w dﬂ,

blir&m/b)bﬁ/y (ib)uwdﬁ:cﬁl/?ﬁ(/Ouv(y,a))+/ulv(y,a)dg)dm> /?wdﬁ

= cgl/ l~wdu¢ / wdj = cgl/ vdji / w dji,
1% v 1% v
which ends the proof of (a).

(b) Recall T'(ib) = U (ib)(I — R(ib))~" and note that

1T (D) (8 0) L1 (uar) < WU () 3551 ) 11 = R(i0)) ™ [I5-550-

When 0 < |b] < 1, the conclusion follows by Corollary 7.4 and Remark 8.5 (which ensures
1T (b)) Bo—Ll(ug) < C, for some positive constant C'). When |b| > 1, the conclusion follows
from (H6) and Lemma 8.3.

(c) Note that

IT(ib) = T(i(b — Pl B-Bo) 11 (o) < 1T(i) = T (i(b = M)l 5y 11 (o) | (T = (1)) | 85,
+ 1T ()| 5 11 (o | (T = R(iD) ™ = (T = R(i(b— 1)) " |55,
= D(b,h) + E(b, h). (7.2)

Recall 0 < h < |b] < 1 and 7 is such that (H5) ii) holds. By
) B=11 (ue) < BT By Corollary 7.4, [|(I — ]%(z'b))_lHBHBO < L(1/]p)~t

U(ib) — UGi(b —

D(b,h) < £(1/]b])~ | Ph.

To deal with E(b, h) we consider two cases: i) 0 < h < |b] < dp and ii) dp < [b] < 1 and
h > 0. In both cases, dg is fixed such that the conclusion of Lemma 7.3 holds.
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In case i), Lemma 7.6 ii) gives that for any € > 0,
I(Z = R(i(b—h)) ™" = (I = R(ib) |55, < £(1/[b) 2R [b| =7 +£(1/[b]) ~2€(1/R) R [b| 7P

By Remark 8.5, |U (ib) |l Bo—r < C, for some positive constant C' > 0. Hence,

(na)
E(b,h) < L(1/|b])"h7[b| 77 + £(1/|b])~2e(1/h) R |b| 27

In case ii), by Corollary 7.5 we know that ||(I—R(i(b—h))) "' —(I—R(ib)) || p5, < ChT,
for some constant C' > 0. We already know that ||U(ib)]|z,_, Li(ue) < C, for some positive
constant C' > 0. Hence, E(b,h) < Ch".

The conclusion follows by putting together the estimates for D(b, h) and E (b, h).

J7

(d) We continue from (7.2), recalling that we consider the case [b| > 1 and 0 < h < 1. By
Lemma 8.6(b), ||U(i(b + h)) — (ib)\|30_>L1(N@) < h™. By (H6), ||(I — R(ib))" ||z < |b]“.
Hence,

D(b, h) < [b|*h7.

By Lemma 8.3, ”U(ib)||30_>Ll(uq)) < (, for some positive constant C. By Lemma 7.7, ||({ —
R(i(b—h)))~! = (I = R(ib)) || 3-8, < b7 (log [b])[b[>*F*. Hence,

E(b, h) < h7 (log |b])|p** .
The conclusion follows by putting together the estimates for D(b, h) and E(b, h). O

7.3 Proof of Theorem 5.2

Recall that p;(v, w) = [; vw o f; djiand for s € H, set

p(s)(v,w) = /000 pe(v,w)e Stdt = /Y/T(s)vwdﬂ. (7.3)

The result below has been established in the set-up of [21]. It applies to the present set-up with

no modification.

Proposition 7.9. [2/, Proposition 6.2] The analytic function p(s)(v,w), Rs > 0, extends to a

continuous function on {Rs > 0} — {0}. Suppressing the dependence on v,w, the correlation

1 / et _ %%( /0 e p(ib) db).

The next three results provides an estimate for fc ™ 5(ib) db for different regimes of 0 < ¢ <

function is given by

d < o0, as specified below.

Lemma 7.10. For any a > 0,

a/t a
lim f(t)tl_'g/ et p(ib) (v, )db:cﬁl/ eoo P da/ vdﬂ/ w dfi.
t=roo 0 0 v v
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Proof. The follows by the argument of [21, Proposition 6.2] with Lemma 7.8 (a) replacing [21,
Corollary 5.10]. For the analogous argument in the discrete time scenario we refer to [20, Lemma
5.2]. O

Lemma 7.11. Let ' € (3, ). Let T be given as in (H4) and let 7' € (1 — 3, 7). Then for all
a € (m,t),

1
/ €05y w(ib) db < £(t) "1~ (1=Bg=CF=1) 4 () =1y~ (1=B47) 1=,
a/t

Proof. The argument below is similar to the argument used in the proofs of [21, Proposition
6.4], [20, Lemma 5.1], with obvious adaptation due to the estimates above.
Let 0 < b < 1. By Corollary 7.4,

16(ib)] < £(1/0) 7167 [0l [|w*[| Loo g )-
By Lemma 7.8(b,c) with h = 7/t, we have that for any € > 0

16(ib) — p(i(b — 7 /)] <L(1/0)"2 £(1/h) b~ 77 |[v* 5]l oo g
+0(1L/6) 2T o | e

(o)
From here on we suppress the factor ||v*(||w*|| Loo (). Write
1 147/t
I= / ®t5(ib) db = / e p(i(b—m/t)) db
a/t (atm)/t
Then 21 = I + I + I3, where
147/t (a+m)/t
I =— / P p(i(b—m/t))db, Iy = / / e j(ib) db,
1 a/t

1
I = /( e (p(ib) — p(i(b — /1)) db

a+m)/t

Clearly I; = O(t1), and by Potter’s bounds (see, for instance, [6]),

(atm)/t
|15 <</ 0(1/b) o™ 5db—€() == 5)/ (t)/e(t)o)]o™
/t
< 0ty 0) / o do < ()1~ 0-DgF
Next,

1
13| < £(t) / ((1/b) 22 ap + =<0 [ p(1/b)"207P ab
a/t
=131+ I32.
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By Potter’s bounds,
t o
By =100 [0t/ do < o) [T do
< ()P g8

Also, I35 = £(t)~ 2t~ (T—<0) fal/t [6(t)/£(1/b)]>b db. By Potter’s bounds, for any € > 0, [((t) /£(1/b)]? <

t°b~¢. Hence,
1
Iso = 0(t) 2772 / b=B=< db.
a/t

Since € can be taken arbitrarily small, I35 < £(t)2t~("=<)q!=8=< for any ¢ > . The conclu-
sion follows since 7" € (1 — 8, 7) and 5’ € (1/2, ). O

For the next result we recall that C™ (Y, i) is the class of observables defined in (4.2).

Lemma 7.12. Assume (H4) (ii). Assume (H6) and choose o accordingly. Choose m > 2a + 2.
Letw € C™ (}7, [i). Assume (H4) with T > 1 — [3 as given there. Then,

[ e o) db] < £ ol [

Proof. The argument below adapts the proof of [21, Proposition 6.5] to the present context.
By Proposition 4.7, j(s)(v,w) = P,(s) + Hy(s), where P,,(s) is a linear combination of
s79,j=1,...,m,and Hy(s) = s7"py omu(s).

By the argument used in the proof of [2 1, Proposition 6.5],

y / e P, (ib) db| < t7L.
1

By Lemma 7.8(d) with h = 7/, there exists some constant C' > 0 such that
| Hin (i(b) — Hin(i(b — m/1))] < Cb=" 227D (log b7 [[v* 5]} w]oc.
Suppressing the term ||v* || |0/ w| o>
oo 0o N I+m/t
‘2/ e (i) db| < / FL, (i) — Fo (i(b— /1)) db + / L (i(b — /1)) db
1 1 1
<t T / (log [b)b~ (=2 D gh - O(t™1) = O(t™7),
1

where in the last inequality we have used that m > 2a + 2. O

We can now complete the
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Theorem 5.2. By Lemma 7.10, Lemma 7.11 and Lemma 7.12, we obtain that for all a € (m,1),

lim #-54(1) / e p(ib) (v, w) db = ¢ / 70~ do / vdi / wdji + O(a~ 1)
t—o00 0 0 % v

+ lim =T alF

t—o00

Because ' > 1/2and 7" > 1 — f3/,

lim tl_ﬁ/ e®p(ib) (v, )db:cﬁl/ oo P da/ vdﬂ/ w dfi.
t=roo 0 0 v v

Since R(c f > €708 do) = sin B, the result follows from Proposition 7.9. 0

8 Several estimates related to the Laplace transform U

In this section we study the asymptotic behavior of the Laplace transform U (s) defined before
Proposition 3.1. To some extent, our calculations below follow the strategy of obtaining similar
estimates for U as defined in [21]. Under the present assumption (H1) (so, h unbounded) the
calculations require more more work. Thus, we cannot simply cite the somewhat similar arguments
in [21], but need to carry out the new calculations. However, we mention under the assumption
that & is bounded (limiting to the present (H2), that is B € L*(ug)), all the arguments in [21]
used to study the asymptotic behavior of U (s), simply go through.

We start by obtaining precise formula for the inverse Laplace transform Uy.

Proposition 8.1. Assume that h is bounded away from zero and ¢ > h. Let v € L'(fi) and
w = w*/h € L) withw* € L>®(ug). Ift < h(y)u then

~ t i
[ v ane = [ 1y e

Also, if t > h(y)u, then
[ vthwyw dse = | R(wwdue,
v v

where v (y,u) = 1,y iy 1y (8 0 V(s u + £2).

Proof. First we deal with ¢ < h(y)u. The assumption ¢ > h implies Lipsty = 1y po-ae. on Y,
and therefore, for w € L>(us),

1—t/h(y)
/ Uy (o) dpsgy = / Lponyhow o frdps = / / oy, u)e(y,u+ t/h(y)) ly)du dp

=[] ety /ety )
t/h(y)

t *
- /Y v e,

where in the last equality we used that wh = w* € L (ug).
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For the case t > h(y)u, we compute

/ Uy (ho)w dpig = / Lo ho(w™ /1) o fr dp
Y Y

_ L h(y) e t—o(y) + h(y)u
N /Y/o hy) et (Fy, =g ) dudy,

where we compute the argument of w* by, starting from (y,u), first flowing to (y,0) (which

takes time A (y)u, then flowing to (Fy,0) (which takes time ¢g) and then the remaining time

t — o + h(y) gives (Fy, W)
We rewrite this integral twice, applying different changes of coordinates. First we take 2u’ =

t+/~1~( Yu—¢o — 2h(Fy)
Sy foru' € [0,1), so du = ) du’. Also

_2h(Fy teo—t ey )t ply) —t p(yu)
h(y) h(y) h(y) 2h(Fy)

hence the indicator function 1,4} keeps the same form in the coordinates (y, ). This gives

1
1 7 2 @(yau/)_t
I == | Uhv)wd :// 1 Wonv(y,u + 5L
1 2/? dhjwdpe = [ [ Lptuw)>0 00 )

where ®; : Y x [0,3) — Y is the first branch of the map . Since v is supported on Y, the

12
second argument v’ + %

this by the indicator function 1

Nw* o @1 (y,u’) du’ dpu,

needs to belong to [0, 1] to give a nonzero value. We emphasize

(1< (yu!)+hy)w <t+h(y)} Which combined with 17, )5 gives

Vi<p<hiy)1-w)y- Henee

1
L= /Y/O Licpctrhty)1—u}? v(y,u' + ) )w o ®q(y,u’) du' du.

: 1 — trhu—go 1l — 2h(FY) g1
For I we use the change of coordinates 2u’ — 1 = Wy foru" € [3,1) so du = h(y) du’.

The definition of ¢ on this range gives

Py, ) +hy)w' = wo(y) + (2h(Fy) — h(y))u' — h(Fy)
= poly) + (@h(Fy) ~ R ~ ),

so the indicator function 1 y preserves the same form, as does 1;,(y u)>¢}-

{t<e(y,w)+h(y)uw <t+h(y)
Also uy = =1 h((lgj ;"H% T h;} (;w ! Therefore, denoting the second branch of ® by

Dy:Y = [3,1) 5 Y, we get

p—t,
2= // <ty <t -y (W + ) Jw* o o(y, u') du’ dp.

Adding I; and I, we obtain

1
A — 5 / ¥ — 13 * / /
/?Ut(hv)w due = /Y/U Loy cpctih(y)i—u 00w + ) )w* o ®(y,u’) du' du

1
— - / ()D_t *
= /Y/O R(l{t<<,0<t+h(y)(1—u’)}v(yau + iL(y) )w” dpe,

as required. O
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8.1 Estimates for U required in the finite case

We first estimate the inverse Laplace transform of s™! [5 U(s)(hv)w dug, as follows:
Lemma 8.2. Assume (HO) i), and (HI1) i). Let B the Banach space deﬁned by (H2). Let v = %
with v* € B and w = “’7* with w* € L (ug). Define 7(s) := s~ [ U( )(hv) w dpg. Let r(t)

be the inverse Laplace transform of 7(s). Then

r(t)(v,w = /~ h(y) /Ou v(y, 7)dT w* dpg + /{/ iL(y)(Ll v(y,T) dT) w* o ®dug + E(t),

Y

where || E(t)|] < [[v*| oo (ug) 10" [ oo (g )t~

Proof. Write 7(s) = s~ [ [ Uy(hv) w due et dt. Using Proposition 8.1,

(W)u
[ 06 B wwty ) dus = [ 5 / y,u——)1[%,1]<u>dm*<y,u>du¢

e
/ _1/ "(Rv;)(y,u) dr w*due
h(y)u

with inverse Laplace transform (using that 1[%71] =lfor0<7< h(y)u)

/ / 1[7'00 (yau_T) dr wdpe +/ /h 1[7'00)( )(RUT)(y7 )dTw dpa.
Hence r(t) = r1(t) + r2(t) where

t fY po) 1[700)(t)v(y7u_£)d7_w*d:u‘l>7
2(t) = [5 fh u Lir00) () (Rvr) (y, u) dT w*dpg.

Changing coordinates u — 7/ h— 1 gives

/ / [(u—r)h00) (D)0, T) dT W ducb—/ / v(y, 7)dT w* dpe + Ei(t),
where

BN [ B [ Ny o7 dr ()] dite < 0 e 07 < B

Because /1 = ¢y, using (HO) i) and Lemma 4.4, we get pu(t < ﬁ) < t=A/,
For ry(t), recall that v, (y, u) = Loy coctih(y)(1—u)} v(y,u+ ?f(;;) For t > h(y)u,

m@:[(
(

)
/ 1[7‘ oo)( JRv(y, u + (e )dT)w dpa
o+hu—h h(y)

[ _
-7 %
Lir ooy (B)v(y, u + = dr Jw o ®d
/sa+hu Pl )(Eely h(?/)) > re

1

(/u 1[u+%,oo) (v (y, T)df)w* o ®dug
1

(/ oy, T)dT) w* o ®dug — Es(t),

|

Il
)
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where
~ 1
2201 = [ 5 [ 1gstierany Ol 7) ) [0 0 @] diay
~ 1
<0 lieguoy [ ([ Voo )l dr) dc. 8.1
The set of the indicator function can be rewritten as
N - h(y)t + 7 — 2hF ifu< 3
(o>t +7—uh} = {woly) > h(y)t +7 = 2hF(y)up ifu <z,
{vo(y) > h(y)t + 7 = 2hF(y)u — hF(y)} ifu> 3.
In either case, we get the inclusion
{o>ht+7—uh} C{py>ht—hoF}C {py>ht/2)U{hoF >1t/2}. (8.2)

Recall v = 2 with v* € B, h = ©g, 7 < 1 and compute that

nx\d

Ea(®)] < 10" | o uap 107 | uay (10257 > ) + (il o F > 1)).

Using the  invariance under F', pu(p] o F > t) = p(p] > t). This together with (HO) i)
_B
and Lemma 4.4 implies that u(pj o F > t) < t 7 < t=8, since by (H1) i), v < 1. Also,
8
u((pé_v > 1) <t -7 < t~8. The conclusion follows by combining £, and E». O

Lemma 8.3. Assume either case i) or ii) of (HO). Let B be the Banach space defined by (H2).
Then, the function U(s) : B — L' (jua) lies in RB-L1 (ug) (1/t7)

<

Proof. Letv* = hv € B.Then [ Uy wdus = [3 1i,sv*-wo f, dug. Hence, | Uyv* 21 (ug) <

D

[v* || oo (i) 1@ (9 > t). The conclusion follows since B C L*(pug).

Lemma 8.4. Assume either form of (HO) and (H1). Let B the Banach space defined by (H2). Then,
the family of linear operators U(s) : B — L' (ue), s € H, b € R, is uniformly bounded; that is,
there exists C > 0 such that ||U(s)||3_,L1(M)) < C forall s € H.

Proof. By Proposition 8.1

y)u
0oy = [ O )elduo < [ / Ly (@I, @

¥ —
+// 1 h(y) (1) v(y,u—i— = dt dupg
=1 + I.

))\dtd/@

Using the change of coordinates 7 = u — ¢ /h(y) gives

// / h(y) T)|dTdu dp.
Similarly,
1 %) - (’D_t
12:///~ h)lo(y,u+ E=D)dtdudp = /// )[o(y, 7)\drdu dy
o+h(y)(1—u) h(y)

Thus, I + I5 < fY y)|v(y, u)| dug < ||U‘|Loo(u¢)la(}7), as required. O
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Remark 8.5. Let By C L*(ua) as defined in (H4). By the argument of Lemma 8.4, we have
||U(5)||Bo—>L1(M,) < Cforall s € H.

8.2 Estimates for U/ required in the infinite case

Lemma 8.6. (a) Assume either form of (HO) and (HI). Let v € L'(fi) and w = “’7* with
w* € L*(ug). Then

/? 0(0)0(y, w)w(y, u) dii = / / o
+/Y/u R(h(y)v(y, 7)) drw* (y, u) dpe.

(b) Assume (HO) ii) and (H1) ii). Let B the Banach space defined by (H2). Let By be a Banach
space with B C By C L*>(ua). Let T be as defined in (H4). Then,

1T (ib2) = U (ib1)| 8y 11 (ug) < 101 = 2"

Remark 8.7. Lemma 8.2 and Lemma 8.6(a) imply that

/y Uis) (o ywdpis = /O OO( /Y 0/(0) (huuwdps )t + /0 T Bt

where |E(t)| < H’U*”Loo(“q))Hw*”Loo(“q))t_B.Also, note that [ @(iw)wd,u(ﬁ = [5° (fy )(hw wd,ucp) —stdt.
Thus,
/ M(ﬁv)wd,ud, :/ E(t)e sdt,
Y § 0

with |E(t)] < [[0* oo (ug) |0 [l oo gt~

Proof. (a) By Proposition 8.1,

“ ﬁ(y)u t
[oowudn = [ [ 1 @t () dedpe
v v Jo h(y)’ h(y)

+ // R(1 7 _an Wy, u+ = w*(y,t)dtdu
o S Mot -y U ) W D dtdue
= L+ Is.

t.
h(y)"

n = / /B(y)“wy,u—{y)m*(y,t)dtdu@
_ // ) dr w*(y, t) dt dpi.

We compute the first integral with the change of coordinates 7 = u —
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We continue with the estimate for I. Under (H1), o > h. Thus, the bounds of the t-integral
become ¢ — h(y)(1 —u) < t < ¢

(9] o—t
I :// k(1 h(y)(1—u)t VY = w*(y,u) dt du
2 5 Jhwn (L rcpersh(ya—uy?( h(y)) (y,u) ®
» ©— t i
- /~/ -~ R(’U(y,u—l— = )’w (y,u) dtduq;.
o+h(y)(1—u) h(y)
N // wt £ (y,u) 0 d dtdua
<,0+h )Y(1—u) h(y)
1
N / / v(y, 7) drw (y, u) o Ldpe = / R</ v(y, ) dT) w* (y, u) dpg
Y u
= [ [ R ryar g s

For (b), we write ¢(y, u,t) = 1

{t<p<thly)(1—u)p a0 B(b1, by, 1) = |e®2 — 1] By Propo-

sition 8.1,

O (iba)o — U(ib1)ol gy = /Y h()|0 (iba)v — U (iby o) du

. h(y)u ¢
< hy/ B(by, ba, v(y,u dtdu
/{/ ( ) ; (1 2 ) [t/R(y) ( )’ h(y))‘ @
- S —1t
[ hw) [ B b el u+ £ dedus
Y h(y)u h(y)
= I + L.
t
h(y)"

Bl =bol [ 72) [ (= m)loty. )] dr ds

<|b1—b2]/h2 / / lv(y, 7)|dr du dp

< by — by / R2(y) 0y, w)| dpo. (8.3)
Y

Recall that v € L'(f1). So, v =
h € L'(us). Hence,

= with v* € L'(ug). Let v* € By C L (p) and recall that

:z\@

01 < o=l [ B ) o < oy = Bl ey [
Y Y

as required.
For I3, we first mimic the argument used in the proof of Lemma 8.2 in estimating 72(¢) there.

Namely, we use the change t — oh and compute that
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12 = / hﬁ %Z)(y?U,t)B(bl,b%t)\U(y,U + Sf )‘ dt d/.Lq;
v i h(y)

_ / 2 / 0l o) Blbr, b, B ol -+ £ — o) dordyg
Y u

e
:/ﬁ2 " B(bl,bQ,aiZ)\v(y,u+~SO —0)|dodpse.
Y £4u-1 h(y)

Using the change of coordinates u + % — 0 — o and the fact that B(b1,bs,0) < |by — ba|"07,

with 7 as in (H4), we have

1 ~ ~
jo / 2 / B(b,ba, uh + o — oh)o(y, 0)| do due
Y u
~ 1 ~
< oy —bof” / 2 / (¢ + h(u — o)) oy, 0)| do duo
Y u
5 1
S R T (8.4
Y u

*

Since v = % with v* € By € L™(u) and h € L' (ug),

=2

] < 1= bl ) [ B
By definition, ¢(y) < ¢o(y) + h(Fy) and by (H1), b = ¢]. Hence,
he” < it + @Y (ho F)".
Using the y invariance under F',

/iz'gon,ug/ gog+7du+/ QOS(lJr'Y) du<2/ @S(Hw dpu.
Y Y Y Y

By (HO) ii) and Lemma 4.4, ju(po > t) < t~(3=9), for any small ¢ > 0. By (H4), 7(1 +~) <
5. Thus, fY h - @"dp < oco. As a consequence,
follows. L]

Iz| < |by — ba2|"[[v*|| oo (ug)- The conclusion

9 Semiflows over Markov maps with bounded h

Markov maps represent a class of examples where the conditions of the abstract setting are likely
to hold, except that condition (H4) is problematic for standard norms. However, in the infinite
measure case, we are allowed pass to a weaker space By (see Theorem 5.2) in which to check
(HS). Here we shall take By = L°°(ug ) and B the space of #-Holder functions. Contrary to (H1),

we stipulate that & is bounded (we can assume without loss of generality that i = 1).
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9.1 The set-up and results

Recall the partitions P, P,, and P, P,, from Section 4.4. For y1, yo € Y, define the separation time
s(y1,y2) as the smallest integer n > 0 such that Fy; and F™ys lie in different elements of P.
Similarly for 41,92 € }7, let 5(71, g2) be the smallest integer n > 0 such that ®"g; and ®" g lie
in different elements of P.

For given # € (0,1), let B(Y) be the Banach space of function v supported on Y, with norm
[vlle = [v]o + [|v]|oo, Where [[v]l0o = [|v]| oo (4y) and the seminorm [v]g is defined as

wlg = sup 0 TP|u(gy) —v(i)].
J17Y2€Y

Let f : X — X be a non-uniformly expanding map with a single indifferent fixed point, say

at 0 € X. Consider a suspension flow over f with continuous roof function & and assume that h is

bounded and bounded away from zero. Assume that F' : Y — Y is an induced map over f, with

the following properties:

(1) Fis full-branched, i.e., F(Z) =Y for every Z in the Markov partition P, and the induced
time 7r : Y — Nsuch that I = f"F is constant on each Z € P.

(2) F is expanding and there is a distortion constant Cy;s such that

’DFk(ylﬂ
——= < Clyjs, 9.1
DFF ()] = & ©-D

forall k > 0, Z € P, and y1,y2 € Z. This condition implies that F' preserves a measure /s,

absolutely continuous w.r.t. Lebesgue, such that C%L < z—’; < C}, for some C, > 0.

Define the potential p : Y — R, p = log

diij and p, = "7~ po FV; we assume that there

is a constant (), such that
ePn¥) < Cpu(Z) and |ePr (1) — ePnlv2)| < CPM(Z)QS(F”(M),F"(yz))’ 9.2)
forevery y,y1,y2 € Z, Z € Ph,.

(3) The roof function of the induced system F' : Y — Y is ¢g = Zzo_l ho fi < tpsuph.

We assume that there exists C,, > 2

00(y1) — wo(y2)| < Cpy 05192 (9.3)

forall y1,y2 € Z, Z € P.
If there is only one Z € P with 7(Z) = n, the following is immediate: There is h,, =
h(0)n 4 o(n) such that

[0 (y) — hnl < Cyy (9.4)

forally € Z,Z € P with 7p(Z) = n. Let us write  : R — N for the asymptotic

inverse of hy, in the sense that 7(t) is minimal such that h, ) > t. For example, for the
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case 3 € (0, 1), if the roof function h is differentiable near 0, and the branch of f with the
indifferent fixed point is z + 2 + 2!+, then h,, = h(0)n + %Oﬁ)nl_ﬁ + o(n'*=#), and
n(t) = t/h(0) + O(t'~").

(4) The induce time 7 satisfies the tail condition
wy €Y :1p(y) >n)=0(nmP). 9.5)

By the argument [2 |, Proposition 2.6], the same tail condition holds for u(y € Y : pg(y) >
hp).

The following Diophantine condition below plays the role (A2) in [21] (namely that there
exists periodic points y1,y2 € Y such that the ratio ¢y (y1)/@o(y2) is Diophantine):

(%) There exist two periodic points 71, §j» € Y such that the ratio ¢(1)/¢(#2) is Diophantine.

Proposition 9.1. Every system satisfying conditions (&) and (1)-(4) in Section 9.1 for the above
spaces (B, || ||8) and (Bo, || ||8,) satisfies the conclusion of Theorem 5.2.

9.2 Verifying (H0)-(H3) and (H6) with bounded h

The proof consists of verifying the conditions required for Theorem 5.2, that is, verifying that
assumptions (HO)—(H6) are satisfied. Condition (HO) is supplied by (9.5) and Lemma 4.4, and it
does not rely on the Markov structure. Condition (H1) can freely be assumed since h is bounded
away from zero. Since ® is Gibbs Markov, (H2) is satisfied with the space 3 as described above
(see, for instance, [21, Lemma 4.1]). Because of the Diophantine assumption (&), condition (H3)
follows as in [21, Proposition 3.5 (a)]. Also, given that ® is Gibbs Markov and (&), (H6) can be

verified as in [17, Lemma 3.13].

9.3 Verifying (H5) with bounded /

We start with the Lasota-Yorke inequality for the spaces B and L™ (ug ).

Lemma 9.2 (LY (|| ||8, || |loo)- Assume that s > 0 and that € > 0 is so small that ¢ € L' (uq).
There exist constants K1, Ko, K3 > 0 such that

(R (s)vlg < K10"[ulg + Ka (14 |s[) [vlloe  and | R™(s)v]l Lo (ug) < Ksl[v]loo,  (9.6)
forallv € Bandn € N.

Proof. We have the pointwise formula for the transfer operator R:

(RO)(y,u) = Y %ep(y”v(y’,u% 9.7)
@(y’,’u/):(y,’u)
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with potential p = log di—é‘F, and obviously the factor % comes from the constant expansion 2 in

the u-direction. Since A = 1, formula (2.5) gives

u, u €|

 3)
u—1, uwelsz,1

1)

The first inequality of (9.6) is part (b) of Lemma 4.1. in [21], where we used (9.2) and (9.3). The
only difference is that in our case ¢(y,u) = @o(y) + ¥(y, u), where o (y) plays the role of the

oy, u) = @o(y) + ¥y, u) := po(y) + {

o= O

; 9.8)

roof function in [21, Lemma 4.1.]. Since %) is linear and continuous on partition elements of 75n,
there are no additional difficulties here.
Showing that || R™(s)v]|e < ||v||sc is standard. O

Remark 9.3. Redefining the strong seminorm as || ||g = «a |9 + B || for coefficients o =
1/(4K2(1 + |s])) and B = 1/(4(K3 — K10™)) transforms the Lasota-Yorke inequality into
|R™(s)v||p < K10™|v]} + H|vlloc, S0 condition (H5) i) indeed follows.

Remark 9.4. Holderness implies equicontinuity. Hence the Arzela Ascoli Theorem guarantees
that every infinite subset the unit ball in (B, || ||) has a subsequence (vy,)n>1 that converges in
L>(ug) to some limit v. Therefore v € L*(ug ), and by [I, Chapter IV], B is indeed compactly
embedded in L™ (pug).

Now we turn to the tail estimates of R; ,.

Proposition 9.5. Assume tail condition (4) and h=1 Fix0 € (0,1) and let B be the Banach

space as above. Then for T < (3,

o0
/ R
0

Proof. Assumption (9.4) implies that [t — h,| < | — @o| + a + |po — hn| < Cypy + 1 + a, so
there is C' = C’(a) such that

B—L> (i) do < 0.

[n(t) = C'] < n < [n(t) +C], (9.9)

where we recall from property (3) that 7 is the asymptotic inverse of h,,. Using (9.7), we have

1

Rigv = 3 3¢/ L, (vl uly) v(uly wiy),

wWeP

where (y}y, ufy) = 1 (y,u)NW. Each W € P has the form Z x [0, 3) or Z x [3,1) for Z € P.
This gives by (9.2)

IN

1
> Wl Y (@) ol

WEP,WNSt a0 s (2)—t<Clpg +1+a

Collvlloopt(y €Y t By —t] < Cy + 1+ a)

[Bt,00] 00

< Cpllvlloop(y €Y = |1r(y) —n(t)] < C7). (9.10)
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Since n(t) = t/h(0) + o(t), we obtain

/ | Roallo do < 2C'Coh(0)™ S Ty € Y : 7r(y) = n)
O n

< 20'C,h(0) ! ZnTﬁlu(y €Y :1r(y) >n) < oo,
n
by assumption (9.5) and since 7 < 3. O
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