WILD ATTRACTORS AND THERMODYNAMIC FORMALISM.

HENK BRUIN AND MIKE TODD

ABSTRACT. Fibonacci unimodal maps can have a wild Cantor attractor, and hence
be Lebesgue dissipative, depending on the order of the critical point. We present
a one-parameter family fy of countably piecewise linear unimodal Fibonacci maps
in order to study the thermodynamic formalism of dynamics where dissipativity of
Lebesgue (and conformal) measure is responsible for phase transitions. We show
that the pressure is majorised by a non-analytic C° curve (with all derivatives
equal to 0) at the emergence of a wild attractor, whereas the phase transition can
be of any finite type for those A\ for which f) is Lebesgue conservative. We also
obtain results on the existence of conformal measure and equilibrium states, as well
as computing the hyperbolic dimension and the dimension of the basin of the wild
attractor.

1. INTRODUCTION

The aim of this paper is to understand thermodynamic formalism of unimodal interval
maps f : I — I on the boundary between conservative and dissipative behaviour. For
a ‘geometric’ potential ¢ = —tlog|f’|, the pressure function is defined by

P(¢r) :SUP{hu+/¢t du:MEM,/¢tdu> —00}7 (1)

where the supremum is taken over the set M of f-invariant probability measures p,
and h, denotes the entropy of the measure. A measure p; € M that assumes this
supremum is called an equilibrium state. Pressure is a convex and non-increasing
function in t and P(¢g) = hiop(f) is the topological entropy of f. At most parameters
t, the pressure function t — P(¢;) is analytic, and there is a unique equilibrium
state which depends continuously on t. If the pressure function fails to be analytic
at some t, then we speak of a phase transition at t, which hints at a qualitative (and
discontinuous), rather than quantitative, change in equilibrium states. Refining this
further, if the pressure function is C"~! at ¢, but not C™, we say that there is an n-th
order phase transition at t.
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2 HENK BRUIN AND MIKE TODD

Given a unimodal map f with critical point ¢, we say that the critical point is non-flat
if there exists a diffeomorphism ¢ : R — R with ¢(0) = 0 and 1 < ¢ < oo such that
for 2 close to ¢, f(z) = f(c) + |¢(x — c)|°. The value of £ = £, is known as the critical
order of c¢. The metric behaviour of a unimodal map is essentially determined by its
topological /combinatorial properties plus its critical order. We give a brief summary
of what is known for smooth unimodal maps with non-flat critical point. A first result
is due to Ledrappier [L] who proved that a measure u € M of positive entropy is an
equilibrium state for ¢ = 1 if and only if u is absolutely continuous w.r.t. Lebesgue
(abbreviate acip). This also shows that ¢ = 1 is the expected first zero of the pressure
function. For simplicity, we assume in the classification below that f is topologically
transitive on its dynamical core [f2(c), f(c)], i.e., there exists a point zg such that

Uns0f™(w0) = [f%(c), f(c)]), except in cases (1) and (5).

(1) If the critical point ¢ of f is attracted to an attracting periodic orbit, then the
non-wandering set is hyperbolic on which Bowen’s theory [Bo| applies in its
entirety. In particular, no phase transitions occur.

(2) If f satisfies the Collet-Eckmann condition, i.e., derivatives along the critical
orbit grow exponentially fast, then the pressure is analytic in a neighbourhood
of t = 1, [BK]; and C* for all t < 1 except when the critical point is preperiodic,
[IT1]. An example of the preperiodic critical point case is the Chebyshev
polynomial z — 4z(1 — x) for which Makarov & Smirnov [MaS] showed the
occurrence a phase transition at ¢ = —1. The pressure function is affine for
t # —1 in this case.

(3) If f is non-Collet-Eckmann but possesses an acip, then there is a first order
phase transition at t = 1 (i.e., t + P(¢;) is continuous but not C'). More
precisely, P(¢;) = 0 if and only if ¢ > 1 and the left derivative limg %P((ﬁs) <
0, see [IT1, Proposition 1.2].

(4) If f is non-Collet-Eckmann but has an absolutely continuous conservative in-
finite o-finite measure, then there is still a phase transition at ¢ = 1, but
P(¢y) is Ct. In fact, P(¢;) = 0 if and only if + > 1 and the left derivative
limgt1 £ P(¢s) = 0. This follows from the proof of [[TT, Lemma 9.2].

(5) If f is infinitely renormalisable, then the critical omega-limit set w(c) is a
Lyapunov stable attractor, and its basin Bas = {z : w(z) C w(c)} is a sec-
ond Baire category set of full Lebesgue measure. The best known example is
the Feigenbaum-Coullet-Tresser map fris, for which the topological entropy
hiop( freig) = 0, and so P(¢) = 0 for all ¢ > 0. More complicated renormali-
sation patterns can lead to a more interesting thermodynamic behaviour, see
Avila & Lyubich [AL], Moreira & Smania [MoS] and Dobbs [D]. However,
this thermodynamic behaviour is primarily a topological, rather than a met-
ric, phenomenon, so should be seen as complementary to the results given in
this paper.

(6) If f has a wild attractor, then w(c) is not Lyapunov stable and attracts a set
of full Lebesgue measure, whereas a second Baire category set of points has
a dense orbit in [f?(c), f(c)]. In [ALL Theorem 10.5] it is asserted that there
exists some ¢; < 1 such that P(¢;) =0 for ¢t > ¢;. In this paper we study this
fact, as well as further thermodynamic properties of wild attractors, in detail.
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A wild attractor occurs for a unimodal map f if it has very large critical order ¢ as
well as Fibonacci combinatorics, i.e., the cutting times are the Fibonacci numbers.
(The cutting times (Sk)k>0 are the sequence of iterates n at which the image of the
central branch of f™ contains the critical point. They satisfy the recursive formula
Sk — Sk—1 = Sqx) for the so-called kneading map () : N — Np; so Fibonacci maps
have kneading map Q(k) = max{k — 2,0}, see Section [2| for more precise details.)

Let us parametrise Fibonacci maps by critical order, say
fo:[0,1]=[0,1], @ a()( - |22 - 1],

where a(¢) € [0,1] is chosen such that f; has Fibonacci combinatorics. The picture is
then as follows:

£<2 fe has an acip which is super-polynomially mixing, [LM] BLS]|,
2 </l <2+4c¢€ fphas an acip, no mixing rate known, [KNJ,
by <l <ty f¢ has a conservative o-finite acim,
b <t fe has a wild attractor [BKNS]|, with dissipative o-finite
acim, [Ma).

For the logistic family (i.e., £ = 2), Lyubich proved that f cannot have a wild attractor.
In [KNJ it was shown that £ = 2 + ¢ still does not allow for a wild attractor. Wild
attractors were shown to exist [BKNS]| for very large . The value of ¢; beyond which
the existence of a wild attractor is rigorously proven in [BKNS] is extremely largﬂ but
unpublished numerical simulations by Sutherland et al. suggest that ¢; = 8 suffices.
The region ¢ € ({y,¢1) is somewhat hypothetical. It can be shown [BI] that f, has
an absolutely continuous o-finite measure for ¢ > £y, and it stands to reason that this
happens before f, becomes Lebesgue dissipative, but we have no proof that indeed
£y < £1, nor that this behaviour occurs on exactly a single interval. The existence of
a dissipative o-finite acim when there is a wild attractor was shown by Martens [Mal,
see also [BH, Theorem 3.1].

Within interval dynamics, inducing schemes have become a standard tool to study
thermodynamic formalism, [BT1, BT2) [PS [S2, BI]. One constructs a full-branched
Gibbs-Markov induced system (Y, F') whose thermodynamic properties can be under-
stood in terms of a full shift on a countable alphabet. However, precisely in the setting
of wild attractors, the set

Y ={yeY:F"(y) is well-defined for all n > 0}

is dense in Y but of zero Lebesgue measure m. For this reason, we prefer to work
with a different induced system, called (Y, F') again, that has branches of arbitrarily
short length, but for which Y*° is co-countable. By viewing the dynamics under F
as a random walk, we can show that transieneeﬂ of this random walk (w.r.t. Lebesgue
measure) implies the existence of a Cantor attractor.

IFor less restrictive Fibonacci-like combinatorics (basically if k£ — Q(k) is bounded) the existence
of wild attractors was proved in [B2].
2We discuss transience and (null and positive) recurrence in detail in Section @



4 HENK BRUIN AND MIKE TODD

Proving transience of (Y, F,m) is very technical due to the severe non-linearity of
F for smooth unimodal maps f with large critical order. For this reason, we intro-
duce countably piecewise linear unimodal maps for which induced systems with linear
branches can be constructed. This idea is definitely not new, cf. the maps of Gaspard
& Wang |[GW] and Liiroth [Lu, [DK2| as countably piecewise linear versions of the
Farey and Gauss map, respectivelyﬂ The explicit construction for unimodal maps
is new, however. Although we are mostly interested in Fibonacci maps, the method
works in far more generality; it definitely suffices if the kneading map Q(k) — oo and
a technical condition is satisfied. Note that the inducing scheme we will use is
somewhat different from that in [BKNS| which was based on preimages of the fixed
point. Instead, we will use an inducing scheme based on precritical points, used be-
fore in [B1], and we arrive at a two-to-one cover of a countably piecewise interval map
Ty : (0,1] — (0,1] isomorphic to the one defined in Stratmann & Vogt [SV]. For
n =1, let V, := (A", A\""!] and define

=5 ifzeVi=01),
T)\(x) = n—1 (2)
NESE ifre V= (A 2

Both the unimodal map f) and the induced map F) are linear on intervals Wy =

Vs VaVa Vo Wp 20 212223724 C 2423 Z3 21
FIGURE 1. The maps T) : [0,1] — [0, 1] and F} : [20, Z0] — [20, Z0]-
[2k—1, 2] and Wi, = [2k, Zk—1] of length %)\k. Here £ = 1 — x is the symmetric image

of a point or set, and z; < ¢ < % are the points in f~°%(c) that are closest to c. We
define Fy(z) = f5-1 if z € W), UW}. The induced map F) satisfies

N Fy ”
[Zo, ZO] 7 [ZO’ ZO] 1—2z if 1.
i—z) LTS3
TI'J( J{ﬂ T _— L (3)
o .
T 2(1—-20) ifz >y

[0, 1] [0, 1]

3In fact, considering —tlog | f’| for the Gaspard & Wang map is exactly equivalent to the Hofbauer
potential [H1] for the full shift on two symbols.

20
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The one-parameter system (Y, F)) is of interest both for its own sake, see [BT3|, [SV],
and for the sake of studying (thermodynamic properties of) f itself. Theorem
replaces the somewhat hypothetical picture of smooth Fibonacci maps with precise
values of critical orders ¢ = ¢()\), where each of the different behaviours occurs. In
this non-differentiable setting, the critical order ¢ is defined by the property that
Slz—cff <|f(z) = f(c)| < Clz —¢|* for some C' > 0 and all z € [0, 1].

Theorem A. The above countably piecewise linear unimodal map fy (i.e., with |Wy| =
|[Wi| = %)\k and X € (0,1)) satisfies the following properties:

a) The critical order £ = 3 + %.

b) If X € (%, 1), i.e., £ > 5, then fy has a wild attractor.
c) If X € [3_5_27\/5’ %} , 1e., 4 < £ <5, then f) has no wild attractor, but an infinite
o-finite acim.

d) If A € (0 ie., L € (3,4), then fx has an acip.

L)
) 3+\/g b
As above, let ¢, = —tlog|fy| and ®; = —tlog|F}| be the geometric potentials for
the unimodal map f) and its induced version F), respectively. (Note that &; =
Z]T.;é ¢¢ o f3 for inducing time 7 = 7(x), justifying the name induced potential.)

In [BT3], the precise form of the pressure function for ((0, 1], Ty, —t log |T5|) and there-
fore also for the system (Y, Fi, —tlog |F}|), is given. However, this is of lesser concern
to us here, because given ([0, 1], fn) with potential —tlog|f}|, for most results on the
induced system (Y, F) to transfer to back to the original system, the correct induced
potential on Y is —log|F}| — pr, where the shift pr is determined by a constant p
(usually the pressure of —tlog |f}|) and the inducing time 7 where 7(z) = S;_1 when-
ever x € Wy := Wi U Wk The fact that the shift by pr depends on the interval Wy
increases the complexity of this problem significantly. Results from [BT3] which apply
directly are contained in the following theorem.

Theorem B. Let Basy = {x € I : f{(xz) = w(c) as n — oo} be the basin of w(c), and
let the hyperbolic dimension be the supremum of Hausdorff dimensions of hyperbolic
sets A, i.e., A is fy-invariant, compact but bounded away from c. Then

. . —_fogd if A<
dimpy,(fi-r) = dimg(Basy) = { ) logA(1=A)] P>

i

N[ D=

For the properties of pressure presented in Theorem [D| and the related results in Sec-
tion [7}, it is advantageous to use a different approach to pressure, called conformal
pressure Poone(¢r), which is the smallest potential shift allowing the existence of a
conformal measure for the potential. We refer Sections [5] and [7] for the precise def-
initions, but in Theorem [C|] we will show that conformal pressure coincides with the
(variational) pressure defined in . In [BT3], it is shown that the smallest value at
which the pressure P(®;) of the induced system (Y, F), ®;) becomes zero is

. {1 if A e (0,1/2],

1=

b ifAc[1/2.1) where t9 := —log4/log[A(1 — \)]. (4)
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This gives the background information for our third main theorem.

Theorem C. The countably piecewise linear Fibonacci map fx, A € (0,1), with po-
tential ¢; has the following thermodynamical properties.

a) The conformal and variation pressure coincide: Poont(¢1) = P(¢1);

b) For t < ty, there exists a unique equilibrium state vy for (I, f,dt); this is
absolutely continuous w.r.t. the appropriate conformal measure ny. Fort > tq, the
unique equilibrium state for (I, fx, ¢t) is v, the measure supported on the critical
omega-limit set w(c). Fort =ty, v, is an equilibrium state, and if A € (0, 3+27\/§)
then so is the acip, denoted vy, ;

¢) The map t — P(¢) is real analytic on (—oo,t1). Furthermore P(¢y) > 0 for
t <ty and P(¢;) =0 fort > t1, so there is a phase transition at t = t;.

Let vy = %(1 + v/5) be the golden ratio and I' := %. More precise

information on the shape of the pressure function is the subject of our fourth main
result.

Theorem D. The pressure function P(¢;) of the countably piecewise linear Fibonacci
map fx, A € (0,1), with potential ¢y has the following shape:

a) On a left neighbourhood of t1, there are 7o = 19(A\) > 0 and C = C(\) > 0 such
that

Toe Vit ift<t; <1and\> 1
P(¢¢) > - log 74 2 2
T()C(l _ t) Tog R ift <1 and <AL

3+v5
2
14+4/1—4NE(1=N)t
( m) and lim;_; log R ~ 2(1 — 2)) for A ~ 1.

b) On a left neighbourhood of t1, there is 71 = 71(\) > 0 such that

9

N[

where R =

T

5
6

e °Via-t ift <t <1and\>1i:
P((Zst) < )\log-y+ 2
T(1 =172t <1and ;22 <A <3
c) If X € (O,ﬁ), then limgyy, £ P(¢s) < 0; otherwise (ie., if A € [3+2\/5,1)),

limgrs, P(¢s) = 0.

To put these results in context, let us discuss the results of Lopes [Lo, Theorem 3]
on the thermodynamic behaviour of the Manneville-Pomeau map ¢ : © — z + 2T
(mod 1). The pressure function for this family is

hu(1—1)+ B(1—t)Y*+ hot. ift<1andae€ (3,1);
P(—tlogg') = ¢ C(1 —t)*+ h.o.t. ift<landa>1;
0 ift>1,

where hy, is the entropy of the non-Dirac equilibrium state (i.e., the acip) and B,C > 0
are constants. Note that the transition case a = 1 corresponds to the transition from a
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finite acip (for a < 1) to an infinite acim (for a > 1)E| In the Mannevlle-Pomeau case
there is no transition of Lebesgue measure changing from conservative to dissipative.
The phase transition at ¢ = 1 is said to be of first type if there are two equilibrium
states (here an acip and the Dirac measure dp); if there is only one equilibrum state,
then the phase transition is of second type. The exponent 1/« is called the critical
exponent of transition.

For Fibonacci maps, instead of a Dirac measure, there is a unique measure v,, sup-
ported on the critical w-limit set; it has zero entropy and Lyapunov exponent. The-
orem [D| paints a similar picture to Lopes’ result for Manneville-Pomeau maps. In
detail, we have

e a phase transition of first type for A € (0, ﬁ) the pressure is not C! at
t = t;. This is precisely the region from Theorem [A] where f) has an acip y, in
accordance with the results from [IT1]. According to Ledrappier [L], h, = A(u)
is the Lyapunov exponent, so limg %(qﬁs) = —A(u). Lebesgue is conservative
here.

e a phase transition of second type for \ € (ﬁ, %) there is some minimal n € N

such that the n-th left derivative D™ P(¢¢)|t=¢, < 0. Thus the pressure function
is C™ 1, but not C", at t = t; and so there is an n-th order phase transition.
Consequently, the critical exponent of transition tends to infinity as A A~ 1/2.
Lebesgue is still conservative here, and also for A = 1/2.

e a phase transition of second type for A € [1/2,1): the pressure is C! with
%P(qﬁt) =0 at t = t;. By convexity, also %P(qﬁt) =0 at t = t;. It is unlikely,
but we cannot a priori rule out, that the higher derivatives oscillate rapidly, pre-

venting the pressure function from being C*° at t = t;. Lebesgue is dissipative
for A € (1/2,1).

This paper is organised as follows. In Section [2] we introduce the countably piece-
wise linear unimodal maps and give conditions under which they produce an induced
Markov map that is linear on each of its branches. In Section [3| this is applied to Fi-
bonacci maps, and, using a random walk argument, the existence of an attractor and
hence Theorem [A]is proved. Rather as an intermezzo, Section [i] shows that for count-
ably piecewise linear unimodal maps with infinite critical order, wild attractors do
exist beyond the Fibonacci-like combinatorics. In Section [5| we explain how conformal
and invariant measures of the induced system relate to conformal and invariant mea-
sures of the original system. In Section [6] we discuss the technicalities that the 2-to-1
factor map from poses for invariant and conformal measures; we also prove The-
orem The properties of the conformal pressure functions (existence, upper/lower
bounds and nature of phase transitions) are studied in Section 7}, proving the majority

4The asymptotics of P(t) in [Ld, Theorem 3] don’t hold for o = 1 (personal communication with
A.O. Lopes), but since there is no acip, P(t) is differentiable at ¢ = 1 with derivative P’(t) = 0 as in
[[T1]. We don’t know the higher order terms in this case.

Asymptotics of related systems are obtained in [PFK], [BEKP], namely for the Farey map x — %=
if € [0,3] and z — =% if & € [1,1]. It is expected that their asymptotics also hold for the
Manneville-Pomeau map with o = 1. In [BLL], a Manneville-Pomeau like map with two neutral fixed
points, both with o = 1, is considered, using a Hofbauer-like potential.
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of Theorem In Section [§] we prove the existence and properties of invariant mea-
sures that are absolutely continuous w.r.t. the relevant conformal measures. In the
final section we present some general theory on countable Markov shifts due to Sarig.
This leads up to the proof of Theorem [C| and also gives the final ingredient of the
proof of Theorem

2. THE COUNTABLY PIECEWISE LINEAR MODEL

Let N = {1,2,3,4,...} and Ny = N U {0}. Throughout f : I — I stands for a
symmetric unimodal map with unit interval I = [0,1], critical point ¢ = %, and
f(0) = f(1) =0. For z € [0,1], let £ =1 — = be the point with the same f-image as
x. We use the same notation for sets.

Let us start by some combinatorial notation. For n > 1, the central branch of f™ is
the restriction of f™ to any of the two largest one-sided neighbourhoods of ¢ on which
f™ is monotone. Let D,, be the image of this branch; due to symmetry, it is the same
for the left and right central branch. We say that n is a cutting time if c € D,,, and we
enumerate cutting times as 1 = Sy < S1 < So < ... If f has no periodic attractors,
Sk is well-defined for all k£, and we will denote the point in the left (resp. right) central
branch of f5 that maps to ¢ by z (resp. ;). These points are called the closest
precritical points and it is easy to see that the domains of the left (resp. right) central
branch of f°% are [z;_1,c| (resp. [c, 2x_1].

The difference of two consecutive cutting times is again a cutting time. Hence (see
[H1]) we can define the kneading map @ : N — Ny by

Sk — Sk—1 = SQ(r)- (5)

A kneading map () corresponds to a sequence of cutting times of a unimodal map if
and only if it satisfies

{QUk +7)}iz1 = {Q(Q% (k) + 7)}js1, (6)
for all k£ > 1, where > indicates lexicographical order (see [H2]).

We proceed as follows: First fix a kneading map @ such that
Q(k+1) > Q(Q*(k) + 1) (7)

for every k > 2. This obviously implies @, but provides a considerable simplification.
The general case should also be possible, but the construction is considerably more
complicated.

By convention, set z_1 = 0 and 2_1; = 1. For j > 0, choose points z; /' ¢ = % and

Zj = 1 — z; N\ c arbitrarily. The points z; will play the role of the closest precritical
points. Choose €; such that
1 - I . 2
> ej= 3 Wi=(g-1,2), Wy = (%, %1) with g = [W| = [Wj|. (8)

Jj=0
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Our map f will be affine on each interval W; and W We abbreviate W; = W; U W
The slopes on these intervals will be determlned by the slopes of the 1nduced mapﬁ
F: (ZQ,ZQ) — (Z(],ZQ), F’WUVV = f 3*1’]/\;]. for 721 (9)
It is easy to see that f%i-1(z;) = f5i-1(3;) € {200)» 2q(j) }» and therefore
F(W)) = F(W)) = Uisq(Wi or Uisq) Wi
In Proposition (I} we will prove that Fly, and F ‘Wj are also linear. Let

I QU+
for j > 1; these will turn out to be the absolute values of the slopes of Flw,. Let r;
be the slope of f on Wj. As f(20) =c¢ = %, we obtain

o= 5 (1)
For Sy = 1, we have Fly, = f®|w, = flw,. So we get by
1 1—2¢g
K1 =81 = o ;ai = o, (12)
For j > 2 we set inductively
T o S
. 5171'5Q<j11>]‘;;2<]’—1)+1 FQU-1)>0.

So let f be the unique continuous map such that f(0) = f(1) = 0, Df|w, = ; and
Dfly, = —#;-

We pose two other conditions on the sequence (¢;);en, which will be checked later on
for specific examples, in particular the Fibonacci map. Let z/ = f(z) for any point
xz. For all j > 2:

Sfj‘cf Z Ki€i < )» (14)

kj

i=j+1
and
: €
S—”c z = S] Z Kigi < T@UH yhenever Q) > 0. (15)
R i1 SQ(J)

Proposition 1. Let f be the map constructed above, i.e., assume that — hold.
Then @ is the kneading map of f, and the induced map F' is linear on each set W;

and Wj, having slope +s;.

Proof. We argue by induction, using the induction hypothesis, for j > 2,
fSi-1- 1’( £ ) is linear, with slope %
ij I(Zj 1) = cC. A (IH])
[7(e) € Wog) or Wog).

5In later sections, the interval on which the induced map is defined will be called Y
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From the first statement, it follows immediately that
ij_1|Wj is linear, with slope s;, for j > 1 (16)

which we would naturally expect from the construction of the induced map. (f|w, is
linear, with slope kg.) From this and the fact that f%i-1(z;_1) = ¢, it follows that

F5i1(zy) = f51(25-1) £ sj6j = ¢+ Z €i = 2Q(j) OT 2Q(j)- (17)

i2Q(j)+1
Let us prove (IH;) for j = 2 It is easﬂy checked that f(z0) = f(%) = ¢ = 3, and
hence f(c) € Wo. f(z1) = T+ ke =5+ 3—e0=%. So f%'(z1) = c and because

e e Wy, 51 (ef, z{) f\(cf Zp) is also linear, with slope k9 = 2. Next we check
the position of f51(c). By the above formula, and the additional assumptlon ,
I e R A (C z% )]

= 2@ — —lf — 2| > —£Q(2) = 2Q(2)-1-

K2
Hence f1(c) € Wo2)-

Next assume that (IH;) holds for i < j. Using and (IHg(;—2)) subsequently, we
get

fO1(zj_1) = f9Q6-1 o f5i=2(z;_4) = fSQ(j’”(ZQ(j_n) =c.
Because (cf,zjj-ll) c (cf, 2] zj_9), (IH;—1) yields that

ij*2*1|( is linear with slope

f
Cfm’«'j,l) Kj_1

By and (IH;_1), its image is the interval (zg(;_1),cs;_,) C Wg(j—1) or WQ(j_l).
Now if Q(j — 1) =0, then

Sj—1

Sj71,1 ) _ o ijgfl ) : : :
= is linear with slope k
f ’(cf zl_l) fof ‘(cf7zjf_1) p Omj_1

By the first part of the definition of &, this slope is equal to S—] If Q(j —1) > 0 then

FIN 2 y) = Pt o fiaunio f lrcfz "

By fSQO D I\WQ( , is linear with slope sg(;—1). Hence fSQ(J D-t1o fI5-271 (ef 2 )
. By ., its image is the interval

is linear with slope sq(;— 1)
(ZQQ(jfl)’Csj—2+5Q(j—1)—1) = (ZQ2(]'71)’Csj—17SQ2(j71))'

By , the length of this interval is |¢f — 1]5Q(] 1) < €Q2(j—1)41s SO
(2Q2(j-1): €8;1-82 ;1)) © Wa2(g-1)11 O WQ?(J‘—1>+1-

By , ]“SQ%*U|WQ2(J,71)+1 is also linear, with slope sg2(j_1)41. It follows that

#52G-1 o fSau-n-1 0 ij_Q_l’(cﬂZf—l) is linear with slope sg2(j_1)+150(j—1) = = By

the second part of o171 (e, zjf) is linear with slope Z—;, as asserted. By (14 .,
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C Zj ijl
foi=
4
1 1 1 Al
“Q(j-1)-1 €Sj—2 “Q(j—1)
foau-n-1
4
¢ ZQ2(j_1)+1 csjfl_SQZ(j—U ZQ2(j_1)
JRCE
4
1 1 1 1 1
CSQQ(j—l) zQ(j)*l Cijl ZQ(j) ¢

FIGURE 2. Position of various precritical points and their images.

the length of the image is |¢f — z{|z—; < gg(j)- Formula (17) yields ijfl(zj) = 2Q(3j)-
Hence we obtain
2qu) > 1771(€) 2 2q4) — 2qu)
or
fqu) < [771(0) < Zqu) +equ)-
In other words, f%i-1(c) € Wgj) or WQ(j). This concludes the induction. (Notice

les; 1 —2@)] 1 s f
that —< = Sief — 50 1. 0
2 -1—2em)|  fQu) ffj‘ 3*1‘ )

3. THE FIBONACCI CASE

In this section we prove Theorem Let pn(x) = j if F™"(x) € W;. With respect

to the existence of wild attractors and the random walk generated by F', we are in

particular interested in the conditional expectation (also called drift)
YizQuy+1(E—K)E Yo+ 6

E(on — k| pn-1=k) = = — k. (18)
2 i>Qk)+1 i 22izQUky+1 Ei

Remark 1. Since cs, € Wy 1 for every k > 1, we obtain |Df5k+0(cg, )| =
IDFSe (e )| = | DS 1wy |- |DF5 5w, | = N1 = N2, Therefore |Df5 (er] ~
kiIAL = N)Z = A0 — X\)7P, which is uniformly bounded in j. Therefore the
Nowicki-van Strien summability condition (see [NS]) fails for all X € (0,1).

As mentioned before, F)\ is null recurrent w.r.t. Lebesgue when \ = %; the proof of
this is given in [BT3, Theorem B|.
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Proof of Theorem[Al We attempt to solve the problem for ¢; = |W;| = |W;| = 12N,
S0 D i50€j = 3. By formula (T10),

1 1 .
S§1 — iﬁ and S; = im for ] > 2. (19)
(Note that the slopes s; > 4, with the minimum assumed at A = %) Using (|13]), we
obtain for the slope k; = f'(z), x € Wj.

-+ j=0,1;
3 i=2
SR el @0
b J=4%
A27(1-X)2 i>s.

L X005

Let us first check and For simplicity, write ¢; = Ci1 N and Kj = Cyw? where
w = A2(1 — \)2. Then

;j Z l‘ﬁifi g gQ(j) <~ Z ClCQ()\W) mc2w] g Cl)\]
i=j+1 i=j+1
AL+t 1 i

- <
1—Jdw A1 —=N)wd
s MI-XN)<1T=X(1-))>2
This is true for every A\ € (0,1). Checking for Q(j) > 0, we get
ML i+l

- EQ2(j)+1 1 -3
i€i S - <M1 = A
20 ey T T N SN0

S
kg
s M<1-230 -2
Again, this is true for all A € (0,1).

Let us compute the order £ of the critical point. Indeed, |Df(z)| = O(A%(1 — \)%7)
and |z —¢| = O(V) if # € W;. On the other hand |Df(z)| = O(Jz — ¢[*~1). Therefore

logw 5 2log(1 —A)

/=1 =
+ log A log A

Consider again. For k > 2, the drift is

Z'>k—l ig; A 220 —1

Dr(\) :=E(p, —k|ppn1=k)==ZF"—— k= ———1= . (21

Disk-1Ei (1= 1=

Hence E(¢p — k| on—1 = k) > 0if A > 1— A, i.e., A > 3. The second moment
P U A B G 2 A
Zz‘>Q(k)+1 & (1—=X)2 L—A

is uniformly bounded, and therefore also the variance. So as in the proof of [BT3|
Theorem 1], for A > %, i.e., a critical order larger than 5, the Fibonacci map f exhibits
a wild attractor.
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Now we will calculate for what values of A, f has an infinite o-finite measure. First take
A< % Then F' (considered as a Markov process) is recurrent, and therefore has an
invariant probability measure p. Let (A; )i ; be the transition matrix corresponding to
F, and let (v;); be the invariant probability vector, i.e., left eigenvector with eigenvalue
1. As F'is a Markov map, and F' is linear on each state Wy, we obtain u(Wy) = vg.
So let us calculate this.
L0 it j < Q).
YT (1= N T@ROFDif > Q(d),

or in matrix form

1A A2 A N
1A A2 2 A
0 1 A X2 A3
(Aig)ig=(1=X] 0 0 1 X X X ... |. (22)
0 1 X X

As in [BT3, Theorem 1], this matrix has a unique normalised eigenvector:

=22/ 2\ 1
;= —— ) for A< —. 2

v; 3 < T )\> or A< g (23)

According to [B2, Theorem 2.6], f has a finite measure if and only if
> Sp_1p(Wy) < oo (24)

k

If fails, then f has an absolutely continuous o-finite measure. This follows because
f is conservative, and w(c) is a Cantor set [HK]. In the Fibonacci case Sy_; ~ 771,
where v = lJ”[ is the golden mean. Since u(W3) = Bip for B; = A, as we saw above,
we obtain p > W if and only if 1+\[ A 1> 1 e, A> 3+\/ This corresponds to the
critical order £ = 4. Therefore there ex1sts a o-finite measure for all TQx/E <AL %,
and a finite measure for 0 < A < O

3+xf
4. AN EXAMPLE OF A WILD ATTRACTOR FOR k — Q(k) UNBOUNDED

In [B2] it was shown that smooth unimodal maps for which k£ — Q(k) is unbounded
cannot have any wild attractors, for any large but finite value of the critical order.
There are very few results known for unimodal maps with flat critical points (i.e.,
¢ = c0), although we mention [BM, [Z] and [LS], which deal with Lebesgue conserva-
tive Misiurewicz maps and infinitely renormalisable dynamics respectively. The next
example serves as a model for a unimodal map with infinite critical order, suggesting
that [B2l Theorem 8.1] doesn’t hold anymore: There exists countably piecewise linear
maps with kneading map Q(k) = [rk], r € (0,1) that have a wild attractor.

Example 1. Consider maps with kneading map

Q(k) = [rk]
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for some r E (0,1) and k large. Here |x| indicates the integer value of x. Let o be
such that 1 +logr > 0. Take e, = Ck™%, where C 1is the appropriate normalzsmg
constant: C’ o — 1. This suffices to compute the expectation from , at least
for large values of k. But instead of ¢y, we prefer to look at log py,. It is clear that
log on(x) — oo if and only if vn(x) — co. So it will have the same consequences. The
advantage is that in this way we can keep the second moment bounded.

We will calculate the expectation for large values of k. Therefore we will write vk for
Q(k)+i=|rk| +i and r’k for Q*(k) +i = |rk]| +i, where i € {—1,0,1,2}. We will
also pass to integrals to simplify the calculations.

4 gilog1
E(log pn —logk | on-1 =k) = iz 1087 _ log k

Zi?Q(k)-ﬁ-l &€

_ Jp t“logtdt o

Ttodt o8

frk’
1

= ——+logr.

a—1

This is positive by the choice of a. For the second moment we get

Zz‘>Q(k)+1(10gi —logk)%e;

E((log ¢, — log k)Q | on—1=k) = S Q)28
12Q(k)+2 =1

f Lt (logt — log k)2dt 2
[ tmedt (a—1)%
which is uniformly bounded in k. Therefore, the induced map has drift to ¢, and thus
1s Lebesque dissipative.

2
=log?r + log r +
a—1

For the slopes of the induced map, and the original map we get the following:

1 . pl-o
8= Z 5i%‘70‘/'tadt—j 1
7 i>Q()+1 "
whence
Kj—1 Sj (a — 1)2 1 G —2

Sj—=1 S[rjS[r?;)
for B = (f;;f. Next we check conditions and . Because ?9(2))“ < EqQ(j), 1
suffices to check . For j sufficiently large,

. l—a (12 j+1 j+2
5; T (41 B , a B , o
— E R : C 1 —0C 2
Py Z,Zj+1"’5’ I8 =1 B ((j+1)!2 U+ GagrtU+2 "+

11—«

—CB(j+ 1) 27

N

< C(Oé—l) —a— 2‘7704 1 EQQ()
5Q()
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Hence, asymptotically there are no restrictions to build a piecewise linear map for this
kneading map.

The critical order of this map is infinite. Indeed, the slope on (zj—1,z;) is Kj = (f%
le—zj—1|=> . gj~(a—1) fjoo t=dt = j1=. So the critical order ¢ must satisfy

i=j
BJ
; (1—a)(L-1) _ 10) <> )
/ (412

This is impossible for finite £.

5. PROJECTING THERMODYNAMIC FORMALISM TO THE ORIGINAL SYSTEM

In order to understand the thermodynamic properties of our systems (I, f\) and
(Y, F) more deeply, we need the definition of conformal measure. Since we want
to use this notion for both of these systems, we define it for general dynamical sys-
tems and potentials which preserve the Borel structure (so we implicitly assume our
phase space is a topological space).

Definition 1. Suppose that g : X — X is a dynamical system and ¢ : X — [—00, o0
1 a potential, both preserving the Borel structure. Then a measure m on X is called
¢-conformal if for any measurable set A C X on which g : A — g(A) is a bijection,

mlg(a) = [ % dm.

A

For the geometric potential ¢, = —tlog |Df)| of the original system (I, fy), we want
to determine for which potential shift there is a (¢; — p)-conformal measure, and
potentially an invariant measure equivalent to it. For a general potential ¢ for (I, fy),
the induced potential is defined as

1

T(@)—
O(z)= Y dofila),
7=0

and hence it contains the inducing time in a fundamental way. Even if ¢ is constant
(or shifted by a constant amount p), the induced potential is no longer constant
(and shifted by 7p). More concretely, for potential ¢; — p, the induced potential is
—tlog|Fy| — 7p, where 7p is the shift by the scaled inducing time 7; = S;_1 on W;.
In Lemma below we prove the connection between a (¢; — p)-conformal measure for
(I, fr) and a (®; — p7)-conformal measure for (Y, F)).

As usual, the original system (I, f) can be connected to the induced system (Y, F) via
an intermediate tower construction, say (A, fa), defined as follows: The space is the
disjoint union
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where A;; are copies of W; and Wi, and the inducing time 7, = T’WiUWi = S;_1.
Points in A;; are of the form (z,l) where z € W; U W;. The map fa:A— Alis
defined at (z,l) € A;; as

f (.%' l>_ ($,l+1)€Ai7l+1 lfl<7'z—1,

AR T (F(x),0) = (0, fSi1(2)) € Ay ifl =7 — 1.
The projection 7 : A — I, defined by 7(z,1) = f!(z) for (z,1) € A,;, semiconjugates
this map to the original system: mo fao = fom. Furthermore, the induced map (Y, F')
is isomorphic to the first return map to the base Ag = ;A .

Lemma 1. Let ®; be the induced potential of ¢¢, and p be a potential shift.

a) A (¢, p)-conformal measure ny for (I, f) yields a (P, Tp)-conformal measure
my for (Y, F) by restricting and normalising:

1
n(Y)
b) A (P4, Tp)-conformal measure my for (Y, F') projects to a (¢, p)-conformal mea-

sure ny for (I, f): for every i,l and A C W; UW;,
-1

m(e(A.0) =57 [ exp 19+ 3 oo f7 ) dm,

J=0

my(A) = ng(A)  for every A CY = Ujs1 (W; UTW).

see Figure[3, with normalising constant
M:=1+ GPZ/ e % dmy; + 62”2/ e~ dm, > 1
i2 /Wi i>3 /Wi

is (¢, p)-conformal.

2 (Uizs(Wy)) t([20,20])=1 f(Uiz2(W5))
——~— %
co 20 c 20 c1

F1GURE 3. Distribution of the conformal mass n; on [cg, ¢1]

In the case that ¢y = —tlog|f'|, then the formula for the normalising constant
simplifies to M =14 €P Y, wikl 4+ € Y. gwiklkl which is finite for all X €
(0,1),t >0 and p € R.
¢) The invariant measure uy for (Y, F,®;) projects to an invariant measure vy
provided y_, Tipu(W;) < oo (where in fact 7; = S;_1), using the formula
1 Ti—1 '
m=1 Z ; flue for A= ;mw)-

Moreover,

h(v) = h(['l:t) and /w dyy = f\IjAd'ut,
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for any measurable potential 1) on I and its induced version ¥ on Y.

Note that the last part of this lemma is just the Abramov formula.

Proof. a) If n; is (¢, p)-conformal for (I, f), it means, as stated in Definition (1} that
ni(f(A)) = [, e ?*Pdn; whenever f : A — f(A) is one-to-one. Taking A C W; (or
C W;), and applying the above 7; = S;_1 times gives that n,(F(A)) = [, e~ **7Pdn,,
so the normalised restriction m; = W”t is indeed (¥, 7p)-conformal.

b) For the second statement, it is straightforward from the definition that if A C W;
or AC W;and 0 <! < 7; — 1, then for B = w(A4,1),

n(f(B)) = mi(mw(A,l+1))
l

= ]\14/AQXP (l—l—l)p—Zgbtofj dmy

=0
1 . -1 '
= MAe¢tof tPexp | Ip — Zqﬁt o f7 | dmy

Jj=0
— / €—¢t+Pdnt.
B

Similarly, if [ = 7, — 1, then

m((B) = n(F(A) = [ exp(rp— ) dm

T;—1

1 ,
- Lo (Sewern) an

-1
1 .
= M / e Pexp [ ip— 3 grofI | dmy
M J4 g

= / e~ PP dn,
B

This proves the (¢, p)-conformality. The tricky part is to show that n; is actually
well-defined. Assume that B = w(A,l) = w(A’,l) for two different sets A C W; and
A" C Wy. So we must show that the procedure above gives ny(mw(A, 1)) = ny(w (A", 1")).
Assume also that 7; — [ < 7 — I’; then we might as well take B maximal with this
property: B = (W, 1))

Now C := f7~{(B) c F(W;) = (2q(iy; ¢) or (¢, 2g@)- It is important to note that the
induced map F is not a first return map to a certain region, but Flyy, = fSi—llwi is
the first return map to (2g@), 2g()). Since f7~7 maps C to F(Wi) = (2¢(),c) or
(¢, 2q(iry), the iterate f7#~7|c can be decomposed into an integer number, say k > 0,
of applications of F', and C' is in fact a k-cylinder for the induced map. Since m; is
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(®, Tp)-conformal,

k—1
m(C) = exp Z(@t —1p)o F7 | dmy.
Taking an extra 7; — [ steps backward, we get

Tl—l

n(B) = M/exp —p)o =D dm,

Ti—1
1

k—1
= — exp O, —p)o F77 | exp ¢ —p ofj*(”*l)Oka dm
M Jprc) ]ZO( ' ) Z( ' ) '

’
T —1

1 / "
= 37 exp | — ¢) fj T/ dm )
M F(W,) Z ( . ) !

j=1
so computing n¢(B) using 7; — [ or 7y — I’ both give the same answer.

Now for the normalising constant, since our method of projecting conformal measure
only takes the measure of one of the preimages of 7w in A of any set A C I, we do not
sum over all levels of the tower, but just enough so that the image by 7 covers I, up
to a zero measure set. However, modulo a countable set, the core [cq, ¢1] is disjointly

covered by U;sg Wi U Uiso f(Wi) UUjsy f2(Wi). This gives

Moo= m(W; W) +Z/ e ¢tdmt+2/ e2P=bi=01of g,

i>1 1>2 >3
= 1+ Z ep/ ~Ptdmy + P Z/ e~ =Pl dm,.
1>2 >3

for an arbitrary potential Using the formulas for the slope x; = f'|W; from and
the expressing for sw; = my(W;) from (25)), we obtain for ¢; = —tlog|f’|:

M = 1—|— Zwlﬁz—k—Zwm/@O

1>2 >3

eP(1 — M\t ABt(] — )2t
_ 20X )<1+( — NN+ (1 - 3“2”2”1”7 )

2
1>5

€2p 1— )\t P ‘ot )\3tz A 2ti
+ 2(5 _)\)t) ((1 — NN 4 (1= 2PN +ZA1H((1 — A))5t>

= 14+ ep(l_)\t) (1+(1_/\)t/\t+(1_)\)3t)\2t+ >‘4t( _>‘)5t )

2 1— A1 — A)3
62p(1 _ )\t))\t )\3t(1 _ )\)415
— (1 1— N2 .
+ 9 < +( ) +1_)\3t(1_)\)3t><oo

c¢) The third statement is entirely standard, see for example [PS, Theorem 2.3]. [
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6. THE CONFORMAL MEASURE AND EQUILIBRIUM STATE FOR (Y, Fy, ;)

In this section we adapt the results for the map T) studied in [BT3| to the map F).
This also allows us to prove Theorem [B]

Proposition 2. For each A € (0,1), ¢t > 0 and p = P(®;), the map Fy has a (1 —p)-
conformal measure my with

I—Tﬁ)\t(k—l) Zf )\t

< 3,
[(k) — 1) + )\_t(l _ %)] (%)k‘-ﬁ-l Zf At > (25)

D= N[

e (Wi) = (W) = {

If in addition \' < %, then F\ preserves a probability measure iy < my with

(W) = G

1—2) A\t
At 1— )\

>k and gt(m):u—g)l_jy<1itAt>k (26)

for some (; € (0,1). Moreover, fi; is an equilibrium state for potential ®y.

Proof. Recall from that T o™ = m o F) for the two-to-one factor map 7= with
7~ Y(V;) = W;. In [BT3, Theorem 2] it is shown that 7 has a (®; — p)-conformal
measure such that

(1 — AH)AHE=D) if p=1log¥(t) and N\ < 1,
mi (Vi) = —t ExT (1Nk e t t> 1
[(k=1)+ X 1—-5](5)F ifp=log4A(1—N)]" and X > 1.
and an invariant measure (provided A' < ) with s, ,(Vy) = 1_/\%)‘t (1i;t> . To

obtain m; and fi; we lift these measures by =, distributing the mass to W; and Wj
appropriately. Since F\(W;) = F\(W}) = Ug>j—1 W} 6r Up>j—1 Wy, we can distribute
the conformal mass evenly. This gives .

J
To obtain (26|, abbreviate v§ = 17)\72,” (%}) and define

Ct = Z ,U;'a

j=z1
csj71 <c

i.e., the proportion of the invariant mass that maps under F) to the left of c¢. Next
define p; on cylinders by

n—1
IU/t(CGUH-enfl) = Ctvéo H w(t)_lAéi—lei
=1
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and similarly i (Cey. e, ,) = étvéo ?:_11 P(t) AL ... Since ¢ (t) 1A' is a probability
matrix with A}, = 0if & > eg + 1, we get for every cylinder set
/]t(F)Tl(Ceomenfl)) = Z lat(C U é)keo---en—l
k<ep+1
g1 <€
n—1
= G > w4, [Tem ™AL,
k<eo+1 i=1

n—1
= Ctvfo H ,(/)(t)_lAttZZ_lel = IELt(CeO-uen—l)
=1

and similarly for F° 1(6’60“,67#1). This proves Fy-invariance of ji;.

The Ty-invariant measure above is the unique equilibrium state for —tlog |T%| provided

A< % Since the factor map 7 does not affect entropy, and because for any F))-
invariant measure 7 we have [log |F{|dv = [log|T}|d(7 o m~1), it follows that ji is

indeed the unique equilibrium state for (Y, Fi, —tlog|F}]). O

Proof of Theorem[B. Let = € [20, 20] \ Un>0f""(c) be arbitrary. Since zj is a closest
precritical point, f7(Wg) N |2k, 2] = 0 if 0 < j < Sk. Therefore, if ¢ € w(x) then
Fi(z) — 0 along a subsequence. From this we see that hyperbolic sets for F coin-
cide with intersections of hyperbolic sets for f with [z, 20], implying that hyperbolic
dimension are the same for F' and f.

Now for the escaping set, first observe that the intervals f7([zx,c]) = f7([c, 2]) for
0 < j < Sk have f/(c) as boundary point and lengths tending to 0 as k — oo.
Therefore F*(z) — ¢ implies that f"(x) — w(c) which implies that w(z) = w(c). We
next show that F*(x) — ¢ if and only if w(z) = w(c).

Denote by U, the largest neighbourhood of x on which f™ is monotone, and let Ry be
the largest distance between f™(x) and 9 f"(U,,). If there is k such that Fi(x) ¢ [z, 21]
infinitely often, then by the Markov property of F', f™(U,) D [zk, ] or [c, 2] along a
subsequence. This means R,, /4 0. By [B2], this implies that w(x) ¢ w(c).

Therefore w(z) = w(c) if and only if F¥(x) — ¢, and hence the escaping set 2, coincides
with Basy N [z, £29]. Theorem [B| therefore follows from [BT3, Theorem C]. O

7. CONFORMAL PRESSURE FOR (I, f, ¢¢)

In this section we prove the main part of Theorem with the components about
existence of conformal measure and upper and lower bounds on conformal pressure
in various lemmas. We start by giving the definition of conformal pressure, presented
for general dynamical systems.

Definition 2. For a dynamical system g : X — X and a potential ¢ : X — [—00, 00|,
the conformal pressure for (X, g, ¢) is

Peont(¢) == inf {p € R : there exists a (¢ — p)-conformal measure} . (27)
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The results on the pressure in this section are obtained using Poont(¢¢); in Section@we
show that the conformal pressure Pcone(¢:) coincides with the (variational) pressure
P(¢y) from . Thus our statements in Theorem @ should be read as applying to
‘both’ quantities. For Pgon(P;), we start by quoting the conclusion of Theorems 2
and B of [BT3]: Poont(®:) and P(®;) coincide, and

Poons(®1) log (1) if A < 3 (28)
T log[Aat(1 — M) i A > L

Recall from ([4)) that t, = —log 4/ log[A(1—\)] is the value of ¢ such that [A(1—\)]' = 1.
Hence t9 =t if A > % and to < t; = 1 otherwise. We can interpret £; as the smallest
t such that the pressure of the induced system Prous(®:) = 0.

Any (®; — pr)-conformal measure must observe the relations

Wi o= (11— \)feP

@y = MN(1-A)fe P

@y = N(1—=N)le P21 —wb) (29)
o= MNI-Nfe P [1- Y

k<j—1

Recurrence relations of a similar form were used in [BT3] to prove [BT3, Theorem 2],
but our situation here is more complicated since in that setting in the place of each
e7P% term was simply the constant term (t). The idea now is to find a solution
p = p(t) of such that also H(p, 1) 1=}, ﬂ);- is equal to 1. Note that in Lemma
and Proposition [4] below, we give necessary lower and upper bounds on p(t), without
assuming its existence. Along the way, we will also need to check that @} > 0 for all
k>1.

Write
B:=tlogA(1—X)] and B = (t—t2)log[A(1 - \)], (30)
so that e = 1 for t = t5 and e° = ieﬂl > % for t < to.

4

7.1. Lower bounds on Pg.ue(¢:). Let us now compute the asymptotics of u?fg to
show that in this case p(t) has to be positive for t < t;.

Lemma 2. Fizing p = 0, there is a unique solution to , denoted by (W} )ken It
satisfies

u‘;i>0and ka}izl if t >ty
there exists kg such that w}fm <0 ift<tq.
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Moreover, for ro = 3(1£+v1—4€P),

log ZEC+=A)
ko= | ——S2 41 dif th<t<ti=1 (ie, A€ (0,3)),

log%
)\t .
ko ~ 2§1_2§t) ift Sto<tp =1 for A€ (0, %],
o~ 2 ~ 1
k:ow\/% ift St <1 for Xe[35,1).

Proof. Subtracting two successive equations in (29)), we find that the w! satisfy recur-
sive relation

—t . —k

Wyyq = Wy, — eﬁwk_l. (31)

144/1—4eP

The roots of the corresponding generating equation 72 —r+e® = 0 are r = 5

It is straightforward to check that

(i) r_ < M, 1= <rg ift>1;
(i) re € {\, 1= A} if t = 1;
(i) XM <r_ <rp <1-—\ if to <t <1and A\ < 1
(i) 1 =X <r_ <ry <\ if t; <t <1and A\ > &;
t=t; <1 for A\t > 1
(v)r_:r_i_:% if ! o . 2
t =ty for A < 3,
t<ti <1 for At > 1
(vi) 7+ are complex conjugate if ! o .3
t<ty<t;=1 for N <1

(i)-(iv) In the first four cases, i.e., r+ are real and distinct, the recursion combined
with the initial values @} = (1 — \)! and wh = A'(1 — A, give the solution

wh = \(/1]__—72)85 [(/\t O [ (o )\t)rlf_l] : (32)

If t > 1, then the coefficients are non-negative, and also if t; <t < 1. Ifto <t < t; =1,
then the coefficient A' —r_ < 0, so there is kg such that @}, < 0 for all k& > ko, namely

2 t ko t
Tir"‘_)‘ > T+ >&T+_)\ (33)
r2r_ — X7 \r_ r_r_ — A’
r_‘_(r_‘_f)\t)
. . log r_(r_—=xt)
which results in kg = e = + 1.

(v) If t =t; < 1, or when t = t9, then r_ =7y = %, and the general solution is
4 a=N
o= U

If A > 1 (i.e., t =t; < 1), then the coefficient 4(1 — A’) + 2k(2A" — 1) > 0 and hence

wf > 0 for all k. If \' < 1, then the coefficient 4(1 — A!) + 2k(2A\! — 1) < 0 for all

k>ko=[2(1-A)/(1—2)\)] + 1.

(4(1 = ') + 2k(2X" — 1)) .
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(vi) Finally, if t < ¢; < 1, or in general when t < t3, then the roots are complex.
Together with the initial values @} = (1 — )" and wh = A(1 — \), we find the
solution

wy, = (Gt} [(4005 */f — 4At> cos (\/F’k‘> +

2k 2
. Pk
. ﬁ B - sin ¥5=
<4)\ cos( 5 > 2cos <ﬁ>> (sin\/ﬁ )]
2
21— n) . . ) sin Ok
= o [(QCOSQ —2X\") cos 0k + (2\" cos @ — 2cos“ 0 + 1) o | (34)

for @ = 1v/B = 3/(t — t2) log[A(1 — A)]. This is an oscillatory function in k, with an
exponential decreasing coefficient 27%. Recall that wh = X! > 0. First assume that
A %, whence \f > % Therefore

2Xt cos @ — cos? 0 + 1

0<2cosf — 2\t « -
sin

i

so the expression in the square brackets becomes negative when kg =~ \%L,

Now set A < %, and A" < 1 and moreover assume t — t5 is small. Then 2X’cos 6 —

2cos? 0 + 1 < 0, so approximating sin 0k/sinf = k for small values of 6, we find the

2 cos 0—2\* ~
2cos20—1—2Xtcosf

expression in the square brackets becomes negative when ky >

2(1-\%)
1—2NF -

Note also that in all cases w} — 0, and therefore gives that 1 — 37, . 4 wl, — 0
as j — oo. This shows that ), wf = 1. O

We can now use Lemma [2 to address directly the problem set up in : finding a
solution p = p(t) to H(p,t) = 1 with all summands non-negative.

Lemma 3. If \ > % and t < t1 <1 1is close to t1, or if A < % and X! is sufficiently

close to 3, then there is 7o = 1o(A\) > 0 such that p(t) > SL;SO

Proof. Let 1I;,tc be the solution of for p = 0 as computed in Lemma [2| while we
write u?i = u?,i (p) for the case p > 0. We start by showing that, under the assumptions
of the lemma, wzﬂ/w}; ~ % for 1 < k < kg — 10.

e Case 1: A > % and t < t; < 1 is close to t;. In this case, 2\! cosf — 2cos? 0 + 1 =
(2" —1) cos O+ (1+2cos0)(1 —cos ) > 0 for 0 < 0 = 31/B’ < 7/2. With w}, as given
by and using standard trigonometric formulas, we derive that

Wy _ 1 (20050 =20 sin O — 2cosfBst081 cos o
wy, 2 (2cos O — 2Xt) cos Ok 4 227cos 981125052 0+ sin Gk
1 sin 6
~ = 0 6 — 0. 35
5 (cos + tan&k) as (35)
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If 10 < k < kg — 10, this reduces to
11 > wk“ _ 1 <cos€— sin 0

9
> =3 > — f 116. 36
207wl 2 tan 0k> 20 oM (36)
e Case 2: A< 35 L and M is sufficiently close to . In this case @} is given by (32] ., SO
w4 _ (AL =7 )k o+ (ry — )\t)rli
wy, (A — r_)rﬁ_l + (ry — M)k
_/\t _ k _)\t _ k‘() k‘()—k‘
() Rt ()
+° -1 T k Fo—k—1°
t )\t 0 0
L5 (7) s () ()

Using , we obtain

1
2

Since r4,r_ — % as A\l — L~ % uniformly in & in this case.

The difference between w}, and W}, is e, = ex(p) = w(p) — wl,. We claim that if

p < 1/Sk,, then there is K such that

|0t — | =: |en] < K7o(1 — e Po=1)@k  for all k < ko — 10. (37)
Since wi(e™P — 1) = 1 < —pSow} and wh(e 2P — 1) = g9 < —pSywh, this claim holds
for k =1,2.
Subtracting two successive equations in (29 gives the recursive relations

— o PSk- 2wk eB—PSk gt (38)

wk+1 Wk 1,

so for p = 0 this is w}fm = 7I)k — eﬂﬁ)};fl. For ¢, we obtain

B ot
Ek+1 = Wpyq — Wiy
e PSk-2g, — B PSkgy | 4 eB(1— e PSRl — (1 — e PSk-2)qpl,

Write e, = ug(l — e Po-1)wl, so u; = up = —1 and uz € (—1,0). Then we can
rewrite the above as
— e PSk—1 gt _ e PSk—2 it
U — e_p‘sk—Q 1 € wk Up — eﬁe_psk 1 € wk_l U
P 1—e?S5% @t , © 1—e PS5 @t "'
k+1 k+1

—t —pSy_

i wk eﬁwk_l _ 1—e Prk—2
—t i _ .—pS
Wy wy, 1 — e Pk

= aup — bup_1 +c.

. )
The numbers a,b, ¢ depend on k, but since % ~ 1;:’2 € [0.45,0.55] for all 10 <
k—1

k
k < ko — 10, and e’ ~ I, we have ¢ € [0.1,0.5] and 0 < a — b < 0.99. Therefore
the orbit (ug)r>1 is bounded, say |ug| < K for all k, and in fact positive from the
moment that two consecutive terms are positive. In particular, —1 < up < K for
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all k, and |eg| < K(1 — e P9%-1)w! for all k < ko — 10, proving Claim (B7). If
we now take p < 719/Sk,, then \5k\ KTofyJr w’;C for k = kg — 10. Propagating
this tiny error (provided 7y is small) for another eleven iterates, i.e., eleven recursive
steps UN)Z_H = e*psk*ﬁ}z — eﬁfpsku?};_l, we find that wj ,; < 0. This shows that

p(t) > 7'O/Sko‘ O

1 — _ 2logyy
Recall that v, = 5(1 + V5) and ' = —log\(1-N]

Proposition 3. There are 79 = 19()\) and C = C(\) > 0 such that

) > To S Toe T/ Vit ift <t;1 <1 close tot] and X\ > %;
p = log(v4.)
Sk~ 70C(1 —t) ek ift <1 close to 1 and A < 3,

where log R = 2log(1+ /1 — 4X{(1 — \)t) —log[4A'(1 — A\)] ~ 2(1 —2X) ast — 1 and
A= 3.

Proof. Lemma (3| gives p(t) > STTO For the second inequality, first assume that
0

A > l and t < t; < 1. Using the estimate of kg from Lemma and /' =
V- lo — N)](t1 — t), we find

7

p(t) > ;TS ~ o FO108 T > e Vit (39)
0

Now for the case A < % and ¢t < 1, recall from that

log(v4) log(v4)

70 S T+ ~ho log(7£) S 7’_2;. T4 — AN T los(TE)
g ZT\ Z\ 2 t )
Sko r_ reoor— — A

We work out the asymptotics for fixed A < % and first order Taylor expansions for
t~~1.

4e® = 4X(1 = \) (1 +log[A(1 — N)](t — 1)) + h.o.t.

V1—4ef = O—ZM¢1—4Ml_2kgMﬂ—AMt—D+hoL

(1—2X\)
= (1-2)) (1 - m log[A(1 — N)](t — 1)) + h.o.t.
R:= :i _ 0+ ”416; gy 2(1 - 2)\) + h.o.t.
ry —A' = 1-2\+h.ot.
ro— M = (”1(:3) log[A(1 — \)] — 2\ log A) (t —1) + h.o.t.

This gives exponent log(v4)/log(R) (which is ~ log(y+)/(2(1 —2))) as A — 1) and

1—2)\
ﬁ I+ A (1+4(1-24) (—A(I—A) Tog[N1—A\)] 12X (1—2X) log)\)
r2 oo — A\ 1_¢

+ h.o.t.
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log vy
Hence the estimate holds for 0 < C' ~ (7)‘(17)‘)(11031)&(11:2),\\))};212&2&;2)\) bg)\) ORI s

1
A= 3. O

Lemma 4. Ifp > 0, then 71)}; — 0 super-exponentially:
W = e PI-1tan, (40)

where (ag)r>1 15 a convergent sequence depending on p and t.

Proof. First note that if ), u?,tc # 1, then the factor e P%-1 is the only factor in (29)
that tends to zero. Hence the final statement of the lemma is immediate. So assume
now that Y, w} = 1, and w}, decreases faster than APk,

Taking a linear combination of two consecutive equations in , we obtain
eps’“wiﬂ = ePS1pt — Pl . (41)
By setting w}, = e PSk-11a% for some ay € R, we rewrite (@] as
eV % = ] — fTPSk-atak—ak1
In fact, oy = tlog A and ag = tlog A(1 — ). Abbreviating e = aj — aj_1, we have
ekt =1 — P TPSk-278k, (42)

This means that e — 0 exponentially and hence oy converges to some limit ay, =
Qoo (P, t), exponentially fast in k. Therefore, @} — 0 super-exponentially in k, when-
ever p > 0. [l

7.2. Upper bounds on Pc,,(¢:). We define upper bounds on p(t) using a non-
autonomous dynamical system. The following lemma will be applied to this.

Lemma 5. The mapn:r+—1— 457 has

one fixed point % if&E=1;
two fized points Ay = 1(1+£/1=2¢) if € < 1;
no fixed points if € > 1.

If £ < 1, then the largest fized point %(1 + V1 —=¢) is attracting; if £ < 0, then the

interval [1,00) is invariant. If§ > 1, and § = 3%552__2) then it takes an orbit at least
3;2?;;) iterates to pass through the interval [§ -9, § +4].

Proof. The first statements follow from straightforward calculus. For the last state-

ment, observe that n/(r) =1 for r = § and the vertical distance r — n(r) = /€ — 1.

Furthermore (r+6) —n(r+96) < (vV&—1)+ %62. and (r—0)—n(r—20) < (V&—1)+

\%(52—1—0(53). Hence for ¢ sufficiently close to 1, we have z—n(x) < (VE—1)+(3/2)%52
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for all x € [‘[ 0, f & 4], so it takes an orbit at least 20/[(v/€ — 1) + (36/2)?] iterates
to pass through thls interval. This quantity is maximised for
201 [2-1)
3 3(VE+1)
in which case (r +9d) —n(r+4) < (1 + \[)(\/E 1). In this case, it takes at least
3(VE+D)

5 =

(43)

EIG=N iterates to pass through the interval. O
Lemma 6. Let (uy) be given by
¢ eﬁ,_psk—Q
Uy = A and U1 = Ne(ug) ==1— P
Uk

There is a constant 71 = 11(\) (with precise value given in the proof) such that if

5T

eV FA> L — __2logy
. TIE if A2 5, t <ty closetot;, T o]
)\log'y+
(1 — )70 if A< 2, t <1 close to 1,
then uy > for all k and up — 1 exponentially.

Proof. Let &, = e/ ~PSk—2_ The dynamics of the map ny, : 7 — 7 — i—’; depend crucially
on whether & > 1 or & < 1. These cases are roughly parallel to A > %, t <
t1 close to t1 and A < %, t < 1 close to 1. However, if pSi_o is sufficiently large, the

factor e PSk—2 turns the first case into the second.

By Lemma |5 if & < 1, then 7 has an attracting fixed point, tending to 1 as £k — 0.
Therefore, once ' — pSk_g < 0, and assuming that ug > Ap where A < 5 is the
repelling fixed point of 7, the orbit of u; will tend to the attracting fixed point which
itself moves to 1 at an exponential rate as k — oo.

However, if & > 1, i.e., & is “before” the saddle node bifurcation that produces the
fixed point %, then uy will decrease and eventually become negative. The crux of the
proof is therefore to show that the “tunnel” between the graph of 7 and the diagonal
closes up before the orbit (uy)r>o has moved through this tunnel, see Figure [4] (left).

We fix £ = ¢ and ¢ as in , and we will choose p so that the repelling fixed point
Ay, is to the left of the tunnel (of width 2§ and centred around the point z = /£/2 at
which 7'(z) = 1), i.e

Av=5 (1- VI—ge) < ovE-o= 1 (VE-GvE-T),
<

where we abbreviated G = g Assuming that equality holds, and solving

(\/5)

for e P%k—2 we obtain

1 — e S = (\JE—1) (\/5— 1-2GE— 1+ (VE+ 1)02) ,

which can be reduced to pSi_o = 2(1 + G?)(vV€ — 1) + o(v/€ — 1).
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FIGURE 4. The graphs of n; and 7y, for & < 1 (left) and & > 1 (right)
with the line m (parallel to tangent line m/ to n, at A_ — /e drawn in.
The orbit of u; under 7; is depicted, but the actual (non-autonomous)
orbit (u;);>1 we always have 7%~ 1(u1) < uy.

Lemma [5| states that the passage through the tunnel takes at least

o 3vE+1) 2 5 2

206-1)  Gye-1 <56 V=log\1 = N)](t2 — t)

iterates. Note that 2(1+ G?) = 14/3 < 5. Choose 71 = 572 (Vel' — 1) = 572 (/€ — 1)

5T
and p > e V27, Then

v 21+ G*)(VE—1
p>Te 6 Jto—t >Tlefklog’y+:5,h2r(\/g_1>,y4—_k> ( +(?Sk)(;/g )

Hence pSy_2 > (1 4+ G?)(V/€ — 1) + o(/€ — 1) and we conclude that the tunnel closes
with fixed point to the left of the tunnel, before uj passes through it. At (or before)
this iterate, u; starts to increase again, and eventually converge to 1 at an exponential
rate.

Now let us assume that £ < 1, so there is a (left) fixed point A_ = 1(1—+/T — &) which
for t = 1 coincides with u; = A!. For t < 1, we have u1 < A_, say A; —u; = ¢ = &(t),
and Taylor expansion shows that

e(t) = % (1 — 9\t — \/W) =C(1—t)4+0((1— t)Q)

for C = Alog A — A(1 — )\)W. Assume that j is the first iterate such that

u — /e = uj. Let K =1n/(u; —+/e) < ﬁ ~ i—i = (1;3\)f' By taking a line with
1

slope K through the point (A, A_) to approximate the graph of 7); (and this line lies

below the graph of n; on the interval [u; —+/g, A_]), we can estimate u; > u; — K7~ 1¢,

so KI71 > 1/,/e, see Figure (right).
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Alog vy
Due to the inequality log K < tlog (%) <t (%), and taking 71 = (log 5)C'2(-2%) |
Alog vy
the condition p > 71 (1 — ¢)2(-2% implies
log 4 log v log 4 log4d log4
D> 10g5 ’ (C(l - t))zlogK 2 (]0g4)<\/g) los K 2 Oglog'wr - C;g—l ~ d '
KUV Texr s Sj-1

Let A; be the left fixed point of ;. Thus, given that p > (log4)/S;_1, we find that

A; = 3(1 — /1 —eP"PSi-1) > X/4 for ¢t close to 1. Therefore 4; < u;, and u;
will converge to the attracting fixed point A, which itself converges exponentially to
1. O

Proposition 4. For the constants 11 from Lemma [ we have the following upper
bounds for the pressure:

_5_1T
6

T1€ C Vit if A > % t <ty close to tq;
1

p(t) < Alog'y+
7-1(1 _ t) 2t(1—2X) Zf A<

, t <1 close to 1.

i
Proof. Let uy, = %e”sk*‘z, S0 uy = AteP(5-1+50=51) — )\t > % (where we set S_; =1
by default). From (38]) we have

eﬁ,_psk—Q

=1-— . 44
Uk+1 duy, (44)

Alog'y+
For p > e th “torp>m7(1—1t)20-2% as given in Lemma@ the iterates uy are

bounded away from zero and uj; — 1 exponentially. Therefore

B'—pS;_1
e J
Uoo ::Huj = ul-H<1—4‘>
=1 o2 Ui-1
365 ps]*l
> 1-— 0
79 H( 3 ) >
j=3

because .-, 3¢ PSi-1/8 < oo and all terms e® ~P5i-1/8 are uniformly bounded
away from 1. Since

wi;-&-l — e P(Sk—2FSk—1++5-1) U}i . H uj,

it follows that all wj are positive, and as w; = efPSi (1 —Zj<k_1 @D§>, also
Hy1(p) = > jch LWk <1 for all k.

I Alog .

Alogvy
Vii—t or p > 7 (1—1)20-23 | we will show that
< 0 for these values of p. Observe that 0H (p,t)/0p satisfy the the recursive

_5
To prove that Hy(p,t) < 1forp > me °
3Hk( )
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relation:
Hi = (1—\)te? G = —(1—=N)'e™? <0,
Hy= (1 - \)te™? 4 efe?p 8(9—% = —(1—=\fe?—2e072 < 8871;1'

Hj=Hjy+ P P51 (1— Hy ) G = 0=t = fopsim O
— j_leﬁfpsjfl(l — Hj_g).

Writing U; : H and vjyq := Uj_1/Uj_2, we find v3 = 1+ 2¢8~P > 1 and

Uj—l ef'—pSj—2 1—H;,_5 B —pSj—2
1= =njvj)=1—- ——— (145 0———= | >1—- ———,
Vj+1 Uj—2 15 ('U]) 41)] + j—2 Uj—3 4Uj—2

where the final inequality relies on U;_3 being negative. This follows by induction,
combined with Lemma@ THis implies that v > % and v — 1 exponentially fast, so
[I;=4vi > 0. Tt follows that

OH
0y _ggoU Uy - hmHvl<O

and hence H(p) < O

Remark 2. The techniques in this proof give no ezplzczt formula for ap and 8—H as

t 7 t1, so they don’t answer the question whether 4 T —0ast Sty

7.3. Existence and uniqueness of Pgoue(¢;).

Lemma 7. For all t < t; there exists p, = p¢ = 0 such that H(pe,t) = 1 and
wt(pe) = 0 for all i, and H(p,t) < 1 for all p > py.

We will show in this section that in fact p, = py for ¢ close to ¢;; and then in Section [9]
that this is actually true for all ¢.

Proof. For any p > 0, since w}(p) < e57P%%1 we have H(p,t) < oo. This fact also
implies that H(p,t) < 1 for all large p, thus proving the existence of p,,.

For each (p,t), define the partial sums H; = H;(p,t) = > ;; wl(p). Recall from
Lemma [2[ that there is some minimal kg € N such that 12)20 (0) < 0. By the recurrence
relations defining @} (0), this means that Hg,_2(0,t) > 1. Now we prove the existence
of a solution to the equation H(p,t) = 1 with all ﬁ/}f (p) = 0 by continuity. For k € N,
let

i := inf {p >0: H;(p',t) < 1for each j < k and p’ >p}.
We collect some facts:

o sup, pr € (0,00). Since Hg,—2(0,t) > 1 for some kg € N as shown before,
combined with the fact that (pg)x>1 is a non-decreasing (which follows imme-
diately from the definition of p;) gives that sup, py > 0. The finiteness follows
from the bound @}(p) < e Po*-1.
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e If pr > 0 then Hy(pg,t) = 1. This follows since each map p — H(p,t) is
continuous in p, so by the definition of p; as an infimum, there must exist a
minimal j < k such that H;(pg,t) = 1. But our recurrence relation implies
that Hji1(pk,t) = Hj(pr,t) + PP (1 — Hj_1(pg,t)) > H;(pg,t) = 1. This
must also hold for all p sufficiently close to pg, so if 7 < k then this contradicts
the definition of py.

° ( Yy > 0 for all j < k and p' > pg. If this fails, take the minimum such k

and note that (41]) implies that Hj,g(p’,t) > 1, a contradiction.

Now define po, := supy pr. It follows immediately from this definition that for any
J €N, Hj(poo,t) < 150 H(pso,t) < 1. Note that this also implies that u?ﬁ-(poo) >0
for all j € N.

To show that H(ps,t) = 1, notice that for p > 0 and any j € N,
H(p,t) = Hj(p,t) + Y _@}(p) > Hj(p,t) — e’ e P,
k>j k>j
So defining jo € N such that pj, > 0, let s(j) := ef Zk>j e PioSk, Then for Pj = Pjos
H(pj,t) 2 Hj(pj, t) — s(j) = 1 = s(j).

So since s(j) — 0 as j — oo, we have H(p;,t) — 1 as j — oo. Therefore, the
continuity of p — H(p,t) on the domain where the sums are bounded implies that

H(poo,t) = 1. O
Proposition 5. There is at most one solution p = p(t) to H(p,t) = 1 with all w}, > 0.
Moreover, %—H <0, %{5] < 0, and the map t — p(t) is analytic with % <0 on(ti—e,t1).

Proof. The previous proof shows that positivity of all @} is equivalent to positivity
of the sequence (ug)y in . Therefore, if p = p(t) is a solution to the problem
w} > 0 and H(p,t) = 1, then the corresponding sequence (uy) is positive. Positivity
of % is equivalent to positivity of an orbit (v)y for a slightly different but larger
map, and with an initial value v4 > 1 > wu;. Therefore, as (uy )y is positive, so is (v )k,
and 0 < [[>1 ur < [} k24 = Voo, Whence %If’t) = Voo - M < 0. This shows

that there can be at most one solution to H(p,t) = 1.

We can use the same technique to estimate % for ¢t < ty:
H; = (1-\te® 91 = Jog(1 — A)(1 — M\)te™ < 0.
Hy = (1= \)te P 4 efe2P 9 —log(1 — A)(1 — A)te?

+ log[A(1 — A)]ef~2r < 2L

—pS; OH; OH;_ —pS;_ 1 OH;_
H;=H;_4 + e PSi-1(1 — H; ) = 2 L _ oB8-pSj-1 - 2

+ log[)\(l — A)]eﬁipsjfl(l — Hj_g).
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If we now write U; = % and vj41 :=Uj_1/Uj_2, we find vy = 1+ % 1
and
Uj_1 B’ —pSj—2 1—Hj3 P —pSi-2
il = =1-—(1-logNl - N)]—""—] 21— ———
U]J,-]_ Uj72 4:'(}] Og[ ( )] Uj73 4Uj*2

where the final inequality relies on U;_3 being negative. The same argument shows
that %—i] < 0 as well. Furthermore, since H is analytic in both p and ¢, the Implicit

Function Theorem implies that ¢ — p(t) is analytic on (1 — ¢,¢1) and % < 0. O

8. INVARIANT MEASURES

Now we look at the invariant measure i, << my, for t < ti.

Theorem 1. Suppose t < t1 and p > 0 satisfies H(p,t) = 1 with all summands
non-negative. Then we have the following:

a) There is an Fy-invariant measure piy = fip < My p;

b) The Radon-Nikodym derivative z%i is bounded and bounded away from zero;

¢) e projects to an fx-invariant probability measure vy < ny.

Proof. The solution @' to and H(p,t) = 1 gives rise to a probability transition
matrix

~1 ~t ~1 ~t
wy Wy w3 Wy

~t ~t ~1 ~t
wy Wa w3 Wy

0 <% W @

Gt _ Diso Wi Dz Wi Dlino W 45
= '[[)t ﬁ}t * ( )
0 i 4
21‘23 Wy Zi>3 wy
0 0 0 -

The left eigenvector o' = (9¢, 0%, . ..) for eigenvalue 1 represents the invariant measure:
pep(Wi) = oL, To find it, we start with 00 = (1,0,0,...) and iterate v =
v("~ DG, Since G! is a stochastic matrix (i.e., nonnegative and with row-sums 1),
each v(™ is non-negative and has ||v(™||; = 1 as well. We prove by induction in n
that v](.n) decreases super-exponentially in j. We will show that there is K € N such
that for all n > 0,

o™ < AL forall k> K. (46)

Since W = e PS-17% decrease super-exponentially in k as described in (40 we can
w

find K such that 1;—2 < %1;’,?_1 for £k > K. Clearly holds for v(®. For the
k—1 k—2
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inductive step, assume holds for n — 1. Then for k£ > K arbitrary,

k+1 U(n—l)

+ =l (47)
2212l>] lwf

) k (n 1) }:. ot
=l | o"Y +1)2n Y +ZZ ot —l—@,ﬁll) (1—@“1 ;)

(n) =t | ,,(n=1)

n—1
v, = w | vy +v( )

z>]1
=t
_ _ wy,
< (o e oY) S Y
Wiy
< ﬂ% wz </wkl
~ ~t N~ )
(R S A
where in the last line we used that ||[v(*~D|| = 1 as well the choice of K. This shows

that although the unit ball in {! is not compact, the sequence (v(”))n>0 is tight, and
hence must have a convergent subsequence. Since G? is clearly an irreducible aperiodic
matrix, (v™),>o converges; let o be the limit. Then @ is positive and 5], = 1.

The measure yu; defined by the piecewise constant Radon-Nikodym derivative hy :=

~t
hlw, = £5504 tf((vy\\})’;)) = lf—’g is now easily seen to be invariant. By taking the limit n — oo
Wi

n , we find

k+1 ~t t ~t

U = W, | 01 + 05 + Z S DR R,
= == -1 ~ 7 Vk+1>
Z'L>g 1w W4 Zi}jflwi

and dividing this by ?I}k shows that (hg)ren is increasing, and hence bounded away
from 0. Now for the upper bound, taking the limit n — oo in shows that 17}; —0
super-exponentially fast. Take K € N such that

-
Zlfk<1

w
k>K k-1
Then by (47]):
~t K ~t k-1 ~t ~t ~t
v o - (% w; w Uk 1
hie ==k <ol + 05+ 2+ T hj+ — KRy + SRy
k S W S Wi Wy U,
c
This gives
ot
k-1 w
C+ (Supj<k‘ hj) - ZJ:KH wtil
h < — —. (48)
w v
1— =k EiL
k—1 Yk
it

If 17;{1 < %, then as long as k is sufficiently large, yields hy < 2C + %supj<k h;.
Since hy is an increasing sequence, we conclude that hjy < 4C and moreover, h; < 4C
for all j < k. The fact that 0 — 0 super-exponentially implies that there are infinitely

many k satisfying ’“Zl < %, so h; < 4C for all j € N, concluding the upper bound.
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Since f1;(Wy) = 1, decreases super-exponentially, A := 3, Sj—11(W;) < oo for t <
t1, so by Lemma [I], u; pulls back to an fy-invariant probability measure 1y < nz. [

9. THERMODYNAMIC FORMALISM FOR COUNTABLE MARKOV SHIFTS

9.1. Countable Markov shifts. In previous sections we have computed quantities
such as pressure rather directly, which gives a fuller understanding of the underlying
properties of our class of dynamical systems. In this section we use the theory of
countable Markov shifts, as developed by Sarig, to prove stronger results more indi-
rectly. In particular, we can obtain information about the pressure and equilibrium
states for ¢, for all t € R.

Let 0: ¥ — X be a one-sided Markov shift with a countable alphabet N. That is,
there exists a matrix (¢;;)nxn of zeros and ones (with no row and no column made
entirely of zeros) such that

YS={reNV:t,,.  =1foreveryie Ny},

and the shift map is defined by o(zoz;---) = (x122---). We say that (X,0) is a
countable Markov shift. We equip X with the topology generated by the cylinder sets

[eoen_l]:{ﬂfezxj:6j f0r0<]<n}

Given a function ¢: X — R, for each n > 1 we define the variation on n-cylinders

Va(¢) = sup{|o(x) — o(y)| s x,y € B, x; = y; for 0 <i <n}.

We say that ¢ has summable variations if > 2 oV, (¢) < oo; clearly summability
implies continuity of ¢. In what follows we assume (¥, 0) to be topologically mixing
(see [S2, Section 2] for a precise definition).

Based on work of Gurevich [Gull, [(Gu2], Sarig [S2] introduced a notion of pressure
for countable Markov shifts which does not depend upon the metric of the space and
which satisfies a Variational Principle. Let (X, 0) be a topologically mixing countable
Markov shift, fix a symbol ey in the alphabet N and let ¢: ¥ — R be a potential of
summable variations. We let the local partition function at [eg] be

Za(@sleal) == Y TP (@) (49)

and

Z:((ba [60]) = Z esn(b(x)X[eo] (.Z'),

z:oMz=x,

z:okzd[eg] for 0<k<n
where x|, is the characteristic function of the l-cylinder [eg] C X, and S,¢(x) is
é(x) + -+ ¢ oo™ Yz). The so-called Gurevich pressure of ¢ is defined by the
exponential growth rate

Po(9) 1= lim ~log Zu(6, [eo]).

n—oo N
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Since o is topologically mixing, one can show that Pg(¢$) does not depend on ey. If
(3, 0) is the full-shift on a countable alphabet then the Gurevich pressure coincides
with the notion of pressure introduced by Mauldin & Urbaniski [MU].

The following can be shown using the proof of [S2| Theorem 3].

Proposition 6 (Variational Principle). If (X,0) is topologically mixing, ¢ : ¥ — R
has summable variations and ¢ < oo, then

Pg(¢) = P(¢).
Definition 3. The potential ¢ is said to be recurrent if ﬁ
D¢ D 2,(9) = 0. (50)

n

Otherwise ¢ is transient. Moreover, ¢ is called positive recurrent if it is recurrent
and

Zne_”PG(¢)ZZ(¢) < 0.

If ¢ is recurrent but not positive recurrent, then it is called null recurrent.

We use the standard transfer operator (Lyv)(x) = > -5, —, e?Wy(y), with dual operator
L7 Notice that a measure m is ¢-conformal if and only if Liym =m.

The following theorem is [S1, Theorem 1]. Note that the next two theorems were
originally proved under stronger regularity conditions (i.e., weak Holderness) on the
potential, but subsequently it was found that these could be relaxed, see for example
[S3].

Theorem 2. Suppose that (3,0) is topologically mizing, ¢ : ¥ — R has summable
variations and Pg(p) < oco. Then ¢ is recurrent if and only if there exists A > 0
and a conservative sigma-finite measure my finite and positive on cylinders, and a
positive continuous function hy such that L(’;m¢ = Amyg and Lyhg = Ahg. In this case

A = ePe(@) . Moreover,

(1) if ¢ is positive recurrent then [ hg dmg < co;
(2) if ¢ is null recurrent then [ hy dmg = oo.

Moreover the next theorem follows by [S2, Corollary 2]:

Theorem 3. Suppose that (3, 0) is topologically mizing and ¢ : ¥ — R has summable
variations and is positive recurrent. Then for the measure dp = hgdmg given by
Theorem@ if — [ ¢ dpu < oo, then p is the unique equilibrium state for ¢.

We are now ready to apply this theory to our class of dynamical systems. The following
proposition contains the main ideas for the proof of Theorem|[C| but we state and prove
it separately to highlight the connection with the results in Section [7}

6The convergence of this series is independent of the cylinder set [eo], so we suppress it in the
notation.
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Proposition 7. For each A € (0,1) and any t < ty,

a) there is a unique p such that H(p,t) = 1 with all summands non-negative;

b) this p is the unique value such that there is a (®y — p)-conformal measure.

Proof. We first prove the proposition for the case t < t1, in which case, any p satisfying
H(p,t) = 1 with all summands non-negative, must be strictly positive. The existence
of such a p follows by Lemmam By Theorems and for p as in a) of the proposition,
the potential ®; — 7p is (positive) recurrent. Theorems (1 also implies that Pg(®; —
7p) = 0. Since 7 > 1, for e > 0 we always have Pg(®;—7(p—¢)) = Pg(®,—7p)+-e: this
means that any such p is unique. To summarise, there is one and only one p such that
H(p,t) = 1 with all non-negative summands and for this p, we have Pg(®; —7p) = 0.
It is easy to see that such a p yields a (®; — 7p)-conformal measure.

For the case t = t1, by [BT3, Theorem B], P;(®;) = 0. Theorem B of that paper
guarantees that p = 0 is a solution to H(p,t) = 1 with all summands positive. The
above argument also shows in this case that if there is a solution p > 0 to H(p,t) =1
with all summands non-negative, then Pg(®; —7p) = 0 and again this can only occur
if p = 0. To show that there is no negative solution, observe

w;t:eﬁe*psffl 1— g wh >eﬁe*p5j*1wj.
k<j—1

Therefore we must have p = 0 as the only solution to H(p,t) = 1 with all summands
positive. O

9.2. Proof of Theorem

Proof of Theorem[(. We prove parts a) and b) simultaneously. First suppose that
t < t;. As in the proof of Proposition |7, ®; — 7Pcont(¢¢) is positive recurrent. By
Theorem [3| iy from Theorem [1]is an equilibrium state for ®; — 7 Pcon(¢:) and hence
satisfies

h(pe) + /((I)t — TPcont(¢t))dps = 0.

Thus the Abramov formula implies that the projected measure vy has h(vy)+ [ ¢¢ dvy =
Peont(@t), s0 P(p1) = Poont(dr). If P(dr) > Poont(¢¢) then there exists a measure
v (with positive entropy) for which h(v) + [ ¢+ — Peont(¢¢) dv > 0. Since any such
measure must lift to (Y, F), the Abramov formula and Proposition [f|lead to a contra-
diction. Hence P(¢;) = Poont(¢¢). This also implies that 14 is the unique equilibrium
state for ¢y.

For the case ¢t = t1, Proposition [7| implies that Pcou(¢¢) = 0. This is clearly the
same as P(¢), as follows continuity of the pressure. The existence/absence of an
equilibrium state here follows as in Theorem [A]

Now let ¢t > ¢;. For each A € (0,1), [BT3, Theorem A] implies that the ®;-conformal
measure my, if it exists, is dissipative. Hence no finite pu; < m; exists. However, just
as for smooth Fibonacci maps, w(c) supports a unique probability measure v,,, which
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has zero entropy. For each x € w(c) not eventually mapping to ¢, D f{(x) exists for
all n. Moreover, F¥(z) — ¢ so that if ny € N is such that F{(z) = f™(z), then
k/ny — 0. The Lyapunov exponent of z under F) is —log[A\(1 — \)], hence by part c)
of Lemma |1 the Lyapunov exponent of x under fy is limg_ o, —n—i log[A(1 — A)] = 0.
Therefore v, is an equilibrium state in this case (and in fact also for ¢ = ¢1). This
concludes the proof of a) and b).

Now for part ¢), Lemma [2| implies that Poone(¢p¢) > 0 for ¢ < t1. Now if ¢ > t1, then
p = 0 still gives a conformal measure, see . This is the smallest (and only) value
of p to do so, because if p < 0, then H(p,t) no longer converges. Indeed, by taking
the linear combinations in , we get

~t  _ —pS; (~t_pS;_1 Bt
Wi =€ 7<wje It —elwi_q ).

If p < 0, we can no longer assert that 711; is decreasing in j, but if H(p,t) converges,
then there must be (infinitely many) js such that 17);- < uv;.,l. If also j is so large that
e P%-1 > [A(1 — \)] 7%, then the equation gives that Wt < 0, which is not allowed.
(The only other way of creating a conformal measure for f, is by putting Dirac masses
on the critical point and its backward orbit. Since f’(¢) = 0, this enforces no mass on
the forward critical orbit. But f’ is not defined at f~!(c) = {z0, 20}, so this gives no
solution.) Therefore Poone(¢py) = 0 for t > ;.

Now we turn to analyticity. As in for example [IT1], the existence of a unique equi-
librium state of positive entropy implies that p(t) : t — P(¢;) is C*. (We can also use
the fact that p/(¢t) = — [log|D fx| diy, which is easily shown to be continuous in ¢.) It
is easy to see that Dp(t) < 0 for t < ¢t;. Therefore we have, as in Proposition [5| that
p(t) is real analytic on (—oo, 7). O

9.3. Proof of Theorem The following proposition, which should be compared
to [IT1, Proposition 1.2], will tell us the shape of the pressure function at ¢;. This
also gives part (d) of Theorem

Proposition 8. The following are equivalent.

a) The left derivative D_p(t1) < 0;

b) There exists K > 0, 6 > 0 so that for all t € (t; — d,t1) there is an equilibrium
state v for —tlog |Df| and for the induced version p,

/T dps = Zsk—l,ut(Wk) < K.
k

Indeed, when the above holds, there is an equilibrium state vy, for ¢y, and [T dpg, <
K.

Proof of Proposition[§ First assume that K < oo as in item b) exists. Since p/(t) =
— [log|f}] dvt, the Abramov formula implies

log |F¥| dp log A
1 " dys = f A > —
/Og|f)\| Z/t del/l/t K Y
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uniformly in ¢, i.e., D_p(t;) < IOI%A < 0.

Now let us suppose that D_p(t1) < 0. As in [IT1, Lemma 4.2], there exists n > 0
such that any measure v € M with h(v) —tA(v) sufficiently close to p(t) has h(v) = 7.
Suppose that (v,)y is a sequence of measures such that h(vy,)—tA(v,) — p(t). For each
n, we denote the induced version of v, by u,. Now applying the Abramov formula
and since hyop(Fy) = log4, we obtain for all large n,

h(pn) log 4
— g ,
[T dpn = [T dpn

n < h(vn)

so [ dun < (log4)/n.

Since [T duy, < (log4)/n for all large n, for any ' > 0, there must be some N € N
such that i, (UY_; W) > 1 — o for all large n. Notice that the choice of (v,)y, the
Abramov formula and the uniform bound on the integral of inducing times implies
that

h(pm) — /((I)t —7p(t)) dipn, — 0 as n — oo.

The proof now concludes by a tightness argument. Let p be a vague limit of (g )n,
see for example [Bi]. This measure is non-zero since p, (u{j:lwk) > 1— 17 for all
n € N. We may assume that it is a probability measure. The Monotone Convergence
Theorem implies that [ 7 dus < (log4)/n. Moreover, the continuity of ®; and the
upper semi-continuity of —7 implies that p is an equilibrium state for ®; — 7p(t).
The fact that the integral of the inducing time is finite implies that we can project
loo tO an equilibrium state v4 for ¢, as required. O

Proof of Theorem D The lower and upper bounds for the pressure on a left neighbour-
hood of #; stated in a) and b) follow from Propostion [3|and Propostion |4 respectively.
Finally, part ¢) follows from Proposition (I

9.4. Recurrence and transience. We finish the paper with a brief discussion of
recurrence/transience in the context of our examples using the definitions given above.
Since we can view (Y, F)) as a countable Markov shift, by Theorem 2 Proposition
and Theorem (1| we have the following results for the system (Y, F), ®; —7p): note that
the precise behaviour at t = t; is governed by the case p = 0 which is discussed in
Section {4} see also [BT3]:

o If A € (1/2,1) then (Y, Fy, &, —7p) is recurrent iff t < t; < 1 and p = Pcont(t).
Whenever the system is recurrent, it is positive recurrent .

o If A € (0,1/2) then (Y, F, &, —7p) is recurrent iff t < ¢; = 1 and p = Peout(¢1).
Whenever the system is recurrent, it is positive recurrent.

o If A =1/2 then (Y, F\,®; — 7p) is recurrent iff ¢ < ¢; = 1 and p = Peout(¢t).
It is null recurrent for ¢ = 1 and positive recurrent if ¢t < 1.

For the original system, the Markov shift model is less easy to handle, so we prefer an
alternative definition of recurrence. In [IT2] a system (X, f, ¢) was called recurrent
whenever there was a conservative ¢-conformal measure my and transient otherwise.
A recurrent system was defined as being positive recurrent if there was an f-invariant
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probability measure py < mg, and null-recurrent otherwise. With this in mind, the
results of this paper allow use to state:

e If A € (1/2,1) then (I, fx, ¢r — p) is recurrent iff ¢t < t; < 1 and p = Peont(dr).

Whenever the system is recurrent, it is positive recurrent.

o If A € (0,1/2] then (I, fx, ¢+ — p) is recurrent iff t < t; = 1 and p = Poonr(¢).

[Gul]
[Gu2]

[H1]

When the system is recurrent and p = Poone(¢), it is positive recurrent iff

2
A€ (O’W)'
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