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ABSTRACT. For polynomials f on the complex plane with a dendrite
Julia set we study invariant probability measures, obtained from a ref-
erence measure. To do this we follow Keller [K1] in constructing canon-
ical Markov extensions. We discuss ‘liftability’ of measures (both f-—
invariant and non-invariant) to the Markov extension, showing that
invariant measures are liftable if and only if they have a positive Lya-
punov exponent. We also show that d—conformal measure is liftable
if and only if the set of points with positive Lyapunov exponent has
positive measure.

1. INTRODUCTION

Ergodic properties for polynomial or rational maps have been looked at for
various measures and various types of Julia sets. One can consider the mea-
sures of maximal entropy, e.g. [FLM, Z], or more generally, equilibrium
states of certain Holder potentials, see for example [Ly, DPU, Ha]. This
approach is particularly natural when the map is hyperbolic and the poten-
tial is —tlog|D f|, where ¢ is the Hausdorff dimension of the Julia set: then
the equilibrium state is equivalent to conformal measure (as obtained by
Sullivan, see [S]). When the Julia set is parabolic, invariant measures equiv-
alent to conformal measure are found in [DU, Ul, U2]. In the case where
there are recurrent critical points in the Julia set, the papers [GS, Pr, Re]
focus on invariant probability measures that are absolutely continuous with
respect to conformal measures, using assumptions on the derivatives on the
critical orbits. See [PU, U3] for surveys. The theory has not yet developed
to the same extent as, for example, interval maps, where the availability of
induced maps and tower constructions (cf. Young [Y1, Y2]) allowed the in-
vestigation of several stochastic properties, including the rate of mixing and
Central Limit Theorem [Y2, BLS], return time statistics and related prop-
erties [BSTV, BV, C] and Invariance Principles, see e.g. [MN]. However,
during the preparation of this paper, we learned that some good results in
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this direction have been proved for rational maps satisfying the ‘Topological
Collet-Eckmann’ condition in [PrR-L].

In the 1980s, Hofbauer and Keller constructed so—called canonical Markov
extensions for piecewise monotone maps of the interval [Ho, HK, K1], which
they used to study the topological and measure theoretical behaviour of
these maps. These Markov extensions were considered in an abstract set-
ting in [K1, Bu], where one of the aims was to extend the theory to higher
dimensions. Indeed in [Bu] some higher dimensional examples are given.
That paper focuses on the probability measures given by the symbolic dy-
namics obtained from the tower structure, an approach also used in [N, BuS].
In [BuK] results on transfer operators are proved in this higher dimensional
setting and in [BuPS] conformal measures are found.

Our approach follows the papers of Keller, [K1, K2]. In the first of these pa-
pers, results are proved about the liftability of probability measures on the
original system to the associated Markov extension. In particular, the lifta-
bility of ergodic invariant measures with positive entropy is shown. While
the abstract theory given there applies, in principal, in any dimension, the
applications given are to interval maps. In the second paper it is shown
that, given a smooth interval map, positive pointwise Lyapunov exponents
implies the liftability of Lebesgue measure. The purpose of this paper is to
extend those results to maps on the complex plane. We construct Markov
extensions (j f ) for complex polynomials f and study the liftability prop-
erties of probability measures supported on the Julia set 7. (This allows us
to deal with some cases where critical points lie in 7.) Given a probability
measure 4 on J, we construct a sequence of Cesaro means {fin}, on J,
and we say that p is liftable to the Markov extension if this sequence has a
non-zero vague limit measure . The limit measure /i is ffinvariant, even
if the measure p is not f—invariant. This technique is particularly useful for
finding invariant probability measures that are absolutely continuous with
respect to d—conformal measure on the Julia set.

Among other things, we prove that an ergodic invariant probability measure
w is liftable if and only if its Lyapunov exponent is positive (cf. [BK]).
Furthermore, for liftable measures, typical points are conical (i.e. go to
large scale, see Lemma 9) with positive frequency. Similar results hold for
(non—invariant) d—conformal measure ps. (The measure ps is d—conformal
on J if ps(J) = 1 and p(f(A)) = [4|Df|° dus for all measurable sets A
such that f: A — f(A) is 1-to—1.) We prove the pointwise lower Lyapunov
exponent \(z) is strictly greater than 0 for a set of positive ps—measure if
and only if ug is liftable, and in this case there is an f—invariant probability
measure equivalent to ps. We note that this result applies to polynomials
considered in [GS, Pr, Re], when the Julia sets of these polynomials are
dendrites, see below.
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When proving our results on the relation between liftability and positive
Lyapunov exponents, we use the Koebe Lemma: a one-dimensional tool.
Work in progress aims at extending these results to higher dimensions. Our
result on finding invariant probability measure absolutely continuous with
respect to d-conformal measure again uses the Koebe Lemma and seems a
more difficult type of result to generalise.

Markov extensions (popularly called Hofbauer towers) are less well known
than the Young towers, [Y1, Y2]. We wish to highlight the difference be-
tween these two constructions. In short, for the Young tower case, given
an invariant measure p and a subset Y of the phase space, a partition
Y = U,Y; (mod p) is constructed together with return times R; such that
F:UY; =Y, Fly, = ffly, and f% :Y; - Y is 1-to-1 and has good
distortion and expansion properties. These are then used to study stochas-
tic limit properties (e.g. mixing rates, the Central Limit Theorem, invari-
ance principles) of specific invariant measures. The construction is therefore
linked to the choice of the measure, and may be quite involved in practical
applications. The construction of the Hofbauer tower, on the other hand, is
combinatorial and can be used to study all probability measures. In fact, it
is exactly for the liftable invariant probability measures that Young towers
can be constructed, in a canonical way, as first return maps to appropriate
sets in the Markov extension, see [Br].

The structure of this paper is as follows. The construction of the canonical
Markov extension occupies Section 2. We restrict our attention to poly-
nomials f with locally connected full Julia sets (dendrites), as we need to
find a finite partition P; of the Julia set J such that f is univalent on each
partition element. Such partitions may exist for the Julia set of many other
rational maps as well, but is hard to give for rational maps in all generality.
In Section 3 we describe the lifting procedure of measures. As remarked
there, in contrast to subsequent sections, Section 3 is largely independent of
the geometry of 7, and can be easily extended to Markov extensions in other
settings. In Section 4 we introduce inducing constructions as a tool to prove
that for liftable measures, typical points will ‘go to large scale’ with positive
frequency. Section 5 focuses on (ergodic) invariant probability measures p
and their Lyapunov exponents A(u). It is shown that p is liftable if and
only if A(u) > 0. Section 6 gives a similar result for j—conformal measure
s It shows that ug is liftable if and only if the pointwise lower Lyapunov
exponent A\(z) > 0 for all z in a set of positive ps—measure.
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2. THE MARKOV EXTENSION

Let f : C — C be a polynomial of degree d with a connected, locally
connected and full Julia set J (i.e. C\ J is connected). Consequently all
critical points belong to J. Let Cr denote the critical set. It is easy to see
that J is a dendrite, defined as follows (cf. [Kul).

Definition. A metric space (X,d) is called a dendrite if it is connected,
locally connected, and for any two points x,y € X there is a unique arc
v :[0,1] — X connecting x to y.

The Fatou set F coincides with the basin of co. Let the Green function
G : F — R be defined by G(z) = lim, o G e [Mi] for more
details. The equipotentials (i.e. level sets) of the Green function form a
foliation of F consisting of nested Jordan curves. The orthogonal foliation
is the foliation of external rays. Each external ray is a copy of R embedded
in F, and if v : R — R is such an embedding such that |y(t)] is large for large
t, then lim; . argy(t) is a well-defined number ¥ € S!, called the external
angle of R. Let Ry denote the ray with external angle ¥, and vy : R — Ry
its parameterisation. It is convenient to parameterise external rays by the
values of the Green function: G(vy(t)) =t for each ¥ € S and t € R. Note

that f(Ry) = Rqy mod 1; more precisely: f(vs(t)) = Va0 mod 1(t + 1).

Lemma 1. There is a finite partition Py of J \Cr such that f|z is univalent
for each Z € P;.

Proof. Because J is locally connected, each external ray Ry lands at a single
point in z € J and each z € J is the landing point of at least one external
ray. For each ¢ € Cr, select k. > 1 rays that land at f(c) (note that Theorems
1.1 and 3.1 of [Ki] imply that there can be at most 2¢ rays landing here). If
¢ has degree d., there are k.d. > 2 preimage rays landing at ¢. The union of
these rays, together with c;, is a locally compact set, separating the plane
and also J into k.d. ‘segments’. As J is closed, the closure of the segments
of J \ {c} intersect only at c. Repeating the argument for all other critical
points gives the assertion. ([

Let Py = {J} be the trivial partition of J, and P; be the partition of
Lemma 1. Let P, = /=) f~(Py), and for z ¢ Ul f7(Cr) let Z,[z] be
the element of P, containing z. Note that each Z,, € P, is connected (in
fact, Z, is a dendrite) and f™|z, is univalent. We call Z,, an n—cylinder.

Definition. The canonical Markov extension J is a disjoint union of copies
D of subsets of 7, subject to an identification discussed below. We call sets
D domains and denote their collection as by D. Let 7 : j — J be the
inclusion map. Domains D are defined recursively as follows:
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e The first domain jo, called the base of the Markov extension, is a
copy of J.

e Given a domain D € D and a nonempty set of the form f(w(D) N Z)
for some Z € Py, we let D' be a copy of f(m(D)NZ) and add it to
D. Write D — D’ in this case.

e The collection D is such that jo € D, and D is closed under the
previous operation.

Each z € D can be represented by a pair (z, D) where Z € D and 7(2) = z.
Moreover, any pair (z, D) defines a unique 2 € J whenever z € (D). This
allows us to define f: 7 — J.

e If 2 € D, D — D' and 7(2) belongs to the closure of Z € P; such
that 7(D’) = f(m(D) N Z), then we let f(2) = (f(z),D’). Clearly

Tof=fom.

If 7(2) € Cr, then f can be multi-valued at 2, but a domain D € D
contains at most one of the images of Z. In all other cases, f(2) is a
single point, belonging to a single domain D.

The next step is to define the cutpoints, their ages and origins, as well as
the level of domains.

e The base jo contains no cutpoints.
e If 2 € D is a cutpoint or 7(2) € Cr, then each image f(2) is a
cutpoint. Its age is

1 if m(2) € Cr and 2 is not a cutpoint;
a+1 if 2 is a cutpoint of age a.

The set of cutpoints is denoted by Cut.

e An a—cutpoint will be a cutpoint of age a. Each a—cutpoint Z satisfies
Z2 = (f%ec),D) for some D € D and ¢ € Cr. This critical point ¢ is
called the origin of 2.

e Given a domain D, level(D) is 0 if there are no cutpoints in D, and
is the maximal age of the cutpoints in D otherwise. Let Jr be the
union of all domains of level(D) < R.

The final step is the identification of domains wherever possible.

e Any two domains D and D’ such that (D) = n(D’), 7(D NCut) =
m(D’' N Cut) and whose cutpoints have the same ages and origins are
identified. The canonical Markov extension is the disjoint union of
the domains, factorised over the identification described above.
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The arrow relations D — D’ give the Markov extension the structure of an
(infinite) directed graph. This is the Markov graph, since by construction
(7, f) is Markov with respect to the partition of the domains of J.

For counting arguments later (see Lemma 2 and the appendix), we must be
aware of the possibility of ‘moving sideways’ in the Markov graph. That is,
it is possible that for some domain D of j there is an arrow D — D’ where
level(D) = level(D’). This occurs if D is a domain of level n containing one
cutpoint Z of age n and a cutpoint 2’ of age n — 1. If the arc in D connecting
these two cutpoints intersects 7 !(Cr) (recall that since J is a dendrite,
for any 2,2’ € J there exists a unique arc in J connecting z to z’), then
the domain D’ containing f(2) will also have level n. So if D — D’, then
level(D') can take any value < level(D) + 1.

Define P; to be the partition given by DV 7Py Let P, := /74 F=i(Py)
and PP := P, N Tr.

Remark 1. The partition in Lemma 1, and hence the construction of the
Markov extension, is not unique, because we have freedom in choosing the
number of the rays k. for each critical value. However, any choice makes
a valid partition. To illustrate this, assume that f(z) = 2?4+ ¢ for ¢ €
(=2,—1) such that 0 € J. One is inclined to choose two (complex conjugate)
rays landing at ¢ = f(0), see Figure 1 (left). This will lead to a canonical
Markov extension which is very similar to the standard Markov extension
constructed for interval maps. More precisely, select the domains D € D
such that 7(D) N R # 0 and such that if 7(D) = f"(Z,), then for each
r € w(D) NR, there is xg € Z, NR such that * = f"(xg). For each
such D, retain D N7 Y(R), and discard the rest of D as well as all other
domains. Then this set with remaining graph structure is exactly the real
Markov extension, see Figure 1 (left, bold lines).

Choosing only one ray is possible as well; in this case, each domain in the
Markov extension will be a copy of the whole Julia set, see Figure 1 (right),
and they will be distinguished only by the fact that they have different (num-
bers of ) cutpoints, and consequently different canonical neighbourhoods, see
below.

We summarise some properties of J in the following lemma.

Lemma 2. (a) for any a > 1, each D € D contains at most #Cr cut-
points of age a (and at most one for each different origin c);

(b) Let D and D’ be domains in J of the same level, sharing a cutpoint
of mazximal age, i.e., p € D and p' € D are cutpoints of age a =
level(D) = level(D’) and w(p) = w(p'). Suppose also that p and p’
have the same origin. Then w(D) = w(D’) or n(D) Nw(D'") = n(p);
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FIGURE 1. Schematic picture of some domains of the Markov extension
of a quadratic map z — 2%+ c using (left) two external rays R,, and pr for
¢’ =21 — ¢, landing at ¢ and (right) one external ray R.,.

The pictures on the bottom line are Jy and the rays landing at 0 defining
the partition are shown. The point 7w(3) > 0 is fixed under f, and 7(—p)
is its other preimage.

The middle line gives domains of level 1 and the top line domains of level
2. Cutpoints are denoted by a e

Arrows indicate the edges D — D’ of the Markov graph. For clarity of the
picture, if Z and Z’ € P; are symmetric to each other, the arrow from only
one of them is shown.

The bold lines on the left pictures indicate the ‘real Markov extension’.

(¢) The number of domains of level I is bounded by #Cr [[. k. Conse-
quently, the number of domains in Jr ts at most 1 + R#Cr ][], ke.
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Notice that (b) implies that within a given level we can only ‘move sideways’
a uniformly bounded number of times.

Proof. For the proof of (a), note that if p € Cut N D has age a, then w(p) €
f%(Cr). As J contains no loops, only one such point exists for each ¢ and
a. So there are at most #Cr cutpoints of age a.

To prove (b), let D and D’ be as in the statement, and assume that 7(p) =
m(p') = p = f%c), where a is the age of p and p and ¢ their common
origin. This means that there are dendrites E and E’ intersecting at f(c)
such that 7(D) = fo~Y(E), n(D) = f* Y £'), and f* !z and fo g are
homeomorphic.

Assume first that £ and E’ have at least an arc in common. If E # E’, say
x € E\ E', then there is y such that [z, f(c)] N E’ = [y, f(c)]. Here [a,b]
indicates the unique arc in F connecting a and b. By construction, each set
J\7(D") Nnw(D') consists of post—critical points, and the same holds for
(D) \ 7(D")N7(D"). Since f*Y(E') = n(D'), we have f"(y) NCr # ) for

some n € Z. There are two possibilities:

e y € Upof™(Cr), but then D’ must have a cutpoint of age > a, con-
tradicting maximality of a.

e y € Up<1 f"(Cr). In this case there is ¢ € Cr and 0 < s < a such
that f5~1(y) > & Take y such that s is maximal with this property.
Now f*(F) and f*(E’) belong to the same sector defined by the
ke external rays landing at f(¢). But then f*(F) and f*(E’) both
contain f*(z), a contradiction. Consequently, 7(D) = m(D’).

Otherwise, E' and E’ intersect only at f(c). First assume that orb(c) contains
no further critical points. Then f%~! is locally univalent at f(c). Thus if
ENE = f(c), then (as J is a dendrite, containing no loops) f2 1(E) N
foY(E) = p. The final case is that there is s and & € Cr such that f5~1(p) =
¢ and f*(E) N f5(E’) contains more than just f*(p) = f(¢). Then the
previous argument shows that f*(E) = f*(E’), and we again obtain 7(D) =
(D).

Now to prove (c), note that for each ¢ € Cr ad domain D, 7~!(c) N D has
at most k. images under f . Under further iteration of f , this number does
not increase, unless f*(c) = ¢ for some ¢ € Cr, in which case the number of
images can multiply by at most xz. The worst case is that there are [], k.
images. In other words, for each [, there can be at most []. x. domains D of
level [ for which (D) pairwise intersect only at f!(c). Using (b), this gives
at most #Cr [, k. domains of level [ altogether. O

Lemma 3. Given 2,2' € n71(2), one of the following three cases occurs:
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(a) There exists n such that f*(2) = f™(2');
(b) NnZylz] has positive diameter;
(C) z € UcGCr UnGZ fn(c)

In the latter two cases at least one of z, 2" visits any Tr only finitely often.

Proof. Assume that z is not precritical, and that neither Z nor z’ is a cut-
point. Let D and D’ be such that 2 € D and 2’ € D’. 1If there is n
such that the cylinder Z,[z] is contained in w(D) as well as in 7(D’), then
DN Y Z,[2]) = f(D' N7 Y (Zy[2]), and f7(2) = f™(2) as in case
(a).

If on the other hand there is no such n, then Z := N,,Z,,[z| has positive
diameter as in case (b). Furthermore, Z contains no critical point in its
interior (here we mean interior with respect to the relative topology on J),
and if 7(D) 2 Z, then Z := DN w1Z contains a cutpoint of D. Let p be
such a cutpoint of maximal age, say a. Then f¥(Z) 5 f¥(p) which has age
a+ k. Tt follows that all the sets f¥(Z), k > 0 are disjoint. As a result Z
can remain in j r for at most R iterates.

If 2 (or 2') is a cutpoint of age a then we are in case (c¢) and the age of 2
will increase under iteration of f. So for any R, ff*%(2) is outside Jg for
any k > 1.

Finally, if z is precritical, then we are in case (c¢) again. It is possible that
z belongs to the common boundary of several cylinder sets Z,,, and f”+1 is
multivalued at £ and 2. But each image f"*1(2) and f**1(2') is a cutpoint
of its level, so it will eventually climb in the Markov extension. O

Running assumptions: We will repeatedly invoke the following assump-
tions on measures p, to almost surely rule out cases (b) and (c) of Lemma 3,
as explained in the next section. Typical cylinders should shrink:

(SC) diam Z,[z] — 0 as n — oo for p-ae. z € J.
and the mass on the precritical points is O:

(Cro) (Un<of™(Cr)) = 0.

By Theorem 3.2 of [BL], (SC) automatically follows from our assumption
that f is a polynomial and J is locally connected and full. However, as we
believe Markov extensions can be of use also when 7 is not locally connected,
(in which case one should think of a different partition P; than the one based
on external rays landing at Cr), we will refer to this property whenever we
use it.
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Canonical neighbourhoods: let Ujo be a copy of the neighbourhood
Uz of J bounded by the equipotential {G(z) = 0}. This is the canonical
neighbourhood of jo. We will define a canonical neighbourhood Up for each
D € D; they are copies of subsets of C. The inclusion map 7 is extended
to Up in the natural way. In the proof of Lemma 1 we chose k. external
rays landing at the critical value f(c). The preimage rays landing at critical
points (together with Cr) divide 7(U ) into #P; regions. The closure of
each such region O contains exactly one element of Py: if Z € Py, let Oy
be the corresponding region. For each D = f(Z), Z € Py, let Up be a
copy of f(Oz)NUz. This set is bounded by external rays landing at critical
values and by the equipotential {G(z) = 0}. We call Up the canonical
neighbourhood of D, although it is not a neighbourhood in the strict sense:
D\ Up consists of the cutpoints of D.

We continue recursively. If D — D’ and Up is the canonical neighbourhood
of D, then Up is a copy of f(m(Up)NOz)NUy, where Z € P is such that
w(D") = f(n(D) N Z). It is bounded by external rays landing at cutpoints
in D" and by {G(z) = 0}.

Let U be the disjoint union of all canonical neighbourhoods. Then f natu-
rally extends univalently to U by

N

f(z,Up) = (f(2),Up)
if z € 7(Up) N Oz where Z is such that #(D’) = f(Z N D).

Lemma 4. The recursive definition of Up is independent of the path Jo —
- — D by which D is reached.

Proof. Since no path leads into jo, its canonical neighbourhood is uniquely
defined. Now take D € D, D # Jo with at least two arrows leading to
D. (To prove the lemma, we can restrict to domains D with two arrows
rather than two paths leading to it, because when two paths eventually
merge, it suffices to study those domains at which these paths merge.) For
any cutpoint Z of age a and origin ¢ € Cr, we can find Oz with boundary
point ¢ such that 7(Up) N B:(m(2)) intersects f4(Oz N B(c)) for any € > 0.
Furthermore, there are rays R, and R, (or possibly only one ray) landing
at ¢ and intersecting 9Oz such that f(R,) and f*(R(,) land at 7(2) and
intersect 0w (Up).

There are distinct arrows leading to D only if there is D’ € D which is
identified with D. But D and D’ are only identified if 7(D) = «(D’), and
the cutpoints, their origins and ages coincide. Therefore the boundaries of
m(Up) and 7(Ups) are comprised of the same external rays together with
{G(z) = 0}. It follows that m(Up) = 7(Upr), proving the lemma. O
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Lemma 5. The system (U, f) is Markov with respect to the partition of

canonical neighbourhoods, in the sense that iff(UD)ﬁUD/ # (), then f(UD) D
Up.

Proof. This is a direct consequence of the previous proof. [l

3. LIFTING MEASURES

In the previous section we introduced the Markov extensions and canonical
neighbourhoods for complex polynomials. In this section we will discuss
the ‘liftability’” properties of measures to the Markov extension in the sense
of Keller. Our assumptions are (SC) and (Crg). We explain how they
replace conditions (2.2) and (2.3) of [K1]. This section gives the abstract
theory which is applicable to more general settings with this type of Markov
extension. In subsequent sections the precise geometry of 7, and thus the
domains of J , play an important role again.

Given a Borel o-algebra B on J and a Borel probability measure p on 7,
we will dynamically lift this measure to a Borel probability measure i on
J. Our approach follows that of [K1]. We define a method of obtaining /i
and then show that it is ffinvariant and flom™ ! < p.

We first introduce some notation. For some space X, we let Co(X) denote
the set of continuous functions ¢ : X — R with compact support. For a set
AC X, let xa:X — {0,1} be the characteristic function of A.

Let ¢ be the trivial bijection mapping J to jo (note that i~! = 7| - ). Let

o)
1 n—1 .
(1) ﬂooizuaﬂdﬂnZEZﬂoOffb
k=0

We will find some i to be a limit of a subsequence of these measures. Note
that J is in general not compact, so the sequence {/fi,}, may not have
a subsequence with limit in the weak topology. Instead we use the vague
topology, see for example [Bi]. Given a topological space, we say that a
sequence of measures o, converges to a measure ¢ in the vague topology if
for any function ¢ € Co(X), we have lim, . 0,(¢) = o(p). The sequence
{fin}n given in (1) has an accumulation point in the vague topology.

Definition. A probability measure p on J is liftable if a vague limit [
obtained in (1) is not identically 0.

Remark 2. Note that the measure pomw on J isin general o—finite, and not
f—invariant. The lifted measure i distributes the mass of p over the domains
of J so as to become invariant, as we shall see below. Indeed p is already
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called liftable if part of the mass lifts to J: this is to accommodate non-
ergodic measures . Asin [K1], we generally wish to exclude the possibility of
i =0 (where all the mass escapes to infinity). Later we will find conditions
to ensure that this will not happen.

The following theorem extends Theorem 2 of [K1] from ergodic invariant
probability measures to general invariant probability measures.

Theorem 1. Suppose that p is an invariant probability measure on J sat-
isfying (SC) and (Cro). If ft is a vague limit point of any subsequence of
measures given by (1) then it is ffinvam'ant and there is some measurable
function 0 < p < 1 such that fiorm™' = p- p.

We will first state the theorem for ergodic invariant probability measures,
and then use the ergodic decomposition to generalise to all invariant prob-
ability measures.

Proposition 1. Suppose that p is an ergodic invariant probability measure
satisfying (SC) and (Cro). If i is a vague limit point of any subsequence
of measures given by (1) and ji Z 0 then [i is an ergodic invariant measure
and Lot = p.

Once we have shown that conditions (2.2) and (2.3) of [K1] can be replaced
by (SC) and (Crg) then the proposition follows from [K1, Theorem 2].

Theorem 1 of [K1] implies that any ergodic invariant probability measure
u can be lifted to a finite measure fi by applying (1). The conclusions of
that theorem also hold in our case. Conditions (2.2) and (2.3) of that paper
need to be assumed there in order to show that the lifting process preserves
ergodicity, and thus [K1, Theorem 2] holds. The following lemma, which
takes the role of [K1, Lemma 1], shows that (SC) and (Cr) are enough in
our case to draw the same conclusion here (i.e. lifting preserves ergodicity
and hence Proposition 1 holds).

Define 7= {A € B: f~1(4) = A} and 7= {A € B: f1(4) = 4}

Lemma 6. Let p satisfy (SC) and (Crg). Suppose that [i is a vague limit
of a subsequence of {jin }n such that jor™t = p. Then 7= (T) =7 mod fi.

Proof. Suppose that A € Z. Then f~'on 1(4) = 1o f71(A) = 77 1(A)
and so 7~ 4(Z) C Z.

Conversely, suppose that A € 7 and let A = 7(A). Let B = A o n1(A).
We will show that i(B) = 0. It follows from (SC) that diam Z,[2] — 0
for fi-a.e. 2. Furthermore, (Crg) implies that f,(p) = 0 for every n and
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p € Cut. Therefore ji(p) = 0 as well. Hence fi—a.e. z fulfilling the conditions
of Lemma 3 must be in case (a) of that lemma. *

Therefore, for f—a.e. 2z € B, there exists z9 € A and n > 1 such that
f(z1) = f™(22). Hence u(B) > 0 implies that A is not invariant; a con-
tradiction, whence [ (fl A 7T*1(A)) = 0. Thus, Z € 7~ 1(Z) mod /i and the
lemma is proved. O

Remark 3. If ji is an ergodic invariant probability measure on J such
that fi o =Y = p, then p is liftable. This is because it can be shown that
for fin defined as in (1), fin(Jr) = a(Jg) for all n,R € N. Moreover
the lift of p is absolutely continuous (and therefore equal) to fi. Also, it
follows from the proof of Theorem 2 in [K1] that given an ergodic invariant
probability measure p satisfying (SC) and (Cry), there is at most one ergodic
ffmvam'ant probability measure ji such that fion™' = u; so i is unique.

For liftable non—invariant measures, for example those considered in Sec-
tion 6, the measures fion ™' and p are different.

Proof of Theorem 1. Let B the o-algebra of u-measurable sets, and let

@ w) = [ () dvly)

be the ergodic decomposition of pu. More precisely, the measure space
(Y,C,v) is used to index the collection of all ergodic invariant probabil-
ity measures for (J,B) and the probability measure v satisfies (2). The
diagram
/
(j,B,ILL) - (jvlgau)
IT] 11T
id
(Y,C,I/) - (Y,C,I/)
commutes, the map II is such that II(z) = II(2’) if f"(z) = f™(2') for some
n,m > 0, and C is the finest o-algebra such that II is B-measurable. For
each y € Y, II"}(y) is called the carrier of pu,; it is unique up to sets of
py—measure 0. For each y € Y, Proposition 1 states that there exists a
lifted measure fi, as the vague limit of {fi,,}, constructed as in (1) (note
that the vague limit was independent of the subsequence chosen), and either

~

foy=0o0r 1, (J)=1. Let L ={y €Y : p, is liftable}.

Claim: L € C; more precisely, there exists L’ € B such that II : L' — C is
well-defined pointwise, and II(L’) = L.

To prove this claim, fix a countable C%-dense subset ® := {3y }x of Co(J)
and a countable collection of open intervals {U;}; generating the standard

IThis is the same as saying that (7, f, i) satisfies condition (2.3) of [K1].
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topology of R. For each y € L, we can use the set T of u,—typical points as
carrier. (Recall that z is called p,~typical if the ergodic average % ?*01 po
f(z) — [ dp, for each continuous function ¢ : 7 — R.) As p, is liftable,
the lifted measure fi, has its set T of fi,~typical points. Obviously T C
7~ (T,) and if 2,2, € 7 '(2) N Ty, then by Lemma 3, there is n such
that f”(z?o) = f™(%). Therefore fiy(m~(T,) & T,) = 0, and a fortiori,
iom(2) € T for each z € T Let L’ be the set of points z € J such that
i(z) is typlcal for fi, for some y € Y. This is exactly the set of points z € J

such that the ergodic averages & ?:_01 ¢ro fI(i(z)) converge for each k € N,
and at least one of the limits # 0 (otherwise z could only be typical for a
non-liftable measure p, € C). Let

Xnkz—{zej Z@kof] ())EUl},

] =0
then
L= (ﬂ N U n Xn,kﬁl) N ( U Uun Xn,k,l)-
leENkeNNeNn=N {leN : 0¢U;} keNNeNn=N

This set is obtained using countable operations on B-measurable sets X, 1, ;,
so it belongs to the o-algebra B. This proves the claim.

Let p be the indicator function of L’. Define

/uydv ///)OW dpy(2) dv(y),

whence fio 7! = p- . It remains to show that f is the vague limit of the
measures {/fi, }, constructed in (1).

Given £ > 0, ¢ € Co(J), for each y € Y we can find N = N(e, ,y) such
that

|foy.n(9) — fiy(P)| < € for all n > N.
If p, is non-liftable, then fi, = 0; in this case |1y, (p)| < € for n > N.

Take Ny so large that if Yo = {y € Y : N(e,¢,y) > No} then v(Yp) < e.
Then for n > Ny,

in@) @) < [ Nun(@) = (@) dvly)
[ Via@) (@) dvw)

/ e dv(y) + 2sup ¢ v(Yp)
Y\Yo

< (1+2supp)e.
Since ¢ is arbitrary, i, () — f(¢) as required. O

N
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We will use the following lemma often in the forthcoming sections.

Lemma 7. Suppose that i is some measure on J obtained from applying

(1) to the probability measure p on J. If i Z 0 and fion~ ' < p then

0= — s an invariant probability measure on J.

)

Note that the property fi o 7~! <« p is immediate if y is invariant. Indeed,
in this case fi, o 7! = p for all n. So the lemma is useful when p is not
invariant.

Proof. Let ¢ € Co(J). Define Dy := v oi~L. Then for any Rn>1

ﬁn(gbof'XjR):_Z/A QDOde/()OfJ Z P gpofj—’—ldﬁo

1 [n=l . “
. 2:/ pofi dﬁo+/A S??Ofndﬁo—/A & do
n j:0 ..7R \.7R \.7R

2sup ||

Therefore,
(@0 fxz,) = (@ x5,)| <

Letting n, R — oo we have proved the lemma. ]

A dynamical system (X, T, ) is said to be dissipative if there is a wandering
set of positive measure, i.e. aset A C X with (A) > 0such that (T~ (A)N
A) =0alln > 0. Otherwise the system is conservative. The system is totally
dissipative if there is no set Y with p(Y) > 0 and u(T-1(Y) A Y) = 0 such
that (Y, T, u|y) is conservative.

n [AL], the dissipativity/conservativity of various quadratic polynomials
with Feigenbaum combinatorics is investigated. For a lifted measure, we only
see a conservative part of the dynamics. This can be seen in the following
lemma.

Lemma 8. Suppose that (T, f, ) is totally dissipative and [i is a measure
obtained by applying (1) to the probability measure . If fiom 1 < p then
4 =0.

Proof. We start with the following claim: no measure ji obtained by ap-
plying (1) to a probability measure p can have Wandering sets of positive
fi~measure. Indeed, suppose that A C J has f- "(A ) NA=0foraln>

Suppose that /i is a vague limit of {/i,, };. We will show that fi(A) = 0. Note

that 37" 01 [i0 ( f _i(A)) 1 since the domains f~ ‘(A ) are disjoint. Thus

nkl

/2(121 hm—Zuo(Ai )—0

k—o0 N, =0
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This proves the claim, and hence [i is conservative.

Now suppose that fi #Z 0, then 1o 7! is an f-invariant measure which can

be normalised, say pg := ﬁ from . Let Y be the carrier of po (or more

precisely, the union of the carriers of all liftable ergodic measures present in
the ergodic decomposition of pg), then since fio 7=t < p, u(Y) > 0 and
p(f~1(Y) AY) = 0. Since p is totally dissipative, there must be a wandering
set A C Y, and hence m~!(A) is wandering for ji. This contradiction proves
the lemma. g

4. INDUCING

A particularly useful property of Markov extensions is that they easily en-
able one to construct uniformly expanding induced systems with bounded
distortion, provided the measure p is liftable. In fact, any first return map
on the Markov extension corresponds to an induced (jump) transforma-
tion of the original system, and under mild conditions, the reverse is true
as well, ¢f. [Br]. If W C J, let us write FW for the first return map
to W, ie. F(z) = f70)(z) where 7 = T W — N is the first return
time to W. Let 77(z) denote the n-th return time, i.e. 7'(z) = 7(z) and
7(2) = 7" 1(2) 4+ 7(EF™"1(2)). For our purposes, we are most interested in
subsets W of some domain D € D that are bounded away from the cutpoints
of D. As a result, any such set W is compactly contained in the canoni-
cal neighbourhood Up of D, and by the Markov property of (UpUp, f ),
any branch of FI;ZV = an(WO) : Wy — W for any n € N is extendible to a

univalent onto map an : Vo — Up.

Given § > 0 and M > 0 we say that z reaches large scale at time j if there are
neighbourhoods C D Vi D Vi 3 2 such that f7 : Vo — f7(Vp) is univalent,
f7(V1) contains a round ball of radius § (measured in Euclidean distance)
and mod(Vp, V1) > M, see [Mi] for definitions. It follows from the Koebe
distortion theorem, see [Po, Theorem 1.3], that there exists K = K (M) such
that the distortion

(g [DfI(2)]

dist(f|y,) := sup ——rr—%

)= S D)

Lemma 9. Let p be an ergodic f—invariant probability measure satisfying

(SC) and (Crg). Then  is liftable if and only if there exist 6 > 0,v > 0 and
M > 0 such that for p—a.e. z € J

< K.

1
(3) liminf —#{0 < j < n: z reaches large scale for §, M at time j} > v.
n

n—oo

In this case Lo = p.
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Proof. First assume that p is liftable and let i be the lifted measure. Let
D e D andlet W C Up be an open set bounded away from the cutpoints
of D such that (using (Cro)) v := (W) > 0. Take & such that Up and W
contain round balls of radius 8. Also W is compactly contained in Up, so
M = mod(Up, W) > (0. Let z be a typical point for p and let 2 = i(z). By
Birkhoff’s Ergodic Theorem,

lim #{0 j<n:fi(z)e W}=a(W).

n—~o0

By the Markov property, z reaches large scale for §, M at time j if fi (2) e w.
It follows that 7(2) has reached large scale at time i as well and so the first
implication follows.

Conversely, suppose that u—a.e. z satisfies (3). We say that z € Hp, if, given
2 such that m(2) = z and Bg(2) has mod(Up, Bs) > M, then 71 (Zg[z2])
contains no cutpoint of D. By assumptions (SC) and (Cro), u(Hg) — 1 as
R — o0, say u(Hg) > 1 —n(R) where limp_,oc n(R) = 0.

If z reaches large scale for 6 > 0 and M > 0, at iterate j, then for Z = i(z)
and the domain D 3 f7(2), Zg[f7(2)] contains no cutpoint of D. It follows
that f”R( ) € Jr. Therefore, given ¢ > 0 and a p-typical point z, there
exists no(z) such that for n > no( )

() #H0<j<n:fi(z) € Hr} > 1-2m(R),
() S#0<j<n: ) € Tny >

Take M so large that ng(z) < M for all z in a set of y—measure > 1 — ¢.
Then

_ %’;Ziﬂoofwm >0(52) (555) (- 2ot

for all n > rM. As r € N and € > 0 are arbitrary, any vague limit point
of {fin }n satisfies i(Jr) = v(1 — 2n(R)), which is positive for R sufficiently
large. By Proposition 1 this means that the ergodic measure p is liftable
and flon~ ! = p. ]

Remark 4. Our notion of ‘reaching large scale’ with positive frequency is
stronger than the notion of induced hyperbolicity in [GS]. Note also that in
fact the proof above shows that given §, M > 0, if

liminf — #{O Jj < n:z reaches large scale for §, M at time j} > 0.

n—oo n

on a positive measure set for any probability measure u then the measure f[i
obtained from (1) is non—zero.
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If a point Z visits a compact part J, r of the Markov extension with positive
frequency, then the majority of these visits are at a certain distance away
from cutpoints in jR. This is made precise in the following lemma. As a
consequence, z = 7(2) will go to large scale (with bounded distortion) with
positive frequency.

Lemma 10. Suppose that (Crg) is satisfied. For each domain D € D and
€ > 0, there exists 6 > 0 such that if X = Upecuinp Bs(p), then for every

invariant probability measure i on J, g(X) < e.

Proof. Suppose that D € D has level(D) = n and p € Cutp := Cut N D.
Then p has age m < n. Since the domain containing ™~/ (p) must have

level at least j + n, p can return to D under iteration by f a maximum of
n —m times. Therefore, there exists ng > 1 such that f"0**(Cutp) ¢ D for
all k > 1. So for any jo, there exists § > 0 such that f7t70(Bs(p)) N D =0
for 1 < j < jo. Take X = Upccurp Bs(p). If k € {0,...,j0} and I > k
is such that f=%(X)n f~4X) # 0, then f=*(X)N D # 0. Therefore
there are at most 2ng numbers [ € {0,...,n0 + jo} such that f*k(f() N
f7HX) # 0. Furthermore j(f~*(X)) = a(X). Tt follows by Lemma 7 that
1> ﬂ(UiO:OfA_k(X)) > #ﬂ(f() To complete the proof, take jo > 2ng/e
and get § > 0 accordingly. O

5. LIFTABILITY AND POSITIVE LYAPUNOV EXPONENTS

Given a dynamical system (X, g, v), let ¢, = log |Dg| wherever this is defined
and A\g(v) = [ ¢4 dv be the Lyapunov exponent of v. The pointwise (upper
and lower) Lyapunov exponents at a point € X are denoted as A4(x) (and
Ag(x) and ), (z) respectively) wherever these are well-defined.

Proposition 2. Suppose that (Cro) holds. If p is an ergodic invariant
liftable probability measure, with lifted measure [i, then

(a) @y is integrable with respect to jui;
(b) Ar() = A (i) > 0.

Proof. Note that [ is an invariant measure: for example see Lemma 7. By
Lemma 10, we may take domain D € D and W € DN P, such that W
is compactly contained in Up and ﬂ(W) > (0. By the Poincaré Recurrence
Theorem, FW s Uj Wj — W, the first return map to W, is defined -
a.e. Given z € Wj \ 8Wj there is an open neighbourhood U of x such
that FVV extends to this neighbourhood. In particular DFW is defined for
all z € U; Wj \ GWj. In particular, since [L(@Wj) = 0 (otherwise (Crg) is

contradicted), the derivative is defined for 1 a.e. z € W. Each branch of F;ZV
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is extendible to Up, so by the Koebe distortion theorem,  := inf{|DF(z)] :
F(z) is well-defined} > 0. In fact, there is N such that inf{|DF™(2)| :

FN(2) is well-defined} > 2 (one consequence of this is given in Remark 5
below).

1
(W)
Kac’s Lemma implies that

The measure fi5, 1= fi|y;, is an F;,—invariant probability measure, and

. 1
/Tduwzm<oo,

where 7 = 73, is the first return time by f to W. Moreover DE™ (%) =
D™ (2) and if % is typical for 7, then denoting Ly =sup,c7|Df(2)],

. 1 .
0 < p(W)liminf —log |[DF"(2)|
n—oo n

=) tim B i i

n—oo n—oo TN (;3)

log |[Df™" ) (2)]

N

Xf(??) < logLf < 0.

For L < oo, take ®7, = min{L, log |DF(z)|}. Then @, is bounded and hence
fiy;—integrable, and for fi;—a.e. 2

n—1

0 < / Oy, djy, = lim Y &y (FF(2))
n—1 o 1 R
< lim Y log|DF(F*(2))| = lim —log |[DEF"(2)|
nﬂookzo n—oo n,

1

(W)

The Monotone Convergence Theorem gives that log \DF | = limz 00 by is
fiy;,—integrable and

o 1 . )
/W log [DF| djiy;, = nh_)rgo - log |DEF"(2)| fly—a.e.
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We can apply the same argument to ¢y := max{—U,log|Df|}, which is
p—integrable: for p—a.e. z € W := (W) and z € W such that 7(2) = z
'IZ(Z

logLy > /@udu—nhggwné Z vu(f*(2)

n—1 k+1(z) 1

_ - J
= J=7k(2)

> (W) li lnzllo |DF(F*(2))]

z e 8 o

— AW / log |DE| djiy;, > 0.
W
The Monotone Convergence Theorem implies that log |D f| = limp . ¢v is
p-integrable. Hence A;(2) = Af(2) = Ap(2) for fi-a.e. z and

A(2) = Ag(2) = AT AR(2) = T2,

O

Remark 5. Our set-up of dendrite Julia sets necessarily excludes the exis-
tence of neutral periodic cycles, but also when the construction is extended to
more general Julia sets, for example with Siegel disks or Leau—Fatou petals
(cf. [Mi]), the proof of this proposition shows that Dirac measures on para-
bolic periodic points are not liftable to the Markov extension.

In the next result, let W and F be as in the proof of Proposition 2.

Proposition 3. If (SC) and (Crg) hold and p is invariant, ergodic and
liftable, then

A ~ ~

hu(f) = ha(f) = BW)hg,, (F).

Proof. The first equality can be shown in the same way as Theorem 3 from
[K1]. Note that (SC) by itself does not imply that the partition P; generates
the Borel g-algebra; the condition used by Keller. But Keller’s proof relies on
the Shannon-McMillan-Breiman Theorem, which only uses that Z,[z] — 0
p-a.e., which is indeed condition (SC). Otherwise this equality follows from
the fact that a countable-to—one factor map preserves entropy, provided the
Borel sets are preserved by lifting, see [DS].

The second equality is Abramov’s formula, see [Ab]. O
Given an invariant probability measure y on (T, 1), let (J,f, i) be the
natural extension. Each Z € J is represented as a sequence (Zp,Z1,...)
such that Z; = f/(2) € J, and f(%0,%1,...) = (f(%0),20,21...). Define

F(Z) =5 € J.
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The motivation for the following lemma, and the idea for the next theorem
are based on a result of [L1]. For the remainder of this section, we will
always consider subsets of 7, and we will use the relative topology on J.

Lemma 11. Suppose that p is an invariant probability measure satisfying
(SC). Given 2 € J, let W(Z) = Ng=1f*Zk[2k] and r(2) = sup{p > 0 :
B,(Z0) c W(2)}. If r(2) > 0 for ji—a.e. Z, then applying (1) to p gives rise
to an invariant probability measure fi on J.

Proof. Let € > 0 be arbitrary and 79 > 0 be such that g(A) > 1 — ¢ for
A=1{2¢€J:r() >re} Then for each k > 0, Ay := 7x(A) satisfies
1—e < pu(Ay) < po f7¥(Ap), and for each z € Ak, o (fE(2) € f5(Zi]2]).

Given z € j define D3 € D to be the domain containing 2. Take R so large
that if 2 € J and By (%) contains no cutpoints of Dz then ZR[2] C By (%).
Define K := {# € J : Zg|2] contains no cutpoint of D;}. Note that if
2 e Kg then fR(2) € Jg. If z € Ay, then f¥(Z[2]) D By (f*(2)) and
by the Markov property of (j f) letting Z := i(z) we have fk(Zk[“]) =

Dz By, (f¥(2)) D Zg[f*(2)]. Tt follows that f¥(2) € K, and therefore
f¥E(2) € Jg. This shows that

fioo [~ N(TR) = fio o [TH(KR) > fig 0 i(Ar) = n(Ag) > 1—¢
for all £ > 0. Therefore any vague limit point & of {/i, }, satisfies ﬂ(j R) =
1 — g, and because ¢ > 0 was arbitrary, i #Z 0 and in fact 4(J) = 1. O

Theorem 2. Let p be an f—invariant probability measure satisfying (SC)
and (Cro), such that A¢(z) > 0 p—a.e. Then y is liftable and o n™ < p.

Proof. We can apply [EL, Theorem 3.17], which says that in this setting
there exists a partition n of J into open sets (recall we are using the relative
topology on J here) such that for i-a.e. Z, f has bounded distortion on the
element 7(Z) of n containing Z. More precisely, there is constant K(2) > 1

such that D)
1 Tn -
MR

for all n > 0 and components &, g, of Z,y € n(Z). Define r(2) := sup{p >
0 : By(%) C m(n(2))}. This is a fi-measurable function which is strictly
positive fi—a.e.

K(2)

The general idea behind this result is from Ruelle, see [Ru], and is usually
presented as a ‘local unstable manifold theorem’. It is given in the complex
setting in [L2] and is discussed in [EL]. An alternative proof is presented in
Section 9 of [PU]J.

Now notice that for any 2 € J, n() € W(2) (as defined in Lemma 11),
otherwise 1(2) N df*Z;.[2] # 0 for some k, which implies that distortion is
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unbounded; a contradiction. Let 7/(2) := sup{p > 0: B,(Zy) C W(Z)}, then
r(Z) = r(2) > 0, fi-a.e. By Lemma 11, applying (1) to p gives a measure
ft # 0. It follows from Theorem 1 that fio7m ™! < p and fi is invariant. [

Corollary 1. Let pi be an invariant probability measure satisfying (SC) and
(Cro). If the measure theoretic entropy h,(f) > 0, then p is liftable.

Proof. 1t follows from the Ruelle inequality [PU] that for ergodic invariant
measures, v, h,(f) < 2X\(v). Therefore, if we consider the ergodic decom-
position, our assumption implies that there is a positive py—measure set of z
with A¢(z) > 0. Thus Theorem 2 implies that p is liftable. (In the interval
case, Keller [K1] gave a proof based on a counting argument of paths high
up in the tower. This type of proof can be used here too; see the appendix
for our counting argument, which is to be used in the next section.) O

6. CONFORMAL MEASURE

In this section we discuss the liftability properties of conformal measure.
Sullivan [S] showed that all rational maps on the Riemann sphere have a
conformal measure for at least one minimal § € (0,2]. We would like to
emphasise that ps is not invariant, but when ps is liftable, then fis (nor-
malised) projects to an invariant probability measure, say v = a - ig o !,
where o > 1 is the normalising constant.

Our first lemma is that v is absolutely continuous, generalising Proposition 1
to d-conformal measure. It can be expected that this lemma generalises to
other non—invariant probability measures too, provided there is distortion
control.

Lemma 12. Suppose that a conformal measure pug on J satisfies (Crg). Let
fi be a measure on J obtained as a vague limit of (1). Then fiom ' < ps.

Proof. We suppose that jis # 0, otherwise there is nothing to prove. Suppose
that fi,, — fis as k — oo.

If the leglma is not satisfied then there existg e>0andaset AC j whAich
has jis(A) > e, but pus(A) = 0 for A = 7w(A). We may assume that A is
contained in some domain D € D.

Due to (Crg), we can assume that A is compactly contained inside Up.
Therefore fi5 (Up) > 0. Choose some B compactly contained in Up with

us(B) > 0 where B = w(B). We take some neighbourhood U containing
both A and B which is compactly contained in Up. There is some C' > 0
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such that for any z,y € U, for each branch of the inverse map we have
Df"(x)
Df="(y)
Supposing that 6 > 0 is the exponent of the conformal measure, we have
fis(A)  limy o ,}k Yiko fio(fI(A) o #5(A)
fs(B)  limp_oo 2 S0 fo(f(B)) T ps(B)

But while the left hand side is positive, the right hand side is 0, so we have
a contradiction. Thus we obtain absolute continuity as required. O

<(Cforalln=>1

Combining Remark 4 and Lemmas 7 and 12, we get the following corollary.

Corollary 2. Suppose that pgs is conformal measure satisfying (SC) and
(Cro). Iffor given &', M > 0, the set of z such that

hm 1nf #{0 j <m:z reaches large scale for &', M at time j} > 0,

has positive us measure, then ug is liftable to some non—zero fi5. Moreover,
fisom ! < pg.

The following lemma and theorem are similar to part of the statement of
Theorem B in [L2]. We supply a proof for completeness.

Lemma 13. Assume that conformal measure ps satisfies (SC) and (Cro).
If ps is liftable, and v = jis o m~ Y, then ps and v are equivalent. Moreover,
us and v are ergodic.

Proof. It was shown in Lemma 12 that v < us. Let us prove that ¢ :=
is a positive density.

dps

Let A C J be an open set such that v(A) > 0. Let © be the measure
obtained from applying (1) to v. As v = #on~!, there must be some D € D
such that (D N7~1(A4)) > 0. By replacing A by an appropriate cylinder
set Z € Py, we can assume (using (SC) and (Crg)) that Z := 7~ 1(Z)N D is
bounded away from the cutpoints of D and such that ©(Z) > 0. Moreover,
as Z € P,, no boundary point of Z (relative to D) returns to Z.

Let F be the first return map to Z. We will show that we may apply the
Folklore Theorem to this map. First note that if Z is chosen sufficiently
small, then all the branches of F are expanding and the Koebe Lemma
implies that they have bounded distortion. Let B C Z be the set of points
in Z which never return to Z. We now wish to check that psom(B) = 0. We
use the same technlque as in the proof of Lemma 12. By Poincaré recurrence
we know that fis(B) = 0. We let B := m(B) and suppose that us(B) > 0,



24 HENK BRUIN, MIKE TODD

and will show this leads to a contradiction. As in the proof of Lemma 12,
we can use a distortion argument to show that

_ s(B) limy o0 77 Yo in(f(B) o L pm(B)
As(2) iy 33580 o(f77(2) — CF ws(Z)
But since the right hand side is bounded away from zero, we have a contra-
diction.

We can now apply the Folklore Theorem to ps © 7| 5, which yields
dVZ
dpson|
bounded above and bounded away from zero. Since s is liftable and, by

Lemma 12, the lifted measure © satisfies vom ! < s we have LIQ| 5 L Uy

(ﬂ(Z))
an ergodic F-invariant probability measure v, with density w

Since U, is ergodic and both 7, and
L 5.
T

u| 5 are - 1nvar1ant probablhty

(

measures, U, =

Recall that ¢ := d%
Y >vor ! >00nZ. Let ¢y = inf{¢(z) : z € Z}. Since Z = UNJ for some
open set U in C, we can find M such that fM(U ) D J. Let us now prove
that 1) > 0 for other points as well, let z € 7 \ UM, f{(Cr) be arbitrary, and
let B 5 z be a neighbourhood of z such that dlam( ) < d(B,UM, fi(Cr)).
There there is a subset By C U such that fM : By — B is univalent. It
follows that

v(B) = v(Bo) > ops(Bo) = v inf{|DfM(2)|° : z € Z}us(B).
This implies that ¥(z) > v inf{|DfM(2)| 7 : z € Z} > 0. O

By projecting 7, down to the Julia set, we find that

The following result clarifies some properties of § and ps. The uniqueness
part is due to [DMNU] and parts (a) and (b) are due to [BMO, Lemma 4.2].
We let

L(f) = U U {z € J goes to large scale for §, M > 0 infinitely often}.
M>06>0

Points in this set are often referred to as conical points. For a system

(X, T, ) we say that A is lim sup full if limsup,, u(T™A) = 1. We say that
T is lim sup full if this property holds for all sets of positive measure.

Theorem 3. Suppose that us is a —conformal measure with ps(L(f)) > 0.
The us is the unique measure with this property and

(a) f is lim sup full, exact, ergodic, conservative, p is non—atomic,
supp(p) = J and w(z) = T for p-a.e. z € C;

(b) § is the minimal exponent for which a conformal measure with sup-
port on J ewists.
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Note that (b) implies the well-known fact that for any f and 6 > 0 satisfying
the conditions of the theorem, ps (L(f)) = 0 for each §' > 6. Mayer [Ma]
gives an example of a polynomial f such that ps(L(f)) = 0 for all § such
that d-conformal measure pg exists.

We next make an alternative assumption on the behaviour of points under
iteration by f which guarantees that there is some lifted measure.

Theorem 4. Suppose that (Crg) is satisfied. Let s be a §—conformal mea-
sure on J, then the following are equivalent.

(a) There exists A > 0 such that A\(z) = X for all z in a set of positive
s —measure;
(b) The measure ps is liftable.

All of the situations considered in [GS, Pr, Re| give invariant probability
measures /1 < fi5 for some d—conformal measure with Ay(x) > 0. Therefore,
all of those cases fit into our setting. The closest result to ours that we know
of is [GS] where the measure p was obtained whenever the rational function
f satisfied a summability condition on the derivatives of critical orbits.

Corollary 3. If there is a liftable probability measure p < ugs, then § =
dimg () (where dimpy stands for Hausdorff dimension).

Proof. Since p is liftable, so is ps. By Lemma 13, p is ergodic and by
Theorem 4, p must have positive Lyapunov exponent. Pesin’s formula in
[PU, Chapter 10] implies that 0 = dimg (). O

To prove Theorem 4, we will need the following results. Define sg(n, D)
to be the maximal number of n—paths originating from an element D €
D, level(D) = R and not re-entering Jgr. Let

sr(n) := max{sg(n, D) : level(D) = R}.
Lemma 14. Let N := #P1 < ) .Kcde. For each R, there exists a C' > 0
such that for all 0 < j < R,

sp(nR+ j) < C(2RN)™ 1.
The proof of this lemma is in the appendix.

Proof of Theorem 4 assuming Lemma 1. First assume that (b) holds, and
let fi5 be the lifted measure. By Lemma 7, fi5 is invariant and by Lemma 12,
fis o w1 < p. Therefore Proposition 2 implies that (a) holds.

Now assume that (a) holds. We will use a counting argument to prove
that a positive measure set of points must return to some Jr with positive
frequency, from which liftability follows.
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For 1 < )g <A, R,n>1and e > 0 we consider the set
1 _ i R

By, rn(e) = {z S| Df"(2)] > A and ﬁ# {O <j<n: fl(i(z)) € JR} < E}.

We let Pp, denote the collection of cylinder sets of P, which intersect
By, rn- Since ps is 0—conformal, we can compute that ps(Bx, rn(€)) <
Ao 6"#733,n. We will prove that by taking Ry > 1 and € > 0 appropriately,
this is arbitrarily small in n, which leads us to conclude that a positive
measure set must visit 7, R, With positive frequency.

~

Notice that any Z € P, uniquely determines a path Do(Z) — --- —
D,—1(2) in J given by Z = i(Z), f/(Z) C D;j(Z) € D, and vice versa.
In our case, given P € Pp, we let P =i(P), we have a path defined in 7.
Moreover, Dj(f’) N Jr = 0 for at most en of the times j =0,...,n—1. We
will estimate #Pp,, in terms of these paths. Define
S(e,n) :={M C{0,...,n—1}: #M < en}.
The following well-known result estimates the cardinality of this set . For
€ (0,1), define I(x) := —zlogx — (1 — ) log(1l — x).

Lemma 15. Let S(e,n) := {M C{0,...,n—1}: #M < en}. Then forn
large, #S(e,n) < e™MeH(E),

Observe that for M € S(e,n), the set {0,...,n—1}\ M consists of at most
14+ # M integer—intervals. The number of 1-paths in Jr is bounded by the
number of domains in J, R+1- By Lemma 2(c), this is bounded above by
14+ (R+ 1)#Cr 1], ke. Then choosing some large n > 1,

#Ppa< Y. #{ZePn:j¢ M= D;i(2)NJTg=0}
MeS(e,n)

#M
< Y <1 +(R+ 1)#CTHI£C> sr(n — #M)

MeS(e,n)

En
< #S(e,n) <1 + (R+ 1)#Cr H /@C> sgr(n).
C
Therefore, using Lemma 14, there exist Ry > 1 and €9 > 0 such that for some
v < A and C > 0, #Pp,, < Cy™. Therefore we have pis5 (B, Ryn(c0)) <
n
C (%{f) . Whence, 115 (Bxg,Ry,n(€0)) — 0 as n — oo. Since, by assumption,

we have lim,, o 15 {2 : |Df™(2)] > A§} > 0, there must exist some €1, > 0
such that for large enough n > 1,

is {z:%#{Oéj <n:fi(i(z)) e jRO} >€1} > a.

It is now easy to see that for any vague limit fi5 of measures obtained as in
(1), we have fi5(T) 2 fis(Tr,) > 1. O
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APPENDIX

This appendix is devoted to proving Lemma 14. We fix some R > 1 and a
domain D € D, level(D) = R. We say that

e a t—path survives if the path starts in D and never falls into I RS

e a domain is surviving at time t if it is the terminal domain of a
surviving t—path;

e a cutpoint z is a surviving cutpoint at time t if it lies in the terminal
domain of a surviving t—path.

Define

Li(m) := #{surviving m—cutpoints in t—paths starting from D}.

Since for a path D — --- — D’ each cutpoint in D has only one image in
D', we have

(4) Li(m) < Ly_y(m—1) for 1 <l <m <,

which is a rule we will apply repeatedly. Moreover, since the terminal domain
of each surviving t—path contains at least one [—cutpoint for R <[ < R +1t,
we find L¢(j) =0 for j >t + R and

I=R+1

R+t—1
(5)  Ly(1) < N - #{surviving t — 1-paths} < N ( > Ltl(l)) ,

where N = #P;. Using these rules, we prove the following lemma.

Lemma 16. Suppose that (n —1)R <t < nR, then

2PRAPNTTL if0 < i<t
(6) Li(j) <{ N ift<j<t+R;
0 ift+ R <j.

Proof. Since every terminal domain of an t—path has level < t+ R, Li(j) =0
for j > t+R. This proves the third inequality. Before we prove the remaining
part by induction, let us compute what happens for ¢t < R.

t = 0: The maximal number of 1-cutpoints possible in a single domain is
#Cr < N. So in particular Lo(1) < N. By Lemma 2, Lo(l) < N for
1<I<R.

t=1: By rule (4), Li(j +1) = Lo(j) < N for 1 < j < R. By rule (5),

Li(1) < N.
t=2: By rule (4), La(2 + j) = Lo(j) < N for 1 < j < R. Similarly,
Ly(2) = L1(1) < N. Also Ly(1) < N? by rule (5).

t < R: As before
Li(j) =Lo(j—t) < Nfort<j<t+R,
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and
Li(j) < Li—j+1(1) < N#{t — j-surviving paths}
t—j+R
SN Y L () <(t—j)N* < RN* by rule (5),
l=R+1
for 0 < j <t

It follows that if ¢ < j < ¢+ R, then L:(j) = Lo(j —t) < N. So now we have
proved the second inequality of the lemma for all ¢, and the first inequality
for t < R.

We continue by induction on n. So assume that (6) holds for n and that
nR<t<(n+1)R and j < t. Then

t—j+R
Li(j) = Li—j1(1) <N Y Lij(]) by rule (5)
I=R+1
t—j
< RN?+N Z L;—;(1) by the induction hypothesis for [ >t — j
I=R+1
t—j
SRN’+N > Lij4a(1) by rule (4)
I=R+1
t—j—R
<RN?+N Y Li(1)

s=1

n dR
SRN’+NY . > L)
d=1s=(d—1)R+1

n dR
<SRN+ N> > 2°RN™! by the induction hypothesis
d=1s=(d—1)R+1

- 2RN)"*! —2RN
< RN? + RN?Y (2RN)? < RN? <1+(R ) 4 )

= 2RN — 1
o [ (2RN)" +1 pn+1 prn+2
2RN
This proves the induction step, and hence the lemma. O

Proof of Lemma 14. Since there cannot be more surviving nR—paths than
surviving cutpoints at time nR we can estimate sp using L.(j). We use
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rules (4) and (5) as in the previous proof.

spr(nR + j) = #{nR + j-surviving paths}

nR+j+R
< Z Lyr+;(1) by rule (5)
I=R+1
nR+j
< RN? + Z Lpryj—1+1(1) by rule (4) and Lemma 16
I=R+1
(n—1)R+j
<RN*+ ) L,(1)

s=1

n dR
SRN*+Y . > L1

d=1s=(d—1)R+1

n dR
<SRN*+> > (2RN)™' by Lemma 16
d=1s=(d—1)R+1

< C(2RN)™

for some constant C' > 0. O
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