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ABSTRACT. A way to study ergodic and measure theoretic aspects of interval maps is
by means of the Markov extension. This tool, which ties interval maps to the theory
of Markov chains, was introduced by Hofbauer and Keller. More generally known
are induced maps, i.e. maps that, restricted to an element of an interval partition,
coincide with an iterate of the original map.

We will discuss the relation between the Markov extension and induced maps.
The main idea is that an induced map of an interval map often appears as a first
return map in the Markov extension. For S-unimodal maps, we derive a necessary
condition for the existence of invariant probability measures which are absolutely
continuous with respect to Lebesgue measure. Two corollaries are given.

1. Statement of the results.

Invariant probability measures are the key ingredient of Birkhoff’s Ergodic The-
orem, which predicts the statistical behaviour of points in a dynamical system.
Especially measures that are absolutely continuous with respect to Lebesgue mea-
sure are of interest, because in that case Birkhoff’s Ergodic Theorem holds for a
large set in Lebesgue sense. We will abbreviate absolutely continuous invariant
probability measure to acip.

Let us consider interval maps f : I — [ that are piecewise continuous and
piecewise monotone. A special case are the unimodal maps, i.e. continuous maps
having a unique turning point c. In this paper we concentrate on two methods to
construct an acip for f.

First there is the notion of induced map. Let {J;}; be an interval partition
of J C I such that |J\ |J;Ji| = 0. (| | denotes Lebesgue measure.) The map
F:U,;Ji = J is an induced map of f, if F' coincides on each interval J; with some
iterate f% of f. The integer sequence {s;}; is called the stopping rule. F may be
constructed in such a way that it satisfies a Markov property, i.e. F' preserves the
partition: F'(J;) D J; whenever F(.J;) N J; # 0. If the branches of F' have bounded
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distortion and |F(J;)| is uniformly bounded away from 0, F admits an acip m.
There is a standard way to derive from m an acip p of f. In order to prove that u
is indeed finite, it suffices to verify a summability condition:

(1) Zsim(Ji) < oo.

We like to know whether (1) is a necessary condition for the existence of an acip.
To answer this question we need a second tool: the Markov extension. The Markov
extension was developed by Hofbauer and Keller [H2,HK1]. (In the unimodal set-
ting this object is also known as Hofbauer tower.) It is a way to transform the map
f:I— Iintoamap f:I — I that satisfies the Markov property. The price one
has to pay is that I is no longer compact. This makes it hard to find an acip on
(I, f), but it was shown in [H1,K] that if f has an acip p, p lifts to an acip ji on
I. This in itself is the wrong direction; we hoped to construct acips for (I, f). But
it is useful in proving that (1) must be satisfied if an acip exists. The main idea is
that induced maps, under some mild conditions, correspond to first return maps in
the Markov extension. Currently used induced maps, e.g. [B1,GJ,JS,M,V], fit in
this framework.

First return maps are in fact the simplest kind of induced maps; they allow an
easy transport of measures: An acip on (I, f) guarantees an acip for a first return
map, which in its turn can be projected to an acip of the induced map (J, F).
In this paper, we will show that condition (1) is equivalent to the existence of an
acip, provided the induced map is natural in some sense. The precise definitions of
natural and naturally extendible will be given at Lemma, 2, Section 3.

Theorem 1. Let f: I — I be piecewise continuous and piecewise monotone, and
let u be an acip such that the metric entropy h, > 0. Assume that f is conservative
(see Section 2) with respect to u. Let F' be an induced map with stopping rule
{si}i, which preserves an acip m. If F' is natural or naturally extendible, then

Z sim(J;) < 00.

Remark: We will prove Theorem 1 for unimodal maps. This is the simplest case
combinatorially. Also the acip of an S-unimodal map automatically has positive
metric entropy. The necessary adjustments for the general case will be given at the
appropriate places as remarks.

Remark: Because we are mainly interested in acips, we have formulated Theorem
1 for acips. But in fact Theorem 1 holds for all invariant probability measures having
positive metric entropy. One must be aware however, that there is a fixed relation
between p and m. Formula (6) shows that u determines m, and vice versa.

In the next theorem, Theorem 1 is applied to a certain induced map, studied by
Martens. The point x is called a closest preimage of the critical point ¢, if f™(z) = ¢
for some n, and f7((z,c)) # ¢ for 0 < j < n. The iterates n for which this happens
are called the cutting times. They are denoted by S, where we start counting at
So = 1. Denote the closest preimages to the left of ¢ by ¢_g, . Then the symmetric
points é_g, of c_g, (i.e. f(c_s,) = f(é—s,)) are the closest preimages to the right
of c. Let A} = (C_Sk_l,c_sk).
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A map f is called S-unimodal if it is C® unimodal and has negative Schwarzian

derivative: Sf(z) = %3;(%) - %(%2;((5)) )2 < 0 for all z # c. Let £ be the order of the

critical point ¢, i.e. there exists a smooth coordinate transformation ¢ such that
for z close to ¢, f(x) = f(c) — |¢(z — ¢)|*. f is called non-flat if £ < co.

Theorem 2. Let f be a non-flat S-unimodal map, then

(2) D Skl Ak] < 00

k

is a necessary condition for f to have an absolutely continuous invariant probability
measure.

We will finish with a few corollaries. The first one gives a purely topological con-
dition excluding acips. Let r(n) be the largest integer for which f7(") is monotone
on (¢, ¢y,), where ¢, = f™(c). If r(n) is very large compared to n (but finite), f is
very close to a saddle node bifurcation creating an n-periodic point. This almost
saddle node behaviour is one of the processes that can prohibit the existence of an
acip.

Corollary 1. Let f be S-unimodal. If limsup,, r(n)\" = oo for all A > 0, then f
admits no acip.

In [B1] we construct an explicit example of this in the long-branched setting, as we
call it.

A second result involves the Fibonacci map. This is a unimodal map with a
special combinatorial pattern, discussed in [LM,KN,HK2]. A Fibonacci map is
characterized by the fact that the cutting times {Si}, are the Fibonacci numbers:
So =1,5 = 2 and Sgy1 = Sk + Sk—1- Let f; be an S-unimodal Fibonacci
map such that its critical point has order £. It was proved in [BKNS] that if £ is
sufficiently large, f; has an absorbing Cantor set: w(c) is a Cantor set, f is not
infinitely renormalizable but still w(c) D w(z) a.e. Because also |w(c)| =0 [M], an
acip cannot exist. (The result in [BKNS] holds for C? maps actually. ) So the next
corollary follows from [BKNS] and [M].

Corollary 2. An S-unimodal Fibonacci map admits no acip if £ is sufficiently
large.

For simplicity of the proof however, we want to present it as a corollary of Theorem

2. Also there may be values for £ that are large enough for Corollary 2 to hold, but

not large enough for f, to have an absorbing Cantor set. We conjecture that there

exist £o < 1 such that:

- For £ < g, f; has an acip. (An acip is proved to exist if £ < 2+¢, ¢ > 0
sufficiently small [KN].)

- For £y < £ < ¢4, f; has no acip, and no absorbing Cantor set either.

- For £ > ¢4, f,; has an absorbing Cantor set.

2. Invariant measures and induced maps.

Let X be an interval or a countable union of intervals. If f : X — X is given, then
F:Y CX—Y,iscalled an Markov map if
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i) there is a countable interval partition {Y;}; of ¥ such that Y\ |, ¥;| = 0.

ii) if F(Y;)NY; # 0 then F(Y;) D Y;. In other words f preserves the partition.

F is an induced Markov map if additionally

iii) there exist integers s; such that Fjy, = fle"i.

iv) Fly, is monotone for each i.

According to this definition, the first return map of f to Y need not be an induced
Markov map. Conditions ii) and iv) need not be satisfied. If f is not conservative,
condition i) may fail aswell: We call f conservative with respect to u if for every
forward invariant set A, either pu(A) or u(A¢) = 0. (Notice that this definition is
somewhat different from the usual definition in ergodic theory, which states that
the wandering set has zero measure.) Without the conservativity constraint, F
need not be defined a.e. Still many first return maps are induced Markov maps.

Lemma 1. Let f : X — X be conservative with respect to an acip u. Let Y C X,
wY) >0andlet F : Y C X — Y be the first return map. Then (Y, F) is

conservative with respect to u and —£~ is an acip on (Y, F).

u(Y)
Proof. Suppose by contradiction (Y, F') is not conservative. Then there is a forward
F-invariant set B C Y which is half measured in Y, i.e. u(B), (Y \ B) > 0. Let
A =U;en F1(B). Ais forward f-invariant and half measured, because AN(Y \ B) =
(). This contradicts conservativity of (X, f).

Let Yy = {z € Y | F(z) = f¥(z)}. By conservativity Y = |J, ¥x modulo
nullsets. Let B C Y. For any k, fi{(Yx) N B = 0 if 0 < i < k. Moreover, u(B \
UkF(Yk)) = 0. Let By = B and B]' = fﬁl(ijl)\Y, SO Bj = {iE e X ‘ f](IL') S
B, fi(z) ¢ Y for 0 <14 < j}. By f-invariance of u, u(B) = 3,5 u(fH(Bj)NY) =
Yo HEFTYB)NY;) = u(F~(B)). 5y is clearly a probability measure. O
If a Markov map satisfies certain metric properties, it has an acip. This result is
often called a Folklore Theorem. We will use version based on distortion. If f is a

C! map on an interval J, then the distortion dist(f,.J) = sup, ,cslog 13%%

Theorem 3 (Folklore Theorem). If a Markov map F : J;Y; — Y, has the
additional properties:

- F™ has bounded distortion for all n > 1 and on each interval of monotonicity,

- F(Y;) =Y forall j,

then F' has an acip m and dm is bounded and bounded away from zero.

For the proof of Theorem 3 we refer to [MS]. We emphasize that similar results can
be obtained under weaker conditions. In many cases, e.g. the induced map that
emerges from the next theorem, boundedness of distortion follows from the Koebe
Principle [MMS] and extendibility of the branches. A branch of f™ is the restriction
of f™ to an interval J on which f™ is monotone. If § > 0 is given, a branch f"} is
extendible with respect to ¢ if there exists T D J such that fﬁ" is monotone and
both components of f*(T"\ J) have length > 4| f"(.J)|.

In the next theorem, we use a measure theoretic interpretation of attractor. Let
A C I. The basin B(A) of A is the set {z | w(z) C A}. A is an attractor if
|B(A)| > 0, and there is no proper subset of A with the same property. In the
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S-unimodal case the possible attractors were classified in [BL1]: An attractor can
be i) a periodic attractor, ii) a periodic interval, iii) a solenoidal attractor (e.g. the
Feigenbaum attractor), or iv) an absorbing Cantor set.

Theorem 4 (Martens). Suppose f is non-flat, S-unimodal and has no periodic

attractor, solenoid attractor or absorbing Cantor set. Then there exist symmetric

neighbourhoods V D U 3 ¢ with the following properties:

- f¥uU) c 8V for some k and fA(U)NV =0 for 0 < j < k.

- f3(8V) ¢ V for all j > 0.

- for Lebesgue a.e. © € I, there exist neighbourhoods T,, D J, 3 z and s(z) € N
such that f*@)(J,) =U, f**)(T,) =V and f‘f}f) is monotone.

In particular, it can be proved that f is conservative if and only if f has no attractor
of type i), iii) or iv). Moreover, these kind of attractors have zero Lebesgue measure
(see [GJ] and [M]). The proof of Theorem 4 can be found in [M,MS].

The first two properties of Theorem 4 imply that f7(0U) ¢ U. For this reason
OU is called nice. The sets {J, | x € U} form a countable partition of U. Let
us write this partition as {U;};. Due to the niceness of OU, these intervals are
indeed pairwise disjoint. The map F : |J,U; — U defined as F(z) = f*(*) ()
for the appropriate iterate s(z) is an induced Markov map. All branches of F
are extendible to branches that cover V. In order to apply the Folklore Theorem,
the branches must have bounded distortion, but this is guaranteed by the Koebe
Principle. Because the Schwarzian derivative is negative, the Koebe Principle may
be used.

Suppose F': |J; J; = J, |[J\U; Ji| = 0, is an induced Markov map having the
stopping rule {s;}; and an acip m. Then there is a standard way to find an acip p
for f:

8;—1
(3) w(A) =YD m(Lin fI(A).

i j=0

The proof that u is absolutely continuous and invariant is straightforward. Applied
to the whole interval I, (3) yields u(I) =3, s;m(J;). So if

(1) Z S5 m(Jl) < 00,
i
then p is finite. If m has a bounded density, then one can replace (1) by

(4) 281|J1| < 0.

In the next section we will show that (1) is often a necessary condition for the
existence of a finite measure too.

3. The Markov extension of f.
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Let f : I — I be unimodal. Following Hofbauer and Keller [HK1] we discuss
the Markov extension (I, f). I C I x N consists of a countable union of intervals
D, = (Dy,n). The end-points of D,, are forward iterates of ¢, one of which is c,.
D; = [e2, 1] and inductively

f(Dy) if D, # e,

D =
e { [c1,¢ny1] if D, 3ec

By definition of closest preimages, the second case only happens if n = Sy for some
k. Soif S_1 < n < Sk, D, = [¢n,Cn—s,_,] and D,, C Dy,_g,_,. In particular
c € Dg, C Dg,—s,_, = Ds,,, for some cutting time Sy < Sj. Therefore one can
define the kneading map map @ : N — NU oo as Sgx) = Sk — Sk—1- f acts on I as
follows: If (z,n) = & € D,, then

i) { (f(z),n+1) if z and ¢, lie on the same side of ¢,
Tr) =
(f(z),Sq) +1) if z and ¢, lie on different sides of c,

where in the latter case n = Sk. Let m : I — I be the natural projection, then
fom =mo f. Observe that if J C I is an interval,

ik - . k .
(5) f| % is continuous, whenever f‘w( j) 18 monotone.

Hence f* can move J upwards or downwards in the Markov extension, but J is
never cut into pieces if f¥|7(.J) is monotone. For more details see [B2,H2,HK1].

Remark: We briefly sketch the construction of the Markov extension for the case
that f is piecewise continuous and piecewise monotone. A generalization of knead-
ing maps is possible, but needlessly complicated for the scope of this paper. Let
Zi, i =1,..., N, be the maximal intervals on which f is continuous and monotone.
I is the disjoint union | | mem M, where M is a collection of intervals defined as
follows: f(Z;) e Mfori=1,...,N,and if M € M, then also f(MNZ;) € M. The
action f on I is defined as: if & € M N Z;, then f(&) = f(z) € f(M N Z;). Observe
that f : I — I is indeed a Markov map, and that (5) is still satisfied.

Theorem 5. Let f be an S-unimodal map, having an acip p. Then there exists
an invariant probability measure i on (I, f) such that u = jiow~!. Moreover, f is
conservative.

Proof. The proof of the first statement can be found in [H1], under the assumption
that the metric entropy h, > 0. However, we prefer to sketch the argument from
[K]. In that paper Keller generalizes results from [H1].

Let inc: [c2,c1] = ([e2,¢1],1) be the natural inclusion, take p = fi; o inc and

|
-

n
o fh
0

fin =

S|+

%

The measure p on I lifts to a measure on I, i.e. the sequence {fi,}» has a weak
accumulation point fi, which is an acip. The invariance of the weak accumulation
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point is clear. Notice that by invariance of u, fin(7~1(A)) = u(A) for each n. This
yields the absolute continuity of ji if u is absolutely continuous.

The assumption h, > 0 is used to show that 0 is not a weak accumulation point
of {fin}n. But if f is S-unimodal and h, = 0, then f is essentially injective on the
support of 4. One can show that ¢ is a density point of this support [BL2]. So h,, is
automatically positive. Birkhoff’s Ergodic Theorem implies that if f has an acip,
f and f are both conservative with respect to g and . O

Remark: 1If f is piecewise continuous, piecewise monotone, Theorem 5 is still
valid. In [K] no restrictions of this kind are made. However, we have to state the
assumption h, > 0 explicitly.

We want to tie the notions of Markov extension and induced map together. Let
us consider the following diagram,

(f, f) first return (j’ F)

©) .| [

(Lf) ——— (J,F)

inducing

and ask ourselves to what extent it is well-defined. The projection m j and the first

return map F : J — J are well-defined as soon as J is defined. We will try to
choose J such that it is compatible with the induced map F : J — J. By this we
mean that mj o F' = F o7 ;. In other words, J C =~ '(J) is such that the return
time of # € 71 (z) N J is independent of the level Dj. If we succeed in doing this,
then it is easy to transport measures. The acip p on (I, f) lifts to  on (I, f) by
Theorem 5. Due to Lemma 1, m = ;{‘J—) is an acip on (J,F), and because (6)
commutes, m = M o 7T|}1 is an acip on (J, F'). Note also that (J, F') is conservative.
Presently we formulate conditions on the induced Markov map that will guar-
antee that (6) commutes. Let F' be an induced Markov map F : |J, J; = J with
stopping rule s;. F' is called natural if
i) for every i € N and 0 < k < s;, there exists no set A such that both AN J; # 0
and f*¥ maps A monotonically onto f% (.J;) for any j € N.
Often one is interested in induced maps with extendible branches. For the induced
map from Theorem 4, or for instance the induced map obtained in [JS], this allows
the use of the Koebe Principle. Let T; D J; be the domains of the extensions: f\sﬂ
is monotone. F'is naturally extendible if,
ii) all branches of F' are extendible,
iii) f%(T;) D T; whenever f%(J;) D J;, and
iv) for every i € N and 0 < k < s;, there exists no set A such that AN J; # 0,
FE(T) N f2i(J;) # 0 and f*¥ maps A monotonically onto f% (T}) for any j € N.
Briefly stated, F is natural (naturally extendible) if the stopping rule is as small as
possible, and the branch-domains are as large as possible.

Lemma 2. If the induced Markov map is natural or naturally extendible, then
there exists J such that (6) commutes.
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Proof. Define F|,T_1 (J) = f‘ ~1(g;) and set J= Usk>1 F*(inc(J)). We need to show
that F is the first return map to J. Let J; = n='(J;) N D, be such that .J; C J.

Formula (5) implies that 7(D,) D J;, and if F' is naturally extendible, property iii)
even gives m(D,) D T;. Again by (5), and the definition of .J, f‘ j, 1s a continuous

and, if F' is naturally extendible, extendible return to J.
Let us show that it is also a first return. Suppose that there exists 0 < k< s;
such that f*(J;) NJ # 0. Because k < s;, fIJ is continuous, so f*(.J;) C Dy, for

some b € N. Suppose by contradiction that f*(J;) N w=1(f% (J;)) # 0 for some j.
By definition of .J, 7(Dy) D fsf( .)- Because (I, f) satisfies the Markov property,
there exists B such that J; C B C D, and f*(B) = D. In particular, there exists
A C B such that J;n A # ¢ and f¥(A) = 7=1(f* (J;)) N Dy. Hence F cannot be
natural, because 7(A) N J; # 0 and f* maps 7(A) monotonically onto f%i(J;). If
F is naturally extendible, we change J; into T;, and use the same argument. 0O

Remark: In this proof we only used the Markov property of (I, f) and (5). So
Lemma, 2 also holds for piecewise continuous, piecewise monotone maps.

Theorem 6. If y is an acip on (I, f) such that f is conservative and (6) commutes,
then ) . s;m(J;) < co and

(7) m :ﬂ(‘])_nlgréo #{0<z<n|f YeJ} frae.
Proof of Theorem 6. We have seen that ji and m are acips on (I, f) and (J, F)
respectively and that f and F are conservative. |J| > 0 and by conservativity also
i(J) > 0. Indeed, if i(J) = 0, then Uj>o f=3(J) is backward invariant and zero
ji-measured. On the other hand, as |J| > 0, Ujso f77(J) = I modulo nullsets.
This is a contradiction. So it suffices to prove (7), assuming that fi(J) > 0.
Birkhoff’s Ergodic Theorem immediately yields the second equality of (7). Write
s(z) =s;if x € J;. Let Vi = {x € J | s(z) = k} and let {n;(x)},; be such that
Fi(z) = fr@)(g) for all j > 0. {n ( x)}; is defined p-a.e. As (6) commutes,
Vi = wl_jl(Vk) ={& € J| Fz) = ff2)}. If {n;(#)}; for & € J is such that

Fi(z) = (@) (3), then simply 7;(2) = n; i(mj(2)) fira.e.
Because F is the first return map to J, #{0 <4 < 7;(%) | fi(&) € J} = j. Hence
for fi-a.e. .’E€7I'|J( x)

S sim(7) = [ stw)am(y) = lim =3 a(Fia)

limj o0 70y #10 < i < 71;(#) | fi(2) € J}
1
aJ)
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It follows that p exists if and only if ), s;m(J;) < co. O
Proof of Theorem 1. Combine Theorem 6 and Lemma 2. O

Proof of Theorem 2. Let F be the induced map that emerges from Theorem 4. Due
to the conditions on OU and OV, F' is naturally extendible. The Folklore Theorem
guarantees that F' has an acip m with density 0 < mo < dm < m; < oo. Let
U = |J; Ui modulo nullsets. Then if U; C (c_s,,¢-s,), si > Sk, simply because
fJ(Uz) 2 U for j < Si. Hence Ez s,m(UZ) > myo Ez Si|Uz'| > mOZSk|Ak|. Now
use Theorem 1. O

4. Corollaries.

In this last section we prove the corollaries stated in the Section 1. Corollary 1
relies on the notion of almost saddle nodes. At a saddle node, the central branch
of f™ is tangent to the diagonal. The point of contact ¢ is an n-periodic one-sided
attractor. Its immediate basin is [g, ¢], but on the other side of ¢ still an infinite
sequence of closest preimages, accumulating on ¢, exists. If the central branch of
f™ is almost tangent to the diagonal, the closest preimages retain an intermittent
behaviour, which causes [c—c_g, | to be large compared to Si. This is the key idea
in the proof of Corollary 1.

Proof of Corollary 1. We know a priori that there exists A > 0 such that, unless f
has a periodic attractor, |¢c — ¢,| > A™ for all n > 1. Indeed, if this were not the
case, then for every C > 0, we can find n such that |c — ¢, |~1Cf2¢L"~! < 1. Here
L = max,¢cr |Df(z)| and £ is the order of the critical point. Let x be such that
¢n € (¢, z) and |c — z| = 2|c — ¢y, then

@ - @) <| [ D@
< le —z|Cllc — [t L" !
< Je = ep|CL24e — ¢ | LY
<le—cyl.
Hence f™((¢,z)) C (¢, ), yielding a periodic attractor. (Notice that in fact A >
L~1/(=1) S0 if we have a bound for L, we can weaken the assumption accordingly.)
r(n) = Sk if and only if ¢, € A U A. Choose M > 0 arbitrary, take n such

that 7(n)A™ > M and let Sy = r(n) correspondingly. Since ¢, € Ap U Ay,
lc—c_s,,_,| > A", so

D SklAkl > D SwlAk| = Swle — c_s, | > r(n)A" > M.
k E>k!

As M was arbitrary, this concludes the proof. O

Proof of Corollary 2. Let f; be an S-unimodal Fibonacci map such that the order of
the critical point is £. The cutting times grow asymptotically as v*, where + is the
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golden ratio ‘/52_1. We may assume that Theorem 4 applies. Otherwise there is an

attractor of zero Lebesgue measure, and therefore no acip whatsoever. For k large,
|c—c_5k|
l[c—c—s5,_4|
The details of these estimates can be found in [BKNS,KN]. Choose £ so large that
for k sufficiently large % >8> % It follows that |¢c — c_g,_,| > CB* for
TRPEk—-1

all k£ and some C' > 0. Checking the summability condition of Theorem 2,

is bounded away from 0 if £ > 2 and this quotient tends to 1 as £ — oco.

> SklArl = Sk Y 1Akl = Swle—s,_, —t-s,_,| > C(B*,
k

k>k
for any k'. Now take the limit &' — oco. O
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