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Abstract

Assume that (X, f) is a dynamical system and ¢ : X — [—00,00) is a potential such that
the f-invariant measure p4 equivalent to the ¢-conformal measure is infinite, but that there
is an inducing scheme F' = f7 with a finite measure p; and polynomial tails M(Z;(T >n) =
O(n="), B € (0,1). We give conditions under which the pressure of f for a perturbed potential
¢+ relates to the pressure of the induced system as P(¢+s1) = (CP(¢ + s¢))YP(140(1)),
together with estimates for the o(1)-error term. This extends results from Sarig [S06] to
the setting of infinite equilibrium states. We give several examples of such systems, thus
improving on the results of Lopes [L93] for the Pomeau-Manneville map with potential ¢; =
—tlog f’, as well as on the results by Bruin & Todd [BTo09, BTol2] on countably piecewise
linear unimodal Fibonacci maps. In addition, limit properties of the family of measures
Hot+syy as s — 0 are studied and statistical properties (correlation coefficients and arcsine
laws) under the limit measure are derived.

1 Introduction

The (variational) pressure of a dynamical system (X, f) and potential ¢ : X — [—o00,00) is

P(9) :—sup{hu(f)Jr/Xqﬁdu:MEM and — [ 6 du<oo}, (1.1)

where M is the class of f-invariant probability measures and h,(f) is the Kolmogorov en-
tropy. If a measure pgy € M achieves this supremum, then it is called an equilibrium mea-
sure. In “good” cases [BT5|, us can be obtained as dug = v dmg, where v is the normalised
cigenfunction of the transfer operator Lyv(z) = 3 1 ()—p e?Wy(y) associated to its leading
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eigenvalue A(¢), and mg (the conformal measure) is the eigenmeasure of the dual operator
LZ associated to the same eigenvalue. Moreover, this eigenvalue satisfies A(¢) = e’ (@),

Frequently, one considers parametrised families of potentials ¢y = t¢, where T' = 1/t is
(classically) called “temperature”. If the (continuous) function t — P(¢;) fails to be real
analytic at tg, we speak of a phase transition. The largest r > 1 such that this function is
C™ !, but not C" at tg is called the order of the phase transition. In the examples we know of,
an order > 1 indicates that as ¢ — tg, pe, does not converge to a finite equilibrium measure
that is absolutely continuous w.r.t. tg-conformal measure my,s. However, it is possible that
my, 4 exists, and a measure pz, 4 such that duge, = vdmy,, exists as well, although the
density v ¢ L'(my, 4); this is the null recurrent case. It is these “infinite equilibrium states”
that are the topic of this paper.

A classical result of Fisher & Felderhof [FF70] presents physical systems with phase
transitions of arbitrary high order. The standard mathematical example of this phenomenon
is the Pomeau-Manneville map f : [0,1] — [0,1] (see (8.1)) with ¢y = —tlog f’, where the
order of tangency at the neutral fixed point is the order of the phase transition: P(¢;) ~
C(1—1t)* for t < 1, see Lopes [L93]. His proof is based on the full shift with a potential
mimicking ¢¢, but the step from the symbolic to the (nonlinear) Manneville-Pomeau case is
not entirely clear to us. A new proof is provided in this paper; for details, we refer to the
statement and the proof of Proposition

There are several reasons to be interested in the shape and smoothness of the pressure
function at phase transitions. For example, in multifractal analysis, the multifractal spectrum
can often be realised as the Legendre transform of a pressure function. In good cases,
this means that locally, it is the inverse of the derivative of the pressure function. So the
smoothness of the pressure dictates the smoothness of the spectrum. In particular, as above,
in our examples we focus on the potentials —tlog|f’|, so our results have consequences for
the Lyapunov spectrum.

The shape of the pressure function for the perturbed potential ¢ + s1) (s =~ 0) also relates
to limit laws of ergodic averages of ). This is classical when j4 is finite and %P@ + sv)

and j—;P@ + s1) are both finite: they are the expectation and variance, respectively, in the
Central Limit Theorem that 1 satisfies, see [PP90, Propositions 4.10 and 4.11]. Sarig [S06),
Theorem 2] shows that in the particular case that the system is Markov and satisfies the
big image and preimage (BIP) property (see Scction , then the following can be shown
(where we scale P(¢) = 0): 9 is in the domain of a a-stable law for some «a € (1,2) if and
only if P(¢ + si) ~ Cs+ s*(1/s) for some slowly varying function ¢. Further results [S06),
Theorems 3-5] deal with the cases a € (0, 1] and (non-Gaussian) o = 2. However, for Markov
systems without BIP, the standard procedure to obtain a limit law is to pull this back from
an induced, well-behaved, system [MTo04, [Z07, [G10], and the same holds for the shape of
the pressure function, [S06, Theorem 8]. For Markov systems without BIP, the connection
between the asymptotic behaviour of pressure function and limit laws can be established once
each one of them is obtained via the pressure function/limit laws for the induced system as
in [S06), Section 5.

In this work we focus on the null recurrent potential case and the behaviour of the
pressure function can be related to the presence of limit laws by combining Theorem [4.1] with
the results in Section [7.



1.1 Main results

Here we give a rough outline of our results. Suppose that (X, f) is a non-uniformly hyperbolic
system that allows a uniformly hyperbolic induced map (Y, F' = f7), and suppose that z14 and
pg are the equilibrium measures for ¢ and the induced potential b= Z;;é ¢o fI respectively.
Sarig [S06, Theorem 8], in the case that pg4 is a probability measure and P(¢) = 0, gives a
general relation between the pressure P(¢ + si) of the original system f : X — X and the
pressure P(¢ + s1) of the induced system F : Y — Y: asymptotically (as s N\, 0) the two
differ by a multiplicative constant z14(Y).

Our main result gives such a relation when p is infinite, and the induced potential ¢
satisfies certain abstract conditions; in particular we require a refined form of u(z;(T >n) =
en B (1 4 o(1)), for B € (0,1). Our abstract assumptions on F, ¢ and ¢ are formulated in
Section |3l Under such assumptions, we show that there is C' > 0 such that

P(p+s1) = (CP(p+s))P - (1+0(1)) as s—0. (1.2)

The present Theorem u provides a refined form of with precise error terms. In
Section [8] we verify the set of abstract assumptions in Section [3| for several examples of
interest, as summarized below. In particular, in Section [§] we show that potentials ¢ with
induced version v satisfying the abstract assumptions in Section [3| include: a) potentials
¥ € L'(ug) (usually the geometric potential ¢ = log|f’| falls in this class: see Remark [3.2));
b) potentials that are bounded above, but have heavy (negative) tails.

More generally, given the potentials ¢ + sy, one is led to questions about the limit
behaviour of the measures py4s, as s — 0. Under a further abstract assumption on
formulated in Section [6] we show that the induced measures (U tend to p; in a sense
stronger than the weak™ topology; this is the content of Lemma Since p4 is infinite, the
expectations EW(T) of the inducing time 7 tend to infinity as s — 0 and in Lemma we
estimate the speed at which this happens. In the spirit of quasistatic dynamical systems (see
e.g. [DS15] and references therein), we show in Theorem that the correlation coefficients
Pn,s(V,w) == [, v wo f*dpgysy behave asymptotically the same as in the case of the null
recurrent ¢, as n — 0o, s — 0 simultaneously, provided s = o(n(ﬁfl)/ p—e ).

We give various examples of applications of our theory in Section |8 The main task there
is to show that the abstract conditions formulated earlier in the paper hold. Some of these
examples are well-studied in infinite ergodic theory, so we can take much of the theory ‘off
the shelf’, but we also give some new classes of examples and develop the required theory
here.

An important class of maps with induced system with polynomial tails are so-called AFN-
maps, i.e., non-uniformly expanding interval maps with neutral fixed points. The standard
example here is the Pomeau-Manneville map (possibly non-Markov, see ), and we im-
prove the result of Lopes [L93] in this case: If the parameter o > 1 (infinite measure case),
then there exists C' > 0 (made explicit in the proof of Proposition such that

P(¢) =C(1+o(1))(1—t)*  ast 1.

We also show in Proposition [8.7] that Theorem [4.1] applies to a class of unimodal Misiurewicz
maps with flat critical points, i.e., the critical ¢ is not recurrent and all the derivatives D" f
vanish at c.



Another interesting set of examples are Fibonacci unimodal maps with piecewise linear
branches, which have not been greatly studied in this context. These have ‘almost’ first
return maps without full branches (the first return maps themselves are studied in isolation
in Proposition and a lacunary sequence of inducing times; hence there is no regular
variation of tails and Theorem does not apply. Therefore we need to weaken the assump-
tion pg(r > n) = en?(1 + o(1)), for B € (0,1) used in Theorem Under an appropriate
assumption, we prove Theorem which gives us a similar statement to , but with C
replaced by some C} for an upper bound and C5 for a lower bound. Once the tail estimates
for these Fibonacci maps are proved in Theorem [8.13] we obtain the asymptotics of the pres-
sure function in Proposition [8.12
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2 Preliminaries

Notation: We use notation a,, ~ b, if a,/b, — 1, and a,, < b, if there is a constant C' > 1
such that 1/C < liminf, a, /b, < limsup,, a,/b, < C. Also, we use “big O” and Vinogradov
< notation interchangeably, writing a,, = O(b,) or a,, < b, as n — oo if there is a constant
C > 0 such that a, < Cb, for all n > 1. Finally we write a,, = o(b,,) if lim,, a,, /b, = 0.

2.1 Thermodynamic formalism for Markov maps

Let F': Y — Y be a Markov map with countable Markov partition {Y;};cn. Thatis, Y = U;Y;
and for each i,j € N, either X; N F(X;) = 0 or X; C F(Xj;). Further, we assume that this
satisfies the big image and preimage property (BIP), i.e., there is N € N such that for all
i € N there are a,b € {1,...,N} such that F(Y,)NY; # 0 # F(Y;) NY,. In particular,
Markov systems with full branches (F(Y;) =Y for all i) have the BIP property.

Given ¢ : Y — R, let Vi,(¢) = sup¢, sup, yec, [9(r) — ¢(y)| be the nth variation, where
the first supremum is over all dynamically defined n-cylinders C,,, where this is of the form
Cp=[20,...,0p_1]={y €Y : Fi(y) €Yy, fori=0,....,n—1}. If > ., V;,(¢) < oo then we
say that ¢ has summable variations and write ¢ € SV. For such a potential, define partition
functions

Zn($,Ye) = Y, e and  Z3(6,Y;) = > Sl (2.1)
eY;, Fre= z€Y;, Flao=x,
‘ o Fkngl for 0<k<n

where S,¢(x) = ¢(z) + -+ + ¢ o F"1(z) is the nth ergodic sum. The Gurevich pressure

Po(9) = lim ~log Z,(6, ;) (2.2)

n—oo N

exists, is independent of the state Y; (so we will drop Y; in the notation), and is equal to
the variational pressure from (I.1)) whenever |} p, _, e?W)| . < oo or BIP holds, see [S99,
Theorem 3.



The potential ¢ is called recurrent if . e 6@ 7, (¢) = 0o and transient otherwise.
If recurrent, ¢ is called positive recurrent if > ne " c(9) 7% (¢) < oo and null recurrent
otherwise.

A measure m on Y is called ¢-conformal if m(F(A)) = [, e ®dm whenever A is mea-
surable and F' is injective on A. Moreover, a measure v on Y is called conservative if any
measurable set W C Y such that the sets {F~"(W)}5°, are disjoint has v(W) = 0.

Sarig [SOla, Theorem 2] generalises the Ruelle Perron Frobenius (RPF) Theorem to
countable Markov shifts, assuming that ¢ € SV and P(¢) = logA < oo. Then, in
the BIP setting, ¢ is necessarily positive recurrent and for the Perron-Frobenius operator
(Lgv) () = D py—s e®?Wy(y), there exists a conservative ¢-conformal measure m and a con-
tinuous function h such that L;gm = Am, Lgyh = Ah and h dm < co. We will call the measure
hdm coming from the RPF theorem, the RPF measure ji5. Here pg also has the Gibbs
property, i.e., ug(Cpn) = e3nd@)=nP(#) for all n € N and all non-empty n-cylinders C,, and
any x € Cy,. Moreover, [SO1a, Theorem 2| implies that whenever 14 has finite entropy, then
it is an equilibrium measure for ¢.

If we start from a general dynamical system f : X — X and potential ¢ : X — [—00, 00),
then this may not be Markov. We extend the notion of positive/null recurrent to this case,
assuming that our system ‘induces’ to a Markov system (see below). Then, as in [IT10],
(X, f, ) is called recurrent if there is a conservative (¢ — P(¢))-conformal measure m which
comes from the induced system. Moreover, if there exists a finite f-invariant measure u < m,
then we say that ¢ is positive recurrent; otherwise we say that ¢ is null recurrent.

3 Abstract set-up

The following subsection contains assumptions on our dynamics and our ‘base potential’ ¢
which we will assume throughout the theoretical sections, i.e., Sections

3.1 Basic assumptions on f and ¢

Let f: X — X and assume that ¢ : X — [—00,00) is a null recurrent potential for f.
We assume that P(¢) = 0 (otherwise replace ¢ with ¢ — P(¢)). We assume that pug is an
infinite equilibrium measure for (f,$) in the sense of [SOlal, so pug(X) = 0o . As recalled
below, ‘infinite equilibrium measures’ are known to be meaningful when f induces, with some
general (i.e., not necessarily first) return time, to a BIP Markov map.

Fix Y C X such that ;4(Y) € (0,00). Let 7 : Y — N be a general return time and define
the return map FF = f7 : Y — Y. From here on we will assume that I’ satisfies the BIP
property and let A denote the corresponding Markov partition. Let ¢ = Z;;é ¢ o f7 be the
induced version of ¢. We will assume that ¢ € SV. Since ¢ is positive recurrent, x 5 1s a finite
equilibrium measure for (F, ¢) (see, for instance, [SOla]). It is common knowledge that if 7
is a first return time, a sigma-finite invariant measure p, (finite or infinite) for the original
system can be obtained by pulling back pg (as in ) In order to ensure that the same
holds when 7 is a general return with fY Tdpg = oo, we further assume that there exists a
1-cylinder Yy and a reinduced time p : Yy — N, such that if o : Yy — N is a first return to



Yy, then we have
fT=(f7)° with / pdjg < 0. (3.1)
Yo

When fY T dpg = 00, assumption (3.1) ensures that an infinite, sigma-finite invariant measure
pg for the original system can be obtained by pulling back pg (see [BNT09, Theorem 2.1]
and [Z05, Theorem 1.1]): for any measurable set A,

po(A) =" ps(f (A N{r > k}). (3.2)

k>0

When 7 is the first return time to Y, (3.2) gives that uy(Y) = pg(Y). As natural in an
infinite measure setting, when [ 7 dpg = o0, we will not normalise fi4.

3.2 Liftability

Since we will be taking information from inducing schemes to learn about our original system,
we need to ensure that the given inducing scheme is compatible with the relevant potentials
and measures. This is ‘liftability’:

Definition 3.1 We call a measure for the original system liftable if it can be obtained from
an induced measure via (3.2)).
For a potential x : X — [—o00,00), we say that (Y, F') is x-liftable if P(x — P(x)) = 0.

Note that if x has an equilibrium measure p,, which lifts to (Y, F) as in (3.2)), then (Y, F')
is x-liftable. This follows since h(uy )+ [(x —P(x)) dug = 0 and [ 7 dpg < 0o, so Abramov’s
formula, see [Z05), Section 5], gives that the induced measure py has

h(pig) +/><—P(x) dp, = (/T dux) (h(ux) +/(x — P(x)) d#)‘c) = 0.

Since we always have P(x — P(x)) < 0, see e.g. Lemma below, this means that
P(x— P(x)) =0, s0 (Y, F) is x-liftable.

3.3 Assumptions on tails of ;5 and on ¢: (H1) and (H2)

Estimates on the tails %(T > n) are essential for our results. For several arguments in this
work, we require:

(H1)(a) Con=" < pa(T >n) < Cin~? with B € (0,1) and C; > Cy > 0.

In particular, (H1)(a) implies that [} 7 dug = oo.
We let L, and R% the normalized transfer operators defined w.r.t. g and s TESpec-
tively. Recall that the transfer operator R, : Ll(,uq;) — Ll(uq;) is given by

/Rl%vwdu—/vwoqu for w € L™ (ug).
Y Y

A similar definition holds for L, o



We are interested in the asymptotic behaviour of the pressure function P(¢ + si) as
s — 0 and a potential ¢ : X — [~00,00) with induced version 1) = ZJT.;& Y o fI satisfying
certain assumptions (see (H2) below). As we will see in Section [5 such assumptions together
with good functional analytic properties of the induced system (Y, ', u13) (see (P1) and (P2)
below), will allow us to speak of the family of leading eigenvalues A(u, s) associated with the
perturbed family of operators

R(u, s)v := R%(e_meszzv), u>0,s € (0,d), (3.3)

for some dp > 0 and identify P(¢ + st — u) with log A(u, s) for u € [0,0p) and s € (0, dp).
The following stronger version of (H1)(a) allows for a good understanding of the asymp-
totics of P(¢ + s1 — u) as u, s — 0 (see Corollary .

(H1)(b) pg(r(y) > n) = en8 4 b(n) + H(n), for some § € (0,1), ¢ > 0 and some function b
such that nb(n) has bounded variation and b(n) = O(n=2%), and H(n) = O(n~¢) with
&> 2.

Throughout, we let R(u)v := R, (e”"7v) and for each n > 1, we define R, : Ll(udg) —
L'(pg) by Rnyv = Ry (Liz=nyv). It is easily verified that R(u) = > 77| Rae™ "

With the above quantities defined we can recall some functional analytic properties of
the induced Markov BIP map (Y, F, A, uq;). Under the assumptions of Section and
(H1)(a), there is a Banach space B of bounded piecewise Holder functions compactly em-
bedded in L*(uz) under which the properties (P1) and (P2) below hold; see [ADOI]
for (P2) and [S02] for (P1). The norm on B is defined by |[v|[g = |v|s + |v|ec, Where
[v]g = SUP,e A SUD,Lyeq [V(2) —v(y)|/dg(2,y), where dp(x,y) = 65@¥) for some A € (0,1), and
s(z,y) = min{n : F"(z) and F"(y) are in different elements of A} is the separation time.

(P1) For all n > 1, R, : B — B is a bounded linear operator with > .. ||R;|| = O(n=?)

with 5 as in (H1)(a).

i>n

We notice that u — R(u) is an analytic family of bounded linear operators on B for
u > 0. This implies that there exists §p > 0 such that the family of associated eigenvalues
Au), u € Bs,(0), is well defined and analytic.

Since R(0) = Ry, and B contains constant functions, 1 is an eigenvalue of R(0).

(P2) The eigenvalue 1 is simple and isolated in the spectrum of R(0).
Finally, we formulate our assumptions on the induced version v : ¥ — R of the potential
¥ X — [—00,00).
(H2) The induced potential p € SV and (Y, F) is (¢ + si)-liftable for s € [0,d) for some
d € (0,60) with dp from (3.3]). Moreover, one of the following holds:
(i) |[¥| € L'(pg) and there exist € > 0 such that for all s € (0,6),

IRn (e = 1)|| < s || Ral| n%;

(ii) ¥(z) = C" — g, where 0 < opg(x) < C77(z), for C',C > 0 and v € [3,1]. Also 1
is piecewise Holder (with exponent 6 as in the definition of the Banach space B).



Remark 3.2 In our examples, we will make certain assumptions on 1 and show that they
imply (H2). In particular when 1 is the natural potential log|f’|, then this will give |t)| =
|log |F'|| < &logT for some & > 0, and here (H2)(i) will apply. Indeed, for every s € (0,g/(2¢)]
we have &n* logn < n® for n sufficiently large and all 0 < u < s. It follows that

S d S S
es€logn _ 1 — ns& :/ d—nufdu = / £ n¥é logndu < / n® du = sn®,
0 au 0 0
as required.

It may be useful at this stage to note that conditions (H1)(a) (and thus (P1)) and (H2)
imply that ¢ + s is recurrent, as shown below in Lemma [5.3

4 Results on the asymptotics of the pressure func-
tion in the abstract set-up

In this section we obtain the asymptotics of the pressure function P(¢ + s1b) under (H1)(a)
or (H1)(b), in the setting of Section Note that if sup ¢ < oo then P(¢ + s9) < 0.

The first result below gives the higher order asymptotics under the strong assumption
(H1)(b).

Theorem 4.1 Assume P(¢) =0, ¢ € SV and (31)). Let ¢ : X — [—00,00) be bounded
from above (we allow ¥ to be unbounded from below) such that P(¢ + sip) > 0 for s > 0 and
assume that the induced version 1) (of 1) satisfies (H2). Assume thaﬂ there exists a > 0
such that s < (P(¢ + s1))%, as s — 0.

Assume (H1)(b) and recall that (P1) and (P2) hold. Set C = (cfT'(1 — B))~! with ¢ > 0
as in (H1)(b). Then, there exists a constant Cy > 0 such thaﬂ

P(6+ st) = (CP@GF56)""" (14 Q(s)) as s 0,
where Q(s) = —CoCYPP (¢ + s1)1=A/B 1 O(P(¢ + s)54=), for arbitrarily small € > 0.

The next result gives the higher order asymptotics under the mild assumption (H1)(a).

Theorem 4.2 Assume the setting of Theorem with (H1)(a) instead of (H1)(b). Let
C1,Co >0 as in (H1)(a) and set C; = (C18T(1 — )7L, C3 = (CoBT(1 — B))~1 Then

(C3P@G+50))"" (14 Q) < P(6+ s0) < (C; PG+ 59)) ' (14 Q(s)) as s =0,
where Q(s) — 0, as s — 0.

Note that under the two different forms of behaviour given in (H2), one can derive further
information on the asymptotics of s — P(¢ + st), see Remark below.

The proofs of Theorems [.1] and [£.2] are given in Section following the proofs of some
more technical results in Section [B.11

TAs in Lemma in many natural settings it can be shown that P(¢ + sy) = o(s), and thus this is a very mild
assumption.
2The precise form of this constant is given inside the proof.



5 Family of eigenvalues associated with R(u,s) and
asymptotics of the induced pressure

In this section we first give results on the asymptotics of P(¢ + si — u), as u, s — 0, via the
asymptotic behaviour of family of eigenvalues associated with R(u, s) (defined in (3.3)): see
Corollary We first justify that this family of eigenvalues associated with R(u,s) is well
defined (and continuous) in a neighbourhood of (0,0). We start with the following continuity
properties of R(u) and R(u,s).

The first result below for R(u) is standard (see, for instance, [G04, Lemma 3.1]). The
second is an analogous version for R(u,s) obtained under (H2).

Lemma 5.1 Assume (H1)(a) and recall that (P1) holds, and take 6o as in (3.3)). Then there
is a constant C > 0 such that for allu € (0,0y), ||[R(u) — R(0)|| < CuP. Moreover, the same
estimates are inherited by the families A(u) and v(u), where defined.

Lemma 5.2 Assume (H1)(a) and recall that (P1) holds. Suppose that (H2) holds for some
d < 8. Then there exists C > 0 such that for all u > 0, for all s € (0,0) and for any e < 3,

IR(u, s) — R(u,0)|| < C sP~=.

Proof Recall that the norm on B is ||v||z = |v]g+|v|ec, Where |v|g = sup,c 4 SUD,_yca () —
v(y)|/de(z,y). If (H2)(i) holds,

IR (u, 5) = R(u,0)[| = |3 Ra(e® = D)e™"|| < sC Y~ |[Roln”

n>1 n>1

for some C' > 0 and any 3’ < 3. Next, let S,, = >
for some C' > 0. Since )

i>n 22| and note that by (P1), S, < Cn="
|R;|| = C'" < 0o, we compute that

j>n
S U IRnlIN® = (Sn = Sp)n® =D Su(n = (n— 1))+ |IR;|
n>1 n>1 n>1 j>n
SCZn_Bn5/_1+C"<oo.
n>1

Hence in this case the conclusion follows with a better than stated estimate.

If (H2)(ii) holds, we recall that v is a non-negative piecewise Holder function with
Yo < 77, v € [B,1]. Note that |s¢)| is bounded on {7 = n} for n small and |e*¥ — 1| <
sP= 5n7( ©) for n large. Using that 1) is piecewise Holder, for all z,y € {7 = n} with n large,
|es%(@) — esvW)| « 5P~ 1(B=2)dy(2, y). Recall s € (0,6) for small enough & > 0. Putting the
above together, for any ¢ < § and some C > 0,

|Ra(e = 1)]| < Cls+ 87 n=I)|| Ry .

T'he above inequality and a repeat of the alglllllellt used in the case when (H‘Z)(l) holds leads
to O e
Hla(u7s) ]z(u, O)H < OS € E n 5n7(5—€)—1

n>1



and the conclusion follows since v(8 —¢) < . |

Recall that under (H2)(a), (P2) holds and so A(0) = 1 is a simple isolated eigenvalue in
the spectrum of R(0), and that u — R(u) is analytic in u for u € (0, dp). This together with
Lemma implies that (u,s) — R(u,s) is analytic in u, u > 0, and C#~¢ in s, s € (0,6).
Thus, there exists a family of simple eigenvalues A\(u, s), s € [0, dg), analytic in u € (0, dp) and
CP=¢ in s with A\(0,0) = A(0) = 1. By the RPF Theorem, log A(u, s) = P(¢ + s1) — u). In the
setting of the following lemma we obtain log A(P(¢ + sv),s) = P(¢ + s¢p — P(¢ + s)) =
for all small s.

Lemma 5.3 Assume (H1)(a) and recall that (P1) holds. Assume (H2) and suppose that
P(¢ + sp) > 0. Then ¢ + sy is recurrent for all s € [0,00) and positive recurrent for all
s € (0, (50)

Proof By (H2), P(¢ + sp — P(¢ + s1)) = 0, so the recurrence of ¢ + si) follows if we can
project the (conservative) ¢ + st — P(¢ + si)-conformal measure. If F' is a first return map
then one can project this measure in the natural way (for work on projecting conformal
measures see for example the appendix of [IT13]).

If F is not a first return map, then it suffices to show that holds for this conformal
measure, i.e., the reinducing time p is integrable. By the RPF Theorem, we have an RPF
measure for ¢ + sy —u, which we will denote by p, . Note that the density of p, s is
uniformly bounded on Yy (from the BIP property), so it suffices to show fYO p dpty,s < oo.

We can then use the rough estimate fYo p dpty, s < fYo T dpty, 5.
The Gibbs property gives

/Tduwz 3 S S S e (1) <

So setting u = P(¢ + s1), which is in (0, dg) for s sufficiently small, we can indeed project
our ¢ + s1p — P(¢ + stb)-conformal measure to a conservative (¢ + sy — P(¢+ s1)))-conformal
measure u

The first result below gives the asymptotic behaviour of A(u, s). To state it we need the
following

Notation: Let ¢, b(n) and H(n) be as given in (H1)(a). Let Hi(z) = c([z]® — 278) +
b([z]) + H([z]), where by [.] stands for the ceiling function. With the convention 0=% = 0,
the function Hy(x) is well defined in [0,1) and we set ¢y = [;° Hi(x) de.

Proposition 5 4 Assume (H1)(b) and recall that (P1) and (P2) hold. Suppose that (H2)
holds. Set II(s) = [ (e sw -1) dpg. Then the following holds as u,s — 0.

1—X\u,s) = (1 — B’ + cypu+ E(u) 4 T1(s) + D(u, s),
where E(u) = O(u??), D(u,s) = o(u® + fy(e“Z — 1)dpg) and for arbitrarily small € > 0,

d _ 28—1 d e, (B—e-1)/, B B—e
duE(u) =0u"7), duD(u,s) < s°u (u” 4+ 577°).

An immediate consequence of the above result is:
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Corollary 5.5 Assume the setting of Proposition [5.4 Moreover, assume that there exists
a > 0 such that s = O(u®) as w — 0. Then for arbitrarily small € > 0,

di;P((;S T 50 —u) = —cfT(1— B’ — ey +O0W? ™) + O(s° u®P~=1) + O(s8 75/ f~1).

Proof By Proposition AMu,s) = 1+ g(u,s), where g(u,s) — 0 as u,s — 0 and for
arbitrarily small € > 0,

L \(,5) = —eBP(1— B0 e + O ) 4 O(s° w9 51) + O(s =),

Clearly, O(s®u?/=¢71) = o(u~1), so this gives an error term. For the term O(s’u’~¢1),
using that s = O(u®) for some a > 0 and choosing € < a3, we have sPu’—c—1 « sf=e/ayf-1,
The conclusion follows since P(¢ + s — u) = log A(u, s) by Lemma |

The next two results give the expansion and derivative in u of the eigenvalue A(u, s) and
pressure P(¢ + st — u) under (H1)(a) (a much weaker assumption that (H1)(b)).

Proposition 5.6 Assume (H1)(a) and recall that (P1)and (P2) hold. Suppose that (H2)
holds. Set T(s) = [, (e —1) dpg. Then as u,s — 0.

Col'(1 = B)u’ (1 + B(u)) <1— Xu,s) —II(s) + D(u, s) < C1T(1 — B)uP (1 + B(u)),

where C1,Cy are as in (H1)(a), B(u) = 0 as u — 0 and D(u, s) = o(u® + fy(esi —1)dug).
Moreover,

—CofT(1 — B)uP (1 + E(u)) < %/\(u, s) + %D(u, s) < —C1T(1 — B)u’~1(1 + E(u)),

where E(u) — 0 as u — 0 and £ D(u,s) < s uB===D(uf + sP=¢), for arbitrarily small
e>0.

Corollary 5.7 Assume the setting of Proposition [5.6, Moreover, assume that there exists
a > 0 such that s = O(u®) as u — 0. Then for arbitrarily small € > 0, as u — 0,

—CoBT(1 — B)uP (1 + E(u)) < %P(qﬁ + st —u) + %D(u, s)

—CyBT(1 = B)u’ ' (1 + E(u)),

IN

where the functions E(u) and %D(u, s) are as in the conclusion of Proposition .

Proof The conclusion follows by the argument used in Corollary using Proposition [5.6
instead of Proposition [5.4] |
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5.1 Proof of Propositions [5.4] and [5.6]

Proof of Proposition The proof below is a version of the argument used in [Tel5l Proof
of Proposition 2.6 simplified by the fact that we only need to deal with real perturbations
(e~"T as opposed to e*(“Hg)T,ﬂ € [—m,m)). However, we need to spell out the argument due
to the second perturbation e*?.

For u € (0,0) write R(u, s)v(u, s) = A(u, s)v(u, s). Normalise such that [, v(u, s) dug = 1.
Integrating both sides and using the formalism in [G10] (a simplification of [ADO1]), write

1—XMNu,s)=1-— /Y Au, $)v(u, s)dpg =1 — /YR(u, s)(v(u, s))dpg

= / (1- eﬂ”esi) dpg —V(u,s), (5.1)
Y
where V(u,s) = [ (R — R(0))(v(u, s) —v(0)) dug. By Lemmas [5.1] and | R(u,s) —
R(0,0)|| < uf+s°7¢, for any € < 8. The same holds for ||v(u, s)—v(0,0)||. Since B C L*>(u5),
|V (u, )| < (u” +s779)% (5.2)
Next, we estimate |-V (u, s)|. First, note that ||-&R(u, s)| = || D on>1 nRy(e? —1)e~un||,
If (H2(i) holds, then || R, (e¥ — 1)|| < snf||R,|| for any € > 0 and thus,
d
HduR(u, s)|| < D nt e Ry fle
n>1
Let Sp = 3,5, [1;]| and note that by (P1), S, < n~. Since an |R;| < o0,
ZHRanH—ae—un — Z(S - S, 1 1+a —un __ Z S nlte _ 1)1+5)€—un
n>1 n>1 n>1
+ Z(Z |R;|l)e " <« Zn*(ﬂ%)e*“" < / ™D emu dyy P,
n>1 j>n n>1 0

Altogether, if (H2)(i) holds then ||-£ R(u, s)|| < su(#~#=1 and the same holds for I-Lo(u,s)|.
We already know that ||R(u, s) — R(0,0)| < u” + s? and that the same holds for |v(u, s) —
v(0,0)|. Thus, for arbitrarily small & > 0, |-V (u, s)| < sulP=e=D (P + sP~2).

If (H2)(ii) holds then for arbitrarily small &€ > 0, ||R,(e* — 1)|| < || Rl + 5/ "n||Rn,
for v € [B, 1] and proceeding in the case of (H2)(i), we obtain that H%R(u, s)|| < s ulP—==1),
Thus, taking the worst estimate in the (H2)(i) and (H2)(ii), for arbitrarily small € > 0,

< S ulP== D (WP 4§79,

‘duV(u, s)
In the rest of the proof, we deal with the pure scalar part and write
Qus) = [ (1= e dyg
Y
= [ Q—e)dpg+ | 1 —e¥)dpg— | (1—e )1 —e)dp
Y Y

Y
= U(u) + II(s) — W(u, s).
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It is easy to see that using Holder inequality in either case of (H2), we have |W(u,s)| <
uP/?sP/2. This estimate together with (5.1) and (5.2) gives the estimate for D(u,s) in the
statement of the proposition. Next,

d d d
%Q(u, s) = %\Il(u) — —W(u,s).

By the argument used in [Tel5, Proof of Proposition 2.6] (setting 8 = 0 there and replacing
4 with L),

U(u) = cl(1 — B)u’ + cyu + E(u),
where ]%E(uﬂ < u?#~1. To complete the proof we note that

d — _
‘%W(u,s)’ < ‘/YTe“T(l — esw)dqu‘ < S/YR%(Te“T(l - esd’))dudg

< nl|Rul(1 - e )emum,
n

By the argument used in obtaining (5.2)), we deduce that |-£W (u, s)| < s* ul#===D(uf +
s8=e). Tfhe claimed estimate on \%W(u, s)| follows from this together with (5.2)), concluding
the proof. ]

Using the same notation and some estimates obtained in the proof of Proposition we
can complete the following.

Proof of Proposition With the same notation used in the proof of Proposition [5.4]
write

1—Xu,s) =Y(u) +1(s) — W(u,s) — V(u,s),
For W (u, s) and V (u, s) we have the estimates from the proof of Proposition namely
W (u,s)| < u?2s%2,  |V(u,s)| < (u + s77)?

and

duv(u7 8)

d
d—W(u, s)| < sTulPEm D (uf 4 $Persy,
U

Y

‘ d

To estimate W(u), & ¥(u) under (H1)(a), we need to write down the complete argument.

Define the distribution function G(z) = p(7 < z) and note that under (H1)(a), Cox ™" +

ColA(z) <1 —G(z) < Craz=P + C1A(x), where A(z) = [2]7# — 27 = O(x—B+D).
Integration by parts gives

W(u) = /000(1 e dG(a) = — /000(1 ey d(1 - G(a)) = u/ooo (1~ G(x) da

So,
Co(K(u) + L(u)) < ¥(u) < CL(K(u) + L(u)),

where K(u) = u [;° e 2P dx and L(u) = u [;° e “*A(x) dz. Here, we recall that K (u) =
(1 - pB)uP.
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First, let Ca = [;° A(z) dz and note that
L(u) = uCh + u/ (e™ — 1) A(x) dx.
0

But, |[i%(e7 — DA@)de| < ufy/"wsA@)de + [, A@)ds < u’.  Hence,
Joo e A(x)de = A(u), where A(u) = Ca(l + o(1)). Hence, L(u) = uCa(1l + o(1)).
Altogether,

CoT(1 — B)uP (1 + B(u)) < U(u) < C1T(1 — B)u (1 + B(u)),

where B(u) — 0 as u — 0. Putting the above together, we obtain the asymptotics (within
bounds) of A(u, s) as u,s — 0.
Next, recall that A(u) = [;° e " A(z) dz = Ca(1 4 o(1)) and thus

d

%L(u) =A(u)+u /OOO e "rAx)dr = A(u) + M (u),

where |M(u)| < u [;° e "z~ Fdx < uP. Moreover,

i — = —uz,.—f _ > —uz,,1-4 _ o —uz,,,—f
duK(u)/O e P dx u/o e x d:cﬁ/o e P dx
= Br(1 - B’
Thus,
CofT(1 — B)u~ (14 E(u)) < W) < CLAT(1 — A~ (1 + E(w),

where E(u) — 0 as u — 0. The conclusion follows by putting the above together and using
that —-4 \(u, s) = 4 <\Il(u) — W (u,8) — V(u, s)). n

5.2 Proof of Theorems [4.1] and 4.2

Proof of Theorem Set 7(u,s) = L P(¢+ s1h —u). By Corollary (with ¢y as
defined there), the following holds as v — 0 and s = O(u®) for some a > 0 and for arbitrarily
small € > 0:

r(u,s) = —cBL(1 — B’ + cg + OW?P ™) + O(s° u?P 571 + O(s7 /P~ 1),
For any small ug > 0, integration gives
- - uo
PG+ 50— w0) ~ PG+50) = [ rlus)du
0
=—cI'(1- 5)ug —cgup + O(ugﬁ) + O(s° ugﬁfe) + O(sﬁ_a/aug).

By liftability, for ug = ug(s) = P(¢ + s1), we obtain P(¢ + st — ug) = 0, so the left hand
side of the above expression becomes —P(¢ + s1). By assumption, ug(s) > 0, for s > 0. The
continuity property of the pressure function gives ug(s) — 0 as s — 0. Thus,

P(p+ s9) = cT(1 — Bub + crrug + Oul’) + O(s° ud’ %) + O(s”~*/uf)), (5.3)
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as s — 0. Here ¢ > 0 comes from (H1)(b) and cy is real non-zero constant (see Proposition/5.4]
for the exact form). By assumption, there exists a > 0 such that s = O((ug(s))?®). Hence,
the above equation applies to r(ug,s). Recall that C = (cfT'(1 — 8))~! and that ug(s) =
P(¢ + s1). Hence,

Plotsi) = (CP@Fs0)” (1= L1 PG
+ O(P(&+58) + O(s" P(6+ 5) *=9/%) + O(s7=5/") )

as s — 0. The conclusion follows since s = O((ug(s))?). |

Proof of Theorem With the same notation as in the proof of Theorem under the
assumption s = O(u®) for some a > 0, Corollary gives that

_CoBT(1 — BN + B(u)) < r(u,s) + C%D(u, 5)
< —CofT (1 = B)u’ (1 + E(u)).

where F(u) — 0 as u — 0 and %D(u,s) = O(s°u?P===1) + O(sP~=/%P~1) for arbitrarily
small € > 0. The conclusion follows from this together with the argument in the proof of
Theorem [4.1] |

Remark 5.8 From the statement of Proposition [5.4] we can see that the asymptotics of
s — P(¢+ s¢) are the same as those for II(s) = [, (e*¥ — 1) dpg, which can give us even
more information on the form of s — P(¢ + s1) when considering the proofs above.
Clearly, under (H2), II(s) — 0, as s — 0. Using standard arguments in probability
theory(see, for instance, [F'66]), one has
(a) If (H2)(i) holds then II(s) = s(1 4 o(1)).
(b) Suppose that (H2)(ii) holds. Then
(i) if (H1)(b) holds then TI(s) < ¢AT'(1 — B)e*Cs~ 8. This follows from the proof of
Proposition for estimating W(u) there.
(i) if (H1)(a) holds then

CoT(1 — B)e“*s78(1 + B(s)) < I(s) < C1T(1 — B)e“* s (1 + B(s)),

where B(s) — 0 as s — 0. The above inequality follows by the argument used at
the end of the proof of Proposition |5.6 for estimating W(u) there .

6 Limit properties of py;4, as s — 0

We recall that in the set-up of Section [3] for fixed s > 0, the potential ¢ + si) is positive
recurrent. As clarified below, by allowing s — 0, we move to the null recurrent scenario.
Throughout this section, we continue to assume the set-up of Section [3] and for simplicity,
we further assume the following restriction on f, F = f7 and
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(H3) (i) 7:Y — Nis the first return time of f to Y.

. . Mm\{r:n}
ii) lim —g T =
( ) N—00 osin l%‘{-r:n}

(iii) (H2)(ii) holds for some v € (0, 1].

C" > 0 uniformly in s.

Assumption (H3)(ii) (on F and 1) is quite strong but it is satisfied by maps in the family
described in ) below. In our examples in Section ' we start with an assumption on v
and verify the assumptlon below on 1. Throughout this section (also later on in Section [7] '
we will use a less restrictive form of (H1)(b), namely

(H1)(P’) palyeY :7(y) >n) = en™P (14 o(1)) for somﬂ B € (0,1).

We recall from Section [3|that F' is a Markov map satisfying BIP and as such (P1) and (P2)
hold in the Banach space of bounded piecewise Hélder functions B C L () (see [ADOI]).
Throughout we set Eg(7) := By (7). The next result below shows how E(7) — oo as
s — 0.

Lemma 6.1 Assume (H3) and (H1)(b’). Then the following holds as as s — 0,
Eq(r) = 07’65(5—1)/7(1 +o(1)),

where C, . depends on v and the constant c in (H1)(b’).

As an immediate consequence of the above result and formula (with Vs instead of
tg), we have that lims_,0 f1g1sy(X) = co. Since we also assume that 7 is a first return, the
limit measure lim, .o ft¢1sy is infinite and sigma-finite.

It seems natural to expect that peysy converges in some sense to pg, as s — 0. Since we
are in an infinite measure setting with a nice first return inducing scheme, we approach this
question via the ‘induced’ measures. The next result gives estimates on how Vg CONnVerges
pg as s — 0 in a sense that is stronger than the weak™ topology.

Lemma 6.2 Assume (H3). There exists C > 0 such that for all continuous function v
supported on'Y and for any e < 3,

15755(0) = ua(v)] < C'sup [u(y)|s”—<.
yey
The above statement together with (with pzy instead of pz) implies that [fip4.sp(v) —
pg(v)| < Csupyey lu(y)|sP~¢ for any continuous function v supported on UN  (f~%Y) for
some fixed N. But it doesn’t give a result on the weak™ convergence of ji4y for the entire
space Cp(X).

3Here we could allow that pely €Y 1 7(y) > n) = {(n)n=8, for a slowly varying function £, but for simplicity
of notation we omit this.
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6.1 Proof of Lemmas [6.1] and 6.2

Proof of Lemma Note that for n > 1,

Eo(r) 2> pigrsg(r > k) = D> tgrsg(t =)

k=n k=n j>k

Using the uniform convergence in (H3)(ii), we can take n € (0,1/7) and n = [s77],

D tarep(T =)= C" )Y e ug(r = )1 +o0(1)) ass 0.

k=n j>k k=n j>k
By (H3)(iii) there exists C’,C' > 0 such that
S eiug(r=45) = > e (ug(r > 4) — pglr > j - 1)
>k >k

_ eS(C/_Ck’Y),Uz(g(T > ]{2) B eSC' Z (e—sC(j—l)’Y _ e—st’Y) ,LLQQ(T > ])
>k+1

Recall v € (0,1]. Then as k — oo and s — 0,
Do (U e (e 2 gy = 3D T (e 2 ) (7O 21
JjZk+1 JjZk+1

<'s Z e_SCjW,U«Q_s(T > j)j—(l—“/)
Jj>k+1

< Sud‘)(T > k:)k:_(l_'Y) Z e3¢
ikt

< spg(T > k)~ (=7 e=sCR — (e_scm,uq;(T > k)) .

Hence, the following holds as s — O:

SN hgrpr=3) ~ > e gt > k) (1 + 0(1)).
k=n j>k k=n

For the right hand side, we compute that as s — 0,

© 00
SR (e > )~ 3P / p—Bo—sCaT g
k=n i>n n
=1 [ 1-8_
=y 1(sC) / w e du
sCnY




The conclusion follows by putting all the above together and recalling that n = [s79] =
o(s~1/). |

Before the proof of Lemma [6.2] we recall that the transfer operator R associated with F
is defined w.r.t. the F-equilibrium measure ;. Note that in the present set-up, the density

dpg . n .
h = #, where m is the ¢-conformal measure, is bounded and bounded away from zero.

Moreover, we have the following pointwise formula for R:

Ro(y) = Z e&(y)v(y)w

yeF 1z h(x)

We recall that using the above formula one verifies that (P2) holds in the space B of bounded
piecewise Holder functions by showing that a) the Lasota-Yorke inequality holds (see [ADO1]);
b) the space B is compactly embedded in L>(ug) (see [A97, Chapter 4]). Thus, given that
R* is the dual of R defined on B* (the topological dual of B), for any p* € B* we have
(B*)"u" = pig

Proof of Lemma Let R(s)v = R(e*¥v). Under (P1) and (H3)(iii), it follows from the
proof of Lemma that there exists > 0 such that for all s € (0,4),

|R(s) — R(0)|| < s°~=.

Thus, there exists some ¢’ € (0,d) and a family of eigenvalues \(s) well defined on (0, ¢").
Moreover, the family A(s) is C#~¢ with A(0) = 1. Since A(0) is isolated in the spectrum
of R, it follows that there exists » > 0 such that for all s € (0,¢’), the r-neighbourhood
of A\(s) is disjoint from the rest of the spectrum of R(s). As a consequence, given that
R(s)* acting on B* is the dual operator of R(s), we have that R*(s) g7 = A(s)ugrsp and
A(8) 7" (R(s)"1w*)" = pigysy, for any p* € B*.

By an argument similar to the one used in the proof of Lemma there exists § > 0
such that for all s € (0,9),

IR(s)" — R(0)*]| < s”<.

It follows from standard perturbation theory (see [Ka76]) that the same continuity property
holds for the family of eigenmeasures pg——7. Hence, for any v € B, [ugz(v) — pg(v)| <
|v|008°¢. Because B is dense in Cy(Y), the conclusion follows. |

7 Statistical properties under (H3)

Throughout this section, we assume the assumptions of Section along with (H3) and
(H1)(b’) in Section[6] Sometimes we will need a few stronger assumptions as specified below.
We recall from Section |§| (see Lemma and the explanation after the statement) that under
these assumptions lims_,0 ft¢4sp(X) = 0o and thus the limit of the sequence of potentials
¢+ sy, as s — 0 is null recurrent.

18



7.1 Correlation coefficients as s — 0

We are interested in the asymptotics of the correlation function

pn,S(Ua w) = / vw © fn dﬂdﬂrswa
X

as n — oo and s — 0. In what follows we show that the main results in [G11, [MT12] apply
in this null recurrent potential setting.
For § € (—m, 7] we define the complex version of R(u) by

R(O)v := R%(ei%v).

Let R, = R(1{;—y)) as in Section [3| To recall all important results (including [G11]), we
shall also need the following stronger version of (P1), which holds (in the Banach space B)
under the assumptions of Section [3.1]and (H1)(b’) formulated in Section [6]

(P1’) [|Rn| < pg(t =n) < n~ D with 8 as in (H1)(b").

For the verification of bf (P1’) we refer to [S02].

It is known that a certain aperiodicity assumption is required to obtain the exact asymp-
totics for the correlation function (see [S02, |G04, [(G11, MT12]). In the present set-up we
shall need the following stronger version of (P2), which holds (in the Banach space B) under
the assumptions of Section [3.1]

(P2’) (i) The eigenvalue 1 is simple and isolated in the spectrum of R(0).
(ii) For e # 1, the spectrum of R(#) does not contain 1.

The main result of this section states that the correlation coefficients of 1444, behave as in
the null recurrent case, not only when s = 0, but also as s — 0 sufficiently quickly compared
to the rate at which n — oo.

Theorem 7.1 Assume (H1)(b’) and (H3) and recall that (P1") and (P2’) hold. Let v,w be
functions supported on' Y with v € B and w bounded. Then

lim nl_ﬂ/ vwof”d,u¢+5w:/ vdqu/ wdfg, (7.1)
Y Y Y

s—0

n—oo
where the simultaneous limit is taken such that s = o(n=0=A/B=e)) " for ¢ > 0 arbitrarily
small.

Remark 7.2 Using arguments as in [BTel8], one can deal with larger classes of functions
and the case when 7 is a general return time, but this goes beyond the scope of this paper.

We recall that the asymptotics of the correlation function for infinite measure preserving
systems can be obtained via the use of operator renewal theory as in [G11, MT12] (introduced
in the context of dynamical system in [S02] to be obtain lower bounds for the correlation decay
for finite measure preserving systems). Put T,,v = 1ng(1y’L)) and recall that the relationship
Tn = >7j_1 Ta—jR; generalizes the notion of scalar renewal sequences (see [F66, BGT] and
references therein). Consider the following conditions:
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(a) B € (1/2,1) and (P1);
(b) B€(0,1) and (P1").
Using (a), Theorem [MT12, Theorem 1.1] establishes that for all v € B,
lim n!=PT,0 = C’g/ vdpg, (7.2)
Y

n—oo

uniformly on Y, where Cp is a constant that depends on 3 and the value of the density
dug . . = .
h= %“; at some point y € Y, where mg is the ¢-conformal measure for the induced map F'.

Equally importantly, [G11, Theorem 1.1] shows that (|7.2)) holds under (b).
In what follows we use (7.2)) to obtain the asymptotics of [, vw o f" dpugysy. Since we
want to let s — 0 we will also use Lemma

Proof of Theorem Since v, w are supported on Y, we write
/ vwo f" gy = / vwo [* dpgsy = / vwo f" dpig + Ky w(s),
Y Y Y

where K, .(s) = [, vw o f" (dpgrsp — dpg). Recall v € B and w is a bounded function
supported on Y. Using Lemma ﬂ

[Kuaal)] < ol sup [w(0)| | (i = dieg)| < ol sup (o) ls"
yey Y yey

By (7.2),
. ]__B -~ _ -
nlg]gon /Yvwof”d,u(b%Cg/Yvduqs/Ywd,u(ﬁ.

By assumption, s = o(n~(1=#/(8=¢)) 50 s#~¢ = o(n=(1=#)) and the conclusion follows. |

7.2 Arcsine law as s — 0

In this section we briefly spell out some consequences of Lemma for limit laws in this null
recurrent limiting potential setting.

We will be interested in an arcsine law (studied for dynamical systems with infinite
measure by Thaler, in for instance, [ThaOQ], see also references therein) w.r.t. the limit
measure limg_,q (e

For n > 1 and x € Uj_, FY, let
Zn(z)=max{0<j<n:flreY}

denote the time of the last visit of the orbit of z to Y during the time interval [0, n].
Let (g denote a random variable distributed according to the B(1 — 3, ) distribution:

1 | 1
P(ngt):;smﬁﬂ ; ———————du, tel0,1].
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Proposition 7.3 Assume the set-up of Theorem with either (a) or (b). Let vs be an
absolutely continuous probability measure on Y with density gs € B. Moreover, suppose that
there exists g € B such that as s — 0, ||gs — g|| < $°7¢, for any e < .

Then

s—0
n—oo

1
lim v, {Zn < t} =P(¢s < 1),
n

where the simultaneous limit is taken such that s = o(n=0=8/B=e)) " for ¢ > 0 arbitrarily
small.

Proof The proof goes word for word as [ThaO(, Corollary 2] (see also [MT12, Corollary
9.10],[Tel5, Corollary 3.5] for error rates) with the additional use of ||gs — g|| < s°~¢ and
Lemma [6.21 |

Versions of the Darling-Kac law, where the involved distributional convergence is with
respect to any limit measure lim_,( v as in the statement of Proposition[7.3] can be obtained
using the classical results in [A97] and the present Lemma [6.2]

8 Examples

We first note that in all of our examples, (3.1)) holds since either we are dealing with first
return maps, or our reinducing time is a first return map on a finite measure set.

8.1 Checking the liftability condition

When the induced system has the BIP property, many of the conditions we assume in the
abstract set-up hold automatically. Indeed, under the full branches condition, any sufficiently
smooth (SV) induced potential has an RPF measure which satisfies the Gibbs property. The
next lemma, a version of [[T10, Lemma 4.1], goes a little way to ensuring the liftability
condition required in (H2). We write y for the potential; this can be ¢ or ¢ + sy as the
application requires.

Lemma 8.1 Suppose that (Y, F) has the BIP property, and x € SV. If P(x) < oo then
P(x = P(x)) 0.

We next give a setting where we can prove also P(x — P(x)) > 0 which will be relevant
for our examples, and gives us a criterion to check liftability. Note that if we know we have
an equilibrium state which lifts to (Y, F') the following holds immediately.

Lemma 8.2 Suppose that (Y, F) has the BIP property and P(x) € (0,00), x € SV and
P(x) < oo. Suppose further that for each € > 0 there is an ergodic u € M which lifts to
(Y, F) with hy(f) + [ x du > P(x) —e. Then P(x — P(x)) = 0.

Proof We aim to show that P(x — P(x)) = 0. Let g be the RPF measure for X. First
we claim P(Y) > 0. Indeed, since P(x) > 0, there is a measure v with h(v) + [ x dv > 0,
which, by Abramov’s formula, induces to a measure 7 with k() + [ ¥ dii > 0. This proves
the claim.
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Since 7 > 1, we must have P(x —p) < P(X) —p < oo for all p > 0 and p — P(x — p) is
a continuous decreasing function tending to —oo as p — oo. Hence, also using the claim and
Lemma there exists p > 0 such that

P(x—p)=0.

So the lemma follows if we can show that p = P(x). Let i’ be the RPF measure for the
potential y — p. The Gibbs property gives

/7‘ dji’ < Zn Z eSnx—mp < Zne_”pﬂ(X) < 0.
n T="N n

This projects to a measure p’ with

1 —
h#'+/X_pd/’L:w<hﬂl+/x_pdlu/>:0

(Note that this also shows that p/ is an equilibrium measure.) So p < P(x). If p < P(x)
then there is a measure v with h, + [ ¢+ sy —p dv > 0. So v induces to a measure 7 which
by Abramov’s formula has hy + [ x —p dv > 0, a contradiction. Hence p = P(x), proving
the lemma. |

8.2 Checking P(¢ + s¢) = o(s)
In Theorems and we require that s < (P(¢ + s¢))® for some a > 0. The following

lemma guarantees this in many settings.

Lemma 8.3 Suppose that (Y, F') has the BIP property and is (¢ + si)-liftable for s € (0, o),
and that ¢, € SV with [1| = o(7). If, furthermore, P(¢ + s1b) € (0,00) for s € (0,80) and
te, the projection of pig, is infinite, then P(¢ + sib) = o(s).

Proof For the duration of this proof, write p(s) = P(¢ + s¢). By Lemma ¢ + s is
positive recurrent and s — p(s) is analytic for s € (0,dp). Since % = [ 4 dps (where p; is the
equilibrium measure for ¢+ s1)), the lemma is proved if we can show that [ dus = o(s). We
use the induced measure fig, i.e., the equilibrium measure for ¢ + s1) — 7p(s). By Abramov’s
formula, and uniform distortion bounds, this means that we must estimate, for 7, = 7|y, and

qgi - SuprYi (ZE(JI), QLZ - SuprYi IL(I%

o IQE dﬂs - Zz 7/7}1/15(1/1)
/’(/) d#s B fT diis - ZiTi,“s(Yi) '

Now since || = o(7) and Y, 7us(Y;) — oo as s — 0, the result follows. |
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8.3 AFN maps

The main class of maps where the previous results apply are AFN maps, i.e., non-uniformly
expanding interval maps with finitely many branches, finitely many neutral fixed points, and
satisfying Adler’s distortion property (f”/f"* bounded). The two-parameter family of such
maps is the (non-Markov) Pomeau-Manneville maps f : [0, 1] — [0, 1] defined as
B e 4202) itz el0,5];
f(x) = fap(x) = {b(Qm ) it e (0.1, a>1,be(0,1]. (8.1)
The right branch of f is not expanding if b € (0, %], but the first return induced map F
toY = (%, 1] is uniformly expanding for all b € (0, 1], so we can allow all b € (0,1]. Still
F need not be Markov, but as shown in [BTel8| Section 9], one can construct a reinduced
Gibbs-Markov map to Y that satisfies the hypotheses in the previous section as we will see.
For the standard Pomeau-Manneville map (i.e., b = 1) with potential ¢, = —tlog f’, the
shape of the pressure was computed by Lopes [L93, Theorem 3]:

hu(1—1)+ B(1—t)Y*+ hot. ift<1andaé€ (3,1);
P(¢y) < ¢ C(1 —t)*+ h.o.t. ift<1landa>1;
0 if t > 1,

where h,, is the entropy of the non-Dirac equilibrium measure (i.e., the acip) and B,C > 0
are constants. Note that the transition case o = 1 corresponds to the transition from a finite
acip (for & < 1) to an infinite acim (for & > 1). The next proposition makes the case a > 1
more precise. Note that Lopes’ result in the a > 1 case follows from the proposition when
one notices that t — P(¢;) is of the form K (1 —t) + O((1 —t)?) where K = [ ¢ dpg.

Proposition 8.4 Let f = f,; be as in (8.1) and take ¢ = —log f'. Then ¢ € SV,
(a) Suppose that ¢¥(x) = —a" for x in a neighbourhood of 0 with n = (1 — y)a and v €

(0,/(1 4+ «)). Moreover, assume that P(¢ + si) > 0 for s > 0. Then
P(¢+ s9) = (CP(¢ + s9))* (1 + Q(5))
as s = 0 for C and Q as in Theorem with a = 1/p.

(b) If ¢ = —tlog f', then
P6) = (CP(@)*(1+Q(1 — 1))

ast /1 for C and Q as in Theorem (i.e., fors=1—1).
(¢c) For b =1, the conclusions of Theorem and Proposition hold.
Remark 8.5 The assumption b = 1 in part (c) is used to ensure that a Gibbs-Markov

first return map F' is available. Without it, extra arguments are needed which we omit for
simplicity, see Remark
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Proof The maps f with b =1 fit in the class of studied in [LSV99] with ¢ = —log f’ and
satisfies (H1)(b) (see [Tel5, Proposition A3]). For general b € (0, 1], [BTel8| Section 9] gives
pp(T >n) ~ enP for B =1/ and condition (H1)(b) holds. Here ¢ = ¢*h(}), where h is the
F-invariant density and ¢* is given in [Tel5, Section B]. The induced map is Gibbs-Markov,
and together with (H1)(b) this assures that (P1) and (P2) hold.

The induced potential ¢ = —log |F'| and for each n-cylinder C,,, we have

sup 19(e) =) < [l toglF@)] de = [ {ESRIP(©] de < APl (52)

z,yeChp

where A := sup |F"(¢)|/|F'(£)|? < oo by Adler’s condition, cf. [Z98, Lemma 10]. Since F is
uniformly expanding, sup{|C,| : n-cylinders} decreases exponentially in n, so ¢ € SV.

To prove (a), the potential ¢ (z) = —a" for n = (1 — vy)a (with v € (0,1]) and = close to
0 produces an induced potential ¢(z) ~ C — 7(z)7 as z — 3.

To check (H2), first note that the Hélder regularity guarantees that ¢ € SV (since F is
uniformly expanding, it suffices to bound the first variation: for z,y in the same 1-cylinder Y;
we have |¢(z) — ¥(y)| < Zzg_l FR DD nr+3) < o0). To conclude that (H2)
holds, we need to check liftability. First notice that there is only one measure in M, namely
5o, which does not lift to (Y, F'), so for a given potential x : [0,1] — [—o00,c0), Lemma
follows if d¢ is “not isolated”: there is a sequence (py,), of ergodic measures in M\ {u} such
that hy, + [ x dun — hy + [ x dp. For this, one can take a sequence of Dirac masses on
periodic cycles with this property, so liftability follows by Lemma [8:2}

With these hypotheses checked, Theorem gives the result.

For statement (b) on the potential ¢y, we take ¢ = —log|f'|, ¥ =log|f’| and s = 1 — ¢,
so ¢ = slog |[F'| € Ll(p¢) and (H2)(i) holds by Remark [3.2, Properties (P1) and (P2) and
(H2) are shown as above. It is standard that P(—tlog|f'[) > 0 if ¢ < 1. Hence Theorem [4.1]
applies with C' = (¢fI'(1 — 3))~ L.

For (c), the verification of (H1)(b’), (P1’) and (P2’) are similar to the verification of

1)(b), (P1) an o chec 3)(ii), take s > 0 and let hy := WG e the density
H1)(b), (P d . To check (H k dlet h —
—+ s

of the F-invariant equilibrium state w.r.t. the ¢ + sy-conformal measure on Y = [5, 1]; they
are Holder because 1 is. Since F' has full branches, we compute as n — oo:

1 1 i
Horsp(T=n) ~ hs <2) Mgrag(T =n) ~ hs (2> ¢Sn(8+sv)

1 hs(%
= hs () eSS"wmg(T =n) hs(3) eSS"w/%(T =n).

2 ho (3)
1
The continuity given in Lemma carries over to the density, so that lims_q ZSE%; = 1. This
2
verifies (H3)(ii). Therefore Theorem [7.1] and Proposition apply. |

8.4 Unimodal maps with flat critical points

Another source of infinite measure systems on the interval are C? Misiurewicz maps with a
flat critical point. The study of these goes back to [BM89], with further contributions by e.g.
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[Thu05), [Z04l, Tal7]. The map f :[—1,1] — [—1, 1] has a flat critical point 0 which means all
its derivatives vanish. For simplicity we let the Misiurewicz condition (non-recurrence of the
critical point) mean here that the critical orbit is 0 — 1 — —1 . In addition, we assume
that f is smooth and symmetric (i.e., f(z) = f(—z)). In this case, we can look at the first
return map F' = f7 : [—p,p] — [—p, p] where p > 0 is the orientation reversing fixed point of
f. This is a Gibbs-Markov map, with invariant measure y < Leb and density h = dcﬁﬁ is
smooth, bounded and bounded away from zero. Since all points except preimages of 0 enter
[—p, p] under iteration, the only potentials which are not liftable are those with equilibrium
measure dg, so as in the Pomeau-Manneville case, we only need to check if dy is isolated for
our potential of interest. It is easy to see that for ¢ = log|f’| = —1) this holds.

In [TalT], it is shown that for the potential ¢y = —tlog|f’|, there is a phase transition at
some t* > 0 and P(¢;) = 0 for t > ¢, but a proof that t+ = 1 (as one would conjecture) is
not given, and the order of the phase transition, and the shape of the pressure for ¢t < 1 are
not computed.

Lemma 8.6 Ift <1 then P(—tlog|f’|) >0, i.e., t* = 1.

Proof We first note that the potential —log|f’| is recurrent. One way is to see this is that
every point in [—1, 1]\ Up>0f~"(—1) returns to [—p, p] infinitely often. This is a full Lebesgue
measure set of points, so Lebesgue is conservative. Whence P(—log|F’|) = 0. The RPF
measure i can be shown to have finite, strictly positive, Lyapunov exponent [ log|F’| dji.
This can be seen from the Gibbs property of fi and the tail estimates of [Z04, Theorem
5]. Also by those tail estimates, there is ¢ > 0 such that P(—tlog|F’|) < oo for t €
(1—¢,00). Combining these two facts, we see that t — P(—tlog|F”|) is analytic on (1—¢, 00)
with derivative — [log|F’| diz < 0 at t = 1, so strictly decreasing. Since by Lemma
P(—tlog|F'| — TP(—tlog|f'|) <0, this gives P(—tlog|f’|) > 0 for t < 1. [

Combining [Z04, Formula (6)] with the computation of (8.2), we obtain that ¢ € SV.
The tail estimates in [Z04, Theorem 5] show regular variation, but since they are general and

don’t include the higher order termsEl, we present a slightly different family, and sketch the
argument for the tails. Set

1 — 2¢e b= jf 0
flz) = ‘ o0 frbaso, (8.3)
1 if x =0,
and let 5
1 1-— B
Vﬂy)z:l:(l—blog 2y) for p =1/«

be the two inverse branches of f. Then the region {7 > n} = (—ay, a,) where +a,, = Vi o
Vi oVE2(p). Let py = f(£ay) = Vi oV (p) = 1= G, where r = | f/(1)[ 1 = | f/(=1)| .
Then (pi1 =1 — Vi (Gur™) = Cur™ (1 4+ O(r"1¢2)), so ((n)n>1 converge exponentially fast

4In [Tal7], there are tail estimates (Proposition 2.6 part 3), but they are a bit imprecise and due to the form of
map, there is an extra logarithmic term which is not present in the setting presented here.
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to some positive limit (. This gives that for some ¢ > 0,
+a, = Vi(Cr" 114 0(e™ ™))

= 4n P (lmg\fb/(m)ﬁ (1 — im + O(n‘2)) .

Now to estimate u(7 > n) we integrate over the density h(z) = hg + hix + hoz? + O(23).
This shows that

an 9
u(t >n) = / ho + hix + hea? 4+ O(2?) dz = 2hoa, + ghgai + O(al)

—an

satisfies condition (H1)(b) in Section [§| when 3 € (3,1). (For smaller values of 3, we just
introduce more terms in the expansion of the density h.) Therefore Theorem applies to
the family (8.3) and potential ¢ = —log|f’|, so we obtain:

Proposition 8.7 Assume 1 is as in Proposition (here a neighbourhood around —1 takes
the role of the neighbourhood around 0) with o > 1. Then

P(¢+ ) = (CP(¢ + s9))*(1 + Q(s))

as s = 0 for C and Q as in Theorem [].1] B
In particular if ¢, = —tlog|f’|, then there is C such that P(¢) = (CP(¢))*(1+Q(1—1))
ast /1 for C and Q as in Theorem (i.e., fors=1—t).

Remark 8.8 If ¢(x) = n(—log(z + 1))7~! for some n > 0, v € (0,1] and all  close to —1,
then ¢ (y) ~ C — %(—logr)1*77(y)7 for y € [p,p] (where we recall that r = |f/(—1)|7! €
(0,1)), which falls under (H2)(ii). The proof that (H3) holds is similar to the argument for
AFN maps in Section [8:3]

8.5 Fibonacci unimodal maps

In [BTo15], a family of countably piecewise linear unimodal maps with Fibonacci combina-
torics is presented, and their thermodynamic properties are studied. The original motivation
to study Fibonacci unimodal maps is their unusual Lebesgue ergodic behaviour and (for suf-
ficiently large critical order) the existence of a Cantor set that is not Lyapunov stable (as
is the case with infinitely renormalisable unimodal maps) but attracts Lebesgue-a.e. point
[BKNS96]. The countably piecewise linear model is used to deal with the otherwise severe
problems of distortion control. It is comparable to the Gaspard-Wang [GW88] countably
piecewise linear map as model for the smooth Pomeau-Manneville map.

Let Sp,81,82,83,84,... = 1,2,3,5,8,... be the Fibonacci numbers. A Fibonacci uni-
modal map f :[0,1] — [0, 1] with critical point ¢ = %, has two sequences of precritical points
zr /¢ and 2, \, c such that fS* maps both [z, c] and [c, 2] monotonically onto [c, f*c]
whereas o (zp41) = f%(Z441) = 2x—1 or 2,_1. Therefore we can construct a Markov in-
duced map

F=f% where o(z) =S if € Vi1 := [ 2kt1) U (Bht1, 2 (8.4)
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see Figure The countably piecewise linear Fibonacci map is constructed to be linear on
each interval [zx, zx+1) and (241, 2x] and so that the induced map F' also has linear branches,
see [BTol5l Section 2]. In fact, for any A € (0,1) one can construct a countably piecewise
linear Fibonacci map fy such that |2; — ¢| = |2 — ¢/ = 1A\* and the induced map Fy = f¢
has slopes F} = A7}(1 — A)~! wherever defined on [z1, 21]. Furthermore, F) is two-to-one
semiconjugate to the map

T (2) lz frev; =\ 1), .
A= e if 2 € V= (A AY, > 2 59
)\(17/\) n - I 9 = 4y

and isomorphic to the map studied by Stratmann & Vogt [SV97] and later in [BTol2] (see
Figure[I). Note that log F)\ has zero variations.

Vs Vi Vs Vs Vi 20 R172223%24 C 247:’3 Z9 21 20

Figure 1: The maps T} : [0,1] — [0,1] and F) : [20, Z0] — [20, Z0]-

Lebesgue measure is dissipative if A > % (see [BTol5, Theorem A]). The tail estimated in
produces a conservative fy-invariant measure that is finite if A € (0, 3+27\/5) and infinite

sigma-finite if A € (3+2\/g7 3).
We summarise some of the main results of [BTo15] on the shape of the pressure of potential
¢ = —tlog f} and induced potential ¢y = —tlog F:

Theorem 8.9 [BT012, Theorem A] and [BTol5, Theorem D] For ' < %,
_ 1=\t
P =1 .
(¢¢) = log < 1_ M

For \ € (2 1) and golden mean G = 1+2\/57 there are constants Cy, C1 such that

3+v/57 2
log G Alog G
Co(l —t)lee® < P(¢y) < Cp(1 — t)2H0-2%) (8.6)
2
1—/T—4AX (1—N)?
fort <1, and R = ( 4)\t(1_(/\)t ) ) . Finally, P(¢¢) =0 fort > 0.
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The induced system has no phase transition at ¢ = 1; instead ¢ — P(¢;) is real analytic
near t = 1 with a strictly negative slope. We will first focus on the thermodynamics of T
before moving on to the full Fibonacci case.

8.5.1 Stratmann-Vogt example in isolation

Here we consider the Stratmann-Vogt map T = T), forgetting that it came from a unimodal
map (so, for example, the Fibonacci numbers do not feature here). As shown in [BTo12], for
A = 1/2 the equilibrium measure u; for ¢ = —log |T”| is null recurrent. The idea here is to
induce to a first return map to V3.

As in [BTo12], from a topological point of view, the map T has a natural Markov coding
with transition matrix

o O ==

O = =

o = =

— = = =

e e e e
[S—y

Let p be the first return time of T to V7 and denote the domains of the first return map 7°
by {Y;};. For Y; with ply, = n we have |¥;| = A[A(1—\)]""" = & Moreover, since the
branches are linear, the equilibrium measure ji for the return map 77 is precisely normalised
Lebesgue measure on Vi. So to compute the measure of the tails, we only need to estimate
the number #{7 = n} of intervals Y; with p|y, = n. But this can be computed explicitly.
The only way a point can return to Vi in one step is if either it started in Vj or it lies in
V5. Clearly there is only one domain with inducing time 1. For p = n > 2, the problem boils

down to how many ways there are of entering V2 without hitting V;.
Lemma 8.10 The number #{p = n} is the nth Catalan number C,, = %—H(Q;L’L)

Proof A Dyck word of length 2n, (z1,...,z2,) has n ups and n downs and at any truncation
(x1,...,z) for k < n, never has more downs than ups. There are C,, Dyck words of length
2n. We will show that this is in bijection with our paths (V2,V;,,..., Vi, ,,V2). We can
code each path from V5 back to Vo by a Dyck word. For a Dyck word (zj,...,x;,), we
call a maximal subword (u,u,...,u,d,d,...,d) a peak (namely, the letter preceding this is
either empty or d, and the letter succeeding it is either empty or u). For the first peak, if it
consists of k1 consecutive ups and then ¢; consecutive downs, write m; = 2 + k1 — /1. Then
we get the code (Va, Voyg,, Vosky—1, Vatky—2,- - -5 Vin, ). For the next peak, consisting of ko
consecutive ups and then #9 consecutive downs, write my = mq + ko — £9 and we append
the code (Vin,+kys Ving+ko—1> Ving+ka—2 - - - » Vi ). Continuing in this way, and appending V5
at the very end, we obtain a code (Va,V;,,...,V; ,V2). In other words, the Dyck word is
obtained as the concatenation

w2 gyt g s g g 12— (8.7)

It is easy to see that this coding is a bijection. |

28



We know that C,, ~ 2 n 2 fact, the precise asymptotics (see [FS09, Chapter V.2])
4m ( 3 9 _s5 145 _= >
ani n2——m 2+—mn 2 —--- .

Since for any domain of the first return map Y; with ply, = n we have |Y;| = Dl Y A1 — At

is:

and since the equilibrium measure Jz for the return map is precisely normahsed ¢-conformal
measure on Vj for ¢ = Z —0 L ¢ 0TI, this means that

. Vi
ilp>n) = |V1|11_ ZC

1

NCIEY ST A - NF R (8.8)

k>n

Hence, for A < %, it is has exponential tails.

In the interesting null recurrent case, A = %, so |Y;| = 2%‘, the tail is

a(p >n) = cn"? 4o + O(n*g),

which fits in with (H1)(b). The induced map consists of countably many linear onto branches,
so it satisfies all the other conditions of Section [3] and Theorem [£.1] applies.

Proposition 8.11 Consider Ty/5. Suppose that ¢ : [0,1] — R is piecewise k-Holder for
some k > 0. such that (xz) = —b for some b >0 and all x € [0,1] \ Vo and P(¢ + sp) > 0.
Then

P(¢+ sv) = (CP(+ 51))*(1 + Q(s))
as s = 0 for C and Q as in Theorem [].1]
If ¢y = tlog|T’|, then
P(¢¢) = (CP(60))"/°(1+ Q(1 ~ 1))
ast /1 for C and Q as in Theorem (i.e., fors=1—t).

The proof goes as in Proposition except that the assumption ¢ € SV does not require
a particular Holder exponent on ¢ as Ty is uniformly expanding.

8.5.2 The Fibonacci case

We are interested in the infinite acim g = p; which, as in Theorem we see whenever
A€ (3+\[, 2) Since the pressure of the relevant potential ¢ = log|f’| is zero, the form of

the induced measure for T can be taken directly from [BTol5]. The inducing time o is a
lacunary sequence (o takes only Fibonacci numbers as values). FromilBTol2, Proposition 1]
we have the small tail estimates for the equilibrium measure p; for ¢ = Z}:& ¢o fI:

k
palo =8 = <1_AA) . (8.9)
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The big tail estimates

A (log ﬁ)/IOgG

k
palo > Sp) = <H> ~ GoS, = GpS;” (8.10)

are not regularly varying, but at least polynomial with exponent g := (log A) /log G. Here

Go = %31\‘; based on Binet’s formula Sy = %(Gk” - (—1/G)k+2), and note that

B e (0,1) for A € (

3+f’2)

Proposition 8.12 For the countably piecewise linear Fibonacci map fy for A € (3+2\/g’ %)
and potential ¢ = —tlog|f}| we have

Pp)=(1-0)"" as t 1.

The main challenge here is proving the following theorem, which is of independent interest:
the proof of the above proposition then follows similarly to the previous cases. In order to
state the theorem let 115 denote the measure for F' = f7 and u 3 denote the measure for

F=Fr Let p:= Jy p dpg < oo. Recall that 8 = log[(1 —\)/A]/log G.

Theorem 8.13 Let 1 be the reinduced measure, associated to FP = (f7)°. There are
constants 0 < Cy < C1 such that

anfﬁ < M&(T > n) < Clnfﬁ
Proof From [BTel8, Lemma A.1] we have

pg(r>n) = ppglo >n)

= 1n>0' n—o Ofakd'u’ﬁ_/‘ 1O'Tlofo-kd'uA>.
2 </{T=ak+1} fnzozn=ont O Jrsoy v

k>0

Contrary to the statement of [BTel8, Lemma A.1], the domain [z, Z9] of our map f7 is a
proper superset of the domain V; of (f7)?. However, the proof of Lemma A.1. relies only on
the representation 7w !([20, 20]) of [0, 20] inside the tower over V7, and taking that point of
view, there is no difference in the proof

Upper bound: Take N = logn|. We estimate the sum

Llog AN(1-X)

J1 = Z/ 1{n20>n—0k} o f7 d/‘d}
{r=0k+41}

Since 7(y) = op1(y) implies that f7(y) € Va N F~1(V1), so o(f7*(y)) = 2 and therefore we
have addltlonally o > n—2. Hence the summand in the above formula cons1sts of all k-paths
Vs to Vs avoiding Vl, and for which 7, > n — 2. As in the proof of Lemma such paths
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are in one-to-one correspondence with Dyck words of length 2k, or equivalently, with random
walks on Ny := NU{0} of length 2k, starting and ending at 0. If the maximum of such a path
is M < (log(n—1)—logk)/log G, then o), < kSpr < n—2 so the condition o > n— 2 implies
that M > (log(n — 1) — logk)/log G. This also implies that £ > Ny := | (logn)/log G| since
otherwise the path is too short to return from M to 0. The theory of random walks on Ny
(specifically, the reflection principle) says that the number of 2k-paths from 0 back to 0 with
maximum > M is equal to the number of 2k-paths from 0 to 2M. Indeed, such a path must
have a last instance at which it takes the value M, and then we reflect the remaining path,
namely from M to 0, to a path from M to 2M. The number of such paths is (M2_]ik) Since

each such path corresponds to one domain of F of length [A(1 — A)]¥, we obtain that the
measure of the set of points with this property (for fixed M) is bounded by

2k 2k)2E N (1 — \)]F k
A 1= <M + k) A= V] ~ (k —i-(M;kJF[M((k: — J\)})’C—M m(k? — M?2)’ (8.11)

where we used Stirling’s formula. Taking the logarithm of this expression, and setting its
derivative % log(Ag) = 0, we find

2k 2k 1 k?+ M?
0=1 log \(1— ) — — T2
Og(k+Mk—M)+0g A T

For k = kg := 1¥2)\’ SO k-gy =1—Xand &M — )\  the two logarithms in this expression
cancel, and the third term is small for large M, so we expect that Ap is maximal for k
close to kg. Comparing the binomial coefficients directly, one can check that max{A; : j #
ko ko — 1} < Apy < Agy—1 = 2k 25 Ay, so the global maximum is Ay, 1. For the value

= M/(1 —2)\), we have M = NO—(logn)/logG and

2k 2ko 1—2) "
Apo1 = ——C Ay = A/(1= A
Fo—1 2o — 17" 2% — 1 4)\(1—)\)7TM[ /(=2

 2ky [(1—2X)logG nF (8.12)
2k —1\ 41 -N7 ogn '

Therefore

1
n—B /
<L Jp = Z A < lognn ,
\/logn Pyl

but we will improve this to J; =< n=5.
Let My be the largest even integer < /M. We claim that there exist 0 < 6 < 6’ and
K < K’ such that

ko+Mp—1 k?()-i-(f-‘rl)Mo—l
0/2, — —00/2, —
Ke/nﬁg Z A Z A; < Ke /nﬁ,
j:ko j:ko—‘rfMU
ko—1 ko—fMo—1
—0'/2. — ! _—00/2 —
Ke /nﬁg ZA]- Z Aj<K'e /2B
Jj=ko—Mp j=ko—(#+1) My
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for all £ > 0 such that the index j € [M, N].
ko+M

To prove this, first compute (recalling that 1 — A = #=% and A = ko)

2kq

(2ko + 2)(2ko +4) - - - (2ko + 2Mp)
(ko + M + 1) (ko + M +2) - -+ (ko + M + M)
(2ko+2—-1)2ko+4—1)--- (2ko + 2Mp — 1)

(ko — M +1)(ko — M +2)--- (ko — M + (My — 1))

i 2k +5) \ 17 (1 20ko+35) —1

- A’“(’H((l_”kwMﬂ)E(A ko—M+j)

j=1

AkoJrMo = Ako [)‘(1 - )‘)]MO ’

MO 1+2k;0 MO 1+

- I T

J J
j=1 L+ ko+M j=1 L+ ko—M

2k0

j=1
My )
2M
" ]1;[1 ko(kg — M?)
2 )3
Recall that ko = 124+, so ko(lfgj\/—IM% 2](\/1[)\(21 )A) . Therefore

7 (1 —=2X
AkO+M0 ~ Ak’o epolog < M;A(i))

7=1
Mo
. 0 (My+ 1)M, _
~ Aggexp | =2 ] —Akoexp(—M( : 2) 0>"’Ak€0/2
j=1

Since Ag,4; is decreasing in j, we have

Mo—1
Ke_G/Qn_B = MQAk0€_0/2 < Z Ak0+j < MDAkO = Kn_ﬁ,
§=0
for K = \/% as in (8.12). A similar argument gives a 6’ such that
My
KG_Q,/QTL_’B = MQAkoe_el/z S ZA]CO*]' S MOAko = Kn_ﬁ,
j=1
and also
(£+1)Mo—1 OMo—1
Z Apotj < Ke2p=F  and Z Apo—j < Ke /271_57
j=LMo =(+1)Mo

as long as j € [M, N]. This proves the claim.

32



Finally, using geometric series, we can find 0 < Ko < K7 such that

(N—ko)/My ko+(£+1)Mo—1

N
Kgniﬁ < Ji = Z Aj ~ Z Z Aj < Klniﬁ
=M

t=(ko—M)/My  j=ko+£Mo

Lower bound: We estimate
N

Jo = Z/ 1{0’>n} o fok d,u,(z;.
k=0 {r>0k+1
If y is such that Sy = o o f7%(y) for n > 3, then automatically p > k + 1, and the domain
of fox+1 = F*+1 containing y maps to an interval of length O(AM~1). This is because F*+!
maps the corresponding domain onto one of the two components of U,,> -1Vim. The slope
of F¥is A[]A(1 — \)]¥, so the domain itself has length O(AM[\(1 — \)]).

Using Dyck words, i.e., the codings from (8.7 (or equivalently paths of the standard
random walk on Ny), the path from Vs to V,,, m > M — 1, corresponds to a Dyck word
X1 ... Tok+m With k+m “ups” and k “downs”. Since the number of “ups” always exceeds

the number of “downs* in all subwords 7 ... x;, the reflection principle gives that there are

Cerm) = (Zma) = i (- (k+mi(2]§zrk14)rm+1)) < (e

m > Ng := [(logn)/log G|, we get

Jo < Z > (Qkkj;n) mIN1 = A)]F.

) such words. Since ¢ > n implies

k=Ng m>Ng
Now
<2k+m> B (2k+m) (3™
kem )\ GR)
< <2§klumm> (nll<:+1)(k+il)---(k+%)
tm ) (k+ 2+ 1)(k+ 2 +2)--- (k+m)
2 2%+m (k+1)(k+2)--(k+m/2)
TV2%k+mk+5+0)(k+54+2)-(k+m)
Therefore
al k+1)(k+2)---(k+2
J2<<k;vo[4k(l m;V \/W k+( +1§Ek+ )+2() (21c)+m)'

The largest value of the summand is achieved at k = Ny, and is equal to

o (No+1)(No+2)-- (No+2)
m>N0\/mN0+ +1D(No+ 5 +2)---(No+m)




We estimate the product in this expression with m = Ny, using a Riemann sum, as

No/2 _ No/2
| AR A expilog
i No+ S+

N No N
~ 2/3 Oexp< 5 / log(1 + 6)da:) < \/2/3 00040,
0

Therefore

No
N — Ng 2 \/5 1/12 1 log[8A2(1— ,\)\F 0.04] -3
J: AN (1= M/ = < Tox G < ,
2 K N ( ( ) 3¢ < \/mn n

provided 8A2(1 — ) \/%60'04 < log ﬁ, or equivalently 8A(1 — )\)2\/2 +0.04 < 1. The
3+2\/5’ 3] occurs at A = Ao := ﬁ, and then 8\o(1 — )\0)2\/%+
0.04 ~ 0.93. Hence, there exists 3’ > /3 such that Jo < n=? as n — .

Combining the estimates for Jy and Jp with (8.10), we find py(r > n) = puglo >

n) + Ji — Jo = O(n=?), and this proves the theorem. |

maximum of A?(1 — \) on [

Proof of Proposition [8.12] The facts that the potential —tlog|f’| is recurrent for ¢ < 1
and P(—tlog|f']) > 0 for ¢t < 1 follow from [BTo09, BTo15|]. The induced map F = f7 has
good liftability properties because every f-invariant measure is liftable, see [Kel89], except
the Dirac measure &y, but this measure is supported outside the core [f2(c), f(c)]. So all of
our potentials are liftable for F. Indeed, the induced potentials —tlog |F'| — o P(—tlog|f’|)
for F' are also recurrent since as in [BTol5|] these potentials all have equilibrium states for
t < 1. Moreover, the variations of the induced potential are zero.

However, F' doesn’t have the BIP property, and therefore we induce again, as a first return
to Vi := [20,21) U (21, %0). For p(y) = min{n >1: F"(y) € Vi} the map F' = F* : V; — V}
is then a Markov map with linear branches that are onto a component of Vi (so the BIP
property holds) and reinduced potential b = Z;’;é ¢oFI = —log |F 'I. If we take a first
return map for a Markov system with a recurrent potential with summable variations and
zero pressure, then the potential induces to one which also has zero pressure (see [SO1b
Theorem 2]), so all of our potentials are liftable for F' as well.

The only aspect that remains to be checked is (H1)(a), which follows from Theorem
|

Remark 8.14 In order to compare this with the results in [BTol5] (as recalled in Theo-
rem We note that analogous result holds for ¢;-conformal measure (instead of Lebesgue),

when we replace A with \!.
For A < 1 and hence /1 —4X(1—\)t € [0, 1) we have 24/(1 — A (1—)&) >1>

1 — /1 —4X(1 =M\t for t < 1. Squaring gives log )\
Another simple calculatlon gives X(l —2)\) > Therefore the exponent 1/5(t) lies
indeed between the values given in . In fact, the lower bound from is qulte accurate,
because both lim; ~ log R ~ 2(1 — 2)\) and lim; ~ log 15 )\t ~2(1—2\) as A 3.
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