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ABSTRACT. We study vector fields generating a local flow by
automorphisms of a parabolic geometry with higher-order fixed
points. We develop general tools extending the techniques of
[22], [13], and [14], and we apply them to almost-Grassmannian,
almost-quaternionic, and contact parabolic geometries, including
CR structures. We obtain descriptions of the possible dynamics
of such flows near the fixed point and strong restrictions on the
curvature; in some cases, we can show vanishing of the curvature
on a non-empty open set. Deriving consequences for a specific
geometry entails evaluatmg purely algebraic and representation-
theoretic criteria in the model homogeneous space.

1. INTRODUCTION

An array of results in differential geometry tell us that geometric structures ad-
mitting a large group of automorphisms are special and must have a particularly
simple form. For example, a Riemannian manifold M™ with Isom(M) of maxi-
mum possible dimension n(n + 1) /2 must have constant sectional curvature and
thus be a space form. More generally, the maximal dimension for the Lie alge-
bra of Killing vector fields on a Riemannian manifold, or for the Lie algebra of
infinitesimal automorphisms for many classical geometric structures, can be only
attained on open subsets of a homogeneous model.

In some cases, the existence of a single automorphism or infinitesimal au-
tomorphism of special type restricts the geometry. Special automorphisms that
exist for some geometric structures are those that equal the identity to first or-
der at a point; note that, because of the exponential map, Riemannian metrics
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never admit such automorphisms, except the identity. The projective transforma-
tions of projective space RP", on the other hand, do include such automorphisms:
there is Id + g € Aut(RP™) with g.x = x and Dgx = Id. The space RP" viewed
as a homogeneous space of the group of projective transformations is the model
for classical projective structures. Such a structure on a manifold M is an equiva-
lence class [V] of torsion-free linear connections on TM having the same sets of
geodesics up to reparametrization. An automorphism is a diffeomorphism of M
preserving [ V], or, equivalently, preserving the corresponding family of geodesic
paths as unparametrized curves.

For M connected, an automorphism of a classical projective structure on M is
uniquely determined by its two-jet at a single point. Non-trivial automorphisms
fixing a point to first order are examples of essential automorphisms—ones not
preserving any connection in the projective class [V]. Nagano and Ochiai [22]
proved that if a compact, connected manifold M" with a torsion-free connection
admits a non-trivial vector field for which the flow is projective and trivial to first
order at a point X, then M is projectively flat on a neighborhood of x¢—that is,
locally projectively equivalent to RP™.

Pseudo-Riemannian conformal structures may also admit non-trivial auto-
morphisms which equal the identity to first order in a point. In this case, Frances
and the second author prove analogous results in [13] and [14]. Their theorems
say that if a conformal vector field X vanishes at a point x, and if the flow {Pitier
is unbounded but has precompact differential at x, then the manifold is confor-
mally flat on a non-empty open set U with x € U.

Both proofs make use of the Cartan geometry canonically associated with the
structures in question, and of the contracting—though not necessarily uniformly
contracting—dynamics of the given flows. In both cases, the Cartan geometry is
a parabolic geometry, one for which the homogeneous model is G/P for G a semi-
simple Lie group and P a parabolic subgroup. An introduction to the general
theory of parabolic geometries can be found in [8]. See [4] and [5] for general
results on automorphisms and infinitesimal automorphisms.

In this article, we develop machinery to apply these ideas to study the behavior
of a certain class of flows fixing a point that include the projective and conformal
flows described above, in the general setting of parabolic geometries. Our results
lead to descriptions of the possible dynamics of such flows near the fixed point
and to strong restrictions on the curvature. In some cases, we can show vanishing
of the curvature on a non-empty open set. Deriving consequences for a specific
geometry entails evaluating purely algebraic and representation-theoretic criteria
for the pair (G, P).

1.1. Background.

1.1.1. Cartan geometries of parabolic type. Let G be a semi-simple Lie
group with Lie algebra g. A parabolic subalgebra of g can be specified by a [k|-
grading for some positive integer k, which is a grading of g of the form g =
g-k®- - - @ gk such that no simple ideal is contained in the subalgebra go, and such
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that the subalgebra g = @;( g; is generated by g_;. The parabolic subalgebra
determined by the grading is then p = @;-¢ gi, and a parabolic subgroup P < G
is a subgroup with Lie algebra p. It is a fact that

N2%(p) < P < Ng(p)

where Ng (p) is the normalizer and N (p) is its connected component of the iden-
tity. The center of gy contains the grading element A, for which each g; is an
eigenspace of ad(A) with eigenvalue i. The |k|-gradings of a given Lie algebra g
correspond to subsets of the simple roots when g is complex, and subsets of simple
restricted roots for g real, associated with a choice of Cartan subalgebra (which is
maximally non-compact in the real case); see Section 3.2 of [8].

Defining g = @ ., gj makes g into a filtered Lie algebra such that p = g°.
The parabolic subgroup P acts by filtration-preserving automorphisms under the
adjoint action. The subgroup Gy < P preserving the grading of g has Lie algebra
go- Denote p;. = g!, and let P, < P be the corresponding subgroups; it is unipotent
and normal in P, and exp : p+ — P is a diffeomorphism. Then Gy = P/P,, and
it is closed and reductive.

Definition 1.1. Let G be a Lie group with Lie algebra g and P a closed sub-
group. A Cartan geometry on M modeled on the pair (g, P) is a triple (M, B, w),
where

(1) 7 :B — M is a principal P-bundle;

(2) w € QY(B,g) is the Cartan connection, satisfying the following:

(a) Forall b € B, the restriction wy, : TpB — g is a linear isomorphism;
(b) Forall p € P, the pullback R} = Ad(p~') o w;

(c) Forall X €p, if X is the fundammm/ vector field

. d
X(b) = —| b.etX,
(b) o
then w(X) =
The Cartan connection generalizes the left-invariant Maurer-Cartan form wg

on G. The following curvature is a complete obstruction to local isomorphism of
(M, B, w) to the homogeneous model (G/P, G, wg).

Definition 1.2. The curvature of the Cartan connection w is the two-form
K € Q?(B, g) given by

K(&,n) =dw(&n) + [w(&), w(n)].

Definition 1.3. A parabolic geometry on a manifold M is a Cartan geometry on
M modeled on (g, P) for G a semi-simple Lie group and P a parabolic subgroup.

The Cartan connection w gives rise to natural local charts on B as follows. To
each A € g corresponds an w-constant vector field A € X(B), characterized by



1920 ANDREAS CAP ¢ KARIN MELNICK

w(A) = A. Note that A is the fundamental vector field if A € p. For any b € B,
and sufficiently small A € g, define exp(b, A) = exp, (A) to be the image of b
under the time-one flow along A. There is a neighborhood U of 0 € g on which
exp,, is defined and a diffeomorphism onto an open subset of B. Composing the
projection 17, with the restriction of exp,, to any linear subspace in g complemen-
tary to p, we obtain a local chart on M. The exponential map gives rise to a notion
of distinguished curves and to normal coordinates on a parabolic geometry.

Definition 1.4. Consider a parabolic geometry on M of type (g, P). Then,
we have the following:

o For X € g, an exponential curve in M is the projection to M of a curve
t — exp(b, tX) for some b € B. ltis a distinguished curve of the geometry
ifXeg_.

o A distinguished chart on M is a chart with values in g_ obtained as a local
inverse of 1T o exp,, |4_.

For a given parabolic model, exponential and distinguished curves can be clas-
sified by the geometric type of the initial direction (see Section 1.2 below). Section
5.3 of [8] contains thorough descriptions of the classes of distinguished curves
for many parabolic models. In the next section, we introduce normal charts, with
values in tangent spaces.

1.1.2. Adjoint tractor bundle and infinitesimal automorphisms. Natu-
ral vector bundles on parabolic geometries modeled on G/P can be obtained as
associated bundles to the Cartan bundle. Given a representation W of P, we
form B xp W. Using the Cartan connection, such bundles can sometimes be
identified with tensor bundles; for example, the adjoint representation restricted
to P descends to the quotient vector space g/p, and B Xp (g/p) = TM. The
main idea in defining this isomorphism is to note that, for each b € B with
m(b) = x € M, the linear isomorphism wp : TpB — g induces a linear isomor-
phism TxM = TpB/ ker(Dp 1) — g/p.

For b € B with (b) = x € M, the linear isomorphism TxM — g/p — g-
composed with the normal coordinate chart 7 o exp,, gives a diffeomorphism from
an open neighborhood of 0 in TxM onto an open neighborhood of x € M, which
we will refer to as a normal coordinate chart for M. By construction, a straight line
{t& : t € R} through 0 € TxM corresponds to a distinguished curve through x
with initial direction &.

Two further associated bundles to the Cartan bundle will play a role in the
sequel. The Killing form of g gives an identification of (g/p)* with p,, so B Xp
p+ = T*M. The adjoint tractor bundle is AM = B xp g and is useful for studying
infinitesimal automorphisms. The filtration of g gives rise to a filtration AM =
A~*M > ... > A*M by smooth subbundles. Since g! = p; and g° = p, we
see that A'M = T*M and AM/A°M = TM. Denote by IT : AM — TM the
resulting natural projection.

The curvature of w from Definition 1.2 can be naturally viewed as an element
k € Q(M, AM). Indeed, from the defining properties of w, it follows easily that
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K € Q*(B, g) is horizontal and P-equivariant and thus corresponds to a form K as
above.

Vector fields on B are in bijective correspondence with g-valued smooth func-
tions via § — w(&). Equivariance of w immediately implies that w (&) is a P-
equivariant function if and only if & is a right-P-invariant vector field. The space
[(AM) of smooth sections of AM can be naturally identified with the space
X(B)? of P-invariant vector fields on B; note that these descend to M. On the
bundle AM, the corresponding projection is II.

An automorphism of (M, B, w) is a principal bundle automorphism that pre-
serves . These form a Lie group, which will be denoted Aut(M,B, w). An
infinitesimal automorphism is given by € € X(B)? such that Lzw = 0, where £
denotes the Lie derivative. (For a pseudo-Riemannian metric, infinitesimal auto-
morphisms are called Killing fields.) An infinitesimal automorphism 7 descends
to a vector field n on M. The resulting subalgebra of X(M) will be denoted inf(M)
below; note these vector fields are not assumed to be complete.

1.1.3. Normal parabolic geometries and harmonic curvature. Parabolic
geometries encode certain underlying geometric structures. First note that via
the isomorphism TM = AM/A°M, a parabolic geometry of type (g,P) gives
rise to a filtration TM = T*"M > - .- > T~ M of the tangent bundle, where
TM = AiM/AM. This filtration gives rise to a filtration of Q?(M, AM) by
homogeneity: T € Q?(M, AM) is called homogeneous of degree = £ if, for & €
TiM and n € T/M, the value T(&,n) € Ai+itlM.

The geometry (M, B, w) is regular if the curvature 2-form k is homoge-
neous of degree at least 1. A Cartan geometry is rorsion-free if k has values in
A'M c AM; torsion-free implies regular. Now, assuming regularity, the under-
lying structure of a parabolic geometry consists of the filtration {T?M};cn of the
tangent bundle and a reduction of structure group of the associated graded bundle
of this filtered bundle to Gy. Conversely, any such structure of a filtration with a
Go-reduction can be obtained from some regular parabolic geometry.

These geometric structures are equivalent, in the categorical sense, to regular
parabolic geometries satisfying an additional condition on k called normality. The
Lie algebra homology differentials for the Lie algebra p, with coefficients in the
module g define a P-equivariant homomorphism Akp, ® g — A¥"'p, ® g, which
is traditionally denoted by 0* and called the Kostant codifferential. For k = 2, this
homomorphism, on the level of associated bundles, gives a natural bundle map
A’T*M @ AM — T*M ® AM, also denoted by 0*. Now the geometry is called
normal if 0%k = 0.

The projective and conformal structures mentioned above correspond to |1]-
gradings. Other geometric structures arising from parabolic Cartan geometries
include almost-Grassmannian and almost-quaternionic structures, hypersurface-
type CR structures, path geometries, and several types of generic distributions.

The equivalence in the categorical sense implies that any automorphism of the
underlying structure uniquely lifts to an automorphism of the parabolic geometry.
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The analogous result for vector fields says that any infinitesimal automorphism
n of the underlying structure lifts uniquely to 7 € X(B)? such that L5w = 0.
Conversely, projecting an infinitesimal automorphism of (M, B, w) to M gives an
infinitesimal automorphism of the underlying structure.

The normality condition for parabolic geometries can also be used to extract
the essential part of the curvature of the canonical Cartan connection. As men-
tioned above, the Kostant codifferential induces bundle maps

ANT*M & AM — AN*’T*M @ AM — T*M & AM.

Since these maps come from a homology differential, the composition of the two
bundle maps above is zero, and so there are natural subbundles

im(0*) C ker(d*) c A2T*M ® AM.

By construction, the quotient bundle H, = ker(0*)/im(0*) can be realized as
B xp Hy(p+,9), and the latter Lie algebra homology group can be identified with
the Lie algebra cohomology group H?(g-, g). For a regular normal parabolic ge-
ometry, the curvature K actually is a section of ker(0*). The harmonic curvature
ki € T'(H,) is the image of k under the obvious quotient projection.

General theorems assert that no information is lost in passing from K to Kg.
First, vanishing of kg on an open subset U ¢ M implies vanishing of k on U. In
fact, there is a natural differential operator S : T'(H3) — Q% (M, AM) such that
S(kp) = k. The crucial advantage of the harmonic curvature is that one can show
that the representation H,(p+, g) is always completely reducible, and so the cor-
responding associated bundle is a simpler geometric object than A2T*M ® AM.
The structure of Hy(p+,g) can be computed with Kostant’s version of the Bott-
Borel-Weil theorem—see Section 3.3 of [8]. We will use without further citation
the resulting descriptions of harmonic curvature components for the individual
geometries we discuss.

1.2. Higher-order fixed points and the main questions. Let (M,B,w) be
a regular normal parabolic geometry of type (g, P). Let n € inf(M), and denote
the induced vector field on B by i, and by s the corresponding section of AM.
For xo € M, we have n(xy) = 0 if and only if s(x9) € A°M, equivalently if
wp, () € p for any by € ™~ 1(x).

Definition 1.5. The infinitesimal automorphism n, or the corresponding sec-
tion s of AM, has a higher-order fixed point at xo if s(x¢) € A'M. In this case,
the isotropy at xo of n (or of ) is the element of the cotangent space corresponding
to S(xqp).

Via by € 1t71(xy), the isotropy « € ¥ M corresponds to an element in p..
The geometric type of the infinitesimal automorphism at x is defined to be the P-
orbit of this element, which is independent of the choice of by. These geometric
types give rise to an initial classification of higher-order fixed points. For example,
in the conformal case, there is a natural inner product on T M up to scale, and
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so isotropies can be postive, null, or negative. For algebraically more complicated
models, as for CR structures, the cotangent bundle has a natural filtration induced
by A'M > --- > AKM, which leads to a variety of possible geometric types of
isotropies. These will be discussed in detail in several examples below. In all cases
we consider, there are only finitely many orbits, and in general there are finiteness
results of E. Vinberg [24].

Main Questions. What special dynamical properties are shared by infinitesimal
automorphisms admitting a higher-order fixed point with isotropy of a certain geomet-
ric type? What curvature restrictions are implied by existence of such an automorphism?
Which types of higher-order fixed points in xo imply that (M, B, w) is locally flat on
a non-empty open set U with xo € U?

Remark 1.6. The concept of essential automorphisms, which previously ex-
isted for conformal and projective structures, has recently been extended to all
parabolic geometries by J. Alt in [1]. It is immediate from his Proposition 3.4 that
a Killing field with a higher-order fixed point is essential.

1.3. Results. We develop general tools in Section 2 that give the precise
action of a flow on specific curves emanating from a higher-order fixed point.
Several of these propositions generalize the tools of [22] and [15], and we can
apply them to recover the previously cited theorems on higher-order fixed points
for projective and conformal flows. These applications are presented in a separate
article [7].

In Section 3.1, we apply these tools to (2, n)-almost-Grassmannian structures
to describe the two types of higher-order fixed points in these geometries, and we
show in Theorem 3.1 that if the geometry is torsion-free, then existence of either
type implies flatness on a non-empty open set. The proofs in this section easily
adapt to prove an analogous result for almost-quaternionic structures, without any
torsion-freeness assumption (see Theorem 3.7).

Next, we prove a general result for parabolic contact structures (see Section
3.3): another natural generalization of the hypotheses in the projective and con-
formal results [22] and [14] is to assume that a flow fixes a point X and has trivial
derivative at X, which in the parabolic contact case is a stronger assumption than
having x¢ be a higher-order fixed point. Under this hypothesis, we prove in The-
orem 3.9 that the curvature vanishes on an open set with X in its closure; in some
cases, we can further deduce flatness on a neighborhood of x.

Finally, in Section 3.4, we treat partially integrable almost-CR structures.
Theorem 3.11 says the harmonic curvature always vanishes at a higher-order fixed
point, and certain types of higher-order fixed points imply flatness on a non-empty
open set. A consequence of this theorem is a local C? version of the Schoen-
Webster theorem on automorphisms of strictly pseudoconvex CR structures (see
Theorem 3.16; cf. also [25] and [18]). For general non-degenerate CR struc-
tures, we are left with the following question. (Beloshapka [2] and Loboda [19]
have proved the answer is no in the case of real-analytic hypersurfaces of complex
manifolds.)
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Question 1.7. Is there a non-flat partially integrable almost-CR manifold, the
automorphism group of which has a higher-order fixed point?

2. GENERAL RESULTS

We note that the holonomy calculations of Propositions 2.5 and 2.12 below gen-
eralize Lemma 5.5 of [22] from the projective setting and Proposition 4.5 of [15]
from the conformal case.

We begin with a basic proposition from [15] that computes the holonomy of
an automorphism of a Cartan geometry with isotropy g in terms of the action of
gonG.

Proposition 2.1 ([15, Proposition 4.3]). Let @ € Aut(M, B, w). Suppose

e @by = bog for some by € B and g = go € P;

o exp(bo, SU) is defined for s in an interval I around O and for some U € g;

o gesU = ecOWUyp(s) in G, where p(t) : 1 — P with p(0) = go, and
c:1—1TI'isadiffeomorphism fixing 0.

Then, the corresponding equation holds in B: that is, exp(bo, SU) is also defined on
I', and @ exp(bg, sU) = exp(bo,c(s)U)p(s).

Remark 2.2. The proposition says that in normal coordinates for (M, B, w)
centered at the fixed point 1(byg), the automorphism @ resembles the model
automorphism g acting on G/P with fixed point 0 = [P]. The proposition is
related to the comparison maps studied in the recent paper [0].

Before stating our first general results on higher-order fixed points, we intro-
duce some terminology.

Definition 2.3. Let n € inf(M).

o The strongly fixed set of a given geometric type of the flow generated by n
is the set of all higher-order fixed points of that type. For a higher-order
fixed point xo, the term strongly fixed set will mean the strongly fixed set
of the type of xy.

e Given a neighborhood U of a higher-order fixed point xo, the strongly
fixed component of xg in U is the set of all points that can be reached from
X0 by a smooth curve contained in the intersection of U with the strongly
fixed set of x¢. The higher-order fixed point x is called smoothly isolated
if {xo} equals the strongly fixed component in some neighborhood.

For any xo € M and any choice of b € ™ 1(xy), the Cartan connection w
gives identifications T;{ M = p, and Tx,M = g/p such that the duality between the
two spaces is induced by the Killing form of g. Then, any & € T3 M corresponds
to an element Z € p.. Let

Fy(Z) = {X e g:ad%(Z) e p Vk €N},
Cy(Z) = {X €g:[X,Z] = 0} C Fy(2).

A different choice b’ € 1w 1(x0) is of the form b’ = b - g for some g € P,
which leads to Z’ = Ad(g’l)(Z), Fy(Z') = Ad(g’l)(Fg(Z)), and Cy(Z') =
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Ad(g1)(Cy4(Z)). By point (2)(b) in Definition 1.1, the images of these subsets
in g/p determine subsets C() C F(x) C Tx,M which are independent of the
choice of b. Of course, C'(x) C Tx,M is a linear subspace.

Definition 2.4. The subset F(x) C Tx,M and the subspace C(x) C Tyx,M
determined by & € T M as above are called, respectively, the normalizing subset
and the commutant of « in Ty M.

The following is a consequence of Proposition 2.1 for the local behavior of an
infinitesimal automorphism around a higher-order fixed point.
Proposition 2.5. Consider a Cartan geometry (M, B, w) modeled on (g, P) and
n € inf(M) with higher-order fixed point xo € M with isotropy x € Ty (M). The
Jollowing then hold:
(1) Forany & € F(x) C Tx,M, there is an exponential curve emanating from
X in the direction § consisting of fixed points for n. If & € C(x) C F(x),
then this curve lies in the strongly fixed set of x.
(2) If k = dimC(x), then there is a k-dimensional submanifold N C M
through X contained in the strongly fixed set of xo, with Txy,N = C ().
(3) For some neighborhood V' of xo, any point in the strongly fixed component
of xo in V can be reached by an exponential curve emanating from xq in
a direction belonging to C(&). In particular, if C(x) = {0}, then xq is
smoothly isolated.

Proof. Choose by € 17 1(x)) and set Z = wp,(A) € p+. Let U be a neigh-
borhood of 0 in g on which the restriction of exp;, is defined and is a diffeomor-
phism onto its image. For & € F(«), there is an element X € Fy(Z) such that
Dp, (w0 1(X)) =&. Let y(r) = Tt (expy, (r X)), defined for small 7.

In G, we have etZe"X = "Xt Ad(e™)(2) 3nd

(o)

Ad(e™™)(2) = >,

k=0

(-m)*
k!

ad% (2),

which lies in p since X € Fy(Z). If & € C(«x), then X can be chosen in Cy(Z),
and then Ad(e ") (Z) = Z. It follows from Proposition 2.1 that, in B, for all
sufficiently small t, X € V, and v < 1,

@ exp(bo, v X) = exp(b, rX)etAde)(2),

Now, (1) follows for F () because the rightmost term is in P. For & € C(),
differentiate with respect to t at time 0 to see that (exp(bg, ¥ X)) coincides with
the fundamental vector field generated by Z for all ».

For point (2), note that we can choose a k-dimensional subspace C' C Cy(Z)
with C n'p = 0. Extend C to a linear subspace of g which is complementary to
p. Then, 17 o exp,, can be restricted to an open neighborhood of zero to obtain a
submanifold chart as required.
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For (3), let y(r) be a smooth curve emanating from xy which lies in the
strongly fixed set of x¢. Then, there is a lift B of y, which we may assume begins
at by, satistying

Mgy = Yr) g
for some Y, € p with corresponding fundamental vector field Y, ; moreover, each
Yy is conjugate in P to Z, and Yy = Z. Now, the P-conjugacy class of Z is in
bijection with P/Cp(Z), where Cp(Z) is the stabilizer in P of Z under the adjoint
action. A smooth path in this quotient can be lifted to P. Hence, on a sufficiently
small interval, we obtain a smooth path ¢, through the identity in P such that
Ad(cy)(Yy) = Z. Then, let y = Bc;l. For this lift, we have

iy = (Ad(er) (Vi) gy = Zaer)-

Therefore, (p%y(r) = y(r)et? for sufficiently small ». Fix v for which
yr) e eprO(U), so that there is X € U such that CXPhO(X) = y(v). Then,

(pf-7 expy, (X) = expy, (X)etZ
for all t. On the other hand, the expression above also equals
expy otz (X) = expy, (Ad(e'#)(X))e'”.

Therefore exp,, (X) = exp,, (Ad(e'#) (X)), and so for any t sufficiently small
that Ad(e*4)(X) € U, we have Ad(e'4)(X) = X, and thus [Z, X] = 0, which
completes the proof of (3). O

Remark 2.6. In most cases we discuss, we can strengthen this result by show-
ing that the curves in (1) are distinguished curves for the geometry, and by describ-
ing the submanifold in (2) in terms of normal coordinates. These improvements
will be presented at the end of Section 2.

To proceed further, we need an analog of the concept of holonomy sequences
associated with sequences of automorphisms of a Cartan geometry, which ap-
peared in [11]. The notion was further developed in later papers, including [3],
[15], [13], and [12]. The following definition for flows is the most useful variation
for our purposes.

Definition 2.7. Let {@'} be a flow by automorphisms of (M, B, w), and let
b € B. A path p(t) € P is a holonomy path at b with attractor by € B for {p'} if
there exists a path b(t) and a point by in B with

b(t) = b and @'bt)pt)' = by ast — co.

The following proposition provides a condition under which a holonomy path
at one point can be propagated to nearby points.
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Proposition 2.8. Let {9} be a flow by automorphisms of (M, B, w). Let p(t)
be a holonomy path at b with attractor by and path b(t) as in Definition 2.7. Suppose
that, for some Y € g, exp(b(t),Y) is defined for all t and Ad(p(t))(Y) — Yo as
t — co. Then, p(t) is a holonomy path at exp(b,Y) with attractor exp(by, Yoo ).

Proof. We have
@'b(t)p(t)~! = k(t) — bo.

Then, exp(b(t),Y) — exp(b,Y), and

@lexp(b(t),Y)p(t) "= exp(@'b(t),Y)p(t) ™" = exp(k(t)p(t),Y)p(t)"!
= exp(k(t),Ad(p(t))Y) — exp(bo, Y ). O

A holonomy path p(t) at b leads to restrictions on the possible @!-invariant
sections of any bundle associated to the Cartan bundle. Given a representation W
of P, a principal bundle automorphism @ of B gives rise to an automorphism of
the associated bundle B xp W. If @ also preserves w, and the associated bundle
is a tensor bundle, then this automorphism is the one functorially associated with
®. Smooth sections of B Xp W correspond to smooth P-equivariant maps f :
B — W—that is, f(bg) = g~ ' f(b) for any g € P. The pullback of a section by
@ corresponds to the precomposition of f : B — W with @. In particular, if f
corresponds to a @!-invariant section for a flow, then f o @' = f for all t.

The Cartan curvature k, and components of the harmonic curvature for par-
abolic geometries, are both invariant under automorphisms because the corre-
sponding sections are constructed naturally from the Cartan connection. For the
Cartan curvature, the representation W is A%(g/p)* ® g, which in general is rather
complicated; for the components of the harmonic curvature, by contrast, the rep-
resentation is always irreducible. The number of harmonic curvature components
and the form of the corresponding representations varies according to the type of
geometry in question.

Proposition 2.9. Let p(t) be a holonomy path for {@'} corresponding to b(t) —
b with attractor by, and let f : B — W be the equivariant function corresponding to
a @' -invariant section of BxpW. Let k(t) = L) p () asin Definition 2.7.
Then, we have the following:

(1) p(&) - f(b(t)) — f(bo) ast — oo,

(2) If we assume that p(t) is contained in a 1-parameter subgroup of P that is
diagonalizable on W, let W = W @ - - - @ Wy be an eigenspace decomposition
with eigenvalues given by functions Ai(t), i = 1...,¥, and let f (b); be the
component of f (b) in Wy, we then have that

o if Ai(t) = +coast — oo, then f(b); = 0;

o if f(b)i# 0, then || f(k(t))ill € O(Ai(t)), where || - || is any norm on
W; in particular, if f (bo)i = 0 but Ai(t) does not tend t0 0 ast — oo,
then f(b); = 0.
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Recall that for functions f and g defined on R™, the notation f(t) € ®(g(t))
means there exist non-zero constants ¢,C’ € R such that cg(t) < f(t) < Cg(t)
forall t = 0.

Proof. For (1), we see that the P-equivariance of f implies

Fk(t) =p(t) - f(@'b(1))),

and @!-invariance implies f (@t (b(t))) = f(b(t)); then, (1) follows.
For (2), we have that, from part (1),

Ai(t)f(b(t))i - f(bo)i for t — oo.

Since f(b(t)) — f(b) for t — oo, the first property follows immediately. For the
second, also use that f(k(t)); = A;(t) f(b(t));. -

Definition 2.10. Let p(t) be a holonomy path at b and W a P-representation
satlsfymg the hypotheses of part (2) of Proposition 2.9 above. Let W; and A;(t),
i=0,...,%, be as above. Then, we have the following:

. The stable subspace for p, denoted Wy (p), is the sum of the eigenspaces
W; for which A;(t) is bounded as t — .

o The strongly stable subspace for p, denoted W (p), is the sum of eigen-
spaces W; with A;(t) — Oast — oco.

Part (2) of Proposition 2.9 says that we must always have f(b) € Wy (p), and
if f(bg) = 0, then also f(b) € W(p).

A crucial fact for the sequel is that in the case of parabolic geometries, nice
holonomy paths can be obtained from purely algebraic data. Recall that an sl,-
triple in a Lie algebra a is formed by elements E, H,F € a such that [E,F] = H
[H,E] = 2E, and [H,F] = —2F. The Jacobson-Morozov theorem says that
any element E in the semi-simple Lie algebra g which is nilpotent in the adjoint
representation can be completed to an sly-triple: there exists F € g such that E,
[E,F], and F form an sl,-triple.

Let xo € M and & € T} M. As above, a choice of by € 7! (x() associates
with « an element Z € p., which is nilpotent. We define T(Z) to be the non-
empty set of all X € g, such that Z, [Z, X1, and X form an sl-triple. As for the
normalizing set and the commutant, we obtain a subset T () C Tx,M which is
independent of the choice of b.

Definition 2.11. For x € T} M, the non-empty subset T () C Tx,M de-
fined above is called the counterpart set of o.

We can now precisely compute the action of @ on certain curves from x in
any direction belonging to the counterpart set of the isotropy.

Proposition 2.12. Let (M,B,w) be modeled on (g,P), and let n € inf(M)
have a higher-order fixed point at xo € M with isotropy x € TEM. Let & € T (),
and let Z, X € g be the elements associated with & and §, respectively, for a choice of
bo € 1 (x0); alsoset A = [Z, X].
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Then, there exists an exponential curve o : (—€,€) — M, for some € > 0, such
that 0 (0) = xg, 0'(0) = &, and

@L(o(s)) =0o(s/(1+st)) whenever |s| < €and ts > 0.

Moreover, for each such s, there isb € Tt~V (0 (s)) such that g(t) = elog1+sDA
is a holonomy path at b with attractor by.

Proof. In SL(2,R), compute

1ty (10} 1 0\ (1+st 0 1 t/(1+st)
01)\s 1) \s/(1+st)1 0 1/(1+st))\O 1 )

The sly-triple in g formed by Z, A, and X gives rise to a Lie algebra homo-
morphism s[(2,R) — g, which locally integrates to a group homomorphism
SL(2,R) — G. The above equation then shows that, in G,

tZ ,sX _ esX/(Hst)elog(1+st)AetZ/(l+st)_

e~e

Proposition 2.1 shows that the local flow (p% of 17 satisfies
2.1)  @fexp(bo,sX) = exp (bo,sX /(1 + st)) elost+sDAZ/(1+sD
for sufficiently small s. Fixing such a value for s, the path

b(t) = exp(bg, sX)e t2/(1+st)

evidently satsfies b(t) — b = exp(bo,SX)e_Z/S, and 11(b) = 1 (exp (b, sX)).
Define o (s) to be this latter curve, valid on some non-zero interval (—¢, €).
Note 0/ (0) = DbOTr(w[,OI(X)) =&,and 0'(s) # 0 for all |s| < ¢. Finally, equa-
tion (2.1) says that (pf—l(b(t)) . g log(l+s)A — exp (b, ﬁX), which converges to
by forts > 0 as |[t] — oo. O

Basic representation theory says that in a standard basis of s[(2,R), the semi-
simple element H acts in a diagonalizable manner with integer eigenvalues in any
finite-dimensional complex representation. Thus, for an sl,-triple Z, A, X in g,
the endomorphism ad(A) is diagonalizable on g, and so A € g is a semi-simple
element. Further, A acts diagonalizably with integer eigenvalues on any finite-
dimensional complex representation of g. We will assume all representations are
finite dimensional below.

If, in addition, we assume that A € gg, then ad(A) (go) C go, and so ad(A)
acts diagonalizably on go. Now, go is reductive, and so it is the direct sum of
the center plus a semi-simple subalgebra. The component of A in the center acts
trivially under ad, and so the semi-simple component of A acts diagonalizably
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under ad, and hence also in any finite-dimensional representation. Therefore, A
acts diagonalizably in any finite-dimensional representation of go in which the
center acts diagonalizably. All representations corresponding to the components
of the harmonic curvature have this property because they are subquotients of
representations of g in which the center of gy is contained in a Cartan subalgebra.
(All real representations of interest we are aware of have this property.)

Definition 2.13. Let A € go, and let W be a representation of go on which
A acts diagonalizably with eigenspace decomposition W = Wo @ - - - @ Wy and
eigenvalues pi, i = 0,...,¢. Then, we have the following:

o The stable subspace for A, denoted Wy (A), is the sum of the eigenspaces
W; for which p; < 0.

o The strongly stable subspace for A, denoted W(A), is the sum of eigen-
spaces W; with p; < 0.

Our results now have the following useful formulation.

Corollary 2.14. In the setting of Proposition 2.12, assume that A = [Z,X] €
90, and let W be a representation of go. Let I = (=€, €). Then, the following hold:

(1) If Wy = {0}, then any (pg—inmrz’ant section of B Xp W vanishes on o (I).

(2) If Wy = {03}, then any (pg—inm;’mnt section of B X p W which vanishes at x,
vanishes on all of o (I).

(3) Suppose thar Wy = {0} and thar all eigenvalues of A on g_ are non-positive
with the 0-eigenspace equal to Cy(Z) 0 g—. Then, any Q},-invariant section
of B Xp W that vanishes at each fixed point of the same geometric type as x
in a neighborhood also vanishes on an open neighborhood of o (I \ {0}), and
thus on an open subset containing X in its closure.

Proof- The pji-eigenspace W; for A is the eigenspace for g(t) = elog(1+st)A
with eigenvalue A;(t) = (1 + st)#i. Thus, W (A) = W (g) and Wi (A) = W (g)
for the holonomy path g(t). After Definition 2.10, we observed that if f : B — W
is the function corresponding to an invariant section of the bundle B xp W, then
f(b) € Wy (A), and if f(bg) = 0, then f(b) € Wi(A). These facts together with
Proposition 2.12 yield (1) and (2).

The additional assumption in (3) implies that, for any Y € g_, the limit of
Ad(g(t))(Y) as t — oo exists, and equals some Yo, € Cy(Z) N g-. Taking a point
b € B over a point 0 (s) # Xq close enough to x¢, we can thus invoke Proposition
2.8 to say that g(t) is a holonomy path at exp(b, Y) with attractor exp(by, Yo )
(assuming Y sufficiently close to 0). But exp(by, Yo ) lies over a higher-order fixed
point of the same geometric type as X, by Proposition 2.5 part (1). Then, any -
invariant section must vanish at exp(b,Y), as well. Varying Y in a neighborhood
of 0 in g_, these points fill a neighborhood of o (s). O

The following result strengthens Proposition 2.9 in the special case of holo-
nomy paths coming from sl,-triples. This improvement is crucial, since it provides
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information on the possible values of invariant sections at the point by rather than
atb.

Proposition 2.15. In the setting of Proposition 2.12, suppose that X can be cho-
sen so that A = [Z,X] € go. Suppose further that W is a completely reducible repre-
sentation of P on which A acts diagonalizably, and that f : B — W is the equivariant
function corresponding to a (pﬁ,—inmrz’ant section of BXp W. Then, f(by) € Wy (A).

Proof: Set b(t) = exp(bg, sX)e t2/1+50) and b = exp(by, sX)e /3, so that
g(t) = elog1+sH4 s 3 holonomy path at b with attractor by. Let pi; be the eigen-
values of A on W, so that A;(t) = (1 + st)¥i are the eigenvalues of g(t), for
i=0,...,%.

Now, since W is a completely reducible representation of P, the unipotent
radical P, acts trivially on W, and for all ¢,

F(b(t)) = e2/0+5D f(exp(bo,sX)) = f(exp(bg, sX))
= e?/5 f(exp(bo,sX)) = f(b).

Then, however, Proposition 2.9 (1) simply reads as
Ait)f(b); — f(by); fort — .

If Ai(t) — oo, we know that f(b); = 0 from Proposition 2.9, and thus f(bg); =
0. We conclude that f(bg) € Wy (g) = W (A). O

Simplifications. The examples we treat below share some features that per-
mit some simplification of these general results and lead to better descriptions of
the automorphisms. For Z € p., we do not really use the subsets Fy(Z), Cy(Z),
and T,(Z) of g, but rather their images in g/p. The improvements are available
if one can actually find subsets of g_ that have the same images in g/p. Define
Fy (Z) = F4(Z) N g—, and do likewise for Cy_ and T_.

We give a proof that this simplification is always possible for |1]-graded ge-
ometries, and we simply verify the facts directly in the other examples. For |1]-
graded geometries, p4+ = g1, so Z € p. is automatically homogeneous of degree
one.

Proposition 2.16. Lerg = g_1 @ go @ g1 be a |1|-graded semsimple Lie algebra,
and let Z € p, = g1 be any element.

Any X € Fy(Z) is congruent to an element of Fy_(Z) modulo p. The analogous
statements hold for Cy(Z) and Ty(Z). For X € Ty_(Z), the commutator A = [Z, X ]

is always in go.

Proof. Decompose X € g as X = X_1 + X, according to the decomposition
g = g-1 ®p. We claim that if X lies in either Fy(Z), Cy(Z), or Ty(Z), then X_,
lies in the same subset, which clearly suffices to complete the proof.

First, [Z,X] = [Z,X_1] + [Z, X, ] with the first summand lying in go and
the second in g;. This already implies the claim for Cy(Z). Next, [[Z, X], X]
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is congruent to [[Z,X_1],X_1] € g-1 modulo p. Hence, if X € Fy(Z), then
we must have [[Z,X_1],X_1] = 0. Since the condition ad(X_;)(Z) € p always
holds, and ad(X_1)%¥(Z) = 0 for all k > 3, we see that X_; € F4(Z), which
completes the proof for this subset.

Since [[Z, X1, X] is congruent to [[Z,X_1],X_1] € g-1 modulo p, we also
see that if X € T4(Z), then [[Z,X_1],X_1] = —2X_;. Butsince g; is abelian, we
also get [[Z,X]1,Z] = [[Z,X_1], Z], which completes the proof. O

Next, there are obvious improvements of our basic results, Propositions 2.5
and 2.12, in the case that one can find such nicer representatives. Suppose we
have given a Cartan geometry (M, B, w) of type (g,P) and n € inf(M) with a
higher-order fixed point at xo € M with isotropy o« € Ty (M). Suppose that, for
€ € F(x), there is by € m71(xp) that identifies & with some X € Fy (Z), where
Z € p. is the isotropy of n with respect to by. Then, the curve v — exp(bo, ¥ X)
in part (1) of Proposition 2.5 is a distinguished curve of the geometry. If & €
C(o0) and we can find a representative X € Cy_(Z), then one again obtains a
distinguished curve in part (1) of Proposition 2.5.

Finally, if £ € T(«) and we find a representative X € Ty_(Z), then the curve
o constructed in the Proposition 2.12 again is a distinguished curve.

We obtain the following formulation of these simplifications for |1|-graded
geometries using the normal coordinates defined in Section 1.1.2.

Proposition 2.17. Consider a Cartan geometry (M, B, w) of type (g, P) corre-
sponding to a |1|-grading g = g—1 ® go ® g1. Let n € inf(M) have a higher-order
fixed point at xo € M with isotropy o € Ty (M).

Then, in any normal coordinate chart centered at X, the subset F(X) consists
of fixed points, and C(x) C F(&) consists of higher-order fixed points of the same
geometric type as Xo. 1f this chart has image U C Tx,M, the action of the local flow

(pfl on U NR*T () is given by AE — (ﬁ) E for & € T(x) and At > 0.

Proof. Given any by € 1171(x), we let Z € g; be the element corresponding
to « via bg. Then by Proposition 2.16 there is a representative X € g- for any §
in each of the subsets C'(x), F(«), and T (). Then, the curves exp(bg, AX) used
in the proofs of Propositions 2.5 (3) and 2.12 are the images of the line spanned
by X under the inverse of the normal coordinate chart defined at by. Hence, the
claim follows from the two propositions. O

3. APPLICATIONS

3.1. Almost-Grassmannian structures of type (2,n). The homogeneous
model for almost-Grassmannian structures is the Grassmannian Gr(m, m + n),
viewed as a homogeneous space SL(m + n,R) /P, where P is the parabolic sub-
group preserving an m-dimensional subspace of R"**". A normal Cartan geome-
try of type (SL(m + n), P) on a manifold M of dimension mn is equivalent to a
first order G-structure of type Go = S(GL(m,R) x GL(n,R)) < GL(m + n,R).
Here, Gy acts on the space R™*™ of n X m-matrices by multiplications from
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both sides. Explicitly, such a reduction of structure group can be described by the
following data:

e auxiliary vector bundles E and F over M, with fibers R™ and R", respec-
tively,

e an isomorphism TM = E* ® F,

e a trivialization A" E* ® \""F = M xR.

More details on almost-Grassmannian structures and their description as par-
abolic geometries can be found in Section 4.1.3 of [8]. There are two harmonic
curvature components, which will be described in some detail below. One is a tor-
sion, the vanishing of which is equivalent to the Cartan geometry being torsion-
free. The other harmonic component is a curvature, with values in go.

The cotangent bundle T*M can be identified with F* ® E by

(V) =trg(xov) = trp(V o ).

It is associated with the Go representation on R"*". The geometric types of
cotangent vectors are given by the ranks of the corresponding matrices. Here, we
will consider almost-Grassmannian structures of type (2, 1) for n > 2; thus, the
possible ranks of non-zero cotangent vectors are 1 and 2, and we will specifically
prove the following result.

Theorem 3.1. Let M be endowed with an almost-Grassmannian structure of type
(2,n), n = 2, and ler n € inf(M) have a higher-order fixed point ar xo. Then, we
have the following:

(1) Higher-order fixed points with isotropy of rank two are smoothly isolated in

the strongly fixed set. For rank one isotropy, the strongly fixed component of x
contains a submanifold of dimension n — 1.

(2) Ifthe isotropy of n at xo has rank two, or if the geometry is torsion free, then
there is an open set U C M with xo € U on which the almost-Grassmannian
structure is locally flat.

This result will be a consequence of Propositions 3.3 and 3.5 below, which

give a more detailed description of the flow for each of the two possible geometric

types.
The Lie algebra sl{(n + 2,R) has a |1]-grading coming from the block decom-

position
go 91
9-1 90

with block sizes 2 and n. Here, go = s(gl(2,R) X gl(n,R)), and as go-modules,
we have g_; = L(R%,R") and g; = L(R",R?). The dual pairing between g_;
and g is given by (X, Z) — tr(ZX) = u(XZ), while the bracket of these two is
[Z,X]=(ZX,-XZ) € go. Further,

[[Z,X],X] = -2XZX and [[Z,X],Z]=2ZXZ.
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In terms of the standard representations R? and R" of the two factors of go,
we have g_; = R?* ® R" and g; = R? ® R"*; consequently,

Ag1 = (A’R? ® S?R™) @ (S?R? ® AR"™).

We will apply the general results of Section 2 to the harmonic curvatures, which,
for n > 3, are the highest weight components

V C (S’RZ®@ A’R™) ® (R?* @ R™) C A%g1 ® g1
and
Uc (A’R? ® S’R™) ® sl(n,R) C A%g; ® go.

The first part will be called the “harmonic torsion,” denoted T below, and the
second the “harmonic curvature,” denoted p. By the general theory, vanishing of
the harmonic torsion is equivalent to torsion freeness, while vanishing of both the
harmonic curvature and the harmonic torsion on an open subset is equivalent to
local flatness. We will write V! = $2R? ® R?* and V? = A’2R"™* ® R" below, so
that V c VI @ V2,

Almost-Grassmannian structures of type (2,2) are equivalent to four-dimen-
sional conformal spin structures in split signature (2,2) via the isomorphisms
G = SL(4,R) = Spin(3,3) and Gy = S(GL(2,R) x GL(2,R)) = CSpin(2,2).
The tangent bundle naturally can be written as the tensor product of the two
basic real spinor bundles on four-dimensional conformal manifolds of split sig-
nature. Almost-Grassmannian structures of type (2, 1) provide a natural higher
dimensional analog of this so-called spinor formalism in four-dimensional con-
formal geometry. For type (2,2), the harmonic curvature still consists of two
components, but there are two curvatures instead of one torsion and one curva-
ture: namely, the self-dual and anti—self-dual parts of the Weyl curvature. Both
curvatures have values in bundles associated with a highest-weight subspace in
(A?R2 ® S?R2*) ® sl(2,R), of which there are two. We will assume n = 3 below,
but our arguments also apply to the case n = 2, and thus provide another proof
for split signature conformal structures in dimension four.

3.1.1. The rank two case. We start by collecting the algebraic results.

Lemma 3.2. Suppose that Z € L(R",R?) = gy has rank two. Then, we have
the following:
(1) The subspaces associated with Z are

{0} =Cy (Z) CF, (Z) = {X € L(R*,R") | XZX = 0},
T, (Z) = {X € LR*R") | ZX = Idg:}
= {WcCcR" |dimW =2, Wnker(Z) = {0}},

where the last isomorphism is induced by X — im(X).
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(2) For X € Ty (Z), let A = [Z,X] and W = im(X). Then, the eigenvalues
of A on g_1 are all negative. For the representation N corresponding to the
harmonic torsion, VY(A) = 0, and

Vi (A) C (S?R* ® A°R™) @ (R* @ W).
For the representation U corresponding to the harmonic curvature,
Us(A) = {03.

Proof. By assumption, Z is onto, and ker(Z) C R" is a subspace of dimension
n—2. From the brackets computed above, the descriptions of Cy_(Z) and Fy_(Z)
follow immediately.

For X € L(R%,R"), the condition [[Z,X],Z] = 2Z implies ZXZ = Z, and
so any X € Ty (Z) has rank two and im(X) n ker(Z) = {0}. For any two-
dimensional subspace W C R" complementary to ker(Z), the map Z restricts to
a linear isomorphism W — R?; if im(X) = W, then ZXZ = Z if and only if X is
the inverse of this isomorphism. In this case, ZX = Idg> and [[Z, X],X] = -2X
follows automatically. Hence,

Ty (Z) ={W cR" | dimW =2, WnkerZ = {0}}

via X = (Z|w)~!. We also see immediately that A = [Z, X] acts by 1 on R?, while
on R", the eigenspaces are W and ker(Z) with eigenvalues —1 and 0, respectively.
Thus all eigenvalues of A on g_ = L(R%,R™) are negative.

To analyze the representation

(S2R?% @ AZR"™*) ® (R** @ R™),

observe that A acts as the identity on S?R? ® R?*. The eigenspaces in R"* are W*°
and ker(Z)°, the respective annihilators of W and ker(Z), with eigenvalues 0 and
1, respectively. Hence, the eigenspace structure on A2R™* ® R" is as follows:

Subspace Eigenvalue
A?ker(Z)° @ ker(Z) 2
Aker(Z2)° @ W & (ker(Z)° A W°) ® ker(Z) 1
(ker(Z)° AW°) @ W & A’W° ® ker(Z) 0
AW @ W -1

The only non-negative eigenvalue on V is 0, and the claim Vi = S?R? @ A2W° ®
R2* @ W follows.

Next, consider (A’R? ® SZR™*) ® 5[(n,R). Here, A acts by multiplication by
2 on A?R2, while on S?R™* the possible eigenvalues are 0, 1, and 2. Finally, on
sl(n,R), the possible eigenvalues evidently are —1, 0, and 1. Thus, all eigenvalues
on U are positive. O
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These results can be immediately translated to geometry.

Proposition 3.3. Let M be endowed with an almost-Grassmannian structure of
type (2,n), N = 2, and ler n € inf(M) vanish to higher order atr xo € M. Assume
that the isotropy of n is & € Tg M = L(Fy,,Ex,) of rank two. Then, we have the
Jollowing:

(1) The subsers C(x) C F(x) of Tx,M = L(Fx,,Ex,) are

{0} =C(x) CF(x) ={& | Eocxo & =0} and T(o) ={&|xo&=1dg,}.

(2) In any normal coordinate chart centered at x, there is an open neighborhood
U of 0 such that the follwing hold:
(@) The higher-order fixed point xq is smoothly isolated in the strongly fixed
set of the flow, and elements of F () N U are fixed points;
(b) Forany& € U in the cone S = {§ | o & = Aldg,, forsome A # 0},
the action of the flow in normal coordinates is

1
t _
Pnl8) = S o E)

(3) There is an open neighborhood of S\ {0} on which the geometry is locally flat.

-& fort-tr(xo &) > 0.

Proof. From Lemma 3.2, it is clear that & € Ty,M lies in F(«) if and only if
& oo & =0.On the other hand, & is a multiple of an element §) € T(«) if and
only if o § is a multiple of the identity, and then § = %"g) - &o. Using this, (1)
and (2) follow directly from Propositions 2.5 and 2.17.

To prove part (3), let & € T(«), and apply Proposition 2.12 to the line £
spanned by &. Now, Corollary 2.14 together with Lemma 3.2 shows that the
harmonic curvature p vanishes on a neighborhood of €\ {0}. Thus, this curvature
vanishes on a neighborhood of S\ {0}.

For the harmonic torsion, apply Proposition 2.15 to the description of V(A)
in Lemma 3.2 to see that, for any u, v € Ty, M, the harmonic torsion Ty, (U, V) €
Tx,M = L(Ex,,Fx,) has values in im(§) C Fy,. The same holds for any &;
from Lemma 3.2, im(§) can be any two-dimensional subspace complementary
to ker(«) C Fy,. The intersection of all such subspaces is 0, so T(xp) = 0. Now,
Corollary 2.14 (3) implies that T vanishes on an open neighborhood of S\ {0}.
Thus, all harmonic curvature components vanish locally around S \ {0}, and so
the geometry is flat on an open set as claimed. O

3.1.2. The rank-one case.
Lemma 3.4. Let Z € L(R"™,R?) = gy be of rank one. Then, the following hold:
(1) The sets associated with Z are

Cy (Z) = {X € LR*,R™) | im(Z) C ker(X) and im(X) C ker(Z)},
F, (Z) = {X e LR*R") | XZX = 0},
T, (Z) = {X € LR*,R") | tk(X) = 1, r(ZX) = (X Z) = 1}.
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(2) For any choice of lines V C R? transversal to im(Z) and W C R™ transversal
to ker(Z), there is a unique element

XeT, (Z) withker(X)=V and im(X) = W.

(3) Let X, V, and W be as in (2). Let V° C R** and W° C R™* be the
anniblators, and let A = [Z,X]. Then, all eigenvalues of A on g are
non-positive, and the 0-eigenspace coincides with Cy_(Z). Moreover, for the
representations ¥V C V! ® V2 corresponding to the harmonic torsion and U
corresponding to the harmonic curvature,

(@) VL(A) =SV e Ve,

(b) Vi(A) c S2VeR** + (VoR?) eV,

(©) V2(A) = A2W° @ W,

(d) VZ(A) Cc A2W°@R" + (W° AR™) @ W,

(e) Vi(A) C VL(A) ® VZ(A) + VL (A) @ VZ(A),

() Vi(A) N ((S?RZ2 @ AZR™) ® Cy_(2))
C(S2VeAW°) ® Oy (Z),

(g) Us(A) = {0},

(h) Ug(A) C (A2R%2® S2R"™*) @ R"™* @ W.

Proof. (1). Since Z has rank one, ker(Z) c R" has dimension n — 1 and
im(Z) c R? is one-dimensional. Now, X € g_; = L(R?,R") liesin Cy_(Z) if and
only if ZX = 0 and XZ = 0, that is, if and only if im(Z) C ker(X) and im(X) C
ker(Z). For X # 0, this means ker(X) = im(Z), and so X has rank one, and we
obtain the description of Cy_(Z). The description of Fy (Z) = {X | XZX = 0}
follows exactly as in the proof of Lemma 3.2.

Next, X € Ty _(Z) is evidently equivalent to XZX = X and ZXZ = Z. Since
tk(XZX) < 1, the first equality implies rk(X) = 1. Also, (ZX)? = ZX, and so
ZX is a rank-one projection with tr(ZX) = 1. Conversely, suppose tk(X) = 1
and tr(ZX) = 1. Then, im(X) is transversal to ker(Z) and im(Z) is transversal to
ker(X). Taking a basis adapted to the splitting R? = ker(X) ®im(Z), we conclude
that ZX is the projection onto the second factor, and so ZXZ = Z and XZX = X.
Now (1) is proved.

(2). Given lines W and V as in the statement, there is a unique linear map
X : R? - R" with ker(X) = V and im(X) = W up to scale. Now, Z induces
a linear isomorphism W — R?/V, and the remaining condition tr(ZX) = 1 for
X € Ty_(Z) is equivalent to X inducing the inverse of this isomorphism.

(3). Let X be as in (2), so that ZX is the projection onto the first factor of
R? =im(Z) ® V, while XZ is the second projection in R" = ker(Z) & W. Hence,
A = [Z,X] has eigenvalues 1 on im(Z) and 0 on V = ker(X), and eigenvalues 0
on ker(Z) and —1 on W. The eigenspace decompositions R"* = W° @ ker(Z)°,
with respective eigenvalues 0 and 1, and R?* = V° @ im(Z)°, with respective
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eigenvalues —1 and 0, follow, which implies all our claims on eigenvalues and
eigenspaces for g—; = L(R?,R").
Next, it is easy to compute the eigenspace decomposition of V! = S2R2@R2%*:;

Subspace Eigenvalue
S$?(im(Z)) ® im(Z)° 2
S$2(im(Z)) @ V° @ (im(Z) 0 V) ® im(Z)° 1
(im(Z)oV) e V> & S*(V) ® im(Z)° 0
S2(V)yeve -1

For the eigenspace decomposition of V2 = AZR"* @ R", we have

Subspace Eigenvalue
A?ker(Z)° ® ker(Z) 2
A’ker(Z)° @ W @ (ker(Z)° A W°) ® ker(Z) 1
(ker(Z)° AW°) @ W & A*W° ® ker(Z) 0
AW e W -1

Now, the claims (a)—(d) on Vi (A) and Vi (A), for i = 1,2, can be read from
the tables.

To get a negative eigenvalue on V! ® V2, one must have eigenvalue —1 on one
factor and a non-positive eigenvalue on the other, which proves the claim (e) on
Vs (A).

Since Cyy_(Z) is the zero eigenspace for A in g_1, and all eigenvalues on $?R?
and A’R™* are non-negative, a non-positive eigenvalue on (S’R? ® A?R"*) ®
Cy_(Z) is only possible if the eigenvalue on the first factor is zero. This implies
the claim (f) on Vi (A).

To deal with U, observe that, on A?R?, A acts as the identity, while the pos-
sible eigenvalues on S?R™* range between 0 and 2. On sl(1,R), the eigenspace
decomposition is

Subspace Eigenvalue
weeWw -1
ker(Z)° @ W & W° ® ker(Z) 0
ker(Z)° ® ker(Z) 1

The (—1)-eigenspace consists of maps having values in W; thus the claims (g)
and (h) that Us(A) = 0 and U (A) C (A’R? @ S?R™*) @ R"* ® W are proved. O

A linear map X : R? — R" of rank one with ker(X) = V and im(X) = W
naturally determines an (n + 1)-dimensional subspace a(X) ¢ L(R?,R"), where

XeaX)={Y |im(Y) cW}+{Y |V cker(Y)}.
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The intersection of the two summands is the line spanned by X. For & € TxM
of rank one, denote by a(§) = TxM the corresponding subspace.

Proposition 3.5. Let M be endowed with an almost-Grassmannian structure of
ype (2,n), n = 2, and ler n € inf(M) vanish to higher order ar xo € M. Assume
that the isotropy & € T M = L(Fx,,Ex,) of N has rank one. Then, the following
hold:

(1) The subsers C(x) C F(x) of Tx,M = L(Ex,, Fx,) are given by
{€lacE=8ox=0} =C(ax) CF(x) ={&|&oxo& =0}.

Moreover, for each choice of lines V' C Ex, transversal to im() and W C Fiy,
transversal to ker (o), there is a unique element & € T (X) with ker(§) =V
andim(&) = W.

(2) For any normal coordinate chart centered at X, there is an open neighborhood
U of 0 such that

(a) elements of F(x) N U are fixed points and C () N U lies in the strongly
Jfixed component of Xo;

(b) for any rank-one element & € U such thar x(§) # 0, the flow acts in
normal coordinates by @5 (&) = ﬁﬁ, whenever tx(€) > 0.

(3) Both the harmonic torsion T and harmonic curvature p vanish on C(x) NU.
(4) Let & be as in (2)(b) above, and let ¢ be the distinguished curve obtained
[from the line spanned by §. Then, we have the following:

(@) There is a neighborhood Uy of ¢ \ {xo} in M on which the harmonic
curvature p vanishes identically. In particular, if the geometry is torsion
free, then it is flat on Up;

(b) The harmonic torsion T € Q*(M,TM) has the following properties
along c \ {xo}:

(i) ip(T) =0, and Tx(u,v) € a(n(x)) for anyu,v € TxM;
(i) If€ € a(n(x)), then igTx vanishes on a(n(x)) and has values
in Rn(x).
Moreover, T has the same algebraic type on a neighborhood of ¢ \ {x}.

Proof- Point (1) immediately follows from Lemma 3.4. Then, part (2)(a) fol-
lows from Proposition 2.17. The elements & in part (2)(b) are exactly the positive
multiples of elements & € T (), and & = x(§)&p. Thus, (2)(b) also follows from
Proposition 2.17.

For part (3), first consider the harmonic torsion and curvature at the point
xo. Let & € T(x). By Proposition 2.15 and Lemma 3.4, py,(u,v), for any
u, v € Ty,M, is an endomorphism of Fy, with values in im(§). Varying & € T ()
gives all lines transversal to ker(«), and so py, = 0.

To show that T(xg) = 0, use the observation in Section 2.3 of [4] that, for the
value k (bg) € A?g; ® g of the curvature function and for Z € g; corresponding to
n(xo) via by as above, Z - k(bg) = 0, where the action is induced by the adjoint
action. (This fact is a simple consequence of vanishing of the Lie derivative L;k
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in the Cartan bundle B.) Now, decompose k (bg) accordingto g = g—1 @ go © g1.
It is well known that the component k_;(by) is harmonic, as it is the lowest
homogeneous component and so represents the harmonic torsion T. Since the
adjoint action is compatible with the gradings, we have Z - k_1(bg) = 0. Now, Z
commutes with g;, and so this condition simply means that all values T, (u, v)
are in C(x) C Ty,M.

On the other hand, Proposition 2.15 gives that, for any & € T(«), the func-
tion corresponding to T must have values in Vi (A). In particular, by part (3)(f)
of Lemma 3.4, T(xo), viewed as a skew symmetric bilinear map R™ x R" —
S?R? ® C(«x) vanishes whenever one of the arguments is in W. Now, varying &
gives different W spanning all of R", and so we conclude that T(xy) = 0. By part
(2)(a), C(x) in normal coordinates corresponds to higher-order fixed points with
rank one isotropy, and so (3) follows.

(4). By Lemma 3.4, any & ¢ ker(«) gives rise to A for which Ui(A) = {0}.
Thus, the statement on p follows from (3) above and part (3) of Corollary 2.14.
If the geometry is torsion free, then all harmonic curvatures vanish on an open
neighborhood of ¢ \ {x¢}, and so the geometry is flat there.

To prove (4)(b), let ¢(s) = exp(bo,sX) for X € Ty (Z), so thatc = 1 o C.
Because n preserves c, it is tangent along c. Recall the notation of Lemma 3.4:
XeVe®@Wanda(X) =V°®@R"+R?2®W. Let T be the P-equivariant function
on B corresponding to the harmonic torsion. By part (3) immediately above,
T(by) = 0, and so by Proposition 2.9, T € V along . This subspace is identified
in part (3)(e) of Lemma 3.4. The first term, V{ ® V2, corresponds to two-forms,
the values of which are endomorphisms that vanish on V. The second term,
V! ® V2, corresponds to two-forms, the values of which are endomorphisms with
image in W. Thus, Tx (1, v) € a(n(x)) for x € ¢\ {xp}, as claimed.

From the description of V, one can also see that i, T = 0 and that Ty (u, v)
vanishes when u,v € a(n(x)). Finally, inserting an element of V° into VL (A)
gives an element of V ® V°, while inserting an element of W into VZ(A) gives an
element of W° ® W, and the last remaining claim follows. O

3.2. Abmost quaternionic structures. A quaternion-Kihler metric on a
smooth manifold has an underlying almost-quaternionic structure, which is au-
tomatically integrable. These integrable structures are often referred to as quater-
nionic structures, and the integrability is equivalent to torsion freeness of the associ-
ated Cartan geometry. Almost-quaternionic structures are very similar to almost-
Grassmannian structures of type (2,2n), since the Lie algebras governing the two
geometries have the same complexification. As in the Grassmanian case, there is
a relation to conformal geometry in the lowest dimensional case n = 1. This
time, however, the corresponding conformal structures are not of split signature
but of definite signature. In view of this close analogy, we can carry over most of

the results from the Grassmannian case rather easily and treat this geometry quite
briefly.
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The homogeneous model is the quaternionic projective space HP", viewed
as a homogeneous space of PGL(n + 1,H). We can describe the corresponding
geometries as first-order structures with structure group

Go = S(H* x GL(n,H)) < GL(4n,R),

with factors that correspond to scalar multiplications by non-zero quaternions
(which are not quaternionically linear maps since H is non-commutative) and
quaternionically linear automorphisms. Such a geometry on a smooth manifold
M g given by a rank-three subbundle @ ¢ End(TM), locally spanned by I, J,
and IJ for two anti-commuting almost-complex structures I and J. See Section
4.1.8 of [8] for more details on these geometries.

The Lie algebra governing the geometry is g = sl(n + 1,H) endowed with a
|1]-grading g = g—1 ©go @ g1 given by blocks of size 1 and 7 in quaternionic matri-
ces. Thus, g_1 = Lgy(H,H"), go = s(gl(1,H) ® gl(n,H)), and g; = Ly (H",H).
In particular, there is just one non-zero orbit of Go in gi, which behaves as in
the rank-two case for Grassmannian structures. The spaces A?g.; and S?g.; can
be decomposed according to their quaternionic linearity properties. The relevant
torsion and curvature components are specified in terms of these subspaces (see
Section 4.1.8 of [8]). Now, the following results can be proved analogously to
Lemma 3.2. There is a small simplification in the description of Fy_(Z), however,
coming from the fact that any non-zero X € Ly (H, H") is injective.

Lemma 3.6. Ler Z € g1 = Lu(H",H) be any non-zero element. Then, we have
the following:

(1) The subspaces determined by Z are

{0} =Cy (Z) CFy (Z) = {X € Lu(H,H") | ZX =0},
T, (Z) ={X € Lu(H,H") | ZX = Idu},

and mapping X toim(X) identifies Ty— (Z) with the space of all quaternionic
lines in H"™ having zero intersection with ker(Z).

(2) For X e Ty (Z), let A = [Z,X] and W = im(X) € H". Then, the eigen-
values of A on g_1 are all negative. Denoting by N and U the representations
of Go corresponding to the harmonic torsion and the harmonic curvature, we

have Vs (A) = {0} and Uy (A) = {0}. Finally,
Ve(A) € A’g1 © Ly(H,W) C A’g; ® g_;1.

The translation to geometry is also closely similar to the case of Grassman-
nian structures. The natural structure on Tx,M is the three-dimensional subspace
Qx, C L(Tx,M,Tx,M) spanned by two anti-commuting almost-complex struc-
tures and their product; a tangent vector & € Ty,M determines a quaternionic
subspace of Tyx,M generated by &, which by definition is spanned by & and the
elements q(&) for g € Q,. Using this structure, the following result is proved
precisely as Proposition 3.3.
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Theorem 3.7. Let M be a smooth manifold of dimension 4n endowed with an
almost-quaternionic structure @ C L(TM, TM). Let n € inf(M), vanishing to higher
order at xo € M with isotropy &« € T M. Then, we have the following:

(1) Thesets C(x) C F(ex) C Tx,M are

{0} =C(a) CF(x) = {81 x(§) =0 and «x(q(§))=0VqeQy}
and
T(x) ={&| x(§) =land x(q(§)) =0V geQy}.

(2) In any normal coordinate chart centered at xo, there is an open neighborhood
U of 0 such that
(a) the higher-order fixed point x is smoothly isolated in the strongly fixed
set of the flow, and points of F () N U are fixed;
(b) ontheconeS ={EcU| x(§) =0, x(q(§)) =0V q e Qx,}, the
Sflow in normal coordinates acts by

1

mg fO[‘tO((E)>0.

&) =

(3) There is an open neighborhood of S \ {0} on which the geometry is locally flat.

3.3. A general result for parabolic contact structures. These geometries
are associated with contact gradings, that is, |2|-gradings, such that g_, has di-
mension one and the Lie bracket [, ] : g—1 X g1 — g2 is a non-degenerate
bilinear form. Such gradings can only exist on simple, not on semi-simple, Lie
algebras; moreover, on each complex simple Lie algebra and most non-compact
real forms, there is a unique grading of this type. On the manifold M, the sub-
space g1 corresponds to a distribution T~'M of corank one, and the condition
on the bracket exactly means that, for a regular parabolic geometry, the distribu-
tion is contact. The subalgebra go € L(g-1,g-1) gives an additional structure on
the contact distribution. The best known example of these geometries is partially
integrable almost-CR structures, for which this additional structure is an almost-
complex structure on the contact distribution. CR structures will be discussed in
more detail in Subsection 3.4 below.

For parabolic contact structures, having a higher-order fixed point is a weaker
condition than for the geometries corresponding to |1]-gradings we have treated
so far. The difference is that, for higher gradings, the subalgebra p. does not
act trivially on the representation g/p, for which TM is the associated bundle.
Only the subalgebra g, is trivial on g/p, while g; actually injects into L(g—, g-1).
Hence, the fact that an infinitesimal automorphism n has a higher-order fixed
point at Xo € M only implies that the differential D, @, : Tx,M — Tx,M satisfies
Dy, @5 (8) — & € Ty'M and restricts to the identity map on the contact subspace
T M.
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In order that Dy, @} = Id, the isotropy of n must be contained in the subbun-
dle of T M corresponding to the P-invariant subspace g» C p+, which equals the
annihilator of the contact subspace Ty,! M. For these isotropies, we can now prove
a uniform result for all parabolic contact structures. The algebraic background
needed to treat this case is the following simple standard result, which at the same
time provides the key to the classification of contact gradings.

Lemma 3.8. Let g be a real or complex simple Lie algebra endowed with a contact
grading g = g_» @ - - - & go. Then, for any non-zero element Z € g, there exists
X € g onTy (Z) such that | Z,X] = A is the grading element of g. In particular, for
any representation N corresponding to a harmonic curvature component of the geometry
determined by g, we have V«(A) = {0}.

Proof. For the first part, see the proof of Proposition 3.2.4 and Section 3.2.10
in [8]. The second part then follows since the curvature of a regular, normal,
parabolic geometry is concentrated in positive homogeneities; hence, so are all
harmonic curvature components. O

The transition to geometry is also very simple in this case, thanks to the
chains, special distinguished curves defined for any parabolic contact structure;
these generalize the well-known chains for CR structures (see [9], [10], and Sec-
tion 5.3.7 in [8]). Chains are uniquely determined by their initial direction up
to reparametrization, and from any point X, chains emanate in each direction
transverse to the contact hyperplane. They are defined as distinguished curves of
the form T (exp(b,sX)) with X € g, and b € B. For a fixed b, there is only
one such curve, up to parametrization, but varying b along a fiber in the Cartan
bundle yields all chains emanating from v (b).

Theorem 3.9. Ler M be a smooth manifold endowed with a parabolic contact
structure, and let n € inf(M). Suppose that N has a higher-order fixed point at
Xo € M such that the isotropy & € T M vanishes on the contact subbundle T M.
Then, the higher-order fixed point xo is smoothly isolated, and there is an open ser U
with xo € U on which the geometry is locally flat.

Proof: Forallb € w1 (xy), the element Z € p. corresponding to the isotropy
« via b lies in g>. The element X € g_» N T;_(Z) from Lemma 3.8 then gives rise
to a distinguished curve o, which is a chain. By Corollary 2.14, any harmonic
curvature component vanishes on a neighborhood U of 0 \ {x¢}, as desired.

It remains to show that the centralizer Cy_(Z) is trivial. Denote by B the
Killing form of g. Then, we have that (Y,Y") -~ B(Z,[Y,Y’]) = B([Z,Y],Y")
is non-degenerate on g—;. Thus, Cy_(Z) = 0 = C(«x), and so xp is smoothly
isolated by Proposition 2.5 (3). O

Remark 3.10. In the proof above, varying b € ™! (x¢) gives vanishing of the
harmonic curvature along all chains through xy. We expect that these form a dense
subset of a neighborhood of xy, so that the geometry is flat on a neighborhood of
Xo; however, we are not aware of a general proof of this density of chains.
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In the case of CR structures (see Section 3.4), it is possible to conclude flat-
ness on a neighborhood of x thanks to the Fefferman construction (see, for ex-
ample, [17]). Given n as above with Dy, @}, = Id, there is a conformal pseudo-
Riemannian structure on a neighborhood V of x¢ product S! and a lift /) of n to
a conformal Killing field. The chains yx preserved by @, lift to null geodesics
preserved by @}, and the S'-fiber over xo is a pointwise fixed null geodesic. This
conformal flow is, in fact, strongly essential at each point of {x¢} X S!; more
precisely, it is a null translation (see [14, Theorem 4.3] or [7, Proposition 3.7]).

By the results cited above, V x S! is conformally flat on a set of the form

U=Jcw),

XEA
where A is the fiber over x¢, and C(x) is the null cone through x. Now, it is easy

to see that the projection of U to M is a neighborhood of x¢, and that it is CR-flat
by the Fefferman correspondence.

3.4. Partially integrable almost-CR structures. As mentioned before, these
are the most important examples of parabolic contact structures. Let M be a con-
nected manifold of odd dimension (say 2n + 1) endowed with a contact distribu-
tion H = T~'M C TM. An equivalent formulation of the contact condition is that
H is locally equal to the kernel of a one-form A such that A A (A" dA) is nowhere
vanishing. Another equivalent description of the maximal non-integrability of H
is that, for each point x € M, the skew symmetric bilinear map L : Hy X Hy —
TxM /H induced by the Lie bracket of vector fields is non-degenerate.

An almost-CR structure on M consists of a contact distribution H as above,
together with a complex structure on H—that is, a smooth bundle map J : H —
H such that J? = JoJ = —1d. To obtain a parabolic contact structure, J
has to satisty the following compatibility condition, called partial integrability:
Lyx(Jx(8),Jx(n) = Lx(&n) for all x € M and &, n € Hy. Assuming this
property, Ly is the imaginary part of a Hermitian form £$ on Hy, uniquely de-
termined up to scale, with values in (TxyM/Hy) ® C, which is called the Levi-form
at x. The signature (p, q) of LS, where p > g, is well defined and constant on M.
When the Levi-forms are definite, the almost-CR structure is called szictly pseu-
doconvex. Strictly pseudoconvex almost-CR structures are infinitesimally modeled
on 52n+1 C C"+1.

The main source of almost-CR manifolds are real hypersurfaces in complex
manifolds. Indeed, if M C N is such a hypersurface for N a complex manifold,
then, for each x € M, define Hy € TxM C TxN to be the maximal complex
subspace contained in TxM, so Hy = TxM N iTxM. The spaces Hy form a
smooth distribution of co-rank one on M, which is generically contact. Then,
J is the restriction of the complex structure on TxN to Hy. Integrability of the
complex structure on N implies partial integrability of the resulting almost-CR
structure on M; in fact, it satisfies a stronger condition, called inregrability, and
hence is called a CR-structure.
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The general formulation of integrability is as follows. For a partially integrable
almost-CR structure (M, H, J), for any two sections &, n € I'(H), the difference
[E,n]—[J(&),J(n)]lies in T(H). Now, define an analog of the Nijenhuis tensor

N :T(H)xT(H) - T(H)
&En~1En]-1JE&E,JMI+JUAJE),nl+[ETM]).

This is bilinear over smooth functions, and thus indeed induces a tensor N €
[(A2H* ® H). A partially integrable almost-CR structure is integrable if N = 0.
Note that, by construction, the CR Nijenhuis tensor N is of type (0, 2), conjugate
linear in both variables, meaning N(J(§),n) = N(&,J(n)) = —=J(N(§,n)).

The description of partially integrable almost-CR structures having signature
(p,a) as parabolic geometries uses the group G = PSU(p + 1,4 + 1) and the
parabolic subgroup P < G defined as the stabilizer of a point in the projective
space CPP*4*! corresponding to an isotropic complex line in CP*14*1. Thus, the
homogeneous space G/P can be identified with the complex projectivization of
the light cone in CP*14%1, For more details, see Section 4.2.4 of the book [8].

The |2|-grading on the Lie algebra su(p+1,g+1) determined by P is given by
splitting matrices into blocks with respect to a basis starting with a vector v in the
isotropic line stabilized by P, ending with a complementary isotropic vector w,
and having an orthonormal basis of span{v,w}* in the middle. These matrices
have the form

a Z iz
{ X A-(a-a)ld/(p +q) -1Z* '

ix —X* -a
acC,x,zeR, XeC", ZeC", A esu(p,q)},

where [ is the diagonal matrix Id, ®(—1d,;). In the grading, g_» is the subspace
corresponding to ix, g-1 to X, and so on. In particular, g_ and p, both are
complex Heisenberg algebras of signature (p, q), which reflects the CR structure.
The group Gy is the conformal unitary group of the Hermitian form of signature
(p,q) on g=1 with the natural extension of the action to g+ = [g«1, g=1], and P
is Go X Heisp 4.

For Z € gy and X € g_1, the bracket [Z,X] = (ZX,1Z*X*1 - XZ) € go =
C @ su(p, q). The further brackets we will want are

[[Z,X],X] = —2ZXX + X*IX1Z*,
[[Z,X],Z] = 2ZXZ — ZIZ* X *I.
Next, we find the decomposition of p; into P-orbits. The non-zero elements
of g, form one P-orbit. Non-degeneracy of the bracket g; X g1 — g, implies

that any element in p, with non-zero component in g; is conjugate into g; by an
element of P. On g1, the P-action reduces to the standard action of the conformal
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unitary group, and so there are three P-orbits of elements not contained in g,
corresponding to the sign of the inner product of the projection of the element to
p+/g2 = CP4, The main difference for our results is between null and non-null
elements. We will refer to the isotropies at higher-order fix points corresponding
to these two cases as null, or non-null, transversal isotropy, respectively. The case of
isotropy in g, was already treated in Section 3.3.

To formulate our results, it remains to describe the harmonic curvature. CR
structures have one harmonic torsion and one harmonic curvature. The harmonic
torsion is the CR Nijenhuis tensor N defined above, and its vanishing, which by
definition is equivalent to integrability, is also equivalent to torsion-freeness of the
parabolic geometry. The harmonic curvature p is a section of A’H* @ H* ® H;
it is a partially defined two-form of type (1,1) with values in skew-Hermitian
endomorphisms of the contact subbundle H. It is totally trace free, and has some
additional symmetries, which will not be relevant for our purpose below.

Propositions 3.13 and 3.15 give a fairly detailed description of the flow around
a higher-order fixed point with non-null or null isotropy, respectively. Together
with Proposition 3.9, these imply the following.

Theorem 3.11. Let M be a manifold with a partially integrable almost-CR struc-

ture, and let n € inf(M) vanish to higher order at xo € M with isotropy x € T M.
Then, the following hold:

(1) The harmonic torsion vanishes at Xo. If the structure is integrable, then the
harmonic curvature vanishes at X.

(2) If & annihilates Hx, C Tx,M or if the projection of & to HY, is non-null,
then there is an open set U C M with xo € U on which the restriction of the
almost-CR structure is flat; in particular, this conclusion holds if M is strictly
pseudoconvex.

In the case that the CR structure on M is real analytic and integrable, Be-
loshapka [2] and Loboda [19] have proved that existence of nontrivial n € inf(M)
vanishing to higher order implies that M is flat. Their proof involves calculations
with Taylor series in Moser normal coordinates.

3.4.1. Non-null transverse isotropy. As before, we start by collecting the
algebraic background needed to treat this case.

Lemma 3.12. Let Z € g1 be non-isotropic, so that ZVZ* # 0. Then, the
Jollowing hold:

(1) The sets associated with Z are
{0} = Cy (2) CFy (Z) = {X € g1 | ZX = X*1X = 0},
Ty (Z) = 21Z*)/(Z1Z*).
(2) Let Xo = (21Z*) | (Z1Z*), and let A = [Z, Xo]. Then, A belongs ro go. All

eigenvalues of A on g_ are negative, and for any representation N correspond-
ing to a harmonic curvature or torsion component, Vg (A) = 0.
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Proof. For any non-zero ix € g_, the map W ~ [ix, W] is an injection
g1 — g-1. Because Z € gy, the sets Fy_ (Z) and Cy_(Z) are in g—;. Now, let
Xeg 1. If[Z,X] =0, then ZX = 0. From [[Z, X], X] = 0, it follows that 1Z*
and X are linearly dependent. But if X = AIZ*, then ZX = AZIZ*. Since Z is
non-isotropic, A = 0, and so Cy_(Z) = 0.

For X € g_1, grading considerations imply that X € F; (Z) if and only if
ad(X)?(Z) = 0. If X and 1Z* are linearly independent, then [[Z, X1, X] vanishes
if and only if ZX = (X,X) = 0. If, on the other hand, X = AlZ* for A € C,
vanishing of [[Z, X], X] is equivalent to |A|> = 2A2, which is satisfied only for
A = 0. The description of Fy_(Z) now follows.

Now, suppose X € Ty (Z). Then, [[Z,X],Z] = 2Z implies X*I = AZ, and

2AZIZ* —AZIZ* =27ZX — AZIZ* = 2.
The only possibility is thus A = 2/(ZI1Z*). It is easy to verify that, for Xy =

(20Z*)/(Z1Z*), we have [[Z, Xo], Xo] = —2X0, so Ty_(Z) = {Xo}, as claimed.
For (2), compute ZXy = 2 and 1Z*X§'1 — XoZ = 0, whence A = [Z, X, ] is

the block diagonal matrix with entries (2,0,...,0, —2), which is twice the grading
element. The statement on V(A) then immediately follows from homogeneity
considerations as in the proof of Lemma 3.8. )

Here, then, is the resulting proposition for non-null transverse isotropy.

Proposition 3.13. Let M be a manifold endowed with a partially integrable
almost-CR structure, and ler n € inf(M) vanish to higher order ar xo € M. Assume
further that the isotropy & € TEM of n restricts to a non-null element of (Hx,)™*.
Then, the following hold:

(1) The sets C(x) C F(x) in Tx,M are
{0} = C(x) CF(x) = {§ € Hy, | Lx,(§,J(E)) =0, x(&) =0},

and the real line spanned by T (X) consists of all elements dual ro real multiples
0f0(|HX0.

(2) Let by € 171 (x0) be a point such that & corresponds via by to an element of
g1. Then, in the normal coordinate chart determined by by, there is an open
neighborhood U of O such that the following hold:

(@) The higher-order fixed point xq is smoothly isolated in the strongly fixed
set. Elements of U N F(X) are zeros of .

(b) Let £ = {& € Hy, | ker(Ly,(&,J(+))) = ker() N Hy,}. Then, ¥ isa
line, and on £ N U, the flow acts by § — #a(ﬁ)g whenever tx(&) > 0.

(3) There is an open neighborhood of € \ {0} in U on which the geometry is
locally flat.

Proof. We fix bg as in (2) and let Z € g; be the element corresponding to «
via by. Then, Cy_(Z) = {0} by Lemma 3.12, and as in the proof of Proposition
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2.16, this implies that C'() = 0. Next, Lemma 3.12 implies the description of
F(), and it shows that T () consists of the unique element & € ¥ such that
«(&p) = 2; thus, (1) is proved. Then, (2) follows immediately from Propositions
2.5, 2.12 (with analogous simplifications as in Proposition 2.17), and 2.8. O

3.4.2. Null transverse isotropy. In this case, we cannot deduce a local flat-
ness result, so we will focus on proving vanishing of the curvature on a com-
plex curve of higher-order fixed points through x¢ and providing the algebraic
background for a more detailed analysis. It is possible to deduce restrictions on
torsion and curvature outside of the strongly fixed set, as was done for almost-
Grassmannian structures in part (4) of Proposition 3.5. The CR statements are
rather complicated to formulate, so we do not prove them in detail here.

Lemma 3.14. Let Z € g be isotropic, so ZIZ* = 0. Then, the following hold:
(1) The sets associated with Z are

C-1Z*=Cy (Z) CFy (Z) ={X €g_1 | ZX = X*IX = 0},
T, (Z)={X€g_1|ZX =1, X*IX = 0}.

(2) For X € Ty (Z), let A = [Z,X] € go. Then, A has non-positive eigen-
values on g_, and the O-eigenspace equals Cy (Z). For V C A% g ® g_,
the representation corresponding to the harmonic torsion, we have Vy(A) C
A%gy ® X+, and

Vs(A) C (C-1X*) A (ker(X) N Z*) ® CX.

Let U ¢ AWV gy @ go be the representation corresponding to the harmonic
curvature, and let ® € Uy (A). If ®(Y1,Y2).Z = 0 for all Y1,Y, € g_1,
then ®(Y1,Y,) = 0 whenever Y| € CX and Y, € g_;.

Proof. As in the proof of Lemma 3.12, F;_(Z) C g, and X € g_; lies in
Fy (Z) if and only if ad(X)2(Z) = 0. As before, [Z,X] = 0 implies that X =
AlZ* for some A € C. Conversely, any complex multiple of 1Z* commutes with
Z, and so Cy_(Z) is as claimed in (1). Next, suppose [[Z,X], X] = 0. Then, X
and [Z are linearly dependent, in which case X isin Cy_(Z), or ZX = 0 = X*[X.
The description of Fy_(Z) is now proved.

For X € T, (Z), grading considerations imply that X € g_;, and then
X is linearly independent from 1Z*, since otherwise [Z,X] = 0. But then
[[Z,X],X] = —2X is equivalent to ZX = 1 and X*1X = 0. These two conditions
also imply that [[Z, X], Z] = 2Z, and so the description of T;_(Z) follows.

Now, for X € T, (Z), let A = [Z,X] as in (2). The A-action on g_; is
multiplication by —2ZX = -2, while the action on g_; maps Y to =Y — ZY X +
X*1Y01Z*. Then, X € g_; spans the —2-cigenspace of A in g_1, ker(Z) n X* is
the —1-eigenspace, and 1Z* spans the 0-eigenspace. Thus, all eigenvalues of A on
g- are non-positive, and the 0-eigenspace is Cy_(Z), as stated in (2).

The eigenspace structure on p follows readily by dualization:
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Subspace | Eigenvalue
C.IX* 0
ker(X) n Z+ 1
gmeCZ 2

We can now analyze the eigenspace structure on V and U. On A®?) gy, the
eigenvalues of A range from 1 to 3. (The eigenspaces with eigenvalues 0 and 4
which are present in A?g; both come from the alternating square of a complex
line, and so they both are contained in A"Vg;.) Then, the values of a map in
Vi (A) lie in the sum of the eigenspaces in g—; with negative eigenvalues. This
sum is exactly X* C g1, which proves the claim on V(A).

On the other hand, V(A) evidently coincides with the (—1)-eigenspace of A
in V, which is the space claimed in the proposition.

The eigenvalues of A on go C g1 ® g—1 range from —2 to 2, and so the possible
eigenvalues on U range from —2 to 6. Since Z spans the (+2)-eigenspace in g, the
condition that ®(Y1,Y>).Z = 0 implies ®(Y1, Y>) is in the sum of A-eigenspaces
of go with eigenvalues = —1. If this holds for all Y1, Y> € g_1, and if ® € Uy (A),
then the A"V g;-components of ® lie in the sum of 0- and 1-eigenspaces. This
sum, in turn, is made up of components from the 0- and 1-eigenspaces in g,
which form the annihilator of X. The last claim of (2) now follows. O

Proposition 3.15. Let M be a manifold endowed with a non-degenerate, par-
tially integrable almost-CR structure, and let n € inf(M) vanish to higher order at
Xo € M. Assume further that the isotropy o € T M of n restricts to a non-zero, null
element of (Hx,)*. Then, the following hold:

(1) The ser C () is the complex line spanned by the elements dualto «|n,, , while

F(x) ={§ € Hy, | x(&) =0, L(§,JE) = 0}
and
T(x) ={& € Hy, | x(&) =1, L(,]J&) = 0}.

(2) Let by € 171 (x0) be a point such that & corresponds via by to an element of
g1. Then, in the normal coordinate chart determined by by, there is an open
neighborhood U of 0 such that

(@) points of C(x) N U are higher-order fixed points with transverse null
isotropy; any & € F(x) N U is a zero of .
(b) on the cone S = {€§ € Hy, | «(§) = 0, L(E,JE) = 0}, the action of

the flow along n in normal coordinates is

1

t —
@p(&) = T+ 1a(®

-& forta(€) > 0.

(3) The Nijenhuis tensor vanishes on the complex curve of higher-order fixed
points C(«x) NU in (1). If the structure is integrable, that is, CR, then
the harmonic curvature also vanishes along the complex curve C(x) N U.
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Proof. The descriptions of C(«), F(«) and T(«) in (1) follow immediately
from Lemma 3.14, and then (2)(a) and (2)(b) follow immediately from Proposi-
tions 2.5 and 2.12.

For (3), let by € w1 (x0) be such that Z € g; is the element corresponding
to « via by. Choose X € Ty (Z) and let A = [Z,X] € go. Then, by Proposi-
tion 2.15, the functions corresponding to the harmonic torsion and the harmonic
curvature must map by to V4 (A) and to Uy (A), respectively. Now, from Lemma
3.14, V4 (A) consists of maps having values in X*. But for a fixed Z, elements
X € T, (Z) span g_; over C. Thus, the harmonic torsion vanishes at x¢. This
torsion is a scalar multiple of the Nijenhuis tensor, which then also vanishes.

To complete the argument in the torsion-free case, we proceed as in the proof
of Proposition 3.5. Denote by k : B — A?g* ® g the Cartan curvature function.
Again from Section 2.3 of [4], we have [Kp,(Y1,Y2),Z] = 0 forall Y1,Y, € g_.
If the structure is CR, then the Cartan connection is torsion free; the value kp, is
homogeneous of degrees > 2, and the lowest non-zero homogeneous component
is harmonic. Hence, taking Y1, Y, € g_1, the component in g; of [kp, (Y1, Y2), Z]
coincides with the value of [ pp, (Y1, Y2), Z1, where p is the function corresponding
to the harmonic curvature. By Lemma 3.14, [pp, (Y1, Y2), Z] = 0 together with
p(b()) e Uy (A) 1mplles pbO(Yl, ;) =0 for Y, € CX and Y, € g-1. Again,
because Ty (Z) spans g—; over C, the harmonic curvature vanishes at xp, and
along the strongly fixed component of xq. )

Last, we can easily deduce the following local version of the Schoen-Webster
theorem [26], [23], which generalizes the result of [13] from the conformal Rie-
mannian setting. Versions of this result were obtained by Vitushkin under the
additional assumption of integrability in [25], and by Kruzhilin for smooth, inte-
grable CR structures in [18].

Theorem 3.16. Let M*""! be a connected, real-analytic, partially integrable,
strictly pseudoconvex CR manifold, and let n € inf(M) vanish at xo € M. Then,

o cither there is a neighborhood U of X invariant by the flow, on which {@}}
is bounded and linearizable;
o on, M is spherical—that is, locally flat as a CR structure.

Proof. Pick by € 1 1(xp), and let Z € p be the isotropy of n at xy with
respect to bg. Because M is real-analytic, the full isotropy subalgebra at x is
algebraic; more precisely, the isotropies with respect to by of all local Killing fields
vanishing at x¢ form an algebraic subalgebra of p. This fact is a consequence of
the so-called Frobenius Theorem of [16, Section 3.4] and [20, Theorem 3.11].
An algebraic subalgebra is closed under Jordan decomposition (see [21, 4.3.4]),
and so we may assume Z is either nilpotent or semisimple.

Recall that p = (C x su(n)) X u, where u is the nilpotent radical, isomorphic
to a (2n + 1)-dimensional Heisenberg Lie algebra. If Z € u, then M is flat on a
non-empty open set by Theorem 3.11, and so M is flat everywhere because it is
analytic.
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Now suppose Z is semisimple, so that it is conjugate into go = C X su(n). If
Z lies in a maximal compact subalgebra of go, then ad(Z) preserves the subspace
g- and a positive-definite inner product on it. This inner product descends to
Tx,M, where it is invariant by {Dx,@}}, the differential of the flow, and it pulls
back via the normal coordinate chart determined by by to a Riemannian metric
on a precompact neighborhood U of xp, which is invariant by {(p,t,}. It follows
that the flow is bounded and linearizable on U.

Now suppose that Z generates an unbounded 1-parameter subgroup, so that it
can be written Z = A + K, where A is a non-zero multiple of the grading element,
and K € su(1) x su(n). First, compute that, for X € g_,

tZ ,sX _

t
etZe satk(X) tZ

e e,

where Ad(e!?) = Ad(e'4)oAd(e'X) = a' k¢, fora = 0 and k; € SU(1)xSU(n).
We can assume that a < 1, by replacing n with —n if necessary. Proposition
2.1 now implies that all the distinguished curves emanating from x¢ tend to x
under the flow by @, and that e'? is again a holonomy path with attractor by
along the curves exp,, (sX). Now, e'# satisfies the hypotheses of Proposition 2.8
forall Y € g_, and so it is also a holonomy path at points projecting onto a
neighborhood of exp,, (sX). The action of e'# on the representations for the
harmonic curvature and torsion is expanding—that is, any vector w in one of
these representations satisfies |[e!Z (w)|| — o as t — oo. By arguments similar to
those in Proposition 2.9, both the torsion and the curvature vanish wherever we
have e!? as a holonomy path. Thus, the curvature vanishes on an open set, and so
it vanishes everywhere by analyticity. )
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