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The aim of this work is to present several new results concerning duality in
scalar convex optimization, the formulation of sequential optimality conditions and
some applications of the duality to the theory of maximal monotone operators.

After recalling some properties of the classical generalized interiority notions
which exist in the literature, we give some properties of the quasi interior and
quasi-relative interior, respectively. By means of these notions we introduce several
generalized interior-point regularity conditions which guarantee Fenchel duality. By
using an approach due to Magnanti, we derive corresponding regularity conditions
expressed via the quasi interior and quasi-relative interior which ensure Lagrange
duality. These conditions have the advantage to be applicable in situations when
other classical regularity conditions fail. Moreover, we notice that several duality
results given in the literature on this topic have either superfluous or contradictory
assumptions, the investigations we make offering in this sense an alternative.

Necessary and sufficient sequential optimality conditions for a general convex
optimization problem are established via perturbation theory. These results are
applicable even in the absence of regularity conditions. In particular, we show that
several results from the literature dealing with sequential optimality conditions are
rediscovered and even improved.

The second part of the thesis is devoted to applications of the duality theory to
enlargements of maximal monotone operators in Banach spaces. After establishing
a necessary and sufficient condition for a bivariate infimal convolution formula, by
employing it we equivalently characterize the e-enlargement of the sum of two max-
imal monotone operators. We generalize in this way a classical result concerning
the formula for the e-subdifferential of the sum of two proper, convex and lower
semicontinuous functions. A characterization of fully enlargeable monotone opera-
tors is also provided, offering an answer to an open problem stated in the literature.
Further, we give a regularity condition for the weak*-closedness of the sum of the
images of enlargements of two maximal monotone operators.

The last part of this work deals with enlargements of positive sets in SSD spaces.
It is shown that many results from the literature concerning enlargements of maxi-
mal monotone operators can be generalized to the setting of Banach SSD spaces.
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Chapter 1

Introduction

The simplex method published by DANTZIG in 1947 and the duality theorem (ex-
plicitly given for the first time in 1951 by GALE, KUHN AND TUCKER [64]) have
proved to be important steps in linear optimization, due to their robustness and
efficiency for solving various problems appearing in operations research, business,
economics and engineering.

Soon it was realized that in practice often one has to deal with optimization prob-
lems with the function which has to be minimized (or maximized) being convex,
and not necessarily linear. This fact along with the increasing interest of mathe-
maticians in the calculus of variations motivated an intensive study of convex sets
and convex functions. We mention here the pioneering works of FENCHEL [62],
BRONDSTED [38], MOREAU [102,103] and ROCKAFELLAR [118,119], which are the
cornerstones of the conver analysis, including investigations on the theory of convex
functions, conjugate functions and duality in convex optimization. For a compre-
hensive study of convexr analysis in finite-dimensional spaces we refer to the mono-
graphs of BORWEIN AND LEWIS [15], HIRIART-URRUTY AND LEMARECHAL [73-75]
and ROCKAFELLAR [120], while for the infinite-dimensional case we mention the
works due to EKELAND AND TEMAM [60] and ZALINESCU [147] (see also [121]).

To a primal convex optimization problem one can associate, by means of conju-
gate functions, a dual optimization problem, for which weak duality holds, that is
the optimal objective value of the dual is less than or equal to the optimal objective
value of the primal problem. Let us mention that the two duality approaches with
the greatest resonance in the literature are the so-called Fenchel and Lagrange du-
ality, respectively. Actually, the duality approach based on conjugate functions can
be studied from a more general point of view, by means of the perturbation theory
(we refer to [60,147] for more on this approach). An important challenge in duality
theory is to find conditions which ensure strong duality, namely the case when the
optimal objective values of the two problems are equal and the dual has an optimal
solution. This issue was solved by introducing several so-called regularity conditions
guaranteeing strong duality.

Let us mention that several results from the theory of conjugate duality have
been successfully applied in mathematical economics, optimal control, mechanics,
numerical analysis, variational analysis, support vector machines and the list can
be continued.

The present work has been developed towards two main directions. In the first
part we introduce by means of generalized interiority notions some new regularity
conditions guaranteeing Fenchel and Lagrange duality. These conditions are useful
to overcome the situation when the classical regularity conditions given in the liter-
ature fail. Moreover, establishing regularity conditions guaranteeing strong duality
is important in order to be able to derive necessary and sufficient optimality condi-
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10 CHAPTER 1. INTRODUCTION

tions. On the other hand, we show that a sequential form of optimality conditions
for different classes of optimization problems can be provided even in the absence
of any regularity condition.

The second part of the thesis is dedicated to applications of the duality theory to
enlargements of monotone operators. Since 2001, when the Fitzpatrick function as-
sociated to a maximal monotone operator was rediscovered, conjugate duality plays
a significant role in the theory of maximal monotone operators, offering in many
situations the possibility to reduce questions on monotone operators to questions
on convex functions. We underline this connection by several applications of the
duality theory to enlargements of maximal monotone operators in Banach spaces.

1.1 A description of the contents

In the following we give a description of the contents of this thesis, underlining its
most important results. In the last part of the introduction we include a section
with preliminary notions and results which makes this manuscript self-contained.

The second chapter is devoted to the study of strong duality results in infinite-
dimensional scalar convex optimization. In the first section we revisit some proper-
ties of several generalized interiority notions from the literature, like the algebraic
interior, relative algebraic interior and strong quasi-relative interior. Then we focus
our attention on the notions of quasi interior and quasi-relative interior, the later
being introduced by BORWEIN AND LEWIS (cf. [14]). The main tool which is often
used in deriving strong duality results in convex optimization is the existence of sep-
aration theorems. This in the reason why a special attention is paid to establishing
useful separation theorems by means of the quasi interior and quasi-relative interior
of convex sets. The next section deals with Fenchel duality. After recalling the clas-
sical generalized interior-point regularity conditions given in the literature in order
to overcome the duality gap between a primal (Fenchel-type) convex optimization
problem and its Fenchel dual, we introduce some new ones expressed with the help
of the notions of quasi interior and quasi-relative interior, respectively. These con-
ditions turn out to be sufficient for strong duality. A very interesting approach due
to MAGNANTI (cf. [91]) offers a link between Fenchel duality and Lagrange duality.
This is presented in the last section of the second chapter and we derive in this
way corresponding strong duality results between the primal optimization problem
with geometric and cone constraints and its Lagrange dual problem. The strong
duality results introduced by means of the quasi interior and quasi-relative interior
offer an alternative for the situation when the classical strong duality results from
the literature cannot be applied. Several examples illustrate the usefulness of these
new duality statements. We conclude the chapter with a comment on different
strong duality theorems given in the literature that employ the quasi-relative inte-
rior, which turn out to have either superfluous, or contradictory assumptions. The
investigations we make are useful to overcome this drawback.

In the first section of the third chapter we derive necessary and sufficient se-
quential optimality conditions for the general optimization problem

(Pg) inf @(x,0),

where ® : X x Y — R is a proper, convex and lower semicontinuous function such
that 0 € pry (dom ®) and X, Y are Banach spaces with X being reflexive. These se-
quential characterizations of optimal solutions have the advantage to be applicable
even in the case when no regularity condition is fulfilled. In the last three sections of
this chapter we particularize the general results, rediscovering, and in many situa-
tions, even improving some sequential optimality conditions given in the literature.
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For a particular choice of the function ® we derive in Section 3.2 sequential optimal-
ity conditions for the optimization problem with the objective function being the
sum of a proper, convex and lower semicontinuous function with the composition
of another proper, convex and lower semicontinuous function with a continuous lin-
ear operator. The sequential generalizations of the Pshenichnyi-Rockafellar Lemma
given by JEYAKUMAR AND WU in [84, Theorem 3.3 and Corollary 3.5]) follow as
particular cases of the general theory. For an appropriate choice of the function ®
we give in Section 3.3 qualification free necessary and sufficient sequential optimal-
ity conditions for the optimization problem with geometric and cone constraints,
improving a result given by THIBAULT in [136, Theorem 4.1]). In the last section
of this chapter we provide different sequential optimality conditions for composed
convex optimization problems. We show that also in this case some sequential char-
acterizations of subgradients given by THIBAULT in [136] follow as particular cases
of the general theory developed in Section 3.1.

In the fourth chapter of the thesis we present some applications of conjugate du-
ality to enlargements of maximal monotone operators in Banach spaces. In Section
4.1 we introduce a closedness-type regularity condition which turns out to be neces-
sary and sufficient in order to have a so-called bivariate infimal convolution formula.
In the next section we revisit the most important notions and results concerning
monotone operators and their enlargements, including the properties of the so-called
Fitzpatrick function, which establishes the connection between different elements of
convex analysis and the theory of monotone operators. By using the conditions
given for the bivariate infimal convolution formula, we equivalently characterize in
Section 4.3 the e-enlargement of the sum of two maximal monotone operators. We
extend by this approach a classical result regarding an equivalent characterization
of the e-subdifferential of the sum of two proper, convex and lower semicontinuous
functions. BURACHIK AND IUSEM posed in [42] an open problem concerning the
characterization of the maximal monotone operators S : X =% X* (X is a Banach
space) which are fully enlargeable by S%¢, the smallest element belonging to a spe-
cial family of enlargements associated to S. An answer to this problem is provided
in Section 4.4. In the last section of this chapter we introduce a weak regularity
condition which guarantees the weak*-closedness of the set Sy, (1, ) + Thy (€2, ),
where €1,e0 > 0, S,T : X = X* are two maximal monotone operators with rep-
resentative functions hg and hr, respectively, while X and Y are Banach spaces.
This is achieved by giving a preliminary result that ensures the weak*-closedness
of the sum of two convex and weak*-closed sets, which are actually sublevel sets of
some functions with certain properties. In case X is a reflexive Banach space, or X
is Banach and S, T are of Gossez type (D), we improve in this way a result given
by GARCIA, LASSONDE AND REVALSKI in [65, Theorem 3.7 (1)].

In the last chapter we study the theory of enlargements of monotone operators
from a more abstract, though systematic way. STEPHEN SIMONS introduced in [127]
the notion of positive set with respect to a quadratic form ¢ defined on a so-called
symmetrically self-dual Banach space (Banach SSD space), as an extension of the
notion of a monotone set in Banach spaces. Let us notice that the term Simons
space is already used in the community when referring to the notion of Banach SSD
space (see [22,108]). A number of known results coming from the theory of mono-
tone operators has been successfully generalized to this framework. In analogy to
the enlargement of a monotone operator we introduce and study the notion of en-
largement of a positive set in SSD spaces. In Section 5.1 we investigate the algebraic
properties of this notion, like convexity, transportation formula, etc. We also asso-
ciate to a positive set A a family of enlargements E(A) for which we provide, in case
A is a maximally ¢-positive set, the smallest and the biggest element with respect
to the partial ordering inclusion relation of the graphs. In Section 5.2 we give some
topological properties of enlargements of positive sets in the framework of Banach
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SSD spaces. For E.(A), the subfamily of E(A) containing the enlargements of A
having a closed graph, we point out, in case A is maximally g-positive, the smallest
and the biggest element with respect to the partial ordering inclusion relation of
the graphs. A one-to-one correspondence is established between this subfamily and
H(A), the set of so-called representative functions of A. We also show that the
smallest and the biggest elements of H(A) are nothing else than two functions con-
sidered by SIMONS in [129]. We close the chapter by giving a characterization of the
additive enlargements in E.(A), in case A is a maximally g-positive set, which turns
out to be helpful when showing the existence of enlargements having this property.
In this way we extend to (Banach) SSD spaces several results given by BURACHIK
AND SVAITER in [48,49,132] for enlargements of maximal monotone operators.

1.2 Preliminary notions and results

For the functional analysis tools considered in this work we refer to the monographs
of FABIAN et al. [61], HOLMES [76] and RUDIN [125]. We emphasize that all the
vector spaces mentioned in this work are considered over the real field.

Throughout this thesis we denote by N the set of positive integers {1,2...},
Z the set of integer numbers, R the set of real numbers and Ry the set of non-
negative real numbers. Let us mention that we denote by R the usual topology on
R. We consider also R = R U {#00} the extended real line. By R" (n € N) we
denote the n-dimensional space and by R’} the non-negative orthant of R", that is
R? = {(x1,....,z,) € R" : 2; > 0 Vi = I,n}. We identify R! with R and similarly
R with Ry.

Consider X a separated locally convex space and X* its topological dual space.
We denote by w(X, X™*) (w(X*, X)) the weak topology on X induced by X*
(the weak* topology on X* induced by X). When there is no danger of confu-
sion, the notation w (w*) is used. For a non-empty set U C X, we denote by
co(U), cone(U), coneco(U), aff(U), lin(U), int(U), 1ri(U), cl(U), its convezr hull, conic
hull, convex conic hull, affine hull, linear hull, interior, relative interior, and clo-
sure, respectively. We have cone(U) = Ui>otU and if 0 € U then obviously
cone(U) = UssotU. The set ri(U) is the interior of U relative to cl (aff(U)).
In finite-dimensional spaces, ri(U) is the classical relative interior, that is the in-
terior of U relative to aff(U). Let us consider V' C X another non-empty set.
By U + V we denote the usual Minkowski sum of the sets U,V C X, that is
U+V ={u+v:u€Uwv €V} while for « € R, aU = {az : z € U}. By
convention we take U+ 0 =0+ U =0+ 0 = af) = 0. The following property will
be used several times in Chapter 2: if U is convex then

coneco(U U {0}) = cone(U). (1. 1)

We denote by (z*, x) the value of the continuous linear functional z* € X* at x € X.
Consider the identity function on X, idy : X — X,idx(z) =« for all € X. For
a function f: U x V — R we denote by f the transpose of f, namely the function
fT:VxU—=R,fT(v,u) = f(u,v) for all (v,u) € V x U. Let us mention also the
projection operator pry 1 U x V. — U, pry(u,v) = u for all (u,v) € U x V. The
indicator function of U, denoted by dys, is defined as dy : X — R,

{0, if x € U,

400, otherwise.

du(z) =

The support function of U, oy : X* — R is defined by oy (z*) = sup,¢p (z*, x) for
all x* € X*. We say that the function f: X — R is convex if

Ve,y e X, Vt€[0,1] : fta+ (1 —t)y) <tf(x)+ (1 —1)f(y), (1. 2)
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with the conventions (+00) + (—00) = 400, 0 (+00) = 400 and 0 - (—o0) = 0
(see [147]). We consider dom f = {z € X : f(x) < +oo} the domain of f and
epi f = {(x,r) € X xR : f(z) < r} its epigraph. Moreover, we denote by e/ﬁl(f) =
{(z,r) € X xR : (z,—r) € epif}, the symmetric of epi f with respect to the
x-axis. For a given real number o, f —a : X — R is the function defined by
(f—a)(z) = f(z) —afor all x € X. We call f proper if dom f # () and f(z) > —c0
for all x € X. By cl f we denote the lower semicontinuous hull of f, namely the
function whose epigraph is the closure of epi f in X xR, that is epi(cl f) = cl(epi f).
We consider also co f, the convexr hull of f, which is the greatest convex function
majorized by f. For € X such that f(z) € R we define the e-sudifferential of f
at x, where € > 0, by

Ocf(zx)={a" € X*: f(y) — f(x) > (a*,y —z) —e Vy € X}.

If f(z) € {+oo} we take by convention O.f(z) = 0. The set df(z) = o f(x) is
the classical (convex) subdifferential of f at x. The e-subdifferential, introduced
in [39], plays an important role in convex analysis, having significant theoretical
and practical applications. The e-subdifferential of f is an “enlargement” of its
subdifferential, in the sense that df(z) C J.f(x) for all x € X and € > 0. Let us
mention that if f is proper, convex, continuous at xy € dom f and Géteaux differ-
entiable at xg, then Of(zo) = {Vf(zo)} (cf. [147, Corollary 2.4.10 and Theorem
2.4.4(1)]). The following fact underlines the usefulness of the subdifferential: if f is
proper then for a € dom f we have the relation
Inf f(z) = f(a) & 0 € 0f(a).
The e-normal set of U at € X is defined by Nj(x) = 0:0p(x), that is N (z) =
{z* € X* : (2" ,y—2) < eVy € U} when z € U, and Njj(z) = 0 if 2 ¢ U.
The normal cone of U at z € X is Ny(z) = Nj(z), that is Ny(z) = {z* € X* :
(z*,y —z) <0Vy e U}, if x € U and Ny(z) = ) otherwise.
The Fenchel-Moreau conjugate of f is the function f* : X* — R defined by

f*(z*) = sup{(z*, x) — f(2)} Va* € X*.
zeX

It holds df; = oy. We mention here some important properties of conjugate func-
tions. We have the so-called Young-Fenchel inequality

(@) + f(z) > (2%, 2) Vo € X Va* € X*.

The Fenchel-Moreau Theorem is used several times throughout this work. This
states that if f is proper, then f is convex and lower semicontinuous if and only if
f** = f (see [60,147]). Moreover, if f is convex and (cl f)(z) > —oo for all x € X,
then f** =cl f (cf. [147, Theorem 2.3.4]).

The following characterizations of the subdifferential and e-sudifferential of a
proper function f at x € dom f by means of conjugate functions will be useful
(see [60,147]):

zt € 0f(x) & f(x)+ [*(a") = (2%, 2) & flz) + [*(=7) < (27, 2)
and, respectively,
2 €0.f(x) & f(x) + f7(a") < (a%,2) + ¢

In case f : X — R is a proper function and a € dom f, the epigraph of f* can
be represented as follows

epif* = J {(x*,(:c*,a> te—fla):a" € 85f(a)}. (1. 3)

e>0
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This formula, which is an easy consequence of the definitions above, describes the
epigraph of a conjugate function in terms of the e-subdifferential of the function
and will play an important role in the proof of the main results of Chapter 3. It was
stated in [79], where the function f was considered convex and lower semicontinuous,
however the formula is valid even without these hypotheses.

The following version of the Brondsted-Rockafellar Theorem (see [39]) was proved
in [136] and will be used for providing sequential optimality conditions written in
terms of the subdifferentials of the functions involved (see Section 3.1).

Theorem 1.1 (Brondsted-Rockafellar Theorem [39,136]) Let (X, ||-||) be a Banach
space, f : X — R be a proper, convexr and lower semicontinuous function and
a € dom f. Then for every e > 0 and for every x* € O f(a) there exist x. € X and
xk € 0f (x.) such that

2 —all < Ve, [laf —a*|ls < Ve and |f(z.) — (%, 2c — a) — f(a)| < 2,
where || - ||« is the dual norm on X*.

Having f, ¢ : X — R two functions we consider their infimal convolution, namely
the function denoted by fOg: X — R, fOg(x) = infuex{f(u) + g(x — u)} for all
x € X. We say that the infimal convolution is ezact at x € X if the infimum in its
definition is attained. Moreover, f[g is said to be exact if it is exact at every x € X.
We refer to [103,131] for more properties of the infimal convolution operation.

Let us also note that everywhere within this work we write min (max) instead
of inf (sup) when the infimum (supremum) is attained.

Consider Y another separated locally convex space. For a function h: X — Y
we denote by h(U) = {h(u) : u € U} the image of the set U C X through h,
while for D C Y we use the notation h™1(D) = {x € X : h(xz) € D}. Given
a continuous linear mapping A : X — Y, its adjoint operator, A* : Y* — X*
is defined by (A*y*, z) = (y*, Az) for all y* € Y* and z € X. Consider also
a non-empty conver cone C C Y (that is cone(C) C C and C + C C C) and
C* ={y* e Y*: (y*,y) > 0 Vy € C} its positive dual cone. By C~ we denote
the negative dual cone of C, that is C~ = —C™*. Let <¢ be the partial ordering
induced by C on Y, defined as y1 <¢ y2 & y2 —y1 € C, for y1,y2 € Y. To Y we
attach an abstract maximal element with respect to <¢, denoted by coc and we let
Y* :=Y U{ooc}. Then for every y € Y one has y <¢ coc and we consider on Y*
the following operations: y 4+ coc = coc + y = o0o¢ and toog = oo for all y € YV
and all ¢ > 0. Moreover, if A € C* let (X, co¢) := +00.

A function ¢g : Y — R is called C-increasing on a subset S of Y if for every
s1,82 € S such that s; <¢ s one has g(s1) < g(s2).

Some of the above notions given for functions with extended real values can be
formulated also for functions having their ranges in infinite-dimensional spaces.

For a function h : X — Y* we denote by domh = {x € X : h(z) € Y} its
domain and by epich = {(z,y) € X xY : h(z) <¢ y} its C-epigraph. We say
that h is proper if its domain is a non-empty set. The function A is said to be
C-convez if h(txy + (1 — t)xe) <¢ th(x1) + (1 — t)h(xs) for all 21,22 € X and all
t € [0,1]. One can prove that h is C-onvex if and only if epi h is a convex subset
of X xY. Further, for an arbitrary A € C* we define the function (Ah) : X — R, by
(Ah)(z) = (A, h(x)) for all z € X. The function h is said to be C-epi-closed if epis h
is a closed subset of X xY (cf. [90]), while h is called star C-lower semicontinuous at
x € X if for all A € C* the function (Ah) is lower semicontinuous at x. The function
h is said to be star C-lower semicontinuous if it is star C-lower semicontinuous at
every x € X. This notion was considered first in [82].
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Remark 1.1 (a) Besides the two generalizations of lower semicontinuity defined
above for functions taking values in infinite-dimensional spaces, there exist in the
literature other notions of lower semicontinuity, for instance the so-called C'-lower
semicontinuity, which has been introduced by PENOT AND THERA in [109] and
then refined in [55]. One can show that C-lower semicontinuity implies star C-
lower semicontinuity, which yields C-epi-closedness (see [90]), while the opposite
assertions are not valid in general. An example of a C-convex function which is
C-epi-closed, but not star C-lower semicontinuous is given in [31, Example 1]. For
more on the lower semicontinuity for functions with values in topological vector
spaces we refer the reader to [1,55,90,109,133].

(b) Tt is known that in case Y = R and C = R, all the lower semicontinuity
notions mentioned above coincide, becoming the classical lower semicontinuity for
functions with extended real values.
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Chapter 2

Regularity conditions via
quasi interior and
quasi-relative interior in
convex optimization

Usually there is a so-called duality gap between the optimal objective values of
a primal convex optimization problem and its dual problem. A challenge when
dealing with duality is to give sufficient conditions which guarantee strong duality,
the situation when the optimal objective values of the two problems are equal and
the dual problem has an optimal solution. Several generalized interior-point regu-
larity conditions were introduced in the literature in order to eliminate the above
mentioned duality gap. Along the classical interior, some generalized interiority no-
tions were used, like the algebraic interior (see [121]), the relative algebraic interior
(see [76]), or the strong quasi-relative interior (see [13]), in order to state regularity
conditions for strong duality. For an overview on these conditions we invite the
reader to consult [69,146] (see also [147] for more on this subject).

Nevertheless, in many theoretical and practical infinite-dimensional convex op-
timization problems, the interior-point conditions are useless since for instance, the
interior of the set involved in the regularity condition is empty. This is the case, for
example, when dealing with the positive cones ¢% and L (T, 1) of the spaces ¢ and
LP(T, u), respectively, where (T, u) is a o-finite measure space and p € [1,00). For
these two cones even the relative algebraic interior (which is the most general inte-
riority notion from the aforementioned ones) is empty. In order to overcome such
a situation BORWEIN AND LEWIS introduced in [14] the notion of quasi-relative
interior of a convex set, which is a further generalization of the above mentioned
interiority notions. They also proved that the quasi-relative interiors of (ﬁ_ and
LY (T, i) are non-empty.

In the first section of this chapter we recall the basic properties of the above
mentioned generalized interiority notions, together with the quasi interior, another
interiority notion closely related to that of quasi-relative interior. In the following
two sections we introduce several regularity conditions formulated by means of the
quasi interior and quasi-relative interior which guarantee Fenchel and, respectively,
Lagrange duality. The main results of this chapter are Theorem 2.3 (a Fenchel
duality result) and Theorem 2.6 (a Lagrange duality result). Several examples
illustrate the theoretical considerations and we provide also some comments on
other regularity conditions given in the literature via the quasi-relative interior.

17
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The theory presented in this chapter is mainly based on [25,29].

2.1 Generalized interiority notions

We start with an overview on the most important generalized interiority notions
introduced in the literature. Consider X a separated locally convex space and
U C X a non-empty set. The algebraic interior (the core) of U is the set (cf.
[76,121,147])

core(U) = {u € X| Vz € X, 30 > 0 such that VA € [0,0] : u + Az € U},

while its relative algebraic interior (sometimes called also intrinsic core) is the set
(ct. [76,147])

icr(U) = {u € X| Va € aff (U — U), 3§ > 0 such that VA € [0,0] : u + Az € U}.

We consider also the strong quasi-relative interior (sometimes called intrinsic
relative algebraic interior) of U (cf. [13,83,145,147)), denoted by sqri(U) (or “U)

. [ iex(U), if aff(U) is a closed set,
sari(U) _{ 0, otherwise.

In this case U is a convex set, the above generalized interiority notions can be
characterized as follows:

o core(U) ={x € U:cone(U — z) = X} (cf. [121,147));
o icr(U) = {z € U : cone(U — x) is a linear subspace of X} (cf. [12,76,147]);

e sqri(U) = {x € U : cone(U — z) is a closed linear subspace of X} (cf. [13,83,
145,147));

o 1z €sqri(U) if and only if z € icr(U) and aff (U —x) is a closed linear subspace
of X (cf. [69,145,147]).

The quasi-relative interior of U is the set (cf. [14])
qri(U) = {z € U : cl (cone(U — x)) is a linear subspace of X}.

We give the following useful characterization of the quasi-relative interior of a
convex set by means of the normal cone.

Proposition 2.1 (¢f. [14]) Let U be a non-empty convex subset of X and x € U.
Then x € qri(U) if and only if Ny(x) is a linear subspace of X*.

Next we consider another interiority notion introduced in connection with a
convex set, which is close to the one of quasi-relative interior. The quasi interior of
U is the set

qi(U) ={z € U : el (cone(U — z)) = X}.

The following characterization of the quasi interior of a convex set was given
in [59], where the authors supposed that X is a reflexive Banach space. One can
prove that this property holds in a more general context, namely in every separated
locally convex space.

Proposition 2.2 Let U be a non-empty convexr subset of X and x € U. Then
x € qi(U) if and only if Ny(x) = {0}.
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Proof. Assume first that « € qi(U) and take an arbitrary element 2* € Ny (x). By
the definition of the normal cone and the continuity of x* we obtain (x*,z) < 0 for
all z € cl (cone(U — z)). Thus (z*,2) <0 for all z € X, which is nothing else than
x* =0.

In order to prove the opposite implication we consider an arbitrary & € X and
prove that z € cl (cone(U — x)) Assuming the contrary, by a separation theorem
(see for instance [147, Theorem 1.1.5]), we obtain that there exists * € X* \ {0}
and o € R such that

(x*,2) < a < (2*,Z) Yz € cl (cone(U — x)).

Let y € U be fixed. For all A > 0 it holds (z*,y — ) < (1/A)« and this implies
that (z*,y —x) < 0. As this inequality is true for every arbitrary y € U, we obtain
that z* € Ny (z). But this leads to a contradiction and in this way the conclusion
follows. ]

Remark 2.1 Let us notice that for © € U the implication = € qi(U) = Ny(z) =
{0} holds in the more general setting of topological vector spaces.

We have the following inclusions for a set U C X:

sqri(U) Cicr(U)
int(U) C core(U) C Cqri(U) C T, (2. 1)
qi(U)

in general the inclusions being strict. Let us suppose in the following that U is a
convex set. In case int(U) # 0, all the generalized interiority notions mentioned
above coincide with int(U) (cf. [14, Corollary 2.14]). Let us mention that if X is a
Banach space and U is a closed set then core(U) = int(U) (cf. [121]).

Tt follows from the definitions above that qri({z}) = {«} for all z € X. Moreover,
if qi(U) # 0, then qi(U) = qri(U). Although this property is given in [89] in the
case of normed spaces, it holds also in separated locally convex spaces, as follows
easily from the properties given above. For U, V two convex subsets of X such that
U CV, we have qi(U) C qi(V), a property which is no longer true for the quasi-
relative interior (however it holds in case aff(U) = aff(V), see [54, Proposition
1.12]). If X if finite-dimensional then qri(U) = sqri(U) = icr(U) = ri(U) (cf.
[14,69]) and core(U) = qi(U) = int(U) (cf. [89,121]). We refer the reader to
[12,14,19,69,76,89,121,134,147] and the references therein for more properties and
examples regarding the above considered generalized interiority notions.

Example 2.1 Take an arbitrary p € [1,400) and consider the Banach space ¢ =

o0
¢P(N) of real sequences (x,,)nen such that > |x,|? < +00, equipped with the norm
n=1
00 1/p
-] :» =R, |z = ( > |xn|p) for all # = ()nen € £7. Then (cf. [14])
n=1

qri(%) = {(zn)nen € &7 : 2, > 0 Vn € N},

where (ﬁ_ = {(xn)nen € P : x, > 0 Vn € N} is the positive cone of ¢P. Moreover,
one can prove that

int(¢5) = core(£f) = sqri(¢f) = icr(¢F) = 0.

In the setting of separable Banach spaces every non-empty closed convex subset
has a non-empty quasi-relative interior (cf. [14, Theorem 2.19], see also [12, Theorem
2.8] and [147, Proposition 1.2.9]) and every nonempty convex subset which is not
contained in a hyperplane possesses a non-empty quasi interior (cf. [89]). The
condition X is separable is important as the following example shows.
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Example 2.2 For p € [1,+00) consider the Banach space

R)={s:R—-R ‘ > [s(r)[P < oo},

reR

1/
equipped with the norm |-|| : #°(R) — R, ||s|| = (ZreR |5(7’)|p) "forall s € P(R),
where

Dolstr)lP = sup Y [s(r)[

reR FCR,Ffinite reF

Note that the space ¢(R) is not separable. Considering the positive cone ¢/ (R) =
{s € P(R) : s(r) > 0 Vr € R}, we have (cf. [14, Example 3.11(iii)], see also [16,
Remark 2.20]) that qri (£ (R)) = 0.

Useful properties of the quasi-relative interior are listed below. For the proof of
(i) — (viii) we refer to [12,14].

Proposition 2.3 Let us consider U and V two non-empty conver subsets of X,
zeX anda € R, a#0. Then

(i) ari(U) + qri(V) € qri(U + V);

(i) qri(U x V) = ari(U) x qri(V);

(iii) qri(U — z) = qui(U) — z;

(iv) qri(al) = aqri(U);
(v) tari(U) + (1 — U C qri(U) ¥t € (0,1], hence qri(U) is a convex set;
(vi) if U is an affine set then qui(U) = U;

(vit) qri (qri(U)) = qri(U).

If qri(U) # (0 then

(viii) cl (qri(U)) = cl(U);

)
(
(iz) cl (cone qri(U ) = cl (cone(U)).

Proof. (iz) The inclusion cl (cone (qri(U))) C cl (cone(U)) is obvious. We prove

that cone(U) C cl (cone (aqri(U ))) Consider x € cone(U) arbitrary. There exist

A >0 and u € U such that x = Au. Take xy € qri(U). Applying the property
(v) we get txo + (1 — t)u € qri(U) Vt € (0,1], so Mxzo + (1 — t)z = A(tzo +
(1 — t)u) € cone (qri(U)) Vt € (0,1]. Passing to the limit as ¢ \, 0 we obtain

z €cl (cone (qri(U ))) and hence the desired conclusion follows. ]

Remark 2.2 In case o = 0 and qri(U) = (), property (iv) in Proposition 2.3 above
does not hold. However, when qri(U) # @, this property holds also for a = 0.

The next lemma plays an important role in this chapter.

Lemma 2.1 Let U and V be non-empty convexr subsets of X and x € X. Then
(i) if qri(U) NV #0 and 0 € qi(U — U), then 0 € qi(U — V);
(i) x € qi(U) if and only if x € qri(U) and 0 € qi(U — U).
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Proof. (i) Take y € qri(U)NV and an arbitrary * € Ny_y(0). We get (z*, u—v) <
0 for all w € U and all v € V. This implies

(z",u—y) <0VueUl, (2. 2)

that is z* € Ny (y). Asy € qri(U), Ny (y) is a linear subspace of X* (cf. Proposition
2.1), hence —z* € Ny(y), which is nothing else than

(", y—uy <0Vuel. (2. 3)

The relations (2. 2) and (2. 3) give us (z*,u; — ug) < 0 for all uy,us € U, so
z* € Ny_y(0). Since 0 € qi(U — U) we have Ny_y(0) = {0} (cf. Proposition 2.2)
and we get x* = 0. As x™ was arbitrarily chosen we obtain Ny_y(0) = {0} and,
using again Proposition 2.2, the conclusion follows.

(ii) Suppose that z € qi(U). Then z € qri(U) and since U — 2 C U — U and
0 € qi(U —x), the direct implication follows. The reverse one is a direct consequence
of (i) by taking V := {x}. U

Remark 2.3 Let us notice that the assertion (ii) in the above lemma can be proved
directly, not necessarily by using (i).

Remark 2.4 Considering again the setting of Example 2.1 we get from the second
part of the previous lemma (since ¢% — ¢% = (?) that

qi(fh) = qri(ff) = {(xp)nen € F : 2, > 0 Vn € N}

Next we give useful separation theorems in terms of the notion of quasi-relative
interior. They will be important in the next two sections in the proof of the strong
duality results.

Theorem 2.1 Let U be a non-empty convex subset of X and x € U. If x & qri(U),
then there exists x* € X*, x* # 0, such that

(z*,y) < (a%,2) Vy € U.
Viceversa, if there exists x* € X*, x* # 0, such that
(z*,y) < (&%, 2) Vy €U

and
0 €qi(U-1),

then © ¢ qri(U).

Proof. Suppose that ¢ qri(U). According to Proposition 2.1, Ny(z) is not a
linear subspace of X*, hence there exists * € Ny (z), * # 0. Using the definition
of the normal cone, we get that (z*,y) < (z*,z) for all y € U.

Conversely, assume that there exists z* € X*, x* # 0, such that (z*,y) < (z*, x)
for all y € U and 0 € qi(U — U). We obtain z* € Ny(z). If we suppose that
x € qri(U), then we obtain via Lemma 2.1(ii) that = € qi(U), hence (cf. Proposition
2.2) z* = 0, which is a contradiction. In conclusion, x & qri(U). O

Remark 2.5 (a) A closer look at the above proof shows that a similar separation
theorem can be given in terms of the quasi interior, in which case the condition
0 € qi(U — U) can be removed.

(b) Let us suppose that X is a normed space. In [58,59] a similar separation
theorem in terms of the quasi-relative interior is given. For the second part of the
above theorem the authors require that the following condition must be fulfilled

cl (TU(LL') — TU(.’L‘)) = X,
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where

TU(J;):{yEX:y: lim A\,(z, —2),\, >0 ,2, € UVn e Nand lim xn:x}

is the so-called contingent (Bouligand) cone to U at x € U. In general, we have
the following inclusion: Ty (z) C cl (cone(U — :v)) If the set U is convex, then
Ty(x) = cl (cone(U —z)) (cf. [78]). As cl(cl(E)+cl(F)) = cl(E+ F), for arbitrary
sets E, F in X and cone(V) — cone(V) = cone(V — V), if V' is a convex subset of
X such that 0 € V| the condition cl(Ty(z) — Ty(x)) = X can be reformulated as
follows: cl (cone(U — U)) = X or, equivalently, 0 € qi(U — U). Indeed, for x € U

we have

cl {cl (cone(U —z)) —cl (cone(U—x))] =X & cl[cone(U—z)—cone(U—z)] = X

& cl(cone(U—-U)) =X < 0€eqi(U—U).
This means that Theorem 2.1 is a generalization to separated locally convex spaces

of the separation theorem stated in [58,59] in the framework of normed spaces.

The condition « € U in Theorem 2.1 is essential (see [59, Remark 2]). However,
if x is an arbitrary element of X, one can give an alternative separation theorem
based on the following result due to CAMMAROTO AND D1 BELLA (cf. [53, Theorem
2.1]).

Theorem 2.2 (cf. [53]) Let U and V be non-empty convex subsets of X with
qri(U) # 0, aqri(V) # 0 and such that cl (cone (aqri(U) — qri(V))) is mot a lin-
ear subspace of X. Then there exists x* € X*, x* # 0, such that (x*,u) < (z*,v)
forallu e U and allv e V.

The following result is a direct consequence of Theorem 2.2.

Corollary 2.1 Let U be a non-empty convexr subset of X and x € X such that
qri(U) # 0 and cl (cone(U — z)) is not a linear subspace of X. Then there exists
x* € X*,x* #0, such that (x*,y) < (z*,z) for ally € U.

Proof. We take in Theorem 2.2 V := {z}. Then we apply Proposition 2.3 (4i7)
and (ix) to obtain the conclusion. O

Remark 2.6 Let us mention that some strict separation theorems involving the
quasi-relative interior have been provided in [54].

2.2 Fenchel duality

In this section we give some new Fenchel duality results stated in terms of the quasi
interior and quasi-relative interior, respectively.
Consider the convex optimization problem

(Pr) inf {/(2) + ()},

where X is a separated locally convex space and f, g : X — R are proper and convex
functions such that dom f Ndom g # (). The Fenchel dual problem to (Pp) is

(Dp)  sup {=f"(=2") — g"(«")}.
zreX*

We denote by v(Pr) and v(Dp) the optimal objective values of the primal and the
dual problem, respectively. Weak duality always holds, that is v(Dp) < v(Pg) (it
follows immediately by applying the Young-Fenchel inequality). Let us recall the
most important regularity conditions from the literature concerning Fenchel duality:
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(RCT) | 32’ € dom f Ndom g such that f (or g) is continuous at 2’;

(RCE) X is a Fréchet space, f and g are lower semicontinuous and
0 € int(dom f — dom g);

(RCY) X is a Fréchet space, f and g are lower semicontinuous and
0 € core(dom f — dom g);

(RCH) X is a Fréchet space, f and ¢ are lower semicontinuous,
aff(dom f — dom g) is a closed linear subspace of X and
0 € icr(dom f — dom g)

and

(RCE) X is a Fréchet space, f and g are lower semicontinuous and
0 € sqri(dom f — dom g).

The condition (RCIL") was considered by ROCKAFELLAR (cf. [121]), (RCE) by
ATTOUCH AND BREZIS (cf. [2]), ZALINESCU (cf. [145]) and RODRIGUES (cf. [124]),
while GOWDA AND TEBOULLE (cf. [69]) proved that (RC") and (RCE") are equiv-
alent. Let us notice that all these conditions guarantee strong duality. Moreover,
if we suppose the additional hypotheses that the functions f and g are lower semi-
continuous and X is a Fréchet space, between the above conditions we have the
following relation: (RC{) = (RCY) = (RCY) = (RCI) & (RCE) (cf. [69], see
also [147, Theorem 2.8.7]).

Remark 2.7 Let us notice that the regularity conditions (RCY') and (RCYL") are
equivalent. Indeed, assume that X is a Fréchet space, f,g are proper, convex
and lower semicontinuous functions such that dom f Ndom g # () and consider the
infimal value function h : X — R, defined by h(y) = infyex{f(z) + g(z — y)}
for all y € X. The function h is convex and not necessarily lower semicontinuous,
while one has that domh = dom f — domg. Nevertheless, the function (z,y) —
f(@)+ g(z —y) is ideally convex (being convex and lower semicontinuous), hence h
is li-convex (cf. [147, Proposition 2.2.18]). Now by [147, Theorem 2.2.20] it follows
that core(domh) = int(dom h), which has as consequence the equivalence of the
regularity conditions (RCE) and (RCE). Let us mention that this fact has been
noticed in the setting of Banach spaces by S. SIMONS in [128, Corollary 14.3].

Taking into account the relations that exist between the generalized interiority
notions presented in the first section of this chapter a natural question arises: is
the condition 0 € gri(dom f — dom g) sufficient for strong duality? The following
example (which can be found in [69]) shows that even if we impose a stronger
condition, namely 0 € gi(dom f —dom g), the above question has a negative answer
and this means that we need to look for additional assumptions in order to guarantee
Fenchel duality.

Example 2.3 Consider the Hilbert space X = ¢2(N) and the sets
C = {(zn)nen € % : 221 + 22, = 0 Vn € N}
and
S = {(xn)nEN S 62 P XTop + Toapn41 — 0Vn € N},

which are closed linear subspaces of ¢? and satisfy CN.S = {0}. Define the functions
f,g: 0> —=Rby f = ¢ and g(x) = x1+05(x), respectively, for all z = (x,,)nen € 2.
One can see that f and g are proper, convex and lower semicontinuous functions
with dom f = C and domg = S. As v(Pp) = 0 and v(Dp) = —oo (cf. [69,
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Example 3.3]), there is a duality gap between the optimal objective values of the
primal problem and its Fenchel dual problem. Moreover, S — C is dense in £2
(cf. [69]), thus cl ( cone(dom f —dom g)) = ¢l(C — S) = ¢2. The last relation implies
0 € qgi(dom f — dom g), hence 0 € gri(dom f — dom g).

Let us notice that if v(Pp) = —oo, by the weak duality result follows that for
the primal-dual pair (Pr) — (D) strong duality holds. This is the reason why we
suppose in the following that v(Pr) € R.

Lemma 2.2 The following relation is always true

0 € gri(dom f — domg) = (0,1) € qri(eplf—epl —v(Pr)) )
)
)

Proof. One can sce that epi(g — v(Pr)) = {(z,r) e X xR:r < —g(z)+v(Pr)}.
Let us prove first that (0,1) € epi f — epl( —v(Pp)). Since inf e x{f(z) +g(x)} =
v(Pp) < v(Pp) + 1, there exists ' € X such that f(2') + g(z') < U(PF) + 1. Then

(0,1) = (;C’,v(PF) +1—g(= ')) - (x’, gl + U(PF)) Eepif— epl( —v(Pr)).
Now let (z*,7) € N_; ilg—v(Pr ))( 1). We have
(@ @ —a)y + 1" (u— ' — 1) <0 V(w, 1) € epi f V(a', 1) € epilg — v(Pp)). (2. 4)

For (2, 1) = (20, f(x0)) and (&, 1) = (w0, —g(o) + v(Pr) — 2) in (2. 4), where
xo € dom f Ndomy is fixed, we get r*(f(zo) + g(zo) — v(Pr) + 1) < 0, hence
r* <0. As infex{f(z) + g(x)} = v(Pr) < v(Pp) + 1/2, there exists z; € X such
that f(z1) + g(z1) < v(Pr) + 1/2. Taking now (x, u) := (z1, f(z1)) and (2, ) :=
(x1,—g(z1) +v(Pr)—1/2) in (2. 4) we obtain r*(f(x1) + g(x1) —v(Pp) —1/2) <0
and so r* > 0. Thus r* = 0 and (2. 4) gives: (z*, 2z —2') < 0 for all z € dom f
and all 2/ € domg. Hence 2* € Ngom f—dom¢(0). Since Ngom f—dom ¢(0) is a linear
subspace of X* (cf. Proposition 2.1), we have (—z*,z — 2’) < 0 for all € dom f
and ¢’ € domg and so —(z*,r*) = (—2*,0) € Neplf il W(PF))( 1), showing

that Neplf i U(PF))(O, 1) is a linear subspace of X* x R. Hence, applying again
Proposition 2.1, we get (0,1) € qri (epi f — e/\pi(g —v(Pr))). O

Proposition 2.4 Assume that 0 €qi [(dom f — dom g) — (dom f — dom g)]. Then

NCO [(epiffe/p;i(gfv(Pp)))U{((),O)}} (0,0) is a linear subspace of X* x R if and only if

co [(epi f—epi(g—v(Pr)))U{(0,0)}] (0,0) = £(0,0)}-
Proof. The sufficiency is trivial and holds without the additional assumption from

the hypotheses. Now let us suppose that N [( o1 f— (g v (Pr))U(0 0)}] (0,0) is a
co ep1 J —ep1 —v F N
(0,0).

linear subspace of X* x R. Take (z*,7*) € N [(ept f—emia—o(Pr)UL(0.0)}]
co €ep1 J —ep1 —v F )
Then

(2%, 2 — a) + 1" (i — 1) < 0 (w, 1) € epi f ¥(a/, 1) € epilg — v(Pr)). (2. 5)

Let 29 € dom fNdom g be fixed. Taking (x, u) := (xo, f(z0)) € epi f and (2/, ') :=
(x0, —g(z0) + v(Pr) — 1/2) € epi(g — v(Pr)) in the previous inequality we get
r*(f(xo) + g(xo) — v(Pp) + 1/2) < 0, which implies * < 0. Taking into account
that the set N_ o [(epi f—api(g—o(Pr)U{(0.0)}] (0,0) is a linear subspace of X* x R, the

same argument applies also for (—z*, —r*), implying —r* < 0. In this way we get

r* = 0. From (2. 5) and the relation (—z*,0) € N_ [(ept f—api(g—u(Pr)UL(0.0)}] (0,0)

we obtain

(2*,3 — a) = 0 ¥(w, ) € epi f ¥(a/, 1) € epilg — v(Pr)),
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which is nothing else than (z*,z — ') = 0 for all © € dom f and all 2’ € domg,
thus (z*,z) = 0 for all € dom f — domg. Since z* is linear and continuous, the

last relation implies (z*,2) = 0 for all z € cl <cone ((dom f — dom g) — (dom f —

dom g))) = X, hence z* = 0 and the conclusion follows. O

Remark 2.8 (a) By (1. 1) one can see that cl (cone (epif— e/p\i(g - v(PF)))) =
cl [coneco ((epif - e/\pi(g —v(Pr))) U {(070)})} As a consequence one has the

following sequence of equivalences: NCo [ ](O, 0) is a linear

(epi f—epi(g—v(Pr))U{(0,0)}
subspace of X* x R & (0,0) € qri [co ((epif — epi(g — v(Pr))) U {(0,0)})] &
cl [coneco ((epif — epi(g — v(Pr))) U {(0, 0)})} is a linear subspace of X x R <

cl (cone (epi f —epi(g — v(PF)))) is a linear subspace of X x R. By using Proposi-

tion 2.2, the relation N_ [(epi f—api(a—u(Pr)UL(0.0)}] (0,0) = {(0,0)} is equivalent

to (0,0) € gi [co ((epif — e/I;i(g — v(Pp))) U {(0,0)})] All together, in case
0 € qi [(dom f — dom g) — (dom f — dom g)], the conclusion of the previous propo-
sition can be reformulated as follows

cl {cone (epif - e/ﬁi(g - U(PF)))} is a linear subspace of X x R

& (0,0) € i [ o ((epi f — epilg — v(Pr) U{(0,0)})]

or, equivalently,
(0.0) € ai [ o ((epi £ — epilg — v(Pr) U{(0.0)})]

 (0,0) € qi [ co ((epi f = epily — v(Pr))) U{(0,0)})].

(b) One can prove that the primal problem (Pp) has an optimal solution if and
only if (0,0) € epif — epi(g — v(Pg)). This means that if we suppose that the
primal problem has an optimal solution and 0 € qi [(dom f —domg) — (dom f —
dom g)], then the conclusion of the previous proposition can be rewritten as fol-

lows: Nepif_;m(g_v(PF))(O, 0) is a linear subspace of X* x R if and only if we have
N .

eplffe/[:i(gfv(PF))(O’ 0) = {(0,0)} or, equivalently,

(0,0) € qui (epi f — epi(g — v(Pr))) < (0,0) € di (epi f — epi(g — v(Pr))).

We introduce in the following some regularity conditions expressed in terms of
the quasi interior and quasi-relative interior:

(RCY) dom f N qri(dom g) # 0, Of qi(dom g — dom g) and
(0,0) ¢ axi [ co ( (epi f = epi(g — v(Pr))) U {(0,0)})]:

(RCE) | 0 € qi(dom f — dom g) an(i\
(0,0) & ari [ co ( (epi f — epilg — v(PF))) U{(0,0)})]

and

(RCE) 0 € qi [(dom f — dom g) — (dom f — dom g)],
0 € qri(dom f — dom g) and

(0,0) ¢ ari [ co ((epi  — epilg — v(Pr))) U {(0,0)})]-
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Let us prove some relations between the above considered regularity conditions.

Lemma 2.3 Under the hypotheses we work with the following statements hold:
(i) (RC§) = (RCT) & (RCY);

(i) in case the primal problem has an optimal solution, the condition (0,0) ¢
qri [co ((epif - e/ﬁi(g —v(Pp))) U {(0,0)})} can be equivalently written as
(0,0) ¢ ari (epi f — epi(g — v(Pr)));

(iii) if the condition 0 € qi [(domf — domg) — (dom f — dom g)] is fulfilled, then
(0,0) ¢ qri [co ((epif — epi(g — v(Pr))) U{(0, 0)})} is equivalent to (0,0) ¢
ai [ co ((epi f = epilg — v(Pr))) U{(0,0)})].

Proof. (i) Let us suppose that (RC{) is fulfilled. We apply Lemma 2.1(i) with
U := domg and V := dom f. We get 0 € qi(domg — dom f) or, equivalently,
0 € qi(dom f — dom g), that is (RC{") holds. That (RCY') is equivalent to (RCE)
is a direct consequence of Lemma 2.1(ii).

(ii) See the comment made at the beginning of Remark 2.8(b).

(iii) See Remark 2.8(a). O

Remark 2.9 Let us notice that a sufficient condition for the fulfillment of 0 €
qi [(dom f — domg) — (dom f — domg)| in Lemma 2.3(iii) is the relation 0 €
qi(dom f — dom g). This is a direct consequence of the inclusion dom f — domg C
(dom f — dom g) — (dom f — dom g).

We give now a strong duality result for the primal-dual pair (Pr) — (Dp). We
emphasize that for the functions f and g we suppose only convexity properties and
no lower semicontinuity assumptions are needed for the duality result given below.

Theorem 2.3 Suppose that one of the regularity conditions (RCY), i € {6,7,8},
is fulfilled. Then v(Pp) =v(Dp) and (Dp) has an optimal solution.

Proof. In view of Lemma 2.3(i), it is enough to give the proof in case (RCY) is
fulfilled, a condition which we assume in the following to be true.

Lemma 2.2 ensures that (0,1) € qri (epi f —epi(g — v(PF))), hence qri (epi f—
ei;i(g —v(Pp))) # 0. The condition (0,0) ¢ qri [co ((epif — gﬁi(g —v(Pp))) U
{(0, O)})} , together with the relation cl [coneco (( epi f—epi(g—v(Pr)))U{(0, O)})}
= cl (cone (epif — e/\pi(g - v(PF)))> (cf. (1. 1)), imply that cl (cone (epif —
e/I;i(g — v(PF)))) is not a linear subspace of X x R. We apply Corollary 2.1 with

U:=epif— e/\pi(g —v(Pp)) and = = (0,0). Thus there exists (z*,A) € X* x R,
(z*,A) # (0,0), such that

(@*,x) + Mo > (2%, 27) + M/ Wz, 1) € epi(g — v(Pp)) V(2 p) € epif. (2. 6)

We claim that A < 0. Indeed, if A > 0, then for (x,u) := (z0, —g(x0) + v(Pr)) and
(@', 1) == (mo, f(zo) +n),n € N, where xy € dom f Ndom ¢ is fixed, we obtain from
(2. 6) that (x*,x0) + AM(—g(zo) + v(Pr)) > (x*,x0) + M f(x0) + n) for all n € N.
Passing to the limit as n — +o0o we obtain a contradiction. Next we prove that
A < 0. Suppose that A = 0. Then from (2. 6) we have (z*,z) > (x*,2’) for all
x € domg and 2’ € dom f, hence (z*,z) < 0 for all z € dom f — domg. Using

the condition 0 € qi [(domf — domg) — (dom f — dom g)] and the second part of
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Theorem 2.1 we obtain 0 ¢ qri(dom f — dom g), which contradicts the condition
0 € qri(dom f — dom g) from (RC{"). Thus we must have A < 0 and from (2. 6) we
obtain:

1 1 —
<Xx*, a?> +u< <Xx*, a?’> +u' Y(z,p) € epi(g — v(Pr)) V(z', 1)) € epi f.
Let » € R be such that
W (w5,2") = 1 > pt (g, @) Y@, 1) € epilg — v(Pp)) Y(a', 1) € epi f,

where xf ;= (1/X\)x*. The first inequality yields f(z) > (—z§,z) +r for all x € X,
that is f*(—z{) < —r. The second one gives us —g(z) + v(Pp) + (z§, ) < r for all
x € X, hence g*(z}) < r—v(Pr) and so we have — f*(—z§)—g* (z§) > r+v(Pr)—r =
v(Pp). This implies that v(Dp) > v(Pr). As the opposite inequality is always true,
we get v(Pp) = v(Dp) and xj is an optimal solution of the problem (Dp). O

Remark 2.10 (a) The proof given above relies on the separation result given in
Corollary 2.1. Let us notice that alternatively, one can apply Theorem 2.1 with
U :=co ((epif — epi(g — v(Pr))) U {(0,0)}) and z := (0,0) € U. Relation (2. 6)
follows and the proof can be continued as above.

(b) If the condition (0,0) ¢ qri [co ((epi f — epilg — v(Pr))) U {(0,0)})] is
removed, the duality result given above may fail. By using again Example 2.3
we show that this condition is essential. Let us notice that for the problem in
Example 2.3 the condition 0 € gi(dom f — dom g) is fulfilled and 0 is the unique
optimal solution of the primal problem. We prove in the following that in the
aforementioned example we have (0,0) € qri (epi f — epi(g — v(Pr))). Note that
the scalar product on €2, (-,-) : 2 x 2 — R is given by (z,y) = i TpYn, for all

n=1
2 = (Tn)nen, ¥ = (Yn)nen € £2. For k € N, we denote by e®) the element in ¢2 such
that e!) = 1 if n = k and ey = 0 for all n € N\ {k}. We have epi f = C x [0, 0).
Further, epi(g — v(Pr)) = {(z,r) € 2 xR :7 < —g(z)} = {(z,r) € 2 xR : 2 =
(Tp)nen € S, < —21} = {(z,—71 —¢) €2 xR : 2 = ()nen € S,¢ > 0}. Then
A:=epif —epi(g —v(Pp)) = {(z — 2,2} +¢) : 2 € C,2’ = (2 nen € S, > 0}.
Take (z*,7*) € N4(0,0), where * = (2 ),en € £2 and 7* € R. We have

(x*,x — ') +r*(2) +¢) <0Vz € C V' = (2))neny € S Ve > 0. (2. 7)

Taking in (2. 7) 2’ =0 and € = 0 we get (z*,z) <0 for all z € C. As C is a linear
subspace of X we obtain
(", ) =0Vz e C. (2. 8)

Since (=1 — ¢(k) ¢ C for all k € N, relation (2. 8) implies
Xop_1 — Xo, =0 VEk € N, (2. 9)
From (2. 7) and (2. 8) we obtain
(—z*, 2"y +r* (2] +¢) <0V = (2),)nen € S Ve > 0. (2. 10)

Taking ¢ = 0 and 2’ := me! € S in (2. 10), where m € Z is arbitrary, we get
m(—xf +r*) < 0 for all m € Z, thus r* = z}. For e = 0 in (2. 10) we obtain

— > xfx, +r*x) <0 for all 2’ € S. Taking into account that r* = z7§, we get
n=1

- 22 xfal, <0forallz’ € S. As S is a linear subspace of X it follows > zXz! =0

n=2
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for all 2/ € S, but, since %) — ¢(k+1) ¢ § for all k € N, the above relation shows
that
x5y, — 5 = 0Vk €N, (2. 11)
Combining (2. 9) with (2. 11) we get z* = 0 (since z* € £?). Because r* = a7}, we
have also 7* = 0. Thus N4(0,0) = {(0,0)} and Proposition 2.2 leads to the desired
conclusion.
(c) We have the following implication

(0,0) € qgi [co ((epif - e/];;i(g —v(Pr))) U {(0,0)})} = 0 € qi(dom f — dom g).

Indeed, suppose that (0,0) € qi [co ((epif - e/p\i(g - U(PF))) U {(0,0)})} Then
o [coneco ((epif — epi(g — v(Pr))) U{(0, 0)})} = X x R, hence (cf. (1. 1))

cl {cone (epif - e/[;i(g - v(PF)))} =X xR.
Since the inclusion
cl [ cone (epi f — e/\pi(g —v(Pp)))] C cl(cone(dom f — domg)) x R

trivially holds, we have cl (cone(dom f—dom g)) = X that is 0 € qi(dom f—dom g).
Hence the following implication is fulfilled

0 ¢ qi(dom f — domg) = (0,0) ¢ ai [ co ((epi f — epilg — o(Pr))) U{(0,0)})].

Nevertheless, in the regularity conditions given above one cannot substitute the
condition (0,0) ¢ qi [co ((epif - e/};i(g —v(Pr))) U{(0, 0)})} by the stronger, but
more handleable one 0 ¢ gi(dom f — dom g), since in all the regularity conditions
(RCF), i € {6,7,8}, the other hypotheses imply 0 € qi(dom f —dom g) (cf. Lemma
2.3).

Let us give in the following an example which illustrates the applicability of the
strong duality result introduced above.

Example 2.4 Consider the Hilbert space ¢? = (?(N). We define the functions
f,9: 0> —Rby 0
x|, ifzxex’ -1,

400, otherwise

and (e.2) )
o c,x), ifxels,

g(x) = { +00, otherwise,
respectively, where 20, ¢ € (i are arbitrary chosen such that 22 > 0 for all n € N.
Note that

v(Pp) = inf z|| + {(c,x)} =0
(Pr)= i (el + (o)

and the infimum is attained at z = 0. We have dom f = 2 — (2 = {(2)nen € (2 :
r, <20 ¥n € N} and dom g = Ei. By using Example 2.1 we get

dom f Nqri(dom g) = {(zn)nen € £2: 0 < z, < 20 ¥n € N} #£ (.

Also, cl (Cone(domg—dom g)) = (% and so 0 € qi(dom g —dom g). Further, epi f =
{(x,r/)\e CxRizea®—02 |z <r} ={(z,||z]|+e) e ?xR:z€2—12 >0}
and epi(g — v(Pr)) = {(z,r) € P xR :r < —g(x)} = {(z,7r) € Z xR :r <
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—(c,x),x € 3} ={(z,—(c,x)—¢) : x € (3, > 0}. We get epif—e/l;i(g—v(Pp)) =
{(z =2, ||z| +e+(c,a') +&'):x €a® — (3, 2" € (3, e, > 0}, hence

epi f —epi(g — v(Pp)) = {(x — &/, |a|| + (c,2') + &) :w € 2® — 2,2/ € £2,e > 0}.

In the following we prove that (0,0) ¢ qri (epif — e/l;i(g — U(PF))) Assuming
the contrary, we would have that the set cl [ cone (epi f —epi(g—v(Pr)))] is a linear
subspace of £2 x R. Since (0,1) € cl [ cone (epiffe/\pi(gfv(Pp)))] (takex =2’ =0
and € = 1) we must have also that (0, —1) belongs to this set. On the other hand,
one can easily see that for all (z,r) belonging to cl [ cone (epi f — epi(g — v(Pr)))]
it holds r > 0. This leads to the desired contradiction.

Hence the regularity condition (RCY) is fulfilled, thus strong duality holds
(cf. Theorem 2.3). On the other hand, ¢? is a Fréchet space (being a Hilbert
space), the functions f and g are proper, convex and lower semicontinuous and, as
sqri(dom f — dom g) = sqri(z® — ¢2) = (), none of the regularity conditions (RC/"),
i €{1,2,3,4,5}, presented at the beginning of this section can be applied for this
optimization problem.

As for all z* € 2 it holds g*(z*) = 5&21 (z*) and (cf. [147, Theorem 2.8.7])

Fay= inf {1 1@ + e @)} = | inf (a5,
it =—x + el tzi=—a®,
llo} <1,25€6%

the optimal objective value of the Fenchel dual problem is

v(Dp) = sup (—xﬁ,x()) = sup (—xz,m0> =0,
zy €l —c—a7, zzeld
leflI<1,05e62

while 25 = 0 is the optimal solution of the dual.

The following example underlines the fact that in general the regularity condition
(RCE) (and automatically also (RC{"), see Lemma 2.3(i)) is weaker than (RC{)
(see also Example 2.7 below).

Example 2.5 Consider the Hilbert space £2(R) and the functions f,g: /2(R) — R
defined for all s € £2(R) by

f(s):{ s(1), if s € A (R),

400, otherwise

. ) 2 (®)
[ s(2), ifseZ(R),
g(s) = { +o00, otherwise,

respectively. The optimal objective value of the primal problem is

v(Pr) = seielgf(R){s(l) +s5(2)} =0

and s = 0 is an optimal solution (let us notice that the primal problem has infinitely
many optimal solutions). We have qri(domg) = qri(¢2(R)) = 0 (cf. Example
2.2), hence the condition (RCE) fails. In the following we show that (RCY') is
fulfilled. One can prove that dom f — domg = (% (R) — £3 (R) = (*(R), thus 0 €
qi(dom f — dom g). Like in the previous example, the following relation holds

epi f — epi(g — v(Pp)) = {(s—5,s5(1)+5(2)+¢):s,s €A(R),e >0}
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and with the same technique one can show that (0,0) ¢ qri (epi f —epi(yg —v(Pr))).
Thus (RCY) is fulfilled and, as a consequence strong duality holds (cf. Theorem
2.3).

Let us take a look at the dual problem. For this we have to calculate the
conjugates of f and g. Let us recall that the scalar product on £2(R), {-,-) : £2(R) x

?(R) — R is defined by (s,s') = sup > cps(r)s'(r), for s,s" € £*(R). The
FCR, F'tinite

dual space (¢2 (R))* is identified with ¢2(R). For an arbitrary u € ¢*(R) we have

ff(u)= sup {(u,s)—s(1)} = sup { sup Z u(r)s(r) — 5(1)}

sefi (R) seli (R) | FCR,Ffinite reF

— ng}l}im {SES;%IFI()R) { Z u(r)s(r) — 8(1)}} )

reF

Consider F' = {rq, ..., } an arbitrary finite subset of R, where k € N. The inner
supremum can be written as

sup {u(r1)s(ri) + ... + ulrg)s(ry) — s(1)}.
seli(R)

One can easily prove that if 1 ¢ F this supremum is equal to 0 if u(r;) < 0 for all
i € {1,...,k}, being +oo, otherwise. If 1 € F, with r;, = 1 (ip € {1,...,k}), the
supremum becomes 0, in case u(r;) < 0 for all i € {4,....,k} \ {io} and u(1) < 1,
being +o00, otherwise. In conclusion,

£ () = 0, ifu(r) <0OVr e R\ {1} and u(1) <1,

W= +o00, otherwise.

Similarly we compute ¢* and obtain that v(Dr) = 0 and v = 0 is an optimal
solution of the dual (moreover, the dual has infinitely many optimal solutions).

Let us mention that besides the above mentioned generalized interior-point regu-
larity conditions, there exist in the literature the so-called closedness-type reqularity
conditions, considered by BURACHIK AND JEYAKUMAR in Banach spaces (cf. [45])
and by BoT AND WANKA in separated locally convex spaces (cf. [37]). Let us
consider the following condition:

(RCE) | f and g are lower semicontinuous and
epi f* + epig* is closed in (X*, w(X*, X)) x R.

We have the following duality result (cf. [37]).

Theorem 2.4 Let f,g: X — R be proper and convex functions such that dom f N
dom g # 0. If (RCE) is fulfilled, then

(f+9)"(@%) = min{f*(z" — ") + g"(y") : y" € X7} Va© € X" (2. 12)

Remark 2.11 (a) Let us notice that in the literature condition (2. 12) is referred
to stable strong duality (see [20,46,128] for more details) and obviously guarantees
strong duality for (Pr) — (Dr). When f,g : X — R are proper, convex and lower
semicontinuous functions with dom f N dom g # (), the condition (RC{") is fulfilled
if and only if (2. 12) holds (cf. [37, Theorem 3.2]).

(b) In case X is a Fréchet space and f, g are proper, convex and lower semicon-
tinuous functions we have the following relations between the regularity conditions
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considered for the primal-dual pair (Pr)— (D) (cf. [37], see also [69] and [147, The-
orem 2.8.7])

(RCY) = (RCY) & (RCY) = (RCT) & (RCY) = (RCY).

We refer to [20,37,45,128] for several examples showing that in general the impli-
cations above are strict. The implication (RCY) = (RCY’) holds in the general
setting of separated locally convex spaces (in the hypotheses that f, g are proper,
convex and lower semicontinuous).

We observe that if X is a finite-dimensional space and f, g are proper, convex
and lower semicontinuous, then (RC}") = (RCY) & (RCL) = (RC{"). However, in
the infinite-dimensional setting this is no longer true. In the following two examples
we show that in general the conditions (RCY") (and automatically also (RC{), cf.
Lemma 2.3(i)) and (RC{") are not comparable. In the example below, (RCY) is
fulfilled, unlike (RC"), i € {6,7,8} (we refer to [20,37,45,88,128] for examples in
the finite-dimensional setting).

Example 2.6 Consider the Hilbert space ¢?(R) and the functions f, g : £>(R) — R,
defined by f = (541 ®) and g = 5_g2+(R), respectively. We have gri(dom f —dom g) =
qri (Ef_ (R)) = () (cf. Example 2.2), hence all the generalized interior-point regularity
conditions (RCY), i € {1,2,3,4,5,6,7,8} fail (cf. Remark 2.11(b) and Lemma
2.3(1)). The conjugate functions of f and g are f* = 5—(1(]1%) and g* = 6@(]1@),
respectively, hence epi f* + epig* = ¢2(R) x [0,00), that is the condition (RCE)
holds. One can see that v(Pr) = v(Dp) = 0 and y* = 0 is an optimal solution of
the dual problem.

In the following we provide an example for which this time (RCY") (and auto-
matically also (RCY), cf. Lemma 2.3(i)) is fulfilled, unlike (RCE).

Example 2.7 Like in Example 2.3, consider the Hilbert space X = ¢?(N) and the
sets
C = {(zn)nen € 29y 1+ 29, =00 € N}

and

S ={(zn)nen € 0 may + Ton+1 = 0 Vn € N},

which are closed linear subspaces of £2 and satisfy CN.S = {0}. Define the functions
f,g:0? = Rby f = 6c and g = dg, respectively, which are proper, convex and lower
semicontinuous. The optimal objective value of the primal problem is v(Pg) = 0
and T = 0 is the unique optimal solution of v(Pr). Moreover, S — C' is dense in
2 (cf. [69, Example 3.3]), thus cl (cone(dom f — domg)) = ¢l(C — S) = (2. This
implies 0 € qi(dom f — dom g). Further, one has

epi f —epi(g — v(Pp)) = {(x —y,e) :z € C,y € S,e > 0} = (C — ) x [0, +00)

and cl {cone (epiff(;};i(gfv(PF)))] = (2 x [0, +00), which is not a linear subspace
of /2 x R, hence (0,0) ¢ qri (epif — e/I;i(g — U(PF))) All together, we get that the
condition (RCZ") is fulfilled, hence strong duality holds (cf. Theorem 2.3). One can
prove that f* = d-1 and g* = dq., where

C* = {(zn)nen € 2+ 2gn_1 = T2y ¥n € N}

and
St = {(zn)nen € 02 : 21 = 0,22, = To,11 Vn € N}
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Further, v(Dp) = 0 and the set of optimal solutions of the dual problem is exactly
Cc+nst={0}.

We show that (RC{) is not fulfilled. Let us consider the element e(!) € ¢2. We
compute (f 4 g)*(e™")) = sup,ep{(e, 2) — f(z) — g()} = 0 and (f*Og*)(eV) =
dotige (eM). If we suppose that e() € C+ 4 S+, then we would have (e(V) +5+)N
C+ # (. However, it has been proved in [69, Example 3.3] that (e(") +S+)nC+ = (.
This shows that (f*0g*)(e™M) = 400 > 0= (f+g)* (V). Via Theorem 2.4 follows
that the condition (RCY) is not fulfilled and, consequently, (RCI"), i € {1,2,3,4,5},
fail, too (cf. Remark 2.11(b)), unlike condition (RC¥"). Looking at (RC{), one can
see that this condition is also not fulfilled, since 0 € gi(dom g — dom g) does not
hold.

Finally, let us notice that one can prove directly that (RC{) is not fulfilled.
Indeed, we have epi f* + epi g* = (C*+ + S+) x [0,00). As in [69, Example 3.3], one
can show that C+ + S+t is dense in £2. If we suppose that C+ + S+ is closed, we
would have C- 4 S+ = ¢2, which is a contradiction, since e(t) ¢ C+ + S+

Remark 2.12 Let us notice that under convexity assumptions of the functions
involved, C. L1, D. FanGg, G. L6pPEZ AND M.A. LOPEZ introduced in [88] a
condition which equivalently characterizes stable strong duality, that is relation
(2. 12) (cf. [88, Theorem 4.6]). This condition looks like (cf. [88, Definition 3.1,
Lemma 3.3 and relation (3.5)]):

(CQEFLE) | epi(f +g)* = epi f* +epig™.

As noticed in [88, Corollary 3.9], in case f, g are proper, convex and lower semi-
continuous functions, the conditions (CQFF'LL) and (RCY) are equivalent. The au-
thors gave also an example (in the finite-dimensional setting) for which (CQL¥LL)
holds, but the regularity condition expressed by means of the quasi interior and
quasi-relative interior (RCY) fails (cf. [88, Example 4.1]). Example 2.7 above pro-
vides a situation where the condition (RCY) is fulfilled, unlike (CQLFLL).

In the following, by using the results introduced above, we give regularity con-
ditions for the following convex optimization problem

(Pg) inf {f(2) + (g0 A)(2)},

where X and Y are separated locally convex spaces having as topological dual spaces
X* and Y*, respectively, A : X — Y is a continuous linear mapping, f : X — R
and g : Y — R are proper and convex functions such that A(dom f) N dom g # 0.
The Fenchel dual problem to (P7) is

(DR) sup (~'(~A'y") ~ 4" (")}

We denote by v(P#) and v(D4) the optimal objective values of the primal and the
dual problem, respectively. We suppose also that v(Pf) € R. We consider the set

A xidg(epi f) = {(Az,r) € Y xR : f(z) <r}.

Let us introduce the following functions: F,G : X x Y — R, F(z,y) = f(z) +
Sfuex:Au=y}(7) and G(z,y) = g(y) for all (z,y) € X x Y. The functions F' and G
are proper and convex and their domains fulfill the relation

dom F — dom G = X x (A(dom f) — dom g).
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Since epi F' = {(z, Ax,r) : f(z) < r} and e/\pi(G —v(P) = {(z,y,7r) : r <
~Gla,y) + v(PA)} = X x api(g — v(Pf)), we obtain

epi F — epi(G — v(P&)) = X x (A x idg (epi f) — epi(g — U(P;J))).
Moreover,

LnE Py + Gle)h = il {f(@) + (g0 A)(w)} = v(PP)

On the other hand, for all (z*,y*) € X* x Y* we have F*(2*,y*) = f*(z* + A*y*)

and
Kok kY g (y*), ifz* =0,
G yT) = { +00, otherwise.
Therefore
sup {—F*(—z*, —y*) — G*(z*,y")} = sup {—f*(—A"y") — g*(y")} = v(D7).
wiei/{: y*eEY*
S

We consider the following regularity conditions:
(RCF4) | A(dom f) N qri(dom g) # 0, 0 € gi(dom g — dom g) and
(0,0) ¢ ari | co (A x idz(epi f) — epi(g — v(P))) U{(0,0)})]:

(RCEH) 0 € qi (A(dom f) — dom g) and N
(0,0) ¢ ari | co ((A x idz(epi f) — epi(g — v(P{))) U {(0,0)} )]

and

(RCFA) | 0eqi [(A(dom f) — domg) — (A(dom f) — dom g)},
0 € qri (A(dom f) — dom g) and N
(0,0) ¢ ari [ co ( (4 x idw(epi f) — epily — v(P£)) U{(0,0)})]

Similar remarks as in Lemma 2.3 can be made also for the regularity conditions
(RCF), i€ {1,2,3}.

Lemma 2.4 Under the hypotheses we work with the following statements hold:
(i) (RCT4) = (RCEA) & (RCFA);

(ii) in case the primal problem has an optimal solution, the condition (0,0) ¢
qri [co ((A X idg(epi f) — epi(g — v(Pf))) U {(0,0)})} can be equivalently
written as (0,0) ¢ qri (A x idg(epi f) — e/\pi(g - v(P;,i‘)));

(iii) if 0 € qi [(A(domf) — domg) — (A(dom f) — domg)}, then the condition
(0,0) ¢ qri [CO ((A x idg (epi f) — e/p\i(g —v(P))) U {(0,0)})} is equivalent

to (0,0) ¢ ai [ co ((4 x ida(epi f) — epi(g — v(P)) U{(0,0)})].

Remark 2.13 The condition 0 € qi (A(dom f) - domg) implies relation 0 €
qi [(A(dom f) —domg) — (A(dom f) — domg)} in Lemma 2.4(iii).
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Applying Theorem 2.3 for the functions F' and G defined above and taking
into account the above mentioned properties we obtain the following strong duality
result concerning the primal-dual pair (P£) — (D7).

Theorem 2.5 Suppose that one of the reqularity conditions (RCF4), i € {1,2,3},
is fulfilled. Then v(Pg) = v(D3) and (D4) has an optimal solution.

Remark 2.14 Let us notice that BORWEIN AND LEWIS gave in [14] some regularity
conditions by means of the quasi-relative interior, in order to guarantee strong
duality for the pair (P#) — (D#). However, they considered a more restrictive case,
namely that the codomain of the linear operator is finite-dimensional. We consider
here a more general framework, when both of the spaces are infinite-dimensional.

2.3 Lagrange duality

Consider the optimization problem

(Pr)  inf  f(2),
g(x)e—-C

where X and Y are separated locally convex spaces, S is a non-empty convex
subset of X, f: X — R is proper and convex, C' C Y is a non-empty convex cone,

g: X — Y* is proper and C-convex and the feasible set 7T = {z € S : g(z) € —C}
is assumed to be non-empty. The Lagrange dual problem associated to (Pr) is

(D1) sup inf {f(x) + X\, g(2))}.
AEC* TE

Like in the previous section, let us recall some regularity conditions from the
literature which guarantee strong duality:

(RCL) | 32’ € dom f NS such that g(z') € —int(C);

(RCH) X and Y are Fréchet spaces, S is closed, f is lower semicontinuous,
g is C-epi-closed and 0 € int (g(domf NS Ndomg) + C);

RCE X and Y are Fréchet spaces, S is closed, f is lower semicontinuous,
3
g is C-epi-closed and 0 € core (g(domf 1S Ndomyg) + C’);

(RCE) X and Y are Fréchet spaces, S is closed, f is lower semicontinuous,
g is C-epi-closed, 0 € icr (g(dom f NS Ndomg) + C) and
aff (g(dom f NS Ndomg) + C) is a closed linear subspace of ¥

and

(RCE) X and Y are Fréchet spaces, S is closed, f is lower semicontinuous,
g is C-epi-closed and 0 € sqri (g(domf NSNdomg)+ C’).

Remark 2.15 The condition (RCY) is the classical Slater constraint qualification.
The above regularity conditions guarantee strong duality (cf. [20], see also [80]
and [36] for stronger conditions). In case X and Y are Fréchet spaces, S is closed,
f is lower semicontinuous and g is C-epi-closed, we have (RC¥) = (RCY) <
(RCL) = (RCE) & (RCE) (cf. [69], see also Remark 2.7). We refer to [80] and [36]
(see also [20]) for the so-called closedness-type regularity conditions which ensure
strong duality, too.
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By using an approach due to MAGNANTI (cf. [91]), in this section we derive
from the Fenchel duality results given in the previous section duality results con-
cerning the primal optimization problem with geometric and cone constraints and
its Lagrange dual problem.

We work in the following setting. Let X be a topological vector space and S a
non-empty subset of X. Let Y be a separated locally convex space partially ordered
by a non-empty convex cone C' C Y. Let f: S — Rand g: S — Y be two functions
such that the pair (f,g) : S — R x Y, defined by (f,9)(z) = (f(x),g(z)) for all
x € 8, is convez-like with respect to the cone Ry x C' C R x Y, that is the set
(f,9)(S)+ R4 x C is convex. Let us notice that this property implies that the sets
f(S) 4+ [0,00) and g(S) + C are convex (the reverse implication does not always
hold). Let us denote by v(Pr,) and v(Dy) the optimal objective values of the primal
and the dual problem, respectively. As in the previous section, we suppose that
v(Pp) is a real number.

Consider the following convex set

Evpyy = {(f(x) +a—v(PL),g(x) +y):x€S,a>0,yc C} CRxY.

Let us notice that the set —&,(p,) is in analogy to the conic extension, a notion
used by F. GIANNESSI in the theory of image space analysis (see [66]). One can
easily prove that the primal problem (Pr) has an optimal solution if and only if
(0,0) € Ey(py)- Let us introduce the functions fi, fo : R x Y — R,

r, it (ry) € Eupy) + (0(PL),0),

400, otherwise

nir) = {
and fy = 0rx(—c), respectively. One can prove that
dom f; — dom fo = R x (g(5) + C). (2. 13)

Further, epi fi = {(r,y,5) € RxY xR : (r,y) € Eyp,) + (v(Pr),0),r < s} =
{(f(2) + a,g(x) +y,5) 1w € S,a > 0,y € C, f(z) + a < s} and epi(fo — v(PL)) =
{(r,y,s) e RxY xR :s < —fo(r,y) +v(Pr)} = {(r,y,s) e RxY xR:r €
R,y € —C,s <v(Pp)} =R x (=C) x (—o0,v(PL)]. Thus epi fi — epi(fo — v(PL)) =
epi fi +Rx C x [-v(Pr),+00) = {(f(z) +a+a,g9(x)+y,s—v(Pr)+¢c) v € S, >
0,a €Ry€Cie>0, f(z)+a< st ={(f(x)+ata g(x)+y, f(x)+ate—v(PL)):
z€S,a>0,a R ye C,e>0} and this means that

epi fi —epi(fo —v(Pr)) = R x {(9(x) +y, f(x) + a —v(P,)) 1z € S,a > 0,y € C}.

Moreover, as pointed out by MAGNANTI (cf. [91]), we have

b DD = @ =) e
g(r)e—

and

swp {1 —y) — 0,y = sup inf () + (A ()} = (D).
(r=,y*)ERXY ™ reC+ TES
(2. 15)

By considering the relations (RCY"), i € {6,7, 8}, for the pair of functions (f1, fa)
and using the approach due to MAGNANTI, one can derive the following regularity
conditions by means of the quasi interior and quasi-relative interior:

(RCE) | l(C—C)=Y, 32’ € S such that g(x') € — qri(C) and
(07 O) Z qri [Co(gv(PL) U {(07 0)})]a
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(RCF) | 0€di(g(S) +C) and (0,0) & qri [ co(Ey(p,y U {(0,0)})]
and

(RCH) 0€q [(g(S) +C) —(9(S) + C’)], 0 € qri(g(S) + C) and
(07 0) & qri [Co(gv(PL) U {(07 0)})]

Remark 2.16 The fact that the condition (RCE') written for the pair (f1, fo) is
equivalent to (RCEF) follows from the relation qri(C) + C' = qri(C), which is a
direct consequence of Proposition 2.3(v). Let us notice that the condition (RC})
is considered also in [101] in case Y is a normed space.

We study in the following the relations between the above considered regularity
conditions.

Lemma 2.5 Suppose that cl(C —C) =Y and 3z’ € S such that g(z’) € —qri(C).
Then the following assertions are true

(i) 0 € di(g(S) + C);
(ii) cl [cone (qri(g(S) + 0))} —y

Proof. (i) The condition cl(C' — C) =Y implies 0 € qi(C' — C'), while the Slater-
type condition g(z') € —qriC ensures that qri(C) N (—g(S) — C) # 0. Hence,
by Lemma 2.1(i) we obtain 0 € gi (C' — (—g(S) — C))) which is nothing else than
0 € qi(g9(S) + C).

(ii) From (%) it follows that 0 € qri(g(S)+C), hence qri(g(S)+C) # 0. Applymg
Proposition 2.3 (iz) we get cl [cone(qri(g(S) + C))] = ¢l (cone(g(S) + C)) =
the later equality being a consequence of (i). D

Similar remarks as in Lemma 2.3 can be made also for the regularity conditions
(RCE), i€ {6,7,8}.
Lemma 2.6 Under the hypotheses we work with the following statements hold:
(i) (RC§) = (RCF) & (RCY);

(#) in case the primal problem has an optimal solution, the condition (0,0) ¢&

qri [co(Ey(p,) U{(0,0)})] can be equivalently written as (0,0) & qri (E,(p,));

(ii) if 0 € qi [(9(S)+C) — (9(S)+C)], then the condition (0,0) & qri [ co(Ey(p,) U
{(0,0)})] is equivalent to (0,0) & qi [ co(Ey(p,) U{(0,0)})].

Remark 2.17 Let us notice that a sufficient condition for the fulfillment of 0 €

qi[(9(S) + C) — (9(S) + C)] in Lemma 2.6(iii) is 0 € qi(g(S) + C). This is a direct
consequence of the inclusion ¢(S) + C C (g(S) + C) — (9(S) + C).

Remark 2.18 Similarly as in Remark 2.10(c), one can prove the implication
(0,0) € qi (co (Eup,) U{(0,0)})) = 0 € ai(g(S) + C).

Let us mention that one cannot substitute in (RC¥), i € {6,7,8}, the condition

(0,0) & qri [CO (Eupry U {(0,0)})] by 0 € qi(g(S) + C), since this would be in

contradiction with the other assumptions (see Lemma 2.5 and Lemma 2.6).
Applying Theorem 2.3 for the functions f; and fo defined above and taking into

account the above presented approach of MAGNANTI we obtain the following strong
duality result concerning the primal-dual pair (Pr) — (Dyg).
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Theorem 2.6 Suppose that one of the regularity conditions (RCE), i € {6,7,8},
is fulfilled. Then v(Pr) =v(Dyr) and (Dy) has an optimal solution.

Let us give in the following an example which underlines the applicability of the
above strong duality theorem (for another example we refer to [25, Example 4.1]).

Example 2.8 Consider again the Hilbert space £?(N) and the following setting:
S=C=073,f:0A >R, fz) = (c,z) and g : {3 — *, g(x) = x — 2°, where
c, 20 € 63_ are arbitrary chosen such that 29 > 0 for all n € N. The feasible set of
the primal problem is 7 = % N (2 — ¢2) # 0 and it holds

v(Pp) = (c,x) =0,

inf
zeT
while T = 0 is an optimal solution of the primal problem. The condition cl(C'—C) =
¢% is obviously satisfied and we have that (cf. Example 2.1) {z € S : g(z) €
—qri(C)} = {x = (@p)neny € 2 : 0 < 2, < 2% Vn € N}. This is a non-empty
set, hence the Slater-type condition is also fulfilled. We prove in the following that
(0,0) € qi (Ey(py))- An arbitrary element (r*,2*) € R x £2 belongs to Ne,p,,(0,0)
if and only if

r*({e,x) + @) + (2", 2 —a® +y) <O Vo € 2 Ya>0Vy e (3.

One can observe that (—1,0) € Ng,, (0,0), which ensures that Ng,, ,(0,0) #
{(0,0)}. By using Proposition 2.2 we obtain the conclusion. By Lemma 2.6, the
condition (RCE) is fulfilled and hence strong duality holds. Let us notice that,
since g(S)+C = ¢2 —2°, none of the regularity conditions (RC}), i € {1,2,3,4,5},
presented in this section can be applied to this problem (see Example 2.1). The
optimal objective value of the Lagrange dual problem is

v(Dp) = sup inf {{c,z) + (\,z —2°)}
Aee2 wely

=sup ¢ — N, 20 + inf (c4+ N\, z)} = sup (=, 2°) =0
{~

Ael2 zel] ree2
and A = 0 is an optimal solution of the dual.

The following example considered by DANIELE AND GIUFFRE in [58] shows that
if the condition (0,0) ¢ qri[co(Ey(p,) U {(0,0)})] is removed, the strong duality
result may fail.

Example 2.9 Letbe X =S =Y =(?and C = (2. Take f : (* - R, f(z) = (¢, z),
where ¢ = (¢p)nen, ¢n = (1/n) for all n € N and g : 2 — %, g(z) = —Ax, where
(Az),, = (1/2™)z, for all n € N. Then 7 = {z € (2 : Az € (2} = (3. It holds
c(f3 —43) = £ and qri(f2) = {z = (@y)nen € £? : 2, > 0Vn € N} # 0 and one
can easily find an Z € (2 with g(Z) € — qri(¢3). We also have that

v(Pr) = infe,z) =0
and x = 0 is an optimal solution of the primal problem. On the other hand, for
Ae(Cr = éi, it holds

inf{f(@) + (A g(@))} = inf {{c,z) + (A, g(2))}

=1 > 1 /1 A
= inf —dn — Anin = ——-= n
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:{ 0, if \, =2 VneN,

—00, otherwise.

Since (2"/n)nen does not belong to ¢2, we obtain v(Dy) = —oo, hence strong
duality fails.

Moreover, it is not surprising that strong duality does not hold, since not all the
conditions in (RCL), i € {6,7,8}, are fulfilled. This follows as one can prove that
(0,0) € gi (€4(p,))- Indeed, take an arbitrary element (r*,z*) € Ne,p,,(0,0) with
x* = (2)nen € £? and r* € R. Then we have

r*({e,x) + @) + (2", g(x) +y) <OV € A Va>0Vye (2, (2. 16)

that is
<Z anra)Jrz < zn+yn>§0

Vo = (zn)nEN S 62 Yo >0 vy = (yn)neN € 63_

Taking a = 0 and y,, = 0 for all n € N in the relation above we get

oo 1 1
Z (’I“* - JJ:;) Tp <0 Vr = (Tn)nen € 627
n=1 n 2

which implies z}, = r*(2"/n) for all n € N. Since z* € %, we must have r* = 0
and hence z* = 0. Thus Ng,,, (0,0) = {(0,0)} and so (0,0) € qi (Eypy)) (cf.
Proposition 2.2).

As in the previous section, we show that in general the condition (RC¥) (and
automatically also (RCE), see Lemma 2.6(i)) is weaker than (RCE).

Example 2.10 Consider the following setting: X =Y = (?(R), S = C = (2 (R)
and the functions f : (3 (R) — R, g : (2 (R) — (*(R) defined by f(s) = ||s || and
g(s) = —s, for all s € £3 (R), respectively. For the primal problem we have

o(Pr) = af sl =0

and s = 0 is an optimal solution. Since qri (€3 (R)) = 0 (cf. Example 2.2), the
condition (RC¥) fails. Further, g(S) + C = —(2(R) + (% (R) = (*(R), hence 0 €
qi(g(S) + C). Like in Example 2.8 one can prove that (0,0) € qi (Ev(pL)), thus the
condition (RC¥) is fulfilled (see also Lemma 2.6), hence strong duality holds (cf.
Theorem 2.6). The optimal objective value of the dual problem is

v(Dp) = sup mf {H = (A 8)}.
Aef2 (R) 5€4(

For every A € (3 (R) the inner infimum in the above relation can be written as
(cf. [147, Theorem 2.8.7])

b {llsll = A s)y == sup {(As) —lsll} = = (Il - [I + ¢z 1)) " (V)

€43 (R) s€L (R)

= _(5§(0,1)Dé—éi(R))(/\) = _5§(0,1)741(R)()\)7

where B(0,1) is the closed unit ball of (EQ(R))* = (*(R). We get v(Dr) = 0 and
every A € /2 (R)N (B(0,1) —¢2 (R)) is an optimal solution of the dual (in particular
also A = 0).
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Remark 2.19 Let us mention that JEYAKUMAR AND WOLKOWICZ have intro-
duced in [83] some regularity conditions in terms of the quasi-relative interior, in
order to guarantee Lagrange duality. However, most of these conditions require the
interior of the ordering cone to be non-empty, which is not always fulfilled, as we
pointed out at the beginning of the chapter.

For the rest of this section we revisit some results recently given on this topic
which, unfortunately, have either superfluous or contradictory hypotheses. One can
overcome these drawbacks by using the results presented in this chapter.

A regularity condition for strong duality for the pair (P) — (D) was proposed
by CAMMAROTO AND D1 BELLA in [53, Theorem 2.2]:

Let X be a topological vector space and let S be a non-empty subset of X; let
(Y|l - ) be a normed space partially ordered by a convex cone C; let f : S — R and
g:S =Y be two functions such that the function (f,g) : S — R xY defined above
is convex-like with respect to the cone Ry x C of R x Y, qri(g(S) + C) # 0 and
cl [cone(qri(g(S) + C))] is not a linear subspace of Y. Let the set T = {x € S :
g(x) € —C?} be non-empty. In addition, suppose that qri(C) # 0 and l(C-C) =Y.
If the problem (Pyr) is solvable and there exists ' € S with g(z') € —qri(C), then
the problem (Dy) is also solvable and the extrema of the problems are equal.

Lemma 2.5 shows that this theorem finds no application, since the hypotheses
are contradictory. Let us notice that [53, Theorem 2.2] was used also in [67,68] for
generalized complementarity problems.

In [59] DANIELE, GIUFFRE, IDONE AND MAUGERI considered the following
notion regarding the problem (Pr): we say that Assumption S is fulfilled at o € T
if

(Assumption S) Ty (f(20),0) N ((—00,0) x 0) =0,

where .
M ={(f(x)+a,g9(x)+y):2 € S\T,a >0,y € C}.

They also formulated the following strong duality theorem (cf. [59, Theorem 4]):

Let X be a topological vector space and S a non-empty subset of X ; let (Y, ||-||) be
a normed space partially ordered by a conver cone C. Let f: S - Randg: S —Y
be two functions such that the function (f,g): S — R x Y defined above is convex-
like with respect to the cone Ry x C of RxY. Let the set T ={x € S :g(x) € —C}
be non-empty and let us assume that qriC # 0, cl(C — C) = Y and there exists
T € S with g(T) € —qriC. Then if the problem (Pr) is solvable and Assumption
S is fulfilled at the extremal solution xog € T to the problem (Py), also the problem
(Dy,) is solvable, the extrema values of both problems are equal and it results

<ﬂ,g(1'0)> = 07
where w € C* is the extremal point of the problem (Dy,).

Remark 2.20 We emphasize that Assumption S is fulfilled at an optimal solution
of the primal problem if and only for the pair (P,) — (Dy) strong duality holds (see
[25, Corollary 3.1]). This means that the other assumptions which involve also the
quasi-relative interior in the result presented above are superfluous. Moreover, for
the primal optimization problem with both cone and equality constraints a similar
Assumption S is used in [58, Theorem 3.1]. Again, this condition is equivalent to
strong duality, making the other conditions considered by the authors superfluous
(cf. [25, Corollary 3.1]). For a detailed proof of the above considerations concerning
Assumption S we refer to [25]. Finally, let us mention that the Assumption S,
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together with other conditions expressed via the quasi-relative interior, are used in
other papers too, like [57,99].

Remark 2.21 A valuable strong duality theorem for the primal optimization prob-
lem with cone and equality constraints and its Lagrange dual problem is given in [70]
by means of the quasi interior and quasi-relative interior.

Remark 2.22 A comparison of the regularity conditions introduced in this chapter
by means of the quasi interior and quasi-relative interior with the classical ones
mentioned in the last two sections of this chapter is provided in [24].



Chapter 3

Sequential optimality
conditions In convex
optimization

The theory developed in this chapter is motivated by the followings. Consider the
convex optimization problem
0 .
(Pp)  inf f(z),

where f: X — R is a proper and convex function, X is a separated locally convex
space and D is a non-empty convex subset of X. The celebrated Pshenichnyi-
Rockafellar Lemma (see [116,120,147]) provides a necessary and sufficient optimality
condition for the problem (P2), whenever a regularity condition is fulfilled: in case
dom f Nint(D) # O (or f is continuous at some zo € dom f N D), an element
a € dom f N D is an optimal solution of the problem (P2) if and only if 0 €
df(a) + Np(a). This is a very important result in convex optimization with many
applications. Nevertheless, it has some disadvantages. First of all, a can be a
minimizer of f on D even if 0 & 9f(a) + Np(a) (as, for instance, the set 0f(a)
could be empty; see [84] for such an example). Moreover, the regularity conditions
are not always fulfilled even in the finite-dimensional case. The same disadvantages
arise also in the case of optimization problems with geometric and cone constraints.

Trying to eliminate these drawbacks, many mathematicians have given optimal-
ity conditions that do not require any regularity condition. With respect to the
problem (P2), a nice generalization of the Pshenichnyi-Rockafellar Lemma was re-
cently given by JEYAKUMAR AND WU in [84]. Tt is stated in terms of a sequence
of e-subdifferentials and e-normal sets and provides a necessary and sufficient opti-
mality condition without asking the fulfillment of any regularity condition.

For the problem with geometric and cone constraints various modified Lagrange
multiplier conditions without regularity conditions have been given in the literature
(cf. [8,9,17,18,56,79,87]). Moreover, in [81] and [86], several qualification free se-
quential optimality conditions for this problem are introduced . In [136] THIBAULT
gave a sequential form of the Lagrange multiplier rule in the case the cone which
appears in the constraint set is convex, closed and normal. Other sequential char-
acterizations can be found in literature in [77,104,135,137].

Motivated by these considerations we give in Section 3.1 sequential optimality
conditions without any regularity condition for the general convex optimization
problem

(Pg) inf &(z,0),

41
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where ® : X x Y — R, the so-called perturbation function, is proper, convex and
lower semicontinuous and X,Y are Banach spaces, X being supposed reflexive.
This sequential characterization is obtained by using the properties of the infimal
value function of the conjugate ®* and the formula for the epigraph of a conjugate
function written in terms of the e-subdifferential (see (1. 3)). Combining the above
condition with a version of the Brgndsted-Rockafellar Theorem (see Theorem 1.1),
we obtain another qualification free sequential characterization of optimal solutions
involving the classical (convex) subdifferential.

In the last three sections of this chapter we consider particular instances of
the general results, rediscovering and, in many situations, even improving some
sequential optimality conditions given in the literature by JEYAKUMAR AND WU
and THIBAULT, respectively. The main results of this chapter are Theorem 3.1 and
Theorem 3.2 and the theory presented here is based on [27,28].

3.1 A general approach via perturbation theory

Consider (X, ||-||) a reflexive Banach space, (Y, |-||) a Banach space and (X*, ||-||),
(Y*,]|-]|«) their topological dual spaces, respectively. Although the spaces X,Y and
X* Y™ respectively, are endowed with different norms, we use the same notations
for these as there is no danger of confusion. Let {z} : n € N} be a sequence in

X*. We write z, “50 (x LY 0) for the case when z converges to 0 in the weak*
(strong) topology on X*. We make the following convention: if in a certain property
for the convergence in the dual space we write z; — 0 (n — +00), we understand
that the property holds no matter which of the two topologies (weak* or strong) is
used. The following property will be frequently used in this chapter:

if x7 — 0 and z,, — a (n — +00), then (z}, z,) — 0 (n — +00),

where {z, :n € N} C X, a € X and z, — a (n — +00) means ||z, —al — 0
(n — +00), that is the convergence in the topology induced by the norm on X. On
X x Y we use the norm |[(z,y)|| = /|lz]|? + ||y||?, for (z,y) € X x Y. The norm
on X* x Y* is defined analogously.

Let ® : X x Y — R be a given function. The so-called perturbation function
® plays a determinant role in the duality theory as it can be used for constructing
a dual problem to a given primal optimization problem. More precisely, the dual
problem is defined by using the conjugate of ® (we refer to [20,60,147] for a com-
prehensive study of the perturbation theory). The classical duality approaches, like
Fenchel duality and Lagrange duality, can be seen as particular cases of this general
theory.

In this section we give sequential optimality conditions for the general optimiza-
tion problem

(Pg) inf &(z,0).

To this end we consider the infimal value function n : X* — R of the conjugate
®* defined by n(z*) = inf ey~ ®*(z*, y*) for all z* € X*. Let us notice that, since
®* is a convex function on X* x Y*, n is a convex function on X*. We begin our
investigation by establishing a result which holds also in the framework of separated
locally convex spaces.

Lemma 3.1 Let ® : X xY — R be a proper, conver and lower semicontinuous
function such that 0 € pry(dom ®). Then a € dom ®(-,0) is an optimal solution of
the problem (Pg) if and only if (0, —n*(a)) € cly«xr(epin).
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Proof. One can see that domn # @ and n*(z) = (®*)*(x,0) = ®(z,0) for all
x € X. We get that n* is proper, hence cly is also proper and n** = cln. Then
a € dom ®(+,0) is an optimal solution of (Pg) if and only if a is an optimal solution
of the problem

(Fy)  inf 0" (2).

The later is equivalent to 0 € dn*(a), which is nothing else than n**(0) +7*(a) < 0.
This is the same with (cl,+ 7)(0) = n**(0) < —n*(a), which can be reformulated as
(0, —n*(a)) € epi(cly 1) = clyxxr (epin). O

By using Lemma 3.1 and formula (1. 3) one can give now general sequential
optimality conditions for the problem (Pg) involving e-subdifferentials.

Theorem 3.1 Let ® : X x Y — R be a proper, convex and lower semicontinuous
function such that 0 € pry (dom ®). The following statements are equivalent:

(i) a € dom ®(-,0) is an optimal solution of the problem (Ps);

(i) there exist sequences {e,} | 0 and (x},y}) € J., ®(a,0) such that x} mo
(n — +00);

(i) there exist sequences {e,} | 0 and (z%,y}) € O, ®(a,0) such that “50
(n — +00).

Proof. (i) = (ii) Suppose that a € dom®(-,0) is an optimal solution of the
problem (Pg). Applying the previous lemma, we have (0, —n*(a)) € cly,=x= (epin).
Since 7 is a convex function and X is a reflexive Banach space we have

cly=xwr(epin) = cly., x= (epin).

Hence 3(z%,r,) € X* x R such that n(z}) < rp,ak I ana rn — —n*(a) (n —
+00). The inequality n(z}) < r, yields infy«cy+ ®*(z},y*) < rp,+1/nforalln € N,
so there exists a sequence {y} : n € N} C Y* such that ®*(z},vy*) < r, + 1/n for
all n € N, thus (z}, vy, +1/n) € epi @* for all n € N. As (a,0) € dom @, we get

by (1. 3)

epi @ = U {(x*,y*, (z*,a) + e — ®(a,0)): (z%,y%) € 35<I>(a,0)}.
e>0

Since (z},yk,mn + 1/n) € epi @* for all n € N, there exists a sequence {&, : n €

N} C Ry such that r, +1/n = (2%, a) + e, — P(a,0), (x5, y}) € 0., P(a,0), zX L)
(n —» 400). Asr, — —n*(a) = —®(a,0) (n — +00), from the last equality we
conclude that &, — 0 (n — +00).

The implication (i7) = (4i7) is trivial.

(79i) = (¢) If there exist sequences {&,,} | 0 and (z},y) € Oc, ®(a,0) such that
x, “50 (n — 400), then using the definition of the e-subdifferential of a function
we get

(I)(.T,y) - (I)(G,O) Z <x2,x—a> + <y:,7y> —E&n V(fﬂ,y) € X xY Vn € N.

We obtain
®(z,0) — ®(a,0) > (z}, . —a) —e, Vz € X Vn e N.

Passing to the limit as n — 400, we get ®(z,0) — ®(a,0) > 0 for all x € X, hence
a € dom ®(-,0) is an optimal solution of the problem (Ps). O
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Combining this result with the Brgndsted-Rockafellar Theorem (Theorem 1.1)
we get necessary and sufficient sequential optimality conditions by means of the
(convex) subdifferential.

Theorem 3.2 Let ® : X x Y — R be a proper, convex and lower semicontinuous
function such that 0 € pry (dom ®). The following statements are equivalent:

(i) a € dom ®(-,0) is an optimal solution of the problem (Pg);

21 €Tre ETLST SEqQUENCES Ty, Yn € aom an TpsY S TnyYn) SUC a
i) th st dom ® and (z%,y") € 0D h that

meO, Ty — @, Yp — 0 (n — +00) and

(2n,Yn) = (Y, Yn) — (a,0) = 0 (n — +00);

(7ii) there exist sequences (Ty,yn) € dom ® and (x,y)) € OP(xn, yn) such that

xflw_*>07 Ty — a, Yo — 0 (n — +00) and
(2, yn) — (U, yn) — ©(a,0) = 0 (n — +00).

Proof. As (i) = (iii) is always true, we prove only the implications (i) = (i7) and
(i) = (i1) Suppose that a € dom ®(-,0) is an optimal solution of the problem
(Pgp). By Theorem 3.1 there exist {e,} | 0 and (z%,y%) € 9., ®(a,0) such that

ﬁmo (n — +00). Applying Theorem 1.1 we get that for all n € N there exist
(Tn,yn) € X XY and (2}, y}) € 0P(zy, yn) such that

1(@ns yn) = (@, 0)[| < Ven, (@5, 4n) — (23, 40) Il < Ve

and
‘(I)(Jjn, yn) - <(xrmy:1)7 (xn,yn) - (a70)> - (I)(a’ O)| < 267“

from which we obtain x L. 0,2, — a,y, — 0 (n — +o0) and ®(x,, yn)—(z}, xpn—
a) — (Y%, yn) — ®(a,0) — 0 (n — 400). Since {(xf,z, —a) — 0 (n — +00), the
desired result follows.

(#91) = (i) Assume that there exist sequences (x,,y,) € dom®, (xf,yk) €
OV (xy,, ypn) such that z w—*>07xn — a,yp — 0 (n — +00) and ®(zp, yn) — (Y, Yn)—
®(a,0) — 0 (n — 400). Since (27, 9;) € OP(xn,yn), we have &(z,y) = (25, yn) +
((zf,y8), (x — Tp,y — yn)) for all (z,y) € X x Y and all n € N. Consequently, for
every x € X the following inequality is true

<I>(x,0) - <I>(a,0) 2 (I)(xn’yn) - <yjzayn> - q)(a,O) + <l‘:;,l‘ - xn> Vn € N.

Passing to the limit as n — +o00, we get ®(z,0) — ®(a,0) > 0 for all z € X, thus
a € dom ®(+,0) is an optimal solution of the problem (Psg). O

Remark 3.1 Let us notice that in the setting of separated locally convex spaces
the implications (i) = (i74) = (¢) in the theorems 3.1 and 3.2 hold also in the case
the hypothesis of lower semicontinuity of ® is removed.

Remark 3.2 Using the convention mentioned at the beginning of the section, the
above results can be reformulated as follows. Under the hypotheses of Theorem 3.1
the following assertions are equivalent:

(i) a € dom ®(+,0) is an optimal solution of the problem (Ps);
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(ii) there exist sequences {e,} | 0 and (z%,y") € 9., ®(a,0) such that X — 0
(n — +00);

(iii) there exist sequences (Zy,yn) € dom® and (z3,y)) € 0P (xy, y,) such that

xy — 0, £, — a, yp — 0 (n — +00) and
(s Yn) — Wi yn) — ®(a,0) — 0 (n — +00).

Remark 3.3 Let us notice that a refined version of the above sequential charac-
terizations expressed by means of the (convex) subdifferential can be given. To
this aim one has to use an idea due to THIBAULT (cf. [135]) which we present in
the following. Under the hypotheses of Theorem 1.1, applying this result to the
indicator function of epi f, one obtains that for every € > 0 and every z* € 0. f(a),
there exist (x.,7.) € epi f and (2}, —s.) € Nepi f(xc,7:) such that

|(ze,72) — (a, f(a)|| < Ve, [(zk,—sc) — (2, -1)|| < Ve
and
Nzt ze —a) — s:(r- — f(a))] < 2e.

This yields that
lze —all < Ve, [laf — 27|« < Ve, flze) = fla) < Ve,

|se — 1] < Ve and [{(z}, 2. — a)| < 3e + /&

Considering a sequence {e,,} | 0 (for which we can assume without loss of generality
that €, < 1 for all n € N) and z¥ € 0., f(a), by defining u} := (1/sc, )zl , we
obtain a family (z.,,u? ) fulfilling u! € 0f(xz,) for all n € N. Using that f is

lower semicontinuous we further get

u:n w»x*, e, —a, f(ze,)— f(a) and <u:n,z5n —a) — 0 (n — 400).
Let us mention that the conclusion above can be obtained also by applying [104,
Proposition 1.1].

Employing the facts already described one can refine the results in the conclusion
of Theorem 3.2. Considering the same hypotheses the following statements are
equivalent:

(i) a € dom ®(+,0) is an optimal solution of the problem (Ps);
(i) there exist sequences (zn,y,) € dom ® and (z},y}) € 0P(zy, yn) such that

z, =0, T = a, yo — 0, (Yn,yn) — 0 (n — +o0) and
D (p,yn) — P(a,0) — 0 (n — +00).

However, we work in the following with the conditions given in the theorems 3.1
and 3.2, since their different particularizations deliver us several results from the
literature dealing with sequential optimality conditions.
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3.2 Sequential generalizations of the Pshenichnyi-
Rockafellar Lemma

In this section we particularize the general sequential optimality conditions intro-
duced above to the optimization problem

(PA) inf {f(x) + (g0 A)x)},

where (X, ||-|) is a reflexive Banach space, (Y, ||-||) is a Banach space, f : X — R and
g : Y — R are proper, convex and lower semicontinuous functions and 4 : X — Y
is a continuous linear mapping such that A(dom f) Ndomg # (). To this end we
define the perturbation function ®4 : X x Y — R by ®4(z,y) = f(z) + g(Az +y)
for all (z,y) € X xY. A simple computation shows that ®% (z*,y*) = f*(z* —
A*y*) + ¢g*(y*) for all (z*,y*) € X* x Y*. Let us prove first the following lemma.

Lemma 3.2 Let (z*,y*) € X* x Y*, a € dom f N A=Y (domg) and ¢ > 0 be fized.
The following statements are true:

(i) if (&%, ") € 0.8 a(a,0), then * — A*y* € . f(a) and y* € D.g(Aa);
(i) if * — A*y* € O:f(a) and y* € 0.g(Aa), then (z*,y*) € 02:P4(a,0).

Proof. The pair (z*,y*) belongs to 9.® 4(a,0) if and only if ®4(a,0) + % (z*, y*)
< (x*,a)+e, which is equivalent to f(a)+g(Aa)+f*(x*—A*y*)+9*(v*) < (z*,a)+e.

()TF (%, 5*) € B-B4(a,0), then f(a)+g(Aa)+[* (" — Ay*)+g" (") < (", )+
. Let us suppose that z* — A*y* € 9.f(a). Then f(a) + f*(x* — A*y*) > (z* —
A*y*, a) + e. By the Young-Fenchel inequality we have g(Aa) + ¢*(y*) > (y*, Aa).
Adding the last two inequalities we obtain f(a)+ g(Aa)+ f*(x* — A*y*) + g*(v*) >
(x*,a) + €, which is a contradiction. Hence z* — A*y* € 9. f(a) and similarly we
get y* € 0-g9(Aa).

(ii) As x* — A*y* € 0. f(a) and y* € 0.g(Aa), we obtain f(a)+ f*(z* — A*y*) <
(x* — A*y*,a) + € and g(Aa) + g*(y*) < (y*, Aa) + . The conclusion follows by
adding these two inequalities. |

Theorem 3.3 Let A: X — Y be a continuous linear mapping, f: X — R and g :
Y — R be proper, convex and lower semicontinuous functions such that A(dom f)N
domg # (0. Then a € dom f N A~ (domg) is an optimal solution of the problem
(P#) if and only if

Hen} 10,32 € 0., f(a), Jy;, € Oc, 9g(Aa) such that x), + A™y; — 0 (n — 400).
(3. 1)

Proof. The element a € dom f N A~!(dom g) is an optimal solution of the problem
(P#) if and only if a is an optimal solution of (Ps ), which is equivalent to (cf.
Theorem 3.1)

Hent 1 0,3(z),yr) € 0., Pa(a,0) such that z; — 0 (n — +00). (3. 2)

We prove that the conditions (3. 1) and (3. 2) are equivalent.

“(3. 2)=(3. 1)” Assume that there exist {,} | 0 and (z,vy}) € d=Pa(a,0)
such that ¥ — 0 (n — 400). According to Lemma 3.2(i), z} — A*y} € 0=f(a)
and v € 0=—-g(Aa). By choosing ¢, := &, a2 := z} — A*y’ and y) =y, we see
that (3. 1) is fulfilled.

“(3. 1) =(3. 2)” Assume that there exist {£;} | 0, x¥ € d=—f(a) and y} €
0:—g(Aa) such that x¥ + A*y* — 0 (n — +o00). Take ¢, := 28, z¥ = xF + A*y}
and vy} := yi. Then z} — A"y = 2}, € 0s-f(a) and y; = v’ € 0=-9(Aa), hence
by Lemma 3.2(ii) we have (z%,y}) € 0, ®a(a,0). Moreover, x =z} + A*y: — 0
(n — +00), so (3. 2) is fulfilled. O
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Remark 3.4 One can notice that the above characterization of the optimal solu-
tions of the problem (P#) can be also obtained as a consequence of the so-called
Hiriart-Urruty and Phelps Formula (see [137, Proposition 1]).

Next we derive from Theorem 3.2 a sequential optimality condition for the prob-
lem (P#) involving only the (convex) subdifferentials of the functions f and g.

Theorem 3.4 Let A: X — Y be a continuous linear mapping, f: X — R and g :
Y — R be proper, convex and lower semicontinuous functions such that A(dom f)N
domg # 0. Then a € dom f N A=Y(domg) is an optimal solution of the problem
(P#) if and only if

Ixpn,yn) € dom f x dom g, Iz} € Of (), Iyl € Og(yn) such that
xk + A*yt — 0, 2, — a, yp, — Aa (n — +00),

f(-rn) - <$Z,l‘n - a> - f(a) — 0, (TL - +OO) and

9(Wn) = W, Yn — Aa) — g(Aa) — 0 (n — +o0).

(3. 3)

Proof. Applying Theorem 3.2, we get that a is an optimal solution of the problem
(P#) if and only if I(zy,,yn) € X X Y, x,, € dom f, Ax,, +y, € domg, I(z},y%) €
0P 4(xp, yn) such that ¥ — 0,2z, — a,y, — 0and ®(z,, yn)— (¥, yn)—P(a,0) — 0
(n — +00). The last condition is equivalent to

f(@n) + g(Azn + yn) — (Ynsyn) — f(a) — g(Aa) — 0 (n — +o00).

For all n € N we have (z},y) € 0P a(zp,yn) if and only if @4 (2, yn)+P% (x n,yn)

(@5, @n) + (Unoyn) & f(@n) + 9(Azn +yn) + (2], — A%yn) + 9" (yn) = (a3, 2n) +
<yn, yn> Using the Young-Fenchel inequality we obtain

f(xn) + [z, — A%yn) + 9(Azy +yn) + 97 (y) = (2, — A"y, 2n) + (Yns A2 + yn)

= (25, Tn) + (Yns Yn),

hence (z},y") € 0P a(n,yn) if and only if f(x,)+ f*(zf — A*yl) = (af — A%y}, xp)
and g(Az, + yn) + g% (yF) = Y, Az, + yn) & af — A*y: € O0f(x,) and yi €
99(Ax,, + y,). In this way we proved that a € dom f N A~!(dom g) is an optimal
solution of the problem (P7) if and only if

Nz, yn) € X xY,x, € dom f, Ax,, + y,, € dom g,

Az, yr) € X* xY*, xf — A*yl € Of (xn), vl € 0g(Axy, + yn) such that

xk — 0, z, — a, yp — 0 (n — +00) and

f(@n) + 9(Azn +yn) — (Y5, yn) — fa) — g(Aa) = 0 (n — +o0). ( )
3.4

Next we show that the conditions (3. 3) and (3. 4) are equivalent.

“(3. 4)=(3. 3)” Suppose that

NZn,7n) € X XY, T, € dom f, AT, + Y, € dom g,
Az, yx) € X* x Y* xf — A*yk € 0f(Ty,), v’ € Og9(AT,, + ¥y) such that
zi — 0, T, — a, ¥, — 0 (n — +00) and

f@n) + 9(ATn +Un) = (U5, Un) — f(a) — g(Aa) = 0 (n — +00).
Take x,, := Ty, Y, = ATy + Up, x), := xf — A*y and y; =y, for all n € N. Then

z, € dom f,y, € domg,z;, € f(zn),y;, € 99(yn),x;, + A%y;, — 0,2, — a and
Yn — Aa (n — +00). Moreover,

f(@n) = (@5, 20 — a) = f(a) = f(Zn) — (2, — A"y, T — a) — f(a)

= f(@n) + 9(ATn + n) — (25, %0 — @) — (Y5, Un) — f(a) — g(Aa) — g(AT + Tn)
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HA™YE, T — a) + (U5, Tn) + 9(Aa) = f(@0) + 9(ATw +Tn) — (@7, Tn — @) — (77, Un)
—f(a) = g(Aa) = g(yn) + 9(Aa) + (Y5, yn — Aa).

Let us make the following notations: a,, := f(z,) — (x}, 2, — a) — f(a) and b, :=

9(Aa) = g(yn) — (Y5, Aa — yn). We have a, — by, = f(Tn) + 9(ATw +Tn) — (Y57, Un) —
f(a) — g(Aa) — (xF, T, — a) — 0 (n — +00). Since z} € df(x,) we have f(z) —
fxn) > (xf,2 — x,) for all x € X. For x = a in the previous inequality we
get an, = f(z,) — (m,*l,xn —a) — f(a) < 0. Similarly, from y* € 9g(y,) we have
b, = g(Aa) — g(yn) — (¥, Aa — y,) > 0. Thus a, < 0 < b, and a, — b, — 0
(n — 400). As in this case one must have that a,, — 0 and b,, — 0 (n — o), (3. 3)
is fulfilled.

“(3. 3)=(3. 4)” Assume now that (3. 3) holds, namely

T, Un) € dom f x dom g, 3Iz% € df(Ty,), Iy € dg(Yn) such that
z* + A*yr — 0, T, — a, ynﬂAa (n — 400),
f(@n) — (@5, 70 — a) — f(a) — 0 (n — +00) and
g(%) - <E7y7n_ Aa) - g(Aa) — 0 (n — +oo)_

For all n € N take x,, := Ty, Y := Un — ATy, vy := yF and x) := 7 + A*y’. Then
x"b E dom f7 Axn + y'n/ e domg7 " A* n e af('r'fl/)’y’:; 6 ag(Ax'rL + yn))x:(l -
0,2, — a and y, — 0 (n — 400). Moreover,

f@n) + 9(Azn + yn) = (Yo yn) — fa) — g(Aa) = f(@n) + 9(Tn) — (U5, Un — ATx)
—f(a) — g(Aa) = f(Zn) — (27, %n — a) — f(a) + g(Un) — (Y5, Un — Aa) — g(Aa)
+(@5, Tn — a) + (v, —Aa + ATy) = f(@) — (25,70 — a) — f(a)
+g(y7) - <E7 Yn — Aa> - g(Aa) + <‘T:L + A*Evﬁ_ a) —0 (TL - +OO),
hence (3. 4) is fulfilled. O
Remark 3.5 Similar characterizations of the optimal solutions of the problem
(P#) have been given by THIBAULT in [137] and as an application they have been

used to provide a new proof of the well known fact that the subdifferential of a
proper, convex and lower semicontinuous function is a maximal monotone operator

(ct. [122).

If we take Y = X (X is a reflexive Banach space) and A = idx in the above
theorems we obtain the following sequential optimality conditions concerning the
convex optimization problem

(Pr)  inf {f(z) +g(2)}.
They are presented in the following as two corollaries.

Corollary 3.1 Let f,g: X — R be proper, convez and lower semicontinuous func-
tions such that dom f Ndom g # (). Then a € dom f Ndom g is an optimal solution
of the problem (Pr) if and only if

IHen} 10,32 € 0., f(a), 3y, € O, g(a) such that z;, +y; — 0 (n — +00).

Corollary 3.2 Let f,g: X — R be proper, convex and lower semicontinuous func-
tions such that dom f Ndom g # (). Then a € dom f Ndom g is an optimal solution
of the problem (Pr) if and only if

xn,yn) € dom f x dom g, Iz¥ € Of(xn), Iy € g(yn) such that
f(zn) = (23,20 —a) — f(a) = 0 (n — +00) and
9Wn) = Wi yn — a) — gla) — 0 (n — +00).
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Taking g := dp in the previous corollaries, where D C X is a non-empty, closed
and convex set, we obtain the following sequential optimality conditions regarding
the convex optimization problem

PY) inf :
(Pp)  inf f(z)
Corollary 3.3 Let f : X — R be a proper, convex and lower semicontinuous

function and D C X a closed and convex set such that D Ndom f # (). Then
a € DNdom f is an optimal solution of the problem (PY) if and only if

e, } | 0,3z, € 0., f(a),3y;, € N5 (a) such that z), +y,, — 0 (n — +00).

Corollary 3.4 Let f : X — R be a proper, convexr and lower semicontinuous
function and D C X a closed and convex set such that D Ndom f # (). Then
a € DNdom f is an optimal solution of the problem (PY) if and only if

(@, yn) € dom f x D, 3x;, € f (zn), Iy;, € Np(yn) such that
x;kl+y; -0, zp —a, Yo —a (7”L—>—}—oo)7

f(xn) - <’JJ:<L,$” - CL> - f(a) — 0 (n — +oo) and

(3 yn — a) = 0 (n — +00).

Remark 3.6 As shown in this section, the last two results are obtained as par-
ticular cases of the main results of this chapter, theorems 3.1 and 3.2. Moreover,
corollaries 3.3 and 3.4 can be seen as sequential generalizations of the well-known
Pshenichnyi-Rockafellar Lemma, improving in the same time the results of JEYAKU-
MAR AND WU (see [84, Theorem 3.3 and Corollary 3.5]). One can notice that in
our case the convergence on X* can be considered both in the weak® and strong
topology, while in [84] only the weak* topology is taken.

Let us give in the following an example to show that even in the situation when
the celebrated Pshenichnyi-Rockafellar Lemma fails, its sequential form given in
Corollary 3.4 is applicable (for other examples illustrating the advantages of having
sequential optimality conditions we refer to [84]).

Example 3.1 Let be X = R?, D = —R? and the function f : R? — R be defined

by
xQ - \/yv if Yy Z 07
flay) = { +o0, otherwise.

Obviously a = (0,0) € (—00,0] x {0} = D Ndom f is the unique optimal solution
of the problem (P2). Since df(a) = ), the Pshenichnyi-Rockafellar Lemma cannot
be applied. For all n € N take x, = (0,1/n) € dom f, y, = (0,0) € D, z} =
(0, —y/n/2) € df (x,) and y;; = (0,4/n/2) € RZ = Np(y,). We have z,, — a (n —
+00),yn = a, xy + 4, =0, flan) = (27,20 —a) — fla) = —/1/n+ (1/2)(1/\/n) =
—1/(2y/n) = 0 (n — +o0) and (yX,y, — a) = 0, hence the sequential optimality
conditions in Corollary 3.4 are fulfilled.

3.3 Sequential optimality conditions for the prob-
lem with geometric and cone constraints

Let X be a reflexive Banach space, Y a Banach space and C' C Y a non-empty
convex cone inducing a partial ordering on Y. In this section we deal with the
convex optimization problem with geometric and cone constraints

(PL) lnf f(m)v

€S
g(z)e-C
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where SN g~} (—=C)Ndom f # 0, S is a closed convex subset of X, f: X — Ris a
proper, convex and lower semicontinuous function and g : X — Y*® is a C-convex
vector-valued function.

3.3.1 The case g is continuous

Additionally to the assumptions made above we suppose in this subsection that
the cone C' is closed and g : X — Y is continuous. We derive a sequential form
of the Lagrange multiplier rule for (Py,) by applying Theorem 3.2 to the following
perturbation function

c . = &C _ | f(z), fz+peSandg(z)€q-C,
Or XX X XY =R, o1 (w,p,q) _{ +00, otherwise.

The conjugate of ®¢ is (®)* : X* x X* x Y* — R,

(@0)*(z*,p", ¢") = sup {(z*,2) + (p*,p) + (¢*. q) — f(z)}.
(,p,q) EX XX XY
T+peS
g(z)€q—C

In order to compute (®{)* we introduce new variables z and y by z := x + p and
q — g(x) := y, respectively. It follows

()" (2", p",q") = sup {{z%2) + (p*, 2z —2) + (¢", y + 9(2)) — f(2)},
(z,2,y)EX X SXC

and, as the three variables are separated, we get (®¢)*(z*,p*, ¢*) = sug(p*,z) +
zE

sup{{z* —p*, z) + (¢*, g(x)) — f(x)} + sup(q*,y). We obtain the following formula
rzeX yel

o . 65(p") + sup{(z* —p*, x) + (¢*, g(x)) — f(x)}, if¢g" € -C",
(7)) (z*,p",q¢") = z€X
00, otherwise.

A direct application of Theorem 3.2 yields the following result.

Theorem 3.5 The element a € SN g~ (—C)Ndom f is an optimal solution of the
problem (Pr) if and only if
I Xp,wn,tn) € dom f X S x (=C), I(uk,vi,wh, qf) € X* x X* x X* x C*,
u € 0f (xn), vl € 0(qig)(Tn),w) € Ng(wn), (g}, tn) =0Vn €N,
ul + vk +wh — 0, w, —a, , —a, t, — gla) (n — +0o0) and
F(wn) = F(@) + (@ 9(2)) — (5 wn — T0) — 0 (n— +00). -

Proof. According to Theorem 3.2, the element a € SN g~ (—C)Ndom f is an op-
timal solution of the problem (Pr,) if and only if there exist sequences (., pn, qn) €
dom ®§ and (2%, pf, —q) € 0P (2, pn, ¢n) such that

z — 0,2, = a, (Pn,qn) — (0,0) (n — 400) and

Since (2, Pn, ¢n) € dom @Y we get z,, € dom f,z,, +p, € S and g(z,,) € ¢, — C,
for all n € N. We have (2, p, —q2) € 09¢ (2, pn, qn) if and only if

O (Tpy Py ) + () (2, Dh, =) = (25, Tn) + (D Pr) + (— 5 @)
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& flzn) +05(0n) + (f + ¢,9)" (27, — ) = (27, 2n) + (Pr o) + (=0 @)

The previous relation holds if and only if
(f + an9)" (25, — i) + (f + ¢ng)(wn) — (3, = Py )

+<Q:;,7Q7L - g(xn» + 62’(1’;) - <p:m Tn +pn> =0VneN.

As g, — g(z,) € C and ¢ € C*, we have (¢}, qn — g(z,,)) > 0 for all n € N.
Moreover, the Young-Fenchel inequality yields

(f+a9) (@, —py)+ (f+ a@9)(xn) — (), —phzn) >0

and
65(Prn) — (D> Tn +pn) 20,

hence (x%, pk, —q}) € 0P (20, Pn, qn) if and only if 2 — p% € O(f + qig)(w,),pl €
365(xn + pn) = Ns(zp, + pr) and (¢, ¢, — g(x,)) = 0 for all n € N. The relation
(I)?(xmpm%z) - <(p:u _QZ)a (Prs@n)) — CI)IC(Q,O,O) — 0 (n — +00) is equivalent
to fxn) — (L, pn) + (@5, qn) — f(a) — 0 (n — +00). Hence the element a €
SNg~1(—C)Ndom f is an optimal solution of the problem (Pr) if and only if

@, Pnyqn) € dom f X X X Y, 2y +pp € S, 9(wn) — gn € —C,
A(xk,plh,qf) € X* x X* x C* such that
zy, = pr, € O(f +q,9)(xn),p;, € Ns(@n + pn), (a5, @n — 9(75)) =0 Vn € N,
:cfb—>0 Tpn — @, Ppn — 0, ¢ — 0 (n — 400) and
zn) = f(a) +(gn, qn) = (PpsPn) — 0 (n — +00).
(3. 6)
Introducing the new variables t,,wy,,u’ and w’ instead of g,,pn,z: and pk, by
tn = g(xn) — Gn,wn = Dn + Tp,ut = xF — pf and Wi := p* for all n € N,
respectively, the condition (3. 6) can be reformulated as follows

Azn,wn, tn) € dom f x S x (=C),I(uf,wk,qr) € X* x X* x C*,
uy, € (f + q,9)(wn), wy, € Ns(wn), (@, tn) =0 Vn €N,

uf +wi —0, w, —a, T, —a, t, — gla) (n — 400) and
f(@n) = f(a) +(a, 9(zn)) — (Wi, wn — 2n) — 0 (n — +00).

(3. 7)

The function g being continuous, we obtain that the following subdifferential sum
formula holds

S + 4n9)(wn) = 0f (2n) + 0(4ng)(xn)

(see [147, Theorem 2.8.7]). Thus u} € O(f + ¢}g)(xy) if and only if there exist
ul € 0f(xy,) and vk € 9(¢tg)(xy) such that uf = u’ + v} for all n € N and the
desired conclusion follows. ]

Remark 3.7 Let us introduce now the following real sequences: I, := f(x,) —
fla)+{a5, 9(xn)) — (W}, wn—2n) (see Theorem 3.5), I, := (a5, tn—g(a)) +(wy, wn—a)
and 12 := f(z,) — f(a) + (¢}, 9(zn) — g(a)) + (Wi, x, — a) for all n € N. We prove
that if the condition

(Tpywn,ty) € dom f X S x (=), (uf, v wk,qf) € X* x X* x X* x C*,

ul € 0f (xn), vl € O(qig)(xn),w) € Ng(wn), (g}, tn) =0Vn € N and

ul + vk +whk —0,x, —a(n— +00),

(3. 8)

is satisfied, then we have

I, — 0 (n — +00) if and only if I} — 0 and 12 — 0 (n — +00). (3.9
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Indeed, if (3. 8) is fulfilled, then
In=102-1, (3. 10)

hence the sufficiency of relation (3. 9) is trivial (in fact for this implication we need
only the fulfillment of (q},t,) = 0 for all n € N).

Assume now that I,, — 0 (n — +00). Since w} € Ng(wy,), we have (W}, a—w,,) <
0 and, as ¢}, € C*, we get

I, >0VneN. (3. 11)

From v} € 9(q}g)(x,) we obtain the inequality (¢’ ¢g)(a) — (¢5g)(zn) > (v}, a—2y,),
that is (¢, g(xn) —g(a)) < (v}, 2, —a). This inequality leads to I2 < f(x,)— f(a)+
(vi+wk, zy—a) for alln € N. Since u’, € df(z,,) we have f(a)—f(zn) > (ul, a—x,)
for all n € N. Combining the last two inequalities we obtain 12 < (u} +v} +w, x,
a) for all n € N. This implies, using relation (3. 10) and inequality (3. 11), that

0<IL =021, <(uf +vf +wz, —a) =1, ¥n €N,
hence I} — 0 (n — +00). From (3. 10) we obtain that [2 — 0 (n — +0o0).
By using the remarks made above we can state the following result.

Theorem 3.6 The element a € SN g~ (—C)Ndom f is an optimal solution of the
problem (Pr) if and only if

(@p, wn,ty) € dom f X S X (—C) Auk,vf wh qh) € X* x X* x X* x C*,
ul, € 0f (2n), 05, € Dlq59) (n), 5, € Na(wn), (65 bn) = 0¥ € N,
ur + vk +wh — 0, wn—>a xn—>a tn, — g(a) (n — +00),
(g, tn — g(a)) + (Wi, wy, —a) — 0 (n — +00) and
F(ea) = F@) + (g5 ( n) = 9(a)) + (Wi, 2 — a) = 0 (n — +00).
(3. 12)

In order to show the applicability of the last statement, let us consider the
following example.

Example 3.2 We work in the following setting: X =Y =R, S =C = R} and
the functions f: R — R,

f(x){ —Vz, ifx>0,

| +oo, otherwise,

and g : R — R, g(z) = z, for all x € R. Trivially, « = 0 is the unique optimal
solution of the problem (Pr). For all n € N take z,, = 1/n € dom f, w, =0 € S,
t, =0€ =C, ul, = —\/n/2 € 0f(xn), ¢ = V/n/2 € Ry = C*, v} = /n/2 €
a(ng)(xn) and w:z =0¢€ _RJr = NS(wn)' It holds f(mn) - f((l) + <q:z7g(xn) -
g(a))+(wr, xn —a) = f(zn) +(a;, 9(xn)) = —/1/n+(Vn/2)(1/n) = =1/(2y/n) —
0 (n — 400) and one can easily see that all the conditions in Theorem 3.6 are
fulfilled.

In case dom f = X and f is continuous we obtain from Theorem 3.6 the following
corollary.

Corollary 3.5 The element a € SNg~*(—C)Ndom f is an optimal solution of the
problem (Pr) if and only if

Xy Wy tn) € X x S x (=C), Iul, vl wi,q¢h) € X* x X* x X* x C*,
u:L € (?f(xn),v;’; € 8(q;g)($ )7w € Ns(wn) <qnatn> = 0 V’I”L € Na

ul + vl +wh —0, w, = a, x, — a, t, — gla) (n = +00),

(@ tn —g(a)) + (W, w, —a) = 0 (n — +00) and

{an 9(xn) = g(a)) + (Wi, 20 —a) = 0 (n — +00).
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Remark 3.8 THIBAULT obtained the same characterization as in Corollary 3.5
under the additional hypotheses that C' is a normal cone and Y is reflexive (cf. [136,
Theorem 4.1]). Let us recall that C' C Y is normal if and only if the norm function
(onY) is C-increasing on C'. Although in [136] it is not mentioned, the pair (ws,, t,)
must belong to the set S x (—C) for all n € N and if one looks carefully at the proof
given by THIBAULT, one can see that this must be assumed also in [136, Theorem
4.1].

3.3.2 The case g is C-epi-closed

Let us consider the setting from the beginning of Section 3.3. Additionally we
suppose that ¢ : X — Y*® is C-epi-closed. In the following we derive another
sequential form of the Lagrange multiplier rule for the problem (Pp) by applying
again Theorem 3.2, this time to the following perturbation function

o r+p), ifxeSandg(x)eq—C,
(I)éj:XxXxY—JR, ég(x,p,Q)Z{i(oo ) otherwise. )

One can easily show that ®¢ is proper, convex and lower semicontinuous such that
(0,0) € pryyy (dom ®F). The conjugate of ®F is (®F)* : X* x X* x Y* — R,

C\k (% % _k\ __ f*(p*)+(—q*g+§s)*(x* —p*)7 if q* c —0*7
(@)@ p"07) = { 00, otherwise,

as a straightforward calculation shows.

Theorem 3.7 The element a € SN g~ (—C)Ndom f is an optimal solution of the
problem (Pr) if and only if

I Zpy Prsqn) €S X dom f X Y, g(z,) <¢ qn, I(uk, vk, q5) € X* x X* x C*,

uy, € f(pn), vy, € 9(ang + 0s)(@n), (4, 4n — 9(@5)) =0 Vn €N,
ul + vt —0, x, —a, p, = a, g, — 0 (n — +00) and

f(pn) - <u;7pn - xn> + <quaQn> - f(a) —0 (n - +OO)
(3. 14)

Proof. According to Theorem 3.2, the element a € SN g~'(—C)Ndom f is an op-
timal solution of the problem (Pr) if and only if there exist sequences (2, pn, qn) €
dom ®F, (2%, pk, —q’) € OBF (w1, Pn, gn) such that

x5 — 0,2 — a, (Pn, gn) — (0,0) (n — +00) and

S (T, Py ) — (Pl =)y (Prs @) — ®F (a,0,0) — 0 (n — +00).

Since (24, Pn,qn) € dom ®S we get z,, € Sz, + p, € dom f and g(x,,) <¢ g, for
all n € N. We have (z%,p%, —q) € 09§ (2, Pn, ¢n) if and only if

(I)g(xnvpm qn) + ((I)ZC)*('T:wp:w _Q:L) = <:L‘:;, ‘rn> + <p:wpn> + <_q;7 Qn> ~

f(@n +pn) + 5 (05) + (4,9 + 05)"(z, — py,) = (T3, Tn) + (P> Pr) + (— 5 @n)s

where ¢} € C* for all n € N. As ¢, — g(x,,) € C we obtain (¢}, ¢, — g(z,)) > 0 for
all n € N. Using this and the Young-Fenchel inequality we get f(z,, +pn)+f*(p)+
(g9 +05)" (@5, = Pp) = (7, Tn +pn) + (25, = Ph, @n) — (€79 + 05) (@n) = (27, 20) +
(P pn) + (=47, 9(xn)) 2 (@5, @n) + (P, Pn) + (=G5, qn). Hence (27, p;, —q7) €
aq)QC(ajnJ)naQ'n) if and only if Pp € af<xn + pn)wm: —Pn € 8(Q;kzg + 65)(37”) and
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(g, qn — g(x,)) = 0 for all n € N. As a consequence, we obtain that a € SN
g 1(=C)Ndom f is an optimal solution of the problem (Pr) if and only if

I @n,pnygn) € S X X X Y, + py € dom f, g(z) <c g,

@y, P, an) € X* X X* x C*,py, € Of (T + pn), 2, — Py € O(ang + 0s)(2n),

(G, qn — g(xn)) =0Vn e Nja¥ — 0,2, — a,p, — 0,¢, — 0 (n — +00) and

f(@n +pn) =Py Pn) + (a5, an) — f(a) = 0 (n — +00).

(3. 15)

Introducing the new variables p/,,u and v} instead of p,,p* and z by pl, :=
Tn + P, vy = pr and v} = x) — p;, for all n € N, respectively, one can see that
(3. 15) is equivalent to (3. 14) (again denoting p/, by p, for all n € N), which com-
pletes the proof. O

For the special case when S = X, we obtain the following sequential character-
ization of the optimal solutions of the optimization problem

(PL), inf _f(x).

We use this result in subsection 3.4.1 when deriving necessary and sufficient sequen-
tial optimality conditions for composed convex optimization problems.

Corollary 3.6 The element a € g~*(—C) Ndom f is an optimal solution of the
problem (Py) if and only if

I Zpy Pryqn) € X x dom f XY, g(x) <¢ gn, I(ul,vi,q) € X* x X* x C*,
U:L € 8f(p7l)7v;; € 8(ng)(~xn)7 <q;§,qn - g(xn)> =0VneN,
uf + vt —0, x, —a, p, — a, g, — 0 (n — +00) and

(3. 16)

3.4 Sequential optimality conditions for composed
convex optimization problems

Let us turn our attention to a more general optimization problem than the ones
treated in the last two sections. We work in the following setting: X is a reflexive
Banach space and Y is a Banach space partially ordered by the non-empty convex
cone C C Y. The optimization problem considered in this section is

(PEC)  inf {f(2) + (g0 h)(@)},

where f : X — R is proper, convex and lower semicontinuous, h : X — Y'* is proper
and C-convex and g : Y* — R is proper, convex and lower semicontinuous with
g(coc) = +00. We suppose also that dom f Ndomh N h~t(dom g) # 0.

3.4.1 The case h is C-epi-closed

Throughout this subsection we assume additionally that Y is reflexive, h is C-epi-
closed and g is C-increasing on h(domh) + C. The problem (P®C) is a convex
optimization problem and for characterizing its optimal solutions the following se-
quential optimality condition can be derived from Corollary 3.6 (see Remark 3.12(b)
for a discussion on the several reasons why we apply this method).
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Theorem 3.8 The element a € dom f Ndom hNh~t(dom g) is an optimal solution
of the problem (P€%) if and only if

Xy Drs @nsq,) € X x dom f x domg x Y, h(z,) <¢ g,
ugysen,ur’ an), a5 € CFul, € Of (pn), 4y + €5, € Ag(qn),
up' € A(gph)(wn), (4, @) — M(xn)) = 0 Vn €N,
ut +ut — 0, e =0, 2, — a, p, — a, ¢, — h(a), ¢, — h(a) (n — +00),
f(pn) = (g, pn — zn) + (a5, M(zn) — h(a)) — fla) = 0 (n — +oo) and
9(qn) — (@5 @n — h(a)) — g(h(a)) — 0 (n — +o0).
(3. 17)

Proof. One can prove that a € dom f NdomhNh~!(dom g) is an optimal solution
of the problem (P¢®) if and only if (a, h(a)) is an optimal solution of the problem

P, inf  F(z,y),
(PL) T (2,y)

where F': XxY — R, F(z,y) = f(2)+g(y) and G : XxY — Y* G(z,y) = h(z)—y
for all (z,y) € X x Y. The hypotheses regarding the functions f,g and h imply
that F' is proper, convex and lower semicontinuous, while G is proper, C-convex and
C-epi-closed. Applying Corollary 3.6 to the problem (P; ), which is an optimization
problem with cone constraints in X x Y, we get that a € dom fNdom hNh~!(dom g)
is an optimal solution of the problem (P¢®) if and only if

3 @ns Yns Prs s @) = (Pns Gn) € dom F, G (2, yn) <c ¢,
ettt i 05) ¢ @ € O, (ul, 05) € OF (b ),
(up s 03") € 0@ G) (@, yn), (@, @), — G0, Yn)) = 0 VR EN,
(b 02) () 02) — (0.0), (2 ) — (2 1)), (B, @) — (a, h(a),
@, — 0 and F(pn, qn) — (U5, 07), (Pns @n) — (Tn, Yn))+
(a0 d) — Fla,h(@)) = 0 (n' +o0).
(3. 18)
We have dom F' = dom f x domg, F*(z*,y*) = f*(z*) + ¢*(y*) and thus
(x*,y*) € OF(x,y) & a* € Of(x) and y* € 9g(y), for (xz,y) € X x Y and
(z*,y*) € X* x Y*. Further, for A € C* it holds

v x x| (AR)*(x*), Hy*+A=0,
(AG)*(z",y )_{ +00, otherwise,

and (z*,y*) € O(AG)(z,y) if and only if y* + A = 0 and z* € O(Ah)(x). Hence
a € dom fNdom hNh~!(dom g) is an optimal solution of the problem (P“) if and
only if

3(In,yn7pn7%,%) € X xY xdom f xdomg XY : h(xy) <c Yn + qp,
3(“2&2»“2’&2) 1 qy, € C*up, € 9f(pn), vy, € ag(QH)au:/ € 9(aph)(zn),
(@nan + yn — h(@n)) =0Vn € N,up +up — 0,v; — g5y — 0,2 — a,pp — a,
Yn — h(a)vqn - h(G/)vq;l —0 (n - —|—OO) and f(pn) +g(qn) - (u:upn - xn>_
(02 Gn — ) + (@) — () — 9(h(a)) — 0 (1 — +00).

(3. 19)
With the notations ¢/ := y, + ¢, and e} := v’ — ¢ for all n € N, we obtain

that (3. 19) is equivalent to

Xy Yns Py Gns @) € X XY x dom f x domg X Y : h(xy,) <c 4,
3(u2’627u2l7QZ) tqy, € C%uy, € af(pn)qu +e;, € 39(%)7%/ € C{’(Q?lh)(xn)a
(g5, q" —h(zn)) =0Vn € Nyu +u' — 0,ef — 0,2, — a,pn — a,yn — h(a),
an — h(a), q; — h(a) (n — +00) and f(pn) + 9(qn) — (uy, Pn — Tn)—

(@ + €5 an = Yn) +(ans @0 — yn) — f(a) — g(h(a)) — 0 (n — +00). 520
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Since (e}, gn, —Yn) — 0 (n — 400), we obtain that the element a € dom fNdomhnN
h~1(dom g) is an optimal solution of the problem (P¢“) if and only if

Hxn, Yn, Pry qnsqh) € X XY X dom f x domg x Y : h(z,) <¢ ql,

3(u2’627u2l7QZ) 1q, € C* uy € af(pn)qu +e, € 39(%)7%/ € 3(QZh)(xn)a

(@5, ¢ — h(z,)) =0Vn € Nu! +u' — 0,ef — 0,2, — a,p, — a,

Yn — h(a),qn — h(a),q!! — h(a) (n — +00) and

fPn) + 9(an) = (up, pn — ) — (a5, an — @) — f(a) — g(h(a)) — 0 (n — +00).
(3. 21)

Let us notice that the sequence {y, : n € N} plays no role in (3. 21), which is

thus equivalent to

Xy Prs @y qr) € X x dom f x domg X Y : h(z,) <¢ ¢/,

J(uk,er,ul' qk) qr € C* ul € 0f (pn), g + € € 0g(qn),ur’ € d(qih) (),

(@, g — h(zn)) =0Vn e Nul +u' — 0,ef — 0,2, — a,p, — a,

qn — h(a),q — h(a) (n — 400) and

F(Pn) + 9(an) = (upspn — 2n) = (a5, @0 — an) — f(a) = g(h(a)) — 0 (n — +o0).

(3. 22)
Indeed, the direct implication is obvious, while for the reverse one we take y,, := h(a)
for all n € N.

Let us introduce now the following real sequences: a,, := f(pn)+9(qn)— (U, prn—
Tn) = (G0 — @) — f(a) = g(h(a)), bn := g(qn) — (@, an — h(a)) — g(h(a)) and
Cn = f(pn) — Uk, pn — x0n) + (¢}, h(zy) — h(a)) — f(a) for all n € N. We prove that
if the condition

(Tr, Py Gns @) € X x dom f x dom g x Y, u;, € 0f (pn), q;, + €, € 09(qn),
uwt' € 9(qih)(wn), (g}, ¢! — h(x,)) =0 Vn € N and

s = 0,¢5 — 0,2, — a,qq — h(a) (n — +00)

(3. 23)
is satisfied, then we have
an — 0 (n — +00) if and only if b, — 0 and ¢, — 0 (n — +00). (3. 24)
Indeed, if (3. 23) is fulfilled, then
an = by + Cn, (3. 25)

hence the sufficiency of relation (3. 24) is trivial. We point out that for this impli-
cation we need only the fulfillment of (¢}, ¢/ — h(z,)) =0 for all n € N.

Assume now that a, — 0 (n — +o00). Since u) € 9f(p,) we have f(a) —
f(pn) = (u¥,a — py) for all n € N. Moreover, u’" € d(q}:h)(z,), hence (g}, h(a)) —
(g, h(zn)) > (ul',a — xy,) for all n € N. We obtain that ¢, < (u},p, —a) +

)

(' oy —a) — (U, pp — x,) = (uf +ul', v, —a). Also, from ¢ + e € dg(q,) we
get g(h(a)) — g(an) = (g, + €5, h(a) — qn) and so

b < {ap + €ns tn — Ma)) = (dn, an — h(a)) = (e, an — h(a)).
On the other hand, we have
by = ap — Cp > ap — (uf +ul' 2, — a).

Combining the last two inequalities we obtain b, — 0 (n — +00). From (3. 25) we
also get ¢, — 0 (n — 400) and hence (3. 24) is fulfilled.
Thus the condition (3. 22) is equivalent to (3. 17) and the proof is complete. ]

In the following corollary we give a sequential characterization of the subgradi-
ents of the function go h at a € domh N h~!(domg).
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Corollary 3.7 For a € domhNh~!(dom g) we have x* € d(goh)(a) if and only if

@y G, qy) € X x domg x Y, h(xn) <c gy, 3(ey, 25, 47), 45, € CF,

ay + e, € 99(an), z7, € gy h)(zn), (a5, a7, — h(zn)) =0 VR €N,

Ty — a, g, — h(a), q, — h(a), = —z*, e — 0 (n — +00), (3. 26)
9(qn) — {4, an — h(a)) — g(h(a)) — 0 (n — +00) and

(g7, h(zn) = h(a)) = 0 (n — +00).

Proof. We have z* € d(go h)(a) & 0 € O(—z* + go h)(a) & a is an optimal
solution of the problem (PY“) with f : X — R defined by f(x) = (—2*,z) for all
x € X. According to Theorem 3.8 we get that 2* € 9(g o h)(a) if and only if

I(Zns Prs Gns @) € X X X x domg x Y, h(x,,) <¢ ql, ek, ul’,qt), ¢ € C*,
a, + e, € 99(an), uy, € Aanh)(wn), (a5, @) — h(zn)) =0 Vn €N,

Tp — Ay Pp — Gy Gn — h(a)a Q;L - h(a)a u;/ — ", 6: -0 (n - +OO)7
9(an) — (a3: qn — h(a)) — g(h(a)) — 0 (n — +00) and

(a5, h(zn) — h(a)) — 0 (n — +00),

(3. 27)
where we used the continuity of the function f and the fact that df(z) = {—z*}
for all z € X. The desired conclusion follows easily, since in the condition (3. 27)
the sequence {p, : n € N} is superfluous (we made the notation x% := u}’ for all
n € N). O

Remark 3.9 Corollary 3.7 above is exactly the result given by THIBAULT in [136,
Theorem 3.1].

3.4.2 The case h is continuous

We consider again the setting from the beginning of Section 3.4, with the additional
hypotheses that h : X — Y is continuous and g : ¥ — R is C-increasing on Y.
We want to mention that, unlike in the previous subsection, the results in this
subsection hold even in the case Y is not reflexive. We consider the perturbation
function ®¢¢ : X x Y — R,

dC (z,y) = f(z) + g(h(z) + y) V(z,y) € X x Y, (3. 28)

which is in this situation proper, convex and lower semicontinuous. The conjugate
function (®CC)* : X* x Y* — R has for all (z*,3*) € X* x Y* the following form

covipon oy _ ) (FHy ) (@*) +g"(y"), ify* e’
(@) (" y )_{ +00, otherwise,

where we took into consideration that g*(y*) = +oo for all y* € Y*\ C*. By means
of the general result Theorem 3.2 applied for this perturbation function we obtain
the following sequential optimality conditions for (P¢¢).

Theorem 3.9 The element a € dom f N h~!(dom g) is an optimal solution of the
problem (PC) if and only if

Xp,yn) € dom f x dom g, I(uk,vf,yk) € X* x X* x C*,

uy, € 0f (), vy, € (ynh)(@n), yy € 09(yn) Vn €N,

ut + vk — 0, x, — a, y, — h(a) (n — +00), (3. 29)
f(@n) + (yp, h(zn) — M(a)) — fla) = 0 (n — +o0) and

9(Wn) = W, yn — h(a)) — g(h(a)) — 0 (n — +o0).
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Proof. Applying Theorem 3.2 we obtain that a € dom fNh~!(dom g) is an optimal
solution of the problem (P¢“) if and only if

Ixn,yn) € X x Y, 2, € dom f, h(x,) + y, € domg,
(xs,yk) € 00YC (2, yn) Yn € Nyz¥ — 0,2, — a,y, — 0 (n — +00) and
O @, Yn) = (Uns Yn) — ©9“(a,0) = 0 (n — +00).
(3. 30)
The condition (x%,y%) € d®C(z,,,yn,) is equivalent to v € C* and f(x,) +
g(h(zn) +yn) + (f +ynh)*(23) + 9" (y) = (23, 2n) + (Y, yn) for all n € N. By
using the Young-Fenchel inequality one can see that for all n € N we have

F(@n) + (ph)(@n) + (f +yph)"(25,) — (@5, 20) 2 0

and

Since the sum of the terms in the left-hand side of the inequalities above is equal
to zero, both of them must be equal to zero. This is the case if and only if x €
O(f+yih)(xy,) and y; € dg(h(xy,)+y,) for alln € N. Hence a € dom fNh~!(dom g)
is an optimal solution of (P¢“) if and only if

,Un) € X XY, 2, € dom f, h(z,,) + y, € domg,
Ty Yn) € X x C € O(f + yph) (wn), yr, € Og(h(wn) + yn) Vn €N,
T —>O Ty — a, yn—>0(n—>—|—oo) and
f(@n) + g(h(xn) +yn) — (Y5, yn) — fla) — g(h(a)) = 0 (n — +00).
(3. 31)
The function h being continuous, the following subdifferential sum formula holds:

O(f + ynh)(zn) = 0f (zn) + O(y,h)(xn) Vn € N (3. 32)

(cf. [147, Theorem 2.8.7]). Thus z} € O(f + y.:h)(x,) if and only if there exist
uk € 0f (x,) and v} € O(yjh)(xy,) such that % = u) +v} for all n € N. Introducing
a new variable by y!, = h(x,) + y, for all n € N and employing once more the
continuity of the function h we get that (3. 31) is equivalent to

Han,y,) € dom f x dom g, I(uk,vi,yk) € X* x X* x C*,

uy, € Of (wn),v;, € Ay h)(wn), y;, € Ag(yy,) Vi € N,

uf +v: — 0, z, — a, y, — h(a) (n — 400) and

F@n) +9(yn) = (Yn v — han)) = f(a) = g(h(a)) = 0 (n — +o00).

(3. 33)

Let us consider now the following real sequences: oy, := f(zn)+g(y),) — Yk, yl, —

h(zn)) = f(a) = g(h(a)), Bn := f(zn) = f(a) + (45, h(zn) — h(a)) and vn := g(y},) —
g(h(a)) — (y*,y,, — h(a)) for all n € N. We have a,, = 3, + ¥, for all n € N and if
the condition

(Tn,yh) € dom f x domg, (uf, v, ys) € X* x X* x C*,
uy, € Of (wn), vy, € O(yph)(xn), yy € 90g9(y,,) Vn €N, (3- 34)
ul + vk — 0, x, = a, (n— +00),

is satisfied, then
an — 0 (n — +00) if and only if 3, — 0 and 7, — 0 (n — +00). (3. 35)

We omit the proof of (3. 35), since it can be done in the lines of the one given for
the relation (3. 24) in the proof of Theorem 3.8. Hence the condition (3. 33) is
equivalent to (3. 29). O
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Remark 3.10 Particularizing Theorem 3.9 to the case C' = {0} and h = A, where
A: X — Y is a continuous linear mapping, we rediscover Theorem 3.4. The details
are left to the reader.

For the special case when f = —z*, where z* € X* is fixed, we obtain from
Theorem 3.9 the following result concerning the subgradients of the function g o h.

Corollary 3.8 For a € h™!(domg) we have x* € d(g o h)(a) if and only if

I(@n,yn) € X x domg,3(v;;,yy,) € X* x C* vy € A(yph)(xn), s € 09(Yn),
— x*, T, — a, yo — h(a) (n — +00),
n) = (Yn>yn — h(a)) — g(h(a)) — 0 (n — +o0) and
yh(zn) —h(a)) — 0 (n — +00).
(3. 36)

Remark 3.11 The above sequential characterization of an arbitrary z* € 0(g o
h)(a) was given by THIBAULT in case X and Y are reflexive Banach spaces, C' is
a closed, convex and normal cone and g¢ is C-increasing on h(X) + C (see [136,
Corollary 3.2]). We proved that if the function g is C-increasing on Y, then this
result holds even if the cone C is not normal and Y is an arbitrary Banach space.
Moreover, the closedness condition regarding the cone C, requested by THIBAULT
in [136, Corollary 3.2], is not needed anymore in this situation.

Remark 3.12 (a) One can prove that the perturbation function defined at the
beginning of subsection 3.4.2 is lower semicontinuous even in the more general case
when h is star C-lower semicontinuous (this is a direct consequence of the equality
(@YY (z,y) = ®C(x,y) for all (z,y) € X x Y, which can be proved by direct
calculations, see also [34, Section 3]). This means that it is possible to derive
sequential optimality conditions even in this case. Nevertheless, in order to obtain
the result given by THIBAULT in [136, Corollary 3.2], we have to suppose that h is
continuous, as this fact was used twice in the proof of Theorem 3.9 above. Even
if the subdifferential sum formula (3. 32) holds also in the case h is star C-lower
semicontinuous and f is continuous (because we take f = —a* in order to obtain
the result of THIBAULT), we still need the continuity of the function A in order to
ensure that the sequence y), has the limit h(a) as n — 400 (see the equivalence
between the conditions (3. 31) and (3. 33) in the proof of Theorem 3.9).

(b) Under the hypotheses mentioned at the beginning of subsection 3.4.1 one
cannot prove that the perturbation function ®“¢ defined in the relation (3. 28) is
lower semicontinuous and hence in case h is C-epi-closed, Theorem 3.2 is not applica-
ble for this perturbation function. This is one of the reasons why the first sequential
optimality condition for the composed convex optimization problem (P¢“), namely
Theorem 3.8, is derived via Corollary 3.6, a result which is given for an optimiza-
tion problem with cone constraints (of course, Corollary 3.6 is obtained from the
general result Theorem 3.2). Another reason is that the condition g is C-increasing
on h(dom(h)) + C (which is the case in subsection 3.4.1) is not sufficient in order
to guarantee the convexity of the above mentioned perturbation function. In order
to ensure the convexity of the function ®“C, g has to be C-increasing on Y, which
is actually the case in subsection 3.4.2.

Remark 3.13 Let us notice that by using the general sequential optimality condi-
tions given in Remark 3.3, several sequential characterizations of optimal solutions
for composed optimization problems with geometric and cone constraints are ob-
tained in [30]. These conditions are then applied to equivalently characterize the
properly efficient solutions (in the sense of linear scalarization) of vector optimiza-
tion problems with geometric and cone constraints.
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Chapter 4

Applications of the duality
theory to enlargements of
maximal monotone operators

Due to its applications in the theory of partial differential equations, the maximal
monotonicity of operators defined on Banach spaces has been intensively studied
since the beginning of this theory in the 1960’s. We mention here the papers of
BROWDER [40], MINTY [100] and ROCKAFELLAR [122,123] who made the first
important steps in this field. A comprehensive study of the theory of monotone
operators can be found in the monographs of SIMONS [126,128] and the lecture
notes due to PHELPS [112], which are relevant references for anyone interested in
this topic.

To an arbitrary monotone operator defined on a Banach space, FITZPATRICK
associated in 1988 a convex and lower semicontinuous function which, in case the
operator is maximally monotone, provides a characterization of the graph of the
operator (cf. [63]). In this way, the theory of maximal monotone operators is linked
with convex analysis. Unfortunately, these properties were not exploited until 2001,
when the Fitzpatrick function was rediscovered by MARTINEZ-LEGAZ AND THERA
in [98], and independently, by BURACHIK AND SVAITER in [49]. Since then, convex
analysis, and in particular conjugate duality, plays an important role in the theory
of maximal monotone operators.

Enlargements of maximal monotone operators were introduced and studied in
order to find the zeros of a maximal monotone operator, that is to solve the problem

find € X such that 0 € S(x), (4. 1)

where S : X =2 X* is a monotone operator and X is a Banach space. It is use-
ful in this sense to consider an “enlargement” of S, that is a set-valued operator
S" Ry x X =% X* with the property that S(z) C S’(e,z) for all e > 0 and = € X.
Several examples of enlargements where introduced in the literature with the help
of which one can develop algorithms to solve the problem (4. 1) (the first one was
introduced by BURACHIK, IUSEM AND SVAITER in [44] with applications to varia-
tional inequalities). We refer to the monograph of BURACHIK AND IUSEM [43] for
more details regarding enlargements of monotone operators and their applications.

We give in this chapter applications of the duality theory to enlargements of
maximal monotone operators, proving once more the usefulness of convex analysis
in the theory of monotone operators. Motivated by a classical result concerning the
e-subdifferential of the sum of two proper, convex and lower semicontinuous func-
tions, we generalize this result to the context of enlargements of maximal monotone
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operators. An answer to an open problem posed by BURACHIK AND IUSEM is given
and finally we introduce a regularity condition which ensures that the sum of the
images of the enlargements of two maximal monotone operators is weak*-closed.
The main results of this chapter are Corollary 4.2 (which is then applied in Section
4.3), Theorem 4.5, Corollary 4.6 and Theorem 4.8. The results presented in this
chapter are based on [21,23].

4.1 A bivariate infimal convolution formula

For the problem of establishing the maximal monotonicity of the sum of two max-
imal monotone operators defined on a reflexive Banach space it is important to
give sufficient conditions for a so-called bivariate infimal convolution formula (see
[111,130]). This approach is useful when one tries to give a formula for the e-
enlargement of the sum of two maximal monotone operators (see Section 4.3). This
is the reason why in the following we focus our attention on conditions which ensure
this bivariate infimal convolution formula (see Corollary 4.2).

Let us consider X and Y separated locally convex spaces and X*,Y* their
topological dual spaces, respectively. Part (i) of the next lemma plays an important
role in deriving an equivalent characterization of the bivariate infimal convolution
formula. Part (ii) finds applications in Section 4.5.

Lemma 4.1 Let ® : X xY — R be a proper, convex and lower semicontinuous
function.

(1) If 0 € pry (dom @) then

(@(.0))" =cly- (inf #(.57)) (4. 2)
and
epi(P(-,0))* = cly-xr (Prx-p(epi ®*)). (4. 3)

(i1) For all x € pry(dom ®) we have
pry. (dom ®*) C dom(®(z,))* C cly (pry-(dom ®*)). (4. 4)

Proof. For (i) we refer to [34, Theorem 1 and Theorem 2]. Let us notice that
relation (4. 2) was observed also in [148, page 197] and [110, pp. 628-629].

(ii) Let © € pry(dom ®) be fixed and define ¥ : ¥ x X — R by ¥(y,u) =
®(z + u,y) for all (y,u) € Y x X. The function ¥ is proper, convex and lower
semicontinuous and fulfills ¥(y,0) = ®(x,y) for all y € Y. Since z € pry(dom P)
one has that 0 € pry(dom V).

According to (4. 2) we have that

(T(-,0))" = cly- ( inf \Il*(~,x*)).

rreX*
Consequently,

dom (w,)g)f(* \I/*(7x*)> C dom (clw* <w*12)f<* \Ij*(,x*)))

C clyy» (dom (Ilg}i \Il*(,x*)))

Further we have that v* € dom (infg«cx~ U*(-,2*)) if and only if there exists z* €
X* such that U*(v*, 2*) < 4+00. Since

U*(v*,2*) = sup {0, v)+ (", u) — ®(x 4+ u,v)}
veY ueX
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= sup {(v*0)+ {(a"t—z)—P(t,v)} = —(z", x) + D*(z",v"),
veY,teX
this is the same with having that ®*(z*,0v*) < 400 or, equivalently, (z*,v*) €
dom ®*. Therefore dom (inf,«cx+ ¥*(-,2*)) = pry«(dom ®*) and the conclusion
follows. O

Before we proceed, let us recall the following concept. For M, Z two subsets
of X, we say that M is closed regarding the set Z if MNZ =c(M)NZ. Tt is
worth noting that a closed set is closed regarding any set. Several weak regularity
conditions (in the theory of maximal monotone operators and convex optimization)
are expressed by using this notion, see [26,32-34].

Theorem 4.1 Let ® : X x Y — R be a proper, convex and lower semicontinuous
function such that 0 € pry (dom ®) and U be a non-empty subset of X*. Then the
following statements are equivalent:

(i) sup,ex{(z*, ) — ®(z,0)} = miny-cy- ®*(z*,y*) for all z* € U;
(1) Prys g (epi ®*) is closed regarding U x R in (X*, w(X*, X)) x R.

Proof. (i)=(ii) Take an arbitrary element (z*,7) € cly-xr (Pry-yr(epi®*)) N
(U x R). Lemma 4.1(i) guarantees that (z*,r) € epi(®(-,0))*, which implies
(®(-,0)*(z*) < r, that is sup,cx{(z*,z) — ®(z,0)} < r. From (i) we obtain
the existence of an element y* € Y* such that ®*(z*,y*) < r, thus (z*,7) €
Prx+ g (epi ®*) N (U x R). Hence we have cly«xr (pry-yr(epi ®*)) N (U x R) C
Pry»yr(epi®*) N (U x R), and since the reverse inclusion is always satisfied, we
obtain that (ii) is fulfilled.
Conversely, suppose that (ii) is true and take xz* € U arbitrary. From the
Young-Fenchel inequality we obtain
(®(-,0))"(z") < inf ®*(z,y"). (4. 5)

- y* GY*
In case (®(-,0))*(z*) = 400, then (i) is obviously satisfied. So we may suppose
that (®(-,0))*(z*) < 4+o0o. Taking into consideration that 0 € pry (dom®) we
easily derive that (®(-,0))*(z*) € R. We get by relation (4. 3) and (ii) that
(z*, (®(-,0))*(z*)) € epi(®(+,0))*N(U xR) = clyxr (Prx«xg(epi ®*))N(UxR) =
(pry-yr(epi®*)) N (U x R). Hence there exists an element * € Y* such that
O*(z*,7*) < (®(-,0))*(z*). Combining this with (4. 5) we obtain (®(-,0))*(z*) =
O*(2*, ") = minygey- *(2*,y*). As 2* € U was arbitrary taken, the proof is
complete. O

Remark 4.1 One can give an alternative proof of the above theorem. To this
end, let (X,7) be a topological space, where 7 is the corresponding topology on
X, U C X and A C X xR. One can prove that AN (U x R) = cl,xz(A) N
(U x R) if and only if AN ({u} x R) = cl,xr(4) N ({u} x R) for all u € U.
Using this remark, one can deduce Theorem 4.1 from the corresponding state-
ment with U a singleton. Indeed, for U = {z*}, the statement (i) is nothing
else than (®(-,0))*(z*) = cly+ (infyecy+ ®*(-,y*))(2*) = infy-cy- ®*(z*,y*) and
the infimum is attained, while (ii) asserts that for A := pry., g(epi®*) one has
AN {z*} xR) = cly»xr(A) N ({2*} x R). For z* = 0 the equivalence of (i) and
(ii) is nothing else than [114, Theorem 4.3.1] (see also [113, pp. 6]). The statement
for z* # 0 can be deduced by making a translation.

Remark 4.2 Considering in the previous theorem U := X* we obtain, under the
same hypotheses as in Theorem 4.1, that the following conditions are equivalent:
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(i) sup,ex{(z*, ) — ®(z,0)} = miny-cy~ ®*(a*,y*) for all 2* € X*;
(i) pry-yp(epi®*) is closed in (X*,w(X™*, X)) x R.

This statement can be deduced from [115, Theorem 2.2] and it was proved in [46] in
the case of Banach spaces and in [34] in the framework of separated locally convex
spaces. Let us notice that in the literature condition (i) is referred to stable strong
duality (see [20,34,46,128] for more details).

An important special case of Theorem 4.1 follows.

Corollary 4.1 Let f,g: X — R be proper, convex and lower semicontinuous func-
tions such that dom f Ndomg # O and U be a non-empty subset of X*. Then the
following statements are equivalent:

(1) (f +g9)*(z*) = (f*Og*)(z*) and f*Tg* is exact at z* for all z* € U;
(ii) epi f* 4+ epig* is closed regarding U x R in (X*,w(X*, X)) x R.

Proof. Consider the function ® : X x X — R defined by ®(x,y) = f(z) + g(z +y)
for all (z,y) € X x X. A simple computation shows that ®*(z*,y*) = f*(z* —
y*) + g*(y*) for all (z*,y*) € X* x X*. One can prove easily that the hypotheses
of Theorem 4.1 are satisfied for this particular choice of the function ®. The result
follows now by applying Theorem 4.1. |

Remark 4.3 In case U = X*, the previous corollary was established by BURACHIK
AND JEYAKUMAR in Banach spaces (cf. [45, Theorem 1]) and by BOT AND WANKA
in separated locally convex spaces (cf. [37, Theorem 3.2]).

The following result will lead us to the bivariate inf-convolution formula.

Theorem 4.2 Let hi,hy : X x Y — R be proper, conver and lower semicontin-
uous functions such that pry(domhy) Npry(domhs) # @ and V be a non-empty
subset of Y*. Consider the functions h1UOshy : X x Y — R, (hiOsho)(x,y) =
inf{hy(z,u) + ha(z,v) : u,v € Yu+v = y} and b0k} : X* x Y* — R,
(R3O h3) (z*, y*) = inf{hf(u*, y*) + h3(v*, y*) : u*,v* € X*,u* +v* = 2*}. Then
the following conditions are equivalent:

(i) (h10O2ho)*(x*,y*) = (RiO1R%)(x*, y*) and hi0 k3 is exact at (x*,y*) (that is,
the infimum in the definition of (Ri01h%)(x*,y*) is attained) for all (z*,y*) €
X*xV;

(ii) {(a* + b*,u*,v*,r) : hi(a*,u*) + h5(b*,v*) < r} is closed regarding the set
X*x Ay xRin (X*,w(X*, X)) x (Y*w¥*Y)) x (Y*,w(Y*,Y)) xR, where
Ay ={(y*,y*) :y* €V}

Proof. Take an arbitrary (z*,y*) € X* x Y*. The following equality can be easily
derived

(h1O2h2)*(z*,y") =  sup {(=™,z) + (y",u+v) — hi(z,u) — ha(z,v)}. (4. 6)
zeX,u,veY

Define now the functions F,G : X x Y x Y — R, by F(z,u,v) = hi(z,u) and
G(z,u,v) = ha(z,v) for all (z,u,v) € X xY x Y. It holds (hi0zho)*(z*,y*) =

(F + G)*(2*,y*,y*). One can show that for all (z*,u*,v*) € X* x Y* x Y*, the
conjugate functions F*,G* : X* x Y* x Y* — R have the following formulations

hi(x*,u*), ifv* =0,

]k ok ok
Fr (@™, u's v )_{ +00, otherwise
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and ( )
wrox x x| h3(x*,vY), ifur =0,
G (2%, u ") = { 400, otherwise,
respectively. Further we have (F*OG*)(z*,y*,y*) = (hi01h%)(z*,y*). Hence the
condition (i) is fulfilled if and only if (F'+G)*(z*, y*,y*) = (F*OG*)(z*, y*,y*) and
(F*0OG*)(z*, y*, y*) is exact at (z*, y*, y*) for all (z*,y*,y*) € X* x Ay. In view of
Corollary 4.1, the last condition is equivalent to epi F* 4 epi G* is closed regarding
the set X* x Ay x R in (X*,w(X*, X)) x (Y*,w(Y*,Y)) x (Y*,w(Y*,Y)) x R. Fi-
nally the equality epi F* 4+epi G* = {(a*+b*, u*,v*,r) : hi(a*,u*)+h5(b*,v*) <7},
whose proof presents no difficulty, gives the desired result. O

For the particular case when V := Y™ we obtain a necessary and sufficient
condition for the bivariate infimal convolution formula (relation (i) in the result
below).

Corollary 4.2 Let hi, ho : X xY — R be proper, convex and lower semicontinuous
functions such that pry(dom hy) Npry(dom he) # 0. The following statements are
equivalent:

(i) (h10Ozho)* = hi01h3 and R0 RS is exact;

(i1) {(a* + b*,u*,v*,r) : hi(a*,u*) + h5(b*,v*) < r} is closed regarding the set
X* X Ay« X R in (X*,w(X*, X)) x (Y*,w(Y*,Y)) x (Y*,w(Y*,Y)) x R.

Remark 4.4 A generalized interior-point condition which guarantees relation (i)
in Corollary 4.2 (and implicitly also (ii)) has been given by SIMONS AND ZALINESCU
in the framework of Banach spaces (cf. [130, Theorem 4.2]), namely:

(CQR%) 0 € sqri (pry(domhy) — pry(domhs)).

Nevertheless, unlike the condition (ii), which is necessary and sufficient for (i),
the condition (CQ°?) is only sufficient, as the following example, which can be
found in [26], shows.

Example 4.1 Take X =Y = R?, equipped with the Euclidean norm || - |2, f, g :
R* =R, f=]"] +0r2, 9= 0_g2,

hyi(x,x*) = f(z) + f*(z*) for all (z,2*) € R? x R?
and, respectively,

ho(x,x*) = g(z) + g*(x*) for all (x,2*) € R? x R?.
One can see that g* = dpz and f* = 05 1) g2 , Where B(0,1) is the closed unit
ball of R%. We have

(@ +y"zy, ) fl@)+ f7(2") +9(y) + 9" (") <r} =
R? x {(z,y,7) : x € Ri,y € —Ri, lz]l2 < 7}y

which is closed, hence closed regarding the set R? x Ag2 xR. Thus, by Corollary 4.2,
(i) is fulfilled. However, condition (CQ%%) becomes: R? is a closed linear subspace
of R?, which is of course a false statement.

By taking in Theorem 4.2 Y = X* and V = X, where X is supposed to be a
normed space (in this case V' = X can be seen as a subspace of Y* = X**), we
obtain the following result.
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Corollary 4.3 Let hy,ho : X x X* — R be proper, convex and lower semi-
continuous functions in the strong topology of X x X* such that pry(domhy) N
pry(dom hy) # (0. The following statements are equivalent:

(i) (hiOgho)*(z*,2) = (R301h3)(a*, z) and hiO1hb is exact at (x*,x) for all
(x*,2) € X* x X;

(i) {(a*+b*,w**, v** r): hi(a*,u**) + h3(b*,v**) < r} is closed regarding the set
X*x Ax xR in (X*,w(X*, X)) x (X**,w(X*, X*)) x (X, w(X*, X*)) xR.

4.2 Monotone operators and enlargements

In this section we recall some notations and results concerning monotone operators
and enlargements. Consider further X a nontrivial Banach space, X* its topological
dual space and X** its bidual space. A set-valued operator S : X = X* is said to
be monotone if

(y* —a*,y —x) > 0, whenever y* € S(y) and z* € S(x).
The monotone operator S is called mazimal monotone if its graph
G(S)={(z,z"):2" € S(x)} CX x X~

is not properly contained in the graph of any other monotone operator S : X = X*.
For S we consider also its domain D(S) = {z € X : S(z) # 0} = pry(G(S)) and its
range R(S) = UzexS(z) = pry.(G(S)). The classical example of a maximal mono-
tone operator is the subdifferential of a proper, convex and lower semicontinuous
function (this result is due to Rockafellar, cf. [122]). However, there exist maximal
monotone operators which are not subdifferentials (cf. [126,128]).

An element (xg,zf) € X x X* is said to be monotonically related to the graph
of § if

(y* — ad,y —x0) >0 for all (y,y") € G(5).

One can show that a monotone operator S is maximal monotone if and only if the
set of monotonically related elements to G(S) is exactly G(S).

To an arbitrary monotone operator S : X == X* we associate the Fitzpatrick
function g : X x X* — R, defined by

ps(@, ") =sup{(y*,z) + (z*,y) — (", 9) 1 y" € S(y)},

which is obviously convex and strong-weak* lower semicontinuous (it is even weak-
weak™ lower semicontinuous) in the corresponding topology on X x X*. Introduced
by FITZPATRICK in 1988 (cf. [63]) and rediscovered after some years in [49, 98],
it proved to be very important in the theory of maximal monotone operators,
revealing important connections between convex analysis and monotone opera-
tors (see [5,11,26,32,33,49,96,105-107, 111, 128, 130, 140, 149] and the references
therein). Considering the function ¢ : X x X* — R, ¢(z,2*) = (z*,z) for all
(x,2*) € X x X*, we get the equality pg(z,2*) = c§(z*, x) for all (z,2%) € X x X*,
where c¢s = ¢ + dg(g) and we are considering the natural injection X C X**. The
function 95 = clj.| x|.|. (cocs), where the closure is taken in the strong topology of
X x X*, is well-linked to the Fitzpatrick function. Its properties were intensively
studied in reflexive Banach spaces in [107] and in general Banach spaces in [49]. Let
us mention that on X x X* we have g/}:"gT = g and, in the framework of reflexive
Banach spaces the equality ¢%" = 15 holds (cf. [49, Remark 5.4]). Let us recall the
most important properties of the Fitzpatrick function.
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Lemma 4.2 (c¢f. [65]) Let S : X = X* be a mazimal monotone operator. Then
(i) ps(x,x*) > (z*, z) for all (x,2*) € X x X*;
(i) G(S) ={(z,2*) € X x X*: pg(x,z*) = (z*,z)}.

Motivated by these properties of the Fitzpatrick function, the notion of rep-
resentative function of a monotone operator was introduced and studied in the
literature.

Definition 4.1 For S : X = X a monotone operator, we call representative
function of S a convex and lower semicontinuous function hg : X x X* — R (in
the strong topology of X x X*) fulfilling

hs > c and G(S) C {(x,2") € X x X" : hg(x,z*) = (2", x)}.

We observe that if G(S) # () (in particular if S is maximal monotone), then every
representative function of S is proper. It follows immediately that the Fitzpatrick
function associated to a maximal monotone operator is a representative function
of the operator. The following proposition is a direct consequence of some results
given in [49] (see also [92, Proposition 1.2 and Theorem 4.2 (1)]).

Proposition 4.1 Let S : X = X* be a mazximal monotone operator and hg be a
representative function of S. Then

(1) s < hg < g;

(ii) the canonical restriction of %' to X x X* is also a representative function

of S;

(iii) {(z,2*) € X x X* : hg(z,2*) = (", 2)} = {(v,2*) € X x X* : h (z,2%) =
(x*,2)} = G(5).

One can see by Proposition 4.1 that a convex and lower semicontinuous function
f: X x X* — Ris a representative function of the maximal monotone operator S if
and only if pg < f < ¢g. In particular, ¢g and g are representative functions of
S and are the extremal elements of the family of representative functions associated
to S

- . . . >
H(S) = {h X x X* LR h is convex and lower semicontinuous, h > ¢ and } ’

G(S) C{(z,z*) € X x X* : h(z,z*) = (z*,z)}

which was introduced by BURACHIK AND SVAITER in [49].

Let us notice that if f : X — R is a proper, convex and lower semicontinuous
function, then a representative function of the maximal monotone operator df :
X = X* is the function (z,z*) — f(z) + f*(«*). This follows by the Young-
Fenchel inequality and from the definition of the subdifferential of f. Moreover,
according to [41, Theorem 3.1] (see also [106, Example 3]), if f is a sublinear and
lower semicontinuous function, then the operator df : X = X* has a unique
representative function, namely the function (z,2*) — f(x) + f*(x*).

If X is a Hilbert space, then there exists a unique representative function of
the maximal monotone operator dd¢ : X = X, where C' is a non-empty closed
convex set in X. Indeed, by [6, Example 3.1], the Fitzpatrick function of 9d¢ is
vase (x,x*) = d¢c(x) + 05 (2*). This implies that 1gs., = wggc = pas.- As fas, is a
representative function of 0d¢ if and only if pas. < fase < Yas., we get that the
unique representative function is (z,z*) — dc(x) + 65 (x*).

For more on the properties of representative functions we refer to [11,26,49,96,
111] and the references therein.
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Remark 4.5 In many situations the representative functions are lower semicon-
tinuous in the strong-weak®™ topology, as it is the case for example for the Fitz-
patrick functions of monotone operators. As Proposition 4.1(ii) shows, for every
representative function of a maximal monotone operator one obtains a correspond-
ing representative function which is strong-weak* lower semicontinuous. Moreover,
when S = 0f, where f : X — R is a proper, convex and lower semicontinuous
function, then the function (z,z*) — f(z) 4+ f*(z*), which is a representative of
df, is lower semicontinuous in the strong-weak® topology. Hence, for S : X = X*
a monotone operator, it is natural to consider also the subfamily of H(S) formed
by those representative functions of S which are lower semicontinuous with respect
to the strong-weak* topology of X x X*. Let us notice that in general this is a
proper subfamily (cf. [141, Remark 1]), while in the setting of reflexive Banach
spaces it coincides with H(S). In Section 4.5 we will consider strong-weak* lower
semicontinuous representative functions of maximal monotone operators.

Let us give the following maximality criteria valid in reflexive Banach spaces
(cf. [50, Theorem 3.1] and [111, Proposition 2.1]; see also [126] for other maximality
criteria in reflexive spaces). We refer to [92, Theorem 4.2] for a generalization of
the next result to arbitrary Banach spaces.

Theorem 4.3 (cf. [50,111]) Let X be a reflexive Banach space and f : X x X* — R
a proper, convex and lower semicontinuous function such that f > c. Then the
operator whose graph is the set {(z,z*) € X x X*: f(x,2*) = (x*,2)} is mazimal
monotone if and only if f*T > c.

The following particular class of maximal monotone operators has been recently
introduced in [92], being also studied in [142].

Definition 4.2 An operator S : X = X* is said to be strongly-representable
whenever thereﬁe:m’sts a proper, convex and strong lower semicontinuous function
h: X x X* — R such that

h > e h*(z*, ™) > (@, 2%) V(z*,2"") € X" x X**

and

G(S) ={(z,z*) € X x X" : h(z,z") = (¥, z)}.

In this case h is called a strong-representative of S.

If S: X = X* is strongly-representable, then S is maximal monotone (see [92,
Theorem 4.2] and [142, Theorem 8]) and ¢g is a strong-representative of S.

Remark 4.6 MARQUES ALVES AND SVAITER recently proved that the class of
strongly-representable operators, the class of maximal monotone operators of type

(NI) and the class of maximal monotone operators of Gossez type (D) coincide
(cf. [93, Theorem 1.2] and [94, Theorem 4.4]).

The following definition of a family of enlargements associated to a monotone
operator was introduced by SVAITER (cf. [132]).

Definition 4.3 (cf. [132]) Let S : X = X* be a monotone operator. Define E(S)
as the family of multifunctions E : Ry x X =% X* satisfying the following properties:

(i) E is an enlargement of S, i.e.:

S(z) C E(e,x) for alle >0 and z € X
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(#i) E is non-decreasing, that is for all x € X, E(e1,2) C E(eq,x) provided that
€1 < €25

(iii) E satisfies the transportation formula: for every (e1,x',vl), (e2,22%,0%) €
G(E) and for every A € [0,1] we have (g,z,v) € G(E), where € := Xex + (1 —
Nea+ A1 =N (vt —v? 2t —22), 2 1= Al + (1= N)2? and v := Mt + (1 - ).
A particular choice of E € E(S) was considered in [44] and it has for £ > 0 and
x € X the following definition

Se(e,x) ={z" € X" : (y" —a¥,y —x) > —e for all (y,y") € G(5)}.

Introduced in [44], this enlargement turned out to have some useful applications
and properties similar to those of the e-subdifferential (several properties like lo-
cal boundedness, demiclosed graph, Lipschitz continuity, the Brgndsted-Rockafellar
property were studied in [44,48,49,132]). Notice that the Brgndsted-Rockafellar
type property for the enlargement of a maximal monotone operator has been estab-
lished for the first time in [138, Proposition 6.17] (see also [128, Theorem 29.9]). It
is worth noting that G(S5¢(0,)) is exactly the set of the elements that are mono-
tonically related to G(S), hence the monotone operator S is maximal monotone if
and only if G(S) = G(5¢(0,-)) (cf. [44, Proposition 2] and [117, Proposition 3.1]).
In case S is maximal monotone, the operator S¢ belongs to E.(S) (the family of
enlargements E € E(S) such that G(E) is closed with respect to the strong topol-
ogy on X x X*) and in fact it is the biggest element of E.(S) (cf. [132]). The
enlargement S¢ can be characterized via the Fitzpatrick function associated to S
as follows: for e > 0 and x € X we have

Se(e,x) ={z" € X" : pg(x,2") < e+ (z",x)}.

The family E.(S) has also a smallest element, namely the enlargement S*¢ defined
for all (¢,x) € Ry x X by

S*e,x)= [ Ela).

E€E.(S)

Remark 4.7 Given E: R, x X = X*, we define the closure of E, E: Ry x X =
X* by (cf. [132])

E(e,z) :=={a" € X" : (e,z,2") € 1 (G(E))} V(e,z) € Ry x X.

We say that E is closed if E = E. One can see that G(E) = ¢l (G(E)). Consider
in the following S : X = X* a maximal monotone operator. The smallest element
of the family E.(S) was introduced in [49] by the following procedure. Define
M%:R, x X = X* by

MS(e,x):= () Ele,z) V(e z) e Ry x X.
E€E(S)

Then MY is the smallest element of E.(S) (cf. [49, Proposition 2.6]). In the following
we show that MS = S°¢. Indeed, from the definitions above one has G(M®) C
G(S%¢), hence G(MS) C G(S*¢) (one can prove that G(S*¢) is closed). On the
other hand, take (g,2) € Ry x X and a* € §%¢(g, x) arbitrary. Then z* € E(e, z)
for all E € E.(S), hence in particular (since M € E.(9), cf. [49, Proposition 2.6])
x* € MS(e,z). Thus G(S*¢) C G(M5). All together, we obtain MS = S§*¢. Let us
notice that M is the smallest element of E(S) (cf. [132, Lemma 3.6]).
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For an arbitrary representative function hg one can consider the following en-
largement of S (see [49,51]): Spg : Ry x X =2 X*,

Shs(e,x) :i={z* € X* : hg(z,z") < e+ (z*,z)} for all (e,2) € Ry x X.

Let us notice that for all € > 0 the set Sy (g, ) is convex and closed (weak*-closed)
if hg is lower semicontinuous in the strong (strong-weak®) topology of X x X*.
It follows immediately from the definitions above that S, = S°. It was proved
(see [49]) that for a maximal monotone operator S, Sp, € E.(S) and actually
(cf. [49, Theorem 3.6]) there exists a one-to-one correspondence between E.(5) and
the set H(S) (moreover, this correspondence is an isomorphism with respect to some
suitable operations, see [51]). Hence, in case S is a maximal monotone operator,
there exists a unique function belonging to H(S) such that S*¢ = S}, and in fact
S°¢ = Syg (cf. [49, relation (35)], see also Remark 4.7 above). Further, for all
(e,z) € Ry x X we have

Shs (E,$)
S(x) C S%¢(e,z) = Syg(e,x) C C Sys(e,x) = S%(e,x),
Shz (e, 2)

where Spz (¢, 7) = {z* € X* : hg(z*,z) < e+ (2", 7)}, as well as S(x) = 5°¢(0,2) =
Shs(0,2) = Spz (0, 7) = 5¢(0, x).

Remark 4.8 If S = Jf, where f is a proper, convex and lower semicontinuous
function, then for all € > 0 and all z € X we have

Of(x) C O f(x) C O f(x) == (9f) (e, ),

and the inclusions can be strict (see [44,97]). Moreover, taking h : X x X* — R,
h(z,z*) = f(x)+ f*(«*) for all (x,2*) € X x X*, which is a representative function
of 0f, we see that (0f)n(e,x) = (Of )p(e,2) = O-f(x) for alle > 0 and all z € X.

4.3 The c-enlargement of the sum of two maximal
monotone operators

We show that the necessary and sufficient regularity condition given in Section 4.1
for the bivariate infimal convolution formula delivers a closedness-type regularity
condition which equivalently characterizes the e-enlargement of the sum of two
maximal monotone operators. Let us begin with the following result concerning the
representability of the sum operator. In this section X is a Banach space.

Theorem 4.4 Let S,T : X = X* be two maximal monotone operators with repre-
sentative functions hg and hr, respectively, such that pr y (dom hg)Nprx (dom hr) #
0 and consider the function h : X x X* — R, h(x,z*) = (hsOahr)*(z*,2) for all
(z,2%) € X x X*. If

{(a* + b*,u**,v**,r) : hi(a*,u**) + k5 (b*,v**) < r} is closed regarding the set
X* X Ax xR in (X*,w(X*, X)) X (X, w(X**, X*)) X (X** w(X*, X*)) x R,

then h is a representative function of the monotone operator S+T. If, additionally,
X s reflexive, then S + T is a mazximal monotone operator.

Proof. The function h is obviously convex and strong-weak™ lower semicontinuous,
hence lower semicontinuous in the strong topology of X x X*. Applying Corollary
4.3 we obtain h(z,z*) = (RE0O1h%)(2*, ) and A0 k% is exact at (x*,z) for all
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(x*,x) € X* x X. By using Proposition 4.1 we have for all (z,z*) € X x X* that
hz,z*) = (h5O1h%) (2%, x) = inf{h5(u*, z) + K (v*, ) : u*, 0" € X* u* +v* =
z*} > inf{{u*, z) + (v*, ) s u*, v* € X* u* 4+ v* =a*} = («*,x), hence h > c.

It remains to show that G(S + T) C {(z,z*) : h(z,z*) = (a*,z)}. Take an
arbitrary (z,z2*) € G(S + T). There exist u* € S(z) and v* € T(x) such that
z* = u* + v*. Employing once more Proposition 4.1 we obtain

(%, 2) < Wz, z7) = (hgbhhp) (2", z)

< hg(u®,z) + hp (v, 2) = (W', 2) + (0%, 2) = (27, z),

thus G(S+T) C {(z,2*) : h(z,2*) = (z*,x)}.
Actually, we prove that in this case

GS+T)={(z,z%) : h(z,x") = (2", x)}. (4.7

Take an arbitrary (z,z*) such that h(z,z*) = (x*,z). Since we have that h(x,z*) =
(hgOh1hG) (2%, ) and RO A} is exact at (2%, x), there exist u*,v* € X*, u* +v* =
x* such that

he(u*, z) + hp(v*, x) = (u*, x) + (v*, x). (4. 8)

The function hg and hr being representative, from Proposition 4.1 we have h%(u*, x)
> (u*,z) and hk(v*,x) > (v*,x), hence, in view of (4. 8), the inequalities above
must be fulfilled as equalities. Thus, by Proposition 4.1 we get v* € S(z) and
v* € T(x),s0 x* =u*+v* € S(x)+T(x)=(S+T)(x) and (4. 7) is fulfilled.
Suppose now that X is a reflexive Banach space. Since in this case the weak*
topology coincides with the weak topology (on X*) and the weak closure of a con-
vex set is exactly the strong closure of the same set, the regularity condition becomes

{(a* + b*,u,v,r) : h%(a*,u) + A5 (b*,v) < r} is closed regarding the subspace

X* x Ax x R in the strong topology of X* x X x X x R,

which is exactly the condition given in [26] for the maximal monotonicity of the
operator S + T. However, we give in the following a different proof of this result.
Since hg and hp are representative functions we have hglshr > c¢. As the
duality product is continuous with respect to the strong topology of X x X*, it
follows cl|.x|.|. (hsO2hr) > c. Taking into account that the space X is reflex-
ive and the functions hg and hp are convex, from the definition of h we obtain
h*T = ClH-HXw* (hSD2hT) = CIH'HXH'”* (hnghT) Z c. The conclusion follows now by
combining Theorem 4.3 with relation (4. 7). O

Remark 4.9 In case of reflexive Banach spaces the condition given in the above
theorem is the weakest one given so far which guarantees the maximality of the sum
of two maximal monotone operators. Let us notice that a stronger closedness-type
regularity condition is considered in [85]. We refer to [26,32,33] for a discussion
regarding several other conditions given in the literature on this topic by means of
generalized interiority notions. We mention here the Rockafellar Condition, namely
int (dom(S)) N dom(T) # O (cf. [123]), which is one of the oldest introduced in
the literature for the maximal monotonicity of the sum of two maximal monotone
operators in reflexive Banach spaces. In the nonreflexive case, it is still an open
question whether this condition is sufficient. Some important steps in the study
of maximal monotone operators in nonreflexive Banach spaces have been made by
BAUSCHKE, WANG AND YAO (cf. [7]), BORWEIN (cf. [11]), MARQUES ALVES AND
SVAITER (cf. [92-94]), SIMONs (cf. [128]), VOISEI (cf. [140]), Zagrodny (cf. [144]),
respectively VOISEI AND ZALINESCU (cf. [142]).
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Let us state now the main result of this section.

Theorem 4.5 Let S,T : X = X* be two mazximal monotone operators with repre-
sentative functions hs and hr, respectively, such that pry (dom hg)Npry (dom hr) #
0 and consider again the function h defined as in the previous theorem. Then the
following statements are equivalent:

(1) {(a*+b*, u**, v**, ) h5(a*, u*)+hi(b*,v**) < r} is closed regarding the set
X*xAx xR in (X*,w(X*, X)) x (X, w(X*, X*)) x (X** w(X** X*))xR;

(i) (S+Tn(e,z)= U (Shg(al,x) + Th;(s%m)) foralle >0 andz € X;
5611468222:(13
where for every x € X and ¢ > 0, (S + T)n(e,z) = {a* € X* : h(z,z*) <
e+ (z*,z)}.

Proof. Let us suppose that (i) is fulfilled and take z € X and € > 0. We show first
the inclusion

U (Swyler, o) + Ty (e2,2)) C (S + T)ale, ). (4. 9)
€1,62>0
g1+4e2=¢

Indeed, take 1,62 > 0, €1 + €2 = €, u* € Spy, (e1,2) and v* € T, (e2,2). Then
Mz, u* + v*) = (hsO2hp)*(v* + v*,z) < (heO1hL)(u* + v, 2) < hi(u*,z) +
hE(v*, ) < e+ {u*, x)+ea+(v*, x) = e+ (u*+v*, x), hence u*+v* € (S+T) (e, z),
that is, the inclusion (4. 9) is true. Let us mention that this inclusion is always
fulfilled, as there is no need of (i) to prove (4. 9).

However, to show the opposite inclusion, we use condition (i). Take x* €
(S 4+ T)n(e,z). We have (hgOahr)*(z*,2) < €+ (z*,z). By applying Corol-
lary 4.3, we get (h501h%) (2%, 2) < e+ (2%, x) and the infimum in the definition of
(k501 k%) (2%, x) is attained. Hence, there exist u*,v* € X* such that u* 4+ v* = z*
and

hE(u*,z) + hp(v*,z) < e+ (u*,z) + (v*, z). (4. 10)
Take €1 := h§(u*,z) — (u*,z) and €5 := € — 1. By using Proposition 4.1 and
the inequality (4. 10) we obtain &1 > 0 and ey > hk(v*,z) — (v*,z) > 0. Thus
u* € Spz(e1,7) and v* € Thy (e2,7), that is

¥ =u* +o* e U (Shg(éux) +Th*T(€2733)>7
61,5220
£1+e2=¢

so (ii) is fulfilled.
Conversely, assume that (ii) is true. We start by proving that

h(z,z*) > (z*,z) for all (z,2") € X x X*. (4. 11)

Let us suppose that there exists (zg, zf) € X x X* such that h(xo,zy) < (z§, x0).
By using the condition (ii) for € = 0 we obtain xj € (S +1)4(0,20) = Spz (0, 7o) +
Thx.(0,20) = S(zo) + T(z0). Hence there exist uf € S(xo) and vy € T(xo) such
that z§ = ul + vg. From Proposition 4.1 we obtain hg(xo,us) = (uf, o) and
hr(zg,v8) = (vg, zo). Like in (4. 6) we get

h(zo, x5) = sup {(z§, ) + (U™, z0) + (v*, m0) — hg(x,u”) — hp(z,v")}
zeX,u* v eX*

> <$87LL‘0> + <u(>§a$0> + <’U8,l‘0> - hS(xO’ua) - hT('TOv’US) = <$8,$0>,
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thus (4. 11) is fulfilled.

In view of Corollary 4.3, it is sufficient to show that h(x, 2*) = (R501h%) (2%, z)
and h§Oh% is exact at («*, x) for all (2*,x) € X* x X. Take an arbitrary (z*,z) €
X* x X. The inequality

h(z,z*) < (h501hi) (2", z) (4. 12)

is always true. In case when h(z,z*) = +o00, there is nothing to be proved. The
relation (4. 11) ensures h(z,z*) > —oo, so we may suppose that h(z,z*) € R.
Let us denote by r := h(x,z*). We have h(z,z*) = (x*,z) + (r — (z*,z)). With
e:=r—(z*,z) >0 (cf. (4. 11)), we obtain z* € (S + T)n(e,x). Since (ii) is
true, there exist £1,e2 > 0, £1 + €2 = € and u* € Sps, (e1,z) and v* € T, (€9, ),
respectively, such that z* = u* + v*. Further, adding the two inequalities

hg(U*vx) <e + <’LL*,{E>

and
h;(v*,.’t) <éez+ <’U*,(E>

we obtain
R(u™, z) + hp(v™,x) <ep+ex+ (U +0v*,2) =r = h(z,z"),

hence, in view of (4. 12) we get h(x,x*) = h(u*, z) + hk(v*, ) = (h501h5) (%, z)
and the proof is complete. O

Remark 4.10 In view of Theorem 4.4, in case the condition (i) in the theorem
above is fulfilled, then h is a representative function of the operator S + T', hence
the notation (S + T)p(e,z) = {a* € X* : h(z,2*) < e+ (z*,z)} is justified.
Conversely, when the condition (ii) is true, then (i) is also fulfilled (see the proof
above), thus also in this case the use of this notation makes sense.

One can give also a generalized interior-point regularity condition in order to
guarantee the equality (ii) in the previous result. The following corollary is a direct
consequence of Theorem 4.5 combined with Remark 4.4.

Corollary 4.4 Let S,T : X = X™* be two maximal monotone operators with repre-
sentative functions hg and hr, respectively, such that pr x (dom hg)Npr y (dom hr) #
(0. If the following condition is satisfied

(CQ%%) 0 € sqri (er(dom hs) — pry(dom hT)),

then (S+T)n(e,z) = U (Shg(al,w) + Th;(sg,x)) foralle >0 andz € X.
€1,6220
g1+ea=e¢

Remark 4.11 The condition (CQ°%) in Corollary 4.4 is only sufficient for the
equality (ii) in Theorem 4.5, as it can be seen by taking X = R? S = 9f, T = dg,
where f,g,hs and hp are defined as in Example 4.1.

We show in the following that a result stated in [45, Theorem 1] for e-subdifferentials
can be derived from Theorem 4.5.

Corollary 4.5 Let f,g: X — R be proper, convex and lower semicontinuous such
that dom f Ndom g # 0. The following statements are equivalent:

(i) epi f* + epig* is closed in (X*,w(X*, X)) x R;
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(it) O-(f +9)(x) = U (0, f(x) + 0-9(x)) for alle >0 and x € X.

€1,e220
£1+eo=¢

Proof. Consider the functions hi,hy : X x X* — R defined by hy(x,z*) =
flz) + f*(z*) and ha(z,2*) = g(x) + g*(z*) for all (z,2*) € X x X*. We
have hi(a*, z**) = f**(z**) + f*(«*) and h}(z*,2**) = g™ (x**) 4+ g*(«*) for all
(x*,2**) € X* x X**. Further, the condition (h;Tsho)*(z*,z) = (Ri01h3)(x*, x)
and hi0;h} is exact at (z*,z) for all (z*,2) € X* x X is fulfilled if and only if
(f+9)* = f*Og* and f*Og* is exact. Applying Corollary 4.1 for U = X*, (i)
is fulfilled if and ounly if (f + ¢g)* = f*Og* and f*Og* is exact, which is equiva-
lent to (hi0he)*(z*,z) = (hi01h3)(z*, z) and hj0,A3 is exact at (z*,z) for all
(x*,x) € X* x X. The later one is equivalent to (see Corollary 4.3)

{(a*+b*, u**,v**,r) : hi(a*, u**)+hi(b*,v**) < r} is closed regarding the subspace
X* X Ax xRin (X*,w(X*, X)) x (X**,w(X*, X*)) x (X w(X*, X*)) xR.

Since hqi and hg are representative functions of the maximal monotone operators
df and dg, respectively, we obtain, by Theorem 4.5, applied to the operators S = 0f
and T = Jg, that (i) is fulfilled if and only if for all ¢ > 0 and all € X the following
equality holds

@F +gh(e.x) = | (@i (er,2) + @9hns(e2,2)),

€1,6220
g1+eo=e¢

where h: X x X* — R, h(z,2*) = (hi0Ogho)*(z*,2) = (f +g)(z) + (f +g)*(z*) for
all (z,2*) € X x X*. Taking into consideration that (0f + 9g)n(e,x) = {a* € X*:
(f+9)(@) +(f +9)"(«") <e+ (e, 2)} = (f +9)(x) and (9f)n; (1, 2) = Oz, f (),
respectively, (0g)n; (€2, 7) = Oc,9(x) (cf. Remark 4.8), we get the desired conclusion.
(]

Remark 4.12 (a) The equivalence in Corollary 4.5 holds also in the framework
of separated locally convex spaces (cf. [35, Theorem 5]). The direct implication is
shown in [72, Theorem 2.1]. Sufficient conditions which guarantee the equality in
Corollary 4.5(ii) can be found in [147, Theorem 2.8.7].

(b) In reflexive Banach spaces one can deduce the equivalence in Corollary 4.5 by
using the results presented in [51] for enlargements of monotone operators (see [51,
Theorem 6.9]).

(c¢) Following the approach presented above, one can give a similar result to
Theorem 4.5, where, instead of S 4+ T one can consider the operator S + A*TA,
where S : X = X* and T : Y = Y™ are maximal monotone operators, X,Y are
Banach spaces and A : X — Y is a continuous linear operator.

4.4 A characterization of the maximal monotone
operators which are fully enlargeable by S*
In this section we give an answer to an open problem posed by BURACHIK AND

TUSEM in [42]. Let us recall first the notion of full enlargeability introduced in [42].
We consider X a Banach space.

Definition 4.4 (c¢f. [42]) Let S : X = X* be a mazimal monotone operator and
consider an element E € E(S). We say that
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(i) the enlargement E fully enlarges S at the point x € D(S) if and only if for all
e > 0 there exists 6 = §(x,e) > 0 such that S(x) + B(0,6) C E(e,z) (B(0,0)

is the closed ball centered at the origin with radius §);
(i) E is a full enlargement of S when property (i) holds for all x € D(S).

The operators which are fully enlargeable by S¢ are characterized in [42, Theo-
rem 3.2]. The question posed in [42] concerning the characterization of the maximal
monotone operators that are fully enlargeable by S°¢ was left as an open problem.
We give below an answer to this question. Actually we provide a more general
result, namely a characterization of the maximal monotone operators S which are
fully enlargeable by Sj., where hg is an arbitrary representative function of S.
To this end for an operator S : X = X* we introduce, as in [42], the function
Bs: X x X* = R, Bs(x,r*) = hg(z,2*) — (z,2*) and for 2* € X* and U C X*
consider the metric distance from x* to U, that is d(z*,U) = inf«cp || u* — 2*|.

Theorem 4.6 Let S : X = X* be a mazximal monotone operator and hs be a
representative function of S. Then the following statements are equivalent:

(i) She is a full enlargement of S;
(i) for all x € D(S), hs(x,-) is uniformly continuous on S(x).

Proof. We give first the proof of the implication (i) = (i4), which is similar
to the proof of implication (a) = (b) in [42, Theorem 3.2]. Let be & € D(S).
Taking into consideration the definition of the function (g, the uniform continuity
of hg(z,-) is equivalent to the uniform continuity of Bs(x,-). For z* € S(z) we
fix € > 0 and consider § > 0 such that S(z) + B(0,d) C Sh(e, ), which exists
by the definition of full enlargeability. Take y* € X* such that d(y*, S(z)) < 4.
Consequently, there exists u* € S(x) such that y* — u* € B(0,d). Hence y* =
u* + (y* —u*) € S(x) + B(0,0) C Spy(e,x), that is Bs(z,y*) < e. We obtain
|Bs(x,y*) — Bs(x,x*)| = Bs(z,y*) < e for all z* € S(x). As § depends only on z
and e, (47) holds.

Assume now that (i¢) holds and fix x € D(S) and € > 0. Since the function
Bs(x,-) is uniformly continuous on S(x), there exists > 0 (which depends on z
and ¢) fulfilling

Bs(z,y*) < e, for all y* € X* such that d(y*, S(x)) < 4. (4. 13)

We claim that for § := (1/2)d we have S(z) + B(0,6) C Shs(e,x). Indeed, take
z* € S(z) and v* € B(0,6). Then d(z* + v*,S(x)) = infreg(y) l2* + v —uw*|| <
[v*]| <& < §. Combining this inequality with (4. 13) we get Bs(z,z* + v*) < ¢,
which is nothing else than * +v* € Sy, (e, z) and the claim is proved. Hence (4) is
fulfilled and the proof is complete. O

Remark 4.13 By taking hg = g in Theorem 4.6 we obtain exactly the equiva-
lence (a) < (b) in [42, Theorem 3.2]. In this case a further equivalent characteriza-
tion of full enlargeability of S by S° can be given (see [42, Theorem 3.2 (c)]).

By taking in the previous result hg = ®¥g we obtain a characterization of the
maximal monotone operators which are fully enlargeable by S%¢ (remember that
S5%¢ = Sy, see Section 4.2).

Corollary 4.6 Let S : X = X* be a mazimal monotone operator. Then the
following statements are equivalent:

(i) S*¢ is a full enlargement of S;

(ii) for all x € D(S), ¥s(x,-) is uniformly continuous on S(x).
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4.5 Guaranteeing the weak*-closedness of the set
She(et, ) + Thy(e2, )

In this section we provide a weak generalized interior-point regularity condition
which ensures that for S,7 : X = X* maximal monotone operators with strong-
weak® lower semicontinuous representative functions hg and hr, respectively, the
set Shg(e1, ) + Thy (€2, x) is weak*-closed, for all 1,69 > 0 and all z € X. Some
comments concerning similar results given in the literature are also made.

In the following we assume that the Banach space X is endowed with the
strong topology, while its topological dual X* is endowed with the weak®™ topol-
ogy w(X*, X). Thus for a given function f : X* — R its conjugate function
¥ X — Ris defined by f*(z) = sup,.c x-{(z*,z) — f(z*)} for all z € X, while for
h:XxX*—R,h*: X*xX — Ris defined as h*(2*, 2) = sup,c x e x-{ (2%, 2) +
(x*,z) —h(z,x*)} for all (z*, z) € X* x X. We prove first a preliminary result which
will be useful in the proof of the main theorem of this section and which is of its
own interest.

Theorem 4.7 Let f,g: X* — R be two proper, convez and weak* lower semicon-
tinuous functions such that 0 € dom f* Ndom ¢g* and consider the sets F = {z* €
X*: f(z*) <0} and G = {z* € X* : g(z*) < 0}. If0 € sqri(dom f* — dom g*),
then F + G is weak*-closed.

Proof. The sets F' and G are both convex and weak*-closed. If F + G is empty,
then there is nothing to be proved. Therefore we assume that F'4 G is a non-empty
set and consider op,06 : X — R the support functions of F and G defined by
or(z) = supg.cp(e*, ) and og(x) = sup,.cg(z*, z) for all x € X. Both functions
or and og are proper, convex and lower semicontinuous (both in w(X, X*) and in
the strong topology) and 0 € dom or Ndom og. Therefore, whenever the condition

0 € sqri(domop — domog) (4. 14)

is fulfilled, one has (cf. [147, Theorem 2.8.7 (vii)]) that
0prg = (or +0g)" =oplog =0r0ég = dria

and this guarantees that the set F'+ G is weak*-closed.
To obtain the conclusion we show that the condition 0 € sqri(dom f* — dom g*)

from the hypotheses secures (4. 14). To this aim we consider the function b : X — R
defined by h = infyso(Af)*. Since the function

Af)*(z), ifA>0,
(@A) = { 400, otherwise
is convex (on X x R), one has that h is convex, too. Moreover, from the definition
of the function h we obtain that h(z) > (z*,z) for all z € X and all +* € F. Hence
clh > o > —oo and consequently clh = h**. We claim that h** = op. By using
that f is proper, convex and weak* lower semicontinuous, we get for all z* € X*

W (2") = sup{{a*,2) — inf (\f)"(2)} = sup{(a",2) — (Af)" (2)}
e X g 5

= sup { sup{(s",) = (Af)" (@)} } = sup(\f)™*(27) = sup{Af (#*)} = 8 (a”).

A>0 Y zxeX A>0

Hence h* = dr and taking the conjugates we obtain h** = opr. All together we get
clh =op, thus domh C domop C cl(domh). On the other hand, x € dom h if and
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only if there exists A > 0 such that (Af)*(z) = Af*((1/A)z) < 4+oc. This is further
equivalent to the existence of A > 0 such that x € Adom f* or, in other words, to
x € Uxsordom f*. Consequently, dom h = UysgAdom f*, that is

Uxsoddom f* C domop C cl (Uyso Adom f*).
Similarly one can prove that

UxsoAdom ¢g* C domog C cl ( Uxso /\domg*).
On the one hand it holds

U A(d *—d ) C U Ad *— U pd *Cd —d
= (dom f omg*) SN om f H>O,u omg* C domop — domog
and, on the other hand, that

domop —domog C cl( U Adomf*) —cl< U ,udomg*)
A>0 pn>0

Cecll U Xd *— U pd .
_C(,\>0 om f u>o'“ omg)

For A\, > 0, z € dom f* and y € dom g*, using that 0 € dom f* Ndom g* and the
convexity of the sets dom f* and dom g*, we have

Moy = 1) (VA )@ — 0) + /(A + 1) (0 — 1)) € (A+p)(dom f*—dom g*)
C UxsoA(dom f* — dom g*).
Thus

)\L>JO)\(d0mf —domg*) Cdomop —domog C cl (}\go)\(domf —domyg ))
and from here
)\L>JO A(dom f*—dom ¢g*) C )\L;JO)\(dOIHO'F—dOHlO'G) Cel (/\gox\(domf —domg )) .

The hypotheses ensure that Uyso A(dom f* — dom ¢g*) is a closed linear sub-
space of X and this means that the inclusions in the relation above are fulfilled as
equalities. This has as consequence the fact that Uyso A(domop — domog) is a
closed linear subspace of X too, or, equivalently, 0 € sqri(dom or —dom o), which
completes the proof. O

Remark 4.14 The function h was introduced in the above proof in order to show
that in case F' # () we have cl(domop) = cl( Uxso )\domf*). Let us give an
alternative proof of this fact which relies on some techniques of asymptotic analysis.
Recall that for A C X we denote by A its recession cone and for v : X — R, the
function u., : X — R, whose epigraph is (epiu) is called its recession function
(sometimes called asymptotic function). The function f being proper, convex and
weak™ lower semicontinuous, we get foo = Odom s+ (cf. [147, Exercise 2.23]) and
Foo ={2* € X*: foo(z*) <0} (cf. [147, page T4, relation (2.29)]. We have

Feo :{SU* 6‘X—*:o—domf*(l'*) SO}

={z* € X* : (2", y) <0 Vy € dom f*} = Naom s+ (0).
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Since f* is convex and 0 € dom f*, (Ndomf (0)) =cl (U)\>0)\d0m f*). Moreover,
as F is convex and weak*-closed, we have (cf. [143, page 142], see also [71, relation
(7)] or [52, page 259, relation (A.2)])

cl(domop) = {(CI(CO(F))) ij =F_.

All together the desired conclusion follows. For more on asymptotic analysis we
refer to the monograph of AUSLENDER AND TEBOULLE [3].

We come now to the proof of the main result of this section.

Theorem 4.8 Let S, T : X == X* be two maximal monotone operators with rep-
resentative functions hg and hr, respectively, which are lower semicontinuous with
respect to the strong-weak™ topology of X x X*. If

0 € sqri (pry (domh%) — pry (dom h)),
then for all e1,e5 > 0 and all x € X the set Spq(e1,x) + Thy (€2, ) is weak™-closed.

Proof. Let €1,e5 > 0 and « € X be fixed. Assume that Sh,(e1,2) + Th, (2, 2)
is non-empty. Thus x € pry(domhg) N pry(domhy). Consider the functions
f,g: X* — R defined by f(2*) = hg(z,2*) — (z*,z) — g1 and g(z*) = hy(z,2*) —
(x*,x) — eq for all * € X*. The functions f and g are proper, convex and weak*
lower semicontinuous. Since inf -cx= f(z*) > —e1 > —o0 and infyex- g(z*) >
—e9 > —00, it yields 0 € dom f* Ndomg*. Moreover, Sp,(e1,z) = {z* € X* :
f(z*) <0} and Ty, (e2,z) = {z* € X* : g(z*) < 0}.

We apply Lemma 4.1(ii) (remember that on X* we consider the weak* topology,
hence X x X* and X* x X are in duality) and obtain

pry(domhy) € dom(hs(z,-))* C clyx,x+) (Pry(domhy)) = cljj. (prx(domhy))
and, similarly,
pry(domh%) C dom(hp(z,-))* C cl(pry(domh})).
Consequently,
pry(dom ) — pry (dom h5) € dom(hs(z,))" — dom(hr(z, )"
C cl (pry(dom k) — I (pry(domhi)) el (pry (dom h) — pry (dom b))
and from here one has

)\L>JO)\(er(d0m hs) — pry(domh7)) C )\L>JO)\(dom(h5(m ))* = dom(hr(z,-))*)

C * _ * .
Cecl (Ago)\(er(dom h%) — pry(dom hT))>

The hypotheses guarantee that the set UxsoA(pry(domh}) — pry(dom i )) s a
closed linear subspace of X. Therefore Uxso A(dom(hg(z,-))* — dom(hy(z,-))*)
is a closed linear subspace of X too, or, equivalently, 0 € sqri (dom(hS( ))* —
dom(hy(z,-))*).

For all u € X we have f*(u) = sup,.cx-{(z*,u + 2) — hg(z,2*)} + &1 =
(hs(z,))*(u+ ) + €1 and therefore dom f* = dom(hg(z,-))* — x. Analogously, we
obtain dom ¢g* = dom(hr(z,-))* — , which implies that 0 € sqri(dom f* — dom g*).
Finally, Theorem 4.7 guarantees that the set Sy (1, %) +Th, (€2, x) is weak*-closed.
O

The following theorem follows as a direct consequence of the result above by
considering as representative functions of S and T their Fitzpatrick functions.
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Theorem 4.9 Let S,T : X =% X* be two mazximal monotone operators. If

0 € squi (pry (dom ¢f) — pry (dom ¢7)),
then for all e1,e2 > 0 and all x € X the set S¢(e1,x) + T¢(e2, x) is weak*-closed.

In the following we give another regularity condition which is sufficient for ob-
taining the same conclusion like in the theorem above, this time involving the do-
mains of the two operators. To this end we recall a result stated in [130, Lemma 5.3],
the proof of which uses techniques taken from [126, pp. 5762 and pp. 87-88], in
case X is a reflexive Banach space and the representative functions are exactly the
Fitzpatrick functions. It can be proved in an analogous way (by using Proposition
4.1) that the result remains valid in a general Banach space and when considering
arbitrary representative functions.

Lemma 4.3 Let S,T : X = X* be two mazimal monotone operators with repre-
sentative functions hg and hr, respectively. The following statements are true

(a) If F is a closed subspace of X, w € X and D(S) C F4w, then pry(domhg) C
F +w;

(b) Ux>0A(pry (dom hg) — pry(dom hy)) C cl (lin (D(S) - D(T))).

Remark 4.15 It follows easily from Proposition 4.1 and Lemma 4.3 that for S, T :
X = X* maximal monotone operators the following inclusions hold:

U AD(S) = D(T)) € U A(eo(D(S)) ~ co(D(T))

€ YU A(pry(dompg) —pry(domei)) € U A(pry(domps) — pr (dompr))

Cel (lin (D(S) - D(T))) Cd (lin (co(D(S)) — CO(D(T))))
Cecl (lin (er(dom vs) — er(domga*T))>

C ol (1in (pry(dom ps) — pry(dompr) ) € el (Tin (D(S) = D(T))),
thus
l <lin (D(S) - D(T))) = <lin (co(D(S)) — co(D(T)))) =

cl ( lin ( pry (dom ¢%§) — pry (dom gpi}))) =cl ( lin ( pry (dom ¢g) — pry (dom <pT))) .

The remark above allows us to formulate the following result.
Theorem 4.10 Let S,T : X = X* be two maximal monotone operators. If

0 € sqri (co(D(S)) — co(D(T))),

then for all e1,e2 > 0 and all x € X the set S¢(e1,x) + T¢(e2, ) is weak*-closed.

For a particular instance of Theorem 4.10, when £; = €, = 0 and the stronger

regularity condition 0 € core (co(D(S)) — co(D(T))) is considered, we refer the
reader to [139, Corollary 2.3].
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Remark 4.16 In case X is a reflexive Banach space the generalized interior-point
regularity conditions stated in Theorem 4.9 and Theorem 4.10 for the weak*-
closedness of the set S¢(e1,x)+T¢(e2, ), when 1,65 > 0 and € X, are equivalent.
More than that, they are further equivalent to (see [149])

0 € sqri (D(S) — D(T))

and to
0 € sqri (prx (dompg) — pry (domer)).

In case X is a general Banach space and the operators S and T are strongly-
representable, then whenever 0 € sqri (er(dom vs) — pry(dom goT)) or, equiva-
lently (see [142, Theorem 16]), 0 € sqri (co(D(S)) —co(D(T))), or 0 € sqri (D(S) —
D(T)), then we also have that for e1,£2 > 0 and = € X the set 5¢(e1,x) +T¢(e2, x)
is weak™*-closed.

Remark 4.17 By using tools from the functional analysis, GARCIA, LASSONDE
AND REVALSKI proved in [65, Theorem 3.7] that in case X is a Banach space and
S, T : X = X* are two maximal monotone operators which satisfy the condition
0 € core (pry(dom ¢g) — pry(domr)), one has for all e > 0 and all z € X that
S¢(e,x)+T¢(e, x) is weak*-closed (in fact, the result works even for £; # £5). When
X is reflexive, or when S and T are strongly-representable, the regularity conditions
given in Remark 4.16 turn out to be weaker than the one in [65]. Nevertheless, it is
still an open question whether the condition 0 € sqri (prx (dom ¢g) —pry (dom ¢7))
is in general sufficient for the weak*-closedness of the set S¢(ey1,z) + T°(e2, x).



Chapter 5

Enlargements of positive sets

STEPHEN SIMONS proposed in [127] a more general setting for the study of monotone
operators. He introduced the notion of a positive set with respect to a quadratic
form ¢ defined on a so-called symmetrically self-dual Banach space (Banach SSD
space) (see also [128]) as an extension of the notion of a monotone set in Banach
spaces. Several results from the theory of monotone operators have been successfully
generalized to this more abstract framework. In his investigations SIMONS has
mainly used some techniques based on the extension of the notion of Fitzpatrick
function from the theory of monotone operators to a similar concept for positive
sets. These investigations have been continued by the same author in [129], where
notions and results recently introduced in the theory of monotone operators in
general Banach spaces have known an appropriate generalization to positive sets in
Banach SSD spaces. Let us mention here also the paper of MARTINEZ-LEGAZ [95],
in which some further considerations and results are presented for maximally ¢-
positive sets. Let us notice that the term Simons space is already used in the
community when referring to the notion of Banach SSD space (see [22,108]).

In analogy to the enlargement of a monotone operator, in this chapter we intro-
duce and study the notion of enlargement of a positive set in (Banach) SSD spaces.
The main results of this chapter are Theorem 5.1, where a one-to-one correspon-
dence between a special family of enlargements of a maximally ¢-positive set and
the family of representative functions associated to it is established, respectively
Proposition 5.8, where it is shown that the extremal elements of the above men-
tioned family of representative functions associated to a maximally g-positive set
are two functions recently introduced and studied by SIMONS in [129]. In this way
we extend to (Banach) SSD spaces several results given for monotone and maxi-
mally monotone sets by BURACHIK AND SVAITER in [48,49,132]. The results from
this chapter rely on [22].

5.1 Algebraic properties

Let us start by recalling the definition of an SSD space B along with some examples
given in [129] and by giving a calculus rule for the quadratic form ¢ : B — R
considered on it.

Definition 5.1 (cf. [129, Definition 1.2]) (i) We say that (B, |-,-|) is a symmetri-
cally self-dual space (SSD space) if B is a nonzero vector space and |-,-] : BxB — R
is a symmetric bilinear form. We consider the quadratic form q : B — R defined by
q(b) = 31b,b] for allb € B.

(11) A subset A of B is said to be g-positive if A # 0 and q(b—c) > 0 for all

81
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b,c € A. We say that A is maximally g-positive if A is g-positive and mazximal
(with respect to the inclusion) in the family of q-positive subsets of B.

Remark 5.1 (a) In every SSD space B the following calculus rule is fulfilled:
q(ab +~ve) = a?q(b) + v2q(c) + ay|b,c| for all @,y € R and b, c € B. (5. 1)

(b) Let B be an SSD space and A C B be a g-positive set. Then A is maximally
g-positive if and only if for all b € B the implication below holds

glb—c)>0forallce A=be A

Example 5.1 (cf. [129]) (a) If B is a Hilbert space with inner product (b, ¢) — (b, ¢)
then B is an SSD space with |b,c] = (b, ¢) and ¢(b) = 3|b||* and every non-empty
subset of B is g-positive.

(b) If B is a Hilbert space with inner product (b,c) — (b,c) then B is an SSD
space with |b,c| = —(b, ¢), q(b) = —3||b]|* and the g-positive sets are the singletons.

(c) One can prove that R? is an SSD space with [ (b1, ba, b3), (c1,¢2,¢3)] = bica+
bacy + bses and q(by,be,b3) = bibe + %b% See [129] for a discussion regarding the
g-positive sets in this setting.

(d) Consider X a nonzero Banach space and B = X x X*. For all b = (x,z*)
and ¢ = (y,y*) € B we set |b,c] = (y*,z) + (z*,y). Then B is an SSD space,
q(b) = (z*,z) and q(b — ¢) = (a* — y*, 2 — y). Hence for A C B we have that A
is g-positive exactly when A is a non-empty monotone subset of X x X* in the
usual sense and A is maximally g-positive exactly when A is a maximally monotone
subset of X x X* in the usual sense.

Let us consider in the following an arbitrary SSD space B and a function f :
B — R. We write f© for the conjugate of f with respect to the pairing |-, -], that
is f9(c) = suppep{le,b] — f(b)}. We write P(f) = {b € B: f(b) = q(b)}. If f is
proper and convex, f > g on B and P(f) # 0, then P(f) is a ¢g-positive subset of B
(see [129, Lemma 1.9]). Conditions under which P(f) is maximally ¢-positive are
given in [129, Theorem 2.9)].

We introduce in the following the concept of enlargement of a positive set and
study some of its algebraic properties.

Definition 5.2 Let B be an SSD space. Given A a q-positive subset of B, we say
that the multifunction E : Ry = B is an enlargement of A if

A C E(e) foralle > 0.

Example 5.2 Let B be an SSD space and A a ¢-positive subset of B. The multi-
function E4 : R, = B defined by

EAe)={be B:q(b—c)> —¢ for all c € A}

is an enlargement of A. Let us notice that A is maximally ¢-positive if and only if
A = EA(0). Moreover, in the framework of Example 5.1(d), for the graph of E4
we have G(E4) = {(e,z,2*) : (z* — y*,2 —y) > —¢ for all (y,y*) € A}, hence in
this case G(E4) = G(A°) (see Section 4.2 for the definition of A¢).

The following definition extends to SSD spaces a notion given in [47,48] (see also [49,
Definition 2.3] and Definition 4.3).

Definition 5.3 We say that the multifunction E : Ry = B satisfies the trans-
portation formula if for every e1,e5 > 0, b' € E(e1), b®> € FE(e3) and every
ap,ag > 0, a1 +ag = 1 we have € = aje1 + azes + ajasq(bt — b?) > 0 and
a1b1 + a2b2 S E(E)
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Proposition 5.1 Let B be an SSD space and A C B be a mazximally q-positive set.
Then E4 satisfies the transportation formula.

Proof. Take e1,62 > 0, b' € E4(g1), b? € E4(e3) and a1, a2 > 0, ay +ap = 1. We
have to show that

q(arb' 4+ aob?® — ¢) > —a1e1 — ager — agagq(bt —b?) for all c € A (5. 2)

and

0. (5. 3)
Let ¢ € A be arbitrary. By using the inequalities q(b* —c¢) > —e; and q(b? —¢) > —¢es
and the calculus rule (5. 1) we obtain

161 + aneg + alagq(bl — bz) >

q(ozlb1 + asb? — c) = q(oq(b1 —c) + az(b? — c)) = Oz%q(b1 —c)+ oz%q(b2 )

taras|b'—c,b*—c| = afq(b' —c)+a3q(b*—c)+aras(q(b' —c)+q(b*—c)—q(b' —b%))
= a1q(b* — ¢) + aaq(h® — ¢) — a1aaq(b* — b?) > —a1e1 — ages — agang(bt — b?).

Let us suppose that aje; + aaes + ajang(bt — b?) < 0. From (5. 2) we obtain
q(arb' + agb® —c) > 0 for all c € A. (5. 4)

Since A is maximally g-positive we get a1b* + azb® € A (cf. Remark 5.1(b)). By
choosing ¢ := a;b' + azb? € A in (5. 4) we get 0 > 0, which is a contradiction.
Hence (5. 3) is also fulfilled and the proof is complete. O

The following result establishes a connection between the transportation formula
and convexity (see also [132, Lemma 3.2]).

Proposition 5.2 Let B be an SSD space, E : Ry = B a multifunction and define
the function ¥ : R x B — R x B, ¥(e,b) = (¢ + q(b),b) for all (¢,b) € R x B. The
following statements are equivalent:

(i) E satisfies the transportation formula;

(i1) E satisfies the generalized transportation formula (or the n-point transporta-
tion formula), that is for alln >1,&; >0, b € E(g;) and a; > 0,i=1,....n,
with Y, o = 1 we have € := Y1 oy + > i aiq(bt — Z;;l a;b) >0
and Y"1 a;bt € E(e);

(iii) U(G(E)) is a convex subset of R x B.

Proof. We notice first that ¥ is a bijective function with inverse ¥=! : R x B —
R x B, V~1(g,b) = (¢ — q(b),b) for all (¢,b) € R x B.

(ii)=(i) Take e1,e2 > 0, b' € E(e1), b> € E(e2) and oy, > 0, a1 + az = 1.
Then for € := a1 + ageg + alq(b1 — (a1t + a2b2)) + agq(b2 — (a1t + a2b2)) >0
we get bt + agb? € E(e). Since

€ = 161 + aoen + alagq(bl — b2) + OégOé%q(bl - b2) = a1 + aoen + agang(bt — b2),

this implies that F satisfies the transportation formula.

(i)=(iii) Let be (u1,b'), (u2,b?) € Y(G(E)) and a1, as > 0 with a3 + ag = 1.
Then there exist 1,2 > 0 such that py = e1+¢(b'), b € E(e1) and po = e3+q(b?),
b2 € E(e3). By (i) we have that ¢ := aje; + ages + ajanq(bl — b?) > 0 and
arb + azb? € E(e). Using (5. 1) we further get that

e+q(and +azb?®) = arer +asea+araz(q(b')+q(b?)— [b',0%]) +aiq(b') +a3q(b*)+
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aras| b, b?| = arer + ases + arq(b') + asq(b®) = aipn + asps.

Thus
o (p, bl) + ag(pe, bQ) = (6 + Q(Oé1bl + 04252), arbt + 04252)

= U(e, a1t + ab?) € U(G(E))

and this provides the convexity of U(G(E)).

(ili)=(ii) Let be n > 1, &; > 0, b’ € E(g;) and oy > 0, i = 1,...,n, with
>, a; = 1. This means that (81—|—q(bl) b') € U(G(E)) fori = 1,...,n. Let us make
the following notations: b:= """ | ;b and e := 31" | a;(e;+¢(b*)) —q(b). By using
the convexity of W(G(E)) one has (e+q(b),b) = Y1 | a;(g; +q(b'),b") € U(G(E)),
which implies that ¥=1(e + q(b),b) = (¢,b) € G(E). From here if follows that
e=>0" i+ Y aiq(b’) —qb) > 0and b= > a;b° € E(g). To finish the
proof we have only to show that i | a;q(b’ —b) = D" | a;q(b*) — q(b). Indeed,

D g’ =b) = aiq(d) + Y cig(h) = i b,0] = cig(v') +q(b) — [b,0]
=1 =1 =1 =1 =1

:Z q(b") + q(b) — 2q(b Zaquz —q(b

and, consequently, the generalized transportation formula holds. O

Like in [132, Definition 3.3] (see also [49, Definition 2.5]) one can introduce a family
of enlargements associated to a positive set (see also Definition 4.3).

Definition 5.4 Let B be an SSD space and A C B be a g-positive set. We define
E(A) as being the family of multifunctions E : Ry = B satisfying the following
properties:

(r1) E is an enlargement of A, that is

A C E(e) for alle > 0;
(r2) E is nondecreasing, that is
0<e <ey= Ee1) C Eeq);
(r3) E satisfies the transportation formula.

If A is maximally g-positive then E4 satisfies the properties (r1)-(r3) (cf. Ex-
ample 5.2 and Proposition 5.1, while (r2) is obviously satisfied), hence in this case
the family E(A) is non-empty. Let us define the multifunction E4 : Ry = B,
Ea(e) = Npega) E(e) for all e > 0.

Proposition 5.3 Let B be an SSD space and A C B be a mazximally q-positive set.
Then:

(i) Ea, EA € E(A);

(ii) Ea and E* are, respectively, the smallest and the biggest elements in E(A)
with respect to the partial ordering inclusion relation of the graphs, that is
G(EA) C G(E) C G(E?) for all E € E(A).
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Proof. (i) That E4 € E(A) was pointed out above. The statement E4 € E(A)
follows immediately, if we take into consideration the definition of E 4.

(ii) E4 is obviously the smallest element in E(A). We prove in the following that
EA4 is the biggest element in E(A). Suppose that E4 is not the biggest element
in E(A), namely that there exist E € E(A) and (g,b) € G(E) \ G(E4). Since
(6,b) & G(E#), there exists ¢ € A such that ¢(b — c¢) < —e. Let A\ € (0,1) be
fixed. As FE satisfies (rl), we have ¢ € A C E(0), that is (0,¢) € G(E). As
(€,0),(0,¢c) € G(E), X € (0,1) and F satisfies the transportation formula, we obtain
Ae+ A(1—=XN)g(b—c¢) >0, hence e + (1 — A)g(b—¢) > 0. Since this inequality must
hold for arbitrary A € (0, 1), we get € + q(b — ¢) > 0, which is a contradiction. [

Lemma 5.1 Let B be an SSD space, A C B a mazimally q-positive set and E €
E(A). Then
E(0) = () E(e) = A.

e>0

Proof. By using the properties (r1) and (r2), Proposition 5.3, the definition of £4
and Example 5.2 we get

ACE0)C ((E@E) C[)E ) =E*0)=A

and the conclusion follows. O

5.2 Topological properties

We start by recalling the definition of a Banach SSD space, a concept introduced by
STEPHEN SIMONS, and further we study some topological properties of enlargements
of positive sets in this framework.

Definition 5.5 We say that B is a Banach SSD space if B is an SSD space and
I - 1| is @ norm on B with respect to which B is a Banach space with norm-dual B*,

1
§||‘||2+q200n13 (5. 5)
and there exists v : B — B* linear and continuous such that

(t(c),b) = |b,c| for all b,c € B. (5. 6)

Remark 5.2 (i) From (5. 6) we obtain [|b,c]| < ||¢]|[|b]|[|¢/|. Hence for (b, c), (b,¢) €
B x B it holds

lbye) — [5,2]| = |[b—b,c—&| + |b,c— ] + |b—b,¢|

< [leli (Il = Blille — el + l1blllle — &l + [1b — bl l1ell).

The function (b,c) — |b,c] is, consequently, continuous and from here one gets
immediately the continuity of g, [-,c] and [b,-] for all b,c € B.

(ii) For a function f : B — R we have f¢(c) = supycp{(t(c),b) — f(b)} =
f*(t(c)), that is f¢ = f* o1 on B.

Example 5.3 (a) The SSD spaces considered in Example 5.1(a)-(c) are Banach
SSD spaces (see [129, Remark 2.2]).

(b) Consider again the framework of Example 5.1(d), that is X is a nonzero
Banach space and B = X x X*. The canonical embedding of X into X** is defined
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by 7: X — X**, (Z,2*) := (z*,x) for all z € X and all #* € X*. The dual of B
(with respect to the norm topology) is X* x X** under the pairing

(c*, by = (y*,x) + (y**,2™) Vb= (z,2%) € BVc" = (y*,y"") € B*.

Thus X x X* is a Banach SSD space, where ¢ : X x X* — X*x X**, ((x,2*) = (z*, )
for all (z,z*) € X x X*.

For E: Ry = B we define E: R, = Bby E(e) :={be B: (e,b) € cl (G(E))}.
The multifunction E is said to be closed if E = E. One can see that E is closed if
and only if G(E) is closed. For A C B, consider also the subfamily E.(A) = {E €
E(A) : E is closed}.

Proposition 5.4 Let B be a Banach SSD space and A C B be a maximally q-
positive set. The following statements are true:

(i) If E € E(A) then E € E.(A).
(ii) If E € E.(A) then E(g) is closed, for all e > 0.

(iii) Ea and E4 are, respectively, the smallest and the biggest elements in E.(A),
with respect to the partial ordering inclusion relation of the graphs, that is
G(E4) C G(E) C G(EA) for all E € E.(A).

Proof. (i) Let be E € E(A). One can notice that the continuity of the function ¢
implies that if E satisfies the transportation formula, then E satisfies this formula,
too. Further, if FE is nondecreasing, then E is also nondecreasing. Hence the first
assertion follows.

(ii) The second statement of the proposition is a consequence of the fact that F
is closed if and only if G(F) is closed.

(iii) Employing once more the continuity of the function ¢ we get that G(E4)
is closed. Combining Proposition 5.3 and Proposition 5.4(i) we obtain E4, E4 €
E.(A). The proof of the minimality, respectively, maximality of these elements
presents no difficulty. O

In the following we establish a one-to-one correspondence between E.(A) and a
family of convex functions associated to A. This is done be extending to Banach
SSD spaces the techniques used by BURACHIK AND SVAITER in [49, Section 3].

Consider B a Banach SSD space. To A C B x R we associate the so-called
lower envelope of A (cf. [4]), defined as ley : B — R, les(b) = inf{r € R : (b,r) €
A}. Obviously, A C epi(les). If, additionally, A is closed and has an epigraphical
structure, that is (b,r1) € A = (b,72) € A for all ro € [r1,+00), then A = epi(lea).

Let us consider now a multifunction £ : R, = B and define A\p : B — R,
Ap(b) = inf{e > 0: b € E(e)}. It is easy to observe that Ag(b) = inf{r € R :
(b,7) € G(E™1)}, where E~1 : B = Ry is the inverse of the multifunction E. One
has G(E~1) = {(b,e) : (¢,b) € G(E)}. Hence \g is the lower envelope of G(E~1).
We have G(E~!) C epi(Ag). If E is closed and nondecreasing, then G(E~1!) is
closed and has an epigraphical structure, so in this case G(E™!) = epi(Ag). As
in [49, Proposition 3.1] we obtain the following result.

Proposition 5.5 Let B be a Banach SSD space and E : Ry = B be a multifunction
which is closed and nondecreasing. Then

(i) G(E™") = epi(Agp);

(i) Ag is lower semicontinuous;
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(iii) \g > 0;
(iv) E(e) ={be B:Ag(b) <e} foralle > 0.
Moreover, g is the only function from B to R satisfying (iii) and ().

Given F : Ry = B, we define the function Ag : B — R, Ag := Ag + q. Let us
notice that Ag is the lower envelope of U(G(E~1)) (the function ¥ was defined in
Proposition 5.2) and epi(Ag) = U(epi(Ag)). From these observations, Proposition
5.5(1) and Proposition 5.2 we obtain the following result.

Corollary 5.1 Let B be Banach SSD space and E : Ry = B a closed and nonde-
creasing enlargement of the mazimally q-positive set A C B. Then E € E(A) if and
only if Ag is convex.

Proposition 5.6 Let B be a Banach SSD space, A C B a mazimally q-positive

set and E € E.(A). Then Ag is convez, lower semicontinuous, Ag > q on B and
AC P(Ag).

Proof. The first three assertions follow from Corollary 5.1 and Proposition 5.5(ii)
and (iii). Take an arbitrary b € A. Since F is an enlargement of A we get b € E(0),
hence Ag(b) = 0 and the conclusion follows. O

To every maximally g-positive set we introduce the following family of convex func-
tions (compare with Definition 4.1).

Definition 5.6 Let B be a Banach SSD space and A C B be a mazimally q-positive
set. We define H(A) as the family of convex and lower semicontinuous functions
h: B — R such that

h>q on B and A C P(h).

Remark 5.3 Combining Proposition 5.6 and Proposition 5.5(i) we obtain that the
map E — Ag is one-to-one from E.(A) to H(A).

For h € H(A) we define the multifunction A4j : Ry =% B,
Ap(e) . ={be B:h(b) <e+q(b)} for all e > 0.

Proposition 5.7 Let B be a Banach SSD space and A C B be a mazimally q-
positive set. If h € H(A), then A, € E.(A) and Ay, = h.

Proof. Take an arbitrary h € H(A). The properties of the function h imply
that Ay is a closed enlargement of A. Obviously A is nondecreasing. Trivially,
Ap(e) ={be B:I(b) <&}, where | : B — R, [ :== h — q. By Proposition 5.5 we get
A4, =1l, implying A4, = h. The convexity of h and Corollary 5.1 guarantee that
Ay € EC(A) O

As a consequence of the above results we obtain a bijection between the family
of closed enlargements (which satisfy condition (rl)-(r3) from Definition 5.4) asso-
ciated to a maximally g-positive set and the family of convex functions introduced
in Definition 5.6.

Theorem 5.1 Let B be a Banach SSD space and A C B be a maximally q-positive
set. The map
E.(A) — H(A),

E0—>AE
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is a bijection, with inverse given by
H(A) — Ec(A),
h— Ah.
Moreover, Ay, = E for all E € E.(A) and Aa, = h for all h € H(A).

The following corollary shows that for a maximally g-positive set A, the elements
of H(A) are closely related to A.

Corollary 5.2 Let B be a Banach SSD space and A C B be a mazximally q-positive
set. Take h € H(A). Then A= P(h).

Proof. We have A C P(h) by the definition of H(A). Take an arbitrary b € P(h)
and define F := Aj. Then b € E(0). Applying Theorem 5.1 we get E € E.(A).
Further, by Lemma 5.1 we have F(0) = A, hence b € A and the proof is complete.
[l

Remark 5.4 In what follows, we call an arbitrary element h of H(A) a represen-
tative function of A. The word “representative” is justified by Corollary 5.2. Since
for A a g-positive set, we have A # () (see Definition 5.1(ii)), every representative
function of A is proper.

Corollary 5.3 Let B be a Banach SSD space and A C B be a maximally q-positive
set. Take E € E.(A) and b* € E(e1),b*> € E(e2), where e1,e2 > 0 are arbitrary.

Then
g(b' = b?) > —(vEr + vE2)%

Proof. By Theorem 5.1, there exists a representative function h € H(A) such that
E = Aj,. By using the definition of A, and by applying [129, Lemma 1.6] we obtain

—q(v = 1) < [V = @) + v/~ #)]° < (VE + VE)

and the proof is complete. O

Remark 5.5 In case B is taken as in Example 5.3(b) and E = A° (see Example
5.2), the above lower bound is established in [48, Corollary 3.12]. Here we generalize
this result to Banach SSD spaces and to an arbitrary E € E.(A).

In the following we investigate the properties of the functions Apa and AH
and rediscover in this way the functions introduced and studied by S. SIMONS
in [127-129] (see Proposition 5.8(iii) from below).

Corollary 5.4 Let B be a Banach SSD space and A C B be a mazximally q-positive
set.

(i) The functions Apa and Az € H(A) and are, respectively, the minimum and
the maximum of this family, that is

Apa <h < Mg for all h € H(A). (5. 7)

(ii) Conversely, if h : B — R is a convex and lower semicontinuous function such
that
Apa <h < Agp, (5. 8)

then h € H(A).
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(iii) It holds H(A) = {h : B — R | h convez, lower semicontinuous and Apa <
h <Az}

Proof. (i) This follows immediately from Theorem 5.1 and Proposition 5.4.
(ii) If h : B — R is a convex and lower semicontinuous function satisfying (5. 8),
then (since Agpa € H(A))
h>Aga > qon B. (5. 9)

Further, for b € A we obtain (employing that Az € H(A)) that h(b) < Az(b) =
q(b). In view of (5. 9) it follows that b € P(h), hence h € H(A).
(iii) This characterization of H(A) is a direct consequence of (i) and (ii). O

Definition 5.7 (cf. [129]) Let B be a Banach SSD space and A C B be a q-positive
set. We define the functions ©4 : B* - R, &4 : B —R and *04 : B = R by

©4(b%) := sup{(b*,a) — q(a)} for all b* € B*,
a€A

by:=04 0

and, respectively,

*Oa(c) := b*sgg*{@*,c) — O4(b")} for all c € B.

By a V b we denote the maximum value of a,b € R. The following properties of
the functions defined above appear in [129, Lemma 2.13 and Theorem 2.16]. The
property (vii) is a direct consequence of (i)-(vi).

Lemma 5.2 Let B be a Banach SSD space and A C B be a g-positive set. Then
(i) For allb e B, ®4(b) = sup,ca{|b,a] —q(a)} = q(b) — inf.ca q(b— ).
(ii) ® 4 is proper, convez, lower semicontinuous and A C P(D4).
(iii) (*©4)* = O4 and (*@A)@ =0y,
(iv) *© 4 is proper, convez, lower semicontinuous, *© 4 > @% >®,VqonB
and
*@AZCD%:q on A.

(v) *©4 = sup{h : B — R | h proper, convez, lower semicontinuous, h <
q on A}.

If, additionally, A is mazximally q-positive, then

(vi) *Op > ®G > D4 > qon B and A=P(*O4) = P(®F) = P(0A).

(vii) *@A7(I)%, P, € H(A)

Next we give other characterizations of the function *© 4 and establish the con-
nection between Apa, Az and ® 4,70 4, respectively.

Proposition 5.8 Let B be a Banach SSD space and A C B be a g-positive set.
Then

(i) *©4 = sup{h : B — R | h proper, convex, lower semicontinuous, h >
q on B and A C P(h)}.

(i1) *© 4 =clco(qg+da4).

If, additionally, A is mazximally q-positive, then

(iii) Agpa = ®4 and Aﬁ =*0Oy4.

(iv) If h: B — R is a function such that h € H(A), then h® € H(A).
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Proof. (i) We have
{h: B — R | h proper, convex, lower semicontinuous, h > g on B and A C P(h)}

C {h: B — R | h proper, convex, lower semicontinuous, h < g on A},

hence from Lemma 5.2(v) we get

sup{h : B — R | h proper, convex, lower semicontinuous,

h>qonBand ACP(h)} <*O4.

On the other hand, by Lemma 5.2(iv), *©4 is proper, convex and lower semicon-
tinuous and it fulfills *©@4 > g on B and A C P(*©4). Thus the equality follows.
(ii) Since *©4 < g on A we have *O4 < ¢+ d4 on B, hence

*O©4 <clco(qg+64) <qg+da. (5. 10)

The above inequality shows that clco(q¢+d4) is a proper, convex, lower semicontin-
uous function such that clco(q+ d4) < g on A. Applying Lemma 5.2(v) we obtain
*@4 > clco(q + d4), which combined with (5. 10) delivers the desired result.

(iii) From Lemma 5.2(i) and the definition of E4 we obtain

be EA(e) e qb—c)> —cforallcc Ae iggq(bfc)zfe

& qb) — DA(b) > —c = Da(b) < e+ q(b).

This is nothing else than E4 = Ag,. Theorem 5.1 implies that Apa = AA([)A =dy.

The equality Az~ = *©4 follows from (i) and Corollary 5.4.

(iv) From (iii), Corollary 5.4 and [129, Theorem 2.15 (b)] we get h® > q on B
and P(h) = P(h®) = A. The function h® is proper and convex, while its lower
semicontinuity follows from the definition of h® and Remark 5.2, hence h® € H(A).
]

Remark 5.6 Proposition 5.8(iv) is a generalization of [49, Theorem 5.3] to Banach
SSD spaces.

Remark 5.7 In general, the functions *© 4 and @% are not identical. A striking
example in this sense was given by C. ZALINESCU (see [129, Remark 2.14]) for B a
Banach space and |-,-] =0 on B x B. An alternative example, considered by M.D.
VOISEI AND C. ZALINESCU in another context, is given below (see Example 5.4).

Before we present this example, we need the following remark.

Remark 5.8 Consider again the particular setting of Example 5.1(d) and Example
5.3(b), namely when B = X x X*, where X is a nonzero Banach space. Let A be
a non-empty monotone subset of X x X*. In this case q(z,2*) = (z*,z) for all
(z,2*) € X x X* and the function © 4 : X* x X** — R is defined by

Oa(z*, ™) = sup {(s",x)+ (™, s") — (s%,s)} for all (z",2™) € X* x X*.
(s,s*)EA

The function ® 4 : X x X* — R has the following formula

Dy(x,z*)= sup {(z*,s)+ (s*,x) — (s",s)} for all (z,2") € X x X*,
(s,s*)EA

that is ®4 is the Fitzpatrick function of A (see Section 4.2). By applying the
Fenchel-Moreau Theorem we obtain

q)% = clsxw co(q +d4) (5. 11)
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(the closure is taken with respect to the strong-weak* topology on X x X*). The
function *© 4 : X x X* — R has for all (y,y*) € X x X* the following formula

"Oaly,y") = sup {"y) + (&, y") — Oalz", z™)}.
(z*, %% )EX = x X **

Example 5.4 Asin [141, page 5] we consider F a nonreflexive Banach space, X :=
E* and A := {0} x E, which is a monotone subset of X x X*. Let us notice that
the relation ¢ + 64 = 04 is fulfilled. By applying Proposition 5.8(ii) we obtain
*©4 = clcods = 04 (the closure is taken with respect to the strong topology
of X x X*). Further, by using (5. 11) and the Goldstine Theorem we get ®9 =
Clsxw= €004 = dfoyx g+ 7 “©O4 (the closure is considered with respect to the strong-
weak™® topology of X x X*).

Remark 5.9 Let us notice that the above example was given in [141] in order
to show that in the nonreflexive case for a given monotone operator the family
of representative functions which are strong-weak™ lower semicontinuous does not
coincide with the family of representative functions which are lower semicontinuous
in the strong topology (see also the comments made in Remark 4.5). However, let
us mention that the set A in Example 5.4 is not a maximal monotone subset of
X x X*.

In the last part of the section we deal with another subfamily of E(A), namely
the one of closed and additive enlargements. In this way we extend the results
from [49,132] to Banach SSD spaces.

Definition 5.8 Let B be a Banach SSD space. We say that the multifunction
E : R, = B is additive if for all 1,5 > 0 and b* € E(e1), b*> € E(e2) one has

q(b' —b*) > —(e1 + €2).

In case A C B is a mazimally q-positive set we denote Ecq(A) := {E € E.(A) :
E is additive}.

We have the following characterization of the set E.,(A).

Theorem 5.2 Let B be a Banach SSD space, A C B be a mazximally q-positive set
and E € E.(A). Then
E€Ee(A) & A% < Ap.

Proof. Assume first that E € E.,(A) and take b, b? two arbitrary elements in B.
By Proposition 5.5(iii) follows that Ag(b') > 0 and Ag(b?) > 0. We claim that

g(b' =) = —(Ap(b') + Ap(b?).

In case Ag(b') = +00 or Ag(b?) = +oo (or both), this fact is obvious. If Az(b') and
Ag(b?) are finite, the inequality above follows by using that (cf. Proposition 5.5(i))
(b1, Ae (b)), (b2, A\£(b?)) € epi(A\g) = G(E~1) and that E is additive. Consequently,
for all b*,b? € B we have (see also (5. 1))

Ap(0') +q(b) > [01, 0] = (Ap(6%) + q(b)) & Ap(b!) > [b',6°] — Ap(b?).

This means that for all b' € B, AG(b!) < Agp(bh).
Assume now that A% < Ap and take arbitrary e;,62 > 0 and b' € E(g),
b? € E(eq). This means that Ag(b') < 1 and Ag(b?) < e9. Since Ag(b') > A%(b1),
one has
Ap(b') +q(b) > [01, 0] = (Ap(6%) + q(b*)),
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which yields (see also (5. 1))
(' = b?) = =(Ap(b) + Ap(b?)) = —(e1 + e2).
This concludes the proof. O

The above characterization of the family of closed and additive enlargements
associated to a maximally g-positive set yields in particular that this family is non-
empty. This result is stated below.

Proposition 5.9 Let B be a Banach SSD space and A C B be a mazimally q-
positive set. Then Ea € E.,(A), hence Eq,(A) # 0.

Proof. By Proposition 5.8(iii) and Lemma 5.2(iii)-(iv) we have (AH)@ =(*04)¢ =
P4 <04 = Ag;. Theorem 5.2 guarantees that Ej € E.u(A) and the proof is
completed. 0O



Theses

1. The convex optimization problem
(Pr) inf {f(2) +g(x)}

is considered, where X is a separated locally convex space and f,g: X — R
are proper and convex functions such that dom f Ndomg # (. The Fenchel
dual problem associated to (Pg) is
(Dp) sup {—f*(=z") — g"(«")},
TreX*

where X* is the topological dual space of X and f*, g* are the Fenchel-Moreau
conjugates of f, respectively g. We introduce some new regularity conditions
expressed by means of the quasi interior and quasi-relative interior (a gen-
eralized interiority notion introduced by BORWEIN AND LEWIS in [14]). By
using some separation theorems available for these notions, we prove that the
regularity conditions introduced are sufficient for strong duality, the situation
when the optimal objective values of the two problems coincide and the dual
has an optimal solution. Moreover, these conditions offer an alternative for
the case when the classical regularity conditions from the literature cannot be
applied and this is illustrated by an example.

Further, corresponding regularity conditions are derived for the convex opti-
mization problem

(PA) inf {f(2) + (g0 A)(@)},

where X and Y are separated locally convex spaces with topological dual
spaces X* and Y™, respectively, A : X — Y is a continuous linear mapping,
f:X - Rand g : Y — R are proper and convex functions such that
A(dom f) N'dom g # (). The Fenchel dual problem associated to (P#) is

(D) sup (=" (~A") 9" (")}

where A* : Y* — X* is the adjoint operator of A (see [29]).

2. Consider the optimization problem with geometric and cone constraints

(Pr)  inf  f(a),
g(z)e-C
where X is a topological vector space, Y is a separated locally convex space,
S is a non-empty subset of X, C' C Y is a non-empty convex cone, f : S — R,
g:S — Y and the constraint set 7 = {x € S : g(z) € —C} is assumed to be
non-empty. The Lagrange dual problem associated to (Pp,) is

(Dr)  sup mf{f(2) + (A 9(2))},
AEC* TE
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where C* = {z* € X* : (z*,z) > 0 Vz € C} is the positive dual cone of C.
The pair (f,g) : S — R x Y, defined by (f, g)(z) = (f(x),g(z)) for all x € S,
is assumed to be convex-like with respect to the cone Ry x C C R x Y, that
is the set (f, g)(S) + R4 x C is convex.

We give regularity conditions for strong duality by means of the notions of
quasi interior and quasi-relative interior. This is done by using an approach
due to MAGNANTI (cf. [91]). He introduced a technique showing that Fenchel
and Lagrange duality are “equivalent”, in the sense that the classical Fenchel
duality result can be derived from the classical Lagrange duality result and
viceversa.

We also discuss some results recently given on this topic which are proved to
have either superfluous or contradictory assumptions. Several examples are
illustrating the theoretical considerations (see [25,29]).

. We give necessary and sufficient sequential optimality conditions for the gen-

eral optimization problem

(Po) inf @(a,0),

where X and Y are Banach spaces, X is reflexive and ® : X xY — Ris a
proper, convex and lower semicontinuous function fulfilling 0 € pry-(dom ®).
The sequential optimality conditions are expressed via the e-subdifferential
of the function ®. By using a version of the Brgndsted-Rockafellar Theorem
we derive sequential optimality conditions by means of the classical (convex)
subdifferential.

We specialize these conditions to the optimization problem
(Pr)  inf {f(z)+ (g0 A)(2)},
reX

obtaining in particular several sequential generalizations of the Pshenichnyi-
Rockafellar Lemma and improving the sequential optimality conditions given
by JEYAKUMAR AND WU in [84].

For an appropriate choice of the function ®, we also get some sequential
Lagrange multiplier conditions regarding the optimization problem with geo-
metric and cone constraints

P inf

(Pr)  inf  f(2),

g(z)e-C

showing that in the sequential optimality conditions given by THIBAULT in
[136, Theorem 4.1] the hypothesis of normality for the cone C' can be removed
(see [27]).
By particularizing the general conditions given for ®, we obtain sequential
optimality conditions for the composed convex optimization problem

(PCC) it {f(z) + (g0 W)(@)},

where X is a reflexive Banach space, Y is a Banach space partially ordered
by the non-empty convex cone C C Y, f : X — R is proper, convex and
lower semicontinuous, h: X — Y* =Y U {oo¢} is proper and C-convex and
g :Y* — R is proper, convex and lower semicontinuous with g(coc) = +oc.
We consider two cases, namely when h is C-epi-closed and g is C-increasing
on h(domh) + C (in which case Y is considered reflexive), respectively when
h: X — Y is continuous and g is C-increasing on Y. We rediscover in this
way (and improve in some conditions) several sequential optimality conditions
given by THIBAULT in [136] (see [28]).
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4. A necessary and sufficient closedness-type regularity condition is given in order
to guarantee the following bivariate infimal convolution formula

(hﬂ:lghg)* = hTDlh; and h;‘[ﬁh; is exact,

where X and Y are separated locally convex spaces and hy, hy : X XY — R are
proper, convex and lower semicontinuous functions such that pry(domhq) N
pry (dom ho) # (. Here, hiOoho : X xY — R, (hiOzho)(x,y) = inf{hy (z,u)+
ha(x,v) :u,v € Yyu+v =y} and hi1 A% : X* xY* — R, (Ri01h3) (2%, y*) =
inf{h3(u*,y*) + hi(v*,y*) : v*,v* € X*,u* +v* = 2*}. As pointed out
by many authors (see for example [111,130]), such a formula is useful when
dealing with the maximality of the sum of two maximal monotone operators

in reflexive Banach spaces (see [21]).

5. Consider X a Banach space, S,T : X = X* two maximal monotone operators
with representative functions hg, hy, respectively, such that pry(domhg) N
pry(domhz) # ) and the function h : X x X* — R defined by h(z,z*) =
(hsOohp)*(z*,2) for all (z,z*) € X x X*. We give an application of the
bivariate infimal convolution formula to enlargements of monotone operators
and establish a necessary and sufficient condition for the following formula

(S+Thn(e,x) = U (Shg(el,x) + Th*T(sg,:c)) Ve > 0 and Vz € X,

€1,622>20
£1+e2=¢

where for M : X = X* a maximal monotone operator and Ay : X x X* — R
a representative function of M, My, : Ry x X =2 X*, defined by M}, (¢,x) =
{z* € X* : hy(z,2*) < e+ (x*,2)} is an enlargement of M. We generalize
in this way the formula

O(f+9g)(x) = U ((“)Elf(:zc)—l—agzg(x))VaZOandeeX,

€1,622>0
g1+e2=¢€

which is equivalently characterized (in case f and g are proper, convex and
lower semicontinuous functions such that dom fNdom g # @) by the condition
epi f* 4 epig* is weak*-closed (see [21]).

6. We give an answer to the open problem posed in [42] concerning the charac-
terization of the maximal monotone operators S : X = X* which are fully
enlargeable by S, the smallest element of E.(S), a special family of enlarge-
ments associated to the maximal monotone operator S (see [23]).

7. Under a generalized interior-point condition we establish the weak*-closedness
of the set Sps(e1,2) + Thy(e2,x), where S,T : X = X* are two maximal
monotone operators with strong-weak® lower semicontinuous representative
functions hg and hrp, respectively. In case X is a reflexive Banach space, or
X is Banach and S and T are of Gossez type (D), we improve a result given
by GARCIA, LASSONDE AND REVALSKI in [65, Theorem 3.7 (1)] (see [23]).

8. Consider (B, |-,-]) a symmetrically self-dual space (SSD space), a notion in-
troduced and studied by SIMONS in [127]. The theory of monotone operators
can be studied in this more general context. We introduce the notion of en-
largement of a positive set in SSD spaces. To a maximally positive set A
we associate a family of enlargements E(A) and characterize the smallest and
biggest element in this family with respect to the inclusion relation. A one-
to-one correspondence between the subfamily of closed enlargements of E(A)
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and the family of so-called representative functions of A is established in the
framework of Banach SSD spaces. We show that the extremal elements of
the latter family are two functions recently introduced and studied by Si-
MONS in [129]. In this way we extend to (Banach) SSD spaces some former
results stated for monotone and maximally monotone sets in Banach spaces
by BURACHIK AND SVAITER in [48,49,132] (see [22]).



Index of notation

v for all

3 there exists (at least one)

N the set of positive integers {1, 2, ...}

Z the set of integer numbers

R the set of real numbers

R the extended set of real numbers

R7 the non-negative orthant of R™

<c the partial ordering introduced by a non-empty convex cone C
C* the positive dual cone of the cone C'

co(U) the convex hull of the set U

cone(U) the conic hull of the set U
coneco(U)  the convex conic hull of the set U
int(U) the interior of the set U

ri(U) the relative interior of the set U

core(U) the algebraic interior of the set U

icr(U) the relative algebraic interior of the set U
sqri(U) the strong quasi-relative interior of the set U
qi(U) the quasi interior of the set U

qri(U) the quasi-relative interior of the set U

cl(U) the closure of the set U

aff(U) the affine hull of the set U

lin(U) the linear subspace generated by the set U
dom f the domain of the function f

epi f the epigraph of the function f

epic g the C-epigraph of g

cof the convex hull of the function f

clf the lower semicontinuous hull of the function f
f* the Fenchel-Moreau conjugate of the function f
() the bilinear pairing between two vector spaces which are in duality
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of
o-f

Ty ()

w(X, X*)
w*(X*, X)

S: X=Y

¥Ys

(B, [-])

INDEX OF NOTATION

the (convex) subdifferential of the function f

the e-subdifferential of the function f

the adjoint of the continuous linear mapping A

the indicator function of the set U

the support function of the set U

the optimal objective value of the optimization problem (P)
the normal cone to the set U at x € U

the contingent (Bouligand) cone to the set U at x € U

the topological dual space of the topological vector space X
the weak topology on X induced by X*

the weak™® topology on X* induced by X

the usual topology on R

a set valued operator from X to Y

the Fitzpatrick function of the monotone operator S : X = X*
an SSD space
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