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Preface

In September of 1995, Michael Grosser and Michael Kunzinger visited Lyon
to meet J. F. Colombeau. During that stay, on September 16th, they spent
some time in the Café de la Ficelle and discussed the possibility of obtaining
an inverse function theorem for Colombeau functions. After one hour, they
had arrived at two essential conclusions: First, the question certainly is not
an easy one; and second, for quite a number of reasons, it would definitely
be desirable to have such a theorem at one’s disposal.

In the following years, the task of developing analogues of the classical local
existence results (including the Inverse and Implicit Function Theorems)
was put on the agenda of the research group DTIANA (DIfferential Algebras
and Nonlinear Analysis), among whose members are Michael Grosser and
Michael Kunzinger. Yet for some time, other topics being more urgent, this
question was not tackled.

The issue received a fresh impetus, however, from a completely independent
line of research, namely an application of generalised functions in general
relativity: In 1998, Roland Steinbauer (another member of DIANA) stud-
ied distributional descriptions of the geometry of impulsive gravitational
waves. In particular, he set out to give rigorous mathematical meaning to
the “discontinuous coordinate transformation” introduced by Roger Penrose
in [Pen68], which relates a continuous representation of the corresponding
metric to a discontinuous one. He and Michael Kunzinger succeeded (among
other things) in regularising the metric as well as the relevant geodesic equa-
tions, solving them in an appropriate Colombeau algebra and relating the
solutions to the associated distributions. The question to what extent the
regularised version of the transformation in fact represents an “invertible”
generalised function in the sense of Colombeau has already been addressed
by Roland Steinbauer in his doctoral thesis. Some aspects of it have also
been mentioned in his joint work with Michael Kunzinger (cp. Chapter 5 of
[GKOSO01]). Yet these partial results cannot be said to give a complete and
formally satisfactory answer to the question of inversion, mainly due to the
lack of a notion resp. a theory of inversion of generalised functions.
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Taking a closer look at the difficulties arising in this context, we make the
following simple observation: Classically, inverting some function f: X — Y
in a (set-theoretic) category is at least conceptionally easy. As soon as some
subset U of X is found on which f is injective, then f|y : U — V := f(U)
has at least a set-theoretic inverse and f can be said to be “invertible on U”,
provided the required categorical properties of f(U) and the set-theoretic
inverse of f|y are guaranteed by appropriate theorems given those for U
and f|y. For generalised functions in the Colombeau setting, however, we
face a serious problem when trying to emulate the above approach: Precisely
at the innocently looking step V' := f(U) we run into difficulties since, for
u € G(U), all we have at hand is the family of image sets u.(U), which,
a priori, are not in any way related to each other, due to the generality of
the notion of moderate families (u¢).. From a conceptional point of view
as well as from the point of view of important applications, it is clear that
a limitation to the case where u.(U) = V holds independently of ¢ would
be highly insufficient. Therefore, the task of finding a suitable substitute
for the notion of “image set” as well as corresponding proofs of existence of
such have to constitute a central part of any inversion theory of generalised
functions. The definitions of invertibility introduced in Chapter [3| of the
present work reflect this particular feature.

Of course, in autumn 2003, when I was turning to Michael Grosser for a
topic for my thesis, I did not know any of that. The members of the DIANA
research group invited me to join a seminar on the special Colombeau alge-
bra to give me an idea of (part of) their field of research. Sceptical at first,
since my diploma thesis was more of the algebraic and number theoretic per-
suasion, I soon discovered that I rather enjoyed entering the analytic world
of distributions and generalised functions. Michael Grosser, Michael Kun-
zinger and Roland Steinbauer then proposed that I undertake the business
of transferring the classical local existence results to a generalised setting,
with emphasis on developing an inversion theory for generalised functions
that is (hopefully) applicable to, and consistent with, the work already done
by Roland Steinbauer and Michael Kunzinger concerning the two descrip-
tions of impulsive gravitational waves in general relativity. Needless to say,
I accepted their offer.

This work is organised in the following way: In Chapter|l] we start with a de-
tailed review of four classical local existence results, namely the Inverse Func-
tion Theorem, the Implicit Function Theorem, the Existence and Unique-
ness Theorem for Ordinary Differential Equations and Frobenius’ Theorem,
studying especially their interrelations. Chapter [2] gives a condensed intro-
duction to the special Colombeau algebra, providing the basic vocabulary
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and tools for the following chapters. An inversion theory for generalised
functions is developed in the third chapter, including several notions of in-
vertibility and a number of generalised inverse function theorems. Chapter
[ is devoted to applying the previously obtained results to the generalised
functions modelling the “discontinuous coordinate transformation” outlined
above. Finally, in Chapter 5] we present several variants of an ODE theorem
in the Colombeau algebra as well as a generalised Frobenius theorem.

Many people contributed in one way or another to the success of this
work, and at this point I would like to thank them all. In particular they
are: First and foremost, my supervisor Michael Grosser, who expertly guided
my first steps as a researcher, teaching me the subtleties of scientific work.
His imagination, his intuition and his incredible insight into the workings
and deeper meanings of mathematics never cease to amaze me. I am most
grateful for the lot of time, effort and energy he devoted to this project.
Particularly, I want to thank him for providing me with such a detailed
history of the topic of my thesis, for keeping a cool head in the last stages
of the writing of this work, and last but not least, for the constant supply
of pastries during our working sessions.

The writing of this thesis has been made possible by the Austrian Science
Fund (FWF), projects P16742 (Geometric Theory of Generalized Functions)
and Y237 (Nonlinear Distributional Geometry). I want to express my grat-
itude to Michael Kunzinger, the project leader, who always had an open
ear to any—however detailed—mathematical question that I came up with,
and who was at all times willing to sit down with me and discuss problems
thoroughly. I also owe thanks to Roland Steinbauer for valuable input and
most helpful feedback, especially concerning the ODE theorems in Chapter
and the physics-related topics. Moreover, I wish to thank all the DTANA
members, especially the Vienna branch, who went (and still go) out of their
way to create such a pleasant working environment. I feel privileged be-
ing part of this diverse group of DIANA professors, post-docs, doctoral and
master students, who were always helpful and supportive. In particular, I
thank Michael Oberguggenberger, Stevan Pilipovi¢ and James Vickers for
inspiring discussions. I am grateful to James Grant for a last-minute proof-
reading of my thesis. Special thanks go to Clemens Hanel, my former office
mate, who soon became a friend. He always listened with great patience to
all my (as they seemed to me, most stupid) questions and wild mathematical
conjectures, often helping me to arrive at a better understanding of the prob-
lem at hand. It was also him who expertly solved many a IATEX-problem I
encountered while writing this thesis.

Furthermore, I am much obliged to Andreas Kriegl for the time he took
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helping me work out some of the details in Chapter

Apart from my colleagues and friends at the faculty of mathematics, I am
indebted to Christine Brunner who was always there when I needed a friend.
Her friendship means more to me than words can say.

I fondly remember the movie sessions, girls’ nights, parties and the occa-
sional brunch with Edith Simmel, Elisabeth Miihlbock, Karoline Turner,
Dejana Petrovi¢, Resi Knapp, Hannah Folian, Eva and Renate Pazourek
and Marianne Hackl. Girls, you are amazing!

Moreover, I would like to thank Stefan Gotz, Erwin Neuwirth, Stefan Schmidt
and also my sister Veronika Erlacher for their words of encouragement.

I appreciate the interest my aunt and uncle, Ilse and Herbert Swittalek, have
taken in the progress of my thesis. And I really enjoyed spending those extra
days with them in Innsbruck.

Finally, I am deeply grateful to my parents, Michaela and Roman Erlacher,
for their support, advice and understanding over all those years. Their love
and unwavering confidence in my abilities kept me going all the way.

Vienna, May 2007 Evelina Erlacher
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Chapter 1

Classical local existence
results

In classical analysis, four important local existence results are proved: the
Inverse Function Theorem, the Implicit Function Theorem, the Existence
and Uniqueness Theorem for Ordinary Differential Equations and Frobenius’
Theorem. Since the aim of this work is to develop a theory capable of
reproducing corresponding results in the setting of generalised functions (cf.
Chapter [2)), we will start by studying the aforesaid (classical) theorems. This
approach appears—and will turn out to actually be—all the more promising
taking into account that a generalised function is an equivalence class of nets
of smooth maps.

The main focus of this thesis being the development of an inversion
theory in the setting of the special Colombeau algebra, we will start in
Section with the proof of a “quantified” version of the classical Inverse
Function Theorem (cp. [AMRS3]). Section is devoted to the study of
the fact that the four main local existence results mentioned above can be,
in turn, derived from each other if they are formulated for Banach spaces
and CF-functions (k > 2) acting on these. In the literature one frequently
finds one of the “big four” being used to prove another (cp. e.g. [Die85|
for a proof of Frobenius’ Theorem employing the Existence and Uniqueness
Theorem for ODEs, [KP02] for a presentation of several methods to obtain
the Implicit Function Theorem, or [Kri04] and [Tes04] for a proof of the
Existence and Uniqueness Theorem for ODEs using the Implicit Function
Theorem). However, it seems that a complete presentation of the whole
cycle of proofs does not exist so far. For this reason, and since we will take
a part of this cycle as a model for similar results in the generalised setting,
we will present the proofs of the equivalence of the four classical results in
full detail.



2 Chapter 1: Classical local existence results

1.1 The Inverse Function Theorem

In the proof the Inverse Function Theorem as stated below we will use the
following two lemmata.

1.1. Lemma: Let A be a Banach Algebra with unit e. Let a be an element
of A with ||a|| < 1. Then the series > 3o, a* converges and Y 5o, a*-(e—a) =
(e—a)- Y2 " —e.

Proof: We know that ||a”|| < ||a||¥. Since ||la|| < 1, it follows that > 3>, [|a”||
converges and, therefore, Y 3% a”* converges. Then (3 70 a")(e —a) =

> heo af — (> ko ak)a =e€. U

1.2. Lemma: Let A be a Banach algebra with unit e. Let a,b € A with a
invertible and b such that ||| ||a — b|| < 1. Then b is invertible and

la” "]
la=t{}{la —b]

la—"Pla — bl
= lla=H[lla = o]

67 < — and o=~ b7 < -
Proof: We write b as b=a — (a —b) = a(e —a~'(a —b)). Since ||a~ (a —
b)|| < 1, we know by Lemma that e — a~!(a — b) is invertible with

inverse Y 3o ,(a"!(a — b))k. Therefore, b is invertible with inverse b=1 =
S olat(a—1b))k-a~t. Then we have

ety =]
1674 < a1 - Sl e — D)) = e .
2 T Jla T la— o]

Observing a=' — b1 = b~1(b — a)a™', we obtain

la=[%]|a — bl

la™" = o7 < o~ 1o = all a™]| < = -
1—la="{|{la — bl

O

1.3. Theorem (Inverse Function Theorem): Let X andY be Banach
spaces and U an open subset of X. Let f € CK(U,Y) for k € NU {oc} and
xo € U. If Df(x0) is invertible in L(X,Y), then there exist open neighbour-
hoods W of zg in U and V of yo := f(x0) and a function g € C¥(V, W) such
that g is the inverse of f|y .

More precisely, let a := |Df(xo)"Y||. Let b > 0 with ab < 1 and r > 0
with By (x9) C U such that

IDf(z0) = Df ()| <b (L.1)

for all x € B,(wg). Setting ¢ := %, the following hold:
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(1) |z1 — x| < c-|f(x1) — flaa)| for all z1, 9 € By (xo).

(2) Df(z) is invertible and |Df(x)~ || < ¢ for all z € B,(x0).
(3) V := f(By(x0)) is open.

(4) flw : W — V is a C*-diffeomorphism for W := B,(z).
(5) Bz(yo) € f(Br(w0)) and Bz(yo) € f(Br(x0))-

Proof: For the sake of clarity, we establish a number of claims.

Claim 1: For all 1, z9 € B.(x)

[(Df (o) (1) = f(21)) — (Df(w0)(x2) — f(22))| < b~ |1 — 22
holds.

Proof: Let z1,29 € By(zp). By the Mean Value Theorem, we have
|((Df(zo)(21) — f(z1)) — (Df(20)(22) — f(22))| <

< sup [IDf(wo) —Df(2)| - |z1 — 22
2€Br(z0)

Sb |l‘1 —3:2\.

ged.

Let y € Y. Define ¢¥ : B.(z9) — Y by

¢¥(x) 1=z +Df(x0) " (y — f(x))
=Df(z0) " (y) + Df(z0) " (Df(wo)(x) — f(x)).

Claim 2: ¢Y is a contraction with Lipschitz constant ab. (Note that, at
present, y is an arbitrary element of Y.)

Proof: Let z1,22 € By(xp). Then, by Claim we obtain

9% (1) — g"(22)| < IDf (o) M II(Df (o) (1) — f(z1)) — (Df(z0)(z2) — f(2))]

<ab-|xy — x|

ged.

Claim 3: For y € Bz (yo) the function g maps By (2o) into Br(zo).
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Proof: Let y € Bz (yo) and x € By(zo). Then, by Claim |1} it follows that

9% (x) — 20| < IDf(z0) ' - |y — f(o)| + DS (o) "]
[(Df(zo)(x) — f(z)) — (Df(z0)(20) — f(20))]
Sa-%—i—a'b-\x—x(ﬂ

1—ab

<ar +a-br
a
=
ged.
Claim 4: For all x1,x9 € B,(x0)
|z1 — 22| < - |f(x1) — f(22)]
holds.
Proof: Let x1,z9 € Br(x9). By Claim [2, we obtain
ab - |z1 — x2| > [¢(z1) — ¢¥(z2)]
= [&1 — z9 — Df(w0) " (f(21) — f(x2))]
> |1 — o] — [IDf(xo) M - [(f(21) — f(a2))]
= |21 — 22| —a - |(f(21) — f(22))].
Therefore, it follows from
a-[f(z1) — f(z2)| = (1 — ab) - [x1 — x2
that "
w1 — 22| < T |f(21) = fw2)| = e [ f(z1) = f(z2)].
ged.

Claim 5: f]m : Br(z0) — f(Br(z0)) is a homeomorphism.

Proof: The inequality of Claim[4implies, in particular, that the restriction of
f to By(xp) is injective. Hence, f|m : By(z9) — f(Br(x0)) is a bijection.
From now on, we will denote f|B,«(zo)_1 : f(Br(xg)) — By(xo) simply by
.

Let y1,y2 € f(Br(z0)). Then f~!(y1) and f~1(y2) are in B,(x), and Claim
yields

1 ) — )l < e Jyn — 1l
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This shows f~! to be continuous on f(B,(x0)). ged.

Claim 6: Df(z) is invertible and ||Df(z)~!| < ¢ for all x € B,(z0).

Proof: By assumption, D f(z) is invertible. Let z € B,(xp). Then
IDf (o) IDf(x0) = Df(x)|| < ab < 1.
By Lemma Df(z) is invertible. Moreover, Lemma |1.2] yields

D (o)~ o
T = [DF(a0) [[Df(wo) ~ DF@| = 1 ab

IDf ()7 < c.

ged.

Claim 7: Bz (yo) € f(Br(x0)). In particular, f(zo) = yo is interior to f(U).

Proof: Writing ¢¥ as

g¥(x) =2+ Df(x0) ' (y — f(2)),

where y is an arbitrary element of B (yg), it is obvious that x is a fixed point

of g¥ if and only if y = f(x). We already showed that ¢¥ maps B,(z¢) into
B, (z9) (Claim . We also proved that ¢g¥ is a contraction with Lipschitz

constant ab (Claim [2). From Banach’s Fixed Point Theorem, it now follows

that for all y € Bz (yo) there exists a unique « € By(zo) such that f(z) =y.

Therefore, Bz (yo) is contained in f(Br(zo)). ged.
Claim 8 f(Br(x¢)) is open in Y.
Proof. Let € B,(xg). Choose n > 0 such that B,(z) C B,(zg) and

1

D -D < —

IDf(x) - DG < -
for all z € B, (x). Note that, by Claim@, Df(x)~! exists and | Df(z) 7} < e
Now apply Claim [7| with By (z), f|p, (z), * and § replacing U, f, z¢ and r,
respectively, to obtain that f(z) is in the interior of f(B,(x)) and, hence, in
the interior of f(By(xo)). ged.

Now let W := B,(xz9) and V := f(B.(z9)). We define g : V.— W by
9(y) = ().

Claim 9: g is differentiable and Dg(y) = Df(g(y))~* for all y € V.
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Proof: Let y,y1 € V. Then z := g(y) and z1 := g(y1) are elements of B, (xg).
Using Claim [4] and Claim [6] we obtain

lg(y) — g(y1) = Df(g(y1)) " (y — y1)|

<
ly — vl B

_ IDfgCy)"Mllly — 1 = D (g(y1))(9(y) — 9(y1))]

B ly — 1l

<c- ”Df(xl)_lﬂ . f(z) — f(xl)x—_zf‘(xl)(x — 1)

< 2. f@) = flz1) = Df(z1)(z — 21)]

- |z — x1] ’

Since, by Claim |5, f|p, (z,) 15 @ homeomorphism, = converges to 1 if and
only if y converges to y1. Hence, the last quotient tends to 0 for y converging
to y1, and the claim follows. ged.

Since Dg = invoDf o g (where inv : GL(X,Y) — GL(Y, X), ¢ — ¢~ 1), it
follows by the chain rule and by induction that g is k& times differetiable.

Claim 10: Bz (yo) € f(Br(w0)).

Proof: Let y € Br(yp). By Claim 4, we obtain

19(y) — g(f(z0))| < c- |y — f(xo0)]

r
<C‘*
C

=7

Thus, ¢g(y) € B,(x¢) and, hence, y = f(g9(y)) € f(B,(xp)). qed.
O

1.4. Remark: Given U, f, k, x9, a and b as in Theorem then, by
continuity of Df, there always exists r > 0 satisfying . Furthermore,
note that all statements of Theorem [1.3|remain true if only ||Df(x0) 7} < a
is assumed to hold, and b and r are chosen accordingly.

The following proposition will come in handy in Chapter

1.5. Proposition: In the situation of the Inverse Function Theorem
for X =Y = R" the following also hold: Let 0 < # < 1 and y; € R™ such
that

o~ vl < (1= B)".

Then g¥ maps By(xo) into By(xo) for all y € Bgr(y1), and Bgr(yi) C
f(Br(x0))-
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Proof: The assertions follow immediately from Claims [3|and [10]of the proof
of the Inverse Function Theorem [1.3and the fact that Bgr(y1) is contained
in Br (yo). O

1.2 The equivalence of four local existence results

In this section we will show that the Implicit Function Theorem, the Ex-
istence and Uniqueness Theorem for ODEs, Frobenius’ Theorem and the
Inverse Function Theorem (all as stated below) are equivalent in the sense
that each can be derived from any other. More precisely, we will prove the
following circle of implications:

111 Existence and Uniqueness
Theorem for ODEs

.14 4fu1g

1.13
Inverse Function Theorem Frobenius’ Theorem

Implicit Function Theorem

Note that in order to obtain a completely closed circle of implications, all four
theorems are stated below for k times differentiable functions where k& > 2,
the reason being that, in the proofs of = in Frobenius’ Theorem and
of the Inverse Function Theorem, second order derivatives occur. For a more
detailed discussion of the sufficiency of C! we refer to Remark at the
end of this section.

1.6. Theorem (Implicit Function Theorem): Let X, Y and Z be
Banach spaces and let U and V be open subsets of X resp. Y. Let F €
CHU x V, Z) for k € (N\{1}) U {oo} and (z0,0) € U x V. If 92 F (20, 0) €
L(Y, Z) is an isomorphism, then there exist an open neighbourhood Uy xV; C
U XV of (zg,y0) (we may suppose U; and V; to be open balls with centres xg
resp. yo) and a unique function f : Uy — Vj such that F(x, f(z)) = F(xo, o)
for all z € U;. The map f is in C¥(Uy,Vy) and satisfies

Df(z) = =(0:F (z, f(2))) ! 0 01 F(, f(2)).

1.7. Theorem (Existence and Uniqueness Theorem for ODEs): Let
I be an open interval, U an open subset of a Banach space X and P an
open subset of another Banach space. Suppose F € Ck(I x U x P, X) for
k€ (N\{1}) U {0} and (to,x0,p0) € I x U x P. Then the initial value
problem

2/ (t) = F(t,z(t),po), x(to) = o,
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has a k+ 1 times differentiable solution x(to,xo,po) : I — U which is
unique in C'(Iy,U), where I} = [to — a,to + a] (a > 0) is contained in I.
Furthermore, there exist an interval J = [to — b,to +b] (b > 0) in I and an
open neighbourhood J; xUy x Py C JxU x P of (ty, xo, po) such that the map
(t1,x1,p1,t) — x(t1,z1,p1)(t) is in Ck(Jl x Up x Py x J,U) and x(t1,z1,p1)
is the unique solution of the corresponding initial value problem.

1.8. Theorem (Frobenius’ Theorem): Let X andY be Banach spaces
and let U and V' be open subsets of X resp. Y. Let F : U xV — L(X,Y) be
k times differentiable for k € (N\{1}) U {oc}. The following are equivalent:

(1) For all (xo,y0) € U x V the initial value problem

Df(x) = F(z, f(x)),  [f(zo0) = yo, (1.2)

has a k + 1 times differentiable solution f(zo,yo) : U(xo,y0) — V which
is unique in C(U(z0,y0), V'), where U (z¢, o) is an open neighbourhood
of xg in U.

(2) The integrability condition for the solvability of is satisfied, i.e.
DF(z)(v1, F(2) - v1) - v2
is symmetric in vi,vo € X for all z€ U x V.

If these equivalent conditions are satisfied, then we additionally have: For
fixed (zg,y0) € U x V there exist an open subset W of U containing zy and
an open neighbourhood W1 x Vi C W x V of (x¢, yo) such that the mapping
(z1,y1, ) — f(x1,y1)(x) is in CF(Wy x Vi x W, V) and f(z1,y1) is the unique
solution of the corresponding initial value problem.

1.9. Theorem (Inverse Function Theorem): Let X andY be Banach
spaces and U an open subset of X. Let f € C*(U,Y) for k € (N\{1})U{oco}
and xo € U. If Df(xo) is invertible in L(X,Y’), then there exist open
neighbourhoods W of xg in U and V of yy := f(x¢) and a function g €
Ck(V,W) such that g is the inverse of f|y . Furthermore, the map g satisfies

Dg(z) = Df(g(x))~".

We will start with the proof of the Implicit Function Theorem implying
the Existence and Uniqueness Theorem for ODEs. For this purpose we need
the following

1.10. Lemma: Let I be a compact interval, X and Y Banach spaces, U
an open subset of X and f € C¥(U,Y') where k € NgU {oco}. Then the map
fv: C(I,U) — C(I,Y) defined by f.(g) := f og is in C*(C(I,U),C(I,Y)).



1.2. The equivalence of four local existence results 9

Proof: We first show that f, is continuous: Let gy € C(I,U) and € > 0.
The point go(t) is an element of U for all ¢ € I. Since f is continuous, for
each t € I there exists some §(¢) > 0 such that |f(x) — f(go(t))| < § for all
r € U with |z — go(t)| < 26(t). The open balls Bj)(go(t)), t € I, cover the
set go(I). Since I is compact and g is continuous, the set go(I) is compact.
Hence, there exists a finite subcover {Bj(,)(go(t;)) | 1 < j < n} of go([).
Define § := mini<j<, 6(t;) and let ||g — golloc < 6. Observe that for each
t € I there is a t; such that |go(t;) — go(t)| < 6(tj). Also note that

19(t) = g90(t;)] < [g(t) = go(D)] + |g0(t) — go(t;)| < 26(t;).

Then we have

£ (9(@®) = fgo@)] < [£(9(£)) = f(90(t))] + [f(90(t5)) — f(g0(£))]

<E.¢
2 2
=E£.

Therefore,
[1£(g) = f«(g0)lloc = Sup 1f(g(t) = f(g0(t))] <&,

which settles the case k = 0.

Next, we show that (for & > 0) f, is differentiable: Let g9 € C(Z,U) and
e > 0. We claim that the derivative Df, : C(I,U) — L(C(I, X),C(1,Y)) at
go is given by

(Df:(90)(h))(t) = Df(go(t))(h(t))-

By assumption, D f is continuous, and we just showed that in this case (D f).
is continuous, too. Now choose § > 0 such that |[(Df).(h) — (Df)«(g0)|| < e
for all h € C(I,U) with [|h — go|lec < 0. Let [|g — golloc < . Then, by the
Mean Value Theorem,

F(9(5) = F(g0(8)) — D (g0(0)(g(8) — 90(8))] =
‘/ngo T olg(t) — got))) dor - (9(t) — go(t))

— D (g0())(9(t) = go(t))

1
= /lDf(go(t) +0(g(t) = 9o(t))) — Df(go(t)l do - g(t) — go(t)]-
0
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For all t € I and o € [0,1] we have

l90(t) + o (g(t) — 90(t)) — go (V)] < || |g(t) — go(t)]
< lg = goll~
<d

and, therefore,

1

[ ID500(®) + o(9(6) = t))) = DFtan(®) dor < [ dor =
0

0
It follows that
| f+(g) = fe(g0) =D f(g0(.))(g(.) = go()lloo

19 — g0lloo
_ supger [f(g(t) — f(go(t) — Df(g0(£))(9(t) — go(t))]
g — g0lloc
€ - supser |9(t) — go(t)]
B g — g0lloo

=E&.

To conclude the case k = 1 it remains to be shown that Df, is con-
tinuous: Consider the linear map A : C(I,L(X,Y)) — L(C(I,X),C(I,Y))
defined by

(A(T) - g)(t) == T(t) - g(t).

For T € C(I,L(X,Y)) and g € C(I, X) we have
IMT) - glloo = sup |T'(t) - g(£)] < sup [T(£)] - lg(t)] < [[T[oo - [lglloo-
tel tel

It follows that
HAH = sup sup H)‘(T) i gHOO <1
740 20 [|Tlloo - ll9llo
and, therefore, A is continuous. Now, observing that Df, = Ao (Df)., the
claim for k£ = 1 follows.
Finally, the general case k > 1 follows by induction. O

1.11. Proof that the Implicit Function Theorem implies the
Existence and Uniqueness Theorem for ODEs

We prove the theorem in four steps. The bulk of the work will be done in
the first step where we apply the Implicit Function Theorem [1.6
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Step 1. For the time being, we assume that F' is independent of ¢ and
consider the initial value problem

2'(t) = F(z(t),p), =(0)=0, (1.3)

for p € P. Let pg € P. We claim the existence of an open neighbourhood
Py C P of pp, an interval I} = [—a,a] C I with a > 0 and for every p € P,
a function z(p) € C*¥T1(I,U) which is a solution (unique in C!(I1,U)) of

3.
Ezistence: We introduce a second parameter € R and consider the initial
value problem

2(t) = n F(a(t),p), (0)=0. (14)

For n = 0 the differential equation becomes trivial and we know the (unique)
Cl-solution of (1.4)) to be gg : x — 0. We now define

G: (PxR)xCY[-1,1],U) — C(-11],X)xX
(P.m;9) = (¢' = nFu(g,p),evo(g)) ’
where evg : CY([~1,1],U) — U C X, evo(g) := g(0), is the evaluation at 0.
ev( is smooth since it is linear and continuous. By Lemma|[I.10] the function
G is k times differentiable. Obviously, finding solutions of is equivalent
to finding zeros of G. For go : © — 0 we have G(pp,0;g0) = (0,0) and
02G(po,0; g0) = (D, evg) where Dg = ¢/, since both differentiation and the

evaluation evg are linear and continuous in g. By the Fundamental Theorem
of Calculus, 92G(po, 0; go) is an isomorphism in

L(CY([-1,1],X),C([-1,1],X) x X)
with inverse

t
(hyyo) — |t /h(S)ds + Yo
0

Applying the Implicit Function Theorem we know there exist an open
neighbourhood (Py x (—n1,m1)) x A C (P x R) x CY([~1,1],U) of (po,0; go)
and a function f € C¥(Py x (—n1,m1), A) such that

G(p,n; f(p,m)) = (0,0) (1.5)

for all (p,n) € P1 x (—m1,m). We may assume that A is an open ball with
centre go, i.e. that there exists some € > 0 such that

A={g e C'([-1,1],0) | max(|lg(t) oo, lg'(D)lso) < €}-
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Equation (|1.5) is equivalent to

flp,n)(t) =nF(f(p,n),p)t), f(p,n)(0)=0.

Hence, f(p,n) € A C CY([~1,1],U) is a solution of (1.4). To derive from
that a solution of (1.3|) we have to do some scaling. Fix some a € (0,7;) and
set I := [—a,a]. For p € P; we define z(p) : Iy — U by

2(p)(t) = £(p, 0) (t> |

Then
z(p)(0) = f(p,a)(0) =0

and

= F(x(p)(t), p)-

So, for every p € P; we found a solution z(p) € C'(I1,U) of . By
induction, it follows from the differential equation that for fixed p € P;
the solution z(p) is even k + 1 times differentiable.

Uniqueness: For p € P; let y(p) € C'(I1,U) be another solution of .
We prove uniqueness in two steps. First, we show that there exists a neigh-
bourhood [—¢, ¢] of 0 such that y(p) = z(p) on [—¢, ¢|: Since z(p), y(p) and

F are continuous and I1 = [—a,a] is compact, there exists some ¢ € (0, a]
such that
[2(P) oo, [—c) < &
YD) lloo [~cc) <&
¢ [F(z(p)(- ), p)lloo,ry <,
¢ [Fy®)(-),P)lloon <e. (1.6)

Setting f,(t) := z(p)(ct) and g,(t) := y(p)(ct), we obtain, by (L.6), that
fp and g, are elements of A. Moreover, both f, and g, are solutions of the
implicit equation

G(p.a:g) = (0,0). (L.7)
By the Implicit Function Theorem for every (p,c) € P1 x (0,a] C P; x
(—m1,m1) there exists only one function in A such that the implicit equation
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holds. Therefore, g, = f, and y(p)(t) = gp(L) = fp(L) = z(p)(t) for all
te€[—cc.

Now, suppose that there exists s € I; (w.l.o.g. s > 0) such that z(p)(s) #
y(p)(s). We set

t:=imnf{t € (0,a] [z(p)(t) # y(p)(t)} € (0,a).
By the continuity of z(p) and y(p), we have Z := x(p)(f) = y(p)(t). Setting

Tp(t) == x(p)(t +t) — 2 and Gp(t) := y(p)(t + ) — Z, we obtain that both 7,
and g, are solutions of the initial value problem

Z(t) = F(2(t) + Z,p), 2(0)=0. (1.8)

However, we proved above that solutions of initial value problems like ([1.8))
are unique on a neighbourhood of 0, yielding Z,(t) = g,(t) for ¢ close to 0.
Therefore, also x(p) and y(p) coincide on a neighbourhood of # which is a
contradiction to the definition of . Hence, x(p)(t) = y(p)(t) for all t € I;.

Finally, note that, since a was an arbitrary value in (0,7;), the restriction
of z(p) to any interval I contained in I; with 0 € I° is the unique solution

of (I.3) in C*(I,U).

Step 2: We now claim that the mapping (p,t) — z(p)(t) is in CF(P; x
L,U).
For |¢| <1 we define ¢ : ¢t — ¢ - t. Note that
Gp,cmigoo)(t) = ((9o0)(t) — cnF((go)(t),p),evo(g 0 T))
= (cg'(ct) —enF(g(ct),p),g(c-0))
= cG(p,n;9)(ct)
and, therefore,
f(p,n)(ct) = f(p,en)(t),
by the uniqueness of solutions of ([1.5). Hence,

o)) = 1) (1) = F0.00) = (eva 0 1))

and, thus, (p,t) — x(p)(t) is k times differentiable since ev; of has this prop-
erty.

Step 3: Now we consider the case where F' is not independent of ¢, i.e.
we look for solutions of

2'(t) = F(t,z(t),p), =(0)=0. (1.9)
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For I := (1,F) and #(s) := (t(s),z(s)) the time-independent initial value
problem

i (s) = F(z(s),p), #(0) = (0,0), (1.10)
is equivalent to . By Step 1, there exist an open neighbourhood P; C P
of po, an interval I; = [—a,a] C I with a > 0 and for every p € P; a
function Z(p) € C*1(I1,I x U) which is the unique solution of in
CY(I,I x U). From Step 2, it follows that the map (p,s) — Z(p)(s) is k
times differentiable. The first component of Z(p) is the identity. Hence, to
obtain a solution x(p) € C¥1(1,U) of (1.9), we define x(p) to be the second
component of Z(p). Clearly, also, the mapping (p,s) — z(p)(s) is k times
differentiable.
Uniqueness: Let I be an arbitrary interval contained in I; with 0 € I°. For
p € Py let y(p) € CY(I,U) be another solution of . Then the function
Gp : I — I x U defined by §,(s) := (s,y(s)) is continuously differentiable and

a solution of (1.10). Since solutions of (1.10) are unique in C*(I, 1 x U), it
follows that §,(t) = #(p)(t) and, hence, y(p)(t) = x(p)(t) for all t € I.

Step 4: Finally, we look at the initial value problem
2 (t) = F(t,(t), po),  (to) = wo, (1.11)

for some (tg,z0,po) € I x U x P. Let «, 3 > 0 such that B,(tp) C I and
Bg(xzg) C U. Choose A € (0,1) and p € (0, g) and set v := —pu. We reduce
to a differential equation with initial condition #(0) = 0 by defining
F: Bra(0) x By—u(0) x (B-xa(to) x Bu(zo) x P) — X by

F(t,z, (t1,21,p)) == F(t +t1,2 + 21, D).

By Step 3, there exist an open neighbourhood J; x Uy x P; C B_yalto) x
By(x0) x P of (to, zo,po), an interval J = [—b,b] C (—A«, Aa) with b > 0 and
for every (t1,21,p) € J1 x Uy x Py a function Z(ty, z1,p) € C¥1(J, B,_,(0))
which is a solution (unique in C'(J, B,_,(0))) of the initial value problem

#(t) = F(t,2(t), (t1,21,p)), #(0)=0. (1.12)

Moreover, the mapping (t1,z1,p,t) = &(t1, z1,p)(t) is k times differentiable.
Set b := g and let by < b such that By, (tg) C Ji. Set J := [tg — b, 1o + b]
and Jy := (to — b1,to + b1). Then Jy x Uy X P; is an open neighbourhood of
(to, o, po) in J x U x P. Now define x : J; x Uy x Py — C**1(J, B, (x0)) by

x(tl,xl,p)(t) = .f(tl, .CCl,p)(t — tl) + 2.
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The map is well-defined since for ¢t € J and ¢t; € J; we have t — 1 € J and
for zy € Uy € B, (o) the inclusion

#(t1, 21,p)(J) + 21 C By—(0) + By(x0) = B, (o)

holds. Moreover, x is k times differentiable and for (t1,z1,p) € J; x Uy x P}
we have

(Z(t1, 71, p)(t — t1) + 71)

(t1, z1,p)'(t — t1)

(t —t1,Z(t1, 21, p)(t — 1), (t1, 21,P))
= F(t —ty +t1,&(t1, z1,p)(t — t1) + 71,p)
= F(t,z(t1,71,p)(t),p)

SB\QJ

z(t,z1,p) () =

N

|
el

and further

JZ(tl,JZl,p)(tl) = i‘((tl,xl,p))(h — tl) + 1 = x1.

Thus, x(t1,21,p) is a solution of

2'(t) = F(t,z(t),p), =(t1) = z1. (1.13)

Uniqueness: For (ti,z1,p) € Jy x Uy x Py let y(t1,z1,p) € CHJ,U) be
another solution of . For better readability we will denote z(t1,x1,p),
Z(t1,z1,p) and y(t1, 21, p) simply by x, & resp. y. Again, we prove uniqueness
in two steps. First, we show that there exists a neighbourhood I of t;
such that y = z on I: By the continuity of y, there exists some ¢ € (0, b]

such that sup, ; [y(t) — z1| < v — p where I := B.(t1). Then the function
: (I —t1) = By—,(0) defined by g(t) = y(t + t1) — xl is continuously
dlfferentlable and a solution of ([1.12] - Since solutions of ((1.12)) are unique
in C! (J B,_,(0)) and I —t; is contained in J, it follows that g(t) = z(t)
for t € I —t; and, hence, y(t) = §(t —t1) + 21 = &(t — t1) + x1 = 2(t) for all
tel
Finally, reasoning as at the end of Step 1, we conclude that z(t) = y(t) even
forallt € J. D
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1.12. Proof that the Existence and Uniqueness Theorem for ODEs
1.7| implies Frobenius’ Theorem [1.8

= (2): Let (20,y0) € U x V and let f be the (unique) solution of
(1.2). Then Df = F o (id, f) and f(zo) = yo. For v1,v2 € X we obtain

D? f (o) (v1,v2) = (D? f (o) - v1) - v2

= DF (0, y0) (v1, F (w0, 50) - v1) - v2.

The last expression is symmetric in v; and vy since, by Schwarz’s Theorem,
D2 f(z0) has this property.

= ([1): Fix (zo,y0) €U x V.
FExistence: The idea is to reduce the “total” differential equation to an “or-
dinary” one with parameter, in the sense of Theorem Then we use
property to show that we can construct a solution of the initial value
problem out of the solutions of the ordinary one.
Let n > 0 such that B,(x¢) C U. Consider the initial value problem we get
by studying the behaviour along lines through xq:

g'(t) = F(zo +tv, g(t)) - v, 9(0) = yo, (1.14)

where [t| < n and v € B;(0) € X. By the Existence and Uniqueness
Theorem for ODEs there exist n; € (0,n7) and an open neighbourhood
B,(0) € By(0) of 0 such that the map (v,t) — g(v,t) is in CF(B4(0) x
(=n1,m),V), where g(v,.) € C*1((=ny,m),V) is a solution (unique in
CY((=n1,m),V)) of for v € B4(0). Now fix some a € (0,11) and set
U(z0,90) := Bas(wo). Then define f(zo,y0) : U(zo,y0) — V by

o) @) =g (7).

a

Clearly, f(xo,yo) is k times differentiable. In the following, we will denote
f(x0,y0) simply by f.

To prove that f is indeed a solution of , we will use the equality of
01g(v,t) - w and F(xg + tv, g(v,t)) - (tw). Therefore, we will show first that
the map h: (—n1,m) — Y, defined by

h(t) := d1g(v,t) - w — F(xo + tv, g(v, 1)) - (tw),
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is the zero function for all (v,w) € Bs(0) x X. Since v — g¢(v,0) = yp is
constant and F' maps to a space of linear functions, we have

h(0) = 019(v,0) - w — F(zo+0-v,9(v,0)) - (0-w) = 0.

By Schwarz’s Theorem, the chain rule and the integrability condition ,
we obtain

P (t) =
= %(8@(0, t)-w— F(xg +tv, g(v,t)) - (tw))
3} 0
A A
N
=F(zo+tv,g(v,t))v
- (81F(z) v - tw+ 0o F(z) - (%g(v,t}) ctw 4 F(z) -w)
—F(2)v

= ;}(F(xo—f—tv,g(v,t))-v) cw — (DF(z) (v, F(2) -v) - tw+ F(2) 'w>
(2

(81F(z) ctw v+ 0oF(2) - (O1g(v,t) - w) - v+ F(2) - w)
- (DF(z) - (tw, F(2) -tw)-v+F(z)-w>
=01 F(z) - tw-v+ 02F(2) - (019(v,t) - w) - v
— 01 F(2) - tw-v—02F(2) - (F(z)-tw) -v
= 0oF(2) - (O19(v,t) -w — F(z) - tw) - v
= F(z) k(t) v
- (evv 00y F (20 + tv, g(v,t))) h(t)

for all (v,w) € Bs(0) x X, where z = (z¢ + tv,g(v,t)). Therefore, h is
a solution of a linear differential equation (with nonconstant coefficients)
with initial condition h(0) = 0 and, thus, it follows that h = 0 for all

(v,w) € Bs(0) x X. Observe that for v = 0 the initial value problem ([1.14))
is reduced to

Therefore, g(0, .) is the constant function ¢ — go. Thus, by the definition
of f, we obtain

f(@o) = 9(2(960 - xo)ﬂ) = Y0
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Finally, we have

D1 = 2 (o(52))

)
o () b
= F(z, f(z)) - w

for all w € X, which proves that f is a solution of . At last, by
induction, it follows from the differential equation that f is even k+ 1
times differentiable.

Uniqueness: Let f € C'(U(zo,y0),V) be another solution of (L.2). Then
the function g, : (—a,a) — V defined by §,(t) := f(zo + tv) is continuously
differentiable and a solution of for all v € Bs(0). Since solutions
of are unique in C((=n1,m1),V) and a < ny, it follows that §, =
9(v, - )|(—a,a) for all v € B,(0). Hence, f@) = f(zo+a 2= T = Ga—ag (@) =

g (%2 a) = f(z) for all z € U(zo, yo).

Proof of the last statement: By the Existence and Uniqueness Theorem
for ODES there exist § > 0 and an open neighbourhood U; x V; x Bs(0) C
U xV x Bi(0) of (z9, yo,0) such that the map (z1,y1,v,t) — g(z1,y1,v)(t) is
in C¥(U; x Vi x B,(0) x (=46,0),V), where g(z1,y1,v) a the solution (unique
in C*((—4,8),V)) of the initial value problem

g(t) = F(z1+tv,g(t) v, 9(0) =y

Fix a € (0,6) such that Bus(z9) C Uy. Choose A € (1,1) and set W :=
Bias(xo) and Wi 1= B(1_)as(@o). For (z1,y1) € Wi x Vi we define f(x1, 1) :
W — V by

Fonm @ =g (o 2 @

Then, by the same line of argument as above, f(z1,y1) is k + 1 times dif-
ferentiable and the unique solution of in CY(W,V). The mapping
(z1,91,2) — flzy,y1)(x) is in CE(Wy x Vi x W, V) since (z1,y1,v1,a) —
g(x1,y1,v1)(a) is in CF(Wy x V; x B,(0),V). O

1.13. Proof that Frobenius’ Theorem implies the Inverse Func-
tion Theorem [1.9l

The (k times differentiable) inverse g—if it exists—satisfies

fg(z)) = .
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Differentiation with respect to x yields

Df(g(z)) o Dg(z) = I,

where I denotes the identity matrix. Hence,

Dy(x) = Df(9(z)) "

Therefore, g is a solution of above differential equation with initial condition
9(yo) = xo. Thus motivated, we choose @ > 0 such that Df(z) € L(X,Y) is
an isomorphism and

IDf) = All < gy (115)

for all z € By(z¢) where A := Df(xp). Now define
G: Y x By(zg) — L(Y, X)

by G(x,y) := Df(y)~!. By the assumption on f, the map G is k — 1 times
differentiable. Consider the initial value problem

Dg(z) = G(z,9(z)), 9(y0) = zo. (1.16)

We now show that the integrability condition for the solvability of (|1.16]) is
satisfied. For (z,y) € Y x By(xo) and (v,w) € Y x X we have

DG(z,y) - (v,w) = (81G(x,y),82G(x,y)) (v, w)

= 0hG(z,y) w

= D(invoDf)(y) - w

=Dinv (Df(y ))(D2 ) w)

=-Df(y) " o (D*f(y) - w) o Df(y)"

= —G(l‘,y) (D f( ) ) © G(x,y)
where inv : GL(X,Y) — GL(Y, X), ¢ — ¢~ !. Hence, we obtain, by the
bilinearity of D2f(y),

DG($7 y)(vla G(:L’,y) : Ul) * V2
( G(a,y) o (D2f< ) (Gla,y) o) 0 Gla,y) ) - v

2.9)((DF) - (Gla,y) - v0)) - (Glay) - v2)
2.9) (D) - (G(ay) - v2)) - (Gla,y) o))
( y)(v2, ( ) v2) - V1
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for all v1,v9 € Y. Therefore, by Frobenius’ Theorem, the initial value prob-
lem has a k times differentiable solution g : V — Bg/(x0) where V C Y
is an open neighbourhood of yg. Let 8 > 0 such that V' := Bg(yp) is con-
tained in V. Then, for t € (=3, 3) and v € B;(0), we calculate

%(f 0g)(yo +tv) = (Df(g(yo +tv)) o Dg(yo + tv)) ‘v
( (9(yo +tv)) o Df (g(yo +tv)) 1) X

It follows that
t 8 t
(fog)(yo+tv) = fog(yo+0-v) /8 (fog)(yo+sv)ds = yo—l-v/lds = yo+tv
0 0

for all t € (=3, ) and v € B1(0), establishing

flgy) =y (1.17)

for all y € V. Set W := B,(0) N f~1(V). By the continuity of f, the
set f~1(V) is open in the open set U and, therefore, open in X. As an
intersection of open sets W is also open.

We now show that f maps W onto V: Let y be an element of V. Then

9(y) € Ba(zo) and, by (1.17), also g(y) € f~1(V). Hence, g(y) is an element
of W whose image under f is y.

Finally, we prove that f is injective on B, (xg)—and, therefore, also on W:
Assume that there exist z1 # x2 in By (xg) such that f(z1) = f(x2). Then,

by (C19).

|A - (21— 22)| = If(wl) — f(z2) = A- (21 — 22)

/||Df xo +t(x1 — z2)) — A||dt - |x1 — 22
——— —

EBa((Eo)

1
< —- AN 1A Tr1 — T2
s 1474 (o = o)
1
:§-|A-(x1—a:2)].

A being an isomorphism, the above inequality can be satisfied only if z1 = x».
Summing up, f maps W bijectively to V and g is the (k times differentiable)
inverse of f|w. O
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1.14. Proof that the Inverse Function Theorem implies the
Implicit Function Theorem (1.6

Let U xV C U xV be an open neighbourhood of (g, y9) such that &, F(z, )
is an isomorphism for all (z,y) € U x V. We define g : U x V — X x Z by

9(z,y) = (z, F(z,y)).

Obviously, g is k times differentiable and its derivative at (xq,yo) is given by

Dyl y) = id 0
Y = O F(z0,90) O2F(x0,y0) |

By assumption, 02 F(xg,yo) is invertible and, hence, also Dg(xq,yo) has an
inverse, namely

Dg(x y)_l B id 0
A —02F (20, y0) © 1 F(z0,y0) 02F(z0,90)"" )~

By the Inverse Function Theorem m, there exist open neighbourhoods U; C
U of 29 and V; C V of g, an open neighbourhood W C X x Z of g(zo, yo) =
(zo, F'(z0,y0)) and a k times differentiable function h = (hy,h2) : W —
01 x V1 such that h is the inverse of g| Ty x VA We may assume that V7 is
an open ball with centre yo. Now, set zp := F(xg,yo) and choose an open
neighbourhood Uj of z¢ (e.g. an open ball with centre x) such that Uy x {zo}
is contained in W. Let 2 € U;. Since g maps U; x Vi bijectively to W, there
exists a unique point (u,y) € U; x Vi such that (u, F(u,y)) = g(u,y) =
(x,2p). Hence, we have u = x and, therefore, F'(z,y) = z9. We denote the
map from U; to Vi that assigns y to « by f and obtain

F(z, f(z)) = 20 = F(wo,Y0)

for all 2 € U;. Since g was a bijection from Uy x Vi to W, the map f is the
only function from Uj to Vj to have this property. From

(, f(x)) = g7 (x, 20) = h(z, 20) = (ha(z, 20), ha(z, 20))

for x € Uy, it follows that f is the map ho restricted to Uy x {zp} and,
therefore, f is k times differentiable.
Differentiating F'(x, f(x)) = F(xo,yo) with respect to z yields

OF(x, f(x)) + OoF (z, f(x)) e Df(x) =0
and, thus, we obtain the differentiation rule
Df(z) = ~0sF (z, f(2))~" 0 01 F(, f(2)).
for all x € U;. O
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1.15. Remark: As to the question of C' vs. C?, there are two more levels
of interest: Which of the theorems, on the one hand, in fact hold assuming
only C!, and what, on the other hand, the proofs given above actually do
show.

e The Implicit Function Theorem, the Existence and Uniqueness The-
orem for ODEs and the Inverse Function Theorem hold true also for
C!-functions. As to Frobenius’ Theorem, only = requires C2.
For = and the uniqueness statement, C! is sufficient.

e Our proofs given in this section are capable of handling also the C! case
as outlined above with the one exception of the proof of the Inverse
Function Theorem: Although we only require C' in order to apply
the direction = of Frobenius’ Theorem, the checking of the
integrability condition for the relevant differential equation forces us
to use second derivatives of the function to be inverted.
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Chapter 2

The special Colombeau
algebra

In this chapter we will give a short description of the so-called special
Colombeau algebra (cf. Definition [2.1)). For the convenience of the reader,
we state all the propositions and theorems we will use in the following chap-
ters. If not stated otherwise, they are taken from [GKOSO01] (Chapter 1)
where proofs can also be found. However, in some exceptional cases explicit
proofs are provided in this chapter. We will do so if the respective results
are either slightly upgraded versions of already published theorems (in this
case there is a reference to the original theorem), or if they are entirely new
(auxiliary) theorems for later use.

In the following, C*(U) resp. D’ (U) denote the space of k-times continu-
ously differentiable functions (k € NoU{oo}) resp. of distributions on U with
values in K where K can be either R or C. For subsets A, B of a topological
space (X, 7), the relation A CC B is shorthand for the statement that A is
a compact subset of the interior of B.

2.1 Definition of G(U) and embedding of D'(U)

The theory of distributions was developed in order to handle singular (e.g.
delta-like) objects in linear partial differential equations, obeying rigorous
mathematical standards. However, the limitations of a purely linear theory
soon became apparent (cf. [Lew57]). Unfortunately, there is no way to de-
fine a “reasonable” product on all of D’ which still has values in D’. For
some examples on this subject consult [GKOSO01]. Nonetheless, there exist
various approaches to defining a multiplication of distributions that avoid
these difficulties. They can be divided into two main categories (also cp.
[Obe92)]):
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1. Intrinsic products: A product of distributions valued in D’ is defined
only for certain subsets of D’.

2. Extrinsic products: In this case the vector space of distributions is
embedded into an algebra.

We are interested in [2 More precisely, if U is an open subset of R", we are
looking for an associative and commutative algebra (A(U),+,0) satisfying
the following:

(i) D'(U) is linearly embedded into A(U) and f(x) = 1 is the unit in A(U).

(ii) There exist derivation operators 0; : A(U) — A(U) which are linear
and satisfy the Leibniz rule, for i =1,...,n.

(iii) 9|p(rry is the usual partial derivative.

(iv) o]X is the usual product.

Condition is the statement that A(U) is a differential algebra. The
impossibility result of L. Schwartz (cf. [Sch54]) shows that there exists no

algebra satisfying ({)—(iv]) if [2] is set equal to C(U) in (iv). From a slight
variation of his proof, it follows that the same is true if | 7| is replaced by
Ck(U) for any £ € N. However, in the 1980s, J. F. Colombeau introduced
a method to construct associative, commutative differential algebras whose
product coincides with the pointwise product of smooth functions (i.e. |7 |=
C*°) and which contain the space of distributions. One of those is the special
Colombeau algebra which is defined as follows:

2.1. Definition: Let U be an open subset of R". Set

E(U) = C=(U) N,
EvU) ={(u.): € EU)|IVK CCUVaeNyIN eN:

sup [0%u.(z)| = O(e V) as e — 0},
reK

NU) :={(u:)- € EU)|IVK cCUVaeNjVmeN:
sup |0%ue(z)| = O(e™) as e — 0}.
reK

Elements of Ey(U) resp. N(U) are called moderate resp. negligible func-
tions. Eyr is a subalgebra of E(U), N (U) is an ideal in Ey(U). The special
Colombeau algebra on U is defined as

GU) =Eu(U)/NU).
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Operations on Ey/(U), the algebra of all moderate nets of smooth func-
tions, are defined for each e separately. Differentiation is carried out com-
ponentwise, i.e. 0%(ug)s := (0%ue)e. The set of all negligible nets of smooth
functions N'(U) is a differential ideal of Ey(U), turning G(U) into an asso-
ciative, commutative differential algebra. Throughout this work, the term
“generalised functions” refers to elements of the special Colombeau algebra.

If u=[(us)e] € G(U) and V is an open subset of U, the restriction
uly € G(V) is defined as (u|y): + N (V). We say that u vanishes on V if
uly =0 in G(V). The support of u is defined as

supp u = (U{V CU|V open, uly = O})C.

The algebra C*°(U) can be embedded into G(U) via the obvious map
o:fr(f)e+N(U). For the embedding of D'(U) we will use

2.2. Theorem: U — G(U) is a fine sheaf of differential algebras on R".

The main idea for embedding D'(U) is to regularise the distributions
via convolution with a so-called mollifier:

2.3. Definition: The space of Schwartz functions on R" is defined by

SR") :={p e C¥R")|Vae Ny VpeNy: sup (1l+ |z])P 0% (x) < oo}.
zeR™

A mollifier is an element p € S(R™) satisfying

We always set

1 T
x):=—pl—).
p-(a) =0 (%)
Since the convolution w * p. is not defined for arbitrary w € D'(U), the
embedding is constructed in three steps. First, we restrict our attention to

compactly supported distributions for which the convolution with p. is, in
fact, defined.

2.4. Proposition: For any open subset U of R" the map

w:€U) — GU)
w = ((wpe)lv)e + N (U))

is a linear embedding.
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2.5. Remark: In the above convolution formula, as well as in all comparable
identities to follow, we tacitly assume that w is extended to all of R™ by
setting it equal to zero outside of U.

It can be shown that on D(U) the embedding ¢o coincides with o:

2.6. Proposition: ig|p) = 0. Consequently, 1y is an injective homomor-
phism of algebras on D(U).

Next, we choose an open covering (Uy)xea of U such that each U, is a
compact subset of U, a family (1) of elements of D(U) with ¢y = 1 in some
neighbourhood of Uy, and a mollifier p € S(R™). Multiplying w € D'(U) with
the cut-off function 1 gives a distribution with compact support. Therefore,
for each A € A we may apply the previously constructed £’-embedding.
Hence, for every A € A we define the partial embedding

no: D) = Gy
w o= () rp)loy ) +N ().

Finally, the following proposition opens the way to the definition of the
embedding of D'(U).

2.7. Proposition: For any w € D'(U), (tx(w))xea is a coherent familiy, i.e.

w(w)|uyno, = tu(w)|uyno,
for all A\, u € A.

Since G is a sheaf, for any w € D'(U) there exists a unique u € G(U)
with u|y, = tx(w) for all A € A. We will denote this u by ¢(w). Then it is
easy to show

2.8. Theorem: The map ¢ : D'(U) — G(U) is a linear embedding.

Given a smooth partition of unity (x;);en subordinate to (Uy)y (where
suppx; C Uy,) we can even give an explicit formula for the embedding
t:D'(U)— GU):

) = (S ws(r) +p) ) +NO) 2.)
j=1 :
G(U) indeed satisfies properties and for 7| = C>®(U):
2.9. Theorem: Ifa € Nj and w € D'(U), then 0*(1(w)) = 1(0%w).

2.10. Proposition: t|¢=(y) = o, turning C*°(U) into a subalgebra of G(U).
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The embedding ¢ is consistent with our previous construction of ¢q:
2.11. Proposition: t|g/g) = to-

The embedding ¢ depends on the choice of the mollifier p. However, it
does neither depend on the open covering of U nor on the family of cut-off
functions nor the partition of unity:

2.12. Theorem: The embedding ¢ : D'(U) < G(U) does not depend on the
particular choice of (Uy)x, (¥a)a and (x;);-

We denote by ¢ the entirety of all . = 1y : D'(U) — G(U), U an open
subset of R™. Then we may state

2.13. Proposition: i: D’ — G is a sheaf morphism (in the category of real
resp. complex vector spaces), i.e. for open sets V. C U C R™ and w € D'(U)
we have

w(w)ly = v (wly).

In short: ¢ commutes with restrictions.

For certain types of functions and distributions a simpler embedding
formula holds.

2.14. Proposition: If f € L} (U) is polynomially bounded (i.e. if there
exist C > 0 and r € N with |f(z)| < C(1 + |z|)" a.e.), then

u(f) = ((f * pe)lv), + N(U)
holds.
For any open subeset U of R™ we set
S'(U):={weDU)|Iw € S'(R") such that w|y = w in D'(U)}.
2.15. Proposition: Let w € §'(U) and take any extension w € S'(R™) of
w. Then t(w) = ((@ * pc)|v), + N (U).

2.16. Example: By Proposition the image of the Dirac measure
(“delta function”) under the embedding ¢ is given by

1(0) = (pe)e + N(R").

According to Proposition the Heaviside function H embedded into G(R)
has the form

xT

WH)(2) = (H % po(a))e + N(R) = ( [ »:) dy) L NR).

—00
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Finally, the following theorem provides a useful characterisation of N'(U)
as a subspace of &y (U). We will apply it quite often without referring to

the theorem in every instance.

2.17. Theorem: (u.). € Ey(U) is negligible if and only if the following
condition is satisfied:

VK CcCUVYmeN: sup|u(zx) =0(E") ase — 0.
zeK

2.2 Composition of generalised functions

Generalised functions can be composed with smooth classical functions pro-
vided they grow not “too fast”:

2.18. Definition: The space of slowly increasing smooth functions is given
by

OuEK") :={feC®K")|VaeNy INeN; IC >0:
0% f(x)] < C(1 + |z])Y Vo € K"},

2.19. Proposition: Ifu = [(u:)s] € G(U)™ and v € Op(K™), then
vou:=[(vou)]

is a well-defined element of G(U), i.e. (v o u.). is moderate and v o u Is
independent of the choice of the representative (ug)e of u.

The composition of two arbitrary generalised functions is not defined.
For instance, consider the moderate nets (e?). and (2).. Composing these
two componentwise gives (e%)g, a net that no longer satisfies the &ys-esti-
mates. However, if, loosely speaking, the “image” of any compact subset K
of U under the first “function” (note that we rather have to deal with the
collection of all u.(K), € € (0,1]) is always contained in a compact set, the
composition works out fine. We will call this property “compactly bounded”
or short “c-bounded”. Since, plainly, an invertible generalised function must
be capable of being composed with its inverse, the notion of c-boundedness
will play a crucial role in this work (cf. [GKOSO0I] resp. below). However,
there is a certain inconsistency in [GKOSO0I] as to the precise meaning of
“c-boundedness from  into 2”7 of moderate nets (ue).:

e Firstly, considering Q and €’ simply as open subsets of R" resp. R™,
Definition 1.2.7 of |[GKOS0I] does not require that any wu. actually
maps 2 into Q'; only the corresponding compactness condition is stip-
ulated ((1.1) in [GKOSO1]).
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e Alternatively, viewing Q and Q' as smooth manifolds of dimensions n
resp. m in the natural way, Definition 3.2.45 of [GKOS01] can also be
applied requiring—this time—that, in addition, each u. maps 2 into
0.

It seems not to be known, in general, whether these two definitions ([GKOS01]
1.2.7 resp. 3.2.50) lead to the same notion of c-bounded generalised functions
from Q into . As an additional mishap, at both places in [GKOSO01] the
resulting spaces of c-bounded generalised functions are denoted by G*[Q, '].
Partial results on the equality of these notions have been obtained in un-
published work by M. Grosser and H. Vernaeve.

Since in the present work range spaces are focused upon in many places, we
will include the requirement u.(2) C €’ in our definition of c-boundedness.
Moreover, this leaves the door open for a “smooth” generalisation to the
manifold setting.

2.20. Definition: Let U and V be open subsets of R™ resp. R™. An element
(ue)e = (ul,...,u™) € Ey(U)™ is called compactly bounded (c-bounded)
from U into V if

(1) Jeo € (0,1] such that Ve <eg: u(U) CV and
(2) VK cCcU3ILcCV Jey e (0,1] such that Ve <ep: u(K)C L

are satisfied. The collection of c-bounded moderate functions from U into
V is denoted by Eyp[U, V.

An element of G(U)™ is called compactly bounded (c-bounded) if all rep-
resentatives satisfy (1) and (2). The space of c-bounded generalised functions
from U into V is denoted by G[U, V.

2.21. Proposition: Let u € G(U)™ be c-bounded into V and let v € G(V),
with representatives (u.)e resp. (v:)e. Then the composition

vou = [(vs 0 ug)e]

is a well-defined generalised function in G(U).

2.3 Point values and generalised numbers

2.22. Definition: We set

Enri={(re)e e KOV [IN eN: Jre| = O(e™N) ase — 0},
N :={(r;): € K(O:1] |[Vm eN: |rs| =0(E™) as e — 0}.
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K = En /N is called the ring of generalised numbers. In case K = R resp.
K = C we set X =R resp. K =C.

K is embedded into every G(U) in the obvious way.

2.23. Definition: For u := [(u:):] € G(U) and x¢ € U the point value of u
at g is defined as the class of (uz(z0))e in K.

K is the ring of “constants” of G(U):

2.24. Proposition: Let U be a connected open subset of R™ and u € G(U).
Then Du = 0 if and only if u € K.

We now give a characterisation of the (multiplicatively) invertible ele-
ments of the ring /C.

2.25. Definition: An element r € K is called strictly non-zero if there exist
some representative (r.). of r and an N € N with |r.| > &V for ¢ sufficiently
small.

2.26. Theorem: Let r € K. The following are equivalent:
(1) r is invertible.
(2) r is strictly non-zero.

In order to obtain a point value characterisation of generalised functions
the definition of point values has to be extended.

2.27. Definition: On
Un = {(z)e e UGN |IN eN: |z = 0@ V) ase — 0}
we introduce an equivalence relation by
(e)e ~ (Ye)e & VmeN: |z, —y| =0(™) ase — 0

and denote by U := U/~ the set of generalised points. The set of compactly
supported points is

Ue:={z =[(&.)e] e U|IK cc U3Ieg € (0,1] such that Ve < ey : z. € K}.

A point I € U} is called near-standard if there exists x € U such that . — x
as ¢ — 0 for every representative (x¢)e of x.

For U = K we have K = K. Thus, we have the canonical identification
K = K" = K. For KC we write ..
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2.28. Proposition: Let U be an open subset of R™, V an open subset of
R™ u = [(uc):] € G(U x V) and § = [(ye)<] € Ve. Then the net (uc(.,7e))e
isin Epr(U) and u( ., §) := [(ue(.,Te))e] is a well-defined element of G(U).

Proof: (uc(.,7y:))e is the composition of (u.). with the moderate and c-
bounded net (z — (z,9:)).. The proposition follows immediately from

Proposition [2:21] O

Obviously, for u € G(U) and & € U, u(Z) is a generalised number, the
generalised point value of u at Z. In Chapter [b| we will use the following

2.29. Corollary: If & = [(#.).] € R?, then the evaluation evy := [(evi.))e]
at © given by evy, : L(R",R™) — R™, evy (A) = A - v, is a well-defined
element of G(R™™)™.

Proof: Apply Proposition to ev : L(R",R™) x R" — R™, ev(A,v) :=
A - v, and 7. O

In [GKOSO01], it is proved that two generalised functions are equal in
the Colombeau algebra if and only if their generalised point values coincide
(in the ring of generalised numbers) at all compactly supported points. S.
Konjik and M. Kunzinger improved this result by showing that it is sufficient
to check the values at all near-standard points (cf. [KK06]). We will need a
slightly extended result:

2.30. Proposition: Let u € G(U x V). Then

u=0inG(UxV) < wu(.,y)=0in G(U) for all near-standard
points § € V..

Proof: (=) Let § be a near-standard point in V, and L cC V such that
Je € L for all € < ¢ for some €1 € (0,1]. Let K CC U. From

sup [ug(z, )| < sup Jue(z,y)| < Ce™,
zeK zeK,yeL

it follows that (uc(.,¥e))e is in N(U).

(<) Ifu#0in G(U x V), then, by Theorem we have

dK CccUxV 3ImeNVnp>03ee (0,n): sup |ul(z,y) > (2.2)
(zy)eK

Expression ([2.2)) yields the existence of sequences ¢ \, 0 and (xp,yx) € K

such that |uc, (xk, yi)| > €} for all k € N. Since K is compact, there exists a

subsequence (x,, Y, )ieny Which converges to some (z,y) € K. For € > 0 we
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set (Ze, Je) 1= (Tr,, Yx,) for € € (en,,,€x), | € N. Then T resp. § is a near-

standard point in U, resp. V... Let o, 5 > 0 such that B, (z)x Bg(y) € U x V.
For sufficiently small e the points (Z.,7.) are contained in B, (z) x Bg(y).

Therefore, we obtain

sup |ue(w, Je)| > |ue(Ze, Je)| > €™,
z€Ba()

implying u(.,9) # 0 in G(U), contradiction. O

Finally, we prove some results that we will use in Chapters [3 and [f
Before doing so, a remark on notation is in order: By K™" we denote the
space of generalised (m x m)-matrices over K. G(U)™" denotes the algebra
of generalised functions w with point values in X™". Obviously, for any
u = [(uec)e] € G(U)™ the derivative Du has (Du.). as representative and,

therefore, can be regarded as an element of G(U)™".

2.31. Proposition: Let A be a square matrix in K™ such that det(A) is
strictly non-zero. Let (A.). and (A.). be two representatives of A. Then
(AZY). is moderate, (|| AZ1||)e is strictly non-zero and (A — A1), is neg-

ligible.

Proof: Let aéj resp. béj denote the entries of A, resp. Aa_l. Then
6] = e Ry (0,
€ |det(A)]" e "

where R;; is a polynomial of degree n — 1 in n? variables. Since det(A) is
strictly non-zero, and by the moderateness of the (a)., the net (b¥)., and
therefore (AZ1)., is moderate.

Next, we show that (A;l)g is strictly non-zero: By the moderateness of
(A:)e, there exist C > 0 and N € N such that ||A.|| < Ce™" for ¢ sufficiently
small. Therefore,

16N§ 1

— < ||A;!
o S qag ShAl

yields the desired estimate.
Finally, let (N.): be an element of N™ such that A, = A.+ N.. Choose
C1 >0, N; € N and €' such that

IAZ 1 Ae = Acll < Cre™™ - |IN]| < 1
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for all e < ¢’. Applying Lemma we obtain
1 - IAZ?)Ae — Ac]
japt - Azt < Ao e = &
1= (|47 1A — A<l
sz—:_QNl - Coe™
~ 11— C2e 2N Cyem

< 035m+2N1

for constants Cy,C3 > 0, arbitrary m € N and sufficiently small €. This
establishes the negligibility of (A-1 — AZ1).. O

€

2.32. Proposition: Let U be an open subset of R and a = [(a.):] €
GU)™ and b = [(b.):] € GU)™. We define c. : U — L(K",K') by
ce(x) := a-(x) o be(x). Then the net (c.). is moderate and ¢ := [(c:).] is a
well-defined element of G(U)'™.

Proof: The composition comp : L(K™, K!) x L(K",K™) — L(K",K*) de-
fined by comp(A,B) := A o B is smooth and bilinear. Thus, comp is
an element of Oy (Ktm X Km")m. By Proposition the composition
¢ = compo (a,b) is a well-defined element of G(U ). O

The next result presents an exponential law for generalised functions
with values in the space of generalised matrices over R.

2.33. Proposition: Let U be an open subset of Rl If u := [(u.).] is in
G(U)™, then G := [(te)c] defined by 1. : U x R™ — R™, G (x,v) := us(z) v
is in G(U x R™)™. Conversely, if w € G(U x R™)™ such that there exists a
representative (w;). with we linear in the second component for all € € (0, 1],
then w := [(w,)c] defined by w. : U — R"™, w.(z) := we(x, .) is in G(U)™.

Proof: Let u := [(uc):] be in G(U)™". Define 4. : U x R" — L(R",R™),
Ue(x,v) = us(x), and g : U x R" — L(R,R"), g(x,v) := v. By Proposition
it follows that @, given by . (z,v) = @.(z,v) 0 ge(x,v) = us(z) - v, is a
well-defined element of G(U x R™)™.

Conversely, let w € G(U x R™)™ such that there exists a representative
(we)e with we linear in the second component for all e € (0,1]. By the
classical exponential law, the functions w. : U — R™ w.(x) := we(z, .),
are smooth for all e. Let K CC U. By the moderateness of (w;)e, it follows
that

sup |0%w.(x)| = sup |0fw:(z, . )| = sup |0fw:(z,v)| < C - e N
rzeK rzeK |a:|€<K1
v|<

for all @ € N}. For any (n.). € N (U x R®)™ that is linear in the second
component we also have (7). € N(U)™", so 4 is well-defined. O
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2.4 Association

The terms “associated” and “distributional shadow” (to be defined below)
will be used in Chapter [4]

2.34. Definition: Two elements u and v of G(U) are called associated (de-

noted by u ~ v) if

lim [ (ue(x) — ve(x)) p(x) dz =0 Vo e D)

e—0

U

for some (and therefore all) representative(s) (ug)s of u resp. (ve)e of v.
Let u € G(U) and w € D'(U) and suppose that u =~ t(w). Then u is said
to admit w as associated distribution and w is called distributional shadow

of w. In this case we simply write u ~ w.
The distributional shadow of u is uniquely determined (if it exists):
2.35. Proposition: If w € D'(U) and 1(w) ~ 0, then w = 0.

On I, the ring of constants in G(U), ~ induces an equivalence relation
we also denote by ~. We explicitly rephrase this in

2.36. Definition: Two elements r and s of K are called associated (de-
noted by r = s) if (r. —s.) — 0 as ¢ — 0 for some (and therefore all)
representative(s) (r¢)e of r resp. (s¢)e of s.

If there exists some a € K with r = a, then a is called associated number
or shadow of r.

Finally, we study the relation between f € C¥(U) and o(f).

2.37. Definition: Let u € G(U) and f € C*(U) for k € No U {c0}. The
generalised function v is called CF-associated with f (denoted by u =~y f)
if for all o € N with |o| < k and one (hence any) representative (uz). of u

0%ue — 0°f
for € — 0 uniformly on compact subsets of U.

2.38. Lemma: Let g € C(R") be bounded, p € L'(R") with Jgn p(2) dz =
1. Then, for p.(x) := %np(%);

g*xpe —4g

for € — 0 uniformly on compact sets.
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Proof: Let K CC R"™ and n > 0. Choose N such that

n
2ldz < .
/'“)' ollw

|z|>N

The function ¢ is uniformly continuous on the compact set K + By(0).
Hence, there exists some ¢¢ € (0, 1] such that

U
A

lg(z —ez) — g(z)| <

for all z € K, z € By(0) and € < . Then, for € K and substituting z
for ¥ 2, we obtain

[(gxpe)(x) — g(z)] <

/mx— — g(@)|lpe(w)] dy

- / 9z —e2) - @Mwunm+»/’mu—e@—guﬂmwﬂw

lz2[>N <2|lgllo

for all € < g. ]

2.39. Proposition: Let f € CK(U) for k € Ng U {co}. Then u(f) is C-
associated with f.

Proof: We will show the convergence for the representative occurring in

, i.e.
f- -—ng (1hx, f) * pe)-

Let o € Nij with |af < k. The function 9%(¢y, f) is defined on R" and
continuous. Since vy, has compact support, 9%(1y, f) is also bounded. From
Lemma [2:38] it follows that

0% (Yx; f) * pe — 0%(¥n, f)

for & — 0 uniformly on compact sets. Now let K be a compact subset of
U. Then for only a finite number of values of j, say j = 1,..., M, the
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intersection K N supp x; is non-empty. Therefore, on K we have

M
fo=> 0" (Xj (o, f) * pe))
=1
JM )
= Z (ﬂ) : aﬁXj . (aa_ﬁ(w)\jf) * pa)
J=181<]«f
M a
— Z (ﬁ) ' aBXj . aa_ﬁ(w/\j f)
J=118<]al
M
=> 0" (\¥n,f)
=1
’ M
— 9 (f . Z Xj)
j=1
—9°f

as € — 0. This concludes the proof. O
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Chapter 3

Inversion of generalised
functions

In the setting of generalised functions the question of inversion of functions
has, so far, not been addressed. Part of the reason for this may be the consid-
erable technical problems caused by the lack of a reasonable notion of range
or image of a set under a generalised function. However, in certain applica-
tions “discontinuous coordinate transformations”—which can be modelled
by a generalised function—have already been employed successfully, though
on a rather informal level (see Chapter [4]).
In this chapter we present and discuss several notions of invertibility of
generalised functions. In Section we give definitions of left resp. right
invertibility, invertibility and strict invertibility, followed by a discussion of
the immediate implications. Motivated by several questions arising naturally
when trying to invert a net of smooth functions, we find several necessary
conditions for (left, right) invertibility (Section [3.2). In Section we
analyse to which extent the properties “ca-injective” and “ca-surjective”
(“ca” being shorthand for “asymptotically on compact sets”) defined in the
preceding section are sufficient to guarantee the existence of a (left, right)
inverse of a generalised function. Finally, in Section [3.4] we prove some
generalised inverse function theorems and study their relation to the classical
Inverse Function Theorem [I.3]in Chapter

At this point two remarks are in order: First, since generalised functions
are defined on open subsets of R™ and we are interested in inverting such
functions, we consider only generalised functions with (generalised) values
in R. Hence, more specifically than in Chapter , in this (and the following)
chapter(s) CF(U) (for k € Ng U {oo}), Exr(U), N(U) and G(U) denote the
spaces of functions, nets resp. generalised functions with (generalised) values
in R.
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Second, this chapter contains several graphics of nets of smooth functions.
To give an idea of the behaviour of a net (f:). each graphic consists of five
plots of f: for five different values of € where the curves are shaded differently;
the plots of f. become darker for € tending to 0.

3.1 Invertibility of generalised functions

We start right away with a definition of invertibility of a generalised function
on an open set.

3.1. Definition (Invertibility): Let U be an open subset of R" and
u € G(U)"™. Let A be an open subset of U.

(LI) w is called left invertible on A if there exist some v € G(V)" with V' an
open subset of R™ and an open set B C V' such that u|4 is c-bounded into
B and vou|g =ida. Then v is called a left inverse of uw on A. Notation: u
is left invertible (on A) with left inversion data [A,V,v, B].

(RI) w is called right invertible on A if there exist some v € G(V)" with V
an open subset of R™ and an open set B C V such that v|p is c-bounded into
A and wov|g =idp. Then v is called a right inverse of u on A. Notation:
w is right invertible (on A) with right inversion data [A,V, v, B].

(I) w is called invertible on A if it is both right and left invertible on A with
right inversion data [A,V,v, B,] and left inversion data [A,V,v, By|. Then v
is called an inverse of u on A. Notation: u is invertible (on A) with inversion

data [A,V,v, By, By].

(SI) w is called strictly invertible on A if it is invertible on A with inversion
data [A,V,v, B, B] for an open subset B of V. Then v is called a strict
inverse of uw on A. Notation: w is strictly invertible (on A) with inversion

data [A,V,v, B].

Throughout this work we will also use the formulations “u is invertible
(on A) by [A,V,v, By, B;]” and “[A,V,v, By, B,] is an inverse of u (on A)”.
If we do not specify a set on which a given u € G(U)" is invertible, we
always refer to invertibility on U, i.e. on its domain. The same rules of
language apply to the cases of “left invertible”, “right invertible” or “strictly
invertible”.
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3.2. Remark:

(1) Note that u need not to be a c-bounded function on U. Ouly the re-
striction to the set A where it is composed with a left inverse must have
this property.

(2) The notion of invertiblity of a generalised function u is more than the
combination of left and right invertibility with respect to the same v yet
possibly different sets A; (for left) and A, (for right).

(3) If a smooth function f : U — V (with U and V open subsets of R") is
classically invertible with smooth inverse g : V' — U, then, obviously,
o(f) = u(f) is strictly invertible on U with inversion data [U, V, o (g), V].

Since the discontinuity in the “discontinuous coordinate transforma-
tion” in Chapter [4] consists of a jump, one type of functions we are interested
in inverting are jump functions. Therefore, let us consider

3.3. Example: Let u := [(u.).] € G(U) with U := (—a,«) for o > 0 be
defined by ue(z) := x + arctan £ (Figure . Then u models a function
with a jump of height 7 at 0.

NP
B
\s\ 3

NP

Figure 3.1: u.(xz) = x + arctan

o8

We are interested in inverting u “around the jump”, i.e. we want to find an
inverse in the sense of Definition (I) on an open set A C U containing 0.
For every e the function w,. is (classically) invertible by some C*-map v :
ue(U) = (ue(—a),us(a)) — U. In the following, we will successively specify
sets V, A, B; and B,, showing that, in fact, u is invertible in the sense of
Definition (D).

To this end, first note that u.(x) /" x + § for every x > 0. Setting z = «
and choosing 5 € (0, «), we see that for e small, say ¢ < g, u-(U) contains
(—(B+35),8+73). SoV = (=(B+ F),6+ ) is a suitable choice for a
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common domain for all v. (e < gg). Defining A := (—a1,aq) for some fixed
ai with 0 < a1 < 3 and using uc(a1) /" a1 + 5, we obtain that u.(A4) =
ue((—a1,a1)) € [—(a1+75), a1+ 5] for e small (say € < g1 < gg). Therefore,
for B; we may take any open subset of V' containing [—(a1 + 5),a1 + 3],
e.g. By = (—(& + 35),8 + 3) for 3 € (a1,), guaranteeing that (uc). be
c-bounded from A into B;. Finally, to have (v.). c-bounded on a suitable set
By, pick 8, with 0 < 3, < oy and set B, := (—(8; + §), 8- + §) to complete
the inversion data set [A,V,v, B;, B,] where v := [(v¢)] (the moderateness
of (ve)e will be obvious). Summing up, we have the following inequalities
and inclusions:
0 < G < a1 < G < [ < a
A c U,
B, c B C V.
In the preceding example the set B, is contained in B;. The following
proposition shows that this is no coincidence.

3.4. Proposition: Let u € G(U)" be invertible on A with inversion data
[A,V,v, By, B;]. Then B, C By.

Proof: Let z € B, and let (u:). and (v:). be representatives of u resp.
v. Since v|p, is c-bounded into A, there exists some K CC A such that
ve(z) € K for small e. By the c-boundedness of u|4 into B, on the
other hand, there exists some K’ CC Bj such that u.(K) C K’ for small
e. Therefore, u. o v.(z) is an element of K’. Since v is a right inverse
of u on A and = € B,, there exists a negligible net (n:). on B, such that
usove(x) = z+ne(z), yielding x+n.(x) — x for ¢ — 0 where z+n.(z) € K’
for small . Since K’ is compact, the limit z is also in K’ and, hence, in B;. [

From the definition of invertibility and the preceding proposition, it
follows

3.5. Proposition:

(1) If u € G(U)™ is left resp. right invertible on A with left resp. right
inversion data [A,V,v, B], then v is right resp. left invertible on B with
right resp. left inversion data [B,U,u, A].

(2) If u € G(U)™ is invertible on A with inversion data [A,V,v, By, B,], then
v is left invertible on B, with left inversion data [B,,U,u, A] and right
invertible on By with right inversion data [By, U, u, A.

(3) The inverse is unique in the following sense: If u is invertible on A with
inversion data [A,V',v', B}, B}] and [A,V? v? B} B2, then v'|p, =
v?|p, where B, := Bl n B2.
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(4) If w € G(U)™ is strictly invertible on A with inversion data [A,V,v, B],
then v is strictly invertible on B with inversion data [B,U,u, A].

(5) The strict inverse is unique in the following sense: If u is strictly invert-
ible on A with inversion data [A, V! v' B'] and [A,V? v?, B?], then
vl|p = v?|p where B :== BN B2.

Proof: , and follow directly from the definition.
(3): By Proposition we obtain

v'lp, =idaov'|p, = (v g2 oula) o v'|p,

= v%|gz2 0 (ula 0v'[p,) = V| gz 0idp, = |5,

since v!|p, is c-bounded into A and u|4 is c-bounded into B2.
: This is a special case of . O

In the remainder of this section we will discuss various aspects of the
notions of invertibility introduced above.

In classical inversion theory we are used to the fact that if a function is
invertible (as a function) on some set A, this is still true for any subset of A.
Taking a closer look at the definition, it becomes obvious that in the case
of generalised functions we have to be more careful: For some left invertible
u € G(U)™ with left inversion data [A,V,v, Bj| everything turns out fine.
We can decrease the size of A without losing left invertibility. On the other
hand, if u is right invertible with right inversion data [A, V, v, B, ], shrinking
A may not be possible, even (and here is the difference to the classical case)
if B, is shrunk as well. We illustrate this with an

3.6. Example: Consider v from Example By Proposition , it is
right invertible with right inversion data [Bj, U, u, A]. (When discussing the
right invertibility of v be careful to observe the reversed roles of U and V'
resp. A and B; compared to the (original) notation in Definition (RI).)
Let B be an open subset of B;. v is right invertible on B provided B contains
the closed interval [-7, §] and A is shrunk accordingly (while still containing
0). If B fails to satisfy this condition, then no open subset A’ of A is small

enough such that (uc|a/)- is c-bounded into B.

The example shows that right invertibility on some set is not a local
property in the usual sense. However, in the preceding example it is “local
around the jump”: The interval [-7, 7] that has to be contained in B is
exactly the “gap” in the image of the jump function modelled by wu.

The issue of shrinking B; resp. B, is settled by the symmetry of the relation

between the left resp. right invertible function and a left resp. right inverse
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(cf. Proposition ) Anyway, there are situations where we can safely
reduce the size of B resp. B, as the following remark shows.

3.7. Remark: Let u € G(U)™ and A an open subset of U. For i = 1,2 the
sets V1, Bli and B! are open subsets of R" with Bli7 Bl C Viand o' € G(VH)",

(1) If u is left invertible on A with left inversion data both [A, V1 vl B}]
and [A, V2 0% B?], then u is also left invertible with left inversion data
[A, Vi, v, B)] for i = 1,2, where B; := B} N Bf: Let K CC A. Then
there exists some K’ CC B} such that u.(K) C K* for small £ and
i = 1,2 and, thus, u.(K) C K' N K? cC Bl1 N Bl2 = B;. Therefore, v’
together with [A, V' v' By] is a left inverse of u on A.

(2) If u is right invertible on A with right inversion data both [A, V! vl B}]
and [A,V?2, 02 B2], then u is also right invertible with right inversion
data [A, V% v?, B,] for i = 1,2 where B, := B} N B2: Since v' restricted
to B composed with u gives the identity in G(B?)" and B, C B, also
uov'|p, =idpg, holds. Hence, v’ with [A4,V? v?, B,] is a right inverse of
u on A.

(3) Combining the two preceding results, we obtain: If w is invertible on
A with inversion data both [A, V1 vl B}, Bl] and [A, V2 v% B? B2,
then v is also invertible with inversion data [A, V* v*, By, B,] for i = 1,2
where Bj := Bl1 N 312 and B, := B; N B?.

Next, we address the question of enlarging sets. Obviously, for a left
invertible u € G(U)™ with left inversion data [A, V,v, By|, enlarging A is not
possible without further information on u—as is the case in classical theory.
In contrast, let [A, V,v, B,] be a right inverse of u. Replacing A by a larger
set (that is still contained in U) poses no problem at all since (v.|p, ). is
c-bounded into any superset of A.

Again, the question of modifying B; resp. B, is answered by referring to
Proposition .

Combining the preceding results for the left and right case, we conclude
that for an invertible v with inversion data [A, V, v, By, B,|, without further
specific information, A may neither be enlarged nor shrinked; B, can safely
be made smaller, B; larger.

As to strict invertibility, there is no tolerance left for changing the size
of either A or B.

These results reflect the fact that in the case of invertibility of u on A
the set A has a double role: It has to be big enough such that (ve|p, ). is
c-bounded into it and at the same time it has to be small enough such that
the composition of (uc|4)e with (ve|p,)c still gives the identity in G(A)". So,
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the size of A has to be carefully balanced between the requirements of left
and right invertibility. Generally, such a balance might be hard to achieve.
Nevertheless, it turns out that it is possible in more cases than one might
expect.

At first sight, a convenient way to circumvent the difficulty of balancing the
size of A might consist in introducing a notion of “weak invertibility” using
“weak inversion data sets” [A4;, A, V,v, By, B;]. This choice, however, would
make it difficult, if not impossible, to prove uniqueness of the inverse (cf.
Proposition and (B))).

The notion of strict invertibility is the one that comes closest to a gen-
eralised equivalent of classical invertibility. However, in most cases we are
interested in, it will be too much to ask for, as shall be demonstrated in the
following

3.8. Example: Consider again the u modelling a jump function from Ex-
ample [3.3] We attempt to find open sets A and B such that u is strictly
invertible with strict inversion data [A,V,v, B]. W.lo.g. we may assume
that A and B are open intervals.

We already discussed in Example that B has to contain the closed inter-
val [-7, §]. Therefore, B := (—(y+ §),7 + §) for some v > 0. For (v¢|B)
to be c-bounded into A, the set A has to contain the closed interval [—v,~].
Let A:=(—(y+9),v+0) for some 6 > 0. For any 0 < 1 < ¢ we eventually
have B = (—(v+ 5),7v+ %) € ue([—(v + 1),y + 1)), thereby destroying any
hope for c-boundedness into B. Thus, u is not strictly invertible on any open
set A containing 0.

3.2 Necessary conditions for invertibility

In this section we will work out some aspects of what “being (left, right) in-
vertible” entails. To this end, we start with a few (rather heuristic) questions
that arise when attempting to invert a given u € G(U)".

Let (uc)e be a representative of u. The obvious idea to invert wu, of
course, is to invert u. for each € separately. For this to be possible every u,
has to be injective. If this is not the case, we may ask

Question 1: If u. is not injective for every e, is it possible for another rep-
resentative of u to have this property (so that an inverse of u still may be
found by inverting smooth functions)?

For now, let us assume that every wu. is injective on U. By inverting every
Ue, we obtain a net of inverses v.. This gives rise to
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Question 2: Does there exist an open set that is contained in all the—
possibly different!—domains of the inverses v., so that we can indeed speak
of a net of functions on some fixed domain V7

If the last question is answered affirmatively, we still have to determine if
the inverse net (ve). is moderate on this common domain. More precisely,

Question 3: Are all v, smooth? If yes, is (ve|v)e in Epr(V)™?

Concerning Question 1, we consider

3.9. Example: Let u := [(uc)e] € g( ) with U := (—a,a) for a > 0
be given by u.(x) := sin £ (Figure [3.2). No matter how small we choose a

OQV\/
VANV/ERN'Y,

Figure 3.2: u.(x) = sin £

subset of U, eventually u. becomes non-injective on this set.

Do we have to check other representatives of u in Example for injec-
tivity (to construct a left inverse of w around 0)? The answer to that (and
hence to Question 1) is no. To see this we need the following proposition
and corollary.

3.10. Proposition: Let U be an open subset of R” and f,m € C(U,R")
such that f = idy +m. Then f is injective on any compact convex subset
K of U for which max,ck |[Dm(x)| < 1 is satisfied.

Proof: Let K CC U be as required in the proposition. Let z,y € K and
set o := max,cx ||[Dm(z)|| < 1. Then, by the Mean Value Theorem,

[f (@) = f(W)] = [ =y + m(z) —m(y)]
> |z —y| = sup [[Dm(z)[ - [z -y
zeK
> (1 —a)-|z—yl
yielding the injectivity of f on K. O
In the application of Proposition to generalised functions, we want

to get rid of the convexity condition on the compact sets. To this end, we
will use the following lemma ([GKOSO01], Lemma 3.2.47).
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3.11. Lemma: Let U be an open subset of R" and f : U — R™ a con-
tinuously differentiable map. Let K CC U. Then there exists C' > 0 such
that

[f(z) = f(y)] < Clz —y|

for all z,y € K.
C can be chosen as Ci - sup,c(|f(2)| + [|[Df(2)|), where L is any fixed
compact neighbourhood of K in U and Cy only depends on L.

3.12. Remark: If in Lemma U and K are subsets of R x R! = R”,
r = (t,u) and y = (t,v) (for t € R¥ and u,v € RY), then an inspection
of the proof of [GKOSO01], 3.2.47 shows that Df can be replaced by 0 f
when estimating |f(¢t,u) — f(¢,v)|. If, in addition, K has the form K; x K
(K1 x Ko CC U), then L can be replaced by K; x Lo, where Lo is any
fixed compact neighbourhood of Ky with Ky x Ly CC U (we will meet this
situation twice in the proof of Theorem in Chapter .

The following results from Proposition [3.10]

3.13. Corollary: Let U be an open subset of R". Then for every repre-
sentative (uc). of idy € G(U)™ and for every compact subset K of U there
exists some g € (0, 1] such that u.|k is injective for all € < g.

Proof: Let m. := idy —ue. Then (m.). is an element of N'(U)". By Lemma
for all € there exists a constant C. > 0 such that

Ime(z) —me(y)| < C - |z -y (3.1)

for all x,y € K. Since m is negligible and because of the form of the C;, we
may find some ¢( such that C. < 1 for all € < g9. Now the assertion follows

as in the proof of Proposition by applying (3.1) in place of the Mean
Value Theorem. 0

If w is left invertible on A by [A, V, v, By, then, for every representative
(ue)e of u and (ve)- of v, the composition (v: o u.|4)e is a representative of
the identity in G(A)™. Therefore, v. o us and consequently wu. is injective on
any compact subset of A for sufficiently small €. In particular, this implies
that the generalised function in Example has no chance of being left
invertible. This result motivates the following

3.14. Definition: A moderate net (uc)e € Ep(U)™ is called compactly
asymptotically injective (ca-injective) if for every compact subset K of U
there exists some g € (0, 1] such that u. |k is injective for all € < &.

An element u of G(U)™ is called compactly asymptotically injective (ca-
injective) if all representatives have this property.
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3.15. Remark: Note that if one representative of a generalised function is
ca-injective, this is not necessarily true for every other: Consider n.(z) :=
e cx and Ne(x) == 0. (ne)e is injective for all € (even on R) while (7). is
not. Yet both they are representatives of the same generalised function.
However, in the next section we will prove that the ca-injectivity of one
representative implies ca-injectivity of all representatives provided det o Du is
strictly non-zero (a property to be defined later in this section) (cf. Corollary
3.30]).

With the terminology of Definition [3.14] we have
3.16. Proposition: Ifu € G(U)" is left invertible, then u is ca-injective.

Question 2, though only a matter of manipulating sets, is not as trivial
as it may seem. It can happen that the domains of the inverses v. shrink
to a point with decreasing ¢, so that there is no common open domain on
which to define the inverse net. To illustrate this we consider the simple

3.17. Example: Let u := [(us)e] € G(U) with U := (—1,1) given by
us(z) := ex (Figure[3.3). Of course, for each ¢ there exists a smooth inverse

Figure 3.3: uc(z) = ex

of uc.—we denote it by v.. Since the image of the interval (—1,1) under u.
gets ever smaller with decreasing €, so do the domains of the inverses v.. So
the intersection of all these domains contains only one point, namely 0.

In the one-dimensional case, a property that guarantees a common do-
main for the inverses is the following: Let u. be injective on an open interval
U in R for all e. Suppose that two different points  and y in U (w.l.o.g.
x < y) can be found such that u.(x) and u.(y) converge to different limits a
and b (w.l.o.g. a < b). Then the Intermediate Value Theorem ensures that
for all § > 0 there exists some gg such that [a + J,b — ] C u.((x,y)) for all
e < gg.

In Example the values of u. at any given point converge to 0, so we
are lacking a and b as above. In contrast, the net of functions modelling a
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jump in Example converges pointwise to an injective (if discontinuous)
function, thereby allowing for a non-empty common domain for the inverses.
Next, we want show a theorem that represents a generalisation of the previ-
ous observation to the n-dimensional case. The first idea for a proof would
be to try and apply the Intermediate Value Theorem coordinatewise. How-
ever, this leads to considerable trouble. So, to prove the “n-dimensional”
theorem, we will take another approach. To this end, we need a definitely
nontrivial topological result of Brouwer on injective continuous maps in R".
A proof can be found on page 52 of [MT97].

3.18. Theorem (Brouwer): Let U be an open subset of R" and f : U —
R™ an injective continuous map. Then the image f(U) is open in R"™ and f
maps U homeomorphically to f(U).

3.19. Remark: In the proof of the next theorem and at some places in the
next section we will do calculations involving the distances between sets. We
will use the following definition and (easy to prove) facts: Let A and B be
non-empty subsets of a normed space. The distance of A and B is defined
by

z€A

dist(A, B) := inf |z —yl|.
yeB

Note that dist(A, B) = dist(A,B). If AN B = 0 and 9A,0B # 0, then
dist(A, B) = dist(9A4, dB). Furthermore, if A,NB = 0 for A, := A+ B,(0),
then dist(4, B) = dist(A,, B) + 7. In particular, dist(A, A5) = 7.

Now we may state the announced theorem. Roughly speaking, it estab-
lishes a kind of continuous dependence of connected parts f(A) of the image
set f(U) on the function f.

3.20. Theorem: Let U be an open subset of R", f,g € C(U,R™) both
injective and W a connected open subset of R™ with W CC f(U). Choose
an open ball Bs(y) (y € W, § > 0) inside W such that the closure of
Ws := W+ Bs(0) is still a subset of f(U), i.e. let § > 0 such that Bs(y) C W
and Wi C f(U). If, for A:= f~(Wj),

19 = flloo,a <0

holds, then
W C g(A)°.

Proof: By Theorem both f(U) and ¢g(U) are open and f and g map
U homeomorphically to f(U) resp. g(U). Clearly, W is the disjoint union of
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the three sets

G1:=Wng(A)°,
Go := W Nadg(A),
G3 =W Nextg(A).

We will show that Gy # () and Gy = (). By the connectedness of W, it follows
that W = G4 (note that G; and G3 are open in the relative topology of W),
that is

W C g(A)°.

Observe that, by Theorem [3.18] we do not have to distinguish either between
inty C and C° = intgn C (for V =", f(U),g(U) and C any subset of V') or
between 9y C and 9C = OgnC (for V as before and C' any compact subset
of V; note that A, f(A) and g(A) are compact).

G1 # 0: Let z := f~!(y). Then x is an element of A. Since f and g are
homeomorphisms and ¥ is an element of the interior of Wy, it follows z € A°
and g(x) € g(A)°. By

9(x) —yl = lg(z) — f(@)] < lg = flloo,a <6,
we obtain
g9(x) € Bs(y) N g(A)° C W N g(A)°.

G5 = (: Assume that there exists a € W N dg(A). By 0g(A) =
the point = := g~ !(a) is an element of DA. Moreover, f(x) € df(A)
On the one hand,

g()

o — f(@)] = lg(z) = f(2)] < llg = flloo.a <6 (3.2)
On the other hand, a being an element of W, we obtain

la — f(z)] > dist(W,0Ws) = dist(W, W§) = §,
which is a contradiction to (3.2]). Hence, W N dg(A) = 0. O

With respect to generalised functions the above theorem implies

3.21. Corollary: Let U be an open subset of R™. Then for every repre-
sentative (uz). of idy € G(U)™ and for every compact subset K of U there
exist a compact subset L of U containing K and some ¢y € (0, 1] such that
K Cu(L) for all € < g.
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Proof: We first prove the claim for connected U. Let K be a (non-empty)
compact subset of U.

In the first step, we construct a non-empty, open subset W of U with W CC
U which contains K: For ny := §dist(K,U¢) we have K C J,cx Bn, ().
By the compactness of K, there exist zg,...,zp € K such that K C
Uf:() By, (x;). Since U is connected, we can find k curves vi,...,7; : [0,1] —
U satisfying +;(0) = z;—1 and ~;(1) = z;. Now, set

K ([]()Bm) y (Qmo, ).

K’ is a connected compact subset of U. For ny = %dist(K " U) we define
W := K'+ B,,(0). Then W is a non-empty, open subset of U with W cC U
containing K.
In the second step, we prove the claim for connected U by means of Corollary
and Theorem Let m, := idy —u.. Then (m). is an element of
N(U)™ Let § > 0 such that there exists some y € W with Bs(y) C W
and such that Was C U for Ways := W + Bss(0). By Corollary there
exists some e1 € (0, 1] such that u. is injective on Was for all € < g1. Choose
g9 < &1 such that sup, g [me(z)| < d for all € < 9. Now apply Theorem
to Was, idw,s, te|lw,s, W and ¢ in place of U, f, g, W and ¢ for every
e < g and set L := W;.

Now we prove the claim for arbitrary U. Let K be a compact subset of
U. We may write U = J;c; U; where the U; denote the (open) connected
components of U and [ is a suitable index set. By the compactness of K,
only finitely many of the U; are needed to cover K, say K C U§:1 Ui;. Set
K;:=KnU; for j=1,...,k. From

K= Knu, =K\(|Ju) =50 (RN ).
i#i; i#i;
it follows that all of the K; are closed and, hence, compact. Therefore,
K can be written as a union of compact sets Ki,..., Kj where each Kj is
contained in only one connected component. By the first part of the proof,
for every j there exist a compact subset L; of U containing K; and some
ej € (0,1] such that K; C u.(L;) for all ¢ < g;. Let g9 := min(ey,..., &)
and L := U§:1 Kj. Then L is a compact subset of U containing K and
K Cug(L) for all £ < gy. O

For right invertible v € G(U)™ with right inversion data [A, Vv, B;],
Corollary has the following meaning: For any representatives (uc). of
u and (v:): of v, the composition (u. o v|p, ) is a representative of the
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identity in G(B,)™. Therefore, for every compact subset K of B, there
exists a compact subset L of B, with K C L such that K C u. ov.(L) for €
sufficiently small. Since (v¢|p, ) is c-bounded into A, there exists a compact
subset L' of A such that v.(L) C L' for small . This entails that K C u.(L’)
for € small enough. This observation motivates the next

3.22. Definition: Let U and V be open subsets of R™. A moderate net
(ue)e € Ep(U)™ is called compactly asymptotically surjective (ca-surjective)
onto V if for every compact subset K of V there exist a compact subset L
of U and some ¢y € (0, 1] such that K C u.(L) for all € < gy.

An element u of G(U)™ is called compactly asymptotically surjective (ca-
surjective) onto V' if all representatives have this property.

With the terminology of Definition [3.22] we have

3.23. Proposition: Ifu e G(U)" is right invertible on A with right inver-
sion data [A,V,v, B,], then u is ca-surjective onto B,.

Finally, let us turn to Question 3. Given some u = [(us):] € G(U)",
suppose that for every € the function wu. is invertible as a function on U
with inverse v.. Moreover, assume that there exists an open subset V of R™
such that V' is contained in all u.(U). Concerning the smoothness of v., we
know that v, is C°° if and only if the determinant of the differential of u, is
non-zero at all points of U.

But what if one (invertible) representative u. of u does not have this prop-
erty? Is it still possible for another representative of u to have invertible
differentials at all points of U and, thus, provide an inverse of u?

3.24. Example: Consider u = [(u):] € G(R) given by uc(z) := 23, u, is
invertible as a function on R for every € but the inverses are not smooth. As
the following proposition will show, v cannot be inverted on any open set

containing 0.

3.25. Proposition: Let U be an open subset of R", A an open subset of
U and v € G(U)™ left invertible on A with left inversion data [A,V,v, By.
Then for every representative (uz). of u and for every compact subset K of
A, there exist C >0, N € N and ¢ € (0, 1] such that

inlf{ | det(Du.(z))] > Ce™¥ (3.3)
S

for all € < gg. In particular, det(Du(z)) is strictly non-zero for all x € A.

Proof: Let (v:): be a representative of v. Since u is left invertible on A, we
have
Ve 0 Ug|a = id 4 +7e (3.4)
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for some (n.). € N(A)". Differentiating (3.4) yields
Dog(us(x)) o Dus(x) = I + Dne(x) (3.5)

for all z € A, with I denoting the (n x n)-identity matrix. Since the deter-
minant of a square matrix is a continuous function, we have

det(I + Dng(x)) — det(l) =1

as € — 0. Now choose 1 € (0, 1] such that sup,cy ||[Dnc(x)| is sufficiently
small to ensure that det(I +Dn.(z)) > 1 for all 2z € K and £ < 1. By (3.5),
it now follows that

1
At = 5 T det Do) 30

for all x € K and € < g1. Since u is left invertible on A, it is c-bounded into
B;. Therefore, there exist a compact subset L of B; and some €5 < g1 such
that

u(K) C L (3.7)

for all € < e9. The determinant being an element of Oy (R"™), it follows from
Theorem that (det ov;). is in Epr(By). Together with (3.7)) we conclude
that there exist C7 > 0, NV € N and ¢y < g5 such that

sup | det(Dve(ue(x)))] < sup | det(Dovs(y))| < Ce N
zeK yeL

for € < gg. Plugging this inequality into (3.6]) yields

1
| det(Duc(z))| > ﬁaN

for all € < g¢, as desired. O

It turns out that Proposition|3.25|also provides a necessary condition for
the moderateness of the inverse net (vc|y )., the lower bound in property
being an immediate consequence of the moderateness of the representative
(ve)e of the inverse v.

3.26. Definition: Let U be an open subset of R™. A moderate net (u.). €
Env(U) is called strictly non-zero if for every compact subset K of U there
exist C' > 0, a natural number N and some ¢y € (0, 1] such that

mlglf( |ue(z)] > CeN (3.8)

for all € < gg.
An element u of G(U) is called strictly non-zero if it possesses a repre-
sentative with this property.
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Clearly, if one representative satisfies (3.8)), then so do all. With the
terminology of Definition [3.26] Proposition [3.25| now reads

3.27. Proposition: If u € G(U)" is left invertible, then det oDu is strictly
non-zero.

To sum up, we have determined three properties that are necessary
for a given u € G(U)™ to be invertible on some open subset A of U by
[A, V,v, By, B,], namely:

1. u has to be ca-injective on A,
2. ul4 has to be ca-surjective onto B, and
3. det oDu, has to be strictly non-zero on A.

In the next section we will prove that these three conditions are also sufficient
to guarantee at least local invertibility of a c-bounded wu, in the following
sense:

3.28. Definition (Local invertibility): Let U be an open subset of R"
and u € G(U)". We call u locally (left, right) invertible if for every point
z € U there exists an open neighbourhood A of z in U such that u is (left,
right) invertible on A.

Obviously, (left, right) invertibility on some open set implies local (left,
right) invertibility on that very set but not vice versa.

Note that—contrary to the widespread usage of the term “local” and
the intuition based thereupon—for a generalised function u, which is locally
(left, right) invertible on some open set U, and some given zy € U, the
neighbourhood A of xy on which w is (left, right) invertible cannot, in general,
be chosen either arbitrarily small or arbitrarily large (see also Sectionand
cp.- Remarks and . Local invertibility only guarantees the existence
of such a neighbourhood, its (minimum resp. maximum) size depending on
the function v and the point xg (cp. Example [3.6)).

3.3 Sufficient conditions for invertibility

Our first aim in this section is to prove a partial converse to Proposition
i.e. that compact asymptotic injectivity (ca-injectivity) of a c-bounded
u € GIU,R"|, with det oDu strictly non-zero, implies local left invertibility
of u. To this end, some preliminaries are necessary.

Let u € G(U)™ and assume that (uc). is a representative such that wu. is
injective with inverse v, : uc(U) — U, for every €. If we are interested only in
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left inverses of u, it is of no importance whether there is a common nontrivial
open set inside of all u.(U); rather, we need some open set containing all
u:(U) to serve as a common domain for the v.. So far, each v, is only
defined on u.(U). Therefore, we somehow have to extend the functions v,
(in a smooth way!) to a larger set without losing their property of being
(left) inverse to the u. on some open subset A of U, independent of £ and
possibly smaller than U. We will do this by means of two-member partitions
of unity (pe, 1 —pe), where the plateau functions p. serve to retain the values
of v on some K. CC u.(U). New values for v. outside K. can be chosen
from the convex hull of im v, (or some larger compact set).

We formulate the well-known existence result for plateau functions as a
lemma, including the proof as given in [DR84], Ch. I, §2. We will make
further use of the technicalities of this very proof in the sequel.

3.29. Lemma: Let U be an open subset of R™ and K compact in U. Then
there exists a plateau function p € D(U) such that 0 < p <1 and p|x = 1.

Proof: Let p: R — R be defined by

1
ﬁ(ﬂf) = e (17$)2<1+z)2¢ WS (_17 1)
0, otherwise

Then o : R — R,

o(x) = / 2p(2t — 1)dt,
—0o0

is a C°°-function that is zero for negative z, strictly monotonically increasing
for 0 < z < 1 and identically one for x > 1. Moreover, it is antisymmetric
around (3, 3). We define h : R — R by

h(z) :==0o(z+1) —o(x).
The support of h is the closed interval [—1, 1], the function is symmetric
with respect to the y-axis and it is antisymmetric around (—3, 1) and (2, 1).

T 202 272
Zh(x—j)zl

JEZ

Therefore, we get

note that for every x the sum has at most two terms different from zero).
te that f v = th h t tt t diffe t 1
Choose a “grid size” n > 0 such that every n-dimensional cube with side
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length 1 having non-empty intersection with K is contained in U. For

(j15- -5 Jn) € Z" we now define p(;, ;) :R" — R by
- 2xz; .
Pt ynjn) (T ooy Ty) = Hh ( » _Ji> :
i=1

The support of ¢ is exactly the closed n-dimensional cube with side

jl»-“:jn)
length 7 and centre Z(j1,...,jn). For j = (j1,...,jn) We have

Z wj(x1,...,2n) = Z Z (p(jh._.,jn)(xl,...,xn)

JEL™ JI1EZ Jn€Z

Sl

Let J :={j € Z" | supp p; N K # (}. Since K is compact, J is finite. Now
define p : R” — R by
pi=) 9

Jj€J
The function p is C*°, maps R" into [0, 1] and has compact support. By the

choice of 7, the support of p is contained in U. Finally, since ¢;|x = 0 for
j € Z™\J, we have

ple =Y eilc=> wilx=[D v || =1

jeJ JEZL™ JEL™ K
Restricting p to U yields a function in D(U) with the properties claimed. [

3.30. Proposition: Let U, (for € € (0,e9]) be an open subset of R" and
K. compact in U, such that (dist(K., Uf))e is strictly non-zero. Let U be
another open subset of R™ such that U, C U for all e. Then there exists a
net (pz)e € En(U) of plateau functions such that p:|x. = 1 and supp p. C U,
for € sufficiently small.

Proof: By assumption, there exist C > 0, N € N and ¢; € (0,g9) with
dist(K.,UE) > CeVN for all € < £;. Hence, we can choose 7, with CeV 1 <
ne < dist(K,, US) such that every n-dimensional cube with side length 7.
having non-empty intersection with K. is contained in U, for all ¢ < ¢;.
From now on, we always let ¢ < ;. Construct plateau functions ¢, : U, —
[0,1] as in the proof of Lemma with respect to U. and K. using grid
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size n.. Let p. € D(U) be the smooth extension by 0 of ¢. to U. Then,
conferring to the proof of Lemma the plateau function p. is given by

ps=<290§>

J€Je

9

U

where, for any j = (j1,...,Jn) € Z", ¢ maps from R" to R and is given by

n

2x; .
@;(117"'7'%'7’1) - Hh <’L _.71) )
i=1 e

and J. := {j € Z" | suppy; N K. # 0}. By our choice of (1), we know

that %L—f < %5_(]\”‘1) for all y € R™ and, thus, the net of mappings

<y — % — ji) is moderate. The function h, having compact support, is
an element of {Z’)M(R). Hence, by Proposition m (¢5)e 1s in Epr(R™). Let
©g = ‘Pfo,...,o)' Any ¢§ can be written as the composition of the translation
x — x—"j and ¢f. Therefore, by the moderateness of (¢f)e, it follows that

for all a € Nij there exist N; € N and C7 > 0 such that

sup [0°¢5(2)| = sup  [0%(x)| < Cre” ™ (3.9)

:):Esuppgoj TESUPD PG
for all j € Z". Now set JZ := {j € J.|z € (suppy5)°} for x € R". Then
JZ C Je holds, and j ¢ JZ entails 9%¢5(x) = 0 for arbitrary o € Nij. Hence,

0°pe(x) = Y 0°¢5() (3.10)

jeJg
for all z € R". Since the support of ¢ is precisely the closed n-dimensional

cube with side length 7. and centre % j, we obtain

72| < 2m. (3.11)

Now we show the moderateness estimates for (p:)., even globally on U. Let
a € Nj. Then, by (3.10), (3.9) and (3.11)), it follows for x € U that
0po@)| = | Y 0°¢5@)
JEJZ

<Y sup [0°¢5(y)]
jeJz YESUPP @5
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thereby concluding the proof of the proposition. O

Now that we have found a way to extend the inverses v. to a com-
mon domain, we turn to the question of moderateness. It turns out that if
(det oDuy ). is strictly non-zero, this is already sufficient to guarantee the de-
sired result. The next proposition consists of two parts. Roughly speaking,
the first part deals with the “disposition to moderateness” of the inverse net
(ve)e (recall, there is still no common domain for the v.) while in the second
part we take care of the smooth and moderate extension of the v,.

3.31. Proposition: Let U be an open subset of R" containing open subsets
W, for e € (0,ep] such that W, C K for some K CC U. Let (u¢)e € Ep(U)™.
For all € let u. be injective on W, with inverse v, : V. — W, where V; :=
ue(We). Suppose that

inf |det(Dug(z))| > C1e™ (3.12)
zeW,

for some C1 > 0 and N1 € Ny and for all € < 9. Then the following holds:

(1) The inverses v, are smooth, and for all « € Njj there exist C >0, N € N
and some €1 € (0, 9] such that for all ¢ < e the estimate
sup [0%v.(y)| < Ce™™ (3.13)
yeVe
holds. In particular, if there exists a non-empty open subset V of R™
such that V' C (g, Ver then (ve|v)e is in Ep (V)" and uniformly
bounded (the latter following from the inclusion W, C K).

(2) Let K. cC V. for e € (0,¢¢] and [(Z.).)] € R? such that Z. € L cC R”
for all ¢ < g¢. If there exist a constant Cs > 0 and a natural number No
such that

dist(K,, VE) > Coel2 (3.14)

for all ¢ < gg, then there exist smooth functions v, defined on R" such
that 0.| k. = ve|k. and U.(x) = T, for all x € R™\V; and such that (7).
is in Ey(R™)™. Furthermore, the net (0.). is uniformly bounded. In
particular, (v¢)c is c-bounded into any open subset of R™ containing the
convex hull of K U L.

3.32. Remark:

(1) The compact superset K serves a twofold purpose: First, the £y-esti-
mates of (ve)e (even if we would restrict them to compact subsets of V
which, anyway, we do not) are transformed to estimates of (u:). on K.
Second, the inclusion imv, € W, C K is crucial for the c-boundedness
of (Ve)e.
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(2) We introduce the following terminology: A function f : R" — R™ is
called a (K, yo)-extension of f : U — R™ (where U C R" open, K CC U
and yo € R™) if f|x = f|lx and f(z) = yo for all z € R"\U. In this

sense, U in the proposition is a (K., Z.)-extension of ve.

Proof: (1)): Since u. is smooth and det(Duc(z)) is non-zero for all z € W,
the inverse v, is also smooth for all e. We note that, since differentiation is
done componentwise, we only have to consider 8"‘1}9, where véi) denotes the
i-th component of v.. Let y € V..

First, for @ = 0 we have imv. = W, C K CC U. Therefore, sup,cy, [ve(y)]

is bounded independently of €. Next, we consider the first partial derivatives

of véi) . Observe

NG
:det@u:(vg(y)»'Rm (E)a;@e(y)))m . (3.19)

2

where R;; is a polynomial of degree n — 1 in n” variables and [Dv.(y)]

4]
denotes the (i, j)-th entry of the Jacobian of v, at y. Using this equality,
assumption (3.12), the inclusions imv. € W, C K and our assumption that

(ug)e is moderate, we obtain

8%1‘) (y>
0y,

sup
yeVe

1 8u§7")
" |Gt (8%(%@))

T8

1 8u§r)
< su — ' Su R’L — (2
= e, [det(Duc())] 7R | < 5z, )
r,s
o ™M e~

<

Cy

N1+N)

IN

for some constant C, some fixed N € N and ¢ sufficiently small. By the
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chain resp. the quotient rules, we find

0201 ()

Oyr0y;

- Ayr. \ det(Duc(ve(y))) i (83?5(@5(?4))>TS

8U§T) 82u§’") 8v§t)
- det(Dua(va(y)))Q ‘Si;j,k (%(vg(y)), m(ve(y))‘ En (y) t )

where S;.; ;. again is some polynomial. Estimating in a similar fashion to
above, we see that also the second partial derivatives of fuéi) do not grow
faster than some inverse power of €. By induction, we also obtain the desired
estimates for higher partial derivatives of véi), thus concluding the proof of
the first claim of the proposition.

: The idea to extend the v, is to use two-member partitions of unity
(pe, 1 — pe) where the plateau functions p. serve to retain the values of v, on
K.. Since dist(K., V) > Cye™2 | it follows from Proposition that there
exists a net (pe)e € Em(R™) of plateau functions such that p:|x. = 1 and

supp p. C V; for all . Let 0. : R™ — R"™ be defined by

Bo(z) = { pe(x)ve(z) + (1 — pe()) ey, x €V

Ze, otherwise

Since for every ¢ the function p. is in D(V;), the functions 0. are smooth.
By construction, 0.(xz) = Z. for all x € R™"\V; and, as p;|x. = 1 for all

€ (0,e0], then -]k, = v:|k. also holds. To prove the moderateness of
(0 )e we have to show that for given K’ CC R™ and a € Nj there exists some
N € N with sup,ex [090:(y)| = O(e7N) as € — 0. As before, it suffices to
consider 60‘17?), where f}éi) denotes the i-th component of .. Let K cC R"
and a € Njj. To obtain the £pr-estimates, fix ¢ and split K into the sets
K\V; and KNV,. Since K\V% is a proper subset of the open set R™\ supp p.
and o, restricted to this open set has the constant value z., it follows that
for all y € K\V; all derivatives of ¢, vanish. On K NV, we write g (x) as
pe(x) ve(x)® + (1 — pe()) Et 70, By the Leibniz rule, we obtain

05l () = 0 ( e(2) v (z) + (1 = pe()) Z@)
_ Z( > ) 0Pl (2) — 0%p. () 27

B<La

for x € KNV.. By the moderateness of (p;)e, the boundedness of (Z.). and
inequality (3.13]) (established in the first part of this proof), it follows that
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ﬁaﬁéi) is bounded on K NV, by some inverse power of €. Since all derivatives
of féi) are constant (where all occurring values are contained in a compact
set) resp. zero on K\V, corresponding estimates also hold for all x € K.

Finally, we show that (). is even uniformly bounded. By our assumption,
imv. € W, C K. Since (z) = pe(z) v-(x) + (1 — ps(x)) Z. for all x € R,
the image point 0.(x) is either in K or at least lies on the line connecting
ve(x) (which is in K) and Z. (which is in L). Hence, im0, is contained in
the convex hull of K U L. The c-boundedness of (v.). into any open subset
of R™ containing the convex hull of K U L is a direct consequence. g

If in the above proposition the W, are equal to some open W (C K) for
all € and the compact sets K. are the images of a fixed compact subset of
W under u., condition in the second part is automatically satisfied.

To prove this we first need a lemma. In what follows we will denote by
Ty the line segment {A\x + (1 — A)y|0 < A < 1} where xz and y are elements
of some affine space.

3.33. Lemma: Let A CR" and x € A°. Let y € A such that |x — y| =
dist(x,0A). Then the half-open line segment S = 7Ty \ {y} is a subset of A°.

Proof: Obviously, S is connected and splits into SN A° and SNext(A) since
S NIA = 0 by assumption (every z € S satisfies |z — z| < |z — y|). From
x € SNA°, it follows that SNext(A) is empty which establishes S C A°. O

3.34. Proposition: Let U be an open subset of R", W a (non-empty)
open subset of U with W CC U and (u:). € Ey(U)™. For all € € (0, g0
let u. be injective on W with inverse v, : u.(W) — W. Let [(Z.).] € R?
with . € K' CC R" for all € < g, let K be a compact subset of W and
K. = u.(K). If

xlélva | det(Du.(x))| > C1eM

for some C'1 > 0, N1 € Ny and for all ¢ < ¢, then all v. are smooth and there
exist (K, T, )-extensions U, of v such that (0;) is in Epr(R™)™. Furthermore,
the net (v:)c is uniformly bounded. In particular, (U:). is c-bounded into
any open subset of R™ that contains the convex hull of W U K'.

Proof: Set V. := u.(W). All we have to do is to show that
dist (K., V<) > ceV

for some C' > 0, a natural number N and sufficiently small €. Applying
Proposition then yields the desired result.

By Theorem V. is open in R™ and u, maps W homeomorphi-
cally to V.. Choose y1. € 0K, and ya. € 0V, such that dist(K.,VS) =
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dist(0K.,0Vz) = |yie — y2e|. Set n := dist(K,W¢) > 0 and let L :=
K+ Bg(O). Then L is a compact subset of W and L. := u.(L) is a compact
subset of V.. Set d. := dist(L., V) > 0. Since, by construction, K. C L2,
we have

68 < diSt(K87 V;C) = ’yls - y25|-
Choose some 7j2. on the open line segment between yi. and yo with
|Z725 - y2£—:| < Je.

Since yo. € OV; and dist(Lg, V) = d., it follows that gs. ¢ L.. By Lemma
3.33] T1zvae \ {y2:} is a subset of V. and, hence, §s. € V:\L.. Let 21 € K
and Zo. € W\L such that u.(z1:) = y1e resp. us(Z2:) = P2e. Then, since
dist(K, L) = dist (K, (K + By (0))°) = § and Z2. € W\L C L, we have

|5Z'2€ - l'1€| > diSt(i‘gE, K) > g
Therefore,
dist (Ke, VE) = [y1e — y2e| = 910 — Joe| = [ue(@1e) — ue(T2e)]-

By the Mean Value Theorem (note that yi.92. € V. by Lemma , we
obtain

7 < Jore — 2o
= |ve(ue(w1e)) — ve(ue(T2e))|
< Sup [Dve ()| - [ue(z1e) — ue(T22)]- (3.16)
yeVe

By Proposition there exist N € N and ¢’ > 0, both independent of ¢,
and some ¢ € (0, e such that

sup || Do (y)| < C'e™V
yeVL

for all € < 1. Together with (3.16) this entails
e (212) — ue(Zae)| > eV

for Cy := 57 and € < 1 and we are done. O

Now it is easy to prove

3.35. Theorem: Let U be an open subset of R™ and u € G[U,R"|. If u is
ca-injective and det o Du is strictly non-zero, then wu is left invertible on any
open subset W of U with W CcC U.
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Proof: Let W and W' be two open subsets of U with W cc W/ C W' cC
U. By the ca-injectivity of u = [(uc)], there exists some g9 € (0, 1] such
that uc|7 is injective for all € < gg. Let v, : u.(W') — W’ be the inverse
of uc|ws. Now apply Proposition m to U, W', (ue)e, (ve)e, 0 € {0}, W

and K. := u.(W). By the c-boundedness of u, there exists a compact set
K C R" such that u.(W) C K for sufficiently small e. We obtain that u is
left invertible on W by [W,R", 0 := [(0.).], B;] where 7 is a smooth (K., 0)-

extension of v. and B; can be any open subset of R that contains K. [

Note that to construct the left inverse in Theorem [3.35| we used only
one representative that is ca-injective. However, by the discussion follow-
ing Corollary we know that for left invertible generalised functions all
representatives have this property. Hence, Theorem [3.35 immediately yields

3.36. Corollary: Let U be an open subset of R", u € G[U, R"] and det oDu
strictly non-zero. If one representative of u is ca-injective, then all represen-
tatives have this property.

At this point the question arises if we may prove a theorem with respect
to ca-surjectivity and right invertibility corresponding to Theorem [3.35] i.e.
a partial converse to Proposition [3.:23] A quick glance at the results from
which Theorem [3.35] was derived shows that matters turn out to be more
complex as to such a “dual” statement: Given ca-injectivity of (ue). we have
set-theoretic inverses (v:). on suitable open sets. These can be lifted to the
level of moderate c-bounded nets by Proposition yielding a left inverse
for [(ug)e]. Dually, given ca-surjectivity of (uc)e, we fail when trying to
imitate this argument since we do not even obtain continuous right inverses,
in general.

However, we can show that local invertibility follows from the combina-
tion of ca-injectivity and ca-surjectivity and the assumption that det o Du is
strictly non-zero.

3.37. Theorem: Let U and B be open subsets of R" and u € G[U,R"]. If
u IS ca-injective and ca-surjective onto B and if det o Du is strictly non-zero,
then u is locally invertible on U.

More precisely, for every z € U and every open subset B, of B with
B, CC B there exist an open neighbourhood A of z with A CC U, an open
relatively compact subset B; of R" containing B,., and some v € G(R")"
such that w is invertible on A with inversion data [A,R",v, By, B;]. The
set A can be chosen to contain any given M CC U. Furthermore, there
exist representatives (u). of u and (v:). of v such that v o u:|4 = id4 and
Us 0 V|, = idp, for sufficiently small €.
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Proof: Let z € U, (u.). a representative of u and B, an open subset of B
with B, CC B. Let § > 0 such that (B,)s CC B for (B,)s := B, + Bs(0).
By the ca-surjectivity of u, there exists a compact subset K of U with

(Br)s C ue(K) for € sufficiently small. Choose a compact subset L of U
with K U{z} UM ccC L° for some given M CC U. Set A := L°. Then
B, C u.(A) for small . Let n > 0 such that the closure of 4, := A+ B,(0) is
a compact subset of U. From the ca-injectivity of u, it follows that wu. is in-
vertible (as a function) on A, by, say, we : u-(A,) — A, for € small enough.
Proposition now yields the existence of smooth (u.(A),y)-extensions
ve of w. (for y € A, fixed arbitrarily) such that (v:). € Ex(R™)". Thus,
Ve 0 ug|4 = id4 and w. o ve|p, = idp,. Since B, C u.(K) C u.(A), we have
Ve(By) = we(By) € K CC L° = A. Hence, v.|p, is c-bounded into A. By
the c-boundedness of u, we can find a compact subset K’ of R™ such that
ue(A) C K’ for € small. Finally, let B; be an open relatively compact subset
of R™ containing K’. Then B, C u.(A) C B; and, thus, u is invertible on A
with inversion data [A,R", v, B, B,]. O

3.38. Remark:

(1) By the preceding theorem, we do not obtain an inverse of v on arbitrarily
small open subsets of U (as was the case in Theorem . On the
contrary, the size of the neighbourhood A of z € U depends on B;.
This does not constitute a deficiency of our proof, rather it originates
from the necessity of proving the c-boundedness of v|p, into A. As was
discussed earlier, A cannot be forced smaller, in general, by shrinking

B, (cf. Example [3.6)).

(2) In the proof of Theorem we construct, given some representative of
u, a net of smooth (classically) inverse functions v.. This means we can
find smooth inverse functions to any given representative of u. However,
the sets A and B; depend on the chosen representative.

Finally, we demonstrate to what extent for an invertible v with inverse v
there exist representatives (ug)e of u and (v.) of v such that the compositions
ve o ue and u, o v classically are the identity (on suitable sets).

3.39. Theorem: Let U be an open subset of R", A an open subset of U and
u € G(U)™ invertible on A with inversion data [A,V,v, B, B;|. For every
representative (u:). of u and for every open subset W of B, with W CC B,
the following hold: There exist an open subset A’ of A with A’ CC A and a
moderate net of functions (w;): € Epr(R™)™ such that we o ug| 4 = idy and
ue o we|w = idyy for sufficiently small . Moreover, u is invertible on A’ by



3.4. Generalised inverse function theorems 63

[A"R™ w := [(we)e], Bi, W] and w|w = v|w in G(W)™. The set A" can be
chosen to contain any given M CC A.

Proof: Let (u.). be a representative of u, W an open subset of B, with
W CC B,, M a compact subset of A and z € M. Let § > 0 such that
Ws CC B, where Ws := W+ Bs(0). By Propositionsand we know
that (ue)e is ca-injective on A and ca-surjective on A onto B,. Furthermore,
Proposition says that det o Du is strictly non-zero on A. Then it follows
from Theorem (applied to A, B, and W in place of U, B and B,) that
there exist an open neighbourhood A’ of z in A with M C A’ C A’ CcC
A and some w € G(R™)™ such that u is invertible on A’ with inversion
data [A',R", w, B;, W|. Furthermore, by Remark (@), there exists a
representative (wg)s of w such that we o uz|4 = idar and ue o we|w = idw
for ¢ sufficiently small. The equality w|w = v|w in G(W)" follows from

Proposition . ]

3.4 Generalised inverse function theorems

The classical Inverse Function Theorem says that, solely from the invert-
ibility of the derivative at a point zg of a given function f, we may deduce
that on a suitable neighbourhood of zg the function itself is C'-invertible.
Conversely, by the chain rule, if f is C'-invertible on some open set W, then
its derivative is invertible at every x € W. In analogy to the latter state-
ment we proved in Section [3.2|that for every generalised function u € G(U)™
invertible on A the determinant of the derivative is strictly non-zero at all
points of A. Contrary to the classical case, however, this latter property
at only one point is not sufficient to imply invertibility of © on some neigh-
bourhood. Certainly, it provides e-wise smooth inverses of a representative,
but it says nothing about the sizes of the neighbourhoods on which those
inverses are defined. In the following series of examples, we consider gener-
alised functions defined on open subsets of R and examine their derivative
at 0 and their (non-)invertibility behaviour on certain neighbourhoods of 0.

3.40. Example: Let u := [(us)s] € G(U) with U := (—a,«) for a > 0 be
defined by u.(z) := esinz (Figure [3.4). The derivative at 0 is Du.(0) = ¢,
i.e. det o Du(0) is strictly non-zero. Nevertheless, u is not invertible on any
neighbourhood of 0 since it is not ca-surjective on (—a, ) onto any open
subset of R.

1

Even if we demand that Duc(z0) grows as _, or at least is bounded away

from 0, the situation does not get better.
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Figure 3.4: u.(z) =esinz

3.41. Example: Consider u := [(u):] € G(U) with U := (—a, a) for a > 0
given by u.(z) := esin £ (Figure . The derivative at 0 is Du.(0) = 1 for
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Figure 3.5: u.(x) = esin £

all . Again, u is not invertible on any neighbourhood of 0 since it is not
ca-surjective on (—a, ) onto any open subset of R.

3.42. Example: Let u := [(u:):] € G(U) with U := (—a,«) for a > 0
be given by u.(v) := esin % (Figure . This time the derivative at 0
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Figure 3.6: ue(v) = esin 5

is Du.(0) = %, i.e. growing as ¢ — 0. But still u is not invertible on any
neighbourhood of 0, for the same reasons as before.
Thus it becomes apparent that the invertibility of the derivative at one

point is not enough to ensure invertibility of u on any neighbourhood of that
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point. To stabilise the sizes of the sets on which the functions u. and their
inverses are defined, it seems inevitable that we must impose conditions on
u and/or its derivative even on some neighbourhood of .

In Section we presented a proof of the classical Inverse Function
Theorem that keeps track of the minimum sizes of the neighbourhoods on
which the function is invertible. In what follows we will make good use of
those lower bounds in the proof of a generalised inverse function theorem.
To begin with, we pin down an estimate for the determinant of a square
matrix by its operator norm.

3.43. Proposition: Let A be a square matrix with entries in R. Then
|det(A)| < C - [|A[I"

holds, where C' > 0 is some constant depending on the norms employed in
R™,

Proof: By Hadamard’s Inequality (see e.g. [Fis02], page 298),
n n
jdet(4)] < [T ol < (sup ol ) (317)
i=1 '

where a; denotes the i-th row of A. Since N : A — sup, ||a;||2 defines a
norm on the finite dimensional vector space L(R™,R™), there exists a con-
stant C” > 0 such that N(A) < C'||A]| for all A € L(R",R"™). Together with
this yields the desired inequality. O

The quickest way to obtain an inverse function theorem for generalised
functions u (with representative (u.).) consists in assuming that the esti-
mates of Theorem hold uniformly in € for all u.. Then Proposition
takes care of the common domain and the moderateness of the inverses of
the u.. Recall that T ~ y (T € R", y € R™) signifies that y is the shadow
of Z, i.e. that for one (hence any) representative (Z:). of = the net (Z.).
converges to y as € — 0 (see Definition .

3.44. Theorem: Let U be an open subset of R, v € G[U,R"| and zp € U.
Letey € (0,1], yo € R™, a,b > 0 andr > 0 satisfying the following conditions:

(1) u(xo) ~ 10-
(i) ab < 1.

(iii) B, (zo) C U.

If there exists a representative (ug). of u such that for all ¢ < &1
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(1) det(Dug(zo)) # 0,

(2) |Due(zo) | < a,

(3) ||Due(zo) — Duc(z)|| < b for all x € By(xo),

then w is invertible on By, (x¢) with inversion data

BO(?“(Q:O)a Rn7 v, B7 Bﬁ(l—ab) ,y,,‘(y()):| )

a

where « and (3 are arbitrary in (0, 1), 7y is arbitrary in (0, «) and B C R" is an

arbitrary open set containing | J. .. u:(Bar(20)) for some suitable 9 < &1.

e<eg
Furthermore, v(yg) ~ zg. Also, there exists a representative (v:)e of v

such that

~1
Vel e (Bar (20)) = Ue| Buy (z0)

for all ¢ < e9.

Proof: Since the demonstration of this theorem would be but a slimmed-
down version of the proof of the next theorem, we omit it and refer to what
follows. O

The preceding theorem, however, is not capable of handling situations
such as jumps (cf. Example , which we consider as crucial due to their
appearance in applications (see Chapter . This shortcoming stems from
the assumption of uniform boundedness (with respect to ¢) of the norms of
both Du(xg) — Dug(x) and Du.(z¢)~!: Typically, the former is violated by
(representatives of) jump functions and the latter by their inverses.

So we present a result much more flexible than Theorem (but in-
cluding it): Essentially, we replace a by a.c” and b by b.e™.

3.45. Theorem: Let U be an open subset of R", v € G[U,R"| and xp € U.
Let yo € R™, g1 € (0,1], ac,b: >0 (¢ <e1), N € Ng,d>0andr >0
satisfying the following conditions:

(i) u(wo) ~ 0.
(ii) s :=sup{a. |0 < e < e} is finite.
(iii) acbe +de™N <1 for all e < &1.
(iv) By(x0) CU.

If there exists a representative (uc)e of u such that for all £ < &1

(1) det(Duc(zp)) # 0,
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(2) [IDuc(xo) | < ace™,
(3) |Due(wo) — Duc()|| < bee™ for all x € B, (z),
then u is invertible on By, (x¢) with inversion data
Ba’r‘(xO)7 Rnu v, B7 ngw(yo)] )

where o and (3 are arbitrary in (0,1), 7y is arbitrary in (0, «) and B C R" is an

arbitrary open set containing | ... ue(Bar(x0)) for some suitable g9 < €1.

e<eg

Furthermore, v(yg) ~ xg. Also, there exists a representative (ve)e of v
such that

-1

Ve luc (Bar(20)) = Ue| Bar(zo)

for all ¢ < 5.

Proof: We assume w.l.o.g. g = 0 (otherwise, replace U by U — xy and
ue(z) by ue(x 4+ z9)) and yo = 0 (otherwise consider u.(z) — yo); therefore,
we have u(0) ~ 0.

Let € < £;. Substituting a by a.e” and b by b.e " in the Inverse
Function Theorem shows that (by Remark ue is smoothly invertible
on B,(0). Let we : Vo — B,.(0) denote the smooth inverse of u.|g, (o), where
V. := u-(B,(0)) is open in R". By (ii),

azev azelv

1 —agb:. = delN

S
< 2
—d

holds. Therefore, ace™ being the value corresponding to ¢ in Theorem

1—acbe
we obtain
s
D <z
Duc(e) ™ <
for all z € B,(0). From Proposition it follows that
[ det(Duc(a)) e (318)
et(Dug(x))| = .
y det(Dug(z)~1)| = Csm

for some constant C > 0 and for all z € B,.(0). Now let a € (0,1) and
K. := us(Buar(0)). From , it immediately follows by Proposition
that there exist (K¢, 0)-extensions v of w. such that (ve)e is in Ep(R™)™. In
particular, ve o ue| g, (0) = idB,,(0)- Now let 3 € (0,1) and v € (0, ). Since
ue(0) converges to 0 for € — 0, there exists some €3 < ¢; such that

ue(0) < (1= )2 yr

for all € < e9. Thus, by Proposition Bﬁgw(()) C u(Byr(0)) for all

e < g9. From now on, we always let ¢ < 9. Since u.(B,.(0)) C K., we
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have u. ov5|3ﬁ%w(o) = idBﬁ
Bay(0) since ve(Bga,,.(0))

c-bounded into any open set

(0)- Moreover, (ve|p , (0))e is c-bounded into
BT

@R,

yr

N

+(0) € Bar(0). Furthermore, (uc|p,, (0))e is
C R™ that contains |J, ... us(Bar(0)) since

B,
B e<eg
u is c-bounded into R™.

par Finally, applying Theorem and due to the fact that v.| Bl (0)=
ST

w we get
e’Bﬁgw(O)a g

[0:(0)] = [ve(0) — v(ue(0))] <
Since u.(0) — 0, this also shows that v-(0) — 0 as ¢ — 0. O

3.46. Remark: Condition appears in the first place to make sure
that for every e the inverse Du.(x¢) ! exists and, therefore, to give meaning
to . However, it turns out that actually implies a much stronger

condition on (det(Duc(zg))). than does: By Proposition

1
det(Dug(zo)™1)

1 1
eV > eV (3.19)

= > —_—
| det(Due (o)) 2 6t " 2 o

for some constant C' > 0 (cp. the preceding proof). This means that if
[Duc(z0) Y| is bounded by some positive power of ¢, then the determinant
of Du.(xg) can be estimated from below by a negative power of ¢, as €
tends to 0. In particular, det(Du.(xg)) is strictly non-zero, a property that
we already know to be satisfied by any invertible generalised function (cf.
Proposition .

On the other hand, for n > 2 one cannot conclude from det(Du.(x¢)) >
g(e) with g(¢) — oo as ¢ — 0, that condition is satisfied: Consider
[(ue)e] € G(R?)? defined by ue(z,y) := (x,9(¢)y). Then, for any (zq,y0) €

R?, Duc(x0,v0) = (1) (0) and det(Dus(xo,y0)) = g(e) — oo for e — 0.
g(e
However,
1 0 1
||DU5(5L”071UO)_1H = 1 = max <]-7 ) - 17
0 & g(€)

i.e. eventually ||Duc(zo,yo) || is not decreasing with e.

Including guarantees that Banach’s Fixed Point Theorem can
be applied (implicitly via Theorem [1.3]).

The convergence of (us(xp)): to some yo in Theorem ensures that
the images of the open ball B, (z¢) under the u. are not scattered wildly all
over R™ but stay centred around yg9. One may suspect that this condition
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is stronger than necessary. As a matter of fact, the theorem still holds
true if u.(xo) stays close enough to yo in the following sense: In the proof,
convergence of (ug(xg))s is needed in one place only, namely to obtain e
such that

|ue(0) — yo| < (1 - B)g yr (3.20)

holds for all € < e5. Hence, u is invertible even if the convergence condition
is weakened to ([3.20)).

The next proposition shows that the conditions of Theorem in
fact, are independent of the choice of the representative.

3.47. Proposition: If one representative of u € G(U)" satisfies the condi-
tions of Theorem then every representative does.

More precisely, if (uc)e satisfies the conditions of the theorem with x,
Yo, €1, Qe, be, s, N, d and r, then another given representative (). of u
satisfies them with o, yo, N, r and suitable values for &, @, b., 5 and
d which can be chosen to satisfy & < e1, @. > a. and b. > b. (for all
£ <¢&1),5> s and d < d. Furthermore, we may suppose |a. — a.| — 0 and

|be —be| — 0 fore — 0and 5\, s and d / d for & — 0.

Proof: Since the difference of (u.). and (u.). is negligible, u.(xg) converges
to yo for e — 0. By Remark det(Dug(zp)) is strictly non-zero and,
therefore, also det(Du.(x)) has this property.

First, we show that w.l.o.g. we may assume that (b.). is moderate. On
the one hand, we have

|Due(x0) — Due(z)|| < boe™ V. (3.21)

On the other hand, by the moderateness of Du,, there exist C > 0, N1 € N
and g9 < g1 such that

|Due(20) — Due(z)|| < Ce™™ (3.22)

for all ¢ < e9. Inequalities (3.21]) and (3.22)) yield
IDue (20) — Dug (w)|| < ble™

for b := min(b., CeV ™M) > 0, a moderate net of positive numbers that still
satisfies all other conditions of the theorem.

In the following, let D > 0 and M € N such that b, < De™™ for all
e < g1. By Proposition m the difference (Duc(xg)~! — Daic(zg)1)e is
negligible. Therefore, we can choose €9 < €1 such that

D (20) 7| < |[Due(xo) Y| + A2V TMFL < (q, + ANTMFN N (393)
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for some A > 0 and

| D@ (x0) =D (z)|| < ||Duc(z0) —Due(x)||+Be < (b.+BeNThe™N (3.24)

for all z € B,(zg) for some B > 0. We set
G 1= ae + AgNTM+1 and be :=b. + BeNT!

for ¢ < e5. Hence, a. > a. and b. > b. for all € < e5. Since s = sup{a. |0 <
e < g1} is finite and AeN+TMF! converges monotonously to zero, it follows
that 5 := sup{a. |0 < € < &1} is finite and greater or equal to s.

Finally, we check condition for a. and b,:

acbe = (az + AeNTMI (b, 4 BN T
_ aebe + a. 'B€N+1+ bs 'A6N+M+1+A6N+M+1'B€N+1
~~ ~— ~—
<1—deN <s <De M

<1-— (d—s(sB+AD+AB€N+M+1)>sN.

Now let &1 < g9 such that the expression in the brackets becomes positive
for all e < &;. Set d :=d — & (sB + AD + AB §1N+M+1), then

azb: <1 — deN

holds for all ¢ < &;. The convergences |a. — @.| — 0 and |b. — b.| — 0 for
e —0and 5\, sand d /d for & — 0 follow from the definitions of a., b,,
5 and d. g

3.48. Remark: Theorem being a special case of Theorem [3.45] it
is clear that the statement of Proposition [3.47] applies analogously to the
situation of Theorem [3.44]

The following example shows that the inversion issue of the jump func-
tion of Example [3.3|is settled affirmatively by Theorem [3.45

3.49. Example: Let u € G((—a, )) (for @ > 0) be the generalised function
modelling a jump with u.(r) = z +arctan £ as a representative. We already
found in Example [3.3] that u is invertible on an open neighbourhood of 0.
Indeed, (ue). satisfies all conditions of Theorem with g = 0, yo = 0,

51:1,(15:6%(thens:l),bszl,N:L0<d§%and0<r<a.

The next example emphasises the role of (iil): If this condition is
violated, we cannot expect u to be invertible.
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3.50. Example: Recall u from Example[3.9} A representative was given by
ue : (—a, ) — R, ug(x) =sin Z. Let wp = 0. Then yo = 0. No matter how
small we choose €1 or r, we always end up with N =1, a. = 1 and b, = 2.
Since the product of a. and b, is already greater than 1, no d > 0 can be
found consistent with condition . That is not surprising since we
have already noted that (u.) is not ca-injective on any neighbourhood of 0
and, thus, u cannot be left invertible.

Despite the lack of left invertibility there is still hope for v from Ex-
ample to be right invertible since (u.). at least is ca-surjective onto
(—=1,1). Therefore, a theorem yielding right invertibility of generalised func-
tions similar to u from Example [3.50] assuming properties of « similar to
those of Theorem [3.45, might be desirable.

3.51. Theorem: Let U be an open subset of R", uw € G(U)"™ and xy € U.
Let yo € R™, 1 € (0,1], ac,be >0 (¢ <e1),d > 0 and r > 0 satisfying
(i) u(zo) = yo,

(ii) ac(b: +d) <1 for all e < ey,

(iii) By(x0) C U,

and N € N. If there exists a representative (u. ). of u such that for all e < €1
(1) det(Duc(xo)) # O,

(2) | Duc(wo) || < ace®,

(3) ||Duc(z0) — Due(z)|| < boe™N for all z € B, n(z0),

then u is right invertible on B, x (zo) with right inversion data

Bar&‘é\] (:CO)y Rna v, Bﬂd’YT(yO)] )

where o and (3 are arbitrary in (0,1), v is arbitrary in (0,«) and for some
suitable g9 < &7.
Furthermore, v(yg) ~ zo. Also, there exists a representative (ve)e of v

such that
1
Veluo(B, _n(20)) = UelB, _y(x0)

for all ¢ < 5.
Proof: The main difference to Theorem [3.47] is the fact that the size of the

ball where u, is injective is shrinking with . Consequently, no left inverse
can be found without further conditions (cf. Examples and [3.52)). To
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prove the theorem just use instead of to obtain an estimate for
aceN
1—acbe

omitting the part concerning the left inverse. O

and replace 3 by % and r by re® in the proof of Theorem [3.45| while

Note that we do not require u to be c-bounded into R™. This is due to
the fact that the c-boundedness of w is only necessary when composing with
a left inverse, whereas the aim of the theorem is to produce a right inverse.
Moreover, Condition has a shape different from its equivalent in
Theorem [3.45] corresponding to the difference in the estimates due to the

replacement of by re". Note that is weaker than and
that implies . The actual shape of seems to be
incomparable to the corresponding ; it reflects the necessity of the
proof to employ . Finally, the convergence condition can again be
exchanged for

|ue(wo) — yol < (1= B)dyr

for all ¢ < &;.

3.52. Example: Checking u.(z) := sinZ for the conditions of Theorem
we easily see that (u.). satisfies all the requirements with respect to
r0=0,90=0,e1=1,0<r < F,a.=1,b. =1—cosr,0 <d < 1—cosr and
N = 1. Therefore, u = [(us)] is right invertible on a suitable neighbourhood
of 0.

Again, the conditions in Theorem hold true independently of the
choice of the represenative.

™ satisfies all condi-

3.53. Proposition: If one representative of u € G(U)
tions of Theorem then every representative does.
More precisely, if (uc)e satisfies the conditions of the theorem with x,
Yo, €1, A, be, N, d and r, then another given representative (1. ). of u satisfies
them with xg, yo, N, r and suitable values for &, a., b. and d which can be
chosen to satisfy & < €1, @. > a. and b, > b, (for all ¢ < &) and d < d.
Furthermore, we may suppose |a. — a.| — 0 and |b. — b.| — 0 for ¢ — 0 and

d /d for& — 0.

Proof: The proof closely resembles the proof of Proposition

The difference (uc)e — (e)e being negligible, u.(zg) converges to yy as
e — 0. Moreover, det(u.(xg)) is strictly non-zero since det(us(zp)) has this
property. By Proposition |Due (z0) 1| is strictly non-zero and, hence,
so is (ac)e. In the following, let D1 > 0 and M; € N such that a. > DM
for all e <e;. Again, we may assume w.l.o.g. that (b:). is moderate. So let
Dy > 0 and Ms € N such that b, < Dye M2 for all € < &.
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As in the proof of Proposition [3.47], we can choose 5 < g1 such that

D@ (20) "} || < |Due(zo) || + AeNFMI+HMAL < (g 4 A MiF+MaA1y N
for some A > 0 and

D (20) — Dite(z)|| < ||[Due(zo) — Duc(a)|| + Be ¥ < (b + Be)e™

for all x € B,.~(xo) for some B > 0. The index €3 and the constants A and
B are chosen according to the negligibility of (Du.(x) ™! — Dac(2)~!). and

(Due — D). over the compact set By (xg). We set
e := ap + AgMitMz+l and b. :=b.+ Be

for ¢ < 9. Hence, a. > a. and b, > b, for all € < g5. Consequently, also
a. > D1eM1 holds. It only remains to check condition for @, and b,:
acb. = (a. + A Mty (p_ 4 Be)
= agba +a5 . Bg + ba . A€M1+M2+1 + A5M1+M2+1 . Bg
~~

<l—aed
=1—acd+AcM1TM2atlg

1
<1—a.d+a.- ( = AMtMetlg B
(5

~~
<ppe ™
+ _i be -A5M1+M2+1 + _l A5M1+M2+1 X Bs)
Qe ~~ Qe
N~ <Dy M2 ~~
§i87A11 - SDngfMl
Ad ADs AB
<l-a. (d—ec(=eM 1B ZZ Mot )
> Qe ( £ <D15 + b5+ Dy + Dy 15

Now let &1 < €9 such that the expression in the brackets becomes positive
foralle <&. Setd:=d—&; (B + AD[iz + %E_lMQJrl), then

a:b. <1—a.d

holds for all ¢ < &;. The convergences |a. — a:| — 0 and |b. — b.| — 0 for
e —0and d /d for & — 0 follow from the definitions of a., b and d. O

Now that we were successful in proving a “right inverse function the-
orem” the question arises if also a modification with respect to “only left
invertible” is possible. Typically, the generalised functions being only left
invertible are ca-injective on a fixed set but the interior of the intersection
of the images of this set under u. is empty. In addition, we know that the
inverse of any right invertible function is left invertible (cf. Proposition
([D). So let us take a look at
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3.54. Example: Consider v € G((—1,1)) that has v.(z) := carcsinz as a
representative (Figure . This v is a right inverse to the function u we

7
>

N

—

N[ =

|
I\

Figure 3.7: v.(x) = carcsinx

studied in Examples and Since Du.(0) is the reciprocal value of
Duc(0), it is not surprising to discover that (v.). satisfies estimates similar

to and with the sign of N reversed.

Indeed, reversing the sign of N in Theorem and leads to
sufficient conditions for left invertibility.

3.55. Theorem: Let U be an open subset of R, u € G[U,R"| and xy € U.
Let €1 € (0,1], ac, b > 0 (e <e1), N € Ny, d > 0 and r > 0 satisfying the
following conditions:

(i) s :=sup{a. |0 < e < e} is finite.
(i) acbe +de™ <1 for all e < ¢;.
(iii) By (zo) C U.
If there exists a representative (ug). of u such that for all ¢ < e,
(1) det(Dus(zo)) # 0,
(2) |Due () 1) < e,
(3) |IDu(x0) — Duc(z)|| < bee™ for all & € By(xo),
then u is left invertible on B, (o) with left inversion data

[Bar('l'O)?Rna v, B]

where « Is arbitrary in (0,1) and B C R" is an arbitrary open set containing
U€§61 Ue (BOé'f' (x()))
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Furthermore, there exists a representative (v;). of v such that

’U5|U8(Bo¢7'(-730)) = uE’Ba’l'(zO)_l

for all ¢ < 5.

Proof: To prove the theorem just use as in Theorem to obtain an
estimate for ffa;bs and replace a.e" by a.e™, b.e™ by b.e" and d by
e2N in the proof of Theorem while omitting the part introducing the

constant 3 and the part concerning the convergence of v.(0) to 0. ]

The preceding theorem lacks the convergence condition on (ue(zg))-
corresponding to since for the construction of a left inverse we do
not care if the intersection of the images under u. still contains a non-empty
open set.

3.56. Example: Let v be the generalised function from Example Then
(ve)e satisfies the conditions of Theorem with respect to xg = 0, v; =,

0<r<¥a=lb=/fo-1<LN=Tad0<d<2- Ao

Once more we show independence of the choice of the representative in
Theorem [3.55]

" satisfies all condi-

3.57. Proposition: If one representative of v € G(U)
tions of Theorem then every representative does.
More precisely, if (uc). satisfies the conditions of the theorem with x,
€1, e, b, s, N, d and r, then another given representative (u.). of u satisfies
them with zg, N, r and suitable values for &, a., b., § and d which can be
chosen to satisfy &, < €1, @- > a. and b, > b, (for all e < &1), 5 > s and
d < d. Furthermore, we may suppose |a. — a.| — 0 and |b. — b.| — 0 for
e—0ands\,sandd / d for & — 0.

Proof: The proof is nearly the same as the one of Proposition Qe
and b., 5, &, and d are defined as before. Thus, they have the claimed
properties. There are only two differences to the proof of Proposition
Again, we show that w.l.o.g. (b:)c is moderate, only that this time b. :=
min (bE,C’ef(]\”Nl)). And then, in the equivalents of the estimates
and , we find some g9 < €1 such that the negligible part in the respec-

tive estimate is less than AgM+1 2N+1 O

resp. Be

In classical inversion theory there are several theorems concerning the
global injectivity of a given function (cf. [Par83]). One of them is from Gale
and Nikaido (J[GN65]).
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3.58. Theorem (Gale-Nikaido): Let U be an open subset of R" and
Q a closed rectangular region of R™ with Q C U. Let f : Q — R” be a
differentiable mapping. If every principal minor of D f(x) is positive for all
x € Q, then f is injective on 2.

The region 2 is of the form {(x1,...,z,)|a; < z; < b,i = 1,...,n}
where a;,b; € RU {£o0o}, i.e.  need not to be bounded. For the notion of
differentiability on Q see [GN65], page 84 or [Par83|, page 17.

We use Theorem to prove yet another “left inverse function theo-
rem” that will be used in Chapter [4

3.59. Theorem: Let U be an open subset of R™ and u € G[U,R"|. If
det o Du is strictly non-zero and if there exist a represenative (ue). of u and
some ¢q € (0,1] such that every principal minor of Du.(z) is positive for all
x € U and € < gg, then u is left invertible on any open rectangular subset R

of U with R CC U.

Proof: Let R be an open rectangular subset of U with R CC U. Let § > 0
such that Rs C U where Rs := R+{(z1,...,7,) € R"||z;] < §,i=1,...,n}.
Then Rs is a closed rectangular region and, by Theorem every u. is
injective for all € < gg. We define w, : u.(Rs) — Rs by we := Us|R571~ From
Proposition it follows that there exist (uc(R),0)-extensions v. of we
such that (ve) is in Ey(R™)™. Since w is c-bounded into R™, there exists a
compact subset K of R™ such that u.(R) C K for ¢ sufficiently small. Hence,
u is left invertible on R with left inversion data [R,R",v := [(vs)¢], Bi], where

B; is an arbitrary open subset of R containing K. O

Finally, we take a look at the relation between the classical Inverse Func-
tion Theorem[I.3]and the generalised Inverse Function Theorem[3.45] On the
C* level we saw in Remark[3.2] (3)) that if a smooth function f : U — V (with
U and V open subsets of R") is classically C*°-invertible on a neighbourhood
W of some point xy € U with smooth inverse g, then, obviously, o(f) = ¢(f)
is strictly invertible on W with inversion data [W, f(W),o(g), f(W)]. But
what is the situation if f is not C*°, i.e. if we cannot use the trivial em-
bedding ¢? In the following, we will show that our notion of invertibility
and the generalised Inverse Function Theorem [3.45| are consistent with the
classical Inverse Function Theorem [I.3] the latter taken for the special case
X =Y =R" and f a C!-function. First, we need the following

3.60. Proposition: Let U be an open subset of R"™, V an open subset
of R™, f € C(U,V) and f. € C(UR™) for ¢ € (0,e9]. Assume that for
all compact subsets K of U there exists some compact subset L of V such
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that f.(K) C L for sufficiently small ¢. Furthermore, suppose that (f:)e
converges to f uniformly on compact subsets of U as € — 0. If g is a
continuous function on V', then (g o f.|x)e converges uniformly to g o f|x
for all compact sets K in U.

Proof: Let K CC U and let L CC V such that f(K), fo(K) C L for all
e < g1 for some €1 < gg. Let n > 0. Since g is continuous and L is compact,
g is uniformly continuous on L. Now choose d > 0 such that for all ¢,y € L
with |y1 —y2| < 0

l9(y1) — g9(y2)| <n

holds. Choose €9 < &1 such that

[fo(2) = f(2)] <6

for all € < 9. Since f-(x), f(x) € L for all z € K and € < g9, it follows that

sup [g(fe(x)) —g(f(x))| <n

zeK

for all € < 5. ]

3.61. Theorem: Let U be an open subset of R", xq in U and f in C1(U, R")
with det(Df(xo)) # 0. Then the following hold:

(1) u«(f) € G(U)™ satisfies the condition of Theorem around xo and,
therefore, is invertible on some neighbourhood of xg.

(2) Assume that g € C'(V,W) is the inverse of f|w around zo € W given
by the Inverse Function Theorem and v € G(R™)" is the inverse of
t(f) obtained by Theorem with inversion data [Bs,R", v, By, By].
Then for every representative (ve). of v, (v:)e and (Dv.). converge to g
and Dg, respectively, uniformly on compact subsets of B, N'V.

Proof: : Let A be an open neighbourhood of zg with A cC U. Since all
the conditions of Theorem [3.44] have to be satisfied only on an arbitrarily
small open ball with centre xg, it suffices to show that ¢(f) has a represen-
tative (ue)e such that the wu.|4 satisfy the conditions assumed in Theorem
We will even prove a (formally) stronger statement, namely that every
representative (v:)e of ¢(f)|4 satisfies the conditions of Theorem This,
in turn, will be established once we have shown that there exists at least
one representative (f:): of ¢(f)|a satisfying the relevant conditions, due to
Remark [3.48

Let 1 be an element of D(U) with ¢ = 1 in some neighbourhood of A.
Then ¢ f has compact support and can be embedded into G(U) by ¢. Using
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the formula of Chapter 2 we obtain that (((¢f) pe)\U)E is a representative
of 1o(¢f), and thus of ¢(¢f) (Proposition [2.11]). Restriction to A yields that

(fo)e == (((0f) * p8)|A)s is a representative of (1 f)|a. Since ¢ is a sheaf
morphism (Proposition [2.13]), we have

wWf)la=ra@fla) = valfla) = w(f)la,

establishing (fz): as a representative of (y7(f)|a. In the following, we will
denote ¢(f) = vy (f) simply by ¢f.

By Proposition D7 f. converges uniformly to D7 f| 4 on compact subsets
of Aase — 0 for j =0,1. Hence, (¢f)|a is c-bounded into R™ and (¢f)|a
satisfies condition (), ie. (¢f)|a(zo) = f(x0). Furthermore, we have

Df.(xo) — Df(z9) for e— 0. (3.25)
Since the determinant function det is continuous, this yields
det(Df-(zp)) — det(Df(xg)) #0 for e — 0.

Hence, det(D f-(x0)) is non-zero and, thus, satisfies for € sufficiently
small, say € < g7.

Now let C' := |[Df(zo)!|. By (3.2, and since inversion on GL,(R),
i.e. ¢ — ¢!, is continuous, we obtain Df.(x¢)~! — Df(x)~!, and thus
IDf-(x0)7Y| — [IDf(x0)7 Y| for € — 0. Therefore, for fixed a > C there
exists e3 < &1 such that |Df:(z0) || < a, showing that is satisfied.
Note that, by D(¢f) = ¢«(Df) (Theorem and by ¢«(Df)|a = ¢(¢-Df)|a
(same line of argument as for ¢(f)|4), we have

Dfe = ((¢ : Df) *ps)’A +N€

for some (N;). € N(A)"Q. Setting g := ¢ - Df and substituting z for £, we
obtain

D fe(z0) = Dfe(2)]| <
< |lg * pe (w0) — g * pe (z)|| + || Mc(z) |

= [ oo =0 - ste =)0y ay | + 132001
J

- H / (9(zo — £2) — g(@ — €2)) - p(z) dz || + | M:(=)]|
Rn

< [lg(zo —e2) —g(x —e2)| - / p(2)] dz + || Mc()]| (3.26)
R
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where (M:). € N (A)"Q. The function g is continuous and has compact
support. Hence, g is uniformly continuous on R™. Let n > 0 with a -7 -
(Jgn lp(2)]dz 4+ 1) < 1 and set

b:=n- /|p(z)]dz+1
R

(vielding ab < 1 as required by ) Choose r > 0 according to the
uniform continuity of g such that B,(z¢) C A (i.e. let r satisfy also ().

Now, for every = € B,(x¢), we have |(zg—ez) — (v —€z)| = |zo — 2| < r and,
hence,
llg(zo — e2) — g(x — ez)|| < 7. (3.27)
Let €3 < g9 such that
sup || M ()| < 7. (3.28)
xE€B(z0)
Estimating the last expression in by and , we finally

obtain
IDf.(20) — Dfe(a)l] < n- / ()| dz b= b
Rn

for all € < €3, showing that also is satisfied.

: Obviously, if the assertion holds for one representative of v, it is
true for every representative. By Theorem there exist representatives
(ue)e and (ve)e of ¢(f) resp. v such that u. o v.|p, = idp,.

First, we establish that (fov.). converges to the identity on B, NV uniformly
on B, NV: By the inclusion v.(B, N V) C B, we obtain

sup |fove(x) —a|= sup [f(ve(x)) — uc(ve(x))]
xeB.NV xeB.NV

< sup |f(y) — ue(y)|-
y€Bs

By Proposition [2.39] the right hand side converges to 0 for ¢ — 0 and, hence,
so does the left hand side.

Next, we show that for all K CC B, NV there exists some L CC B, NV
such that fowv.(K) C L for sufficiently small e: Let K CC B,NV and § >0
such that K 4+ Bs(0) CC B, NV. By the uniform convergence of (f ov;) to
idp, v, there exists some n € (0, 1] such that

|fove(z) — x| <0

for all z € K and € < n. Thus,

fouv(K)C K+ Bs(0) cC B,NV
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for all e < n.
Finally, we apply Proposition to idp,Av, (f ove)e and g to obtain that
(ve)e converges to g uniformly on compact subsets of B, N'V.

To prove the uniform convergence of the derivatives on compact sets,
we first show that Df(v:(.)) o Dve(.) converges to the identity I uniformly
on B.NV: By v.(B, NV) C Bg,

sup ||Df(v=(x)) o Dv:(z) — 1|

xeBNV
= sup |[Df(ve(x))oDve(x) — Duc(ve(x)) o Dve(x)||
zeBNV
< sup H (Df(ve(x)) - Dua(vg(x))) ° D”a(x)H
zeB.NV
< SHBgHDf(Z) — Duc(2)| - [[Duc(2) 7"

holds. As shown in the proof of Theorem (resp. Theorem [3.45]),
(Due(.)™1). is uniformly bounded on Bg with respect to e. By Proposition
m (Due)e converges to Df uniformly on the compact set By for ¢ — 0.
Hence,

sup ||[Df(ve(z)) o Du(x) —I|| -0 as & —0. (3.29)
rzeB.NV

Next, we apply Proposition to g, (ve)e and Df to obtain that

sup IDf(g(x)) =Df(ve(z))| =0 as e—0 (3.30)

for all compact subsets L of B, NV.
Finally, let K CC B, NV and x € K. Then

|Dv. () — Dy(x)| =
= [Df(ve(a)) " o Df (v () 0 Dve () ~ D (ve(x)) " 0 Df(ve()) o Dy ()|
< DS (ve(2)) ™ 0 D (v(2)) 0 Dve(w) = D (ve(w)) " o Df (9(a)) o Dy(a)]
+ IDf(0-()) " 0 Df(9(x)) o Dyg(x) — Df (v=(x)) " 0 D (v-(x)) o Dy(x)
< D (o) M- (IDf(ve(@) 0 Dva() — 1|
+ IDf(9(x)) = Df(ve(@))] - [IDg ()]

holds. Df(ve(.))! (by ve(K) C Bs) and Dg are bounded on K, indepen-
dently of €. By (3.29) and (3.30]), the two expressions in the bracket converge

to 0 uniformly on K as € — 0, thereby concluding the proof. O
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Chapter 4

A “discontinuous coordinate
transformation” in general
relativity

In this chapter, we will apply the notions and some of the results of the
inversion theory of generalised functions developed in the preceding chapter
to a problem in general relativity. This builds upon results of M. Kunzinger
and R. Steinbauer (cf. [Ste00], [Ste98], [KS99b] and [GKOS01]) which will be
reviewed here to the extent needed. We shall begin with a short introduction
to so-called impulsive pp-waves, whose description by two different spacetime
metrics (one distributional and one continuous) gives rise to a “discontinuous
coordinate transformation” (Section . Replacing the distributional form
of the metric by a generalised one leads to generalised geodesic equations
which we will study in Section Using these generalised geodesics, we
obtain a generalised coordinate transformation modelling the discontinuous
one. In Section we will show that this transformation is indeed locally
invertible in the sense of Chapter

4.1 Impulsive pp-waves

The class of plane fronted gravitational waves with parallel rays or, for short,
pp-waves was first considered by Brinkmann ([Bri23|) already in 1923 and
rediscovered subsequently by several authors, among them Rosen ([Ros37]),
Robinson in 1956 (cf. [EK62], page 88), Hély ([HEI59]) and Peres ([Perb9]).

The most common way to define pp-waves is as spacetimes admitting a
covariantly constant null vector field k®. It is possible to physically interpret
such a field as the rays of gravitational (or other null) waves. Introducing a
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null coordinate u by the condition d,u = k,, the metric of a pp-wave may
be written in the form

ds* = h(u,z,y) du® — dudv + dz* + dy?, (4.1)

where h, called the wave profile, is an arbitrary (smooth) function of its
arguments. Often is referred to as the Brinkmann form of the pp-
wave metric. A pp-wave of the form h(u,z,y) = p(u)f(z,y) is called a
sandwich pp-wave ([BPRA9]) if p is non-vanishing only in some finite region
ug < u < uq of spacetime. The gravitational field then is confined to that
region, with flat space in “front” of (u < ug) resp. “behind” (u > wy) the
wave. In [Pen68], Ch. 4, R. Penrose introduced impulsive pp-waves as an
idealisation (impulsive limit) of sandwich waves of infinitely short duration
(say ug,u; — 0) but still producing a nontrivial effect in the sense that p
equals the Dirac-9, i.e. the metric taking the form

ds* = f(z,y) 6(u) du® — dudv + dz* + dyy?. (4.2)

This spacetime is flat everywhere except for the null hyperplane u = 0 where
a ¢-like impulse is located. The corresponding geodesic equations are given
by

u//:0
il 1 12
x :§8ifu d,

2
v":f5u'2—|—228@-f$i'u'5,

i=1

where / denotes the derivative with respect to an affine parameter, 4 is the
derivative of the d-distribution and (2!, 2?) = (z,y). Since u” = 0, we may
use u as a new affine parameter (thereby excluding only trivial geodesics
parallel to the shock hypersurface), leading to

() = 5 0L (! (), 7% () (o),
2
bor) = £ (), 22(w) Bu) + 23 0 (), 2 () #(u) S(w), (43)
=1

where the upper dot ° denotes the derivative with respect to u and we
have written out all the dependencies explicitly. Heuristically, we expect the
geodesics to be broken, possibly refracted straight lines. However, taking a
closer look at system , it turns out that the 2° components (as second
antiderivatives of §) have the shape of kink functions and, consequently, the
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right hand side of the equation for v involves the (in D’) ill-defined product
Hé (“Heaviside times delta”). Nevertheless, attempts have been made to
solve this system not well-defined in D’ (cf. [FPV88] and [Bal97]) by simply
setting H6 = 30 (indeed, H§ ~ 34 holds), leading to the “solutions”

, C 1 . .
' (u) =z + 3o (L +u) + iaif(xé+xé,x%+$3)u+,

v(u) = vo + 9o (1 +u) + f(xg + af, 23 + 35) H(u)

2
£ 0uf (b + b o+ D) (i +  0uf (b + b + )

i=1
(4.4)
where u denotes the kink function u +— H (u) u. In [Ste9§], [KS99D], [Ste00]
resp. [GKOSO01], M. Kunzinger and R. Steinbauer justified that somewhat
ad-hoc approach by providing a mathematically rigorous method of treating
equations such as and arriving at the same answer: They regularised
the given equations, solved them in a suitable Colombeau algebra and showed
that the solution indeed is associated to (4.4]) (see the following section for

details).

In the literature impulsive pp-waves frequently have also been described
by a different spacetime metric which is actually continuous (see [Pen72],
[PV9g] and, for the general case, [AB97]). The latter is derived from the
Rosen form (cf. [Ros37]) and is given by

1 1
ds* = —dudV + (1+ 5 0 fuy)?dX? + (1+ 2 O f uy)*dY?

+ % Oaf Aful dX dY + 2uy Orof dX dY + i(auf)2 u? (dX? +dY?),

(4.5)

where for simplicity we have suppressed the dependence of the function f on

its arguments, i.e. f(X,Y’). This suggests to look for a change of coordinates

transforming into . Of course, such a transformation cannot even
be continuous.

Comparing the metrics described by and , it turns out that the
coordinate lines in (4.5 are exactly given by the “distributional geodesics”
of the metric with vanishing initial speed in the z, y and v-directions,
giving rise to the “discontinuous coordinate transformation”

U= U,

. 1
=X+ i@-f(Xk)qu,

2
V=V PO H )+ 7 D00 (X (16)
=1
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where we write (X*) for (X', X?) = (X,Y) and again (z',22) = (z,y).
Hence, from a physical point of view, the two approaches to impulsive pp-
waves are equivalent. However, besides changing the manifold structure, the
transformation once more involves products of distributions ill-defined in the
linear theory. M. Kunzinger and R. Steinbauer gave meaning to the term
“physically equivalent” by interpreting the discontinuous transformation as
the distributional shadow of a generalised transformation in G: After re-
placing the distributional spacetime metric by a generalised one, they
applied a generalised change of coordinates modelling the distributional one.
Then they calculated the distributional shadow of the transformed gener-
alised metric to arrive precisely at the continuous form (cf. [KS99al,
[Ste00] and [GKOSO01]).

However, they did not arrive at a complete result in terms of inversion of
generalised functions as developed in the preceding chapter. In the following
section we will retrace—resp. complement and improve where necessary—the
construction of a generalised solution of the regularised geodesic equations
corresponding to . In Section we will then show that the trans-
formation can indeed be viewed as a generalised function and that
this function is locally invertible on some open set containing the half space
(—00,0] x R? in the sense of Definition

4.2 Description of the geodesics for impulsivse pp-
waves in §

In this section, we study the geodesic equations corresponding to the reg-
ularisation of the distributional metric , following the approach taken
in [Ste9§], [Ste00] and [GKOS01]. While our presentation includes a lemma
and a theorem by M. Kunzinger and R. Steinbauer regarding the existence
and uniqueness of the generalised geodesics, we will study the solutions of
the geodesic equations in greater depth and, thus, provide a basis for the
constructions and discussions of the following section.

To carry out the programme indicated at the end of the preceding sec-
tion we first have to regularise the spacetime metric and, more importantly,
the geodesic equations . We will not employ some given embedding ¢ of
D’ into G; rather, we will use a fairly general approach for modelling delta,
following [GKOSO1].

4.1. Definition: A strict delta net is a net (0.). € D(R™) satisfying

(a)  supp(d:) C [—e, €],
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(b)  [éc(x)dx — 1 fore — 0,
(c)  [|éc(z)|dx < C for some C > 0 and small €.

A strict delta function is a generalised function D = [(J:).] € G(R™) with
(6c)e a strict delta net.

Note that condition @ is chosen in order to avoid technicalities in the
following calculations which, however, remain valid if @ is replaced by

(') supp(d:) — {0} for e — 0.
We will base our considerations on the generalised metric § on R* given by
ds? = f(z', 2%) D(u) du® — dudv + (dz*)? + (dz?)?, (4.7)

where D is a strict delta function. Therefore, the geodesic equations (4.3))
appear in the following regularised form:

#(u) = 3 00 (" (), 2 () D(w),
2
B(u) = (' (), 22() D) + 237 0pf ' (), 22 (w) & () D). (4.8)
=1

The solution of this system, on the level of representatives and for fixed ¢, is
obtained by means of the following lemma (JGKOSO01], Lemma 5.3.1). The
initial conditions are chosen in u = —1, i.e. “long before the shock”.

4.2. Lemma: Let g : R® — R™ and h : R — R™ be smooth and (J;): a
net of smooth functions satisfying conditions @ and @ as above. For any
xo, o € R™ and any € € (0,1] consider the system

e (t) = g(xe(t)) 0 (t) + h(t)
ze(—1) = o
Te(—1) = @o. (4.9)

Let b>0,Q:= [* [* |h(r)|drds, I == {x € R"||z — x| < b+ |io| + Q}
and

. b 1
a = min <C||g||oo,1 a0l 2LC 1) ;
with L a Lipschitz constant for g on I. Then has a smooth solution
z. on J. := [~1,a — €] which is unique in {z. € C*(J.,R)||z-(t) — zo| <
b+|io| +Q}. Furthermore, for ¢ sufficiently small (e.g. € < §) x. is globally
defined and both (z.). and (&.). are uniformly bounded on compact subsets
of R.
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For fixed initial values, the above lemma can be used to ensure the ex-
istence of a solution of the generalised geodesic equations (as is done
in [Ste98], [Ste00] resp. [GKOSO01]). However, in view of inverting the gener-
alised coordinate transformation induced by the generalised geodesics (with
vanishing initial speed in the 2!, 22 and v-directions), we need to know more
about the dependence of the solution on the initial values. Therefore, before
presenting the theorem of M. Kunzinger and R. Steinbauer, we study the
solutions provided by Lemma in more detail.

The sets I and J. and the constants a and L depend on the initial
values z¢ and #g. Nevertheless, they can be chosen uniformly for (zo, o)
ranging over some compact set K CC R*": For B(K) := SUPcpr, (k) |2
set I(K) := pry(K) + By p(r)+¢(0), LK) := max.ex) [Dg(2)]l, a(K)
as in Lemma (replacing I, |%o|, L by I(K), B(K), L(K), respectively)
and, finally, J.(K) := [-1,a(K) — ¢]. Hence, for ¢ < ¢(K) := @ and
(z0,Z0) € K, the solutions z.(zg, o) are globally defined.

By the Existence and Uniqueness Theorem for ODEs [I.7] x. also de-
pends smoothly on the initial values, i.e. z. € C*°(K° x R) for K cC R?"
and € < e(K).

Our next task is to combine the (maximal) solutions obtained by Lemma
(keeping in mind that their domains depend on the initial values and on
g) to a “solution” on R”xR"™ xR x (0, 1]. More precisely, we have to construct
anet (z:). € C®(R™ x R x R, R")(O1 of smooth functions such that for
every K CC R?" there exists some e € (0,1] such that z.(zo, o, .) is the
global solution of for all (xg,%0) € K and € < eg.

4.3. Proposition: There exists (z.). € C®°(R" x R" x R, R")(®1 such that
for every K CC R?" there exists some ex € (0,1] such that z.(zg, o, .) is
the global solution of (4.9) for all (z¢,20) € K and € < €.

Proof: Let (K,,), be an increasing sequence of compact subsets of R?" sat-
isfying K,,, CC Kg,,, which exhausts R?". Set Dy, := (e(Kp41),&(Km)] x
Ky, and D := ;71 Dy,. Now, we may define a function y : D — C*(R,R"),
(e,20,%0) — ye(xo,Z0, .) such that y.(zg,Zo, .) is the global solution of
. Let oy, € D(K,,) such that 0 < o, < 1 and op|k,, , = 1. For
e € (e(Km+1),e(Km)] we define

v (20, 0, 1) = om (0, T0) - Ye (%0, T0,t), (w0, %0) € K,
=00 0, (0, %) € R*™ \ supp oy,

Then z. € C*(R™ x R” x R,R") and x|k, xR = Ye|K,,_,xr. Since for
e € (0,e(Kp)] and (zg,Z0) € Ky, the function y.(zo, Zo, . ) is a global solu-
tion, z.(xo, To, .) is a global solution for ¢ € (0,e(Ky,)] and (zg, 20) € Kpm—1.
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Finally, for every K CC R?" there exists some m € N such that K C K,,.
For e = (K1) the function x.(zo, Zo, . ) is the global solution of (4.9))
for all (xg,%0) € K and € < ek. O

We will call a net as in Proposition [4.3| an asymptotic solution of the
system of differential equations . Note that the asypmtotic solution
(z:)e is a net of functions depending on time and initial values.

Next, we show uniform boundedness of the asymptotic solution (x.).
on compact sets, a crucial ingredient for our proof of moderateness of the
generalised coordinate transformation in Section 4.3

4.4. Proposition: The asymptotic solution (z.). € C®°(R*xR" xR, R") (1]
is uniformly bounded on compact subsets of R" x R™ x R.

Proof: Let K x LxJ CCR"XR" xR and ¢ < egxr. Then, on K x L xR,

T, can be written as

xe(xo, To,t) =
( xo+ Zo(t+ 1)+ ft_l fs_l h(r)drds, t € (—o0,—1]
xo + do(t +1) + ffe I° . 9(xe(wo, &0, 7))0c(r)dr ds
+ ffl [7, h(r)drds, te[-1,¢
xe(xo, To,€) + Ze(x0, To,€)(t —€) + f; JZh(r)drds, tele,00)

\

For (xq,%o,t) € K x L x (J N (—00,—1]) we have

|z(wo,20, 1)| <

—1-1
< sup |xo| + sup |#o| - (sup|t| + 1) —|—sup// |h(r)| drds
zo€K #o€L teJ teJ
t s
< 00.

Now, let (xo,%o,t) € K x L x (JN[-1,¢]) € K x L x J-({xo,20}). Then,
immediately by Lemma |ze (zg, To,t)| is bounded by

|ze (20, o, t)| < sup |zo| 4+ sup |Zo] + b+ Q.

roeK To€EL

Finally, let (xq,¢o,t) € K x L x (JN[e,00)). Observe that

£ S

Te (w0, 2o, €) = Lo + /9(%(550,33073))56(8) d5+/h(3) ds.

—€ -1



88 Chapter 4: A “discontinuous coordinate transformation” in GR

Hence,

|3§'€(330,.f0,t)| <

£ S
<|ze(xo, 20, €)| + |Ze(z0, T0, €)||t — €] + // |h(r)| drds
15

)

< (sup |zo| + sup [@o| + b+ Q)
roeK ToEL

+ (Sufz 2ol + l9lloo,r(rx L) - C + |l j=1,1) - (iu}}) [t +1)
€

ToE

t s
+sup//]h(r)]d7‘ds
teJ

< 00,

which concludes the proof of the proposition. U

We return to the results of M. Kunzinger and R. Steinbauer and cite

the theorem stating the existence and uniqueness of generalised geodesics
([IGKOS01], Theorem 5.3.2).

4.5. Theorem: Let [(0.):] be a strict delta function, f € C*°(R?,R) and
let sc(lj, jzé, wg, j:%, v, Vg € R. Then the system of generalised differential equa-
tions given (on the level of representatives) by

() = 300 (o), 22 (w)) 8. )

B (u) = f(ad(u), 22(u) o (u) +2 ) 0;f (xl(u), 22(u)) #L(u) 6o(u)  (4.10)

=1

with initial conditions
gi(=1)=ab, il(-1)=db, wv.(-1)=wy, v(—1)=71p

has a unique, c-bounded solution ([(z})],[(z2)c], [(v:)e]) € G(R)?. Hence,
v oru = ([, [(22)e], [(ve)e], u)(u) € G[R,RY] is the unique solution to
the geodesic equation for the generalised metric (4.7). Furthermore, (z%,v.)

solves (4.10|) classically for ¢ sufficiently small.

Note that the asymptotic solution constructed in Proposition is a
representative of the generalised solution of (£.10)). Observe that the latter
actually deserves the name “solution”, despite all the subtleties of the glueing
process employed in Proposition 4.3} Due to the form of the ideal N, it is
sufficient for equations to hold in G if they are satisfied “only” for small
on compact sets on the level of representatives.
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Also note that the theorem claims the moderateness and c-boundedness of
the solution for fixed initial values only, i.e. as (generalised) functions de-
pending only on the real variable u. If we are to use the geodesics as coordi-
nate lines of a generalised coordinate transformation as indicated in the pre-
ceding section, we still have to show the moderateness (and c-boundedness)
of the solution depending also on the initial values. We will do this (for the
special case 4 = 0 and ¥y = 0) in the next section.

Finally, M. Kunzinger and R. Steinbauer proved that the distributional
shadow of the generalised geodesics obtained by Theorem is indeed
the “solution” obtained by [FPV8§| and [Bal97] (JGKOS01], Theorem
5.3.3):

4.6. Theorem: The unique solution of the geodesic equation given by
(4.10]) satisfies the following association relations:

. ) . 1
w2 (u) 2 wg + g (1+ ) + 5 0, f (o + g, 5 + &5)
ve(u) & vy + G (1+ ) + f(wg + dig, 0 + &) H (u)
2
;1
+ > 0uf (b + b af + 8) (b + 7 0uf (2 + b 2 + 38) ) s
=1

The first line even holds in the sense of C’-association, i.e.
i Y 1 1 21 .2 +2
ze — xp+ & (1 4+ u) + §3if($o+$0’930+$0)u+
as € — 0 uniformly on compact subsets of R.

Again, note that the (generalised) functions in the above theorem de-
pend only on u, whereas the initial conditions xé, i‘f), vg and vg are fixed.

4.3 Inversion of the generalised coordinate trans-
formation

In this section, we will prove that the generalised coordinate transformation
[(te)e] (to be defined below) is indeed locally invertible on some open set
containing the half space (—oo,0] x R? in the sense of Definition Part
of the inversion problem was already solved by M. Kunzinger and R. Stein-
bauer in [KS99al, [Ste00] resp. [GKOSO0I]: They showed that on suitable
subsets of R* the . are diffeomorphisms for ¢ sufficiently small (we will give
a slightly modified proof suitable for our needs). However, neither did they
give an accurate definition of (t.). as a net in C°(R* R*)(®1] (as can be de-
rived from Proposition nor did they explicitly prove the moderateness
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and c-boundedness of (t:): (as a net of functions with four real arguments).
Furthermore, lacking a notion of invertibility of generalised functions as de-
veloped in Chapter [3] the question of a common domain for the inverses of
the t. was not raised in [KS99a] resp. [GKOSO01]. In [Ste00], the problem of
the common domain was addressed but not satisfactorily solved.

Frequently in this section we will have to consider only the first three
components of four-vectors resp. functions with four components. To ease
notation, we introduce the following general convention: For an element
r=(z',...,2") of R" (n > 2), set 2 := (z!,...,2""!) and for functions f
from some set into R™, f = (f1,..., f"), set fi= (fY ..., Y. In addi-
tion, we will often meet the situation where, for a function f = (f!,..., f")
of # = (2!,...,2"), only f" depends on z". Here, we will not formally
distinguish between f considered as a function of z (n variables) and of #

(n — 1 variables). The respective meaning will be clear from the context.

We start by defining a net (¢.). of smooth functions modelling the “dis-
continuous coordinate transformation” . As discussed in Section
the coordinate transformation is given by the equation for the geodesics
with vanishing initial speed in the ', 2% and v-directions. Hence, we set

gi(=1) =ab, dl(-=1)=0, wv.(=1)=wp, v(—1)=0. (4.11)

Let (zl). be the asymptotic solution of the first line of with ini-
tial conditions obtained by Proposition Using 2! in the second
line of yields an asymptotic solution for the entire system of differ-
ential equations. Thus, we may define the net of transformations (t.). by

O 1 .2 . R4 4
t€ T (uaxavx@vE)'R HRa

U U
te: | Xk | — xé(Xk,U) ,
V Ue(Xk7‘/vU)

where (X*) = (X!, X?) and 2% and v. are given implicitly (with (X, X?)
in a compact subset of R? and for sufficiently small ) by

U s
xé(Xk,U):Xi+;//(%f(:zg(Xk,r))éE(r)drds,

—& —¢&
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U
UE(X’“,V,U):V+/f(mg(Xk,s))5€(s)ds
7€U s 9
+ i f(xd(XF, 7)) 2L (XF, ) 6.(r) dr ds.
[]x

— —¢ &
The “discontinuous coordinate transformation” will then be denoted by

t = (u,zt, 2%,v) : R* — R*. Tt is given by

U wU)=U
tof XF || 2i(XRU)= X+ 10, (XF) UL
1% o(XEV,U) =V + fF(XF)YHU) + 1522 9, f(X*)? Uy

At this point, let us briefly outline the strategy of this section from
a more technical point of view: In a first step we show the moderateness
and c-boundedness of (t.)., together with the boundedness of some of its
derivatives, where the full dependency on all four real arguments is taken
into account. A crucial feature for the invertibility of 7' := [(¢.):] consists
in the injectivity of t. and the property of det o Dt. being strictly non-zero
on sufficiently large sets, for small €. KEssentially, this is achieved by the
above mentioned result of M. Kunzinger and R. Steinbauer. We quote this
as Proposition at the same time correcting some minor flaws as to the
shapes of the sets of injectivity and their dependence on the relevant param-
eters. The main difficulty in establishing the local invertibility of T' consists
in proving that there exist open sets P such that, for € small, the intersection
of the t.(P) has non-empty interior (we even show that the sets P contain
arbitrarily large (bounded) parts of the left half space U < 0). Technically,
we accomplish this by a twofold application of Theorem a slight variant
of Theorem [3.20, To do so, we need two ingredients:

e Uniform convergence: Since t is discontinuous, we have to cut out the
discontinuous term from the last component, thereby defining an aux-
iliary continuous transformation s. Constructing s. in an analogous
manner out of t., we establish, in several steps, the uniform conver-
gence of s. to s.

e Injectivity: For t. resp. s., this is provided by Proposition As to
s, injectivity (on some open superset of the half space U < 0) follows
from Lemma [4.10l

Now Theorem [4.16| can be applied, first to s and s., and then to s., and
te (for some g and € < g¢), carrying over the property of having nontrivial
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interior independent of € from s(P), via s.,(P), to t.(P).

Now, as announced, we start by showing that 7" := [(¢.)] is a c-bounded
generalised function in G[R*, R%].

4.7. Proposition: T = [(t.).] is an element of G|R* R*]. Furthermore,

( (?(al)a 8(?(2) )E and (8(3?(7"1)(1 (?(l;)b 88U ’)6 are c-bounded from R? into R

for a,b € Ng and i =1, 2.

Proof: In this proof, -2 707 and will be denoted by Jy resp. dx ;. Moreover,

6X7
by 9%l for a = (o, ) € N we will denote 0%, 953 2L

First, we show the moderateness of (z 8)5. Let K x I cC R3 By
Proposition (21). is uniformly bounded on compact subsets of R%. The
first partial derivative with respect to U on K X L can be estimated by

Ol (XF,U)| < 5 /5f (¢2(X", 5))|[3=(s)| ds < 010
\_____V_____/
bounded
where C; > 0. The &)y-estimates of the higher partial derivatives of 21 with
respect to U follow inductively from

Ol (XM, U) = Lorf (@ (XH,U)) 6.(0).

Next, we consider partial derivatives with respect to X! resp. X2. For
la| = 1, we have to find estimates for

Oxixt(X* U f6’ //28 Oi f(xL (X 7)) Oxsx™ (X", 1) 6.(r) drds.

—E& —¢&
(4.12)
For some compact set L CC R?, ug € [~1,00) and € small, let
Crug = sup |80, f(xL(X*,U))] < 00
(XF,U)ELx[~1,u0]
ije{1,2}
and
2 .
ge(Lyug) := sup Z |3ijé(Xk, U)|.
(XFU)ELX[~1,u0] 5—1
je{1,2}

By (4.12]), we obtain

uo

19e(Luo)| < 1+ C Cpng / 0(L. )] ds.

—€
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From Gronwall’s Lemma, it follows that

|g€(La U0)| < €|CCL’u0 fi"g 1ds| < eCCL'uO(uO—Fl)’

implying that for small ¢ also dx; ¢ remains uniformly bounded on compact
subsets of R? with respect to ¢ (note that dy;xi(X* U) = 5; for U < —e).
The higher order derivatives we obtain by induction: Let v € N2 with |a| > 2
and assume that (8§xf‘€)£ is c-bounded from R? into R for || < |a|. Since

i 0% i(X’“ U) =

/ / 3.0 Py (P04 1) 5y

—& —€

(3§x§”(Xk, r)) |B§a|,m=1,2> drds

/ / 5. OO F (L (X, 1)) - Dy 2™ (XF, 1)

22)
Ze e (mn (1,1)

O™ (X ) dr ds

//5 Za O (L (X" 1) - Oy 0% a™ (XE, 1) dr ds,

—& —¢€

where Pj, is a polynomial, we obtain for (X*,U) € K x I and sufficiently
small values of €

05,082 (XF,U)| < Cy + c&//w |Z\axa 27 (X, 1) dr ds,

—& —¢€

where C1,Cy > 0. Estimating in the same way as in the case |a| = 1 yields
that also (8X]' 831(:1:2)8 is c-bounded from R3 into R.
Now, consider 9%yt for o € N3. Observe that

Oopxt (XF U / 0% (0, f (z1(X*, 5))) 6.(s) ds. (4.13)

By the chain rule, () is a polynomial in 658if(x£(Xk, s)) and 8@;102()(’“, s)
for |8] < |a| and i = 1,2, which are all c-bounded from R? into R. Thus,
condition () on (d.). yields the c—boqndedness of (d%dual)..

Finally, the Ey-estimates for 9%0/ 2l for a« € N2 and m > 2 follow induc-

tively by differentiating equation (4.13]).
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The moderateness and c-boundedness of (v.). follow immediately from
the moderateness of (x%). resp. the c-boundedness of (z1). and (9yxt). and
condition (c)) on (d¢)e. O

In [KS99al, [Ste00] resp. [GKOSO01] (Theorem 5.3.6), M. Kunzinger and
R. Steinbauer claim that for sufficiently small £ the functions ¢, are diffeo-
morphisms on a suitable open subset € of R* containing the shock hyper-
plane U = 0. To show this they employ Theorem (Gale and Nikaido).
However, a closer look at their proof reveals that the condition of Theorem
3.58| (requiring every principal minor of Dt.(z) for x € Q to be positive) is
established only on sets of the form (—oo,n] x K x R for sufficiently small
g, say € < g9, where K is a compact subset of R? and 1 and ¢y both depend
on K. Furthermore, they use the uniform boundedness of (x%). on compact
subsets of R* (Proposition which they prove only for compact subsets
of R for fixed initial values z}) and i} (Lemma resp. [GKOSO01], Lemma
5.3.1).
For the convenience of the reader, we restate Theorem 5.3.6 of [GKOSO01],
claiming only that which is explicitly shown in [KS99a], [Ste00] resp.
[GKOSO01], and prove it in full detail to make all dependencies clear.

4.8. Proposition: For every K CC R? and § > 0 there exist n > 0
and g9 € (0,1] such that every principal minor of Dt.(U, X%, V) stays in
(1—98,146) for all (U, X%, V) € (—o0,n] x K xR and ¢ < g¢. In particular,
det oDT is strictly non-zero on (—oco,n] x K x R and every principal minor
of Dt.(U, X', V) is positive for (U, X*,V) € (—oo,n] x K x R and ¢ < &.

Proof: Since

1 0 0 0
1 .2 ozl ozl ozl
Dt, = a(u’xi’%;%) —| 4 9 ax °l
x x x
OUXLXEV) | 55 % gxz O
Ove Ove Ove 1

we have to find estimates for

ot ; oz
] Do (k) = o+ //Za Ouf (L (X, 1)) D52 (X, ) 6u(r) drds.
—& —¢& -
, (4.14)
By Prop081t10n ( 3 X% ) is c-bounded from R? into R. In particular, there

exists C7 > 0 such that for small ¢

sup Oxt
(XFU)EK x[~1,1] X7
i,j€{1,2}

S (X*,U)| < Oy
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Hence, (4.14) yields

i
Ozl

0XJ

(Xk,U) —(5;- < CCKJ 4 (U+€)+

for (X*,U) € K x (—o0, 1] and sufficiently small ¢ (note that g;%- (Xk U) =

5; for U < —¢; Ck,1 has the same meaning as in the proof of Proposition

. Thus,

Oxt
0Xi

sup (Xk,U)—5;

(Xk,U)eK x(—o0,n]

stays arbitrarily close to 0 for all € < gg if n > 0 and gy € (0, 1] are chosen
accordingly. O

We will say a smooth net (u:): : (—a,b) XxR" xR — (—a,b) x R" xR (for
a,b € RTU{oo}) has property (E) if for every compact subset K of R™ there
exist @ € (0,b) and g9 € (0, 1] such that u, is injective on (—a, o] x K xR for
all e < gg. The net (uc). has property (E+) if for every compact subset K of
R™ there exist a € (0,b) and g € (0, 1] such that w, is injective on (—a, a] X
K xR and (det oDug). is strictly non-zero, uniformly on (—a,a] x K x R for
all € < g¢, i.e. an estimate as holds for all (U, X, V) € (—a,a] x K xR.

Combining the preceding proposition and Theorem of Gale and
Nikaido (as was the intention all along), it follows at once that (t.). has
property (E+).

For T to be left invertible (on suitable subsets of R?) it suffices that (t.).
possesses property (E+): By applying Theorem to (te)e, we immediately
obtain

4.9. Corollary: For every open relatively compact subset W of R? there
exists some o« > 0 such that for all § > 0 and for all bounded open intervals
I the generalised function T' is left invertible on (—(3,a) x W x I.

As a further (rather plausible) ingredient for the proof of local invert-
ibility of T" we will need the fact that the first three components of the “dis-
continuous transformation” ¢t modelled by T" constitute an injective function
on some open set containing the half space (—o0, 0] x R2. This is established
by the following lemma, setting g = %D f- Two examples will then show that
in the special case f(X,Y) = X2 —Y? considered by Penrose in [Pen68] such
a neighbourhood is given by (—oo, 1) x R2, whereas for general (smooth) f
a rectangular set of injectivity, i.e. one of the form (a,3) x R?, does not
necessarily exist.
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4.10. Lemma: Let
F: (—a,b) xR" — (—a,b) xR"

(V) = (N )

where a,b € Rt U{oo} and g € C'(R",R). Then there exists an open set W
containing (—a, 0] x R™ such that F|y is injective.

Proof: For X € R" let

hX):= sup [Dg(z)].
ZEB‘X|(0)

The function h is continuous, nonnegative and non-decreasing with | X|. Now
set

1
W= {(U,X) € (—a,b) xR"| —a< U<min(b,h(X)>}
(here we use the convention § := o). Let (U, X1), Uz, X2) € W and
F(Uy,X1) = F(Uz, X3). Then U; = Uy =: U and U < h(}m for i = 1,2.
For U < 0, we immediately obtain X; = Xs. Now let U > 0 and assume
X1 # Xo with |X1]| > | X2, w.l.o.g. From

X1+9(X1)U = X9+ 9g(X2) U,
it follows, noting that U - h(X7) < 1, that

|1 X1 — Xo| =U - |g(X2) — g(X1)|

<U- sup |[[Dg(z)]|X2— X
ZEB‘X“(O)

< ‘XQ — Xl‘,

concluding the proof by contradiction. O

In the following two examples, we consider F' as in Lemma where
g is given by %Df for certain functions f : R? — R. The map F = ¢ then
represents the first three components of ¢ for the function f at hand.

4.11. Example: Let f:R? - R, f(X,Y) := X2 — Y2, This special case
was considered by R. Penrose in [Pen68] (cp. also [GKOSO01], components
1,2,4 of (5.45) on page 463). In this case, an easy computation shows that ¢
is injective even on (—o0, 1) x R2. The value 1 is maximal since (1, X,Y]) =
(1,2X,0) = £(1, X, Y) for all X,Y;,Ys € R.
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4.12. Example: Let f: R? = R, f(X,Y) := —3(X* + Y*). For every
n > 0 the function # is non-injective on {n} x R? since (1,0,0) = £(n,0,0) =
t(n, ﬁ, ﬁ)A: t(n, —ﬁ, —ﬁ) Hence, f)n every set of the form (—a, 3) x R?
(o, B > 0), t is non-injective. However, ¢ is injectiveon W = {(U, X, Y) | U <
X2+ Y27y

So far, we ensured the invertibility of the functions ¢, and ¢ on certain
subsets of R* resp. R3. To invert the generalised function 7', however, we
also have to consider the sets on which the inverses of the t. are defined.
The next step will be to prove that the images of certain sets under the t.
intersect with non-empty interior, the main idea being that if ¢, stays close
enough to ¢, then also the image of some set W under ¢, stays close to t(W).
Therefore, we will need convergence of (t:). to t as ¢ — 0 in the appro-
priate sense. Theorem only tells us that (z2(., X', X2 V)). converges
to 2'(., X1, X2 V) (¢ — 0) uniformly on compact subsets of R for fixed
(X1, X2 V) € R®. We will show that we even have uniform convergence of
(2%). to 2° on arbitrary compact subsets of R*. Obviously, this is impossible
for v, since v is discontinuous. However, dropping the part of v. converging
(pointwise for U # 0) to the term involving the Heaviside function, we again
can prove uniform convergence on arbitrary compact sets. To this end, we

define

1 2

w(X* V,U) =V + 1 > oif(xh)? Uy

i=1
and

U

52
we(X*,V,U) :zV—l—//Z@if(:cg(Xk,r))jfi(Xk,r)ég(r)drds.

e Ze =1

Furthermore, let

s:= (u,zt, 2%, w)

and

Se = (u,x;,mz,wg).
Obviously, £ = §, implying that also § is injective on some open set containing
the half space (—oo,0] x R?. Moreover, since all principal minors of Dt. are
independent of the derivatives of v., Proposition also holds for (s.)e.
Therefore, also (s.). has property (E+).

In a first step, we will show that f. — ¢ uniformly on compact subsets
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of (R\{0}) x R? for ¢ — 0. Differentiating ¢ with respect to U yields

P(XFU) = ;a f(XMYH(U),
2
S VU) = SN 8) + 3 30X (),
and £, is given by
w(U) =1,
1 U
_ 2/3if(mg(Xk,s))(5a(s) ds,
@a(Xk7 V7 U) = f(xzj-:(Xk7 U)) (58(U)

U 9
+/Zaif(mg(Xk,s))¢g(Xk,s) 5. (s) ds.
Ze =1

4.13. Lemma: {. — f ase — 0, uniformly on compact subsets of (R\{0}) x
R3,

Proof: First, we show that

MKy, Kp) ==  sup  |0if(a2(X*,eU)) — 8;f(X*)| — 0
(X*,U)eK x Ko

for e — 0 (i = 1,2), where K; x K5 CC R? x R: By the boundedness
properties of % established in Proposition and by condition , we have

sup :):Z(Xk,eU)—Xk‘g
(XFU)eK x Ko

1 eU s

< - sup // )) (r )‘drds
2 (Xk U cK1xKo
1 :

< = sup i (xg(Xk - sup /Cds
2 (XF)eKy UeK>

r€[—1supye e, U]]
C ok
<e-T s S LX) sup U411,
2 (X*)eK; UeK>

rel—1suppe, U]

bounded
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which vanishes in the limit for ¢ — 0. Therefore, M(Ky, K3) — 0 as ¢ — 0.
Also, note that supUeL\f de( ds — H{U)| — 0 as ¢ — 0 for any
compact set L CC R\{0}, by condltlons and (b))
Now, let L x K x M cC (R\{0}) x RQ x R. Since both f. and ¢ are,
in fact, independent of V', we only have to take estimates on L x K. By the
properties of the strict delta net and the above considerations,

sup |iL(X",U) = ' (XF,0)| =
(XkU)EK XL
U
1 irvk 1 k
= sup B Oi f(xl(X ,s))ée(s)ds—iﬁif(X VH(U)
(X U)ER L 1)

3

Sl sup / 55(3)‘ds
2(Xk)eK_E

/5 Vds — H )’

(X5, 8)) = 0 (X))

Oif(X®)| - sup
Uel

1
+ — sup
2 (xkyeK

< L sup |0f(ad (X* es)) — 0,5 (")

s|<1
—&
=Mi(K,|s|<1)—0 C
1
+ = sup [0;f(X")|-sup de(s)ds — H(U)
(Xk)eK UeL
bounded *)0

— 0

for ¢ — 0. Hence, the claim follows for &.. Concerning v., we have

sup b.(U, X* V) — o(U, X*, V)‘ <

(UXF,V)ELXKXxM

< swp|f@l(x0)b(u) - 0|

(X*U)eKXL
9 U
+ sup /&f(arg(Xk,s))i:é(Xk,s) d-(s) ds
(Xk,U)EKXL i=1 e
1
— 5 0 (X")? H(u)

(%)
since 0 ¢ L and §(U) = 0 for U # 0. The first term above vanishes in the
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limit € — 0 due to condition . Concerning the last term, we write out

U s
9 = [0lnt ) 0u(s) 5 [ Ouf Xt ) o) drds

- LS H

U
= 5 [auriet o) [ (st n) - auf (44 )au(r) dr ds

—€

U
+;/<8if(:rg(Xk,s)) B, f( X’f /6f (X*)6.(r) dr ds

2
Integrating fié ) [°_6-(r)drds by parts gives ,(fi 5€(s)ds> . Now,

due to the boundedness properties of ¢ and condition , we may estimate

sup ()] <
(Xk U)eKxL

\/|5 \/|5 )| dr ds

1 ,
<5 MUK | < 1) sup
~—_——

XkeK
—0 ( lr\)§1
bounded SCQ
1 ' g S
+§'M;(K,\s\ <1)- sup )’/!55(5)\/ dc(r)| drds
———— (XFk)eK
—0 —~ —€ —€
bounded <02
1
+ - sup ‘ </5 > —fH(u)
(XF)eK
bounded 0
-0 (e—0),
thereby concluding the proof of the lemma. O

An inspection of the proof of the above lemma shows that also . — §

for ¢ — 0 uniformly on compact subsets of (R\{0}) x R3.

4.14. Lemma: Let f., f € C(R™",R) (fore € (0,1]). Suppose that O, f(z,t)
and O, f(z,t) exist for all (x,t) € R"~! x (R\{0}) and that 9, f-(z, .) and
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Onf(x, .) are piecewise continuous (with one-sided limits existing) for all
r € R"L Let c € R with ¢ < 0. If

(1) f- — f for e — 0 uniformly on K x {c} for all K CC R*™ 1,

(2) Onf- — Onf for ¢ — 0 uniformly on compact subsets of R"~! x
(R\{0}), and

(3) 1100 fe—0nflloo,k x (|-d,d)\{0}) is uniformly bounded for any compact set
K cc R* ! and some d > 0,

then f. — f for e — 0 uniformly on arbitrary compact subsets of R™.

Proof: It suffices to show the uniform convergence on compact sets of the
form L = K x [~a,a] CC R ! x R with a > c.
Let n > 0. Fix some 0 < b < min(a, d, |c|) such that

10n.fe = Onflloo, ko x([—bp)\f0}) < = 6b
Now, choose g¢ € (0,1] such that

ilelg|fs(x>c)_f(x’c)| < g and Hanfs_anf”oo,(;) < ﬁ
for all € < g, where @ := K x ([—a,—b]U[b,a]). Then, by the Fundamental
Theorem of Calculus, we have
sup ]fg(x,t) - f(.%’,t)‘ <

(z,t)eL
t>b

< sup |fe(z,€) — f(,6)] + sup /\a Jo(5) — 0 f(, 8)| ds

€K (z,t)eL

<= +Sup/]8 fe(z,s) — Onf(z,s)|ds

zeK

zeK

+ sup / 00t (,5) — Do f (2, 5)| ds

+ sup / 00 f-(2,8) — Onf (2, )| ds
xeK .

2(a =) - |0nfe — On fHoo Q + 20 |0nfe — Onflloo, K x([-b6)\{0})

n
2b -
6(a —b) * 6b

IN

S| wIsSwI3
+ +

N

2(a—0)-
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For —a <t < b, the estimate is similar (even easier), involving less terms.
Hence, the claim follows. O

Now we are ready to prove
4.15. Lemma: s, — s for ¢ — 0 uniformly on compact subsets of R%.

Proof: We show that for each component function of s. the conditions of
Lemma are satisfied with respect to s. The symbol 9,, in Lemma
if applied to x% resp. we, is understood to denote the derivatives of 2% resp.
we with respect to U.

il resp. 1. are smooth on R? resp. R%, 2% and w are smooth on R? x
(R\{0}) resp. R3 x (R\{0}). #%(X!, X2 .) and w (X!, X% V,.) are piece-
wise continuous for all (X1, X?) € R? resp. (X!, X2, V) € R3. For U = —1
the integral terms of (., .,U) and we(., ., .,U) vanish and 2. = 2 and
w. = w. Hence, condition is satisfied. By Lemma il — @ and
w. — 1 for e — 0 uniformly on compact subsets of R? x (R\{0}) resp.
R3 x (R\{0}), i.e. they satisfy condition (2). Finally, by Theorem il s
uniformly bounded on compact sets and, therefore, this is also true for ..
Since both 4’ and 1 are bounded on any bounded subset of R? x (R\{0})
resp. R3 x (R\{0}), also condition is satisfied and the claim follows. [

Recall that for vectors x € R™ resp. R™-valued functions f, the notation
Z resp. f indicates that the last component is to be dropped.

In the sequel, we will often have to make use of cylinders rather than
balls. Therefore, for x = (z,2") € R", let Bfn(a:) denote the cylinder
Bs(z) X (2™ —n,z™ + ).

We will employ a slightly modified form of Theorem [3.20] where the balls
B;(0) are replaced by cylinders Bgn(()). We leave it to the reader to adapt
the proof of to the case of cylinders.

4.16. Theorem: Let U be an open subset of R", f,g € C(U,R"™) both
injective and W a connected open subset of R" with W CC f(U). Choose
y € W and 6,71 > 0 with y + Bgn(O) C W such that the closure of Wy, :=

W—i—Bgn(O) is still a subset of f(U). If, for A := f~1(W;s,) and f = (f. f™)
resp. g = (g,9"), both

1 = fllooa <6 and [|g" — f™looa <7

hold, then
W C g(A)°.
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Now we are ready to prove that the domains of suitable inverses of the ¢,
intersect with non-empty interior. The following theorem yields the desired
result for an entire class of c-bounded nets (also denoted by (t:):) of smooth
functions of which our particular (¢.). at hand is only a special case.

4.17. Theorem: Let a,b € Rt U {oo}. Let the functions t., s. (for every
e € (0,1]) and s satisfy the following assumptions:

(1) t.: (—a,b) x R" xR — (—a,b) x R" x R

U u(U) =U
X — ze (U, X) ,
\% v-(U, X, V) :=V 4+ g.(U, X) + h:(U, X)

where z. € C®((—a,b) x R",R") and g.,h. € C*((—a,b) x R, R).
Assume that (t.). has property (E), i.e. that for every compact subset
K of R™ there exist a € (0,b) and €’ € (0, 1] such that t. is injective
on (—a,a] x K x R for all e < ¢’. Furthermore, suppose that (h.)e is
uniformly bounded on compact subsets of (—a,b) x R™.

(2) sc: (—a,b) xR" xR — (—a,b) x R" xR

U w(U) - U
X | = | zwx)
14 we(U, X, V)=V +g.(U, X)

By , Se is smooth. Suppose that also (s.). has property (E).
(3) s : (—a,b) x R" xR — (—a,b) x R" x R

U w(U) - U
x | = | 2@ x) :
14 wU, X, V) =V +4+g(U X)

where x € C((—a,b) x R",R") and g,h € C((—a,b) x R",R). Assume
that for § :== (u,x) : (—a,b) X R™ — (—a, b) x R™, there exists some open
set W containing (—a, 0] x R™ such that §|y is injective.
Finally, suppose s — s for € — 0 uniformly on compact sets.
Then the following holds: For every p on the hyperplane U = 0 there
exist open neighbourhoods P of p with P C W x R and Q of q := s(q) with
Q C s(W x R), and some ¢, € (0, 1] such that

Q Ct(P)

for all € < gg.
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Proof: Since, by assumption, § is injective on W, it follows from Theorem
3.18| that $(W) is open in R"*! and 8|y : W — 3(W) is a homeomorphism.
Note that with §|y, also s|wxr is a homeomorphism and that s(WW x R)
equals the open set §(W) x R. We will simply write § and s in place of
3|y resp. slwxr. Analogously to §, we define f. := 5. := (u,2.). Then
t. = §. — § uniformly on compact sets for ¢ — 0.

Let p = (0,2p,vp) be a point of the hyperplane U = 0, ¢ := s(p) =
(0,24,v4), p = (0,2p) and ¢ = 5(p) = (0,z4). Let R C R™ be an open
bounded cuboid (or, more generally, a bounded open set satisfying R° = R)
containing x,. Since (—a,0] x R® C W and W is open, there exist a €
(0, min(a,b)) and A > 0 such that

(—CL,O[] XR*)\gVVa

where Ry := R+ B)(0). Then s is injective on (—a, a] x Ry x R. By property
(E), we can assume w.l.0.g. (making o smaller if necessary) that there exists
g1 € (0,1] such that also (t.). and (s.). are injective on (—a,a] x Ry x R for
all € <e&1. Defining

G :=(—a,a) x Ry xR,

we have, in particular, that s, t. and s. (for € < 1) are injective on G.

Fix v € (0,a) and 3 € [y,a). Since (W) is open and 7! is continuous,
there exists some § > 0 with 87 1(Bss(¢)) C (—8,7) x R, i.e. Bss(q) C
5((—=B,7) x R). Let u € (8,a). Choose n > § and €3 < ¢; such that
= [[hel] R < (4.15)

HUE - wEH 00, [— 1, ] X R

o0, [—M»OC] XKXR

for all € < e9. Since s(W x R) = §(W) x R, it follows that B%2n+5(q) =

Bss5(q) % [vg— (2n+6), v+ (2n+0)] is a compact subset of s(W x R). Now
let I be a bounded open interval in R such that

o1 <AB3'2572W+5(q)> C(—B,A)x RxI=:P

which is possible since only the last component of s is dependent on V and
this dependence is a linear one. Applying s to both sides of this inclusion

yields -
B?%S,Qn-i-é(q) C s(P). (4.16)
Observe that p € P C P CC G and ¢ € s(P). Choose &g < &3 such that
L. J
18 = 3lloep < 5 (4.17)
and 5
Jwe —wll 7 < 3 (4.18)
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for all ¢ < gp (note that in (4.17) we consider $. and § as functions with
the same arguments as s. resp. s, yet being independent of the last (real)
argument). The set s(P) is open since s|yxr is a homeomorphism, and

bounded because s(P) is compact. Consequently,

Qo = s(P)\(9s(P) + Bf5(0))
is open and bounded. By (4.16)) and by definition of Qj,

B 4,(a) € Qp (4.19)

holds. Now let Q" be the connected component of @ containing g, hence
also containing the (connected) set B%,Zn (). Obviously, @’ is open, bounded
and connected.

Now the plan is to apply Theorem with G, s, s.,, @', ¢,  and § in
place of U, f, g, W, y, 6 and . For this, we have to verify the respective
list of assumptions:

e s and s., are continuous and injective on the open set . This is
satisfied due to our construction.

e ()’ is open and connected (see above). Q' is a compact subset of the

(open) set s(G): Noting that s(P) is compact, this follows from

s(P) C s(P) = s(P) cC s(G).

o Bf(;(q) C @', due to 6 < nand (4.19).

o Q' + Bgé(O) C s(G): We even show Q[ + B(%&(O) C s(@G). For this, it
suffices to prove Qf, + Bgé(O) C s(P), implying Q( + Bgé(O) C s(P) C
s(GQ) (for the last inclusion see above). By way of contradiction, we
assume that z = (2,7) € Qf, y = (y,0) € 355(0), yet z +y = (2 +
U, 7+ o) € s(P). Since z € s(P), there exists a point z + vy on the
line segment connecting z and z+y, with 0 < v < 1 due to s(P) being
open. From z = (z + vy) — vy, it follows that z € 9s(P) + Bgé(O),
contradicting z € Q.

o For M':=s71(Q' + Bf5(0)), (17) and ([4.18) yield

|5c = 8lloor <0 and  |lwe — w||oom < 0,

where we have taken into account that

M' =57 (Q + BZ,(0) € s7'(s(P) C s\ (s(P)) = P.
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Having thus checked that all assumptions are satisfied, we obtain from The-
orem [4.10|

Q' C sey(M')° C 5.,(P)°. (4.20)

Now we set out to apply Theorem once more to derive an analogous
statement with respect to t.. Similarly to above, set

Qo = Q\(0Q' + BZ,(0)). (4.21)
Again, Qg is open and bounded. By (4.19)) and the definitions of Q" and Qo,

Bf,(a) € Qo

holds. With @ denoting the connected component of ()g containing ¢, we
even have

Bf,(a) € Q. (4.22)

As before, we check the list of assumptions in Theorem this time with
respect to G, sg,, t (for fixed € < gg), Q, ¢, § and 7 in place of U, f, g, W,
y, 0 and n:

e s., and ¢, are continuous and injective on the open set G’ due to our
construction.

e () is open and connected. By (4.20]) and the definition of @), we have
Q C Q' Cs5ey(P) € s5¢(G),

showing that @ is a compact subset of s, (G).

e BZ (q) C Q, due to ([{22).

e Q —|—B§Zn(0) C $¢(G): Again, it suffices to show Qo + Bgn(O) c Q.
This, in turn, is derived by an analogous line of argument as in the
checklist for the first application of Theorem

e Set M = s;Jl(Q—i—Bgn(O)). By Q—l—Bgn(O) C Q' C 35(P) (see
[@.20)), we have M C P C [—pu,a] x Ry x R. Therefore, (4.15) imme-
diately yields

Ve — welloo,pr < 7
By t. = 5. and (4.17)), we obtain

s R . P o6 6
[te = Seplloo,mr < 18 = 8lloo 7+ 118 — 3l 7 < 3 + 5= 0.
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Now, Theorem yields
Q Cte(M)° Ct(P),
and hence, t. being a homeomorphism on G and R° = R,

Q Ct(P)
for all € < gg. ]

4.18. Remark: As to sizes and shapes of P resp. @@, an inspection of the
preceding proof reveals the following:

(1) P can be chosen as having the form (—f3,7v) x R x I where —( < 0 is
arbitrarily close to —a, R and I are arbitrarily large, yet bounded open
sets (I being of a certain minimum size, depending on ||h. || on compact
sets for small £) and 7 has to be sufficiently small, depending (via «)
on R and the injectivity behaviour of s, (t.). and (sc)c for U > 0.
G = (—a,a) x Ry x R is an open superset of P, serving as common
domain of injectivity for s, s, and t. when applying Theorem [£.16]

(2) Q results from s(P) by twofold application of the operation “remove the
outermost strip of width ¢ (resp. n for the last coordinate in step 2)
and keep only the connected component containing ¢”. The maximum
size of J, in turn, essentially depends on s(P) around U = 0 and has to
satisfy < 2. However, 0 can be chosen arbitrarily small.

(3) In the case of (U, X) = X + fo(X) Uy (occurring in our study of pp-
waves), the maximal size of §, for small , is about 4 since 3((—3,v) x R)
approaches (—f3,v) x R for U — 0+ (cp. Examples and [4.12)).

Finally, we show that if the nets of smooth functions in Theorem [4.1
are representatives of generalised functions 7" and S which additionally sat-
isfy property (E+), then T is invertible around any point on the shock
hyperplane.

4.19. Theorem: Let (t.)., (s:) and s be as in Theorem [4.17 If, in
addition, (t.). has property (E+) and

T :=[(te)e] € G[(—a,b) x R" x R, (—a,b) x R" x R]
and
S :=1[(sc)e] € Gl(—a,b) x R" x R, (—a,b) x R" x R],

then, for every p on the hyperplane U = 0, there exists an open neighbour-
hood A of p in (—a,b) x R™ x R such that T is invertible on A with inversion
data [A,R""2 T° B, Q] where T° € GI[R"*2, D] and B, Q and D are suitable
bounded open subsets of (—a,b) x R™ x R with Q@ C B and A C D.
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Proof: Let a, Ry, G = (—a,a) x Ry xR, P, @ and &y be as in the proof
of Theorem [4.17, Recall that then, among other things, the following holds
(for all € < gg):

epcPCPcCCQ.
e {. is injective on G.
e QCt.(P). (4.23)

Assume that o was chosen according to property (E+), i.e. we have in ad-
dition:

e There exist ¢/ < g9, C' > 0 and N’ € N such that

inf | det(Dt(U, X, V))| > '’
(U,)glv)eG’ et(Dt.(U, X,V))| > C'e

for all e < ¢'.

Let A and Dp be open subsets of G such that
PCCACAcCc D, CD,ccQG.

Then p € A and K. := t.(A) is compact for all ¢ < gg. By property (E+)
and Dy C G, we have
inf | det(Dt.(U, X, V))| > C'eN
(U,X,V)EDl
for all e < €. Hence, Proposition applied to (—a,b) x R" x R, Dy,

(te)e, (telp, Des py {p}, A and K. in place of U, W, (ue)e, (ve)e, [(Ze)e],
K', K and K. yields the existence of (K.,p)-extensions 2 of t.|p, ' such
that (2). € Ep(R™2)"+2. The net (¢2). is c-bounded into any (bounded)
open subset D of R"*2 that contains the convex hull of Dy U {p} = D;. Set
T := [(t2).] € G[R™*2, D]. On the one hand, by (4.23), we have

Q Ct.(P)Ct(A) C K.

and, therefore, t2(Q) = t.|p, ' (Q) € P C P CC A, implying that (£2|g)- is

c-bounded into A. Moreover,
teotl|g =t-ot g =idg,

establishing [A, R"*2 T°, Q] as a right inverse of 7 on A. On the other hand,
since t.(A) C K., we have

tSotela =12k otela=1" k. otc|a=1ida.
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By the c-boundedness of (t.)., there exists some K’ CC (—a,b) x R™ x R
with ¢.(A) C K’ for sufficiently small . Hence, (t.]4)c is c-bounded into
any (bounded) open set B containing K’. It follows that [A, R"2 T°, B]
is a left inverse of T' on A. Combining these results, we obtain that T is
invertible on A with inversion data [4,R"*2 T° B, Q). O

4.20. Remark: Again we comment on sizes and shapes of the sets involved
in the proof of the preceding theorem:.

(1) Concerning Ry resp. R, o, G, P and @ see Remark

(2) Both A and D; are bounded open sets with their (compact) closures
nested in between P and G, where Dy and A play the roles of W resp.
K in Proposition [3.34]

(3) B and D are introduced as supersets of t.(A4) resp. the convex hull of
D and serve as target sets for the c-boundedness.

Finally, we apply Theorem to the special case of T' = [(t.).] and t as
occurring in our study of pp-waves. Thus, we assume that n =2, a =b= o0
and (t:)e, (se)e and s are of the form

U
te:| XF | —
vV vsX VU
U
se:| XF | —
vV wEX VU
U U
s:| XF | — i (XF U) 18f(Xk)U+ ’
14 U(Xka V? U) V + 14 Zz:l 8 f(Xk)Z U+'
where

sL(XFU) = //6f3:3 7)) 6. (r) dr ds,

—E& —€&
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U
vE(Xk,V,U):V+/f(xg(Xk,s))5€(s) ds

U s 2
+//Z@if(xg(Xk,r))ié(Xk,r) 5-(r) dr ds,

e e =1

U s 2
ws(Xk,V,U):V+//Zﬁif(xg(Xk,r)):bi(Xk,r)65(r)drds.
=1

—& —¢&

Having collected the necessary tools, we can now establish the main result of
this section concerning the invertibility of the generalised coordinate trans-
formation T

4.21. Theorem: The generalised coordinate transformation T = [(t:)]
is locally invertible (in the sense of Definition on some open set {2
containing the half space (—o0,0] x R3.

Proof: By Proposition (te)e as well as (sc)e possess property (E+).
Moreover, § is injective on some open set W containing (—oc,0] x R? by
Lemma Then, by Theorem for every p on the hyperplane U = 0
there exists an open neighbourhood A(p) € R* such that T is invertible
on A(p). Recall that each A(p) contains some set P = (—(3,7) x R x I
as discussed in Remark In particular, all of 8 > 0, R and I (both
bounded) can be chosen arbitrarily large. Forming the union €2 of a family
of A(p) with the corresponding sets P covering the left half space, we obtain
that the generalised function T is locally invertible on ), constituting an
open set containing (—oo, 0] x R3. O
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Chapter 5

Differential equations in
generalised functions

Since J. F. Colombeau introduced his method of embedding D’ into a differ-
ential algebra whose product coincides with the pointwise product of smooth
functions, different types of differential equations in generalised functions
have been studied. There are those describing the geodesics of impulsive
gravitational waves (pp-waves) (see Chapter [4or cf. [Ste98], [Ste99], and, for
solutions of the geodesic equations in the full Colombeau algebra, [KS99b]).
In [Lig96], J. Ligeza considers linear differential equations, while in [Lig97]
and [Lig98] he finds periodic solutions of linear ODEs of first and second
order. M. Oberguggenberger and R. Hermann presented several results re-
garding the (global) solvability of differential equations given by tempered
generalised functions (cf. [HO99] and [GKOSO01]). In [KOSV04], generalised
flows and (globally defined) singular ODEs on differentiable manifolds are
studied. However, there exists no local theory of differential equations over
the special Colombeau algebra so far. The aim of this chapter is to lay
the foundations to such an approach. We will present generalised versions
of the Existence and Uniqueness Theorem for ODEs (Section and

Frobenius’ Theorem (Section [5.2).

5.1 Ordinary differential equations in generalised
functions

Let I be an open interval in R, U an open subset of R", F' € G(I x U)",
to € I and % € U,. We are interested in finding solutions u in G (J)™ of the

initial value problem

u'(t) = F(t,u(t), u(ty) = Zo, (5.1)
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where J C [ is an interval in R with ¢y € J. Note that in order to be able to
compose F' with u the generalised function u has to be c-bounded. Therefore,
the requirement for Zy to be compactly supported does not constitute a
restriction on possible initial value problems, but stems from the fact that
any point value of u is a compactly supported generalised point.

We will give sufficient conditions to guarantee a (unique) solution to .
For the proof we need a result of Weissinger. The proof of the following
theorem (for Banach spaces) can be found in [Heu89] (page 138f, 12.1).

5.1. Theorem (Weissinger’s Fixed Point Theorem): Let A be a closed
subset of a metric space (M,d), Y ,-, oy a convergent series of positive
numbers and T : A — A a map satisfying

d(T*u, T*v) < ay, - d(u,v)

for all u,v € A and k € N. Then T possesses a unique fixed point u € A.
This fixed point is the limit of the iterative sequence (T*ug)gen, where ug is
an arbitrary initial value in A. Furthermore, the error estimate

d(ug,u) < (Z ozi) - d(ug,u1)
i=k

holds.

5.2. Theorem: Let I be an open interval in R, U an open subset of R",
fo a near-standard point in I, with g ~ to € I, Ty = [(Zoe)e] € U. and
F =[(F.): € G(I xU)". Let gy € (0,1] and L a compact subset of U such
that Zo. € L for all € < gy. Let o, 3 > 0 such that

Q := Ba(to) x Lg C I x U,
where Lz := L + Bg(0). If there exists some a > 0 such that

sup |F:(t,2)| <a (5.2)
(tz)eQ

for all e < ¢q, then for fixed h € (0, min (a, g)) there exists u € G[J, Lg]
that is a solution of the initial value problem

d(t) = F(tu(t), o) = 7o, (5.3)
where J := [to — h,to + h].
Furthermore, there exist representatives (u.)e, (foc)e, (Zoc)e of u, to, Fo,
respectively, such that

ul(t) = Fo(t,us(t)), u-(to) = Zoe,
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holds for all t € J and ¢ sufficiently small.
The solution is unique in G[J, Lg| if, in addition,
sup |02F:(t,z)| = O(|logel) (5.4)
(t:2)eQ
holds.

Proof: We consider the differential equation on the level of representatives.
For each £ we follow the proof of the classical Existence and Uniqueness
Theorem for ODEs as can be found in [Heu89] (page 139ff, 12.2). However,
in order to obtain a net of solutions defined on a common interval, we have
to keep track of the constants depending on . Thus, we give the proof in
full detail.

Emistence: Let (foz): be a representative of #y. Set ¢ := min (a, g) and

choose some h € (0,c). Let &1 < g such that [to. — to| < 3(c — h) for all
€ < e¢e1. Now fix some ¢ < g1. Observe that for t € J

. - 1 1
[toe — t| < |toe — to| + [to — t| < <2(c —h)+ h> = §(c+ h) <c (5.5)
holds. The function wu. is a solution of the initial value problem

us/(t) = Fé(t7u6<t))7 us(t~05) = Z0e, (5-6)

if and only if it solves
¢
we(t) = Fo. + / Fu(s, u.(s))ds. (5.7)
toe
The idea of the proof is to find a fixed point (by Weissinger’s Fixed Point

Theorem of the integral operator defined by the right hand side of ([5.7)).
To this end, we set

A= {f € CLLR" | im f C Ly},

A is non-empty and a closed subset of the Banach space C(J,R™). We define
T.: A— C(J,R") by

t
(Tof)(t) = 0. + / Fu(s, £(s))ds.
fOs
T. maps A into A since, by (5.5)),

t t

‘/Fs(s,f(s))ds < ‘/ads

fo 5 fO 5

(c+h)-a<c-a<p (58)

N | —

< |toe —t]-a <
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and, hence,
t
(TLf)(E) = For + /Fs(s, J(s))ds € L+ B3(0) € I
£Oa

for all ¢ € J. By Lemma [3.11] and Remark [3.12] there exists a constant

Ck > 0 such that for all (¢,), (t,y) € Ba(to) x Lg the estimate
[Pt @) = Fe(t,y)l < Cre sup([Fe(t, 2)| + 02 Fe (8, 2)]) - |2 = o]
z€E

<Cxg  sup  (|Fe(t,2)| + [02F:(, 2)]) |z — y
(t,2)€Ba (to) x K

Cei=

holds, where Ck only depends on K, a compact subset of U with fg C K°.
By induction, we prove that

t — toe|*
Pl g gl (5.9
holds for all t € J: For k = 0 the inequality is trivially satisfied. Now let us

assume that ((5.9) holds for some k. Then

(TEFLF)(E) = (TE ) ()] = [(Te(TES)) (1) — (Te(TEg)) (1)

(TEN)() — (TEg)(1)] <

< \ / |F (s, (THF)(s)) = F (s, (Thg)(s)) | ds

toe

t
s — toe|*
<c| [Emeh ek - gls

toe
‘t B Eﬂs‘k—i_l
= (k+1)!

and, thus, (5.9) holds for all £ € N. From (5.9)), it follows immediately that

CEFL IS = glloos

(cC.)F

ITES = Thglloe < <

1f = 9lloe-

Since > 77, (C%)k = e°Cc < oo, it follows from Weissinger’s Fixed Point
Theorem that for every € < gg there exists a unique element u. € A
which satisfies T.u. = u., and which is therefore a solution of .

We still have to show the moderateness and c-boundedness of (uc).: By
, the image of wu. is contained in L + B%(CJrh) (0) for all € < g and,
hence, by our choice of h, the net (u.). is c-bounded into Lz. By an even
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more straightforward estimate using (5.2)), the first derivative of (u.). is also
uniformly bounded. By the chain rule and the uniform boundedness of (u. ).
and its derivative, we have

jul (t)] < [O1Fe(t, uc(t))| + |Oa Fe(t, uc(t))] - [ud (8)] < Ce™™

for C' > 0 and some fixed N € N. The higher-order derivatives of u. are now
estimated inductively by differentiating the equation

ul(t) = 01 F(t, uc(t)) + o F-(t, us(t)) - ul (t).

Uniqueness: Let v = [(ve)] € G[J, Lg| be another solution of and
Joe := ve(toe). Then v/(t) = Fo(t,v:(t)) + ne(t) for (n.). € N(J)" and
Joe = Toe + Ne for (fe)e € N™. Since J is compact and both (us)e and (ve)e
are c-bounded into Lg, there exists a compact subset K of Lg such that
ue(J) € K and v.(J) C K for sufficiently small e. Observe that, by Lemma
and Remark[3.12] there exist K’ CC Lg with K C (K’)° and a constant
Cgr > 0 such that for all (¢,2), (¢t,y) € J x K the estimate

[Fe(t,z) — Fe(t,y)] < O sup  ([Fe(t, 2)|[+ |02 FL(t, 2)]) - [z — y
(t,2)ETXK! e N e
<a <Ci|loge|
holds, where C7; > 0 and Ckx only depends on K’. Therefore, for t € J it
follows that

ve(t) — us(t)] <

< |90e — Toe| + ' /(IFe(svv\a@) - Fa(saui(i))l + [ne(s))ds
toe eK eK

t t
= |ne| + ‘ / |ne(s)|ds | + Ck,(a+ Ci|logel) - ’/\vg(s) — ug(s)|ds

toe toe

t
< Coe™ + (C3 + Cyllogel) - ‘ /]vg(s) — uc(s)|ds

E0 5

for suitable constants Co, C3,Cy > 0 and arbitrary m € N. By Gronwall’s
Lemma, we obtain

sup |’U€(t) _ ug(t)‘ < Che™. 8(03+C’4\loga|)-|fgos 1ds| < C&m_CCA‘
teJ

for some constant C' > 0. This concludes the proof of the theorem. O
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5.3. Remark: Let W be an open subset of U containing Lg. Inspecting
the proof of uniqueness, we note that if for all compact subsets K of W

sup |02 F:(t,x)] = O(|logel)
(t,x)EBa(to)x K

holds, then the solution constructed in the proof is unique even in G[J, W].

What happens if the generalised function F' does not have property
(5.2)7 We consider three examples.

5.4. Example: Let F' = [(F;):] € G(R x R) be given by the representative
F.(t,z):=1(2- ﬁ), to =0 and zp = 0. Since z — 2 — H% is (globally)
bounded, we have

1 1

sup |Fe(t,z)| = - <2— ) —oo (e—0)
vel-58 e\ 144

for any > 0, i.e. F fails to satisfy condition ([5.2)) on any neighbourhood of

(to, xo). Nevertheless, there exists a unique global solution for every e: Inte-

grating the differential equation u/(t) = Fe(t,u-(t)) and taking into account

the initial condition u.(0) = 0, we obtain

T 1 1
— 4+ —— arctan \/533 = —t.
2 2V2 ( i €

fz):=

The function f is independent of ¢, strictly monotonic increasing and maps
R onto R. Therefore, f is smoothly invertible and we denote the inverse
function by f~!. Since f~! is a slowly increasing function, the composition
with ¢ — %t, by Proposition is well-defined and yields a moderate net
(ue)e € Em(R) where uc(t) :== f~1(2¢). However, f~! being unbounded,
(ue)e is not c-bounded. Hence, u. solves the differential equation for every
but the generalised function [(uc)c] is not a solution of the generalised initial
value problem.

5.5. Example: Consider F' = [(F.):] € G(R x R) that has F.(t,z) := £ as
a representative, tp = 0 and xp = 1. F does not satisfy condition (5.2)) since

sup |FL(t, )| == =00 (¢ —0)
z€[-3,6] €

for any 8 > 0. For each ¢, there exists a unique (even global) solution
us(t) = et . However, (ue)e is not moderate on any neighbourhood of 0.
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5.6. Example: Let F = [(F.).] € G(R x (R\{—1})) be defined by the

representative F;(t,x) := g(e) where g : (0,1] — R is a smooth map

t
—-L
satisfying g(¢) — oo for € — 0. Let to = 0 and xzp = 0. Then

o
s (2] = 10 g6 — oo (6= 0)
(t,2)€l-aa] x[~B,4] -8

for any a > 0 and 8 € (0,1). For every € we obtain (unique) solutions

us(t) = /1—g(e)t?2 -1

that are defined, at most, on the open interval ( Hence,

_1 1
V)’ \/g(a))'

there is not even a common domain on which to check the net (u.). for
moderateness.

In the last example, F failing to satisfy condition leads to shrinking
of the solutions’ domains as € — 0. Note that this result is not a consequence
of the rate of growth of |F.(¢,x)| on any compact set; rather the only factor
that matters is that | F; (¢, x)| does increase infinitely (as e — 0). So, Example
suggests that a relaxation of condition ([5.2) (e.g. e-dependence of the
bound) without more detailed knowledge of the structure of F'is not possible.
Unfortunately, this means that e.g. the (in G[R,R] solvable) initial value
problem

W(8) = (10)(8), wu(0) =0, (5.10)

is not covered by Theorem Actually, specific types of ODEs containing
d-like objects have already been treated (e.g. see Chapter [ or cf. [GKOS01],
Sections 1.5 and 5.3, and [Ste98]). The proof of existence always relies on
the particular characteristics of the ODE concerned—quite in contrast to a
general F' being given. Nevertheless, Theorem can handle jumps as the
following example will show.

5.7. Example: Let I be an open interval in R and U an open subset of R"™.
Consider the initial value problem

u'(t) = f(t,ut)) - (H)(t) +g(tu(t),  ulto) = zo, (5.11)

where ¢tH denotes the embedding of the Heaviside function H into the
Colombeau algebra, the mappings f and g are in C*°(I x U,R™) and t( € I,
xzo € U. Let p € S(R™) be a mollifier. Then, for H.(t) = ffoo pe(s)ds (cf.
Example ,

t

P(g)‘dé’ = j Ip(s)lds < |[pll L1 )

t

1
en

—00

H0) < [ lps)|ds =
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holds for all ¢ and for all e. Fix some v > 0 such that B, (tp) is still contained
in I and choose an open subset W of U with 2o € W C W cC U. f and ¢
being continuous, there exist constants ai,as > 0 such that
sup  |f(t,x) - He(t) 4 g(t, 2)| < anllpll pr(rn) + a2
(t,2)EBq (to) xW
for all . Hence, the initial value problem (5.11)) possesses a solution u in
G[J, W] where J := [to — h,to + h] and h < min (a M) Since

Y a1 lelLl(Rn)‘i’UQ

sup |02f(t,2) - Ho(t) 4+ D2g(t, x)|

(t,z)EBa(to) xW

is also uniformly bounded with respect to €, the solution is unique in G[J, W].

Next, we turn our attention to generalised ODEs which are dependent
on a parameter. Taking into account that we aim at proving a generalised
Frobenius theorem using a generalised ODE theorem, we want the solution
to be G-dependent on the parameter. It turns out that if conditions ([5.2)
and in Theorem are only slightly modified to include the parameter,
they are sufficient to guarantee the desired result.

5.8. Theorem: Let I be an open interval in R, U an open subset of R",

P an open subset of R!, iy a near-standard point in I, with ty ~ to € I,

Zo = [(Z0:)e] € U, and F = [(F.)e] € G(I x U x P)". Let gg € (0,1] and L a

compact subset of U such that xo. € L for all e < g¢. Let o, 3 > 0 such that
Q := Ba(to) x Lg C I x U,

where Lg := L + Bg(0). If there exists some a > 0 such that

sup |Fe(t, z,p)| <a

(t,z,p)EQxP
for all ¢ < ¢y and if for all compact subsets K of P
sup  |02F.(t,z,p)| = O(|logel) (5.12)
(t,z,p)EQXK

holds, then for fixed h € (0, min (a, %)) there exists u € G[P x J, Lg] such
that for all p € P, the map u(p,.) € G[J, Lg] is a solution of the initial value

problem
u'(t) = F(tu(t),p), u(to) = Zo,
where J := [ty — h,to + h|. The solution u is unique in G[P x J, Lg].
Furthermore, there exist represenatives (ue)e, (foe)e, (Toe)e of u, to, To,
respectively, such that

ugl(p7t) = FE(tvus(pa t)7p)a ue(pat~0€) = Z0e,
holds for all (p,t) € P x J and ¢ sufficiently small.
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Proof: FEzxistence: Let (fos)e be a representative of fy. Set ¢ := min (a, g)
and choose some h € (0,¢). Let &1 < eg such that |fo. — to| < 3(c — h)
for all ¢ < 1. From now on, we always let ¢ < e;. As before, we have
|t — o] < c. Since the upper bound a is independent of p, we obtain—as in
the proof of Theorem for all p = [(p.):] € P. nets of classical solutions

Ue(Pe, ) + J — Lg of the initial value problem
U;(t) = F€(t7 ue(t)7ﬁ€)7 uE(EOE) - i‘Os- (513)

By the classical Existence and Uniqueness Theorem for ODEs for all €
the mapping (p,t) — u(p,t) is C* since F; is smooth.

The moderateness of (ug). will be shown in three steps: First we consider
derivatives with respect to t, then only derivatives with respect to p and,
finally, mixed derivatives.

The Eps-estimates for uc(p,t), drus(p,t) and all its higher-order derivatives
with respect to ¢ are obtained in the same way as in the proof of Theorem
Next, we consider the derivatives with respect to p. The initial value problem
with p. = p is equivalent to the integral equation

Ue(p,t) = Toe + /FE (s,ug(p, s),p) ds. (5.14)

£0£
Differentiating equation (b.14]) with respect to p yields

t
Oue(p,t) = / (62F5 (s,ue(p, s),p) - O1us(p, 8) + O3 F: (s,us(p, s),p)) ds.
toe
(5.15)
Let K1 x Ko CC P x J and (p,t) € K1 x Ka. Since uc(p,.) maps into the
compact set Lg for all p € P and by the additional assumption on (9yF%).,

we obtain

|O1ue(p, )] <

t
+ ‘ / ‘82F6(87u€(p7 S)7p)‘ . ‘81’&5(]?, S)‘dS

toe

t
< ’/83F5(87U5<p,3),p)d3
2?05

t
<cCre™M+ ‘ /02!10g6\ - |O1us(p, s)|ds

E0 e




120 Chapter 5: Differential equations in generalised functions

for constants C1,Cy > 0 and some fixed N € N. By Gronwall’s Lemma, it
follows that

t
1011 (p, )] < ¢ Cre=™1 - el Jio. Calloseldsl oy c=(NateCa)

Differentiating i — 1 times with respect to p (i € N) gives an integral
formula for diu.(p,t). Observe that in this formula diu.(p,t) itself appears
on the right hand side only once, namely with 0y F(s, uc(p, s),p) as coeffi-
cient, and that the remaining terms contain only 0;-derivatives of u. of order
less than i. Thus, we may estimate the higher-order derivatives with respect
to p inductively by differentiating equation and applying Gronwall’s
Lemma.

Finally, it only remains to show that the £y/-estimates are also satisfied for
the mixed derivatives. For arbitrary ¢ € N we have

13 )
i

0
:%05+/Fs(s,us(p, s),p)ds | = aTjiFs(t,ua(p,t),p)-

7
9102 ue(p; 1) = o Ot
toe

(5.16)

By carrying out the i-fold differentiation on the right hand side of equa-

tion , we obtain a polynomial expression in 04 F. (t,ua(p, t),p),

O5F.(t,uc(p,t),p) and dfuc(p,t) for 1 < k < i all of which satisfy the

Enr-estimates. The estimates for 9593 u.(p,t) with j > 2 are now obtained
inductively by differentiating equation with respect to t.

Uniqueness: By Proposition [2.30] it suffices to show that for every near-
standard point p € P. the solution u(p, .) is unique in G[J,Lg]. For a
fixed near-standard point p = [(pe)e] € P., condition implies the
condition for uniqueness in Theoremwith respect to (Fz(., ., Pe))e-

Therefore, u(p, .) is unique in G[J, Lg| for all near-standard points p € P.,.
O

5.9. Remark: Again, let W be an open subset of U containing fg As
before, the solution w is unique even in G[P x J, W] if for all compact subsets
K1 of W and Ky of P

sup |02F2(t, , p)| = O(|log e])

(t,x,p)EBa(to) x K1 x K2

holds.

If we restrict the generalised point values in the initial condition to
near-standard points, we can also prove G-dependence of the solution on the
initial value.
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5.10. Theorem: Let I be an open interval in R, U an open subset of R",
P an open subset of R!, ¢y a near-standard point in fc withto ~tg € I, &g a
near-standard point in U with Zo ~ o € U and F = [(F.).] € G(IxU x P)™.
Let o, 8 > 0 such that

Q = Ba(to) X BB(SUQ) CIxU.
If there exist a > 0 and £¢ € (0,1] such that

sup |F:(t,z,p)| <a (5.17)
(tx,p)EQXP

for all € < ey and if for all compact subsets K of P

sup  [0aF:(t,z,p)| = O(|logel)
(t,x,p)EQXK

a

holds, then for fixed h € <O,min (a, ﬁ)) there exist neighbourhoods J; of
to in J := [to — h,to + h] and Uy of xy in U and a generalised function
u € G[J1 x Uy x P x J, By(xo)|, where v € (0, 3) with § —~ > 0 sufficiently
small, such that for all (t,,%,p) € Jio X Ure X P, the map u(ty,%1,p,.) €
GlJ, B,(xo)] is a solution of the initial value problem

u'(t) = F(t,u(t),p), u(t)=71. (5.18)
The solution w is unique in G[J; x Uy x P x J, By(xo)].
Furthermore, there exists a represenative (u.). of u such that

ugl(tlaxlapa t) = F&(taué‘(tlaxlapa t)7p)7 ue(tlaxlvputl) = T,
holds for all (t;,x1,p,t) € J1 x Uy x P x J and ¢ sufficiently small.

Proof: Eristence: The basic strategy of the proof is to consider (%o, Zg) as
part of the parameter and apply Theorem[5.8 However, we will have to deal
with several technical details.

Let (fo:)- and (Zo:): be representatives of t resp. Zo. From now on, we
always let £ < egg. Let A € (0,1) and set

I := B)o(0), I1:= Bu_ya(to)-
Choose u € (O, g), set v := 0 — 2u and define

U .= B,y_:,_,u(O), U1 = Bu(xo).

Then
I+ 1 =Bu(ty) €I and U+ U, = Bs(xg) CU
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hold. Hence, we may define G, : I x U x (I; x U; x P) — R" by
Ge(t,z, (t1,21,p)) == Fe(t + t1, 2 + 21, p).

Obviously, (G.). is moderate and, therefore, G := [(G.).] is in G(I x U x
(I x Uy x P))". Now let § € (0, @) and n € (0,7 — ). By assumption
(5.17) on (F)s, we obtain

sup |G€(t>$7 (t1,$1,p))‘ = sup ‘Fg(t—Ftl,x—i—l’l,p)‘
(t7x7(t17x17p))ED (t,x,(thxhp))ED
< sup |Fe(t, @, p)|
(t,z,p)€Ba(to) x By (x0) X P
<a

— )

where D := Bs(0) x B,(0) x (I x Uy x P) C I x U x (I; x Uy x P). Since

0
82G5(t,l', (t1,$1,p)) = %Fs(t +t,r+ xlvp) = 82F€(t +t,r+ xlvp)a
it follows immediately that for all K cC Iy x Uy x P

sup |G (t,z, (t1,21,p))| = O(|logel). (5.19)
(t,z,(t1,x1,p))€Bs(0) X By (0) x K

By Theorem there exists v € G[(I; x Uy x P) x J, B,)(0)] such that for all
(f1,21,9) € The x Uy x Pe the map v(f1, 31,5, .) € G[J, By(0)] is a solution
of the initial value problem

V' (t) = G(t,v(t), (to, Zo, D)), v(0) =0, (5.20)

where h < min (6, 1) and J := [—h, h]. Note that, since B,(0) + By, (z0) =
Bg(xp), the estimate still holds if B,(0) is replaced by By4,(0).
Therefore, it follows from Remark that the solution v is unique in
Gl(I, x Uy x P) x J, B4,(0)] (we will need that in the proof of unique-
ness). Let (v:): be the representative of v that satisfies

Ué(tlaznlapat) = Gg(t,’l)g(tl,ﬂfl,p,t), (tla'l'l?p))? U(O) = 07

for all (t1,x1,p,t) € I x Uy x P X J. Let o € [%,1), h:= oh and hy =

min(h, (1—o)h,(1—N)a). Set J := [to—h,to+h] and J; := (to —h1,to+h1).
ThenJnggj. We now define u. : J; x Uy x P x J — R" by

Us(t17$17p7t) = Us(tlaxlvp,t - tl) + 1.
The map u, is well-defined since J; C I7 by the choice of h; and

[t —t1] < |t —to| +|to —t1| <h+hy <oh+(1—0o)h=h. (5.21)
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The moderateness of (u.). is an immediate consequence of the moderateness
of (v:).. Moreover, since t —t; € J by (5.21) for all t € J, t; € J; and
x1 — xo € B,(0) for all zy € Uy, it follows that

A

ue(t1, 21, p, J) C ve(ty, z1,p,J) + 21
€ By(0) + 21

C By(xg) — xo + 21

C By(wo) + Byu(0)

C By

o)

for all (¢1,x1,p) € J1 x Uy X P, i.e. u. is c-bounded from J; x Uy x P x J into
B (zg). Therefore, u := [(uc)] is an element of G[J; x Uy x P x J, By(x0)).
Furthermore, the function wu.(fi, #1¢, Pe, . ) satisfies

o .~ 0 ~ . ~ -
aus(tlz-:,xlsapeiat) = a (UE(tlt‘v:ElEvaat - tlE) + ZEL;)
a UE(Elsa T1e,De,t — 2'{15)

Gs(t - tlsa Us(tlaa i’lsvﬁa t— tls)a (t157 ile;ﬁs))
F; 7”5(%57 jls,psa t— 7Els) + jlsaﬁs)
F,

7“6(5167 '%1671387 t)aﬁé)

= (t
= e(t
and

Ue(fla, T1e, De, 7?15) = 7)5({157 T1e, Pe, 0) + T1e = T1e
for all (Lzl, .fl,ﬁ) = ([(515)5], [({ilg)g], [(ﬁe)e]) S jlc X Ulc X ]56 andt € J. Thus,
u(ty, 1, P, . ) is indeed a solution of the initial value problem (5.18]).
Note that for any h € (0, min (a, g)) the constants A, u, §, 1, h and o can be
chosen within their required bounds such that all the necessary inequalities
in the construction of (uc). are satisfied.

Uniqueness: By Proposition [2.30] it suffices to show that for every near-
standard point (¢, %1, p) € Jie x Uy, % P. the solution u(ty, @1, P, . ) is unique
in G[J, By(fﬂo)]- LNet p € P, and let (i1,%1) = ([(t1e)e], [(Z1e)e]) be near-
standard in Jy. x Uy, with (t1c, 1) — (t1,21) € J; x U; for e — 0. Assume
that w(ty,Z1,p) € G[J, By(z0)] is another solution of . For brevity’s
sake we simply write u resp. w in place of u(fy, #1,7) resp. w(ty, 1,7).

We will show that w|()—a,t9+a) = %l(t9—a,to+a) holds for any a € (0, h). Since
G is a sheaf, the equality of w and u also holds on J°.Then, by the continuity
of representatives, w and u are also equal on J.

Now, let a € (0,h) and set 7 := 3(a + h). Define w : By (tg — t1) — By4,(0)
by w(t) := w(t +t1) — Z1. By Proposition w is well-defined since, by

[t +t1e —to] < |t — (to—t1)| + |tre —t1| <T+h—T=h
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for t € B-(to —t1) and |t1c —t1] < h — 7 = 7 —a, the map t — ¢ + #; is
c-bounded from B;(ty — t1) into J. Moreover, w is a solution of

V(t) = G(t,v(t), (t1,21,D)), v-(0)=0. (5.22)

Since B, (to—t1) C J and solutions of (5.22) are unique in G[J, B ,(0)] (as
proved earlier), it follows that @ = v({1, T1,P)|B, (ty—t,)- From

[t —t1e— (to—t1)| < |t —to| +|t1 —tic| <a+T—a=r1

for t € B,(to), it follows that ¢ — ¢ — 1 is c-bounded from B,(tg) into
B, (to — t1). Hence, we may calculate

w(t) = w(t —t1) + &1 = v(t1,71,9)(t — t1) + T1 = u(t),

establishing w|(;y—a,ty+a) = ¥|(ty—a,to+a)> and we are done. O

5.2 A Frobenius theorem in generalised functions

In order to prove a generalised Frobenius theorem we need to solve a gener-
alised first order linear system of ODEs.

5.11. Proposition: Let I be an open interval, to € I and A € Q(I)”2
satisfying

sup [ Ac(8)[| = O(|log ).
tel

Then the initial value problem
W) = AW - ult),  ulty) = (5.23)
has only the trivial solution v =0 in G(I)".

Proof: Obviously, u = 0 is a solution of (5.23]). The uniqueness of this solu-
tion follows from a slight modification of the proof of uniqueness in Theorem
O

Note that in the above proposition a solution of the initial value problem
need not to be c-bounded since A(t) is a generalised matrix for all ¢ € I.

Now we are ready to prove a generalised version of Frobenius’ Theorem

LS
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5.12. Theorem: Let U be an open subset of R", V an open subset of R™
and F = [(F.):] € G(U x V)™ If for all &y € U, with &y ~ xo € U and
G0 = [(0e)] € V.. there exist ey € (0,1], , 3 > 0 and a > 0 such that

sup |F:(z,9)| <a (5.24)
(z,y)eQ
for all € < g and
sup |0aF:(z,y)| = O(|logel), (5.25)

(z,y)€Q

where Q := By (x0) x Lg, Lg := L + Bg(0) and L is a compact subset of V
such that 3jo. € L for all € < €¢, then the following are equivalent:

(1) For all (i, o) € U, x V, with &y ~ ¢ € U the initial value problem
Du(z) = F(z,u(x)), u(Zo) = Yo (5.26)

has a unique solution u(Zo, yo) in G[U(Zo, §o), Lg], where U(Zo, 3o) is an
open neighbourhood of zg in U.

(2) The integrability condition is satisfied, i.e. the mapping
(fE,y,Ul,Ug) = DF(LB7y)(’L)1, F(1:7y) : ’Ul) * U2

is symmetric in vi,v9 € R™ as a generalised function in G(U x V x R™ x
R™)™.

5.13. Remark: Note that if for all (xg,yo) € U x V there exist €, a, § and
a such that condition (5.24) holds, this property is equivalent to F' being
c-bounded.

Proof: The proof uses the same line of argument as in the classical case[l.12
However, we have to be much more careful when it comes to composing and
pointwise characterisation of generalised functions. We will make good use
of several results of Chapter [2]

= (2): By Proposition we only have to check if
DF(j)g)(ﬁh F(:iag) ) 171) Uy = DF(:’E’ Q)(ﬁ% F({fjvg) ’ 732) - U1

for all near-standard points 1, Uy € ]@2‘ and (&, ) € U, x V... Therefore, let Z
and y be near-standard points in U, resp. V.. By , there exists a solution
u of the initial value problem



126 Chapter 5: Differential equations in generalised functions

Writing Du as Du = F o (id, u), then, by Proposition and Corollary
2.29] we obtain

D%u(z) (91, 0o) = (D?u(z

for all near-standard points vy, U2 € R’g The last expression is symmetric in
¥ and ¥y since, by Schwarz’s Theorem, D?u(Z) has this property.

= (I): Let &9 = [(#0:)<] be a near-standard point in U, with Z =~ xg
and let go € ‘7;
Ezistence: Choose ¢ € (0,) and set v := o — J. There exists some €1 < gg
such that Zoe is in Bs(xg) for all € < €1. From now on, we always let ¢ < €.
Since for |t| < v and v € B1(0) C R"

|Toe + tv — xo| < |Toe — ol +[t[Jv] <d+v=a
holds, we have Z. + tv € B, (x) C U and the function

Ge: (=71,7) XV xBi(0) — R™
(ta Y, U) = Fa‘(j()f;‘ + tv, y) v

is well-defined. By Propositions and G := [(Ge)e] is a well-defined
generalised function in G ((—v,7v) x V x B1(0))™. Now consider the initial
value problem

fi(t) =G(t, f(t),v),  f(0) = o, (5.27)

with parameter v € B1(0). We will show that the conditions of Theorem
are satisfied. Choose ) € (0,7). Then, by ([5.24)),

sup ’Ga(ta y,v)| = sup ’Fa('%()a +tv,y) - U‘
(t,y,v)€By(0)x L x B1(0) (t,y,v)€By(0)x Lgx B1(0)

< sup |Fe(z,y)|- sup |v]
(z,y)€Q v€B1(0)

< a.
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Furthermore, by ([5.25)), we obtain

sup aQGE (t, Y, U) =

(t,y,’U)GBn (O)XTBXBI (0)

= sup |evy 0 Do FL(Zoe + tv, y)|
(t.y,0)€By(0)x L x B1(0)

< sup ’er ’ © Sup |02F5(x,y)\
vEB1(0) (z,y)eQ

= O(|logel).
From Theorem [5.8] it follows that there exists a generalised function f €
G[B1(0) x J, Lg] such that f(v, .) is a solution of (5.27) for all v € B;(0)
where h is in (O,min (n, g)) and J := [—h,h]. Fix some r € (0,h) and
A€ (0,1) and set

U(Zo,9o) := Bxr(w0).
We choose g9 < €1 such that |xg — Zoe| < (1 — \)r for all ¢ < 9. From now
on, we always let € < e9. We define u.(Zo, 9o) : U(Zo,%0) — Lg by

el o)) = fo (o = 2007

By the choice of g3, the inequality

—

1 5 B 1
‘T($ — Tge)| < ;(|m — x| + |xo — Zoe|) < ;()\r —(1=XNr)=1

holds and the function u.(Zo, go) is well-defined. From now on, we denote
ue(Zo, Yo) simply by u.. Since, obviously, the net (z — %(m - 9305))5 is mod-
erate and c-bounded into B;(0), the composition with (f:). is moderate.
By the c-boundedness of (f:). into Lg, also (uc)c is c-bounded into Lg, i.e.
u = [(uc)e] € GlU(Zo, 9o), Lg]-

To prove that u is indeed a solution of we will use the equality of
(t,v,w) — 01 f(v,t)-wand (t,v,w) — F(Zo+tv, f(v,t)) (tw) in G((—h, h) x
B1(0) x R™)™. To see this we consider the net (k:). given by k. : (—h, h) x
B1(0) x R — R™,

kig(t,U,QU) = alf&(vat) W= FE(jOz-: + tv, fs(’U,t)) ’ (tw)

Note that, by Propositions and k :=[(k:)] is a well-defined gen-
eralised function in G((—h,h) x B1(0) x R™)™. Let v € mc and @ € R”.
Since v — f(v,0) = g is constant in G(B1(0))™ and F maps to a space of
generalised linear functions, we have

k(0,5,@) = 01 f(3,0) - @& — Fo(Zg + 09, £(3,0)) - (0-@) =0
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in R™. By Schwarz’s Theorem, the chain rule and the integrability condition
, we obtain

B (g(alf(f/,t) - — F(Zo + 0, f(8,1)) - (tw)) (5.28)

=F(Zo+tv,f(v,t))v

~ (81F(2) 1D+ Do F(3) - ( gtf(ﬁ, £) ) i+ F(2) w)
—F(3)%
- %(F(ﬁ;o tto f0,t)-v )| @

Av

DF(3) - (3, F(3) - 5) -t + F(3) - w)
2 (alp(a DT+ D F(3) - (O f(B,1) D) T+ F(3) - ﬁ))
- (DF(z) (tw, F(Z) - t@) - 5 + F(Z) - 12))
—OF(3)-td - 5+ D F(Z) - (Ouf(51) - @) - §
COF(Z) D 5 — BoF () - (F(3) - t) - §
)

= 5 (2) - k(t, 5, 0) - ©
= <ev1~} 00 F(Fo + t0, f(@,t))) k(t, 5, 0) (5.29)

for Z = (2o + to, f(0,t)). Corollary says that evy is in G(R™™)™. We
may regard ev; as a generalised function of (t, A) € (—h,h) x R™" which
is independent of ¢, i.e. evy € G((—h,h) x R™)™. From Proposition m
it follows that evy : t — evg is in G((—h, h))™™". Therefore, the expres-
sion in the brackets in the last line of can also be written as evy(t) o
O F (Zg + t0, f(0,1)). Since t — 0yF(Zo + t0, f(0,1)) is in G((—h, h))™™™,
by Proposition the mapping A(t) = evy(t) o RF (o + to, f(0,1))
is in G((—h, h))™". From (5-25), it follows that SUPye(—nn) |A(t, 0, 0)] =
O(|logel) for all v,w € R?. Hence, k(.,?,w) is a solution of a linear initial
value problem satisfying the conditions of Proposition and, therefore,
k(.,5,w) = 0 for all o, w € R™. By Proposition we conclude that k£ =0
in G((—h,h) x R" x R™)™.

Finally, we check that u is indeed a solution of . Observe that for
v = 0 the initial value problem is reduced to

fit) =0, £(0) = 7o
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Therefore, f(0, .) is the (in G[(—h, h), Lg]) constant function ¢ — go. Thus,
by the definition of u, we obtain

forall w € RZ. Applying Propositionmm the above equation, we conclude
that u is indeed a solution of the initial value problem .

Uniqueness: Let 4 € G[By,(z0), Lg] be another solution of (5.26). We will
show that @|p, (z,) = U|B,(xy) for all @ < Ar. Since G is a sheaf, the equality
also holds on By, (zg) = U(Zo, 9o)-

Let a € (0, Ar). Observe that if (f:). is the representative of f that solves
for the representatives (G;): of G, (Zoe)e of Zog and (goe)e of Jo clas-
sically for small £ (such a representative exists by Theorem , then

fe(v,et) = fe(ew,t)

holds for all ¢, v and ¢ for which both sides are defined. Henwe same is
true for f as a generalised function. Now, let © = [(9:).] € B1(0),. and set
T = %()\r —a). We define ¢(9) : Bat2,(0) — Lg by g(0)(t) := u(Zo + t0).
The function g(v) is well-defined since, by

|Zoe + t0: — xo| < |Toe — x| + [t]]|0e]| < T+ (a+27)- 1= Ar

for t € Bat2-(0) and |zg — Zoe| < 7, the map ¢ — Ty + 0 is c-bounded from
Ba42-(0) into By,(x0). Moreover, () is an element of G[Bq42-(0), L] and
a solution of for v = ©. Since By12-(0) C J and solutions are unique
in G[J, Lg], it follows that g(v) = f(9, .)|B, ., (o) for all ¥ € ERO/)C. By
Proposition g (v,t) — g(v)(t) is an element of G[B1(0) x Byt2-(0), Lg]
and equal to f on B1(0) x Bg42-(0). Since

1 1

< —- — — X <
“a+T (\x x0|+\x0 $O€|) a+T

(a+T1)=1

| L o= a0

a-+T
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holds for all € B,(z¢) and sufficiently small €, the map x — ﬁ(:ﬂ — o)

is c-bounded from B,(xg) into B1(0). Hence, we may calculate

i(e) = g(—— (e = 70))(a+7)
= (=) e+ 7)
= (-~ 30)) ()
= u(a)

establishing the claim. O
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