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Preface

The present manuscript are the notes for my courses Partial Differential
Equations and Advanced Partial Differential Equations given at the Univer-
sity of Vienna in winter 2020 and 2021, respectively. When preparing a
course on such a classical topic, the first question is naturally why another
set of notes. However, while this question is common, so is the answer: Be-
cause I could not find existing notes meeting all my expectations. To help
you find out if the present notes will meet yours, I will describe its content
and explain some of my motivations below.

The manuscript is updated whenever I find some errors and extended
from time to time. Hence you might want to make sure that you have the
most recent version, which is available from

http://www.mat.univie.ac.at/ gerald/ftp/book-pde/

Please do not redistribute this file or put a copy on your personal
webpage but link to the page above.

Aims and features

The first question one has to answer when designing such a course is the
question about the prerequisites and the overall direction (in most cases these
items will in fact already have been decided for you). In my case the pre-
requisites for the first part are only multi-variable calculus (including some
elementary facts about ordinary differential equations). Neither functional
analysis nor measure theory (Lebesgue spaces) are assumed to be known
(and it is also not the purpose to introduce them during the first part). In
particular, rushing through the classical theory and getting to functional

vii
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Preface

analytic tools as fast as possible is not the aim of the present course. Never-
theless, this is still supposed to be a modern introduction and hence I tried
to focus on those topics which either enhance the understanding of partial
differential equations (PDE) or can still be considered useful nowadays. The
main features from my perspective are the following:

Contents

1https:

An important point I want to make is that this subject is part of
Analysis. Complete and detailed proofs of all results are a core
ingredient, even if some of them are challenging. Nevertheless, I
have strived to avoid mathematical elegance which might impress
the expert reader by its brevity but leaves the beginner puzzled.

I wanted to start gentle but still cover a good amount of key results
during the course. Hence I spent a lot of time streamlining the
presentation and searching for the simpelst possible proofs. I found
it surprising that some of them, even though already quite old, still
did not make it into the standard textbook literature. The most
striking example being the proof for the strong maximum principle
for general parabolic equations.

Math books are rarely read (or taught) cover to cover and hence
the material is presented to minimize interdependence such that
certain parts can be easily skipped.

Examples within the text. From easy standard examples, over
neat applications, to (sometimes tricky) counterexamples, explain-
ing why results fail once some of their assumptions are dropped.

Problems. Again from easy standard drill problems, over neat
applications, to additional results extending the material presented
in the main text. All problems are student-tested and the harder
ones usually have hints to get you started.

Don’t be afraid of special functions: The only difference between
trigonometric and Bessel functions is that your pocket calculator
might not have a button for the latter. However, all modern com-
puter algebra systems have them built in and a myriad of formulas
is available. While these formulas can be readily looked up in
standard references like the NIST Digital Library of Mathemati-
cal FunctionsEL I still find it interesting how they can be derived.
Hence for every formula there is both a reference and a problem
(in case you want to get your hands dirty).

//d1lmf .nist.gov
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Below follows a short description of each chapter together with some
hints which parts can be skipped.

First Part

Chapter 1. I have chosen to start with the method of characteristics
not only because this stands historically at the beginning of PDE theory,
but also because it serves as a gentle entry point. In particular, this already
allows us to discuss some interesting examples and get a first flavor of what
PDEs are about. We also have a first look at second order equations starting
with the case of two variables and discussing canonical forms as well as the
common classification scheme.

Chapter 2. Of course the method of characteristics raises the question
about a general existence and uniqueness result for the Cauchy problem
(an anlog of the Picard-Lindel6f theorem for ordinary differential equations
(ODE)). This endeavor turned out too much to hope for and consequently
had to be shelved. Still I find it interesting to understand to what extend
this is possible and where it fails. For this reason the Cauchy—Kowalevsky
theorem is discussed and it is applied to the classical equations (the Holy
Trinity) in order to explain its limitations. It requires some familiarity with
real analytic functions; the necessary background is collected in an appendix.
Finally, there is Lewy’s example to show that one cannot go beyond. This
chapter (in fact the first two chapters) is independent of the rest and could
be skipped.

Chapter 3. The third classical method is separation of variables. It
is possible (and indeed quite frequent) to do a full course only using this
method. T have decided to devote limited time to this topic dealing only with
the heat and wave equation (in one spatial variable) in somewhat detail. This
is done with the extension to higher dimensions in mind and hence special
emphasis on the fundamental solution, the maximum principle, and energy
methods is made. In addition to an interval, the case of a rectangle and a
disc are also briefly discussed.

Chapter 4 introduces the Fourier transform as the premier tool for
(constant coefficient) evolution problems on the real line. In addition to the
heat and wave equation, we discuss dispersion including the stationary phase
method. The emphasis is on a precise treatment avoiding vague arguments
often found in this context. There is also a brief section on symmetry groups.
There is nothing substantial here, but I at least wanted the reader to know
that these methods exist.

Chapter 5 makes the step to arbitrary dimensions and in principle one
could even start here. We begin with harmonic functions, discuss the Newton
potential, Green’s function, and the Dirichlet principle. Many authors stop
at this point since the modern way of solving the Dirichlet problem is via
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the calculus of variations, which is far beyond the current toolbox. However,
I found it disappointing to say so much about the structure of solutions
without ever establishing existence (except for a ball and a half space). Hence
I have decided to include Perron’s method to solve the Dirichlet problem.
Finally, there is a glimpse at general elliptic equations including the strong
maximum principle.

Chapter 6 deals with the heat equation. To this end the Fourier trans-
form is extended to higher dimensions. There is also a brief discussion on
the fundamental solution for a domain which is used to motivate the mean
value formula. I prefer this approach over (the slightly shorter approach of)
postulating the formula and then verifying it via an opaque calculation. As
a consequence we obtain the maximum principles, which are extended to
unbounded domains including a discussion of Tikhonov’s counterexample.
Again there is a glimpse at general parabolic equations including the strong
maximum principle.

Chapter 7 derives the Kirchhoff and the Poisson formula for the wave
equation using the Fourier transform. The method of spherical averages is
used to obtain formulas for arbitrary dimensions. Also energy methods are
briefly discussed.

Second Part

The second part covers some selected topics using advanced tools from
functional analysis and measure theory. It is to a large part independent
of the first part but of course assumes some basic familiarity with partial
differential equations. Moreover, the reader is assumed to be familiar with
the Lebesgue integral as well as Lebesgue spaces. The relevant results are
collected in Section [B.2] Similarly, we require some basic familiarity with
Functional Analysis. Again the required results are collected in the appendix.

Chapter 8 is intended as a motivation for what is to come. Here con-
stant coefficient equations on R™ are discussed by virtue of the Fourier trans-
form. Weak derivatives and the semigroup point of view for evolution equa-
tions are introduced in this context.

Chapter 9. Since the course is not limited to problems on R", general
Sobolev spaces are introduced in this chapter. While you will not see a
single partial differential equation in this chapter, it will lay they technical
foundation for the following chapters. Apart from the basic results, trace
operators as well as the usual embedding theorems are established.

Chapter 10 discusses elliptic problems via the Lax—Milgram approach.
We start out with the Poisson problem and introduce the key ideas using
this simplest case. We also discuss domain issues for the associated operator,
a topic which is sometimes swept under the carpet. Everything is then
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extended to elliptic operators. In particular, the maximum principle and
elliptic regularity are discussed in detail.

Chapter 11 turns to evolution problems. I have decided to take the
abstract approach via operator semigroups. Since this is an extremely versa-
tile tool, I feel that it is worth while covering in such a course. To facilitate
the extra abstract hurdle I start with discussing abstract Cauchy problems
before turning to the question of generator theorems. While contraction
semigroups (on Hilbert spaces) would be sufficient for the intended applica-
tions, I have decided to develop the general (Banach space) theory, since the
simplifications would only be minimal. Parabolic and hyperbolic equations
are then handled as straightforward applications.

Chapter 12 leaves the realm of linear equations. We look at the simplest
case of semilinear equations, again within the framework of semigroup theory.
Apart from the basic local existence result, blowup criteria and persistence
of regularity are discussed. One prototypical example, reaction diffusion
equations, are discussed in some detail (including a comparison principle).

Chapter 13 aims at nonlinear elliptic problems via the calculus of varia-
tions. Again this is only a short glimpse at this huge area. Only some basics
of the direct method, including the case of constraints, are discussed.

Chapter 14 is intended as an outlook to even more advanced techniques.
We discuss one prominent example, the nonlinear Schréodinger equation. We
show how the basic semigroup theory provides local existence in H"(R")
provided r > 5 exploiting the algebra structure available in this case. We
discuss global existence and blowup in detail for the one-dimensional case,
since this explains all the main ideas and since the previous local result
covers H' in this case. Establishing local existence in L? and H' (without
the restriction to one dimension) requires the use of Strichartz estimates. Of
course this raises the technical bar even further (in particular, since a clean
mathematical treatment involves the Bochner integral), but the results will
hopefully reward the reader for the efforts.

Problems relevant for the main text are marked with a "*".
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I wish to thank my readers, Teresa Engelbrecht, Darius Eros, Viktoria Hablas,
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The graphics in these notes were produced using TikZ and Mathematica.ﬂ

Finally, no book is free of errors. So if you find one, or if you
have comments or suggestions (no matter how small), please let
me know.

Gerald Teschl

Vienna, Austria
January, 2022

2 Mathematica® is a registered trademark of Wolfram Research, Inc.



Part 1

Classical Partial
Differential Equations






Chapter 1

The method of
characteristics

1.1. Introduction and motivation

As you might have already guessed from the name, a partial differential
equation (PDE) is an equation involving an unknown function u and its
derivatives. Unlike the case of ordinary differential equations, v will depend
on more than one variable and hence we have to deal with partial derivatives.
As with ordinary differential equations, the order of the differential equation
is the order of the highest derivative appearing in the equation.

To get a first feeling for partial differential equations, let us look at a
specific example. The simplest example is of course a first order homogenous
linear equation (with constant coefficients) for an unknown (differentiable,
C! say) scalar function u depending on two independent variables (z,y):

atz +buy +cu=0. (1.1)

Here we use the convenient notation

ou ou
— Uy = —
ox’ Y oy

for partial derivatives. To ensure that this is really a differential equation,
we need to assume that at least one of the coefficients a or b is nonzero.
We will assume b # 0 and then divide by b such that we can assume b = 1
without loss of generality. Moreover, to begin with we will also assume ¢ = 0.
Interpreting the second variable y as time ¢, this is the famous transport
equation

Uy = (1.2)

ut +aug =0. (1.3)
3



4 1. The method of characteristics

Figure 1.1. Transport equation: Characteristics (left) and solution
(right) for a Gaussian initial datum

The equation tells us that a certain directional derivative (namely the de-
rivative in the direction (1,a) in the (¢, z)-plane) vanishes. Hence a solu-
tion u does not change in this direction. So if u(to,x9) = up we also have
u(to+s,zo+as) = up for all s € R. Consequently, if we prescribe the values
of u at some time tg,

u(to, ©) = g(x), (1.4)
then we obtain the value of u at a given point (t,z) € R? by following the
characteristic line (along which u is constant) (¢ + s,z + as) through this

point backwards until we hit the line ¢ = t3, where we have specified our
initial condition. This implies the condition ¢ + s = tg from which we get

u(t,x) = u(t—i—s,a:—{—as)‘sztoit = u(to,z—a(t—to)) = g(x—a(t—tp)). (1.5)

Hence the effect of our equation is to take the initial condition g and
translate (transport) it by a distance of a(t —to). Hence the profile g travels
to the right with constant speed a as illustrated in Figure 1.1

Note that we could specify the initial conditions along pretty much any
curve as long as the characteristic line through any point (¢, ) has precisely
one point of intersection with this curve. In particular, we cannot prescribe
the value of u on (part of) a characteristic line since this will lead to a con-
tradiction in general. Moreover, even if it works, we could loose uniqueness

— Problem .11

Even without specifying an initial condition, we could read our findings
as any solution being of the form u(¢,z) = g(x — at), where g is an arbitrary
differentiable function. Hence in contradistinction to ordinary differential
equations, the general solution of a partial differential equations will typically
depend on unknown functions, rather than unknown constants.

Motivated by our success, let us return to the original problem with
c #0:
ur +auy +cu =0. (1.6)
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Now u is no longer constant along characteristic lines, but we still know
how it changes. More precisely, setting z(s) := u(t + s,z + as) our partial
differential equations gives us an ordinary differential equation for the change
of u along characteristic lines:
2(8) = u(t + s,z + as) + aug(t + s,z + as) = —cu(t + s,z + as)

= —cz(s), (1.7)
where the dot indicates a derivative with respect to s. Solving this differential
equation we obtain

2(s5) = #(s0)ec—), (19)
Moreover, choosing sg such that t 4+ sg = tg we obtain
u(t, ) = 2(0) = 2(s0)e™® = u(to,z — a(t — to))e—c(t—to)
= g(x — a(t — tg))e clt=t0), (1.9)

This clearly raises the question how far this approach can be pushed. Well,
first of all note that we can easily replace the term c u by an arbitrary function
c(t, z,u). Evaluating u along the characteristic lines as before gives

Z=—c(t+s,x+as,z), (1.10)

which has to be regarded as an ordinary differential equation for z as a
function of s with ¢ and x as fixed parameters. The only remaining problem
is solving this ordinary differential equation. For example, this can be used
to solve the inhomogeneous problem where c(t,z,u) = cu + f(t,z), see
Problem

But what if the coefficients are no longer constant? We will consider this
case in the next section.

Problem* 1.1. Find two different solutions of
U + Uy =1
with initial conditions u(s,s) = s along a characteristic line.

Problem 1.2. Establish the solution formula

t
u(t, x) :g(a:—at)—i-/ f(s,x+a(s—t))ds (1.11)
0
for the inhomogeneous transport equation
u +aug = f(t, z), u(0,z) = g(z). (1.12)

Problem 1.3. Derive d’Alembert’s formula

glx+ct)+g(x—ct) 1 /“‘Ct
+ JE—
2 2c J,

u(t,r) = h(y)dy

—ct
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for the solution of the wave equation
Ugt — gy = 0, u(0,2) = g(x), wu(0,2) = h(x).

(Hint: Note that the wave equation can be factorized as two transport equa-
tions

(Or — c0z) (0t + cOz) u = (O + cOy) (O — cOz)u =0
and use Problem[1.9)

1.2. Semilinear equations

Let U be some nonempty open subest of R™. We now look at the more
general problem of a semilinear equation for an unknown differentiable
scalar function u depending on n independent variables x € U:

a1 (z)ug, + -+ + an(z)uy, + c(z,u) =0. (1.13)

Here the name semilinear refers to the fact that the equation is linear with re-
spect to the (highest) derivatives with the coefficients depending only on the
independent variables, whereas the lower oder terms are allowed to depend
on u (and possibly on lower order derivatives, if there were any).

Again we can regard this as a directional derivative
a(z) - Vu = —c(z,u), (1.14)
where we use the notation
Vu = (ug,,...,ug,) (1.15)

for the gradient of u and a dot to indicate the scalar product in R”. If c = 0
we can interpret this as the level sets of the solution u being tangential to
the vector field a. Hence it suggests itself to evaluate the solution u along
characteristic curves, which are now given as the integral curves z(s) of the
vector field a, that is, the solutions of the system of ordinary differential
equations

= a(x). (1.16)
Then, evaluating u along this characteristic curves and setting z(s) := u(z(s)),
we obtain from the chain rule

z2=a(x(s)) - Vu(z(s)) = —c(z(s), 2). (1.17)

This clearly gives a procedure for solving ([1.13) with given initial conditions
on an n — 1 dimensional surface I' C U.

To describe it in detail we first need to describe I'. Recall that there
are basically two ways of describing a hyper-surface: Either implicitly as the
zero set of a given function or explicitly given some parametrization. By the
implicit function function theorem both ways are of course equivalent at least
locally. Here we will assume that we have a parametrization I' = {h(y)|y €
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V'}, where V is some nonempty open subset in R*~! and h € C*(V,T) is a

differentiable homeomorphism whose J acob' matrix ‘3—2 is injective for every
y € V. In particular, the tangent vectors g—yj(y), 1< j<n-—1, are linearly

independent and span the tangent space of I' at z¢ := h(y). A vector v(xg)
orthogonal to these tangent vectors is called the normal vector of I'. If we
normalize v it is unique up to its direction. If I' is defined implicitly, then
the normal vector is given by the gradient. In addition to h let us assume
that also a € CY(U,R") and ¢ € C}(U x R, R).

First solve to obtain the characteristic curves (s, y) corresponding
to initial conditions £(0,y) = h(y) € I'. Please recall that by standard ODE
theory our assumption a € C'(U,R") implies that for every y there is a
unique solution which exists at least locally for s in a neighborhood of 0 (the
Picard-Lindel6f theorem). Moreover, this solution depends differentiable on
the initial condition and the solution & will be C'! in a neighborhood of (0, y)
for any yo € V' (e.g. Theorem 2.10 from [33]). Now fix 29 = h(yo) € I' and
assume that a(zg) is not in the tangent space of I' at xg. That is, assume
the non-characteristic condition

v(zo) - a(xo) # 0, (1.18)
where v(zg) is the normal vector of I' at x9. Then the Jacobi matrix of
£(s,y) at (0,yo) is given by

¢ oh oh
9(5,9) (0,90) = (a(xo), 871(%), . ,ayn_l(yo)> (1.19)

and will be invertible thanks to ([1.18). Hence by the inverse function theo-
rem (s, y) will be a diffeomorphism when restricted to a small neighborhood
(—e,e) x V(yo) = U(xo) by the inverse function theorem. Note that geo-
metrically this condition is clear since the characteristic curves must not
stay within I' for our procedure to work. Moreover, if they intersect I" non-
tangentially, they form a mesh which covers a neighborhood of xy without
leaving any holes.

Hence for any = € U(xzp) we can find some corresponding (s,y) €
(—e,e) x V(x) such that the characteristic curve &(.,y) starts at h(y) € T

and hits z = £(s,y). Finally, compute z by solving with z(.) = £(.,y)
and initial condition z(0) = w(£(0,y)) = u(h(y)) = g(h(y)), from which
u(z) = z(s) follows.
In summary (compare also Figure :
e Solve & = a(x) with initial conditions xz(0) = h(y) € I" to obtain
the characteristic curves £(s,y).
e Solve z = —c(&(s,y), z) with initial condition z(0) = g(h(y)).

LCarl Gustav Jacob Jacobi (1804-1851), German mathematician


http://en.wikipedia.org/wiki/Carl Gustav Jacob Jacobi

8 1. The method of characteristics

Figure 1.2. Cartoon for the method of characteristics: To find the
value of the solution u(z) we first find the characteristic curve £ which
leads from I' to z and then we compute the values of u along &.

e Solve the nonlinear system £(s,y) = z for (s,y) and insert the
solution into u(z) = 2(s,y).

As pointed out above, the last step will be possible in a neighborhood of xg
by the inverse function theorem provided ([1.18)) holds.

Theorem 1.1 (Method of Characteristics — semilinear case). Let U be some
nonempty open subest of R™. Suppose a € C*(U,R") and c € C*(U x R,R).
LetT C U be ann—1 dimensional C' surface such that the non-characteristic
condition holds at some point xg € I'. Then, the semi-linear partial
differential equation has a unique solution u in a sufficiently small
neighborhood Uy of xo for any given initial data g € CY(T N Up). This
solution can be obtained by solving the characteristic differential equations
as described above.

Proof. Of course our procedure gives the necessary form of a solution and
hence it remains to verify that the function u constructed in this way is
indeed a solution. First of all note that u is C'' and by the chain rule we
have % = 73% + g—;g—g. Now observe that, by the inverse function theorem,
the Jacobi matrix of the inverse of the map £(s,y) is the inverse of the
Jacobi matrix of £(s,y). Furthermore, the first column of the Jacobi matrix
of £(s,y) is a(&(s,y)) = a(x) and hence its inverse maps a(x) to the vector

(1,0,...,0) implying %(m) ~a(z) = 2(s,y) = —c(z, u(x)). O
Example 1.1. Let ' = {x € R?|zy = 23} and solve
Ug, + T1Ugy + 210 =0, u(y, v?) = 1.

The normal vector is given by the gradient of x5 — 22,

v(y y2):¥ 2
’ Vit \ 1)
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N

\

Figure 1.3. Initial surface I' (black) and characteristics for Example

and the non-characteristic condition reads (a(z) = (1, 1))

o)) = e (1) () = e 2O

which is satisfied for y # 0.

The characteristic equations read
.’i’l = 1, i‘g =2, z = —I1z

and the initial conditions are z1(0) =y, 22(0) = y?, 2(0) = 1. The solution
is
2

S e 2
Gy =y+s &Ly =y +ys+5, sy = /2,

Solving = = £(s,y) gives (s,y) = (z1F /212 — 27, ++/229 — 27) for £y > 0.
Consequently

u(z) = z(s) = "2

The characteristics are shown in Figure[I.3] Observe that the characteristics
are indeed tangential to I" at (0,0). Moreover, while the characteristic curve
starting at (0, 0) leaves I', the characteristics still do not cover a neighborhood
of this point. In particular, note that the characteristics starting on I' do not
cover the region zo < ? and hence our method cannot give us the values
of w in this region. Indeed, our system x = &(s,y) only has a (real-valued)

2
solution provided zy > % The fact that the final formula for v makes

sense on all of R? just means that the solution we have found in the region

To > % has an analytic continuation to all of R%. Finally, observe that
the characteristic curves intersect I' twice and such a situation will typically
lead to a contradiction if you try to prescribe the values at both intersection
points. Indeed, in our case this will work if we prescribe symmetric initial
conditions ¢(y) = g(—y), while it will fail otherwise. For example, if we
look for a solution satisfying u(y,y?) = y and start our characteristics on
Iy = {(z1,2})] £ 21 > 0} we get up(xr) = + 2:62—3:%6’32*9”%. Hence
ux(y,y%) = £|y| and us(y,y?) = y on I'y while us(y,y*) = -yonTx. o
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Example 1.2. The Liouville equationf]
1
ut + v ug + —F(x)u, =0, u(0,z,v) = g(x,v),
m

describes the density u(t, z,v) of an ensemble of identical particles of mass
m in phase space (z,v) € R? (position and velocity) at time t € R.

The characteristic equations are

. 1
t=1, T =, v =—F(z), z2=0.
m

Hence the density is constant along the trajectories of the individual particles
given by N ewton’ﬂ second law of motion mi = F(x). o

Of course this method reduces our original partial differential equation
to a system of ordinary differential equations and, provided we can solve
this system, we get an implicit form of the solution. If we can also solve the
resulting nonlinear system of equations, we even get an explicit solution. So
from this point of view we can record this as a full success. Moreover, the
fact that we only get local solvability is not surprising either, since we do
not have global solutions for ordinary differential equations in general either.
However, note that even if the system of ordinary differential equations has
global solutions, we might still have further trouble since the characteristic
curves might not reach all points.

Problem 1.4. Let I' = {(¢t,x)|t = 0} and solve

ug +tu, =0, u(0,z) = g(z).
Problem 1.5. Let I' = {(¢,x)|t = 0} and solve

ur + xuy =0, u(0,z) = g(x).
Problem 1.6. Let I = {z € R%|zo = e™} and solve

TiUg, + TaUg, + (21 — 2)u =0, u(y,e’) =v.
Problem 1.7. Let T = {z € R3|z3 = 0} and solve
T1Ug, + ToUgy + T1T2Uzy = 0, u(y1,y2,0) = 3 + v3.

Note that the solution is constant along characteristics. Nevertheless the
formula for the solution gives u(1,1,1) = —2 while the initial conditions are
nonnegative. How can this be explained?

Problem 1.8. Solve the Liouville equation for the harmonic oscillator F(x) =

—mw?x, w > 0, with the initial density g(x,v).

2Joseph Liouville (1809-1882), French mathematician and engineer
Ssaac Newton (1643-1727), English mathematician, physicist, astronomer, and theologian


http://en.wikipedia.org/wiki/Joseph Liouville
http://en.wikipedia.org/wiki/Isaac Newton
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Problem 1.9. Find the general solution of Euler’s homogeneity relation
T1Ugy + -+ + Tplyg, = CU.
Problem 1.10. Let T = {(z,y) € R?|y = 0} and solve

Up — Uy = 1, Uy — Uy =, u(xz,0) =z, wv(zx,0)=g(x).

1.3. Quasilinear equations

An important class of first order equations are the scalar conservation
laws

where F' € C?(R) is some given function. Explicitly the equation reads
ur + F'(u)ug = 0. (1.21)

The idea behind this equation is that u(¢,x) corresponds to the density of
some substance at time ¢ and a location x. If one assumes that the quantity
is conserved (i.e. it is neither destroyed nor created) within any given interval
(a,b) as time evolves, the total amount of the substance within this interval
fab u(t, z)dzx can only change by the net flux through the two endpoints. This
net flux is given by v(t, a)u(t,a) — v(t,b)u(t,b), where v is the velocity with
which the substance is flowing. If the velocity can be expressed as a function
of u, the expression F(u) = v(u)u is called the flux function. In this case
we obtain

d b

dt J,
Interchanging integration and differentiation on the left-hand side and in-
voking the fundamental theorem of calculus on the right-hand side gives

u(t,z)dr = F(u(t,a)) — F(u(t,b)). (1.22)

b
/ (w(t, ) + F(u(t,z))s)dz = 0. (1.23)

Since this should hold for arbitrary intervals, we obtain our conservation law.
Note that one could also assume that the velocity field is a given function
v(t,x) or, even more general, that we have a relation v(¢,z,u). This would
lead to a flux function F(¢,x,u) and a corresponding equation

ur + F(t,x,u)y = ur + Fi(t, z,u) + Fu(t, v, u)ugy = 0. (1.24)

Example 1.3. Assuming that the velocity is constant, v(u) = a, one obtains
the transport equation. S

At first sight this type of equation does not fit within the framework
of the previous section since a was not allowed to depend on u. However,
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it is straightforward to check that the method of characteristics extends to
quasilinear equations of the type

a(x,u) - Vu = —c(x,u). (1.25)

Here the name quasilinear refers to the fact that the equation is linear with
respect to the (highest) derivatives, where in contradistinction to a semiliner
equation, both the coefficients and the inhomogeneous term are now allowed
to depend on u (and possibly on lower order derivatives).

The characteristic equations now read
& =a(z,2), z=—c(z,2) (1.26)

and the only difference is that this is now a coupled system which has to be
solved simultaneously. Moreover, the non-characteristic condition now reads

v(xo) - a(xo, g(x0)) # 0 (1.27)

and also involves the initial condition g and not only the surface I'. Other
than that the argument carries over verbatim and we obtain:

Theorem 1.2 (Method of Characteristics — quasilinear case). Let U be some
nonempty open subest of R™. Suppose a € C*(U x R,R") and ¢ € CY(U x
R,R). LetT C U be an n—1 dimensional C surface and g € C*(T') such that
the non-characteristic condition holds at some point xg € I'. Then,
the quasi-linear partial differential equation has a unique solution u
in a sufficiently small neighborhood Uy of xg satisfying the given initial data
g. This solution can be obtained by solving the characteristic differential
equations as described above.

This method, developed in the 18th century, goes back to Charpit de
Villecourtﬂ and Lagrangeﬂ and is also known as Lagrange—Charpit method.

In the case of our conservation law the non-characteristic condition (|1.27))

reads
@ ‘ (F'(gl(xo))> =170 (1.28)

and hence is always satisfied. The characteristic equations read

t=1,  &=F'(2), 2 =0. (1.29)
The solution is
t(s)=s,  a(s) =m0+ F(g(xo))s,  z(s)=g(xo) (1.30)
and the solution of our conservation law is implicitly given by
u(t, ) = 2(s) = g(xo) = g(z — F'(u(t, ))t). (1.31)

4paul Charpit de Villecourt (ca. 1750-1784), French mathematician
5Joseph Louis Lagrange (1736-1839), French mathematician


http://en.wikipedia.org/wiki/Joseph Louis Lagrange
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Figure 1.4. Shock wave for Burgers’ equation: Characteristics (left)
and solution (right) for steplike initial data

So the situation is quite similar to the transport equation with the only
difference that the speed depends on the hight of the solution. Moreover,
note that while in the semi-linear case, the uniqueness part of the Picard—
Lindelof theorenﬁ implies that different characteristics z(s) cannot intersect,
this no longer applies here.

Example 1.4. Assuming that the velocity is proportional to the density, we

obtain the Burgers’ equation|| corresponding to F'(u) = “—22:

up + uu, = 0.

Let us try to solve it with the initial condition

1, <0,
glr)=<¢1—2, 0<xz<l,
0, 1<z

Of course this initial condition is only piecewise C' but let us ignore this
fact for now (one could work with a smoothed out version, but this will only
make the formulas more messy). So g equals one on the left, zero on the
right, and has a linear transition region in the middle. In particular, since
the higher values travel faster, they will eventually collide with the lower
ones. In fact, the characteristics starting on the interval 0 < x < 1 are given
by
x(s) = x0+ (1 —x0)s

and they all hit at the point (1) = 1. In fact, the linear transition will
become steeper and steeper until it gets vertical at ¢ = 1. This is illustrated
in Figure Hence at time ¢ = 1 the solution has formed a discontinuity,

6Emile Picard (1856-1941), French mathematician
6Ernst Lindelof (1870-1946), Finnish mathematician
"Jan Burgers (1895-1981), Dutch physicist


https://en.wikipedia.org/wiki/%C3%89mile_Picard
http://en.wikipedia.org/wiki/Ernst Lindel�f
http://en.wikipedia.org/wiki/Jan Burgers
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Figure 1.5. Wave breaking for Burgers’ equation: Characteristics (left)
and solution (right) for a Gaussian initial data (drawn beyond its clas-
sical time of existence)

being 1 for x < 1 and 0 for x > 1. This is known as the formation of a
shock. Explicitly we have

1, xz <t,
u(t,z) = %, t<z<l,
0, 1<z

There is no way to extend this solution for ¢ > 1 in a classical way. More-
over, note that this is not related to the fact that ¢ is only piecewise C*
since the same phenomena will occur no matter how smooth you chose g
on the transition region in between (the characteristics emanating from the
boundary points will always intersect at ¢ = 1). Note also that this kind
of behavior is typical for nonlinear waves and can be observed, e.g., on a
beach, when wave fronts will steepen until they break (Figure|L.5). It is also
known as blowup of solutions, even though it is not the solution itself but
its gradient which will become unbounded. Note that if two characteristics
corresponding to values ug and wu; intersect, the solution attains all values
between ug and w; within the cone formed by these crossing characteristics
(by the intermediate value theorem). Hence the gradient must get vertical
as one approaches the intersection. o

Example 1.5 (Traffic flow). The scalar conservation law provides a simple
model for automobile traffic: In this case let wu(t,x) describe the density
of cars on a road (considering one lane in one direction with no possibility
to overtake). Since the number of cars on the road can only change if the
number of cars entering at one side differs from the number of cars exiting at
the other side (assuming cars are neither created nor destroyed in between
— no accidents, no exits), such a situation can be described using a scalar
conservation law with the flux function given by F' = u v, where v(t, x) is the
velocity distribution of the cars. In order to turn this into a PDE, one needs
to make an assumption on how the velocity depends on the density. One
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simple assumption is that the velocity will be equal to the maximal velocity
Umaz (speed limit) when the density is low and tend to 0 when the density
approaches the maximal density wmq, (bumper to bumper traffic, when the
density equals one over the average car length):

U
v(u) == vmax(l — )
max
In summary,
2u
ur + Umax(l — )uz =0. o
Umax

Note that one can easily extend this to higher dimensions. Again for any
given (sufficiently smooth) domain U the change of the total amount within
U equals the net flux through the boundary

e u(t,z)d"x = — /8U F(t,z) - vdS(z), (1.32)

where v is the outward pointing unit normal vector of the surface QU and
dS is the surface measure. Using the divergence theorem this turns into

/ (ue(t, ) + divy F(t,x))d"z =0 (1.33)

and since this must hold for any (sufficiently smooth) domain U, we arrive
at the general form of a conservation law in R"
up + divy (F) = 0. (1.34)

If the flux function is of the from F'(u) = v u with constant velocity v(t,z) =
a, we again get the transport equation.

Problem 1.11. Solve
U+ uug = 2t, u(0,2) = .
Problem 1.12. Solve
up + Vuug =0, u(0,z) = x, x> 0.

Problem 1.13. Consider a conservation law with F € C*(R). Show that for
bounded initial conditions g € C*(R), the gradient of the solution remains
bounded on bounded positive time intervals (as long as the solution exists) if
F is convex and g is increasing. (Hint: Use implicit differentiation to find a
formula for u,.)

Problem 1.14. Consider a conservation law with F € C*(R). Show that
for bounded initial conditions g € C1(R) with compact support supp(g) C
[—R, R] we have that the solution w has compact support supp(u(.,t)) C
[-R — ct, R + ct] for some constant ¢ as long as it exists. Moreover, show

that
/Ru(t,a:)da;—/Rg(x)dm.
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Problem 1.15. Solve the conservation law for (t,z) € R™2 with velocity
field v(t,x) = x.

Problem 1.16. Derive a formula for the solution of the conservation law in
R™ with a given velocity field v(x) in terms of the solution of the characteristic
equation. (Hint: Jacobi’s formula d% det(A(s)) = tr(A(s)A71(s)) det(A(s)).)

1.4. Weak solutions

Recall the Burgers equation from Example where we have seen (cf. Fig-
ure that certain initial conditions can lead to the formation of a discon-
tinuity in the solution. In the case of water waves such a situation can be
observed at a beach when waves eventually break. Our present model is not
suitable for describing such a behavior and thus there is no point in trying
to extend the solution beyond this point. On the other hand, there are cases
where u models the density of some substance and one observes that after
the formation of such a discontinuity, this discontinuity continues to travel
along a certain trajectory. This is commonly referred to as a shock wave and
it raises the question whether it is possible to extend our notion of solution
to cover such situations.

The idea is borrowed from distribution theory and to formulate it, we first
assume that we have a classical solution u € C([0, 00) x R, R) N C((0, 00) X
R, R) of our scalar conservation law . Now we multiply this equation
with a smooth test function

v € C([0,00) x R,R) (1.35)

with compact support and integrate over [0,00) x R to obtain

/OOO/R (Ut(t737) + F(u(t,m))x)go(t,a:)da: dt = 0. (1.36)

So far nothing interesting has happened. However, note that if this equation
holds for all test functions ¢ € C2°(]0,00) x R,R), then w must solve our
equation. Now here comes the trick, we use integration by parts and insert
our initial condition to obtain

oo
/ / (u(t, z)pe(t, ) + F(u(t, )z (t, x))dx dt + / g(x)p(0,x)dx = 0.
o . (1.37)
Again, as long as u is sufficiently smooth, we can undo the integration by
parts to conclude that a sufficiently smooth function w satisfies if
and only if it satisfies for all test functions ¢ € C2°([0,00) x R, R).
However, since no smoothness is required for to make sense, we can
use it to generalize our notion of solution:
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Figure 1.6. Notation for a weak solution with a discontinuity along a
curve .

A locally integrable function u : [0,00) x R — R satisfying (1.37)) for all
test functions ¢ € C2°([0,00) x R,R) is called a weak solution of (1.20].
The following example shows that this is indeed a useful definition:

Example 1.6. Consider the transport equation F'(u) := au for some a € R.
Then for any locally integrable function g : R — R the function u(t,x) :=
g(x — at) is a weak solution. Indeed using Fubini we have

/Ooo /Rg(x — at)(pu(t, ) + apy(t, z))dz dt =
= /0°° /Rg(y)(%t(t, y+at) + apy(t,y + at))dy dt

= Lot [ Gretty+ atardy =~ [ geomin. o

Next, let us try to apply this definition to our problem alluded to at the
beginning. So we want to look at the case where a solution is smooth away
from a smooth curve I' := {(¢,x)|x = ~(t),t > to}. More precisely, if we
split U := [tg, 00) x R according to (cf. Figure

Us = {(z,t)] £ (x — 4(£)) > 0, > to}, (1.38)

then we will assume that « is smooth in the interior of Uy with a continuous
extension to its closure Uy. The limits of u towards I' from Ut will be
denoted by

ws(t, (1)) = limu(t, y(8) £ ). (1.39)

Of course, if we avoid I' and choose a test function ¢ with support away
from T', we conclude that u satisfies (1.20)) in [0,00) x R\ T

If the support of ¢ includes I' we have to work harder and split the
domain of integration according to V_ U V., where Vi contains U, respec-
tively (to this end one could assume ty = 0 by extending C' without loss
of generality). Then using the integration by parts (Corollary one
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obtains

/ / wpr + F(u)py dmdt—i—/ggoodx
R

—// (ur + F(u)y god:vdt+/av u_v1 + F(u_)va)pdS

// ut—i-F Lpda;dt—i—/ U+V1 +F(u+)V2)<pdS
Vi vy

+ / gpodzx.
R

Here v is the unit normal and ¢g(z) := ¢(0, ). Now by our previous consid-
eration the integrals over Vi both vanish and the integrals over 0V, along
t = 0 cancel with the last integral. This leaves us with the integrals over
OV4 along I which, since these are oriented in opposite directions, leaves us
with

0= /F (s —uoyn — (F(u) — F(u)un) 0. (1.40)

As usual, since this must hold for arbitrary test functions, we arrive at the
Rankine-Hugoniot conditiorﬁ

F(uy) — F(u_) =5 (ug —u_), (t,z) eT. (1.41)

Such a discontinuity is known as a shock and the Rankine-Hugoniot condi-
tion says the jump in the flux equals the speed of the shock times the hight
of the shock.

Example 1.7. Now we are able to continue the solution from Example

to ¢ > 1. To this end choose (t) := 3£ and set

)Lz <q(s),
ut, @) = {0, v(s) < x.

We leave it as an exercise to verify the Rankine-Hugoniot condition. The
solution is depicted in Figure o

Example 1.8. Let us again consider the Burgers equation, but now with

the initial condition
0, =<0,
g(z) = {

1, z>0.

€William Rankine (1820-1872), Scottish mechanical engineer
EPierre Henri Hugoniot (1851-1887), French mathematician


http://en.wikipedia.org/wiki/William Rankine
http://en.wikipedia.org/wiki/Pierre Henri Hugoniot
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Figure 1.7. Shock wave for Burgers’ equation

o
05
00
00

Figure 1.8. Rarefaction wave for Burgers’ equation

In this case the characteristics do not cover the region 0 < x < ¢ but we can

choose v(t) := £ and set

=3
() e 0, z<~(s),
(t): {1, x > y(s),

such that the Rankine-Hugoniot condition holds. However, note that here

it is also possible to patch the solution ¥ into the missing region such that
the result is continuous along the boundary of this region

0, x<0,
o(t,x) = ¢ %, 0<z<t,
1, x>t

Naturally the Rankine-Hugoniot condition holds if the solution is continuous
along the curve. So we get two weak solutions, but the latter is preferable in
applications due to its continuity. It is known as a rarefaction wave. The
solution is depicted in Figure [I.§|

Hence an additional condition is needed to ensure uniqueness of weak
solutions for the Burgers equation. We will however not pursue this here. ¢

Problem 1.17. Show that the solution from Ezample[I.]] satisfies the Rankine—
Hugoniot condition.
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Problem 1.18. Find further weak solutions corresponding to the initial con-
ditions from FExample . (Hint: Split the shock into two jumps from (e.g.)
0 to % to1.)

Problem 1.19. Find a continuous weak solution of the traffic model from
Ezample 1. corresponding to the initial conditions

( ) Umaz, T <0,
xI) =
g 0, z >0,

modeling the situation when cars start at a traffic light turning green. (Hint:
Look at a transformation av(t, St — x).)

1.5. Fully nonlinear equations

Finally, quasilinear equations are not the end of the story either. In fact,
by adding the derivatives to the system of characteristic equations one can
extend this method to arbitrary first order equations

F(z,u,Vu)=0. (1.42)

As before, the idea is to evaluate the solution u along some characteristic
curves z(s) (which are to be determined). Hence we define

z(s) = u(x(s)), p(s) := (Vu)(z(s)). (1.43)

Differentiating z we obtain
n n
z = Zukak = Zpki'k. (1.44)
k=1 k=1
Differentiating p we obtain
n
Pi = tUew ik (1.45)
k=1

and we need to get rid of the second derivatives if we want to get a closed
system of differential equations for (x,z,p). To this end we assume F' €
C%(R*+1 R) and differentiate (1.42)) with respect to z;:

n

Z Fp (Vu, u, ) g, o + Fo(Vu,u, w)ug; + Fyy (Vu,u, ) = 0. (1.46)

k=1
Now if we assume (which is compatible with what we had in the quasi-linear
case)

t; = Fp,(p,2,7), (1.47)

then we can use this equation to eliminate the second derivatives in the
equation for p leading to

pj = —sz (p,Z,$) - FZ(p7Z7x)pj’ (148)
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In summary, this leads us to the characteristic equations

.%'] = ij (p7 va)a

n
z= Zkapk(pa Z, l’),
k=1

Example 1.9. Consider the Hamilton—Jacobi equatiorﬂ
u + H(Vgu,x) = 0.

In this case the characteristic equations for  and p := V,u are precisely the
Hamilton equations from classical mechanics

&= V,H(p,x), p=—V.H(p,x).

Of course the equation for ¢ is just £ = 1 (i.e., t = s). Setting r(s) :=
u(s,z(s)) the associated equation is 7 = 0 implying that r(t) = r(0) =
—H (p(0),2(0)). This corresponds to the well-known fact that the Hamilton-
ian H is conserved:

H(p(s),z(s)) = H(p(0), z(0)).
The equation for zis 2 =p-V,H +r.

Let me remark that the interesting fact about the Hamilton—Jacobi equa-
tion is not so much that you can solve it via the method of characteristics if
you can solve the Hamilton equations, but the fact, known as Jacobi’s the-
orem, that you can also go the other way: If you manage to find a solution,
via some clever ansatz say, depending on n parameters, then you can obtain
the solution of Hamilton’s equations. o

Example 1.10. The eikonal equation
[Vu| = n(z)

introduced by Hamilton provides the foundation of geometrical optics. Here
n(x) is the refraction index of the medium (the reciprocal of the wave speed).
Taking squares we have F(p, z,x) = £(|p|*> — n(x)?) and the characteristic
equations are

i=p, = =n@)?  p=n()Vn().
In particular, we can eliminate p by considering
1
= §Vn(x)2.

Note that if the refraction index is constant, the characteristics will be
straight lines. In fact, this way of solving the eikonal equation goes back

IWilliam Rowan Hamilton (1805 —1865), Irish mathematician and astronomer


http://en.wikipedia.org/wiki/William Rowan Hamilton
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to Hamilton who also coined the name characteristics for the solutions of
the above equation. o

Now what about initial conditions? Of course we will start at some point
xo € T, that is,

z(0) = o, 2(0) = g(zo). (1.50)

But what about the derivatives? Again the derivatives within the tangent
plane of I' at xy can be computed from g, but the normal derivative is
missing. This missing derivative must be computed from the differential
equation. Omnce one has a triple of admissible initial conditions, the non-
characteristic condition

Vo F (po, 20, xo) - V(o) # 0 (1.51)

will ensure that we can obtain admissible initial conditions in a neighborhood
of (po, 20, o) via the implicit function theorem. Moreover, as in the previous
section, this condition will also guarantee, that we can solve the resulting
nonlinear equation to obtain u. Finally, one can show that the function u
constructed in this way will indeed be a solution. We refer to [10], Section 3.2]
for details.
Example 1.11. Let us solve the Hamilton—Jacobi equation for the harmonic
oscillator with
P+ 2
5
We set p = u, and r = w;. Then F(r,p,z,t,z) = r + H(p,x) and the
characteristic equations read

H(p,z) =

g(z0) = poxo.

r=0, p=-—ux, 2:p2—|—r, izl, T=p

and the initial conditions are

/ 2 2
r0) = T 0 = ), =(0) = gly) 10)=0. #(0) =y

Solving for x,p we obtain
z(s) = ycos(s) + ¢'(y)sin(s),  p(s) = ¢'(y) cos(s) — ysin(s)

and of course we have t = s as well as r(s) = (0). Plugging this into Z gives

(N2 _ 2
gW =y sin(2s) — yg' (y) sin(s)2.

Solving x = y cos(s) + po sin(s) for y gives

por p% + 2?
cos(t) 2

u(t,x) = z(s) = tan(t). o
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Note that the method of characteristics breaks down if we allow u to be
vector-valued, that is, as soon as we look at first order systems. However, this
would be crucial for higher order equations since arbitrary partial differential
equations can always be reduced to first order systems by adding the higher
derivatives to the dependent variables.

Problem 1.20. Let I' = {z € R?|z; = 0} and solve
Ugy Ugy = 4du, u(0, z) = 3.

Problem 1.21. Solve the Hamilton—Jacobi equation with

2 2 2
P+ x
H(pu l‘) - B) ) g(xO) = ?0

Problem 1.22. The Hamilton—Jacobi equation for the Kepler problem in
polar coordinates reads
Loog, 1 5
ut+§(ur+r—2u ) =

Find solutions which are linear in t and 6.

1.6. Classification and canonical forms

Since we have been quite successful with first order equations, it seems nat-
ural to make the next step and increase the order by one. For simplicity we
will only look at the case of a second order quasi-linear equation

A (2, y)ugs + 2A12(2, Y)ugy + A2z (x, y)uyy + b(z,y, ug, uy) =0 (1.52)

in two variables. Given an initial surface I', we can try to prescribe initial
conditions. Since our equation is second order, we expect that we need
to prescribe both the values of u and its first derivatives on I'. Of course
derivatives in a tangential direction can be computed directly from the initial
values and hence only the derivative in the normal direction needs to be
prescribed. That is, if v is the unit normal of I'; then the initial conditions
read

ou
u‘F =g, @’F =h, (1.53)
where 5
U
5 =Y Vu (1.54)

denotes the normal derivative. In the first order case the non-characteristic
condition ensured that we can compute the missing normal derivative from
the differential equation. Hence we expect that there should be a similar
condition which ensures that we can compute all second order derivatives
from the differential equation. To investigate this it will be convenient to
straighten out the boundary. To this end recall (cf. Appendix that (after
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possibly permutating x and y) we can assume that I' = {(z,y)|y = v(z)}.
Choosing new coordinates xz, § = y — v(z), such that in this new

i. =
coordinates we have I' = {(Z,7)|[§ = 0}, our equation will still be of the
same form with coefficients

Ap=An, Ap=An—9An, Axn=A»—2YAn+ (¥)?An. (1.55)

Hence we can assume that I' = {(z,y)|y = 0} without loss of generality in
which case our initial conditions read

u(z,0) = g(z), Uy (z,0) = h(z). (1.56)

Of course uyz(x,0) = ¢'(x) and for the second derivatives we get Uz, (z,0) =
§"(x), ugy(x,0) = h'(z) as well as

A11($, 0)g”(£) + 2A12(1‘, O)h/(ﬂf) + Aoy (.75, O)Uyy ($, 0)
+b(x,0,4' (z), h(z)) = 0. (1.57)

Hence to be able to solve for the missing derivative w,, (z,0) we clearly need
Ago(x,0) # 0. In fact, we could continue in this way and compute arbitrary
high derivatives of u by differentiating the differential equation (assuming
that the coefficients as well as the initial conditions have sufficiently many
derivatives). Surprisingly, the condition Agg(x,0) # 0 will also guarantee
solvability for the higher derivatives (try to compute the third order deriva-
tives and you will see why). In fact, this shows that we could try to obtain
the solution by computing its Taylor series at a given point on I'. This is
the strategy of the Cauchy—Kowalevsky theorem to be discussed in the next
section.

These considerations suggest that the condition Agg(xz,0) # 0 takes the
role of the non-characteristic condition for (1.52). Translating back to a
general surface I', we hence define the non-characteristic condition as

v-Av = AHV% + 2A191119 + AQQV% 7é 0. (158)

As in the first order case this condition depends on the point on I'. Never-
theless, if it is satisfied at one point, it will be satisfied in a neighborhood
of this point by continuity. Conversely, one calls I" characteristic if this con-
dition is violated on all of I'.  While in the case of a first order equation
there is always precisely one characteristic direction (and a corresponding
characteristic line emanating from a given point) unless the vector field a
vanishes at this point, now there are three cases depending on the signature
of the quadratic form associated with A:

If A is positive (or negative) definite (that is, both eigenvalues are pos-
itive (or negative)), then there are no characteristic directions and we call
the equation elliptic in this case. If A has one positive and one negative
eigenvalue, there are two characteristic directions and the equation is called
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hyperbolic in this case. In the degenerate case, where one eigenvalue of A
vanishes, the equation is called parabolic. Of course there is also the case
when both eigenvalues vanish (and hence A is zero). But if this happens on
an open set, then is in fact a first order equation and hence this case
has no practical relevance. Indeed, this classification is only of interest if

(1.52) is of a given type in an open set.

So while these considerations suggest that we should expect trouble if
we specify initial conditions on a characteristic line, they do not really help
us with our task of finding a solution. But this is unfortuantely the gist of
the matter, there is no easy way of solving second order equations analogous
to the method of characteristics for first order equations. At this point you
might object that we can simply transform our second order equation to
a first order system by adding the first order derivatives to the dependent
variables, just like one does in the case of ordinary differential equations.
And indeed, we can of course do this, but as the method of characteristics
does not extend to systems, there is no point unless we know how to handle
first order systems.

Another approach is to use a change of variables to reduce (|1.52)) to a
simpler form. For simplicity we first look at the case of a linear equation
with constant coefficients,

Alqugs + 2A12u3;y + Agguyy + biug + bguy +cu =0, (1.59)

or equivalently
(V-AV—i—b-V—i—c)u:O. (1.60)

First of all, a rotation will diagonalize A and we can assume that the first
eigenvalue equals one (if both were zero, the equation would be of first order).
Moreover, setting u = e~?1%/2y we can even eliminate the u, term. Scaling y
we can assume that the second eigenvalue is &1 and eliminate u, as before,
or, if the second eigenvalue vanishes, assume by = —1. This eventually
transforms our equation into one of the following standard forms (assuming
our equation contains derivatives with respect to both variables; otherwise
it would be an ordinary differential equation):

e Elliptic case (two eigenvalues of equal sign, det(A) > 0):
Ugg + Uyy + cu = 0.

e Hyperbolic case (two eigenvalues of opposite sign, det(A4) < 0):
Ugpzy — Uyy + cu = 0.

e Parabolic case (one vanishing eigenvalue, det(A) = 0):

Ugy — Uy = 0.
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In the elliptic case this equation is the Helmholtz equatiorﬂ and
reduces to the Laplace equatia%ﬂ for ¢ = 0. In the hyperbolic case this
is the Klein—Gordon equatio and reduces to the wave equation for
¢ = 0. In the parabolic case this is the heat equation.

For ¢ = 0 these equations are the three most ubiquitous partial differ-
ential equations (also known has the Holy Trinity) and understanding them
will be one of our main tasks during this course. They were introduced in
the 18th and early 19th century. The one-dimensional wave equation was
introduced as a model for vibrating strings and analyzed by d’Alemberﬂ
in 1752. It was extended to higher dimensions as a model of acoustic waves
by Euler@ in 1759 and Bernoulliﬁ in 1762. The Laplace equation was first
studied by Laplace in connection with gravitational fields around 1780 and
the heat equation was introduced by Fourieﬂ during his investigation of
heat conduction between 1810 and 1822.

It turns out that there is not too much we can do at this point, except
for the hyperbolic case, where a different canonical form is more beneficial:
If one changes coordinates such that the characteristic lines coincide with
the coordinate directions, which implies that both A1; and Ay will vanish.

2

Example 1.12. For the wave equation ¢~ “uy = ug, the characteristic di-

rections are

V2 — 2vd = (vy — ev)(v1 + cn) = 0.

Hence we choose new coordinates £ = x + ct, n = x — ct such that v(§,n) :=
u(t, ) satisfies
Ven = 0.

From this form it is easy to see that the general solution is v(§,n) = F(§) +
G(n) which implies that the general solution of the wave equation is u(t, z) =
F(z +ct) + G(x — ct). If u(t,z) should satisfy the initial conditions

u(0,z) = g(z) € C*(R), ut (0, ) = h(z) € CY(R),

we must have F(z)+G(z) = g(x) and ¢(F'(z)—G'(z)) = h(z). Soif H(z) =
[ h(z)dz we have F(z) = 3(g(z) + ¢ 1H(z)), G(z) = 3(g(z) — ¢ H(x)).
Note that while H is only defined up to a constant, this constant will cancel

10Hermann von Helmholtz (1821-1894), German physicist

1pierre-Simon Laplace| (1749-1827), French mathematician

120gkar Klein (1894-1977), Swedish theoretical physicist

12\Walter Gordon (1893-1939), German theoretical physicist

13Jean le Rond d’Alembert (1717-1783), French mathematician

ML eonhard Euler (1707-1783), Swiss mathematician, physicist, astronomer, geographer, lo-
gician and engineer

15Daniel Bernoulli (1700-1782), Swiss mathematician and physicist

16Joseph Fourier| (1768-1830), French mathematician and physicist


http://en.wikipedia.org/wiki/Hermann von Helmholtz
http://en.wikipedia.org/wiki/Pierre-Simon Laplace
http://en.wikipedia.org/wiki/Oskar Klein
http://en.wikipedia.org/wiki/Walter Gordon
http://en.wikipedia.org/wiki/Jean le Rond d'Alembert
http://en.wikipedia.org/wiki/Leonhard Euler
http://en.wikipedia.org/wiki/Daniel Bernoulli
http://en.wikipedia.org/wiki/Joseph Fourier
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in '+ G. Hence we obtain d’Alembert’s formula

T4+ct)+glx —ct 1 [rtet
et tolrmc) LT,

also found in Problem [[.3 o

u(t,x) =

—ct

While this last canonical form also works for the Klein—-Gordon equa-
tion, it does not lead to a solution formula in this case (which exists, but
is much harder to find — see Problem [4.22)). Using new coordinates based
on the characteristic directions also works for equations with non-constant
coefficients. However, unless this eventually happens to lead to the wave
equation, it will be of little practical help.

Example 1.13. For the Tricomi equatiorﬂ
Ugz + T Uyy = 0
the characteristic directions are
Vi + 331/22 =0.

Hence it is hyperbolic for x < 0, parabolic for z = 0 (though this set is
not open), and elliptic for z > 0. To get the characteristic lines in the
hyperbolic case, we look for a curve (z(s),y(s)) such that the normal vector
v(s) = (y(s), —x(s)) satisfies the characteristic condition

9(s)* +a(s)i(s)” = 0.
Eliminating s and writing the curve as y(z) we get
y'(z) =+V-a

and hence the two characteristic curves are

_ 2. 32 _ 2 3
f—y+3($), n=y 3(93)-

Using (£,7) as new variables and setting v(£,n) := u(t, x) we get

2

Ve — Uy
(3 —_——_——
66— )
In the elliptic case x > 0 the two characteristic curves are complex. However,

we can still get a canonical form if we take real and imaginary part as new
coordinates:

2
g=y, =327
Setting again v(£,n) = u(t,x) we get
v
vgg—i-?)rm—i-ﬁ:o. <o

1TFrancesco Tricomi (1897-1978), Italian mathematician


http://en.wikipedia.org/wiki/Francesco Tricomi
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Note that this classification is invariant under a change of coordinates
(Problem|1.26]). A more in-depth discussion of normal forms for second order
equations can be found in [24] Chapter 3].

The next obvious step would be to generalize these considerations to
more than two variables. First of all, the non-characteristic condition can
be derived by a straightforward generalization of the present arguments. Of
course the classification gets more cumbersome since there are much more
possibilities for the signature of the quadratic form of A. Here we will only
discuss the special cases which are most relevant (and where the definitions
are universally accepted): The equation is called elliptic, if it has no char-
acteristic directions, that is, all eigenvalues of A have the same sign. It is
called hyperbolic if all except for one eigenvalue have the same sign and the
remaining one is of opposite sign. It is parabolic if one eigenvalue vanishes
while the others are of the same sign.

However, from a practical perspective, this way of classifying partial
differential equation can also be viewed as generalizing the three prototypical
equations, representing more complicated models which behave similarly and
can be tackled using similar techniques. Specifically, let us look at the most
general elliptic linear differential operator

Lu(z) = = > Ajp(@)0a;z,ulx) + > bj(2)ds,ulx) + c(2)u(z), (1.61)
7,k=1 j=1

where A is a positive definite matrix. Then

Lu=20 (1.62)
is elliptic,
is parabolic, and
Ut = —Lu (164)

is hyperbolic. In the latter two cases we have denoted the last indepen-
dent variable by ¢ since it corresponds to time in most applications (and in
this case the coefficients A, b, and ¢ are allowed to depend on t as well).
It is folk wisdom that these equations behave similar to their prototypical
representative, where L = —A, the Laplace, heat, and wave equation.

Problem 1.23. Show that the Cauchy problem
Uz + Y2y, = 2u, u(z,0) =0, uy(x,0) = 0.
fails the non-characteristic condition. Find a nontrivial solution.
Problem 1.24. Find the solution of the problem
Uzy — gy + Buyy +4uy — 120 =0, u(x,0) = g(x), uy(z,0) = h(z).
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Problem 1.25. Transform
TUgpg — 4x3uyy —u; =0

to a canonical form by using the characteristic directions as new coordinates.
Can you find the general solution?

Problem* 1.26. Consider a diffeomorphism &(z,y), n(z,y). Show that the
coefficient matriz A of (1.52)) in the new coordinates is given by

P oEm ot A (& &
A A , = i
z,y) O(z,y) Nz,y)  \Ne Ny
Conclude that the classification is invariant under a change of coordinates.







Chapter 2

The Cauchy—Kowalevsky
theorem

2.1. First order systems

The main limitation of the method of characteristics is the fact that it does
not extend to systems. The Cauchy—Kowalevsky theoremE] removes this lim-
itation and hence can be considered as an analog of the Picard—Lindelof
theorem from the theory of ordinary differential equations. The price one
has to pay is that it only works in the realm of real analytic functions. Lewy’s
example will show that it breaks down once we leave this realm. However,
there are further reasons why the Cauchy—Kowalevsky theorem does not
play the same role for partial differential equations like the Picard—Lindel6f
theorem does for ordinary ones. Namely, it does not distinguish between
positive and negative times and hence cannot handle the (physically rele-
vant) Cauchy problem for the heat equation. Moreover, as it only settles the
Cauchy problem, it does not help with boundary value problems which play
a far more important role for partial differential equations than for ordinary
ones. In particular, the results in this chapter will not be used in the rest of
this book.

We recall that a function of several variables is called real analytic
if it has a convergent Taylorﬂ expansion in a neighborhood of every point
of its domain (cf. Appendix [A.1]). If the coefficients are real analytic, this

1Augustin—LouiS Cauchy| (1789-1857), French mathematician

1Sophie Kowalevsky (1850-1891), Russian mathematician (official transliteration: Sofya
Kovalevskaya)

2Brook Taylor| (1685-1731), English mathematician


http://en.wikipedia.org/wiki/Augustin-Louis Cauchy
http://en.wikipedia.org/wiki/Sophie Kowalevsky
http://en.wikipedia.org/wiki/Brook Taylor
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opens another approach, which also works for systems. Then the partial
differential equation can be used (by recursive differentiation of the equation)
to determine the derivatives (and hence the Taylor series) of the solution.
Of course this will only work in a small neighborhood and the corresponding
result will be of a local nature.

To be more specific, let us look at the Cauchy problem for a quasilinear
first order system

ZAk(x,u)ua;k +b(z,u) =0, uly)=g(y), yel. (2.1)
k=1
Here u(z) = (u!(z),...,u™(z)) is now vector-valued and Ay (z,u) are m x m

matrices while b(x, u) is a vector. The coefficients A and b (i.e. all entries) as
well as I" are assumed real analytic. We will first make a few simplifications
which can be done without loss of generality (at least locally and after a
possible permutation of the coordinates).

The assumption that I' is real analytic implies that, once we restrict =
to some sufficiently small open set U C R”, it is given in the form I' =
{z € Ulx,, = y(z1,...,2n—1)}, where 7 is real analytic. Moreover, we can
straighten out I' by making a change of variables y := (z1,...,zp—1, 2y —
¥(x1,...,2p—1)) such that in this new variables I' will be the hyperplane
yn = 0. The resulting equation will still be quasilinear with coefficients
given by

(A 1<k -
{ k SESpy, (2.2)

A = —
An - Zl:ll Alal’ya k =n,

Hence we can assume I' = {z € Ulz,, = 0} without loss of generality and we
will write = = (z, x,) € R", where & = (x1,...,2p_1).

For the second step we recall, that we want to solve our system by com-
puting the Taylor series of u(x) at some given point yo € I'. Without loss
of generality we can assume yo = 0. Now u(0) = g(0) follows from the ini-
tial condition and so will all first order derivatives u,,(0) = g.,(0) for all
1 < j <n—1. To obtain the remaining derivatives u,, (0) we need to use
our differential equation. In particular, if we evaluate the system at x = 0
and insert what we already know, we must be able to solve for the missing
derivatives. This leads to the non-characteristic condition

det (A,(0,9(0))) #0. (2.3)

Observe that in the case m = 1 this of course agrees with our previous defi-
nition for the scalar case , where det(A4,,) = A, = a, # 0. Moreover, if
the non-characteristic condition holds at a point (0, g(0)), continuity implies
that we can reduce U such that it holds on all of U. In particular, we can
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multiply our system by the inverse of A,, reducing it to the form

n—1

Uz, = ZAk(l',U)ka +b(x,u), u(z,0)=g(x). (2.4)
k=1

Here we have already solved the system for the derivatives with respect to
T

Theorem 2.1 (Cauchy-Kowalevsky). Let the coefficients A, b as well as
the surface I' and the initial condition g be real analytic in a neighborhood of
a point xg € I'. Suppose the non-characteristic condition

det (Z Vk(xO)Ak(xmg(xO))) # 0, (2.5)

k=1

where v(xg) is the normal vector of I' at xg, holds. Then the initial value
problem (2.1)) has a unique real analytic solution in a neighborhood of xy.

Proof. We have already seen that we can straighten the boundary and as-
sume our system to be of the form without loss of generality. Further-
more, by adding another dependent variable w"*! = 1, w™*1(z,0) = 0 to
the system we can assume that the coefficients Ay and b do not depend on
Zy. Finally, replacing v by u — g we can also assume g = 0 without loss of
generality.

Now we first observe that all derivatives (0%u)(0) can be computed re-
cursively using the differential equation. To see this we use induction on the
number 7 of derivatives with respect to z,,. If r = a,, = 0, then (0%u)(0) =0
since g vanishes. If oy, = r+1 we use 0%u = 9°(9,, u) with 8, = r and insert
the differential equation for d,, u. This shows that we can express (0%u)(0)
in terms of derivatives which contain at most r derivatives with respect to
x, and establishes the induction step.

So we can write down a Taylor series for v and we need to show that this

series converges. To this end we will use majorants A;, and b for A, and b,
respectively. Then, if U solves

1
Up, =Y Az, U)U,, +b(z,U), U(Z,0)=0
1

3
|

e
Il

the component U? will be a majorant for u’. Indeed, to see this observe
that the derivatives of U can be computed from its differential equation
following the same procedure as for u. Since in every step the expression
for a derivative of U majorizes the corresponding expression for u, the claim
follows.
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Moreover, since the series for AZ] and b* converge on a common rectangle
R((r,...,7r)) we can choose a common majorant

Mr
r—(zi4 A Tt u A Um)
Then the corresponding differential equation is

A (z,u) = 0'(7,u) =

n—1

. Mr Ui ,
U, = Ul +1

and we will get a solution U'(z) = V(x1 + -+ + @, ) provided V(y,t)
solves

mzr_ﬁ?mvu+mm—m%% V(y,0) = 0.
The solution of this scalar equation can be found by the method of charac-
teristics to be
V(yt) = L(7" —y—/(r—y)?— 2mnMrt).
mn
Hence we have found a real analytic majorant and thus the Taylor series for
u converges in a neighborhood of 0.

It remains to show that w is a solution of our original problem. First of
all note that by construction all Z derivatives are 0 and hence u satisfies the
initial condition. Moreover, if we insert u into the differential equation, we
get a real analytic function of x in a neighborhood of the origin. Moreover,
by construction all derivatives vanish at the origin and thus this real analytic
function vanishes identically, that is, u solves the differential equation. [J

A surface I is called a characteristic surface if the non-characteristic
condition fails on every point of I.

Of course, if we prescribe initial conditions at each point of I', we can
patch the local solutions by virtue of the unique continuation principle to
obtain a solution in a neighborhood of I'. The main problem with this
result is that most applications will require existence of a solution on a given
domain and not just in a neighborhood of its boundary.

Let me also remark that uniqueness applies only within the class of real
analytic solutions. At least for linear equations there is a stronger uniqueness
theorem due to Holmgrenﬂ which establishes uniqueness within the class of
C* solutions [15], Section 3.5], [27, Section 2.3].

Example 2.1. Consider the Cauchy—Riemann equationﬁ

Vg = —Wy, Wz = Vy.

3Erik Albert Holmgren| (1872-1943), Swedish mathematician
4Bernhard Riemann (1826-1866), German mathematician
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In our notation the system reads

(6 D) ()= (O ) () =0

and the non-characteristic condition
vy 2 2
det = 0
(1 ) =2

is always satisfied.
If we choose for example I' = {y = 0} and v(x,0) = g(z), w(z,0) = h(x),
then using vy, = —vz; and wyy = —wg,; one concludes

(—=1)kgm+m)(0), n = 2k,

ool (0,0) =
g yv( ) {(_1)kh(m+n)(0)7 n=2k+1,

and
o —1)kpmEn)(0),  n =2k,
ararw(0,0)= 4 U (m+£) -
—(—1)"g (0), n=2k+1.
Consequently
v(z,y) = i i (=" (m+2k) () o p(mt+2k+1) gy __Y m, 2k
¥ = mie ¢ O Ogry1)=

= (—1)k y
_ - (2k) j(2k+1) 2k
2 @R <g (@) + ($)2k+1>y
Extending the initial conditions to the complex plane this can be written
more compactly as
g(x +iy) + g(z —iy)  h(z+iy) — h(z —iy)
+ .
2 2i
= Re(g(z +iy) — ih(z + iy)).

U(l‘,y) =

Similarly we obtain

(o] o - k‘
wey) =2, 2 ni!(;;f)! (h(mﬂ’“) (0) g<m“’““>(0)2k:y+1) 2y

m=0 k=0
= Re(h(z +iy) +ig(z +iy)).

Note that the Cauchy—Riemann equations can be thought of as a transport
equation u, + iu, = 0 with a complex speed if we set u := v + iw. In this
context one also writes %u =0, where z = x + iy and % = 8% + ia%. o

Example 2.2. As another example let us try to solve the system

Uy =V, Up = Vg
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Observe that inserting the first equation into the second shows that the first
component u will solve the heat equation

Ut = Ugg.
In our notation the system reads
0 O Ut 1 0 Ugs v\
GGG -6)-

and the non-characteristic condition is

vo 0\ o
det <—1/1 1/2> =v; #0.

Hence I' = {z = 0} is non-characteristic and we can choose corresponding
initial conditions u(t,0) = g(t), v(t,0) = h(t). Now observe that

82”& = agil’l) = 8:?72’&15 = 875827211.

Consequently
(m) (¢ -9
6‘2u(t7 0) — g ( )’ n m7
RUM(t), n=2m+1,
implying
OO g (m) > h m)
t — 2m 2m+1
u(t,) mZZO(Qm +mZ:0 2m+1
m+n 0 h(m+n) (0)

_ 2mn 2m+1n

While this provides some nontrivial solutions of the heat equation, it is of
limited interest since the typical setting in applications is to specify an initial
condition u(0,z) = f(z) at t = 0. It is however interesting to note that one
does not need real analyticity of g, h for the above series for u (first form) to

converge (Problem :

Now if we choose the standard setting I' = {t = 0}, then this surface
is everywhere characteristic and the Cauchy—Kowalevsky theorem does not
apply. This is not surprising since the coefficient matrix A, = (_01 8) is not
invertible and hence we cannot solve the system for the t derivatives. So
while at first it seems that we only have u; = v,, we can get the missing
derivative by differentiating the first equation with respect to t, producing
Ut = Uyt = Vzg. This shows that given u(0,z) = f(z) (note that v(0,z) =
f'(x)) we can compute all partial derivatives at (e.g.) zp = 0 even though
I' = {t = 0} is characteristic. However, it is important to emphasize that
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this alone does not imply that there is a real analytic solution. Indeed,
proceeding as pointed out before, one obtains the formal solution

00 f(m+2n)(0) v

m,n=0

If this series converges, it will solve the heat equation. For example, choosing
f(x) = z* gives the heat polynomials

LT
— : k—2n4n

To see that this series does not always converge take for example (due to
Kowalevsky)

Then one has £ (0) = (=1)™(2n)! and f?*+1)(0) = 0 and hence

u(t,0= Y2 By,
n=0 ’

whose radius of convergence is zero. In particular, there is no real analytic
solution in a neighborhood of the origin. We will see later that solutions of
the heat equation typically only exist for positive times. o

Example 2.3. Consider the system
Vy = Wy, Wy = Vt.

Note that differentiating the first equation with respect to x and the second
equation with respect to t shows that v satisfies the wave equation vy =
VUge. Similarly one obtains wy = wy,.

In our notation the system reads

b 1) () - () () =

and the non-characteristic condition reads

det < "1 _V2> = (1 +12)(1n —1r) #0.

—lv2

In particular, there are two characteristic surfaces I' = {z = t} and I' =

{x = —t}.
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If we choose for example I' = {t = 0} and v(0,z) = g(x), w(0,z) = h(zx)
one obtains as before

_ — 1 m+2k m~+2k+1 t my2k
v(t,x) = sz!@k)! (g( )(0) + At )(0)2k+1 ™t
m=0 k=0

_ i 9(2;;(5'1”%21@ + i h(;ZH)ix') $2k+1
k=0 (2k)! k=0 (2 + 1)t
glx+t)+glx—t) hz+t)—h(x—1t)
- + .
2 2
Note that v(¢, x) satisfies the initial conditions v(0,z) = g(z) and v4(0,z) =
wg(0,2) = 1/(z). Similarly
hz+t)+hx—t) glx+t)—glx—1)

w(t,z) = 5 + ) . o

Note that the above three cases in some sense cover everything which
can happen for a two dimensional system: In the first case there are no char-
acteristic directions, in the second case there is one characteristic direction,
while in the last case there are two characteristic directions. Accordingly,
a system is called elliptic in the first case, parabolic in the second and
hyperbolic in the last.

Moreover, note that prescribing initial conditions on a characteristic sur-
face will lead to contradictions in general.

Example 2.4. Consider the system
Uy = U, vy = 0.

In our notation the system reads

1 0 Ug 0 0 Uy AN
o 0) () (6 ) () - () =
and the non-characteristic condition is
1 O
det <01 VQ) =y #0.

In particular the coordinate directions are characteristic. Trying to prescribe
the initial conditions u(z,0) = g(z) and v(z,0) = h(z) we get ugy(z,0) =
¢'(x) which contradicts the system unless ¢'(z) = h(x). If we satisfy this
constraint and prescribe u(z,0) = g(z) and v(z,0) = ¢'(x), we get many
solutions u(z,y) = g(z) + yf(y), v(z,y) = ¢'(z), where f is arbitrary. o

Our considerations so far might lead to the false impression that, at least

locally, one can always find a solution. Of course for a nonlinear equation you
need to assume that you can solve for the highest derivatives (otherwise you
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can construct trivial examples like exp(u,) = 0 which have no solution). But
even in this case you need to be able to find a non-characteristic direction.

Example 2.5. Consider the equation
Yz — TUy +u = 0.

The characteristic curves are circles around the origin and nontrivial solu-
tions must grow exponentially along the characteristics. Consequently you
cannot get a nontrivial solution defined in a neighborhood of the origin. <

However, even if we exclude these obvious obstructions, there are cases
where we have no solution. Of course this must be a system (since for scalar
equations the method of characteristics provides a solution) and cannot be
analytic (in which case the Cauchy—Kowalevsky theorem applies). In fact,
for a long time the dream of proving a general existence result at least for
linear equations with smooth coefficients lured around until it was finally
shattered by Lewy with the following example. This came as a surprise for
many people including Lewy himself.

Example 2.6. Lewy’s exampldﬂ in complex notation is

— —2iz— = f(b), (2.6)
where % = 8% + ia% and f is real-valued. Writing z = z + iy, U = u + iv
the system spelled out explicitly reads

Uy = Vy — 2y up — 2z vy — f, Uy = —Uy + 2z U — 2y vy (2.7)

and hence the Cauchy-Kowalevsky theorem implies existence of solutions
provided f is real analytic. Lewy showed, that if there is a C'! solution in a
neighborhood of the origin, then f must be real analytic.

Later even simpler examples of the form U, +ix U, = F(x,y) appeared,
which have no solution for certain F' (see [8]). This is as simple as it gets
since any such counterexample must have non-constant coeflicients. Indeed
in the constant coefficient case the solution of the inhomogeneous equation
can be expressed with the help of the fundamental solution (to be discussed
in case of the Poisson equation in Section , and the fact that every linear
constant coefficient equation has a fundamental solution is the celebrated
Malgrange—Ehrenpreis theorem.ﬁ o

Lemma 2.2 (Lewy). The partial differential equation (2.6) has a C1 solution
in a neighborhood of the origin if and only if f is real analytic.

SHans Lewy (1904-1988), German-American mathematician
6Bernhard Malgrange (1928), French mathematician
6Leon Ehrenpreis (1930-2010), American mathematician
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Proof. Introduce V(r, ¢, t) := \/re¥U(y/7 cos(p), /7 sin(p), t) and note that

i oU . OU
2W+%V¢—Qi%:i—2' =

57 1z§ = f.

Next, consider V(r,t) = 1 027r V(r, ¢, t)de and note (using periodicity of V'
with respect to ¢)

B B 1 2w 1
Vi+iV, = — Vi— —V,+iV.)dp =if.
t+1 W/o (t o e T1 )4/3 if

Using ¢ = t + ir, this last equations says %W(C) = 0, where W(¢) :=
V(r,t) —iF(t) and F is a primitive of f (i.e. F’ = f). Thus W satisfies the
Cauchy—Riemann equations and hence is analytic in the upper half plane r >
0 and extends continuously to the boundary r = 0 with W (¢,0) = —iF ().
Thus W can be extended to the lower half plane using W (¢) := —W((). By
the Schwarz reflection principle this extension is analytic in a neighborhood
of the origin which implies that W (t,0) = —iF'(¢) is real analytic and so is

F(H) = F(1). 0

Problem 2.1. Solve the Cauchy—Riemann equations with initial conditions
v(z,0) =z and w(z,0) = x.

Problem 2.2. Solve the heat equation with initial condition u(0,x) = e**.

Problem* 2.3. A function f € C*(R) is in the Gevrey claszﬂ of order 6
if for every r > 0, there are some constants M, a such that

|7 @) < Ma™(m))?, It| <.

Note that 6 = 1 gives the class of real analytic functions, while for 8 > 1 the
function f will no longer be real analytic in general.

Show that if 0 < 2, then
EOO: f(m)(t) 2m
ult, @) = (2m)! .

m=0

converges for all x € R and defines a solution of the heat equation. Note that
this class of functions contains functions with compact support (see Prob-

lem :
Problem* 2.4. Show that

e_l/tZ, t>0,
t) =
o(t) 0. <0,

"Maurice Gevrey| (1884-1957), French mathematician
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is in the Gevrey class of order 6 = % (Hint: Use the Cauchy integral formula

m! S

(m) )= — —
e ) 27rif£(z—t)m+1 ?
with v = {t + Le?|0 < 9 < 27}.)

Problem 2.5. Show that if fi, fo are in the Gevrey class of order 01, 0,
respectively, then fi fo is in the Gevrey class of order max(61,6s).

2.2. Second order equations

One of the big advantages of the Cauchy-Kowalevsky theorem over the
method of characteristics is that it enables us to solve higher order equa-
tions by turning them into first order systems. We illustrate this by an
example first.

Example 2.7. Consider the Laplace equation
Uz + Uyy = 0.

To transform it into a system suitable for the Cauchy—Kowalevsky theorem
we first introduce two new dependent variables

V= Ug, W= Uy,
such that the system for (u,v,w) reads
Upg—v =0, uy—w=0, vy+wy=0.

However, for this system all surfaces are characteristic and so it looks like
we are out of luck. On the other hand, using vy = uzy = w;, we could add
this equation to our system and drop u, = v which gives

Uy =W, Uy =Wz, Wy = —Up.

Obviously the Cauchy—Kowalevsky theorem applies to this new system if we
choose the initial conditions

u(z,0) = ug(z), v(z,0) = vo(x), w(z,0) = wo(z)

on I' = {y = 0}. Moreover, observe that the equations for v and w are just
the Cauchy—Riemann equations considered in Example 2.1} In particular,
these equations do not involve u and we could apply the Cauchy—Kowalevsky
theorem to this smaller system and then determine u by a simple integration.

But what about the equation u, = v we have dropped? Are we allowed
to do this? That is, is the new system equivalent to the original one? To
shed some light on this, note that the new system implies v, = w, = v, and
hence we have v = u, if and only if v(x,0) = uy(z,0), that is, vo(x) = uf(x).
But this is precisely what we get if we choose

u($a 0) = ’LL()(iL‘), uy(x, 0) = wO(x)
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as the initial conditions for our original problem, which lead to
u($a 0) = u0($)7 ’U(IL‘,O) = ué(:p), w(l" 0) = wO(:E)
for the corresponding system. In summary, choosing these initial conditions
Example 2.1 implies v(z, y) = Re(ug(x + iy) — iwp(z + iy)) and hence
u(z,y) = Re(uo(x +iy) — iWy(z + iy)),

where Wy(z) = [wo(z)dx is a primitive of wy.

In summary, there is a unique real analytic solution of the Laplace
equation satisfying given real analytic initial conditions u(z,0) = wug(x),

uy(,0) = wo(x) which is defined in a neighborhood of the plane y = 0 (or
some part of this plane, if the initial conditions are defined only on some

part). o
Now suppose we have a second order quasiliner equation
ZAjk(m,u, Vu)ug e, + b(x, u, Vu) =0 (2.8)
Jk

with initial conditions

u(y) =g(y), v(y) Vuly)=h(y), yel. (2.9)

That is, the value of v and the value of the normal derivative % are given

on I'. Of course the matrix A can (and will) be assumed symmetric without
loss of generality.

Following the same strategy as in our example we obtain:

Theorem 2.3. Let the coefficients A, b as well as the surface I' and the
initial conditions g, h be real analytic in a neighborhood of a point xo € T.
Suppose the non-characteristic condition

v(zg) - A(xo, g(x0), Vu(z))v(zo) # 0, (2.10)

where v(xg) is the normal vector of I' at xg and Vu(xg) has to be expressed
in terms of the tangential derivatives of g and of h at xg, holds. Then the
tnitial value problem , has a unique real analytic solution in a
neighborhood of xq.

Proof. As in the case of systems, it will be convenient to first straighten
out the boundary using y := (z1,...,Zn—1,2n — Y(z1,...,Tp-1)). Setting
v(y) = u(z) we have (of course ,, = 0, but keeping this term avoids case
distinctions)

U;Ej = ij — ’Uyn’}/yj,

Uz, = Vyjyp — (ijyn%/k + Uykyn’Vyj) F Vynyn Yy Yy — Vyn Vyjye
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and the new system is of the same form
Z Ajk(ya v, Vv)vyjyk + E(yv v, V’U) =0
J.k
with initial conditions
(7,00 =3(7).  v,(5,0) = h(y)-

We will not need expressions for the new coefficients except for

n—1 n—1
Ann = Ann —2 Z Aln'Vyz + Z Alm')’yl’)/yma
=1 I,m=1

which is required to relate the non-characteristic condition between both
coordinates. Indeed, since v = (Vz,,..., Y2, ,,—1) and 7 = (0,...,0,—1),
the non-characteristic condition in the new coordinates is just A, # 0.

In summary, we can assume I' = {z,, = 0} without loss of generality.
Now before turning ([2.8]) into a system, we note that we have

= g(z e () = 2 9m (@), =g <m,
e o {h(:c% Jj=n,

and
ug:]atk(-T) = {ngxk(x), bEakem,
hay (), j=mn,1<k<n,
for x € I'. The missing derivative uy,, ,, follows from the differential equation
(2.8)) provided we have the non-characteristic condition

Apn # 0.
Now we set
0 =, vli=ug,, , U= Uy,
Then we have
Ug,, = V", 7=0,
’Ugn == uxjxn = uocnxj = U;j) 1 S] <mn,

Uanzn = To(om) (Zj,k‘#n,n Aji(z,v)vz, + b(:vav)) , j=mn,

and the initial conditions read

' g(ﬂf), ] = Oa
v(2) = Q gz (x), 1<7<n,
h(z), j=n,

for z € I'. Finally, the Cauchy-Kowalevsky theorem ensures that there is
a solution of this system and the first component u := v° will solve (2.8))
together with the corresponding initial conditions (2.9)). Indeed the system
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: : Y ) Jjoo_ .n : J _
implies u,, = v" as well as vz, = Uz, = Usnzj, that is (v ufvj)xn = 0.
From the initial condition we deduce v/ = Uy, on I' and hence vJ = Ug, for

1 < j < n as well. Finally, the last equation of the system shows that

solves (12.8)). O

A surface I' on which the non-characteristic condition fails throughout is
called a characteristic surface. Note that on a characteristic surface the
values of the differential equations is determined by the initial data alone
(since the coefficient in front of the missing second order normal derivative
is zero by the very definition of a characteristic surface). Hence it is not
surprising that prescribing initial values on a characteristic surface will lead
to contradictions in general.

Example 2.8. Let us solve
Ugy = 0
with initial conditions u(x,0) = g(z), uy(z,0) = h(z) on I' = {y = 0}. Note
1

that in this case v = (0,1), A = %(1 0) and the non-characteristic condition

o (02)()-s

is violated. Indeed differentiating the second initial condition with respect
to x gives gy (z,0) = A'(x) which will violate the differential equation unless
W' = 0. Hence if b’ # 0 there is no solution and if A/ = 0 there are many
solutions: u(z,y) = g(z) + h(0)y + f(y)y>. o
Example 2.9. Let us use the Cauchy-Kowalevsky theorem to solve the
wave equation

Utt = Uz
with initial condltlons u( ,x) = g(z), w(0,2) = h(z) on I' = {t = 0}. We
have v = (1,0), ( ) and the non-characteristic condition

o 1))

holds. Note that there is no real need to check it, since we would also notice
that it is violated when we fail to set up the system.

Using v := ug, w := uy the system reads
Uy = w, Vg = Ugt = Wy, Wt = Utt = Uggy = Vg
with initial conditions
u(0,z) = g(x), v(0,2) = ¢' (), w(0,x) = h(x).
The system for v, w was solved in Example where we found

h(xz +1t) + h(x —t) +g’(ac+t)—g’(x—t)
2 2 ’

w(t,z) =
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Integration with respect to ¢t and using the initial condition for u we again
obtain d’Alembert’s formula

t _ 1 x+t
u(t,x) = glrrt)+gw—1) + / h(y)dy.
2 2 x—t
already found in Example o

Example 2.10. Note that while in two dimensions the characteristics of
a constant coefficient linear equation are just straight lines, this changes
drastically if we increase the dimension. For example, let us look at the
characteristic surfaces of the wave equation

n
Ut = Ay = E uxjxj.

j=1
If we assume that a characteristic surface is implicitly given as the level set
of a smooth function, S(¢,2) = 0, then the normal vector is given by the
gradient, v = (S, V;S) and the characteristic condition reads

S2 —|V,S]2=0.

Assuming that we can solve S for t, that is, that the surface is given by
S(t,x) =t —wv(x) = 0, we obtain the eikonal equation

Vol =1
for a medium with constant refraction index 1 discussed in Example

Two simple examples of characteristic surfaces are the planes S(t,x) =
t £ (r+a-x), where |a| =1, or the cones S(t,z) =t =+ (r — |z — zo|). o

Hence the Cauchy—Kowalevsky theorem allowed us to solve the three
most ubiquitous partial differential equations: The Laplace equation, the
heat equation, and the wave equation. However, while for the wave equation
d’Alembert’s formula is precisely what one wants, this is not the case for
the other two equations. It was already pointed out in Example 2.2] that
initial conditions for the heat equation are naturally posed for ¢ = 0, but
this surface is characteristic and hence cannot be handled within the current
framework of the Cauchy—-Kowalevsky theorem. Similarly, while Example
might seem like a nice result, it is again of little practical use. The problem
is not only the fact that the solution is merely defined locally, but also that
this is again not the right kind of setting for the Laplace equation. The usual
problem is to find solutions in a (bounded) domain which attain prescribed
values at the boundary, while here we prescribe both the values and the
values of the normal derivative. That this is not the right kind of setting is
also confirmed by the fact that this type of problem is ill-posed as pointed
out by Hadamardﬁ

&Jacques Hadamard (1865-1963), French mathematician
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Example 2.11. The Laplace equation with initial conditions u(z,0) = esin(%),
uy(z,0) = 0 has the solution

w(z,y) = Re(u(z + iy, 0)) = 5cosh(%) sin(g).

Note that even though the initial conditions is continuous with respect to ¢,
the solution is not. In this sense the problem is ill-posed. o

Example 2.12. The Laplace equation with initial conditions u(x,0) = 902;—&—5527

uy(x,0) = % has the solution

i _ Yy—a
x+i(y—6)) 224 (y—e)?
Note that even though the initial conditions is perfectly nice, the solution
blows up at y = . Hence a linear constant coefficient equation might not
have global solutions. This is in contradistinction to ordinary differential

equations, where linear equations always have global solutions (cf. Theo-
rem 2.17 in [33]). o

u(z,y) = Re(

So the results in this section are not the end of the story and we will
derive different methods in the following chapters.
We end this section with the remark, that it is possible to treat higher

order equations as well as fully nonlinear systems in a similar manner, see
[11].

Problem 2.6. Solve the Laplace equation with initial conditions u(0,y) = 0,
uz(0,y) = y.

Problem 2.7. Transform the equation uy+uze—uz+u = 0, u(0,z) = g(x),
ut(0,2) = h(z) into a system suitable for the Cauchy—Kowalevsky theorem.

What are the initial conditions such that solutions of the resulting system
also solve the original equation.

Problem 2.8. Consider the Stokes systenﬂ which describes the station-
ary velocity (u,v) field and pressure p of a two dimensional incompressible
Newtonian fluid:

Ugy + Uyy = D, VUzz + Uyy = Dy, Uy + Vy = 0.

Transform it into a system suitable for the Cauchy—Kowalevsky theorem and
discuss the corresponding initial conditions.

9Sir George Stokes (1819-1903), Anglo-Irish physicist and mathematician
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Chapter 3

Separation of variables

3.1. The heat equation for a thin rod

During his investigation of heat conduction Fourier studied the simple model
of a thin rod. Let u(¢,x) denote the temperature distribution at time ¢ € R
at the point x € [0,1]. Assuming that there are no heat sources within the
rod, energy conservation implies that the problem can be described by a
scalar conservation law . Assuming that the flux is proportional to the
temperature gradient (Fourier’s law), F'(u) = —k u, (the minus reflects the
fact that heat is transferred to regions with a lower temperature) leads to the
(one-dimensional) heat equation u; = kuy,. By scaling the time variable
we can assume k = 1 without loss of generality. Indeed, if u solves the heat
equation with k& = 1, then v(¢,x) := u(kt, x) solves the heat equation with
general k € R. Hence we will consider

U = Ugpy- (3.1)

The very same equation arises when u models the concentration of some
substance, where again one assumes that the flux is proportional to the
gradient of the concentration (Fick’s lawEI of diffusion). In this context the
above equation is also known as diffusion equation.

It is usually assumed, that the temperature at x = 0 and = = 1 is fixed,
say u(t,0) = ag and u(t,1) = a1. By considering u(t,z) — u(t,z) — ag —
(a1 — ap)z it is clearly no restriction to assume ap = a3 = 0. That is, we
assume the Dirichlet boundary conditionf]

u(t,0) = u(t,1) = 0. (3.2)

LAdolf Eugen Fick (1829-1901), German physiologist
2Peter Gustav Lejeune Dirichlet| (1805 —1859), German mathematician
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Moreover, the initial temperature distribution u(0,z) = g(z) is assumed to
be known as well.

Since finding the solution seems at first sight unfeasible, we could try to
find at least some solutions of . For example, we could make an ansatz
for u(t, z) as a product of two functions, each of which depends on only one
variable, that is,

u(t,z) == w(t)y(x). (3.3)
Plugging this ansatz into the heat equation we arrive at
w(t)y(z) = y"(z)w(t), (3.4)

where the dot refers to differentiation with respect to ¢t and the prime to
differentiation with respect to x. Bringing all ¢, x dependent terms to the
left, right side, respectively, we obtain

wit) _y'(@) (3.5)

w(t)  y()
Accordingly, this ansatz is known as separation of variables. This method
was originally introduced by d’Alembert (1747) and Euler (1748) for the wave
equation (to be discussed in Section [3.3]).
Now if should hold for all ¢ and x, both quotients must be equal to

a constant —\ (we choose —\ instead of A for convenience later on). That
is, we are led to the equations

—w(t) = Aw(t) (3.6)
and
—y"(x) = My(z),  y(0) =y(1) =0, (3.7)
which can easily be solved. The first one gives
w(t) = cre” M (3.8)

and the second one (assuming A > 0)
y(z) = ¢ cos(VAz) + ez sin(VAz). (3.9)

However, y(x) must also satisfy the boundary conditions y(0) = y(1) = 0.
The first one y(0) = 0 is satisfied if ¢co = 0 and the second one yields (c3 can
be absorbed by w(t))

sin(vV/A) = 0, (3.10)
which holds if A = (7n)?, n € N. In the case A < 0 we get sinh(v/—\) = 0,
which cannot be satisfied and explains our choice of sign above. Similarly,
A = 0 also only leads to the trivial solution. In summary, we obtain the
family of solutions

Un(t, ) := cpe— ()t sin(nmx), n € N. (3.11)
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So we have found a large number of solutions, but we still have not dealt
with our initial condition u(0,2) = g(x). This can be done using the su-
perposition principle which holds since our equation is linear: Any finite
linear combination of the above solutions will again be a solution. Moreover,
under suitable conditions on the coefficients, we can even consider infinite
linear combinations. In fact, choosing

[ee]

u(t,z) == Z Cpe” (T sin(nmz), (3.12)

n=1
where the coefficients ¢,, decay sufficiently fast (e.g. absolutely summable),
we obtain further solutions of our equation. Of course for this last state-
ment to hold we need to ensure that we can interchange summation and
differentiation.

Lemma 3.1. Suppose ¢, is an absolutely summable sequence,
> len| < o0 (3.13)
n=1
Then u defined by (3.12)) is in C([0,00) x [0, 1]) N C*>((0,00) x [0, 1]) and
solves the heat equation (3.1)) for (t,x) € (0,00)x [0, 1] as well as the boundary
conditions u(t,0) = u(t,1) = 0.

Proof. Using |c,e” (™ sin(nmz)| < |c,| shows that the series (3.12) con-
verges uniformly for (¢,2) € [0,00) x [0,1] and hence u(t,z) is continuous
there by the Weierstrassﬁ M-test.

Moreover,

9 o

ot
for ¢ > tp > 0 shows that the derivative of the partial sum converges uni-
formly and hence (3.12)) is continuously differentiable with respect to t for
(t,z) € [to,00) x [0, 1] with

2 (7mn)3t m™n)2to

sin(nms)‘ =|— (mn)%cpe” sin(nrz)| < 72n2|e,le

oo
ug(t,x) = — Z(Trn)che*(’m)zt sin(nmz).
n=1
In particular, we can interchange differentiation and summation. The same
argument applies to the partial derivative with respect to x as well as to any
higher order derivatives. Since tg > 0 is arbitrary the claim follows. (]

Note that our rod will attain the temperature specified at the boundary
exponentially fast (Newton’s law of cooling):

3Karl Weierstrass (1815-1897), German mathematician
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Corollary 3.2. The solution (3.12|) satisfies

lu(t, z)| < (Z \cn|) el (3.14)
n=1

Finally, the remaining question is how to take the initial condition into
account. Setting t = 0 in (3.12)) we see

u(0,x) = Z cp sin(nmz) (3.15)
n=1

and finding the correct coefficients ¢, to satisfy our initial condition u(0, z) =
g(z) boils down to expanding g into a Fourier sine series

g(x) = Z gn sin(nmx) (3.16)
n=1

such that (3.12)) will satisfy our initial condition if we choose ¢, = g,. As
first observed by Euler in 1777, the Fourier coefficients are necessarily given
by (Problem [3.1))

1
gn = 2/0 sin(nmx)g(x)dx (3.17)

and this leaves us with the question for which functions the expansion (3.16)
is possible.

That such an expansion is always possible (for sufficiently regular func-
tions) was first postulated by Fourier during his seminal work on the heat
equation between around 1807 and 1822. He was however disputed by other
leading mathematicians, in particular Cauchy, until a few years later in 1829
Dirichlet showed that this is indeed possible at least for piecewise continu-
ously differentiable functions. There were further important contributions
by Riemann but not much progress until the introduction of the Lebesgue
integral in 1904.

In particular, determining when a given function g can be expanded
into a convergent sine expansion with absolutely convergent coefficients is a
formidable task and we will not address it here. The set of functions with this
property is known as Wiener algebreﬁ and convenient sufficient conditions
are known. For example Bernstein’s theorenﬁ, which states that ¢ is in the
Wiener algebra if g is Héldelﬁ continuous of exponent vy > % and vanishes at
the boundary points, g(0) = g(1) = 0. We refer to Appendix for more

information.

4Norbert Wiener (1894-1964), American mathematician and philosopher
5Selrgei Natanovich Bernstein (1880-1968), Russian mathematician
60tto Holder (1859-1937), German mathematician
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Figure 3.1. The heat kernel K (¢, z,y) for t = 0.01, 0.05, 0.1 and y = 0.3.

Note that combining (3.12)) and (3.16]) gives

00 1
u(t,x) =2 Z e~ (mn)*t sin(mm‘)/ sin(nmy)g(y)dy
0

n=1

1 o
= /0 <2 Z e~ (™)t gin(nrz) sin(mry)) g(y)dy

n=1

and hence the solution can be written as

1
u(t,z) = /0 K(t,z,y)g9(y)dy, t >0, (3.18)

where the heat kernel is given by (see Figure [3.1))

K(t,z,y):=2 Z e~ ()t sin(nmz) sin(nry)

n=1
1 T—y . Tty .
== = . 1
5 <19( 5 Jimt) — 9( 5 ,17Tt)> (3.19)
Here
Wz, 1) = Zeim%””inz =1+2 Z el cos(2mnz), Im(7) >0, (3.20)
nez neN

is the Jacobi theta function. The theta function is entire with respect
to z (since the series converges uniformly on every compact subset of the
complex plane) and satisfies

Y z+m+nr,T)= 6_2”1"2_”1"2719(z7 T), I(—2)=19(z), (3.21)
m,n € 7Z.

Note that by construction (t,z) — K(t,x,y) satisfies the heat equation
(which can of course also be verified directly by differentiating the series for
the theta function) and we have the symmetries

K(t,x,y) :K(t,y,l'), K(t71_$7y):K(t7$71_y) (322)
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In particular, will solve the heat equation under the sole assumption
that ¢ is integrable. However, it is not clear in what sense will satisfy
the initial conditions (note that K (¢, x,y) is not well-defined for ¢ = 0) unless
we assume that ¢ is in the Wiener algebra such that we can resort to our
original arguments. Also note that since 1 is entire with respect to z, so is

BI8) for t > 0.

So we have found a solution to the initial value problem, but is this the
only solution? Before we try to answer this question, we need to specify
what precisely we mean by a solution. Since the heat equation involves only
one time derivative but two spatial derivatives, we set

CY2I x U) :={u e O x U)|ug, g, gy € C(I x U)}, (3.23)
where I, U C R are some intervals. Then we will call a function v €
C12((0,00) x (0,1)) N C([0,00) x [0,1]) a solution if it satisfies the heat

equation in (0,00) x (0,1), the boundary conditions and any given initial
conditions.

Now we look at the energy functional associated with a solution u €

01;2((0’00) X [0’ 1]) ﬂC([O, OO) X [07 1])a

1 /!
B(t) = / u(t, )%dz > 0. (3.24)
0
Differentiating this expression we get

1 1
GE0 = [Cuouta)is = [ w0t o

1
= —/ ug(t, x)%dx <0, (3.25)
0

where we have used integration by parts together with the Dirichlet boundary
conditions to obtain the last equality. In particular, the energy is nonincreas-
ing

1
B(t) < B(O) = 5 /0 o(z)2dz. (3.26)

Note that using the Poincaré inequality one can even get exponential decay
(Problem [3.2)). Hence we have energy dissipation.

Consequently, the heat equation with vanishing initial condition g = 0
has only the trivial solution and since the difference of two solutions corre-
sponding to the same initial condition g will be a solution vanishing at ¢ = 0,
we obtain:

Lemma 3.3. The heat equation with Dirichlet boundary condition and pre-
scribed initial condition g has at most one solution v € C12((0,00) x [0,1])N
C([0,00) x [0,1]).
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t=T
I'r
Ur
t=20
=20 r=1

Figure 3.2. Parabolic boundary (thick line)

In fact, taking differences shows that we have stability with respect to
the initial condition in the sense that

1 1
/ (ur(t, ) — ug(t,x))zd:v < / (91(z) — gz(.%'))le‘, (3.27)
0 0

where w1, ug are the solutions corresponding to the initial conditions g;, go,
respectively. In this sense the problem is well-posed.

Another interesting property is that a maximum will either be assumed
initially at ¢t = 0 or otherwise at one of the boundary points x = 0 or z = 1.
In fact, this property will not require any fixed boundary values. The key
observation is that at a maximum (g, o) the gradient must vanish while the
Hesse matrix must be negative definite. In particular, in our situation this
implies u; = 0 and uy, < 0. But this is incompatible with the heat equation
at least if we have a strict inequality u,, < 0. To handle the limiting case
we make the observation that for this argument to work, we do not need the
precise heat equation u; = u.,, but an inequality v; < v, will suffice. So we
add an extra term to get such an inequality and then investigate the limit,
when this extra term disappears.

Set

Ur = (0,T] x (0,1), Iy :=Ur \ Ur, (3.28)
where I'7 is known as the parabolic boundary (see Figure . Moreover,
we call v a subsolution of the heat equation if v satisfies vy < v,,. Similarly,
we call v a supersolution of the heat equation if v satisfies vy > vy,. Clearly
v will be a subsolution if —v is a supersolution and vice versa.

Theorem 3.4 (Maximum principle). Let v € C(Ur) N CYH2(Ur) be a
subsolution of the heat equation. Then

max v < maxuv. (3.29)
UT 1—‘T
Proof. As outlined we consider v*(¢,z) := v(t,7) — 5(1 — x)x such that

v; = v and v, = vy +¢. In particular, v; < v, — e on Ur. Then,
as argued before, v* cannot attain an interior maximum in Ur. Hence the
maximum must be either on I'r or on the line {T'} x (0,1). At ¢ = T the
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gradient might not vanish, but we at least have v§ > 0 (since otherwise, v®
would attain larger values for t < T') and v5, < 0. Consequently, v¢ attains
its maximum on I'y, that is v < v®* < maxr, v®. Taking ¢ — 0 establishes
the claim. g

Of course if v is a supersolution we get a corresponding minimum prin-
ciple

minv > minwv (3.30)
Ur I'r

by applying the maximum principle to —v. Clearly, for solutions of the
heat equation both the maximum and the minimum principle hold. This is
particularly relevant for applications modeling a diffusion process, where u
corresponds to the concentration of a substance. This concentration should
always remain positive, which is ensured by the minimum principle.

The maximum/minimum principle is a key tool whose power must not
be underestimated as we are going to demonstrate with a few simple conse-
quences. We start with an a priori bound for the initial/boundary value
problem.

Corollary 3.5. Let u € C(Ur) N CY2(Ur) solve

u((),:c) = g($)7 T € (07 1)a
Up = Uz, (3.31)
u(t,0) = ao(t), u(t,1) = ar(t), te [0,7].
Then
|u| < max |g| + max |agp| + max |a;|. (3.32)

[0,1] (0,7] (0,7]

Applying this to the difference of two solutions gives an alternate proof
for uniqueness as well as stability with respect to small changes in the initial
or boundary data.

Next we have the following comparison principle which explains the
name subsolution:

Corollary 3.6. If u is a solution of the heat equation and v a subsolution,
then v < w on the parabolic boundary I'r implies v < u on all of Up.

Proof. Apply the maximum principle to the subsolution v — u. O

There is also a strong maximum principle which states that if a so-
lution of the heat equation attains a maximum at an interior point (¢, zg) €
Ur, then u is actually constant on Uy, that is, it is constant up to the time
to. But this is harder to prove (see Theorem .

As an interesting application of these circle of ideas we now obtain some
basic properties of the heat kernel which are not so obvious from its defini-
tion.
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Lemma 3.7. The heat kernel has the following properties:
(i) K(t,z,y) >0 forz,y € (0,1).

(ii) ({IK(t,x,y)dy <1.

(iii) For arbitrary open intervals I,J with J C I C (0,1) we have
PH& [; K(t,z,y)dy = 1 for all x € I and uniformly with respect
e
tox € J.

Proof. For a given interval J with J C (0,1) let g; be some function in
the Wiener algebra satisfying 0 < g < 1 with g(y) = 1 for y € J (e.g.
a smooth function with compact support in (0,1)). Denote by u;(t,x) €
C([0,00) x [0,1])NC*°((0, 00) x [0, 1]) the corresponding solution of the heat
equation with initial condition g; (which for ¢t > 0 is given by )

If K(to,x0,y0) < 0 we would have K (to,z0,y) < 0 for y in some neigh-
borhood J of yp. Then u; would be negative at (to,zo) contradicting the
fact that wy > 0 by the minimum principle. Hence K(¢,z,y) > 0. For the
strict inequality see Problem

To see the second claim suppose there is some (¢, x) such that this integral
is strictly larger than one. Choosing a sufficiently large interval J we will
have 1 < fJ K(t,z,y)dy < uy(t,z) contradicting the maximum principle.

For the last claim we choose again g; but make the additional require-

ment that g; has support in I. Then
ligrl}ionf/lK(t,m,y)dy > %i_r}r(l)uj(t,x) =1. O

Note that property (i) shows that if a nonvanishing initial condition
g > 0 has compact support, u(t,z) will be strictly positive for all ¢ > 0. In
particular, a small change of the initial condition in a small neighborhood
will be immediately propagated to the entire interval. In this sense the heat
equation exhibits infinite propagation speed.

This lemma tells us that x — K(t,x,y) concentrates more and more
around y as ¢ | 0 in the sense that the integral over arbitrarily small neigh-
borhoods around y tends to 1 while the integral over the rest must tend to
0 (the sum of both parts is bounded by 1 by property (ii)). Informally we
could also describe this as K (¢, z,y) converging to a delta function centered
at y as t | 0. More precisely, we have:

Theorem 3.8. Let g € C([0,1]) with g(0) = g(1) = 0. Then u defined via
(13.18) for t > 0 and u(0,z) := g(x) is in C(]0,00) x [0,1]) N C*((0,00) x
[0,1]), solves the heat equation, and satisfies the Dirichlet boundary condi-
tions.
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Proof. That v is smooth for ¢ > 0 and satisfies the heat equation follows
from the corresponding properties of K upon interchanging differentiation
and integration (Lemma . Also that the Dirichlet boundary conditions
are satisfied is immediate. To see continuity for t = 0 fix e > 0, o € (0,1)
and abbreviate M := max|g|. Choose a sufficiently small open interval I
containing xg such that |g(z) — g(y)| < e for z,y € I. Moreover, let J be
another open interval containing xg with J C I. Then

1
/0 K (t,2, 9)lg() — g(x)ldy

= /K(t,%y)!g(y) — g(z)|dy +/ K(t,z,y)|g(y) — g(z)|dy
I (0,1\]

<e+2M K(t,z,y)dy
[0,1\I
for x € I. Now by property (ii7) this last integral tends to 0 uniformly
with respect to x € J. Since ¢ is arbitrary the same is true for the original
integral:

1 1
uft.) -~ gla) < | K(t,x,y>\g<y>—g<x>|dy+M' [ K-

and the claim follows from property (iii). The case when zy € {0,1} is
similar and left as an exercise. ]

Note that this does not imply that the Fourier sine series of a continuous

function converges! In fact, u(t,z) defined via satisfies with
¢n = gpn for £ > 0 as can be seen by inserting into . Hence
our theorem only implies that a certain regularization of the series, where
()%t 46, improve convergence
(in this context sometimes known as heat kernel regularization), converges
as t | 0. However, it incidentally shows that the map from a continuous
function g to its Fourier coefficients g, is invertible and hence a continuous

the Fourier coefficients g,, are multiplied by e~

function is uniquely determined by its Fourier coefficients.

Now that we have a quite good understanding of the homogenous equa-
tion, we turn to the inhomogeneous problem

u(t,0) =u(t,1) =0,
u(0,z) = g(x).

Our considerations thus far suggest to make an ansatz as a Fourier series

U = Uy + f(t, ), { (3.33)

u(t,z) = ch(t) sin(nmx), flt,x) = Z fn(t) sin(nmrz) (3.34)
n=1 n=1
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which gives
en(t) = —(mn)%cn(t) + fult). (3.35)

The solution of this ordinary differential equation is given by

t
cn(t) = gne~ (Tt +/ e_(m)z(t_s)fn(s)ds (3.36)
0

and we see that this approach indeed provides a solution if we assume

[fn(t)] < My, iMn < oo. (3.37)
n=1

To see this observe |cp (£)] < |gnle™ ™) + (%{32.

As always with inhomogeneous linear equations, the solution is a sum
of a solution of the homogenous problem plus a particular solution of the
inhomogeneous equation. In the case of ordinary differential equations a
particular solution is given by the variation of constants formula as displayed
in . Informally speaking it amounts to computing the homogenous time
evolution starting at s, with the inhomogeneous term as initial condition, up
to t, and then integrating the result with respect to s from 0 to . When
summing up the Fourier coefficients this structure is preserved and we
can express our result in terms of the heat kernel as

1 t 1
u(t,x) = /0 K(t,2,9)9(y)dy + /O /O K(t— s,2,9)f (s, y)dyds, ¢ > 0.

(3.38)
This extension of the variation of constants formula from ODEs to PDEs is
know as Duhamel principleﬂ

Our solution is such that the first term satisfies the initial condition
u(0,z) = g(x) while the second vanishes at t = 0. However, note that the
integrand has to be interpreted with care at the upper integration limit s = ¢.
We have fol K(t—s,z,y)f(s,y)dy — f(t,x) as s — t and hence all is well-
defined, but things get tricky when one tries to differentiate this formula.
We will show in Theorem below that this works if f is uniformly Holder
continuous with respect to x. For now we are happy with .

Instead of Dirichlet boundary conditions we could have also assumed
Robin boundary condition&ﬁ

uz(t,0) — apu(t,0) = ugy(t, 1) + aqu(t,1) =0 (3.39)
which model the case that energy is lost at the boundary at a rate propor-

tional to the temperature. The special case ag = a1 = 0 corresponds to

Jean-Marie Duhamel (1797-1872), French mathematician and physicist
&Victor Gustave Robin (1855-1897), French mathematician


http://en.wikipedia.org/wiki/Jean-Marie Duhamel
http://en.wikipedia.org/wiki/Victor Gustave Robin
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insulated ends and is known as Neumann boundary conditionﬂ
uz(t,0) = ug(t,1) = 0. (3.40)

Of course it is also possible to have different boundary conditions at different
endpoints. Another possibility is periodic boundary conditions

u(t,—1) = u(t,1), ug(t, —1) = ug(t,1). (3.41)

Note that in this case you get precisely the usual Fourier series and we have
chosen the interval [—1, 1] to be consistent with (A.62)) (with L = 1).

It is straightforward to extend the analysis of this section to these cases.
You will always get a sequence of eigenvalues together with orthogonal eigen-
functions (see the next section; in particular Problem . Note however,
that most cases lead to a trigonometric equation for the eigenvalues which
cannot be solved explicitly. A nice discussion for Robin boundary conditions
can be found in [30} Section 2.4].

Finally, note that all these boundary conditions are homogenous, in the
sense that the resulting problem is linear such that the superposition prin-
ciple holds. If one prescribes for example the temperature at the endpoints,
one obtains inhomogeneous Dirichlet boundary conditions

u(t,0) = ap(t), u(t,1) = a1 (t). (3.42)

This problem can be reduced to an inhomogeneous equation with homoge-
nous boundary conditions by a simple transformation — Problem Sim-
ilarly one can consider inhomogeneous Neumann or Robin boundary condi-
tions. For example, an energy loss proportional to the difference to the tem-
perature @ of the surrounding medium at the boundary points is modeled
by the inhomogeneous Robin boundary conditions

uz(t,0) = ap(u(t,0) — @), uz(t, 1) = —ar(u(t, 1) — ). (3.43)

Of course this case can be reduced to the homogenous case by considering
v(t,z) = u(t,z) — a.

Problem* 3.1. Show that for n,m € N we have

1, n=m,

1
2/ sin(nmx) sin(mnrz)dx = {
0 0, n#m.

Conclude that the Fourier sine coefficients g, of g(x) are given by (3.17))
provided the sum in (3.16]) converges uniformly.

9Carl Neumann (1832 —1925), German mathematician


http://en.wikipedia.org/wiki/Carl Neumann
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Problem* 3.2. Show that for u € C'[0,1] with uw(0) = u(1) = 0 we have
the Poincaré inequalitﬂ

/01 u(z)?de < C/Ol o (x)%dz

for some C > 0. (Hint: Insert u(x) = [ u/(y)dy one the left. This gives

the inequality with C = % Using Fourier series one can show that the

optimal constant is C = 712, which is the reciprocal of the square of the

lowest eigenvalue. In fact, the minimum is attained for the corresponding
eigenfunction sin(rz) — see Problem[5.29)

Problem™* 3.3. Show that the heat kernel satisfies
1
K(t+s,xz,y) = / K(t,z,r)K(s,r,y)dr, t,s > 0.
0
Conclude that K (t,z,y) > 0 for z,y € (0,1) since K is analytic with respect

to x and hence cannot vanish on an interval.

Problem 3.4. Show uniqueness for the heat equation with Robin boundary
conditions provided ag,a; > 0.

Problem 3.5. Solve the heat equation with Neumann boundary conditions
uz(t,0) = uz(t,1) = 0. Show that the solution converges to the average
temperature at an exponential rate. Show that the solution is unique.

Problem 3.6. Solve the heat equation with inhomogeneous mixed Dirich-
let/Neumann boundary conditions u(t,0) =0, uz(t,1) = 1.

Problem 3.7. Consider the heat equation with mized Dirichlet/Neumann
boundary conditions uy(t,0) = u(t,1) = 0. Derive a maximum principle:
ming < u(t,z) < maxg.

Problem 3.8. Find transformations which reduce
® Uy = Uy, + cu (cable equation)
® U = Uy, — au, (convection-diffusion equation)

to the heat equation. (Hint: For the first multiply u by a suitable function.
For the second equation switch to a moving frame y = x — at.)

Problem 3.9. Compute the heat kernel for the case of periodic boundary
conditions on the interval [—1,1].

Problem* 3.10. Show that the heat equation with (vanishing initial condi-
tions and) inhomogeneous Dirichlet boundary conditions

u(t,0) = ap(t), u(t,1) = ai(t)

10Henri Poincaré (1854-1912), French mathematician, theoretical physicist, engineer, and
philosopher of science


https://en.wikipedia.org/wiki/Henri_Poincar%C3%A9
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can be reduced to an inhomogeneous equation with (homogenous) Dirichlet
boundary conditions if ag,ay; € C'. Use this connection to derive a formula
for the solution:

t t
u(t,z) = —/ ao(s)Ky(t —s,x,0)ds +/ ai(s)Ky(t —s,x,1)ds.
0 0
(Hint: Integration by parts; as many times as possible.)
Problem* 3.11. Let u € C(Ur) N C¥2(Ur) solve

u(0,2) = g(z), x € (0,1),

Ut = Uz + f, {u(t,O) =ap(t), u(t,1) =a1(t), tel0,T].
Show

lu| < max |g| + max |ag| + max|a;| +7T max |f].
[0,1] [0,7] [0,7] [0,7]x[0,1]

(Hint: Apply the mazimum principle to v := u — tF, where F is a suitably
chosen constant.)

3.2. Outlook: The reaction diffusion equation

The following model is known as the reaction-diffusion equation

ur(t, @) — ugy (t, ) + q(x)u(t,z) =0,

U(O, .CC) = g(x),

u(t,a) = u(t,b) = 0. (3.44)
Here u(t, z) could be the density of some gas in a pipe and ¢(z) > 0 describes
that a certain amount per time is removed (e.g., by a chemical reaction). The

case ¢ = 0 is of course the diffusion equation (aka heat equation) from the
previous section.

Applying separation of variables leads to the investigation of the follow-
ing problem

2
@) =o)L=t tale), e (ab), (3.45)

subject to the boundary conditions
cos(a)y(a) = sin(a)y/(a), cos(B)y(b) = sin(B)y'(b), (3.46)

a,f € R. Note that it is crucial that the above boundary conditions are
homogenous, such that the superposition principle holds. Inhomogeneous
boundary conditions have to be reduced to homogenous ones by a suitable
transformation (resulting in an inhomogeneous equation with homogenous
boundary conditions).
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Of course there is nothing much we can do at this point unless we make
some specific choice for ¢q. However, rather than treating some special cases
for g, let us reflect about this problem in somewhat more generality.

First of all, you might notice that the problem reassembles finding the
eigenvalues of a matrix L. However, in our case L is not a matrix but
a linear differential operator. Nevertheless, if has a nontrivial solu-
tion w satisfying the boundary conditions , then A € C will be called
an eigenvalue and w will be the corresponding eigenfunction. We allow
eigenvalues to be complex since it is well-known from linear algebra that the
proper setting for eigenvalue problems is over C rather than over R.

Such a problem is called a Sturm—Liouville boundary value prob-
1emE| and the case ¢ = 0 suggest that the following facts should be true for
this more general problem:

(i) The Sturm-Liouville problem has a countable number of eigenval-
ues E, with corresponding eigenfunctions u,, that is, u, satisfies
the boundary conditions and Lu, = E,u,.

(ii) The normalized eigenfunctions u,, form an orthonormal basis, that
is, any nice function g can be expanded into a generalized Fourier
series

e.9]
g(x) = Zgnun(x)
n=1
Here the underlying scalar product is

b
(f.g) = / F*(2)g(x)de, (3.47)

with ‘*’ denoting complex conjugation. The eigenfunctions are orthogonal

(i.e., (Um,un) = 0 for m # n) and (assuming they are also normalized,
(tn,un) = 1) the Fourier coefficients are given by
Gn = (Un, g). (3.48)

Now this problem is very similar to the eigenvalue problem of a symmetric
matrix and we are looking for a generalization of the well-known fact that
every symmetric matrix has an orthonormal basis of eigenvectors. But since
our linear operator L is acting on some space of functions which is not
finite dimensional we are in the realm of functional analysis and we will not
pursue this problem here. Indeed, while orthogonality of the eigenfunctions
is easy to see (Problem , completeness is much harder. We refer to
[33, Chapter 5] for further details. We will also establish this result later in
Theorem [10.13

HJacques Charles Francois Sturm (1803-1855), French mathematician


https://en.wikipedia.org/wiki/Jacques_Charles_Fran%C3%A7ois_Sturm
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Of course, once we have solved the eigenvalue problem associated with
L, the solution of the reaction-diffusion equation is

u(t,r) =Y gne” Frlup (x) (3.49)
n=1

provided g is such that the Fourier coefficients g,, decay sufficiently fast. The
corresponding energy is

1

b [e’e)
E(t) := 2/ ult,2)?de =Y |gal?e 2P, (3.50)

n=1
where the last equality is owed to the fact that the eigenfunctions form an
orthonormal basis. The energy will decay provided all eigenvalues are nega-
tive and the rate is given by the lowest eigenvalue. Moreover, the fast decay
of e Frt will also imply that we can differentiate the sum (3.49) termwise
and hence the solution will be as smooth as the eigenfunctions wu,,, which
will have two more derivatives than g.

One can also write down a corresponding heat kernel

K(t,a,y) = e Frluy(z)un(y) (3.51)
n=1

and solve the inhomogeneous equation via Duhamel’s principle. Hence the
solution of the Cauchy problem

up + Lu =0, u(0,2) = g(z), (3.52)
subject to the boundary conditions
cos(a)u(t,a) = sin(a)uy(t,a), cos(B)u(t,b) = sin(B)uy(t,b) (3.53)

is given by

b
u(t,x) = / K(t,2,y)g(y)dy. (3.54)

Note that the eigenvalues of the solution operator are precisely given by
e~ Frt and the solution can formally be written as

u(t) = e thyg. (3.55)

In the case of a system of ordinary differential equations L would be a matrix
and e~ *F would be defined as the matrix exponential. In our infinite dimen-
sional setting this is more tricky and this is the starting point of the theory of
strongly continuous semigroups. As this requires tools from functional
analysis we will not pursue it here (we will return to this in Chapter .

We conclude with the observation that the maximum principle continues
to hold, when formulated suitably:
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Theorem 3.9. Let u € C(Urp)NCY2(Ur) and suppose ¢ > 0. If ug+ Lu < 0
then

maxu < maxu’. (3.56)
Ur Ir
If ug + Lu > 0 then
minu > —maxu . (3.57)
Ur Ip

Here u* = max(+u,0) is the positive, negative part of u, respectively.

Proof. We use a similar strategy as in the proof of Theorem Let
v(t,z) := u(t,x) — te such that v, + Lv = —e — eq(x)t < —e. Then v
cannot attain an interior maximum at a point xg with v(xzg) > 0. Conse-
quently v < maxp, vt < maxp, u™. Hence the first claim follows. For the
second claim replace u by —u. ([

If uy+ Lu = 0 we can combine both estimates to obtain again the a priori
bound (3.32)). In fact, we even have the stronger inequality

—maxu~ < u(t,z) <maxu’, (3.58)
I'r I'r

which shows for example 0 < u < 1 if this inequality holds for the initial and
boundary data.

Problem* 3.12. Show that for twice differentiable functions f,g satisfying
the boundary conditions (3.46) we have

(f,Lg) = (Lf,g)
Use this to show that all eigenvalues E,, are real and eigenvectors correspond-
ing to different eigenvalues are orthogonal.

Problem 3.13. Assume that the eigenfunctions u, are bounded and E, —
oo sufficiently fast. Integrate (3.51)) to obtain the trace formula

b (9)
/ K(t,z,z)dx = Ze*E"t.
a n=1

Use this to show that the Jacobi theta function satisfies

1
/ Iz, 7)dr = 1.
0
Problem 3.14. Show directly that the energy is decreasing provided q > 0.

Problem 3.15. Show that Theorem[3.9 holds for more general operators of
the form
L= —r@)5 + pla) L + g(a)
dx? dx
provided r(z) > 0 and g(z) > 0.
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e
e

Figure 3.3. Fundamental tone and two overtones of a string

3.3. The wave equation for a string

The vibrations of an elastic string can be described by its displacement u(t, =)
at the point  and time t. Looking at a tiny element of the string, Newton’s
law of motion implies that mass times acceleration equals the force acting
on this particle. The string is in its equilibrium when it is straight. Once it
is bent, the elastic forces will try to bring it back to its equilibrium position.
Hence a natural assumption is that this force is proportional to the amount
of bending and hence to the second spatial derivative of u. This leads to
the one-dimensional wave equation ¢ 2uy(t, ) = uz.(t, ), where ¢ > 0 is
the propagation speed of waves in our string. By scaling the time variable
we can assume ¢ = 1 without loss of generality. Indeed, if u solves the wave
equation with ¢ = 1, then v(¢,x) := u(ct, z) solves the wave equation with
general ¢ > 0. Hence we will consider

Uyt = Uy (3.59)
Moreover, we will assume that the string is fixed at both endpoints, that
is, z € [0,1] and u(t,0) = u(t,1) = 0, and that the initial displacement

u(0,z) = g(z) and the initial velocity u:(0,x) = h(x) are given.

As before, the separation of constants ansatz
u(t, ) = w(t)y(x) (3.60)
leads to )

— = = -\, (3.61)

which can be solved as in the previous section. In summary, we obtain the
solutions
u(t, ) = (c1 cos(nmt) + casin(nnt)) sin(nmwz), n € N. (3.62)

In particular, the string can vibrate only with certain fixed frequencies! See
Figure [3.3] where the fundamental tone (n = 1) and two overtones (n = 2, 3)
are shown. If you pluck the string in the middle, you will never get only the
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fundamental tone but you will always excite some overtones as well. The
combinations of these overtones make up the characteristic sound of the
instrument. If you want to change the fundamental tone (frequency), you
need to change the length of the string. If you want to play different tones
you either need different lengths for each tone (piano) or you change the
length on the fly by fixing a point inside (e.g. with your fingers — guitar).

Taking linear combinations we get as in the case of the heat equation

(Problem [3.17)):

Lemma 3.10. Suppose c1,, and ca,, are sequences satisfying

Zn2|01,n| < 00, Znﬂcln\ < 0. (3.63)
n=1 n=1
Then
u(t,x) = Z (c1,n cos(nmt) + 2, sin(nmt)) sin(nmx) (3.64)
n=1

is in C%(R x [0,1]) and satisfies the wave equation (3.59) as well as the
boundary conditions u(t,0) = u(t,1) = 0.

Next, under the assumptions (3.63)), the proof of the previous lemma also
shows

(0.9] oo
u(0,z) = Z 1. sin(nmz), u (0, x) = Z nmegp sin(nrx).  (3.65)
n=1 n=1

Now observe that the sums on the right-hand side are again Fourier sine
series. Hence expanding the initial conditions into Fourier sine series

g(z) = Z gn sin(nrx), h(z) = Z hy, sin(nmx), (3.66)
n=1 n=1
where
1 1
gn = 2/0 sin(nmx)g(x)dx, h, = 2/0 sin(nwz)h(x)dz, (3.67)

we see that the solution of our original problem is given by (3.64]) with
Cln = gn and ¢, = Z—;;, provided the Fourier coefficients satisfy

ZnQIgn] < 00, Zn\hnl < o0. (3.68)
n=1 n=1
It can be shown that this last condition holds if ¢ € C3[0,1] with g(0) =
g"(0) = g(1) = ¢"(1) = 0 and h € C?[0,1] with h(0) = h(1) = 0 (see

Appendix |A.3]).
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However, note that this time it is not easily possible to write down a
corresponding integral kernel since the corresponding sums

[e.e] oo .
) _ sin(nnt) . )
2 t 2 —_— 3.69
321 cos(nmt) sin(nmz) sin(nry), n§:1 e sin(nmx) sin(nmy) (3.69)

do not converge properly. Nevertheless we can use some trigonometric iden-
tities to obtain

u(t,x) =

i1

hy . .
<gn cos(nmt) + o sm(mrt)> sin(nmx)
s

l\DI\lr—t
M8

In ( sin(nm(x + t)) + sin(nw(z — t)))
1

n

- ;ni::l Z—Z(cos(mr(x +1t)) — cos(nm(z — t)))

gz +t) + gl —1t) +1/z+t
N 2 2/,
In fact, for the last equality to hold we have extended both g and h from
[0,1] to all of R using (3.66]). That is, we use an odd periodic extension.

Hence we have again obtained d’Alembert’s formula

glz+t)+glx—t) 1 [*H

u(t,z) = 5 + 3 /_t h(y)dy. (3.71)

h(y)dy. (3.70)

—t

Since this formula provides a solution for g € C%(R), h € C*(R), there is no
need to expand the initial data into Fourier sine series and we can use it as
our starting point.

To obtain a solution on x € [0,1] satisfying the boundary conditions
u(t,0) = u(t,1) = 0 our analysis suggests to use the following reflection tech-
nique: Extend the initial condition g(z) € C?[0,1] to [~1,1] using reflection
g(—z) = —g(z) and then to R using periodicity g(x + 2) = g(z) (see Fig-
ure [3.4). Hence by construction this odd extension satisfies g(—z) = —g(x)
and g(z + 2) = g(z) for all z € R. This is of course precisely what you get
if one regards the Fourier sine expansion as a function on R.

Since a continuous odd function must vanish at 0, the odd periodic exten-
sion of g will be twice differentiable at 0 if and only if g(0) = ¢”(0) = 0. Sim-
ilarly, periodicity requires —g(1) = g(—1) = g(1) implying g(1) = 0. Apply-
ing the same argument to the derivatives shows ¢”(1) = 0. In summary, the
odd extension of g will be C%(R) provided g(0) = ¢"(0) = g(1) = ¢"(1) = 0.
Similarly we can extend h € C*[0,1] to an odd periodic function h € C*(R)
provided h(0) = h(1) = 0. Consequently, d’Alembert’s formula gives a solu-
tion u(t,z) € C%(R) with u(t, —z) = —u(t,z) and u(t,z +2) = u(t,z). By
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Figure 3.5. A traveling bump is being reflected at the ends

construction u(t,0) = u(t,1) = 0. Note that the solution is periodic in time
with period T' = 2:

u(t+7T,x) =u(t,x), T=2. (3.72)

Hence we have the following picture: If we think of u(t,z) as a little bump
which travels to the right, say, then there is a corresponding reflected negative
bump in [1, 2] traveling to the left. Eventually they will meet at the boundary
x = 1 and the reflected bump will enter our interval, while the original one
will leave. Hence our little bump now has its sign changed and travels to the
left until it hits its symmetric image from the interval [—2, —1] at the other
side x = 0, where the same happens again. See Figure

For a bump starting at x( its path is shown on the left in Figure [3.6
The two lines emanating from xq correspond to the two cases when the bump
travels to the left, right, respectively. More precisely, if we set h = 0, then
the value g(zo) will be transported along these lines. Of course we can also
trace backwards and find the two points which contribute to the value u(t, x);
right in Figure For the contribution from h the situation is similar, but
now the values of h within the cone formed by the two lines will contribute.

In summary, we see that the effect of a small perturbation in a neighbor-
hood of zg can only propagate with a finite speed ¢ = 1 to the left and to
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(t, )

z=0 7o =1 =0 r=1
Figure 3.6. Domain of influence for the wave equation

the right. Hence in contradistinction to the heat equation, we have a finite
propagation speed ¢ = 1. Also note that the wave equation does not im-
prove the smoothness of the initial condition. On the other hand, solutions
are defined for both positive and negative times.

To see uniqueness we introduce again a suitable energy functional

1 /1
()= / (et 2)? + ua(t, 2)?) da. (3.73)
0
It turns out that the energy is conserved,

1
%E(t) = /0 (w(t, z)uge(t, 2) + up(t, 2)ua(t, ) dx

1
:/0 (w(t, @) e (t, ©) + g (t, T)use (¢, 2)) da

1
= /0 (w(t, ©)uga(t, ) — Uza(t, T)we(t, z))dz = 0, (3.74)

where we have used integration by parts together with the Dirichlet boundary
conditions, which imply u:(t,0) = w;(¢,1) = 0. Hence any solution with
vanishing initial conditions ¢ = h = 0 has zero energy. But this implies
u; = uy = 0 and thus v must be constant. Finally, since it vanishes at ¢t = 0,
it must be zero.

At this point you might ask why we have not started with d’Alembert’s
formula in the first place? One reason is that while d’Alembert’s formula
tells you what you see when you look at the wave, the series solution tells
you what you hear when you listen to it. Moreover, the series solution is
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more robust in the sense that it also applies to the somewhat more general
problem

U (t, ) — Uge (t, ) + q(z)u(t,z) =0,

u(0,z) = g(z),  w(0,z) = h(z),

u(t,0) = u(t,1) = 0. (3.75)
This problem be handled as in Section which leads to the solution

oo

u(tm)—;(gn (VED) + 1 >n<> (3.76)

provided ¢ and h are such that the coefficients g, and h, decay sufficiently
fast. Also the energy argument extends to this situation — Problem [3.16]

Finally, the inhomogeneous problem
u(t,0) = u(t,1) =0,
u(0,2) = g(x),ue(0,2) = h(z),

can also be handled by an ansatz as a Fourier series

z) =Y an(t)sin(nrz),  f(t,x) = fa()sin(nrz)  (3.78)
n=1 n=1

U = Uy + f(E,2), { (3.77)

which gives
in(t) = —(mn)an(t) + fa(t). (3.79)

The solution of this ordinary differential equation is given by

sin(nmt) /t sin(nm(t — s))
+
0

nm nm

an(t) = gn cos(nmt) + hy, fn(s)ds  (3.80)

and we see that this approach indeed provides a solution if we assume
o0
[fa(®)] < My, Y nM, < oo. (3.81)

However, we can also use trigonometric identities as before to show that the
solution is given by the Duhamel principle and is given by

T T — T+t
et ole=) 1™,

z+(t— s)
/ / (s,y)dyds, (3.82)
z—(t—s)

where again on has to take the odd periodic extension of f with respect to x.
This will be a solution provided f € C%!(Rx [0, 1]) with f(s,0) = f(t,1) =0
(Problem . Note that since we have a second order equation, when
choosing initial conditions for the Duhamel principle, we have to choose f
as h and g to be zero.

u(t,x) =
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Problem* 3.16. Show that (3.75) preserves the energy

1
E(t) = ;/0 (ue(t, 2)? + us(t, 2)? + q(x)u(t, z)?) dz.

Conclude that solutions are unique if g(x) > 0.
Problem* 3.17. Prove Lemma [3.10.

Problem 3.18. Solve the telegraph equation
g (t, ) + 20up + YU = gy, 0<n<y(cem)2+7,0<n,

with Dirichlet boundary conditions on [0,1]. Show that the solutions converge
to 0. Show that the energy is non-increasing and conclude that solutions are
unique.

Problem 3.19. Explain how d’Alembert’s formula can be used to obtain
solutions which satisfy Neumann boundary conditions u,(t,0) = uy(t,1) = 0.
Discuss what happens to a small bump traveling to the right.

Problem 3.20. Consider the beam equation
Ut = —Ugzzs
with boundary conditions
u(t,0) = uz(t,0) = 0,  Uge(t,1) = Ugau(t, 1) =0

corresponding to a cantilevered beam on [0,1]. Find the eigenfrequencies and
the corresponding solutions of the beam. (Hint: Show that a corresponding
eigenfunction —u"" = Eu satisfying the boundary conditions must satisfy
fol(u”)Qd:c = —F fol u?dx and hence E < 0. It is not possible to obtain
analytic expressions for the eigenfrequencies.)

3.4. The wave equation on a rectangle and on a disc

Consider the vibrations of a rectangular membrane which is fixed at the
boundary. The motion is described by the two dimensional wave equation

U (b, 1, 2) = Ugyay (6,21, 2) + Ugyay (t, 1, T2) (3.83)
together with the Dirichlet boundary conditions
u(t,0,22) = u(t,1,22) = u(t,z1,0) = u(t,z1,1) =0, z; €[0,1]. (3.84)
Looking for solutions of the form w(t, z1,x2) = w(t)u(zy, z2) yields
w(t) = 1 cos(VA) + casin(VAL) (3.85)

and
Ugyzq (1, T2) + Uspyzy (T1, T2) = —Au(x1, T2). (3.86)
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m=1,n,=3

my=2, np=2

=2, ;=3

Figure 3.7. Fundamental tone and some overtones of a rectangular membrane

Our simple geometry suggests another ansatz u(x1, z2) = u1(z1)uz(x2) which
leads to identical equations

uj = =Ajug,  ui(0) = u;(1) =0, (3.87)

where A1 + Ao = A. Since we already know the solution, we get

u(t,xy,z) =
o
Z (cl,nl,n2 cos(y/n? + nmt) + c2.ny my sin(y/n? + n%wt)) .
ni,no=1
-sin(nymay ) sin(namas). (3.88)

Initial conditions can be handled by expanding them into two-dimensional
Fourier series much like we did in the one-dimensional case. Hence we omit
further details at this point.

From a physical point of view it is interesting, that our membrane can
only vibrate with certain fixed frequencies %\/n% +n3, (n1,n2) € N2. The
same turns out to be true for a differently shaped membrane (where separa-
tion of variables fails and the frequencies can no longer be computed explic-
itly in general) and these frequencies are characteristic for the sound of the
membrane. This lead the mathematician Mark KacEl to the famous ques-
tion: "Can One Hear the Shape of a Drum?" Mathematically, the question
is whether the eigenfrequencies determine the shape and it took two decades
until this question was finally answered in the negative. It is however true
for convex domains with analytic boundary.

12\ are Kac (1914-1984), Polish American mathematician


http://en.wikipedia.org/wiki/Marc Kac
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If we consider the same problem on the unit disc, the first step will work
as before, but the second will fail since the ansatz u(xy, z2) = uy(z1)ua(z2)
is not compatible with the geometry of our domain. However, it suggests
itself to switch to polar coordinates

x1 = rcos(yp), x9 = rsin(p) (3.89)
such that our differential equation for
v(r, ) := u(rcos(p), rsin(p)) (3.90)
reads
1 1
Uppr + ;UT + r—szp = —)\v. (391)

Since in polar coordinates our domain is again rectangular, we can try sep-
aration of variables v(r, ¢) = p(r)f(¢). Our boundary condition translates
into p(1) = 0 and 6 must be periodic with period 27. The equations read

1
p// + Z, — %p g —)\p, 0” = —’]707 (392)
T r

where 7 is another constant. The second equation can be easily solved
0(p) = an, cos(ng) + by, sin(ny), (3.93)

where 7 = n? and n € Ny to satisfy our periodicity requirement. The first
equation is a version of Bessel’s equationlﬂ and a solution is (Problem [3.21)

p(r) = Ju(VAr), (3.94)

where

' s (1) 2\ 25+v
Jo(z2) = Jz; ORI (§> (3.95)
is the Bessel function of order v, [25] |(10.2.2)]. There is a second linearly
independent solution (the WebeIE function Y, (2), |25, /(10.2.3)]) but it can
be ruled out for our purpose since it has a singularity at z = 0 and hence will
not lead to a continuous solution of our original problem. See for example
[33] for how to solve Bessel’s equation. Our boundary condition requires
p(1) = J,(v/A) = 0 and hence we need \ = jik? where j,  is the k’th
positive zero of J,. It can be shown that (|25, (10.17.3)|, Problem

Ju(z) = \/Z (cos (z— gu — g) + O(z_l)) (3.96)

as z — oo and hence there are infinitely many zeros for each n. Note that for
A < 0 the solution would be i™".J,,(iy/|A|r) (which is real-valued) but since
all coefficients of the power series are positive in this case, this solution has no
zeros for r > 0. It can also be shown that there is a corresponding Fourier—

13Friedrich Bessel (1784-1846), German astronomer, mathematician, physicist, and geodesist
MHeinrich Friedrich Weber (1843-1912), German physicist


http://dlmf.nist.gov/10.2.E2
http://dlmf.nist.gov/10.2.E3
http://dlmf.nist.gov/10.17.E3
http://en.wikipedia.org/wiki/Friedrich Bessel
http://en.wikipedia.org/wiki/Heinrich Friedrich Weber
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Figure 3.8. Bessel-Fourier modes Jo(jo,xx) (left), Ji(j1,kz) (middle),
and J2(jo,xz) (right) for £k =1,2,3

n=2, k=1 ne2ka?

Figure 3.9. Fundamental tone and some overtones of a disc shaped membrane

Bessel series. The first few modes are shown in Figure[3.8 It is not hard to
see that these functions are orthogonal (Problem but completeness is
a more involved task which requires advanced tools from functional analysis
and is beyond our scope. In this respect observe that the Bessel equation on
[0,1] can be written in the form Ly = Ay with L = —di;g + ¢(x) upon using

2_1
y(x) = /xp(x). However in this case q(z) = ng 4 has a singularity at = 0
and hence the standard results for regular Sturm—Liouville problems do not
apply.

The fundamental tones and overtones of the disc are hence given by

Up 1o (15 22) = Jn (1) cos(ng),  uy (21, 22) = Jn(fnsr) sin(ne) (3.97)

and a few instances of u;, , are shown in Figure (clearly the corresponding
picture for uy, 1 1s just rotated by —5).
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Problem* 3.21. Show that the Bessel function (3.95) solves the Bessel

equation

2u” + 2+ (22— v =0.

Show that Lommel’s equatior])]
1—-92 2 _,2.2
N ((bczc_1)2 + a;c) w =0
z z

can be transformed to the Bessel equation via w(z) = z%u(bz®).

Problem 3.22. Prove the following properties of the Bessel functions (3.95)).
(1) (I (2)) = £z T 71(2).
(ii) Jy—1(2) + Juy1(2) = 27”J,,(z:).
(il) Jy—1(2) — Jur1(2) = 2J,(2).

Problem™* 3.23. Let p1, p2 be two solutions of

1 2
W VS
T T

corresponding to A1, Ao, respectively. Show that

%T(Pl(r)//z(r) — P ()pa(r)) = (A1 = A2)r p1(r) pa(r).

Conclude
%‘]I//(jl/,k)27 l=k,
0, l# k.

Note that J),(j,.1) # 0 since if for a solution of a second order linear equa-
tion both the function and its derivative would vanish, it would be the zero
solution.

1
/ o (G kr) Iy (Guar)r dr = {
0

Problem* 3.24. FEstablish the following integral representation for the Bessel
function of integer order

In(x) ! / el(nt=sin()z) gy n € Npy.

:% .

(Hint: Split the exponential and insert the Taylor series for the one contain-
ing x. Then use the residue theorem to evaluate the resulting integral.)

Problem 3.25 (Hanging chain). Consider the vibrations of a chain of length
1 suspended at x = 1. Denote the displacement by u(t,x). Then the motion
is described by the equation

o 0
u(t, ) = ga?:c£u(t,x), x € 10,1],

15Eugen von Lommel (1837-1899), German physicist


http://en.wikipedia.org/wiki/Eugen von Lommel
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with boundary conditions u(t,1) = 0, where g > 0 is a constant. Apply
separation of variables to find the eigenvalues and eigenfunctions.

Problem 3.26. How would one solve the wave equation on a semidisc {x| |x| <
1,9 > 0} with Dirichlet conditions on the boundary?

3.5. The Laplace equation on a disc

As our next example we look at the Laplace equation on the unit disc with
given values on the boundary:

Uze +uyy =0, u(cos(p),sin(p)) = g(y). (3.98)
As in the previous section, separation of variables in polar coordinates u(z,y) =
p(r)8(p) gives

0(p) = an, cos(ng) + by, sin(ny), n € Ny, (3.99)

and the corresponding equation for p(r) reads

TL2

1
// /
- . 1
p +rp 2P 0 (3.100)

It is of Euler type and its solution is

(3.101)

n

c1 + exlog(r), n=0,
p(r) = " _
ar+cor ™, n>0.

Since our solution u must be continuous at the origin we need co = 0 and
using v(r, ) := u(rcos(¢), rsin(p)) we get

v(r, @) = % + Z " (an cos(ng) + by sin(ne)). (3.102)

n=1
Setting r = 1 we see that a,, b, are the Fourier coeflicients of g:
1 [ 1 [" )
an = 7r/ g(p) cos(np)dep, b, = 7r/ g(p) sin(ny)de. (3.103)

Using complex notation we can rewrite this as
a > a >
0 . - 0 .
v(r,p) = 35 + Renz:l r™(an — ib,)e™? = 5 + Re nz:l(an —iby)2", (3.104)

where z = rel¥ = z+iy. Hence the solution is the real part of a holomorphic
function inside the unit disc. Conversely, it is a well-known fact from complex
analysis, that real (and imaginary) part of holomorphic functions satisfy the
Laplace equation.
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From this formula we can even get an integral representation for the
solution. To this end we use

1 /7 :
an — by, = = / g()e ™ dy (3.105)
m —Tr
to obtain
_ % - " n in(p—19)
o(r, )—?+*R E:l/_ﬂg(ﬁ)r e PV dy
1 ™
=5 P.(¢ — 9)g(09)dv, 0<r<l, (3.106)
where
> " in 14 rel¥ 1— 72
P(¢) :=Re (1 + 27;T ¢ w) = Re (1 - rei<ﬂ> T1- 2r cos(yp) + 12
(3.107)

is the Poisson kernel¥ for the unit disc. To obtain the closed form of
the series note that this is just a geometric series. The Poisson kernel is
illustrated in Figure [3.10

Theorem 3.11. Suppose g € C[0,27] is periodic. Then the Poisson inte-
gral

1 ™
W) =5 [ Plo-dg0ds,  0<r<1, (3.108)
is harmonic inside the unit disc and satisfies
limv(r, ) = g(). (3.109)

Proof. That v solves the Laplace equation follows by interchanging differ-
entiation and summation in (3.102)) which is permissible for r < rg < 1 since
the Fourier coefficients of a continuous function are bounded.

Next, it is straightforward to verify the following properties of the Poisson
kernel:
o 5 [T Prp)dp =1.
o Pr(p) = Pr(=¢).

* %—T—: < P(p) < % with the unique maximum at ¢ = 0, the

unique minimum at ¢ = £, and monotone in between.

e lim,,; P.(¢) =0 for ¢ # 0.

16Siméon Denis Poisson (1781-1840), French mathematician, engineer, and physicist


https://en.wikipedia.org/wiki/Sim%C3%A9on_Denis_Poisson
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Figure 3.10. The Poisson kernels P, /4, Py /2, and P34

Without loss of generality it suffices to show convergence at ¢ = 0. Moreover,
given €, choose 0 < ¢ < 7 such that [g(d) —g(0)| < § for [)| < § and rq such
that P,.(6) < 457 for r > 7o, where M = maxy <, [¢(9)|. Then

o(r,0) — g(0) 1(/”3@%@w»—mmMﬁ

and hence
€ P.(5
0~ 900 < = [ Bar+ B [ jg) - goyjan
A Jy|<s 21 Jj|>s
-2 2
for r > rg. O

Note that the special case r = 0 says that the value at the center equals
the average at the boundary.

Problem 3.27. Find the solution of the Laplace equation on the unit disc
which satisfies u(x,y) = 2 for x2 + y> = 1. Give the solution in Cartesian
coordinates.

Problem 3.28. Find the solution u of the Laplace equation on a ring ro <
Vaz4+y? < rp (with 0 < rg < 1) satisfying the boundary conditions
u(z,y) = y for 22 +y* = 13 and u(z,y) = z for 2°> + y*> = ri. Give
the solution in Cartesian coordinates.
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Problem 3.29. Find the solution of the Laplace equation on the square
U :=(0,1) x (0,1) satisfying the boundary conditions

u(z,0) =0, u(0,y)=0, u(l,y)=0, u(zx,1)=g(x).



Chapter 4

The Fourier transform
and problems on the line

4.1. Motivation

Now we want to look at the case of the heat equation on the line. In con-
tradistinction to a finite interval we have no boundary conditions and hence
there are no restrictions on the value of \. We keep however the restriction
A > 0, since for A < 0 the corresponding solutions are exponentially growing.
Setting A = k2, k € R and using the complex versions of the trigonometric
functions we hence have the solutions

u(t, ) = e kR, (4.1)

Again we can take linear combinations of these solutions and, since k is
continuous, we can even take a continuous sum:

u(t, x) :/Rc(k)e_i’”_k%dk. (4.2)

Assuming that ¢ is integrable, one can verify that v € C([0,00) x R) N
C*((0,00) x R) satisfies the heat equation with initial condition

u(0, z) :/Rc(k)eikxdk. (4.3)

Hence u(0, z) is up to a normalization constant equal to the Fourier transform
of ¢. In order to express ¢ in terms of the initial condition, we need to
compute the inverse Fourier transform.
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4.2. The Fourier transform in one dimension

The Fourier transform of an integrable function f is defined as

~

Fh) = Fik) = ——= / e f(2) (4.4)

Note that f is continuous by Lemma The fact which makes it a key
tool in the study of partial differential equation is the property that it turns
differentiation into multiplication and vice versa:

Lemma 4.1. Suppose f € C*(R) such that im0 f(2) = 0 and f, f" are
integrable. Then

()" (k) = ik f (k). (4.5)
Similarly, if f(x),zf(x)are integrable, then f(k:) is differentiable and
(« ()" (k) = if (k). (4.6)

Proof. First of all, by integration by parts, we see

AYA _L e—ikm/x -
() = = [ e a)a

\/ﬂ/ ke K f(2)da = ik f(/@)

Similarly, the second formula follows from

(z F(@)) \ﬁ = [ =)
- (’f) f(@)dz =i (k),

where interchanging the derivative and integral is permissible by LemmalA.7]
In particular, f ( ) is differentiable. O

This result immediately extends to higher derivatives. Roughly speaking
this shows that the decay of a function is related to the smoothness of its
Fourier transform and the smoothness of a function is related to the decay
of its Fourier transform.

Another key property is the fact that the Fourier transform of a Gauss-
iarE| is again a Gaussian:

Lemma 4.2. The Fourier transform of e~te?/2 fort >0 is given by
g2 1 e
Fle /%) (k) = 72° K@), (4.7)

LCarl Friedrich Gauss (1777-1855), German mathematician and physicist


http://en.wikipedia.org/wiki/Carl Friedrich Gauss
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Proof. Let ¢ (x) := exp(—tz?/2). Then ¢}(x) + tx¢i(x) = 0 and hence
i(ke(k) + t)(K)) = 0. Thus ¢;(k) = cy ;4 (k) and (Problem

1 2 1
_ 0) = —tx /2d P O
c (bt( ) \/%/]Re £ \/E

Now we can compute the inverse of the Fourier transform:
Theorem 4.3. Suppose f € C(R) is such that f,f are integrable. Then
(N =1, (4.8)
where

7 L L ikx _ o
Fik) = o [ ¢ fado = Fi-b). (4.9)
Proof. Abbreviate ¢.(z) := (2r)"/? exp(—ex?/2). Then

ikx 7 _L ik o ik
[ octwerftwdi = —— [ [ o.pet g vayan

~

and, invoking Fubin Lemma and (el f(x)) (k) = f(k —a) we further

see that this is equal to
. 1
= [0 )y = [ <1ty o))

Letting ¢ — 0 the integral we have started with converges to (f)v(x) while
the last one converges to f(x) by Lemma O

Problem* 4.1. Compute the Fourier transform of the following functions
fR—=C:
R

(1) f(@) = x(-1,1)(®). (i) f(z) = *4—, Re(a) > 0.
Problem 4.2. Show that

[V

x

n(x) := Hy(x)e™ 2,

where Hy(z) is the Hermite polynomiaﬁ [25 (12.7.2)] of degree n given
by

Hy(z) :=ez <x — dx) ez,
are eigenfunctions of the Fourier transform: @n(k) = (—1)"p (k).

2Guido Fubini (1879-1943), Italian mathematician
3Charles Hermite (1822-1901), French mathematician


http://dlmf.nist.gov/12.7.E2
http://en.wikipedia.org/wiki/Guido Fubini
http://en.wikipedia.org/wiki/Charles Hermite
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Problem 4.3. Prove the Poisson summation formula

Z f(n)e ™ = \/or Z flz + 2mm),

nez meZ

where f satisfies | f(z)| + | f(z)| < (1+|z| @ for some a > 1. (Hint: Compute
the Fourier coefficients of the right-hand side. To this end observe that the

integrals over [—m, 7| give a tiling of R when m runs through all values in
Z.)

Problem 4.4. Prove the Whittaker—Shannon interpolation formulal]

Z f(n)sinc(m(x —n))

nel

provided supp(f) C [—m,7]. Here sinc(x) = sin(z) . (Hint: Use the Poisson
summation formula to express f and take the inverse Fourier transform.)

4.3. The heat equation on the line

Returning to our original problem this shows

clh) = 5= | gy (110)

u(t,z) = o // ke =kt ()oK gy il (4.11)
i

Using Fubini we obtain

and hence

ult, ) = /R Btz — y)g(y)dy. (1.12)
where
1 I 1 2
D(t,z) = — [ e ke klgp = — =27/ 4> 0, 413
(t,2) 2F.AL Vart (4.13)

is the fundamental solution of the heat equation.

Theorem 4.4. Suppose g € C(R) is bounded. Then

_ ) )g(y)dy, t>0,
u(t,x) = {gﬂ(i:), =0, (4.14)

defines a solution of the heat equation which satisfies u € C*°((0,00) x R) N
C([0,00) x R). Moreover,
inf g <wu(t,z) <supg. (4.15)

4Bdmund Taylor Whittaker| (1873-1956), British mathematician, physicist, and historian of
science

4Claude Shannon (1916-2001), American mathematician, electrical engineer, and cryptogra-
pher known as "the father of information theory"


http://en.wikipedia.org/wiki/Edmund Taylor Whittaker
http://en.wikipedia.org/wiki/Claude Shannon
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Proof. That u € C* follows since & € C'° upon interchanging differenti-
ation and integration using Lemma [A77] This also shows that u solves the
heat equation. It remains to show that u is continuous on the boundary
t = 0. But this follows from Lemma since (by Problem [A.3)

/ O(t,z)dr = 1. (4.16)
R
The last claim is immediate from (4.16)) and ®(¢,z) > 0. O

Note that since ® > 0, the inequality in is strict for ¢ > 0 unless
g is constant, which again implies infinite propagation speed. Moreover,
even though hints at a maximum principle, this is more subtle since
the proof of Theorem does not extend to unbounded domains. We will
address this problem, as well as the question of uniqueness, in Theorem [6.18

Two more properties are immediate from (4.12]):

Corollary 4.5. Suppose g € C(R) is integrable. Then the solutions has the
following properties:

(i) (Mass conservation)

/Ru(t,a:)da;:/Rg(x)dx. (4.17)
(if) )

)| < —— | lot@)aa. (4.18)

Proof. (ii) is immediate and (i) follows from Fubini. O

The solution of the inhomogeneous equation
Up = Ugy + f (4.19)
follows from the Duhamel principle:

Theorem 4.6. Suppose f € C([0,00) X R) is bounded and uniformly Holder
continuous with respect to the second argument on compact sets with respect
to the first argument:

[ft,2) = f(t,y)| < Crlz—y|",  0<t<T. (4.20)
Then
¢
u(t,x) = /0 /Rq)(t — s,z —y)f(s,y)dyds, t>0, (4.21)

is in CY2((0,00) x R) N C([0,00) x R) and solves the inhomogeneous heat
equation with initial condition u(0,x) = 0.
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Proof. It is not hard to see that u € C([0,00) x R) since the inner integral
converges to f(t,x) as s — t. It is less obvious what happens, when we
consider the derivatives. In order to avoid the problems at s = ¢t we consider
a cutoff

t—e
w(to)i= [ [t sa-pisdyds
0 R
Then
t—e
ug (t,x) = / e,z —y)f(t —e,y)dy + / / it — 5,2 —y) f(s, y)dy ds.
R 0 R
The first term is unproblematic and converges to f(t,x) as € — 0, uniformly

on compact sets. To handle the second term we use [, ®¢(s,z — y)dy = 0
such that we can write

/OH /R it — 5,2 — y)f (s, )dy ds
— /OtE/R(I)t(t —s,2—y)(f(s,y) — f(s,2))dy ds.

Now we use our Holder estimate to investigate this last integrand

/—a/ Dyt — 5,2 —y)(f(s,9) — f(s,2))dyds
o Jr

T
e / / 1B(s, ) [y[dy ds < oo
0 R

since ®(t,x) = (‘TTQQ — £)®(t,z) and

IS

2
/R ly” (% + 2%)‘1)(37 y)dy =2(y + 2)F((V\}T1)/2)(43)v/21.

Hence, u; converges uniformly on compact sets as € — 0 which shows that
u is differentiable with respect to ¢ with derivative given by

ug(t,z) = f(t, ) —i—/o /R@t(t— s, —y)(f(s,y) — f(s,x))dyds.

Similarly one shows
t
Ux(ta$) :/O /R<I>x(t—s,$—y)(f(s,y)—f(s,:v))dyds,
t
Ugy (L, ) = /0 /Rtﬁm(t — 8, — y)(f(s,y) — f(s,x))dyds.

This finishes the claim since ®; = ®,,. U
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If an initial condition u(0,z) = g(x) is given, then we can of course com-
bine the above solution with the corresponding solution of the homogenous
equation:

u(t,:l:):/RQ(t,x—y)g(y)dy-i-/o /RCI)(t—s,x—y)f(s,y)dyds, t>0.

(4.22)
Moreover, like in the case of the wave equation, this result also provides
the corresponding solution for a finite interval with Dirichlet (or Neumann)

boundary conditions by considering the odd (even) periodic extension of f
to R.

Problem 4.5. Find the solution of the heat equation on (0,00) with a Dirich-
let boundary condition at 0. What about a Neumann boundary condition?
(Hint: Reflection.)

Problem 4.6. The Black—Scholes equation]

J2

U = —?m2um —Trr Uz +TU

models the price evolution of a European call or put option for some financial
asset as a function of timet. Here o > 0 is the asset’s volatility, x the asset’s
price and r > 0 is the interest rate. A financial institution needs to find the
price u(0,x) it should charge for the option given the value of the option at
a terminal time T'. For a call option, where the asset is to be bought at the
exercise price p > 0, the final condition is u(T, x) = max(x — p,0), while for
a put option, where the asset is to be sold at the exercise price p > 0, the
final condition is u(T,z) = max(p — x,0).

Show that this problem can be reduced to the heat equation as follows:

o Introduce a new time s := T — t to turn it into an initial value
problem.

e Observe that the right-hand side (for fixed t) is an Euler differential
equation, which can be solved by introducing y := log(x) as a new
dependent variable.

e Finally use Problem[3.8

Find the solutions corresponding to a call, put option, respectively.

Problem 4.7. Show that the solution of the heat equation on [0, c0) X [0, 00)
with
u(t,0) = a(t), u(0,2) =0

SFischer Black (1938-1995), American economist
5Myron Scholes| (1941), Canadian-American financial economist


http://en.wikipedia.org/wiki/Fischer Black
http://en.wikipedia.org/wiki/Myron Scholes
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(in particular a(0) = 0) is given by

u(t,x) = m /t ! ef‘rz/(‘l(t*s))a(s)ds.
’ 47 Jo (t— 8)3/2

(Hint: Assume a € C! with a(0) = 0 and reduce it to an inhomogeneous
problem.)

Problem 4.8. Compute the energy of the fundamental solution ® of the heat
equation. Show that it does not decay exponentially, and conclude that there
is no Poincaré inequality on R.

Problem 4.9. Let g(x) € C[0,1] with g(0) = g(1) be given. Extend the
initial condition g to [—1,1] using reflection g(—z) = —g(x) and then to R
using periodicity g(x + 2) = g(x). Show that defines a solution u €
C*((0,00) x R) which satisfies u(t, —x) = —u(t,x) and u(t,z +2) = u(t, x)
for all t > 0. Conclude that u(t,0) = u(t,1) = 0 for all t > 0. Moreover,
show that the heat kernel K(t,z,y) for [0,1] can be represented as

]
K(t,x,y) =Y (®(t,x —y+2n) — Btz +y + 2n)).
NneZ

Note that this last identity is an instance of the Poisson summation formula
from Problem[{.3

Problem 4.10. Show that if g has compact support, then u = ®y*xg is an en-
tire function fort > 0. Use this to prove the Weierstrass approximation
theorem: Every g € C[0,1] can be uniformly approximated by polynomials.
(Hint: Eztend g to a continuous function on R with compact support.)

4.4. The wave equation on the line

Finally we turn to the wave equation

Ut = Ugy, u(0,2) = g(z), wu(0,2) = h(x). (4.23)
After applying the Fourier transform with respect to x the equation reads
Uy = —K*0,  0,k) = g(k), @(0,k) = h(k), (4.24)
and the solution is given by
it k) = cos(th)g(k) + Sin]itk)m). (4.25)
When trying to compute the corresponding fundamental solution one again

runs into the problem that neither cos(¢k) nor w are integrable. However,

the latter is not too far away from being integrable (it is at least square
intggrable) and one can check that the Fourier transform of \/Fx_1,1(x/t)
S Sm](fk). Fortunately, the argument leading to the fundamental solution of
the heat equation can be extended to such a situation:
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Lemma 4.7. Suppose f,g are mtegmble. Then

(o)) = o= / f(& - y)3)dy. (4.26)

Proof. This is a straightforward application of Fubini:

“(fg)(x m/f k)ehedk = — //f e F =) gy dk;
1

- ik(z—y) — T —
3 [ 1) [ o akay = —— / (e~ y)i(y)dy. 0

Using this lemma we obtain

1 1 T+t
u(t.) = [ Gxie - by =5 [ by
R 2 T
in the case ¢ = 0. But the corresponding expression for h = 0 is just
the time derivative of this expression, which is known as Stokes’ rule (cf.

Problem [4.20)), and thus we obtain again d’Alembert’s formula
19 1 T+t
wtr) =50 [ atdn+ 3 [ iy

x T — T+t
_ 9l +t)—2Fg( t)+;/x h(y)dy. (4.27)

—t

Of course there is no point in trying to find conditions such that wu(t,x)
defined as the inverse Fourier transform of solves the wave equation,
since it is immediate that d’Alembert’s formula gives a solution provided h €
CY(R) and g € C%(R). Concerning uniqueness one can use the factorization
from Problem and reduce it to uniqueness for the transport equation
(Theorem |1.1).

The solution of the inhomogeneous equation
Ut — Ugy = f, u(0,2) =0, ut(0,z) =0, (4.28)

follows from the Duhamel principle and is given by

z+(t—s)
/ / (s,y)dyds (4.29)

provided f € C%!(R?) (Problem [4.23)).

Without going into details, let me remark that the fact that the wave
equation has finite speed of propagation, while the heat equation has not,
can also be understood using the Fourier picture. In fact, if f has compact
support, then the Fourier integral used to define f will make sense not only
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for real k, but for all £k € C. Moreover, f will be an entire function satisfying
the growth estimate

oRIKl (R

[F(R)] <

T V27 J_R

|f(z)|dx (4.30)

provided supp(f) C [—R, R]. Such functions are said to be of exponential
type R and it can be shown that the converse also holds. This is know
as the Paley—Wiener theorenﬁ [29] Theorem 3.3]. In particular, multi-
plication with cos(tk) or % preserves such an estimate (increasing the
constant R in the estimate, and hence the support), while multiplication
with e+ destroys such an estimate. Moreover, this shows that the fact
that the wave equation has finite propagation speed is not tied to its par-
ticularly simple form, but is shared by other equations as well. For example
by the Klein—-Gordon equation (Problem , where it is much harder to
derive the fundamental solution (Problem .

Problem 4.11. Find the solution of the wave equation satisfying u(0,z) =
22 and uy(0,7) = 1.

Problem 4.12. FEstablish d’Alemlz\ert’s formula for h = 0 directly from
[@25) by finding a formula for €' f(k).

Problem 4.13. Show that solutions u of the wave equation satisfy the par-
allelogram property: If a = (t,x), b = a + s(1,1), ¢ = b+ d — a,
d=a+r(l,—1) are vertices of a parallelogram, then

u(a) + u(c) = u(b) + u(d).

Problem 4.14. Establish Huygens’ principlem Suppose g, h are supported
in [a,b] C R. Then the solution (4.27)) of the wave equation has support in

{(t,x)|lz € [a —t, b+ t]}. If f; h(z)dz = 0 the support is in {(t,z)|x €
[a—t,b—t]Ufa+tb+1]}.

Problem 4.15. Suppose g, h have compact support. Then the solution (4.27)
of the wave equation satisfies

/Ru(t,:r)dac:/Rg(x)dx—i—t/Rh(x)dw.

Problem* 4.16. Find the solution of the wave equation on (0,00) with a
Dirichlet boundary condition at 0. What about a Neumann boundary condi-
tion? (Hint: Reflection.)

6Raymond Paley| (1907-1933)), English mathematician
"Christiaan Huygens (1629-1695), Dutch physicist, mathematician, astronomer, and inventor


http://en.wikipedia.org/wiki/Raymond Paley
http://en.wikipedia.org/wiki/Christiaan Huygens
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Problem 4.17. Derive a formula for the Fourier transform u(t,k) of a
solution of the beam equation
Uy = —Uproz, u(0,z) = g(z), u(0,2) = h(x).
Do you expect finite or infinite propagation speed?
Problem 4.18. Derive a formula for the Fourier transform u(t,k) of a
solution of the Klein—Gordon equation
Utt = Ugz — m2u7 ’U,(O,ﬂf) = g(il?), Ut(o, l‘) = h(IE),
where m is a constant. Do you expect finite or infinite propagation speed?
Problem 4.19. Find a transformation which reduces the telegraph equa-
tion
g (t, ) + 20up + YU = gy
to the Klein—Gordon equation.
Problem* 4.20 (Stokes’ rule). Let u € C3(R) be a solution of the Klein—
Gordon equation with initial condition u(0,z) = 0, u(0,x) = h(z). Then

v = uy solves the Klein—-Gordon equation with initial condition v(0,x) =

h(zx), v(0,z) = 0.

Problem 4.21. Show that if both g and h are even (or odd), then so is the
solution u(t,z) of the wave equation.
Problem 4.22. Show

1! ; in(vk? +m?

1 / Jo(ma/1 = 22)e-ioh gy — SOVEE £m%)
2 —1 A/ k2 + m2
where Jo(z) is the Bessel function of order 0. Conclude that the fundamental
solution of the Klein—Gordon equation is given by

1
K(t,r) = §J0(m t2 — 22) X[t q ()

and the solution of the initial value problem is

10 T+t
u(t, x) :2875/ Jo(m\/12 = (x —y)?)g(y)dy

"y
/ Jo(m/E = (2 — y2)h(y)dy.

(Hint: To compute the integral insert the power series for Jy and express it as
a sum of the integrals I;(k) := %f_ll(l — x2)ie @k dy. Then use integration
by parts to express I]’- in terms of Ijy1.)

Problem™* 4.23. Verify that 14.29: is in C? and solves the inhomogeneous
wave equation provided f € C%(R?).
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Problem 4.24. Consider the wave equation with initial conditions g, h sup-
ported in a compact interval [—R, R]. Show that for t > R one has equipar-

tition of energy:
/ut(t,x)de:/ux(t,x)zdx.
R R

4.5. Dispersion

Of course any linear partial differential equation with constant coefficients
can in principle be solved using the Fourier transform. In addition to explicit
solution formulas this can also provide profound insight into the behavior of
these solutions. To explain this further, suppose we have a linear equation
with constant coefficients. The Fourier transform writes the solution as a
superposition of sinusodial waves (also plane waves) of the form

u(t, ) = elFe=wt) (4.31)

In principal, the solution of the ordinary differential equation could also
involve powers of ¢, but we will ignore this here. In this context k£ is known
as the wave number and w as the angular frequency. The wave length

is then % and the period is |2w—”| The wave will travel with speed
c= % (4.32)

either to the right (¢ > 0) or to the left (¢ < 0). Inserting this ansatz into
for example the transport equation u; + cu, = 0 gives

w(k) = ck. (4.33)

This connection between the angular frequency and the wave number is
characteristic for the equation and is known as dispersion relation. Hence
we have sinusodial waves for all wave numbers k and all travel with the same
speed. In particular, taking superpositions we have

) | 1 ~
it = = [0 Vo J ¢ " <C)>
4.34

which just shows that any superposition also travels with the same speed. A
result we have already derived before.

Example 4.1. In the case of the wave equation the dispersion relation reads
w(k)? = A2k? (4.35)

and again our sinusodial waves either travel to the left or right, but all with
the same speed c. So taking superpositions as in the case of the transport
equation, we get the sum of two waves, one traveling to the left and one
traveling to the right. Again in agreement with our previous findings. o
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Example 4.2. In the case of the heat equation the dispersion relation reads
w(k) = —ik? (4.36)
Hence we do not get sinusoidal waves but decaying solutions u(t,x) =

ke =kt (or cos(kx)e "t and sin(kz)e %t if you prefer real solutions). This

is known as dissipation. o
Next let us look at the Korteweg—de Vries (KdV) equatiorﬁ
U + Ugpy + 6uuy = 0, (4.37)

which appears as a model for waves in shallow water. To obtain a linear
equation we will consider waves with small amplitude and neglect the non-
linear term:

Ut 4+ Upge = 0. (4.38)
In this case the dispersion relation reads
w(k) = —k3. (4.39)

Now the big difference is that sinusodial waves with different wave numbers
k will travel with different speeds

o(k) = == = —k? (4.40)

and this is known as dispersion. As with the transport equation, all waves
travel in the same direction and hence this model is unidirectional. The effect
of dispersion is that general wave packets will no longer travel with constant
speed but will dissolve with time. To understand this mathematically, we
take again superpositions

I T P e S O / AN (ka3
u(t,z) = N /Rg(k:)e dk = Nor IRg(k:)e dk.  (4.41)
Rather than trying to compute this integral, we will try to understand the
asymptotic behavior of the solution as t — co. Since we expect wave profiles
to travel, it does not make much sense to look at this limit for fixed x. Instead
we will fix a speed ¢ =  and look at the limit along the ray x = ct. Hence
we are interested in the asymptotics of the following oscillatory integral

I(t) := / A(k)e Wt g, (4.42)
R
where in our case the amplitude and phase are given by

A(k) = 9K) o(k) = ke + k3. (4.43)

&Diederik Korteweg (1848-1941), Dutch mathematician
€Gustav de Vries (1866-1934), Dutch mathematician
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il

Figure 4.1. Real part of ¢?®™* for the linearized KdV equation at

t = 10 with stationary phase points at k = +1

Expanding ¢ into a Taylor series shows that the local frequency of exp(i¢(k)t)
at ko is given by ¢'(ko)t. These oscillations will increase with ¢ and lead to
cancellations in the integral. In particular, this factor will oscillate slower
in neighborhoods of points where ¢/(kg) = 0. These points are known as
stationary phase points (cf. Figure . In our example the stationary
phase points are given by

C

:tk07 kO = _37

c <0, (4.44)
and there are no stationary phase points (at least on the real line, where
integration takes place) for ¢ > 0. For ¢ < 0 we have two points with
¢" (ko) = 6ko # 0 while for ¢ = 0 we have ¢”(0) = 0 but at least ¢”(0) = 6
is nonvanishing.

Lemma 4.8 (van der Corputﬂ). Suppose ¢ € C"([a, b)) is real-valued and
satisfies | (k)| > € > 0 plus ¢ (k) monotone if n = 1. Then

b C
/ el¢(k>tdk’ < (et)?/”’ t>0. (4.45)

Here the constant depends only on n and not on the interval (a,b).

Proof. By a simple scaling we can assume € = 1 without loss of generality.
We use induction and start with the case n = 1. Using integration by parts

shows
b . b 1 d .
6k}t g etk
[ = [ e (e ) o
_ clb(b)t - old(a)t B /b d 1 REIGIEM
WO W@ Jo \dkig R |

9Johannes van der Corput (1890-1975), Dutch mathematician
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Since |¢/(k)| > 1 the two boundary terms can be estiamted by 1 and for the
integral we obtain (using that ¢ is of one sign since ¢’ is assumed monotone)

brada 1 . 1] /7d 1
el ip(k)t < = hall
/a <dki¢/(k)t>e dk‘ <3 / <dk¢>’<k>>dk
1)1 1|2
t

ORI

<

Hence the claim holds with C7 = 4.

Now consider the induction step and assume |¢("t1) (k)| > 1. Then
¢ (k) is monotone and can have at most one zero. Let ko be this zero or,
if there is no zero, choose ko such that |¢(™ (kg)| gets minimal (i.e., one of
the boundary points). Then we have |¢(™ (k)| > § for |k — ko| > & since
D (k)| > 1.

Hence the induction hypothesis implies

/ el ?(B)t g1
|[k—ko| >4

which combined with the trivial estimate ‘ f|

20,

<

K—ko|<6 PRt dk| < 26 gives

b 20
k)t gkl < 26 n_
/a ¢ )— Gy

Choosing § = t~1/("+1) establishes the claim with C,11 = 2(Cp +1). O

Now this immediately gives us a corresponding estimate for our oscilla-
tory integral I(t).

Theorem 4.9. Suppose the phase ¢ satisfies the assumptions of the van der
Corput lemma and suppose A € C([a,b]) is bounded and has an integrable
derivative. Then

b
/ A(k)ei‘z’(’“)tdk‘ <

a

O (|A(a)] + [A®)| + [7 A (k)|dk)
(et)l/n

In the case A € CY(R) with both A’ integrable and limy) o0 A(k) = 0 we
have

: (4.46)

Cn Jg|A'(K)|dk
(gt)l/n ’

/ A(k)ei¢(k)tdk’ < (4.47)
R

Proof. Abbreviate ®(k) := fkko e ¢(Mtdr, where kg € (a,b) and note that
|®(k)| < Cp(et)~/™ by the van der Corput lemma. Now

/abA(k)cb’(k)dk' - ‘A(b)@(b) ~ Aa)®(a) - /ab A’(k)@(k)dk‘
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from which the first claim follows. In the case of R take limits a — —oo and
b— 0. O

For our linearized KdV equation this implies

ultoo)] < s [ 190 (1.48)

which applies for all z € R. If we look at the sector ¥ > ¢ > 0 we have
#' (k) = ¢+ 3k% > co and hence we have the stronger estimate (since ¢’ is
not monotone we need to split the interval)

2C4

lu(t,z)] < — [ |§'(k)|dk, > ¢p. (4.49)
C()t R

x
t
Similarly, we obtain a stronger estimate for the sector ¥ < —cg < 0. To do
this we split the integral into neighborhoods of the stationary phase points,
where we apply our result with n = 2, and the rest, where we apply our
result with n = 1. This shows

lut, z)| < < /r’ ik, T > e (4.50)

In fact, since only the contributions of the small neighborhoods decay like
O(t~'/?), while the rest contributes O(t~!), this suggests to investigate the
contribution of such a stationary phase point. This is known as the method
of stationary phase.

Theorem 4.10. Suppose ¢ € C*((a,b)) and A € C*((a,b)) with A bounded
and A’ integrable. Suppose (a,b) contains precisely one stationary phase
point ko with ¢" (ko) # 0 and ]qb’( )| > e > 0 outside a neighborhood of ky.
Then

27

kol + 0. (4.51)

b
/ A(k)e R gl = A(lg)e! sien(@” (ko) T +io(ko)t

Proof. As argued above we can take (a,b) to be an arbitrary small neigh-
borhood of kg. Moreover, we can use a change of coordinates k € C® such

that ¢(k) has the simple standard form (Problem [4.28|)
o .
(k) = ¢(ko) = ri(k — ko), o :=sign(¢" (o)),

and such that (b — kg, a — ko) is mapped to (—0,0). In this new coordinate
our integral reads

)
_ oiolko)t %2 Blr) = Alko +K)
Iy(t) =e /_JB(/{)e 2" dk, (k) : o (8)
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Figure 4.2. A Gaussian initial condition evolving according to the lin-
earized KdV equation, forming a dispersive tail.

Here B € C2 with B(0) = % Now write B(k) = B(0) 4+ kC(r) with
0

C € C'. Then, using integration by parts, we see

g o 1 ot 2|0 J o
/ C’(/{)/ielg’“zd/i = — (C’(/{)elz’t”2 —/ C'(ﬁ)e‘;”2d/£> =0o(t™Y).
-5 10t = =5
Thus
2A(ko)

I (t) ip(ko)t /6\/5 iln2d O(t_l)

= ———e¢ ez dk .
Y AN "
Now the integral on the right is the famous Fresnel integral and its limit
as t — oo is €77/ 4\/§ (Problem . Moreover, invoking once more the
van der Corput lemma, the difference between this integral and its limit is

O(t~!), which finishes the proof. O

Of course this result is just the tip of the iceberg and we refer to [23] for
more on the stationary phase method.

In our case this gives (recall kg = {/—3;)

~ i(kox z 2 — x
u(t,z) = Re (g(ko)e(ko +tk8+4>> ,/%t O, T e (452)

and is illustrated in Figure The initial condition is a Gaussian which
travels to the left thereby dissolving into a dispersive tail.

Finally, let us compute the fundamental solution of the linearized KdV
equation. The problem is that we cannot take the inverse Fourier transform

of e’ Hence we investigate the truncated integral

1 T s,
Kt ) = o / itk HiTk g (4.53)

—-Tr
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Figure 4.3. The Airy function Ai(x).

T

Using ¢(k) = k2 + ck with ¢ = 7 fixed, the van der Corput lemma gives us
an a priori bound

Cs

K. (t, < —2 4.54
Moreover, integration by parts shows
T itp(k) |y ¢H( )
itg(k) g, = © ito(k) ;. 4.55
| e e (459)
Hence the limit
K(t,z) = li>m K, (t,x) (4.56)

exist and if g, g are integrable we get

u(t,z) = lim / ltksﬂxk’\ k)dk
T

— tim [ Koltx = w)go)dy = [ K(t.o = )a(w)dy
T o0 R R

thanks to our a priori bound. In summary we obtain that the fundamental
solution is given by

K(t,x) = (3t) /3 Ai((3t)"Y32), (4.57)

where

1 - - 1 [

/ oIk /B +iak g — / cos(k3/3 + xk)dk (4.58)
2 Jr T Jo

is the Airy functiorﬂ (see Figure 4.3). Of course the integral is to be
understood as an improper Riemann integral (ie., [ = lim,o [7 ) as
explained above.

Ai(z) =

ICGeorge Biddell Airy| (1801-1892), English mathematician and astronomer


http://en.wikipedia.org/wiki/George Biddell Airy
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We close this section with a remark about the KdV equation. We have
seen that the linearized version causes solutions to decay. On the other
hand, if we drop the ug., term, we obtain Burgers’ equation which leads to
breaking of waves. It turns out that in the KdV equation both effects can
compensate each other and lead to stable wave profiles, known as solitons,
which evolve without changing their shape. In fact, you can easy check that

Cc

u(t,x) =
2 cosh (%(m —ct— mo))2

(4.59)

solves the KdV equation. Note that the amplitude is proportional to the
speed ¢, while the width of the wave is proportional to ¢~1/2. Taller waves
travel faster and are more narrow.

One can show that any mice decaying initial condition will split into a
dispersive tail traveling to the left plus a finite number of solitons (Fig-
ure . In this sense the solitons are the stable parts of arbitrary initial
conditions. In fact, solitons were first observed by the naval engineer John
Scott Russel]lﬂ in the Union Canal in Scotland. However, at his time not
much attention was paid to this discovery. Following experiments by Russell
there were theoretical investigations by Rayleigﬂ and Boussinesﬂ The
latter derived the KdV equation which was later rediscovered by Korteweg
and his student de Vries. However, the KdV equation still did not receive
much attention after this until Zabuskylﬂ and Kruskaﬂ discovered numer-
ically that solutions decompose into solitons and used this to explain the
famous Fermi—Pasta—Ulam—Tsingou experimentm At that moment
the theory of solitons started to explode and turned into one of the most
active areas in mathematical physics. While the KdV equation was soon
formally solved by Gardneﬂ Greenﬁ, Kruskal and Miura@ by what is to-
day known as the inverse scattering transform, a rigorous mathematical
treatment establishing the aforementioned soliton asymptotics is a quite for-
midable task (known as soliton resolution conjecture). Needless to say,
that this is well beyond our mathematical tool box.

Hjohn Scott Russell (1808-1882), Scottish civil engineer, naval architect and shipbuilder
1256hn William Strutt, 3rd Baron Rayleigh (1842-1919), English physicist

13Joseph Boussinesq (1842-1929), French mathematician and physicist

MNorman Zabusky (1929-2018), American physicist

15Martin David Kruskal (1925-2006), American mathematician and physicist

16Enrico Fermi (1901-1954), Italian (later naturalized American) physicist

1€ John Pasta (1918-1981), American computational physicist and computer scientist
16Stanislaw Ulam (1909-1984), Polish-American mathematician and nuclear physicist
16Maulry Tsingou (*1928), American physicist and mathematician

17Clifford S. Gardner (1924-2013), American mathematician

1&3ohn M. Greene (1928-2007), American theoretical physicist and applied mathematician
19Robert M. Miura (1938-2018), American mathematician


http://en.wikipedia.org/wiki/John Scott Russell
http://en.wikipedia.org/wiki/John William Strutt, 3rd Baron Rayleigh
http://en.wikipedia.org/wiki/Joseph Boussinesq
http://en.wikipedia.org/wiki/Norman Zabusky
http://en.wikipedia.org/wiki/Martin David Kruskal
http://en.wikipedia.org/wiki/Enrico Fermi
http://en.wikipedia.org/wiki/John Pasta
http://en.wikipedia.org/wiki/Stanislaw Ulam
http://en.wikipedia.org/wiki/Mary Tsingou
http://en.wikipedia.org/wiki/Clifford S. Gardner
http://en.wikipedia.org/wiki/John M. Greene
http://en.wikipedia.org/wiki/Robert M. Miura
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-100 —53 V- 50 100

Figure 4.4. A solution of the KdV equation has split into three solitons
traveling to the right and a dispersive tail traveling to the left.

Problem 4.25. Find the dispersion relation of the beam equation

Ugt + Ugzar = 0.

Problem 4.26. Consider the partial differential equation

m

u =Y cdu,  u(0,z) = g(z),

j=0
whose solution in Fourier space is formally given by G(t, k) = e “®ig(k).
Compute w and answer the following questions in terms of w (assuming the
solution is well defined, say g rapidly decaying and Im(w) < 0):
o Is fR (t,z)dx a constant of motion?
o Is [ |u(t,z)|’dz a constant of motion?

e [s the propagation speed finite or infinite?

Problem 4.27. Find the asymptotics of the oscillatory integral

1 . 3 2
I(t) := - 1(k /3—k /2)tdk
(t /R e

Problem* 4.28. Let ¢ € C? with ¢'(ko) = 0 and ¢" (ko) # 0. Show that
there is a local change of coordinates k € C? such that ¢(k) — ¢(ko) =
Zk(k —ko)?, o := sign(¢” (ko)), holds in a neighborhood of ko. In particular,

k(0) = 0, &'(0) = /|¢"(ko)|, and £"(0) = \/TT¢/,/(kQ) Moreover, if
¢ € C*, then k € C3.
Problem* 4.29. Compute the Fresnel integram

R
g : T
lim T dy = ™A 2

2CAugustin—Jean Fresnel (1788 —1827), French civil engineer and physicist


http://en.wikipedia.org/wiki/Augustin-Jean Fresnel

4.5. Dispersion 99

(Hint: Consider \/gfg 0 V)4t dy and use Fubini.)

Problem 4.30. Consider the oscillatory integral (4.42)) under the assump-
tions of the van der Corput lemma with n > 2. Suppose A is in the Wiener
algebra, that is,

A(k) = / R £ (2)dz
R
with f integrable. Then
Ch

It < ———— dx, t>0.

101 < i [ @l
where C,, is the constant from the van der Corput lemma. (Hint: Fubini.)
Problem 4.31. Consider the Schrédinger equation?]

—luy = Ugy, u(0,2) = g(z).

Compute the dispersion relation and establish the dispersive estimate

Co /
u(t,z)| < — g(x)|dx.
|u(t, )] T R| (@)
(Hint: Problem|4.50.)

Problem* 4.32. Use the integral representation for the Bessel function

JIn(x) from Problem to establish the asymptotics (3.96)) (for integer or-
der as x — oo with error O(x~/2) instead of O(z~1)).

Problem 4.33. Show that
Ai(z) - 1/ ilh+i)? /3 ia(ktie) gp. e> 0.
R

:271'

where now the integrand is integrable. Use this representation to show that
Ai solves Airy’s equation

/)
v —zxu=0.

Note that this is a special case (a = %, b= %i, c= %, v = %) of Lommel’s

equation from Problem |3.21. Moreover, with w = ¢*™/3 show that Ai(wx),
Ai(w?z) are again solutions and

Ai(x) + w Ai(wz) + w? Ai(w?z) = 0.
Problem 4.34. Show that the Airy function satisfies

672x3/2/3

Ai(x) = o Aeik3/3_ﬁkzdk, |arg(z)| < 7.

2 Erwin Schrédinger| (1887-1961), Austrian physicist


https://en.wikipedia.org/wiki/Erwin_Schr%C3%B6dinger
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Use this to show

e—2x3/2/3 e—2x3/2/3 /4
Aio)| < e Al) = o (1406
for x>0 and
1 . sin(3(—2)** + %)
| Ai(z)| < Ai(z) = — +O0((—2)"")

VAo V()7
for x < 0. (Hint: Suppose x > 0 and choose € = \/x in the integral repre-

sentation from the previous problem. To get it for |arg(x)| < 7 invoke the
identity theorem. Now for x > 0 use a Taylor expansion for "3 and for
r < 0 use Ai(—x) = —w Ai(—wz) — w? Ai(—w?z) established in the previous
problem.)

Problem 4.35. Find all traveling wave solutions, that is, solutions of the
form u(t,z) = v(z — ct), of the KAV equation ([4.37). (Hint: Insert this
ansatz and integrate once to obtain v" 4+ 3v%2 — cv+a = 0. Use a translation
to eliminate the linear term and note that this can be viewed as Newton’s
equation for a particle in a potential.)

4.6. Symmetry groups

Many partial differential equations are invariant under certain group actions.
In such a situation one can apply the group action in order to get new
solutions out of old ones. Let us for example look at the heat equation
Ut = Ugze. Two obvious symmetries are space and time translations

(t,x) = (t+e,2) (t,z) — (t,x +¢), (4.60)
which show that if u is a solution, so will be
u(t+e,x) and u(t,z +¢). (4.61)
Also easy to spot is the scaling symmetry
(t,x) — (e, 1), (4.62)
which shows that if u is a solution, so will be
u(e®*t, efx). (4.63)

However, apart from linearity, there are two more group actions which leave
solutions invariant:

e—a:z:+52tu(t7 T — 28t), (464)

2
71 e_ 1i—gilst u( t , x > .
V14 4det 1+4+4et’ 14 4et
While it is straightforward to verify these formulas (please do it!), it remains
a mystery how they were found. It turns out there is a fully fledged theory
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behind this developed by Sophus Liﬂ In fact, he invented Lie groups
precisely for this purpose! This theory is beyond our scope and I refer to [26]
for further details (the heat equation is discussed in Example 2.41 of [26]).
Also note that many computer algebra systems have packages for computing
the (continuous) symmetry groups of a given differential equation.

Here we want to point out another fruitful approach, namely to look for

group invariant solutions. For example, consider a linear combination of the
scaling symmetry from above and the scaling of the solution wu:

(t,x,u) — (e%t, ez, e**u), aeR. (4.65)
Such solutions are known as similarity solutions. This suggests to make

a change of coordinates y = %, v = t~%u such that the new coordinates are
invariant. This gives the ordinary differential equation

Vyy + %Uy —av=0. (4.66)
In the case o« = 0 this leads to the solution

u(t,z) = c1 + cp erf(—=), (4.67)

2xf
where erf(z) = f Ze~t"dt is the Gauss error function. Differentiat-
ing with respect to x and choosing ¢y = % gives the fundamental solu-
tion ®. In the general case one uses the standard transformation w(y) =

el/2 [ (w/2dyy () = e¥*/8y(y) to eliminate the first order derivative,

2

1
Wwyy = (cv —|— + :36) (4.68)

which is Weber’s equation. The solutlons are the parabolic cylinder
functions [25] (12.2.1)]. If a = 2 with n € Ny they can be expressed in
terms of Hermite polynomials H,, (cf. Problem 4.2)) giving

4—(n+1)/2 —z2/(4t)
u(t,z) = H, (2\/i)e . (4.69)
Again the case n = 0 gives the fundamental solution since Hy(z) = 1. See
[26], Chapter 3| for more on group invariant solutions (the heat equation is
discussed in Example 3.3).

Problem 4.36. Show that if u € C® is a solution of the heat equation, so is
v(t, x) := xuy(t, x) + 2tu(t, x).

(Hint: Use (4.63).)

Problem 4.37. Look for similarity solutions of the linearized Korteweg—de
Vries equation (4.38]). Derive the corresponding differential equation (you do
not need to solve it).

2230phus Lie (1842-1899), Norwegian mathematician


http://dlmf.nist.gov/12.2.E1
http://en.wikipedia.org/wiki/Sophus Lie




Chapter 5

The Laplace equation

Before we begin, we recall some basic facts and fix our notation:

A nonempty and open subset U C R" is called a domain. We will write
B, (z) := {y € R"| |z — y| < r} for the open ball of radius r centered at
x € R™ (we do not display the dimension n explicitly as it will be always
clear from the context). Of course we use the usual Euclidean distance

x| = 4 /22:1 33? on R™. The corresponding closed ball will be denoted by

B.(x) := {y € R"||x — y| < r}. The boundary of U will be denoted by
OU := U \ U, where U is the closure of U. The boundary of a ball is of
course 0B, (z) :={y € R"| |x — y| = r}. Recall that the distance

dist(z,U) := inf |y — 5.1
ist(x, U) ylgU!y | (5.1)

is a continuous functions and hence attains its minimum on every compact
set K by the extreme value theorem of Weierstrass. Thus if K C U is
compact, then all points from K are a positive distance away from QU since
the boundary consists precisely of those point for which the distance to U is
zero. In particular we have B,.(x) C U if and only if dist(x, 0U) > r.

A set U will be called connected if there is no nontrivial subset which
is both open and closed (in the relative topology). In other words, if U is
connected, then any nonempty subset which is both open and closed is equal
to U.

We will also employ the usual multi-index notation for partial derivatives
(see Appendix and some basic facts from multi-dimensional integration
theory, in particular surface measure and the GausstreenEI theorem (see
Appendix . In this context we will use the term integrable in a naive

1George Green (1793-1841), British mathematical physicist
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http://en.wikipedia.org/wiki/George Green (mathematician)

104 5. The Laplace equation

Figure 5.1. The harmonic function xy

way. So you can read it as either (absolutely) Riemann integrable or, if you
are familiar with the Lebesgueﬂ integral, as measurable with a finite integral
of the absolute value. In particular, we always understand it as absolutely
integrable, that is, in case of an improper Riemann integral we assume it to
converge absolutely.

5.1. Harmonic functions

We have already encountered the Laplace equation
n
Au = Zumjzj =0, (5.2)
j=1

discovered by Laplace in his study of celestial mechanics.

In one dimension the situation is quite simple since the only solutions
are affine functions. Hence we will assume n > 2 throughout this chapter. In
higher dimensions it is easy to come up with further examples. For example

u(z,y) = 2* -y (5.3)

is a solution in two dimensions. Since the equation is linear, linear combi-
nations of solutions will be again solutions and so will be any translation,
scaling, or rotation of a solution since the Laplace equation is invariant under
these operations. For example, if we rotate the above solution by 45 degrees
we get the new solution (Figure

r—y r+y

v(z,y) = u(ﬁ, W) = —2zy. (5.4)

Moreover, if a solution is sufficiently smooth, its derivatives will again be
solutions since partial derivatives commute by Schwarz’ lemmaﬁ

2Henri Lebesgue| (1875-1941), French mathematician
3Hermann Schwarz (1843-1921), German mathematician


http://en.wikipedia.org/wiki/Henri Lebesgue
http://en.wikipedia.org/wiki/Hermann Schwarz
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In fact, in two dimensions it is easy to produce many more examples since
the Cauchy—Riemann differential equations from complex analysis imply that
both real and imaginary part of a holomorphic function solve the Laplace
equation. So it is not surprising, at least in two dimensions, that solutions
of the Laplace equation share many of the nice properties of holomorphic
functions. The stunning fact is, that this remains true in higher dimensions.

In one dimension the value of a solution in the middle of an interval will
be precisely the mean value of its boundary values and we call such functions
harmonic. Similarly, in two dimensions the Poisson integral applied
to a ball B, (x) and evaluated in the center (note Py(r,d) = 1) gives

u(z) = % / " u(a + r(cos(®), sin(9)))dd. (5.5)

—T

It turns out that this property is characteristic for solutions of the Laplace
equation in arbitrary dimensions and we will take it as the starting point for
our investigations.

Let U C R™ be a domain. A function u € C(U) is called harmonic if it
satisfies the Gauss mean value property

u(z) = n‘l/'n - u(z 4 rw)do™ Hw) (5.6)

for every ball B,(x) C U. Here V;, denotes the volume of the unit ball By(0)
in R™ and consequently nV;, is the surface of the unit sphere S"~! = 9B1(0).
The fact that we require B,.(z) C U implies that the boundary of this ball
OB, (x) is within U and hence u is well-defined on 0B, (x). In this context
let us emphasize, that u is not required to have an continuous extension to
U. It could get arbitrarily wild when we approach the boundary of U.

Note that if » is harmonic, it also automatically satisfies a corresponding
mean value property where the integral is taken over the ball rather than over
its boundary. The volume of a ball of radius r is of course |B,(x)| = V,r"
and we will frequently omit the center and just write |B,|. Similarly, the
surface area of a sphere of radius 7 is |0B,(z)| = nV,r"~! and we will again
write |0B,| for brevity.

Lemma 5.1. Let u be harmonic in U. Then

1

u(z) = B e

u(y)d"y (5.7)

for every ball B,(x) C U.
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Proof. A simple calculation using

1 1 T
u(y)d™y = / </ w(z + sw)do™ Hw ) s"Lds
B oo (y)d"y Vo o\ g ( ) (w)

! ' s = u(z
/O(nVnu($))s ds = u(x). O

-V,
We first show that harmonic functions are in fact smooth.

Lemma 5.2. Let u be harmonic in U. Then u € C*®(U).

Proof. Take a nonnegative radial function n, € C2°(B,(0)) normalized such
that we have [ B..(0) ny(x)d™x = 1 and consider the convolution u, := n, *x u

(setting u(x) = 0for z € U). Then u, € C*°(R") since Oy (r*u) = (0anyr)*u.
Moreover, if B,(z) C U we have

= w(x —y)d"y = ' s)s" 1 w(x — sw)do™ Hw)ds
w = [ ey = [t [ e s e

=nV, /07‘ nr(5)s" Lu(x)ds = u(z).

In particular, this holds for every = with dist(z,0U) > r and hence u is
smooth on this set. Since r > 0 is arbitrary, the claim follows. ]

We leave it to the reader familiar with Lebesgue integration to check that
the same proof works if we require u to be merely locally integrable instead
of continuous in the definition of a harmonic function.

Since continuity as well as the mean value property are preserved under

uniform limits we get:

Theorem 5.3. Let uy be a sequence of harmonic functions in U which con-
verges uniformly to some function u on compact subsets of U. Then u is
harmonic on U.

Now we can show that the harmonic functions are precisely the solutions
of the Laplace equation.

Theorem 5.4 (Gausstoebeﬂ). A function u is harmonic in U if and only
if it solves the Laplace equation in U.

Proof. Let u € C%(U), fix € U and set

1

YA - u(z + rw)de"H(w)

¢(r) :

4paul Koebe (1882-1945), German mathematician


http://en.wikipedia.org/wiki/Paul Koebe
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for r < ry := dist(z,0U). Then ¢ € C([0,7¢)) N C1(0,7y) with derivative
given by

¢ (r) = ann o Vu(z +rw) - wdo™ 1 (w)
and
¢(0) = lim¢(r) = u(z)do™ H(w) = u(x).

0 nVy Jgn—1
Moreover, observe that the integrand is a normal derivative and hence using
Green’s first identity we obtain

, 1 / ou 1 / "
S gu S A .
¢'(r) WV o, ) O (y)dS(y) WV u(y)d"™y

Consequently ¢ is constant if u is a solution of the Laplace equation and
hence ¢(r) = ¢(0) = u(z) implies that u is harmonic. Conversely, if u is
harmonic we have ¢(r) = u(z) implying 0 = ¢'(r) = W fBr(a:) Au(y)d™y
for any ball B,(z) C U. Hence Au(y) =0 for all y € U. O

As an immediate consequence one obtains the strong maximum principle

Theorem 5.5 (Strong maximum principle). Suppose U C R™ is connected
and u is harmonic in U. If u attains its maximum in U, then u is constant.

Proof. Suppose u(zg) = M := sup,y u(z) for some zg € U. Let B,(xg) C
U and observe that implies that in fact u(z) = M on By(zo) (if it
were strictly smaller at some point, it would be smaller on a neighborhood
by continuity and thus the whole integral would be smaller). Hence the set
{z € Ulu(x) = M} is open. By continuity of u this set is also (relatively)
closed in U. Hence it must be all of U since U is assumed connected. O

Note that connectedness is crucial since if U consists of (at least) two
components, we can choose (for example) two different constants on the two
components to see that Theorem [5.5] fails in such a situation.

Since —u satisfies the same assumptions we also have a corresponding
minimum principle, that is, Theorem holds if maximum is replaced by
minimum. The following version is also frequently used.

Corollary 5.6 (Maximum principle). Suppose U is bounded and u € C(U)
18 harmonic. Then u attains its maximum on the boundary:
max u(x) = max u(x). (5.8)
zcU xedU
Proof. Since U is compact, the Weierstrass theorem implies that u attains
its maximum on U. Now if U is connected and the maximum is attained at

an interior point, then w is constant by Theorem [5.5]and hence the maximum
is also attained on the boundary. Hence the claim holds if U is connected. In
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the general case we can write U = |- N U; as a disjoint union of its connected
components U;. Note that there can be at most countably many. By the first
part we have sup,cy, u(x) = maxgecou, u(x) for every connected component
and since OU; C OU the claim follows. O

Again we have a corresponding minimum principle. Moreover, the as-
sumption that U is bounded is crucial. Indeed, if U = R", then OU = ) and
there is no way the boundary values can control the maximum of u. But
even if we have some boundary, this is not sufficient. Consider for example
u(x) = z129 which vanishes on the boundary of U = {x € R?|z1 > 0}. If we
add a condition to control the behavior at co, we can also cover this case:

Corollary 5.7. Let u be harmonic on U with
limsup u(zy) < M (5.9)
k—o0

for every sequence xy, € U converging either to a point in OU or to co. Then
u<M onU.

Here a sequence will be said to converge to oo if |x| — 0.

Proof. Pick a sequence yj, such that u(yx) — Mo = sup,cy u(z). If yg is
unbounded, it has a subsequence converging to co and hence My < M by
assumption. Otherwise y; is bounded and has subsequence converging to
some point z. If z € QU we obtain again My < M. Otherwise x € U with
u(x) = My. Hence u = My on the connected component Uy containing x
and we can find a sequence zj € Uy converging either to 9Uy C 9U (if this
set is nonempty) or to co and thus again My < M. O

Of course we get a corresponding minimum principle by reversing the
inequalities and replacing lim sup by lim inf.

Applying the mean value property to dju and invoking the Gauss-Green
theorem we get

1 1
Oju(x) = / o;u)d™y = / uv;dS 5.10
) = g [ @y =gz [ (5.10)
and hence we obtain (using the Jensenﬂ inequality)
n
\Y% < — . 5.11
Vu(o)] < % [ (5.11)

In fact, as long as we stay a fixed distance away from the boundary, we can
get a uniform estimate by taking the sup over the entire domain

sup |Vu| < ;sup lul, Uy :={x € U|dist(z,0U) > r}. (5.12)
U U

T

5Johan Jensen (1859-1925)), Danish mathematician and engineer
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Iterating this result on layers with equal distance gives

Lemma 5.8. Suppose u is harmonic in U. Then

|
sup |0%u| < <n\a\> sup |ul. (5.13)
r U

r

In particular, applying this on a ball B.(z) C U we get

|
|0%u(x)| < <n\ra\> 8%1&(};) |ul. (5.14)

Proof. Indeed, let m := || and let 0% = 0;, - - - 0},,. Then

nm nm\ 2
|0%u(x)] < —  sup  [0j, -+ 0j,ul < (—) sup |0, --- O
r U,

i U
T Uea—1/m) r(1—2/m)
nm\m
<< (M) sup ul O
r U

As a consequence we get

Theorem 5.9 (Liouville). Suppose u is harmonic on R™ and satisfies

u(z)
|$Vn+1

=0 (5.15)

|z|—o00

for some m € No. Then u is a polynomial of degree at most m.
Proof. Fix x € R™ and note that our assumption implies

im —-— max |u] = 0.
r—oo r™M+1 9B (2)

Letting 7 — oo in (5.14) we get 0%u(z) = 0 for |o| > m. Hence u is a
polynomial of degree at most m by Taylor’s theorem. ([

Of course the classical version, that a bounded harmonic function on R"™
is constant, follows immediately from the m = 0 case.

As another consequence we get that harmonic functions are real ana-
lytic, that is, they can be expanded into absolutely convergent power series
in the neighborhood of any point from U.

Theorem 5.10. A harmonic function u : U — R is real analytic in U.

Proof. We will show that u is given by its Taylor series

ury= Y LU (o gy

al
aeNg
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To see this we will compare with the series (using the multinomial theorem)

1 ZOO ZOO Z k! Z la!
_ e | |
1— (14 +ax) Pt 120 el al — o

which is obviously convergent for |z1| + -+ + |z,| < 1. Choosing a ball
Ba,(z9) C U the estimate (5.13)) gives

|| \
nla ney lal
max |0%u(z)| < M <H> <M (—) laf!, M := max |ul,
x€B,(z0) T T 0Bar(z0)

since %If < eF (cf. Problem . This shows that our Taylor series converges
absolutely whenever |21 — xo1| + -+ + |7, — 20,n| < ;= as well as that the
remainder converges to zero and hence w is given by its Taylor series. O

As an important consequence recall the unique continuation principle of
real analytic functions (Theorem [A.4)).

Corollary 5.11 (Unique continuation principle). Let U be connected and u
harmonic on U. If all derivatives of u vanish at some point in U (e.g., u
vanishes in a neighborhood of this point), then u vanishes on U.

Finally we look at the case of positive harmonic functions. The striking
fact is that the ratio between the maximum and the minimum on every
compact subset is bounded by a constant depending only on the subset!

Theorem 5.12 (Harnack inequalityﬁ). Suppose U is connected. Then for
every compact set K C U there is a constant C' such that
1 _ u(y)
— < =L <C, ,y € K, 5.16
C ~ u(x) — Y ( )

for all positive harmonic functions v in U.

Proof. Since we can exchange the roles of x and y it suffices to establish
the upper bound. The key observation is that for given x,y with |x — y| <
r < 3 dist(z,0U) (such that B,(y) C Bay(z) C U) we have
1 Iy < 2"
= ud'z <
|Br| JB,(y) |Bar| J By, ()

u(y) ud"z = 2"u(x)

for all positive harmonic functions on U. Moreover, by the triangle inequality

dist(y,0U) < |z — y| + dist(z,0U) and hence |z — y| < r < % dist(y, oU)

implies |z —y| <7 < %dist(ac, OU) and the above inequality still holds.
Now set

u(y)

S(z,y) :=sup {—’u is positive and harmonic on U}

u(z)

6Carl Gustav Axel Harnack (1851-1888), Baltic German mathematician
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and let F, := {y € U|S(z,y) < oco}. Since S(z,z) = 1 this set is clearly
nonempty. It is also open, since if y € F,, then our above estimate shows
S(z,2) < 2"S(x,y) for all z with |z — y| < r < & dist(y,0U). Hence F, is
open. Moreover, Fj, is also closed. Indeed, let y € F}, and choose z € F,
with |z — y| < r < L dist(y, 8U). Then S(z,y) < 2"S(z,z) implying y € F,.
Consequently F, = U since U is connected.

Finally, for every (x,y) € K x K there is a neighborhood B, (x) x Bs(y)
(with r < %dist(:n, OU) and s < 3 dist(y, OU)) such that S(Z, ) < 4"S(z,y)
for all (Z,y) in this neighborhood. By compactness finitely many of these
neighborhoods cover K x K and hence S is bounded on K x K as desired. [J

Note that if we multiply (5.16) by wu(z), then the claim holds for non-
negative harmonic functions. However, if a nonnegative harmonic function
attains 0 on U, it vanishes identically by the strong maximum principle.

As an application we show

Theorem 5.13 (Harnack principle). Suppose U is connected and let uy be
an increasing sequence of harmonic functions in U. Then either uy converges
uniformly on compact subsets of U to a harmonic function u in U or ug(z) —
oo forallz € U.

Proof. If u(z) := limg_co ux(x) is finite for some = € U, then applying
Harnack’s inequality to the nonnegative function uy —u;, k > j, implies for
any compact set K C U that

up(y) —uj(y) < Clup(z) —u;(z)), yekK, j<k,

where C' is the Harnack constant for K U{x}. Hence uj, converges uniformly
on compact subsets and its limit is harmonic by Theorem [5.3]

Otherwise, if limy_, oo ug(z) = 0o we can choose K = {z,y} and invoke
again Harnack’s inequality to obtain uy(y) —u1(y) > C(ug(z)—ui(x)), which
finishes the proof. O

This is only the tip of the iceberg. If you want to find out more about
harmonic functions I warmly recommend [3].

Problem 5.1. Show that for f € C(R")and x € R™ we have

1 1
im "y = lim ———— S = .
] /B " fy)dry =1 /6 Br(x)f(y)d (y) = f(=)

rl0 Vprn rl0 nV,rn—1
Problem 5.2. Find all integrable harmonic functions u on R™,

Problem 5.3. Show that zeros of harmonic functions are never isolated.
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Problem* 5.4. Establish the bounds

2 n+1
e<n>n<n!<e<n+1>
e - — 4 e

for the factorial of integers. (Hint: Take logarithms and estimate the sums
by integrals.)

Problem 5.5. Show that a nonnegative harmonic function on R™ is con-
stant. Moreover, a harmonic function on R™ is constant if it is bounded
from above or from below. (Hint: Fix two points x,y and note that B,(x) C

Byya(y) for d:= |z —yl.)

Problem 5.6. Find all harmonic functions u on R? such that u(x,y) <
2 — 2
Problem 5.7. Find all harmonic functions u on R? such that ug(z,y) <
Uy(xay)-

Problem 5.8 (differential Harnack inequality). Suppose u is a positive
harmonic function on By(x). Show

n
This gives another proof that a positive harmonic function on R™ is constant.

Problem 5.9. An eigenfunction of —A is a function u € C*(U) satisfying
—Au = Mu, AeR.

Show that u is real analytic. (Hint: Consider the function v(z1,...,Tny1) =
w(ar, ... x)e¥ Ao )

Problem 5.10 (Wey]ﬂ lemma). A locally integrable function u is called
weakly harmonic if

/Uu(x)Aap(x)d”x =0, Vo e C°(U).

Show that a weakly harmonic function is harmonic. (Hint: Proceed as in
Lemma and use a mollifier of the form n.(x) = r~"0(z%/r?). Now note
that %nr(:z:) =17 A, O(2?/r?))/2, where O(r) = [ 0(s)ds.)

5.2. Subharmonic functions

We begin with the simple observation, that the proof of the maximum prin-
ciple does not require the full mean value property, but an inequality will
suffice. This suggests the following extension:

THermann Weyl| (1885-1955), German mathematician
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A continuous function v is called subharmonic in U if it satisfies the
submean property
1
v(r) < — v(z + rw)de" (W) (5.17)
nVn Sn—1
whenever r < rg(z) < dist(x,0U). The fact that we require the submean
property only for sufficiently small balls will simplify some arguments later
on. Moreover, the submean property for all r» < dist(z, OU) will then follow
automatically, as we will see below.
Example 5.1. In one dimension the harmonic functions are precisely the
linear functions and the subharmonic functions are the convex functions. In
this respect observe that the submean property in one dimension amounts to
midpoint-convexity, U(L;y) < M, and Lemma below will establish
convexity. o

One calls v superharmonic if the inequality in the definition is reversed,
that is, if —v is subharmonic. We will formulate the following simple facts
only for the case of subharmonic functions and urge the reader to find the
corresponding formulation for superharmonic functions.

Inspecting the proofs for harmonic functions one infers:
Lemma 5.14. We have:
e A function v € C?(U) is subharmonic if and only if Av > 0.

o A subharmonic function satisfies the strong mazximum principle,
that is, both Theorem [5.5 and Corollary [5.6 hold for subharmonic
functions.

Of course there is a price we have to pay since a subharmonic function
will not satisfy the minimum principle. On the other hand subharmonic
functions are much more flexible:

Lemma 5.15. The following constructions give again subharmonic func-
tions:

e [fv is subharmonic, so is p(v) for every convexr and non-decreasing
function p € C(R).

o If vy, vy are subharmonic, so is max(vy,vy) and ajvi + Ve if
ar,ap > 0.

Proof. The first item follows from the fact that convex functions are con-

p(v)dsS.

tinuous and Jensen’s inequality:
v dS) <

px)) <ep =
(v(@) <!33r\ 9B, (x) |0B:| JoB, (z)

The second is immediate from the definition. O
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Moreover, the following simple fact sheds some further light on the nam-
ing:

Lemma 5.16 (Subharmonic functions are subsolutions). If u € C(U) is

harmonic and v € C(U) subharmonic, then v < u on OU implies v < u on

all of U.
Proof. Apply the maximum principle to the subharmonic function v—u. [

Conversely, if for a ball B,.(x) C U we have v < u on B,(z), where u
is the harmonic function which coincides with v on 0B, (z) (given by the
Poisson integral, to be established in Theorem below), then

1

YA - v(z + rw)de™ 1 (w). (5.18)

v(z) < u(x)
Hence the property from Lemma [5.16| uniquely characterizes subharmonic

functions.ﬁ Incidentally this also shows that the submean property holds for
all balls B,(xz) C U.

Finally, note that subharmonic functions are not only far more flexible,
but it is also easy to find concrete examples and invoke Lemmal5.16] to obtain
useful bounds.

Example 5.2. Let u € C%(B1(0)) N C(B;1(0)). Then

su —Au
u(z) < max u+ SUpg, (o) (—Au)

1—|z|?).
~ 8B1(0) 2n ( 1)

To see this denote the right-hand side of the inequality by v and note that
Ay = — supBl(O)(—Au). Hence v — v is subharmonic and hence v —v < 0
as this holds on the boundary.

Note that applying the same argument to —u shows

1
max |u| < max |u| + — sup |Aul. o
B1(0) 9B1(0) n B, (0)

Problem 5.11. Show that if u is harmonic, then p(u) is subharmonic for
every convez function ¢ € C(R).

Problem 5.12. Show that v is subharmonic if and only if

1
é -
|Br| JB,(2)

v(x) v(y)d"y

for every ball with sufficiently small radius r < ro(z) < dist(xz,0U). More-
over, in this case this holds for all r < dist(z,dU).
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5.3. The Newton potential and the Poisson equation on R"

We now look at the inhomogeneous problem first studied by Poisson (a stu-
dent of Laplace and Lagrange) and hence known as Poisson equation

—Au=f. (5.19)

We will consider the problem in R"™ since this case can be solved explicitly.
But at this point it is of course unclear how one should obtain such a formula.
If you seek the advice of a physicist, you will get the hint to look for the
solution of the special problem

—AD =, (5.20)

where § is the Dirac delta function and then take the convolution to get the
solution of the original problem:

u(w)i= (@ @)= [ o= S (5.21)
Indeed, a simple calculation verifies —Au = (=A®) x f = § x f = f. While
this might not make much sense from a rigorous point of view (at least at
this stage, without the theory of distributions at our disposal), we can still
try to follow this advice and see where it leads us.

So let us try to find the fundamental solution @ first. Our friend
from physics tells us that the J function is zero on R™ \ {0} and since it
is also radially symmetric, we look for a radial harmonic function which is
allowed to be singular at the origin. So let us try to find all such functions
and hope that the fundamental solution is among them. To this end we set
u(x) = ¢(r), where r = |z| and compute

1
Au =" + nTso' —0, r>0. (5.22)

This ordinary differential equation is of Euler type and its solution is easily
seen to be

alog(r) +b, n=2,
= 5.23
# ) {rna_z + b, n > 3. ( )

So fortunately this does not leave us much choice for ® and hence we define

o(z) = {_217f lolg“m’)’ n=2 (5.24)

nn—2)Vplz" 2> n >3,

to be the fundamental solution of the Laplace equation. The choice of the
normalization constants will be justified in our theorem below. Note that we
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have ® € C°(R™\ {0}) with

1 z;
0:®(x) = ——— I
; (@) nVy |z’
0,000 () = —— 2k _ ), TiTh (5.25)
) = = el ™ a2 |
Moreover, we have the estimates
1 1
D < — O ® < . 5.2
0,00) < iy 00R@)I < e (520

In particular, ® and 0;®(z) are locally integrable while 0;0,®(z) is not.

The function w defined in is called the Newton potential associ-
ated with f. Recall that in classical mechanics a conservative force field can
be written as the negative gradient of a potential field. According to New-
ton’s theory of gravitation, the fundamental solution in R is (up to physical
constants) the gravitational potential of a point mass, while u is the potential
of a mass distribution given by the density f. Similarly, in electrostatics, the
fundamental solution is (up to physical constants) the electrostatic potential
of a point charge, while u is interpreted as the electrostatic potential of the
charge density f.

Newton was the first to observe that the fundamental solution is har-
monic away from the origin. Accordingly one obtains that the Newton po-
tential is harmonic away from the support of f. To show this we record:

Lemma 5.17. Suppose f(x,y) : U x V C R" x R™ — R is harmonic with
respect to x € U for every y € V and integrable with respect to y € V for
every x € U. Then if x — [, |f(x,y)|d™y is locally integrable,

/V F(, g)d™y (5.27)
1s harmonic in U.

Proof. Use Fubini to verify that the mean value property holds. ([

Corollary 5.18. Suppose n = 2 and f(y)log(e + |y|) is integrable or n >
3 and f(y)(1 + |y|)~""2 is integrable. Then the Newton potential of f is
harmonic away from the support of f.

Proof. Abbreviate g(y) := log(e + ) for n = 2 and g(y) := (1 +y) """ for
n > 3. Then

/ B(x — y)|d"s < Crg(lzo — yl) < Crag(ly])-
BT(IO)

To see the first estimate we can chose xg = 0 without loss of generality. Now
if |yl < 7+ 1 we can estimate the integral by fBQr+1(O) |®(z)|d"z. And if
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ly| > r+1 we can estimate the integrand (up to a constant) by g(|y| +r —e)

= —r—1)i : 9(lyl+r—e) — 9(ly|=r=1)
ifn=2and g(Jy| —r—1) if n > 3. Since (oD for n = 2 and (D

for n > 3 is bounded for |y| > r + 1, the first estimate follows. The last
argument also shows the second one.

Thus
Lo L el wiayee < O [ aldlswlay
r{Z0 m n
is finite and we can apply the previous lemma. O

That the Newton potential solves the Poisson equation was established
by Gauss if f is C'. After further investigations by Riemann, Dirichlet, and
Clausiuﬂ Holder established the following result:

Theorem 5.19 (Holder). Let U be a bounded domain and suppose f € C(U)
is bounded and locally Hélder continuous. Set f = 0 for R™ \ U. Then the
Newton potential of f is CLR™) N C%(U) and satisfies —Au = f on
U. If V 2 U is some domain where we can apply the Gauss—Green theorem
(e.g. a large ball) the derivatives are given by

(Ou)(z) = /U (0,9)(x — ) f(y)d"y.
(D) () = /V (0u0;8)(x — ) (f(y) — f(z))d"
i) /8 0@ —ynl)ase). (529

where the first formula is valid for x € R™ and the second for x € U.

Proof. Denote the right-hand sides of the formulas for the claimed first and
second derivatives of u by v; and wy ;, respectively. Let [f| < M. We
introduce a monotone cutoff function ¢ € C(R) which is zero for z < 1
and one for z > 2 with 0 < ¢/(z) < 2. Set ¢.(x) = ¢(|z|/e) and note
0;¢<(x)| < 2. Then

ue () = /U(¢e‘1>)(x =9 fY)d'y,  uej(z) = /U(@jqﬁﬂ))(:r —y) f(y)d"y
satisfy u. € C?(R™) with Ojus = ug ;. Moreover, taking e — 0 we have

|ue (@) —u(@)] < /B ( )((1 —0e)®)(z —y)lf(y)ld"y < M i ®(y)d"y
M [Fe! 2Me?
= dr =

n—2J), rn2 n—2’

€Rudolf Clausius (1822-1888), German physicist and mathematician
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where we have assumed n > 3 for notational simplicity. The easy adaptions
for the case n = 2 are left as an exercise. Hence u; — u uniformly. Similarly
one has (again n > 3)

|ue j(z) = vj(2)] < /B )(3]'(1 — ¢)®)(z —y)|f(y)ld"y

2 " 2Mne
<M | (=2(y) +9;2(y))d"y <
By, € n—2

and hence u. ; — v; implying v € C1(R™) with 9;u = v; as claimed.

For the second derivatives we proceed similarly and consider

Ve j ¢=/(¢55j<1>)($—y)f(y)d”y7 Ve k. j :=/(8kd>53j<1>)(x—y)f(y)d”y-
1% 1%

As before we have Opve j = v,k ; and one checks v. ; — v;. However, when
looking at v ;x, we run into the problem that the second derivatives of ®
are no longer integrable near 0. Hence we need to cheat in an extra term to
fix this:

Ve (@) = /V (Ok6:0;9)(x — 1) () — ()"
+ f(@) / (Ok6:0;®)(x — y)d"y
174
- /V (Ou6:0;8) (& — 1) ([ () — ()"
i) / (0;9)(x — )i (y)dS(y),
oV

where we have used the Gauss—Green theorem and assumed that 2e <
dist(z,dV) in the last step. Now since f is Holder continuous we can use

[f (@) = f(y)l < Clz —y|*

to obtain
2 «
Ve k,j () — wy,j(2)] < C : (10x0;®(y)| + glaﬂ’(y)l)lyl
2e
n «
< 0(4+&) (2¢)°.

Letting ¢ — 0 establishes u € C?(U) together with the formula for the
second derivatives. Finally, to compute Au note that the formula for wy, ;
remains unchanged if we replace V' by any ball containing V' (recall that
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f =0 outside U) and hence we can replace it by Br(x) to obtain
“du@) = 1@ [ @) -y wds)
j=1 0BR(x)

f(z)

= T o V) S = ) 0

Note that in combination with Corollary we see that this is really a
local result. That is, if we consider the Newton potential of a function f as
in Corollary then it will be C? in a neighborhood of some fixed point
provided f is Holder continuous in a neighborhood of this point. Moreover,
if f € C* and the highest derivatives satisfy the assumptions of the previous
theorem, then u € C**2. In fact, as just pointed out this is a local result and
hence one can assume that f has compact support and use 9;@x*f = ®x(9; f).

While the above theorem seems quite natural, it still leaves the question
to what extend the Holder condition can be improved. In fact, one can
replace it by any modulus of continuity which ensures integrability of the
first term in the formula for the second derivative. However, it was an open
question for quite some time if continuity alone is also sufficient. Petriniﬂ
was the first to come up with a counterexample (his original example can be
found in [36, Satz 4.3.1|, we present a more explicit one).

Example 5.3. Consider

u(z,y) = (a® —y*)log(log(r™)),  r:= a2+
which is clearly in C°°(By/5(0) \ {0})) N C(By/2(0)) if we set u(0,0) := 0.
Moreover, a straightforward computation shows
-1 (2 — y?)
uz(z,y) = 2z log(log(r)) + 2 log(r)
and since, by symmetry, uy(z,y) = —u.(y, z), we conclude u € C*(Bj /5(0))
if we set u;(0,0) = u,(0,0) = 0. Next, we have
52 — y? 9, o o 1+ 2log(r)
—T @ -y r*log(r)?

and this function is unbounded near 0 (take the limit along the diagonal
x =vy). Hence u ¢ 02(31/2(0)). However, again by symmetry, w,,(z,y) =
—Uzz(y, x) and hence

uzm(I',y) = 210g(10g(’f'_1)) + Wg(r)

17;1?);(%2) =: f(x,y) € C(By2(0))).

Now let v := ® * f be the Newton potential of f. Then u — v is harmonic
on Bj/5(0) \ {0} and continuous at 0. Hence by the removable singularity

Au(z,y) = (z* — y°)

9Henrik Petrini (1863-1957), Swedish mathematician
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theorem for harmonic functions (Problem below), v — v is harmonic on
B1/2(0) and the Newton potential of f is not C?. Similarly we can conclude
that the corresponding Poisson equation does not have a solution in C2. o

Corollary 5.20. Suppose n >3 and f(y)(1+ |y|)~"*2 is integrable, f van-
ishes at 0o (i.e. limyy o f(y) =0), and is locally Hélder continuous. Then
the Newton potential solves the Poisson problem. Moreover, it is the only
solution vanishing at oo.

Proof. Fix r > 0 and split f = f1 + fo where fi = xp,(0)f- Then the
Newton potential uj of fi is C?(B,(0)) and satisfies —Au; = f on B,(0)
by Lemma while the Newton potential ua of f2 is harmonic on B, (0)
by Corollary Since r is arbitrary we see that the Newton potential
u = ug +ug of fis C?(R") and solves Au = f.

To see u(x) — 0 as |z| — oo observe that |uj(z)| < W for |x| > r
and |uz(z)| < C'supy,>, |f(y)]. Hence limsupy, o [u(z)] < Csupyys, | f(y)]
and since 7 is arbitrary, we conclude u(z) — 0 as |z| — oc.

Finally, uniqueness follows from Liouville since the difference of two so-
lutions is bounded and vanishes at co. ([

In two dimensions we still get a solution, but the Newton potential will
in general not vanish at oo but grow logarithmically (Problem [5.15)).

Problem 5.13. What is the fundamental solution for n = 1?2 Under what
conditions does Hélder’s theorem hold?

Problem 5.14. Find a fundamental solution for the Helmholtz equation
—Au+u=f
in n = 3 dimensions. (Hint: You need a radial solution of the form ®(z) =

elel) it v(0)=1.)

47|z|

Problem* 5.15. Suppose n = 2 and f bounded with f(y)log(e + |y|) inte-
grable. Then the Newton potential solves the Poisson problem. Moreover, it
is the only solution growing at most like u(x) = o(|z|) as z — oo up to a
constant.

Problem 5.16. Suppose f is integrable with compact support. Then the
Newton potential satisfies

u(z) = C®(x) + O(|z| ")

as |z] — oo, where C = [, f(y)d™y. In particular, it is the only solu-
tion with these asymptotics. If in addition f is rotationally symmetric, then
u(x) = C®(x) for x outside the support of f. (Hint: The inverse triangle
inequality ||z| — |y|| < |x — y| might be useful.)
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Problem 5.17. Show that the Newton potential of xp, (o) is given by
12 _ |2
u(z) = {2(111”—2_9;)7 x| <,

e ()" el =

E]
forn >3 and
() = {glog(r) + R e <,
— 5 log(|), || >,
forn=2. (Hint: Use the fact that uw must be rotationally symmetric.)
Problem 5.18. Show that the Newton potential of a continuous, rotationally

symmetric function f(x) = F(r), r = |z|, with [~ F(s)sds < co forn >3
and [ log(s)F(s)sds < oo for n =2 is given by

w(zx) = L OOmim s/T)"2F(s)sds
(z) /0 (1,s/m)" 2F(s)sd

n—2
forn >3 and
u(x) = —/ log(max(s,r))F(s)sds
0
forn = 2.

Problem 5.19. A differentiable function K : R™ — C is called a (strong)
Calderéon—Zygmund kernem provided
(i) |K(2)| < e for all z € R™,

(i) VK ()] < S
(iii) fr<|x|<R K(z)d"x =0 for all0 <r < R.

Show that (0,0;®)(x) is a Calderon—Zygmund kernel. Convolution with this
kernel ts known as double Riesz transformﬂ

Problem 5.20. Suppose f is Hélder continuous and satisfies the assump-
tions of Corollary . Show that the Newton potential u is in C%(R™) and

satisfies
@) = [ @)~ I
. 1
(Or0ju)(z) =lim (0x0;®)(x — y) f(y)d"y — — f(z)dj%-
40 Je<la—y| n
(Hint: Item (iii) from the previous problem.)
10Alberto Calderén (1920-1998), Argentinian mathematician

10Antoni Zygmund| (1900-1992), Polish mathematician
M\ arcel Riesz (1886-1969), Hungarian mathematician
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5.4. The Poisson equation on a domain and Green’s function

Next we want to look at the Poisson equation on a bounded domain U
“Au=f,  ulw=g, (5.29)

where f € C(U) and g € C(9U).
Example 5.4. In the special case, where U := B, (0) is a ball and f := fy
and g := go are constant, the solution is given by

0,2 2
(@) =go+ —(r" —|x|7). o
() = go + 22(r2 ~ [af?)
Note that the maximum principle implies uniqueness and using the above
solution in combination with our comparison principle from Lemmal5.16|even
gives us an a priori bound:

Theorem 5.21. The problem (5.29) has at most one solution u € C%(U) N

C(U). A solution satisfies

2

.
< _ 5.30
mUaXIUI < nggXlgl + o, Sup | fl, (5.30)

if U is contained in a ball of radius r.

Proof. The difference of two solutions is harmonic and vanishes on the
boundary. Hence it is zero by the maximum principle. This establishes
uniqueness.

To see the bound, note that after a translation we can assume U C B,.(0).
Consider the function v(z) := G + £ (r? — |z|?) with G := maxpy |g| and
F := supy | f| and note that we have Av = —F as well as v > G on 9U since
r? —|z|> > 0 for x € U C B,(0). Hence u — v is subharmonic on U and
w—v < 0 on QU implies u < v on U by Lemma Applying the same
argument to —u establishes the claim. O

Again taking differences of solutions corresponding to different data shows
that the solution depends continuously on f and g. In this sense the problem
is well-posed.

It remains to investigate if there is a solution at all. Clearly the Newton
potential associated with f will solve the differential equation, but it will
not have the required boundary values in general. However, by subtracting
the Newton potential this reduces our problem to the Dirichlet problem of
finding a harmonic function with prescribed boundary values. In this respect
recall that we have already found the solution for a two dimensional ball in
Section [3.5] To find such a formula for arbitrary domains, we will play with
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Green’s second identity

0 ov ou
/U(uAU —vAu)d"y = /8[] <U8V — Uay> ds. (5.31)

Of course, for this identity to be valid, we need to assume that the Gauss—
Green theorem holds for U (e.g. U has a C! boundary) as well as u,v €
C?(U). Choosing v = ®(z — .) equation ([5.20) formally implies

w(z) = —/Ufb(x—.)(Au)d"y—/aU (ﬁ‘”gy_') Y. .)23) ds. (5.32)

Here the first boundary integral over QU involving g—f is called the double
layer potential (it is interpreted as the electrostatic potential of a dipole
density on the surface OU) while the second one involving & is called the
single layer potential (it is interpreted as the electrostatic potential of a
charge density on the surface OU). The single layer potential is continuous
when x crosses the boundary while the double layer potential will have a
jump in general. In two dimensions the double layer potential is the Cauchy
integral operator.

This already looks quite promising except for the fact that it not only
involves the boundary values of u, but also of the normal derivative g—’lf. To
get rid of this term, we invoke the fact that our argument still holds true if
we add a harmonic function to ®(x — .). Choosing this harmonic correction
term in such a way that the resulting function vanishes on the boundary, we
obtain the desired effect. Explicitly, let ¢* be the solution of the Dirichlet

problem

Ag”® =0, o = P(x —.) (5.33)
and define the Green function of U as
G(z,y) :=P(x—y) - ¢"(y), x#yeUxU. (5.34)

We will say that the Green function exists if the above Dirichlet problem has
a solution ¢* € C%(U) for all x € U. In this case

K(z,y) := _8G€()xy,y)’ (z,y) € U x 9U, (5.35)
is called the Poisson kernel for U. Then we have
ww) =~ [ Gaadudy+ [ Kawpuwisw. 630

The second integral is known as Poisson integral. Of course our derivation
of this formula is still a bit wacky as it relies on ([5.20)). However, this can
be easily fixed.

Lemma 5.22. Suppose U is a bounded domain for which the Gauss—Green
theorem holds. If the Green function for U exists, then a function u € C*(U)
can be represented as ([5.30)).
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Proof. To make our above argument rigorous we apply Green’s second iden-
tity with v = G(z,.) on the domain U\ B;(z) where & > 0 is sufficiently small
such that B.(x) C U. This gives (note that (U \ Be(z)) = 0U — 0B.(x)
when taking the orientation into account)

— / G(z,y)Au(y)d"y = — K(z,y)u(y)dS(y)
U\B:(z)

oUu
du(y)
" /BBa(x) (K(x’ vuly) = G=9) =5, ) s

Taking ¢ — 0 and using that ® and hence G(z,.) is integrable, we obtain

—1/(Xx40Au@ﬁWy+l/ K (2, y)u(y)dS(y) =
U oUu

e du(y)
—géwmemwww—aaway)w@>

C lim 02(y), (. du(z +y)
—1 a&m< o uta + 9) + 0 250 asy).

e—0

Now using 6«31(5;) =—— ln,l

1

i nVpen—1 /QBE(O) wlo + 4)ast) = ule)

we see that the first part of the integral gives

while lim. o ®(¢)e" ! = 0 shows that the second part of the integral vanishes
in the limit. O

So in summary we have reduced problem to establishing existence
for the associated Dirichlet problem. In the next section we will look at
some simple domains where the Green function can be computed explicitly.
In this context note, that even if one has found the Green function, this does
not automatically imply solvability of the Dirichlet problem. Indeed,
only gives us a necessary form of the solution whose existence has to be
assumed in the outset. Hence one needs to verify that the Poisson integral
is a harmonic function attaining the required boundary values.

A few important properties of the Green function and the Poisson kernel
are collected below:

Lemma 5.23. Suppose U C R" is a bounded and connected domain. The
Green function is symmetric G(z,y) = G(y,x), x,y € U xU and positive for
x #y € U. The Poisson kernel K(x,y) is a nonnegative harmonic function
for x € U and satisfies

K(x,y)dS(y) = 1. (5.37)
oU
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Proof. To see symmetry we fix x, y and introduce the two functions u(z) :=
G(z,z) and v(z) := G(y, z). Applying Green’s second identity on the domian
U\ (Be(x) U Be(y)) gives

/ (vau — u@v) dS = / <u8v — Ué?u> ds.
aBE(x) 8u 81/ aBg(y) 81/ 61/

Letting € — 0 on the left-hand side gives (using the same argument as in the

proof of Lemma [5.22))

) ou ov ) 0®(y)
1 — —u— | dS =1 ds =
€l—r>r(1) 835(50) <U 8V uf)V) 61—I)I(1) 835(0) 8V Q)(x + y) v(x)

and similarly the limit on the right equals u(y). Consequently G(y,x) =
v(z) = u(y) = G(z,y).

To see positivity fix € U and consider u(y) := G(z,y) which is har-
monic in U \ {z}. Since lim,_,, u(y) = +0o we can choose € > 0 such that
u is positive on B.(z) \ {z}. Applying the strong minimum principle on
U \ B.(x) we see that u is positive on U \ B.() as well.

Since G is positive within U and vanishes on 9U, its outward pointing
normal derivative must be nonpositive and hence K (z,y) > 0. To see the
last claim choose uw = 1 in the representation formula. [l

The connectedness assumption is not essential and was only made to get
positivity of G. The general case boils down to finding a Green function
for every connected component. We then get the Green function for U by
setting G(z,y) = 0 whenever x and y lie in different components. Moreover,
note that K(z,y) will in fact be positive at every point of the boundary
which satisfies an interior sphere condition (i.e. if U contains a sphere which
touches the boundary at the point under consideration). This will follow
from the Hopf-Oleinik lemma (see Example [5.8]).

Let me remark that similar considerations can be made for the associated
Neumann problem

Cpag

ol = (539

where the normal derivative is prescribed on the boundary. Our consid-
erations suggest that we should add a harmonic correction term % (y) to
®(z — y) such that the normal derivative of the resulting function vanishes
at the boundary. However, since holds for Gy (z,y) = ®(z—y)—9"(y)
whenever 1)* € C?(U) is harmonic on U, we can apply this to the constant
function v = 1 to obtain

1=— /BU (W) ds. (5.39)
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This shows that there is no choice for ¥* which will make the normal deriv-
ative vanish on the boundary! Hence the next best option seems to require
the normal derivative to be constant:

0Gn(z,.) 1
T (5.40)
Equivalently, ¢* should solve
e oyt 0Pz —.) 1
AY* =0, 50 |o = ey + Elik (5.41)
This then implies
ou 1
u(z)=— | Gy(z,.)(Auw)d"y+ Gn(z,.)=—dS+ —— udS. (5.42
@ =~ [ Gxle@iay+ | GnwFlas oz [ uds. (42

The last (constant) term in this representation reflects the fact that the
solution of the Neumann problem is not unique since you can always add a
constant. Moreover, applying Green’s second identity with v = 1 shows that
a necessary condition for the Neumann problem to be solvable is

/de"y = /aUgdS. (5.43)

We end this section with the remark that again a convenient setting for the
discussion of these issues here is operator theory, as discussed in Section [3.2
In fact, if we look at square integrable functions with the scalar product

(f.g) = /U f*(@)g(x)dva, (5.44)

then Green’s second identity tells us that the Laplace operator L :=
—A subject to Dirichlet (or Neumann) boundary conditions is symmetric
(Lf,g) = (f,Lg). In fact, we have already computed its eigenfunctions in
case of a rectangle and a disc in Section Clearly, for a general domain
U there is no hope to find the eigenfunctions explicitly. However, note that
solving the Poisson problem with vanishing boundary values (i.e. g =
0) amounts to inverting L, that is, the solution is w = L~ f. So our findings
in this section suggest that the inverse of L is an integral operator whose
kernel is the Green function. Moreover, an integral operator on a bounded
domain with a continuous kernel is compact and all claims made about the
eigenvalues and eigenfunctions of a Sturm—Liouville problem in Section [3.2
would follow from the spectral theorem for compact operators (known as
HilberthChmidtlﬂ theorem). In particular, one can write

u(w) =L f(x) =) <“Z;f>un(x>. (5.45)
n=1 n

12David Hilbert, (1862-1943), German mathematician
125 hard Schmidt (1876-1959), Baltic German mathematician
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Hence a possible strategy for the Poisson problem is to establish compactness
of L=1. This approach hinges on the use of Sobolev spaces and the RellichH
compactness theorem; see Chapter [10.1]

Note that in the case of Dirichlet boundary conditions 0 is not an eigen-
value and hence L is injective. In the case of Neumann boundary conditions
u = 1 is an eigenvalue and we cannot invert L in this case. However, symme-
try implies that the range of L is orthogonal to the kernel of L and hence this
explains the solvability condition found for the Neumann problem. More-
over, once you restrict to the orthogonal complement of the kernel, you can
proceed as before.

Problem 5.21. Find the Green function for an interval (a,b) C R.

Problem 5.22. Show the generalized mean value formula

1 n
=3 S0~ [ (00 00 Sut

whenever u € C%(B,(0)).

Problem 5.23. Show that the Green function satisfies
G(z,y) < ®(z —vy)

forn > 3. What about n =279

Problem 5.24. Show that the Neumann problem (5.41)) for ¢)* satisfies the
solvability condition (|5.43)).

Problem 5.25. Let Uy C Uy be two bounded domains and G1, Go be the
corresponding Green functions. Show G1(z,y) < Ga(x,y) for x #y € Uj.

u(0)

Problem 5.26. Let U be a bounded C' domain and let a partition of its
boundary OU = Vi WU Va be given. Show that solutions u € C?*(U) of the
mized Dirichlet/Neumann problem

ou|

o Ve 92,

differ by at most a constant. Moreover, this constant is zero if V1 is nonempty.
(Hint: Green’s first identity with both functions equal.)

Problem 5.27. Let U be a bounded C* domain and a € C(0U). Show that
solutions u € C2(U) of the Robin problem

—Au=1f, (gl:+au)’aU:g’

differ by at most a constant if a > 0. Moreover, this constant is zero unless
a=0. (Hint: Green’s first identity with both functions equal.)

—A'U,:f, U|V1 =91,

L3Franz Rellich (1906-1955), Austrian-German mathematician
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Problem 5.28. Let U be a bounded C* domain and a € C(0U). Show that
the Laplace operator with (homogenous) Robin boundary conditions

is symmetric. That is, if u,v € C?(U) both satisfy the boundary conditions,
then

/U (uAv)d"y = / (wAu)d"y.

U
5.5. The Dirichlet principle

In this section we will have a brief look at another approach for the Dirichlet
problem (5.29). The Dirichlet problem means that we are looking for a
solution of the Poisson equation

—Au=f (5.46)
among the admissible functions
Ay = {v € CUT)|vlaw = g} (5.47)

If w € Ay is a solution, we can multiply —Au — f = 0 by an admissible
function v and integrate over U to obtain

0
0= /U(—Au — flvdz = /U(Vu -V — fu)d"x — /6U ga—ZdS, (5.48)

where we have used Green’s first identity. Now by Cauchy—-Schwarz we have
Vu-Vo < $|Vul? + 3| Vo|? with equality for v = u. Hence subtracting these
two cases (v arbitrary and v = u) we obtain the Dirichlet principle

1 1
/ (z|Vul* = fu)d"x §/ (z|Vol? — fv)d"=. (5.49)
U2 U2
This suggests to find the solution by minimizing the Dirichlet functional
1
I(v) :_/ (§]V'u]2 — fu)d'z (5.50)
U

among all admissible functions.

We remark that the Dirichlet functional also arises directly when con-
sidering (e.g.) the deformation of a thin membrane under the pressure of
some external force f. In this case I is interpreted as the energy (which the
equilibrium of the membrane has to minimize according to physical princi-
ples) with the first summand giving the deformation energy and the second
summand the potential energy.

Of course this raises the question if there could be other minimizers which
do not solve our original problem. To this end we use the fact that if u is
a minimizer, then ¢t — I(u + tw) with fixed w € Ap (the functions which
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vanish at the boundary such that u + tw € Ay for all t € R) must have a
minimum at ¢ = 0 and thus its variational derivative

d ,
- I = .01
dt‘t:o (uttw)=0, we A, (5.51)

must vanish. But I(¢) is a quadratic function in ¢ and hence one easily
obtains

d

= tZOI(u+tw) = /U(VU'Vw—fw)d"x - /U(—Au—f)wd"x (5.52)

for all w € Ag. Consequently —Awu — f = 0 as desired.

This reduces our problem to the problem of finding a minimizer of the
Dirichlet functional I. This approach was already suggested by Lord Kelvin@
and Dirichlet, but it was only much later until Riemann (who coined the
name Dirichlet problem in honor of his teacher) was able to solve this prob-
lem. However, Weierstrass pointed out that Riemann had not proven the
existence of a minimizer and gave a counterexample (Problem of a
similar functional which had no minimizers. Moreover, PrymE| found a con-
tinuous boundary datum g such that there is no solution with finite Dirichlet
integral. Thus, the legitimacy of the Dirichlet principle was unclear for sev-
eral decades until eventually Arzelém and Hilbert (independently) were able
to give a rigorous proof. Hilbert’s approach is now known as the direct
method in the calculus of variations and it motived him to formulate his
20th problem concerning existence of solutions of partial differential equa-
tions when the values on the boundary of the region are prescribed (which
is now considered solved).

It turns out that C2(U) is not a natural space for these kind of problems
witnessed by the fact that Theorem fails for f € C(U). Moreover,
Theorem [5.19 suggests that Holder spaces should provide a better setting and
this was indeed shown by Kelloggjﬂ and Schauder@ However, nowadays one
usually looks for minimizers in some Sobolev spaces. While this simplifies
the problem of establishing existence of a minimizer, which is called a weak
solution in this context, it leaves the problem of checking that this weak
solution is C? as a separate task. The functional analytic tools required for
this approach are beyond our present scope and hence we will not pursue
this idea now. We will return to this problem in Chapter

Mwilliam Thomson, 1st Baron Kelvin (1824-1907), British mathematical physicist and
engineer

L5Fyiedrich Prym| (1841-1915), German mathematician

16Cesare Arzela (1847-1912), Italian mathematician

170liver Dimon Kellogg (1878-1932), American mathematician

L& Juliusz Schauder (1899-1943), Polish mathematician
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Problem 5.29. Show that the minimizer u (provided one ezists) of
I(v) = / Vol2diz, ve A= {ve CAT)vloy =0, / P dre = 1)
U U

is an eigenfunction of the Laplace operator and the corresponding minimum
is the eigenvalue. In particular, this must then be the smallest eigenvalue.

Problem 5.30 (Weierstrass). Consider the problem to minimize

1
I(v) ::/ (z2'(x))*dx

-1

among the admissible functions
Aap = {v € C?[-1,1]|v(~1) = a, v(1) = b}. (5.53)
Show that there is no minimizer if a # b. (Hint: Look at arctan(z/c).)

5.6. Solution for a half space and for a ball

In the case U has a simple geometry it is possible to compute Green’s function
via a technique known as mirror charges. The idea is that the fundamental
solution can be interpreted as the potential of a single point charge located
at the origin. Now suppose we have a plane given and put our point charge
on one side of this plane. Then, placing a negative charge at the mirror
image with respect to this plane, they will cancel each other on the plane.
Explicitly, choosing the half-space

R% :={x € R"|z, > 0}, (5.54)
the corresponding Green function is
G(I‘,y):@(l‘—y)—(p(ii‘—y), j:‘:(:Ul)'"7$n—17_$n)' (555)

By construction G(z,y) = 0 for (z,y) € R} x ORY since |z — y| = | — ¥
if y, = 0. Also note that the second singularity at y = & is not within our
domain R’ and hence ®(Z — .) is harmonic in R’}.

While R} is unbounded and thus does not quite fit into the framework of
the previous section, one can still verify directly that G provides a solution
of the associated Dirichlet problem. To this end note that (recall (5.25]))

0G (z,y) 2x, 1
K =——)—"">=G =—-2¢ —y)=—F—"—. (5.56
(1‘, y) BV Yn (.’IJ, y) Tn (.’E y) nVn ’JZ‘ . y’n ( )
We will leave the details as an exercise (Problem [5.31)):
Theorem 5.24. Suppose g € Cp(R"™1). Then
2z, _
u(z) = — 9Y) s (5.57)

nVu Jorn |z —y|”
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is a bounded harmonic function on R’} which is continuous up to the boundary
and satisfies u(y) = g(y) for y € OR'.

The case of the unit ball is a bit more tricky. It turns out that we need
to invert through the unit sphere:

X

F=—. 5.58
= (5.58)
Then the Green function for the unit ball is given by
S(y—z)— O -z 0
Gla,y) = (y —z) — @(|lz[(y — @), = #0, (5.50)
D(y) - a(1), v =0,
Indeed, one easily checks
y—al* =1-20y+ |z’ =|2Ply -2,  y€dBi(0).  (560)
Moreover, another straightforward calculation verifies
0G(x,y -
Kay) =~ 2400 — Gy — ) 4y (el (g — 7))
11—z
= — . 5.61
Tan |'CC - y|n ( )
Theorem 5.25 (Poisson integral). Suppose g € C(0B1(0)). Then
1- W/ 9(y)
u(r) = ———— ——=—dS(y), x € B1(0), (5.62)
Vo Joi (o) |z —yl"

is a bounded harmonic function which is continuous up to the boundary and
satisfies limg_y u(z) = g(y) fory € 0B;1(0).

Proof. By Lemma the Poisson kernel satisfies faBl(O) K(z,y)dS(y) =
1. Moreover, since K(.,y) is harmonic (it is the derivative of a harmonic
function) and uniformly bounded for z € B,(0) with » < 1, u is harmonic by
Lemmal[5.17] Hence it remains to verify continuity. To this end fix some yo €
0B1(0) and £ > 0. Choose a corresponding § such that |g(y) — g(yo)| < € for
|y —yo| < d and set M := maxyp, () |g|]- Moreover, note that for |z —yo| < ¢
and |y — yo| > J the reverse triangle inequality implies

L (yol + [=DCyol = =) _ 1 2|z — yol

0< K(z,y) = < .
(@) = @ =) =y —0)" = Vi G =z = yo)"

Hence using

e _
) o) = g [ A
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and splitting the integral into two regions according to |y — yo| < 0 and
|y — yo| > 0 shows

AM |z — yol
u(x) —gy)| <e+ 77—~
[u(z) = 9(y0)] =Tz =)
for ]a: — yo| < 0. Consequently we have |u(z) — g(yo)| < 2¢ for |x — yo| <
mln( (g) 177) and the claim follows. O

By a simple scaling we see that the Poisson kernel for a ball of radius r
is
1 r?—|z|?
nVrle -y
Problem* 5.31. Show Theorem m (Hint: Mimic the proof of Theo-

rem[5.25)

Problem 5.32. Let G be the Green function of the unit ball. Compute
i) B, (0 G(z,y)d™y. (Hint: There is no need to do the integral; use Exam-

ple[5.2)
Problem 5.33. Establish the following qualitative version of Harnack’s in-
equality for positive harmonic functions u on a ball B, (0):

EER

K(z,y) = (5.63)

r— |z]
(r + fa])m=t

n—2

u(0) <wu(z) < rn2

5.7. The Perron method for solving the Dirichlet problem

Now we turn to the Dirichlet problem
Au =0, uloy = g, (5.64)

for given g € C(9U) in a general bounded domain. The first complete
solution for a rather general class of domains was given by Poincaré in 1890.
Here we look at a more streamlined version due to Perror[lJ

The starting point of the Perron method is the characterization of sub-
harmonic functions as subsolutions from Lemma In fact, consider the
Perron family

S(g) := {v € C(U)]|v is subharmonic and satisfies v < g on dU}. (5.65)

Then, if our Dirichlet problem has a solution u, we necessarily have v < u for
all v € §(g) with equality attained since u € S(g). This suggests to define
the Perron candidate

P(g)(z) := sup v(z), zxeU. (5.66)
veS(9)

190skar Perron (1880-1975), German mathematician
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If our Dirichlet problem has a solution, it will be necessarily given by P(g).
In particular, if U is a ball, P(g) will be given by the Poisson integral.
Moreover, note that S(g) is nonempty (it contains the constant function
min g) and that P(g) is bounded since ming < P(g)(z) < maxg. Our first
aim is to show that P(g) is harmonic. To this end we will need the following
technique:

Lemma 5.26 (Harmonic lifting). Suppose v is subharmonic on U and let
B, (x9) CU. Then

5(a) = {v(x), z € U\ By(z0),
P(U|3Br(xo))(m)v T € BT($0)7

s again subharmonic with v < 0.

(5.67)

Proof. Clearly v is continuous and satisfies v < © by Lemma [5.16] To
show that ¥ satisfies the submean property we distinguish three cases: If
x € U\ B,(z0) or x € B,() there is nothing to do. In the case x € 9B,(0)
it follows from ¥(x) = v(x) and v(y) < 9(y) on 0B, (x). O

Now we are ready to show

Theorem 5.27 (Perron). P(g) is harmonic on U.

Proof. It suffices to show that P(g) is harmonic on every ball within U. So
fix a ball B.(xzg) C U. Choose a sequence v, € S(g) such that vj(zg) —
P(g)(xo). Replacing vy by the harmonic lifting of max{vy,...,v;} we get an
increasing sequence which is harmonic on B, (z¢) C U. Of course we still have
v € S(g) and vg(z9) — P(g)(wo). By Harnack’s principle, Theorem [5.13] it
converges uniformly on compact subsets of B,.(z¢) to a harmonic function u
on B,(zg). Hence it remains to show u = P(g) on B,(zo).

One direction, u < P(g), comes for free. To see the other direction
choose some w € S(g). We need to show w < u on B, (xp). To this end let
wy, be the harmonic lifting of max{w, vi} on B, (z9) and note that wy € S(g)
as well as wi(zo) < P(g)(x0) = u(xp). Hence for any 0 < s < r we have

/ u(zo + sw)do" 1 (w) = nVyu(zo) > nVwg (o)
Sn—1
= / wy (o + sw)do™H(w)
Sn—1

> / max(w, vy, ) (zo + sw)de™H(w)
Sn—1
and letting kK — oo we conclude

/ u(zo + sw)do™ 1 (w) > / max(w, u)(zo 4 sw)do™ 1 (w).
Sn—1 Sn—1
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Figure 5.2. Exterior ball condition

But this implies max(w, u) = w, that is w < u on 9Bg(xp). Since 0 < s < r
is arbitrary, we get w < u on B, (x¢) as required. O

So the remaining question is if P(g) is continuous on U and satisfies the
given boundary values.

We call a function w € C(U) a barrier function for U at xzy € 0U
provided that w is subharmonic in U, w(z) < 0 for z € U \ {x}, and
w(zy) = 0.

Example 5.5. A point xg € OU is said to satisfy the exterior ball condi-
tion if there is a ball B,(z1) such that B,(x1) NU = {z¢}, that is, if B,(z)
touches U at the single point xq (cf. Figure . Then

w(z) = (|z — z1]) — (r)
is a barrier for U at xg.

Clearly every convex domain will satisfy this condition. Furthermore, if
the boundary is C?, then we can bound its graph by a quadratic function
near each point. Since we can always fit a ball into a parabola, such domains
satisfy this condition. If the boundary is merely C', this might fail and the
exterior ball condition can fail in such a case (Problem [5.34)). o

Note that this is a local property of the boundary. In fact let zop € OU
and suppose we can find a local barrier w for U := U N N(xp) at xo € OU,
where N (zp) is some open neighborhood of zy. Then we can choose a ball

Be(x9) C N(x0) and set M := max w < 0 such that

UﬂN(Z‘o)\Bg (CC())
0 M UNB
M, x € U\ Be(xp),

will be a barrier for U at xg € 9U.

Theorem 5.28 (Perron). If U has a barrier at xo € OU, then P(g)(z) —
g(zo) whenever x — zq from within U.

Proof. Let w be a barrier at z¢ and fix ¢ > 0. Choose a ball B,(z¢) such
that |g(z) — g(z0)| < € for x € OU N B,(xp). Moreover, if we subtract a
suitable multiple o > 0 of w, we can get a bound |g(z) — g(xo)| < € — aw(x)
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which holds for all x € U (e.g. o = %Wo)l)). We claim that this

_ MiNGU\ By () (—
bound extends to all of U in the sense that

g(xo) — e+ aw(z) < P(g)(z) < g(xg) + € — aw(z), reU.

The first inequality comes for free since the function on the left-hand side is in
S(g). For the other inequality choose v € S(g) such that v+ aw < g+ aw <
g(zo) + ¢ on OU. Consequently, Lemma shows v + aw < g(xg) + € on
all of U and implies the required inequality.

Since £ > 0 is arbitrary and w is continuous with w(z) = 0 this estab-
lishes the claim. i

A boundary point admitting a barrier is also called regular in this con-
text and the boundary OU is called regular if all of its points are regular. As
a consequence we hence get

Theorem 5.29. Let U be a bounded domain and g € C(OU). The Dirichlet
problem (5.64)) for U is solvable if and only if OU is regular.

Proof. It remains to show the converse. To this end just note that the
solution with boundary data g(xz) = —|z — x| will be a barrier at zy €
ou. O

Example 5.6. An example where the Dirichlet problem is not solvable is the
punctured ball B;(0)\{0}: Require u to vanish on 9B (0) and satisfy u(0) =
1. Since any rotation of u would be again a solution, uniqueness implies that
a potential solution is radial. But the only bounded radial functions which
are harmonic on B;(0) \ {0} are the constants. A contradiction. o

Of course this also settles the Poisson problem:

Theorem 5.30. Let U be a bounded domain with a regular boundary. Let
g € C(OU) and f € C(U) be bounded and locally Holder continuous. Then
the Poisson problem (5.29) has a unique solution u € C*(U) N C(U).

Proof. Subtracting the Newton potential for f from w reduces it to the
Dirichlet problem. U

Recall that Example[5.3]shows that the extra assumption that f is locally
Holder continuous cannot be dropped in general.

This shows that if the boundary is regular, then we can solve ((5.33]) and
obtain a Green function for U. The corresponding Green potential

u(z) = /U G, y) fy)d"y (5.69)

will solve —Awu = f and vanish on the boundary. However, this does not
answer the question whether the normal derivative exists, that is, whether
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<

Figure 5.3. Pac-Man crunching an exterior cone

there is a corresponding Poisson kernel K. Conversely, note that if there is
a Green’s function then the boundary is regular since one can verify that

w(z) = — |x_2i0|2 — Jy G(z,y)d"y is a barrier at x € OU.

We end this section with the remark that a much weaker condition for the
existence of a barrier at ¢ € AU is the exterior cone condition. Namely,
if zo is the vertex of a (truncated) cone contained in the complement of U

(cf. Figure [5.3).

To be more specific we set
C*:={z € B1(0)|23 +-- - +22_, <a®x?, 0<x,} CR" (5.70)

A general (truncated) cone can be obtained from C® via translation, scaling,
and rotation.

We first note that the maximum principle still holds in a situation, where
the harmonic function fails to be continuous at a single point of the boundary.

Lemma 5.31. Let U be bounded and xo € OU. Suppose u € C(U \ {x¢}) is
bounded and harmonic on U. Then

supu < sup u. (5.71)
U OU\{zo}

Proof. Abbreviate M = supy\ (4.} ¢ and choose r such that U C B;(zo).
Since u is bounded, Corollary applied tou(z) — M —e(®(x —xzo) — D(r))
shows u(z) — M — e(®(x — z9) — ®(r)) < 0 for all € > 0. Letting € | 0
establishes the claim g

Lemma 5.32. Let U := B1(0) \ C%, g(z) := |z| and set u := P(g). Then
—u is a barrier for U at 0.

Proof. By construction u is harmonic on U and satisfies 0 < v < 1. More-
over, since the external ball condition holds on dU \ {0}, u € C(U \ {0}).
Hence it remains to show limsup,_,ou(z) = 0.

The idea is to shrink our domain by a factor » € (0,1) and consider
U, := rU. By the strong maximum principle we have 0 < u < ¢ < 1 on
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U, \ {0}. Note ¢ > r. Setting
v(@) = u(z) — cu(>)

r

we have v < 0 on 9U, \ {0} and hence on all of U, by Lemma Conse-
quently
lim sup u(z) < clim sup u(g) = climsup u(z).
z—0 z—0 r z—0
As ¢ < 1 this establishes lim sup,_,,u(z) = 0 as desired. (]

Hence if a point zg € OU satisfies the exterior cone condition, a suitable
translation, scaling, and rotation of w from the previous lemma will be a
barrier.

Problem* 5.34. Give an example of a C* domain which fails the exterior
ball condition.

Problem* 5.35 (Removable singularity theorem). Suppose xo € U and u
is harmonic in U \ {zo} and bounded near xy. Then u can be extended to a
function which is harmonic in u. (Hint: Apply Lemma to a punctured
ball.)

5.8. General elliptic equations

In this section we briefly discuss the extension to general linear operators of
the form

n
Y Ajp(@)uaya, +Zb 2)ug, + c(a)u, (5.72)
Gk=1
where the coefficients are assumed to be real—valued, continuous, and bounded,
Aji,bj,c € Cp(U) throughout this section. Since the second order partial
derivatives are symmetric by the Schwarz theorem, we can assume that A is
symmetric A;;, = Ag;. The operator L is sometimes also assumed to be in
divergence form
n n 5
Lu:=— Z (Ajr(z)ug;) Zb T)ug,; + c(v)u. (5.73)

jh=1
If we assume Aj;, € CY(U), then this is equivalent to the first form with
bj = bj = k—1(Ajk)a-
The operator L is called uniformly elliptic if the matrix Aj;, is strictly
positive definite in the sense that

z)é = Z Aji()€i6k > 0l (5.74)

7,k=1
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for all z € U and all £ € R™. In other words, the lowest eigenvalue of A(x)
is bounded from below by some number 6 > 0 independent of x € U.

The purpose of this outlook is not to give a detailed treatment of elliptic
equations but only to demonstrate how some of the ideas from the Laplace
equation can be extended to this more general case. Specifically, we will
only look at the maximum principle. Of course in this case we do not have a
mean value property at our disposal from which we can start developing our
theory. However, the proof for the maximum principle used in Theorem
still applies.

Theorem 5.33 (Maximum principle). Suppose L is uniformly elliptic
with ¢ = 0 on a bounded domain U C R™. Then, if v € C(U) N C*(U)
satisfies Lv < 0 we have
max v < maxuv. (5.75)
T U

Proof. We first assume that Lv < 0. Then, if v attains a maximum at
xo € U, the gradient must vanish Vv(zg) = 0 and the Hesse matrix Hjj, :=
Uz, (T0) must be negative definite. Moreover, let O be an orthogonal matrix
which diagonalizes A(zp). That is, such that OA(x)O7T is a diagonal matrix
which has the eigenvalues Ai(zo),..., \n(x0) of A(xg) as diagonal entries.
Then

n

Lv(xo) = — Z Ajp(zo)Hjp = — ZAJ'(OTHO)J'J' >0
dk=1 J=1

gives a contradiction (recall that for a negative definite matrix, all diagonal
elements are nonpositive). Thus the maximum principle holds in this case.

If we only have Lv < 0, then we set v¥(z) := v(x) + e such that
Lv®(z) = Lv(z) — eA(AA11(z) — by (:U))e)‘ml.

Since L is uniformly elliptic we have Aj1(z) > 6 and since b is bounded we
can choose A > #~!sup by such that Lv® < 0. By the first part we have

v(z) < v¥(z) < max v(z) + € max e
zeoU xedU

and letting € — 0 establishes the claim. ([
In the case where ¢ > 0 we get:

Corollary 5.34. Letv € C(U)NC%(U) and ¢ > 0. Then if Lv < 0 we have

maxv < maxov™. (5.76)
T oU

Here vt = max(4v,0) is the positive, negative part of v, respectively.
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Proof. Following literally the argument of the previous theorem shows that
there can be no interior maximum at which v is nonnegative. Hence the
claim follows. O

If ¢ > 0 and Lu = 0 we can combine the estimates for v and —u to
obtain an priori bound

—maxu~ < u(z) <maxut, (5.77)
oUu oUu
for solutions of the corresponding Dirichlet problem
Lu =0, ulogy = g. (5.78)
In particular, there can be at most one solution if ¢ > 0.

Example 5.7. Note that some condition on c is clearly necessary. Indeed,
we have already seen that the Laplace operator L = —A with Dirichlet
boundary conditions will have positive eigenvalues A on a bounded domain.
Hence we don’t have uniqueness, contradicting a maximum principle for

L=—-A—-)\ o

Using subsolutions one can also establish an a priori bound for solutions
of the inhomogeneous problem (Problem [5.36)).

Theorem 5.35. Let U be a bounded domain and suppose L is uniformly
elliptic with ¢ > 0. Then the problem

Lu=f, uloy = g- (5.79)

has at most one solution u € C*>(U)NC(U) for given g € C(OU), f € C(U).
Moreover, there is a constant C' depending only on U and L such that a
solution satisfies
max |u| < max |g| + Csup |f]. (5.80)
U ou U

To get the strong maximum principle we need to work a bit harder. First
of all note that if there is a maximum at the boundary, then the normal de-
rivative cannot be negative. The following lemma established independently
by Hop@ and Oleinik@ says that it is in fact positive.

Lemma 5.36 (Hopf, Oleinik). Let v € C1(U) N C*(U) with U := B,(0) be
a subsolution, Lv < 0. Suppose v attains a strict mazimum at some point
xo € 0B;(0). Then, if either c =0 or ¢ > 0 and v(xg) > 0 we have

v

5((130) > 0. (5.81)

20Eberhard Hopf (1902 —1983), Austro-American mathematician and astronomer
21OlgaL Oleinik (1925-2001), Soviet mathematician
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(7o)

o

Figure 5.4. Proof of the Hopf—Oleinik lemma

Proof. Set w(z) := e MNo* — e~ with A to be determined. Then one
computes

Luw(z) = e N (—aX2z - A(x)z + 22 tr(A(z)) — 2Xb(2) - = + ()
— c(av)e_M2
< e M7 (—ax?0)22 + 2 tr(A(x)) + 2X[b(z)|r + ¢(x)) .

Since our coefficients are bounded, we can choose A sufficiently large such
that Lw(xz) <0 for |z| > 5.

Since by assumption v(z) < v(zg) for € B,(0), we can find some
e > 0 such that v(z) + ew(z) < v(wg) for x € 9B, /5(0). Moreover, since
w vanishes on the boundary, we also have v(z) + sw(x) = v(z) < v(xg) for
x € 0B,(0). So we can apply Corollary to v(x) +ew(x) —v(zo) showing
v(z)+ew(x) —v(ze) < 0 within the annulus B,.(0)\ B, 2(0) (Figure. But
then the function v(z) 4+ cw(x) — v(xp) attains its maximum at zp implying
that the normal derivative is nonnegative:

ov ow
i e > 0.
9 (zo) + €5 (z0) >0
But this establishes the claim
ov ow € ar
5@0) > —E%(aco) = —;(Vw)(xo) -z = 2edre . O

Example 5.8. As an application of the Hopf—Oleinik lemma, note that the
Poisson kernel K (z,y) (provided it exists) must be positive at every point
yo € OU which satisfies an interior ball condition. Indeed, by making the
ball smaller we can assume that the ball touches the boundary only at g
and that the ball does not contain x € U. Then we can apply the Hopf-
Oleinik lemma to u(y) := —G(x,y) on this ball to conclude that K (z,yg) =
—%—f(w, yo) > 0. o
Example 5.9. Here is an example which shows that the Hopf-Oleinik lemma
does not hold if the interior ball condition is dropped. Consider the harmonic
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function (z = = + iy)

u(z,y) = Re(

%g(z)» U:={(z,y) e R0 <z < 1, u(z,y) > 0}.

Note that the boundary of U is given in polar coordinates z = re'? by
T:eﬂptan(@)’ _r <p< E7
2 -7 72
and hence r starts at r(—75) = 0, increases until it attains its maximum
at r(0) = 1, and then decreases until it returns again to r(5) = 0. Thus
U is a nice symmetric (with respect to the x axis) blob whose boundary is
smooth except possible at the origin. With a little effort one can show that
the normalized tangent vector of this curve has matching limits and hence
the boundary is even C''. Moreover, u explicitly reads

_wlog(r) +yo

7 +log(r)?
and the derivatives are given by
¢*(1 + log(r)) +log(r)*(log(r) — 1)

(% + log(r)?)? ’
p(p? — 2log(r) +log(r)?)
(¢ + log(r)?)?

In particular, u € C1(U \ {(1,0)}) with

u(z,y) = r=+/z2+y2, =arcsin (%),

ug(z,y) = —

uy(fUay) =

ou

%(07 0) = _um(ov 0) =0
and hence U cannot satisfy the interior ball condition at 0 (indeed one can
verify that the curvature of QU is unbounded). o

Theorem 5.37 (Strong maximum principle). Let U be a bounded and
connected domain and suppose L is uniformly elliptic with ¢ = 0. Then if
v € C?(U) satisfies Lv < 0 and v attains a mazimum at an interior point,
it must be constant.

If ¢ > 0 the same conclusion holds if v attains a nonnegative mazximum
at an interior point.

Proof. Set M := supyv and set K := {z € Ulv(x) = M}, V := {z €
Ulv(x) < M}. By assumption there is some &y € K. Suppose we can find
some gg € V. Since U is path connected, there is some path from gg to Zg.
Moreover, we can choose some point yg € V on this path and a corresponding
r > 0 such that B.(yo) C U and B,(yo) contains points from K. Since K
is compact, there is some z¢g € K with dist(yo, K) = |yo — xo| =: 10 < 1
(in particular, z¢9 € U). Consequently By,(yo) C V and xo € 9B,,(y0). By
moving yo closer to 2o and reducing rp we can even assume By, (yo) \ {zo} C
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V. Now the fact that v attains a strict maximum at zy implies %(xo) =0

while the Hopf lemma implies %(wo) > 0. This contradiction shows that V'
is empty. U

Problem* 5.36. Prove Theorem [5.535 (Hint: Assume that U is within a
strip 0 < z1 < r and construct a supersolution using e *1.)

Problem 5.37. Derive a Dirichlet principle for the elliptic operator L in
divergence form with A € C* and b= 0.



Chapter 6

The heat equation

6.1. The Fourier transform

We have seen that the Fourier transform is a useful tool for solving partial
differential equation in one spatial dimension. In this section we want to
extend these results to the case of R"™.

For an integrable function f : R® — C we define its Fourier transform
via

FW) =10 = s [ e @ (6.1)

Here k- x = kix1 + - - - + kpx,, is the usual scalar product in R"™ and we will

use |z| = \/z? + - -+ + 22 for the Euclidean norm.

By Lemma it follows that f is a bounded continuous function and
we have the explicit bound

Fo) < @n) [ ). (62)

The following simple properties are left as an exercise.

Lemma 6.1. Let f be integrable. Then

(Fe+a) (k) = k), ack" (63
(FOE) (k) = [ det (W] TR, M e GLEY,  (64)
(@ F @) (B = Fk—a). o R (65)
(FO) ) = 75, A>0 (6.6
(F)) (k) = F(h). (6.7
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Also the connection with differentiation can be established by literally
following the proof of the one-dimensional case from Lemma [£.1]

Lemma 6.2. Suppose f € C*(R"™) such that limy o0 f(z) = 0 and f,0;f
integrable for some 1 < j <n. Then

(0;1)\k) = ik; f (k). (6.8)

Similarly, if f(x),z;f(x) are integrable for some 1 < j < n, then f(k) is
differentiable with respect to k; and

(a; f ()" (k) = 10, f (k). (6.9)

Again this result immediately extends to higher derivatives and, roughly
speaking shows, that the decay of a function is related to the smoothness
of its Fourier transform and the smoothness of a function is related to the
decay of its Fourier transform.

Next recall the multi-index notation (Section [A.1)) and the Schwartz
spacd]|

S(R™) :={f € C(R")| sgp |z*(0pf)(x)| < 00, Vo, B € Ni}. (6.10)

Note that if f € S(R™), then the same is true for 2% f(x) and (94 f)(x) for
every multi-index «. Also, by Leibniz’ rul(ﬂ the product of two Schwartz
functions is again a Schwartz function.

Example 6.1. The prototypical Schwartz function is the Gaussian f(z) :=
e~l** for ¢ > 0. Clearly f is smooth and its derivatives have the form of
a polynomial times f. Since the exponential function grows faster than any
polynomial we conclude that f is Schwartz. o

Lemma 6.3. The Fourier transform satisfies F : S(R™) — S(R™). Further-
more, for every multi-indexr oo € Njj and every f € S(R™) we have

(0 )" (k) = (R)*f(R), (@ (@) (k) =i 0af (k). (6.11)

Proof. The formulas are immediate from the previous lemma. To see that
]? e S(R™) if f € S(R™), we begin with the observation that f is bounded
by (6.2). But then ko‘(agf)(k) = i~ lel=181(9,28 f (2))" (k) is bounded since
Oax® f(x) € S(R™) if f € S(R™). O

The Fourier transform of a Gaussian follows immediately from the one
-dimensional case.

T aurent Schwartz (1915-2002), French mathematician
2Gottfried Wilhelm Leibniz (1646-1716), German logician, mathematician, and natural
philosopher
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Lemma 6.4. We have e~ 117"/2 ¢ S(R™) for t > 0 and

Fetel/2) () = tn%e—wcﬁ/(ztx (6.12)

Proof. Due to the product structure of the exponential, one can use Fubini
and treat each coordinate separately, reducing the problem to Lemma [4.2]
O

Now we can show

Theorem 6.5. Suppose f is continuous such that f, ]? are integrable. Then
(H)Y =1, (6.13)
where )
f(k) = ——— [ e*7f(x)d"x = f(~k). 6.14
F6) = s [ @@ = Flh) (614)
In particular, F : S(R™) — S(R™) is a bijection.
Proof. Abbreviate ¢.(z) := (27) ™2 exp(—¢|x|?/2). Then
ik-x 7 n 1 ik-x —ik-y m,
o0 FRah = o [ [ g e
Rn (27T)n/ n JRn

and, invoking Fubini and Lemma [6.1] we further see that this is equal to

= [ @ wtedy = [ Smey-aimd

~

Letting ¢ — 0 the integral we have started with converges to (f)Y(x) while
the last one converges to f(z) by Lemma O

Another fundamental property is the fact that the Fourier transform
preserves square integrability.

Lemma 6.6 (Plancherel identity). Suppose f, f are both integrable. Then
f, [ are square integrable and
n n mn 1 m n n
[t@Pae= [ (fwparr < o [ r@las [ fee
n Rn (271') Rn Rn
(6.15)

holds.

Proof. This follows from Fubini’s theorem since

n n 1 * 7 ik-x . n
/Rn [F(k)d k:(%W/n | @ Rt rdkd"

— [
R"
for f, f integrable. ([
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Another key property is the convolution formula.

Lemma 6.7. The convolution
(fxg)(z) = . fW)g(z —y)d"y = - flx—y)g(y)d"y (6.16)

of two integrable functions f,g is again integrable and we have Young’s
inequalityf]

L Go@aes [ 1@l [ g@iea. ©17)
Moreover, its Fourier transform is given by
(f x9)" = 2m)"*f3. (6.18)

Proof. The fact that f * g is in integrable together with Young’s inequality
follows by applying Fubini’s theorem to h(z,y) = f(z —y)g(y). For the last
claim we compute

(f +9)" (k) = W / e ke < ” f)g(x - y)d”y> d"z

_ /n e—ik:-yf(y) ((27:)”/2 /Rn e—ik~(x—y)g(x _ y)d"m) dny
- /n e Y (y)g(k)d"y = (2m)" F(k)G(k),

where we have again used Fubini’s theorem. O

Example 6.2. The image of the integrable functions under the Fourier
transform is known as the Wiener algebra

AR") := {ﬂf integrable}.

By construction, this is just the range of the Fourier transform and hence
a subset of C,(R™). Moreover, Lemma shows that the product of two
functions f,g € A(R") is again in the Wiener algebra. o

As a consequence we can also deal with the case of convolution on S(R™).

Corollary 6.8. The convolution of two S(R™) functions as well as their
product is in S(R™) and

(f+g)" = @m)"2f5,  (fg)" =(@2r) % fxg (6.19)

i this case.

3William Henry Young (1863-1942), English mathematician


http://en.wikipedia.org/wiki/William Henry Young
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Proof. Clearly the product of two functions in S(R™) is again in S(R™)
(show this!). Since functions in S(R™) are integrable, the previous lemma
implies (f*g)" = (2m)™/ 2fGe s (R™). Moreover, since the Fourier transform
is injective on S(R™) we conclude f * g = (2#)”/2(]?@)\/ € S(R™). Replacing
f.g by f,§ in the last formula finally shows f * § = (2m)"2(fg)V and the
claim follows by a simple change of variables using f (k) = f (—k). O

Finally let us comment on how to use the Fourier transform to solve
linear partial differential equations with constant coefficients. By virtue
of Lemma the Fourier transform will map such equations to algebraic
equations, thereby providing a mean of solving them. To illustrate this
procedure we look at the Poisson equation

—Au=f. (6.20)

For simplicity, let us investigating this problem in the space of Schwartz func-
tions S(R™). Assuming there is a solution we can take the Fourier transform
on both sides to obtain

k%ak) = f(k) = alk) = k[ 72f(k). (6.21)

Since the right-hand side is integrable for n > 3 we obtain that our solution
is necessarily given by

u(@) = (K72 F (k)" (). (6.22)

Moreover, since |k|?u(k) = ]?(k) € S(R") Lemma implies that u €
C?(R™) as well as that it is indeed a solution (in fact, we even get u €
C*°(R™)). Hence we clearly expect that u should be given by a convolution
(in fact, we of course already know this from Corollary . However, since
|k|~2 is not integrable, Lemma does not apply. It is still possible to
compute the inverse Fourier transform of |k|~2 upon using a suitable regu-
larization procedure (cf. [34] Section 8.3]) and this will of course again give
the fundamental solution ® of the Laplace equation which we have already

found in Section

The situation improves slightly if one looks at the Helmholtz equation
—Au+u=f. (6.23)
As before we obtain
u(z) = ((1+ k)7 F (k)" (2) (6.24)

and at least there now is no singularity at the origin. However, (1 + |k|?)~!
is still not integrable and we cannot apply Lemma directly. The trick is
to use the elementary integral

—(1+1k)e
~ _n e
B.(k) := (2m)™"/?

—n > T 2
TV@P = (277') /2/ € (1+|k| )dT (625)
£
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Clearly the left-hand side is integrable for € > 0 and reduces to the desired
function in the limit ¢ — 0. Hence Lemma [6.7] implies

ue(x) = 2m)"4(Bf)" (x) = (B: = f)(=), (6.26)
where
rAFED g @
1 e~ ik-x_—rlk]? m
(27r)”/ /ne e d"kdr
1 > —n/2 —r—1 47
(47T)”/2/a r dr (6.27)

Here we have used Fubini and Lemma [6.4, To perform the limit £ — 0 we
observe

1 g = I'n/2-1) 5,
|B€(x)’§W/o 2 dr:(zlfrfb/?):UQ . (6.28)

Hence for n > 2 and f , [ integrable we get that the solution is given by the
Bessel potential

u(z) = (B * f)(x), (6.29)
where
B(z) = — / " pni2gmr=lE (6.30)
(4m)"/2 o
Using |25, (10.32.10)] B can be expressed as
B( B ‘1"17"/2
) = G Ko e (6:31)

where K, (r) is the modified Bessel function of the second kind. While the
fundamental solution of the Helmholtz equation B has the same singularity
as the fundamental solution of the Laplace equation ®, it has much nicer
decay properties in accordance with the fact that its Fourier transform is
smooth (cf. [25] (10.30.2), (10.40.2)|, respectively).

Problem 6.1. Compute the Fourier transform of

in R™. (Hint: There is no need to compute integrals.)

Problem 6.2. Find a function f such that [, f(y)f(z —y)dy = e,

Problem 6.3. Let F : R — C be an even function and set f,(x) = F(|z|)
for x € R™. Establish the following formulas for the Fourier transform of


http://dlmf.nist.gov/10.32.E10
http://dlmf.nist.gov/10.30.E2
http://dlmf.nist.gov/10.40.E2
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radial functions:

[fo cos(kr)F(r)dr, n=1,

ful(k) = fo Jo(|k|r)F <>rdr n=2,

oo sin |k|7’ 2 o
i F(r)rsdr, n=3.

Note that fg(k) = Tanl( )‘ - provided f1, f3 are integrable. This is only

the tip of the iceberg and the case of arbitrary dimensions is given in [34].
(Hint: Spherical coordinates and Problem forn = 2. Use the fact that
you can rotate the coordinate system appropriately.)

Problem* 6.4. Compute the Fourier transform of
7 X[0,t] (|])
== t>0
(pt(.’II) \/; |CC’ ) = U,

Problem 6.5. Show that the Fourier transform of a function with compact
support is real analytic. (Hint: Find an appropriate bound on the deriva-
tives. )

in R3.

Problem 6.6. Solve the Schrodinger equation
—iup = Au, u(0,z) = up(z) € S(R"),

using the Fourier transform.:

_ 1 ik-x—ilk[?t~ m
Conclude that
/ lu(t, z)|?d"x = / lug(z)|?d"x.
R”l n

6.2. The fundamental solution

In this section we want to solve the heat equation
up = Au, u(0,2) = g(z), (6.32)

on R™. We assume that g € S(R™) and that there is a solution which is in
S(R™) for all ¢ > 0. Then, taking the Fourier transform we obtain

Ut k) = —[kPa(t, k), (0, k) = g(k). (6.33)
Solving this differential equation shows
at, k) = g(k)e ' (6.34)

and taking the inverse Fourier transform (using Lemma gives

u(t, z) = (G(k)e™H)Y (2) = (@ * g)() (6.35)



150 6. The heat equation

where (by Lemma [6.4)
1 _lal?
Oy(z) = P(t,x) :=

(e~ %)Y (2) = We i,

t>0, (6.36

is the fundamental solution of the heat equation. Hence we obtain the
analogue of Theorem [£.4] with literally the same proof.

Theorem 6.9. Suppose g is bounded. Then
O(t,x — dar t>0
u(t, J,‘) = f]R{n ( 7'7; y)g(y) yv > ]
9(z), t=0,

defines a solution of the heat equation which satisfies u € C°°((0,00) x R™)N
C([0,00) x R™). Moreover,

(6.37)

inf g <wu(t,z) <supg. (6.38)

Note that since ®; > 0 the inequality in (6.38) is strict for ¢ > 0 unless
g is constant implying infinite propagation speed.

Corollary 6.10. If g is integrable the solution (6.37|) has the following prop-
erties:

(i) (Mass conservation)

/nU(t, y)d'y = /ng(y)d"y- (6.39)
(i)
1 mn
) € s [ oy (6.40)

Of course the inhomogeneous heat equation

can be solved in the same way and we obtain the Duhamel principle
t ~
at, k) = g(k)e F* 4 / e~ =K £(5. k) ds. (6.42)
0
Assuming
91+ 17 (s, )| < M(R), M (k)d"k < oo, (6.43)
Rn

we can take the inverse Fourier transform and conclude that

u(t,z) = /n @(t,x—y)g(y)d"y—i—/o /n O(t—s,x—y)f(s,y)d"yds (6.44)



6.2. The fundamental solution 151

is in C'52((0, 00) x R*)NC([0, 00) x R™), solves the inhomogeneous heat equa-
tion and satisfies the initial condition «(0,z) = g(z). Note that existence of
the required derivatives follows from Lemma [6.2] since

t
/ e_(t_s)|k|2f(s, k)ds

0
Uniqueness will be investigated in the next section.

Since checking ([6.43]) might be nontrivial, we remark that as in the one-
dimensional case (Theorem [4.6) one can show:

Theorem 6.11. Suppose f € C([0,00) x R™) is bounded and uniformly
Holder continuous with respect to the second argument on compact sets with
respect to the first argument:

[ftx) =ty < Crle—y[?,  0<t<T. (6.46)

1— e kPt

e (699)

t
< M(k)/ e~ =9I gg — M (k)
0

Then
u(t, x) / / (t—s,z—y)f(s,y)d"yds, t >0, (6.47)

is in C12((0,00) x R?) N C([0,00) x R™) and solves the inhomogeneous heat
equation with initial condmon u(0,2) = 0.

Finally we remark that, if the inhomogeneous term f does not depend on
t, then one could subtract the corresponding solution of the Poisson problem
(i.e. the Newton potential of f) to reduce the problem to a homogenous one.

Problem 6.7. Suppose g € S(R™). Show that the solutions (6.37)) of the
heat equation preserve the first moment:

/ wult,a)d"s = / _zg)d'e

(Hint: How can you read off mass conservation from (6.34) ?)
Problem 6.8. Suppose g is integrable. Show that solutions of the heat equa-

tion satisfy
[ e < [ lg@iea
R” R”

with the inequality being strict unless g is of one sign.
Problem 6.9. Use the Hopf—Cole transformatiorﬁ
v = e tu/a
to find a solution of the nonlinear equation
ug — alAu + b|Vul? =0, u(0,z) = g(x),

on R™.

4Julian Cole (1925-1999), America mathematician


http://en.wikipedia.org/wiki/Julian Cole
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Problem 6.10. Use the transformation

u(t,x) == /x u(t,y)dy

—00

to find a solution of the vicious Burgers’ equation equation
Up — AUy + vty = 0, u(0,z) = g(x),

on R. (Hint: Problem|[6.9)

6.3. The heat equation on a bounded domain and the
maximum principle

Our next aim is to derive a representation formula analog to ([5.36) for the
inhomogeneous heat equation

up =Au+ f (6.48)

on a bounded domain U (which we assume sufficiently smooth such that we
can apply the Gauss—Green theorem). Recall the notation Up := (0,7] x U
and I'r = Ur \ Ur from Section Assume that we have a solution
u € C¥2(Ur) and let v € CY2(Ur), to be chosen later. Then integration by
parts with respect to ¢ and applying Green’s second identity with respect to
x we obtain

/Utvfd”yds—/Utv(us—Au)d”yds
:/U</Otuusds> d”y—/ot (/UUAud”y> ds
_ /U <v(t)u(t)—v(0)u(0)— /O tvsuds> &y
_/Ot (/[JUAUdny+/ <ng—ugz> dS) ds

:/ (w(B)u(t) — v(0)u(0 ))d”y—/U w(vs + Av)d™y ds

/ /8(] (Ug:j - > ds ds. (6.49)

Choosing v(s,y) := ®(t — s + ¢,z — y) and taking ¢ — 0 we obtain
/@t:c— Oyd"y—l-// (t—s,x—y)f(s,y)d"yds
U

! a (Say) 8(1)( -5 _y)
+/0/8U Ot —s,x 5 —u(s,y) ey >d5’(g(;éc§))
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for x € U. Now this already looks quite promising, except for the fact that
this formula involves both the values of u and the values of its normal deriva-
tive on the boundary. The way to fix this is of course by adding a correction
term to ® such that the result vanishes on the boundary. Explicitly, let ¢*
be the solution of the homogenous heat equation

o = A¢", ¢"(0,y) =0,yeU, ¢"(t,y)=2(t,z—y),yecdlt>0,
(6.51)
and define the heat kernel of U as

K(t,z,y) = ®(t,z —y) — ¢*(t,y), t>0,z,yeU. (6.52)

We will say that the heat kernel exists if the above problem has a solution
#* € CH2([0,00) x U) for all z € U. It is quite tedious to establish existence
of K, see for example [16] Section 4.3]. Of course if K exists, then our
representation formula simplifies to

u(t,x):/UK(t,a;,y)u(O,y)d”y—F/o /UK(t—s,a:,y)f(s,y)d"yds

_// Wu(s,y)dS(y)ds. (6.53)
o Jou v

Unfortunately, in contradistinction to the Laplace equation, it does not seem
possible to write down simple expressions even when U is the unit ball (except
in one dimension, where we have found an expression in terms of theta
functions (3.19)). If one can compute eigenvalues and eigenfunctions for the
Laplacian with Dirichlet boundary conditions (cf. e.g. Section one can
use , but this does not give a simple form either.

So while it looks like we are stuck here, there is still something we can do.
Indeed, observe that the mean value formula for harmonic functions can be
derived from the analog formula for the Laplace equation by choosing
a domain such that the fundamental solution is constant on the boundary.
Of course in the case of the Laplace equation these are just balls and this
leads naturally to the mean value formula — cf. Problem [5.22

Hence we will replace U; in the above calculation by a set where @ is
constant on the boundary. Correspondingly we define the heat ball as

Bt 7) = {(s,y) € R™ s < £, B(t — 5,2 — y) > Tin} U{(ta)}. (6.54)

Note that the slice of E,.(t,x) for fixed s is a ball centered at x given by

bl Spult =5 pult) = \[2ntlog(—).  (659)
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(t, )

2
(t Lanigy nr2 )

" arme’ 27e

Figure 6.1. Heat ball

The radius vanishes at s = ¢, increases to a maximal value ry/5— at s =

t—i% and then decreases until it vanishes again at s = t— g (see Figure i .
By construction we have ®(t — s,z —y) = r~" for (s,y) € OE,(t,x).

Lemma 6.12. A solution v € CY2(Ur) of the inhomogeneous heat equation

(6.48) can be represented as
wta) = [ (@ s —y) =) (s, ) "y ds
E,(t,x)

1 ! pn(t —s)
2r" Jor2pam t—S

/ u(s,y)dS(y)ds  (6.56)
‘y_$|:l)n(t_5)
for any closed heat ball E,(t,z) C Up.

Proof. We repeat the above calculation with Uy replaced by E,(t,z) and
v(s,y) = ®(t — s, —y) —r~ ™. The only difference is that, since E, does
not have a simple product structure like Uy, we have to use (A.44) for the

integration by parts with respect to the time variable. We obtain

lim ((I)(t_ s+ex— y) —T_n)’U,(:%S)V()(S,y)dS(S,y) -
=0 JoE, (t,2)

/ (Bt — s,z —y) — ™) (s, y)d"y ds
Er(t,z)

t _ _
- / OPE= 52 = 9) (5 y)as(y)ds.
t—r2/dr Jly—al=pn(t—s) v

Here 1 is the first component of the outward pointing unit normal vector
of OE, and % is the normal derivative with respect to the sphere |y — z| =

pn(t — s). In particular, aq)(t_asy’m_y) = —f;ys')@(t — s,z —y) and the right-

hand side equals the right-hand side of (6.56)).

To evaluate the limit observe that lim._,o(®(t —s+¢c,x —y) —r"") =0
uniformly on 9F,(t,z) away from a neighborhood of (¢,z). Hence we can
replace v and vy by its value at (t,x) and the left-hand side is given by
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L, (t)u(t, x), where

L,(t) := lim (P(t—s+e,y) —r ")dS(s,y).
=0 JaE, (t,0)
This shows that our representation holds with the left-hand side replaced by
L, (t)u(t,x). Evaluating the right-hand side for u = 1 (Problem [6.11]) finally
shows L, = 1 and establishes the claim. O

Theorem 6.13 (Fulkeﬂ). A function u € CY2(Ur) satisfies the mean value
property
1 [t o (t —
u(t,z) = / p(s)/ u(s,y)dS(y)ds (6.57)
2" Jer2pam t =8 Jly—al=pu(t-s)
for every closed heat ball contained in Ur if and only if it solves the heat
equation.

Proof. The mean value property follows from the previous lemma. Con-
versely, if u satisfies the mean value property (6.56) shows

/ ot —s,x—y)f(s,y)d"yds =0
Ey(t,x)

for every E,(t,xz) C Up. Hence f = uy — Au = 0 and u solves the heat
equation. O

In particular, the heat ball determines a domain of influence for the heat
equation: The fact that it only includes points from the past, shows that the
equation is deterministic, while the fact that it has a horizontal tangent at
its top is connected with infinite propagation speed. If it were contained in
a cone (with fixed opening angle), we would have finite propagation speed.

Like for harmonic functions, this can also be turned into a volume version
where we take the integral over E,(t,z) by averaging with respect to 7:

Corollary 6.14. Let u € CY2(Ur) be a solution of the heat equation and
E,(t,x) C Ur. Then

_ 1 |IL' B y|2 m
u(t,z) = o /ET(t,x) T S)2u(s,y)d yds. (6.58)

Proof. It will be more convenient to work with n := r™ and parametrize
OFE,(t,z) using

z —y* _

._ n
IO a(t —s,n), a(r,n) == log(( ).

47 )n/2

SWatson Fulks (1919-2001), American mathematician
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Then, integrating the mean value formula with respect to 7, we obtain

u(t,z) = 1 /no u(t, x)dn

Mo Jo

1 [m - d
A 12206, ) s ™

o Jo t—n2/n /4m ‘Z(t_—yi) =a(t—s,n) Q(t - 8) n

1 t

" |z =yl dn
= u(s,y)dS(y)—ds.
7o t—ng/n/47r /(47r(t—s))"/2 \/lf(tyj =a(t—s,n) 2(t - S) ( ) ( n

Next, for (47(t —s))™? < 1 < 1y we can make a change of variables (observe
9 — da) to obtain

n
t a(t—s,mo) _
u(t,x) = 1 / / % 2 uu(s,y)dS(y)alozds
t 0 =

1o 77]g/n/47r T(t_,ys) =a 2(t o S)

I / |z —yl?
= — ——2=u(s,y)d"yds.
o tfr]g/n/éhr Z;}S <a(t—s,mo) 4(t - 8)2

Here we have used radial integration in the last step. U

Let me remark, that if one already knows the mean value formula, it can
be verified by showing that the derivative with respect to r vanishes, similarly
to what we did for the Laplace equation in Lemma [5.1] However, in case of
the heat equation this turns out much more tedious (cf. [10, Sect. 2.3.2|).

Of course the mean value formula implies the strong maximum prin-
ciple.

Theorem 6.15 (Strong maximum principle). Let U C R™ be connected.
If a subsolution of the heat equation u € CY2(Ur) attains its mazimum at
(to, o) € Up, then u is constant on Uy,.

Proof. Suppose u(to, ro) = M := sup; z)cp, u(t, =) for some (to, o) € Ur.
Let E,(tg,z0) C Upr and observe that the submean property implies that
in fact u(t,z) = M on E,(tg,xo) (if it were strictly smaller at some point,
it would be smaller on a neighborhood by continuity and thus the whole
integral would be smaller). Now since U is connected, so is Uy, and hence,
for any given (s,y) € Uy,, we can find a path connecting (¢g,zo) and (s,y).
Consider the heat balls with top point on this path. By compactness finitely
many cover the path and applying the previous argument recursively shows
that u(t,z) = M on this entire path. O

Example 6.3. Note that it is important that the maximum is attained at
an interior point. Indeed, the function

u(t,z) = 2> + 2t
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solves the one-dimensional heat equation on (0,7] x [0,1] and attains its
maximum value at (7,1). o

Corollary 6.16 (Maximum principle). Let U C R" be bounded. If u €
C(Ur) N CY2(Ur) is a subsolution of the heat equation, then
max v < max u. (6.59)
Ur Ir
As always there are corresponding minimum principles for supersolu-

tions. Moreover, out of this we get the usual a priori estimates together with
uniqueness on bounded domains (cf. Problem (3.11)).

Theorem 6.17. Let U C R" be a bounded domain and g € C(U) and
f € C(Ur). Then the problem

0,z) = eU
w=Au+f, QUG =9@),  wel, (6.60)
u(t,y) = alt,y), (t,y) €[0,T] x oU.
has at most one solution u € C(Ur) N CY2(Ur). Moreover, u satisfies
u| <max|g|+ max |a|+ T max . 6.61
ol < ma gl + sl +7 |7 an

To extend the maximum principle to solutions on R requires an addi-
tional growth estimate.
Theorem 6.18 (Maximum principle on R?). Ifu € C([0, T]xR™")NC2((0, T x
R™) is a subsolution of the heat equation which satisfies the growth estimate

u(t,z) < Ae*’ e RM0<t<T, (6.62)
for some constants A,a > 0, then
sup u(t,z) < sup u(0,z). (6.63)
(t,2)€[0,T]xR" z€Rn

Proof. Set M := sup,cp~ u(0,z) and note that we can assume that M is

finite since otherwise there is nothing to do. Furthermore, note that we can

assume T < ﬁ without loss of generality. If this is not the case, split [0, 7]

into a finite number of intervals satisfying this condition and apply the result
1

successively. Choose some ¢ > 0 such that b := Ty > @ and note that

g P _
v(t,z) = u(t,z) — mel [?/4(T+6—1)

is a subsolution of the heat equation on (0,7] x R™. Moreover, there is some
sufficiently large R such that

v(t,z) < Aedl#l” — 55(41))"/261’|x|2 < M, 0<t<T,

for |x| > R. Since we also have v(0, x) < u(0,z) < M the maximum principle
shows that we have v(t,z) < M on [0,7] x Br(0). Combined with our above
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estimate this shows that we have v(t,z) < M on all of [0,7] x R™. Finally,
taking € — 0 establishes the claim. ([

We remark that the above result is a variation of the classical Phragmén—
Lindel6f principle from complex analysis. It immediately gives the following
uniqueness result.

Corollary 6.19. Let g € C(R"™) and f € C([0,T] x R™). Then the problem

ur = Au+ f, u(0,z) = g(z), (6.64)
has at most one solution u € C([0,T] x R™) N CY2((0,T] x R™) satisfying
lu(t, )] < A’ 2 eRM0<t<T. (6.65)
Moreover, u satisfies
lul| <suplgl+T sup |f]. (6.66)
Rn [0,T]xR"

Example 6.4. Examples of nontrivial solutions of the heat equation on R"
which vanish for £ = 0 were first given by Tikhonovﬁ7 who also established
uniqueness under the above growth condition. Here is a simple example in

one dimension: Let ,
eV >0,
p(t) =

0, t<0,
which is in C*°(R). Then one can show (see Problems and that

> 2m
(b e S iy
()= 3 0 g

converges for all x € R and solves the heat equation. Clearly u(0,z) =0. o<
We conclude with the observation that solutions are smooth.

Theorem 6.20. Suppose u € CY2(Ur) solves the heat equation. Then u €

C>(Ur).

Proof. We fix (tg,79) € Ur and choose C, := (tqg — r,tg] x B,(xg) C Ur.
Next choose a smooth cut-off function ( € C*°(Ur) such that 0 < ¢ < 1,
¢ =1 on C3,/4 and ¢ = 0 near the parabolic boundary of C;. We set ¢ =0
on ([0,t0] x R™)\ C,) such that v := (u € C52([0,¢9] x R"™). Then we have

vy — Av = CGu — 2(VC) - (Vu) — uAC =: f € CHY([0,t0] x R™).
Hence by Corollary and Theorem [6.11

u(t, ) :/Ot/nCI)(t—s,m—y)f(s,y)d"yds.

6Andrey Nikolayevich Tikhonov| (1906-1993), Russian mathematician and geophysicist


http://en.wikipedia.org/wiki/Andrey Nikolayevich Tikhonov
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Moreover, for (¢,z) € C, /o the left-hand side equals u and the integral on the
right-hand side is over a compact region which avoids the singularity of ®.
In particular, (¢,z) = ®(t — s,z — y) is in C*°(C, o) for (s,y) € supp(f) C
Cy \ Cs, 4 establishing the claim. O

Problem* 6.11. Show

t —
1/ 'O”(ts)/ dS(y)ds = 1.
2rn t—r2/An t—s ly—z|=pn (t—s)

(Hint: Problem[A.6)

Problem 6.12. Show that the volume of the heat ball is given by |E,(t,x)| =

ﬁ(ﬁrz)n/yﬂr"”. (Hint: Problem |A.6l)

Problem 6.13. Let U be a bounded domain and g € C(U), a € C(OU) with
glov = a. Suppose u € CY2?(Us) N C(Us) is a solution of the heat equation

w = Au {U(Oa»”?) =g(z), zeU,
’ u(t,y) =aly), (t,y) € [0,00) x OU.

Show that there are constants C and € > 0 such that
fult,) — v(x)] < suplg — v|Ce",
U

where v € C2(U) N C(U) is the solution of the Dirichlet problem
Av =0, vy = a.

(Hint: Use we(t,x) := cos(sxl)e*‘fzt and apply the mazimum principle.)

6.4. Energy methods

Like in the one-dimensional case one can consider the energy

1

B() = ; /U u(t, 2)2d" (6.67)

of a solution u € CY2(Ur) of the heat equation satisfying Dirichlet (or
Neumann) boundary conditions on 9U, that is, u(t,z) = 0 (or %(t,x) =0)
for x € OU. Then one computes using Green’s first identity

iE(t) :/ uup dx = / uAud'xr = —/ |Vu|?d"z < 0. (6.68)
dt U U U

Hence the energy is nonincreasing and we get uniqueness as well as stability
of solutions. Moreover, in the case of Dirichlet boundary conditions one can
use the Poincaré inequality (cf. Theorem [9.34))

/ f(@)2dhe < C? / IV f(2)2d"a (6.69)
U U
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to conclude exponential decay of the energy
E(t) < e ¥ E(0), (6.70)

which is again Newton’s law of cooling. Note that if we prescribe a time
independent temperature on the boundary OU, then we can subtract the
corresponding solution of the Dirichlet problem for the Laplace equation
to conclude that the solution will converge to this solution of the Dirichlet
problem as ¢ — oo. In this context note that, by virtue of the mean value
formula, decay of the energy implies pointwise decay (Problem .

In the case of Neumann boundary conditions this cannot work since there
are constant solutions. However, there is a variant of the Poincaré inequality

(cf. Theorem [9.34) which reads
/U(f(x) _ e < C2/U]Vf(a:)]2d”m, (6.71)

where f := ﬁ fU fd"x is the average of f over U. To apply this note that
in case of Neumann boundary conditions Green’s first identity shows

d 1 1
—u(t) = / ue(t, x)d"x = / Au(t,x)d"xz =0 (6.72)
dt Ul Jo Ul Ju
that the average is constant. Hence we get
1 2,1
/ (u(t,z) — @)2d"x <e© 2t/ (u(0,z) — Q)anx (6.73)
2 Ju 2 Ju

and u tends to u as t — oo.
Another neat application is
Theorem 6.21 (Backwards uniqueness). Suppose uy,us € C%(Ur) solve the

heat equation with equal boundary values ui(t,z) = ua(t,x) for (t,z) € I'p.
Then uy = ug within Ur if u1 (T, ) = us(T, ) for x € U.

Proof. Let
E(t) :== / w(t,z)?d"x
2 Ju

be the energy of the difference w := uy — uy. Clearly E(0) =0, E(T) =0
and if we had E(t) = 0 for all ¢ € [0,7] we were done. Now suppose
E(t) > 0 on some interval (tp,t1) and choose this interval maximal, that is,
E(ty) = E(t;) = 0.

We first compute
E(t) = / w(Aw)d"z = —/ |Vw|*d"x,
U U
E(t) = —2/ (Vw) - (Vwy)d"z = 2/ (Aw)wd"x = 2/ (Aw)?d"z.
U U

U
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Now by the Cauchy-Schwarz inequality we have

2
Et)? = (/ w(Aw)d”a:) < E(t)E(t).
U
and hence the logarithmic energy L(t) := log(E(t)) is convex in (g, t1) since
() = E(t) Bt
~E() B@)*
Consequently L((1—7)s+7t) < (1—7)L(s)+7L(t) and hence E((1—7)s+
) < E(s)V"TE(t)" for all tg < s <t < t; and 0 < 7 < 1. Letting s | tg

and t 1 t1 shows E((1 — 7)tg + 7t1) < E(tg)'"TE(t1)" = 0 contradicting our
assumption. O

Problem 6.14. Show that decay of the energy implies pointwise decay.

(Hint: (§55).)

6.5. General parabolic equations

Based on the general elliptic operator L defined in (5.72)) we define the
corresponding parabolic equation as

uy = —Lu. (6.74)

Of course the coefficients of L are now allowed to also depend on ¢, that is,
Aj,bj, c € Cy(Ur), where Up := (0,T] x U and I'r := Up \ Uy with U C R"
a bounded domain as always.

Again we do not intend to give a detailed treatment of parabolic equa-
tions but only to demonstrate how some of the ideas from the heat equation
can be extended to this more general case. We first note that the proof of
the maximum principle from Theorem still applies.

Theorem 6.22 (Maximum principle). Let U C R™ be a bounded domain,
v e C(Ur) N CY2(Ur) and suppose ¢ > 0. If v + Lv < 0 then

maxv < maxov™. (6.75)
UT 1—‘T
If v+ Lv > 0 then
minv > —maxv . (6.76)
Ur I'r

Here vt = max(4v,0) is the positive, negative part of v, respectively.

Proof. Following the argument from Theorem using the extension to
R™ from the proof of Theorem [5.33] shows that there can be no interior
maximum at which u is nonnegative. Hence the first claim follows. For the
second claim replace v by —uv. ([
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If u; + Lu = 0 we can combine both estimates to obtain
—maxu~ < u(t,z) < maxu’, (6.77)
FT 1—‘T

which shows for example 0 < u < 1 if this inequality holds for the initial and
boundary data.

Corollary 6.23. Let U C R" be a bounded domain, g € C(U), f € C(Ur)
and suppose ¢ > 0. Then the problem

0,z) = ) e,
w=—Lu+f, UOD)=9@) @ (6.78)
u(t,y) = a(t), (t,y) €[0,T] x U.
has at most one solution u € C(Ur) N CY2(Ur). Moreover, u satisfies
u| <max|g|+ max |a|+ T max . 6.79
ol < maxll + o [of +7 ma. |f (©.79)

Moreover, we have the following comparison principle:

Corollary 6.24. Let u,v € C(Up)NCY2(Ur) with uy+Lu = 0 and v+ Lo <
0. Then v < u on the parabolic boundary I'r implies v < u on all of Up.

Proof. If ¢ > 0 the result follows immediately by applying the maximum
principle to w := v — u. In the general case we set ¢g := infﬁc and consider
w(t, z) = e®lw(t, x) which satisfies w; + (L — cg)w < 0 and reduces it to the
case ¢ > 0. |

The strong maximum principle is more involved and was first established
by N irenbergﬂ The key is the following lemma:

Lemma 6.25. Let u € CY?(Ur) and suppose ¢ = 0. If vy + Lv < 0 and
v attains a mazimum at an interior point (to,xo) € Ur, then v is constant
along every line emanating from (to, zo) for as long as this line stays within
Uty -

If ¢ > 0 the same conclusion holds if v attains a nonnegative mazximum
at an interior point.

Proof. Without loss of generality, we can assume xg = 0. We will first look
at the vertical line ¢ — (¢,0). Denote the maximum by M := v(¢p,0) and
assume we had v(t1,0) < M for some 0 < t; < to.

In this case we can choose a > 0 and r € (0,1) sufficiently small such
that v(t1,2) < M —a for x € B,(0) C U. Then, if cM > 0, we can choose
A > 0 such that (Problem [6.15)

w(t,x) =M — ae_/\(t_tl)(r2 - |:1:|2)2

TLouis Nirenberg (1925-2020), Canadian-American mathematician


http://en.wikipedia.org/wiki/Louis Nirenberg
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is a supersolution on [t1,ty] x B,(0). Moreover, we have w > M — a on the
parabolic boundary of (¢1,ty] X B,(0) and hence w > v on (t1, tg] x B-(0) by
the maximum principle, a contradiction.

The case of a general line t — (¢, 3(t — t9)) can be reduced to the case
B = 0 by virtue of the change of coordinates y = x — 3(t — tg). Then the
transformed operator satisfies the same assumptions (indeed, we just have
b — b— ) and the transformed function will be defined on (to,t1] x B,(0)
for t9 larger than the first intersection of our line with U, and r sufficiently
small. (I

The strong maximum principle now follows effortless.

Theorem 6.26 (Strong maximum principle). Let U C R™ be connected and
c=0. If a subsolution v € CY2(Ur) attains its mazimum at (to, o) € Ur,
then v is constant on Uy,. If ¢ > 0 the same conclusion holds if v attains a
nonnegative marimum at an interior point.

Proof. Just follow the proof of Theorem [6.15and use that a path connecting
two points can be assumed piecewise linear without loss of generality since
U is open (cover a path by balls, by compactness finitely many suffice, now
connect the centers to get a piecewise linear path). U

Also the energy methods apply if one assumes the divergence form L
with b = 0 and ¢ > 0. Then defining

E(t) := ;/Uu(t,a:)Qd”x (6.80)

of a solution u € CY2?(Ur) of the heat equation satisfying Dirichlet (or
Neumann) boundary conditions on OU, that is, u(t,z) = 0 (or %(t,x) =0)

for z € OU. Then one computes using integration by parts
d ~
—E(t) = / ulud'x = —/ (Vu - (AVu) + cu2)d”x <0. (6.81)
Problem* 6.15. Show that the function w defined in the proof of Lemmal6.2
is a supersolution for X sufficiently large.

Problem 6.16. Suppose c(t,x) > —co with ¢cg € R. Show that if v €
C(Ur) N CY2(Ur) satisfies vy + Lv < 0, then

v(t,z) < e max wv(t,x)T, (x,t) € Up.
(t»z)EFT
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Problem 6.17. Show that solutions u € C(Ur) N CY2(Ur) of the Fisher—
Kolmogorov—Petrovsky—Piskunov equatio
up — Au = ru(l — u), r e R,

on a bounded domain U satisfy 0 < u < 1 provided this holds for the initial
condition. (Hint: Choose ¢ such that u satisfies a linear equation.)

€Ronald Fisher (1890-1962), British statistician and biologist
8Andrey Kolmogorov| (1903-1987), Soviet mathematician
8lvan Petrovsky (1901-1973), Soviet mathematician

&Nikolai Piskunov (1908-1977), Soviet mathematician


http://en.wikipedia.org/wiki/Ronald Fisher
http://en.wikipedia.org/wiki/Andrey Kolmogorov
http://en.wikipedia.org/wiki/Ivan Petrovsky
http://en.wikipedia.org/wiki/Nikolai Piskunov

Chapter 7

The wave equation

7.1. Solution via the Fourier transform

Finally we turn to the wave equation
Ou := uy — Au =0, u(0) =g, u(0)=h, (7.1)
where
82

O0:=— — A. .
= A (7.2)

is known as the d’Alembert operator.

After applying the Fourier transform this reads
Gu+ kP0=0,  @(0)=g, u(0)=nh, (7.3)

and the solution is given by

u(t, k) = cos(t|k|)g(k) +

h(k). (7.4)
14
Note that the solution for the case u(0) = g, u4(0) = 0 can be obtained
by differentiating the solution for w(0) = 0, u(0) = g with respect to ¢
(Stokes’ rule — Problem [7.6). Moreover, we can assume ¢ > 0 without
loss of generality since if u(t,z) is a solution, so will be v(t,x) := u(—t, =)
(corresponding to the initial conditions v(0) = g, v:(0) = —h).

To obtain the analog of d’Alembert’s formula in n = 3 dimensions we
can hence restrict our attention to the case g = 0. We will use the fact that

the Fourier transform of
7 X[o, ¢ (1))
== 7.5

165



166 7. The wave equation

is given by (Problem

~ 1 — cos(t|k
Pu(k) = kQ( IF) | (7.6)
K|
Clearly
0 . sin(t|k|)
—o(k) = . 7.7
and as in the one-dimensional case (cf. Lemma we can use
Lemma 7.1. Suppose f, g are integrable. Then
~ 1
—1 ~ n
= ——0 - d 7.8
(f9)(x) @) Jo flz—y)g(y)d™y (7.8)

to obtain (assuming h € S(R?) and using Lemma to compute the
derivative pointwise)

1 0 1
tx) = —— h(y)d?
W) =g [y 0y

It]
47r 8t/ /S —h(x + rw)r?do®(w)dr
h(x + tw)do?(w). (7.9)

47r
Thus we arrive at Kirchhoff’s formuleﬂ

ut,z) = 2L / (@ + tw)do? (@) + | hx + tw)do?(w)
8t 47'(' S2 47T S2

=— [ (9+tVg -w+th)(z+tw)do?(w)
47 S2
1

e /aB”(x) (9() + Vg) - (y — x) + th(y))dS(y).  (7.10)

In fact, it is straightforward to check that Kirchhoff’s formula provides the

solution under much weaker assumptions:

Theorem 7.2. Suppose h € C%(R3) and g € C3(R3). Then u(t,z) defined
via Kirchhoff’s formula (7.10)) is in C?(R*) and solves the Cauchy problem
(7.1) for the wave equation.

Proof. By Stokes’ rule (Problem [7.6)) it suffices to establish the case g = 0.
Interchanging differentiation and integration one computes (using Green’s

LGustav Kirchhoff (1824-1887), German physicist


http://en.wikipedia.org/wiki/Gustav Kirchhoff
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first identity)

1
/ h(z + tw) + t Vh(z + tw) - w)do?(w)
S2

1 [
e /52 h(z + tw)do?(w) + m/ Ah(:): + rw)do? (w)ridr,

t

U,tttl‘ /Ahiﬂ‘i‘t&)d()’()
ir Jgo

and

Ug, (t, ) = t/ e (z + tw)do? (w),
47 52 J

t

- / hr]-mk (.ZU + tw)da2(w),
S2

uzjzk (t7 x) = 47T

which shows that u € C?(R?) and

t T + tw)do? (W) = uy(t, z
/SQAh( F tw)do2(w) = un(t, z).

Au(t,z) = 1
™

Since u(0,z) = 0 and u(0,z) = h(x) we conclude that u also satisfies the
initial condition. ([

It is interesting to observe that we need to require g € C? in order to
get a solution which is C? (in contradistinction to the one-dimensional case,
where g € C? was sufficient). This is due to the fact that irregularities of the
initial conditions could be focused at one point during the time evolution.

Example 7.1. Let us look at the case of radial initial conditions g(z) :=
g(|z|), h(z) := 0. Then the solution at 0 is given by

u(t,0) = g(t) +3'(t).
For the special choice
. Vi—r, 0<r<1,
g(r) =
0, r>1,
(which is continuous but not C?3) we get
1
u(0,t) =vV1—t — ———, 0<t<1,
(0.%) 2¢/1 -1t

which shows that the irregularity of the initial condition along |z| = 1 gets
focused in the origin at ¢t = 1, leading to a blow-up of the solution. o

As always, the solution of the inhomogeneous problem follows from the
Duhamel principle:
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Corollary 7.3. Suppose f € C%2(R x R3) then

1 t
u(t,z) = - / (t=s) [ Fls,2+(t — s)w)do(w)ds (7.11)
4 0 S2
is in C%(R*) and solves the inhomogeneous wave equation

Proof. Let us write
t

u(t, x) :/ U(s,t,z)ds, U(s,t,z):=
0

where U € CY%2(R x R?) with Uy, = AU and U(s,s,z) = 0, Uy(s,s,2) =
f(s,z) by Theorem
Hence we obtain using Leibniz integral rule (Problem [A.12]):

(t—s)

47

f(s,z+ (t — s)w)do?(w),
SQ

t

u(t,x) =U(t,t,z) + /Ot Ui(s,t,x)ds —/ U(s,t,x)ds,

up (t,x) = Up(t, t,x) + /Uttstx) ft,x) /Uttstx

In particular, u(0,z) = us(0,2) = 0. Moreover, interchanging integration
and differentiation we obtain

t
u(t,x):/ AU(s,t,z)ds
0

which establishes the claim. O

Note that for t > 0 (7.11]) can be rewritten as

T /a o (s
/0 7"/{)B = rasir

fit—lz—yl,y) 3 e
471' Bi(x) |$ - y|

Y, (7.13)

where the last integrand is known as retarded potential (since it reassem-
bles the Newton potential, but the time ¢ is retarded by the factor |z — y|).

Finally, to obtain a formula in n = 2 dimensions we use Hadamard’s
method of descent: That is we use the fact, that a solution in two dimen-
sions is also a solution in three dimensions which happens to be independent
of the third coordinate direction. Indeed, if g and h are independent of the
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third coordinate, so will be u defined via Kirchhoff’s formula. Hence it re-
mains to simplify Kirchhoff’s formula in the case h does not depend on x3:
Using spherical coordinates we obtain
t 2
— h(z + tw)do*(w) =
47 S2
ot
o

p=sin(9) ¢ /1 /27T h(z1 + tpcos(p), zo + tpsin(p))
- 2 0 0 2

V-7

w/2 2w
/ h(z1 + tsin(f) cos(p), z2 + tsin(0) sin(yp)) sin(0)dedd
0 0

dy pdp

= i M(fy
N RIS
which gives Poisson’s formula
u(t,x):at/ g(z +ty) &2y t h(z + ty) 2
0t2m Jpi(0) /1 [yl? 21 JBi(0) /1 = [yl?
_ 1/ g(x +ty) +th(x+ty)-y+th(x+ty)d2y
21 /B, (0) V1-Tyl?
_ 1 9(y) +Vg(y) - (y — x) + th(z) iy,
2m|t] By (z) Y, t2 — |z —y|?

Theorem 7.4. Suppose h € C*(R?) and g € C3(R?). Then u(t,z) defined
via Poisson’s formula (7.14) is in C*(R3) and solves the Cauchy problem

(7.1) for the wave equation.
Corollary 7.5. Suppose f € C%?(R x R?) then

N Y Y B (X R e
(t, z) QW/O(t )/BI(O) N d2yd (7.15)

is in C?(R?) and solves the inhomogeneous wave equation (7.12).

(7.14)

Note that, if the inhomogeneous term f does not depend on ¢, then one
could subtract the corresponding solution of the Poisson problem to reduce
the problem to a homogenous one.

Uniqueness will be addressed in Section [7.3

Finally, observe that there is a striking difference between three and two
dimensions: While in three dimensions u(z,t) depends only on the values of
the initial data on 0By(x), in two dimensions it depends on the values of the
initial data on all of B;(x). Hence the values of the initial data at z affect
the solution only on the boundary of the cone C(z,t) := {(¢,y)||z —y| < |t|}
in three dimensions, while they affect the solution on the entire cone C(x,t)
in two dimensions. Consequently, the effect of a disturbance is only felt at
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the front of its propagation in three dimensions, while in two dimensions it
is felt forever after the front passed. This is known as Huygens’ principle.

Problem 7.1. Guess the solution corresponding to the initial conditions
u(0,z) = g(a-z), w(0,2) = ¢'(a-x) with a given unit vector a € R™ and
g € C*(R).

Problem 7.2. Find the solution of the wave equation with initial condition
g(z) =0, h(z) = |z|* in R3.

Problem 7.3. Suppose g and h are supported in a ball of radius r. If you
observe the solution of the wave equation u(t,x) at a distance |x| = R > r
from the origin. What is the first time to after which you can notice the
effects of the initial conditions in two, three dimensions, respectively? After
what time t1 >ty can you no longer notice any effects?

Problem 7.4. Suppose g and h are supported in a ball of radius r. Use
Kirchhoff’s formula to show
Cr
[t]
(Hint: What is the area of 0By (z) N B,(0)?)

(sup lg| + 7 sup |0g| + rsup ]h\)
R3 R3 R3

Problem 7.5. Derive a formula for the Fourier transform u(t, k) of a solu-
tion of the Klein—Gordon equation

Ut = Au — m2u7 U(O) =9, Ut(o) - h7
with m > 0.
Problem* 7.6 (Stokes’ rule). Let u € C3(R") be a solution of the Klein—
Gordon equation with initial condition u(0,z) = 0, ut(0,2) = h(z). Then

v = uy solves the Klein-Gordon equation with initial condition v(0,z) =

h(z), v+(0,z) = 0.
Problem 7.7. Show
mom [Ny —[2P) g sin((k])  sin(VIRP +m?)
2 (2m)3/2 /—1 V11— |z|? ¢ v k| [kZ +m2
where Jy(z) is the Bessel function of order 1. (Hint: Start with Problem[4.23
and use Problem . Problem will also be helpful.)

Problem 7.8. Show that the solution of the Klein—Gordon equation inn = 3
dimensions with initial condition u(0,z) = 0, ui(0,x) = h(x) is given by

ult,2) = /S Bz + tw)do? ()

— mSign(t)/ Jl(thQ_‘xP)h(x—y)dsy.
B ([t)

47 t2 — ’gj‘Q
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The solution with initial condition u(0,z) = g(x), u(0,2) = 0 of course

follows from Stokes’ rule (Problem|[7.6). (Hint Problems and[7.7)

Problem 7.9. Mazwell’s equatiomﬂ in vacuum for the electric field E(t, )
and the magnetic field B(t,x) are given by

By=—curlE, poeoFr =curlB, divE =0, divB =0,

where pg > 0 and g > 0 are the permeability and the permittivity of the vac-
uum, respectively. Here curl f := ¥V X f is the infinitesimal circulation (also
known as rotation) of a vector field f in R3. Find the solution corresponding
to the initial conditions E(0,x) = Ey(x) and B(0,z) = By(x) (assumed to
satisfy div By = div Eg = 0). (Hint: Show that the components of both E
and B satisfy the wave equation with ¢ = (joeo)~/2.)

7.2. The solution in arbitrary dimensions

While works for arbitrary dimensions, we were only able to find an
explicit solution formula for u in n = 2 and n = 3 dimensions in the previous
section. While in principle it is possible to find an explicit formula using the
fact that the Fourier transform of radial functions in n+ 2 dimensions can be
computed from the n dimensional result (cf. Problem by applying %%,
this requires distribution theory. Hence we will resort to a more elementary
approach due to Poisson. We will assume ¢ > 0 for notational simplicity. In
this respect note, that if u(¢, x) solves for t > 0 then v(t, x) := u(—t, )
solves the wave equation for ¢ < 0 but with initial conditions v(0, z) = g(z),
ve(0,z) = —h(z).

The idea is to look at the spherical means

1
/8 o S W) (7.16)

nVprn—1
If u € C?(R™!) solves the wave equation then one can verify (Problem [7.10))
that U € C?(R"*! x [0,00)) solves the Euler—Poisson—Darboux equa-

tiont]

U(t,r,z) =

n—1
Uy =rt"" (Tn_lUr)r =Upr + TUT- (7.17)
While this almost looks like a one-dimensional wave equation, there is an
undesired extra term. If n = 3 the Euler—Poisson-Darboux equation can
be reduced to the wave equation upon considering U (t,r,x) := rU(t,r, ).
In arbitrary odd dimensions the following more complicated transformation
works:

2James Clerk Maxwell (1831-1879), Scottish mathematical physicist
3Jean Gaston Darboux (1842-1917), French mathematician
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Lemma 7.6. For every f € C**1(0,00) we have

0% i1 ok 1ok 1 O 0 10
ﬁD,,k,: 17"2k 1f(T) :D,,]? 17'2k 17'71"@742]{:5]0(7‘)’ DT = - (718)

Proof. We use induction on k. The case k =1 is easy
0*r = 0,(1 +r0,) =20, +rd? = %8,,7"2&.
Similarly the induction step follows
2Dk = 92DF 1?1 ((2k + 1) + 10,)
= DEr?0,((2k + 1) + r0,) = DED,r?+29,. 0

Hence if n = 2k + 1 is odd, we conclude that
U(t,r,z) := DFY 221U (t, r, x) (7.19)

will satisfy the one-dimensional wave equation provided U € C**! satisfies
the Euler—Poisson-Darboux equation. Moreover, the above spherical aver-
ages satisfy U,(t,x,0) = 0 implying (see Problem [7.11)) U,.(t,z,0) = 0 and
consequently (Problem [4.16])

~ G(t+mrz)—Gt—rz) 1 [ -

U(t,?“,$) = 9 + ) \ H(p,il?)dp (720)

for 0 < r < t. Here G(r,z) := U(0,r,z) and H(r,z) := U;(0,r,x). Finally,
note that we can recover u from

Ul(t,r, x)

u(t,z) = }136 Ult,r,z) = }g% (= 2)ir (7.21)
(withn!!=n-(n—2)---3-1 for n odd) and hence
1 . .
u(t,z) = M(Gr(t, z)+ H(t,z)). (7.22)

In summary, if u is a sufficiently smooth solution of the wave equation it is
given by

O (n_ 1
u(t,z) = — D" /83( )g(y)ds(y)

ot n\V,t
(n-3)2 1
D _ h(y)d . 2

Conversely, one can check that the above formula provides a solution of the
wave equation provided g and h are sufficiently smooth:

Theorem 7.7. Let n = 2k + 1 be odd and suppose h € CFT1(R™) and
g € C**2(R™)). Then u(t,x) defined via (7.23) is in C?2(R™1) and solves
the Cauchy problem (7.1) for the wave equation.
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Proof. By Stokes’ rule (Problem it suffices to establish the case g = 0.
Abbreviate

. 1 1 n_1
) = oy [ bas) = o [ b )i

and note that H(t,z) € C*1(R"*1). Using Lemma [7.6/ and Problem
we find

d
—Dk %k _H = _—_DF Ah(y)d"™
Ut — at n”V t B, (x) (y) y

1
= D1 / A :

On the other hand,
1 1
AH:A/ h(x + y)dS / Ah(y)dS(y),
S [ s = o [ antasty

which shows uy = Aw.
That u satisfies the initial conditions follows from Problem [T.111 O

The case of even dimensions follows using the method of descent. An
analogous computation to the one for n = 2 dimensions gives

0 (n-2)2 1 g(y) n
u(t,x) = 8tD IV / — \y _de Yy
(" 2)/2 n
. .24
Dy ST / !y = de y (7.24)

Theorem 7.8. Let n = 2k be even and suppose h € C**1(R"™) and g €
CF+2(R™)). Then u(t,z) defined via (7.24) is in C*(R"*') and solves the
Cauchy problem (7.1)) for the wave equation.

Finally, the inhomogeneous case follows from the Duhamel principle (lit-
erally follow the proof of Corollary :

Corollary 7.9. Suppose f € COl/2IHL(RXR™) and let U(s, t,z) € C%?(Rx
R™1) be the solution of Uy = AU with initial conditions U(s,s,z) = 0,
Ui(s, s,x) = f(s,z) given by Theorem|[7.7], Theorem|[7.8 in even, odd dimen-
sions, respectively. Then

t
u(t, z) :/ U(s,t,x)ds (7.25)
0
is in C2(R""1) and solves the inhomogeneous wave equation

ug = Au+ f, u(0) = u(0) = 0. (7.26)
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Problem* 7.10. Show that (7.16)) is in C*(R™*! x [0,00)) and solves the
Euler—Poisson—Darbouz equation (7.17) as well as U,(t,z,0) = 0 if u €
C?(R™Y) solves the wave equation. (Hint: Problem|A.11.)

Problem* 7.11. For k € N and f € C*~1(0,00) we have
k—1 ' '
DE=1p26=1 ¢ () = Z ak,jr”lf(”(r)
=0

with o0 = (2k — 1)!1.

Problem 7.12. Show that that if the initial conditions f and g are radial,
s0 is the corresponding solution of the wave equation. (Hint: Uniqueness.)

Problem 7.13. Show that the Klein—Gordon equation can be solved using
a variant of the method of descent: If u(t,x) is a solution for r € R",
find a suitable function ¢ such that v(t,z) = u(t, z)P(xn11) solves the wave
equation for T = (r,2,41) € R,

Problem 7.14. Find all nontrivial radial solutions of the wave equation of

the form u(t,z) = a(r) f(t — §(r)) with |z| = r, where f € C? is an arbitrary
function and «, § are fixed functions independent of f.

7.3. Energy methods

Let U be a bounded domain and u € C?(Ur) a solution of the wave equation.

We define its energy to be
1

E(t) =3 /U (IVu(t, z)* + u(t, z)*)d" . (7.27)

A straightforward calculation verifies that if u satisfies Dirichlet (or Neu-
mann) boundary conditions on OU, then E(t) = 0 and hence E(t) = E(0) is
a constant of motion (Problem (7.15)).

Lemma 7.10. Let U C R" be a bounded domain and u € C*(Rx U)NC(R x

U) a solution of the wave equation satisfying Dirichlet boundary conditions
u(t,.)lov = 0. Then the energy E(t) is constant. The same result holds if u €
C?*(RxU)NCHRxU) satisfies Neumann boundary conditions %(t, Jou = 0.

Hence by considering the difference of two solutions we get uniqueness
as well as stability of solutions.

Theorem 7.11. There exists at most one solution u € C2(RxU)NC(RxU)
of the problem

ur—Au=0, w0) =g, w(0)="h, u)o=ald), (7.28)
for given data g,h € C(U), a € C(R x 9U).
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Figure 7.1. Cone of dependence: If u, u; vanishes on the gray ball at
t = 0, it will vanish on the entire cone
In fact we can even get a bit more:

Theorem 7.12. Let u € C? be a solution of the wave equation. If u(0,x) =
ut(0,z) = 0 for x € By, (xo), then u(t,x) =0 for all (t,z) in the cone

K(to,z0) := {(t,z) € R"™|0 < t < tg, |z — 0| < to — t}. (7.29)

Proof. We define the local energy

1
B(t) = 1 / (1Vut,2)? + ui(t, 2)?)d"z.
2 Bty —t(x0)
Then one computes
: 1d [l 2, 2
E(t)==-— (|Vul* + u;)dS dr
2dt Jy 9By (x0)
1
= / (Vu) - (Vug) + wug)d"z — / (IVul® +u7)dS
Btg—t(zo0) 2 0By, —t(z0)
= / (utt — Au) (7 dn.CL' + / Utguds
Bty—t(z0) OBt —t(z0) v

1
- / (IVul® + u7)dS
2 0Bty —t(0)

= / <Ut8u - luf - 1]Vu|2> das,
aBtO—t(IEO) 6y 2 2

where we have used integration by parts in the second step. Now

ou 1 1
utay‘ < |ug||Vu| < iu? + 5\Vu|2
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implies E(t) < 0. Hence E(t) < E(0) = 0 and consequently Vu and u;
vanish within K. Thus w is constant within « and since it vanishes for ¢t = 0
the claim follows. O

Of course this result implies uniqueness for the wave equation on R™ as
a special case:

Corollary 7.13. There exists at most one solution u € C*(R""1) of the
wave equation for given data g,h € C(R™).

Problem 7.15. Show Lemma [Z10.

Problem 7.16. Find a corresponding energy for the Klein—Gordon equation
and extend this section to the Klein—-Gordon equation (with m > 0).
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Chapter 8

A first look at weak
derivatives and L? based
Sobolev spaces

8.1. Motivation

Let us repeat the treatment of the Poisson equation in R”
—-Au=f (8.1)

via the Fourier transform from Section But now from a slightly different
angle. Formally applying the Fourier transform we have found

~

|k|*a(k) = f(k). (8.2)
When we solve this equation for 4,
oy ()
k) = "= 8.3
k) = S (83)

we notice two things: First of all & has better decay properties than f and
by virtue of Lemma this reflects that the solution w, roughly speaking,
has two more derivatives than f. Secondly we see that u has a singular-
ity at 0 (unless f vanishes sufficiently fast at 0) which reflects the fact,
that the solution u has in general less decay than f. In fact, even if f
has compact support, u will only decay like the fundamental solution unless
]?(0) = (2m)~"/? Jzn f(y)d™y = 0 (cf. Problem .

While these considerations give us some important insight, it is not
straightforward to turn this intuition into precise mathematical statements.

179
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We could assume that f is integrable and try to look for solutions u for
which the function together with its first and second derivatives are inte-
grable. However, since we don’t know the image of this space of solutions
under the Fourier transform (we don’t even know the image of L'(R"), we
had to invent a new name for it, the Wiener algebra), it is unclear in what

sense (8.1)) and (8.2)) are equivalent.

This problem could be circumvented if we look for solutions in the
Schwartz space S(R™), where the Fourier transform is bijective (Theorem|6.5]).
Indeed, this works fine and we see that for f € S(R™) we have a solution
u € S(R™) if and only if [k|72f(k) € S(R"). Now one could argue that
S(R™) is a rather restrictive class and wonder if there is a better one. In-
deed, the Plancherel identity (Lemma implies that the Fourier transform
can be extended to a bijection on L?(R") (details will follow in the next sec-
tion). So if u € L2(R™), then we also have @ € L?(R") and Lemma [6.2] tells
us that under appropriate conditions k;i(k) € L*(R™) will also imply that
dju € L*(R") and similarly for higher derivatives. Now these extra appro-
priate conditions will make our approach again inconvenient and hence the
trick is to simply drop them! More precisely, we introduce the space

H"(R™) := {u € L*(R")||k["a(k) € L*(R™)}, r € No, (8.4)
and define partial derivatives of u € H"(R"™) via
Do = ((ik)*u(k))", lal <. (8.5)

By Lemma [6.2] this will agree with the usual definition under moderate con-
ditions and hence can be viewed as an extension of the usual definition
of differentiability. We call weak derivatives. Please observe that
|k|* < |k[lel <14 |k|” for all |a| < r which implies that existence of all di-
agonal derivatives (where all derivatives are taken with respect to the same
coordinate direction) implies existence of all off-diagonal as well as all lower
order derivatives.

Then, for f € L?(R"™) we have a solution of if and only if \k|_2f(k:)
is locally square integrable near the origin. By construction this will also
give us the solution of provided the derivatives are understood as weak
derivatives. Moreover, Lemma [6.2] could be used to work out sufficient con-
ditions when this weak solution is a classical solution, that is, when this
solution is C?(R").

Finally, note that if, in addition to the above solvability condition, we
have f € H"(R"), then u € H""2(R") and in this sense the solution indeed
gains precisely two derivatives.

In summary, the introduction of the weak derivative in (8.5)) allowed us
to give a transparent discussion of solvability of the Poisson equation. It
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should be evident that this also works for other constant coefficient partial
differential equations on R".

Problem 8.1. Discuss the Helmholz equation (6.23)) on R™.

8.2. The Fourier transform on L2

The Plancherel identity ||f|j2 = || /]2 (Lemma [6.6) allows us to extend the
Fourier transform to L*(R") as follows: First of all, this identity holds on
S(R™) which is dense. Now choosing an arbitrary sequence f,, € S(R")
converging to f in the L? norm, we can set

F() = Jim F(fn). (5.6)

The Plancherel identity ensures that this limit exists and is independent of
the sequence chosen (you can verify this directly or resort to the extension
principle from functional analysis: every densely defined bounded operator
can be extendend to the entire space; Theorem from [35]).

Theorem 8.1 (Plancherel). The Fourier transform F extends to a unitary
operator F : L*(R") — L*(R™).

Proof. As already noted, F extends uniquely to a bounded operator on
L?(R™). Since Plancherel’s identity remains valid by continuity of the norm
and since its range is dense, this extension is a unitary operator. U

We also note that this extension is still given by (6.1) whenever the
right-hand side is integrable.

Lemma 8.2. Let f € L'(R™) N L2(R"), then (6.1]) continues to hold, where
F now denotes the extension of the Fourier transform from S(R™) to L*(R™).
Similarly, for f € L*(R™) with f € L'(R"™) Theorem continues to hold.

Proof. If f has compact support, then (by Lemma and Lemma
its mollification ¢. * f € C°(R™) converges to f both in L! and L?. Hence
the claim holds for every f with compact support. Finally, for general f €
LY(R™) N L*(R™) consider fm := fxpg,,0)- Then fm — f in both L*(R")
and L?(R™) and the claim follows.

For the second claim note that by Theorem (F71H) () = (Ff)(—x)
at least for f € S(R™) which remains true when taking limits. O

In particular,

F(k) = lim —— =k f(2)dma, (8.7)

Mm—00 (27r)”/2 |z|<m
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where the limit has to be understood in L?(R") and can be omitted if f €
LY(R™) N L?(R™). Similarly for f.
For later use we also need the fact that the Fourier transform of an

integrable function will vanish at co. To this end we denote the space of all
continuous functions f : R™ — C which vanish at co by Cy(R").

Lemma 8.3 (Riemann-Lebesgue). The Fourier transform maps L*(R™) into
Co(R™).

Proof. First of all recall that Cy(R"™) equipped with the sup norm is a
Banachﬂ space and that S(R™) is dense (Problem . By the previous
lemma we have f € Co(R™) if f € S(R™). Moreover, since S(R") is dense
in L'(R"), the estimate shows that the Fourier transform extends to a
continuous map from L!(R™) into Co(R™). O

Concerning convolutions we can easily extend Corollary [6.8|

Corollary 8.4. The convolution of two L*(R™) functions is in Ran(F) C
Co(R™) and we have || f * g|loo < ||fll2llgll2 as well as

(fo) = 2m)™2fxg,  (f*g) = (2r)"*f§ (8.8)

i this case.

Proof. The inequality ||f * glloc < ||fll2]lg]l2 is immediate from Cauchy—
Schwarz and shows that the convolution is a continuous bilinear form from
L*(R™) to L=®(R"™). Now take sequences fm,gm € S(R") converging to
f,g € L?>(R"). Then using Corollary together with continuity of the

Fourier transform from L!(R") to Co(R™) and on L?(R") we obtain

(fg)/\ = lgn (fmgm)/\ = (277)_n/2 IE}H fm *.’g\m = (27_‘_)—n/2f* §
Similarly,
(f x9)" = lim (fn % gm)" = 27)"? W fruGin = (27)"/°f§

from which that last claim follows since F : Ran(F) — LY(R") is closed as
it is the inverse of a bounded operator (Lemma |B.19). O

Problem 8.2. Show that is well defined (i.e., the limit exists and is
independent of the sequence). Show that the Plancherel identity continues to

hold.
0 o} 2
R
0 x 2
(Hint: Problem[{.]] (i).)

Problem 8.3. Show
IStefan Banach (1892-1945), Polish mathematician
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8.3. The Sobolev spaces H"(R")

Following our previous considerations we introduce the Sobolev SpaceE|
H'(R™) := {f € L*(R")|[k[" f(k) € L*(R")}. (8.9)

The most important case is when r is an integer, however our definition
makes sense for any r > 0. Moreover, note that H"(R") becomes a Hilbert
space if we introduce the scalar product

e = [ Fy a1+ WPy (5.10)

In particular, note that by construction F maps H"(R™) unitarily onto
L*(R", (k)"d"k), where (sometimes known as Japanese bracket)

(k) := (1+|k))V?,  kecC™ (8.11)

Clearly H™t1(R") C H"(R") with the embedding being continuous. More-

over, S(R") ¢ H"(R™) and this subset is dense (since S(R™) is dense in
L2(R™, (k)" d"k)).

As already mentioned, the motivation for the definition stems from

Lemma [6.3] which allows us to extend differentiation to a larger class. In

fact, every function in H"(R™) has partial derivatives up to order ||, which
are defined via

Oaf = ((K)*f(K)Y,  feH (R, |o| < (8.12)
By Lemma this definition coincides with the usual one for every f €
S(R™).
Example 8.1. Consider f(x) := (1—|z|)x[=1,1)(z). Then f(k) = /2 1zcosk)

T k2

and f € H'(R). The weak derivative is f/(x) = — sign(x)x[_1,1)(2)- o

Of course a natural question to ask is when the weak derivatives are in
fact classical derivatives. To this end observe that the Riemann—Lebesgue
lemma implies that da f(z) € Co(R") provided k® f(k) € L!(R™). Moreover,
in this situation the derivatives will exist as classical derivatives:

Lemma 8.5. Suppose f € L*(R") or f € L2(R") with (1 + |k|")f(k) €
LYR™) for some r € Ng. Then f € C§(R"), the set of functions with
continuous partial derivatives of order r all of which vanish at co. Moreover,
the classical and weak derivatives coincide in this case.

Proof. We begin by observing that by Lemma [8.2

flz) = (%1)71/2 / e f(k)d k.

2Sergei Sobolev| (1908-1989), Soviet mathematician
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Now the claim follows as in the proof of Lemma [6.3] by differentiating the
integral using Lemma [A.7] (]

Now we are able to prove the following embedding theorem.

Theorem 8.6 (Sobolev embedding). Suppose r > s+ 5 for some s € Np.
Then H"(R™) is continuously embedded into C§(R™) with

10aflloe < Crrlfllar, — lof <s. (8.13)

Proof. Use !(lk) F(R) < (R)IF(R)] = (k)7 - (k)1*T9| (k). Now (k) =7 €
L*(R™) if o > % (see Example and (k)9 |f(k)| € L2(R") if o + |a| <
r. Hence (k)o| 1 (k)] € L'(R™) and the claim follows from the previous
lemma. (]

In fact, we can even do a bit better.

Lemma 8.7 Morreyl inequality). Suppose f € H™?*T(R") for some v €
(0,1). Then f € C’O’V(R") the set of functions which are Holder continuous
with exponent v and vanish at co. Moreover,

f (@) = FOI < Copll Fll nsassle =yl (8.14)

i this case.

Proof. We begin with

~

flat ) = 1) = o [ - Wy

2
implying
1 iky 1 N
flz+y) — flz)] < G /R n |§k>n/m| ()2 | F (k) | d .

Hence, after applying Cauchy—Schwarz, it remains to estimate (recall (A.29))

|e1ky 1|2 nl. 1/|y| |y|’l" n—l > 4 n—1
/ L gm GRS 5 P

> 250 19y Sa(d—37)
= 7\ | — Yl =
2(1—7) v 2v(1—7)

where S,, = nV,, is the surface area of the unit sphere in R™. O

[y

Using this lemma we immediately obtain:

Corollary 8.8. Suppose r > s+ + § for some s € Ng and v € (0,1).
Then H"(R™) is continuously embedded into Cy” (R™), the set of functions
in C§(R™) whose highest derivatives are Holder continuous of exponent .

3Charles B. Morrey| (1907-1984), American mathematician
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In the case r > 5, when Morrey’s inequality holds, we even get that
H"(R™) is a Banach algebra:

Lemma 8.9. Suppose f,g € H"(R") and f,ﬁ € LY(R™) for some r > 0.
Then we have fg € H"(R™) with

1£gllzr < Co (I Gl + 1 F [l gl ) (8.15)
Moreover, if r > 5, then Hle < Cp || fllEr and we get
f gl < Cosll £l llglarr. (8.16)

Proof. Note that we have
(k)" < (1420 =12+ 20172 <2721 4 |k — 12 + 1+ 1|22
<e((k=0"+ 1))

for ¢, = max(2"~1,27/2) and r > 0. Here we have used |k|> < (|k—1|+]l])? <

2|k — 1| + 2|I|? in the first step and that 2z — 2"/2 is subadditive for r < 2
and convex for r > 2 in the last step. Hence by Corollary [8:4] we have

@) (k)" |(F9)" (B)] = (k)" |(F *§) (k)| < /R Yk = DllgO)ldn
< e (17 F1x gD k) + (F] () (k)

and the first claim with C,,, = cr(27r)*”/ 2 follows from Young’s inequality

(B25). The second claim follows from Cauchy—Schwarz || fll1 < ()" ||2|lf] -
as in the proof of Theorem [8.6] O

To end this section I remark that our definition of a weak derivative is
not the usual one. The standard definition says that a function h € L], (R™)
satisfying

/n p(a)h(z)d"z = (~1) Rn(aaso)(w)f(x)d”»’v, Ve € CZ(RY), (8.17)

is called the weak derivative or the derivative in the sense of distributions
of f (by Lemma such a function is unique if it exists). This definition
is more flexible (it is not tied to R™, since R™ can be easily replaced by an
arbitrary open set) and will be pursued in the next chapter.

To establish equivalence we first note that

~

/n 9(@)(Oaf)(@)d"z = (9", (Baf)) = (g(k)", (k)" f (k)
= (—1)°l(k)*G(k)", (k) = (=1)*N(Dug™, £)

= (-l - (Oag) () f(2)d"x, (8.18)
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for f,g € H"(R™). Hence, choosing g = ¢ in , we see that functions in
H"(R") have weak derivatives (in the sense of (8.17)) up to order r, which
are in L?(R"). Moreover, the weak derivatives coincide with the derivatives
defined in . Conversely, given with f,h € L*(R") we can use
that F is unitary to conclude [z, @(k)h(k)d"k = [gn (1k)°‘g’5(k)f(k:)d"k for
all p € C°(R™). By approximation this follows for ¢ € H"(R") with r > |«
and hence in particular for ¢ € C°(R™). Consequently (1k)a]?(/€) = ?L(]{)
a.e. implying that f € H"(R") if all weak derivatives exist up to order r and
are in L?(R").

In this connection the following norm for H™(R"™) with m € Ny is more
common:

1l =D 0afll3- (8.19)

la|<m
By |k®| < |k|l*l < (1 4 |k|?)™/2 it follows that this norm is equivalent to
B10).
Problem 8.4. Provide the details for Example[8.]]
Problem 8.5. Suppose f € L*(R™) show that e~ 1(f(z+eje)— f(x)) — gj(x)
in L? if and only if kjf(k) € L?, where e; is the unit vector into the j’th
coordinate direction. Moreover, show g; = 0;f if f € H*(R™).
Problem 8.6. Show that if u € H*(R") solves (8.1)) for some f € H"(R™),

then uw € H™2(R™) with |[ul griz < CO(|fllgr + ||lullz2). Is an estimate of
the form ||u||gr+2 < C| f||mr possible?

8.4. Evolution problems

Now let us look at the case of equations evolving time, like for example the
heat equation

up = Au, u(0,2) = g(z), (8.20)
on R". Taking the Fourier transform we obtained
ay(t, k) = —|ka(t, k), u(0,k) =g(k), (8.21)
and solving this differential equation showed
at, k) = g(k)e I, (8.22)

Now the proper way of looking at this problem is to regard u(t,z) as a
function wu(t) with values in L?(R"™). From this point of view, the heat
equation now just looks like an ordinary constant coefficient linear differential
equation u; = Au with the only difference being that the coefficient matrix
A is now a linear operator acting on the Hilbert space L?(R™). The solution
a(t) (for fixed initial condition g) is a continuous map from ¢ > 0 to L?(R™).
And this is already the first big difference: while for an ordinary differential
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equation there is no distinction between positive and negative times, now
there is! The exponential function e~!I** is bounded for ¢ > 0 and unbounded
for t < 0. Hence @(t) will in general be no longer in L?(R") for ¢t < 0. The
second difference arises if we ask about differentiability of %(¢). Then defining
the time derivative as a difference quotient

d_. . . ult+e)—u(t)

%u(t) = igr%) E— (8.23)
the dominated convergence theorem (Problem shows that this limit ex-
ists in L2(R") for ¢t > 0. Moreover, note that u(t) € H"(R™) for any r > 0

for ¢t > 0.

These ideas form the starting point of semigroup theory and it will be
discussed in detail in subsequent chapters.

Problem 8.7. Assume g € L*(R"™). Show that u(t) defined in (8.22) is
differentiable and solves %ﬁ(t)(k‘) = —|k|2a(t)(k) fort > 0. (Hint: eIk —
1| < elk|? fore >0.)






Chapter 9

(General Sobolev spaces

The modern theory of partial differential equations uses powerful results
from functional analysis. The classical Banach spaces of continuously differ-
entiable functions are frequently not suitable for this purpose. The weapon
of choice in this context are Sobolev spaces. As a preparation we will hence
study them in this chapter.

9.1. Basic properties

Throughout this chapter U C R™ will be nonempty and open and we will
use the notation V' CC U if V is a relatively compact set with V' C U.

Our aim is to extend the Lebesgue spaces to include derivatives. To
this end, for a locally integrable function f € LZIOC(U ), a locally integrable
function h € L}, (U) satisfying

/sﬁ(fv)h(w)d%:(—l)'“/(%w)(x)f(x)d”fr, Vo e C(U), (91
U U

is called the weak derivative or the derivative in the sense of distributions of
f. Note that by Lemma|[B.16|such a function is unique if it exists. Moreover,
if f € CF(U), then integration by parts shows that the weak derivative
coincides with the usual derivative. Also note that the order in which the
partial derivatives are taken is irrelevant for ¢ (by the classical theorem
of Schwarz) and hence the same is true for weak derivatives. This is no
contradiction to the classical counterexamples for the theorem of Schwarz
since weak derivatives are only defined up to equivalence a.e.

189
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Example 9.1. Consider f(z) := 2?sin(%) on U := (—1,1) (here f(0) := 0).
Then it is straightforward to verify that

) = 2z sin(Zy) — Zn cos(7z), = #0,
0, z =0,

that is, f is everywhere differentiable on U. Of course f is weakly differ-
entiable on (—1,0) as well as on (0,1) implying that the weak derivative of
f on U must equal f’ (consider test functions ¢ supported away from 0).
However, one can check that f’ is not integrable (Problem and hence f
is not weakly differentiable. o
Example 9.2. Consider U := R. If f(z) := |z|, then df(z) = sign(x) as a
weak derivative. If we try to take a second derivative we are lead to

/ o(z)h(z)dr = —/ ¢’ (z) sign(x)dx = 2¢(0)
R R

and it is easy to see that no locally integrable function can satisfy this re-
quirement. o

Example 9.3. In fact, in one dimension the class of weakly differentiable
functions can be identified with the class of antiderivatives of integrable
functions, that is, the class of absolutely continuous functions

AClat] = {7(2) = @) + [ h(w)dylh € L' (@),

where a < b are some real numbers. Using the dominated convergence
theorem it is easy to see that every absolutely continuous function is in
particular continuous, AC[a,b] C C[a,b]. Moreover, using Lebesgue’s dif-
ferentiation theorem one can show that an absolutely continuous function is
differentiable a.e. with f’(x) = h(x) (and hence h is uniquely defined a.e.).
However, not every continuous function is absolutely continuous. The most
striking counter example being the Cantor function, which is a continuous
monotone function whose derivative exists and vanishes a.e. Hence the Can-
tor function cannot be reconstructed by integrating its derivative, that is,
the fundamental theorem of calculus fails for the Cantor function. We refer
to Section from [34] for further details.

If f,g € AC|a,b], we have the integration by parts formula (Problem7
which shows that every absolutely continuous function has a weak derivative
which equals the a.e. derivative. In fact, with a little more effort one can
show (Problem that the converse is also true. o
Example 9.4. One can verify (Problem that f(z) := |z|™7 is weakly
differentiable for v < n—1. Hence in higher dimensions weakly differentiable
functions might not be continuous. o
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Now we can define the Sobolev space W*?(U) as the set of all (equiva-
lence classes of) functions in LP(U) which have weak derivatives up to order
kin LP(U). Clearly W*P(U) is a linear space since f,g € W*P(U) implies
af+bg € WkP(U) for a,b € C and 9, (af +bg) = adsf+b0ag for all |a| < k.
Moreover, for f € W*P(U) we define its norm

1/p
Oufl5 , 1 <p<oo,
1 fllkp == (Z|a|§k | f”p) p (9.2)
max|q|<k |0af e, P =00

We will also use the gradient Vu = (01u,...,0,u) and by |[Vul|, we will
always mean |||Vul||,, where [Vu| denotes the Euclidean norm.

Example 9.5. In the one-dimensional case we can characterize the Sobolev
spaces W¥P with the help of absolutely continuous functions: Wh!(a,b) =
ACla,b] and W'P(a,b) = {f € ACla,b]|f' € LP(a,b)}. Consequently
Whl(a,b) = {f € C*Ya,b)|f*V e AC[a,b]} and WHFP(a,b) = {f €
C*a,b]|f*=D € AC[a,b], f*) € LP(a,b)}. o

It is easy to check that with this definition WP becomes a normed linear
space. Of course for p = 2 we have a corresponding scalar product

(f, 9wz =Y (Oaf:Oag)r (9.3)

|la|<k

and one reserves the special notation H*(U) := W*2(U) for this case. Sim-
ilarly we define local versions of these spaces I/Vl’f)cp(U ) as the set of all func-

tions in L] (U) which have weak derivatives up to order k in Lj (U).

Theorem 9.1. For each k € Ny, 1 < p < oo the Sobolev space WEP(U) is
complete, that is, it is a Banach space. It is separable for 1 < p < oo as well
as reflexive and uniformly convex for 1 < p < oo.

Proof. Let f,, be a Cauchy sequence in W¥*P. Then d,f, is a Cauchy
sequence in LP for every |a| < k. Consequently Oy f, — fo in LP. Moreover,
letting m — oo in

n.. 1 n.. 1 1\l n
/Ucpfad x n}gnoo/(]so(f?afm)d z= lim (=1) /U(@asO)fmd x

m—r00

— (1)l /U Ou) fod'z, o€ C2(U),

shows fo € WFP with 0,fo = fa for |a| < k. By construction f,, — fo in
WP which implies that W*P is complete.

Concerning the last claim note that W#?(U) can be regarded as a sub-
space of eap,\alﬁk LP(U) which has the claimed properties by Lemma
from [34] and Theorem from [34] (see also the remark after the proof),
Corollary from [34] (cf. also Problem from [35]). O
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As a consequence of the proof we record:

Corollary 9.2. Fiz some multi-index . Let f,, € LP(U) be a sequence such
that O fn, € LP(U) exists. Then fn, — f, Oafn — g in LP(U) implies that
Ouf exists and equals g.

Of course we have the natural embedding W*P(U) < LP(U) and if
V C U is nonempty and open, then f € WFP(U) implies f|y, € WkP(V)
(since C*(V) C C°(U)). Sometimes it is also useful to look at functions
with values in C™ in which case we define W*P(U,C") as the corresponding
direct sum.

Regarding W*»(U) as a subspace of @D, ja1<x LP(U) also provides infor-
mation on its dual space. Indeed, if M C X is a closed subset of a Banach
space X, then every linear functional on X gives rise to a linear functional
on M by restricting its domain. Clearly two functionals give rise to the same
restriction if their difference vanishes on M. Conversely, any functional on
M can be extended to a functional on X by Hahn—Banach and thus any ele-
ment from M* arises in this way. Hence we have M* = X*/M*, where M+
denotes the annihilator of a subspace, that is, the set of all linear functionals
which vanish on the subspace (cf. also Theorem from [35]). Concerning
the norm of a functional, note that when extending a functional from M
to X, the norm can only increase. Moreover, the extension obtained from
Hahn—Banach preserves the norm and hence the norm is given by taking the
minimum over all extensions. In a strictly convex space the functional where
the norm is attained is even unique (cf. Problem from [35]). Applied to
WHkP(U) this gives

1 1

WhP(U)* = <@q,a|gk LP(U)*) JWHEP(U)*, Ste=h (9.4)

and for 1 < p < oo, such that LP(U)* = LY(U), we even get:

Lemma 9.3. For 1 < p < oo, every linear functional £ € W*P(U)* can be
represented as

GEDS /U 00(2)(0a f) (2)d"2 (9.5)

|o|<k
with some functions go € LY(U), |a| < k. Moreover,

el = min{llglle, ., Low)ga as in @)}, (9.6)

where the minimizer is unique if 1 < p < oco.

In the case p = 2 the Rieszm representation theorem (for the dual of a
Hilbert space; Theorem from [35]) tells us that the unique minimizer is

1Frigyes Riesz (1880-1956), Hungarian mathematician
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given by some g € H*(U) such that g, = ag. As another consequence note
that a sequence converges weakly in W*P(U) if and only if all derivatives
converge weakly in LP(U).

Example 9.6. Consider W'P(0,1), then functions in this space are abso-
lutely continuous and one can consider the linear functional

ea}o (f) = f(Io)

for given x € [0, 1]. Defining

Gao () :

1 cosh(l — xg) cosh(z), = < o,
~ sinh(1)

cosh(1l — x) cosh(zg), = > zp,

one verifies

1 1
Cao(f) = /0 o () f (x)dz + /0 by () ' (z)da.

This representation is however not unique! To this end, note that for any
h e W,[0,1]

1 1
() = /0 W (@) f(@)da + /0 W) f'(x)dz = h(1)£(1) — h(0)£(0) = 0

represents the zero functional. In fact, any representation of the zero func-
tional is of this form (show this).

Moreover, note that

[ (@) < llgzo lwrall fllwrr-

Since we have ||gz,||co = guo (%0), which attains its maximum at the boundary
points, we infer

Hf”oo < COth(l)HfHWl,p.

In particular, we have a continuous embedding WP(0,1) < C[0, 1]. More-
over, for 1 < p < oo, there is even a continuous embedding into the space of

Holder continuous functions W1P(0,1) < C%7[0, 1] with exponent 7 := 17%

(Problem [9.6)). o

Since functions from W*P might not even be continuous, it will be con-
venient to know that they still can be well approximated by nice functions.
To this end we next show that smooth functions are dense in W*P?. A first
naive approach would be to extend f € WkP(U) to all of R™ by setting it
0 outside U and consider f. := ¢. * f, where ¢ is the standard Friedrichﬂ
mollifier. The problem with this approach is that we generically create a
non-differentiable singularity at the boundary and hence this only works as
long as we stay away from the boundary.

2Kurt Otto Friedrichs (1901-1982), German American mathematician
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Lemma 9.4 (Friedrichs). Let f € WEP(U) and set f. := ¢ * f, where ¢ is
the standard mollifier. Then for every eg > 0 we have f. — f in WFP(U,)
if 1 <p < oo, where U, := {z € Uldist(z,R" \U) > e}. If p= 0o we have
Oofe = Ouf a.e. for all |a| < k.

Proof. Just observe that all derivatives converge in LP for 1 < p < oo since
Oafe = (0a0s) * f = ¢e * (0o f). Here the first equality is Lemma (i)
and the second equality only holds (by definition of the weak derivative) on
Ue since in this case supp(¢:(z —.)) = B:(z) C U. So if we fix g > 0, then
fe — fin WkEP(U,,). In the case p = co the claim follows since L C L.
after passing to a subsequence. That selecting a subsequence is superfluous

follows from Lemma [B.14] O

Note that, by Lemmal|9.11], if f € W (U) then 0, f is locally Lipschitzﬂ
continuous for all |o| < k — 1. Hence 0y f: — 0o f locally uniformly for all
lo] <k —1.

So in particular, we get convergence in W*P(U) if f has compact support.
To adapt this approach to work on all of U we will use a partition of unity.

Theorem 9.5 (Meyerﬂ»Serrirﬁ). Let U C R"™ be open and 1 < p < oo.
Then C®(U) N WkP(U) is dense in WEP(U).

Proof. The idea is to use a partition of unity to decompose f into pieces
which are supported on layers close to the boundary and decrease the molli-
fication parameter € as we get closer to the boundary. To this end we start
with the sets U; = {z € U|dist(z,R"\ U) > %} and we set U; := () for
j < 0. Now consider @ i= ¢, * Xv;, where Vj := Uj11 \ Uj_1 and €; chosen
sufficiently small such that supp((;) C Ujya \ Uj_a. Since the sets V; cover
U, the function C~ => y éj is positive on U and since for x € V; only terms

with [j — k| < 2 contribute, we also have ¢ € C®°(U). Hence considering
G =¢j/¢ € C°(U) we have 3, ¢; = 1.
Now let f € W*P(U) be given and fix § > 0. By the previous lemma

we can choose €; > 0 sufficiently small such that f; := ¢, * (¢;f) has still
support inside U9 \ Uj_2 and satisfies

J
Hf] - ij“Wk,p < DYEN

3Rudolf Lipschitz (1832-1903), German mathematician
4Norman George Meyers (*¥1930), American mathematician
5James Serrin (1926-2012), American mathematician
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Then f5 =}, f; € C*(U) since again only terms with [j—k| < 2 contribute.
Moreover, for every set V' CC U we have

I1fs = Flweogry = 1> (Fi = GO lweogry < D5 = G Flwropry <6
J J

and letting V' 7 U we get fs € WFP(U) as well as || f5 — fllwer@y < 6. O

Historically this theorem had a significant impact since it showed that
the two competing ways of defining Sobolev spaces, namely as the set of
functions which have weak derivatives in LP on one side and the closure of
smooth functions with respect to the W*? norm on the other side, actually
agree.

Example 9.7. The example f(z) := |z| € W1°(—1, 1) shows that the the-

orem fails in the case p = oo since f’(z) = sign(x) cannot be approximated
uniformly by smooth functions. o

For LP we know that smooth functions with compact support are dense.
This is no longer true in general for W*? since convergence of derivatives
enforces that the vanishing of boundary values is preserved in the limit.
However, making this precise requires some additional effort. So for now we
will just give the closure of C°(U) in W*P(U) a special name Wg’p(U) as
well as HY(U) := Wg’Z(U). It is easy to see that C*(U) C Wf’p(U) for every
1 <p < oo and Wf’p(U) - Wéf’p(U) for every 1 < p < oo (mollify to get
a sequence in C2°(U) which converges in W*P(U)). In the case p = oo we
have Wég (U) € CE(U) (with equality for nice domains, see Problem .

Moreover, note

Lemma 9.6. We have W(;c’p(]R”) = WHkPR™) for 1 <p < cc.

Proof. We choose some cutoff function ¢, € C°(R™), such that (,,(z) =1
for |z| < m, Gu(x) =0 for |z] > m+ 1, and ||0alm|lcc < Cq. For example,
choose a function h € C*°(R) such h(z) =1 for < 0, h(z) =0 for x > 1
and let (y,(z) := h(Jx| — m). Now note that for f € LP(R") dominated
convergence implies ¢, f — f in LP and (04(pm)f — 0 in LP for |af > 1.
Fix f € WFP(R™) and consider f,, := f(n € ch’p(R"). Then using
Leibniz rule we see that 0, fr, — 0o f in LP(R™) for |a| < k and hence f,,, — f
in WkP(R"). Thus WFP(R") is dense in W*P(R") and by mollification
C(R™) is dense in WHP(R™). O

Next we collect some basic properties of weak derivatives.

Lemma 9.7. Let U C R" be open and 1 < p < oo.
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(i) The operator d, : WEP(U) — WHF12bP(U) is a bounded linear map
and 0g0nf = 0a0sf = Oaypf for f € Wk and all multi-indices
a, B with |o| + |8 < k.

(ii) We have
/g@ﬁﬂ%»w—nw/k%mﬂfa g e WYUU), fewkr(U), (9.7)
U U

forall]a]ﬁk,%—i—é:l.

(ili) Suppose f € WIP(U) and g € WH(U) with 1 :=
f-g€ WY (U) and we have the product rule

0;(f-9)=(05f)g+ f(99), 1<j<n (9:8)
The same claim holds with ¢ = p = r if f € WLP(U) N L>®(U).

(iv) Suppose n € C1(R™) has bounded derivatives and satisfies n(0) =
0 if Ul = oo. Then the map f — no f is a continuous map
WLP(U,R™) — WLP(U) and we have the chain rule d;(no f) =
> w0k ()0 fr. If n(0) = 0, then composition with n will also
map Wy P (U, R™) — Wy P(U).

(v) Let v : U =V be a C diffeomorphism such that both 1 and ¢~}
have bounded derivatives. Then we have a bijective bounded linear
map WIP(V) — WLP(U), f+ f o and we have the change of
variables formula 0;(f o) = > (0kf)(¥)0r.

(vi) Let U be connected and suppose f € WHP(U) satisfies 0;f =0 for
1< j<n. Then f is constant.

Proof. (i) Problem [0.9]
(i) Take limits in (9.1)) using Holder’s inequality. If g € W4(U) only
the case ¢ = oo is of interest which follows from dominated convergence.
(iii) First of all note that if ¢, ¢ € C°(U), then ¢pp € C°(U) and hence
using the ordinary product rule for smooth functions and rearranging (9.1)
with ¢ — ¢ shows ¢f € W2P(U). Hence with g — g € W27 shows

/gﬂ@waz—/(@Jm+ﬂ@mww@
U U

that is, the weak derivatives of f - g are given by the product rule and that
they are in L"(U) follows from the generalized Holder inequality (B.32]).

(iv) Since the claim is trivially true for constant 7, we can subtract 1(0)
and can assume 7(0) = 0 without loss of generality. Moreover, by assumption
|Vn| < L and hence we have |n(z) — n(y)| < L|z — y| by the mean value
theorem. Hence we see |[[no f —nog|, < L||f — g|l, which shows that
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composition with 7 is a continuous map LP(U,R"™) — LP(U). Also note that
the proposed derivative will be in LP(U) provided f € W1P(U R").
Now suppose f,, — f in W'P(U,R™) for some V C U. Then

(V) (f) - 05 f — (VYm)(fn) - O fullre < L{|0j f — O; fullLr
+ (V) (f) = (V) (fn)) - O I,

where the first norm tends to zero by assumption and the second by dom-
inated convergence after passing to a subsequence which converges a.e. at
least for 1 < p < oo. In the case p = oo this holds since V7 is uniformly
continuous on bounded sets.

Now for p < oo we can choose f, to be smooth (by Theorem . In
this case the derivative of n o f,, can be computed using the chain rule and
the above argument shows that this formula remains true in the limit, that
is, the proposed derivative is indeed the weak derivative. Since W*(U) C
I/Vlicl(U ) this also covers the case p = oo by restricting to bounded sets.

Finally, the above argument also shows that if f, — f in WHP(U, R")
then every subsequence f;,; has another subsequence f,; for which no f,, —
no fin WHP(U). This implies that no f, — no f.

For the last claim observe that composition with n maps C}(U,R") C
Wol’p(U, R") — CL(U) C Wol’p(U) and hence the claim follows by density of
these subspaces.

(v) If Jy, denotes the Jacobi determinant, then using |Jy| > C the change
of variables formula implies

1 1
[1roupas < [ Irovrinae =g [ 1fray,
U U \%

which shows that composition with 1 is a homeomorphism between LP(U)
and LP(V) for 1 < p < oco. In the case p = oo we have ||f o ¢¥|lcoc = || fllo
and the claim is also true. To compute the weak derivative recall LP C Lllo o
Now let ¢. be the standard mollifier and consider f. := ¢. * f. Then, using
this fact, one computes

| revopda=tim [ (f.0n)@ 00
— lim/(];(((?kfa) o) (djhn)p d™x

el0
= [ St@new@me .
k

This establishes the claim.
(vi) This is just a reformulation of Lemma O
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Of course item (iv) can be applied to complex-valued functions upon
observing that taking real and imaginary parts is a bounded (real) linear
map WLP(U) — WIP(U,R?), f ~ (Re(f),Im(f)). However, the important
case of taking absolute values is not covered by (iv).

Lemma 9.8. For f € WYP(U), 1 < p < oo, we have |f| € WIP(U) with

o 71 = | ST ORe(f (@) + TSRO m(f (@), () #0.
jIfl@) =1 oz

(9.9)

In particular, |0;]f|(x)] < |0;f(z)|. For1 < p < oo this map is continuous
on WHP(U).
Furthermore, if f is real-valued we also have f1 := max (0, £f) € WHP(U)
with
ajf(x)7 f(l‘) > Oa
Ojlfl(x) = § —0;f(x), [flz) <O,

0, else.

+0;f(z), =£f(z)>0,
0, else,

0 f+(z) = {

Moreover, if f € Wol’p(U), then |f| € Wol’p(U) for1 <p< .

Proof. In order to reduce it to (iv) from the previous lemma we will take
f1i = Re(f), fo := Im(f) and approximate the absolute value of f by

ne(fu, f2) with ne(2,y) = V2% +y? + % — <.

We start by noting that ||V7e|lcc < 1 and hence we can apply the chain
rule (Lemma (iv)) with 7. to see

/ (x)fl(x)ajfl () + f2(2)9;f2(2))
U [f(2)]? + &

Letting € — 0 (using dominated convergence) shows

f1(@)0; fi(@) + f2(2)05f2(2)) [ g oy
| #ta) L o=~ [ gl f@la

(with the expression for the derivative understood as being 0 if f(x) = 0)
and establishes the first part. The estimate for the derivative follows from
Re(z1)Re(z2) 4+ Im(21)Im(z2) = |21]|22| cos(arg(z2/21)) for 21, 29 € C.

f (w)|2if (x)

o= [ o). o)

The second part follows from fi(z) = and linearity of the

weak derivative.

Moreover, using Vf = Vfi — Vf_ shows that Vf = 0 for a.e. z with
f(z) = 0. Hence if we have a sequence f,, — f in WP(U) we can choose a
subsequence such that both f and V f converge pointwise a.e. Then, by the
above formulas and the preceding remark, the same is true for |f| and V|f].
Thus dominated convergence shows | f,| — |f| in WP(U) for 1 < p < oo.
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The claim for f € Wy*(U) follows since if f € W.P(U) then |f] €
WHP(U) and the claim follows by density. O

As byproduct of the proof we note:

Corollary 9.9. For every m € R and every f € WYP(U) we have Vf = 0
for a.e. © with f(x) =m.

Of course this implies that item (iv) from Lemma[9.7) continues to hold if
n is only piecewise C! with bounded derivative. To see this observe that by
linearity it suffices to consider the case where n has only one kink. But then
n can be written as the sum of a C! function and a multiple of a translated
absolute value.

Example 9.8. The example f.(z) := z—¢ € W1H*°(—1,1) shows that taking
absolute values is not continuous in W% (—1,1) since |f.|'(z) = sign(x — ¢)
does not converge uniformly to |fo| (x) = sign(z). o

Finally we look at situations where it is not a priori known that the
function has a weak derivative. We will offer two variants. The first variant
(ii) shows that an estimate on T, f — f is sufficient, where T, f(x) := f(x —a)
is the translation operator from . Note that the estimate (ii) below
should be thought of as an estimate for the difference quotient

Dif = Zéé%iéiﬁf (9.10)

in the direction of the j'th coordinate axis. Our second variant employs
duality and requires that the integral in (iii) below gives rise to a bounded
functional. Both characterizations fail in the case p = 1.

Lemma 9.10. For f € LP(U) consider
(i) f e WHP(U) with |V ]|, < C
(ii) There exists a constant C' such that
1Taf = fllLevy < Clal (9.11)
for every V.CC U and all a € R™ with |a| < dist(V,0U).

(iii) There ezists a constant C' with

’ /U F(Ve)d"a

where p' is the dual index

<Clglly,  »€CZU), (9.12)

1 1 _
1+t =1,

Then we have (i) = (it) < (i) for 1 < p < oo and (i) < (i1) < (i) for
1 <p< oo
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Proof. (i) = (ii): By Theorem [9.5 we can assume that f is smooth without
loss of generality and hence

1
@ —a) - f(@)] < |a] / IV f (@ — ta)ldt

from which the case p = oo is immediate. In the case 1 < p < oo we integrate
this inequality over V' and employ Jensen’s inequality to obtain

p
d"x

1
Tt = Ay < 1ot [ | [ 1950~ taia
1
§|a\p// \Vf(x —ta)|Pdtd"x
vV Jo

1
p _ pn p p
<l [ [ 195 = tapded < P11,

(ii) = (iii): Fix ¢ and choose some V' CC U with supp(y) C V. Using

/ (Tof — Pode = / f (Toap — p)d"
U U

for |a| < dist(V,0U) we obtain from (ii)

‘/f “ap —p)d

Choosing a = €67 and taking ¢ — 0 we get

‘ [ 1@

which implies (iii) with C replaced by /nC.

(ili) = (i) for p # 1: Ttem (iii) implies that ¢;(¢) = [, f(9;¢)d"x
is a densely defined bounded linear functional on Lp (U) Hence by The-
orem there is some g; € LP(U) (with ||g;|l, < C) such that £;(¢) =
— fU gjed™z, that is 0; f = g;.

This establishes the lemma in the case p # 1. The direction (iii) = (ii)
without the assumption p # 1 is left as an exercise (Problem . O

< Clalllgllp-

’/Tf Ppds

< Cllellys

Example 9.9. Consider f(x) :=sign(z) on U := R. We already know from
Examplethat f does not have a weak derivative. However, items (ii) and
(iii) hold with C = 2.

The problem in the case p = 1 is that, by the Riesszarkovﬁ representa-
tion theorem (Theorem from [34]), every bounded linear functional on

6Andrey Markov Jr. (1903-1979), Soviet mathematician
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Co(U) is given by a complex measure. Hence in this case the weak deriva-
tives of f are in general complex measures rather than functions, that is,
there exist Borel measures p; such that

[ 1@yt =~ [ panta).

The optimal constant in (iii)

Vu(f) = sup
PECE(U)lglloo<1

(9.13)

/Uf(th) d"z

is known as the total variation of f. It is a semi-norm since Viy(f) = 0
if and only if f is constant on every connected component by Lemma
Accordingly the class of functions satisfying (ii) or (iii),

BV(U) :={f € L'(U)|Vu(f) < o0}, (9.14)

is known as the functions of bounded variation. In terms of the measures
i it is given by

Vu()? = nsl(0)%
j=1

In the case p = oo we can also characterize W1 as follows:

Lemma 9.11. We have C’,?’l(U) C Whe(U) with the embedding being con-
tinuous. Conwversely, if U is convex then we have equality and the embedding
18 a homeomorphism.

Proof. If f € C)"'(U), then Lemma implies f € W™ with |V f]lo <
/11
Conversely, let f € W®(U) and f. = ¢. * f with ¢ the standard

mollifier. Then by the mean value theorem

[fe(z) = fe(W)| < IV fellool® =yl < NV flloolz =yl

where the last inequality holds for € sufficiently small. In fact, note that
for e < dist(z,0U) we have 0;fc(x) = (¢ * 0;f)(x) and the claim follows
from Young’s inequality . Now if z,y are Lebesgue points of f (cf.
Lemma , then we can take the limit ¢ — 0 to conclude

[f(@) = fWI <[V llolr =yl ae z,yel.

In particular, f is uniformly continuous on a dense subset and hence has a
(Lipschitz) continuous extension to all of U. O

Problem 9.1. Consider f(z) :=+/z, U := (0,1). Compute the weak deriv-
ative. For which p is f € WYP(U)?
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Problem 9.2. Show that the derivative of the function from Ezample[9.]] is
not integrable.

Problem 9.3. Consider the Hilbert space H'(0,1). Compute the orthogonal
complement of the following subspaces

a) HY(0,1)  b) {f € HY(0,1)] J f(z)dz =0}

Problem* 9.4. Show that for f,g € AC]a,b] we have the integration by
parts formula

b b
/f(fff)g'(fv)def(b)g(b)—f(a)g(a)—/ f'(@)g(z)dx

(Hint: Insert the definition on the left and use Fubini.)

Problem* 9.5. Show that f is weakly differentiable in the interval (a,b) if
and only if f(z) = f(c)+ [T h(t)dt is absolutely continuous and f' = h in
this case. (Hint: Lemmal[9.7 (vi).)

Problem* 9.6. Show that if f € AC[a,b] and f' € LP(a,b), 1 < p < oo,
then f is Hélder continuous:

@) = FW) < 1 llplz — o7,

Show that the claim fails for p = 1: The function f

r) = —log(xz)™! is
absolutely continuous but not Hélder continuous on [0, 5].

(
1
' 2
Problem* 9.7. Consider U := B1(0) C R" and f(z) =
C'(0,1]. Then f € WEP(B1(0)\ {0}) and
9if (x) = (|$!)ﬁ
Show that if limsup,_, U f(r)| < oo, then f € W'P(B1(0)) if and only
if . ' € LP((0,1), 7" Ldr).
Conclude that for f(z) = |z|™7, v > 0, we have f € WHP(B1(0)) with

0;f(2) =~

F(lz|) with f €

provided v < %, (Hint: Use integration by parts on a domain which ez-
cludes B:(0) and let e — 0.)

Problem 9.8. Show that for ¢ € C°(R™) we have

1 T

©0(0) = -3 -Vo(z)d"z.

Rn |@["
Hence this weak dem’vative cannot be interpreted as a function. (Hint: Start
with ¢(0 —I° ( (rw))dr = — [ Vo(rw) - wdr and integrate with
respect to w over the umt sphere S"~1; ¢f. Lemma|A.1]] m)
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Problem* 9.9. Show Lemmal[9.7 (i).

Problem* 9.10. Suppose f € WHP(U) and h € CF(U). Then h- f €
WHP(U) and we have Leibniz’ rule

Da(h-f) = (g) (95h)(Ba—sp f), (9.15)

BLla

where (g) = Wlﬂ)” al = [[1L(q;), and B < a means B; < «; for
I<j<m.

Problem 9.11. Let 1) : U — V be a C* diffeomorphism such that all deriva-
tives of both ¥ and =" are bounded. Then we have a bijective bounded liner
map Wh(V) = WER(U), f — f o,

Problem 9.12. Suppose for each x € U there is an open neighborhood
V(z) C U such that f € WkP(V(x)). Then f € Wlif(U). Moreover, if

[ fllwrery < C for every V.CC U, then f € WhP(U).

Problem 9.13. Suppose 1 < p < oco. Show that if f, € WYP(U) is a
sequence such that f, — f in LP and ||Vf.|, < C, then f € WHP(U).
(Hint: Since LP(U) is the dual of the separable Banach space LP (U) with
1%-1—1% =1, we can extract a weak-* convergent subsequence from any bounded

sequence (Lemmal[{.36 from [35]).)

Problem 9.14. Establish the direction (iii) = (ii) in Lemma[9.10 for arbi-
trary 1 < p < oo. (Hint: (B.18]).)

Problem 9.15. Show that W*P(U)NW34(U) (with 1 < p,q < 00, j,k € Ng)
together with the norm || f|lweeonawia := || fllwes 4+ fllwia is @ Banach space.

9.2. Extension and trace operators

To proceed further we will need to be able to extend a given function beyond
its original domain U. As already pointed out before, simply setting it
equal to zero on R™\ U will in general create a non-differentiable singularity
along the boundary. Moreover, considering U = (—1,0) U (0,1) we have
f(z) :=sign(x) € WLP(U) but it is not possible to extend f to R such that
the extension is in W1P(R).

Of course such problems do not arise if f € T/VO1 P QU ) since we can simply
extend f to a function on f € W1P(R") by setting f(z) =0 for z € R*\ U
(Problem [9.16]).

We will say that a domain U C R” has the extension property if for
all 1 < p < oo there is an extension operator F : WHP(U) — W1P(R") such
that
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e E is bounded, i.e., [[Ef|lyirmn) < Cupllfllwie@) and
° Ef‘U =f.

We begin by showing that if the boundary is a hyperplane, we can do the
extension by a simple reflection. To this end consider the reflection x* :=
(z1,...,Tn—1, —2y) which is an involution on R™. For a domain U which
is symmetric with respect to reflection, that is, U* = U, write Uy := {x €
Ul £z, > 0} and a function f defined on U can be extended to U_ U Uy
using

* L f(x)v S U+,
fr(@) = {f@*), el (9.16)

Note that f* extends to a continuous function in C'(U) provided f € C(Uy).

Lemma 9.12. Let U C R" be symmetric with respect to reflection and 1 <
p < oco. If f € WWP(Uy) then the symmetric extension f* € WhP(U)
satisfies || f*|lwieory = 21/p|]fHW1,p(U+), Moreover,

(8jf)*7 1 S.] <mn,

sign(zy)(Onf)*,  j=n. (6-17)

o=

Proof. It suffices to compute the weak derivatives. We start with 1 < j <n
and
/ [r0jpd"x = foj 7 d",
U Uy
where o7 (x) = p(z) + @(2*). Since ¢* is not compactly supported in U,
we use a cutoff function n.(z) = n(x,/e), where n € C*(R, 0, 1]) satisfies
n(r) = 0 for r < L and n(r) = 1 for r > 1 (e.g., integrate and shift the

2
standard mollifier to obtain such a function). Then

/ [fojpd"x = lim/ f0j(n-p™)d"x = — lim (9; F)nep®d"x
U e—0 U+ e—0 U+

— [ @petia=- [ @
Us U
for 1 < j < n. For j =n we proceed similarly,

/ Poweds = [ foutd,
U Uy

where ©f(x) = @(x) — @(2*). Note that ©*(z1,...,7,_1,0) = 0 and hence
lo*(x)] < L, on Uy. Using this last estimate we have |(9,7:)¢f| < C and
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hence we obtain as before

[ Foweda=tm [ foutneas =~ tim [ @ P
U e—0 U+ e—0 U+

—— [ @unéas = - [ s 0. eds,
Uy U
which finishes the proof. ([

Corollary 9.13. R"} has the extension property. In fact, any rectangle (not
necessarily bounded) @Q has the extension property.

Proof. Given a rectangle use the above lemma to extend it along every
hyperplane bounding the rectangle. Finally, use a smooth cut-off function
(e.g. mollify the characteristic function of a slightly larger rectangle). (]

While this already covers some interesting domains, note that it fails if
we look for example at the exterior of a rectangle. So our next result shows
(maybe not too surprising), that it is the boundary which will play the crucial
role. To this end we recall that U is said to have a C'' boundary if around
any point 2 € QU we can find a C' diffeomorphism 1 which straightens out
the boundary (cf. Section . As a preparation we note:

Lemma 9.14. Suppose U has a bounded C* boundary. Then there is a finite
number of open sets {U;}7" and corresponding functions ¢; € C*°(R") with
supp((;) C Uj such that Y77, (j(z) =1 for all x € U, Uy C U, {U;}74,
are bounded and cover OU, and for each Uj, 1 < j < m, there is a C!
diffeomorphism 1; : U; — Q;, where Q; is a rectangle which is symmetric
with respect to reflection.

Proof. Since near each x € OU we can straighten out the boundary, there is
a corresponding open neighborhood U, and a C'! diffeomorphism v, : U, —
Qz, where @, is a rectangle which is symmetric with respect to reflection.
Moreover, there is also a corresponding radius r(z) such that Br(x) (x) C Uy.
By compactness of OU there are finitely many points {z; };”:1 such that the
corresponding balls B, )(x;) cover the boundary. Take U; := Uy;. Choose
nonnegative functions {; € C°(U;) such that ¢; > 0 on Br(xj)(xj) (e.g.
mollify the characteristic function of B, )(x;)). Ijet V= U;n:l B2,y ()
and Uy := U. Choose a nonnegative function (5 € C°°(R™) supported
inside U such that 50 > 0 on U\ V and a nonnegative function 5m+1 €
C*°(R") supported on R” \ U such that iy > 0 on R*\ (UUV) (e.g.
again by mollification of the corresponding characteristic functions). Then
¢:= Z;”:ng 5]- € C>®(R™) is positive on R™ and ¢ := Q:]/C are the functions
we are looking for. U
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Now we are ready to show:

Lemma 9.15. Suppose U has a bounded C' boundary, then U has the ex-
tension property. Moreover, the extension of a continuous function can be
chosen continuous and if U is bounded, the extension can be chosen with
compact support.

Proof. Choose functions (; as in Lemmaand split f € WHP(U) accord-
ing to Zj fj, where f; := (jf. Then fp can be extended to R" by setting
it equal to 0 outside U. Moreover, f; can be mapped to Q); 4+ using v; and
extended to @; using the symmetric extension. Note that this extension
has compact support and so has the pull back f] to Uj; in particular, it
can be extended to R™ by setting it equal to 0 outside U;. By construc-
tion we have ||ij\|w1,p(Uj) < Gjllfjllwie,) and the product rule implies
1 fillwie@w,) < Cillfllwirw)- Hence f:= 3", f; is the required extension.
The last claim follows since the symmetric extension of a continuous
function is continuous. [l

As a first application note that by mollifying an extension we see that
we can approximate by functions which are smooth up to the boundary.
Moreover, using a suitable cutoff function we can also assume that the ap-
proximating functions have compact support.

Corollary 9.16. Suppose U has the extension property, then C°(R™) is
dense in WHP(U) for 1 < p < oo.

Proof. Simply mollify an extension. If U is bounded the extension will
have compact support and its mollification will be in C°(R"). If U is un-
bounded, multiply the mollification with a cutoff function to get a function

from C2°(R™) as in the proof of Lemma O

Corollary 9.17. Suppose U has the extension property, then WH>°(U) =
C’l?’l(U) with equivalent norms.

Proof. Since U has the extension property, we can extend f to W1 (R")
and hence f is Lipschitz continuous by Lemma [9.11] (]

Note that it is sometimes also of interest to look at the corresponding
extension problem for W*P(U) with k > 1. It can be shown that there
is an extension operator £ : WkP(U) — WF*P(R") provided the boundary
satisfies a local Lipschitz condition (see Theorem VL5 in [28] for details).

Next we show that functions in W1 have boundary values in LP. This
might be surprising since a function from W1P(U) is only defined almost
everywhere and the boundary OU is a set of measure zero. Please recall that
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for U with a C! boundary there is a corresponding surface measure dS and
by LP(0U) we will always understand LP(9U, dS).

Theorem 9.18. Suppose U has a bounded C boundary, then there exists a
bounded trace operator

T:WhP(U) — LP(dU) (9.18)

which satisfies Tf = f‘aU for f € C(U)NWYP(U). Moreover, we have
|Tf| =T|f| and for real-valued functions also (T'f)x =T fx.

Proof. In the case p = oo functions from W°(U) are Lipschitz continuous
by Corollary and hence continuous up to the boundary. So there is
nothing to do.

Thus we can focus on the case 1 < p < 0o. As a preparation we note that
by Corollary the set C(U) N W1P(U) is dense by the previous lemma
and that the Gauss-Green theorem continues to hold for u € C(U,R") N
WEL(U,R") if U is bounded. To see this choose u € C(U,R*)NWHL(U, R?)
and extend it to a function u € C.(R"™, R*)NW11(R™, R™). Then the Gauss—
Green theorem holds for the mollification u. := ¢. * 4 and since we have
ue: — u uniformly on U as well as dju. — dju in L'(U, R") the Gauss—Green
theorem remains true in the limit € — 0.

Now take f € C(U) N WLP(U). As in the proof of Lemma using
a partition of unity and straightening out the boundary, we can reduce it
to the case where f € C(R") has compact support supp(f) C Q such that

oU Nsupp(f) C OR’. Then using the Gauss-Green theorem and assuming
f real-valued without loss of generality we have (cf. Problem [9.17))

/ P = — / (UfP)ond’z = —p / sign(f)| /17~ (0n f)d"x
ou Q+ Q+
< PIFIE YV £

where we have used Holders inequality in the last step. Hence the trace
operator defined on C(U) N W1P(U) is bounded and since the latter set is
dense, there is a unique extension to all of WP (U).

To see the last claim observe that if f, € C(U) N WYP(U) — f, then
|ful € CO)NWLP(U) — | f] by Lemmal[9.8) Hence |T'f| = limy, o0 |T'fn] =
limy, o0 T| fn] = T f]. O

Of course this result can also be applied to derivatives:

Corollary 9.19. Suppose U has a bounded C' boundary, then there erists
a bounded trace operator

T: WhP(U) — WELP(9U) (9.19)
which satisfies T f = f}aU for f € CF=YTU) nWFP(U).
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As an application we can extend the Gauss—Green theorem and integra-
tion by parts to WP vector fields.

Lemma 9.20. Let U be a bounded C' domain in R™ and u € WP(U,R")
a vector field. Then the Gauss—Green formula holds if the boundary
values of u are understood as traces as in the previous theorem. Moreover, the
integration by parts formula also holds for f € WHP(U), g € WH(U)
with % —+ % =1.

Proof. Since U has the extension property, we can extend u to W1P(R", R").
Consider the mollification u. := ¢, * u and apply the Gauss—Green theorem
to us. Now let ¢ — 0 and observe that the left-hand side converges since
Ojue — Oju in LP C L'. Similarly the right-hand side converges by continu-
ity of the trace operator. The integration by parts formula follows from the
Gauss—Green theorem applied to the product fg and employing the product
rule. U

Finally we identify the kernel of the trace operator.

Lemma 9.21. If U is a bounded C* domain in R", then the kernel of the
trace operator is given by Ker(T) = Wy*(U) for 1 < p < .

Proof. Clearly Wol’p(U) C Ker(T'). Conversely it suffices to show that f €
Ker(T') can be approximated by functions from CZ°(U). Using a partition
of unity as in the proof of Lemma we can assume U = @4, where @ is
a rectangle which is symmetric with respect to reflection. Setting

n _ f(x)v J;GQ—H
0, T eEQ_,

integration by parts using the previous lemma shows

[foedra= [ sopao—— [ @peds oecrQ,

Q@ Q+ Q+

that f € W1P(Q) with 8jf7(a;)7: 0jf(x) for € Q4+ and 9;f(x) = 0 else.

Now consider fe(z) = (¢z/2 * f)(z —ed") € C(Q+) with ¢ the standard

mollifier. This is the required sequence by Lemma [B.14] and Problem
(]

Problem* 9.16. Show that f € W(;g’p(U) can be extended to a function

fe Wok’p(R")iby setting it equal to zero outside U. In this case the weak
derivatives of f are obtained by setting the weak derivatives of f equal to zero
outside U.

Problem* 9.17. Suppose v > 1. Show that f € WP(U) implies |f|? €
WPl (U) with 0;f|Y = 4| f7~10;|f|. (Hint: Lemmal9.8.)
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Problem 9.18. Suppose U has a bounded C'* boundary. Show that WOI’OO(U) =
C3(U). (Hint: Use Lemma to reduce it to the case of a straight bound-
ary. Near the straight boundary use a cutoff n. as in the proof of Lemma.)

Problem 9.19. Let 1 < p < oo and U bounded. Show that T'f = f‘aU

defined on C(U) C LP(U) — LP(9U) is unbounded (and hence has no mean-
ingful extension to LP(U)). (Hint: Take a sequence which equals 1 on the
boundary and converges to O in the interior.)

Problem 9.20. Suppose u € Hg(B1(0)) satisfies u(x) = —u(z*), where

¥ = (T1,...,Zn-1,—Tp). Show that uw € H}(B1(0) NRY), where R? =
{z € R"|x,, > 0}.

Problem 9.21. Consider the punctured ball U := B1(0) \ {0}. Show that
Wy P(U) = WyP(B1(0)) and WP(U) = WHP(By(0)) for p < n.

Problem 9.22. Let 1 < p < oo and U bounded. Show that Tf = f|8U
defined on C(U) C LP(U) — LP(U) is unbounded (and hence has no mean-
ingful extension to LP(U)). (Hint: Take a sequence which equals 1 on the

boundary and converges to O in the interior.)

Problem 9.23. Show that Co(T)NW'P(U) C WyP(U), 1 < p < oo. (Hint:
Of course, if U has a nice boundary, this is immediate using traces. For the
general case use an approximation based on Lemma )

9.3. Embedding theorems

We have already seen that functions in WP are not necessarily continuous
(unless n = 1). This raises the question in what sense a function from W7
is better than a function from LP? For example, is it in L? for some ¢ other
than p? In this respect it is instructive to look at an example which should
be understood as a benchmark for the results to follow.

Example 9.10. Let U := B;(0) and consider f(z) := |z|7?. Then by

Problem [0.7]
Ti o
6jf($):—’yﬁ|$! 71,
||

where the factor Tl < 1 is bounded. Hence by Example [A.8] we have
f € WHP(U) provided v < 5 — L. Since we have f € LI(U) provided v < 2
the optimal index for which f € LP"(U) is p* := n"—_";} provided n > p. If
n < p, then we have —y > 1 — % > 0 and hence f is continuous. In fact it
will be Holder continuous of exponent 1 — %.
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Of course we can also take higher derivatives into account. To this end,
using induction, it is straightforward to verify that

00 f(z) = LoDy

|zl

9

where P, is a homogenous polynomial of degree |a|. In particular, note
that the factor P, (z)|z|~1*! is bounded. Hence the optimal index for which
f € LV (U) provided f € WkP(U) is p} := kp for n > pk. For n < pk
we will have f € C*~I=1 where | € [%] with the highest derivative being
Hoélder continuous of exponent 1 — % + 1. o

Theorem 9.22 (Gagliard(ﬂ»Nirenberngobolev). Suppose 1 < p < n and
U CR"™ is open. Then for any f € Wl’p(U) we have

1l < 20D H 105 £/ < Z 105 £ (9.20)

1 .
where ik

% % In particular, we have a natural continuous embedding
o P(U) = LYU) for allp < q < p*.

Proof. It suffices to prove the inequality since the rest follows from
interpolation (Problem . Moreover, by density it suffices to prove the
inequality for f € C2°(R™). In this respect note that, if you have a sequence
fn € C(U) which converges to some f in Wol’p(U), then by this se-
quence will also converge in LP" (U) and by considering pointwise convergent
subsequences both limits agree.

We start with the case p = 1 and observe

ol=| [ s < [~ jouselar

—0o0
where we denote by Z; := (21,...,2j—1,%j4+1,..., %) the vector obtained
from x with the j’th component dropped. Denote by f1(Z;) the right-hand
side of the above inequality and apply the same reasoning to the other co-
ordinate directions to obtain

"< ]G
j=1
Now we claim that if f; € L*(R"™!), then

H Hfj(.f’j)"— L1(R") H ‘f]HLl Rn—1)
j=1 =1

"Emilio Gagliardo| (1930-2008), Italian Mathematician


http://en.wikipedia.org/wiki/Emilio Gagliardo
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For n = 2 this is just Fubini and hence we can use induction. To this end
fix the last coordinate x, 41 and apply Holder’s inequality and the induction
hypothesis to obtain

n+1

/ H @R < £ o

H |£5(&

Now integrate this inequality with respect to the missing variable z,11 and
use the iterated Holder inequality (Problem with r = 1 and p; = n) to
obtain the claim.

ﬁ\fj(f?j)!i‘

-1
1/n
Ll(]R = Hf”'*‘lnLl(R" HHf] L/l(]Rn 1y

Ln/(n=1) (Rn)

1
= |l fasrll gy

Moreover, applying this to our situation where || ;][ 1 (gn-1) = [|0; f[[1 We
obtain

n 1
1A= < TT 1oy
j=1

which is precisely (9.20) for the case p = 1 (the second inequality in (9.20))
is just the inequality of arithmetic and geometric means). To see the case of

general p let f € C>°(R™) and apply the case p=1to f — |f|” for v > 1 to
be determined and recall Problem [0.17. Then

yn % n 1/n
n=1d" 0 T g™ .
(/an x) SH(A@‘]MH x) (9.21)

n l/n n
— 11 ( /| If“\(?jf!d”:c> < oy [T 10315
j=1 7j=1

where we have used Holder in the last step. Now we choose v := 2 (n 1) >1
such that &% = (wp—%l)p = p*, which gives the general case. O

Note that a simple scaling argument (Problem [9.25)) shows that (9.20))
can only hold for p*. Furthermore, using an extension operator this result
also extends to WP (U):

Corollary 9.23. Suppose U has the extension property and 1 < p < n, then
the natural embeddmg WYP(U) — LI(U) is continuous for every p < q < p*,
1

where L+ =1 _ 1
P p n

Proof. Let f = Ef € W'2(R") be an extension of f € W'P(U). Then

£ lze@ry < Ifllpany < Coll Fllwromny < CoCupll fllwrery, where we have
used Wol’p(R”) = WhP(R") (Lemma O
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Note that involving the extension operator implies that we need the full
WP norm to bound the LP* norm. A constant function shows that indeed
an inequality involving only the derivatives on the right-hand side cannot
hold on bounded domains (cf. also Theorem .

In the borderline case p = n one has p* = oo, however, the example in
Problem shows that functions in W™ can be unbounded if n > 1 (for
n = 1 we have already seen in Example that we have a continuous em-
bedding Wh(a,b) — C[a,b]). Nevertheless, we have at least the following
result:

Lemma 9.24. Suppose p = n and U C R"™ is open. Then the natural
embedding Wol’n(U) — L1(U) is continuous for every n < q < oo.

Proof. As before it suffices to establish || f|; < C|f|lwin~ for f € C(R™).
To this end we employ (9.21)) with p = n implying

P .
11 sy < A n/nlﬂllﬁfll” A 0y 3 1041
J:

Using Young’s inequality (Problem , oD/ gl < 77710[ + %ﬁ for

nonnegative numbers «, 5 > 0, this gives
111y < C (1l irynsenny + D 185 )
j=1

Now Choosing v =nwe get [|flln2/n-1) < C||f||W1n and by interpolation
(Problem 4) the claim holds for ¢ € [n n-"3]. So we can choose v = n+1
to get the claim for ¢ € [n, (n + 1)-"4] and 1terat1ng this procedure finally
gives the claim for ¢q € [n, (n + k)-"], which establishes the result. O

Corollary 9.25. Suppose U has the extension property and p = n, then the
natural embedding WH™(U) < L1(U) is continuous for every n < q < oc.

Example 9.11. If n = 1 with U = (a,b) an interval we have W11(a,b) —
Chy(a,b) in the borderline case n = p. In the case of a bounded interval this
was shown in Example If f € Whi(a,b) then it is (locally) absolutely
continuous and we can choose some ¢ € (a,b) and write f(x) = f(c) +
[ f'(y)dy implying |f(x)| < |f(c)| + [|f'|l1. Averaging this last equation
with respect to ¢ shows || f|oc < % +|f'|l1 (with the first term understood
as being zero if (a,b) is unbounded). o

In the case p > n functions from W1? will be continuous (in the sense
that there is a continuous representative). In fact, they will even be bounded
Hoélder continuous functions and hence are continuous up to the boundary

(cf. Theorem and the discussion after this theorem).
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Theorem 9.26 (Morrey). Suppose n < p < oo and U C R"™ is open. Func-
tions from VVO1 P(U) have a continuous representative such that the natural
embedding Wol’p(U) — C’g"y(ﬁ), where v = 1 — %, is continuous. Here
CS’V(U) = CI?’V(U) N Co(U) is the space of Hélder continuous functions
vanishing at the boundary.

Proof. In the case p = oo there is nothing to do, since Wol’oo(U) C clU)
and [f]1 < ||V f|lc. Hence we can assume n < p < oo. Moreover, as before,
by density we can assume f € C°(R"™).

We begin by considering a cube @ of side length r containing 0. Then,
forzreQand f=7r"" fQ x)d™z we have

1
f— f(0) :7“_"/Q (f(x) —f(O))d":U = 7‘_”/62/0 %f(tm)dtd":v

and hence

1 1
|f — £(0)] STH/Q/O |Vf(tx)|x|dtd”a:§r1”// |V f(tz)|dtd"x

B 1 dn ’tQ‘l 1/p
n , d
L v a W :

<y
s IV fllze @)
where we have used Hoélder’s inequality in the fourth step. By a translation
this gives
_ Y
|f = fl@)] < 7\|Vf||Lp(Q)

for any cube @ of side length r containing x and combining the corresponding
estimates for two points we obtain

[f(z) = fly)l <

for any cube containing both = and y (note that we can choose the side
length of @ to be r = maxi<j<y |z; — y;| < |z —y|). Since we can of course
replace LP(Q) by LP(R™) we get Holder continuity of f. Moreover, taking a
cube of side length r» = 1 containing = we get (using again Holder)

2|V fllLr(o) iz — 4" (9.22)

= 20Vilie@ 2IV £l
1f(@)] < |f1+ f” < If o) + f” < O fllwrogan)
establishing the theorem. ([

Corollary 9.27. Suppose U has the extension property and n < p < o0,
then there is a continuous embedding WP (U) — CI?’V(U), where y =1— 7.
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Proof. Let f = Ef € WLP(R™) be an extension of f € WYP(U). Then
Fleo @) < 1oy < Coll Flwogen < CoCupliflwanwy. where we
have used Y/VO1 P(R") = WLP(R") and Morrey’s theorem if p < oo and
Lemma [9.11] if p = oo. ([

Example 9.12. The example from Problem shows that for a domain
with a cusp, functions from WP might be unbounded (and hence in partic-
ular not in C17) even for p > n. o

Example 9.13. For p = oo this embedding is surjective in case of a con-
vex domain (Lemma or a domain with the extension property (Corol-
lary . However, for n < p < oo this is not the case. To see this consider
the Takagi function (Problem from [34]) which is in C*7[0, 1] for every
v < 1 but not absolutely continuous (not even of bounded variation) and
hence not in W1P(0,1) for any 1 < p < co. Note that this example immedi-
ately extends to higher dimensions by considering f(x) = b(x1) on the unit
cube. o

As a consequence of the proof we also get that for n < p Sobolev functions
are differentiable a.e.

Lemma 9.28. Supposen < p < oo and U C R" is open. Then f € Wl’p(U)

loc
is differentiable a.e. and the a.e. derivative equals the weak derivative.

Proof. Since VVlifo - VVlif for any p < oo we can assume n < p < oo. Let
x € U be an LP Lebesgue point of the gradient, that is,

1
lim — \V4 -V Py =0,
i s /Q IZER AR

where Q,(x) is a cube of side length r containing z. Now let y € Q,(x)
and r = |y — x| (by shrinking the cube w.l.o.g.). Then replacing f(y) —

fly)— f(x) = Vf(z) (y—2z) in we obtain

9 1/p
|fly) = fx) =V [(z) (y —2)| < glx —yl” (/ | IVf(z) - Vf(Z)I”C”‘Z)

r(T

1/p
2 1 .
= Zla =yl (M R ROI )

and, since x is an LP Lebesgue point of the gradient, the right-hand side is
o(|]z — yl|), that is, f is differentiable at x and its gradient equals its weak
gradient. ([

Note that since by Lemma [9.11] every locally Lipschitz continuous func-
tion is locally W™ we obtain as an immediate consequence:
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Theorem 9.29 (Rademachelﬁ). Every locally Lipschitz continuous function
is differentiable almost everywhere.

So far we have only looked at first order derivatives. However, we can
also cover the case of higher order derivatives by repeatedly applying the
above results to the fact that 9;f € WF=LP(U) for f € WFP(U).

Theorem 9.30. Suppose U C R" is open and 1 < p < oo. The following
natural embeddings are continuous:

ool 1k
Wel(U) = LYU), g€ lppfl if =~ >0,
Kk PN
k.p 1k
WO’(U)%L‘I(U), q € [p,0) ZfE:E7
- i =1-2 lv a N, 1 k
WEP@) < O@), 1= B 47T e e L
p e [Oa 1)7 P € Np, p n

If in addition U C R™ has the extension property, then the following natural
embeddings are continuous:

WhP(U) o LIU), g€ [pp] if — =
WhP(U) — LYU), q € [p,o0) ifl =

WhP(U) — CF @y, 1= 1, if - <
R G T O S

{7:1;;“, 5 &No, 1k
p

Proof. If % > % we apply Theorem 9.22[to successively conclude [|0¢ f HLP; <

Cllfllyrr for laf <k —jforj=1,....k If % = % we proceed in the same
0

way but use Lemma in the last step. If ;1) < % we first apply Theo-

rem [ times as before. If % is not an integer we then apply Theorem

to conclude [[0%f[| o0 < C|[f|lyyns for |of <k —1—1. If T is an integer,
(0] 0

we apply Theorem [9.:22]/ — 1 times and then Lemma [9.24] once to conclude

10%fllLa < C|fllyyre for any ¢ € [p,00) for |a| < k — 1. Hence we can
0

apply Theorem to conclude H(?afHCg,y < C’HfHWég,p for any v € [0,1)

for | <k —-1—-1.

The second part follows analogously using the corresponding results for
domains with the extension property. ([l

Note that for p = 1 we have a slightly stronger result W' L(U) < ()
in the borderline case k = n — see Problem [0.32]

€Hans Rademacher (1892-1969), German-American mathematician


http://en.wikipedia.org/wiki/Hans Rademacher

216 9. General Sobolev spaces

Moreover, for ¢ € [p,p*) the embedding is even compact (it fails for

q = p* — see Problem [9.29)).
Theorem 9.31 (Rellichﬂ»KondraChova. Suppose U C R™ is open and

bounded and 1 < p < oco. Then following natural embeddings are compact:

1 1 1
Wl’pU%LqUa qepvp*7 7:7_772.2)3”7
P ). gelpp’) =
WP (U) <= Co(T), if p > n.

If in addition U C R"™ has the extension property, then the following natural
embeddings are compact:

*

1 1 1
LPU(_)LQU’ qe 7p*a 7:7_77ifp§na
W) < U0). g€ ). =

Whr(U) — C(U), if p > n.

Proof. The case p > n follows from Wol’p(U) — CS’W(U) — Co(U), where
the first embedding is continuous by Theorem and the second is compact
by Theorem Similarly in the second case using WP (U) — Cl? TU) <
C(U), where the first embedding is continuous by Corollary m

Next consider the case p < n. Let F ¢ WYP(U) (or F C Wol’p(U)) be
a bounded subset. Using an extension operator (or Problem we can
assume that F C WHP(R") with supp(f) C V for all f € F and some fixed
set V. By Lemma (applied on R™) we have

[Taf = fllp < [allV £l

and using the interpolation inequality from Problem and Theorem [9.30
we have

ITaf = fllg < NTuf = Il 2N Taf = Flige < lal* PNV L1, CONFIT s

where 1 = 1779 + }%, 0 € [0,1]. Hence F is relatively compact by Theo-
rem @ In the case p = n, we can replace p* by any value larger than
q. O

Since for bounded U the embedding C(U) < LP(U) is continuous, we
obtain:

Corollary 9.32. Under the assumptions of the above theorem the natural
embeddings WéCJrl’p(U) — Wég’p(U) and WHLP(U) «— WHEP(U) are com-
pact.

gFranz Rellich| (1906-1955), Austrian-German mathematician
10Vladimir Tosifovich Kondrashov (1909-1971), Russian mathematicia


http://en.wikipedia.org/wiki/Franz Rellich
http://en.wikipedia.org/wiki/Vladimir Iosifovich Kondrashov
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Proof. By the Rellich-Kondrachov theorem the embedding W1P(U) —
LP(U) is compact. Hence, given a bounded sequence in W**1P(U) we can
find a subsequence for which all partial derivatives of order up to k converge
in LP(U). Hence this sequence converges in W*P?(U) by Corollary O

Example 9.14. Note that the Rellich-Kondrachov theorem fails for ¢ = p*.
To see this choose a nonzero function f € VVO1 P(U) with compact support in
some small ball. Now consider f.(z) := e 7" f(x/e). Then || fell1p < | fll1p
and || f-|lp- = [|fllp~- If f- had a convergent subsequence in LP"(U), this
subsequence must converge to 0 since f.(z) — 0 a.e., a contradiction. o
Example 9.15. Note that the Rellich-Kondrachov theorem fails on R™. To
see this choose ¢ € C°(R") with support in Bj/5(0) and consider F' =
{or == ¢(. — k6Y)|k € N}. Now note that both the WP as well as the L9
norm of ¢ are independent of k£ and two different functions have disjoint
supports. So there is no way to extract a convergent subsequence and an
extra condition is needed. o

Theorem 9.33. Let 1 < p <n. A set F C WHP(R") is relatively compact
in L1(R™) for every q € [p,p*) if F is bounded and for every € > 0 there is
some r > 0 such that [|[(1 — xp, ) fllp <& forall f € F.

Proof. Condition (i) of Theorem is verified literally as in the previ-
ous theorem. Similarly condition (ii) follows from interpolation since ||(1 —

x5, )flla < 10=x5,0)flp N (=xB,©0) 15 < I1(1=xB,0) 15N £15-
O

Note that this extra condition might come for free in case of radial sym-

metry (Problem [14.24)).

As a consequence of Theorem [9.31] we also can get an important inequal-
ity.
Theorem 9.34 (Poincaré inequality). Let U C R™ be open and bounded.
Then for f € WyP(U), 1 < p < oo, we have
1flly < CIV fllp- (9.23)
If in addition U is a connected subset with the extension property, then for
fewWtP(U), 1 <p< oo, we have
1f = (Nolly < CIV £, (9.24)
where (f)y = ﬁ Jiy fdx is the average of f over U.

Proof. We begin with the second case and argue by contradiction. If the
claim were wrong we could find a sequence of functions f,, € WLP(U)
such that || fm — (fm)ullp > m||Vfmllp- hence the function g, := || fm —
(fm)U”;?l(fm - (fm)U) satisfies Hgm”p =1, (gm)U =0, and ||ngHp < %
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In particular, the sequence is bounded and by Corollary [0.32] we can assume
gm — g in LP(U) without loss of generality. Moreover, ||g|l, = 1, (9)v = 0,
and

. n — 1 . n g 3 . n —
/Ugajgod x Tr}gnoo/[]gm@(pd x n%gnoo U((?]gm)tpd x = 0.

That is, d;g = 0 and since U is connected, g must be constant on U by
Lemma (vi). Moreover, (g)y = 0 implies g = 0 contradicting | g||, = 1.

To see the first case we proceed similarly to find a sequence g, :=
| fmll;* fm producing a limit such that ||g|l, = 1 and 8;9 = 0. Now take
a ball B := B,(0) containing U such that B \ U has positive Lebesgue mea-
sure. Observe that we can extend f,,, to f,, € W1P(B) by setting it equal to
0 outside U which will give a corresponding sequence g, := || fm|l, Lf., and
a corresponding limit g. Since B is connected we again get that g is constant
on B and since g vanishes on B\ U it must vanish on all of B contradicting
Il = 1. O

Example 9.16. Using the Poincaré inequality we can shed some further light
on the case f € W1(R") from Lemma First note that a simple scaling
shows that the constant C, for a ball of radius r in the Poincaré inequality
is given by C, = Cir. Hence using Poincaré’s and Holder’s inequalities we
obtain

1 d™y
fy—frxd”ySCr/ Vf(y
|B'r| Br(z)| ( ) ( )B ( )| ! Br(:n)| ( )’|Br|
o\ c
Y 1
<Cir / V) < S |
' < By (2) | By vi/m

Locally integrable functions for which the left-hand side is bounded are called
functions of bounded mean oscillation. The set of all such functions is
denoted by BMO(R"™) and one sets

1f W) = (F)B,(@|d"y-

| fllBMoO = sup
17 P15, oo

It is straightforward to verify that this is a semi-norm and || f|[smo = 0 if
and only if f is constant. o

Finally it is often important to know when WYP(U) is an algebra: By
the product rule we have 0;(fg) = (9;f)g + f(9;g) and for this to be in
LP we need that f, g are bounded which follows from Morrey’s inequality
(Theorem if n < p. Working a bit harder one can even show:

Theorem 9.35. Suppose U C R™ is open. If% < %, then W(;C’p(U) s a
Banach algebra with
| fql

kp < Cllfllkpllgllep- (9.25)
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If U is bounded and has the extension property, the result also holds for
Wkr(U).

Proof. First of all it suffices to show the inequality for the case when f
and g are C™ NW*P. Moreover, by Leibniz’ rule (Problem it suffices
to estimate [|(0a.f)(039)|p for |a| + |B] < k. To this end we will use the
generalized Holder inequality (Problem [B.12)) and hence we need to find
1 < qa,q3 < 00 With% = q%%—é such that W=l <y [de and W= 1lp
Lis.

Let I be the largest integer such that % < % Then Theorem W
allows us to choose go = 00, qg = p for |o| < [ and similarly ¢, = p,
gs = oo for |B| < I Otherwise, that is if 1 > *=1%l and 1 > *=I8l then

n

Theorem [9.30| imposes the restrictions q% > % — —k;,!a‘ and é > % — —k;l'gl.
Hence qia + é > % - (% — %) and we can find the required indices. ([l
Problem 9.24. Show that for f € HE((a,b)) we have

1715 < 211 fll2l1F'll2-

Show that the inequality continues to hold if f € H (R) or f € H'((0,00)).
(Hint: Start by differentiating | f(z)[?.)

Problem* 9.25. Show that the inequality || f||; < C||V f|, for f € WHP(R™)
can only hold for ¢ = —£. (Hint: Consider f\(z) = f(A\x).)

n—p’
Problem* 9.26. Show that f(x) := loglog(1l + ﬁ) is in WL (B(0)) if
n > 1. (Hint: Problem[9.7)

Problem* 9.27. Consider U := {(z,y) € R?|0 < 2,y < 1, 2% < y} and

flx,y) == y=* with a, 8 > 0. Show f € WHP(U) for p < % Now

observe that for 0 < 8 <1 and o < % we have 2 < %

Problem* 9.28. Prove Young’s inequality
1 1 1 1

VPV < Zat - S4-=1 af>0.
p q p g

Show that equality occurs precisely if « = (3. (Hint: Take logarithms on both
sides.)

Problem* 9.29. Let U = B1(0) C R™ and consider
n_q 1
0, else.

Show that wy, is bounded in WP(U) for 1 < p < n but has no convergent
subsequence in LP" (U). (Hint: The beta integral from Pmblem miaght be
useful.)
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Problem 9.30 (Lions’ lemma)ﬂ Let X, Y, and Z be Banach spaces. As-
sume X is compactly embedded into Y and Y is continuously embedded into
Z. Show that for every € > 0 there exists some C(e) such that

zlly < ellellx + Cle)lle] 2.

Problem 9.31. Suppose U C R" is bounded and has the extension property.
Show that there exists a constant C' such that

£ lkp < C DY 10akllp+ 11 £l

|a|=k
(Hint: Problem[9.30 and Corollary[9.59)
Problem 9.32. Let U C R™. Show that there is a bounded embedding
Won’l(U) — Co(U) satisfying
[ flle < 110(1,...0) fll1-

Problem 9.33. Let U be a bounded domain with a C' boundary and 1 <
p < 00. Show that for every a > 0 there is a constant C' such that

/ |fIPd" "z < c(/ |prd”x+a/ |f|pd8>, fewhP(U).
U U oU

Problem 9.34. Show that item (v) From Lemma holds for bi-Lipschitz
maps 1.

Note that with this result all results from the present chapter can be ex-
tended from C' to Lipschitz domains.

(Hint: Use that the change of variables formula for integrals holds for
bi-Lipschitz functions and Lemmal[9.28,)

1 Jacques-Louis Lions (1928-2001), French mathematician


http://en.wikipedia.org/wiki/Jacques-Louis Lions

Chapter 10

Elliptic equations

10.1. The Poisson equation

As a warmup we will start by looking at the Poisson equation

—Au(z) = f(z), zel,
u(z) =0, x € 0U, (10.1)

on a bounded domain U C R"™ with Dirichlet boundary conditions. Our
analysis will apply both in the case of real as well as complex solutions.
Hence we will look at complex solutions which contain real solutions as a
special case.

If we regard the derivatives as weak derivatives, then our equation reads
- [@o@u@as = [ pf@de pecrw).  (02)

or, after an integration by parts, we can also write it in the more symmetric
form

[ uas = [ s@pwire. peczw).  (03)
Now recall that by the Poincaré inequality (Theorem [9.34]) we have a scalar
product
(v,u) = / (Vo)* - (Vu)d"z (10.4)
U

on H}(U) whose associated norm is equivalent to the usual one. Here ‘*’
denotes complex conjugation, which of course can be dropped in case one is
only interested in real solutions.

221
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Moreover, using the fact that C°(U) C H}(U) is dense we see that we
can write our last form as

(v,u) = (v, f)2,  ve Hy(U), (10.5)

where (v,u)2 := [; v(z)*u(z)d"x denotes the scalar product in L*(U).

We will call a solution u € H}(U) of a weak solution of the
Dirichlet problem . If a weak solution is, in addition, in H?(U), it is
called a strong solution. In this case we can undo our integration by parts
and conclude that u solves , where the derivatives are understood as
weak derivatives and the boundary condition is understood in the sense of
traces (at least for U with sufficiently smooth boundary; see Lemma .

Finally note that (10.5)) should be more precisely written as
(0,u) = (T, flo, v HD), (10.6)

where J : H}(U) < L%(U) is the natural embedding. Since this embedding
is bounded (in fact, even compact; we will come back to this later), we can
use the adjoint operator to write this as

(v,u) = (v, J*f), v e HYU), (10.7)

which shows that the weak problem has a unique solution u = J*f €
HE(U) for every f € L2(U). Also note the estimate |lu|| = ||J* ]| < C||f]|z,
where C' is the optimal constant from the Poincaré inequality (since ||J*|| =
171l = ©).

Moreover, observe that in the complex case the solution corresponding
to f* is u* and hence, by uniqueness, the weak solution corresponding to a
real-valued f will also be real-valued.

In summary,

Theorem 10.1. Suppose U C R"™ is a bounded domain. The Poisson equa-
tion (10.1)) has a unique weak solution uw € HY(U) for every f € L?>(U). This
solutions satisfies ||Vulla < C||fl|l2 and will be real-valued if f is real-valued.

Moreover, note that many principles carry over to weak solutions. For
example, let us call a function v € L}, (U, R) weakly subharmonic if

/ vApd'z >0, p € C(U,0,00)). (10.8)
U

Similarly, v is called weakly superharmonic if the inequality is reversed
and weakly harmonic if equality holds. It can be shown that this definition
generalizes the classical definition from Section (Problem . As a
motivation for the definition, observe that if v € C?(U) then integration
by parts and Lemma shows that reduces to the usual condition
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Awv > 0 in this case (cf. Lemma [5.14)). Moreover, it turns out that a weakly
harmonic function is harmonic (see again Problem [10.4)).

To formulate the comparison principle in this setting (the analog of
Lemma we will write v < w on QU for two real-valued functions
u,v € HY(U) provided the positive part (v —u); is in H}(U). Note that if
U is a domain with a bounded C' boundary, then f < 0 on the boundary in
the sense of traces if and only if Tf; = (T'f)+ = 0 and hence if and only if
f+ € H}(U) by Lemma Thus the condition reduces to the natural one
for such domains.

Lemma 10.2 (Subharmonic functions are subsolutions). Letu,v € H'(U,R)
with u harmonic and v weakly subharmonic. Thenv < u on QU impliesv < u
on U.

Proof. By considering v — u we can assume u = 0 without loss of generality
and hence we have vy € Hg (U, [0,00)). Furthermore, for v € H*(U) we can
use integration by parts to rewrite (10.8) as

/U (Vo) - (Vo)d"a <0, @ € CX(U, [0, 00)).

and by approximation this even holds for all ¢ € H}(U,[0,00)). Choosing
p = vy we get

0> / (Vog) - (Vo)d"x :/ Vo, [2d"z.
U U

Hence Vv; = 0 and by Lemma (vi) we see that vy is constant on every
connected component. Since it vanishes on the boundary, it is zero (if a
component has no boundary, i.e. if U = R", observe that the only square

integrable constant is zero). O
Setting
sup f(z) :==inf{M € R|f < M on OU} (10.9)
xeoU

the maximum principle follows upon choosing u = M := sup,cay v(z).

Corollary 10.3 (Maximum principle). If v € HY(U,R) is weakly subhar-
monic, then

supv(z) < sup v(z), (10.10)
xzcU xedU

with the supremum understood as an essential supremum and the boundary
values understood as explained above.

Now what about strong solutions? To this end we regard (10.1]) as an
operator equation
Lu = f, (10.11)
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in L?(U) where

Lu:=—Au, w€®D(L):=H)UR)NH*(U,R). (10.12)
On the other hand, weak solutions are associated with the operator equation
Lu=f, (10.13)

where
L:=(JJ9™ ',  ®(L)=Ran(JJ*). (10.14)

Since every strong solution is also a weak solution and since weak solutions
are unique, we see that L is an extension of L (in the sense that ® (L) C D(L)
and both agree on ®(L)). In fact, note that since JJ* is self-adjoint, so is its
inverse L, which is also known as the Friedrichs extension of the Dirichlet
Laplacian (see [32], Sect. 2.3]) in this context.

To shed some further light on D (L) we observe that we trivially have
D(L) = Ran(JJ*) C Ran(J) = HZ(U). Moreover, if u € D(L) there is some
f € L*(U) such that u = JJ*f, that is, such that holds. Choosing
ve CXPU) in shows that

—/ (Ap)ud™x :/ pfd'x, p e Cx(), (10.15)
U U
which can be rephrased as

D(L) = {u € H}(U)|Au € L*(U)}, (10.16)

where Aw is understood as a weak derivative (this does not mean that the
second derivatives exist individually, it is only this particular combination
of second derivatives which is required to exist). In this context H}(U) is
known as the form domain of L, written as Q(L) = H(U).

When we also have D (L) C (L), that is, when every weak solution is
also a strong solution, is a tricky question which we defer to the next section.
However, we note the following local result:

Lemma 10.4. Suppose v € H'(U) is a weak solution of the Poisson equation
([10:3). Then u € H]"2(U) whenever f € HJ, (U)NL*(U).

loc

Proof. The idea is to reduce it to the case U = R" by using a cutoff function.
Indeed, given an arbitrary compact subset K C U, choose ¢ € C2°(U) such
that 0 < ¢ < 1 with ¢ = 1 on K. Now consider v := (u € H}(R"). Then
using the product rule (Lemma 7| (iii)) and integration by parts one verifies

/ (Vo) - (VCp) - (V) — 9(VC) - (V) + u(Vep) - (VC))d

n RTL

/ phd"z,
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for all p € C°(U), where
hi=Cf = (AQu = 2(V¢) - (Vu) € L*(R").

Moreover, since both v and h vanish outside the support of {, this holds
in fact for all ¢ € C°(R™). Thus v is a weak solution on R" implying
v € H*(R™) (cf. Problem . This establishes the case r = 0.

Now we can bootstrap this argument: If f € H", then h € H® with
s := min(1,7) implying v € H*2(R"). Iterating this process shows v €
H"™2(R™). Finally, since v = v on K and since K is arbitrary, we get the
claimed result. (]

Remark: It seems tempting to apply the same argument to a weak so-
lution u € H(U) by setting it equal to 0 outside of U. Why does this
fail?

Next we return to the observation that the embedding J is not only
continuous, but even compact by the Rellich-Kondrachov theorem (Theo-
rem . Hence we can apply the spectral theorem for compact operators
(since JJ* is self-adjoint, Theorem from [35] will do; cf. also Theo-

rem [B23):

Theorem 10.5. Suppose U C R™ is a bounded domain. The operator L has
a sequence of discrete real eigenvalues 0 < By < By < -+ converging to oo.
The corresponding normalized eigenfunctions w; are in H}(U)NC>®(U) and
(can be chosen to) form an orthonormal basis for L*(U).

Observe that the inverse of the lowest eigenvalue F 1 is the optimal
constant for the Poincaré inequality. Moreover, the eigenvalues appear in
this list according to their (geometric) multiplicity. In this context note that
in our case the multiplicity of every eigenvalue is finite.

Moreover, note that the orthonormal eigenfunctions w; provide a unitary
map

W:LAU) — 2(Ng),  f fj = {(wj, )2 (10.17)
which diagonalizes L in the sense that L is mapped to the multiplication
operator

WEWﬁlfj = Ejfj, W@(E) = {fj S 62(N0)‘E]’fj S 62(N0)}. (10.18)

To see this start with the corresponding formula Wi_lW_lfj = E;lfj for
the inverse (Which is a bounded operator) and then compute its range to get
the domain of L. In particular we have

Lu= > Epuw;, uecD(L). (10.19)
j€Ng
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Similarly one has

(v,u) = Z Ejviug, u,v € HY(U), (10.20)
j€No
and
WHy(U) = {f; € ¢(No)|\/E; f; € *(No)}- (10.21)

Here the special case u € D (L) follows from (v,u) = (v, Lu)z and the general
case since (L) C H}(U) is dense (by Ran(J*)* = Ker(J) = {0}). Choosing
v =u we get

lull® =) Bjluil? > Eollull3 (10.22)
J€No
with equality for u = wgy. This can be rephrased as
2 L
Ey= min % —  min M (10.23)
ueH O\{0} [[ullz  wen(D)\{oy  [ullz

which is known as the Rayleigh—Ritz methodH In particular, any choice of
trial function u € H(U) will give an upper bound for the lowest eigenvalue.

Lemma 10.6. Suppose U C R™ is a bounded connected domain. The lowest
eigenvalue Eqy of the operator L is simple and the corresponding eigenfunction
wy can be chosen positive.

Proof. Let w be an eigenfunction corresponding to Ey. Then wy € Hi (U, R)
and both give the minimum in the Rayleigh-Ritz method, |w+||? = Eo||w+ |3
(check this). Hence both are in the eigenspace corresponding to Ey (which
is finite dimensional) and hence wy € D(L). In particular, they are smooth
and by —Awy = Fowy > 0 we can apply the strong minimum principle
(Lemma (ii)) to conclude that either wy = 0 or wy > 0. In the first

case we have w_ < 0 and in the latter w_ = 0. Hence w can be cho-
sen positive. Since two positive functions cannot be orthogonal, the lowest
eigenvalue must be simple. O

Note that if you happen to have found a positive eigenfunction, it must
correspond to the lowest eigenvalue since two positive functions cannot be
orthogonal. That is, all higher eigenfunctions must change sign. In fact, a
look at the case of a rectangle, Figure or a disc, Figure shows that
the number of nodal domains is increasing. Here the nodal domains of an
eigenfunction w are the connected components of U \ {z € U|w(z) = 0}. In
fact, the following result holds:

IWalther Ritz (1878-1909), Swiss theoretical physicist
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Theorem 10.7 (Courantﬁs Nodal Domain Theorem). Suppo_se U CR"is
a bounded connected domain. Then the j’th eigenfunction of L has at most
7 nodal domains.

Proof. If w is an eigenfunction, Lw = Aw, which has m nodal domains Uj,
we can look at the restrictions w; := wxy,. Then this restriction satisfies
w; € HY(U). To see this assume that (w.l.o.g.) w is positive on U; and
consider w, := max(w,e) — e € H}(U;) (cf. Lemma . Then w, — w
(again by Lemma and hence w; € H}(U;) as required. Moreover, w;
satisfies | Vw;j|l2 = Al|wjl|2 and since these functions are orthogonal, a well-
known principle from spectral theory (Theorem 4.12 from [32]) implies that
there are at least m eigenvalues (counting multiplicity) below or equal to
A d

Concerning solvability, our considerations imply that the equation
(A = Nu(z) = f(z), z€eU,
u(x) =0, x € oU, (10.24)
has a unique solution whenever A is not an eigenvalue, that is, when the
homogenous problem has only the trivial solutions. This is an instance of

the Fredholm alternative for compact operators (applied to the inverse).
Moreover, in this case the solutions can be written by means of the resolvent

operator
S S I fi
u=(L-XN"'f= Z B (10.25)
J€N
In addition, we have the estimate
Ejlf;l?
lul* = > == < G5 (10.26)
= [Ej = Al
Jj€No
Finally, we remark that the general Poisson problem
(A = Nu(z) = f(z), z €U,
u(z) = g(x), x € U, (10.27)

can be reduced to the case g = 0 whenever g is the trace of some function
g € H?(U) by considering v := u — g. It is not obvious for which ¢ such an
extension exists. However, if the boundary is C?, then a sufficient condition

for such an extension to exist is g € C2(0U) (Problem [10.11)).

Moreover, for the weak formulation it would suffice if f € H}(U)* and
in this setting it also suffices to assume that g is the trace of some function
g € HY(U). For this last condition there is an easy criterion: If g is Lipschitz
continuous, it has a Lipschitz continuous extension to U (Lemma from

2Richard Courant (1888-1972), German American mathematician
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[35]). Thus g € WH°(U) ¢ HY(U) as required. Note, that in such a
situation, where we can extend the boundary values g to a function g €
HY(U), it is not even necessary to assume that the domain admits a trace

operator since we could define the boundary condition u = g on 0U via
u—g € H}(U). In this sense, the possible boundary data are HY(U)\ Hg (U).

For example, this establishes solvability of the classical Dirichlet prob-
lem (A = 0 and f = 0) for Lipschitz continuous g. However, it is neither
guaranteed that the weak solution is continuous up to the boundary (like
Theorem does) nor that it attains the boundary values everywhere (cf.

Problem [10.7)).

The corresponding Neumann problem

—Au(z) = f(x), zeU,
g:j(az) =0, x € 0U, (10.28)
can be handled as follows: We look at the weak formulation
(v,u)y = (v, )2, ve HY(U), (10.29)
where now we do not restrict the functions at the boundary at all, that is,
we replace H} by H!'. Now we run into the problem that ||.|| is no longer a

norm on H'! since the Poincaré inequality fails on H'. This is not surprising,
since it just reflects the fact, that the Neumann problem has the eigenvalue
0. The remedy is to take the orthogonal complement with respect to the
corresponding eigenfunction

= {f € H'(U)(1, f)12 = 0}. (10.30)

Then, if we assume U to be connected, the Poincaré inequality continues to
hold and we can proceed as before. Of course we also need to assume f € §q,
that is,

/ f(z)d"z =0, (10.31)
U

the necessary solvability condition we have already found in ([5.43)). Of course
the only remaining question is to understand that this solution is indeed the
solution to the Neumann problem. To understand this we need to look at the
domain of the self-adjoint operator Ly associated with our weak formulation
in L2(U). More precisely, we will consider

90 = {f € L(U)I(1, f)2 = 0} (10.32)

such that we have a natural embedding Jy : $H1 < $Ho and look at Ly :=
(JnJ%) ™. To understand its domain note that, as in the Dirichlet case, we
see that functions u € ®(Ly) must satisfy v € H; as well as Au € L2(U).
However, since the weak formulation must hold for all v € H*(U) (and not
only for all v € H}(U)) this is not everything! Indeed, let U have a nice
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boundary (the usual C! condition), assume u € H2(U), and use integration
by parts to see

/ U@dS = / (Au+ flud"x =0. (10.33)

ou OV U

Of course this is expected to hold precisely if % vanishes in the sense of
traces. Indeed, for a nice domain (with a C? boundary) it is not hard to see
that a function which is C? on the boundary can be extended to a function
which is in CZ(U) (Problem . Since C2(QU) is dense in L?(0U) the

claim follows.
Finally, note that we can extend Ly to all of L?(U) by setting L1 := 0.

Theorem 10.8. Suppose U C R" is a bounded domain. The operator Ly
has a sequence of discrete real eigenvalues 0 = By < Ey < -+ converging to
00. The corresponding normalized eigenfunctions w; are in HY(U) N C>(U)
and (can be chosen to) form an orthonormal basis for L*(U). In particular,
woy = 1.

Of course, inhomogeneous Neumann conditions can be handled analogous
to the case of inhomogeneous Dirichlet conditions.

Problem 10.1. Compute J* for U := (0,1) C R.

Problem 10.2. Show that the eigenfunctions w; are orthogonal in H(U).
Find the correct normalization.

Problem 10.3. Investigate the Helmholtz equation
—Au(z) +u(x) = f(z), zeU,
u(z) =0, x € 90U,
on a domain U CR™. (Note, that U is not required to be bounded.)

Problem 10.4. Show that a weakly subharmonic function satisfies the sub-
mean property

1 n
o) S g [ vy
for every ball with sufficiently small radius r < ro(x) < dist(z,U) at every
Lebesque point of v. Hence if v is continuous, it is subharmonic as defined
in Section [5.3. Moreover, conclude that every weakly harmonic function is
harmonic. (Hint: Mollify v and use Problem . For the last claim look at

the proof of Lemma )

Problem 10.5 (Strong maximum principle). Show: If U is connected and a
subharmonic function v on U assumes an interior maximum at an Lebesgue

point, then v is constant. (Hint: Use the submean property from the previous
problem.)
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Problem 10.6. Find a weak formulation of the Poisson problem with Robin
boundary conditions

—Au(z) + Au(x) = f(x), zeU,
gl:(x) +a(z)u(z) =0, x € 9U,
on a bounded domain U C R™ with a C' boundary. Here a € L™(U,R). Es-
tablish ezistence of weak solutions for A\ > Ey. Show that if a > 0 is nonzero
and U is bounded and connected, then all eigenvalues of the Laplacian with
Robin boundary conditions are positive. (Hint: Green’s first identity.)

Problem 10.7. Consider the Dirichlet problem —Awu = 0 on the punctured
disc U := B1(0) \ {0} C R™ with boundary data g(xz) = 0 for |z| = 1 and
g(0) = 1. Since this domain does not have a trace operator, we understand
the boundary condition as w — g € HE(U), where g = 1 — |z|>. Find the
corresponding weak solution. (Hint: Observe that the weak solution must be
radial. In particular, you are looking for a radial harmonic function satisfying
the boundary conditions.)

Problem 10.8. Consider the punctured disc By(0)\ {0}. Show H}(U) =
HE(B1(0)) as well as HY(U) = HY(B1(0)) forn > 2. (Hint: Use the previous
problem.)

Problem* 10.9. Suppose f <0 on OU (in the sense that f1 € H}(U)) and
g >0 a.e inU. Show that f < g on OU. Conclude that if M = supyy f is
finite, then f < m on OU for all m € [M, o).

Problem 10.10. Consider a function F : R — R such that |F(t)| < [t]3 for
all t € R and let U C R? be a bounded domain with the extension property.
Prove that if u € H (U) is a weak solution of the nonlinear Poisson equation

—Au = F(u), then in fact we have u € HZ (U). (Hint: Corollary )

Problem 10.11. Let U C R™ be an open set with a bounded C* boundary.
Show that a function f € C*(0U) has an estension f € CF(U) such that
flov = f. (Hint: Reduce it to the case of a flat boundary.)

Problem 10.12. Let w be an eigenfunction, Lw = Mw, and Uy a nodal
domain. Show that A\ = Ey(Uy) is the lowest Dirichlet eigenvalue of Uy.

10.2. Elliptic equations

The main strength of the methods from the previous section is that, in con-
tradistinction to methods based on explicit representation formulas for solu-
tions, they can be easily extended to general elliptic operators in divergence
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form

n n
Lu(z) = — Y 0iAij(x)du(z) + Y _bj(2)0ju(z) + c(z)u(z),  (10.34)

i,j=1 j=1
where A;;,b;,c € L>*(U,R). We will assume that the matrix A;; is symmet-
ric,

Ay = Aj;. (10.35)

If the coefficients of A;; are differentiable, this can be done without loss of
generality by absorbing the non-symmetric part in b;.

We will only look at the real case for notational simplicity and leave
the straightforward modifications for the complex case as an exercise (Prob-

lem [10.14]).

In addition we require L to be uniformly elliptic, that is

n
§A@E =) Ay(n)&g; > 0lef? (10.36)
ij=1
for a.e. x € U and all £ € R". As domain for L we choose
D(L) = {u € H}(U,R)|A;;0;u € H'(U,R),1 <i,j <n}. (10.37)
As in the case of the Laplacian, a weak solution of the elliptic problem
Lu(z) = f(z), rxeU,
u(x) =0, x € U, (10.38)

is a function u € H}(U) satisfying
a(v,u) = (v, f)2,  veHU), (10.39)

where
a(v,u) = /U (Z A;;(07v)(05u) + Z bjvoju + cv u) d"z. (10.40)
.3 J

However, note that now a is no longer symmetric (unless b = 0) and hence
cannot be used as a scalar product. Nevertheless, a will still be the form of
a bounded operator on H}(U) (since we have assumed the coefficients to be
bounded) and this operator will be invertible if the form is coercive (here
is where the ellipticity is used). In fact, this is the content of the famous
Lax—Milgram theore

Theorem 10.9 (Lax-Milgram). Let a : $ x $H — R be a bilinear form on a
Hilbert space $ which is

e bounded, |a(v,u)| < Clv|| ||u|, and

3Peter Lax (*1926), American mathematician of Hungarian origin
3 Arthur Milgram| (1912-1961), American mathematician
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e coercive, a(u,u) > ||ul|® for some e > 0.

Then for every f € § there is a unique u € §) such that

a(v,u) = (v, f), Yu € 9. (10.41)
Moreover, |[ull < 1]
Proof. See Theorem from [35]. O

The boundedness assumption in the Lax-Milgram theorem implies (by
virtue of the Riesz representation theorem for Hilbert spaces) that there is a
bounded operator A € Z($)) such that a(v,u) = (v, Au) and the coercivity
assumptions implies that A has a bounded inverse A~! € ().

Note that if a is symmetric, then a can be taken as a new scalar product
and the conditions imply that the associated norm is equivalent to the origi-
nal norm. This is precisely what we did in the previous section. Moreover, in
this case the solution can also be obtained via an abstract Dirichlet principle
just as we did for the Laplace operator in Section (Problem see
also Problem As pointed out before, this road is closed unless we make
the additional assumption b = 0.

Now we are ready to apply this to our elliptic problem. Let us abbreviate

ag = mi?xHAinOO, bg 1= m]aXHijoo, co = ||¢||oo- (10.42)

By a simple use of the Cauchy—Schwarz inequality we see that the bilinear
form a(u,v) is bounded on HE(U):

la(v, w)| < aollv[[ull + bollvllzflull + collvllzllulle < Cllvffflul]. — (10.43)

To see coercivity, a(u,u) > c|lu?, we begin with

alu, u) > / <9|Vu]2 — bolul|Vu| + 01|u]2)d"x, (10.44)
U
where
= inf c(z). 10.4
c1 ;I€1UC(.T) (10.45)

Here the inf is understood as an essential infimum, that is, the smallest
constant such that ¢(x) > ¢; for a.e z € U.

Now we distribute the middle term by means of the elementary inequality
€2, 1 2
ullVul < Sjul? + - |Vul (10.46)
which gives

a(u,u) > /U ((9 — g—z)\VuP + (c1 — ?)\uﬁ)dnx. (10.47)
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This estimate is sometimes known as Garding inequalityﬂ To apply the
Lax—Milgram theorem we need 6 — g—g > 0and c; — % > (. Solving for € this
leads to the conditions S—g <e< Qb% and hence we need 46c; > b%. In the
case of a bounded domain the norm of the gradient suffices by the Poincaré

inequality and we can also admit the borderline case by = ¢; = 0.

Theorem 10.10. Let U C R"™ be open and L a uniformly elliptic operator

10.34) with associated constants 6, by, c1 as defined in (10.36)), (10.42)),
10.45), respectively. Then the elliptic problem (10.38]) has a unique weak

solution in HE(U,R) for every f € L*(U,R) provided
40cy > b3 (10.48)

If U is bounded the claim also holds if by = ¢1 = 0. Moreover, there is a
constant C > 0 such that ||ul| < C||f]|2-

Proof. Everything follows from the above analysis. For a general domain
we take the usual Sobolev norm |[u? := ||Vu||3 + ||u||2 whereas in the case
of a bounded domain we use ||ul|? := ||Vul|3. O

Of course there is also a corresponding comparison principle. To this end
call a function v € H*(U,R) a weak subsolution if

a(p,v) <0, p € C°(U,[0,00)). (10.49)
Then the analog of Lemma [10.2| reads:

Lemma 10.11. Suppose ¢ > 0 and let U be a bounded domain. Let u,v €
HY(U,R) with u a weak solution and v a weak subsolution. Then v < u on
oU implies v < wu on U.

Proof. We proceed as in the proof of Lemma Assume v = 0 with-
out loss of generality and consider vy € H&(U, [0,00)). By approxima-
tion a(p,v) < 0 holds for all ¢ € H}(U,R) and choosing ¢ = v, we get
0> a(vy,v) = a(vy,vy) and we can use Garding inequality (10.47)) to con-
clude v4 = 0 as in the proof of Lemma However, this argument requires
the restriction 46c¢; > b% or bp = ¢; = 0 (boundedness of U is not needed in
this case).

The following argument avoids this restriction on bg: For any real number
m such that supgyv < m < supy v (if there is no such number, there is
nothing to do) we have w := (v — m)4 € H(U) by Problem and we
can repeat the calculation form above to obtain

/ 0(\Vw[2 — bow\Vwa”x < —/ cw?d"z < 0.
U U

ALars Garding (1919-2014), Swedish mathematician
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Here we have used that Vw(z) = Vou(z) for v(z) > k and Vw(z) = 0
otherwise as well as wv > w?. Using Cauchy—Schwarz this implies || Vw||z <
%OHwH £2(s), where S := supp(Vw). And using Theorem @ as well as the
generalized Holder inequality (Problem we get
boC

6
where p := % and we have assumed n > 3. Now since w cannot vanish,
we conclude |S| > ¢ > 0 where ¢ does not depend on m. Hence, letting
m — supy v we see that the gradient of v does not vanish on the set where v

attains its supremum, contradicting Lemma This establishes the claim
in the case n > 3.

In the case n = 2 we use with p = v = 2 to obtain ||w||7 <
Cllwl|2||Vw|l2 < ClUM*||w||4]|Vw]|2, where we have again invoked the gen-
eralized Holder inequality to obtain the second inequality. Hence we have
|w||? < C||Vw||s provided U is bounded and we can proceed as in the case
n > 3. In the case n = 1 we use the inequality from Problem [0.24] O

boC .
lwlly < ClIVwlz < == llwllzas) < 5181wy,

Corollary 10.12 (Maximum principle). Suppose ¢ > 0 and let U be a
bounded domain. If v € HY(U,R) is a weak subsolution, then
supv(z) < sup vy(x). (10.50)
zeU xeolU
Proof. Note that a nonegative constant is a supersolution and hence we can

apply the previous lemma with u = 0 and v— M, where M := sup,csy v+ ().
O

In particular, there is an operator A € Z(H} (U, R)) such that a(v,u) =
(v, Au). Note that A will be self-adjoint if and only if a is symmetric, that
is, if b = 0. In the case L = —A we have A = I. Consequently, the solution
of the weak problem is u = A~'J*f. Moreover, introducing the operator

L:=JA '™ ©(L) :=Ran(JA™'J*) C H}(U,R), (10.51)

we see that for every f € L?(U,R), there is a unique solution u € (L) of
the operator equation
Lu=f (10.52)

such that Ju is the unique solution of our weak problem. Furthermore, the
inverse L1 = JA™1J* is compact if U is bounded. As in the case of the
Laplacian, we have

D(L) = {u € Hy(U,R)| Y 8;Aij(x)dju(z) € L*(U,R)}, (10.53)

0]
where >, ; 0;A4;j(z)0;u(z) is understood as a weak derivative (this does not
mean that the second derivatives exist individually, it is only this particular
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combination of second derivatives which is required to exist). Moreover, note
that the restriction is not required for these considerations since we
can replace L by L++ with some sufficiently large + such that 46(c; +) > b3.
Again we can apply the spectral theorem for compact operators to (L ++)~*
to obtain:

Theorem 10.13. Suppose U C R™ is a bounded domain. The uniformly
elliptic operator L has a sequence of discrete eigenvalues E, converging to
o0o. If b =0, then L is self-adjoint and the eigenvalues are bounded from
below and can be ordered according to

Ey<Ei <... (10.54)

The corresponding normalized eigenfunctions w; (can be chosen to) form an
orthonormal basis for L*(U,R).

Note that in the one-dimensional case our elliptic problem is known as
Sturm—Liouville problem and the above theorem establishes the result
mentioned in Section [3:2] at least for Dirichlet boundary conditions. Neu-
mann or Robin boundary conditions can be handled as outlined in the pre-
vious section.

Of course the spectral theorem also implies that, whenever A is not an
eigenvalue, then the equation

(L—Nu=f (10.55)

has a unique solution u = (L — \)~!f. Moreover, one can even get a solution
in case \ is an eigenvalue provided f € Ker(L* —\)*, where L* is the adjoint
operator (computed from the adjoint form a*(v, u) := a(u, v)). This is known
as the Fredholm alternative (Theorem 7.6 from [35]) and we have already
encountered this fact in the previous section when looking at the Neumann
problem for the Laplacian. Note that the maximum principle shows that 0
cannot be an eigenvalue if ¢ > 0.

Corollary 10.14. Let U be bounded, then the condition (10.48]) in Theo-
rem [10.10 can be replaced by ¢ > 0.

Clearly, in the self-adjoint case the orthonormal eigenfunctions w; pro-
vide a unitary map

W LA U,R) — 2(Ny),  f fj = (wj, f)2 (10.56)
which diagonalizes L and everything from the previous section applies ver-
batim. In particular, the Rayleigh—Ritz method reads
a(u,u) ) (u, Lu)o

Ey = —  mi .
weHI OO} [ull3  wen@){or ull3

(10.57)
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Note that this shows Ey > c¢1, where the inequality is strict since 0 cannot
be an eigenvalue of L — ¢; as already observed above.

Also Lemma [10.6] extends to this situation almost verbatim. The only
difference is that we need to assume that the coeflicients of L are sufficiently
smooth such that we can apply the classical strong maximum principle.

Lemma 10.15. Suppose U C R" is a bounded connected domain and A €
Whtlhoo b =0, c € WF® with k > 5. Then the lowest eigenvalue Eqy of the
operator L is simple and the corresponding eigenfunction wo can be chosen
positive.

loc
C?(U). Moreover, considering L — ¢; we can assume ¢ > 0 without loss of

generality. Hence we can literally follow the proof of Lemma [10.6| now using
the strong maximum principle from Theorem O

Proof. By Corollary [10.17| below, the eigenfunctions are in H**2(U,R) C

If we assume that a is coercive then we can choose (v, u) := a(v,u) as
the scalar product for H}(U) and it is interesting to observe that w; are also
orthogonal with respect to this scalar product. Indeed, we have

<’wj,’wk> = a(wj,wk) = (wj, l_)wk> = lgj2 6jk' (1058)
In particular, we can write the solution with the help of the eigenfunctions
as
(wj, u) (wj, f)2
u= Z Ak wj = Z Wi (10.59)
j€Np j€No J

which would give a constructive formula for computing the solution if we
knew the eigenfunctions. However, note that if we take an arbitrary or-
thogonal basis ¢; with respect to our adapted scalar product, we can still

write
= Z <90j,u>90. _ Z {@js f)2 i, (10.60)

S lelP ™ S aleseg)

where we have used that implies (¢;,u) = a(pj,u) = (¢j, f)2. Con-
sequently, one way of computing the solution is to compute an orthogonal
basis (e.g. using the Gramechmidtﬂ procedure). However, computing an or-
thogonal basis is still too time consuming from a practical point of view and
hence one drops the requirement that the ¢; are orthonormal. Moreover,
when implementing this idea only finitely many, say ¢1,...,©N, are chosen
and we look for the projection uy of the solution onto the linear span of the
these functions. Note that this projection will be the solution of our elliptic

5J(z)rgen Pedersen Gram (1850-1916), Danish actuary and mathematician
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problem restricted to this subspace. Writing

N
un =Y ajp; (10.61)
j=1

we see that the unknown coefficients «o; can be determined by solving the
linear system

N

Za(g@k,cpj)aj = (¢x, f)- (10.62)

j=1
This system will have a unique solution provided the vectors ¢; are linearly
independent. By construction we have u,, = u as n — co. Such a scheme of
approximating the solution by solving a finite dimensional system is known
as Galerkin methodﬁ For example, in two dimensions one assumes that
U is a polygon, which is split into small triangles. For the functions ¢; one
chooses functions which are piecewise linear such that ¢; equals one on the
7’th inner vertex of the triangulation and vanishes on all other vertices. This
has the advantage that a(yy, ;) can be easily computed and will vanish
unless both vertices are either neighbors or equal. Hence the coefficient
matrix of the above linear system will be sparse and hence it can be solved
effectively. This is known as finite element method.

Problem 10.13 (Abstract Dirichlet principe). Let a be a coercive and sym-
metric bilinear form. Show that the solution of (10.41) is also the unique
minimizer of
1
v §a(v,v) — (v, f).
(Hint: Compare with Section[5.5)

Problem 10.14. Extend the results from this section to the case of complex
equations. (Hint: You will need the complex version of Laz—Milgram, see

Theorem [2.17 from [35].)

Problem 10.15. In quantum mechanics the Schrodinger operator
Lu:=—Au+ cu

18 a central object. Howewver, in this case the assumption ¢ € L™ is too
restrictive. Show that the Schrodinger equation (L + v)u = f has a weak
solution in HE(U) for every f € L*(U) and

v > — inf Re((v, cv)2)
veH(U),||v|l g1=1

6Boris Grigoryevich Galerkin (1871-1945), Soviet mathematician and an engineer
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provided
5 <qg<oo, n>2,
ce LYU), l1<g<oo, n=2,
1<g¢g<o0, n=1.

(Hint: Look at the sesquilinear form (v,cu)s on HE. When is it bounded?)

Problem 10.16. Extend the results from this section to the case of a mag-
netic Schrédinger operator

Lu = —(V —ib)*u+ cu = — Z(Bj —ib;)(0; + ibj)u + cu
J
with bj € L>°(U,R) and c € L>*(U,R).

10.3. Elliptic regularity

Finally we turn to regularity of weak solutions of the elliptic problem .
For our first result we will not need the solution to vanish at the boundary.
In this context we will call a function u € H*(U) a weak solution of the the
elliptic problem Lu = f provided it satisfies .

Lemma 10.16. Suppose A;; € WL(U). If u € HY(U) is a weak solution
of the elliptic problem Lu = f for f € L*(U), then v € H? _(U). Moreover,

loc

for every V. CC U we have an estimate of the form |[ul| gr2vy < C(|| |20y +
HUHLZ(U))-

Proof. The idea is to use the weak formulation a(v,u) = (f,v)s. If we
formally choose v = 812u we can perform an integration by parts (neglecting
boundary terms) such that we can use the ellipticity condition to get an a
priori estimate for the second derivatives. To make this idea work we will use
a cutoff function and replace derivatives by finite differences (invoking

Lemma [9.10)).

So the first step is to choose some function ¢ € C°(U) and observe that
@ := (u solves a modified problem

d(v, ﬂ’) = <U7 f>27

—h

= C(f - Z bjéju — cu) — Z ((alAzjﬁjC)u + Z(OZC)A”@u)
J

1,3

Since f € L?(U) we have reduced it to the case where u has compact support
and b = ¢ = 0 (and we will drop the tildes for notational simplicity).
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Hence suppose u € H(U) and choose v := D; °Dfu (with e sufficiently
small such that v € H}(U)) in the weak formulation to obtain (cf. Prob-

lem [10.17))

(Dr*Diu, f)2 = a(Dy e Diu, u) = /U ™ A45(9hu) (D D dju)d" s
,J

= —/ E (Df Aij)(T.505u)(Df0ju)d" x — a(Dju, Dfu).
U
Z?]

Using ellipticity, || D} Aij|lc < C, and Cauchy-Schwarz we obtain
0| Df V|3 < C||Vull2||Df Vullz + | fll2|l Dy Df ull2.

Invoking Lemma we have || D, “Djullo < ||Djojull2 < ||[DfVul|2 imply-
ing

0IlD;Vulla < Cl[Vulla + [ f2-
Hence invoking again Lemma shows u € H?(U).

This also establishes an estimate of the form ||ul|g2vy < C(|| f |20y +
||| 1. (0ry) for every V' CC U for our original u. The slightly stronger estimate
claimed is left as Problem [10.19] O

Observe that the appearance of the L? norm of « in the estimate reflects
the fact that we do not require u to vanish on the boundary. Indeed, we
can add a constant to u without changing f. Also note that once we know
ueH 1206, we can use integration by parts in the weak formulation whenever

v € C(U) to conclude that the differential equation holds (a.e.) provided
the derivatives are understood as weak derivatives.

Moreover, by formally applying J; to the partial differential equation
we get an elliptic partial differential for dju (in particular, the second order
coefficient A will not change) provided we assume sufficient smoothness for
the coefficients. Of course this also works for the weak formulation (where we
need one derivative less and the formal arguments gets rigorous) and hence
we can apply the previous result recursively to obtain:

Corollary 10.17. Suppose A;; € WkHLeo(U), b; € Wrk*(U), and ¢ €
Whkeo(U). If u € HY(U) is a weak solution of the elliptic problem Lu = f
for f € HEU), then uw € HEP2(U).

loc

Proof. As in the proof of the previous lemma, we can reduce it to the case
where u has compact support by introducing a cutoff function. In particular,
by our previous lemma, v € H2(U) in this case. Moreover, using the product
rule and integration by parts one verifies

a(v, Ou) = (v, ), f= a(f - ijaju —cu) — Z@i(alA)Gju.
J 2%
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Hence the claim follows by induction on k. ([

In order to get regularity up to the boundary we need to add extra
assumptions on the domain as the following example shows.

Example 10.1. Let U be a domain in R? which is given by a sector of angle
B € (0,27m), in polar coordinates U := {(rcos(y),rsin(¢))|0 < r < 1, 0 <
¢ < B}. Then, it is straightforward to check that u(z,y) = r™/? sin(%o),
where (7, ) are the polar coordinates of (x,y), is harmonic on U. Moreover,
uw € HY(U) but w ¢ H?>(U) for B > w. One can even multiply v with a
smooth radial cutoff function to obtain a smooth solution of the Poisson

equation which vanishes on QU but exhibits the same behavior. o

Lemma 10.18. Suppose A;; € WL (U) and U has a bounded CH' bound-

ary. If uw € H}(U) is a weak solution of the elliptic problem Lu = f for

f € L3(U), then u € H*(U). Moreover, we have an estimate of the form
C

ull g2 < O fllp2 + Jullz2)-

Proof. Using a partition of unity as in Lemma [9.14] it suffices to consider
uj := (ju. The function ug has support strictly within U and hence is covered
by Lemma[10.16] It remains to look at the case j > 0. As in the proof of the
previous lemma, u; will satisfy the corresponding modified problem (there
is no need to assume that ¢ vanishes near the boundary since we assume
u € HY(U)). Since we can straighten out the boundary within the support
of {; we can perform a change of variables (Problem , to reduce it to
the situation where U = By (0) "R” with R?} := {z € R"|z,, > 0} and u has
support inside By /2(0). Note that we need a C"! boundary such that the
transformed equation satisfies again A € W1H>°(U).

Now for all tangential coordinate directions a sufficiently small transla-
tion will not affect the property of being in H{(U). Consequently we have
that v := D;*Dfu € H}(U) for 1 <1 < n and we can proceed as in the
proof of Lemmato see that 9;Vu € L? (together with the required esti-
mate). Of course this breaks down if we translate v into the normal direction.
To obtain an estimate for the missing derivative d2u we use the differential
equation. Indeed, since we already know v € H. 120 . by Lemma we know
that the differential equation holds a.e. in U. Hence solving the differential
equation for O2u and observing that by ellipticity we have A, > 0 gives the
required estimate for 92u.

Finally, for each piece with j > 0 we have an estimate of the form
lwjllgz < Cj(||fllz2 + |luljz2). For j = 0 this only follows directly from
Lemma if U is bounded (such that ug has compact support). If U is
unbounded one can check that the same proof works to provide the corre-
sponding estimate for ug (only the fact that ¢ and its derivatives are bounded



10.3. Elliptic regularity 241

and that it vanishes in a neighborhood of the boundary is used during the
proof). O

Note that under the conditions of Theorem we have |jullg <
C||fllLz and hence we have ||u|lpyz < C|/f||z2 in this case. The same is
true on a bounded domain as long as 0 is not an eigenvalue (which also
shows that the L? norm cannot be dropped in general).

Corollary 10.19. Suppose A;; € WkHLeo(U), b; € H*(U), ¢ € H*(U) and
U has a bounded C*+t11 boundary. If u € H&(U) is a weak solution of the
elliptic problem Lu = f for f € H*(U), then u € H**2(U). Moreover, we
have an estimate of the form ||ul| grr2 < C(||fllgr + |lullr2)-

Proof. Observe that we cannot apply the previous result recursively since
the derivatives of u will not satisfy the Dirichlet boundary conditions. Hence
we proceed slightly different. Of course using our partition of unity we can
reduce it to the case where U = B1(0)NR" and u has support inside By /2(0).

Now we observe that as long as we restrict our attention to derivatives
which are tangential to the boundary plane, that is, Jyu with 1 < [ < n,
we still have du € H}(U) (Problem . Moreover, as in the proof of
Corollary Oju is the weak solution of an associated elliptic problem
and we can apply the previous lemma to conclude u € H?(U). Finally,
since Jnu also satisfies an associated differential equation, we can solve for
the missing derivative d3u just as we did in the proof of the previous lemma.
Hence the claim for U = B;(0) NR"} follows using induction. O

As already discussed before, these results also allow us to identify the
domain of L more explicitly. Indeed, under the assumptions of Lemma |10.18
we have

D(L) = H*(U) N HYU) = {u € H*(U)|ulsy = 0}. (10.63)

Furthermore, using the previous corollary we can even identify the domain
of powers of L which are defined recursively as D(LF) := {u € D(L)|Lu €
D(LF1)).

Corollary 10.20. Suppose A;; € WETL(U), b; € H*(U), ¢ € H*(U) and
U has a bounded C*T41 boundary. Then

D(LF) = {u e H*(U)|(Lu)|gy =0, 1 < j < k}. (10.64)
Moreover, ||ul| gax < CZ;?:O | L w2 for u € D(LF).

Proof. As already pointed out before the case k = 1 is immediate from

Lemmal/(10.18[since v € H? implies ZU 9;A;j0;u € L? as required by (10.53)).
Now we can use induction on k. If u € D(LF), then by definition u € D(L)
and Lu € ©(L*1). Hence by the induction hypothesis v € H? N HO1 and
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Lu € H**=1 such that by Corollary [10.19 we have v € H?* and |ju| g2r <
2= L
Cl[Lull gee—v + [[ullp2) < C 325 [[1L7ul] 2. O

We remark that the inequality can be improved to ||u| gz« < C(||L*ul|p2+
|ul|g2). This will follow from the abstract Landau inequality (Problem [11.21))
together with the fact that —L generates a strongly continuous semigroup,
which will be the content of Section [I1.5l

Problem* 10.17. Recall (B.28)) and (9.10). Show
/U(Dl_gu)d"x: —/(Dlsv)udnx
U

U

as well as
Dj(uwv) = (T nv)(Dju) + (Djv)u.

Problem* 10.18. Lety € CY(V,U) be a volume preserving diffeomorphism
between bounded open sets U, V. Show that if u € HY(U) is a weak solution
of the elliptic problem Lu = f, then & = uo ¢ € HY(V) is a weak solution
of the elliptic problem Lu = f, where

oY oy

A:@(Aow)(ay

o

)\ b=(bow)g . E=cow, f=fou.

Moreover, A is uniformly elliptic provided A is.

Problem* 10.19. Show that for a weak solution uw € H'(U) we have
IVullz < el[fll2 + Cllull2.

(Hint: Use ellipticity and start from 0||Vul3 <....)

Problem* 10.20. Let U := B;(0) NR". Suppose u € H}(U) N H*(U) with
supp(u) CC Bi1(0). Show that du € HY(U) for 1 <1 < n. (Hint: First
consider smooth functions. Then approximate using u. = ¢ * T_o:u.)

10.4. The Poisson equation in C(U)

In this section we want to have a brief look at the Poisson equation in spaces
other than L2. In particular, we want to extend Theorem to the case
where f is not required to be Holder continuous. By Example we know
that in this case the solution « might not be C? and hence the Laplacian
has to be understood in the sense of distributions. We begin by looking at
the homogenous equation (see also Problem for a different proof).

Lemma 10.21. Suppose h € L} (U) satisfies Ah = 0 in the sense of dis-

loc
tributions. Then h is harmonic in U.
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Proof. Let ¢. be a rotationally symmetric mollifier. Then the Poisson
problem Au = ¢, — ¢, is solved by the Newton potential which satisfies
u € C°(R™) since [ (¢e, — ¢, )d"z =1 —1 =0, as shown in Problem m
Consequently

hey () — hey () = (61 — o)  h) (z) = /U (AF)( — y)h(y)dy = 0

as long as dist(z, 0U) < min(eq,e2). Hence h(z) = he(z) for dist(z,0U) < e
which shows that h € C*®(U). O

Neglecting boundary conditions we expect the solution to be given by
the Newton potential (cf. Section |5.3)). Hence we will first investigate in
what sense the Newton potential solves the Poisson equation.

Lemma 10.22. Suppose U C R™ is bounded and f € L'(U). Then the
Newton potential u := ® * f is in WHL(U) and satisfies —Au = f in the
sense of distributions. Moreover, the first order derivatives are given by

Oju = (0;P) * f. (10.65)

In particular, if additionally f € LP(U) we have u € WYP(U) and if f €
Cy(U) we have u € CL(U).

Proof. We consider f as a function on R" by setting it equal to 0 outside

U as usual. First of all note that u is a well-defined function in L} (R™).

To see this note that we can split ® = ®; + &5 where ®; € WH°(R") and
®y € WHL(R"). Hence ® * f, (0;®) * f € L®(R"™) + L*(R™).

Next observe that for ¢ € C°(R™) we have ® % (—Ap) = . Indeed both
sides satisfy the same Poisson problem and hence their difference must be a
harmonic function with compact support, thus zero. Hence by Fubini we get

/ (—Ag) ()u(z)dms = / (—Ag) (2)(®  f)(z)d"
- / (@ + (—~Ap))(2) f () = / (@) f ()",

which shows —Awu = f in the sense of distributions.
Moreover, note that 9;® € L>®(R")+ LY(R") and 9;(®*¢) = (0;®)x¢ =
® x (0j¢) (as shown in Theorem |5.19). Hence we have

/ (0;0) (@)u(w)d s = / (0;0) () (® * f)(@)d"z = / (@ * (0;0)) (@) f (@)
- (@) @) f@)s =~ [ o(@)(@2)* D,

which shows 0;u = (0;®) * f in the sense of distributions. The rest follows
from Young’s inequality. ([
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Now we have all the ingredients to extend Theorem [5.30}

Theorem 10.23. Let U C R™ be a bounded domain with a reqular boundary.
Let g € C(OU) and f € Cy(U). Then the Poisson problem

—Au = f, u|8U =9, (1066)
has a unique solution u € C*(U) N C(U) in the sense of distributions.

Proof. Uniqueness follows from Lemma since a harmonic function
vanishing on the boundary must be zero. To see existence let u; := @ * f
be the corresponding Newton potential and ug the harmonic function which
satisfies ug = g—wu1 on OU (Theorem. Then u := w1 —ug is the solution
we are looking for. O

Note that there is also a corresponding maximum principle.

Lemma 10.24. Let U be a bounded domain and X > 0. Suppose v €
C(U) satisfies (X — A)v < 0 in the sense of distributions, that is, [;(Ap —
Ap)vd™y <0 for all p € C°(U,[0,00)). Then

maxv < maxv™. (10.67)

U ou

Proof. Set M := maxgy v and consider v, := ¢.v with ¢, the Friedrichs
mollifier. For z € U with dist(z,0U) > € we have ¢.(z —.) € C°(U, [0, c0))
and hence
(A= A)ve(z) = (A — Adpe) ¥ v(w) < 0.

Moreover, by continuity of v, for every § there is an € such that v(z) < M +46
whenever dist(z,0U) < e. Hence we also have v. < M + ¢ by the classical
maximum principle Corollary [5.34] Taking € | 0 we get v < M +§ and since
d > 0 is arbitrary, the claim follows. U

Problem 10.21. Show that that the Newton potential of f € CE(U) is in
CETHU).



Chapter 11

Operator semigroups

In this chapter we want to look at (semi)linear ordinary linear differential
equations in Banach spaces. We will need a few relevant facts about differ-
entiation and integration for Banach space valued functions to be reviewed
first.

11.1. Single variable calculus in Banach spaces

Let X be a Banach space. Let I C R be some interval and denote by C(I, X)
the set of continuous functions from I to X. Givent € I we call f: I — X
differentiable at t if the limit
, t+¢e)— f(t
f0) o i 189 = O

e—0 IS

(11.1)

exists. If ¢ is a boundary point, the limit/derivative is understood as the
corresponding onesided limit/derivative.

The set of functions f : I — X which are differentiable at all ¢t € I and
for which f € C(I, X) is denoted by C'(I, X). Clearly C*(I,X) c C(I, X).
As usual we set CFtH(I, X) := {f € C'(I, X)|f € C*(I, X)}. Note that if
A€ Z(X,Y)and f € CK(I,X), then Af € C*(1,Y) and LAf = Af.

The following version of the mean value theorem will be crucial.

Theorem 11.1 (Mean value theorem). Suppose f € C1(I,X). Then

1F @) = F(&) < Mlt—s|, M= sup [|f(7)]], (11.2)

TE|[s,t]

fors<tel.

245
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Proof. Fix M > M and consider d(7) := ||f(r) — f(s)|| = M(r — s) for
€ [s,t]. Suppose [s,7p] is the largest interval on which d(7) < 0 holds. If
Tp < t there must be a sequence ¢, | 0 such that

0<d(to+en) <|f(ro+en)— f(m0)|| = Meyn + d(m0)
= || f(10)en + o(en)|| = Men, < (M — M + o(1))e,, < 0.

Taking n — oo contradicts our assumption. ([

In particular,

Corollary 11.2. For f € C'(I,X) we have f = 0 if and only if f s
constant.

Next we turn to integration. Let I := [a,b] be compact. A function
f I — X is called a step function provided there are numbers

lo=a<t;<teg<---<th1<tp,=0> (11.3)

such that f(t) is constant on each of the open intervals (¢;—1,t;). The set
of all step functions S(I, X) forms a linear space and can be equipped with
the sup norm. The corresponding Banach space obtained after completion is
called the set of regulated functions R(I, X). In other words, a regulated
function is the uniform limit of step functions. Moreover, since the step
functions form an algebra, the regulated functions form a Banach algebra.

Observe that C(I,X) C R(I,X). In fact, consider the functions f, :=
Z;L;OI F@E)Xt8,40) € SU, X), where t; = a + jb_Ta and x is the character-
istic function. Since f € C(I, X) is uniformly continuous, we infer that f,
converges uniformly to f. Slightly more general, note that piecewise contin-
uous functions are regulated since every piecewise continuous function is the
sum of a continuous function and a step function.

For a step function f € S(I, X) we can define a linear map [ : S(I, X) —

X by
b n
/ F(t)dt ==ij<tj—tj_1>, (11.4)

where f; is the value of f on (¢j_1,¢;). This map satisfies

b
f(t)dtH < [1flloe(b—a) (115)

and hence it can be extended uniquely to a linear map [ : R(I,X) — X
with the same norm (b — a). We even have

/ f(t dtH / o (11.6)
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since this holds for step functions by the triangle inequality and hence for
all functions by approximation.

We remark that it is possible to extend the integral to a larger class of
functions in various ways. The first generalization is to replace step func-
tions by simple functions (and at the same time one could also replace the
Lebesgue measure on I by an arbitrary finite measure). Then the same ap-
proach defines the integral for uniform limits of simple functions. However,
things only get interesting when you also replace the sup norm by an L'
type seminorm: || f||1 := [ ||f(2)| du(z). As before the integral can be ex-
tended to all functions which can be approximated by simple functions with
respect to this seminorm. This is known as the Bochner integral and we
refer to Section for details. For our purpose the present approach will
be sufficient.

Denote by .Z(X,Y) the bounded linear operators from X — Y. If
Ae Z(X,Y), then f € R(I,X) implies Af € R(I,Y) and

A/bf(t)dt _ /bAf(t)dt. (11.7)

Again this holds for step functions and thus extends to all regulated functions
by continuity. In particular, if £ € X™* is a continuous linear functional, then

b b
o / F(t)dt) = / (f@)dt,  f e R(LX). (11.8)

Moreover, we will use the usual conventions fttf f(s)ds = f; X(t1,t2)(8) f(s)ds

and ft s)ds = — t > f(s)ds. Note that we could replace (t1,t2) by a
closed or half open 1nterval Wlth the same endpoints (why?) and hence

f( )ds = |, f ds—i—ft s)ds.

Theorem 11.3 (Fundamental theorem of calculus). Suppose F € C1(I,X),
then

F(t) = F(a) + /tF’(s)ds. (11.9)
Conversely, if f € C(I,X), then F(t f f(s)ds € CY(I,X) and F(t) =
f(t).

Proof. Let f € C(I,X) and set G(t) := fj f(s)ds. Then G € CY(I,X)
with G(t) = f(t) as can be seen from

t+e t+5
1] ss- / f(s)ds — F@B)ell = | / F(t))ds|
<l sup [1F(s)— F).

s€[t,t+e]
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Hence if F € C*(I, X) then G(t) := fj(F(s))ds satisfies G = F and hence
F(t) = C + G(t) by Corollary [11.2] Choosing ¢t = a finally shows F(a) =
C. O

Problem* 11.1 (Product rule). Let X be a Banach algebra. Show that if
f,g € CHI,X) then fg € CY(I,X) and Lfg= fg+ fg.

Problem* 11.2. Let f € R(I,X) and I :== I +1y. then f(t—ty) € R(I, X)

and
/f t)dt = /f t—to)d

Problem* 11.3. Let A : ®(A) C X — X be a closed operator (see Sec-
tion[B.3). Show that (L1.7) holds for f € C(I,X) with Ran(f) C D(A) and
Af e C(1,X).

Problem 11.4. Let I = [a,b] and J = [c,d] be two compact intervals.
Suppose f(s,t) : I x J — X is regulated in the sense that it is a uniform
limit of step functions being constant on disjoint open rectangles (sj_1,s;) X
(tx—1,tr) whose closure cover I x J. Show that

/J </1 f(s,t)ds> dt = /1 (/J f(s,t)dt> ds.

(Hint: One way is to use linear functionals and reduce it to the classical
Fubini theorem.)

11.2. Uniformly continuous operator groups

Our aim is to investigate the abstract Cauchy problem
U= Au, u(0) = ug (11.10)

in some Banach space X. Here A is some linear operator and we will assume
that A € Z(X) to begin with. Note that in the simplest case X = R™ this
is just a linear first order system with constant coefficient matrix A. In this
case the solution is given by

u(t) = T(t)up, (11.11)

where
oo

T(t) ;== exp(tA) := ]'A] (11.12)

is the exponential of tA. It is not difﬁcult to see that this also gives the
solution in our Banach space setting.

Theorem 11.4. Let A € £ (X). Then the series in (11.12)) converges and
defines a uniformly continuous operator group:
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(i) The map t — T(t) is continuous, T € C(R, Z(X)).
(ii)) T(0) =T and T(t + s) = T(t)T(s) for allt,s € R.

Moreover, T € C®(R,.Z(X)) is the unique solution of T(t) = AT(t) with
T(0) =1 and it commutes with A, AT(t) =T(t)A.

Warning: The uniformly in the name refers to the fact that continuity is
required with respect to the operator norm topology, which is (in the older
literature) is also known as uniform operator topology.

Proof. Set
=07
Then (for m < n)
n y n -
o g <

T.(t)—Tn(®)| = — Al < Pl < 2 AlmtieltiAl
ITO-Tull = | 32 54| < 3 Telal < poplal
In particular,

IT(t) < el

and AT (t) = limy, 00 AT, (t) = limy, 00 T, (t)A = T(t)A. Furthermore we
have T,,+1 = AT,, and thus

t
Thii1(t) = ]I+/ AT, (s)ds.
0
Taking limits shows
t
Tt) =1+ / AT(s)ds
0

or equivalently T € CY(R, £ (X)) and T(t) = AT(t), T(0) = I. Differen-
tiating this last equation shows (%)kHT(t) = A(%)kT(t) and establishes
T e C*R,Z(X)).

Suppose S(t) is another solution, S = AS, S(0) = I. Then, by the
product rule (Problem , 4T(—1)S(t) = T(—t)AS(t) — AT(~t)S(t) = 0
implying T'(—t)S(t) = T(0)S(0) = I. In the special case T'= S this shows
T(—t) = TY(t) and in the general case it hence proves uniqueness S = T
Finally, T'(t + s) and T'(¢)T'(s) both satisfy our differential equation and
coincide at ¢ = 0. Hence they coincide for all ¢ by uniqueness. O

Note that choosing s = —t in (ii) shows

T(t)™t =1T(-t). (11.13)
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Clearly A is uniquely determined by T'(t) via A = T'(0). Moreover, from this
we also easily get uniqueness for our original Cauchy problem. We will in
fact be slightly more general and consider the inhomogeneous problem

= Au+ g, u(0) = wo, (11.14)
where g € C(I, X). A solution necessarily satisfies

%T(—t)u(t) = —AT(—t)u(t) + T(—t)a(t) = T(—t)g(t)

and integrating this equation (fundamental theorem of calculus) shows the
Duhamel formula

u(t) = T(t) <uo + /OtT(—s)g(s)ds> = T(t)uo—i—/otT(t—s)g(s)ds. (11.15)

Lemma 11.5. Let A € Z(X) and g € C*(I,X) for some k € Ng. Then
(IT.14) has a unique solution w € C*+1(I, X) given by (11.15).

Proof. Using Problem it is straightforward to verify that this is indeed
a solution for any given g € C(I, X). This also shows that u € C*+1(I, X)
since T' € C®(R, Z(X)). O

Example 11.1. For example, look at the discrete linear wave equation

Gn(t) = k(gn41(t) — 2¢n(t) + gn-1(1)), n € 7.

Factorizing this equation according to

Qn(t) = pn(t)’ pn(t) = k(QnJrl(t) - 2Qn(t) + anl(t))a

we can write this as a first order system

()= (o o) ()

with the Jacobi operator (Aoq)n = ¢n+1 — 2¢n + gn—1. Since Ay is a bounded
operator on X = ¢P(Z), we obtain a well-defined uniformly continuous oper-
ator group in P (Z) & (P (Z). o

Problem 11.5. Show that if A, B € £(X) commute, [A,B] := AB—BA =
0, then so do their associated groups and we have

exp(sA + tB) = exp(sA) exp(tB) = exp(tB) exp(sA), [A,B] = 0.
Problem* 11.6 (Product rule). Suppose f € C_l (I,X)andT € CY(I, ¥4 (X,Y)).
Show that Tf € CHI1,Y) and LT f =Tf+TFf.

Problem 11.7. Let X be a Hilbert space and A € £(X). Show that T(t)*
is a uniformly continuous operator group whose generator is A*. Conclude
that if A is skew adjoint, that is, A* = —A, then T is unitary.
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Problem 11.8. Discuss the discrete Schridinger equation
it = Hu, (Hu)p = Up+1 + Un—1 + qniin,

in 2(Z), where ¢ € £°(Z,R). In particular, show |u(t)| = ||u(0)]] and
(u(t), Hu(t)) = (u(0), Hu(0)).

Problem 11.9. Let X := Co(R) and consider (Aaf)(z) == 1(f(z + a) —
f(x)) for a > 0. Show that Ay is bounded and compute its norm. Compute
the corresponding group T as well as its norm.

11.3. Strongly continuous operator semigroups

In the previous section we have found a quite complete solution of the ab-
stract Cauchy problem in the case when A is bounded. However,
since differential operators are typically unbounded, this assumption is too
strong for applications to partial differential equations. Since it is unclear
what the conditions on A should be, we will go the other way and impose
conditions on T'. First of all, even rather simple equations like the heat equa-
tion are only solvable for positive times and hence we will only assume that
the solutions give rise to a semigroup. Moreover, continuity in the operator
topology is too much to ask for (in fact, it is equivalent to boundedness of A
— Problem and hence we go for the next best option, namely strong
continuity. In this sense, our problem is still well-posed.

A strongly continuous operator semigroup (also C’o—semigrou[ﬂ) is
a family of bounded operators T'(t) € £ (X), t > 0, such that

(i) T'(t)g € C([0,00), X) for every g € X (strong continuity) and
(ii) T(0) =1, T(t+s) = T(t)T(s) for all t, s > 0 (semigroup property).
If T(t) € Z(X) is defined for ¢t € R and item (ii) holds for all ¢,s € R it is
called a strongly continuous operator group.
We first note that ||7(¢)]| is uniformly bounded on compact time inter-

vals.

Lemma 11.6. Let T(t) be a Cy-semigroup. Then there are constants M > 1,
w > 0 such that
|T@#)|| < Me*t,  ¢>0. (11.16)

In case of a Cy-group we have ||T(t)|| < Me¥ll, t € R.
Proof. Since ||T'(.)g]| € C[0,1] for every g € X we have sup,cpo 1 | T'(t)gl <

My. Hence by the uniform boundedness principle supycpo 3 |[7'()[| < M for
some M > 1. Setting w = log(M) the claim follows by induction using the

LThis naming might look odd at first, but just reflects the fact that originally strong continuity
was just one of several continuity properties, which were considered.
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semigroup property. For the group case apply the semigroup case to both
T(t) and S(t) := T(—t). O

The infimum over all possible w for which a corresponding M exists such
that (11.16]) holds is known as the growth bound wy(T') of the semigroup.
It is given by

T(t
wo(T) = limsup og(IT®)1) (11.17)

t—o0 t

and it can be shown that the limsup is actually a limit (Problem [11.11)).
However, there will not be a corresponding constant M for wy.

Inspired by the previous section we define the generator A of a strongly
continuous semigroup as the linear operator

Af —hm ( &) f—f), (11.18)

where the domain ®(A) is precisely the set of all f € X for which the above
limit exists. By linearity of limits ®(A) is a linear subspace of X (and A
is a linear operator) but at this point it is unclear whether it contains any
nontrivial elements. We will however postpone this issue and begin with
the observation that a Cy-semigroup is the solution of the abstract Cauchy
problem associated with its generator A:

Lemma 11.7. Let T'(t) be a Cy-semigroup with generator A. If f € D(A)
then T(t)f € D(A) and AT(t)f = T(t)Af. Moreover, suppose g € X with
u(t) :==T(t)g € D(A) fort > 0. Then u(t) € C([0,00), X) N C((0,0), X)

and u(t) is the unique solution of the abstract Cauchy problem

u(t) = Au(t), u(0) = g. (11.19)
This is, for example, the case if g € D(A) in which case we even have
u(t) € CL([0,00), X).
Similarly, if T(t) is a Co-group and g € D(A), then u(t) := T(t)g €
CL(R, X) is the unique solution of (11.19) for all t € R.

Proof. Let f € ©(A) and ¢ > 0 (respectively ¢ € R for a group), then

tim ~ (u(t + ) — u(t)) = lim T() = (T)S — f) = T()AF.

el0 € el0

This shows the first part. To show that wu(¢) is differentiable it remains to
compute

(T()f = £)
= lgiﬁ)lT(t —e)(Af +0(1)) =T()Af

lim = (u(t — <) — u(t)) = i 7(¢ )

1
el0 —€ 3
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since ||T'(t)|| is bounded on compact ¢ intervals. Hence u(t) € C([0, ), X)
(respectively u(t) € C'(R, X) for a group) solves (11.19). In the general case
f=T(to)g € D(A) and u(t) = T(t)g = T(t — to)f solves our differential
equation for every ¢ > ty. Since to > 0 is arbitrary it follows that u(t) solves
by the first part. To see that it is the only solution, let v(¢) be a
solution corresponding to the initial condition v(0) = 0. For s < t we have

%T(t ~ $)u(s) = lim é (T(t — 5 — )o(s + &) — T(t — s)o(s))
:ii_r%T(t —5— a)%(v(s +¢) —v(s))

i Tt s - s)é (T(e)o(s) — v(s))
=T(t —s)Av(s) —T(t — s)Av(s) = 0.
Whence, v(t) = T(t — t)v(t) = T(t — s)v(s) = T'(t)v(0) = 0. O

Note that our proof in fact even shows a bit more: If g € D(A) we have
u € C1([0,00), X) and hence not only u € C([0,00), X) but also Au = 1 €
C([0,00), X). Hence, if we regard ©(A) as a normed space equipped with
the graph norm || f||4 := || f|| + [|Af||, in which case we will write [D(A)],
then g € ©(A) implies u € C([0,00),[D(A)]). In particular, T restricted to
[D(A)] is again a Cp-semigroup and it is straightforward to check that its
generator is A restricted to D(A?) = {f € D(A)|Af € D(A)}.

Similarly, u(t) = T'(t)g € ©(A) for ¢ > 0 implies u € C((0,0), [D(A)]).
Moreover, recall that [©(A)] will be a Banach space if and only if A is a
closed operator (cf. Section and the latter fact will be established in

Corollary [11.10] below.

Also observe that if one assumes g € D(A¥), one can apply Lemma
recursively to obtain:

Corollary 11.8. Let T(t) be a Cy-semigroup with generator A. If g € D(AF)
then T(t)g € D(A*) and T(t)g € C*([0,00), X) with

d\* A ,
<dt> T(t)g = AT({t)A* g,  t>0, (11.20)
forany 7 =0,...,k. In case of a Co-group we have T(t)g € CF(R, X) and
the above formula holds for all t € R.

If we have T(t)g € D(A) for allt > 0, then T(t)g € D(A*) for allk € N,
t>0and T(t)g € C*°((0,00), X).

Proof. The case k£ = 1 is established in Lemma [11.7] Suppose the claim
holds for & > 1 and g € ©(AFT!). Then, applying A to T(t)AFg =
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AFT(t)g € D(A) shows T(t)g € D(A*Y) and AT(t)AFg = AT (t)g.
Finally, (%)k‘HT(t) = %T(t)Akg = AT(t)AFg finishes the induction step.

To see the second claim we use again induction to show T'(t)g € D (AF).
The case £ = 1 holds by assumption. Now suppose the claim holds for
some k € N, then AT(t)g = T(t/2)g, where § := AT(t/2)g € D(A*1) by
the induction hypothesis. Hence AT (t)g € ©(AF) by assumption implying
T(t)g € D(AF). O

Extending our remark from above we can use the differential equation
to show that for g € D(A¥) we have T(t)g € C*¥77([0,0), [D(AT)]), 0 <
j < k, where we equip (A7) with the norm ||f]|4; = g:o | A%f||. Then
T restricted to [D(A7)] is a Cy-semigroup whose generator is A restricted to
D(AITY),

A Cp-semigroup for which we have T'(t)g € D(A) for all ¢ € X and all
t > 0 is called differentiable.

Before turning to some examples, we establish a useful criterion for a
semigroup to be strongly continuous.

Lemma 11.9. A (semi)group of bounded operators is strongly continuous if
and only if limsup, o || T'(e)g|| < oo for every g € X and limeyoT'(e)f = f
for f in a dense subset.

Proof. We first show that limsup, |, [|7(¢)g|| < oo for every g € X implies
that T'(¢) is bounded in a small interval [0, ¢]. Otherwise there would exist a
sequence &, J 0 with ||T(y,)|| — oo. Hence || T'(ey,)g|| — oo for some g by the
uniform boundedness principle, a contradiction. Thus there exists some M
such that sup,¢jo g [|7'(¢)[| < M. Setting w = % we even obtain ([11.16]).
Moreover, boundedness of T'(t) shows that lim. o T'(¢)f = f for all f € X
by a simple approximation argument.

In case of a group this also shows |T(—t)|| < [|[T(d — O)||[|T(=9)]] <
M| T(=06)]| for 0 <t < 6. Choosing M = max(M, M|T(-5)||) we conclude
IT(@®) < M exp(w[t]).

Finally, right continuity is implied by the semigroup property: lim. o 7 (t+
e)g = lim. ;o T'(e)T'(t)g = T(t)g. Left continuity follows from ||T'(t —e)g —
T(t)gll =T —e)(T(e)g — gl < 1Tt = )[IT()g — gll- O

Example 11.2. Let X := Cy(R) be the continuous functions vanishing as
|x| — oo. Then it is straightforward to check that

(T@)f)(x) = flz+1)
defines a group of continuous operators on X. Since shifting a function does

not alter its supremum we have ||T'(¢)f|lcc = ||fllco and hence ||T'(¢)|| = 1.
Moreover, strong continuity is immediate for uniformly continuous functions.
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Since every function with compact support is uniformly continuous and since
such functions are dense, we get that T is strongly continuous. Moreover,
for f € ®(A) we have

lim — (AN)®)

e—0
uniformly. In particular, f € C*(R) with f, f’ € Co(R). Conversely, for
f € CYR) with f, f' € Co(R) we have

NSO L[ (01 pigis < s 17608~
€ Jo

S 0<s<e

flt+e) = f()
&

which converges to zero as € | 0 by strong continuity of 7. Whence

d
A= DA)={feC'R)NC(R)|f € Co(R)}
It is not hard to see that T is not uniformly continuous or, equivalently, that

A is not bounded (cf. Problem |11.10)).

Note that this group is not strongly continuous when considered on X :=
Cy(R). Indeed for f( ) = cos(x?) we can choose z, = v/27n and t, =

\/ﬂ(,/n—i—%— 4\F+O 3/2 ) such that |T(tn)f— flloo > |f(2n+

tn) — f(zn)| = 1. ©
Next consider
t
u(t) =T(t)g, / u(s)ds, geX. (11.21)
0

Then v € C*([0, 00), X) with ©(t) = u(t) and (Problem [11.2)

t t+e
T(e)v(t) = /0 u(e + s)ds = / u(s)ds =v(t +¢) —v(e) (11.22)
implying

lim = (T(£)o(t) = o(6) =lim (= Z0(2) + 2 (ot +2) — 0(0)) ) = —g + u(t).
(11.23)

Consequently v(t) € D(A) and Av(t) = —g + u(t) implying that u(t) solves
the following integral version of our abstract Cauchy problem

u(t) =g+ A/O u(s)ds. (11.24)

Note that while in the case of a bounded generator both versions are equiva-
lent, this will not be the case in general. So while u(t) = T'(t)g always solves
the integral version, it will only solve the differential version if u(t) € D(A)
for t > 0 (which is clearly also necessary for the differential version to make
sense). In the latter case u(t) is sometimes called a strong solution (also
classical solution), while otherwise it is called a mild solution.
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Two further consequences of these considerations are also worth while
noticing:

Corollary 11.10. Let T'(t) be a Cy-semigroup with generator A. Then A is
a densely defined and closed operator.

Proof. Since v(t) € ©(A) and limy %v(t) = g for arbitrary g, we see that
D(A) is dense. Moreover, if f, € ©(A) and f,, — f, Af, — g then

t
T(t) fr — fo = /0 T(s)Afuds.

Taking n — oo and dividing by ¢ we obtain

1 1 [t
;(T(t)f — f) = t/o T(s)gds.
Taking ¢ | 0 finally shows f € ©(A) and Af = g. O

Note that by the closed graph theorem we have ®(A) = X if and only if
A is bounded. Moreover, since a Cy-semigroup provides the unique solution
of the abstract Cauchy problem for A, we obtain

Corollary 11.11. A Cy-semigroup is uniquely determined by its generator.

Proof. Suppose T and S have the same generator A. Then by uniqueness
for (11.19) we have T'(¢)f = S(t)f for all f € D(A). Since D(A) is dense

this implies T'(t) = S(¢) as both operators are continuous. O

Finally, as in the uniformly continuous case, the inhomogeneous problem
can be solved by Duhamel’s formula. However, now it is not so clear when
this will actually be a solution.

Lemma 11.12. Let A be the generator of a Cy-semigroup and f € C([0,00), X).
If the inhomogeneous problem

= Au+ f, u(0) =g, (11.25)
has a solution it is necessarily given by Duhamel’s formula
¢
u(t) =T(t)g + / T(t —s)f(s)ds. (11.26)
0

Conversely, for g = 0, the function u given by (11.26)) satisfies u € C*([0,00), X)
if and only if u € C(]0,00), [D(A)]). Moreover, in this case it will be a solu-
tion.

Specifically, (11.26) gives a solution if either one of the following condi-
tions is satisfied:
e 4 €D(4) and f € C((0,00), [D(A))).
e g€ D(A) and f € C(]0,00), X).
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If A is the generator of a strongly continuous group, we can replace [0, 00)
by R.

Proof. Let u(t) be a solution of (11.25) and set v(s) := T(t — s)u(s), 0 <
s < t, then one shows as in the proof of Lemma that

0(s) = —AT(t — s)u(s) + T(t — s)u(s)
= —AT(t = s)u(s) + T(t — s)(Au(s) + f(s))
=T(t—s)f(s), 0<s<t.

Hence the fundamental theorem of calculus (taking limits towards the bound-
ary points) gives (11.26)).

For the converse observe that T'(t)g is a solution of the homogenous
equation if g € D(A). Hence it remains to investigate the integral, which we
will denote by u(t). We first note that

3
%(u(t bo)—u(t)) = i/o T(e — s)f(t + 5)ds + é(T(e) _ Du(t),

where the integral term on the right converges to f(t) thanks to our assump-
tion f € C([0,00),X). Hence, if one of the remaining two expressions has
a limit, so has the other. In particular, if u(t) is differentiable, we see that
the limit on the right exists implying u(t) € ®(A) and a(t) = f(t) + Au(t).
Similarly if u(t) € ®(A), then the limit on the right exists and we see that
u(t) is differentiable.

From this the first case is immediate since u € C([0, 00), [ (A)]) provided
f€C([0,00),[D(A)]) by Problem [11.3]

In case of the second condition we note that
t
u(t) = / T(s)f(t—s)ds
0

by a change of variables (Problem [11.2)) and hence

Lutt + &) — u(t)) = 1/0 T()(F(t+2 — ) — f(t— s))ds

9 S

1 3
+/0 T(t+ s)f(e —s)ds

€
t .

— T(s)f(t—s)ds+T(t)f(0)

e—0 0

since f € C1. O

The function u(t) defined by (11.26]) is called the mild solution of the

inhomogeneous problem. In general a mild solution is not a solution:
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Example 11.3. Let T'(¢) be a strongly continuous group with an unbounded
generator A (e.g. the one from Example [I1.2)). Choose fy € X \ D(A) and
set g:=0, f(t) :=T(t)fo. Then f € C(R, X) and the mild solution is given
by

u(t) = T(t) /OtT(—s) / fods = tT(t) fo.

Since T'(t) leaves ®(A) invariant, we have u(t) ¢ ©(A) for all t € R and
hence u(t) is not a solution. o

Problem* 11.10. Show that a uniformly continuous semigroup has a bounded
genemtor (Hint: Write T(t) = V(to) 'V (to)T(t) = ... with V() =
fo s)ds and conclude that it is C1.)

Problem 11.11. Let f : [0,00) — R be bounded from above on every com-
pact interval and subadditive, that is, f(t1 + t2) < f(t1) + f(t2). Then

lim I () = inf I ()

t—oo ¢ t>0 t

Problem 11.12. Show that the growth bound of a semigroup is given by
(T — fut EUTOD _  os(ITO)]),
t>0 t t—o0 t

Moreover, show that the spectral radius of T'(t) is given by
r(T(t)) = e,

(Hint: The spectral radius of an operator T' € £ (X) is defined as r(T') :=
SUD-o(r) |2] = limpsoo [TV < | T(1)]-)

Problem 11.13. Let T(t) be a Cy-semigroup. Show that if T(ty) has a
bounded inverse for one tg > 0 then this holds for allt > 0 and it extends to
a strongly continuous group via T(t) := T(—t)~! fort < 0.

Problem 11.14. Consider the translation group T'(t) :== Ty on LP(R), 1 <
p < oo. Show that this is a strongly continuous group and compute its
generator. Show that it is not strongly continuous for p = co. (Hint: Prob-

lem[B.15)

Problem 11.15. Consider the translation semigroup T'(t) := Ty on LP(0,1),
1 < p < oo. Show that this is a strongly continuous group and compute its
generator. Show that it is nilpotent: Tryg = 0 for t > 1. (Hint: Prob-

lem[B.13)

Problem 11.16. Let U C R” and let m : U — C be a measurable func-
tion with sup,c;y Re(m(z)) < oo. Consider the multiplication semigroup
T(t)g(x) := ™ g(x) on LP(U), 1 < p < oo. Show that this is a strongly
continuous group and compute its generator.
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Problem 11.17. Define a semigroup on L'(—1,1) via

o) = 2f(s—1t), 0<s<t,
T { PR

where we set f(s) =0 for s < 0. Show that the estimate from Lemma
does not hold with M < 2.

Problem 11.18. Let A be the generator of a Cy-semigroup T(t). Show
t
Tt)f=f+tAf —|—/ (t — s)T(s) A f ds, feD(AY).
0

Problem 11.19. Let A be the generator of a Cp- semigroup T(t). Show
that Nyen D (AF) is dense. (Hint: Set g, := mfo )T (s)gds, where
¢ € Cr(0,1) wzthfo s)ds=1.)

Problem 11.20. Let T(t) be a differentiable Cy-semigroup with generator
A. Show T € C®((0,00),.2(X)) with LT(t) = AFT(¢), t > 0. (Hint:
Show that AFT(t) is bounded and use Problem|11.18 )

Problem 11.21 (Landauﬂ inequality). Let A be the generator of a Cy-
semigroup T(t) satisfying ||T'(t)|] < M. Derive the abstract Landau in-
equality

LAFIl < 20| A2 (12 £1M2.

(Hint: Problem|11.18)

Problem 11.22. Let A be the generator of a Cy-semigroup. Consider the
integral version of our inhomogeneous problem (11.25)):

u(t)—g+A/ ds+/f )ds

for given g € X, f € C(]0,1),X). Show that this problem has a unique
solution v € C([0,1),X) such that fo s)ds € ®(A) for t > 0 which is
given by Duhamel’s formula ((11.26 (Hmt Problem M)

Problem 11.23. A bounded operator P € £(X) is said to commute with a
closed operator A if
PAC AP

That is, if D(PA) = D(A) C D(AP) = {z € X|Pzx € ©(A)} and both
operators agree on the smaller set ®(A). Note that this in particular requires
that P leaves the domain invariant, PD(A) C D(A).

Show that if P € £(X) commutes with the generator of a (semi)group
A, then it also commutes with the (semi)group, PT(t) = T(t)P. (Hint:
Uniqueness of solutions.)

2Lev Landau (1908-1968), Soviet physicist
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11.4. Generator theorems

Of course in practice the abstract Cauchy problem, that is the operator A,
is given and the question is if A generates a corresponding Cp-semigroup.
Corollary already gives us some necessary conditions but this alone is
not enough.

It turns out that it is crucial to understand the resolvent of A (see
Section [B.3)). Using an operator-valued version of the elementary integral
I eMe=2)dt = —(a — 2)~* (for Re(a — z) < 0) we can make the connection
between the resolvent and the semigroup.

Lemma 11.13. Let T be a Cy-semigroup with generator A satisfying (11.16]).
Then {z|Re(z) > w} C p(A) and

[e.e]
Ry(z) = / e *'T(t)dt, Re(z) > w, (11.27)
0
where the right-hand side is defined as
< / e—sz(t)dt> g:= lim e *'T(t)g dt. (11.28)
0 S5—00 1/8
Moreover,
e CF (11.29)
AR _Re(z)—w’ e(z w. .
Proof. Let us abbreviate Rq(z)f = — [ e *'T(t)fdt. Then, by virtue

of (I1.16), [le = T(t)f| < Me=Re())| £|| shows that R4(z) is a bounded
operator satisfying || Rs(2)|| < M(Re(z) —w)~!. Moreover, this estimate on
the integrand also shows that the limit R(z) := lims_,oc Rs(z) exists (and
still satisfies || R(2)|| < M(Re(z) —w)~!). Next note that S(t) := e T (t) is
a semigroup with generator A — z (Problem and hence for f € ©(A)

we have
Ru()(A—2)f = /0 CS(t)(A— =) fdt = — /0 S fdt = f - S(s)f.

In particular, taking the limit s — oo, we obtain R(z)(A — z)f = f for
f € ®(A). Similarly, still for f € ©(A), by Problem

(A= 2)Ru(2)f = — /0 (A—2)S(t) fdt = /0 S fdt=f - S(s)f

and taking limits, using closedness of A, implies (A — 2)R(z)f = f for
f € D(A). Finally, if g € X choose f, € ©(A) with f, — g. Then
R(z)fn, = R(z)g and (A — z)R(2) fn, = fn — g proving R(z)g € ©®(A) and
(A—2)R(z)g =g for g € X. O
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The number
s(A) := sup{Re(2)|z € 0(A)} (11.30)
is known as the spectral bound of A. The above lemma shows s(A) <
wo(T). Moreover, for matrices it is not hard to see that we have equality.
However, this is not true in general. In particular, knowledge of o(A) alone is
in general not sufficient to estimate the growth of the associated semigroup.

Corollary 11.14. Let T be a Cy-semigroup with generator A satisfying
(11.16). Then

Ra(z)"tt = % /00 t"e AT (t)dt, Re(z) > w, (11.31)
n! 0
and
1Ra(2)"] < (Re(z)M_w)n, Re(z) > w, n € N. (11.32)

Proof. Abbreviate Ry, (z) := [, t"e™*'T'(t)dt and note that

Ro(z2+¢€) = Ra(z) _ Rpyr(2) + e / - t" 2o (et)e T (t)dt
3 0

where [¢(e)| < 3772, (j‘i;)! < %e'g‘ from which we see %Rn(z) = —Ry11(2)
and hence jz—nnRA(z) = sz—nnRg(z) = (-1)"*'R,,(2). Now the first claim fol-
lows using Ra(z)""! = %%RA(Z) (Problem [B.20)). Estimating the integral

using (|11.16]) establishes the second claim. ([
Given these preparations we can now try to answer the question when
A generates a semigroup. In fact, we will be constructive and obtain the

corresponding semigroup by approximation. To this end we introduce the
Yosida approximatio

Ay = —nARp(w+n)=—n—n(w+n)Ra(w+n) € Z(X). (11.33)

Of course this is motivated by the fact that this is a valid approximation for
numbers since lim, ;o ;= = 1. That we also get a valid approximation
for operators is the content of the next lemma.

Lemma 11.15. Suppose A is a densely defined closed operator with (w, 00) C
p(A) satisfying

|Ra(w+n)| < % (11.34)
Then
nh—>Holo —nRa(w+n)f=f feX, nli_)rr;oAnf =Af, feDA).
(11.35)

3Kosaku Yosida (1909-1990), Japanese mathematician
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Proof. If f € ©(A) we have —nRa(w +n)f = f — Ra(w +n)(A —w)f
which shows —nRs(w +n)f — fif f € D(A). Since D(A) is dense and
|[nRa(w + n)|| < M this even holds for all f € X. Moreover, for f € D(A)
we have A, f = —nARs(w +n)f = —nRa(w + n)(Af) — Af by the first
part. O

Moreover, A, can also be used to approximate the corresponding semi-
group under suitable assumptions.

Theorem 11.16 (FellerfMiyaderafPhillipsEI). A linear operator A is the

generator of a Co-semigroup T satisfying (11.16)) if and only if it is densely
defined, closed, (w,00) C p(A), and

IRAN"| < (A_Mw)n A>w nel. (11.36)
Moreover, if A, is the Yosida approximation and
T, (t) := exp(tA,) = e " exp(—tn(w +n)Ra(w + n)) (11.37)
are the corresponding groups, we have
T(t)g = nli_)nroloTn(t)g, geX. (11.38)

Proof. Necessity has already been established in Corollaries|[11.10[and|[11.14}

For the converse we note

2 (tn(w +n))! -

T, ()| < e '™ E ———[Ralw +n)’|| < Metretwtn) — prewt,
: J!
j=0

Moreover, since R4(w + m) and Ra(w + n) commute by the first resolvent
identity (Problem B.20)), we conclude that the same is true for A,,, A,, as well
as for T\, (t), T),(t) (by the very definition as a power series). Consequently

1
05 = T = | [ 40T (0= 9307 as

1
<t [ 1T (0Tn (1= )04~ An)|ds
0
< tM%e!||(An — Ap) f])-
Thus, for f € ©(A) we have a Cauchy sequence and can define a linear

operator by T'(¢) f := limy, o0 T (t) f. Since || T(t) f|| = limy o0 |10 () f| <

4William Feller (1906-1970), Croatian-American mathematician
4sa0 Miyadera (1925), Japanese mathematician
4Ralph S. Phillips (1913-1998), American mathematician
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Me*t|| f|l, we see that T'(t) is bounded and has a unique extension to all of
X. Moreover, T'(0) =1 and

[ Tn ()T (s)f = T@)T(s) [ <
Me“" | Tu(s) f =T () fll + I(T(t) = T ()T (s)fl
implies T'(t 4 s) f = limy—y00 T (t+ ) f = limp—o0 Tn(6) T (s) f =T ()T (s) f,
that is, the semigroup property holds. Finally, by
1T@E)f = FI < T (e)f = Tul@) fl + | Tule)f = [l
< eM?e (A= An) [l + 1 Tule) f = £
we see limgyo T'(e)f = f for f € D(A) and Lemma [11.9] shows that T" is a
Co-semigroup. It remains to show that A is its generator. To this end let
f €D(A), then

t

Tt)f—f= lim T,(t)f — f = lim / To(s)Anfds
t

~ lim </DtTn(s)Afds+/0 Tn(s)(An—A)fds>

n—oo

- /OtT(s)Afds

which shows limeyo 1(T(t)f — f) = Af for f € D(A). Finally, note that
the domain of the generator cannot be larger, since A — w — 1 is bijective
and adding a vector to its domain would destroy injectivity. But then w +1
would not be in the resolvent set contradicting Lemma [T1.13] g

Note that in combination with the following lemma this also answers the
question when A generates a Cy-group.

Lemma 11.17. An operator A generates a Cy-group if and only if both A
and —A generate Cy-semigroups.

Proof. Clearly, if A generates a Cy-group T'(t), then S(t) := T'(—t) is a Co-
group with generator —A. Conversely, let T'(t), S(t) be the Cy-semigroups
generated by A, —A, respectively. Then a short calculation shows

d

£T(t)5(t)g =-T(t)AS(t)g+ T(t)AS(t)g =0, t > 0.
Consequently, T'(t)S(t) = 7(0)S(0) = I and similarly S(¢)T'(¢t) = I, that is,
S(t) = T(t)~!. Hence it is straightforward to check that T extends to a
group via T'(—t) := S(t), t > 0. O

The following examples show that the spectral conditions are indeed cru-
cial. Moreover, they also show that an operator might give rise to a Cauchy
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problem which is uniquely solvable for a dense set of initial conditions, with-
out generating a strongly continuous semigroup.

Example 11.4. Let

A:<8 f‘(‘)(’), D(A) = X x D(Ag).

Then u(t) = (} ™) (}c‘f) = (f°+§{14°f1) is the unique solution of the corre-

sponding abstract Cauchy problem for given f € ©(A). Nevertheless, if Ag
is unbounded, the corresponding semigroup is not strongly continuous.

Note that in this case we have o(A) = {0} if Ap is bounded and o(A) = C
else. In fact, since A is not injective we must have {0} C o(A). For z # 0
the inverse of A — z is given by

1
(A—2)"1= —% <(1) Zf0> , D((A—2)"YH) =Ran(4 —2) = X x D(4y),

which is bounded if and only if A is bounded. o

Example 11.5. Let Xy = Cy(R) and m(z) = ixz. Then we can regard m as
a multiplication operator on Xy when defined maximally, that is, f — m f
with ®(m) = {f € Xo|m f € Xo}. Note that since C.(R) C D(m) we see
that m is densely defined. Moreover, it is easy to check that m is closed.

Now consider X = Xy @ Xy with || f]| = max(]| foll, || f1]]) and note that

A= (5 ). 90) = 20m) o Dm)

is closed. Moreover, for z ¢ iR the resolvent is given by the multiplication

operator
1 1 -
R = m—z |
Az) m—z (0 1 )
For A > 0 we compute

1
RaO1 < (sup s Y= i

and hence A satisfies (I1.36) with M = 3, w = 0 and n = 1. However, by

infn(n)
(A —in +1in)?

n
=
where f,, is chosen such that f,(n) =1 and || fu]|lcc = 1, it does not satisfy

(11.32)). Hence A does not generate a Cy-semigroup. Indeed, the solution of
the corresponding Cauchy problem is

IRAO A+ )] = [Ra(A +in)(0, £)] \

=" (5 7). D) = Xew o),

which is unbounded. o
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When it comes to applying this theorem, the main difficulty will be
establishing the resolvent estimate . Moreover, while it might be
already difficult to estimate the resolvent, it will in general be even more
challenging to get estimates on its powers. In this connection note that the
trivial estimate ||Ra(2)"| < [[Ra(2)|™ will do the job if and only if M =
1. Hence we finally look at the special case of contraction semigroups
satisfying

1T < 1. (11.39)

By a simple transform the case M = 1 in Lemma can always be reduced
to this case (Problem . Moreover, as already anticipated, in the case
M =1 the estimate immediately implies the general estimate ({11.32])
and it suffices to establish forn = 1:

Corollary 11.18 (Hill(ﬂ—Yosida). A linear operator A is the generator of
a contraction semigroup if and only if it is densely defined, closed, (0,00) C
p(A), and

1
A )
Example 11.6. If A is the generator of a contraction, then clearly all eigen-
values z must satisfy Re(z) < 0. Moreover, for

()

RA(Z):_% <(1) 1{"2), T(t):<(1) i)

which shows that the bound on the resolvent is crucial. o

IRaN[ <<, A>0. (11.40)

we have

Example 11.7. If X is a Hilbert space and A is a self-adjoint operator, then
we have the required estimate if and only if A is bounded from above,

E :=supo(A) = sup (f,Af) < 0.
fea(A),|IflI=1
Indeed in this case we have (cf. [32, Theorem 2.19])
1

Ra(N| € —— A>FE

IRAN] < = 7
such that A — E generates a contraction semigroup. In particular, note that
in this case the growth bound equals the spectral bound. o

However, for a given operator even the simple estimate ([11.40|) might be
difficult to establish directly. Hence we outline another criterion.

SEinar Hille (1894-1980), American mathematician
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Example 11.8. Let X be a Hilbert space and observe that for a contraction
semigroup the expression ||T'(¢) f|| must be nonincreasing. Consequently, for
f € ®(A) we must have

SITOfI?],_, = 2Re((£,40)) <0,

dt
Operators satisfying Re((f, Af)) < 0 are called dissipative and this clearly
suggests to replace the resolvent estimate by dissipativity. o

To formulate this condition for Banach spaces, we first introduce the
duality set

J(2) = {a' € X*|a' () = ||=]|* = |a'||*} (11.41)

of a given vector z € X. In other words, the elements from J(z) are those
linear functionals which attain their norm at = and are normalized to have
the same norm as x. As a consequence of the Hahn-Banach theorem (Corol-
lary from [35]) note that J(z) is nonempty. Moreover, it is also easy
to see that J(x) is convex and weak-* closed.

Example 11.9. Let X be a Hilbert space and identify X with X* via z —
(x,.) as usual. Then J(z) = {z}. Indeed since we have equality {2/, x) =
|’ ||||z]| in the Cauchy—Schwarz inequality, we must have 2’ = ax for some

a € C with |a| = 1 and o*||z||? = (2/,z) = ||z||? shows a = 1. o
Example 11.10. Recall (cf. Problem |B.21)) that a Banach space X is called
strictly convex, if equality in the triangle inequality, ||z + y|| = ||z|| + ||yl

can only occur if the vectors are parallel, y = ax for some a > 0 or z = 0.

If X* is strictly convex , then the duality set contains only one point.
In fact, suppose 2,y € J(z), then 2/ = L(2' +y') € J(z) and @Hm’ +
V| =2 (z) = @(Hm’H + ||¥/]]) implying 2’ = 3/ by strict convexity. Note
that the converse is also true: If 2/,y’ € J(z) for some x € B{(0), then
2/ (z) + y'(z) = 2 implies ||z’ + ¢/|| = 2 contradicting strict convexity.

This applies for example to X := ¢P(N) if 1 < p < oo (cf. Problem [B.21])

in which case X* = (4(N) with ¢ = ;. In fact, for a € X we have

J(a) = {a'} with ;= ||a]l7 7" sign(a})|a; P~ o
Example 11.11. Let X be a measurable space with a o-finite measure pu.
The previous example can be generalized to LP(X,du) if 1 < p < oo (which
are strictly, in fact even uniformly, convex by Theorem from [34]). In
this case we have LP(X,du)* = L9(X,du) and for f € LP(X,du) we have
. 2-p . * _

T (f) = {g} with g = [|f[lp"" sign(f*)[ f[P~". o
Example 11.12. Let X := C]0,1] and choose x € X. If t; is chosen such
that |z(to)] = ||z||co, then the functional y — 2'(y) := x(to)*y(to) satisfies
2’ € J(x). Clearly J(x) will contain more than one element in general.
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Note that for X = C3(R) the situation is more complicated since the
supremum might not be attained. However, we can choose a sequence t,, € R
such that z(t,) — zo with |zo| = ||z]|e and set 2/(y) = z§L(y(t,)), where
L is the Banach limit from Problem from [35]. o

Now a given operator ®(A) C X — X is called dissipative if
Re(z'(Az)) <0 for one 2’ € J(x) and all z € D(A). (11.42)

Lemma 11.19. Let z,y € X. Then ||z|| < ||z — ay|| for all & > 0 if and
only if there is an x' € J(x) such that Re(2'(y)) < 0.

Proof. Without loss of generality we can assume x # 0. If Re(2/(y)) < 0
for some 2’ € J(x), then for a > 0 we have

2’ [[[[z]] = 2'(z) < Re(2(z — ay)) < [|2[[lz — ayl|
implying [[z(| < [l — ay.

Conversely, if ||z|| < ||z — ay]| for all a > 0, let 2/, € J(z — ay) and set
Yo = l|7all 725 Then
Izl < |z — ayll = yo(z — ay) = Re(ya(x)) — aRe(y;(y))

< [lz]| - aRe(ya(y)).
Now choose a sequence a; — 0 such that both y;, (z) and y;, (y) converge.
This defines a linear functional on the two dimensional subspace spanned by
x and y which can be extended to a functional y, € X* using Hahn-Banach.
Taking the limit in the above inequality yields y{(xz) = ||z|. Moreover,

the above inequality also shows Re(y/,(y)) < 0 and hence Re(yg(y)) < 0.
Whence z(, = ||z|yy € J () and Re(z{(y)) < 0. O

As a straightforward consequence we obtain:

Corollary 11.20. A linear operator is dissipative if and only if
A = Nz|| > \||z||, A>0, z€DA). (11.43)

In particular, for a dissipative operator A — A is injective for A > 0 and
(A—X)~1is bounded with ||(A—X)"!|| < A~1. However, this does not imply
that A is in the resolvent set of A since D((A — A)~!) = Ran(A — \) might
not be all of X.

Now we are ready to show
Theorem 11.21 (LumerfPhillipsﬂ). A linear operator A is the generator of
a contraction semigroup if and only if it is densely defined, dissipative, and

A — Xy is surjective for one Ao > 0. Moreover, in this case (11.42)) holds for
all ¥’ € J(x).

6Gunter Lumer (1929-2005), German born American mathematician
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Proof. Let A generate a contraction semigroup 7'(¢) and let x € D(A),
' € J(x). Then

Re(2'(T(t)x — 2)) < [ (T(t)a)] = [|l=]* < [|l2/[[[l=]] — l|l=[* = 0

and dividing by ¢ and letting ¢t | 0 shows Re(:v’ (Aac)) < 0. Hence A is
dissipative and by Corollary (0,00) C p(A), that is, A — X is bijective
for A > 0.

Conversely, by Corollary A — X has a bounded inverse satisfying
[(A—=A)~"Y < A7!for all A > 0. In particular, for A the inverse is defined
on all of X and hence closed. Thus A is also closed and Ay € p(A). Moreover,
from |[Ra(Xo)|| < Mgt (cf. Lemma we even get (0,2)\g) C p(A) and
iterating this argument shows (0,00) C p(A) as well as ||[Ra(\)|| < 271,
A > 0. Hence the requirements from Corollary are satisfied. O

Note that generators of contraction semigroups are maximal dissipative
in the sense that they do not have any dissipative extensions. In fact, if we
extend A to a larger domain we must destroy injectivity of A — A\ and thus
the extension cannot be dissipative.

Example 11.13. Let X be a Hilbert space. An equation of the form

iu= Hu
with H a self-adjoint operator, is known as abstract Schréodinger equation.
If H is bounded, it is easy to see that exp(—itH) is a uniformly continuous

unitary group (cf. Problem [11.7)). The Lumer—Phillips theorem also allows
us to handle the unbounded case.

In this context a densely defined operator H is called symmetric if

(f,Hg)=(Hf,9), [ g9€DH).

In this case (f, H f) is real-valued or equivalently, both A = —iH and —A =
iH are dissipative. Hence if we assume Ran(H + i) = Ran(H —1i) = X,
then both A and —A will generate contraction semigroups from which it is
not hard to see that T'(t) is a strongly continuous group which preserves the
norm (cf. Problem . But an operator preserving the norm is unitary,
T(t)~! = T(t)*. Since for a symmetric operator Ran(H +i) = Ran(H —i) =
X is equivalent to self-adjointness ([32 Lemma 2.3|), we see that a self-
adjoint operator gives rise to a strongly continuous unitary group. This also
follows from the spectral theorem.

In fact, the converse is also true. To see this observe that H is symmetric
if and only if (f, H f) is real-valued which in turn is equivalent to both —iH
and 1H being dissipative.

This is known as Stone’s theoremm o

"Marshall Harvey Stone (1903-1989), American mathematician
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Example 11.14. Let X := Cy[0,1] = {f € C[0,1]|f(0) = f(1) = 0} and
consider the one-dimensional heat equation

0 0?

au(t, x) = wu(t, x)

on a finite interval x € [0, 1] with Dirichlet boundary conditions u(0) =
u(1) = 0 and the initial condition u(0,z) = g(x). The corresponding opera-
tor is
Af=f",  D(A)={feC0,1]|f € C*0,1]} C X.

Note that ©(A) is dense. For ¢ € J(f) we can choose £(g) = f(z0)*g(x0),
where z is chosen such that |f(zo)| = ||f|lcc- Then Re(f(z¢)*f(x)) has a
global maximum at x = zg and if f € ©(A) we must have Re(f(z0)* " (z0)) <
0 provided this maximum is in the interior of (0, 1). If z¢ is at the boundary
this holds trivially and consequently A is dissipative. That A— X is surjective
follows using the Green’s function (cf. Section [3.3|from [35]): For g € X the
function

1
f(2) = (Ra(Ng) (@) = /O G\ z,9)9(y)dy.

where

GO\, y) = -1 {sinh(\ﬂ(l —z))sinh(vAy), y <z,

VAsinh(A) | sinh(VA(1 —y))sinh(VAz), z <y,

is in D(A) and satisfies (A — A\)f = ¢. Note that alternatively one could
compute the norm of the resolvent

HRMMH=1<1‘QMN&Vm>

(equality is attained for constant functions; while these are not in X, you can
approximate them by choosing functions which are constant on [¢,1—¢]). ©

Example 11.15. Let us consider the heat equation on X := Cpye(R) the
bounded uniformly continuous functions. Since the uniform limit of uni-
formly continuous functions is again uniformly continuous, this is a closed
subspace of Cy(R) and hence a Banach space (it will become clear why we do
not choose C(R) in a moment). In this case we choose D(A) := CZ, (R) :=
{f € C?](R)|f,f',f" € X}. Now dissipativity does not follow as in the
previous example since the maximum might not be attained. Hence we go
directly for the resolvent whose kernel is given by

-1
G .) = 5 el

One checks that R4(A) is a bounded map on X whose norm is given by

IRA(N)|| = % with equality for constant functions. Moreover, for given

g € X we have g := Rg(A\)f € ©D(A) with (A — \)f = g. Conversely, if
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f € ©(A) one checks that R4(A)(A—\)f = f and hence R4(\) is indeed the
resolvent of A. Up to this point everything would work on Cy(R). Moreover,
note that the mollification of a function g € X will be in ®(A) and converge
uniformly to g. Hence ©(A) is dense in X (but not in Cy(R)).

Note that since the heat group is given by mollification with the heat
kernel, the same argument also shows directly that the heat group is not
strongly continuous on Cp(R). o

Example 11.16. Another neat example is the following linear delay dif-
ferential equation

u(t) = /t X u(s)dv(s), t >0, u(s) = g(s), =1 <s <0,

where v is a complex measure. To this end we introduce the following oper-
ator

Af = ', D(A) = {f € C1[-1,0]|£(0 /f Vv(s)} € C[0,1].

Suppose that we can show that it generates a semigroup 7' on X = C[0, 1] and
set u(t) := (T(t)f)(0) for f € D(A). Then, since T leaves ©(A) invariant,
the function r — (T'(t 4+ r) f)(s — r) is differentiable with

i(T(t +r)f)s =)= (Tt +r)Af)(s =) = (Tt +7)f)(s =) =0
and we conclude (T'(t +7)f)(s —r) = (T'(t)f)(s) for =1 +7r < s < 0. In
particular, for r = s we obtain u(t + s) = (T'(t)f)(s). Hence we obtain

d 0
u(t) = (T f)(0) = (AT(£)£)(0) =/ (T@)f)(s)dv(s)

-1

0
:/ u(t + s)dv(s)
-1
and u solves our delay differential equation. Now if g € C]0, 1] is given we
can approximate it by a sequence f, € ®(A). Then u,(t) := (Tn(t) fn)(0)
will converge uniformly on compact sets to u(t) := (T'(t)g)(0) and taking the
limit in the differential equation shows that u is differentiable and satisfies

the differential equation.

Hence it remains to show that A generates a semigroup. First of all
we claim that A := A — ||v|| is dissipative, where ||| is the total vari-
ation of v. As in the previous example, for £ € J(f) we can choose
(g) = f(zo)*g(xo) where xg is chosen such that |f(xo)| = ||f]lcc. Then
Re(f(zo)* f(x)) has a global maximum at x = z¢ and if f € ©(A) we must
have Re(f(z0)*f'(z0)) = 0 provided zy is in the interior. If zy = —1 we still
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must have Re(f(z0)*f(x0)) < 0. In both cases Re(£(Af)) < —|v|||f(z0)]? <
0. If xp = 0 we compute

0
Re(¢(Af)) = Re (f*<o> | f(s)cMs)) AP <0

since |f(s)| < |£(0)|. Thus A is dissipative. Moreover, it is straightforward
to verify that the differential equation (A — \)f = g has a unique solution
feD(A) for A > 0 since | [° eMHIDsdu(s)| < ||y o

Finally, we note that the condition that A — Ag is surjective can be
weakened to the condition that Ran(A — Ag) is dense. To this end we need:

Lemma 11.22. Suppose A is a densely defined dissipative operator. Then
A is closable and the closure A is again dissipative.

Proof. Recall that A is closable if and only if for every z, € ©(A) with
zn — 0 and Az, — y we have y = 0. So let x, be such a sequence and
choose another sequence y,, € ©(A) such that y,, — y (which is possible since

D(A) is assumed dense). Then by dissipativity (specifically Corollary [11.20))
(A =N Az 4+ ym)|| = MAzn +ymll, A>0

and letting n — oo and dividing by A shows

ly + AT A = Dyl > [yml.
Finally A — oo implies ||y — ym[| > [lym| and m — oo yields 0 > |||, that

is, y = 0 and A is closable. To see that A is dissipative choose z € D(A) and
r, € D(A) with x,, — = and Az,, — Ax. Then (again using Corollary [11.20)
taking the limit in [|(A — N)zn|| > M|za|| shows [[(A — N)z| > A||z| as

required. O

Consequently:

Corollary 11.23. Suppose the linear operator A is densely defined, dissipa-
tive, and Ran(A — \g) is dense for one A\og > 0. Then A is closable and A is
the generator of a contraction semigroup.

Proof. By the previous lemma A is closable with A again dissipative. In par-
ticular, A is injective and by Lemmawe have (A—Xo)™' = (4 — Xo)~ L.
Since (A — A\g)~! is bounded its closure is defined on the closure of its do-
main, that is, Ran(A — \g) = Ran(A4 — Xg) = X. The rest follows from the
Lumer—Phillips theorem. O

Problem* 11.24. Let T'(t) be a Cy-semigroup and oo > 0, A € C. Show that
S(t) := eMT(at) is a Co-semigroup with generator B = aA + )\, D(B) =
D(A).
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Problem 11.25. Let T be a bounded Cy-semigroup satisfying |T(t)|| < M.
Then

lgllz == sup | T(t)g||
t>0
defines an equivalent norm on X satisfying

lgll < llgll < Mllgl-

Problem 11.26. Show that A generates a Cy group of isometries, that is,
T (t)gl|l = |lg]| for all g € X if and only if both A and —A generate contrac-
tion semigroups. That is, both A and —A satisfy the hypothesis of either the
Hill-Yosida or the Lumer—Phillips theorem.

Problem 11.27. Let T'(t) be a Cy-semigroup satisfying ||T(t)| < Me*t with
generator A and B € Z(X). Show that A+ B generates a Cy-semigroup
S(t) satisfying ||S(t)|| < MeWHMIBIDE  (Hint: First use Problem to
reduce it to the case of a contraction. Then use Problem )

Problem 11.28. Let X = (*(N) and (Aa), := ina,, (Ba), := na, both
defined mazimally. Show that A generates a Cy-semigroup but A + B does
not for any e > 0.

Problem 11.29. Consider the heat equation (Example|11.14}) on [0, 1] with
Neumann boundary conditions u'(0) = v/(1) = 0.

Problem 11.30. Consider the heat equation (Example on Co(R).

11.5. Applications to parabolic equations

In this section we want to look at parabolic equations. As a warmup we look
at the heat equation on a bounded domain U. As always we choose L?(U)
to be our underlying Hilbert space. Moreover, we choose Dirichlet boundary
conditions and consider the corresponding operator

L=-A, ©(L)={fecHjU)AfeL*U)}. (11.44)
Since we have

L = [ (o via (11.45)

we see that —L is dissipative. Moreover, since it has a bounded inverse
we conclude that it generates a contraction semigroup 7'(¢) by the Lumer—
Phillips theorem.

Moreover, since L is self-adjoint and has an orthonormal basis of eigen-
functions, we can be even more explicit. First of all note that if we choose
one of the eigenfunctions w; as initial condition, we have

T(t)w; = e Fiw;. (11.46)
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Indeed, the right-hand side is obviously a solution of the heat equation,
which hence must coincide with the left-hand side by uniqueness. Moreover,
by linearity we further get

u(t) :=T(t)g = > (w;, )T => e i (wj, ghw;, g€ LAU).
j=0 j=0

(11.47)
In particular, since we assume the eigenvalues to be ordered, this shows

(A (11.48)

that solutions decay exponentially at a rate determined by the smallest eigen-
value. Moreover, recall that

D(L) = {u € L*(U)|E;{wj,u) € £*(Ng)} (11.49)

and since E;e~'Fi is bounded for every ¢ > 0 we conclude that T'(t)g € D(L)
for any ¢ > 0 and hence Corollary [IT.§ applies in this situation. In particular,
for t > 0 we have u(t) € D(L") for any n € N. To shed some further light
on this, let us work out the domains ©(L™) more explicitly. We start with

D(L?) = {u e D(L)|Lu € D(L)}
= {u € Hy(U)|Au € HY(U), A*u € L*(U)}. (11.50)

Now if we assume that U has a C"! boundary such that we can apply
Lemma [I0.1§] this simplifies to

D(L*) = {u € HY(U)N H*(U)|Au € HY(U) N H*(U)} (11.51)
and if we further assume that U has a C*! boundary Corollary [10.19| even
shows

D(L*) = {u e HY(U) N HYU)|Au € HY(U)}. (11.52)
Proceeding like this we obtain (cf. Corollary [10.20))
D(LF) = {u € H*(U)|(AMu)|sy =0, 0 < j < k} (11.53)

provided U has a C?*~11 boundary. In particular, for k > 7 we have a clas-
sical solution which is continuous up to the boundary. Finally, even with-
out any assumptions on the boundary, Lemma implies that ®(L*) C
HZk(U) and hence u(t) € C*(U) but we do not know anything about the
boundary behavior of wu(t).

Moreover, note that we can define a corresponding heat kernel

K(t,z,y) Ze Eiw,; (y)w; (). (11.54)
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This kernel is in L?(U x U) N C>®°(U x U) for t > 0 and hence a Hilbert—
Schmidt kernel. In particular, it is compact. Using this kernel the solution
of the inhomogeneous problem is given by Duhamel’s formula

u(t,x):/(]K(t,x,y)g(y)dny—i—/o /(]K(t—s,x,y)f(s,y)dnyds (11.55)

and is a strong solution provided g € L?*(U) and f € C([0,00), L*(U))
satisfies one of the conditions from Lemma [11.12

Lemma 11.24 (Maximum principle). Suppose we have u € C ([0, 00), L2(U))N
C((0,00), [®(L)]) N CL((0,00), L*(U)) satisfies u(0) = g and

a(t) < Au(t). (11.56)
Then
u(t,x) < sup g(y). (11.57)
yeolU

Proof. Suppose M := supy; g < oo and consider

p(t) 1= 3 (u(t) — M) B

Then using that n(r) = (r — M)?% satisfies |n(r) — n(ro) — n'(ro)(r — ro)| <
|r — 70|? one easily verifies that ¢ is differentiable and

p(t) = ((u(t) = M)y, a(t))2 < ((u(t) = M)y, Au(t))2
= _/UX{:CGUu(t,m)>M}’VU(t7x)|2dnx <0,
where we have used integration by parts in the last step. Consequently
0 =¢(0) > ¢(t) > 0 implying ¢(¢) = 0, which establishes the claim. O
To handle (time independent) inhomogeneous boundary conditions

u(t, z) = a(x), x € oU (11.58)

one needs to solve the inhomogeneous Dirichlet problem
—Aug(z) =0, zeU, uo(x) = a(z), =€ U, (11.59)

and observe that u(t, x) —ug(z) will solve the heat equation with homogenous
boundary conditions. In particular, note that the solution will approach the
equilibrium ug exponentially fast:

l[u(t) — uolla < e tEo. (11.60)

In order to handle Neumann or Robin boundary conditions, replace the
Dirichlet Laplacian by the corresponding Neumann or Robin Laplacian, as
explained in Section [10.1
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Note that using the results from Section [10.4] one can also establish ex-
istence within the class of continuous functions X := Cy(U). To this end

Aui=Au,  D(A) = {Co(U)|Au € Co(U)} € Co(U), (11.61)

where Aw is understood in the sense of distributions. Then A satisfies the
assumptions of the Lumer—Phillips theorem and we get a contraction semi-
group on Cy(U):

Lemma 11.25. Let U be a bounded domain with a regular boundary in the

sense of Theorem. The operator A defined in (11.61)) is closed, bijective,
densely defined, and dissipative.

Proof. That A is closed is straightforward and that it is bijective follows
from Theorem Next note that C°(U) C ©(A) which shows that A is
densely defined. To show dissipativity we need to show that for A > 0 and
u € D(A) with (A — Nu = f we have ||ullooc < A7 flco- Let 8 € [0, 7) and
set v := Re(eu) — A7 f|loo. Then Lemma implies v < 0, which is
the desired estimate. O

Observe that the above proof shows that we have ©(A4) ¢ C'(U) but
Example shows that D(A4) ¢ C?(U). Moreover, observe that we cannot
take Cy(U) as underlying Banach space, since A would not be densely de-
fined. Finally, since on a bounded domain the sup norm is stronger than the
L? norm, the solution in Cy(U) will agree with the solution in L?(U).

Of course it is straightforward to extend these considerations to equations

of the form
ug = —Lu, (11.62)
where L is the elliptic operator from Section [10.2l There we have seen, that

— 2
A is in the resolvent set of —L for Re(A) > —¢p + i—g. Moreover, for such A
coercivity

Re((u, (L + A)u)) = Re(a(u,u) + )\||u|]2) > C|ul? (11.63)

implies that —(L + )\) generates a contraction semigroup by the Lumer-
Phillips theorem.

Theorem 11.26. Let L be a uniformly elliptic operator. Then —L generates
a strongly continuous semigroup T satisfying

b2

|T(t)]| < e, w:=—c1 + 4—2?. (11.64)

Note that in the case where L is self-adjoint (i.e., if b = 0 and c is

real-valued) Theorem [10.13| applies the same considerations as above can be

made. In particular, in this case the proof of the maximum principle can be
easily adapted:
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Lemma 11.27 (Maximum principle). Let L be a uniformly elliptic operator
with b = 0 and ¢ > 0. Suppose u € C([0,0), L2(U)) N C((0,00), [D(L)]) N
C((0,00), L3(U)) satisfies u(0) = g and

a(t) < —Lu(t). (11.65)
Then
u(t,z) < sup g(y). (11.66)
yeolU

Finally, as in Section a Galerkin method can be used to com-
pute the solution numerically: Choose some linearly independent vectors
©1,-..,pn and look for the projection uy(t) of the solution onto the linear
span of the these functions. Writing

un(t) = a;(t)e; (11.67)

we see that the unknown coefficients a; can be determined by solving the
linear system of ordinary differential equations

Zag (rs 95)2 Za%% o (t). (11.68)
J=1

Since we assumed the ¢, to be linearly independent, the matrix (pg, ;)2 is
invertible and hence we can solve this system for ¢;(t) to bring it into the
usual form of a first order system.

Problem 11.31. Show that a solution of the heat equation with Dirichlet
boundary conditions satisfies

t
lu(®)]13 + 2/0 IVu(t)|*ds = [[u(0)|5.
Problem 11.32. Eztend (11.47) to cover the inhomogeneous heat equation.

Problem 11.33. Show that a solution u(t) := Tn(t)g of the heat equation
with Neumann boundary conditions satisfies

_ 1
Jutt) = solP < e 0= /U g(a)d"z
for some E1 > 0.

Problem 11.34. Show that for a self-adjoint elliptic operator L on a bounded
domain we have the estimates

I(T(t) = DfI < CHILSN,  ILT(@®)] <

%, fed),0<t<1.
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11.6. Applications to hyperbolic equations

In this section we want to look at hyperbolic equations. As a warmup we
look at the wave equation on a bounded domain U C R™. As in the previous
section we choose L%(U) to be our underlying Hilbert space. Moreover, we
choose Dirichlet boundary conditions and consider the corresponding oper-
ator

L=-A, D)= {fecHJU)AfecL*U)}. (11.69)
To be able to apply our theory we first must transform the second order
equation

Ut = Au (1170)
into a first order system by setting v := w, which gives
Vy = A’LL, U = V. (1171)

Hence the corresponding abstract Cauchy problem is

£ = Ag, (11.72)

¢ = <Z> A= (_OE (1)> (11.73)

Consequently we will choose X := H}(U) ® L?(U) as our underlying Hilbert
space and

where

D(A) :=D(L) ® HL(U). (11.74)

As norm we choose
€117 := [ Vull7 + [[0]132 :/U(\VUI2+ w*)d"z, &= (u,v). (11.75)

This is suggested by the fact that this norm corresponds to the energy (cf.
Section , which is preserved by the time evolution. Consequently we
expect A to be dissipative with respect to this norm, which can be easily
verified:

(&, A) = (Vu, Vo) 2 — (v, Lu) 2 = 2iIm((Vu, Vv)). (11.76)

Moreover, it is easy to see that +=A+1 is surjective since the solution of (+A+
1)¢ = n for n = (g, h) is given by £ = (u,v), where u is the solution of (L +
1)u = gF h and v = £gFu. Hence A generates a strongly continuous group
preserving the norm by the Lumer—Phillips theorem (cf. Problem .
Note that our findings imply that iA is self-adjoint and hence this is an
instance of Stone’s theorem discussed in Example [TT.13]

Theorem 11.28. Let U be a bounded domain. The operator A defined in
(11.73), (11.74) is the generator of a unitary Cy-group in the Hilbert space
H}(U) @ L*(U) with norm (11.75).
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We remark that if U is unbounded, then (|11.75)) no longer is a norm and
we need to use the full norm for H'. In this case we still get a Co-semigroup,
but it will no longer be unitary (cf. Problem [11.35]).

Again we can derive a more explicit form of this group by looking at the

eigenfunctions w; of L. Tt is easy to check that the solution corresponding
to the initial conditions u(0) = gjw; and v(0) = hjw; is given by

sin(y/FE;t
u(t) = gj cos(y/Ejt)w; + hj(\\/ECJ)wj (11.77)
J
and hence the solution corresponding to the initial conditions u(0) = g and
v(0) = h is given by

o0

sin(y/E;t)
u(t) = Z ((wj,g> cos(\/E;t) + <wj,h)Ej> wj. (11.78)
=0 Vi

Note that in contradistinction to the heat equation, the time dependent
multiplication factors do not provide sufficient decay for the time evolution
to improve regularity. This is also in agreement with the fact that we have
a group since in this case we have T'(t)X = X and hence T(t)X C D(A)
(which we had in case of the heat equation) is not possible.

If f € C(R,L*(U)) the mild solution of the inhomogeneous problem is
given by

= sin(y/Ejt)
u(t) = 3 ((wy.9) cos(v/Ejt) + {uj, h) — ===
=0 J
N /t sin(/Ej(t — s))
0 vV E;
Of course the same argument applies to an elliptic problem ((10.34]) provided
b = 0 such that the associated form a(.,..) is symmetric and provided ¢; > 0

such that it gives rise to a norm which is equivalent to the H' norm on
H}(U). Then we can choose

J61P = atu )+ ol = | (3 00y @+l +1o? ) (1180

<wj,f(s)>d5)wj. (11.79)

as our norm on X := H}(U)@® L?(U) and proceed as before. If U is bounded
we can even allow ¢; > 0 and we have an eigenfunction expansion.

Problem 11.35. Let U C R™ be a domain (not necessarily bounded). Con-
sider H(U) @ L*(U) with norm

€l = Nullfpn +llvlZ2, €= (u,0).

Show that A defined in (11.73)), (11.74]) generates a Cy-group.
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Problem 11.36. Discuss the telegraph equation
uy + buy = Au + cu,

where ¢,b € L*(U), on a bounded domain with Dirichlet boundary condi-

tions. (Hint: Problem|11.27.)

Problem 11.37. Show that the one-dimensional hyperbolic equation
Ut = Ugy + Dug + cu,
can be reduced to the case b =0 provided b € C*:
Uy = Ugy + CU.

(Hint: Make an ansatz u(x) = n(x)u(zx).)






Chapter 12

Nonlinear evolution
equations

12.1. Semilinear equations

Linear problems are often only a first approximation and adding a nonlinear
perturbation leads to the following semilinear problem

U= Au+ F(u), u(0) =g, (12.1)

where A is supposed to generate a semigroup 7'(t) and F' € C(X, X) such
that we can recast this problem as

u(t) = T(t)g + /0 T(t — 8)F(u(s))ds. (12.2)

In fact, if we have a solution u € C([0,¢4), [D(A)])NC*([0,t4), X) of (12.1),
then Duhamel’s formula shows that holds. In the other direction you
need a stronger assumption on F'. However, it will be more convenient to
work with and we will call a solution a mild solution of . In
fact, is of fixed point type and hence begs us to apply the contraction
principle. As always with nonlinear equations, we expect the solution to be
only defined on a finite time interval [0, ;) in general.

Theorem 12.1. Suppose F' € C(X, X) is Lipschitz continuous on bounded
sets. Then for every g € X there is a tog = to(|lg]]) > 0, such that there is a
unique mild solution u € C([0,to], X). Moreover, the solution map g — u(t)
will be Lipschitz continuous from every ball ||g|| < p to C(]0,to(p)], X).

Proof. We will consider 0 < ¢t < 1 and set M := supg<,<q [|T(¢)]|. Let
r := 1+ M]||g|| and consider the closed ball B,.(0) C X. Let L = L(r) be the

281
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Lipschitz constant of F' on B,.(0). Set

K(u)(t) :==T(t)g + /0 T(t—s)F(u(s))ds
and note that

[ (w)(@)]] < Mgl + M/O (IF ()] + Llu(s)ll) ds
< Mgl + MIF(O)¢ + MLt sup [lu(s)]

and

IK@)O = K@)OI < M [ L(juts) = o(s)])ds < MLt sup [jus)=u(s)]

Hence if we choose tg < 1 such that
M(||F0)|| + Lr)ty < 1

then 6 := MLty < 1 and K will be a contraction on B,.(0) C C([0, 0], X).
In particular, for two solutions u; corresponding to g; with ||g;|| < ||g|| we
will have ||u; — uzlleo < ﬁ”gl — g2||

This establishes the theorem except for the fact that it only shows unique-
ness for solutions which stay within B,.(0). However, since K maps from
B,(0) to its interior B,.(0), a potential different solution starting at g € B,.(0)
would need to branch off at the boundary, which is impossible since our so-
lution does not reach the boundary. O

Corollary 12.2. Suppose that F' € C([D(A)],[®(A)]) is Lipschitz contin-
uous on bounded sets. Then for every g € ®(A) there is at; = t1(||g||la) > 0,
such that there is a unique strong solutionu € C*([0,t1], X)NC([0, t1], [D(A)]).

Proof. Since T restricted to [D(A)] generates a Cp-semigroup (see the dis-
cussion after Lemma, we can apply the previous result to this semigroup
giving a solution u € C([0,#],[®(A)]). This solution is in C*([0,%1], X) by
Lemma O

Corollary 12.3. If F' is globally Lipschitz, then solutions are global.

Proof. In this case we can consider K on all of C([0,t0], X) and set M :=
supg<¢<y, |7(2)]. By induction we get for the iterates

(MLt)"

IE" ()(t) - K" () @) <

sup |u(s) — v(s)]|
0<s<t

and Weissinger’s fixed point theorem (Theorem from [35]) gives a solu-
tion on C(]0, o], X). Since tp > 0 is arbitrary, the claim follows. O
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If solutions are not global, there is still a unique maximal solution: Fix
g € X and let u; be two solutions on [0,¢;) with 0 < ¢; < tp. By the
uniqueness part of our theorem, we will have uy(t) = ua(t) for 0 <t < 7
for some 7 > 0. Suppose 7 < t; and 7 is chosen maximal. Let r :=
maxo<t<r ||u1(t)|| and 0 < & < min(7, to(r)/2) with to(r) from our theorem.
Then there is a solution v starting with initial condition u; (7 — ¢) which is
defined on [0,2¢]. Moreover, again by the uniqueness part of our theorem
ui(t) = vt — (1 —¢)) = ua(t) for 7 —e < t < 7+ ¢ contradicting our
assumption that 7 is maximal. Hence taking the union (with respect to
their domain) over all mild solutions starting at g, we get a unique solution
defined on a maximal domain [0, %4 (g)). Note that if ¢4 (g) < oo, then ||u(t)||
must blow up as t — t4(g):

Lemma 12.4. Let t1(g) be the mazimal time of existence for the mild so-
lution starting at g. If t4(g) < oo, then liminf,_; (4 [[u(t)| = oc.

Proof. Assume that p := supg<;q, (o) [[u(t)[| < co. As above, choose 0 <
e < min(t4(g),to(p)/2) with tyo(p) from our theorem. Then the solution v
starting with initial condition u (¢4 (g) —¢) extends u to the interval [0, ¢4 (g)+
g), contradicting maximality. O

In many applications it will happen that the local Lipschitz constant
depends only on a weaker norm. In such a situation also the weaker norm
will have to blow up.

Lemma 12.5. Let ||.||o be a norm, which is weaker than the standard norm
on X, that is, ||z|lo < Collz|| for all x € X. Suppose that there is a nonde-
creasing function L : [0,00) — [0,00) and a constant C' such that

I1F(@)[| < C+ L(llzlo) |- (12.3)

Ift(g) < oo, then liminf,_; (4 [|u(t)|lo = oo.
Proof. Starting from (12.2) we obtain

t
lu(t)]] < Me“*|g]| +M/O I F (u(s))lds

ewt — 1

t
< Me*'|lg|| + MC +M/ I L(Ju(s) o) uls) 1 ds
0

and hence Gronwall’s inequality (|33} Lemma 2.7]) implies

t
lu®)|l < M([lgll + Ct) exp <wt + M/O L(I!U(S)Ilo)d8> :

This shows that the ||.|| norm cannot blow up before the ||.||o norm. O
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So the key to proving global existence of solutions is an a priori bound
on the norm of the solution. Typically such a bound will come from a
conservation law.

Example 12.1. Consider the discrete nonlinear Schrédinger equation
(dNLS)
iu(t) = Hu(t) + f(lu()u(t), teR,

in X := ¢*(Z). Here H could be any bounded self-adjoint operator and f
any locally Lipschitz continuous function. In applications Hu, := up+1 +
Un—1 + qnuy is the Jacobi operator, with ¢ € ¢°°(Z) a real-valued sequence
corresponding to an external potential and ¢ := 0 (or ¢ := —2, depending
on your preferences) is the free discrete Schrodinger operator. The function
f is typically an even polynomial.

Clearly we have

[F (D= f(yDyl < 1F(2)) = fAyDlll+1f (yD ]z =yl < Limax([z], |y[))|z—y]

for x,y € C, where

L(r) := rmax |f'| + max | .
(r) = ramax | /] + max

Consequently

LF (Jul)u = f(jol)vllz < Lmax([lufleo; [[v]lc0))u = v]l2

is the required Lipschitz estimate (recall ||ul|oc < ||ull2) to apply Theo-
rem to conclude existence of local solutions. Note that since our gen-
erator is bounded, there is no difference between mild and strong solutions.
Moreover, Lemma [12.5]implies that if solutions are not global, then ||u(t)||s
must blow up. In this respect note that while ¢2(Z) is the most natural
choice from a quantum mechanical point of view, our analysis still applies if
we replace £2(Z) by £P(Z) for any 1 < p < co. Then by (1 (Z) C ¢P2(Z) for
p2 < p1 and for a solution starting in ¢P1(Z) C ¢P>(Z) the existence interval
in ¢72(Z) could be larger than in ¢7*(Z). However, by Lemma[I2.5|this is not
the case and the solutions does not just loose decay but will always blow up
pointwise (if it blows up at all).

Finally, if we assume that f is real-valued then solutions satisfy

%HU(t)H% = 2Re(a(t), u(t)) = 2Im ((Hu, w) + (f(ju(t))u(t), u(t))) = 0

and hence the dNLS equation has a unique global norm preserving solution

u € CY(R,2(Z)). o

Let me close with a few remarks: First of all, it is straightforward to
extend these results to the situation where F' depends on t or to the case
where T is a group. Details are left to the reader. Moreover, if A is bounded,
then it is Lipschitz continuous and could be absorbed in F'. In fact, in this
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case our theorem just gives the Picard—Lindel6f theorem for ordinary differ-
ential equations in Banach spaces (in particular, in this case the differential

equation ((12.1)) and the integral equation ([12.2)) are equivalent).

Problem 12.1. Show that solutions of (12.2)) are global if ||F(x)| < C(1+
|z||) for some constant C'. (Hint: Use Gronwall’s inequality to bound ||u(t)]|.)

12.2. Reaction diffusion equations

In this section we want to look at reaction diffusion equations
ur = Au+ F(u)

on some bounded domain with (e.g.) Dirichlet boundary conditions, such
that we know that A generates a contraction semigroup and we can apply
our results from Section 12.1]

Example 12.2. Let X := C[0, 1] and consider the one-dimensional reaction-
diffusion equation

0 0?

au(ta@ = @U(

on a finite interval x € [0,1] with the boundary conditions u(0) = u(1) =0
and the initial condition u(0,z) = ug(z). From Example we know
that the corresponding linear operator generates a Cy-semigroup. Hence if
F : R — Ris locally Lipschitz, then our theorem applies and we get existence
of local mild solutions. If we even have that FF € C?(R,R) with F(0) = 0
and the second derivative locally Lipschitz, then F' : [D(A)] — [©(A)] is
Lipschitz on bounded sets and the mild solutions will in fact be a strong
solution (note that for f € D(A) we have f'(z9) = 0 for some zy € (0,1)
and hence || /"lloc < [[f"[|o0)- o

t,x) + F(u(t,x))

In the last example we had to impose additional assumptions on F' to
obtain strong solutions. Since the heat equation improves the regularity
of solutions, one might suspect, that our mild solutions are in fact strong
solutions without further assumptions on F. To show that this is indeed the
case we will first improve Lemma [TT.12] To this end we will assume that A
generates a differentiable Cp-semigroup T'(t) satisfying the estimate

IAT(8)]| < % 0<t<l. (12.4)

Such semigroups are called analytic and there are various equivalent ways
of characterizing them (]9l Theorem 4.6]). Our definition is not the most
common one, but it will be convenient for our purpose since will be
all we need.
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Example 12.3. Let L be a self-adjoint elliptic operator on a bounded do-
main. Then —L generates an analytic semigroup by Problem . In fact,
this is true for any self-adjoint operator which is bounded from below and
has an orthonormal basis of eigenfunction. It is even true for any self-adjoint
operator which is bounded from below, but the proof requires the spectral
theorem for self-adjoint operators. o

Lemma 12.6. Suppose A generates an analytic semigroup. Then the mild
solution (11.26)) of the inhomogeneous problem is in C*((0,t), X) provided
f s locally Hélder continuous on (0, tp).

Proof. We can assume g = 0 without loss of generality and split
¢ ¢
u(t) = ur(t) + ua(t) := / T(t—s)f(t)ds —|—/ T(t—s)(f(s)— f(t))ds
0 0
and introduce
t—e t—e
we®i= [T f0ds, wt)i= [ T 5)(7) - F0)ds
0 0

such that u;(t) = lim. o u;(t). Since T is differentiable, we have u; ((t) =
T(e) g—s T(t—e—s)f(t)ds € ®(A) for t > ¢ and thus

Aurc()= [ AT( - ) 1(0ds = TOF(0) ~ T
showing u (t) € ©(A) with Auy(t) = (T(t)—1)f(t). Moreover, we even have
up € C((07 tO)v [Q(A)])
Similarly we have ug(t) € ©®(A) and

/t AT(t = s)(f(s) — f(t))ds S/t ATt = s)[[Ilf(s) = f(t)|ds

—€ —€

¢
< C’Cl/ (t—s) lds = %57
t—e Y

thanks to our estimate ((12.4) and local Holder continuity ||f(s) — f(¢)]| <
Cilt — s|7 for t —e < s < t. This shows us(t) € D(A) with

Aus(t) = OtAT(t — 9 (F(s) — F(1))ds.
To see uz € C((0, t0), [D(A)]) we write
Aus(t + 2) — Aup(t) = /;ﬁ AT(t 4 — )(f(s) — f(t +2))ds
+ (T(e) — 1) Aus(2)

s [ AT e 90 - s+ e))as.
0
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The norm of the first integral can be estimated by %57 and the last by
CC1e" log(t£) which establishes continuity.
In summary, we have u(t) € C((0,%9), [®(A)]) and the claim follows from

(the proof of) Lemma|11.12 O

Applying this result to our semilinear problem gives:

Lemma 12.7. Suppose A generates an analytic semigroup. Then the mild
solution of the semilinear problem (12.2)) from Theorem|12.1}is in C*((0,t0), X )N
C((0,20), [D(A)])-

Proof. We first show that the mild solution is locally Holder continuous.
Let us abbreviate f(t) := F(u(t)) € C([0,tp), X) such that

€
u(t+¢e) —u(t) = (T(e) — Du(t) —|—/ T(e—s)f(t+s)ds.
0
Now the last term is clearly Lipschitz continuous
€
‘ / T(e—s)F(u(t+s))ds
0

The first term consists of two terms. For the first we obtain (using T'(¢)—1 =
Jo AT (s)ds)

<eM .
<eM max |f(s)]

€ MC
[(T'(e) = DT ()gll < /0 IAT ()T (t)gllds < eM | AT (t)g]| < e——
and for the second

t t 5
(T - 1) /0 T(t - 8)f(s)ds] < /0 /0 JAT(t + 1 — 8)f(s) | dr ds
< O((t+¢)log(t + €) — tlog(t) — e log(e)) max [|£(s)]

< 3C( —elog(e)) max | f(s)]-

0<s<t

Now using Lipschitz continuity of F' we see that F(u(t)) is locally Holder
continuous and the claim follows from Lemma [12.6 0

Example 12.4. Let X := Cpy(R) and consider the one-dimensional reaction-
diffusion equation
1o} 02

St ) = Sult @) + F(u(t, 2).

The linear evolution was discussed in Example[TT.15|and the necessary bound
(12.4)) can be easily obtained directly:

‘I)” 1
JAT()glloo = [0 % glloe < 1€} 11/lg < 1211

< < g
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Hence if F': R — R is locally Lipschitz, then Lemma[I2.7] applies and we get
existence of local strong solutions in X. Since the domain of the generator
is a subset of C?, these solutions are even classical solutions.

Note that we could also choose X := Cy(R) (cf. Problem if we
additionally assume F'(0) = 0 such that F maps X to X. In particular, this
subspace is left invariant by the time evolution. o

Finally, in order to understand the dynamics we note the following com-

parison principle (cf. Problem [6.17]).

Theorem 12.8. Let U C R™ be a bounded domain, f € CY(U x R), u,v €
C(Ur) N CY2(Ur) and suppose
Au+ f(z,u) —u < Av+ fx,v) — v (12.5)
Then if u > v on I'r, we have u > v on Up. The same is true if u,v €
C([0. 7], LA(U)NC((0, T, [DL))NCH(0, T}, LA(U)), where L is the Dirich-
let Laplacian on U.
Proof. In this case w := v — u satisfies
Aw + c(t,z)w —wy <0,

where c(t, ) := g(x,v(t,x), u(t, z)) with

— 1 —
HEEZTED) [ o+ (6~ )sjds € CT < 7).

- 0
Hence the claim follows from the maximum principle, more precisely the
variant from Problem Similarly, in the case of strong solutions use the

maximum principle from Lemma In this respect note that the proof
of Lemma still applies if ¢ depends on t. U

g(x7 {7 77) =

Example 12.5. Consider again the one-dimensional reaction-diffusion equa-
tion from the previous example, but now on X := Cy[0,1] (cf. Exam-
ple. Since the domain of the generator is a subset of C?, these solutions
are even classical solutions and our comparison principle applies. Let us look
at two classical examples:

The Fisher—Kolmogorov—Petrovsky—Piskunov equation is given
by

Up = Ugy + 7 u(l —u), r € R,
and we can apply the comparison principle with ug(¢,2) = 0 and u;(¢,2) = 1
to show that solutions with 0 < g < 1 remain in this region and hence are
global. Moreover, using the solutions
90

go+ (1 —go)e "
we see that if 0 < g(z) < M, then limsup,_,. u(t,x) <1 for r > 0.

u(t,x) =
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Similarly one can discuss the Chafee—Infante problen’ﬂ
u = Au+ \u — u?
with Dirichlet boundary conditions by comparing the solution with the so-
lutions of the ordinary differential equation

U= \u— u’. o

Problem 12.2. Let L be self-adjoint with an orthonormal basis of eigenfunc-

tions w; corresponding to the eigenvalues E;. For a complex-valued function
F define

F(L)g =Y F(Ej)(wj, g)w;.
§=0

Show

[F(L)|| = sup [F(Ej)|.
J€No

Problem 12.3. Suppose A generates an analytic semigroup satisfying ||T'(t)| <
Me=% for some § > 0. Show that if f is globally Holder continuous and con-
verges to a constant fy = limy_,oo f(t). Then the solution (11.26) of the

inhomogeneous problem satisfies
. . o . _ -1
tlg& u(t) =0, tliglo u(t) =—A""fo.
(Hint: || f(t) = f(s)I> < [1F) = FULLE) = foll + 1 £(s) = foll)-)
Problem 12.4. Show that a differentiable semigroup satisfying
C
ATl < S, >0

also satisfies

k
o)< (SF) ., iso,
t

and use this to conclude that T can be extended to an analytic function via

. (z—t)k dF t
T(2) ::Z( k!> (), 2=t < -
k=0

Show that this extension still satisfies the semigroup property. (Hint: Prob-

lem [11.20)

INathaniel Chafee (c. 1940), American mathematician
1Ettore Ferrari Infante (*1938), American mathematician






Chapter 13

Calculus of Variations

We already know that the Dirichlet principle (Section allows us to cast
certain elliptic partial differential equations as a minimization problem. In
this chapter we want to pursue this idea further. On R™ the minimum of
a function is found by locating the zeros of its derivative. In our case the
function is defined on a Banach space and as a preparation we first look at
differentiation in this case.

13.1. Differentiation in Banach spaces

Let X and Y be two Banach spaces and let U be an open subset of X.
Denote by C(U,Y) the set of continuous functions from U C X to Y and by
Z(X,Y) C C(X,Y) the Banach space of bounded linear functions equipped
with the operator norm

IL] == sup | Lull. (13.1)

[[ul| =1

Then a function F': U — Y is called differentiable at = € U if there exists a
linear function dF(z) € Z(X,Y) such that

F(z 4+ u) = F(z) + dF(xz)u + o(u), (13.2)
where o, O are the Landau symbols. Explicitly
. |F(z+u) — F(x) —dF(z)ul|

1 =0. 13.3
o Tl (13.3)

The linear map dF(x) is called the Fréchet derivativeE] of Flat x. It is
uniquely defined since, if dG(z) were another derivative, we had (dF(x) —
dG(z))u = o(u) implying that for every ¢ > 0 we can find a § > 0 such

I'Maurice Fréchet (1900-1980), French mathematician
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that ||(dF(z) — dG(x))u|| < e|lu|| whenever ||u|| < §. By homogeneity of
the norm we conclude ||[dF(z) — dG(z)|| < ¢ and since £ > 0 is arbitrary
dF(z) = dG(z). Note that for this argument to work it is crucial that we
can approach z from arbitrary directions u, which explains our requirement
that U should be open.

If I C R, we have an isomorphism Z(I,X) = X and if FF : I — X
we will write F'(t) instead of dF'(t) if we regard dF(t) as an element of X.
Clearly this is consistent with the definition (11.1)) from Section [11.1]

Example 13.1. Let X be a Hilbert space and consider F' : X — R given by
F(z) := ||z|>. Then

F(z+u) = (z+u, z+u) = ||z]|*+2Re(z, u) +||u||®* = F(z)+2Re(z, u)+o(u).

Hence if X is a real Hilbert space, then F' is differentiable with dF (z)u =
2(x,u). However, if X is a complex Hilbert space, then F'is not differentiable.
o

The previous example emphasizes that for F': U C X — Y it makes a big
difference whether X is a real or a complex Banach space. In fact, in case of
a complex Banach space X, we obtain a version of complex differentiability
which of course is much stronger than real differentiability. Note that in this
respect it makes no difference whether Y is real or complex.

Differentiability implies existence of directional derivatives

O0F (z,u) := lim Fla+eu) = F(x), e € R\ {0}, (13.4)

e—0 IS

which are also known as Gateaux derivatived or variational derivative.
Indeed, if F' is differentiable at x, then ([13.2)) implies

O0F (z,u) = dF(x)u. (13.5)

In particular, we call F' Gateaux differentiable at « € U if the limit on the
right-hand side in exists for all w € X. However, note that Gateaux
differentiability does not imply differentiability. In fact, the Gateaux deriva-
tive might be unbounded or it might even fail to be linear in u. Some authors
require the Gateaux derivative to be a bounded linear operator and in this
case we will write 0F'(x,u) = §F(x)u. But even this additional requirement
does not imply differentiability in general. Note that in any case the Gateaux
derivative is homogenous, that is, if 0F(z,u) exists, then 0F(z, Au) exists
for every A € R and

OF (z, u) = AOF (x,u), A EeR. (13.6)

2René Gateaux (1889-1914), French mathematician
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Example 13.2. The function F' : R? — R given by F(z,y) := % for
(z,y) # 0 and F(0,0) = 0 is Gateaux differentiable at 0 with Gateaux
derivative

SF(0, (u,v)) = Tim ZEYEY) _ py o),
e—0 5
which is clearly nonlinear.
The function F : R? — R given by F(x,y) = = for y = 22 and F(z,y) :
0 else is Gateaux differentiable at 0 with Géteaux derivative dF(0) =
which is clearly linear. However, F' is not differentiable.

0,
If you take a linear function L : X — Y which is unbounded, then L

is everywhere Gateaux differentiable with derivative equal to Lu, which is
linear but, by construction, not bounded. o

Example 13.3. Consider LP(U), 1 < p < oo, and let G : C — R be (real)
differentiable with

G(2)| < CJ27, \/lamG(Z)\“r\ayG(Z)I? <ClPt, z=a+iy,
or, if U is bounded,

G(2)] < O+ [2), \/I(9acC?(Z)|2 +10,G(2)2 < O+ 77,

Note that the estimate for G' (with a possibly larger constant) comes for free
from the one for the derivatives in the bounded case and also in the general
case if G(0) = 0. We only consider the first case and leave the easy adaptions
for the second case as an exercise.

Then
N(f) = /U G(f)d"

is Gateaux differentiable and we have

NN = [ (O:C)Relo) + (2,C)(lan(g)) .
In fact, by the chain rule h(e) := G(f + eg) is differentiable with h'(0) =
(0.G)(f)Re(g) + (0yG)(f)Im(g). Moreover, by the mean value theorem

‘h(s) — h(0) ‘
e

< sup (/(@:G)(f +79)2 + (8,G)(f +79)l

0<r<e

<C sup |f+ gl gl < C2PTH( PN + 9P g]
0<r<

and hence we can invoke dominated convergence to interchange differentia-
tion and integration. Note that using Holder’s inequality this last estimate
also shows Lipschitz continuity on bounded sets:

IN(f) = NI < CUIfllp + Ngllp)?~ 1 = gllp-
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In particular, for 1 < p < oo the pth power of the norm
N() = [ Ifpans
U
is Gateaux differentiable with
SN (D)= [ 117 *Re(fg) " o
U

Problem 13.1. Let X be a Hilbert space and A : ®(A) C X — X a (densely
defined) symmetric operator. Show that if

(u, Au)

is attained for some ug € D(A), then ug is an eigenvector corresponding to
the eigenvalue \g.

inf
u€D(A):||ul|=1

13.2. The direct method

We start by looking at the abstract problem of minimizing a nonlinear func-
tional F' : M C X — R, where X is some Banach space and M some
closed subset. If M is compact and F' is continuous, then we can proceed
as in the finite-dimensional case to show that there is a minimizer: Start
with a sequence x,, such that F(z,) — infjy; F. By compactness we can
assume that xz,, — x¢ after passing to a subsequence and by continuity
F(z,) = F(xg) = infy F.

In the finite dimensional case compactness will follow from boundedness
by the Heine-Borel theorem. In the infinite dimensional case this breaks
down and the remedy is to switch to weak convergence and use a variant of
the Banach—Alaoglu theorem (Theorem [B.25)).

Warning: Please recall that the weak topology does not stem from a
metric in the infinite dimensional case and hence we need to distinguish
between continuity and sequential continuity. Similarly for other topological
properties. Since we will mainly work with sequences, the corresponding
definitions in terms of sequences will be the ones relevant for us.

The only problem with this cure is, that, since there are more weak than
norm convergent sequences, weak (sequential) continuity is in fact a stronger
property than just continuity!

Example 13.4. It is well known that in general not even the norm is weakly
(sequentially) continuous. In fact, in a Hilbert space any infinite orthonormal
set will converge weakly to 0, but the sequence of the norms will converge to 1
and not to 0, the norm of the limit. On the other hand, the norm in a Banach
space is at least weakly sequentially lower semicontinuous (Lemma [B.24] (ii))
and this is still good enough for the above argument to work.
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Finally, note that this problem does not occur for linear maps, since a
linear functional is continuous precisely if it is weakly continuous by the very
definition of weak convergence. o

The previous example shows that weak continuity is too much to hope
for and hence we will use lower semicontinuity instead. To this end recall
that in a topological space X a function f : X — R is sequentially lower
semicontinuous if

lini)inff(a:n) > f(xo), Ty, — T, To € X. (13.7)

Now we are ready to show what is frequently referred to as the direct
method in the calculus of variations due to Zarembaﬂ and Hilbert:

Theorem 13.1 (Variational principle). Let X be a reflexive Banach space
and let F : M C X — (—o0,00]. Suppose M is nonempty, weakly se-
quentially closed and that either F' is weakly coercive, that is F'(x) — oo
whenever ||z|| — oo, or that M is bounded. Then, if F' is weakly sequentially
lower semicontinuous, there exists some xg € M with F(xg) = infy F.

If F is Gdteaux differentiable, then
OF (zo,u) =0 (13.8)

for every u € X with xg 4+ eu € M for sufficiently small €.

Proof. Without loss of generality we can assume F'(x) < oo for some x € M.
As above we start with a sequence x,, € M such that F(x,) — infy F <
oo. If M is unbounded, then the fact that F is coercive implies that x,
is bounded. Otherwise, if M is bounded, it is obviously bounded. Hence
by Theorem we can pass to a subsequence such that z, — xzg with
xrg € M since M is assumed sequentially closed. Now, since F' is weakly
sequentially lower semicontinuous, we finally get infy; F' = lim,, o0 F(2,) =
liminf,, oo F(2y,) > F(x0). O

Note that looking for a maximum of F' is the same as looking for a
minimum of —F. However, in this case lower semicontinuous turns into
upper semicontinuous, so the conditions on F' are different in this case.

Of course in a metric space the definition of closedness in terms of se-
quences agrees with the corresponding topological definition. In the present
situation sequentially weakly closed implies (sequentially) closed and the
converse holds at least for convex sets.

Lemma 13.2. Let X be a Banach space and suppose M C X 1is conver.
Then M is closed if and only if it is sequentially weakly closed.

3Stanistaw Zaremba (1863-1942), Polish mathematician and engineer
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Proof. Suppose M is closed and let x be in the weak sequential closure of
M, that is, there is a sequence x, — x. If z € M, then by the geometric
Hahn-Banach theorem (cf. Corollary from [35]) we can find a linear
functional ¢ which separates {z} and M: Re(¢(x)) < ¢ < Re({(y)), y € M.
But this contradicts Re(¢(x)) < ¢ < Re(¢(xy,)) — Re({(z)). O

Similarly, the same is true with lower semicontinuity. In fact, a slightly
weaker assumption suffices. Let X be a vector space and M C X a convex
subset. A function F': M — R is called quasiconvex if

FAz 4+ (1= XN)y) <max{F(x),F(y)}, Ae (0,1), =zye M. (13.9)

It is called strictly quasiconvex if the inequality is strict for x # y. By
AF(z) + (1 = N)F(y) < max{F(z),F(y)} every (strictly) convex function
is (strictly) quasiconvex. The converse is not true as the following example
shows.
Example 13.5. Every (strictly) monotone function on R is (strictly) qua-
siconvex. Moreover, the same is true for symmetric functions which are
(strictly) monotone on [0,00). Hence the function F(x) = +/|z| is strictly
quasiconvex. But it is clearly not convex on M = R.

Note however that, in contradistinction to convex functions, the sum of
quasiconvex functions is in general not quasiconvex. o

Note that we can extend a (quasi-)convex function F': M — R to all of
X by setting F(z) = oo for x € X \ M and the resulting function will still
be (quasi-)convex and will have the same infimum.

Now we are ready for the next

Lemma 13.3. Suppose M C X is a closed convex set of some Banach space
X and suppose F : M — R is quasiconvexr. Then F' is weakly sequentially
lower semicontinuous if and only if it is (sequentially) lower semicontinuous.

Proof. Suppose F' is lower semicontinuous. If it were not weakly sequen-
tially lower semicontinuous we could find a sequence x,, — z¢ with F(z,) <
a < F(xg). Then x, € F~!((—00,a]) implying z¢g € F~!((—00,a]) as this
set is convex (Problem and closed (Problem . But this gives the
contradiction a < F(zg) < a. O

Example 13.6. Let U CR" and K : U x C — [0, c0) measurable. Suppose
u v+ K(z,u) is convex and continuous for fixed z € U. Then

F(u) ::/UK(:U,u(x))d"x

is weakly sequentially lower semicontinuous on LP(U) for 1 < p < co. Since
F' is convex, it suffices to show lower semicontinuity. Assume the contrary,
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then we can find some u € LP and a sequence u,, — u such that F(u) >
liminf F'(u,). After passing to a subsequence we can assume that u,(x) —
u(x) a.e. and hence K (x,u,(x)) — K(x,u(z)) a.e. Finally applying Fatou’s
lemma (Theorem[2.4]from [34]) gives the contradiction F(u) < liminf F'(uy).

Moreover, if u — K(x,u) is strictly convex for a.e. x € U, then F is
strictly convex. Indeed, in this case

Fou+ (1 —-Mv) = /UK(a:, Au(z) + (1 = Nov(z))d"

< /U (MK (z,u(z)) + (1 = MK (z,v(z)))d"x = AF(u) + (1 — \)F(v)

and equality would imply K (z, A\u(z) + (1 — Mv(z)) = K(z, Au(z) + (1 —
AMv(x)) for a.e. x and hence u(z) = v(x) for a.e. x.

Note that this result generalizes to C™-valued functions in a straightfor-
ward manner. o

Moreover, in this case our variational principle reads as follows:

Corollary 13.4. Let X be a reflexive Banach space and let M be a nonempty
closed convex subset. If F : M C X — R is quasiconvez, lower semicontinu-
ous, and, if M is unbounded, weakly coercive, then there exists some xg € M
with F(xg) = infp; F. If F is strictly quasiconvex then xq is unique.

Proof. It remains to show uniqueness. Let ¢ and x; be two different min-
ima. Then F(Azo+ (1 —\)z1) < max{F(z¢), F(x1)} = infys F, a contradic-
tion. U

Of course the first test for our results will be the Poisson problem.

Example 13.7. By the Dirichlet principle (Section the solution of the
Poisson problem

—Au=f
in a bounded domain U C R" attaining given boundary values g on QU can
be found by minimizing the functional

Flu) = /U (;]Vu\Q —uf) "

on H(U,R). To incorporate the boundary values we introduce
M :={v e H'(U,R)|v|or = g}-

Here the equality v|syy = ¢ has to be understood in the sense of traces and
hence we need to require U to have a C' boundary such that the trace
operator is well-defined. Moreover, we assume f € L?(U,R) and g in the
range of the trace operator, such that M is nonempty. In particular, there

is some g € H'(U,R) with glsgy = g. See the discussion after (10.27) for
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conditions that such an extension exists. By continuity of the trace operator,
M is closed and convexity is obvious.

Similarly, convexity of F' is obvious since the first integrand is convex
and the second is linear. Also F' is continuous (note that this would still
hold true if we replace f by some element from H'(U,R)*). Moreover, since
taking the square is strictly convex, we see that

/U (Al + (1= 2)[Vol? = [V + (1 - Ao))d"z > 0

and equality would imply Vu(x) = Vu(x) for a.e. z € U. If u,v € M we can
further conclude u = v a.e. and hence F' is strictly convex on M.

To see that F' is weakly coercive, let u = g+wv, where v € H&(U) vanishes
on the boundary, then

1 _
F(u) > SlIVoll3 = [Vall2lVollz = [ fll2llv]l = €,

with C' depending on f and g only. Now the Poincaré inequality (Theo-
rem [9.34) [|v]l2 < Col| V|2 implies that F(u) — oo if [Jv]|1,2 — co. Finally,
since F is convex and continuous, Corollary[I3.4]implies existence of a unique
minimizer.

Moreover, F' is Gateaux differentiable with
SF(u)v = / (Vu - Vv — fo)d"x
U
and we have u + v € M whenever v € M and v € H}(U,R). Hence this

minimizer solves the weak formulation of our boundary value problem. ¢

While the previous example just reproduces what we were already able
to show in Section the next example shows how to handle a nonlinear
problem, where our linear theory from Section fails.

Example 13.8. Let us consider the following nonlinear elliptic problem
—Au+ulu|+u=rf

in L?(R™,R) for a given function f € L?(R",R). We are going to look for
weak solutions, that is, solutions u € H'(R", R) satisfying

/ (Vu-Vo+ (Julu+u— fo)d"z =0, ¢ € CFX(R™,R).
We start by introducing the functional
1 1 1
F(u) := /R" <2|Vu]2 + §|u|3 + §u2 — uf) d"z

on X := L}*(R™",R) and set F(u) = oo if u ¢ H'(R",R) N L3(R™,R). We
also choose M := X. One checks that for v € H'(R",R) N L3(R",R) and
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¢ € C°(R™ R) this functional has a variational derivative

3F(u.6) = | (Vu-Tot (ulu-tu= fjo)ds =0

which coincides with the weak formulation of our problem. Hence a mini-
mizer (which is necessarily in H!(R",R) N L3(R",R)) is a weak solution of
our nonlinear elliptic problem and it remains to show existence of a unique
minimizer.

First of all note that
1 1
F(u) > §HUH§ —lull2ll fll2 = <[lull3 = | £1I3

and hence F' is coercive. To see that it is weakly sequentially lower contin-
uous, observe that for the first term this follows from strict convexity (as in
the previous example), for the second term this follows from Example m
and the last two are easy. Hence we get existence of a unique minimizer from
Corollary

It is also interesting to discuss possible extensions of this example: First
of all we could replace X = L? by X = H'. The only difference is that the
argument that F' is coercive needs to be adapted. In fact, we could replace
the linear part by an arbitrary elliptic operator, as long as we make sure it
is coercive. Moreover, we can also choose a different nonlinearity as long as
it is quasiconvex and nonnegative such that Example [I3.6] applies. We could
even include first order derivatives in the nonlinearity (cf. Problem [13.5).
Also replacing R™ by U does not impose any principal problems. o

Somewhat more general we can look at the following functional
F(u) := / K(z,u(x),Vu(z))d"z. (13.10)
U

where K € C1(U x R%,R). Let us also assume that U is bounded and that
u € CY(U,R) such that we do not have to worry about integrability. Then,
for ¢ € C°(U,R), we can compute

—| Flu+ep) = / (Ky(z,u, Vu)Ve + Ky(z,u, Vu)p)d"z, (13.11)
de U

where K, (z,u,v) = 0,K(z,u,v) and K,(z,u,v) = 0,K(x,u,v) denote the
corresponding partial derivatives. Integration by parts further shows

e=0

de
and hence a minimizer necessarily satisfies the nonlinear partial differential
equation

0F(u +e¢p) = / (VE,(z,u, Vu) + Ky(z,u, Vu))opd"z  (13.12)
e= U

VEK,(z,u,Vu) + K,(x,u,Vu) =0 (13.13)
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known as the Euler—Lagrange equation associated with the functional F'.
Under suitable conditions on K it is possible to establish existence of min-
imizers in W1P(U,R) following the strategy outlined in this section. More-
over, one can then show that a minimizer is a weak solution of the associated
Euler-Lagrange equation.

Problem 13.2. Let X be a topological space. A function f : X — R is called
lower semicontinuous if f~1((a,o0]) is open for every a € R. Show that a
lower semicontinuous is sequentially lower semicontinuous and the converse
holds if X is a metric space.

Problem 13.3. Show that F': M — R is conver if and only if its epigraph
epi F :={(z,a) € M x R|F(z) < a} C X x R is convex.

Problem* 13.4. Show that F : M — R is quasiconver if and only if the
sublevel sets F~1((—o0,a]) are convex for every a € R.

Problem 13.5. Let U C R™ and K : U x C x C" — [0,00) measurable.
Suppose (u,v) — K(x,u,v) is convex and continuous for fivzed x € U. Show
that

F(u) := / K(z,u(z), Vu(z))d"x
U
is weakly sequentially lower semicontinuous on WP(U) for 1 < p < co.

Problem 13.6. Let U C R"™ be a bounded domain with a C' boundary. Let
L be an elliptic operator in divergence form with A,c € L and b =0, ¢ > 0.

Formulate a corresponding Dirichlet principle and establish existence of weak
solutions in H'(U,R) for

Lu = f, u‘aU:g.

(Compare Problem [5.57.)

13.3. Constraints

If we look at Example [I3.8]in the case f = 0, our approach will only give
us the trivial solution. In fact, for a linear problem one has nontrivial solu-
tions for the homogenous problem only at an eigenvalue. Since the Laplace
operator has no eigenvalues on R™ (as is not hard to see using the Fourier
transform), we look at a bounded domain U instead. To avoid the trivial
solution we will add a constraint. Of course the natural constraint is to re-
quire admissible elements to be normalized. However, since the unit sphere
is not weakly closed (one can show that its weak closure is the unit ball
— see Example from [35]), we cannot simply add this requirement to
M. To overcome this problem we will use that another way of getting weak
sequential closedness is via compactness:
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Lemma 13.5. Let XY be Banach spaces such that X is compactly embedded
into Y and let N :' Y — R be continuous. Then M := {z € X|N(x) =
No} C X is weakly sequentially closed for any Ny € R. The same holds for
M :={z € X|N(z) < No}.

Proof. This follows from Theorem [B.26] since every weakly convergent se-
quence in X is convergent in Y. (I

Theorem 13.6 (Variational principle with constraints). Let X be a reflexive
Banach space and let F' : X — R be weakly sequentially lower semicontinuous
and weakly coercive. LetY be another Banach space such that X s compactly
embedded into' Y and let N :' Y — R be continuous. Fixz Ny € R and suppose
that M := {x € X|N(x) = Ny} is nonempty. Then there exists some xy € M
with F(xg) = infys F.

If in addition F' and N are Gdteaux differentiable and SN does not vanish
on M, then there is a constant X € R (the Lagrange multiplier) such that

SF(z0) = AN (o). (13.14)

Proof. Existence follows from Theorem [I3.1] which is applicable thanks to
our previous lemma. Now choose some 1 € X such that IN(zg)z1 # 0 and
x € X arbitrary. Then the function

f(t,s):= N(xo+tz+ x18)
is C1(R?) and satisfies
O f(t,s) =0N(xo+tx+ sz, Osf(t,s) =N (xo+tx+x15)1
and since 0sf(0,0) # 0 the implicit function theorem implies existence of a

function o € C'(—¢,¢) such that o(0) = 0 and f(t,0(t)) = f(0,0), that is,
x(t) :=x9+tx+o(t)xry € M for [t| < e. Moreover,
o) = 2000 NG
8sf(0, 0) 5N(£L‘0).1‘1
Hence, as before together with the chain rule
d
@F(ﬂfo-f—t r+0(t)r1)|t=0 = 6F(x0)(z+0"(0)z1) = 6 F(20)x— NN (20)7 = 0,

where
B 0F (x0)x1

A= N (zo)z1

Example 13.9. Let U C R" be a bounded domain and consider

1
F(u) := Q/U\Vulzdna:, u € HY(U,R)
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subject to the constraint
N(u) := / G(u)d"z = Ny,
U

where G : R — R is differentiable and satisfies

G (@) < C(1 +z]).
This condition implies

G(2)| < C(1+ |z
and ensures that N(u) is well-defined for all u € L2(U,R).

In order to apply the theorem we set X := H}(U,R) and Y := L*(U,R).
That X is compactly embedded into Y is the Rellich-Kondrachov theorem
(Theorem . Moreover, by the Poincaré inequality (Theorem we
can choose |z|? := F(x) as an equivalent norm on X. In particular, F
satisfies the requirements of our theorem and so does N by Example [I3.3]
Consequently, if Ny is such that

M :={u € X|N(u) = Ny}
is nonempty, there is a minimizer ug. By Example and Example

dF (ug)u = /

(Vug)(Vu) d"x, 5N(u0)u:/G'(u0)ud”x
U U

and if we can find some u € H} (U) such that this derivative is nonzero, then
uq satisfies

/ (Vug - Vu — AG (ug)u)d"z = 0, u € Hi(U,R),
U

and hence is a weak solution of the nonlinear eigenvalue problem
—AUO = )\G/(U()).

Note that this last condition is for example satisfied if G(0) = 0, G'(z)x > 0
for z # 0, and Ny > 0. Indeed, in this case dN (ug)up = [;; G'(uo)uod™xz > 0
since otherwise we would have uy = 0 contradicting 0 < No = N(up) =
N(0) = 0.

Of course in the case G(z) = 3|z|? and Ny = 1 this gives us the lowest
eigenvalue of the Laplacian on U with Dirichlet boundary conditions.

Note that using continuous embeddings L? — LP with 2 < p < oo for
n:1,2§p<ooforn:2,and2§p§%fornZ?)onecanimprove
this result to the case

|G ()] < C(L+ 2P, o
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Problem 13.7. Ezxtend Example[15.9 to the case

1
F(u) /|Vu|2d":n+/ V(z)|u?d"z,  uec HLMUR),
U U

= 5
where V€ Li(U) is nonnegative with ¢ > % and n > 2 and V. (Hint:

2
Theorem |9.31].)






Chapter 14

The nonlinear
Schrodinger equation

The purpose of this chapter is to investigate a prototypical example, the
initial value problem for the nonlinear Schrédinger equation (NLS)

g + Au = +u/*Tu,  uw(0)=g. (14.1)

The two cases — and + are known as focusing and defocusing, respectively.
Of particular importance in applications are the cubic (o = 3) and quintic
(v = 5) case. Note that if u is a solution, then so will be v(t, z) = u(—t,z)*
and hence it suffices to look at positive times only.

14.1. Local well-posedness in H" for r > &

Equation (14.1]) is a semilinear equation of the type considered in Section
and hence we need to look at the linear Schréodinger equation

iug + Au =0, u(0)=g (14.2)

first. We recall that the solution for g € L?(R") can be obtained using the
Fourier transform and is given by

u(t) =Ts(t)g,  Ts(t)=F e P F, (14.3)

Note that Tg(t) : L2(R™) — L%(R") is a unitary operator (since |e1PI*f| =
1):

[u(@)ll2 = llgll2- (14.4)
In fact, we even have that Tg(t) : H"(R™) — H"(R™) is unitary.

305
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Theorem 14.1. The family Ts(t) is a Co-group in H"(R™) whose generator
is iA, D(IA) = H™P2(R").

Note that we have
(Ts(t)g)* = Ts(—t)g*, g€ L*R"), (14.5)

and
9;Ts(t)g = Ts(t)d;9, 1<j<mn, gec H(RY). (14.6)

Next we turn to the nonlinear Schréodinger equation. If we assume that
u, [u|*tu € C([0,T], L*(R")) we can use Duhamel’s formula to rewrite the
nonlinear Schrodinger equation as

ul(t) = Ts(t)g F i /0 Ts(t — ) u(s)|* u(s)ds (14.7)

just as we did in Section[I2.1] In order to apply our theory, we need that the
nonlinearity F(u) = Fi|u|* u is Lipschitz on X. Clearly for X = L?(R")
this will not be the case, as the image of a square integrable function will
not be square integrable. However, the key observation is that for r > %
the space H"(R") is a Banach algebra (Lemma [8.9) and hence, if we assume
our nonlinearity to be of the form F(u) = Fi|u|* 'u with a — 1 = 2k where

k €N, then F': H"(R") — H"(R") is Lipschitz on bounded sets since
F(u) — F(v) = v Qp_1(u*, v*)(u — v)* + (v*)*Qr(u,v)(u —v), (14.8)

where Qg (z,y) = Fi Z?:o P~y Another algebra which is natural in this
context is the Wiener algebra.

ARY) = {fIf € LNRMY - Ifla= £l (14.9)
Just as with H"(R"), the Schrodinger group T leaves A(R") invariant and
preserves its norm. Note that we have H"(R") C A(R"™) for r > & since
(1+ |p|?)~" € L}(R") for such r. The embedding being continuous, || f||4 <
I+ L)~ N2l f 1l

Hence Theorem [12.1] applies and we get:

Theorem 14.2. Let o = 2k+1 be an odd integer and X = H"(R") forr > 5
or X = A(R"™). Then for every g € X there is a to = to(||g||) > 0, such
that there is a unique solution u € C([—to,to],X) of (L4.7). Moreover, the
solution map g — wu(t) will be Lipschitz continuous from every ball ||g|| < p

to C([—to(p),to(p)], X).

Note that the mild solution will be a strong solution for g € H"*? since
F : H™2 — H"*? is Lipschitz continuous on bounded sets. Moreover, for
each initial condition there is a maximal solution and Lemma [12.4] implies:

Lemma 14.3. This solution ezists on a mazimal time interval (t_(g),t+(g))
and if |t+(g)| < 0o we must have liminf, ¢, (o) |u(t)|| = co.
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An interesting observation is that the maximal existence time does not
depend on 7. This is known as persistence of regularity:

Lemma 14.4. Let g € H"(R") with r > § or g € AR"). Let ty ,(g),
ty.4(g) be the mazimal existence time of the solution with initial condition

g with respect to these cases. Then ty (g) =t4 4(g).

Proof. Using

£ gl < Cop (£ llglla + 1F1]allgl )

from Lemma recursively we obtain ||[u[* ul|gr < C|lul|% " |ullgr. Now
the claim follows from Lemma [12.5 O

Of course up to this point we can replace the nonlinearity by an arbitrary
polynomial in u and «*. In fact, it is even possible to replace the nonlinearity
by a (sufficiently smooth) function, but in this case the required Lipschitz
estimate is more tedious to derive since we cannot just simply rely on the
algebra structure.

In order to get global solutions the following conservation laws will be

crucial: Mass )
M(t) == §IIU(t)||§

and energy

1 1 .
E(t) = §||VU(’5)H§ + m”“(m aii

Lemma 14.5. Let r > § and g € H"(R"). Then M(t) = M(0) for all
t € (t—(g9),t+(g)). If in addition, r > 1 then also E(t) = E(0) for all

te (t-(g9),t+(9))-

Proof. If u is a sufficiently smooth solution this can be verified directly
(Problem. For the general case approximate by smooth solutions (using
local Lipschitz continuity of the solution map) and conclude that M (t) is
locally constant and hence constant on its interval of existence. Similarly for
E(t). O

So in the focusing case we get existence of global solutions in H' if n = 1
such that our local results holds for » = 1. In the defocusing case the energy
is not positive and we cannot immediately control the H' norm using F and
M.

Problem 14.1. Find a plane wave solution
u(t,z) = Aellkatet) AeC, keR" ceR,
of the NLS equation.
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Problem 14.2. Show that if u(t, z) is a strong solution of the NLS equation,

then so are
t x

—2/(a—1
)\ /( )U(F,X), )\>0,
and

ew'x_lt‘”|2/2u(t, x — vt), v e R™

Moreover, show that for a« =1+ % also
(it)—n/Qei\xIQ/(%)u(%’ %)*’ t+0,
15 a solution.
Problem 14.3. Let u € C([—tg,to], H"F?(R")) N CY([~to, to], H"(R™)) be

a strong solution of the NLS equation (with r > 3 ). Show that mass and
energy are independent of t € [—to, to].

14.2. Global solutions and blowup in H' in one dimension

In the previous section we have seen that in the defocusing case we get
global solutions in H'. In this section we want to have a closer look at the
defocusing case. For simplicity we will only consider the one-dimensional
case where we already have a local existence result in H'. In fact, we will
slightly generalize this result by dropping the requirement that « is an odd
integer.

Theorem 14.6. Let n =1 and o > 2. For every g € H'(R) there is a tg =
to(|lgll1.2) > 0, such that there is a unique solution u € C([—to,to], H'(R))
of . Moreover, the solution map g — u(t) will be Lipschitz continuous
from every ball ||glli2 < p to C([~to(p),to(p)], H'(R)). If « > 4 and g €
H2(R) the solution will be in C1([—to,to], H'(R)).

Proof. It suffices to verify that F': H'(R) — H'(R) is locally Lipschitz on
bounded sets. But this follows using Problem [14.4] since
1F(u) = F(v)]l2 < a(llullss™ + Il S llu — vll2
and
10(F (u) = F(0)]l2 < (= 1) (e + 2)(Jull 552 + [0l|55 ) 10ull2]lu — v]|2
+afvl5 10w — v)l2

together with || f|lcoc < |[[f]l1,2 (Problem [9.24). Similarly, one shows that
F : H3(R) — H?(R) is locally Lipschitz on bounded sets provided a > 4,
which establishes the last claim. ([l

Corollary 14.7. The solution exists on a mazximal time interval (t—(g),t+(g))
and if [t+(g)| < co we must have liminf,_,; () [[u(t)[|oc = 0.
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Proof. Using the estimates from the proof (for u = 0) we obtain | F(v)|| g1 <
al|v]|% v g2 and the claim follows from Lemma O

As already noted one gets global existence in the defocusing case. In the
focusing case we need to control the L*t! norm in terms of the H' norm.

Corollary 14.8. In the defocusing case solutions are always global. In the
focusing case the mazimal solution u is global in C(R, H*(R™)) and preserves
both mass and energy if one of the following conditions hold:
(i) a < 5.
(i) @ =5 and |gll2 < (V™.
(i) @ > 5 and ||gH12 is suﬁicz’ently small such that ||¢'|l2 < 1 and
+3)/
2B(0) + L1 gl

<1.

Proof. Using || f[1% < 2||f[l2llf'[l2 (Problem [9.24) one obtains

_ a—1 a+3 a—1
/le(x)la“dw <IAISTHIAIE <272 (1 F 1 11F1l2

and consequently

a+1

272 a+3 a—1
[/ ()13 < 2E(0) + o 1ll’ [ ()|

(i). Now if @ < 5, then M < 2 and ||u/(t)]|2 remains bounded.
(ii). In the case a =5 thls remains still true if 3|g/|3 < 1.
(

iii). If & > 5 we can choose |/g||1,2 so small such that the given conditions
hold. Note that this is possible since our above calculation shows

a—1

272 a+3)/2
B(O0) < L Hﬁ—ugu‘ 2191157~

Now if we start with [[v/(0)||3 < 1 and assume |[u/(t)]|3 = 1 we get the
contradiction 1 = ||/ (t)[|3 < 2E(0) + 25 ng (@+3)/2 1 Hence ||u/(t)|2 <
1 as desired. U

Finally, we want to show that solutions are not always global in the
focusing case. To this end we need

Lemma 14.9. Letn = 1 and o > 4. Suppose g € H*(R) satisfies ||[zg(z)|]2 <
oo and let u € C((t_,t.), H'(R)) be the mazimal solution of (14.7). Then

Mi(t) = /R 22|ult, z)2de (14.10)
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remains finite as long as u exists. Moreover, we have

M (t) = 4Im/ zu(t,z) (¢, z)dz, (14.11)

M (t) = 16E(t) / lu(t, z)|* " de, (14.12)
known as virial and Morawetz zdentztyﬂ respectively.

Proof. Consider H%'(R) := H'(R) N L?(R, z2dx) together with the norm
112 = II£113 + [I£113 + |l=f(z)||3. Then Ts(t) is a Cp group satisfying
ITs@®) fIl < (14 2[t])||f]l. Moreover, as in the previous theorem one ver-
ifies that I : HYY(R) — HY'(R) is locally Lipschitz on bounded sets. In
fact, note that by

l2(F(u)(2) = F)(@)]l2 < allulli + [vllg D lle(u(z) = v(@))]2
we can proceed as before. In particular, we get existence of local solutions
and Lemma shows that our norm cannot blow up before the sup norm.

To obtain the virial identity we first assume g € H32(R) such that we
get u € C(I, H"2(R)) since we can replace 22 by % in the above argument.
Here I C R is the maximal existence interval. Moreover, since g € H?, we
also have that u is a strong solution in H'(R), that is, u € C(I, H3>(R)) N
CY(I, H'(R)). Hence one computes

M, (t) = 2Im/ﬂ{w2u(t,m)*iut(t,x)dx = —QIm/R:CQu(t,x)*u"(t,x)dm

= 4Im/ ru(t, )" (t, z)dw,
R

where we have used integration by parts in the last step. Furthermore,
since u € CY(I, HY(R)) we can take another derivative to obtain (note that
u € H2’2(]R) implies zu/(z) € L? — Problem [14.5))

= 4Im/ '(t,x) + u(t,2)*W (¢, x))dz

= —4Im/ (2zu/(t, z) + u(t, @) a(t, z)ds

R
= 4Re/ (2zu/(t,2) + ut,z)) (= u"(t, 2) £ |ult, 2)|*  u(t, z))dz.
R

To further simplify this expression we note (dropping the ¢ dependence for
notational simplicity)

—/ (2a:u’(x))*u”(a:)da::/ (Ju/ (2)* + 2izIm(u” (z)*u/ (z)) ) dx
R R

LCathleen Synge Morawetz| (1923-2017), Canadian-American mathematician
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as well as (Problem 9.17)

1

Re [ /@) fule) " u@de = 5 [ @ ufula) s

1
=— /|u(a;)|°‘+1da:.
a+1 R

Combing everything we arrive at

. 1
Ml(t):8/ ' (¢, 2) [2da T 4% /!u(t,x)|°‘+1d3:.
R R

a+1
For a general g € H%!(R) we approximate using continuity of the solution

map. This verifies both identities. U

Now we are ready to establish blowup for the focusing NLS equation.

Theorem 14.10. Consider the one-dimensional focusing NLS equation with
a>5. Let g € HY(R) N L*(R, 2%dx) with negative energy E < 0. Then the
corresponding mazximal mild solution u satisfies t4(g) < oo.

Proof. Due to our assumption a > 5 we obtain M;(t) < 16E implying
M;(t) < 8Et% + M;(0)t + M7(0). Hence

t4(0) < 1o (3000)+ /A0 ~32300)

since M (t) must remain positive. Note that this also shows M (0) > 0 since
otherwise M (t) would be decreasing and hence would remain bounded. [

Notice that there are initial conditions with negative energy, since the
two contributions to the energy scale differently. In particular, the energy
will become negative if we scale g with a sufficiently large factor.

Problem 14.4. Show that the real derivative (with respect to the identifica-
tion C =2 R?) of F(u) = |u|*"tu is given by

F'(u)v = Jul* o + (o — 1)|u|* 3uRe(u*v).
Conclude in particular,
F/(u)o] < alul*ol, () = F@)] < alul*™ + o]~ u—vl.
Moreover, the second derivative is given by
vF" (w)w = (o — 1)|u|°‘_5u((a + 1)Re(u*v)Re(u*w) — u2v*w*).

and hence
[wF" (u)w| < (o — 1) (a + 2)[u|*?[v]|w].

Problem 14.5. Show that if u € H*(R) N L?(R, x*dx), then zu/(x) € L?.
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14.3. Strichartz estimates

In order to improve the existence results from the previous sections we need
a better understanding of the linear Schrédinger equation. Unlike for ex-
ample the heat equation, the Schrodinger equation does only preserve but
not improve the regularity of the initial condition. For example, choosing
f € L?\ L? (for some p # 2) and considering g = Ts(—to)f shows that
there are initial conditions in L? which are not in LP at a given later time
to. However, our aim in this section is to show that we still have T'(t)g € LP
most of the time.

To this end we first need an explicit expression for the solution. As
in the case of the heat equation, we would like to express our solution as a
convolution with the initial condition. However, here we run into the problem
that e ilPI* is not integrable. To overcome this problem we consider

folp) = e~ @HP° 250, (14.13)

Then we note

_ 2 2 1 1|2 2

Fle 2= /2)(p) = 7 PE/22) - Re(z) > 0, (14.14)
where z"/2 is the standard branch with branch cut along the negative real
axis. In fact, the case when t is real was shown in Lemma [6.4] and the
general case follows from the indentity theorem for analytic functions since
both sides are analytic in the inidcated region. Together with the fact that

the Fourier transform maps convolutions into products (Corollary we
obtain

1 _lz=y)?
N — 4(it+e) d™y. 14.15
Taking the limit € | 0 we finally arrive at
1 i|""7*y‘2
Ts(t)g(x) = (47r1t)”/2/R e a g(y)dty (14.16)

for t # 0 and g € L*(R") N LY(R"). In fact, the left-hand side converges
to Ts(t)g in L? and the limit of the right-hand side exists pointwise by
dominated convergence and its pointwise limit must thus be equal to its L?
limit.

Using this explicit form, we can again draw some further consequences.
For example, if g € L2(R™) N LY(R™), then u(t) := Ts(t)g € Co(R™) for t # 0
(Problem and satisfies

1
[u(®)]loo < WHQHL (14.17)

Moreover, we even have u € C(R\ {0}, Co(R™)) (Problem |14.7)).
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Thus we have spreading of wave functions in this case. In fact, invoking
the RiesszhorinH interpolation theorem (Theorem from [34]) we even

get
1
[u(®)lp < m”gﬂp’- (14.18)

for any p € [2, 00| with ]l) + % = 1. This also gives u € C(R \ {0}, LP(R™)).
Next we look at average decay in an LP sense instead of pointwise es-

timates with respect to t. To this end we will consider functions f €
L"(R, LP(R™)) and we will denote the corresponding norm by

U lf®lzd) " v < oo,
Hﬂhqmqm—{mm%RHféHm e (14.19)

Please recall that L"(R, LP(R™)) is a Banach space defined with the help of
the Bochner integral (cf. Theorem . It consists of (equivalence classes
with respect to equality a.e. of ) strongly measurable functions f(¢) for which
|f(®)lp is in L". Here strongly measurable means, that f(¢) is a limit of
simple functions s, (). It turns out that a function is strongly measurable if
and only if it is measurable and its range is separable. In our situation this
latter condition will come for free in the case p < co and similarly in the case
p = oo if the range is contained in Cy(R™). We will also need the following
variational characterization of our space-time norms (Problem for a
given strongly measurable function f:

/ Pz, gl t)d s dt] (14.20)
R JR™

| fllzrzry = sup

Moreover, it suffices to take the sup over functions which have support in a
compact rectangle.

We call a pair (p,r) admissible if

2<p< =1 2
sp=fe =l 22 1 (14.21)
2<p<.75, n>2 r 2 p

Note 7 € [4,00] for n =1 and r € (=25, 00| for n > 2.

Lemma 14.11. Let T be the Schriodinger group and let (p,r) be admissible
with p > 2. Then we have

(/R (/RHTS(t—S)g(S)des>rdt> v < Cligll o oty (14.22)

where a prime denotes the corresponding dual index. Moreover, s — T(t —
s)g(s) € LP(R™) is integrable for a.e. t € R.

2Marcel Riesz (1886-1969), Hungarian mathematician
20lof Thorin (1912-2004), Swedish mathematician
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Proof. Of course Ts(t — s)g(s) is measurable. Applying our interpolation
estimate we obtain

/ ITs(t — 5)g(s)|lpds < C / Wuw )l ds,

where @« =1 —n(1/2 —1/p) € (0,1) by our restriction on p.

Furthermore, our choice for r implies o« = 1 — % = % — % with r’ =

p%a € (1,a™'). So taking the ||.|[zr norm on both sides and using the

Hardy—Littlewood—Sobolev inequalityﬂ (Theorem [10.10| from [34]) gives the
estimate.

Hence the claim about integrability follows from Minkowski’s integral

inequality (Theorem |B.29)). O

Note that the case p = 2 (and r = 00) the above lemma holds by unitarity
and does not provide much new insight.

Theorem 14.12 (Strichartzﬁ estimates). Let T be the Schrodinger group
and let (p,r) be admissible. Suppose g € L™ (R, LP (R™)) and f € L*(R™).
Then we have the following estimates:
1 Ts(t) fllor ey < Cllfll2, (14.23)
| [ 75t
R
‘ [ 7t =9)9(s)ds| < Clgleu, (14.25)
R L7 (LP)
where a prime denotes the corresponding dual indez.

Here s — Ts(t — s)g(s) € LP(R™) is integrable for a.e. t € R and the
integral in (14.24) has to be understood as a limit in L? when taking an

approximating sequence of functions g with support in compact rectangles.

< CHgHLT/(LP/)7 (1424)
2

Proof. Since the case p = 2 follows from unitarity, we can assume p > 2.
The claims about integrability and the last estimate follow from the lemma.

Using unitarity of Ts and Fubini we get

/ / (Ts()f)(@)g(t, x)d"x dt = / f() /R (Ts(t)g(t)) (z)dt d"x,

for g € L' (R, L” (R™)) with support in a compact rectangle. Note that in
this case we have g(t) € L%(R") since p’ < 2. This shows that the first and
second estimate are equivalent upon using the above characterization
as well as the analogous characterization for the L? norm.

3Godfrey Harold Hardy| (1877-1947), English mathematician
3John Edensor Littlewood (1885-1977), English mathematician
4Robert Strichartz (1943-2021), American mathematician


http://en.wikipedia.org/wiki/Godfrey Harold Hardy
http://en.wikipedia.org/wiki/John Edensor Littlewood
http://en.wikipedia.org/wiki/Robert Strichartz
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Similarly, using again unitarity of Ts and Fubini

H/Ts(t)g(t)dt :
/n/ Ts(t) dt/( s(s)g(s))(z)*dsd"x
/n/ (t,) /Tst—S) (s,z)*ds dt d"z,

which shows that the second and the third estimate are equivalent with a
similar argument as before. O

Note that using the scaling f(z) — f(Az) for A > 0 shows that the left-
hand side of (T4.23)) scales like A="/P=2/7 while the right-hand side scales
like A=/2. So ([14.23) can only hold if 2 + 2 = 2.

In connection with the Duhamel formula the following easy consequence
is also worth while noticing:

Corollary 14.13. We also have
t
’/ Ts(t —s)g(s)ds
0
Proof. The second estimate is immediate from the lemma and the first
estimate follows from (|14.24) upon restricting to functions g supported in

. . . ¢
[(;, t] and using a simple change of variables [; T'(t — s)g(s)ds = fo g(t—
s)ds. O

/t Ts(t — s)g(s)ds
0

< CHgHLT/(LIJ/)? (1426)
2

< Cllgll 1y (14.27)

Lr(LP)

Note that, apart from unitarity of T, only (14.17) was used to derive
these estimates. Moreover, since Tg commutes with derivatives, we can also
get analogous estimates for derivatives:

Corollary 14.14. We have the following estimates for k € Ny:

HTS(t)fHLT(ka) < Cl fll g, (14.28)

[ Zsts)ats)ds

R Hk

/ Ts(t —s)g(s)ds
R

S CH-Q”L'P’(wk,p/), (1429)

< CHQHLT’(wk,p’)y (1430)
LT (Wk.p)
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as well as

< CHQHLW(Wk,p/), (14.31)
Hk

< CHQHLT/(Wk,pl)- (14.32)
Lr(Whp)

/waﬂmww
0

/ Ts(t —s)g(s)ds
0

Proof. Consider dense sets f € S(R") and g € C.(R, S(R")). Then we have
for example

10;Ts () fllr ey = 1 Ts ()0 fllLr(rry < CO; fll2
by applying (14.23) to 9; f. Combining the estimates for f and its derivatives
gives (|14.28)). Similarly for the other estimates. O

Problem 14.6. Does the translation group T(t)g(z) = g(x — t) satisfy
([417)?

Problem 14.7. Let u(t) := Ts(t)g for some g € L*(R™). Show that u €
C(R\ {0},Co(R™)). (Hint: Choose g € H"(R™) for a suitable r and then

approximate. )

Problem 14.8. Prove that there is no triple p,q,t with 1 < g < p < 00,
t € R such that

1Ts(®)gllg < Cligllp-
(Hint: The translation operator T,f(x) := f(x — a) commutes with Ts(t).
Moreover, we have

Lim [|f +Tufllp =27 flp, 1<p< oo
la]—o0

Now apply this to the claimed estimate.)

14.4. Well-posedness in L? and H'

The main obstacle to proving a local existence result in L? is the fact that
our nonlinearity does not map L? to L? (and this was precisely the reason for
choosing H" in the previous section). On the other hand, the time evolution
conserves the L? norm and hence we expect global solutions in this case.

So let us make two observations: First of all our nonlinearity F(u) =
|u|*1u maps LP to L/, so the only chance is that the linear time evolution
improves this behavior. Now we know, since our evolution is unitary, there
is no hope to get this for fixed ¢, but this is true in some averaged sense by
the Strichartz estimate (14.23). Hence, if we add such a space-time norm
to the L? norm, we might be able to control our singularity. In fact, the
estimates ((14.26]) and ((14.27)) allow us to control the Duhamel part in
both in the L? and the space-time norm, respectively (the linear part being
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taken care of by unitarity and ) Since the spatial parts of the space-
time norms must match up, we need p'a = p, that is, p = 1 + a. For the
time part an inequality ' < r is sufficient since in this case Lr'ecrr by
Holder’s inequality. This imposes the restriction @ < 1 + %. In fact, we will
impose a strict inequality since we will use the contribution from Hélder’s
inequality to get a contraction. Moreover, note that the dependence on the
initial condition ¢ is controlled by the L? norm alone and this will imply
that our contraction is uniform (in fact Lipschitz on bounded domains) with
respect to the initial condition in L?, and so will be the solution.

Theorem 14.15. Suppose 1 < a <1+ % and consider the Banach space

X i= C([~to,to], LAR™) O L7 ([—to, to], L (R™), 7 = m
(14.33)
with norm
to 1/r
= s @l ([ Olad) (14.34)
te[—to,to) —t

Then for every g € L*(R™) there is a to = to(||gll2) > 0, such that there is a
unique solution u € X of (14.7). Moreover, the solution map g — u(t) will
be Lipschitz continuous from every ball ||g|la < p to X defined with to(p).

Proof. We take [0,?0] as an interval for notational simplicity. We will show
that gives rise to a contraction on the closed ball B,(0) C X provided
a and ty are chosen accordingly. Denote the right-hand side of by
K(u) = Ky(u). We will fist show that K : B,(0) — B,(0) for a suitable a
depending on ||g||2. To this end we first invoke (14.23)), (14.26)), and ([14.27])
with p=a +1 (p/ = %) to obtain

to , 1/1“/
I @) < (1+C)glls +2C ( / u|u\a<t>||za+1>/adt)

to ) 1/r
< (14 0O)llglls +2C ( /0 uu@)nzildt) .

Next,since%:0+a7_1+%,where9:1—a7+1:1—%>0wecan

use the generalized Holder inequality in the form
1 £ foll < 100 soll £ sty L felle = 02 1E el
(with fu(8) = fot) = [u()llas1) to obtain
0 to alr
VK@) < (1+O)llglls + 208, ( /0 Hu(t)Hgﬂdt)

< (1+0C)|gll2 +2Ctha”
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for u € B,(0). Now we choose a = (2 + O)||g|2 and 2C(2 + O)t§a*"1 < 1
such that

1K ()]l < (1+C)gllz +2C15(2 + C)*lglls < 2+ C)lgllz = a.

Similarly we can show that K is a contraction. Invoking (14.26)) and (|14.27)
we have

to ) 1/r'
1K (u) — K(v)|| <2C </O u()* u(t) - \U(t)\a_lv(t)||Za+1)/adt>
Now using (Problem

[Jul* = [ol* o] < alful* "+l Du—ol,  wveC,

and invoking the generalized Holder inequality in the form

ul*™ = vlllat1)/0 < 1l s ey lu—=vllast = fullg3 e —vllar

and then in the previous form with f; = ||ulla+1, fo = [[u —v||a+1, We obtain
to 1 1 o 1/T/
1K (u) = K(v)]| < 2aC (/0 ((lallis + lollaz D le = vllata) dt)

to 1/T
< 20132471 </0 l|lu — v||2+1dt)

< 4aCtda® Yu — v||.

Hence, decreasing t( further (if necessary), such that we also have 4O<C’t8aa_1 <

1, we get a contraction. Moreover, since ||Kg(u) — Kf(u)|| = [[Ky4—f(0)]| <
(1 4+ C)|lg — fll2, the uniform contraction principle establishes the theo-
rem. ]

By interpolation (Problem [14.10) we also have:

Corollary 14.16. The solution u is also in
Lr/g([—to,to], L2(a+l)/(a+179(o¢fl))(Rn))
for any 6 € (0,1).

Moreover, as in the previous section we obtain:

Corollary 14.17. The maximal solution u is global in C(R, L*(R™)) and
preserves the L? norm: ||u(t)||2 = |gll2. In addition, it has the properties
stated in the theorem for any to > 0.

Let me remark that it is possible to cover the case a =1+ %. The main
difference is that the Holder-type estimate in terms of t? for the integral in
is useless since § = 0. However, the integral still tends to zero as
t — 0. This will be true locally in a sufficiently small neighborhood, but we
cannot control this neighborhood in terms of ||g||2.
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However, we will turn to the case of initial conditions in H' instead.

Theorem 14.18. Suppose n > 3 and 2 < a < Z—J_rg Consider the Banach
space

X := C([~to, to], H'(R™)) N L7 ([~to, to], WP (R™)), (14.35)
where
~ n(a+1)  A(a+1)
P i a-tl T m—Da-1 (14.36)
with norm
to 1/r
[fll:== sup [f@)]12+ (/ ||f(t)\|§,pdt> : (14.37)
tE[—to,to} —to

Then for every g € HY(R™) there is a to = to(||g||l1.2) > 0, such that there is
a unique solution v € X of (14.7)). Moreover, the solution map g — u(t) will
be Lipschitz continuous from every ball ||g||12 < p to X defined with to(p).

Proof. We begin with estimating the nonlinearity. For w,v € WP and
w € LP we obtain

el 2vwlly < lullg=lvllglhwlly < CIIVull = Vollplwl,

where we have applied the generalized Holder inequality with z% = O‘T_Q—i—%—i—%
in the first step (requiring o > 2) and the Gagliardo—Nirenberg—Sobolev
inequality (Theorem — since we need p < n, we need to require n > 2)

with % = % — % in the second step. In particular, this imposes

1 2 a-1_ a—-1 a-1
p q p n
and explains our choice for p. The choice of r is of course dictated by ((14.21))
such that we can apply our Strichartz estimates. At this point a weaker
upper bound (namely o < "5 for n > 4) is still sufficient.

Now using this estimate we see (cf. Problem [14.4)

ul* ™ ully < CIVully™ ullp, 1Vl ully < afllul*™ Vully < aC[Valg
and hence
Il ulli gy < Cllull.
Similarly we obtain
Il — o] ol < all (Jul*™ A+ (0] fu =]l

< aC(|Vullp™ + Vol ™) lu — vl
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and
IV]ul* = Vo> ol
< (@ = 1)(a+ 2| (1“2 + [v]~2) ju — o] |Vl
+al[[o]* 7V — Vo |y
< (a = 1)(a+2)C(IVullp™ + Vol )V (u = ) [, Vull,
+ aCHVng‘_lHVu — Vulp.
In summary,

™ e —[o[* ol < C(llullfyt + IlllE, ") e — v

1,p-

Now the rest follows as in the proof of Theorem [14.15] Note that in this case
g — 1 _ atl _ 24nt(2-nja
= = 1

- explaining our upper limit for «. O

Note that since we have H*(R") C L*1(R") for n > 3 and a < 2£2 by
the Gagliardo—Nirenberg—Sobolev inequality (Theorem [9.22} m both the mo-
mentum and the energy are finite and preserved by our solutions. Moreover,
in the defocusing case the momentum and the energy control the H! norm
and hence we obtain:

Corollary 14.19. In the defocusing case the mazimal solution u is global
in C(R, HY(R™)) and preserves both momentum and energy. In addition, it
has the properties stated in the theorem for any ty > 0.

In the focusing case we need to control the L+ norm in terms of the
H'! norm using the Gagliardo-Nirenberg-Sobolev inequality.

Corollary 14.20. In the focusing case the mazimal solution u is global in
C(R, HY(R™)) and preserves both momentum and energy if one of the fol-
lowing conditions hold:

. 4
(1) Oé<1+ﬁ

(i) =1+ % and [lglla < (g sy

(ili) o> 1+ 2 and ||g||1 9 is sufficiently small such that ||[Vg|2 < 1 and
2E/(0) +m” gl|lgtimrem 2 g

Proof. Using the Gagliardo—Nirenberg—Sobolev inequality and the Lyapunov

inequality (Problem [B.14)) with H% =03 - 1)+ 552 (ie. 0 = n((z_:))) we

obtain

Ju(ljett < iiﬁ;uw HIEHOD2 gy () 20D/ (14.38)
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Thus
IVu(t)|3 = 2E(0) +

——u(t) 1

< 2E(0) +2C | glls T V2 Tu(e) 5V (14.39)

2(n—1)
n(n—2)(a+1)"

(i). Now if & <1+ 2, then M < 2 and ||Vu(t)||2 remains bounded.
4/n

where we have set C =

(ii). In the case a =14 1 this remains still true if 2C||g]|,

(iii). If o > 1+% we can choose llgll1 2 so small such that the given conditions
hold. Note that this is possible since our above calculation shows

a+1— na 1 2 n(a— 1
E(0) < f||v9||2+0||g|| * 21w g0

Now if we start with |[Vu(0)||3 < 1 and assume ||Vu( )3 = 1 we get the

contradiction 1 = ||Vu(t)||3 < 2E(0) + QC'HgHO‘+1 n@=D/2 1. Hence

[Vu(t)||3 < 1 as desired. O
Problem 14.9. Show that (14.33)) is a Banach space. (Hint: Work with test

functions from C.)

Problem 14.10. Suppose f € LPO(I,L%(U)) N LP (I, L9 (U)). Show that
feLpe(I, L% (U)) for 0 € [0,1], where
1 1-6 0 1 1-6 6

=+ +—

po PO P @ Q@ a1
(Hint: Lyapunov and generalized Holder inequality — Problem and
Problem[B.14 )

14.5. Standing waves

A solution of the form

u(x,t) = @, (z)e!, w >0, (14.40)
of the focusing NLS equation is called a standing wave. Inserting this
ansatz into the equation shows that ¢, must be a solution of the following

nonlinear elliptic problem

—Apy, +we, = |g0w|0‘_1g0w. (14.41)

Note that one can choose w = 1 without loss of generality since if ¢ is a
solution for w = 1 then

pu(@) = W p(w!/22) (14.42)

is a solution for w > 0. Moreover, if ¢ is a solution, so is (. — a) for any
6 € Rand a € R™.
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If one multiplies (14.41)) with a test function v € H'(R") and integrates
over R™ one obtains the weak formulation

/ (Ve - Vo + pv —[p]* Tov)d"a =0, v e HY(R™). (14.43)
In particular, choosing v = ¢* we obtain
|9l 16 = ol = (1141)
Rn

which shows that, if we flip the sign in front of the nonlinearity (defocusing
case), there is only the trivial solution.

In one-dimension one has the explicit solution

18 o
o(z) = <covs1h(+ﬁf)) Cos=" L (14.45)

In higher dimensions we can apply Theorem to get existence of solutions:

Theorem 14.21. Suppose n > 2 and 1 < a < Z—J_rg Then the nonlinear

elliptic problem ([14.41)) has a weak positive radial solution in H(R™).

Proof. To apply Theorem we choose X = Hrlad(anR) and Y =
Lra;gl (R™,R) and note that the Strauss inequality (Corollary [14.24)) implies
compactness of the embedding X < Y for the range of o under considera-
tion. Hence minimizing

1

Flu) = 2/Rn (1Vuf? + |uf?)d"z

under the constraint (cf. Example [13.3))

1
N(u) = +1/ o+ 1dng = 1
(0% Rn

gives a weak radial solution ug of the problem
—Au+u = Nu|*tu.

In particular, choosing ug as a test function for the weak formulation shows
A > 0. Moreover, by Lemma we have |ug| € H} ,(R™) with F(|ug|) =
F(up) and hence |ug| is also a minimizer. Rescaling this solution according
to @(x) = A/(@=D|yg(z)| establishes the claim. O

Note that for o < -5 we have |[u|*'u € L*(R") for u € H'(R") and

hence (—A + 1)¢ € L?(R") implying ¢ € H?(R").
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Finally, we remark that the restriction o < Z—f% is also necessary for

solutions to exist. This follows from the Pokhozhaev identityﬂ (Prob-

lem [14.12))

n—2 n n
Vo|l?dz + — 2"y = atlgng. 14.46
i [ vebra G [ epae = o [ jelrie. (140

Combining this equality with (14.44) gives
1
ot )/ IVo|?d"z + (a — 1)/ l2d™z = 0. (14.47)
R R

Since the first coefficient is nonnegative for a > Z—i’% if n > 3, we see that
there cannot be a nontrivial solution in this case.

Example 14.1. The standing waves (14.40f) can also be used to establish
blowup in the case a =1 + %. Indeed by Problem

b)) = /26l () =it
ult,a) = /% o(2)
will be a solution for ¢t # 0. Now note that while ||u(t)|l2 = ||u(0)|2, we have

x 2 xr X
vuolg = =2 [ (BeR + wehr ) ave

(o —1-2

1 1
= llzle@)IE + tjllvw\\g,
which shows that the gradient will blow up as ¢t — 0. o

Problem 14.11. Let 1 < a < Z—i‘g be an odd integer (i.e. n = 2 and
a=3,5,6,... orn=3anda=23). Show that ¢ € H*(R™) for any k € N.

(Hint: As already pointed out we have ¢ € H?.)

Problem 14.12. Suppose ¢ € H*(R™) N L¥"1(R™) is a solution of
with w = 1 such that |z|0gp(x) € L*(R™) for |8] < 2. Show that ¢ satisfies
(14.46). (Hint: Multiply (14.41)) with x - Vo(z)* and take the real part;
compare the proof of Lemma )

14.6. Appendix: Radial Sobolev spaces

Consider B := Br(0) C R™ (with the case R = oo allowed). The subset
WHP(B) := {f € WFP(B)|f is radial} (14.48)

rad

is closed and hence a Banach space of its own. To see this take a Cauchy
sequence of radial functions. Without loss of generality we can assume that
it converges pointwise a.e. In particular, any rotated point leads to the same
limit and hence the limit function is also radial (a.e.).

SStanislav Ivanovich Pokhozhaev (1935-2014), Soviet mathematician


http://en.wikipedia.org/wiki/Stanislav Ivanovich Pokhozhaev
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Of course there is a one to one correspondence between radial functions
on B and functions on [0, R). For every radial function f on B let f be the
associated function on (0, R) defined such that f(z) = f(r), where r = |x|.
Note that by Lemma [AT1] we have

0o 1/p
(50 [T 17 tar) T <l 1< (14.49)
0
for radial functions. In particular, we have f € L? (B) if and only if fe
LP((0,R),r" Ldr).
Lemma 14.22. We have f € era’g(B) if and only if f € WEP((0, R), 7" Ldr)

with equivalent norms. The derivatives are connected via
= x
Foy =2 Vi@, r=p) (1450)
and
Vi) = f(r)=. (14.51)
Here WP((0, R),r"~'dr) is the set of all functions f € AC(0, R) for which
f, f" € LP((0, R), " dr).

Proof. Let f € era’g(B). To show that f has a weak derivative we take
¢ € C(0,R) and set ¢(x) = @(|z|) (note that ¢ € C°(B)). Then one

checks
n

Fr) =Y 2@¢)x), r=lal,

e~
Jj=1

and thus (using integration by parts, the product rule, and div(.%) = 0)

f(r)¢ (r)dr = S;t 2)2(8:6)(x)r "+ dme

[ e =s; 2/31“< ) (350) ()"
=—slz/ (022 1@)) (@)
-5y %(ajfxx)m)f”“dnx

where
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Since the differential operator 2721 %8]- is invariant under rotations, the

spherical average is not necessary and we have in fact

n

§(r) = Y 0.

=1

This shows that f has a weak derivative given by g.

Conversely, suppose f is WHP((0, R), 7" dr) and let f(z) :=
xj — f(x)is absolutely continuous with derivative given by 0; f(x
(cf. Problem [4.39| from [34]). Hence for ¢ € C°(B) we have

[ f@moara= [ fopowirs=- [ @fe)ewrs
- [ o) Zo@na,

f()Then
)=f'(r)7

r

where we have replaced B by a cube Q O B for the purpose of integration
by parts.

The connection between the norms follows from ([14.49)). O

The crucial observation due to Strauss@ is that a radial function auto-
matically satisfies a decay estimate:

Lemma 14.23. For [ € Wa’g(]R”), 1 < p < oo, we have the Strauss
inequality

P fr)P < S%Hfug—luwup- (14.52)

Proof. By Lemma|14.22f € W'P((0, 00), 7"~ 'dr) and hence F(r) := "~ 1| f(r)|?
is absolutely continuous and integrable. In particular,

R
F(r)—F(R) = / F'(s)ds
R R o
=—(n— 1)/ |f(s)[Ps"2ds —pRe/ [F()P2f(s)" f'(s)s" Hds

and letting R — oo shows that limp_, F/(R) exists. Since F is integrable
it must be zero:

F(r)=—-(n-1) /00 |£(s)[Ps"2ds — pRe /Oo 1f()P~2F(s)" F(s)s" Lds.

GWalter Alexander Strauss (* 1937), American mathematician


http://en.wikipedia.org/wiki/Walter Alexander Strauss
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Hence
F(r)<p /0 FP 1 (s)]s" ds

< p”fHLp ((0,00),rm=1dr) Hf/”Lp((O,oo),r”*ldr)
<pSHFIEHIV
by Lemma [14.22] O
Corollary 14.24. For f € I/Vr P (R"™) we have

Cl-r/a
(1 = X)) fllg < W’\f“mﬂ py q>D. (14.53)

Consequently I/Vr P(R™) is compactly embedded into LY(R™) for q € (p, nn—f;,)
if n > max(p,2).
Proof. By the Strauss inequality (14.52) we have
[F(r) < Crm 0 £l
and hence for ¢ > p
|[F(r)|arn=t < comppm (D@D o) 40P | Fr) e

Integrating from R to oo shows

/ |F(r) |2 Y dr < Cq_pR—("—l)(q—p)/p||f|]§1/vfp/ |F(r) P dr
R

R
and hence
CcI cI
(1 = XBr) flIE < Wﬂfﬂ ol FIB < m”fuwlp
Finally Theorem [9.33] gives compactness of the embedding. ([

Example 14. 2 Note that Examples [9.14] and [0.15] show that the corollary
fails for ¢ = n—_p and g = p, respectlvely o
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Appendixz A

Calculus facts

A.1. Differentiation

Let U C R" be a domain. Then C*¥(U) denotes the set of all real-valued
functions which have continuous partial derivatives of order up to k. The
functions which have partial derivatives of all orders are denoted by C*°(U).
The support of a functions is defined as

supp(f) = (@ € U[f(z) # 0} (A1)

and f is said to be supported in V if supp(f) C V. The set of C*¥ functions
with compact support is denoted by C¥(U).

When handling derivatives of functions of several variables, things sim-
plify considerably once one uses the right notation. The weapon of choice
is usually the multi-index notation of Laurent Schwartz. So, may the
Schwartz be with you:

For f € C*(U) and o € N% we set
olel

8af = m, |O[| = Q] —+ -+ (6770 (A2)

for |a| < k. Also recall that by the classical theorem of Schwarz the order in
which these derivatives are performed is irrrelevant. In this context oo € Njj is
called a multi-index and |a] is called its order. Multi-indices are partially
ordered via § < o« provided 8; < aj for 1 < j < n.

We will also set
catn () = Alelge (A.3)

329
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for x = (x1,...,2,) € R" and A € R. Furthermore, there are generalizations
for the factorial and the binomial coefficients

n

@) . B'(aalﬁ)' o= [](as"). (A.4)

Jj=1

Note that the binomial coefficients can be computed recursively as usual:

(a;5> - <g> i (ﬂics)’ 6] = 1. (A.5)

ol < |l < nlolal. (A.6)

Also note that

As a simple exercise one can verify

al a—f >
dsa — @i @2 h (A7)
0, else.

Some slightly more sophisticated formulas are collected in the next lemma.

Lemma A.1. With this notation one has

(i) For x,y € R™ we have the multi-binomial theorem

@ty =Y <O‘> By, (A.8)

BLa B
(ii) For x = (z1,...,2,) € R™ and m € N we have the multinomzial
theorem
m)!
@1+ tz)" =Y . (A.9)
laj=m

(iii) For f,g € C*(U) we have the Leibniz rule

0uf )= (0‘) 051)Pa_pg), lo] < k. (A.10)

B<a b

If f € CHY(U) we can fix x,5 € U and consider the real function
t — f(x + ty) for t € R sufficiently small. One computes the directional
derivatives

m

|
et = Y @)y, m<k

laj=m

and applying the classical Taylor theorem to g(t) := f(z + ty) shows:
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Theorem A.2 (Taylor). Let f € C*(U) and o € U. Then for every x
in a neighborhood of x¢ we have

f(z) = Z 8"‘);(!330)(36 —20)* + Ri(z, x0), (A.11)
lal <k

where the remainder is given by

Ry(z,m0) = Y 07 (1 = t)zo + t2) (x — m0)® (A.12)

al

|a|=k+1
for some t = t(z, o) € [0, 1].

A function f: U — R is called real analytic, if it can be expanded into
an absolutely convergent power series

= > falz—m)° (A.13)
aeNy

in a neighborhood of any point xzy € U. We will write C¥(U) for the set of
real analytic function on a domain U C R™. A convenient way to establish
convergence is comparison with a majorant, that is, a real analytic function
F(z) = ZaeNg F, (x — xo)® with |fo| < F, for all a € Nj.

As always, the geometric series will be a favorite choice.

Example A.1. The multidimensional geometric series

> =13 -1

aeNg j=1k=1

converges absolutely and uniformly on every compact subset of the rectangle
|zj] < 1,1 < j < n. Moreover, the same is true for the series associated
with the derivatives

ZaﬂfQZZW HZk;@Jlfﬂj

a€Ng lal>[B] J=1k=p;
- 1
- H — =9 Z z o
(1 — )Pt~ P
j=1 Bt — ;)™ aeNp
For every a € R™ we introduce the associated rectangle R(a) := {x €

R"||z;] < |a;|,1 < j < n}. Then using the multidimensional geometric series
as a majorant immediately gives

Lemma A.3. Suppose |foa®| < M for some a € R™. Then the series

= > faz® (A.14)

a€eNg
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converges absolutely and uniformly on every compact subset of the rectangle
R(a). Moreover, the same is true for the series associated with the derivatives

and we have
7 fabpa® = > L 7@ ap. (A.15)

aeNg o] >8]
In particular, if R(a) is open (i.e. |aj| > 0, 1 < j < n), then f is real
analytic on R(a). In this case f is infinitely differentiable and
9ot (@)= 3 fadsr®. (A.16)

a€eNy

Conversely, note that if the sum in converges for some z € R"”,
then f,z® converges to zero and hence is bounded. However, while this
implies that if x is in the domain of convergence of f, so is the entire rectangle
R(z), this does not imply that the domain of convergence (apart from the
question of boundary behavior) is a rectangle.

Example A.2. The series

1 = = k! la!
_ R | |
1—(z14- 4 zp) kzzo kzzo |a2:k al Za al

is obviously convergent for |zi| + -+ 4 |x,| < 1, while the series

o0

1 2 |04|'
1— |22 :Z(x1+ Z
k=0
is obviously convergent for |z| < 1. o
In particular, if f is real analytic we can choose a = (r,...,r) for r > 0

sufficiently small to see that we have an estimate of the form |f,| < Mr~lel.

Hence

" Mr
- 1;[ r—; G(x):r—(a:1+--~+:cn)

will be majorants (clearly the second function majorizes the first) and the
derivatives 0“f will be majorized by 0“F. Consequently, a real analytic
function is smooth and is locally given by its Taylor expansion

9% f (zo
fay= 32 TIEO g (A17)
aeNg
Furthermore, the Taylor coefficients at one point uniquely determine f.

Theorem A.4 (Unique continuation property). Suppose f € C¥(U) where
U CR" is connected. If (0% f)(xo) =0 for one zg € U and all o € Njj, then
f vanishes identically on U.
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Proof. Let V := {z € U[(0“f)(z) = 0, Yoo € Nj}. Since zp € V it is
nonempty. Moreover, if x € V| then the Taylor series vanishes and hence
f vanishes on a neighborhood of . So V is open. If x € 9V, then all
derivatives of f at x vanish by continuity implying x € V and hence V is
closed. Since U is connected we have V = U. (]

Note that sums and products of real analytic functions are again real
analytic. Also the reciprocal of a nonvanishing real analytic function is real
analytic. And finally, the composition of real analytic functions is again real
analytic. These items are not particularly difficult but nevertheless quite
tedious to check and we refer to [18] for this, and much more!

Problem A.1. Show Leibniz’ rule.
Problem A.2. Fiz k € R™. Show that f(x) := e¥® is real analytic on R™.

A.2. Integration

The current section collects some required results about integration from
[34] to which we refer for further details and proofs.

When working with integrals one frequently faces the need to interchange
a limit with the integral. The premier tool for justifying this operation is

Theorem A.5 (Dominated convergence; Lebesgue). Let f,, be a convergent
sequence of integrable functions on some measurable set U C R™ and set
f = lim, 00 frn. Suppose there is an integrable function g such that |f,| < g.
Then f is integrable and

n—0o0

lim fnd"m—/fd" (A.18)

Example A.3. Note that the existence of g is crucial: The functions f,(x) :=
ﬁX[—n,n] (x) on R converge uniformly to 0 but [ fn(z)dz = 1. o

As stated, this result only holds for functions which are integrable in the
sense of Lebesgue. The problem is, that the limit of Riemann integrable
functions is no longer Riemann integrable in general. Of course, from a
technical point of view it is convenient to know that one does not have to
worry about integrability of the limit (and this is one of the main virtues of
the Lebesgue integral). On the other hand, in many situation the limit is
known and the question of integrability of the limit does not even arise. So
in the case where you know that the limit is Riemann integrable, you can
of course apply this result since the Lebesgue integral is an extension of the
Riemann integral. We will only use it in such situations.

Using the dominated convergence theorem we can easily answer the ques-
tion when an integral depends continuously/differentiable on a parameter:
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Lemma A.6. Let X C R, Y CR" and f: X xY — C. Suppose y —
f(z,y) is integrable for every x and x — f(x,y) is continuous for every y.
Then

- / Fla,y) dy (A.19)
Y

is continuous if there is an integrable function g(y) such that | f(z,y)| < g(y).

Proof. If J;k — then f(zg, ) — f(x,y) for every y and hence F(zj) =
[y f(@x,y)d™y — F(z) = [ f(z,y) d™y by dominated convergence. O

Lemma A.7. Let X CR, Y CR”, and f : X xY — C. Suppose y —
f(x,y) is integrable for all x and x — f(x,y) is differentiable for almost
every y. Then

_ / Fla,y) dy (A.20)
Y

is differentiable if there is an integrable function g(y) such that |%f(:v, y)| <
9(y). Moreover, y — %f(a:,y) is integrable and

9 n
- [ got@a (A.21)
in this case.
Proof. Writing
0 z+n"Yy) — f(x,
2 ) = tim ( 2 f(z,y)

n—00 n

we see that it is measurable. Moreover, by the mean value theorem we have

‘f($+€ay) — f(m,y)\

<
. <9(y)
and hence dominated convergence implies
F — F(x
o Flate) /fx+£ W)= few)
e—=0 e 5—>O
by dominated convergence. ([

Another related question is exchanging the order of integration:

Theorem A.8 (Fubini). Let f be mesurable on X1 x Xo C R™ x R™.
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(i) If f > 0, then [ f(.,z2)d™z9 and [ f(x1,.)d"z1 are both locally
integrable and

// f(acl,xg)d"+m(x1,3:2) = / < f(xl,xg)d"xl) dm.%'z
X1xXo X X1
:/ < f(.%‘l,.l‘g)dmaj‘2> d”xl. (A.22)
X1 X2

(ii) If f is complex-valued, then f is integrable if and only if either of
the marginal integrals

zo = [ |f(21,22)|d" 21 (A.23)
X1
or
Tl — \f(acl, afg)’dmxg (A.24)
X2
is integrable, in which case they both are, and (A.22|) holds.

In particular, if f(z1,z2) is either nonnegative or integrable, then the
order of integration can be interchanged. The case of nonnegative functions
is also called Tonelli’s theoremﬂ In the general case the integrability
condition is crucial, as the following example shows.

Example A.4. Let X :=[0,1] x [0,1] and consider

__r7Yy
f(xay)_ ($+y>3

/01/01f<x,y>dxdy——/ol(1+1y)2dy——;
)

but (by symmetry

/01 /Olf(x,y)dydx :/01 (1+1x)2d9:: %

Consequently f cannot be integrable over X (verify this directly). o

Then

Theorem A.9 (Jensen’s inequality). Let ¢ : (a,b) — R be convexr (a = —oo
or b = oo being allowed). Suppose X C R™ has finite measure | X| < oo and
f: X — (a,b) is integrable. Then the negative part of @ o f is integrable and

g0(|X1|/de”x) < |X1|/X(<pof) &'z (A.25)

For f > 0 the requirement that f is integrable can be dropped if o(b) is
understood as lim,_,;, (). Similarly, if ¢(x) depends only on the absolute
value of x, finiteness of the right-hand side will imply integrability of f.

I1.eonida Tonelli (1885-1946), Italian mathematician


http://en.wikipedia.org/wiki/Leonida Tonelli
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Theorem A.10 (change of variables). Let U,V C R"™ and suppose f €
CY(U,V) is a diffeomorphism and denote by J; = det(%) the Jacobi deter-
minant of f. Then

/ o(f (@) J5()|d"z = / g(y)d™y (A.26)
U 1%

whenever g is nonnegative or integrable over V.

Example A.5. For example, we can consider polar coordinates 15 :
[0,00) x [0,27) — R? defined by

Ta(p, ¢) := (pcos(p), psin(y)).

Then
0Ty

_ o |eos(e)  —psin(yp)
(p, )

sin(p)  pcos(p)

det

-
and one has

/f(pCOS(sO),psin(so))pd(p,<p)=/ f(x)d.
U

T2(U)

Note that T3 is only bijective when restricted to (0, 00) x [0,27). However,
since the set {0} x [0,27) is of measure zero, it does not contribute to the
integral on the left. Similarly, its image T5({0} x [0,27)) = {0} does not
contribute to the integral on the right. o

Example A.6. We can use the previous example to obtain the transforma-
tion formula for spherical coordinates in R™ by induction. We illustrate
the process for n = 3. To this end let z = (z1, 22, x3) and start with spher-
ical coordinates in R? (which are just polar coordinates) for the first two
components:

z = (peos(p), psin(p),z3),  p€[0,00), p € [0,2m).
Next use polar coordinates for (p, x3):
(p,z3) = (rsin(0),r cos(6)), r €10,00), 6 €0, 7].

Note that the range for @ follows since p > 0. Moreover, observe that r? =
p? + 2% = 27 + 23 + 23 = |z|? as already anticipated by our notation. In
summary,

x =T3(r,p,0) := (rsin(f) cos(p), rsin(f) sin(p), r cos(0)).

Furthermore, since T3 is the composition with 75 acting on the first two
coordinates with the last unchanged and polar coordinates P acting on the
first and last coordinate, the chain rule implies

oT: oT: oP

2 —det——2 det ———— = r2sin(h).

det ———— :
8(T7 P, 9) a(pv 1) ~T3) m’;ffégi?g) 8(7", ') 9)
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Hence one has
[ 1@ 0 sin@)dtr o) = [ fd
U T3(U)

Again T3 is only bijective on (0,00) x [0,27) x (0, 7).

It is left as an exercise to check that the extension to arbitrary dimensions
T, : [0,00) x [0,27) x [0,7]"~2 — R" is given by

T = Tn(T, ®, 915 s 39n72)

with

T = rcos(p)sin(f;)sin(f2) sin(f3) - - - sin(6,—_2),

T2 = rsin(y)sin(f;) sin(f2) sin(f3) - - - sin(6,—2),

x3 = r cos(fy) sin(fz) sin(f3) - - - sin(6,,—2),

x4 = rcos(fz) sin(f3) - - - sin(f,,—2),

Tp_1 = 7 cos(fp—3) sin(f,—2),

Tn, = 7 cos(fp—2).
The Jacobi determinant is given by

Ty 1 . . _
det 0 =" Lsin(h;) sin(hy)? - - - sin(h,_2)" 2. o

8(7’, P, ela s 70n72)
We also mention the following rule for integrating radial functions.

Lemma A.11. There is a measure o™~ ' on the unit sphere S"! :=

0B1(0) = {x € R"| |x| = 1}, which is rotation invariant and satisfies

/Rn glo)d’e = /OOO /Sn1 g(rw)r"~tdo" " (w)dr, (A.27)

for every integrable (or positive) function g.

Moreover, the surface area of S*' is given by
Sy =" (S = nV, (A.28)

where V,, := N"(B1(0)) is the volume of the unit ball in R™, and if g(x) =
g(|x]) is radial we have

/]R" g(x)d"z =S, /Ooog(r)rnldr. (A.29)

Clearly in spherical coordinates the surface measure is given by
do"™ ! = sin(8;) sin(f)? - - - sin(f,_2)" 2de db; - - - db,_o. (A.30)

Example A.7. Let us compute the volume of a ball in R":

Vo(r) = /]Rn XB, (0)d" .
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By the simple scaling transform f(z) = rz we obtain V,(r) = V,,(1)r" and
hence it suffices to compute V;, := V,,(1).

To this end we use (Problem [A.3))

[o¢] o0
/2 = / eIl gy = nVn/ e gy = —n;/n / e ss"/2 s
n 0 0

nV, _n n
=—T(2) =V, ['(=+1),
SUT() = Val(5 + 1)
where I' is the gamma function (Problem [A.4)). Hence
n/2
T
Vy,= ——. A.31
L5 +1) ( )
Since I'(z + 1) = 2T'(2) (see Problem [A.4)), the case V; = 2 shows
1
1“(5) =7 (A.32)
from which we conclude the well-known values Vo = 7 and V3 = %’r. o

Example A.8. The above lemma can be used to determine when a radial
function is integrable. For example, we obtain

/ |z|77d"r < 00 & 7y <n, / || 7d"r < 00 & y>n. o
B1(0) R™\ By (0)

Next we turn to approximation of f. The idea is to replace the value f(x)
by a suitable average computed from the values in a neighborhood. This is
done by choosing a nonnegative bump function ¢, whose area is normalized
to 1, and considering the convolution

(¢ f)(x) = o Pz —y)f(y)d'y = . o(y)f(x —y)d"y. (A.33)
For example, if we choose ¢, = |B.(0)|"'xp, (o) to be the characteristic
function of a ball centered at 0, then (¢, * f)(z) will be precisely the average
of the values of f in the ball B,(z). In the general case we can think of
(¢ f)(x) as a weighted average. Moreover, if we choose ¢ differentiable, we
can interchange differentiation and integration to conclude that ¢ x f will
also be differentiable. Iterating this argument shows that ¢ x f will have as
many derivatives as ¢. Finally, if the set over which the average is computed
(i.e., the support of ¢) shrinks, we expect (¢ * f)(x) to get closer and closer

to f(x).

Lemma A.12. Let ¢., € € (0,1], be a family of nonnegative integrable
functions satisfying

(1) Jgn ¢c(z)d"x =1 for all e > 0.
(ii) For every p > 0 we have lim, | flw\>ﬂ ¢e(z)d"z = 0.
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Figure A.1. The Friedrichs mollifier

Then for every bounded continuous function f we have
li (-« /)(2) = f(2) (A.34)
locally uniformly. If f is uniformly continuous the limit is even uniform.

Proof. Fix r > 0 and § > 0. Let M := sup,cpn [g(z)|. Since f is uniformly
continuous on By41(0) we can choose a p < 1 such that [f(z) — f(y)| <6
for all x € B, (0) and y with |z — y| < p. Then

(6e + f)() — f()] < / be(z — )| F(y) — f(@)ld"y
Rn
- / be(x — Y y) — f(@)|dy + / be(z — ) () — F@)|dy
ly ly

—z|<p —z|>p

<5+ 2M/ P (y)d"y.

ly[>p
Hence limsup, o |(¢< * f)(z) — f(2)| < & uniformly for z € B,(0). Since § is
arbitrary the claim follows. ([

If in the situation of the above lemma ¢. € C°(R"™), then ¢, is called
mollifier and in this case Lemma shows that ¢, x f € C>°(R") with

Oa(p* f) = (Oad) * [. (A.35)
Example A.9. Choosing any nonnegative function ¢ with fR” od'x = 1,

the family ¢.(z) = e "¢(%) will satisfy the conditions of the previous lemma
and the standard (also Friedrichs) mollifier (Figure [A.1]) corresponds to

1 1
Eexp(m)a 2] <1, / 1 n
T) = c:= exp(——)d"z.
o {07 2| > 1, B1(0) p(!fﬂP —7

To show that this function is indeed smooth it suffices to show that all right
derivatives of f(r) = exp(1) at r = 0 vanish, which can be done using
I’Hopital’s rule. o
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@ (G m
D
Figure A.2. Straightening out the boundary

Finally we come to the Gauss—Green theorem. Here we will need the
case of a surface arising as the boundary of some domain U C R”. To this
end we recall that U C R” is said to have a C! boundary if around any point
2% € OU we can find a small neighborhood O(x°) so that, after a possible
permutation of the coordinates, we can write

UNnO®) = {z € 0|z, > y(z1,...,201)} (A.36)
with v € C'. Similarly we could define C* or C*Y domains. We have
AU NO(2°) = {z € O |zy = y(x1,...,20-1)} (A.37)

and the outward pointing unit normal vector of U is defined by
1
V=
V1I+ 0172+ + (0h-17)2

The surface integral of a vector field v : U — R™ is defined as

/ u-vdS = / w21y Tno1,7) - (1Y, - oy Oy, —1)d" 2. (A.39)
ou U

(817, cee 7871—1'77 —1). (A38)

The surface measure dS is obtained by choosing u = v, that is,
dS =1+ (017)2 + - + (0p_17)2d" . (A.40)

If OU cannot be covered by a single neighborhood, the domain has to be
split into smaller pieces such that this is possible and the integral has to be
defined as a sum.

Moreover, we have a change of coordinates y = v (x) such that in these
coordinates the boundary is given by (part of) the hyperplane y, = 0. Ex-
plicitly we have 1 € C}H({U N O(2?), Vi (y?)) given by

Y(x) = (1, Tp1,2n —Y(T1, ..., Tpn_1)) (A.41)
with inverse ¢t € C}H (V4 (y°),U N O(2°)) given by
PN = W Y1 Un YW1 Yn1))- (A.42)

Clearly, v = (0,...,0,—1) and dS = d" 'y in the new coordinates. This is
known as straightening out the boundary (see Figure [A.2)).
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Theorem A.13 (Gauss-Green). If U is a bounded C* domain in R™ and
u € CYHU,R"™) is a vector field, then

/U(divu)d"m:/aUu-de. (A.43)

Here divu = Z;-Lzl Oju; s the divergence of a vector field.

This theorem is also known as the divergence theorem or as Ostro-
gradski formulzﬂ In the one-dimensional case it is just the fundamental
theorem of calculus.

Example A.10. Our main application of the Gauss—Green theorem will be
for balls. Hence let us at least verify the case of the unit ball in R®. By
linearity it suffices to consider the case where the vector field w is parallel
to one of the coordinate axes, say u = (0,0,u3) such that divu = Osus.

Abbreviating p := /2% + x5 we obtain

V1=p?
/ (divu)d 32 —/ / 8u3 x)dxs d(z1,z2)
B p<t /1= 3:1:3

= /p<1 (ug(xl,xg, V1—=p?) —uz(wy, 20, —/1 — P2)>d($17372)-

Parametrizing the upper /lower hemisphere S3 := {z|+x3 > 0, |x| = 1} using

— 2 ; — 1 ; —
x3 = £4/1 — p? we obtain dS = i (x1,x2). Since v = I%I (remember

that v needs to point outwards) this gives
/ u-udS—i/ ug(z1, 2, £/ 1 — p?)d(z1, x2)
S3 p<1

and verifies the Gauss—Green theorem for the unit ball in R?. Of course the
calculation easily generalizes to R". o

Applying the Gauss—Green theorem to a product fg we obtain

Corollary A.14 (Integration by parts). We have
/(@‘f)gd"x —/ fQdeS—/ fOj9)d =,  1<j<n, (Ad4)
oUu U

for f,g € CY(U).
Problem* A.3. Show

I, :—/ emlol? gy = /2,

(Hint: Use Fubini to show I,, = I and compute Iy using polar coordinates.)

2Mikhail Ostrogradsky| (1801-1862), Ukrainian mathematician, mechanician and physicist


http://en.wikipedia.org/wiki/Mikhail Ostrogradsky
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Problem* A.4. The gamma function is defined via
['(z) := / ¥ e %dz, Re(z) > 0. (A.45)
0

Verify that the integral converges in the indicated half-plane. Use integration
by parts to show

L(z+1) =2I(2), 1) =1. (A.46)
Conclude T'(n) = (n — 1)! for n € N.
Problem* A.5. Show that I'(3) = \/x. Moreover, show

L(n+ %) = (42717;)!! VT

(Hint: Use the change of coordinates x = t> and then use Problem )

Problem* A.6. Show
1
a *T'(z) = / s* log(1/s)* tds, Re(z) > 0,a > 0.
0
Problem A.7. Show

fe’e) e o] yzfl ﬂ.azfl
/ dm:/ dy = — , 0<Re(z)<1,aeC\(—o0,0].
oo G F€” 0 a+y sin(zm)

(Hint: First reduce it to the case a = 1. Then, use a contour consisting of
the straight lines connecting the points —R, R, R+ 2rwi, —R + 27i. Evaluate
the contour integral using the residue theorem and let R — oo. Show that
the contributions from the vertical lines vanish in the limit and relate the
integrals along the horizontal lines.)

Problem A.8. Show that the Beta function satisfies
! [(u)l
B(u,v) := / (1 e = L0E)
0

T(ut o) Re(u) > 0, Re(v) > 0.
A few other common forms are

w/2
B(u,v) = 2/ sin(#)%“~ ! cos(0)*~1d
0

[e%¢} Sufl i1 1 ) L
= —) P 1+s5)*" " (1—-3s)"""d
/0 (14 s)uty ’ /_1( =) ’

1
= n/ sl — 5™ s, n > 0.
0

Use this to establish Fuler’s reflection formula
T

T(2)D(1 - z) =

sin(mz)



A.2. Integration 343

and Legendre’s duplication formultﬂ
22271

LS

Conclude that the Gamma function has no zeros on C.

I'(2z) =

T()D(z + %).

(Hint: Start with T'(u)T'(v) and make a change of variables x = ts, y =
t(1 — s). For the reflection formula evaluate B(z,1 — z) using Problem [A.7]
For the duplication formula relate B(z, z) and B(},z).)

Problem A.9. Verify the Gauss—Green theorem (by computing both inte-
grals) in the case u(z) =z and U = B;(0) C R™.

Problem A.10. Let U be a bounded C' domain in R™ and set % =v-Vg.
Verify Green’s first identity

0
/ (fAg+Vf-Vo)dz = | f2as
U ou " Ov
for f € CH(U), g € C*(U) and Green’s second identity

. _ 99  Of
/(J(ng—gAwa—/aU( % gay>ds

for f,g € C*(U).
Problem A.11. Let f be a locally integrable function and define

][ F)dS(y) = — / F()dS (),
9B, (z)

nV,rn—1

1
fl)dty = / fl)d™y.
Lo forv=ps [ s
Suppose f € C*(R™) and show

0 r .
ol (080 = T Apway

B . ) n
&“][T(x)f(y)d YT <]£Br<x>f(y)d5(y) ]{BM fy)d y> .

Problem A.12 (Leibniz integral rule). Suppose f € C(R) with %(az,y) €
C(R), where R = [a1,b1]x[ag, ba] is some rectangle, and g € C*([a1, b1], [az, ba]).
Show

d 9@ ) 9@) o f
o fey= @@+ [y

3 Adrien-Marie Legendre| (1752-1833), French mathematician
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A.3. Fourier series

Given an integrable function f on (—m,7) we can define its Fourier series

F(f)(x) = % + Z (an cos(nz) + by, sin(nz)), (A.4T7)
neN

where the corresponding Fourier coefficients are given by

ap = i/ﬂ cos(nx) f(x)dz, by, == 1 /7r sin(nz) f(x)dx (A.48)

— ™ J—x
for n € Ng. At this point is just a formal expression and it was (and to
some extend still is) a fundamental question in mathematics to understand
in what sense the above series converges. For example, does it converge at a
given point (e.g. at every point of continuity of f) or when does it converge
uniformly?

For our purpose the complex form

F(H)@) =3 Fe™,  fuim

nel

e ™ f(y)dy (A.49)

:% .

will be more convenient. The connection is given via fi, = @, n € Ny
(with the convention by = 0).

The key observation is the following orthogonality
1 ™

21 )

1, m=n,

0 min (A.50)

eimyeinydy _ {

which shows that if the Fourier series converges uniformly, such that we can
interchange summation and integration, the Fourier coefficients are neces-
sarily given by the above formula.

To investigate convergence of the Fourier series, let us introduce the
associated Fourier polynomial of order n as

Fo(f)(@) = > fme™. (A.51)

m=—n

Lemma A.15. The Fourier coefficients of a square integrable function are
square summable and we have Bessel’s inequality

SR < o [ 15wPay (A.52)
ne”z -

Proof. First of all note that

L[ O S L noL
o [ IED@Pa = > e [T b = ST
- jk=—n - m=—n
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Furthermore, setting g, := f — F,(f)

[ i@Par = [ 1R0@ + (o)

—T —T

- [ imn@P e ([ g@nmer)+ [ @k

and using_ . .
| on@emeds = 2n(F - ) =0, jml <.
shows i
| a@P(p@)ds =0,
This shows N

LN 1 ([T 1 [
2 2, 2
SR+ | 1@ =Rl = 5 [ 15@Pd
from which the claim follows. O

Observe that our proof in fact shows that we will have equality if the
Fourier series converges uniformly. This is known as Parseval’s identityﬂ and
shows that the Fourier transform is unitary when viewed as a map from the
Hilbert space of square integrable functions to the Hilbert space of square
summable sequences. Making this precise requires further notation from
functional analysis as well as from measure theory and will not be addressed
here. For now the inequality will be sufficient to establish pointwise conver-
gence (we refer the curious reader to [34] or classical references like [17), 37|
for more information).

This lemma implies in particular, that the Fourier coefficients of a square
integrable function converge to zero. Since we can approximate integrable
functions by square integrable ones, this result extends to integrable func-
tions:

Corollary A.16 (Riemann—Lebesgue lemma). Suppose f is integrable, then
the Fourier coefficients fi, converge to zero as |k| — oo.

Proof. Consider f, := min( ,%)f. Then f, is bounded (|f,| < n) and

hence square integrable. Moreover since f,(x) — f(z) pointwise and |f,| <
|f|, dominated convergence shows that

Fon—Fil < / " faly) — F)ldy

4Marc-Antoine Parseval (1755-1836), French mathematician
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converges to 0 as n — co. Now fix £ > 0 and choose n such that |ﬁlk — fk| <
5 for k € Z. Since fnk — 0 as |k| — oo by Bessel’s inequality we can
find an index K such that | fnk\ < 5 for |k > K. In summary we get
|ﬁc| < ]ﬁlykffk|+|ﬁl7k| < ¢ for |k| > K as desired. O

Recall that a periodic function f € Cpe,[—, 7] is called uniformly Hélder
continuous with exponent v € (0, 1] if

[f]'y = sup |f(x)_f(y)|

A.53
r#yeR |x - yh ( )

is finite (here f is considered as a function on R to ensure that the condition
also holds around the boundary points). We will denote these functions by
Cgél[—ﬂ, 7. Clearly, any Holder continuous function is uniformly continuous
and, in the special case v = 1, we obtain the Lipschitz continuous func-
tions. Note that for v = 0 the Hélder condition boils down to boundedness.

Theorem A.17. Suppose
f(z) = f(xo)

(A.54)
Tr — X0
is integrable (e.g. f is Hélder continuous), then
Jlim Y7 el = f(ao). (A.55)
k=—m

Proof. Without loss of generality we can assume xg = 0 (by shifting z —
x — xg modulo 27 implying f, — e7#%0 f) and f(x) = 0 (by linearity since
the claim is trivial for constant functions). Then by assumption

is integrable and f(z) = (e — 1)g(x) implies fx = r_1 — g and hence

n ~
Z fk: = /g\,m,1 - /g\n
k=—m

Now the claim follows from the Riemann-Lebesgue lemma. O

If we look at symmetric partial sums F,(f) we can do even better.

Corollary A.18 (DirichlethiniH criterion). Suppose there is some o such
that
flzo+z)+ f(zo — ) — 2

. (A.56)

is integrable. Then F,(f)(z¢) — «.

5Ulisse Dini (1845-1918), Italian mathematician and politician
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Proof. Without loss of generality we can assume xg = 0. Now observe
(since Dn(—z) = Dn()) Su(f)(0) = a + Sn(9)(0), where g(z) := 5(f(z) +
f(—=z)) — « and apply the previous result. O

A consequence of this result is that continuity is not necessary for con-
vergence. If f has a jump at x( such that after subtraction of an appropriate
step function, the remainder is Holder continuous, the above result shows

that the Fourier series converges to w

On the other hand, if we want summable Fourier coefficients, then con-
tinuity of f is clearly necessary. The space of integrable functions whose
Fourier coefficients are summable is known as the Wiener algebra and an
easy characterization is not known. There are however convenient sufficient
conditions:

Theorem A.19 (Bernsteinﬁ). Suppose that [ € Cgél[—ﬂ,w] 1s Holder con-
tinuous of exponent v > %, then the Fourier coefficients are summable with

SRl < Gl (A.57)

keZ\{0}

Proof. In order to turn the Hélder condition |f(z + 6) — f(z)| < [f],67
into an estimate for the Fourier coefficients, we look at the L? norm of this
difference such that we can use Parseval’s identity. Now by Problem
the Fourier coefficients of f(z + §) — f(z) are (e'*® — 1)fk and to get rid
of this extra factor we restrict k according to 2 < |kd| < 4% such that
|0 — 1|2 = 2 — 2 cos(kd) > 3. Hence, choosing § := ZX2™™  we obtain

s

SRR I - 1PIRR = o [ 15w+ - f@)Pds
k

2m < |k|<2m+1 -
1
< §[f]3527-

Next we use Cauchy—Schwarz (note that the sum has 2-2™ terms) to estimate
the sum over the Fourier coefficients

1/2
. . 9(m+1)/2
Z | f| < 20mHD/2 Z |2 < vam
2m<|k|<2m 2m < |k|<2mtt

2 (21"

— /222 o(/2=v)mip
3 < 3 > Fh

Summing over m shows (A.57) with C, finite provided v > % O

6Sergei Bernstein (1880-1913), Russian mathematician
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.r|—m, 7] integration by

We can go even further using that for f € C;
parts shows

fu = %11” / 7; e () da. (A.58)

So if we assume that f is k£ times continuously differentiable with the k’th
derivative Holder continuous of exponent vy > %, then

~ 1
Dol <00, feC-mal v > 5. (A.59)
nez
Finally, note that if f is symmetric, f(z) = f(—=x), then all Fourier sine
coefficients will vanish and we can write it as a Fourier cosine series

)=+ ancos(na),  an = = /0 " cos(na)f(z)dz.  (A.60)
n=1

s
Similarly, if f is skew symmetric, f(z) = —f(—=x), then all Fourier cosine
coefficients will vanish and we can write it as a Fourier sine series

> T
f@) =Y basin(nz), by =~ / sin(na) f(x)da. (A.61)
n=1 T Jo
When applying the above results it is important to observe that while a
continuous function f € C[0, 7] can always extended to a symmetric func-
tion in Cpep[—m, 7], it can be extended to a skew symmetric function in
Cper[—m, 7] if and only if f(0) = f(7) = 0. Indeed, if f € Cpe,[—m, 7] we
have f(0) = —f(0) implying f(0) = 0 and f(7) = f(—7) = —f(w) imply-
ing f(m) = 0. Similarly, if we want to extend a function f € C¥[0, 7] to a
symmetric function in f € C’;feT [0, 7] we need to require that all odd deriva-
tives vanish at 0 and 7. If we want to extend a function f € C*[0,7] to a
skew symmetric function in f € C;feT[O,W] we need to require that all even
derivatives vanish at 0 and 7.

Finally, note that if the interval [—m, 7] is replaced by an arbitrary in-
terval [—L, L], the formulas change according to

F(f)(z) = % + Z (an cos (%Tm) + by, sin (n%a:)), (A.62)
neN
with
1 [k I
ap, = L/—L cos(n(w/L)x) f(x)dx, by := I /_L sin(n(w/L)x) f(x)dx
(A.63)
and

F(P@) = 3 Fue @02 fm o [ e gy, ()

nez
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Problem A.13. Let f € L'(—n, ) be periodic and a € R, n € Z. Show

9() ’g:k:
f(—2) Ji—k
f(x)* fie

fle+a)| e
(@) | fi-n

Problem A.14. Show that if f € CSJ[—W, 7| is Hélder continuous, then
~ f a\7
i< () wro
2 \n|

(Hint: What changes if you replace =™ by e~ W+m/m) jn (A 49)? Now
make a change of variables y — y — w/n in the integral.)







Appendix B

Real and functional
analysis

B.1. Differentiable and Hoélder continuous functions

The current section collects some required results for Lebesgue space from
[34] to which we refer the reader for further details and proofs.

Given U C R"™ we will denote the complex-valued continuous functions
by C(U). The set of all bounded continuous functions Cy(U) together with
the sup norm

[1flloc = sup | f(z)] (B.1)
zelU

is a Banach space (cf. Corollary from [35]). The space of continuous
functions with compact support C.(U) C Cy(U) is in general not dense and
its closure will be denoted by Co(U). If U is open, Cy(U) can be interpreted
as the functions in Cy(U) which vanish at the boundary

Co(U) :={f e C(U)|Ve >0,3K CU compact : |f(z)] <e, x € U\ K}.
(B.2)
Of course R™ could be replaced by any topological space up to this point.
Moreover, for U open the above norm can be augmented to handle dif-
ferentiable functions by considering the space C}(U) of all continuously dif-
ferentiable functions for which the following norm

Loo = [ fllo + Y 105 floo (B.3)

=1

I1f
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is finite, where 0; = %. Note that ||0; f|| for one j (or all j) is not sufficient
as it is only a seminorm (it vanishes for every constant function). However,
since the sum of seminorms is again a seminorm (Problem the above
expression defines indeed a norm. It is also not hard to see that C}(U) is
complete. In fact, let f™ be a Cauchy sequence, then f™(z) converges uni-
formly to some continuous function f(x) and the same is true for the partial
derivatives 0; f™(x) — g;j(x). Moreover, since f™(z) = f"(¢c,x2,...,2y) +
[P o™t ae, .. an)dt — f(x) = fle, a2, ... an) + [T gi(t, @2, ..., @n)dt
we obtain 01 f(z) = g1(x). The remaining derivatives follow analogously and
thus f™ — f in C}(U).

To extend this approach to higher derivatives let C*(U) be the set of
all complex-valued functions and recall the multi-index notation from Sec-
tion [A.I] Also recall that by the classical theorem of Schwarz the order in
which partial derivatives are performed is irrelevant. With this notation the
above considerations can be easily generalized to higher order derivatives:

Theorem B.1. Let U C R"™ be open. The space C’é“(U) of all functions
whose partial derivatives up to order k are bounded and continuous form a
Banach space with norm

1£llkc0 ==Y sup |0 f(@)]. (B.4)

o<k zeU

An important subspace is C§ (U) which we define as the closure of C*(U):

CH(U) = Ck(U). (B.5)
Note that the space C’f(U) could be further refined by requiring the highest
derivatives to be Holder continuous. Recall that a function f : U — C is
called uniformly Holder continuous with exponent v € (0, 1] if

g @) =SB
U= eryer o=yl (56)

is finite. Clearly, any Holder continuous function is uniformly continuous
and, in the special case v = 1, we obtain the Lipschitz continuous func-
tions. Note that for v = 0 the Hélder condition boils down to boundedness
and also the case v > 1 is not very interesting (Problem .

Example B.1. By the mean value theorem every function f € Cbl(U ) is Lip-
schitz continuous with [f]y < ||V flec, Where Vf = (01 f,...,0,f) denotes
the gradient. o
Example B.2. The prototypical example of a Holder continuous function
is of course f(x) = 27 on [0,00) with v € (0,1]. In fact, without loss of
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generality we can assume 0 <z <y and set t = & € [0,1). Then we have
Yyl —x7 1—¢7 1-—¢

< < =
(—op (1) ~1-1

From this one easily gets further examples since the composition of two

Holder continuous functions is again Holder continuous (the exponent being
the product). o

1.

It is easy to verify that this is a seminorm and that the corresponding
space is complete.

Theorem B.2. Let U C R"™ be open. The space Cém(U) of all functions
whose partial derivatives up to order k are bounded and Holder continuous
with exponent v € (0,1] form a Banach space with norm

1 ko0 = [f koo + D [Oafly: (B.7)

|laf=Fk

As before, observe that the closure of C*(U) is Cém(U) = C’f’v(U) N
C{f(U). Moreover, as also already noted before, in the case v = 0 we get a
norm which is equivalent to || f||,00 and we will set Cf’O(U) = CF(U) for
notational convenience later on.

Note that by the mean value theorem all derivatives up to order lower
than k£ are automatically Lipschitz continuous if U is convex.

Example B.3. So while locally, differentiability is stronger than Lipschitz
continuity, globally the situation depends on the domain: The sign function
is in C}(R\ {0}) but it is not in C,?’l(R \ {0}). In fact it is not even uni-
formly continuous. Also observe that the fact that its derivative is Lipschitz
continuous on R\ {0} does not help. o

Moreover, every Holder continuous function is uniformly continuous and
hence has a unique extension to the closure U (cf. Theorem from [35]).
In this sense, the spaces Cl? 7(U) and Cl? 7(U) are naturally isomorphic.
Consequently, we can also understand C’f 7(U) in this fashion since for a
function from C'If (U) all derivatives have a continuous extension to U. For
a function in CF(U) this will not work in general and hence we define C¥(U)
as the functions from CF(U) for which all derivatives have a continuous
extensions to U. Note that with this definition C{f (U) is still a Banach space
(since Cy(U) is a closed subspace of C,(U)). Finally, since Holder continuous
functions on a bounded domain are automatically bounded, we can drop the
subscript b in this situation.

Theorem B.3. Suppose U C R™ is bounded. Then C%2(U) C CO(U) C
C(U) for 0 < v1 < 2 <1 with the embeddings being compact.
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Proof. That we have continuous embeddings follows since |z — y|™" =
|z — y|72t02=) < (2r)2 M|z — y| 72 if U C B,(0). Moreover, that
the embedding C%1(U) C C(U) is compact follows from the Arzela—Ascoli
theoremﬂ (Theorem from [35]). To see the remaining claim let f,,, be a
bounded sequence in C%72(U), explicitly || finlloo < C and [fm], < C. Hence
by the Arzela—Ascoli theorem we can assume that f,, converges uniformly to
some f € C(U). Moreover, taking the limit in |f,(z) — fi(y)| < Clz — y|??
we see that we even have f € C%72(U). To see that f is the limit of f,, in
Co1(U) we need to show [gm],, — 0, where g, := f, — f. Now observe

that
Gl < sup 9m(@) = gmW) o m(@) = 9m(y)]
m =
k v#YEUile—y|ze |z =y rAYyeU:|lz—y|<e ‘.’L‘ - yhl

< 2/|gmllooe ™ + [gm] 12”27 < 2 lgmlloce” T + 20727,

implying imsup,,, o [gm]y; < 2C€7277 and since € > 0 is arbitrary this
establishes the claim. ]

As pointed out in the example before, the embedding C(U) C C’,? 1)
is continuous and combining this with the previous result immediately gives

Corollary B.4. Suppose U C R" s bounded, k1, ke € Ny, and 0 < 1,793 <
1. Then Ck22(U) C C*v(U) for k1 +v1 < ko + 72 with the embeddings
being compact if the inequality is strict.

Note that in all the above spaces we could replace complex-valued by
C™-valued functions.

Problem B.1. Show

Ci(U) = Ce(U) = {f € Cy(U)|0°f € Co(U), 0 < |o] < K}
(Hint: Use mollification and observe that derivatives come for free from
Lemma[B.13)

Problem B.2. Let U C R" be open. Suppose f : U — C is Hélder con-
tinuous with exponent v > 1. Show that f is constant on every connected
component of U.

Problem* B.3. Suppose X is a vector space and ||.|;, 1 < j < m, is a
finite family of seminorms. Show that ||z|| :== T2, ||lz[|; is a seminorm. It
is a norm if and only if ||x||; =0 for all j implies x = 0.

Problem* B.4. Let U C R". Show that Cy(U) is a Banach space when

equipped with the sup norm. Show that C.(U) = Co(U). (Hint: The function
me(z) = sign(z) max(0, |z| — e) € C(C) might be useful.)

ICesare Arzela (1847-1912), Italian mathematician

1Giulio Ascoli (1843-1896), Italian mathematician
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Problem B.5. Let U C R™. Show that the product of two bounded Hdélder
continuous functions is again Hélder continuous with

[faly < 1 fllsolgly + [fIAll9ll oo
Problem B.6. Let ¢ € L'(R") and f € C}(R"). Show
(6% fly < lloll1[f]5-

B.2. Lebesgue spaces

The current section collects some required results about Lebesgue spaces
from [34] to which we refer the reader for further details and proofs.

We fix some nonempty open subset U C R™ and define the LP norm by

1= ([ 15 ) R (B5)

and denote by L£P(U) the set of all complex-valued measurable functions for
which ||f||, is finite. First of all note that LP(U) is a vector space, since
[+ gl < 22 max(( ], [gl)? = 2° max(| [, |gl?) < 2°(If]" + |gl?). Of course
our hope is that £P(U) is a Banach space. However, there is a small technical
problem (recall that a property is said to hold almost everywhere if the set
where it fails to hold is contained in a set of measure zero):

Lemma B.5. Let f be measurable. Then

| 1s@pras=o (B.9)
U
if and only if f(x) =0 almost everywhere with respect to Lebesgue measure.

Thus || f|l, = 0 only implies f(z) = 0 for almost every x, but not for all!
Hence ||.||, is not a norm on £P(U). The way out of this misery is to identify
functions which are equal almost everywhere: Let

NU) :={f|f(z) = 0 almost everywhere}. (B.10)

Then N (U) is a linear subspace of LP(U) and we can consider the quotient
space

LP(U) :== LP(U)/N(U). (B.11)
If du is the Lebesgue measure on X C R", we simply write LP(X). Observe
that || f]|, is well defined on LP(U).

Even though the elements of LP(U) are, strictly speaking, equivalence
classes of functions, we will still treat them as functions for notational con-
venience. However, if we do so it is important to ensure that every statement
made does not depend on the representative in the equivalence classes. In
particular, note that for f € LP(U) the value f(z) is not well defined (unless
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there is a continuous representative and continuous functions with differ-
ent values are in different equivalence classes, e.g., in the case of Lebesgue
measure).

With this modification we are back in business since LP(U) turns out to
be a Banach space. Moreover, note that L2(U) is a Hilbert space with scalar
product given by

(f.g) = /X f(z)*g(z)dva. (B.12)

But before that let us also define L>(U). It should be the set of bounded
measurable functions B(X) together with the sup norm. The only problem is
that if we want to identify functions equal almost everywhere, the supremum
is no longer independent of the representative in the equivalence class. The
solution is the essential supremum

[flloo = nf{C[{z € U[|f(z)] > C} = 0}, (B.13)

where |V| denotes the Lebesgue measure of a set V' C R™. That is, C' is an
essential bound if |f(z)| < C almost everywhere and the essential supremum
is the infimum over all essential bounds.

Example B.4. The essential sup of xg with respect to Lebesgue measure
is 0. o

As before we set
L>(U) := B(U)/N(U), (B.14)
where B(U) are the bounded functions and observe that || f||~ is independent
of the representative from the equivalence class.

If you wonder where the co comes from, have a look at Problem

Since the support of a function in L? is also not well defined one uses the
essential support in this case:

supp(f) = X \ U{O|f = 0 almost everywhere on O C X open}. (B.15)

In other words, z is in the essential support if for every neighborhood the
set of points where f does not vanish has positive measure. Here we use the
same notation as for functions and it should be understood from the context
which one is meant. Note that the essential support is always smaller than
the support (since we get the latter if we require f to vanish everywhere on
O in the above definition).

Example B.5. The support of xg is @ = R but the essential support with
respect to Lebesgue measure is () since the function is 0 a.e. o

If X is a locally compact Hausdorff space (together with the Borel sigma
algebra), a function is called locally integrable if it is integrable when
restricted to any compact subset K C U. The set of all (equivalence classes
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of) locally integrable functions will be denoted by L}, .(U). We will say that

fn — fin L} (U) if this holds on L'(K) for all compact subsets K C U.
Of course this definition extends to LP for any 1 < p < oo.

Theorem B.6 (Holder’s inequality). Let p and q be dual indices; that is,

1 1
-—+-=1 (B.16)
p q
with 1 <p < oo. If f € LP(U) and g € LY(U), then fg € L*(U) and
1f gl < 1 fllpllgllq- (B.17)

Moreover, for f € LP(U) we have

1fllp = sup : (B.18)

/ fodtz
PECE(U),llpllq=11JU

Corollary B.7 (Minkowski’s inequalityEI). Let f,g € LP(U), 1 < p < 0.
Then

1+ glly < [[fllp + [lgllp- (B.19)

Theorem B.8 (Rieszﬁ—FischeIEI). The space LP(U), 1 < p < o0, is a Banach
space. The space L*(U) is a Hilbert space.

Corollary B.9. If |[f, — fllp = 0, 1 < p < oo, then there is a subse-
quence fp; (of representatives) which converges pointwise almost everywhere
and a nonnegative function G € LP(U) such that |fn,(x)| < G(x) almost
everywhere.

Theorem B.10. The set C.(U) of continuous functions with compact sup-
port is dense in LP(U), 1 < p < o0.

Theorem B.11. Consider LP(U)and let q be the corresponding dual index,
% + % = 1. Then the map g € L1 — L, € (LP)* given by

ly(f) = /Ugf d"z (B.20)
is an isometric isomorphism for 1 < p < co. If p = 0o it is at least isometric.

Note that we will sometimes also consider the case where the Lebesgue
measure d"x is replaced by some weighted version w(z)d"z, where w is some
nonnegative measurable function. We will write L?(U, w(x)d"z) in this case.
The norm is given by

1l = ( / \f(fv)!”w(x)d”w) R (B.21)

2Hermann Minkowski (1864-1909), German mathematician
3Flrig;yes Riesz (1880-1956), Hungarian mathematician
4Ernst Sigismund Fischer| (1875-1954), Austrian mathematician
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Everything said so far carries over verbatim to this case.

Theorem B.12 (Lebesgue differentiation theorem). Let f € L} (R"), 1 <
p < 00, then for a.e. x € R™ we have

o .
17}&)1 1B.(2)| B (o) |f(y) — f(x)[Pd"y = 0. (B.22)

The points where (B.22) holds are called LP Lebesgue points of f and
simply Lebesque points if p = 1.

Note that the balls can be replaced by more general sets. For example
we could use cubes instead of balls (show this).

Lemma B.13. The convolution (A.33) has the following properties:
(i) f(x—.)g(.) is integrable if and only if f(.)g(x —.) is and
(f*g)(@) = (g*f)(x) (B.23)

i this case.

(ii) Suppose ¢ € CF(R™) and f € L} _(R™), then ¢ * f € C*(R") and

loc
Oa(p* f) = (0ad) * [ (B.24)

for any partial derivative of order at most k.

(iii)) We have supp(f * g) C supp(f) + supp(g). In particular, if ¢ €
CFR™) and f € LL(R"), then ¢ x f € C*(R™).

(iv) Suppose ¢ € LYR™) and f € LP(R"), 1 < p < oo, then their
convolution is in LP(R™) and satisfies Young’s inequality

1@ fllp < ll@lllf 15 (B.25)
(v) Suppose ¢ > 0 with ||p||1 =1 and f € L>®(R") real-valued, then
it f@) £ (64 1)(0) < sup J(o). (B.26)

Lemma B.14. Let ¢. be an approximate identity. If f € LP(R™) with
1<p< oo, then
limgex f = f (B.27)
el0
with the limit taken in LP. Moreover, the convergence will also be pointwise

a.e. (in particular at every Lebesque point). In the case p = oo the claim
holds for f € Co(R™).

To formulate our result let U C R"™, f € LP(U) and consider the trans-
lation operator

flx—a), z—acl,

B.28
0, else, ( )

To(f)(z) = {
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for fixed a € R™. Then one checks ||T,]| = 1 (unless |(U —a) N U| = 0 in
which case T, =0) and T,f — f asa — 0 for 1 < p < oo (Problem [B.15).

Theorem B.15 (Kolmogorov—Riesz—Sudakov). Let U C R"™ be open. A
subset F' of LP(U), 1 < p < oo, is relatively compact if and only if

(i) for every e > 0 there is some 6 > 0 such that | Tof — fll, < € for
all la| < and f € F.

(ii) for every e > 0 there is some r > 0 such that ||[(1—xp, ) flp <€
forall f € F.

Of course the last condition is void if U is bounded.

Our final result is known as the fundamental lemma of the calculus
of variations.

Lemma B.16. Suppose X C R" is open and f € L (X). (i) If f is
real-valued then

/X o(x)f(x)d"e >0, Ve OX(X), p>0, (B.29)
if and only if f(z) >0 (a.c.). (ii) Moreover,

| e@f@aa=0.  voecrx). o0 (B30)
if and only if f(z) =0 (a.c.).

Proof. (i) Choose a compact set K C X and some ¢y > 0 such that K, :=
K + B, (0) C X. Set fi= fxk., and let ¢ be the standard mollifier. Then
(¢ f)(z) = (¢ * f)(z) > 0 for z € K, € < ¢ and since ¢, * f — f in
LY(X) we have (¢. * f)(z) — f(x) > 0 for a.e. z € K for an appropriate
subsequence. Since K C X is arbitrary the first claim follows. (ii) The first
part shows that Re(f) > 0 as well as —Re(f) > 0 and hence Re(f) = 0.
Applying the same argument to Im(f) establishes the claim. ([

The following variant is also often useful

Lemma B.17 (du Bois—ReymondEI). Suppose X C R™ is open and connected.
If f e Llloc(X) with

/ f(x)0jp(x)d"x =0, Vo e CF(X), 1<j<n, (B.31)
X
then f is constant a.e. on X.

5Paul du Bois-Reymond| (1831-1889), German mathematician
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PN’roof. Choose a ball B, CC U and some g9 > 0 such that B,;., C U. Set
[ = fxs,,., and let ¢ be the standard mollifier. Then by Lemma (i)

9j(9= * [)(x) = ((9j0¢) * f)(x) = ((0j¢e) * f)(x) =0, 2 € Br, e <ep.

Hence (¢, * f)(z) = ¢, for x € B, and as ¢ — 0 there is a subsequence which
converges a.e. on B,. Clearly this limit function must also be constant:
(¢ * f)(z) = c. = f(x) = c for a.e. z € B,. Now write U as a countable
union of open balls whose closure is contained in U. If the corresponding
constants for these balls were not all the same, we could find a partition

into two union of open balls which were disjoint. This contradicts that U is

connected. O
Problem* B.7. Let ||.| be a seminorm on a vector space X. Show that
N :={z € X|||z|| = 0} is a vector space. Show that the quotient space X/N
is a normed space with norm ||x + N|| := ||z||.

Problem* B.8. Suppose U is bounded. Show that L>(U) C LP(U) and
T 7= Il f € L)

Problem B.9. Is it true that

() LP(0,1) =L>(0,1)?
1<p<oo

Problem B.10. Construct a function f € LP(0,1) which has a singularity at
every rational number in [0,1] (such that the essential supremum is infinite
on every open subinterval). (Hint: Start with the function fo(z) = ||
which has a single singularity at 0, then fj(x) = fo(x —x;) has a singularity
at x;.)

Problem B.11. Show that for a continuous function on R™ the support and
the essential support with respect to Lebesque measure coincide.

Problem* B.12. Show the generalized Hélder’s inequality:

1 1 1

< . So=C B.32
1f gl <M flpllglle: 240 = (B.32)

Here we can allow p,q,r € (0,00] but of course ||.||, will only be a norm for
p=>1
Problem* B.13. Show the iterated Holder’s inequality:

- 1 1 1
1A fmlle < TT WMy, —+ o+ — == (B.33)
=1 D1 Pm r

Again with pj,r € (0,00] as in the previous problem.
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Problem* B.14. Show that if f € LP° N LP* for some pg < p1 then f € LP
for every p € [po, p1] and we have the Lyapunov inequalitzﬂ

£l < 1 1lo PN £ 1,
where % = 19 + p%, 0 € (0,1). (Hint: Generalized Hélder inequality from
Problem )

Problem* B.15. Let f € LP(U), 1 < p < oo and show that Ty f — f in LP
as a — 0. (Hint: Start with f € C.(U) and use Theorem[B.1()

B.3. Closed operators

The current section collects some required results about closed operators
from [35] to which we refer the reader for further details and proofs.
The graph of an operator A : ©(A) C X — Y between Banach spaces
is
['(A) :={(z, Az)|z € D(A)}. (B.34)
If A is linear, the graph is a subspace of the Banach space X & Y, which is
just the Cartesian product together with the norm

Iz 9) | xey = llzllx + lylly- (B.35)

Note that (zy,yn) — (z,y) if and only if x,, — x and y, — y. We call A
has a closed graph if I'(A) is a closed subset of X @Y.

We say that A has a closed graph if I'(A) is a closed subset of X @Y.

Theorem B.18 (Closed graph). Let A : X — Y be a linear map from a
Banach space X to another Banach space Y. Then A is continuous if and
only if its graph is closed.

Remark: The crucial condition here is that A is defined on all of X!

Operators whose graphs are closed are called closed operators. Warn-
ing: A closed operator will not map closed sets to closed sets in general. In
particular, the concept of a closed operator should not be confused with the
concept of a closed map in topology!

Being closed is the next option you have once an operator turns out to
be unbounded. If A is closed, then z, — x does not guarantee you that
Az, converges (like continuity would), but it at least guarantees that if Az,
converges, it converges to the right thing, namely Ax:

e A bounded (with ®(A) = X): z, — z implies Azx,, — Az.

o A closed (with ®(A) C X): =z, — z, z, € D(A4), and Az, — y
implies x € ®(A) and y = Ax.

6 Aleksandr Lyapunov, (1857-1918), Russian mathematician, mechanician and physicist
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Please observe that the domain ©(A) is an intrinsic part of the definition
of A and that we cannot assume ©(A) = X unless A is bounded (which is
precisely the content of the closed graph theorem). Hence, if we want an
unbounded operator to be closed, we have to live with domains. We will
however typically assume that ®(A) is dense and set

C(X,Y):={A:D(A) C X — Y|A is densely defined and closed}. (B.36)

One writes B C Aif ©(B) C D(A) and Bz = Az for x € ©(B). In this case
A is called an extension of B.

Example B.6. Two operators having the same prescription but different
domains are different. For example

D(A) = Co,1], Af = f'
and
D(B) = {f € C'[0,1]|£(0) = f(1) = 0}, Bf=f

are two different operators in X := C[0,1]. Clearly A is an extension of
B. Moreover, both are closed since f, — f and f], — ¢ implies that f is
differentiable and f’ = g. Note that A is densely defined while B is not. ¢

Be aware that taking sums or products of unbounded operators is tricky
due to the possible different domains. Indeed, if A and B are two operators
between Banach spaces X and Y, so is A + B defined on (A + B) :=
D(A) ND(B). The problem is that (A + B) might contain nothing more
than zero. Similarly, if A: ®(A) C X — Y and B: ©(B) CY — Z, then
the composition BA is defined on ©(BA) := {z € D(A)|Az € D(B)}.

Example B.7. Consider X := C[0, 1]. Let M be the the subspace of trigono-
metric polynomials and N be the subspace of piecewise linear functions.
Then both M and N are dense with M NN = {0}. o

If an operator is not closed, you can try to take the closure of its graph,
to obtain a closed operator. If A is bounded this always works. However, in
general, the closure of the graph might not be the graph of an operator as
we might pick up points (z,y1), (z,y2) € T'(A) with y; # y2. Since I'(A) is
a subspace, we also have (z,y2) — (z,y1) = (0,2 —y1) € I'(A) in this case
and thus I'(A) is the graph of some operator if and only if

I'(A) n{(0,y)ly € Y} = {(0,0)}. (B.37)

If this is the case, A is called closable and the operator A associated with
T'(A) is called the closure of A. Any linear subset ® C D(A) with the
property that A restricted to ® has the same closure, TIQ = A, is called a
core for A.
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In particular, A is closable if and only if z, — 0 and Ax,, — y implies
y = 0. In this case

D(A)={z € X|Fz, € D(A), y€Y : 2, — x and Az, — y},

Az =y. (B.38)

There is yet another way of defining the closure: Define the graph norm
associated with A by

[z]la = llellx + [[Az]ly, =€ D(A). (B.39)

Since we have ||Az| < ||z||a we see that A : D(A) — Y is bounded with
norm at most one. Thus far (D(A), ||.]|4) is a normed space and it suggests
itself to consider its completion X 4. Then one can check that X4 can be
regarded as a subset of X if and only if A is closable. In this case the
completion can be identified with D(A) and the closure of A in X coincides
with the extension of A in X4 by virtue of continuity. In particular, A is

closed if and only if (D(A), ||.||a) is complete.

Example B.8 (Sobolev spaces). Let X := LP(0,1), 1 < p < 0o, and consider
Af == f on D(A) := C1[0,1]. Then it is not hard to see that A is not closed
(take a sequence g, of continuous functions which converges in L to a non-
continuous function and consider its primitive f,,(z) = [ gn(y)dy). It is
however closable. To see this suppose f, — 0 and f], — ¢ in L. Then
fn(0) = fulz) — 3 fh(y)dy — — [ g(y)dy. But a sequence of constant
functions can only have a constant function as a limit implying g = 0 as
required. The domain of the closure is the Sobolev space W?(0,1) and
this is one way of defining Sobolev spaces. In particular, WP(0,1) is a
Banach space when equipped with the graph norm. In this context one
chooses the p-norm for the direct sum X @, X such that the graph norm
reads

[fllp = (Hng + Hffug)l/p_

<&

Example B.9. Another example are point evaluations in LP(0,1), 1 < p <
oo: Let zp € [0,1] and consider £y, : D({y,) — C, f +— f(zo) defined on
D(ly,) := C[0,1] C LP(0,1). Then f,(z) := max(0,1 — n|x — z¢|) satisfies
fn = 0 but £,,(fn) = 1. In fact, a linear functional is closable if and only if
it is bounded. ©

For the closure of sums and products see Problem|[B.16]and Problem|[B.17]
respectively.

Given a subset I' C X &Y we can define

I '={(y,2)|(z,y) ET}CY @ X. (B.40)
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In particular, applying this to the graph of an operator A, we will obtain
the graph of its inverse (provided A is invertible). Hence we see that an
invertible operator is closed if and only if its inverse is closed. Slightly more
general, we have:

Lemma B.19. Suppose A is closable and A is injective. Then At =a-T

Note that A injective does not imply A injective in general.

As a consequence of the closed graph theorem we obtain:

Corollary B.20. Suppose A € €(X,Y) is injective. Then A~ defined on
D(AY) = Ran(A) is closed. Moreover, in this case Ran(A) is closed if and
only if A™1 is bounded.

As in the case of bounded operators we define the resolvent set via
p(A) := {a € C|A — a is bijective with a bounded inverse} (B.41)

and call
Ra(a) :==(A—a)™}, a € p(A) (B.42)

the resolvent of A. The complement (A) = C\ p(A) is called the spec-
trum of A. As in the case of Banach algebras it follows that the resolvent
is analytic and that the resolvent set is open:

Lemma B.21. Let A be a closed operator. Then the resolvent set is open
and if ap € p(A) we have
[e.e]
Ry(a) = Z(a —ag)"Ra(ag)"™, o — ag| < [|[Ra(ao)]| L. (B.43)
n=0
In particular, the resolvent is analytic and
1

A—a) Y > —-—7-——. B.44
O ) (1.44)
It is also straightforward to verify the first resolvent identity
Ra(ag) — Ra(an) = (ap — ar) Ralaog) Ralan)
= (O[[) - Oél)RA(Oq)RA(ao), (B45)

for ag, a1 € p(A).

However, note that for unbounded operators the spectrum will no longer
be bounded in general and both o(A) = () as well as o(A) = C are possible.
Example B.10. Consider X := C[0,1] and A = % with D(4) = C[0,1].
We obtain the eigenvalues by solving the ordinary differential equation z/(t) =
ax(t) which gives z(t) = e®*. Hence every a € C is an eigenvalue, that is,

o(A)=C.
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Now let us modify the domain and look at Ay = % with ©(Agp) =
{z € C'0,1]|z(0) = 0} and Xy := {zr € C[0,1]]z(0) = 0}. Then the
previous eigenfunctions do not satisfy the boundary condition z(0) = 0 and
hence Ay has no eigenvalues. Moreover, the solution of the inhomogeneous
ordinary differential equation x’(t)—ax(t) = y(t) is given by z(t) = x(0)e™ +
[y ety (s)ds. Hence Ra,()y(t) = fg e®(t=9)y(s)ds is the resolvent of Ag.
Consequently o(Ag) = 0. o

Note that if A is closed, then bijectivity implies boundedness of the
inverse (see Corollary [B.20). Moreover, by Lemma an operator with
nonempty resolvent set must be closed.

Let us also note the following spectral mapping result.

Lemma B.22. Suppose A € €(X) is injective with Ran(A) is dense. Then
o(A7H\ {0} = (o(A)\ {0}~ (B.46)

and
Ra-1(a™h) = —aARa(a) = —a — a’Ra(a), aep(A)\{0}. (B.47)

In addition, for a # 0 we have Ker((A — o))" = Ker((A™! —a™1)") as well
as Ran((A — a))" = Ran((A~! — a™1)") for any n € N.

Concerning o = 0 note that 0 € o(A~!) if and only if A is unbounded
and vice versa.

In particular we can apply this lemma to the resolvent in case ag € p(A)
which shows

o(A) = ag + (0(Ra(a0)) \ {0})~ (B.48)

and Ker(Ra(ap) — a)" = Ker(A — ag — )" as well as Ran(Ra(ag) — )" =
Ran(A — ap — 2)" for a # 0 and n € N.

For example, this can be used to apply the Spectral theorem for compact
operators (Theorem [7.7|from [35]) to unbounded operators in case they have
a compact resolvent. To this end note that if we have Ra(a) € #(X) for
one o € p(A), then this holds in fact for all « € p(A) by the first resolvent
identity since compact operators form an ideal.

Theorem B.23. Suppose Ra(a) € H(X) for one a € p(A). Then the
spectrum of A consists only of discrete eigenvalues with finite (geometric
and algebraic) multiplicity.

Problem* B.16. Show that if A, B, and A+ B are closable, then A+ B C
A+ B with equality if A or B is bounded. Moreover, if B is bounded, then
A+ B is closable if and only if A is.
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Problem* B.17. Let A : D9(A) C X - Y and B: 9(B) CY — Z be
closable. If A € L(X,Y), then BA is closable and BA = BA. Similarly, if
B~le £(Z,Y), then BA is closable and BA = BA.

Problem* B.18. Suppose A is closed and B satisfies D(A) C D(B):

o Show that 1 4+ B has a bounded inverse if ||B|| < 1.
e Suppose A has a bounded inverse. Then so does A+ B if |BA™Y| <

. _ AL
1. In this case we have ||[(A + B)7|| < %-

Problem B.19. Let A be a closed operator. Show that for every o € p(A)
the expression ||fla = ||(A — a)z|| defines a norm which is equivalent to the
graph norm.

Problem* B.20. Let A be a closed operator. Show (B.45). Moreover,

conclude
B pa@) = nBa@™, L Ru(@)" = nRa(a)™.
dan ’ do

B.4. Weak convergence

The current section collects some required results about weak convergence
from [35] to which we refer the reader for further details and proofs.

Let X be a Banach space and X™*, X** its dual, bidual space, respectively.
Recall that point evaluation defined as J(x)(¢) := ¢(x) give an isometric map
J : X — X*. Then X is called reflexive is this map is surjective.

If (x,,) — £(z) for every ¢ € X* we say that z,, converges weakly to
x and write

w-limz, =2 or x, — x. (B.49)
n—oo

Clearly, x, — « implies z,, — x and hence this notion of convergence is
indeed weaker. Moreover, the weak limit is unique, since ¢(x,) — ¢(z) and
l(xy) — €(Z) imply ¢(x — Z) = 0. A sequence z,, is called a weak Cauchy
sequence if ¢(x,) is Cauchy (i.e. converges) for every £ € X*.

Lemma B.24. Let X be a Banach space.
(i) z, — z, yp — y and o, — « implies , +y, — = +y and
Ty — T,
(il) =, — x implies ||z|| < liminf ||z, ||.
(iii) Every weak Cauchy sequence x,, is bounded: |x,| < C.
(iv) If X is reflexive, then every weak Cauchy sequence converges weakly.
)

(v) A sequence x, is Cauchy if and only if €(xy,) is Cauchy, uniformly
for £ € X* with ||¢|| = 1.
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One of the most important results is analysis is the Heine-Borel theorem
which states that closed bounded sets in R™ are compact. In the case of
Banach spaces, this remains true if and only if the Banach space is finite
dimensional (cf. Theorem from [35]). In the infinite dimensional case
one has to replace norm convergence by weak convergence:

Theorem B.25 (Smulianﬂ). Let X be a reflexive Banach space. Then every
bounded sequence has a weakly convergent subsequence.

It is also useful to observe that compact operators will turn weakly con-
vergent into (norm) convergent sequences.

Theorem B.26. Let A € J#(X,Y) be compact. Then x, — x implies
Az, — Ax. If X is reflexive the converse is also true.

Problem* B.21. Let X be a normed space. Show that the following condi-
tions are equivalent.
(i) If |z + yl| = l|z|| + ||yl then y = ax for some a > 0 or x = 0.
(i) If ||| = llyll = 1 and © # y then ||Ax 4+ (1 — Ny|| < 1 for all
0< A<
(iii) If |zl = lyl =1 and x # y then gllz +yll < 1.

(iv) The function x +— ||z||? is strictly convex.

A norm satisfying one of them is called strictly convex.

B.5. The Bochner integral

The current section collects some required results about the Bochner integral
from [34] to which we refer the reader for further details and proofs.

In this section we want to recall how to extend the Lebesgue integral to
the case of functions f : U C R® — Y with values in a normed space Y.
This extension is known as Bochner integralﬁ Since a normed space has
no order we cannot use monotonicity and hence are restricted to finite values
for the integral. Other than that, we only need some small adaptions.

The idea is simple: Equip Y with the Borel o-algebra. A measurable
function s : U — Y is call simple if it takes only finitely many values

p
s = Zaj XA Ran(s) =: {O‘J'}?:p Aj =57 Hay). (B.50)
j=1

TVitold Shmulyan| (1914-1944), Soviet mathematician
€Salomon Bochner (1899-1982), Austrian mathematician
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We call s integrable if the Lebesgue measure |A;| is finite unless a; = 0. In
this case the integral can be defined via

/S(x)d”x = Zaj\Aj\. (B.51)
j=1

Then a measurable function f : U — Y is call integrable if there is a
sequence of integrable functions s, such that

lim / | f(z) = sn(z)||d"z = 0. (B.52)
n—oo U
In this case we can define the Bochner integral of f as
/f(x)d”x = lim [ sp(z)d"z=0. (B.53)
w n—oo U
Functions f : X — Y which are the pointwise limit of simple functions are
also called strongly measurable and we have:

Lemma B.27 (Bochner). A function f: X — Y is integrable if and only if
it is strongly measurable and ||f|| is integrable.

The Lebesgue spaces LP(U,Y') can be defined as usual and of course they
are complete:

Theorem B.28 (Riesz—Fischer). The space LP(U,Y), 1 < p < o0, is a
Banach space. The space L*(U,Y) is a Hilbert space.

Theorem B.29 (Minkowski’s integral inequality). Suppose, U C R™ and
V C R" open, Y a Banach space, and f : U x V — Y s strongly p ® v
measurable. Let 1 < p < oco. Then

/V FCp)dy

where the p-norm is computed with respect to LP(U,Y). In particular, this
says that f(x,.) is integrable for a.e x € U and [, f(.,y)d"y € LP(U,Y) if
the integral on the right is finite.

< /V 1£Co )™, (B.54)

Problem B.22. Let U C R"™ be a domain and I C R an interval. Show that
for a strongly measurable function f and 1 < p,r < oo we have

Iflrmey = sup / / (a2 lg (¢, 2)d"a dt,
1901 1 1t oy =21 U

where p', v are the corresponding dual indices. Moreover, it suffices to take
the sup over functions which have support in a compact rectangle.
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arg(z)
B,()
C
Cc(U)
Co(U)

CHU)
Ce(U)
cU,Y)
cT(U,Y)
Co(U)
CI;Q(UT)
xal(-)
5n,m

det

dim

div
diam(U)
dist(U, V)
GL(n)
I'(2)
r(fi....
5]

s fn)

..argument of z € C; arg(z) € (—m, 7], arg(0) =0
..open ball of radius r around x

.. the set of complex numbers

..set of continuous functions from U to C

..set of continuous functions vanishing on the

boundary oU

..set of k times continuously differentiable functions
.. set of compactly supported smooth functions
.. set of continuous functions from U to Y
..set of r times continuously differentiable functions
... Holder continuous functions of exponent ~y
.. functions with different degree of differentiability,
.. characteristic function of the set A
.. Kronecker delta
..determinant
..dimension of a linear space
..divergence of a vector filed
= SUpP(g y)cr2 d(z,y) diameter of a set
= inf(, ,)evxv d(z,y) distance of two sets
.. Napier’s constant, e* = exp(z)
.. general linear group in n dimensions
..gamma function
.. Gram determinant,
.. a Hilbert space
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Glossary of notation

inf

€ D~

8

_”_
8
_

..complex unity, i2 = —1
..imaginary part of a complex number
.. infimum

det df (x) Jacobi determinant of f at x

.. maximum

.. the set of positive integers

=NuU{0}

= (01f,...,0mf) gradient in R™

...outward pointing unit normal vector,

... Landau symbol, f = O(g) iff limsup,_,, |f(z)/g(z
.. Landau symbol, f = o(g) iff lim,_,, |f(z)/g(x)| =
.. the set of rational numbers
.. the set of real numbers
..real part of a complex number

= {z € R"||z| = 1} unit sphere in R"

= z/|z| for z # 0 and 1 for z = 0; complex sign function

... supremum
..support of a function f,

..set of finite linear combinations from M

.. the set of integers

..identity operator

..square root of z with branch cut along (—o0,0)
..complex conjugation

)l
0

= Ff, Fourier coefficients/transform of f
= F~1f, inverse Fourier transform of f

> j=1|7;* Euclidean norm in R™ or C”

.. Lebesgue measure of a Borel set A

..norm

..norm in the Banach space L?

..scalar product in $)

.. direct /orthogonal sum of vector spaces or operators
.. union of disjoint sets

= max{n € Z|n < z}, floor function

= min{n € Z|n > x}, ceiling function

.. partial derivative in multi-index notation

.. partial derivative with respect to x

U \ U° boundary of the set U

.. closure of the set U

.. interior of the set U

..V is relatively compact with V C U
...orthogonal complement

={A e R| A < X < A2}, open interval
={A e R| A <X < Ay}, closed interval
..norm convergence

< o0
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a priori bound, [54}
absolutely continuous, [T90]
Airy equation, [09]

Airy function, [06]

analytic, 285

angular frequency,

ball, [T03]

barrier function,
beam equation, [70] [89] [08]
Bessel equation, [74]
Bessel function, [72]
modified, [T4§]
Bessel potential,
Bessel’s inequality, [344]
Beta function, [342]
binomial coefficients, [330]
Black—Scholes equation,
blowup, [T4]
Bochner integral, [367] [363|
boundary,
boundary condition,
Dirichlet, [47]
Neumann, [58|
periodic,
Robin, [57]
boundary value problem, [6]]
bounded mean oscillation, [218
bounded variation, 207]
Burgers’ equation,

vicious, [I52]

cable equation, [59]

calculus of variations

direct method, 295]
Calder6n—Zygmund kernel,
Cauchy sequence

weak, [360]
Cauchy-Riemann equations, [34]
Chafee-Infante problem,
chain rule,
change of variables, [I196]
characteristic surface, [34] [4]
closure, [103]
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comparison principle,
conservation law, [T]]
contraction semigroup, 265]
convection-diffusion equation,
convergence
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convolution, [T46] [338]
core, [362]

d’Alembert operator, [165

d’Alembert’s formula, [5] 27} 5] [66]

delay differential equation, 270]
derivative

Fréchet,

Gateaux, 292]

variational, [292]
differential Harnack inequality, [T12]
diffusion equation, [{7]
Dirichlet boundary conditions, [£7]
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Dirichlet principle, m @
Dirichlet problem,
dispersion, [0]]
dispersion relation,
dissipation, [52} [07]
dissipative, [267]
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divergence, |341
divergence form,
divergence theorem, [341
domain, [T03]
dominated convergence theorem, [333]
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Duhamel formula, 250} 256]
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wave equation, [69] [87] [I67]
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encrey, 53, 68, [59) [I77
epigraph, [300]

error function, [I07]

essential support, [350]

essential supremum, [356|
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form domain, 224

Fourier series, [344]

cosine, [348|

sine, [65] [348]
Fourier sine series,
Fourier transform, [80] [I43]
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graph norm, [363]
Green function, [[23]
Green’s first identity, [343]
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heat equation, [26] [36] [£7} [269]
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Jacobi operator,
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operator
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