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Abstract. This article is a natural continuation of the paper [19]. We inves-

tigate line integrals of generalized holomorphic functions (GHF), which extend
properties of ordinary holomorphic functions to a broader framework including

Schwartz distributions and Colombeau holomorphic generalized functions. We
extend classical integral calculus results to the GHF framework, such as Mor-

era’s theorem, Cauchy-Goursat theorem, Cauchy’s integral formula, Cauchy’s

inequality, the mean value property, generalized versions of the Jordan curve
theorem and of the Riemann mapping theorem. Using distributional deriva-

tives of continuous homotopies, we show an alternative easier and more general

way to prove Cauchy-Goursat theorem.

1. Introduction

In the present work, we study line integrals of generalized holomorphic functions
(GHF), which were introduced in [19, Sec. 2.2]. In the GHF approach, generalized
functions share essential properties with ordinary holomorphic functions. In par-
ticular, in [19] we already proved a number of analogues of theorems from classical
analysis, such as generalized differentiability as sufficient condition for smooth-
ness, closure with respect to composition, Cauchy-Riemann equations, versions of
Goursat, Looman-Menchoff, and Montel theorems. We also showed that Schwartz
distributions (in R2) and Colombeau holomorphic generalized functions can be em-
bedded as GHF. Consequently, it is natural to expect that several classical theorems
of integral calculus, such as Cauchy’s integral theorem can also be extended from
the ordinary holomorphic case to the generalized holomorphic framework.

We underscore that these faithful generalizations are possible because there are
no a priori limitations on the evaluation f(z) for GHF and hence on the composition

f(γt) along a path γ : [a, b] −→ ρC̃, where we can also consider infinite z or γt. This
is not possible in classical Colombeau theory, see e.g. [21] and references therein,
but it is more similar to [25].

The structure of the paper is as follows. We start with an introduction to
generalized Ck-functions for k = 0, 1, as well as their calculus, which are necessary
for a suitable definition of path (Sec. 3). After presenting the basic definition of path
integral (Sec. 3), we can immediately prove the Cauchy independence of homotopy
theorem 25, and hence the Cauchy-Goursat theorem as a corollary. Remarkably, the
use of distributional/generalized derivatives of homotopies results into a simpler and
more general proof, opening the way for a differential homotopy theory, as envisaged
by [24]. In order to show some properties of the multidimensional integral calculus
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of generalized functions, we also derive the Cauchy-Goursat theorem from Green’s
theorem 45. We then prove Morera’s theorem, Cauchy’s integral formula, Cauchy’s
inequality, the mean value property (Sec. 3.2), a generalized version of Jordan curve
theorem (Sec. 3.1) and a version of the Riemann mapping theorem (Sec. 4). With
these results, we can e.g. prove that the interior of a generalized Jordan curve is
always simply connected and the related homotopy is a generalized smooth function
(GSF). In Sec. 5, we close with a comparison with different approaches to path
integration in the theory of Colombeau holomorphic functions.

For the general plan of this series of publications devoted to GHF, see the intro-
duction of [19].

We refer to [19, 11] for notions such as the ring of Robinson-Colombeau ρC̃,
subpoints, the sharp topology, internal sets, and strong internal sets, and [19] for
the notion of basic functions, limits, little-oh, and GHF as well as their notations
and properties.

The work only requires [19] as prior knowledge, in the sense that it includes a
completely self-contained reading path or alternative reading paths in which we
present all the statements required in the demonstrations and, of course, the rele-
vant citations.

2. The spaces of generalized continuous and generalized
differentiable functions

This section introduces a class of generalized functions from which we will choose

the paths for line integrals of GHF. Indeed, ρGC0 functions γ : [a, b] −→ ρC̃ de-

fined on an interval [a, b] ⊆ ρR̃ (see Def. 18) can be integrated using existence
and uniqueness of ρGC1 primitives (see Thm. 7 and Def. 9). We can also consider
multi-dimensional integration of ρGC0 functions, e.g. defined in the interior of a
generalized Jordan curve (see Def. 16 and Thm. 17), and this is useful in order
to apply a generalized Green’s theorem (see Thm. 45). These notions preserves
as many classical theorems as possible. For example, D′ ⊆ ρGC∞ ⊆ ρGC1 ⊆ ρGC0

(see [19, Def. 8] to recall ρGC∞) and hence they extend classical distribution theory
while retaining many nonlinear properties, such as the closure under composition
and hence the validity of change of variable formula and integration by parts.

In order to define ρGCk(X,Y ) functions (here we are only interested to the cases
k = 0, 1; see [7] for a more general approach), the first idea is to generalize the
notion of GSF (see [19, Def. 8]). To explain this idea, let us consider, for simplicity,

the 1-dimensional case, where the domain X ⊆ ρR̃: the idea is to take nets of Ck

representatives fε asking that all the derivatives f
(α)
ε (xε), with α ≤ k, are moderate.

However, this includes also non-moderate k+1 derivative, and hence results in the

impossibility to prove that the map [xε] 7→ [f
(k)
ε (xε)] is well-defined and sharply

continuous. In fact, the latter property is necessarily based on a Lipschitz property
of the form

|f (k)
ε (xε)− f (k)

ε (yε)| ≤ |f (k+1)
ε (θε)| · |xε − yε|, (2.1)

and the net
(
f
(k+1)
ε (θε)

)
could be non-moderate. This idea leads to the following

Def. 1.
At the same time, our work in [19] allows us to consider a second idea, by defining

ρGCk functions using little-oh: see [19, Def. 20]. Although we can prove that these
two ideas yield equivalent notions (see Thm. 4 below), we specifically need the latter
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in order to construct standard Jordan curves γε as representatives of generalized
simple closed paths γ(t) = [γε(tε)].

Our notations for intervals are e.g. [a, b] := {x ∈ ρR̃ | a ≤ x ≤ b} and (a, b) :=

{x ∈ ρR̃ | a < x < b}, but where we recall that x < y means x ≤ y and x − y
is invertible. In case we need to consider intervals in R and there is possibility
of confusion, we use notations of the type [r, s]R := {x ∈ R | r ≤ x ≤ s} for r,
s ∈ R. For example, it is sufficiently clear that [aε, bε] ⊆ R, whereas if r ∈ R>0, the
notation (0, r)R avoids possible misunderstandings.

We start with the first idea:

Definition 1. Let U ⊆ ρR̃n, Y ⊆ ρC̃d, and k = 0, 1. Then, we say that f : U −→ Y
is a generalized Ck-function (f ∈ ρGCk(U, Y )), if there exists a net fε ∈ Ck(Uε,Cd)
defining f in the sense that:

(i) U ⊆ ⟨Uε⟩;
(ii) f ([xε]) = [fε(xε)] ∈ Y for all x = [xε] ∈ U ;
(iii) (∂αfε(xε)) is ρ-moderate for all x = [xε] ∈ U and all multi-index α ∈ Nn

such that |α| ≤ k;
(iv) For all multi-index α ∈ Nn with |α| = k, the map [xε] ∈ U 7→ [∂αfε(xε)] ∈ Y

is well-defined and sharply continuous.

Actually, this definition works for any k ∈ N∪{+∞], and taking k = +∞, property
(iv) can be proved using moderateness of every derivative (iii) and the idea sketched
in (2.1), see [11, Thm. 16] and [11, Thm. 17] for the details.

Note, however, that the absolute value function | − | : ρR̃ −→ ρR̃ is not a ρGC1-
function because its derivative is not sharply continuous at the origin, even though
its right and left derivatives exist; clearly, it is a ρGC0-function.

It is also important to note that in Def. 1 for k = 1, we do not have any
linearization property of the derivative. However, as we did for GHF, we need such
linearization property even at the ε-level, similarly to what we did in [19, Def. 29].

Thus, by following this second idea, we can also define ρGCk, k = 0, 1, functions
using the general Def. 29 of [19]. For the sake of clarity, we reformulate it in the
following:

Definition 2. Let U ⊆ ρR̃, Y ⊆ ρC̃d, and C1(Ū) be the family of all C1-functions
defined in the open set Ū ⊆ R. We say that u ∈ ρGC1

∗(U, Y ) if:

(i) u : U −→ Y is a basic function with representatives uε ∈ C1(Ūε), where
U ⊆

〈
Ūε

〉
;

(ii) The map m : [xε] ∈ U 7→ [u′
ε(xε)] ∈ ρC̃ is basic and sharply continuous;

(iii) For each sharply interior point x ∈ U (i.e. Br(x) ⊆ U for some r ∈ ρR̃>0),
the following little-oh relation holds:

u(x+ h) = u(x) +m(x) · h+ o(h) as h → 0. (2.2)

We simply write u ∈ ρGC1
∗(U), if Y = ρC̃. Note explicitly that the differentiability

condition (2.2) is required at all point x in the sharp interior of U , whereas sharp
continuity of the map m is on the entire domain U .

Similarly, if U ⊆ ρR̃n, we say that u ∈ ρGC0
∗(U) if the condition u(x+h)−u(x) = o(1)

as h → 0 and with representatives uε ∈ C0(Ūε), U ⊆
〈
Ūε

〉
, holds for all x ∈ U .
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We have ρGC1
∗(U), ρGC1(U) ⊆ ρGC0(U). Moreover, ρGC1

∗-functions are
ρGC1-functions.

On the other hand, as we will see in Thm. 11 below, these two definitions are, in
fact, equivalent.

Before proving this, we first characterize sharply continuous functions using the
little-oh notations. In fact, by Lem. 25 of [19], we can conclude that

f is sharply continuous on U ⇐⇒ f ∈ ρGC0(U) ⇐⇒ f ∈ ρGC0
∗(U).

We now establish the following properties, which are analogous to the properties
of GHF (see [19, Thm. 22] for a comparison):

Theorem 3. Let u ∈ ρGC1
∗(U) and [xε] = x ∈ U be a sharply interior point. Then,

we have:

(i) From the strong little-oh relation in Def. 2, we have that there exists a sharp

neighborhood U0 of 0 and a basic function r : U × U0 −→ ρC̃ defined by (rε)
such that for all representatives [xε] = x and all [hε] ∈ U0:

ρlim
h→0

r(x, h) = 0 (2.3)

∀0ε : uε(xε + hε) = uε(xε) + hε · u′
ε(xε) + hε · rε(xε, hε), (2.4)

rε(xε, 0) = 0 = lim
h→0

rε(xε, h); (2.5)

Moreover, if s ∈ ρR̃>0 and x+Bs(0) ⊆ x+ U0 ⊆ U , we also have

∀0ε∀h ∈ BE

sε(0) : uε(xε + h) = uε(xε) + h · u′
ε(xε) + h · rε(xε, h); (2.6)

(ii) ∃Q ∈ R>0 ∀0ε : uε|BE

ρ
Q
ε

(xε) is a C1-function and u′(x) := limh→0
u(x+h)−u(x)

h =

[u′
ε(xε)];

(iii) The function rε in (i) can also be written as

∃[sε] ∈ ρR̃>0∀0ε∀h ∈ BE

sε(xε) : rε(xε, h) =

ˆ 1

0

u′
ε(xε + ht)dt− u′

ε(xε). (2.7)

Proof. (i): The first part is simply the definition of strong little-oh as given in [19,
Def. 29]. The second part (2.6) can be proved by contradiction exactly as [19,
(2.11)].
(ii): In fact x = [xε] ∈ U and U ⊆ ⟨Uε⟩ because (uε) defines u. Therefore, there

exists Q ∈ N such that BdρQ(x) ⊆ ⟨Uε⟩ because ⟨Uε⟩ is a sharply open set (see
[19, Def. 20]), and hence BE

ρQ
ε
(xε) ⊆ Uε for ε small. This yields the conclusion

because uε ∈ C1(Uε). Finally, (2.4) yields
u(x+h)−u(x)

h = [u′
ε(xε)] = r(x, h) for each

h invertible and sufficiently small. Thereby, (2.3) implies the conclusion.
(iii): From (2.6), for h ∈ BE

sε(0) \ {0} it suffices to multiply by h both sides of (2.7)
and integrate. For h = 0, the equality follows from rε(zε, 0) = 0 in (2.5). □

Note that the definition of derivative given in (ii) works only at sharply interior
point x ∈ U . Moreover, if U is open, then u′ ∈ ρGC0(U). On the other hand, if

U = [a, b] ⊆ ρR̃, where a < b, we can also define

u′(a) := u′
+(a) := lim

x→a
x>a

u′(x) = [u′
ε(aε)], (2.8)

u′(b) := u′
−(b) := lim

x→b
x<b

u′(x) = [u′
ε(aε)], (2.9)
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and these limits exists exactly because in Def. 2 we required that the map m : [xε] ∈
U 7→ [u′

ε(xε)] ∈ ρC̃ be sharply continuous in the entire U = [a, b].
The only difference between Def. 1 of ρGC1(U, Y ) functions and Def. 2 of ρGC1

∗(U, Y )
functions is the use of the little-oh linearization condition (2.2) instead of the mod-
erateness condition Def. 1.(iii). In the following ε-wise criterion for ρGC1

∗-functions,
we show that these are equivalent choices.

Theorem 4. Let Uε ⊆ ρR̃ be a net of open sets and xε ∈ Uε for all ε. Let (uε) be a

net of functions uε : Uε −→ C and q ∈ R>0. Set x := [xε] ∈ ρR̃, and suppose that:

(i) Bdρq (x) ⊆ ⟨Uε⟩;
(ii) uε ∈ C1

(
BE

ρq
ε
(xε)

)
and (uε) defines a basic function of the type Bdρq (x) −→

ρC̃;
(iii) ∀ [xε] ∈ Bdρq (x) : (u

′
ε (xε)) ∈ Cρ;

(iv) The map [xε] ∈ Bdρq (x) 7→ [u′
ε(xε)] ∈ ρC̃ is well-defined and sharply continu-

ous.

Then u := [uε(−)] |Bdρq (x)∈
ρGC1

∗
(
Bdρq (x)

)
. In particular, this also shows that

ordinary C1-functions on the open set Ω ⊆ R are embedded as ρGC1
∗-functions with

u ∈ C1(Ω) 7→ [u(−)]ρ ∈ ρGC1
∗(du(Ω)),

where x ∈ du(Ω) if and only if for some q ∈ R>0, conditions (i)-(iv) hold with

Uε = Ω. Note that if u ∈ C1(Ω), then du(Ω) ⊆ ρR̃ is sharply open, and it contains
compactly supported points in Ω, i.e.

⟨Ω⟩fin := {x ∈ ⟨Ω⟩ : z is finite, ∃r ∈ R>0 : d(x, ∂Ω) ≥ r} ⊆ du(Ω).

Proof. We start by proving that u is ρR̃-differentiable at x. To show that it is

also ρR̃-differentiable at any other w ∈ Bdρq (x) it suffices to consider a suitable
ball Bdρp(w) ⊆ Bdρq (x) and argue similarly. By assumption, (uε) defines a basic

function of type Bdρq (x) −→ ρC̃, so that we have to focus only on the remainder
functions rε that we define for all ε as

rε(x, h) :=

ˆ 1

0

u′
ε(x+ ht) dt− u′

ε(x) ∀x ∈ Uε := BE

ρq
ε
(xε)∀h ∈ U0ε := BE

ρq
ε
(0).

(2.10)
Recall that uε ∈ C1

(
BE

ρεq
(xε)

)
by assumption. Considering the product hεrε(xε, hε)

and integrating, we get (2.3) and (2.5) for all [xε] = x and all [hε] = h ∈ Bdρq (0).
From (iv) and (2.10), it follows that r(w, h) := [rε(wε, hε)] is well-defined for all
w = [wε] ∈ Bdρq (x) and all h ∈ Bdρq (0). Finally, by the integral mean value the-
orem r(x, h) = [u′

ε(xε + hεtε)] − [u′
ε(xε)] for some t = [tε] ∈ [0, 1]. Thus, by the

sharp continuity (iv) it follows ρlimh→0 r(x, h) = 0. □

By this theorem, we can hence conclude that ρGC1-functions defined on a sharply
open set are equivalent to ρGC1

∗-functions, i.e.
ρGC1

∗(U, Y ) = ρGC1(U, Y ).
For the sake of completeness, we cite that another intrinsic (i.e. not at ε-level of

representatives) of derivative can be based on the following theorem, called Fermat-
Reyes theorem or sometimes derivative à la Carathéodory (see references in [7]). It

shows that differential calculus for ρGCk+1-maps can be introduced by showing the
existence and uniqueness of another ρGCk-map serving as incremental ratio (cf. [7,
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Thm. 12]). The proof is the trivial generalization of [11, Thm. 33] from GSF to
ρGCk-maps.

Theorem 5. Let U ⊆ ρR̃n be a sharply open set, let v = [vε] ∈ ρR̃n, k ∈ N∪{+∞},
and let f ∈ ρGCk+1(U, ρC̃) be a ρGCk+1-map generated by the net of functions fε ∈
Ck+1(Ωε,C). Then,

(i) There exists a sharp neighborhood T of U × {0} and a map r ∈ ρGCk(T, ρC̃),
called the generalized incremental ratio of f along v, such that:

∀(x, h) ∈ T : f(x+ hv) = f(x) + h · r(x, h); (2.11)

(ii) Any two generalized incremental ratios coincide on a sharp neighborhood of

U × {0}, so that we can use the notation ∂f
∂v [x;h] := r(x, h) if (x, h) are

sufficiently small;

(iii) We have ∂f
∂v [x; 0] =

[
∂fε
∂vε

(xε)
]
for every x ∈ Uand we can thus define Df(x) ·

v := ∂f
∂v (x) :=

∂f
∂v [x; 0], so that ∂f

∂v ∈ ρGCk(U, ρC̃).

However, in the present work we do not use this result.
We close this section with the generalization to ρGC0 functions of the extreme

value theorem. This result will be useful to prove the existence and uniqueness
of ρGC1([a, b]) primitives Thm. 7 and Cauchy’s inequality Cor. 49. This kind of

generalizations are meaningful because intervals [a, b] ∈ ρR̃, a, b ∈ ρR̃, are neither
connected nor compact in the sharp topology: if a < c < b and D∞ is the clopen
set of all infinitesimals, then [a, b] = ([a, b] \ c+D∞) ∪ c + D∞, and in any finite
open cover of [a, b] we never have any dynamic point that lies on each open set of
the cover only for cofinal values of ε (recall [19, Def. 9], and see [10] for the details).

Theorem 6 (Extreme Value). Let u ∈ ρGC0(U) be a sharply continuous function

on the subset U of ρC̃n. Let ∅ ≠ K = [Kε] ⊆ U be an internal set generated by a net
(Kε) of compact sets Kε ⋐ Cn. Assume that K is sharply bounded, i.e. K ⊆ BR(0)

for some R ∈ ρR̃>0. Then

∃m,M ∈ K ∀x ∈ K : u(m) ≤ u(x) ≤ u(M).

Proof. Since K ̸= ∅, for ε sufficiently small, let us say for ε ∈ (0, ε0] ⊆ I, Kε is
non-empty and, by our assumptions, it is also compact. Let u be defined by the
net uε ∈ C0(Uε,R), with U ⊆ ⟨Uε⟩. As above, by contradiction, we have that
Kε ⊆ Uε ∩BE

Rε
(0), where R = [Rε], for ε small. Without loss of generality, we can

assume that all these ε-depending relations hold for ε ∈ (0, ε0]. Since each uε is
continuous, for all ε ∈ (0, ε0] we have

∃mε,Mε ∈ Kε ∀x ∈ Kε : uε(mε) ≤ uε(x) ≤ uε(Mε). (2.12)

Since mε, Mε ∈ Kε ⊆ BE

Rε
(0), both the nets (mε) and (Mε) are moderate. There-

fore, m = [mε] ∈ K and M = [Mε] ∈ K from (2.12) because K = [Kε] is an internal
set. Take any x ∈ [Kε], then there exists a representative (xε) such that xε ∈ Kε

for ε small. Therefore u(m) = [uε(mε)] ≤ [uε(xε)] = u(x) ≤ u(M). □

The latter result motivates the introduction of a notion of “compact set” called
functionally compact set which behaves better than the usual classical notion of
compactness in the sharp topology, see Def. 13 below. Finally note that even
infinite intervals such as K = [−dρ,dρ]n = [[−ρε, ρε]

n
R] satisfy the assumptions of

Thm. 6, even if [−dρ,dρ]n ⊇ Rn, i.e. they are classically unbounded.
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2.1. Integration of generalized continuous functions.

2.1.1. One dimensional integration using primitives. We can define one dimensional
integral calculus of ρGC0([a, b]) functions by showing the existence of ρGC1([a, b])
primitives. We recall that derivatives at boundary points a, b have been defined in
(2.8) and (2.9).

Theorem 7. Let f ∈ ρGC0 ([a, b]) be defined in the interval [a, b] ∈ ρR̃, where
a < b. Let c ∈ [a, b]. Then, there exists one and only one F ∈ ρGC1 ([a, b]) such
that F (c) = 0 and F ′(x) = f(x) for all x ∈ [a, b]. Moreover, if f is defined by the
net fε ∈ C0(R) and c = [cε], then

F (x) =

[ˆ xε

cε

fε(s) ds

]
(2.13)

for all x = [xε] ∈ [a, b].

In order to prove the uniqueness part, we need the following preliminary result:

Lemma 8. Let f ∈ ρGC1([a, b]), where a < b. If f ′(x) = 0 for all x ∈ (a, b), then
f is constant on [a, b].

Proof. For all x, y ∈ (a, b), we can write

f(x)− f(y) = [fε(xε)− fε(yε)] =

[
(yε − xε) ·

ˆ 1

0

f ′
ε(xε + s(yε − xε)) ds

]
= (y − x) · [f ′

ε(xε + sε(yε − xε))] = (y − x) · f ′(x+ s(y − x)), (2.14)

where sε ∈ [0, 1]R is provided by the integral mean value theorem and s := [sε] ∈
[0, 1]. Since x, y ∈ (a, b), we have x+s(y−x) ∈ (a, b) and hence f ′(x+s(y−x)) = 0.
Thereby, (2.14) yields f(x) = f(y) as claimed. By sharp continuity of f , this
constant value is also attained at a, b. □

Proof of Thm. 7. Fix representatives (aε), (bε) and (cε) of a, b, c such that

aε ≤ cε ≤ bε, [aε, bε] ⊆ Uε (2.15)

for ε small, where f is generated by a net fε ∈ C1(Uε,R). The net

Fε(x) :=

ˆ x

cε

fε(s) ds ∀x ∈ R (2.16)

is ρGC1 because |Fε(xε)| ≤ |xε − cε| · Mε and F ′
ε(xε) = fε(xε), where M = [Mε]

is the maximum value of f on [a, b] from the extreme value theorem Thm. 6. The
claimed properties of F now follow from Thm. 4. □

We can thus define:

Definition 9. Under the assumptions of Thm. 7, we denote byˆ (−)

c

f :=

ˆ (−)

c

f(s) ds ∈ ρGC1 ([a, b])

the unique generalized C1-function such that:

(i)
´ c
c
f = 0;

(ii)
(´ (−)

c
f
)
(x) = d

dx

´ x
c
f(s) ds = f(x) for all x ∈ [a, b].

All the classical rules of integral calculus hold in this setting:
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Theorem 10. Let f ∈ ρGC0(U) and g ∈ ρGC0(V ) be sharply continuous functions

defined on sharply open sets in ρR̃. Let a, b ∈ ρR̃ with a < b and c, d ∈ [a, b] ⊆ U∩V ,
then

(i)
´ d
c
(f + g) =

´ d
c
f +
´ d
c
g

(ii)
´ d
c
λf = λ

´ d
c
f ∀λ ∈ ρC̃

(iii)
´ d
c
f =
´ e
c
f +
´ d
e
f for all e ∈ [a, b]

(iv)
´ d
c
f = −

´ c
d
f

(v)
´ d
c
f ′ = f(d)− f(c), if f ∈ ρGC1(U)

(vi)
´ d
c
f ′ · g = [f · g]dc −

´ d
c
f · g′, if f, g ∈ ρGC1(U)

(vii) If f(x) ≤ g(x) for all x ∈ [a, b], then
´ b
a
f ≤
´ b
a
g.

(viii)
∣∣∣´ ba f(t) dt

∣∣∣ ≤ ´ ba |f(t)|dt.

(ix) If f(x) ≥ 0 for all x ∈ [a, b] and
´ b
a
f(t) dt = 0, then f = 0.

(x) Let a, b, c, d ∈ ρR̃, with a < b and c < d, and f ∈ ρGC1 ([a, b]× [c, d]), then

d

ds

ˆ b

a

f(τ, s) dτ =

ˆ b

a

d

ds
f(τ, s) dτ ∀s ∈ [c, d].

Theorem 11 (Change of variable formula). Let f ∈ ρGC0(U) and φ ∈ ρGC1(V,U)

be generalized functions defined on sharply open domains in ρR̃. Let a, b ∈ ρR̃, with
a < b, such that [a, b] ⊆ V , φ(a) < φ(b), [φ(a), φ(b)] ⊆ U . Finally, assume that
φ ([a, b]) ⊆ [φ(a), φ(b)]. Thenˆ φ(b)

φ(a)

f(t) dt =

ˆ b

a

f (φ(s)) · φ′(s) ds.

Theorem 10 and Theorem 11 follow directly from (2.13) and the usual rules of
the integral calculus, or directly from Def. 9 in case intrinsic proofs are preferred.

Moreover, the following mean value theorems can be easily proved using ε-
representatives:

Theorem 12 (Mean value). Let U ⊆ ρR̃ and let a, b ∈ ρR̃ such that [a, b] ⊆ U .
Then

(i) If f ∈ ρGC1(U), then ∃c ∈ [a, b] : f(b)− f(a) = (b− a) · f ′(c);

(ii) If f ∈ ρGC0(U), then ∃c ∈ [a, b] :
´ b
a
f(t) dt = (b− a) · f(c).

2.1.2. Multidimensional integration. Classically, in order to prove Cauchy integral

theorem for GHF, we can proceed in two ways: if γ = [γε(−)] : [a, b] −→ ρC̃ is a
closed path with Jordan curves representatives γε : [aε, bε] −→ C, we can use the
classical Green’s theorem with γε, or we can proceed intrinsically using some kind
of Green’s theorem for ρGC0 functions. In this section, we present motivations and
precise statements for this intrinsic multidimensional integration. However, some
proofs are not shown here, but we only refer to the corresponding literature. The
reader who wants to follow a completely self-contained path or is not interested in
this intrinsic multidimensional integration can skip the present section.

In our non-Archimedean setting, as noted above, an important problem is that

intervals [a, b] ⊆ ρR̃, even for a, b ∈ R, are not compact in the sharp topology. This
has been formally proved in [10, Thm. 25] for the case ρε = ε, but it is already
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intuitively clear: we can always cover any interval using only infinitesimal balls, but
using a finite number of them we cannot cover the entire interval. More generally,
no infinite standard set U ⊆ Rn is compact in the sharp topology, exactly because
the latter contains infinitesimal open sets. Moreover, since “dynamical” generalized
numbers include also scalars that can discontinuously jump among a finite num-
ber of open sets, this further intuitively motivates that not even intervals can be
compact sets with respect to the classical definition. Finally, such discontinuous
jumping representatives of generalized numbers must necessarily be considered if
we want to have a general mean value theorem (see [11, Sec. 6]). On the other
hand, in Thm. 6, we have seen that on internal and sharply bounded sets generated
by a net of ordinary compact sets our generalized functions assume maximum and
minimum values:

Definition 13. A subset K of ρC̃n is called functionally compact, denoted by

K ⋐f
ρC̃n, if there exists a net (Kε) such that

(i) K = [Kε] ⊆ ρC̃n;

(ii) K is sharply bounded, i.e. there exists R ∈ ρR̃>0 such that K ⊆ BR(0);
(iii) ∀ε ∈ I : Kε ⋐ Cn.

If, in addition, K ⊆ U ⊆ ρC̃n then we write K ⋐f U .

The name functionally compact subset is motivated by showing that on this type
of subsets, GSF have properties very close to those that ordinary smooth functions
have on standard compact sets (see [9]).

Remark 14.

(i) Recall that internal sets are always closed in the sharp topology, see [19,
Def. 5], so that functionally compact sets are closed and bounded sets.

(ii) By contradiction, it is not hard to show that condition (ii) of being sharply
bounded is equivalent to ∃N ∈ N ∀0ε ∀z ∈ Kε : |z| ≤ ρ−N

ε . If this property
holds for the net of subsets (Kε), we say that the net (Kε) is sharply bounded.

(iii) If K ⋐ Cn is a non-empty ordinary compact set, then the internal set [K] is
functionally compact.

(iv) Any closed interval is a functionally compact set: [a, b] ⋐f
ρR̃, for all a, b ∈ ρR̃.

(v) The empty set ∅ = [∅] ⋐f
ρC̃.

(vi) ρC̃n is not functionally compact since it is not sharply bounded.

(vii) The set of all finite points of ρR̃ is not functionally compact because the GSF
f(x) = x does not satisfy the conclusion of the extreme value theorem (see
[11, Cor. 51] for the proof).

In the present paper, we need the following property of functionally compact
sets:

Theorem 15. Let K ⊆ U ⊆ ρR̃n, f ∈ ρGC0(U, ρC̃d). Then K ⋐f
ρR̃n implies

f(K) ⋐f
ρC̃d.

Proof. Let (Kε) be as in Def. (13) and let f ∈ ρGC0(U, ρC̃d) be defined by the
net (fε) ∈ C0(Uε,Cd), where K = [Kε] ⊆ ⟨Uε⟩, so that, by the usual proof by
contradiction, without loss of generality we can assume Kε ⊆ Uε for all ε. Let us
first prove that f(K) = [fε(Kε)]. In fact, y ∈ f(K) = f([Kε]) is equivalent to

∃(xε) ∈ Rn
ρ ∀0ε : xε ∈ Kε and y = [fε(xε)] . (2.17)
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This necessarily entails y ∈ [fε(Kε)]. Vice versa, if y ∈ [fε(Kε)], then there exists
(yε) ∈ Cd

ρ such that yε ∈ fε(Kε) for ε small. Hence, for each of these ε there also
exists xε ∈ Kε such that yε = fε(xε), which implies y = [fε(xε)], i.e. (2.17) since
(Kε) is sharply bounded and hence (xε) is moderate. Clearly, fε(Kε) ⋐ Cd, so it
remains to prove that the net (fε(Kε)) is sharply bounded. If ∀ε0 ∃ε ≤ ε0 : Kε = ∅,
then [Kε] = K = ∅, so f(K) = ∅ and the conclusion is trivial. Otherwise, assume
that Kε ̸= ∅ for ε ≤ ε0 and proceed by contradiction assuming that

∀k ∈ N ∃L ⊆0 I ∀ε ∈ L∃yε ∈ fε(Kε) : |yε| > ρ−k
ε . (2.18)

We can write yε = fε(x
∗
ε) for some x∗

ε ∈ Kε, for all ε ∈ L. Take any x̄ε ∈ Kε for
ε ∈ I \L and set xε := x∗

ε if ε ∈ L and xε := x̄ε otherwise. Then x = [xε] ∈ K and
(fε(xε)) ∈ Cd

ρ by the definition of ρGC0-function, which contradicts (2.18). □

In classical analysis, when dealing with path integrals, we can use Green’s theo-
rem to convert a line integral around a simple closed path into a double integral over
the region bounded by the path. However, in the generalized framework, defining

the integral
´
D
f of a generalized C0-function f over a domain D ⊆ ρR̃n, which is

more general than an interval, cannot be easily accomplished.
In this case, it is natural to try an ε-wise definition of the type

´
D
f dµ :=[´

Dε
fε dµ

]
∈ ρC̃, where the net (fε) defines the generalized C0-function f and the

net (Dε) determines, in some way, the subset D ⊆ ρR̃n, e.g. D = [Dε] in case of
internal sets. In pursuing this idea, it is important to recall that the internal set
[0, 1]2 =

[
[0, 1]2R2

]
can also be defined by a net of finite sets. Indeed, if int(−) is the

integer part function, and we set

Nε := int
(
ρ−1/ε
ε

)
Kε :=

{
(a, b) ∈ R2 : a, b ∈

{
ρ1/εε , 2ρ1/εε , . . . , Nερ

1/ε
ε

}}
then the Hausdorff distance dH

(
[0, 1]2R2 ,Kε

)
= ρ

1/ε
ε and it is possible to prove that

this implies [0, 1]2 = [Kε], see [22, Cor. 2.10]. Consequently, if λ is the Lebesgue
measure on R, we have that the generalized number

[
λ
(
[0, 1]2R2

)]
= 1, whereas

[λ(Kε)] = 0 and, in general,
[´

[0,1]R2
fεdλ

]
̸=

[´
Kε

fεdλ
]
= 0. Therefore, even the

definition of integral over an interval cannot be easily accomplished by proceeding
ε-wise, i.e. on defining nets.

If we try to understand when such an ε-wise definition can be accomplished, it
turns out that we have to consider an enlargement BE

ρm
ε
(Kε) and then take m →

+∞.

Definition 16. Let µ be a Borel measure on Rn, K be a functionally compact

subset of ρR̃n, and f ∈ ρGC0(K, ρC̃d).

(i) We call K µ-measurable if the limit

µ(K) := lim
m→+∞
m∈N

[
µ
(
BE

ρm
ε
(Kε)

)]
exists for some representative (Kε) of K. The limit is taken in the sharp

topology on ρR̃;
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(ii) If K is µ-measurable, then integral of f over K is defined by
ˆ
K

f dµ := lim
m→∞

[ˆ
BE

ρmε
(Kε)

fε dµ

]
.

In the following result, we show that these definitions entail a correct notion of
multidimensional integration for generalized C0-functions (see [11, Thm. 58]).

Theorem 17. Let K ⊆ ρR̃n be µ-measurable and f = [fε(−)] ∈ ρGC0(K, ρC̃d). We
have:

(i) The definition of µ(K) is independent of the representative (Kε);
(ii) There exists a representative (Kε) of K such that µ(K) = [µ(Kε)];
(iii) The integral

´
K
f dµ exists and its value is independent of the representative

(Kε);
(iv) There exists a representative (Kε) of K such thatˆ

K

f dµ =

[ˆ
Kε

fε dµ

]
;

(v) If λ is the Lebesgue measure on Rn and K =
∏n

i=1[ai, bi], then K is λ-
measurable andˆ

K

f dλ =

[ˆ b1,ε

a1,ε

dx1 . . .

ˆ bn,ε

an,ε

fε(x1, . . . , xn) dxn

]
for any representatives (ai,ε), (bi,ε) of ai and bi, respectively.

For results about additivity of
´
(−)

f dµ and about exchange of hyperlimits and

integration, see [11].
This results also highlight the importance of choosing a suitable representative of
K, e.g. a representative of the closed region bounded by a (generalized) Jordan
path in a line integral.

3. Complex integration of generalized holomorphic functions

We first consider the notion of path in the class ρGC1 of piecewise generalized
differentiable functions. This approach allows us to encompass a broad and diverse
range of functions, capturing the most general possible cases.

Definition 18.

(i) A regular parametrized curve is a map z ∈ ρGC1([a, b], ρC̃) defined on some

interval [a, b] ⊆ ρR̃, a ≤ b, such that z′(t) ∈ ρR̃ is invertible for all t ∈ [a, b].
(ii) A regular path γ is an equivalence class of regular parametrized curves with

respect to the following equivalence relation: Let z1 : [a1, b1] → ρC̃, z2 :

[a2, b2] → ρC̃ be regular parametrized curves. Then z1 is called equivalent
to z2, if there exists a bijective function φ : [a1, b1] → [a2, b2] such that φ,
φ−1 ∈ ρGC1, z2 ◦ φ = z1, and φ′ > 0.

(iii) We say that γ : [a, b] → ρC̃ is a path if γ is sharply continuous on [a, b] and
there exists a = a0 < a1 < · · · < an = b, n ∈ N>0, such that |γ′

−(ak) −
γ′
+(ak)| ∈

ρR̃>0 for all k = 1, . . . , n − 1, and γ|[ak,ak+1] is a regular path for
all k = 0, 1, . . . , n− 1.

Remark 19.
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(i) The existence of the right derivative γ′
+(ak) and the left derivative γ′

−(ak),
for all k = 1, 2, . . . , n−1, is guaranteed by sharp continuity of γ′(−), see (2.8)
and (2.9).

(ii) The generalized numbers a1 < a2 < · · · < an−1 are uniquely determined. In
fact, if e.g. a1 = a < ā2 < a3 had the same properties, from the generalized
trichotomy law [19, (1.4)] we would get a2 <s ā2 or ā2 <s a2. Since we
know that γ′

−(t) = γ′
+(t) on the open intervals (ak−1, ak) and |γ′

−(ak) −
γ′
+(ak)| ∈ ρR̃>0, working on subpoints confirms that the breakpoints are

uniquely determined.
(iii) Using ideas similar to those we will see in the proof of Thm. 30, we can prove

that a representative [γε(−)] = γ such that ∀0ε : γε is a continuous piecewise
C1-function always exists.

(iv) It could be interesting to consider a more general class of paths, where the

number of regular pieces is a hyperfinite number n = [nε] ∈ ρÑ. For example,
this is a necessary extension in case one wants to approximate a regular path
with a polygonal one having an hyperfinite number of sides.

Example 20. For x, y ∈ ρR̃, write x ≫ y if x − y ≥ r for some r ∈ R>0. Let

H ∈ ρGC∞(ρR̃, ρR̃) be a GSF such that H(x) = 1, if x ≫ 0, H(x) = 0, if x ≪ 0, and
H(0) invertible (several suitable regularizations of the classical Heaviside function

by a smooth mollifier satisfy such properties, see also Example 43). Let a, b, c ∈ ρR̃
such that a ≪ b ≪ c. We define Hab(x) := H(b − x) · H(x − a) for all x ∈ ρR̃,
so that Hab(x) = 1 if a ≪ x ≪ b and Hab(x) = 0 if x ≪ a or x ≫b. Then,

Hab ∈ ρGC∞(ρR̃, ρR̃). If γ ∈ ρGC1([a, b], ρC̃) and η ∈ ρGC1([b, c], ρC̃), we have (with

a little abuse of notation) µ := γ ·Hab + η ·Hbc ∈ ρGC1([a, c], ρC̃) and µ(x) = γ(x)
if a ≪ x ≪ b, µ(x) = η(x) if b ≪ x ≪ c.

Definition 21. The length of a regular path γ : [a, b] → ρC̃ is defined as

length(γ) :=

ˆ b

a

|γ′(t)|dt ∈ ρR̃.

Actually, here we need an integration of ρGC0 (by primitives) because the absolute
value function | − | /∈ ρGC1 but it is in ρGC0. Like in the classical case, this notion
of length is well defined, i.e. it is independent of the parametrization, by the chain
rule and the change of variable formula, see [19, Thm. 24] and Thm. 11. However,

recall that now γ can also be a distribution and that it could be that length(γ) ∈ ρR̃
is an infinite number.

The points γ(a) and γ(b) are called the end-points of the path and are indepen-
dent on the parametrization. The path γ is said to lie in a sharply open set U if

each t ∈ [a, b], the point γ(t) ∈ U . Let γ1, γ2 : [a, b] → ρC̃ be two paths with the
same starting point and end point. We call h : [a, b] × [c, d] → U a (generalized)
homotopy in U between γ1 and γ2, if h is sharply continuous and h(t, c) = γ1(t)
and h(t, d) = γ2(t), for all t ∈ [a, b]. Note explicitly that, even if sometime we will
omit the adjective generalized, we are extending these basic notions of algebraic
topology to a larger class of homotopies, including distributional ones. The proof
below of the Cauchy independence of homotopy theorem 25, or a generalized ver-
sion of the Riemann mapping theorem 51 is another non-trivial result going in the
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same direction. See [24] for the use of generalized functions for homotopy theory
of diffeological spaces using nonstandard analysis methods.

Example 22. Let U ⊆ ρC̃ be any ρR̃-convex set (i.e. with respect to scalars in the

ring ρR̃), let γ1, γ2 : [a, b] → U be paths in U . Then the map h : [a, b]× [0, 1] → U ,
h(t, s) := (1−s)γ1(t)+sγ2(t) is clearly a generalized homotopy in U between them.

Definition 23. Let U ⊆ ρC̃.
(i) U is pathwise connected if given two points α and β in U , there exists a path

in U which joints α to β;
(ii) U is (generalized) simply connected of class k ∈ N if it is pathwise connected

and if any closed path in U is generalized homotopic in U to a point (constant

path), where the homotopy is of class ρGCk;

For example, every open ball Br(z0), z0 ∈ ρC̃, r ∈ ρR̃>0, or closed balls Br(z0) are
ρR̃-convex and generalized simply connected.

We then consider the notion of integral of sharply continuous functions along
paths.

Definition 24. Given a sharply open set U ⊆ ρC̃, a path γ in U parametrized

by γ(−) = [γε(−)] : [a, b] → ρC̃ and with boundary points a0, . . . , an, and f ∈
ρGC0(U, ρR̃). We define the integral of f along γ by

ˆ
γ

f(z) dz :=

n−1∑
k=0

ˆ ak+1

ak

f(γ(t))γ′(t) dt

=

[
n−1∑
k=0

ˆ ak+1,ε

ak,ε

fε(γε(t))γ
′
ε(t) dt

]
=

[ˆ
γε

fε(z) dz

]
∈ ρC̃.

In order for this definition to be meaningful, we must show that the right-hand
integral is independent of parametrization chosen for γ. Once again, this follows
like in the classical case since integration of GSF satisfy the change of variable
formula and the chain rule.

Furthermore, using generalized derivatives, we can prove the Cauchy’s indepen-
dence of homotopy theorem. Even if we consider a ρGC2 generalized homotopy
instead a sharply continuous map, we recall that ordinary continuous homotopies
are embedded in ρGC2, and hence the following theorem generalizes the classical
one.

Theorem 25 (Cauchy’s independence of homotopy theorem). Let U ⊆ ρC̃ be a

sharply open set, f : U −→ ρC̃ be a GHF, γ1, γ2 : [a, b] −→ U be ρGC1-paths in U ,
and h ∈ ρGC2 ([a, b]× [0, 1], U) be a generalized homotopy in U between γ1 and γ2
such that h(a, s) = h(a, 0), h(b, s) = h(b, 0) for all s ∈ [0, 1]. Then for all s ∈ [0, 1],
we have ˆ

h(−,s)

f(z) dz =

ˆ
h(−,0)

f(z) dz.

In particular, ˆ
γ1

f(z) dz =

ˆ
γ2

f(z) dz.
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Proof. Set γs(−) := h(−, s) and I(s) :=
´
h(−,s)

f(z) dz, s ∈ [0, 1]. To prove the

theorem, it suffices to show that the function I(s) is constant. By the closure with
respect to composition, it is clear that I(−) is still ρGC2, and

I(s) =
ˆ
h(−,s)

f(z) dz =

ˆ b

a

f (h(t, s)) · ∂th(t, s) dt.

Hence, from (x) of Thm. 10, we have

dI(s)
ds

=
d

ds

ˆ
h(−,s)

f(z) dz =

ˆ b

a

∂

∂s
[f (h(t, s)) · ∂th(t, s)] dt

=

ˆ b

a

[
∂

∂s
f (h(t, s)) · ∂th(t, s) + f (h(t, s)) · ∂s∂th(t, s)

]
dt.

Define f(z) =: u(x, y) + iv(x, y) for all z = x + iy ∈ U , so that by the Cauchy-
Riemann equations we have ∂xu = ∂yv and ∂yu = −∂xv. Moreover, define h =:
h1 + ih2, then ∂th(t, s) = ∂th1(t, s) + i∂th2(t, s). Thus,

∂

∂s
f (h(t, s)) =

∂

∂s
[u(h1(t, s), h2(t, s)) + iv(h1(t, s), h2(t, s))]

= ∂xu (h(t, s)) · ∂sh1(t, s) + ∂yu (h(t, s)) · ∂sh2(t, s)

+i [∂xv (h(t, s)) · ∂sh1(t, s) + ∂yv (h(t, s)) · ∂sh2(t, s)]

= ∂xu (h(t, s)) · ∂sh1(t, s) + ∂yu (h(t, s)) · ∂sh2(t, s)

+i [−∂yu (h(t, s)) · ∂sh1(t, s) + ∂xu (h(t, s)) · ∂sh2(t, s)] .

Then, we have

∂

∂s
f (h(t, s)) · ∂th(t, s) = [∂xu (h(t, s)) · ∂sh1(t, s) + ∂yu (h(t, s)) · ∂sh2(t, s)

+i [−∂yu (h(t, s)) · ∂sh1(t, s) + ∂xu (h(t, s)) · ∂sh2(t, s)]]

· [∂th1(t, s) + i∂th2(t, s)]

= ∂xu(h(t, s)) · ∂sh1(t, s) · ∂th1(t, s)

+∂yu(h(t, s)) · ∂sh2(t, s) · ∂th1(t, s)

−∂xu(h(t, s)) · ∂sh2(t, s) · ∂th2(t, s)

+∂yu(h(t, s)) · ∂sh1(t, s) · ∂th1(t, s)

+i∂xu(h(t, s)) · ∂sh1(t, s) · ∂th2(t, s)

+i∂yu(h(t, s)) · ∂sh2(t, s) · ∂th2(t, s)

−i∂yu(h(t, s)) · ∂sh1(t, s) · ∂th1(t, s)

+i∂xu(h(t, s)) · ∂sh2(t, s) · ∂th1(t, s).
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Similarly,

∂

∂t
f (h(t, s)) · ∂th(t, s) = ∂xu(h(t, s)) · ∂th1(t, s) · ∂sh1(t, s)

+∂yu(h(t, s)) · ∂th2(t, s) · ∂sh1(t, s)

−∂xu(h(t, s)) · ∂th2(t, s) · ∂sh2(t, s)

+∂yu(h(t, s)) · ∂th1(t, s) · ∂sh1(t, s)

+i∂xu(h(t, s)) · ∂th1(t, s) · ∂sh2(t, s)

+i∂yu(h(t, s)) · ∂th2(t, s) · ∂th2(t, s)

−i∂yu(h(t, s)) · ∂th1(t, s) · ∂th1(t, s)

+i∂xu(h(t, s)) · ∂th2(t, s) · ∂th1(t, s).

Therefore, we have

∂

∂s
f (h(t, s)) · ∂th(t, s) =

∂

∂t
f (h(t, s)) · ∂th(t, s).

This implies

dI(s)
ds

=

ˆ b

a

[
∂

∂s
f (h(t, s)) · ∂th(t, s) + f (h(t, s)) · ∂s∂th(t, s)

]
dt.

=

ˆ b

a

[
∂

∂t
f (h(t, s)) · ∂sh(t, s)

]
dt+

ˆ b

a

f (h(t, s)) · ∂s∂th(t, s) dt.

=

[
∂

∂t
f (h(t, s)) · ∂sh(t, s)

]t=b

t=a

−
ˆ b

a

f (h(t, s)) · ∂s∂th(t, s) dt

+

ˆ b

a

f (h(t, s)) · ∂s∂th(t, s) dt

= f(h(b, s)) · ∂sh(b, s)− f(h(a, s)) · ∂sh(a, s).

This yields the conclusion because by the assumption that h(a, s) = h(a, 0) and
h(b, s) = h(b, 0) for all s ∈ [0, 1], we have ∂sh(a, s) = 0 = ∂sh(b, s). □

Recall that [25, Prop. 4.10] proves the homotopy theorem by reducing the cal-
culations at the ε-level, and the proposition is actually stated only for the convex
homotopy of Example 22. On the other hand, the classical proof (e.g. see [13,
Ch. 9]) proceed by constructing a finite number of balls covering [a, b] and prim-
itives defined on the overlapping of these balls. This method is impossible in our
framework since a or b could be infinite and the interval [a, b] is not compact.

An immediate consequence of this Thm. 25 is the following

Corollary 26 (Cauchy-Goursat for simply connected domains). Suppose U ⊆ ρC̃
is a sharply open simply connected set of class 2. Let f : U → ρC̃ be a GHF. Thenˆ

γ

f(z) dz = 0

for all closed and simple path γ on U .

We now inquire several classical theorems of integral calculus, such as linearity
and integrals via primitives.
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Theorem 27. Given a sharply open set U ⊆ ρC̃, a path γ in U and f , g ∈
ρGC0(U, ρC̃). Let α, β ∈ ρC̃. Thenˆ

γ

(αf + βg) = α

ˆ
γ

f + β

ˆ
γ

g.

A primitive for a basic function f on a sharply open set U ⊆ ρC̃ is a function g
that is a GHF on U and g′(z) = f(z), ∀z ∈ U .

Theorem 28. Let U ⊆ ρC̃ be a sharply open, α, β ∈ U , and f be a basic function
on U.

(i) Iff ∈ ρGC0(U, ρC̃) and has a primitive g, and γ : [a, b] → ρC̃ is a path in U
joining α to β, then ˆ

γ

f = g(β)− g(α).

(ii) If U is pathwise connected, f ∈ ρGH(U) is a GHF on U and f ′ = 0, then f
is constant.

Proof.

(i): Since γ : [a, b] → ρC̃ is a path in U joining α to β, then γ(a) = α and γ(b) = β.
Therefore, ˆ

γ

f(z) dz =

ˆ b

a

f(γ(t))γ′(t) dt

=

ˆ b

a

g′(γ(t))γ′(t) dt

=

[
n−1∑
k=0

ˆ ak+1,ε

ak,ε

g′ε(γε(t))γ
′
ε(t) dt

]

=

[
n−1∑
k=0

(gε(γε(ak+1,ε))− gε(γε(ak,ε)))

]

=

n−1∑
k=0

(g(γ(ak+1))− g(γ(ak)))

= g(α)− g(β).

(ii): Fix a point z0 ∈ U . Since U is pathwise connected for any z ∈ U , there exists

a path γ : [a, b] → ρC̃ which joins z0 to z. Set α = z and β = z0, then by (i) we
have ˆ

γ

f ′(z) dz = f(z)− f(z0).

By assumption f ′ = 0, so the integral on the left is 0 and we conclude that f(z) =
f(z0). □

3.1. Closed and simple paths, generalized Jordan curve theorem. In this

section, we start by defining closed and simple paths in ρC̃ with the aim to ex-
tend classical theorems, such as Green’s theorem, Cauchy’s theorem, and Cauchy’s
integral formula to GHF.

Definition 29. Let a, b ∈ ρC̃ and γ : [a, b] → ρC̃ be a path.
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(i) A path γ is closed if γ(a) = γ(b);
(ii) A path γ is simple if for all s, t ∈ [a, b], γ(s) = γ(t) implies s = t or s = a

and t = b or s = b and t = a;

The following theorem allows us to choose representatives of closed and simple
paths which are simple and closed paths at the ε-level.

Theorem 30. For all closed and simple path γ : [a, b] → ρC̃, we can always find a
representative γ = [γε(−)] such that for small ε, γε is a closed and simple curve.

Proof. We first prove that γ always has closed path representatives. By the def-
inition of path, (iii) of Def. 18, we have that γ|[a,a1]∪[an−1,b] is a ρGC1-function.
From this, we obtain the existence of a net (Uε) of open subsets of R and a net

(γε) of C1-functions, with γε : Uε → C, [a, a1] ∪ [an−1, b] ⊆ ⟨Uε⟩, [γε(tε)] ∈ ρC̃
for all [tε] ∈ [a, b]. This guarantees that the derivatives γ′

ε(aε) and γ′
ε(bε) exists

for ε small, where (aε) and (bε) are representatives of a and b respectively. Since
γ(a) = γ(b), we have that the net rε := |γε(aε) − γε(bε)| ≥ 0 is negligible. Fix

any strictly positive negligible net (cε) ∈ RI , e.g. cε := ρ
1/ρε
ε . The idea is to con-

sider γε only outside the interval [aε, aε + cε] and to join with a C1 path the points
γε(aε), γε(bε) if rε > 0. Indeed, let Sε : [aε, aε + cε] → C be a C1 map with the
following properties: if rε = 0, Sε(t) := γε(aε) = γε(bε) for all t; if rε > 0, then
Sε(aε) = γε(bε), Sε(aε+cε) = γε(aε+cε), S

′
ε(aε) = γ′

ε(bε), S
′
ε(aε+cε) = γ′

ε(aε+cε)
and Sε(t) ∈ B2rε(γε(aε)) (e.g. there always exists a cubic spline satisfying these con-
ditions. Note that for the existence of this map Sε, we need a radius 2rε because
γε could point toward the exterior of the ball Brε(γε(aε)) at the point γε(bε)). We
define, γ∗

ε : [aε, bε]R → C such that

γ∗
ε (t) :=

{
Sε(t) t ∈ [aε, aε + cε]R

γε(t) otherwise
.

Then, γ∗
ε |[aε,bε]R is a C1-function, with γ∗

ε (aε) = Sε(aε) = γε(bε) = γ∗
ε (bε). Finally,

in order to show that γ∗(t) = γ(t), let t ∈ [a, b]. There exists a representative
[tε] = t such that aε ≤ tε ≤ bε for ε small. Set

L := {ε ∈ I | tε ∈ [aε, aε + cε]R} .

We distinguish two cases: if L ̸⊆0 I, i.e. 0 is not an accumulation point of L (see [19,
Def. 9]), then for some ε0 ∈ I, we have aε+ cε < tε ≤ bε for all ε ≤ ε0. In this case,
we have |γ∗

ε (tε)− γε(tε)| = 0 for all ε ≤ ε0. If L ⊆0 I, then t|L = [(tε)ε∈L] = a|L
and γ(t)|L = [(γε(tε))ε∈L] = γ(a)|L because (cε) is negligible. Thereby, the net
hε := γε(tε)− γε(aε) for ε ∈ L is also negligible. For all ε ∈ L, we hence have

|γ∗
ε (tε)− γε(tε)| = |Sε(tε)− γε(tε)| = |Sε(tε)− γε(aε)− hε| ≤ 2rε + |hε| .

If ε /∈ L, |γ∗
ε (tε)− γε(tε)| = 0. Since (2rε + |hε|) is negligible, this prove the claim.

Now assume that γ : [a, b] → ρC̃ is a simple path. In order to prove that γ
has simple representatives, we use a similar approach. We first proceed with each
regular piece γ|[ak,ak+1] so that, for simplicity of notations, we simply assume that

γ ∈ ρGC1([a, b]) and we take a representative γε ∈ C1([aε, bε]R). Define

L := {ε ∈ I | γε is not injective} .
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If L ̸⊆0 I, we have that γε is injective for small ε. We hence assume L ⊆0 I and
take ε ∈ L, so that

∃ rε, sε ∈ [aε, bε]R : rε ̸= sε and γε(rε) = γε(sε). (3.1)

We can always complete the net (rε)ε∈L to a generalized point, e.g. by defining

r̄ε := rε if ε ∈ L and r̄ε := aε otherwise, so that r̄ := [r̄ε] ∈ [a, b] ⊆ ρR̃. Similarly
we can define s̄.
The intuitive idea is that (3.1) can happen only if: 1) r̄|L = [(rε)ε∈L] = s̄|L =
[(sε)ε∈L] because of Def. 29 of simple path, and hence (γε(−))ε∈L makes a negligible
loop around γ(r)|L; or 2) r̄, s̄ are endpoints of [a, b]. For each ε ∈ L, we can
hence change γε around rε avoiding these negligible loops with a new injective
representative. If r̄, s̄ are endpoints, we can find a representative (γε(−))ε∈L such
that (3.1) implies rε, sε are also end points of [aε, bε]R. In order to formalize this
idea, we first have to show that, for the fixed ε ∈ L, “non-injective points” like rε
are isolated, and that they are at most countable. In this way, the modification of
γε by avoiding these negligible loops can be repeated recursively.
We say that rε ∈ [aε, bε]R ⊆ R is a loop point if γε(rε) = γε(sε) for some sε ∈
[aε, bε]R \ {rε} (the subindex ε simply underscores that we are considering a fixed
ε ∈ L).

Set
Jε(rε) := {sε ∈ [aε, bε]R | γε(rε) = γε(sε)} .

If rε ∈ Jε(rε) were an accumulation point of Jε(rε), we could find an injective
sequence (sεk)k∈N of Jε(rε) that converges to rε. Therefore, γε(sεk) = γε(rε) =
γε(sε,k+1) and hence Re(γ′

ε(σεk)) = 0 for some σεk ∈ [sε,k+1, sεk]R ∪ [sεk, sε,k+1]R.
The continuity of γ′

ε implies Re(γ′
ε(rε)) = 0 because σεk → rε for k → +∞. We

can proceed similarly for the imaginary part, and hence γ′
ε(rε) = 0 for all ε ∈ L,

which is impossible because γ′(r̄) is invertible by Def. 18 of regular path (see also
[19, Lem. 3]) and r̄|L = [(rε)ε∈L]. Similarly, we can prove that

inf {|r1ε − r2ε| ∈ R | r1ε, r2ε are loop points} > 0.

In fact, if this minimal distance were 0, possibly passing to a subsequence, we can
find two converging sequences (rkjε)k∈N → r̃ε, j = 1, 2, of loop points such that

|rk1ε − rk2ε| → 0. Using again continuity of γε and γ′
ε and the mean value theorem

for real and imaginary parts of γε, we can show that this proves the existence of
a generalized point r̃ ∈ [a, b] with γ′(r̃) = 0, a contradiction. Therefore, the loop
points of γε, for ε ∈ L, are at most countable. Proceeding recursively, it suffices
to show that we can eliminate one of these loop points obtaining another injective
representative.
Returning to (3.1), we have γ(r̄) = γ(s̄) and hence r̄ = s̄ or r̄, s̄ are endpoints,
because γ is simple. Choose any strictly positive (cε) ∈ RI such that (cε) ∼ρ 0,

e.g. cε := ρ
1/ρε
ε . Again for a fixed ε ∈ L, since the loop point rε is isolated,

in the case r̄ = s̄, we can choose sε ∈ Jε(rε) as the nearest value to rε. In
the other two cases, we can define sε := rε and, without loss of generality, we
can assume rε ≤ sε. In any case, (rε − sε)ε∈L is negligible. Therefore, γε is
injective on [rε − cε, rε)R ∪ (sε, sε + cε]R for ε sufficiently small, the loop occurs

in the interval [rε, sε] and the net η :=
(
supt∈[rε,sε]R |γε(t)− γε(rε)|

)
ε∈L

is also

negligible. For these values of ε, we can consider any interpolating C1 map (e.g. a
cubic spline) Sε : [rε − cε, sε + cε]R → C, such that Sε is injective, Sε(t) = γε(t)
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∀t ∈ [rε− cε, rε)R∪ (sε, sε+ cε]R, S
′
ε(rε− cε) = γ′

ε(rε− cε), S
′
ε(sε+ cε) = γ′

ε(sε+ cε)
and with Sε(t) ∈ B2ηε(γε(rε)) for all t. If ε /∈ L, we simply take Sε(t) := γε(t). We
can now define γ∗

ε : [aε, bε]R → C as

γ∗
ε (t) :=

{
Sε(t) t ∈ [rε − cε, sε + cε]R

γε(t) otherwise
.

Then, γ∗
ε |[aε,bε]R is a C1-function, γ∗

ε is injective and, proceeding as above, [γ∗
ε (−)] =

γ.
Using this procedure, we can find a simple representative γ∗

kε for each regular peace
γ|[ak,ak+1]R . If we piecewise define γ

∗
ε by gluing γ∗

kε on each subinterval [akε,ak+1,ε]R,
is the resulting representative simple? As usual, we only need to consider the case
where the set K of those ε ∈ I such that there exist different indexes jε, kε =
0, . . . , n− 1 and rε ∈ [akε,ε, akε+1,ε]R, sε ∈ [ajε,ε, ajε+1,ε]R with γ∗

kε,ε
(rε) = γ∗

jε,ε
(sε)

has 0 as accumulation point. Possibly selecting only a decreasing subsequence of
these ε, without loss of generality, we can assume that these indexes j = jε ̸=
k = kε do not depend on ε. Completing these nets (rε)ε∈K and (sε)ε∈K to points
resp. r̄ ∈ [ak, ak+1] and s̄ ∈ [aj , aj+1], we get γ(r̄) = γ(s̄) and hence r̄ = s̄ or
r̄, s̄ are different endpoints a, b. The first case yields a contradiction because
[ak, ak+1] ∩ [aj , aj+1] = ∅ . Finally, if e.g. r = a and s = b, then γ∗

ε (rε) − γ∗
ε (aε)

is negligible and, as above, we can change the representative so that rε = aε and
sε = bε for ε small. □

Henceforth, we can always use a closed and simple representative (γε) and bring
our calculation at the ε-level. Without loss of generality, we can assume that γε is
closed and simple for all ε. Let Iγε

be the bounded component of C \ γε([aε, bε]R),
and Eγε

be the unbounded component of C \ γε([aε, bε]R). We define:

(i) Iγ := ⟨Iγε
⟩ as the interior of γ;

(ii) Eγ := ⟨Eγε⟩ as the exterior of γ;
(iii) Rγ := [Iγε ∪ γε([aε, bε]R)] as the region bounded by γ.

These sets are independent of the representative of γ because if γ̄ is another rep-
resentative, and Xε := γε([aε, bε]R), Yε := γ̄ε([aε, bε]R) are the images, then the
Hausdorff distance

dH(Xε, Yε) = max

{
sup
x∈Xε

d(x, Yε), sup
y∈Yε

d(y,Xε)

}
is a negligible net.

We recall that both Iγ and Eγ are sharply open sets, whereas Rγ is a sharply
closed set. We hence also state here a property of this type of sets that we will use
later in generalizing the Jordan curve theorem:

Theorem 31. For K ∈ {R,C} and ε ∈ I, let Aε ⊆ Kn and let xε ∈ Kn. Then, we
have

(i) [xε] ∈ [Aε] if and only if ∀q ∈ R>0 ∀0ε : d(xε, Aε) ≤ ρqε. Therefore [xε] ∈ [Aε]

if and only if [d(xε, Aε)] = 0 ∈ ρR̃ρ;
(ii) [xε] ∈ ⟨Aε⟩ if and only if ∃q ∈ R>0 ∀0ε : d(xε, A

c
ε) > ρqε, where A

c
ε := Kn\Aε.

Therefore, if (d(xε, A
c
ε)) ∈ Rρ, then [xε] ∈ ⟨Aε⟩ if and only if [d(xε, A

c
ε)] > 0.

See e.g. [11, Thm. 10].
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Example 32. Let r = [rε] ∈ ρR̃>0. The circle γr : [0, 2π] → ρC̃ such that
γr(t) := exp(irt) is a closed and simple path. We choose γε := exp(irεtε) as
its representative and we have length(γr) = 2πr, Iγr

=
〈
BE

rε(0)
〉
= Br(0), and

Rγr
=

[
BE

rε(0)
]
= Br(0). Moreover, Rγr

is Lebesgue measurable and λ(Rγr
) =

limm→+∞
m∈N

[
λ

(
BE

ρm
ε

(
BE

rε(0)
))]

= λ(Brε(0)) = πr2, where λ is the Lebesgue mea-

sure on C. Note explicitly that the radius r can also be an infinitesimal or an
infinite number.

Lemma 33. Let γ : [a, b] → ρC̃ be a closed and simple path and (γε) be a closed
and simple representative of γ. Then,

(i) Iγ ⊂ Rγ ;
(ii) Iγ and Rγ are sharply bounded;
(iii) Rγ is functionally compact.

Proof. We can prove (i) directly from the definition of internal set and strong
internal set, see [19, Def. 5].

(ii), (iii): Since γ is a simple and closed path, Thm. 30 guarantees the existence
of a representative (γε) such that γε is a Jordan curve, for small ε. It follows that
Iγε ∪γε([aε, bε]R) is compact since it is closed and bounded. Moreover, since [a, b] is
functionally compact and γ is sharply continuous, by Thm. 15, we have that γ([a, b])
is functionally compact, and hence it is sharply bounded. Since Iγε

is entirely
enclosed by γε([aε, bε]R), the net (Iγε

∪ γε([aε, bε]R)) is also sharply bounded, from
which the conclusions follows. □

Theorem 34. Let γ : [a, b] → ρC̃ be a closed and simple path. Then, Rγ is
Lebesgue measurable (see Def. 16) and λ(Rγ) = [λ(Iγε

∪ γε([aε, bε]R))], where λ is
the Lebesgue measure in C and (γε) is any closed and simple representative of γ.

Proof. For all m ∈ N , we consider BE
ρm
ε
(Iγε

∪ γε([aε, bε]R)) the enlargement of the

region Rε := Iγε ∪ γε([aε, bε]R), for all ε ∈ I. By Minkowski-Steiner formula we
have

length(γε) = lim inf
m→+∞
m∈N

λ
(
BE

ρm
ε
(Rε)

)
− λ(Rε)

ρmε
, (3.2)

Let n ∈ N. From (3.2), there exists m0 ∈ N, such that for all m ≥ m0

1

2
length(γε) · ρmε < λ

(
BE

ρm
ε
(Rε)

)
− λ(Rε). (3.3)

On the other hand, the area of the enlargement BE
ρm
ε
(Rε) includes the original area

of Rε plus the additional area contributed by the enlargement. The additional area
can be intuitively thought of as the area of a "buffer zone" of width ρmε around
the original region. It consists of the area of the strip of width ρmε enlarging Iγε

at
regular points of γε, and the area of the circular caps at singular points. The area
of this strip is length(γε) ·ρmε , i.e. the product of the perimeter of the original region
γε and the width ρmε . Circular caps at the corners and edges of the strip contribute
with an additional area. This area can be over estimated by considering the area of
a circle of radius ρmε added at each singular point of γε. Considering that γε have
n ∈ N singular points and that this n does not depend on ε (see Def. 18 of path),
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we have that the total area of these caps is hence bounded by n ·πρ2mε . Combining
the area of the strip and the area of the caps, we have

λ
(
BE

ρm
ε
(Rε)

)
− λ(Rε) ≤ length(γε) · ρmε + n · πρ2mε . (3.4)

By (3.3), (3.4) using the moderateness of (length(γε)), and taking the limit in the
sharp topology, we have that

lim
m→+∞
m∈N

[
λ
(
BE

ρm
ε
(Rε)

)]
= [λ(Rε)] .

□

Even if every closed and simple path γ : [a, b] −→ ρC̃ has a Jordan curve repre-

sentative, not necessarily γ divides the entire space ρC̃ into exactly two connected
components. In fact, “dynamic” generalized numbers can discontinuously jump
among the interior region and the exterior one. The construction of such points is
a general process that motivates the notion of finite interleaving, which has been
introduced in [22, Lem. 2.7] for the case ρε = ε. Let u ∈ Iγ and v ∈ Eγ , with
representatives (uε) and (vε), respectively. Take any subset S ⊆0 I such that

Sc = I \ S ⊆0 I, and define the generalized number eS = [χS(ε)] ∈ ρR̃, where χS is
the characteristic function of S. Then, the number eSu + eScv belongs neither to
the interior Iγ nor to the exterior Eγ .

Definition 35. Let A, B ⊆ ρC̃, then the interleaving of A, B is defined as:

A ∨B :=
{
z ∈ ρC̃ | z ∈ A or z ∈ B or ∃L ⊆0 I : Lc ⊆0 I, z ∈L A, z ∈Lc B

}
.

It is not hard to prove that A ∨ B = B ∨ A, A ∨ ∅ = A and A ∨ (B ∨ C) =
(A ∨ B) ∨ C. If A = [Aε] and B = [Bε] are both non empty internal sets, then
A ∨B = {eSa+ eScb | a ∈ A, b ∈ B, S ⊆ I} = [Aε ∪Bε], see e.g. [22].

In [20], we will see that this notion also plays a crucial role in defining the winding
number of a closed and simple path.

A similar problem is related to a definition of boundary of U ⊆ ρC̃ having the
best properties. For example, the usual boundary in the sharp topology ∂Br(c) =

Br(c) \ Br(c) ⊃
[
∂BE

rε(cε)
]
because any point which dynamically switches from

Br(c) to
[
∂BE

rε(cε)
]
will be in ∂Br(c) but not in

[
∂BE

rε(cε)
]
. The idea is to take a

stronger form of set difference (i.e. a stronger form of negation) by avoiding exactly
all the points that belong to U even only on subpoints:

Definition 36. If U ⊆ ρC̃, then ∂̃U := U \
{
z ∈ ρC̃ | z ∈s U

}
, where U is the

closure of U in the sharp topology, is called the strong boundary of U .

Therefore, ∂̃U ⊆ ∂U = U \ U and, in general, the inclusion is strict.
The proof of the Jordan curve theorem, is necessarily related to the distances[

d(zε, E
c
γε
)
]
,
[
d(zε, I

c
γε
)
]
∈ ρR̃≥0 because Eγ = ⟨Eγε

⟩ and Iγ = ⟨Iγε
⟩ (see Thm. 31).

Since we aim to prove that ρC̃ = Iγ ∨ Eγ ∨ γ([a, b]), we need the following strong
form of trichotomy law:

Lemma 37. If x, y ∈ ρR̃ and x ≥ y, then x = y or x > y or

∃M ⊆0 I : M c ⊆0 I, x =M y, x >Mc y. (3.5)
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In other words, [y,+∞) = {y} ∨ (y,+∞). Moreover, if M̂ ⊆0 I also satisfies
property (3.5), then

∃ε0 : M ∩ (0, ε0] = M̂ ∩ (0, ε0]. (3.6)

Proof. Considering that x− y ≥ 0, it suffices to prove the claim for x ≥ 0 = y. By
the trichotomy law as stated in [17, Lem. 6], we have x ≤ 0 or x >s 0. The first
case yields x = 0, so that we need to consider only the second one. We assume
x ̸> 0, and we have to prove (3.5). This assumption means that x is not invertible,
i.e. x =s 0. The existence of the cofinal set M follows by Zorn’s lemma. Let
[xε] = x be any representative of x, and let P be the set of all pairs (K, (εKn)n),
where K ⊆0 I and (εKn)n is a sequence satisfying

∀n ∈ N : εKn ∈ I, ∀ε ∈ (0, εKn) ∩K : |xε| < ρnε . (3.7)

Since x =s 0, we have P ≠ ∅. For simplicity, we use a pairing of letters of the form
K = (K, (εKn)n) ∈ P. In the set P, we consider the partial order

K = (K, (εKn)n) ≤ H = (H, (εHn)n) : ⇐⇒ K ⊆ H, ∀n ∈ N : εKn ≤ εHn.
(3.8)

In order to apply Zorn’s lemma, consider a chain ∅ ≠ C ⊆ P, ∀K,H ∈ C : K ≤
H or H ≤ K. Set U := (U, (εUn)n), where

U :=
⋃
K∈C

K, εUn := sup
K∈C

εKn ∀n ∈ N. (3.9)

Note that εUn ∈ I and that x =s 0 implies U ⊆0 I. If n ∈ N and ε ∈ (0, εUn) ∩ U ,
then ε < εKn for some K ∈ C from the definition of supremum (3.9), and ε ∈ H
for some H ∈ C from the definition of U . If H ≤ K, then ε ∈ H ⊆ K and hence
|xε| < ρnε from (3.7). If K ≤ H, then εKn ≤ εHn and hence ε ∈ (0, εHn) ∩ H,
and we get the conclusion once again from (3.7) for H. This shows that U ∈ P
and clearly U is an upper bound of C. From Zorn’s lemma, there exists a maximal
element M = (M, (εMn)n) ∈ P. By (3.7) for M, we have x =M 0. If M c ̸⊆0 I,
then ∀0ε : ε ∈ M and hence x = 0. Otherwise, M c ⊆0 I. If, by contradiction, we
do not have x >Mc 0, this would imply the existence of L ⊆0 M c such that x =L 0.
But the maximality of M yields L ⊆ M in contradiction with L ⊆0 M c.

Finally, we prove property (3.6) by contradiction assuming that

∀k ∈ N>0 ∃εk ≤ 1

k
: εk ∈ M ∩ M̂ c or εk ∈ M̂ ∩M c.

If one of these two alternatives occurs only for a finite number of k ∈ N>0, tak-
ing k sufficiently large, we can exclude this possibility. On the contrary if, e.g.,{
ε | ε ∈ M ∩ M̂ c

}
=: L ⊆0 I, then x|L = (x|M )L = 0 and x|L = (x|M̂c)|L > 0, a

contradiction. □

For example, let xε := ρhε if ε = 1
2hk+1

for h ∈ N≥2 and k ∈ N, and xε := 1
otherwise. Then for each fixed h ∈ N≥2, x >Lh

0 on the cofinal sequence Lh =
{ 1
2hk+1

| k ∈ N}, x >K 0 if K does not contain points of the form 1
2hk+1

, and

x =L 0 on the cofinal sequence L = { 1
2h+1

| h ∈ N≥2}. The proof of Lem. 37 shows

that the cofinal set M satisfying (3.5) depends on the representatives [xε] = x. On
the other hand, property (3.6) represents a strong form of uniqueness, which recalls
the domain of a germ.
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As usual, this result can also be applied to any ring ρR̃|L, where L ⊆0 I. Recalling

[17, Lem. 7], for any two x, y ∈ ρR̃, we have

x ≤ y or y ≤ x or ∃L ⊆0 I : Lc ⊆0 I, x ≥L y, x ≤Lc y,

so that to each one of these alternatives, we can apply Lem. 37.
For our generalized Jordan curve theorem, we also need to note that f ([Aε]) =

[fε(Aε)] for all basic function f = [fε(−)] : X −→ Y and all sharply bounded
internal set [Aε] ⊆ X. In order to show that any point on the generalize Jordan
curve is in the closure of its interior and exterior, we also need the following

Definition 38. We say that a closed and simple path γ ∈ ρGC1([a, b]) is positively
oriented if

∀t ∈ [a, b]∃r ∈ ρR̃>0 ∀η ∈ (0, r) : γ(t) + η · n(t) ∈ Iγ , (3.10)

where n(t) := −Im(γ′(t)) + i · Re(γ′(t)) is the positively oriented normal vector at
t. Similarly, we can define a negatively oriented path using the negatively oriented
normal vector −n(t).

We can also ε-wise reformulate this notion:

Lemma 39. Let γ ∈ ρGC1([a, b]) be a closed and simple path, where a = [aε] <
b = [bε]. Then γ is positively oriented if and only if there exists a representative
[γε(−)] = γ such that for small ε, γε is a closed, simple and positively oriented
path, i.e.

∀0ε∀t ∈ [aε, bε]R ∃r ∈ R>0 ∀η ∈ (0, r)R : γε(t) + η · nε(t) ∈ Iγε
, (3.11)

where nε(t) := −Im(γ′
ε(t)) + i ·Re(γ′

ε(t)) is the positively oriented normal vector at
t ∈ [aε, bε]R.

Proof. By the proof of Thm. 30, we recall that we can take γε closed and simple,
i.e. without negligible loops (not even on subpoints).
(3.10) ⇒ (3.11): By contradiction assume that on some L ⊆0 I, for all ε ∈ L

∃tε ∈ [aε, bε]R ∀r ∈ R>0 ∃η ∈ (0, r)R : γε(t) + η · nε(t) /∈ Iγε
. (3.12)

Set t := [tε] ∈ [a, b] so that (3.10) yields some r = [rε] ∈ ρR̃>0, rε > 0, such that
γ(t) + η · n(t) ∈ Iγ for all η ∈ (0, r). Applying (3.12) with r = rε, we get some
ηε ∈ (0, rε)R such that γε(t) + ηε · nε(t) /∈ Iγε for all ε ∈ L. If η := [ηε] > 0, we
obtain a contradiction with (3.10). If it is not possible to get a larger non invertible
η, this means that starting from γ(t) and along the normal vector n(t) we arrive at
another point of the curve along a segment of negligible length, i.e. that the path
γ has a negligible loop (possibly on a subpoint), and this is not possible.
(3.10) ⇒ (3.11): Take t = [tε] ∈ [a, b], with tε ∈ [aε, bε]R. From (3.11), there exists
rε ∈ (0, 1)R such that γε(t) + η · nε(t) ∈ Iγε

for all η ∈ (0, rε)R. If r := [rε] > 0,
the conclusion is clear. If r =s 0 and we cannot take a larger r on this subpoint, as
above this means that we have a negligible loop, which is impossible. □

It is clear that if γ(t) := γ(−t), t ∈ [−b,−a], is γ with the reverse orientation, thenˆ
γ

f(z) dz = −
ˆ
γ

f(z) dz.

We can now prove the following generalized formulation of the Jordan curve the-
orem. Recall that C0(Ω) ⊂ D′(Ω) ⊂ ρGC∞(⟨Ω⟩fin) ⊂ ρGC1(⟨Ω⟩fin) for all open set
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Ω ⊆ R. Therefore, if [a, b] ⊆ ⟨Ω⟩fin, the following result applies also to continuous
or distributional path.

Theorem 40 (Generalized Jordan curve theorem). If γ ∈ ρGC1([a, b]) is a closed,
simple and positively oriented path, then

(i) ρC̃ = Iγ ∨ Eγ ∨ γ([a, b]).

(ii) ∂̃Iγ = ∂̃Eγ = γ([a, b]). Therefore, if γ = [γε(−)] and a = [aε] < b = [bε],

then ∂̃Iγ = ∂̃Eγ = [γε([aε, bε])].

(iii) Iγ = Iγ ∨ γ([a, b]) = Rγ ⋐f
ρC̃ and Eγ = Eγ ∨ γ([a, b]) = [Eγε

]. Therefore, Iγ
is sharply bounded and Eγ is sharply unbounded.

(iv) ∀z ∈ ∂̃Iγ ∀q ∈ N ∃z ∈ Iγ ∃w ∈ Eγ : z, w ∈ Bdρq (z).
(v) The sets Iγ , Eγ and γ([a, b]) are pairwise disjoint.

(vi) ∃z ∈ ρC̃ : z ∈s Iγ , z ∈s Eγ , z ∈s γ([a, b]).

Proof. (i): Take z ∈ ρC̃ and set Î := {ε ∈ I | zε ∈ Iγε
}, Ê := {ε ∈ I | zε ∈ Eγε

}.
We have to consider the cases defined by Î ⊆0 I, Ê ⊆0 I and their negation. Let
us consider e.g. when Î ̸⊆0 I. In this case, zε /∈ Iγε

for all ε sufficiently small, and
hence

∀0ε : zε ∈ Eγε
∪ γε([aε, bε]R). (3.13)

Note that
[
d(zε, E

c
γε
)
]
= [d(zε, γε([aε, bε]R))] ∈ ρR̃ since (3.13) and γ([a, b]) ⋐f

ρC̃.
From Lem. 37, and Thm. 31, if

[
d(zε, E

c
γε
)
]
> 0, then z ∈ Eγ . If

[
d(zε, E

c
γε
)
]
= 0 =

[d(zε, γε([aε, bε]R))], then z ∈ [γε([aε, bε]R)] = γ([a, b]). In the third case of Lem. 37,
we have z ∈ Eγ ∨ γ([a, b]) from Def. 35 and proceeding like in the previous cases.

If Ê ̸⊆0 I, we can proceed as above simply switching the roles of interior and
exterior.

If Îc ̸⊆0 I, then Î contains an interval (0, ε0). Using the distance
[
d(zε, I

c
γε
)
]
and

Lem. 37, we can prove that z ∈ Iγ ∨ γ([a, b]). If Êc ̸⊆0 I, we can proceed similarly
switching again interior and exterior.

If Î ⊆0 I, Ê ⊆0 I and (Î ∪ Ê)c ⊆0 I, we have to use Lem. 37 for the rings ρR̃|Î
and ρR̃|Ê , and in this case z ∈ Iγ ∨ Eγ ∨ γ([a, b]).

(ii): Let z ∈ ∂̃Iγ = Iγ \ {z | z ∈s Iγ}. From (i), z ∈ Iγ ∨ Eγ ∨ γ([a, b]). Since we
cannot have z ∈s Iγ , there remains z ∈ Eγ ∨γ([a, b]). We cannot even have z ∈s Eγ

because otherwise, at least on a subpoint, we would have a ball centered at z and
completely contained in the open set Eγ . This yields a contradiction with z ∈ Iγ
(note that this implies z ∈L Iγ for all L ⊆0 I). The only remaining possibility is
hence z ∈ γ([a, b]). Vice versa, let z ∈ γ([a, b]), i.e. z = γ(t) for some t ∈ [a, b]. We
cannot have z ∈L Iγ because otherwise

[
d(zε, I

c
γε
)
]
|L = [d(zε, γε([aε, bε]R))] |L > 0,

i.e. z /∈L γ([a, b]). In order to prove that z ∈ Iγ , we need to use property (3.10).
For each q ∈ N, taking any η ∈ (0,min(r, dρq)), the point z+η ·n(t) ∈ Iγ ∩Bdρq (z).

(iii): The inclusion Iγ ⊇ Iγ ∨ γ([a, b]) follows from (ii). The other inclusion follows

from (i). From this equality, the inclusion Iγ ⊆ Rγ follows directly. For the

remaining one, Rγ = [Iγε
∪ γε([aε, bε])] = [Iγε

] ∨ γ([a, b]) ⋐f
ρC̃ and [Iγε

] ∩s Eγ = ∅,
so that the claim follows from (i). Since Iγ ⊆ Iγ ⋐f

ρC̃, we have that it is sharply
bounded. The exterior Eγ cannot be sharply bounded because of property (i).
(iv): Directly from (ii) and the definition of closure in the sharp topology.
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(v): Since Iγ is sharply open, if z ∈ Iγ , we can find a ball such that Br(z) ⊆ Iγ .
This implies (see [19, (1.2)]) that BE

rε(zε) ⊆ Iγε for ε sufficiently small. Therefore,
z /∈ Eγ ∪ γ([a, b]).
(vi): Using (3.10), take any point ι ∈ Iγ . From the sharp boundedness of Iγ , we

can also take another η ∈ Eγ . Finally, consider any β ∈ γ([a, b]). Taking Î, Ê,

B̂ ⊆0 I pairwise disjoint whose union is I, the point z = eÎι+ eÊη + eB̂β satisfies
the claimed properties. □

After the proof of the Riemann mapping theorem 51, we can also prove that the
interior Iγ is (generalized) pathwise connected and, even more, simply connected.
Pathwise connectedness for the exterior Eγ remains an open problem.

Recalling Example 32, this theorem proves that for a ball of center c = [cε] ∈ ρC̃
and radius r = [rε] ∈ ρR̃>0 we have

Br(c) =
〈
BE

rε(cε)
〉
and ∂̃Br(c) =

[
∂BE

rε(cε)
]
.

An application of our theory of ρGCk function and a simple application of the no-
tion of strong boundary is the following Dirichlet problem for the Laplace’s equation
on the unit disk (see also [16]):

Theorem 41. Let D = B1(0) ⊆ ρC̃ and f be a sharply continuous function on ∂̃D.
Then there exists one and only one u ∈ ρGC2(B) satisfying

∆u = 0 in D and u|∂̃D = f,

where ∆ is the Laplacian.

Proof. Let (fε) be a C0-representative of f . Since ∂̃B1(0) = [∂BE
1 (0)], fε is con-

tinuous on ∂BE
1 (0). Using Poisson’s formula, we get a function uε ∈ C2 (BE

1 (0))
for which ∆uε = 0 in BE

1 (0) and uε|∂BE
1 (0) = fε. It remains to show that (uε) is

moderate. Let P (x, ζ) be the Poisson kernel for the unit disk. For x ∈ BE
1 (0), we

have

|uε(x)| ≤
ˆ
∂BE

1 (0)

|fε(ζ)|P (x, ζ)dsζ

≤ sup
t∈∂BE

1 (0)

|fε(t)|
ˆ
∂BE

1 (0)

P (x, ζ)dsζ

= sup
t∈∂BE

1 (0)

|fε(t)|

because
´
∂BE

1 (0)
P (x, ζ)dsζ = 1. Since ∂̃B1(0) is functionally compact, the extreme

value theorem 6 yields that supt∈∂̃B1(0)
|f(t)| =

[
supt∈∂BE

1 (0) |fε(t)|
]
is moderate.

The moderateness of (u′
ε) and (u′′

ε ) follow by the mean value theorem (or by direct
differentiation of the Poisson integral), in fact

|u′
ε(x)| ≤ sup

t∈∂BE
1 (0)

|uε(t)| and |u′′
ε (x)| ≤ sup

t∈∂BE
1 (0)

|u′
ε(t)|,

and we can proceed as above. Thus, we obtain that u = [uε(−)] ∈ ρGC2(B) and
this finishes the existence part. To prove the uniqueness part, we assume that u
and v are two solutions to the Dirichlet problem, then w = u− v satisfies ∆w = 0
in D and w|∂̃D = 0. At ε-level, this problem is equivalent to ∆wε = aε on BE

1 (0)
and wε = bε on ∂BE

1 (0) where (aε), (bε) are ρ-negligible net in Rρ. For each ε,
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there exists a unique solution wε ∈ C2 (BE
1 (0)) satisfying these properties, and by

the classical maximum modulus principle, we have

max
z∈BE

1 (0)

wε = max
z∈∂BE

1 (0)
wε = bε.

Thus, for all ε, we find that uε − vε = wε = bε on BE
1 (0). Since bε is ρ-negligible, it

follows that u− v = 0. □

3.2. Cauchy-Goursat theorem and Cauchy’s integral formula. It is natural
to expect that several classical theorems of complex integral calculus can be ex-
tended from the ordinary holomorphic case to the generalized holomorphic frame-
work. Once again, we underscore that these faithful generalizations are possible
because we do not have a priori limitations in the evaluation f(z) for GHF. For ex-
ample, one does not have similar results in classical Colombeau theory (see e.g. [21]
and references therein), where an arbitrary generalized function can be evaluated
only at compactly supported points and hence the composition f(γ(t)) is defined
only for c-bounded paths γ. See also Sec. 5 for a more complete comparison.

In addition, the following proofs are very similar to the classical ones. This is
clearly the consequence of a long effort to construct with these aims the foundation
of the theory. This includes the correct topology, the closure with respect to com-
position, a good integration theory, classical theorems such as the extreme value
one and, last but not least, generalized functions as non-Archimedean maps and
the possibility to always consider good representatives at the ε-level. To appreciate
more these results and their proofs, we can recall that they always include any
distribution and any Colombeau holomorphic generalized functions, and even more
arbitrary generalized functions.

We start from Morera’s theorem.

Theorem 42 (Morera’s theorem). Let U ⊆ ρC̃ be a non-empty pathwise connected
sharply open set and let f be a sharply continuous function on U . If the integral of
f along any closed path γ in U is equal to 0, then f has a primitive g on U .

Proof. Pick a point z0 ∈ U and let f be generated by a net (fε) of continuous
functions. Since U is pathwise connected, we can define

g(z) =

ˆ z

z0

f(t) dt ∀z ∈ U,

where the integral is taken along any path from z0 to z in U . If γ and η are two
such paths and η is the reserve path of η then the concatenation of γ and η is a
closed path in U and by hypothesis, we know that

ˆ
γ

f(z) dz =

ˆ
η

f(z) dz.

Therefore the integral defining g is independent of the path from z0 to z and defines

a function U → ρC̃. Fix z ∈ U . Since f is sharply continuous at z then

lim
t→z

f(t) = f(z) (3.14)
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Let n ∈ N, for all h ∈ ρC̃ such that |h| > 0 and z + h ∈ U , we have

g(z + h)− g(z) =

ˆ z+h

z0

f(t) dt−
ˆ z

z0

f(t) dt

=

ˆ z+h

z

f(t) dt (3.15)

Since the integral in (3.15) is path-independent, it can be taken along the line
segment joining the points z and z + h. This line segment always lies in U for h
sufficiently small because U is sharply open. Now, for h invertible

g(z + h)− g(z)

h
− f(z) =

1

h

ˆ z+h

z

f(t) dt− f(z)

=
1

h

[ˆ z+h

z

f(t) dt−
ˆ z+h

z

f(z) dt

]

=
1

h

ˆ z+h

z

[f(t)− f(z)] dt (3.16)

From (3.14), we have |f(t)−f(z)| < dρn, for all t ∈ [z, z+h] ⊆ U and h sufficiently
small. Hence, ∣∣∣∣g(z + h)− g(z)

h
− f(z)

∣∣∣∣ < 1

|h|

ˆ z+h

z

dρn|dt| = dρn.

Since n is arbitrary, we have

lim
h→0

g(z + h)− g(z)

h
= f(z).

This and (3.16) prove that g is ρC̃-differentiable at z ∈ U and g′(z) = f(z). □

Example 43. We recall from Thm. 37 of [19] that the embedding of compactly
supported distributions T ∈ E ′(R2,C) as GHF is given by a regularization [(T ∗
µε)(−)] ∈ ρGH(ρC̃) with a net µε(z) := ρ−2

ε · µ
(
ρ−1
ε · z

)
, where µ is an entire

mollifier, i.e. any entire function µ ∈ C∞(R2) such thatˆ
R2

µ(x) dx = 1. (3.17)

In particular, the Dirac delta is given by δ(z) = dρ−2µ
(

z
dρ

)
. Similarly to what we

did in [19, Sec. 3] (only for the real case x ∈ ρR̃), we can also consider the GHF

δ1(z) :=
1

cdρ
· µ

(
z

dρ

)
=

dρ

c
δ(z) ∀z ∈ ρC̃,

where c :=
´
R µ(x) dx ∈ R ̸=0. As we already noted in [19], the restriction δ1|ρR̃ is

a GSF defined by the 1-dimensional δ-net ρ1εµ1(ρ
−1
ε x) → δ in D′(R). We have the

following properties:

(i)
´

ρR̃ δ1(t) dt = 1;

(ii) δ1(0) =
1
dρ · µ(0)

c is an infinite number if µ(0) ̸= 0.

(iii) If µ ∈ S(R2), then δ1(x) = 0 for all x ∈ ρR̃ such that |x| ≫ 0, and
´ s
r
δ1(t) dt =

1 for all r, s ∈ ρR̃ such that r ≪ 0 ≪ s.
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On the other hand, Morera’s theorem 42 guarantees that for all r ∈ ρR̃≪0, the GHF
δ1 has a primitive

H(z) :=

ˆ z

r

δ1 ∀z ∈ ρC̃,

where the integral is taken along any path in ρC̃ joining r with z. Property (iii)
above implies that this definition does not depend on r ≪ 0 because

´ z
r
δ1−
´ z
r′
δ1 =

0 from Cauchy-Goursat Thm. 46. Moreover, H(x) = 0 for all x ∈ ρR̃≪0, and

H(x) = 1 for all x ∈ ρR̃≫0. If µ is an even function, then H(0) =
´ 0
r
δ1 = 1

2 . This

H ∈ ρGH(ρC̃) can hence be considered the extension to ρC̃ of the classical Heaviside
step function.

It is possible to prove that the measure property
´

ρR̃ f(x)δ1(x) dx = f(0) holds
for all ordinary smooth functions f ∈ C∞(R), but it cannot hold for all GSF. For
example, it does not hold for f = δ1. For a general account of the measure property
of δ1, see [18, Thm. 3.2].

We also have the triangle inequality for integral:

Theorem 44. Let U ⊆ ρC̃ be a pathwise connected sharply open set, f be a sharply
continuous function on U . If γ is a path in U , then∣∣∣∣ˆ

γ

f(z) dz

∣∣∣∣ ≤ ˆ
γ

|f(z)| |dz|,

where dz = γ′(t) dt and |dz| = |γ′(t)|dt. Moreover, if |f(z)| ≤ M on U , then∣∣∣∣ˆ
γ

f(z)dz

∣∣∣∣ ≤ M · length(γ).

Proof. These follow immediately from the change of variable formula Thm. 11 and
the triangle inequality for integral of sharply continuous function Thm. (10). □

Furthermore, since we have very nice representatives of closed and simple path
and GHF, we can prove some classical theorems below by reducing the calculations
at the ε-level. This is the case of the following Green’s theorem.

Theorem 45 (Green). Let γ : [a, b] → ρR̃2 be a closed, simple, and positively

oriented path. Let u, v : Rγ → ρR̃2 be ρR̃-differentiable functions, thenˆ
γ

udx+ v dy =

¨
Rγ

(
∂v

∂x
− ∂u

∂y

)
dA.

Proof. Once again by the proof of Thm. 30, we recall that we can take γε closed
and simple. Hence, by Green theorem in classical framework, we haveˆ

γ

udx+ v dy =

[ˆ
γε

uε dx+ vε dy

]
=

[¨
Iε∪γε[aε,bε]R

(
∂vε
∂x

− ∂uε

∂y

)
dA

]

=

¨
[Iε∪γε[aε,bε]R]

(
∂v

∂x
− ∂u

∂y

)
dA

=

¨
Rγ

(
∂v

∂x
− ∂u

∂y

)
dA.
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□

Using this result, it is possible to give proofs without bringing the calculation at
the ε-level, as in the following Cauchy-Goursat theorem.

Theorem 46 (Cauchy-Goursat). Suppose U ⊆ ρC̃ is a sharply open. Let f : U →
ρC̃ be a GHF. Then ˆ

γ

f(z) dz = 0

for all closed and simple path γ on U such that Rγ ⊆ U .

Proof. Write f = u + iv where u = Re(f) and v = Im(f). We have z = x + y, so
dz = dx+ idy, hence

f(z) dz = (u+ iv)(dx+ idy) = (udx− v dy) + i(v dx+ udy).

So, ˆ
γ

f(z) dz =

ˆ
γ

udx− v dy + i

ˆ
γ

v dx+ udy.

By Green’s theorem and Cauchy-Riemann equations, we haveˆ
γ

udx− v dy =−
¨

Rγ

(
∂v

∂x
+

∂u

∂y

)
dxdy = 0

ˆ
γ

v dx+ udy =

¨
Rγ

(
∂u

∂x
− ∂v

∂y

)
dxdy = 0.

So
´
γ
f(z) dz = 0. □

Similar to the classical case, this theorem guarantees that if f is a GHF, the
integral

´
γ
f(z) dz is path-independent, i.e. it has the same value for any two paths

with the same endpoints (in particular, if they are homotopic). Moreover, by the
Morera’s theorem (see Thm. 42), f has a primitive on U .

Lastly, we close this section with the Cauchy’s integral formula.

Theorem 47 (Cauchy’s integral formula). Suppose U ⊆ ρC̃ is a sharply open set

and γ : [a, b] → ρC̃ is a closed, simple, and positively oriented path on U such that

Rγ ⊆ U . If f : U → ρC̃ is a GHF and z0 ∈ Iγ , then

f(z0) =
1

2πi

ˆ
γ

f(z)

z − z0
dz.

Proof. Let (γε) be a closed, simple and positive oriented representative of γ, (fε)
be a holomorphic representative of f and z0 = [z0ε]. By applying the classical
Cauchy’s integral formula at the ε-level, we have

1

2πi

ˆ
γ

f(z)

z − z0
dz =

[
1

2πi

ˆ
γε

fε(z)

zε − z0ε
dz

]
= [fε(z0ε)]

= f(z0).

□

Similarly, we have:
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Theorem 48. In the assumptions of Thm. (48), for all z0 ∈ Iγ we have

f (n)(z0) =
n!

2πi

ˆ
γ

f(z)

(z − z0)
n+1 dz, ∀n ∈ N.

We conclude this section with the following mean value property, which is derived
using Cauchy’s integral formula:

Theorem 49 (Cauchy’s inequality). Let U ⊆ ρC̃ be a sharply open and γr be the

circle |z − z0| = r > 0 such that Rγr
lies in U . If f : U → ρC̃ is a GHF. Then,∣∣∣f (n)(z0)

∣∣∣ ≤ n! maxz∈γr
|f(z)|

rn
, n ∈ N>0.

Proof. Using Cauchy’s integral formula for derivatives, the triangle inequality for
integrals, and extreme value theorem, we have∣∣∣f (n)(z0)

∣∣∣ = ∣∣∣∣∣ n!2πi

ˆ
γr

f(z)

(z − z0)
n+1 dz

∣∣∣∣∣
≤ n!

2π

ˆ
γr

|f(z)|
|z − z0|n+1

|dz|

≤ n!

2π

maxz∈γr
|f(z)|

rn+1
length(γr)

=
n! maxz∈γr |f(z)|

rn
.

□

Hence, we have:

Theorem 50 (Mean value property). Let U ⊆ ρC̃ be a sharply open and z0 ∈ U .

If f : U → ρC̃ is a GHF, then there exists r ∈ ρR̃>0 such that Br(z0) ⊆ U and

f(z0) =
1

2π

ˆ 2π

0

f(z0 + reit) dt.

Proof. Since U is sharply open, there exists r ∈ ρR̃>0 such that Br(z0) ⊆ U . Hence,
∂Br(z0) can be parameterized as γr(t) = z0+reit with 0 ≤ t ≤ 2π, so γ′

r(t) = ireit.
By Cauchy’s integral formula, we have

f(z0) =
1

2πi

ˆ
γ

f(z)

z − z0
dz =

1

2πi

ˆ 2π

0

f(z0 + reit)

reit
ireit dt =

1

2π

ˆ 2π

0

f(z0 + reit) dt.

□

4. Riemann mapping theorems

In classical complex analysis, bounded simply connected open subsets U ⊆ C can
be mapped in a biholomorphic way onto the open unit diskBE

1 (0) using the Riemann
mapping theorem. This is a useful result, because it reduces many questions to
equivalent problems concerning the unit disk. In this section, we aim to generalize
these theorems to GHF by using the classical version at ε level. Note that, in the
previous section, the assumption that the domain U is generalized simply connected
(see Def. 23) was not used. We can hence use the following generalized Riemann
mapping theorem e.g. to prove that the interior Iγ is simply connected by reducing
everything to the unit ball and then returning back via the GHF bijection.
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Theorem 51 (Riemann mapping theorem). Let γ ∈ ρGC1([0, 2π]) be a simple, posi-
tively oriented and closed path. Then, there exists φ such that φ|Iγ ∈ ρGH(Iγ , B1(0))

is invertible and
(
φ|Iγ

)−1 ∈ ρGH(B1(0), Iγ).

Proof. Since γ is a simple, positively oriented and closed path, we can take (γε)
closed, positively oriented and simple representative of γ such that Iγ = ⟨Iγε

⟩. For
all ε, Iγε

is the bounded component of C\γε([0, 2π]R). Hence, for all ε, Iγε
is simply

connected. By the classical Riemann mapping theorem (see e.g. [4] and references
therein), there exists a biholomorphic function φε ∈ O(Iγε) onto BE

1 (0). This net of
functions (φε) is candidate to define the searched bijective GHF. The bijectivity is
clear once we proved that both φ := [φε(−)] and φ−1 = [φ−1

ε (−)] are GHF because,
in general, f ◦ g = [(fε ◦ gε)(−)]. We show that (φε) defines a basic function and
that for [zε] ∈ Iγ we have (φ′

ε(zε)) ∈ Cρ; similarly, one can proceed for (φ−1
ε ). Since

Iγ = ⟨Iγε⟩, without loss of generality we can assume zε ∈ Iγε for all ε. It is clear
that |φε(zε)| ≤ 1, hence (φε(zε)) ∈ Cρ. Moreover, by Koebe distortion theorem
(see [4, Thm. 1.4]) and (φ−1

ε )′(φε(zε)) =
1

φ′
ε(zε)

, we have

|φ′
ε(zε)| d(zε, γε([0, 2π]R)) ≤ 4d(φε(zε), ∂B

E

1 (0)). (4.1)

Since γ([0, 2π]) = [γε([0, 2π]R)] is functionally compact and d(φε(zε), ∂B
E
1 (0)) < 1,

we have (d(zε, γε([0, 2π]R))) ∈ Rρ and (φ′
ε(zε)) ∈ Cρ. Now, the proof that (φε)

defines a basic functions is standard: Let (zε), (z
′
ε) be two representatives of the

same point z = [zε] = [z′ε] ∈ Iγ . Considering that Iγ is sharply open, there exists

r = [rε] ∈ ρR̃>0 such that Br(z) = [Brε(zε)] ⊆ Iγ . Then, the inequality

|fε(zε)− fε(z
′
ε)| ≤ sup

ξ∈Brε (zε)

|f ′
ε(ξ)||zε − z′ε| = |f ′

ε(ξε)||zε − z′ε|

holds for some ξε ∈ Brε(zε). The moderateness of (f ′
ε(ξε)) and the equivalence

(zε) ∼ρ (z′ε) yields (fε(zε)) ∼ρ (fε(z
′
ε)), and this concludes the proof. □

Note explicitly that, unlike the classical case, our version of the Riemann map-
ping theorem is stated only for the interior of a suitable generalized Jordan curve

and not for any non-empty simply connected open subset of ρC̃.
We can now conclude this section with the following

Corollary 52. Let γ ∈ ρGC1([0, 2π]) be a simple, positively oriented and closed
path, and let φ : Iγ −→ B1(0) be the generalized homeomorphism of the previous
theorem. Then, we have:

(i) Any closed path η : [a, b] −→ Iγ is homotopic in Iγ to the constant path φ−1(0)
via the generalized smooth homotopy h1(t, s) := φ−1(sφ(ηt)) ∈ ρGC∞([a, b]×
[0, 1], Iγ);

(ii) Iγ is generalized simply connected.

Proof. (i): Use the property that any GHF is also a GSF.
(ii): If z, w ∈ Iγ , then ηt := φ−1((1−t)φ(z)+tφ(w)) is a generalized smooth path

joining z to w, and this shows that Iγ is pathwise connected. Simply connectedness
directly follows from (i) and our Def. 23.(ii). □

Note that using this corollary and Thm. 25, we have an alternative proof of
Cauchy’s theorem without using Green’s theorem 45.

A proof of a similar generalized version of Schoenflies theorem (see e.g. [3, 15, 14,
26] and references therein), even starting from a generalized smooth Jordan path
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γ, is a non-trivial problem. In fact, we can surely apply the classical version of
this theorem at ε level. Then, using [3, Thm. 3.1], we can smoothly extend to the

boundary the Riemann mapping biholomorphism φε obtaining φ∗
ε ∈ C∞(BE

1 (0)).
However, this net (φ∗

ε) in general does not define a ρ-basic function on boundary
points. Even in the real case, let σ = (σε) be a ρ-negligible gauge, and consider
a σ-regularization of the function 1

x for x ∈ (0, 1]R: We can take, e.g., a smooth

function fε such that fε(x) = 1
x for x ∈ [σε, 1], 0 ≤ fε(x) ≤ 2σε for x ∈ [0, σε)

and fε(x) = 0 for x ≤ 0. The net (fε) defines a ρ-GSF on (0, 1] ⊆ ρR̃ but not

a ρ-basic function on [0, 1] ⊆ ρR̃ because 0 = [σε]ρ but fε(0) − fε(σε) = 0 − σ−1
ε

is not ρ-negligible. On the other hand, for a suitable gauge σ, any net of smooth
functions defines a σ-basic function. However, this would lead us to a very involved
statement of this possible generalized Schoenflies theorem. Considering formula [3,
(3.1)], the problem is also related to understand when the continuous Carathéodory
extension of φε to the boundary ∂Iγε yields moderate nets on the strong boundary

∂̃Iγ = [γε([0, 2π])].

5. A comparison with path integration in Colombeau theory of
holomorphic generalized functions

Path integration of Colombeau holomorphic generalized functions (see e.g. [6, 5,
2, 21, 25, 1, 23] and references therein) has been approached at different level of
generality for the considered paths γ. As we already mentioned above, the main
problem is that the composition f(γt) is well-defined only for c-bounded paths γ
(see [12, Def. 1.2.7]).

For example, path integrals in [6, 5] and in [16] for the case of harmonic gen-
eralized functions, are defined only over standard paths in C. This allows for the
application of strong classical results, such as the use of Jordan curve theorem. In
these works, several classical theorems have been established, including the gener-
alized Cauchy formula, Taylor and Laurent expansions (using ordinary series and
not hyperseries), the existence of primitives, etc.

On the other hand, a theory of integration of generalized functions on general-
ized subsets, called membranes, has been developed in [1]. Note that a membrane
is an internal set. A number of classical theorems such as the Cauchy Formula,
the Goursat theorem, the inverse and implicit function theorems, and Green’s the-
orem has also been proved in the context of Colombeau holomorphic generalized
functions. This work has been preceded by the theory of discontinuous Colombeau
differential calculus [2], where arbitrary composition of suitable classes of general-
ized functions is possible. However, in [1], path integral are considered only for the
composition f(γt) with a Colombeau generalized function f ∈ G(Ω). This compo-
sition is defined only if the path is generated by a history (γε), so that (γε([0, 1]))
is a pre-membrane, a condition similar to c-boundedness (see [1, Def. 3.1, 3.2]). In
all these approaches, the domain Ω ⊆ Rn is a standard open set.

Later, Vernaeve in [25] used an approach equivalent to GSF theory, but using
quotients instead of directly viewing generalized functions as ordinary maps. In [25],
the composition f(γt) has no restriction anymore, and this allows one to develop
a good theory of complex integration over generalized path. On the other hand, a
generalized path is defined as an element of the Colombeau quotient algebra GC1

pw
,

i.e. as an equivalence class of nets of piecewise C1-functions. These paths are not
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uniquely determined by their point values. On the contrary, in this paper, we
consider a similar approach but directly taking as paths piecewise ρGC1 maps.
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