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@ GF for Cauchy, Poisson, Kirchhoff, Helmholtz, Kelvin, Heaviside and
Dirac: smooth set-theoretical maps obtained from ordinary smooth
maps by introducing suitable infinitesimal or infinite parameters (see
Laugwitz 89 and Katz, Tall 12).

E.g. set an infinitesimal o in a Gaussian density N(x, o) to have a d-like

function N N
N(—,0) :R— R

o GF after Schwartz: they are functionals and not functions
(T,—):D(Q) —R
@ We need infinitesimal and infinite numbers among our scalars
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Robinson-Colombeau ring of generalized numbers

Let p = (pc) : (0,1] — (0, 1] be a net such that (p.) | 0 (a gauge)
@ Wewrite Yo% : P(e) for Fep € (0,1]Ve € (0,g0] : P(e)
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Let p = (pc) : (0,1] — (0, 1] be a net such that (p.) | 0 (a gauge)
O Wewrite Y0 : P(e) for e € (0,1]Ve € (0,50] : P(e)
@ A net (x.) € RO js p-moderate, we write (x.) € R,, if

IN € NY% @ |x| < poN
© We say that (x.) ~, (ve) ((xc — ye) is p-negligible) if
Vne NV : |x. —y| < pf

Q 'R := R,/ ~, Robinson-Colombeau ring of generalized numbers;
[(x)]~ =: [x] = x € "R

QO x=[x]<y=[y]if3z)~,0¥%: x <Yetz,
x <y if x <y and y — x is invertible in 7R

Q dp:=[pc] € p@>0, D]l = [Ixl] € ‘R

@ B.(c)={x € ’R"||x —c| < r} for r > 0 generate the sharp
topology > sharply open sets
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Intuitive interpretation 1: dynamic points

e c€ (0,1, e = 0": e-time
o x = [x.] € “R" (arbitrary) dynamic point of R”

negligible distance

{ M o
l %
eg. pé

e Why arbitrary (p-moderate) representatives (x.)? It's necessary to
have: intermediate value, mean value theorems
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Intuitive interpretation 2: dynamic sets
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by (Br.(c)).-
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Definition of Generalized smooth functions (GSF)

The idea: Set an infinitesimal o = [o.] in a Gaussian density N(x,o0): we

get a net (N(—, o)) of smooth functions...

Definition

Let X C “R” and Y C “R?. We say that f : X —> Y is a GSF if
@ f: X — Y is a set-theoretical function

@ There exists a net (£.) € C>°(R",R9)(®H such that for all [x.] € X:
2a. f(x) = [f(x)]
2b. Yo € N": (0%f(x.)) is p — moderate
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Some results on GSF

Schwartz's distributions are embedded and smooth functions preserved
(depending on a Colombeau mollifier and on an infinite number to choose
w.r.t. the properties we need)

GSF are freely closed with respect to composition: §oé, Hod, §o H...
Derivatives can be computed using a unique GSF r working as an
incremental ratio: f(x 4+ hv) = f(x) + h- r(x, h), r(x,0) = 55 (x)
One-dimensional integral calculus using primitives

Classical theorems: intermediate value, (integral) mean value, Taylor's
formulas, extreme value theorem, local and global inverse and implicit
function theorems

Multidimensional integration with generalized additivity and convergence
theorems

ODE: Banach fixed point, Picard-Lindel6f, maximal set of existence,
Gronwall, flux, continuous dependence on initial conditions, rel. with
classical solutions...

Calculus of variations: Fundamental Lemma, second variation and
minimizers, necessary Legendre condition, Jacobi fields, Conjugate points
and Jacobi's theorem, Noether's theorem
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Free composition and solution concept for DE

[ IR [~0

LI WA S Pointwise (i.e. strong) solution
| concept for DE:

| F (%, (0%y(x))acp) =0

—~\, , Vx € U C'R"
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What do we need to prove a Picard-Lindelof thm for PDE?

Cauchy problem for normal PDE:

oty = G (t,x, (dlo2y) jer )
o+t
Bty (0,x) = y;(x) 0<j<lL

(eg. GeD)
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(eg. GeD)

Classical point of view

@ try to transform the PDE into an equivalent ODE: from 0:y(t,x) € R
into %y(t, —)ER?

@ unbounded operators like % acting on infinite dimensional spaces

@ integrals in infinite dimensional spaces like ftz %y(s, —)ds or
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What do we need to prove a Picard-Lindelof thm for PDE?

Cauchy problem for normal PDE:

oty = G (t,x, (dlo2y) jer )
o+t
Bty (0,x) = y;(x) 0<j<lL

(eg. GeD)

Classical point of view

@ try to transform the PDE into an equivalent ODE: from 0:y(t,x) €

: d S
into Zy(t,—) €R
@ unbounded operators like % acting on infinite dimensional spaces

@ integrals in infinite dimensional spaces like ftz %y(s, —)ds or
ftz F (S,y(S, _)v aXy(sa _)) ds
@ "It rarely happens that the r.h.s. of the PDE is Lipschitz”

R
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What we need to prove a Picard-Lindelof theorem for PDE

Non-classical point of view

° of generalized functions (GF)
o Schwartz 42 Colombeau: ‘=
o GSF &

@ We must allow for infinite Lipschitz constants, so we need a

o Colombeau and GSF: &
e If h > 0 is an infinitesimal, the ODE y'(1 + y)h = —t, y(0) = 0 has
solution defined only in {—ﬁ, ﬂ}
o We need GF defined only on infinitesimal domains: Colombeau &
GSF &

@ We need a good notion of and Fréchet-like spaces
of GF with complete norms
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*R-Fréchet spaces of GSF (1/5)

Neither [0,1] = {x € “R | 0 < x < 1} nor [0,1] N R are compact in the sharp
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Neither [0,1] = {x € "R | 0 < x < 1} nor [0,1] N R are compact in the sharp
topology

@ K is a solid set in “R" if int(K) is dense in K (in the sharp topology).
Rem: 9%f(x) :=lim y—x 0%f(y) for all x € K
y€int(K)

Theorem (extreme value thm)

Let f € GC®(X,"R). Let () # K = [K.] C X be an internal set generated by a net
(K:) of compact sets K. € R" such that K C By/(0) for some M € "R, then

Im,M e KV¥x € K : f(m) < f(x) < f(M)

R" C K:[a,b]”g”]ﬁ”, where a, beﬂﬂé, a<0<banda, b
are infinite numbers
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"R-Fréchet spaces of GSF (2/5)

We say that K is a functionally compact subset of ’R", and we write
K &f "R", if there exists a net (K:) such that

Q K =[K]C'R"

Q@ IM € ’Rug: K C By(0)

Q Ve: K.eR"
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*R-Fréchet spaces of GSF (2/5)

We say that K is a functionally compact subset of ’R", and we write
K &¢’R", if there exists a net (K.) such that

@ K=[K]CR"

Q@ IM € ’Rug: K C By(0)

Q Ve: K. eR”

Theorem

Let K,H € "R" and f € GC®(U,’RY), then
O IfK ¢ U then f(K) €sRY
Q [a,b] €'R and K x H €’R"

© If KU H is internal, then K U H €;’R" (analogously for K N\ H and
JCK)

v
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"R-Fréchet spaces of GSF (3/5)

Let () £ K & “R" be a solid set. Let m € N and f € "GC(K,’R?). Then
|fllm ;= max max (|8"‘fi(Ma;)
loe|<m

1<i<d

|0 Fi(mai)|) € 'R,

where m,;, M,; € K satisfy Vx € K : ‘aaf"(ma,-)’ < yao‘f"(x)‘ < ‘6°‘fi(Ma;)‘.
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*R-Fréchet spaces of GSF (3/5)

Let () £ K & “R" be a solid set. Let m € N and f € "GC(K,’R?). Then

lfllm = ‘mlix max (}8afi(Ma;)

1<i<d

|0 Fi(mai)|) € 'R,

where m,;, M,; € K satisfy Vx € K : |8°‘fi(ma;)’ < |6°‘f’(x)| < ‘8O‘fi(Ma;)‘.

v

Theorem

Q |fllm = |max|aj<m SuPck. |0 (x)| €’R
1<i<d

Q |fllm=>0, lf|lm = 0 if and only if f =0
@ VceR: |c-fllm=lc|-Iflm
Q [f+glm <IIfllm+ llgllm - gllm <27 [|fllm - llg]lm

v
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*R-Fréchet spaces of GSF (4/5)

Let ) # K & ’R" be a solid set. Let f € “GC(K,’R9), m € N,
r € "Ry, then

@ GF(K,"RY) = ("GC=(K,"RY), (|| = l|m)men)) "R-Fréchet space
@ B7(f) = {g €’GC(K,"R) | ||f — gllm < r} ¥meNVre R

Q Let V C*GC(K, *R9), we say that V is a sharply open set in
PGF(K,’RY) if v € VIme NIr € Rag: BT(v) C V
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*R-Fréchet spaces of GSF (s/5)

Let O # K €/“R be a solid set. Then we have:

@ Sharply open sets form a T» top~o/ogy on "GC* (K, ”]ﬁd) such that pointwise
addition and multiplication by "R-scalars are continuous

Iff, g € B'(0) and t € [0,1], then tf + (1 — t)g € B"(0)

Ift € "R and |t| < 1, then t - B["(0) C B(0)

For all Vf € *GC™(K,’RY) 3t € “Rso: f € t- BT(0|«)

Let ¢ € Dk(2), K @ Q CR", then ¢ € pg]—'([K],”Iﬁ) and ||¢|lm € R is the usual
m-norm of ¢

The *R-Fréchet space *GF(K, ”]lid) is Cauchy complete

© 0000
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Banach fixed point thm with loss of derivatives (1/2)

A basic idea: consider e.g. Ory(t,x) = a(t,x) - Oxy(t,x) =: F(t,x,y), then for
(t,x) € K € "R, K solid, we have
1F(t,x,y1) = F(t,x, y2)[i < max[Ja(t,x)]li - max [[0x(y1 — y2)lli <
(t,x)EK (t,x)eK

<M -lyr = yollivt
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Banach fixed point thm with loss of derivatives (1/2)

A basic idea: consider e.g. Ory(t,x) = a(t,x) - Oxy(t,x) =: F(t,x,y), then for
(t,x) € K € "R™!, K solid, we have

IF(t,x 1) = F(t,x,32) i < max fla(t, x)[[;i- max [[0x(y1 = y2)li <
(t,x)EK (t,x)eK

< M- lyr = yelliva

Let 0 K & "R” be a solid set, yo € X C *GF (K,PI’REd) and L € N. Then P is

a finite sharp contraction on X with loss of derivatives L starting from yq if

@ P: X — X is a set-theoretical map
@ Vie N3 € RooVu,v € X & [|P(u) = P(v)|; < ai- lu— vl
o < oy
© ForallieN, wehave lim of . -[IP(y0)— Yoll; =0 (sharp top.)

n,m— oo
n<m

Qo Elseﬂ@>0Vm€N: QjpmL <1—s5

v
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Banach fixed point thm with loss of derivatives (2/2)

Let K, X, yo, L, P be as above. Assume that X C *GF (K,”I@d> is
Cauchy complete. Then:

© P is sharply continuous

@ 3y € X such that lim,_, 1 P"(yo) =y

Q@ Ply)=y
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Banach fixed point thm with loss of derivatives (2/2)

Theorem
Let K, X, yo, L, P be as above. Assume that X C *GF (K,”I@d> is
Cauchy complete. Then:

© P is sharply continuous

@ 3y € X such that lim,_, 1 P"(yo) =y

Q@ Ply)=y

No uniqueness because we have a loss of derivatives!
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Uniformly Lipschitz condition (1/2)

In our normal PDE, we set oty = G (t,x, (8{8;1)/) j<L ) =: F(t,x,y), where

[ +j<L

G:TxSx"RE —/Rand L:=card{(j,a) eENxN" | j < L, |a| +j < L}.
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Uniformly Lipschitz condition (1/2)

In our normal PDE, we set oty = G <t,x, (8{83}/) j<L > =: F(t,x,y), where

[ +i<L

G:T><S></’]1~%i‘—>ﬂ]1§andIA_::card{(j,a)GNXN"|j<L, la] +j < L}.

Definition

Let 0 # T &f p@, 0+Sée&r 'R" be solid sets, and
Y C*GF <T X S,"I@d>, L € N. We say that F is uniformly Lipschitz on
Y with constants (A;);cy and loss of derivatives L if:
© F: T xSxY —s"RYis a set-theoretical map;
@ VycY: F(—,—y) €GF (T x S, RY);
@ VieNVu,veY: [[F(—, — u)=F(——v)|; <Ai-|lu=v|,
Q@ VieN: AN <A
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Uniformly Lipschitz condition (2/2)

Reduction to 1st order in time

Introducing a new variable for each t-derivative, we can consider only the
case Oy = G (t,x, (8jy)|a‘<L), where G: T x § x "R¥L —; "R,
E.g. 02y = G(t,x, O:y, 0:0xy, Oxy, B2y) introducing y1 = y and y» = O:y1 becomes

{aty2 = G(taxvyzaaxyla8Xy278Xy178)2<y1)
Oeyr = y2
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Uniformly Lipschitz condition (2/2)

Reduction to 1st order in time

Introducing a new variable for each t-derivative, we can consider only the
case Oy = G (t,x, (8jy)|a‘<L>, where G: T x § x "R¥L —; "R,
E.g. 02y = G(t,x, O:y, 0:0xy, Oxy, B2y) introducing y1 = y and y» = O:y1 becomes

Oty = G(t7 X, ¥2,0xy1, Oxy2, Oxy1, 83}/1)
3t}/1 =

v

Theorem

If yo € *GC>(S,’RY) with ||yo||; < si € “Rso and r; € "Rsq for all i € N,
then for all H €¢’RY, the function F is uniformly Lipschitz with loss of
derivatives L on the space

Y :={y €GC(T x S, H) | ly — yoll; < ri Vi € N}
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Picard-Lindeldf theorem for PDE

Theorem

Let to € 'R, o, r; € "Rso Vi € N. Set T := [to — o, to + 0. Let S €R" be a solid set

and H C *RY be a sharply closed set. Let y, € PGF(S, H) such that By, (yo(x)) C H for
allx € S. Set

Yo :={y € "GF(Ta x S,H) | |y — yoll, < i Vi € N}

and assume that F is uniformly Lipschitz on Y, with constants (A;)ien and loss of
derivatives L. Finally assume that for all y € Y, and all i € N:

[F(= = < Mi(y), a-Miy)<rn
a n+1 n —
n’m_l'oT’nSmO‘ . Ai+mL . HF(_7 _>y0)||i+mL =0
s €RogVmEN: a-Aiym, <1—s.
Then there exists a solution y € Y, of the Cauchy problem
Bey(t,x) = G (t,x,(82y) <L) = F(t,x,y)
y(to,x) = yo(x)

v
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Corollaries of Picard-Lindelof (1/2)

Corollary

Using the previous notation, let T := [ty — 3,to + 3], L := card{a € N" | la| < L}.
Assume that ||y, < si € €’Rso foralli=1,...,1. Set H:= Bryi5(0) C ’RY,

D =[], Bis(0), M; :=||G|rxsxoll,. Let (/\,-),EN be the Lipschitz constants for G as
stated in Thm. at slide 18. Finally, assume that o € (0, 3] and

JRERsoVieN: A <R

dpP r
dp €Rso: o< min (%, ﬁ) (1)
lim dp™ - ||G —,—, (O%y0) a‘<L)|| =0. (2)
,J‘POO

Then there exists a solution in Yo = {y € "GF(Ta x S,H) | |ly — yol|; < ri Vi € N}.
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Corollaries of Picard-Lindelof (1/2)

Corollary

Using the previous notation, let T := [ty — 3,to + 3], L := card{a € N" | la| < L}.
Assume that ||y, < si € €’Rso foralli=1,...,1. Set H:= Bryi5(0) C ’RY,

D:= H,'L:O Br+5(0), M; := ||G|rxsxpl;- Let (/\,-),EN be the Lipschitz constants for G as
stated in Thm. at slide 18. Finally, assume that o € (0, 3] and

JRERsoVieN: A <R

dpP r
E|p S R>0 : a < min (%, ﬁ) (1)
lim dp™ - ||G —,—, (9%y0) a‘<L)|| =0. 2)
n,j— oo

Then there exists a solution in Yo = {y € "GF(Ta x S,H) | |ly — yol|; < ri Vi € N}.

The Lipschitz constant must be bounded by some R € ”Hi>0 uniformly in
i € N. E.g. we cannot solve d;y = d(y), y(0) =0 or 0y = 90y
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Example: polynomial PDE

Let's consider e.g.

{8ty(t,x) = G (t,x, y(t,x),0xy(t, x), 02y (t,x))
y(0,x) = d(x)

where G € R[t, x, do, di, da] is a real polynomial. In the last Cor. we set
B, v arbitrary, T :=[-5,5], S :=[-7,7], si := dp_i_l, O0<r<r<r
arbitrary. Since G is a real polynomial, we have

IM € "RuoVi € N: M= ||Grxsxpl; <M

and we get that there exists a solution in

Yo={y €’GF(To x S,H) | |ly — yoll; < ri Vi € N}
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Subpoints and their first properties

Definition

Let x = [x.] € R, then we say that x is a subpoint of x if 3J C (0,1] : 0
is a limit point of J (we write J Co (0,1]) and x" = x|, =: [(x).,]-
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Properties
o If f €7GC™(X,Y), x € X and J Cq (0, 1], then f(x)|y = f|,(x|)
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Definition
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Subpoints and their first properties

Definition

Let x = [x.] € R, then we say that x is a subpoint of x if 3J C (0,1] : 0
is a limit point of J (we write J Co (0,1]) and x" = x|, =: [(x).,]-

Properties
o If f€GC™®(X,Y), x € X and J Co (0,1], then f(x)|; = f|,(x|s)
@ Def.: ?OGC® the category of open sets and GSF;
Sp(U) := U cy(0,1) Ulu the set of all the subpoints of U;
Sp(f)(x|y) := f(x)|s so that Sp(f) : Sp(U) — Sp(V) if
f € "OGC™>(U, V) is the extension of f to all the subpoints
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Subpoints and their first properties

Definition

Let x = [x.] € R, then we say that x is a subpoint of x if 3J C (0,1] : 0
is a limit point of J (we write J Co (0,1]) and x" = x|, =: [(x).,]-

Properties

o If f €7GC™(X,Y), x € X and J Cq (0, 1], then f(x)|y = f|,(x|)

@ Def.: ?OGC® the category of open sets and GSF;
Sp(U) := U cy(0,1) Ulu the set of all the subpoints of U;
Sp(f)(x|y) := f(x)|, so that Sp(f) : Sp(U) — Sp(V) if
f € "OGC™>(U, V) is the extension of f to all the subpoints

e {Sp(VU) | Uerogc>, UcC *R"} is a base for a topology of sets of
subeoints in 7R"; If S is open in this :copology, then
Pt(S) := U{U € *OGC*> | Sp(U) C S} € *OGC*>
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Strong compatibility

The classical sheaf property on open sets does not hold for GSF: i(h) := 1 if h is
infinitesimal and i(h) := 0 otherwise
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Strong compatibility

The classical sheaf property on open sets does not hold for GSF: i(h) := 1 if h is
infinitesimal and i(h) := 0 otherwise

fila(xls) = [(f_l:'('r:')):-g,]] = fuls(z|s) = [(fhf('r:')):'g,l}
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Strong compatibility

The classical sheaf property on open sets does not hold for GSF: i(h) := 1 if h is
infinitesimal and i(h) := 0 otherwise

fila(xls) = [(f_l:'('r:')):-g,]] = fuls(z|s) = [(fhf('r:')):'g,l}

Forallp=1,...,N., g=1,..., M.:
5i0x) = [ (fipne ) | =
= lu(x1) = | (ftarc(0)), .|

Strong compatibility condition

Uje).er Ujie),en---s UjM..e).e
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Sheaf property for GSF

Assume that the family f; € "OGC™>(U;, Y) for i € H is strongly
compatible, then there exists one and only one f € "OGC*(U;cy Ui, Y)
such that f|y, = f;.
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Sheaf property for GSF

Assume that the family f; € "OGC™>(U;, Y) for i € H is strongly
compatible, then there exists one and only one f € "OGC*(U;cy Ui, Y)
such that f|y, = f;.

Does this mean that GSF are a sheaf w.r.t. the topology of subpoints?
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Main steps in the construction of the topos (1/2)

@ Def. of the category "SpGC®° of open sets of subpoints
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Main steps in the construction of the topos (1/2)

o Def. of the category "SpGC™ of open sets of subpoints:
Objects: S € *SpGC>= if Ine N: S C Sp(’R"), S is an open set

Arrows: S L) T if
3f € *GC(Pt(S),Pt(T)): f:s=](s:)ecs] €S fly(s) e T

@ Thm.: every arrow of *SpGC™ is continuous
@ Def.: In the category "SpGC> we have a notion of covering:
(U; SN U)ien € T(U) (covers U) if
o each U; L—'_) U is an arrow in ”SpGC™>®
o U=Uen Ui
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Main steps in the construction of the topos (1/2)

o Def. of the category "SpGC™ of open sets of subpoints:
Objects: S € *SpGC>= if Ine N: S C Sp(’R"), S is an open set

Arrows: S L) T if
3f € *GC(Pt(S),Pt(T)): f:s=](s:)ecs] €S fly(s) e T

@ Thm.: every arrow of *SpGC™ is continuous
@ Def.: In the category "SpGC> we have a notion of covering:

(U; /AN U)ien € T(U) (covers U) if
e each U; LN U is an arrow in ”SpGC™>®

o U= Uien Ui
o Pt(;) : Pt(U;) < Pt(U) is the inclusion

Paolo Giordano (WPI, Vienna) Souriau 2019 27/32



Main steps in the construction of the topos (2/2)

o Def: If G: ("SpGC™>)P — Set and U = (U; —— U)jey € T(U),
then we say that (f;);ey are compatible on U |f fi € G(U;) and

S

l;, —  G(O)(F) = GO)(F)
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Main steps in the construction of the topos (2/2)

o Def:: If G: ("SpGC™®)® — Set and U = (U; —L— U)iey € (D),
then we say that (f;);ey are compatible on U if f; € G(U;) and

Uiﬁ[j

Li

o Def.: A sheaf G € Sh("SpGC™,T) is G : ("SpGC>)°? — Set such
that for all U = (U; SLIEN U)ien € T(U) and (f;)jer compatible on U

e GU)Yie H: GIT)(f)=Ff
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o Def:: If G: ("SpGC™®)® — Set and U = (U; —L— U)iey € (D),
then we say that (f;);ey are compatible on U if f; € G(U;) and

U,?U

o Def.: A sheaf G € Sh("SpGC™,T) is G : ("SpGC>)°? — Set such

that for all U = (U; SLIEN U)ien € T(U) and (f;)jer compatible on U
Jf e GU)Vie H: G@)(f) =f;
@ Def.: "TGC™ := Sh(*SpGC*,T), the category of sheaves over
*SpGC™, is the Groethendieck topos of GSF
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Main steps in the construction of the topos (2/2)

o Def:: If G: ("SpGC™®)® — Set and U = (U; —L— U)iey € (D),
then we say that (f;);ey are compatible on U if f; € G(U;) and

U,?U

o Def.: A sheaf G € Sh("SpGC™,T) is G : ("SpGC>)°? — Set such
that for all U = (U; SLIEN U)ien € T(U) and (f;)jer compatible on U
Jf e GU)Vie H: G@)(f) =f;
@ Def.: "TGC™ := Sh(*SpGC*,T), the category of sheaves over
*SpGC™, is the Groethendieck topos of GSF
o Thm.: *GC*(—, Y) C "SpGC>=(—,Y) € *TGC™ and the SCC
corresponds to the compatibility condition w.r.t. the coverings I
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hat does this opos serve or?

@ A topos is a model for intuitionistic set theory: it can be thought of
as a universe of sets of GF and GF between them
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F :7GC™(X,Y) — "GC®(Z, W)

Paolo Giordano (WPI, Vienna) Souriau 2019 29/32



hat does this opos serve or?

@ A topos is a model for intuitionistic set theory: it can be thought of
as a universe of sets of GF and GF between them

@ This universe is closed w.r.t. any set theoretical operation: X U Y,
XxY, YX, P(X), X+Y..

@ We have hence a notion of arrow (GF) even for functions of the type

F :7GC™(X,Y) — "GC®(Z, W)

@ We can easily define a functor Col : Man — ? TGC™ that embeds
smooth manifolds in the topos of GSF

Paolo Giordano (WPI, Vienna) Souriau 2019 29/32



hat does this opos serve or?

@ A topos is a model for intuitionistic set theory: it can be thought of
as a universe of sets of GF and GF between them

@ This universe is closed w.r.t. any set theoretical operation: X U Y,
XxY, YX, P(X), X+Y..

@ We have hence a notion of arrow (GF) even for functions of the type

F :7GC™(X,Y) — "GC®(Z, W)

@ We can easily define a functor Col : Man — ? TGC™ that embeds
smooth manifolds in the topos of GSF

@ This functor preserves all the constructive properties that holds in
Man

Paolo Giordano (WPI, Vienna) Souriau 2019 29/32



hat does this opos serve or?

@ A topos is a model for intuitionistic set theory: it can be thought of
as a universe of sets of GF and GF between them

@ This universe is closed w.r.t. any set theoretical operation: X U Y,
XxY, YX, P(X), X+Y..

@ We have hence a notion of arrow (GF) even for functions of the type

F :7GC™(X,Y) — "GC®(Z, W)

@ We can easily define a functor Col : Man — ? TGC™ that embeds
smooth manifolds in the topos of GSF

@ This functor preserves all the constructive properties that holds in
Man

@ In the topos " TGC™ we can define a language of nilpotent
infinitesimals in order to prove properties such as: tangent vectors are
infinitesimal lines on the space, vector fields are infinitesimal
transformations, Lie brackets are their commutator... All this in finite
and infinite dimensional spaces such as "GC*°(X, Y)
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@ We have two different proofs for an even stronger compatibility
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Work in progress

We have two different proofs for an even stronger compatibility
condition /

We need a better checking of the proof in case of SCC

A better checking for the proof of the topos

("SpGC>,T) is actually a concrete site, therefore concrete sheaves
correspond to diffeological spaces in this context /

@ Translate “concrete sheaves” into a definition of generalized
diffeological space which is more near to the usual one
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Future developments

@ hyperseries and the Cauchy-Kowalevski theorem for analytic GSF:
'N = {[na] €’R|n.eN Ve} (are all Schwartz distribution
analytical?)
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@ hyperseries and the Cauchy-Kowalevski theorem for analytic GSF:
'N = {[na] €’R|n. eN Ve} (are all Schwartz distribution
analytical?)

@ hyperfinite Fourier transform: if k € "I@>0 is an infinite number then
Fi(F)(w) := [X, f(t) - e“tdt € 'R exists for all GSF f!

o finite and infinite-dimensional Newton's method

@ Pontryagin's maximum principle (optimal control)

@ Basic differential geometry of extended manifolds ‘MDD M

@ Start Analytical mechanics
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Contacts and references

References:
www.mat.univie.ac.at/“giordap7/
Contact:
paolo.giordano@univie.ac.at

Thank you for your attention!
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