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ABSTRACT. In this paper, we establish a suitable version of the Hahn-Banach
theorem within the framework of Colombeau spaces, a class of spaces used
to model generalized functions. Our approach addresses the case where maps
are defined e-wise, which simplifies the framework and makes the extension of
linear functionals more manageable. As an application of our main result, we
demonstrate the separation of convex sets in Colombeau spaces.

1. INTRODUCTION

In analogy with the classical Hahn-Banach extension property, one could ask if
for any “R-linear map g that satisfies

Ve e FCG: glx) <p(x), (1.1)

where G is an ”E—module, F is an “R-submodule and p is an ’R-sublinear map,
there exists an R-linear map f that extends ¢g and satisfies (1.1) for every z € G.
Thm. 10.1 of [18] shows that under some set-theoretic assumptions (the continuum
hypothesis) there exists a linear ’R-functional  defined on an ’R-submodule of "R
that cannot be extended to an “R-linear map ) :”’ R—s" ﬁ, and hence the extension
property does not hold for any Colombeau space Gg. However, when ¢ is a Hilbert
’R-module and if F is closed and edged (see Def. 2.9 of [1]) the extension property
holds (see Thm 2.22 of [4]). For a more restricted version of the Hahn-Banach
extension property on Banach * ﬁ—modules, see Thm. 5.2 of [10], where the author
proved that, when L C "R is a subfield and (E, || - ||) is an ultrametric normed L-
linear space, any continuous L-linear functional on some L-linear subspace V of E,
can be extended to a continuous L-linear functional on E. We also mention that the
Hahn-Banach extension property holds for non-Archimedean normed linear spaces
over a field K (see [9, 17]).

In our approach, we deal with the case where the ’R-module G is a Colombeau
space Gg based on a family of normed spaces (see Sec. 2.1.1), the maps g and p have
representatives (Def. 2), and the “R-submodule F is an internal set (Sec. 2.1.4). In
this setting, an e-characterization is possible allowing the use of the classical Hahn-
Banach theorem at the e-level and conclude.
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10.55776/P33945, 10.55776/P33538 and 10.55776/PAT9221023. For open access purposes, the
authors have applied a CC BY public copyright license to any author-accepted manuscript version
arising from this submission.
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2. BASIC NOTIONS OF COLOMBEAU SPACES

This section introduces the foundational concepts of Colombeau spaces necessary
to understand the work presented in this paper. The main references are [3, 4, 6,

’ ’ ) ]

2.1. Colombeau spaces and topological *C-modules.

2.1.1. Colombeau spaces. Let p := (p.) € I' (I := (0,1]) be a net such that p. — 0
as € — 0T (in the following, such a net is called a gauge). Throughout the paper,
E = (E.,||'||¢)eer is a family of normed spaces. In the following, all the asymptotic
relations in ¢ € (0,1] are considered for ¢ — 0

We set Gg := Mg /NEg, where

M = {@5) SICIENY |ue|e=0<paN>}v

eel

Ng = {(ug) € [[B-1YN eN: [Juclle = O(pg)} .
eel

Elements of Mg and Mg are respectively called E-moderate and E-negligible nets,

whereas G is called the space of Colombeau generalized functions based on E. In

this work, equivalence classes in the quotient G are simply denoted as [u.].

2.1.2. The Robinson-Colombeau ring of generalized numbers. The rings ’R and *C
are respectively the Robinson-Colombeau ring of generalized real numbers and the
Robinson-Colombeau ring of generalized complex numbers, and they are obtained
by taking E. = R for every ¢ and E. = C for every ¢ respectively, see [6]. The
generalized number having (p.) as a representative is denoted by dp. Clearly, for
pe = €, we get the usual ring of Colombeau generalized numbers, see e.g. [10] and
references therein.

The ring ’R of generalized real numbers can be equipped with the order relation
< given by z < y if for any representative [x.] of z, there exists a representative [y.]
of y such that . < y. for all € small. For abbreviation reasons, the notation V%
refers to “for all € small”. Moreover, we write x < y whenever z <y and y —z is a
positive invertible generalized number. Equipped with this order, ‘Ris a partially
ordered ring.

Given a subset S C I, we denote by eg the generalized number having the
characteristic function of S as a representative.

2.1.3. Topological *C-modules. One can easily see that if E. is a vector space over
R (resp. over C) for all ¢, then Gp is a module over “R (resp. over “C). Thus, ’C
(resp. “R) is a module over itself.

We recall from Sec. 1.1.1 of [1] that a topological *C-module is a "C-module G
endowed with a “C-linear topology, i.e. with a topology such that the addition
GxG — G : (u,v) - u+ v and the product "C x G = G: (\u) — du are
continuous.

To endow “C with a structure of a topological *C-module we consider the map
V& 'C—s (—00, 00] called valuation defined by

Vr = [r.] €’C: v,e(r) =sup{b € R||r:| = O(p%)as e — 0T }.
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One can easily see that the map v is well-defined i.e. it does not depend on the
representative (r¢) of r. The map v satisfies the following properties

(i) v(r)=ocif and only if r =0

(ii)  v(rs) > v(r) + v(s)

(iii)  v(r+s) > min{v(r),v(s)}.

We also consider the map

| |e:"C —[0,00), u—> |u|e :=e V&™),

The properties of the valuation on *C make the coarsest topology on *C such that
the map | - |o is continuous compatible with the ring structure. This topology is
commonly called the sharp topology [12, 14, 15, 16].

A normed "C-module ([4, Section 1.1.1]) is a topological ”C-module whose topol-
ogy is determined by an wultra-pseudo-norm. As defined in [3, Definition 1.8] an
ultra-pseudo-norm on G is a map P : G — [0, 00) satisfying
(i) PO)=0ifand only ifu=0
(ii) P(Au) <|AeP(u) for all A € °C and for all u € G
(i) P(u+v) < max{P(u),P(v)}.

A deep study of the topological dual of a topological *C-module G of all continuous
and “C-linear functionals on G can be found in [2, 3].

The notion of valuation can be defined in a general context of “C-modules as
follows: a valuation v on a “C-module G is a function v : G — (—00, 00| satisfying
(i) v(0)=o0 N
(i)  v(Auw) > v,5(A) + v(u) for all A € "C and for all u € G
(iil)  v(u+v) > min{v(r),v(s)}.

Any valuation v generates an ultra-pseudo-norm P by setting P(u) = e~ V(¥),

In the context of a Colombeau space Gg, the map v : Gg — (—00, 00| defined

by

v([uz]) :=sup{b € R| ||uc||- = O(pl)as e — 0T}
is a valuation on Gg. To this evaluation v, we associate the ultra-pseudo-norm
P(u) := e=v(W, The "C—m(ldule Gr equipped with the ultra-pseudo-norm P has
the structure of a normed “C-module. _ B B

A special kind of topological “C-modules is "C-modules with "R-norms (“R-valued
norms). As defined in [4, Definition 1.5], an ’"R-norm p : G — "R is a map satisfying
the following properties

e p(u) =0 if and only if u = 0, and p(u) > 0 for all u € G;

o p(Au) = |A|p(u) for all A = [A;] € °C and for all u € G, where |A| = [|Ac]] €

’R;

e p(u+v) < plu)+ pv) for all u, v € G.
In the context of a Colombeau space G, the map G — “R, u — ||u|| == [||uc]|]
defines an “R-norm. By [4, Proposition 1.6], the map P(u) := |||u|| |o defines an
ultra-pseudo-norm on G, and the “C-linear topology on Gr determined by the
’R-norm || - || coincides with the topology of the corresponding ultra-pseudo-norm

Throughout this paper, we consider the topology generated by the ’R-norm [I-1]-
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2.1.4. Internal sets and strongly internal sets. We recall from [13] that a subset
A € Gp is called internal if there exists a net (A.) of subsets A, C E. such that

A:={ueGp|INu] =uVe: u. € A} =: [A],

where the notation J[u.] = wu refers to “there exists a representative (u.) of u”.
The net (A.) is said to be a representative of A, and the internal set A is said to
be generated by the net (A.).

An internal set A is said to be sharply bounded if

INVu € A: |ful| <dp™.
A representative (A.) of an internal set is said to be sharply bounded if
INYeVu € A |ulle < po V.

An internal set has a sharply bounded representative if and only if it is sharply
bounded ([13, Lemma 3.3]).

An internal set A is said to be functionally compact set ([6, Definition 52]), and
we write A € Gg if A has a sharply bounded representative made of compact
subsets. These sets are not necessarily compact sets with respect to the sharp
topology, but they satisfy many properties similar to those satisfied by compact
sets in normed spaces.

Any internal set A C Gg is closed (with respect to the sharp topology). For
more results about internal sets, we refer the reader to [13].

A subset A C G is said to be strongly internal if there exists a net (A.) of
subsets A, C E. such that

A:={u€Gp|V[u]=uVe: u. € A} =: (A.),

where the notation V[u.] = u refers to “for any representative (u.) of u”.

2.1.5. Supremum in "R. We recall here the notion of (sharp) supremum of subsets
of ’R (see Def. 20 and Rem. 21 of [11] and references therein), which are defined
with respect to the sharp topology which is, as defined in Sec. 2.1.3, generated by
the family

{B(z) | 7 € Roo w € R),
where B,(z) := {y € "R | |# —y| < r} is the open ball of R with center 2 and
radius 7.

Definition 1. Let S C 'R, and let o, ¢ € “R. We say that ¢ is the sharp (or closed)
supremum of S, and we write o = sup(S), if

(i) VseS:s<o

(i) VgeNIseS:o0—-dp? <3

Similarly, we say that ¢ is the sharp infimum of S, and we write ¢ = inf(.S) if

(i) VseS:s>u

(i) YgeNTseS: +dp? >3

Unlike in R, there exist bounded subsets of * R that do not have a supremum. Even

worse, there exist bounded subsets of ’R that do not have a least upper bound
e.g. the set Dy, of all infinitesimal points i.e.,

Do :={z €’R| 3z =2 lim 2. =0} = {z € "R |z~ 0}.
e—0+t

For more details, see [11].
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2.1.6. ”6—(sub)linecir maps and continuity. Let (G, [|[[) and (F,|-[) be topological
’C-modules with “R-norms. We recall from Prop. 1.7 of [1] that a "C-linear map
T :G — F is continuous if and only if

3C € RsoVu € G : |T(u)| < Clful|.

A functional p: G — /R is said to be an “R-sublinear map if it fulfills the following
two conditions
Yu € GYA € "R ¢ p(Au) = Ap(u) (2.1)
Yu,v € G : p(u+v) <p(u) + p(v).

We recall now the definition of * 6—(sub)linear maps defined by a net of representa-
tives.

Definition 2. Let T : Gz — “C be a ”6—(sub)linear map. We say that T is defined
by a net of representatives if there exists a net (7) of maps 7. : E. — C such
that

V(ue), (ve) € Mg : (To(ue)) € Mc and (ue —ve) € Ng = (Te(ue) —Te(ve)) € Ng
and T(u) = [T:(ue)] for all u = [us] € Gg. In the sequel, we write T = [T] to
say that T is defined by a net of representatives (T.). In case T is “C-linear, the

map T is assumed to be linear as well, and in case T is ”C~I—sublinear, the map T.
is assumed to be sublinear as well.

It follows from the definition that (7.) and (7)) are two representatives of a
’C-(sub)linear map T : Gg — “C if and only if
V(us) € Mg : (Te(ue) — TZ(ue)) € Ne.
We also recall from Sec. 1.1.2 of [4] that a map T : Gg — C is called basic if

it has a representative (7;) of continuous linear maps E. — C that satisfies the
following property

YedC. > 0Vu € E. : |T.(u)| < Cc||ul|-
where (C.) € Mg.
By [4, Prop. 1.9], any ”C-linear map defined by a net of representatives is con-

tinuous. B N
Consider now a continuous "C-linear map T = [T;] : Gg — "C. Then

Isup{|T(2)| | 2 € G, |l]| < 1} = [||T]|| € R (2.3)
and it is given by

=: [Tl - (2.4)

z€Ee,||z]|<1

|||T||—l sup |Te(z)|

Indeed, from Prop. 1.10 of [4], there exists a representative (C.) of C' such that

VeV € B, : |To(x)| < Ccl|zle. (2.5)
Setting
Teflle .= sup  |T(z)]. (2.6)
TEH,||z|[c<1
It follows from (2.5) that [|||7%]||-] € ’R. Setting now |[|T||| := [|||T:|||s]. One can

easily check that (2.3) follows from (2.5) and (2.6).
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The set I used in all the constructions above can be replaced by any subset
S C (0,1] having 0 as an accumulation point. Such subsets are called co-final in
I and we write S Cg I. However, when [ is replaced by a co-final subset S of I,
the ring “C will be denoted by "6\57 the pé\s-module Gr will be denoted by Ggls,
the ”6|5-linear map T will be denoted by T|g, the order relation < of 'R will be
denoted by <g, the equivalence classes will be denoted by [-]|s; similar notations
are used for other notions.

3. THE ANALYTIC FORM OF HAHN-BANACH’S THEOREM

In this paper, we prove the extension property in a Colombeau space Gg. The
’R-submodule F in (1.1) is assumed to be an internal set, and the maps g and
p are assumed to be defined componentwise. The method consists in simplifying
the problem to the e-level and then we use the classical Hahn-Banach theorem to
conclude (Thm. 1.1 of [1]).

In all this section, an internal ’R-submodule is assumed to be generated by a
representative consisting of vector spaces.

Theorem 3. Let F QNQE be aqpﬁ—submodule, p:Gg — 'R be an "R-sublinear
map and let g : F — "R be an "R-linear map satisfying

Ve € F: g(x) < p(x). (3.1)

Assume that F is internal, and both p and g have representatives. Then, there
exists an ‘R-linear map f : G — "R having representatives and satisfying

Ve e F: f(z) =g(z) (3.2)

and
Vo € Gg : f(z) < p(x). (3.3)

The case where the map g takes values in * C can be treated in a very similar way.
The next proposition, which is inspired by Prop. 1.10 of [1], is used in order to
reduce (3.1) at the e-level.

Proposition 4. Under the assumptions of Thm. 3, the following properties are
equivalent:

(i) VxeF: g(x)<p(x),

(ii)  For all representatives (g:) of g, for all representatives (p:) of p, we have

Vg e NYeVz € F. : g.(x) < pe(x) + pl|z|- (3.4)

where (Fy) is a representative of F made of vector spaces,
(iii) For all representatives (ge) of g, there exists a representative (pL.) of p such
that

Weve € F. @ g.(z) < pl(z). (3.5)
Proof. (i) = (ii): In order to prove this implication, we prove that the negation of
(ii) implies the negation of (i). More precisely, we should prove that the negation

of (ii) implies that there exist S Cg (0, 1] and = € F such that g.(x.) > pe(z:) + p2
for some ¢ € N and for all ¢ € S. From

El(gs) El(ps) dg e NVn € (07 1] Je € (0777] dz. € F;: gs(xe) > ps(xs) + PgH«TgHE
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we have that there exist a non-increasing sequence () | 0 and a sequence ., €
Fr, such that

Vk e N: Ye (m€k) > Dey, (‘T€k) + pgk ”‘rEngk :

Set S = {er | k € N} Co (0,1]. Since pe, is sublinear and g., is linear, we
have that z., # 0 for every k € N and hence we can assume that ||ac€k||€k =1
for every k. Without loss of generality, we can assume that F. # {0} for all e.
Let (uc) € [[.¢; Fe with [|ucl|[c = 1 for every e. The net 2. = x., when ¢ = ¢

and 2. = u. otherwise generates an element z = [z.] € F with R-norm 1. By
construction, for all € € S we have that

ge () > pe(we) + pf

which contradicts (i).
(ii) = (iii): Let’s fix a representative (g.) of g and a representative (p.) of p.
From (ii) we can extract a non-increasing sequence (1,), converging to 0 such that

Ve € (0,ng]Vx € Fy : ge(z) < pe(z) + pl||z]|.- (3.6)

The net (n.) defined by ne = p? for € € (1441, 1, is negligible. Since every norm is
a sublinear map, the net (p.) defined by p. := p.+n.||-||c for all € is a representative
of p, and (3.5) holds for n = n;.

(iii) = (i): This one is clear. O

Proof of Thm. 3. Let (g.) be a representative of g. By (iii) of Prop. 4, there exists
a representative (p.) of p such that
VeVa € F. @ g.(x) < p.(x).

Applying the classical Hahn-Banach theorem to g. for every € small, we obtain a
family (f.) of linear maps f. : E. — R that satisfies

VWeVa € F.: fo(x) = g.(x) (3.7)
and
VWeVa € B, : f.(x) < pe(x). (3.8)
Clearly, by (3.8) we have
V(ue) € Mg : (fe(ue)) € Mg and V(ue) € Ng & (fo(ue)) € Nr,
so we can consider the ’R-linear map f := [f<], which, thanks to (3.7) and (3.8),
satisfies (3.2) and (3.3). O

Corollary 5. Let F C Gg be an internal *R-submodule and let g:F— 'R be
a_continuous "R-linear map with representatives. Then, there exists a continuous
’R-linear map f : Gg — "R with representatives that extends g and satisfies

gl = M1l (3.9)

Proof. Taking p(z) = ||lgll| - l|lz]| = [Illgellle - ||xe]le]- By Thm. 3 there exists an
’R-linear map f = [f.] : Gg — ’R that extends g, and satisfies

Ve e G f(x) <|llglll - [[=[]- (3.10)
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From (3.2) and from (2.4) we have

llglll = sup |g(x)| = l sup |ge(1‘)|]
zeF ||z||<1 €L, ||z||- <1
= [ sup Ife(x)ll < [ sup Ife(l‘)ll = (1711
z€F: ||z|[- <1 z€L, ||z||-<1
On the other hand, the inequality |||f]|| < |||g]|| follows from (3.10). O
One of the classical applications of the Hahn-Banach theorem is to prove that,
for some given element u of a normed space (E,|| - ||), there exists f € E’ (the
topological dual of E) such that
1fllzr = lullz and f(u) = [Jull*.

The following theorem is a generalization of this result.

Corollary 6. Let u € Gg. Then, there exists a continuous *R-linear map f :
Gr — "R with representatives such that

I = llull and f(u) = [Jull*.

Proof. Use Cor. 5 with F = [Ru.]| where [u.] = u, g. : Ruc — R, Auc — M|uc||?
so that g([Acue]) = [Ac|luel[2], and][|g][| = [ull. O

This result has been already proved in Prop. 3.23 of [3] without using Thm. 3.

4. GEOMETRIC FORMS OF THE HAHN-BANACH THEOREM: SEPARATION OF
CONVEX SETS

As it is well known, one of the classical applications of the Hahn-Banach theorem
in convex geometry is the separation of disjoint and convex sets in a normed vector
space E by a closed hyperplane. The main goal of this section is to generalize this
property in spaces of nonlinear generalized functions.

The following definitions generalize the classical notions of hyperplanes, convex
sets, and disjoint sets in the context of an “R-module G.

Definition 7. Let G be an arbitrary ”ﬁ—module, A, B C G be two subsets, a € ”ﬁ,
and let f: G — ’R be an ’R-linear map
(i)  We say that f is non-identically null if
JxeG: |f(x)] > 0.
We recall that in ”ﬁ, x > 0 means x > 0 and x is invertible. If G = Gg with

E a family of normed spaces, and f = [fc], then f being non identically null
implies that f. is non-identically null for every e small, i.e. Ve 3z, € E. :

fe(@e) # 0. .
(ii) A hyperplane H of G is a set of the form

H={uegG|f(u)=a},

where f is linear and non-identically null.
(ili) We say that A is convez if

Va,y € AVt € [0,1] C/R: tz+ (1 —t)y € A.
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(iv) We say that A and B are strongly disjoint if
We recall that for L, K C I, we write L Co K if L C K and 0 € L.

Example 8.
(i) IfA=][A]or A= (A.), and A. C E. is convex for every ¢ small then A is
convex.

(i) If A, B € G are convex sets, then rA + sB is convex for any generalized
numbers 7, s € 'R.

(iii) Let (Ac), (Be) € [[.e; B-. Then [A.] U [Bc] is not necessarily convex even
if A. U B, is convex for all £ small. As an example, take L. C I such that
0 e LN Leand set

VeeL: A.:=[0,2], B. :=[2,3], and Ve € L°: A, :=[0,1], B :=[1,3].

We have 1 € [A.] and 2 € [B.] but 2 ¢ [A.] U [B.].
(iv) If ACRC'R, then A is not necessarily convex, even if A is convex in R.
We have seen in (i) of Example 8 that if an internal or a strongly internal
subset A C Gg has a convex representative then A is convex. One could ask if the
reciprocal is true. The answer is given in the following lemma
For notational convenience, given a set M in a metric space (F,d) and r € Rsg,
we denote {z € F | d(z,M®¢) > r} by B_,.(M). We write B,(M) for the set
M + B,(0), where B,(0) is the ball of radius r and center 0.
Lemma 9. Let A be a non-empty convex subset of Gg.
(i)  Assume A is an internal set. Then, for any representative (A.) of A, there
exists a non-negative negligible net (n.) such that
YWeVu,v € A. N B, -1(0)VA € [0,1] : u+ A(v —u) € By_(Ae). (4.2)
In other words, for all € small, any segment whose endpoints belong to A: N
B, -1(0) is included in By, (Ac).
(ii) Assume that A is a strongly internal set. Then, for any representative (Ag)
of A, there exists a non-negative negligible net (n.) such that

VoeVu,v € B, (A) N B, -1 (0)VA € [0,1] : u+ A(v —u) € A..

(ii) Assume that A is an internal or a strongly internal set. If there exists n € N
such that dim(E.;) < n for all € small, then A has a representative made of
convex sets.

Proof. (i): Let (A.) be a representative of A. We claim that

Vg € N3n, € IVe € (0,n4] Yu,v € Ac N Bp;q(O)
YA€ [0,1]: u+ AMv—u) € Bya(A:). (4.3)
Indeed, if (4.3) does not hold, then there exist ¢ € N, a non-increasing sequence
(ex)r of I that tends to 0, (uc, )k,(ve, )k, (Ae,, )k Where uc,, ve, € A, ﬁBp;,f (0) and
Ae,, € 10,1] and
ey + Aoy (v, — uey) & Bya (As,). (4.4)
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Take u = [u.], v = [ve] € A and t = [t] € [0,1] with u. = u.,, v. = v, and
te = A, when € = ¢,. This is possible since the sequences (u., ), (ve,) are sharply
bounded. Since A is convex and internal, there exists a net (z.) € Ng such that

Uey + ey, (Ve — U, ) + 2, € Ay

for all £ sufficiently large, and hence u., + A;, (vs, — uc,) € Bpa(Ac, ), but this
contradicts (4.4). Thus, (4.3) holds. Consider now the sequence (1,), given by
(4.3) and assume that it is non-increasing and converges to 0. The net (n.) is
hence given by n. := p? when € € (9441, 7q]-

(ii): This is proved as in (i), but now using the intermediate claim

Vg € Ndng € I'Ve € (0,1¢) Vu,v € B_,1(Ae) N B,-4(0)
VYA e[0,1]: u+Av—u) € A.. (4.5)

Indeed, the negation of this claim contradicts the convexity of A, which shows that
the claim must hold. The remaining part follows the same steps as in the proof of
(1).

(iii): Assume that A = [A.]. By induction on (i), there exist negligible nets (n.)
and (m.) such that

Ve uy, .. up € Ac N B, -1(0) VA1, . Ay € [0, 1] with > " \; =1
i=1

> i € By, (Ae).
i=1
Applying Carathéodory’s theorem in finite-dimensional convex geometry, we obtain
for all e sufficiently small
A:N B, -1(0) C conv(A:) N B, -1(0) C B, (4:).
Passing to equivalence classes yields
A=[A:NB,-1(0)] C [conv(A:) N B, -1(0)] C [Bm.(A:)] = A

which completes the proof.
The case where A is strongly internal is handled analogously by applying (ii)

instead of (i). O
Remark 10.
(i) If A C Gg is a strongly internal convex set with a representative (A.), and
x,y € A. Then
V[ze] = 2 V[y] = yVeVt € [0,1] : z. + t(ye — x.) € A.. (4.6)

This is a direct consequence of Lemma 9, (ii).

(ii) In the case where E. is infinite-dimensional for all €, it remains unknown
whether an internal or a strongly internal set A C Gg has a representative
consisting of convex sets.

(iii) Another proof of Lemma 9, (iii) for sharply bounded strongly internal sets
can be found in [7, Lem. 17].
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Corollary 11. Let A C Gg be a strongly internal convex set. Then, for any
representative (Ac) of A, there exists a non-negative negligible net (n.) such that
for any x = [z.] € A, for any (ac) with ac € B_,_(A:) N B, -1(0) = A, for all e
small, for any A = [A\] € [0,1), there exists s € N such that

Ve : By (e + Ac(a: — z2)) C A.. (4.7)
In particular, if (xc + Ae(ae — x)) € ME, then [xc + Ac(ae — xc)] € A. Moreover,
Va € [AJVgeN: x4+ (1 —dp?)(a — ) € A. (4.8)

Proof. Consider the net (n.) given by (ii) of Lem. 9. Since the net (n.) is negligible,
(Ae) = A. Indeed, the inclusion (A.) C A is trivial. On the other hand, if z =
[zc] € A, then by property (iv) of Theorem 10 in [6], there exists p € N such that

Ve : 2. € B_r(A) NB,-1(0) C A,

which proves the inclusion A C (A.). Since A is sharply open,
Im e NV : Bym () C A,.
Take s € N satisfying dp® < dp™ (1 — A), and let y € Bps (v + A-(az — 2.)). Then,
for all £ small
Y =Acte + (1= A)(1 = A) 7y — Acac) =2 Aeate + (1= Ao)ze,

and

ll2e — zell. = (1 - A) Iy = (e + Aclac — ze))ll. < (1— Ae)tol <l

We conclude now by (ii) of Lem. 9.
Property (4.8) follows easily from (4.7). O

Remark 12. Under the assumption of the above corollary, the inclusion [A.] C A
holds provided A is non-empty (see (4.8)). On the other hand, since internal sets

are closed ([13]), we have A C [A.]. Therefore,

[A] =A.
However, this equality does not hold without the convexity assumption of A. As
an example, one can consider the strongly internal set A = (Ac) where A, =
UneNs, Bpr (1—=n71). One can easily show that the inclusion [A.] C A does not hold
for any representative (A.) of A. Indeed, for = = [z.] defined by 2. = 1 — |p;'!| -
where |-] is the floor function, we have that = € [A.], but = ¢ A.

In the next theorem we give another assumption under which a convex strongly
internal set has a representative consisting of convex sets.
Theorem 13. Let A C G be a non-empty strongly internal convez set. Then A has

a representative (A;) consisting of convex sets if and only if it has a representative
(A.) satisfying the following property

Vg € NVe : conv(B_,2(A.)) N B,-4(0) C A.. (4.9)

Here conv(C') denotes the convex hull of the set C. Moreover, if the representative

(A;) is sharply bounded, the representative (A) is sharply bounded as well.
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Proof. If (A.) is a representative of A consisting of convex sets, then (4.9) clearly
hods with A, = A..

Assume now that A has a representative (A.) satisfying (4.9). For ¢ € I and
q € N, set

Acq = conv(B_ i (A:)) N B, -4(0).
Since A is a non-empty and strongly internal set, there exists gy € N such that
Vg > qo ¥V : Ay # 0.
For simplicity, take ¢o = 0. From (4.9) we obtain
Vg e NI, € IVe € (0,ny] : Azq € A..

Without loss of generality, assume that the sequence (7,), is non-increasing and
converges to 0. Define A, := A., whenever € € (1441,7,]. Therefore, (A.) consists

of convex sets, and (A.) = (A.) (see the proof of Cor. 11). O

Remark 14. In the finite dimensional case, i.e. when dim(E.) < n for some n € N
and for all e small, any strongly internal set has a representative that satisfies (4.9).
This follows from (iii) of Lem. 9, and from Thm. 13.

We now equivalently reformulate e-wise the property of being strongly disjoint:

Proposition 15. Let A = [A.] and B = (B.) be two non-empty subsets of Gg.
Then A and B are strongly disjoint if and only if for any representative (Ac) of A
there exists a representative (BL) of B such that

YWe: A.NBL=0. (4.10)
Moreover, if Be is convex, then Bl is convez as well.

Proof. We prove first that the condition is sufficient. Let L Cg I and let x € A.
We must prove that ¢ B. Take any representative (A.) of A. Then there exists
a representative (z.) of x such that x. € A, for all ¢ € L. By assumption, there
exists a representative (B.) of B such that (4.10) holds. In particular, z. ¢ B, for
all € small in L. Thus, © ¢1 B.

Assume now that A and B are strongly disjoint. We claim that for any repre-
sentative (A.) of A and for any representative (B.) of B, the following holds

Vg € N3ng € IVe € (0,ng] : B_,2(B:) N B,-4(0) N A = 0. (4.11)

Indeed, suppose that (4.11) does not hold. Then there exist a representative (A.)
of A, a representative (B;) of B, some ¢ € N, a non-increasing sequence () that
tends to 0 and a sequence (x, ) with

e, € B_pz. (B, ) N Bp;kq (0)N A, VkeN (4.12)

Take u = [u:] € Gy where u. = x., whenever ¢ = . This is possible since
B_ (B:,) N BP?k-q(O) - BP?;f(O) and hence ||z, |[c, < p2? for all & € N. By
(4.12), we obtain w €, A where L := {e, | k € N} Co I. On the other hand, (4.12)
implies that

Bpg;rl (Isk) - Bek Vk € N.
By Thm. 10 of [0], this implies that u €, B, which contradicts the fact that A and
B are strongly disjoint. Therefore, the claim is proved. Without loss of generality
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we can assume that the sequence (7,) is non-increasing and converges to 0. Define,
for € € (g+1,7q),

Bl :=B_,(B:)N B,-4(0).
By (4.11), we have

Ve € (0,m0] : BLN A =0.
Moreover, we have (B.) = B (see the proof of Cor. 11). The second part of the
proposition follows from the equality

B_s(B.)= () (B-—r).

reB,q(0)
O

We recall from [5] that the strong exterior of a set A C G is defined by
ext(A) :={ze€G|Vae A: |a—z| >0}, (4.13)

or equivalently’
ext(A)={x€G|VSCIl:es#0 = xes & Aes}.
(See [5, Lem. 3.4]).

Proposition 16. Let (G,|| - ||) be an "R-normed "R-module, f : G — 'R be a
non-identically null *R-linear map, o € ”ﬁ, and let H C G be the hyperplane defined
by
H={zeg|f(z)=a}=A{f=a}.
Then the following properties hold:
(i) If f is continuous (with respect to the sharp topology), then H is closed in
the sharp topology.
(i)  If ext(H) is sharply open, then f is continuous.
(iii) If G =Gg and f = [f:], then

H=[{ueE.| f(u) =}, (4.14)

and the right-hand side is independent of the representative (fe) of f and the
representative (o) of a. In particularly, H is closed.

Proof. (i): This follows from the fact that {f = a} = f~1({a}), f is continuous,
and {a} is closed in “R.

(ii): Since f is non-identically null, there exists up € G such that f(ug) = a — 1.
Then, uy € ext(H). By assumption, there exists r € ”ﬁ>0 such that B,(ug) C
ext(H). We claim that

Vv € By(ug) : f(v) < a. (4.15)
Indeed, assume that there exist uy € B,.(ug) and 3Ly Cq I such that o <, f(uq).
Since By (u) is convex, we have

{ux = (1 = Nuo + Auy | A € [0,1]} € By(u) C ext(H), (4.16)
which implies that |f(uy) — a| > 0 for all A € [0,1]. On the other hand, for
A=, W% we have f(uy) =r, o which contradicts (4.16). Consequently,

(4.15) holds. For v € B,(ug), we have v = ug + rz where z € B1(0). It follows that
Vz € B1(0) : f(up +72) < «

IThe result is stated for the special case G = ”ﬁ, but the statement holds for any ’R-module G.
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which yields )
Vze B1(0): f(z) < ;(oz — f(up)).

A homothety argument yields
1
VweG: fw) < (o= f(uo))l|wl]
Thus, f is continuous (see Sec. 2.1.6).
(iii): Let (f.) and (c.) be representatives of f and of «, respectively. To show

HC {u € B | fe(u) = ac}],

we must prove that for every # € H, there exists a representative (xL) of x that
satisfies

Ve fo(zl) = a.. (4.17)
Let « € H, so that f(x) = a. For any representative (z.) of z, there exists a
representative (al) of « such that

Ve fo(z.) = al.
Since f is non-identically null, there exists v € Gg such that |f(v)| > 0. Without
loss of generality, we can assume that f(v) = 1. One can easily show that there
exists a representative (v.) of v satisfying fe(ve) = 1 for all € small. Thus, (4.17)
follows with the representative (z;) defined by 2, = 2. + (e — al)ve.

On the other hand, the inclusion [{u € E. | f.(u) = a.}] € H is trivial.

Therefore, (4.14) is proved. Finally, since H is an internal set and F. is a normed
space for every £, Thm. 3.2 of [13] implies that H is closed in the sharp topology. O

Remark 17. If A C G is an internal set, then its exterior ext(A) is a strongly
internal set (see [0, Lem. 3.5]) and is hence open. Consequently, if H in the above

proposition is internal, then one can drop the assumption “ext(H) is open” in (ii).
However, it remains open whether the exterior of any closed set is open.

Definition 18. Let G be an ’R-normed “R-module and let A, B be two  subsets of
G, f G — "R be an ’R-linear map non identically null, and let o € "R. We say
that the hyperplane H = {f = a} separates A and B if
Vee A: f(z) <a and Ve € B: f(z) > a.
We say that H strictly separates A and B if there exists r € * §>0 such that
VeeA: f(a) <a-—r and Ve e B: f(x) >a+r.

The first geometric form of the Hahn—Banach theorem for normed spaces states
that, given two non-empty, convex, and disjoint sets, such that one of these sets is
open, they can be separated by a closed hyperplane. We will see in the following
example that these conditions are not sufficient to generalize this property to subsets
of QE

Consider D, the set of all infinitesimals (see Sec. 2.1.5), and let

A=A{[z] € pﬁzo | 3c € Rog Ve : z. > ¢}

It is easy to check that D, and A are convex and strongly disjoint sets. Moreover,
Do, is an open set. Assume, by contradiction, that there exists a hyperplane

H = {f = a} that separates A and D, that is
Ve e DooVye A: f(x) <a< f(y). (4.18)
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Since f is non-identically null, there exists v € “R such that | f(v)| > 0. Noting that
f(v) =vf(1), we have that f(1) is invertible. Using (4.18) with x =dp and y =1
we get f(1)dp < f(1). Therefore, we must have f(1) > 0, which implies

“
f(1)
Let ¢ € Rsg, and choose y = [c] € A and © = 0 € Do. The inequality then gives
0< ﬁ < ¢ for all ¢ € Rs¢, which implies that ﬁ ~ 0, and hence ﬁ € Dy.

Ve € DooVye A: z < <uy. (4.19)

However, this is impossible because we can take z = ﬁ +dp € Dy in (4.19)
yielding a contradiction. Therefore, the sets Do, and A cannot be separated by a
hyperplane.

The proof of the classical geometric form of the Hahn-Banach theorem in a
normed vector space F (see [1]) relies on the use of the Minkowski functional p
defined by

Vo € E: p(x) =inf{a € Rag | 20 + o (z — x0) € A}

where A C E' is a convex subset and o belongs to the interior of A. However, the
existence of the infimum of bounded sets of the non-Archimedean ring “R is not
always guaranteed. Therefore, the definition of the Minkowski functional cannot
be directly generalized to convex subsets of G without any additional assumptions.

Definition 19. Let (G, || - ||) be an “R-normed "R-module, let C' C G be a sharply
open convex subset and let g € C. The Minkowski functional p: G — pﬁzo of the
set C' (associated with the generalized point z) is defined, provided the right-hand
side is well-defined, by

p(z) = inf{a € "Rag | 2 + a ' (z — z9) € C}, Vax € G, (4.20)
where the infimum is taken in ”ﬁ, if it exists.

Lemma 20. Let C C G be a sharply open convex set that contains 0. Assume that
the Minkowski functional p of the set C (associated with the generalized point 0) is
well defined. Then the following properties hold

(i) p(Ax) = Ap(z) for every x € G and for every X\ € ”§>0,

(ii)  There exists M € "R such that 0 < p(z) < M||z|| for all z € G.

(tii) C={xe§G|p(x)<1}.

(iv) p(z+y) <p(x)+ply) for every z, y € G.

Proof. The argument follows the classical proof in normed spaces with suitable
modifications to handle the non-Archimedean setting.
(i): we use in particular the equality inf(AA) = Ainf(A) proved in Lemma 24 of

[11]-

(ii): we have that B,(0) C C for some r > 0, which implies that
(r—dp?)

for any ¢ sufficiently large and for any x € G. It follows that

[|lz|| + dp?
< -\
pe) < r—dp?

Thus, by letting ¢ — 0o, we get the required result with M = r~1.

x
—— €C
|lz[| + dp?

(4.21)



16 DJAMEL EDDINE KEBICHE AND PAOLO GIORDANO

(iii): For x € C, we have that (1 + dp%)z € C for ¢ sufficiently large, which
gives p(z) < m < 1. Conversely, if p(z) < 1, then « := p(z) + dp? < 1 for ¢
sufficiently large (see Lem. 8 of [0]). It follows that a~'x € C. We conclude then
using the convexity argument.

(iv): Let x, y € G and let ¢ € N. From (i) and (iii) we have that

£ Y

) € Ca
p(z) +dp?” p(y) + dp?
and hence by convexity of C, we have m € C. Using again (i) and (iii)
we obtain
p(z +y) <p(x) +ply) + 2dp?,
which completes the proof. [

Example 21. Let (G, ||-||) be an ’R-normed "R-module and let C' C G be a sharply

open convex subset containing 0. Assume that the Minkowski functional p of the

set C' (with 2o = 0) is well defined.

(i) If C =g, then p is identically null. This is because inf”§>0 =0.

(i) If C = B,(0) with r € "Ry then p(x) = @ Indeed, for every z € G we
have

{a€p§>0|a71z€Br(O)}: [a€p§>o|j”<a

which implies easily the desired result.
(iii) If C is sharply bounded, then p(z) = 0 if and only if z = 0. Indeed, if there
exists ¢ € N such that C' C By,-4(0), then

{a €’Rog[a e e C} C{a e Rag|a'w € Byya(0)}.

Using (ii) and Lem. 24 of [11] we obtain dp?||z|| < p(z). Thus, p(z) = 0
implies x = 0.

In the next proposition we present the first example of a class of subsets for
which the associated Minkowski functional is well defined.

Proposition 22. Let C C Gg be a non-empty strongly internal convex set. Then,
for any xoy = [xoc] € C, the Minkowski functional p of the set C' associated with
the generalized point g is well defined, and there exists a representative (Ce) of C
such that

V[z.] € G : p([z]) = [inf{\ € Rug | zoe + A\ (22 — 20:) € C.}] (4.22)

Remark 23. Note that (4.22) does not hold for any representative (C.) of C. For
example, take C' = (—1,1) and let (C:) be the representative of C defined for all €
by C. :=(—1,1) U (2 — 2,2 + z.) where (z.) is a non-negative negligible net. For
x = 2, one can easily check that

2

24z
whereas inf{A € "Rsg | A™*z € C} = 2. Thus, (4.22) does not hold for the

representative (C;). However, it clearly holds for the representative (C.) given for
all € by Ce :=(—1,1).

Veel:o0.(2):=inf{A€Rso | N\ 12€C.} =
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Proof of Prop. 22. Let (C.) be the representative of C satisfying (4.8). For any
€ € I and for any x € E., set

o.(x) :=inf{\ € Rsq | woc + A\ (z — 20.) € C.}. (4.23)
First, note that since C' is sharply open, there exists ¢y € N such that
Voe B 0 (z0e) C C-.
It follows that
VWeva € E. : o.(x) < p-®||z — zoc||.- (4.24)
Thus, (o-(z:)) € R, for any [z.] € Gg. Fix now « = [z.] € Gg. By the definition
of o.(z¢), there exists a positive negligible net (f:) such that
2e 1= x0e + (0:(2e) + Be) Mz — 202) € C.
Using (4.24) we obtain
oc(xe) +ﬂe] € [0.1).
oe(we) + pl
Since, (zoe + Age(ze — zo:)) € Mg, Cor. 11 implies that
Vg € N : [0: + Age(2e — @0c)] = 20 + ([0-(22)] + dp?) "tz € C. (4.25)
Therefore, property (4.22) follows from (4.23) and (4.25). In particular, the right-

hand side of (4.22) does not depend on the choice of representatives of x and zg
since the infimum is uniquely determined. (I

Remark 24. The left hand side of (4.22) defines the Minkowski functional of the
set C, which is an ’R-sublinear map as shown in Lem. 20. However, the map
E. — R>g, * — o0<(z) is not an R-sublinear map since C. is not necessarily
convex. Indeed, one can follow the method used in Prop. 20 and use Lem. 9 to
show that there exists a negligible positive net (k) such that

YWeVaz € E.VA € Rug : 0.(\x) = Mo (),
VWevVa, y € E.: oo(x+y) < (1 +k)(oo(z) +o(y)).

For maps of this type, the Hahn—-Banach theorem cannot be applied. Therefore,
the assumption on the existing of convex representative cannot be dropped.

VqEN:)\q:[)\qE]::{

We present now an example of a subset of ’R for which the Minkowski functional
is not well defined.

Example 25. Assume that
Jinf{a € "Ruo | a~dp € Do} =: p(dp).
It follows that
Vg € N3X, € "Ry with A;'dp € Do and A, — dp? < p(dp) < A,
Since A\;/2 € Do, we have
Vge N: 0<2p(dp) < Ay < p(dp) +dp?,

which implies that p(dp) = 0. This gives dp~' < AT!, and hence 1 < A['dp,
yielding a contradiction.

The following theorem is the first geometric form of the Hahn-Banach theorem
in QE
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Theorem 26. Let A = (A.), B = [B:] C Gg be non-empty strongly disjoint sets.
Assume that the representatives (Ac), (Be) are consisting of convex sets. Then
there exist a continuous *R-linear map f = [f] : Gg — R non-identically null
and o € 'R such that

Vye AVz e B: f(y) <a < f(z), (4.26)

i.e. the closed hyperplane {f = a} separates A and B. Moreover, if B is a cone,
i.e. A\B C B for all A € "R>g, then we can choose oo = 0.

We first prove the following lemma

Lemma 27. Let C = (C.) C Gg be a non-empty set, and let xo = [xo:] € GE.
Assume that {xo} and C are strongly disjoint, and that C. is convex for all € small.

Then, there exists a continuous *R-linear map f =[f] — 'R non-identically null
such that

Vee C: f(x) <1= f(x).

Proof. By a translation argument we can assume that 0 € C. Since {z(} and
C' are strongly disjoint, we have ||zg|| > 0. Consider the internal ’R-submodule
F of Gg defined by F := ”ﬁxo = [Rzo:]. On F we define the ’R-linear map
g=1g9¢] : F — "R by

Vi = [t.] € "R : g(two) = [ge(tezoe)] = L.

This means that g(z¢) = 1. The Minkowski functional p of the set C' is well defined
(by Prop. 22) and is generated by a collection (pe) of R-sublinear maps (Remark
24). We claim that

Ve € F: g(x) < p(x). (4.27)
Indeed, since z¢ and C are strongly disjoint, we have x &, C for all L Cy I which,
by Lem. 20 (iii), implies that p(xg) £ 1 for all L Co I and hence p(zg) > 1. Let
now ¢ € ‘R. By Lem. 7 of [11], either ¢ < 0, ¢ > 0, or there exists L Co I with
L¢ Co I such that t <y 0 and t > 0. In case t > 0, there exists a representative
(tc) of t consisting of non-negative numbers. It follows that

p(tro) = [pe(tetoe)] = [tepe(woe)] = tp(z0) 2 t = g(tzo).

If ¢ <0, then p(tzg) > 0 > t = g(txg). The case where t <7, 0 and ¢t > 0 for
some L Cq I with L€ Cy T is handled similarly. Therefore, inequality (4.27) holds.
Thanks to Thm. 3, there exists an ’R-linear map f = [f.] on Gg that extends g and
satisfies

o0
~

Ve e Gg: f(x) < p(x). (4.2
Moreover, Lem. 20 (ii), ensures the existence of M € R such that f(z) < p(z)
M||z|| for all z € G, which implies that f is continuous. Since f(zo) = g(z0) =
the map f is non-identically null. Thus, by Prop. 16 (i), the hyperplane H := {f
1} is closed. Finally, we use Lem. 20 (iii) and (4.28) to conclude.

Rl VAN

Ol

Proof of Thm. 26. By Prop. 15, we can assume that A. and B, are disjoint for all
¢ small. This implies that the sets C := (A, — B,) and {0} are strongly disjoint.
Hence, by Lem. 27, there exists a continuous ’R-linear map f = [f.] : G — 'R
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non-identically null that separates C' and {0}. More precisely, we have f(z) < 0
for every z € C, and therefore, since A— B C C

Yy € AVz € B: f(y) < f(2). 4.29)

One can easily see that f ([B:]) = [f-(B:)], and that inf f(B) = [inf(f.(B¢))] =: a.
It remains to prove that f(y) < a for all y € A. Indeed, assume that

Jye AJgeNIL Co I: a+dp? <1 f(¥).

By definition of the infimum, there exists Z € B such that f(z) < a + dp?t!. It
follows that

—~

f@E) <a+dp™ <a+dp? <p f(7),
which contradicts (4.29). Therefore, (4.26) is proved.

Assume now that Bis a cone. Let z € Band A € "Rsq. Since f(Az) = Af(z) > a,
we have f(z) > A"'a, and hence f(z) > 0 for all z € B. O

Corollary 28. Let A = (A.) and B = [Bi| U [Ba.] be two non-empty subsets of
Gr, and let H = {f = a} be a hyperplane. Then, H separates A and B if and only
if it separates A and B’ := [B1. U Ba].

Proof. If H separates A and B’, then clearly it separates A and B since B C B'.
Assume now that the hyperplane H separates A and B, that is

Ve e AVy e B: f(z) <a < f(y). (4.30)

Let z € B’. Then, z €;, B and z € B, where L={¢ € I : z. € By} and (z.)
is a representative of z. Since (4.30) holds when restricted to any co-final of I, the
inequality o < f(z) easily follows. O

The following proposition is essential in the proof of the second geometric form
of the Hahn-Banach theorem (Thm. 30).

Proposition 29. Let A = [A.], C = [C.] C Gg be two non-empty sets, with A
functionally compact. Assume that A and C' are strongly disjoint. Then there exists
m € N such that the sets B := [Bym (A:)] and D := (B,m (C;)) are strongly disjoint.

Proof. Since A and C' are non-empty, the net (inf e 4, d(x, C)) is well-defined and
p-moderate. We claim that

JgeN: d(4,C):= [ ienj d(m,Cg)} > dpt. (4.31)

xT e

Indeed, for every ¢, the set A, is a compact set of E. and the map d(-,C.) : A. — R
is continuous. Thus, there exists (v.) € []..; Ac such that inf,ca, d(z,C:) =
d(z., C¢). Since A is sharply bounded, we have (z.) € Mg, and hence z := [z.] € A.
The net (d(ze,C:)) must be invertible, otherwise €5 C for some L Cy I (see

Thm. 10 (i) of [6]). But this contradicts the fact that A and C' are strongly disjoint.
Therefore, the claim is proved. From (4.31) we have

Vm € N5 Ve : Bym(Ac) N By (Ce) = 0. (4.32)

Indeed, if we assume that there exist m > ¢, a non-increasing sequence (gj) that
converges to 0, and a sequence (y, ) such that

Vk e N: Yeu c Bpg}c (.Ask) n .Bpg}z9 (Csk)a
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then

Vk 6 N : d(AEJNCEk) S d(yEk,Ask) + d(yskvcsk) S 2[?;7;
which contradicts (4.31). Finally, by Prop. 15 and (4.32), the sets B and D are
strongly disjoint. O

The following theorem is the second geometric form of the Hahn-Banach theorem.

Theorem 30. Let A, C C Gg be two non-empty internal sets, with A a function-
ally compact set. Assume that the sets A and C are strongly disjoint, and have
representatives consisting of convex sets. Then, there exist a continuous *R-linear
map [ =[fe] : G — ’R non-identically null, o € 'R, and r € "Rsq such that

Vee AVye C: f(x)+r<a< f(y) —r
i.e. the closed hyperplane {f = a} strictly separates A and C.

For the proof of the theorem, we need the following lemma

Lemma 31. Let f = [f.] : Gg — ’R be a continuous "R-linear map non-identically
null. Then, the infimum of the set f(B1(0)) exists in "R.

Proof. Since f. is continuous and (B, (0)) is sharply bounded, the collection (f-(B1:(0)))
is sharply bounded as well. We can hence set 0 = [o.] := [inf(f-(B1.(0))] which

is a lower bound of f(B1(0)). Let now g € N. By definition of o, for a positive
negligible net (n.), there exists (2.) € [[.¢; fe(B1(0)) that satisfies

Ve 2. < oo+ n..

Let (z.) be such that 2. € B1.(0) and z. = f.(z.) for all € small. There exists then
Z € B1(0) such that ||z —7Z|| < dp? ||| f]||=* (||f]|| > 0 because f is non-identically
null). It follows that

@) <z + I fllle = 7| < o +2dp?™ < o+ dp?.

Therefore, o is the infimum of the set f(B1(0)). O

Proof of Thm. 30. By assumption, there exist a representative (A.) of A and a
representative (C.) of C that are consisting of convex sets. By Prop. 29, there
exists m € N such that the sets B := [B,m(Ac)] and D := (B,n(C:)) are strongly

disjoint. By Thm. 26, there exist a continuous ’R-linear map f =[f]:Gg — 'R
non-identically null and « € "R such that the hyperplane {f = a} separates B and
D. Since A+ Bq,~(0) € B and C + Bg,=(0) € D

Vo € AVy € CVz € B1(0)Vz € B1(0) : f(x) +dp™f(Z) < a < f(y) +dp™f(2).

Thanks to Lem. 31, we can set & = sup..g, () f(Z), 0 = inf.cp, (o) f(2). We clearly
have @ > 0 and o < 0 because f is non-identically null. It follows that

Vee AVye C: f(z)+dp"cd <a< f(y)+dp™o,

which gives
Vo e AVyeC: flz)+r<a< fly) —r,

with r = 1 min(dp™7, —dp™0o) € "Rsg. O
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