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Abstract. In this paper, we establish a suitable version of the Hahn-Banach

theorem within the framework of Colombeau spaces, a class of spaces used
to model generalized functions. Our approach addresses the case where maps

are defined ε-wise, which simplifies the framework and makes the extension of

linear functionals more manageable. As an application of our main result, we
demonstrate the separation of convex sets in Colombeau spaces.

1. Introduction

In analogy with the classical Hahn-Banach extension property, one could ask if

for any ρR̃-linear map g that satisfies

∀x ∈ F ⊆ G : g(x) ≤ p(x), (1.1)

where G is an ρR̃-module, F is an ρR̃-submodule and p is an ρR̃-sublinear map,

there exists an ρR̃-linear map f that extends g and satisfies (1.1) for every x ∈ G.
Thm. 10.1 of [18] shows that under some set-theoretic assumptions (the continuum

hypothesis) there exists a linear ρR̃-functional φ defined on an ρR̃-submodule of ρR̃
that cannot be extended to an ρR̃-linear map ψ : ρR̃ −→ ρR̃, and hence the extension
property does not hold for any Colombeau space GE . However, when G is a Hilbert
ρR̃-module and if F is closed and edged (see Def. 2.9 of [4]) the extension property
holds (see Thm 2.22 of [4]). For a more restricted version of the Hahn-Banach

extension property on Banach ρR̃-modules, see Thm. 5.2 of [10], where the author

proved that, when L ⊆ ρR̃ is a subfield and (E, || · ||) is an ultrametric normed L-
linear space, any continuous L-linear functional on some L-linear subspace V of E,
can be extended to a continuous L-linear functional on E. We also mention that the
Hahn-Banach extension property holds for non-Archimedean normed linear spaces
over a field K (see [9, 17]).

In our approach, we deal with the case where the ρR̃-module G is a Colombeau
space GE based on a family of normed spaces (see Sec. 2.1.1), the maps g and p have

representatives (Def. 2), and the ρR̃-submodule F is an internal set (Sec. 2.1.4). In
this setting, an ε-characterization is possible allowing the use of the classical Hahn-
Banach theorem at the ε-level and conclude.
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2. Basic notions of Colombeau spaces

This section introduces the foundational concepts of Colombeau spaces necessary
to understand the work presented in this paper. The main references are [3, 4, 6,
8, 10, 11, 13].

2.1. Colombeau spaces and topological ρC̃-modules.

2.1.1. Colombeau spaces. Let ρ := (ρε) ∈ II (I := (0, 1]) be a net such that ρε → 0
as ε → 0+ (in the following, such a net is called a gauge). Throughout the paper,
E := (Eε, ||·||ε)ε∈I is a family of normed spaces. In the following, all the asymptotic
relations in ε ∈ (0, 1] are considered for ε→ 0+

We set GE := ME/NE , where

ME :=

{
(uε) ∈

∏
ε∈I

Eε | ∃N ∈ N : ||uε||ε = O(ρ−N
ε )

}
,

NE :=

{
(uε) ∈

∏
ε∈I

Eε | ∀N ∈ N : ||uε||ε = O(ρNε )

}
.

Elements of ME and NE are respectively called E-moderate and E-negligible nets,
whereas GE is called the space of Colombeau generalized functions based on E. In
this work, equivalence classes in the quotient GE are simply denoted as [uε].

2.1.2. The Robinson-Colombeau ring of generalized numbers. The rings ρR̃ and ρC̃
are respectively the Robinson-Colombeau ring of generalized real numbers and the
Robinson-Colombeau ring of generalized complex numbers, and they are obtained
by taking Eε = R for every ε and Eε = C for every ε respectively, see [6]. The
generalized number having (ρε) as a representative is denoted by dρ. Clearly, for
ρε = ε, we get the usual ring of Colombeau generalized numbers, see e.g. [10] and
references therein.

The ring ρR̃ of generalized real numbers can be equipped with the order relation
≤ given by x ≤ y if for any representative [xε] of x, there exists a representative [yε]
of y such that xε ≤ yε for all ε small. For abbreviation reasons, the notation ∀0ε
refers to “for all ε small”. Moreover, we write x < y whenever x ≤ y and y− x is a

positive invertible generalized number. Equipped with this order, ρR̃ is a partially
ordered ring.

Given a subset S ⊆ I, we denote by eS the generalized number having the
characteristic function of S as a representative.

2.1.3. Topological ρC̃-modules. One can easily see that if Eε is a vector space over

R (resp. over C) for all ε, then GE is a module over ρR̃ (resp. over ρC̃). Thus, ρC̃
(resp. ρR̃) is a module over itself.

We recall from Sec. 1.1.1 of [4] that a topological ρC̃-module is a ρC̃-module G
endowed with a ρC̃-linear topology, i.e. with a topology such that the addition

G × G → G : (u, v) → u + v and the product ρC̃ × G → G : (λ, u) → λu are
continuous.

To endow ρC̃ with a structure of a topological ρC̃-module we consider the map

vρC̃ : ρC̃ −→ (−∞,∞] called valuation defined by

∀r = [rε] ∈ ρC̃ : vρC̃(r) := sup{b ∈ R | |rε| = O(ρbε) as ε→ 0+}.
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One can easily see that the map v is well-defined i.e. it does not depend on the
representative (rε) of r. The map v satisfies the following properties

(i) v(r) = ∞ if and only if r = 0
(ii) v(rs) ≥ v(r) + v(s)
(iii) v(r + s) ≥ min{v(r), v(s)}.
We also consider the map

| · |e : ρC̃ −→ [0,∞), u −→ |u|e := e−vρC̃(u).

The properties of the valuation on ρC̃ make the coarsest topology on ρC̃ such that
the map | · |e is continuous compatible with the ring structure. This topology is
commonly called the sharp topology [12, 14, 15, 16].

A normed ρC̃-module ([4, Section 1.1.1]) is a topological ρC̃-module whose topol-
ogy is determined by an ultra-pseudo-norm. As defined in [3, Definition 1.8] an
ultra-pseudo-norm on G is a map P : G −→ [0,∞) satisfying

(i) P(0) = 0 if and only if u = 0

(ii) P(λu) ≤ |λ|eP(u) for all λ ∈ ρC̃ and for all u ∈ G
(iii) P(u+ v) ≤ max{P(u),P(v)}.
A deep study of the topological dual of a topological ρC̃-module G of all continuous

and ρC̃-linear functionals on G can be found in [2, 3].

The notion of valuation can be defined in a general context of ρC̃-modules as

follows: a valuation v on a ρC̃-module G is a function v : G −→ (−∞,∞] satisfying

(i) v(0) = ∞
(ii) v(λu) ≥ vρC̃(λ) + v(u) for all λ ∈ ρC̃ and for all u ∈ G
(iii) v(u+ v) ≥ min{v(r), v(s)}.
Any valuation v generates an ultra-pseudo-norm P by setting P(u) = e−v(u).

In the context of a Colombeau space GE , the map v : GE −→ (−∞,∞] defined
by

v([uε]) := sup{b ∈ R | ||uε||ε = O(ρbε) as ε −→ 0+}
is a valuation on GE . To this evaluation v, we associate the ultra-pseudo-norm

P(u) := e−v(u). The ρC̃-module GE equipped with the ultra-pseudo-norm P has

the structure of a normed ρC̃-module.
A special kind of topological ρC̃-modules is ρC̃-modules with ρR̃-norms (ρR̃-valued

norms). As defined in [4, Definition 1.5], an ρR̃-norm p : G −→ ρR̃ is a map satisfying
the following properties

• p(u) = 0 if and only if u = 0, and p(u) ≥ 0 for all u ∈ G;
• p(λu) = |λ|p(u) for all λ = [λε] ∈ ρC̃ and for all u ∈ G, where |λ| = [|λε|] ∈

ρR̃;
• p(u+ v) ≤ p(u) + p(v) for all u, v ∈ G.

In the context of a Colombeau space GE , the map GE −→ ρR̃, u −→ ||u|| := [||uε||ε]
defines an ρR̃-norm. By [4, Proposition 1.6], the map P(u) := | ||u|| |e defines an

ultra-pseudo-norm on GE , and the ρC̃-linear topology on GE determined by the
ρR̃-norm || · || coincides with the topology of the corresponding ultra-pseudo-norm
P.

Throughout this paper, we consider the topology generated by the ρR̃-norm || · ||.
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2.1.4. Internal sets and strongly internal sets. We recall from [13] that a subset
A ∈ GE is called internal if there exists a net (Aε) of subsets Aε ⊆ Eε such that

A := {u ∈ GE | ∃[uε] = u∀0ε : uε ∈ Aε} =: [Aε],

where the notation ∃[uε] = u refers to “there exists a representative (uε) of u”.
The net (Aε) is said to be a representative of A, and the internal set A is said to
be generated by the net (Aε).

An internal set A is said to be sharply bounded if

∃N ∀u ∈ A : ||u|| ≤ dρ−N .

A representative (Aε) of an internal set is said to be sharply bounded if

∃N ∀0ε ∀u ∈ Aε : ||u||ε ≤ ρ−N
ε .

An internal set has a sharply bounded representative if and only if it is sharply
bounded ([13, Lemma 3.3]).

An internal set A is said to be functionally compact set ([6, Definition 52]), and
we write A ⋐f GE if A has a sharply bounded representative made of compact
subsets. These sets are not necessarily compact sets with respect to the sharp
topology, but they satisfy many properties similar to those satisfied by compact
sets in normed spaces.

Any internal set A ⊆ GE is closed (with respect to the sharp topology). For
more results about internal sets, we refer the reader to [13].

A subset A ⊆ GE is said to be strongly internal if there exists a net (Aε) of
subsets Aε ⊆ Eε such that

A := {u ∈ GE | ∀[uε] = u∀0ε : uε ∈ Aε} =: ⟨Aε⟩,
where the notation ∀[uε] = u refers to “for any representative (uε) of u”.

2.1.5. Supremum in ρR̃. We recall here the notion of (sharp) supremum of subsets

of ρR̃ (see Def. 20 and Rem. 21 of [11] and references therein), which are defined
with respect to the sharp topology which is, as defined in Sec. 2.1.3, generated by
the family

{Br(x) | r ∈ ρR̃>0 x ∈ ρR̃},
where Br(x) := {y ∈ ρR̃ | |x − y| < r} is the open ball of ρR̃ with center x and
radius r.

Definition 1. Let S ⊆ ρR̃, and let σ, ι ∈ ρR̃. We say that σ is the sharp (or closed)
supremum of S, and we write σ = sup(S), if

(i) ∀s ∈ S : s ≤ σ
(ii) ∀q ∈ N ∃s ∈ S : σ − dρq ≤ s

Similarly, we say that ι is the sharp infimum of S, and we write ι = inf(S) if

(i) ∀s ∈ S : s ≥ ι
(ii) ∀q ∈ N ∃s ∈ S : ι+ dρq ≥ s.

Unlike in R, there exist bounded subsets of ρR̃ that do not have a supremum. Even

worse, there exist bounded subsets of ρR̃ that do not have a least upper bound
e.g. the set D∞ of all infinitesimal points i.e.,

D∞ := {x ∈ ρR̃ | ∃[xε] = x lim
ε→0+

xε = 0} = {x ∈ ρR̃ | x ≈ 0}.

For more details, see [11].



THE HAHN-BANACH THEOREM IN SPACES OF NONLINEAR GENERALIZED FUNCTIONS5

2.1.6. ρC̃-(sub)linear maps and continuity. Let (G, || · ||) and (F , | · |) be topological
ρC̃-modules with ρR̃-norms. We recall from Prop. 1.7 of [4] that a ρC̃-linear map
T : G −→ F is continuous if and only if

∃C ∈ ρR̃≥0 ∀u ∈ G : |T (u)| ≤ C||u||.

A functional p : G −→ ρR̃ is said to be an ρR̃-sublinear map if it fulfills the following
two conditions

∀u ∈ G ∀λ ∈ ρR̃>0 : p(λu) = λp(u) (2.1)

∀u, v ∈ G : p(u+ v) ≤p(u) + p(v). (2.2)

We recall now the definition of ρC̃-(sub)linear maps defined by a net of representa-
tives.

Definition 2. Let T : GE −→ ρC̃ be a ρC̃-(sub)linear map. We say that T is defined
by a net of representatives if there exists a net (Tε) of maps Tε : Eε −→ C such
that

∀(uε), (vε) ∈ ME : (Tε(uε)) ∈ MC and (uε−vε) ∈ NE ⇒ (Tε(uε)−Tε(vε)) ∈ NC

and T (u) = [Tε(uε)] for all u = [uε] ∈ GE . In the sequel, we write T = [Tε] to

say that T is defined by a net of representatives (Tε). In case T is ρC̃-linear, the
map Tε is assumed to be linear as well, and in case T is ρC̃-sublinear, the map Tε
is assumed to be sublinear as well.

It follows from the definition that (Tε) and (T ′
ε) are two representatives of a

ρC̃-(sub)linear map T : GE −→ ρC̃ if and only if

∀(uε) ∈ ME : (Tε(uε)− T ′
ε(uε)) ∈ NC.

We also recall from Sec. 1.1.2 of [4] that a map T : GE −→ C is called basic if
it has a representative (Tε) of continuous linear maps Eε −→ C that satisfies the
following property

∀0ε∃Cε > 0 ∀u ∈ Eε : |Tε(u)| ≤ Cε||u||ε
where (Cε) ∈ MR.

By [4, Prop. 1.9], any ρC̃-linear map defined by a net of representatives is con-
tinuous.

Consider now a continuous ρC̃-linear map T = [Tε] : GE −→ ρC̃. Then

∃ sup{|T (x)| | x ∈ GE , ||x|| ≤ 1} =: |||T ||| ∈ ρR̃ (2.3)

and it is given by

|||T ||| =

[
sup

x∈Eε,||x||ε≤1

|Tε(x)|

]
=: [|||Tε|||] . (2.4)

Indeed, from Prop. 1.10 of [4], there exists a representative (Cε) of C such that

∀0ε ∀x ∈ Eε : |Tε(x)| ≤ Cε||x||ε. (2.5)

Setting
|||Tε|||ε := sup

x∈Eε,||x||ε≤1

|Tε(x)|. (2.6)

It follows from (2.5) that [|||Tε|||ε] ∈ ρR̃. Setting now |||T ||| := [|||Tε|||ε]. One can
easily check that (2.3) follows from (2.5) and (2.6).
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The set I used in all the constructions above can be replaced by any subset
S ⊆ (0, 1] having 0 as an accumulation point. Such subsets are called co-final in
I and we write S ⊆0 I. However, when I is replaced by a co-final subset S of I,

the ring ρC̃ will be denoted by ρC̃|S , the ρC̃|S-module GE will be denoted by GE |S ,
the ρC̃|S-linear map T will be denoted by T |S , the order relation ≤ of ρR̃ will be
denoted by ≤S , the equivalence classes will be denoted by [·]|S ; similar notations
are used for other notions.

3. The analytic form of Hahn-Banach’s theorem

In this paper, we prove the extension property in a Colombeau space GE . The
ρR̃-submodule F in (1.1) is assumed to be an internal set, and the maps g and
p are assumed to be defined componentwise. The method consists in simplifying
the problem to the ε-level and then we use the classical Hahn-Banach theorem to
conclude (Thm. 1.1 of [1]).

In all this section, an internal ρR̃-submodule is assumed to be generated by a
representative consisting of vector spaces.

Theorem 3. Let F ⊆ GE be an ρR̃-submodule, p : GE −→ ρR̃ be an ρR̃-sublinear
map and let g : F −→ ρR̃ be an ρR̃-linear map satisfying

∀x ∈ F : g(x) ≤ p(x). (3.1)

Assume that F is internal, and both p and g have representatives. Then, there

exists an ρR̃-linear map f : GE −→ ρR̃ having representatives and satisfying

∀x ∈ F : f(x) = g(x) (3.2)

and

∀x ∈ GE : f(x) ≤ p(x). (3.3)

The case where the map g takes values in ρC̃ can be treated in a very similar way.
The next proposition, which is inspired by Prop. 1.10 of [4], is used in order to

reduce (3.1) at the ε-level.

Proposition 4. Under the assumptions of Thm. 3, the following properties are
equivalent:

(i) ∀x ∈ F : g(x) ≤ p(x),
(ii) For all representatives (gε) of g, for all representatives (pε) of p, we have

∀q ∈ N∀0ε∀x ∈ Fε : gε(x) ≤ pε(x) + ρqε||x||ε (3.4)

where (Fε) is a representative of F made of vector spaces,
(iii) For all representatives (gε) of g, there exists a representative (p′ε) of p such

that

∀0ε ∀x ∈ Fε : gε(x) ≤ p′ε(x). (3.5)

Proof. (i) ⇒ (ii): In order to prove this implication, we prove that the negation of
(ii) implies the negation of (i). More precisely, we should prove that the negation
of (ii) implies that there exist S ⊆0 (0, 1] and x ∈ F such that gε(xε) > pε(xε)+ ρqε
for some q ∈ N and for all ε ∈ S. From

∃(gε)∃(pε)∃q ∈ N∀η ∈ (0, 1] ∃ε ∈ (0, η]∃xε ∈ Fε : gε(xε) > pε(xε) + ρqε||xε||ε
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we have that there exist a non-increasing sequence (εk)k ↓ 0 and a sequence xεk ∈
Fεk such that

∀k ∈ N : gεk (xεk) > pεk (xεk) + ρqεk ∥xεk∥εk .
Set S := {εk | k ∈ N} ⊆0 (0, 1]. Since pεk is sublinear and gεk is linear, we
have that xεk ̸= 0 for every k ∈ N and hence we can assume that ∥xεk∥εk = 1

for every k. Without loss of generality, we can assume that Fε ̸= {0} for all ε.
Let (uε) ∈

∏
ε∈I Fε with ||uε||ε = 1 for every ε. The net xε = xεk when ε = εk

and xε = uε otherwise generates an element x = [xε] ∈ F with ρR̃-norm 1. By
construction, for all ε ∈ S we have that

gε(xε) > pε(xε) + ρqε

which contradicts (i).
(ii) ⇒ (iii): Let’s fix a representative (gε) of g and a representative (pε) of p.

From (ii) we can extract a non-increasing sequence (ηq)q converging to 0 such that

∀ε ∈ (0, ηq]∀x ∈ Fε : gε(x) ≤ pε(x) + ρqε||x||ε. (3.6)

The net (nε) defined by nε = ρqε for ε ∈ (ηq+1, ηq] is negligible. Since every norm is
a sublinear map, the net (p′ε) defined by p′ε := pε+nε||·||ε for all ε is a representative
of p, and (3.5) holds for η = η1.

(iii) ⇒ (i): This one is clear. □

Proof of Thm. 3. Let (gε) be a representative of g. By (iii) of Prop. 4, there exists
a representative (pε) of p such that

∀0ε∀x ∈ Fε : gε(x) ≤ pε(x).

Applying the classical Hahn-Banach theorem to gε for every ε small, we obtain a
family (fε) of linear maps fε : Eε −→ R that satisfies

∀0ε∀x ∈ Fε : fε(x) = gε(x) (3.7)

and

∀0ε∀x ∈ Eε : fε(x) ≤ pε(x). (3.8)

Clearly, by (3.8) we have

∀(uε) ∈ ME : (fε(uε)) ∈ MR and ∀(uε) ∈ NE : (fε(uε)) ∈ NR,

so we can consider the ρR̃-linear map f := [fε], which, thanks to (3.7) and (3.8),
satisfies (3.2) and (3.3). □

Corollary 5. Let F ⊆ GE be an internal ρR̃-submodule and let g : F −→ ρR̃ be

a continuous ρR̃-linear map with representatives. Then, there exists a continuous
ρR̃-linear map f : GE −→ ρR̃ with representatives that extends g and satisfies

|||g||| = |||f |||. (3.9)

Proof. Taking p(x) = |||g||| · ||x|| = [|||gε|||ε · ||xε||ε]. By Thm. 3 there exists an
ρR̃-linear map f = [fε] : GE −→ ρR̃ that extends g, and satisfies

∀x ∈ GE : f(x) ≤ |||g||| · ||x||. (3.10)
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From (3.2) and from (2.4) we have

|||g||| = sup
x∈F ||x||≤1

|g(x)| =

[
sup

x∈Fε ||x||ε≤1

|gε(x)|

]

=

[
sup

x∈Fε ||x||ε≤1

|fε(x)|

]
≤

[
sup

x∈Eε ||x||ε≤1

|fε(x)|

]
= |||f |||.

On the other hand, the inequality |||f ||| ≤ |||g||| follows from (3.10). □

One of the classical applications of the Hahn-Banach theorem is to prove that,
for some given element u of a normed space (E, || · ||), there exists f ∈ E′ (the
topological dual of E) such that

||f ||E′ = ||u||E and f(u) = ||u||2.
The following theorem is a generalization of this result.

Corollary 6. Let u ∈ GE. Then, there exists a continuous ρR̃-linear map f :

GE −→ ρR̃ with representatives such that

|||f ||| = ||u|| and f(u) = ||u||2.

Proof. Use Cor. 5 with F = [Ruε] where [uε] = u, gε : Ruε −→ R, λuε −→ λ||uε||2ε
so that g([λεuε]) = [λε||uε||2ε], and|||g||| = ||u||. □

This result has been already proved in Prop. 3.23 of [3] without using Thm. 3.

4. Geometric forms of the Hahn-Banach theorem: Separation of
convex sets

As it is well known, one of the classical applications of the Hahn-Banach theorem
in convex geometry is the separation of disjoint and convex sets in a normed vector
space E by a closed hyperplane. The main goal of this section is to generalize this
property in spaces of nonlinear generalized functions.

The following definitions generalize the classical notions of hyperplanes, convex

sets, and disjoint sets in the context of an ρR̃-module G.

Definition 7. Let G be an arbitrary ρR̃-module, A, B ⊆ G be two subsets, α ∈ ρR̃,
and let f : G −→ ρR̃ be an ρR̃-linear map

(i) We say that f is non-identically null if

∃x ∈ G : |f(x)| > 0.

We recall that in ρR̃, x > 0 means x ≥ 0 and x is invertible. If G = GE with
E a family of normed spaces, and f = [fε], then f being non identically null
implies that fε is non-identically null for every ε small, i.e. ∀0ε∃xε ∈ Eε :
fε(xε) ̸= 0.

(ii) A hyperplane H̃ of G is a set of the form

H̃ = {u ∈ G | f(u) = α},
where f is linear and non-identically null.

(iii) We say that A is convex if

∀x, y ∈ A ∀t ∈ [0, 1] ⊆ ρR̃ : tx+ (1− t)y ∈ A.
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(iv) We say that A and B are strongly disjoint if

∀L ⊆0 I : A|L ∩B|L = ∅. (4.1)

We recall that for L, K ⊆ I, we write L ⊆0 K if L ⊆ K and 0 ∈ L.

Example 8.

(i) If A = [Aε] or A = ⟨Aε⟩, and Aε ⊆ Eε is convex for every ε small then A is
convex.

(ii) If A, B ∈ G are convex sets, then rA + sB is convex for any generalized

numbers r, s ∈ ρR̃.
(iii) Let (Aε), (Bε) ∈

∏
ε∈I Eε. Then [Aε] ∪ [Bε] is not necessarily convex even

if Aε ∪ Bε is convex for all ε small. As an example, take L ⊂ I such that
0 ∈ L ∩ Lc and set

∀ε ∈ L : Aε := [0, 2], Bε := [2, 3], and ∀ε ∈ Lc : Aε := [0, 1], Bε := [1, 3].

We have 1 ∈ [Aε] and 2 ∈ [Bε] but
3
2 ̸∈ [Aε] ∪ [Bε].

(iv) If A ⊆ R ⊆ ρR̃, then A is not necessarily convex, even if A is convex in R.

We have seen in (i) of Example 8 that if an internal or a strongly internal
subset A ⊆ GE has a convex representative then A is convex. One could ask if the
reciprocal is true. The answer is given in the following lemma

For notational convenience, given a set M in a metric space (F, d) and r ∈ R>0,
we denote {x ∈ F | d(x,M c) > r} by B−r(M). We write Br(M) for the set
M +Br(0), where Br(0) is the ball of radius r and center 0.

Lemma 9. Let A be a non-empty convex subset of GE.

(i) Assume A is an internal set. Then, for any representative (Aε) of A, there
exists a non-negative negligible net (nε) such that

∀0ε∀u, v ∈ Aε ∩Bn−1
ε
(0) ∀λ ∈ [0, 1] : u+ λ(v − u) ∈ Bnε(Aε). (4.2)

In other words, for all ε small, any segment whose endpoints belong to Aε ∩
Bn−1

ε
(0) is included in Bnε

(Aε).

(ii) Assume that A is a strongly internal set. Then, for any representative (Aε)
of A, there exists a non-negative negligible net (nε) such that

∀0ε∀u, v ∈ B−nε
(Aε) ∩Bn−1

ε
(0)∀λ ∈ [0, 1] : u+ λ(v − u) ∈ Aε.

(iii) Assume that A is an internal or a strongly internal set. If there exists n ∈ N
such that dim(Eε) ≤ n for all ε small, then A has a representative made of
convex sets.

Proof. (i): Let (Aε) be a representative of A. We claim that

∀q ∈ N ∃ηq ∈ I ∀ε ∈ (0, ηq]∀u, v ∈ Aε ∩Bρ−q
ε
(0)

∀λ ∈ [0, 1] : u+ λ(v − u) ∈ Bρq
ε
(Aε). (4.3)

Indeed, if (4.3) does not hold, then there exist q ∈ N, a non-increasing sequence
(εk)k of I that tends to 0, (uεk)k,(vεk)k, (λεk)k where uεk , vεk ∈ Aεk ∩Bρ−q

εk
(0) and

λεk ∈ [0, 1] and

uεk + λεk(vεk − uεk) ̸∈ Bρq
εk
(Aεk). (4.4)
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Take u = [uε], v = [vε] ∈ A and t = [tε] ∈ [0, 1] with uε = uεk , vε = vεk and
tε = λεk when ε = εk. This is possible since the sequences (uεk), (vεk) are sharply
bounded. Since A is convex and internal, there exists a net (zε) ∈ NE such that

uεk + λεk(vεk − uεk) + zεk ∈ Aεk

for all k sufficiently large, and hence uεk + λεk(vεk − uεk) ∈ Bρq
ε
(Aεk), but this

contradicts (4.4). Thus, (4.3) holds. Consider now the sequence (ηq)q given by
(4.3) and assume that it is non-increasing and converges to 0. The net (nε) is
hence given by nε := ρqε when ε ∈ (ηq+1, ηq].

(ii): This is proved as in (i), but now using the intermediate claim

∀q ∈ N ∃ηq ∈ I ∀ε ∈ (0, ηq]∀u, v ∈ B−ρq
ε
(Aε) ∩Bρ−q

ε
(0)

∀λ ∈ [0, 1] : u+ λ(v − u) ∈ Aε. (4.5)

Indeed, the negation of this claim contradicts the convexity of A, which shows that
the claim must hold. The remaining part follows the same steps as in the proof of
(i).

(iii): Assume that A = [Aε]. By induction on (i), there exist negligible nets (nε)
and (mε) such that

∀0ε∀u1, ..., un ∈ Aε ∩Bn−1
ε
(0) ∀λ1, ...λn ∈ [0, 1] with

n∑
i=1

λi = 1 :

n∑
i=1

λiui ∈ Bmε
(Aε).

Applying Carathéodory’s theorem in finite-dimensional convex geometry, we obtain
for all ε sufficiently small

Aε ∩Bn−1
ε
(0) ⊆ conv(Aε) ∩Bn−1

ε
(0) ⊆ Bmε

(Aε).

Passing to equivalence classes yields

A = [Aε ∩Bn−1
ε
(0)] ⊆ [conv(Aε) ∩Bn−1

ε
(0)] ⊆ [Bmε

(Aε)] = A

which completes the proof.
The case where A is strongly internal is handled analogously by applying (ii)

instead of (i). □

Remark 10.

(i) If A ⊆ GE is a strongly internal convex set with a representative (Aε), and
x, y ∈ A. Then

∀[xε] = x∀[yε] = y ∀0ε∀t ∈ [0, 1] : xε + t(yε − xε) ∈ Aε. (4.6)

This is a direct consequence of Lemma 9, (ii).
(ii) In the case where Eε is infinite-dimensional for all ε, it remains unknown

whether an internal or a strongly internal set A ⊆ GE has a representative
consisting of convex sets.

(iii) Another proof of Lemma 9, (iii) for sharply bounded strongly internal sets
can be found in [7, Lem. 17].
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Corollary 11. Let A ⊆ GE be a strongly internal convex set. Then, for any
representative (Aε) of A, there exists a non-negative negligible net (nε) such that

for any x = [xε] ∈ A, for any (aε) with aε ∈ B−nε(Aε) ∩ Bn−1
ε
(0) =: Ãε for all ε

small, for any λ = [λε] ∈ [0, 1), there exists s ∈ N such that

∀0ε : Bρs
ε
(xε + λε(aε − xε)) ⊆ Aε. (4.7)

In particular, if (xε + λε(aε − xε)) ∈ ME, then [xε + λε(aε − xε)] ∈ A. Moreover,

∀a ∈ [Ãε]∀q ∈ N : x+ (1− dρq)(a− x) ∈ A. (4.8)

Proof. Consider the net (nε) given by (ii) of Lem. 9. Since the net (nε) is negligible,

⟨Ãε⟩ = A. Indeed, the inclusion ⟨Ãε⟩ ⊆ A is trivial. On the other hand, if x =
[xε] ∈ A, then by property (iv) of Theorem 10 in [6], there exists p ∈ N such that

∀0ε : xε ∈ B−ρp
ε
(Aε) ∩Bn−1

ε
(0) ⊆ Ãε,

which proves the inclusion A ⊆ ⟨Ãε⟩. Since A is sharply open,

∃m ∈ N∀0ε : Bρm
ε
(xε) ⊆ Ãε.

Take s ∈ N satisfying dρs < dρm(1− λ), and let y ∈ Bρs
ε
(xε + λε(aε − xε)). Then,

for all ε small

y = λεaε + (1− λε)(1− λε)
−1(y − λεaε) =: λεaε + (1− λε)zε,

and

∥zε − xε∥ε = (1− λε)
−1 ∥(y − (xε + λε(aε − xε))∥ε < (1− λε)

−1ρsε < ρmε .

We conclude now by (ii) of Lem. 9.
Property (4.8) follows easily from (4.7). □

Remark 12. Under the assumption of the above corollary, the inclusion [Ãε] ⊆ A
holds provided A is non-empty (see (4.8)). On the other hand, since internal sets

are closed ([13]), we have A ⊆ [Ãε]. Therefore,

[Ãε] = A.

However, this equality does not hold without the convexity assumption of A. As
an example, one can consider the strongly internal set A = ⟨Aε⟩ where Aε =

∪n∈N≥1
Bρn

ε
(1−n−1). One can easily show that the inclusion [Ãε] ⊆ A does not hold

for any representative (Ãε) of A. Indeed, for x = [xε] defined by xε = 1−
⌊
ρ−1
ε

⌋−1

where ⌊·⌋ is the floor function, we have that x ∈ [Ãε], but x ̸∈ A.

In the next theorem we give another assumption under which a convex strongly
internal set has a representative consisting of convex sets.

Theorem 13. Let A ⊆ GE be a non-empty strongly internal convex set. Then A has
a representative (Ãε) consisting of convex sets if and only if it has a representative
(Aε) satisfying the following property

∀q ∈ N ∀0ε : conv(B−ρq
ε
(Aε)) ∩Bρ−q

ε
(0) ⊆ Aε. (4.9)

Here conv(C) denotes the convex hull of the set C. Moreover, if the representative

(Aε) is sharply bounded, the representative (Ãε) is sharply bounded as well.
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Proof. If (Ãε) is a representative of A consisting of convex sets, then (4.9) clearly

hods with Aε = Ãε.
Assume now that A has a representative (Aε) satisfying (4.9). For ε ∈ I and

q ∈ N, set

Aεq := conv(B−ρq
ε
(Aε)) ∩Bρ−q

ε
(0).

Since A is a non-empty and strongly internal set, there exists q0 ∈ N such that

∀q ≥ q0 ∀0ε : Aεq ̸= ∅.

For simplicity, take q0 = 0. From (4.9) we obtain

∀q ∈ N∃ηq ∈ I ∀ε ∈ (0, ηq] : Aεq ⊆ Aε.

Without loss of generality, assume that the sequence (ηq)q is non-increasing and

converges to 0. Define Ãε := Aεq whenever ε ∈ (ηq+1, ηq]. Therefore, (Ãε) consists

of convex sets, and ⟨Ãε⟩ = ⟨Aε⟩ (see the proof of Cor. 11). □

Remark 14. In the finite dimensional case, i.e. when dim(Eε) ≤ n for some n ∈ N
and for all ε small, any strongly internal set has a representative that satisfies (4.9).
This follows from (iii) of Lem. 9, and from Thm. 13.

We now equivalently reformulate ε-wise the property of being strongly disjoint:

Proposition 15. Let A = [Aε] and B = ⟨Bε⟩ be two non-empty subsets of GE.
Then A and B are strongly disjoint if and only if for any representative (Aε) of A
there exists a representative (B′

ε) of B such that

∀0ε : Aε ∩B′
ε = ∅. (4.10)

Moreover, if Bε is convex, then B′
ε is convex as well.

Proof. We prove first that the condition is sufficient. Let L ⊆0 I and let x ∈L A.
We must prove that x /∈L B. Take any representative (Aε) of A. Then there exists
a representative (xε) of x such that xε ∈ Aε for all ε ∈ L. By assumption, there
exists a representative (Bε) of B such that (4.10) holds. In particular, xε ̸∈ Bε for
all ε small in L. Thus, x /∈L B.

Assume now that A and B are strongly disjoint. We claim that for any repre-
sentative (Aε) of A and for any representative (Bε) of B, the following holds

∀q ∈ N∃ηq ∈ I ∀ε ∈ (0, ηq] : B−ρq
ε
(Bε) ∩Bρ−q

ε
(0) ∩Aε = ∅. (4.11)

Indeed, suppose that (4.11) does not hold. Then there exist a representative (Aε)
of A, a representative (Bε) of B, some q ∈ N, a non-increasing sequence (εk)k that
tends to 0 and a sequence (xεk)k with

xεk ∈ B−ρq
εk
(Bεk) ∩Bρ−q

εk
(0) ∩Aεk ∀k ∈ N (4.12)

Take u = [uε] ∈ GE where uε = xεk whenever ε = εk. This is possible since
B−ρq

εk
(Bεk) ∩ Bρ−q

εk
(0) ⊆ Bρ−q

εk
(0) and hence ||xεk ||εk ≤ ρ−q

εk
for all k ∈ N. By

(4.12), we obtain u ∈L A where L := {εk | k ∈ N} ⊆0 I. On the other hand, (4.12)
implies that

Bρq+1
εk

(xεk) ⊆ Bεk ∀k ∈ N.

By Thm. 10 of [6], this implies that u ∈L B, which contradicts the fact that A and
B are strongly disjoint. Therefore, the claim is proved. Without loss of generality
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we can assume that the sequence (ηq) is non-increasing and converges to 0. Define,
for ε ∈ (ηq+1, ηq],

B′
ε := B−ρq

ε
(Bε) ∩Bρ−q

ε
(0).

By (4.11), we have
∀ε ∈ (0, η0] : B

′
ε ∩Aε = ∅.

Moreover, we have ⟨B′
ε⟩ = B (see the proof of Cor. 11). The second part of the

proposition follows from the equality

B−ρq
ε
(Bε) =

⋂
r∈Bρ

q
ε
(0)

(Bε − r) .

□

We recall from [5] that the strong exterior of a set A ⊆ G is defined by

ext(A) := {x ∈ G | ∀a ∈ A : ∥a− x∥ > 0}, (4.13)

or equivalently1

ext(A) = {x ∈ G | ∀S ⊆ I : eS ̸= 0 ⇒ xeS ̸∈ AeS}.
(See [5, Lem. 3.4]).

Proposition 16. Let (G, || · ||) be an ρR̃-normed ρR̃-module, f : G −→ ρR̃ be a

non-identically null ρR̃-linear map, α ∈ ρR̃, and let H̃ ⊆ G be the hyperplane defined
by

H̃ = {x ∈ G | f(x) = α} =: {f = α}.
Then the following properties hold:

(i) If f is continuous (with respect to the sharp topology), then H̃ is closed in
the sharp topology.

(ii) If ext(H̃) is sharply open, then f is continuous.
(iii) If G = GE and f = [fε], then

H̃ = [{u ∈ Eε | fε(u) = αε}], (4.14)

and the right-hand side is independent of the representative (fε) of f and the

representative (αε) of α. In particularly, H̃ is closed.

Proof. (i): This follows from the fact that {f = α} = f−1({α}), f is continuous,

and {α} is closed in ρR̃.
(ii): Since f is non-identically null, there exists u0 ∈ G such that f(u0) = α− 1.

Then, u0 ∈ ext(H̃). By assumption, there exists r ∈ ρR̃>0 such that Br(u0) ⊆
ext(H̃). We claim that

∀v ∈ Br(u0) : f(v) < α. (4.15)

Indeed, assume that there exist u1 ∈ Br(u0) and ∃L1 ⊆0 I such that α <L1
f(u1).

Since Br(u) is convex, we have

{uλ = (1− λ)u0 + λu1 | λ ∈ [0, 1]} ⊆ Br(u) ⊂ ext(H̃), (4.16)

which implies that |f(uλ) − α| > 0 for all λ ∈ [0, 1]. On the other hand, for

λ =L1

α−f(u0)
f(u1)−f(u0)

we have f(uλ) =L1
α which contradicts (4.16). Consequently,

(4.15) holds. For v ∈ Br(u0), we have v = u0 + rz where z ∈ B1(0). It follows that

∀z ∈ B1(0) : f(u0 + rz) < α

1The result is stated for the special case G = ρR̃, but the statement holds for any ρR̃-module G.
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which yields

∀z ∈ B1(0) : f(z) <
1

r
(α− f(u0)).

A homothety argument yields

∀w ∈ G : f(w) ≤ 1

r
(α− f(u0))||w||.

Thus, f is continuous (see Sec. 2.1.6).
(iii): Let (fε) and (αε) be representatives of f and of α, respectively. To show

H̃ ⊆ [{u ∈ Eε | fε(u) = αε}],
we must prove that for every x ∈ H̃, there exists a representative (x′ε) of x that
satisfies

∀0ε : fε(x′ε) = αε. (4.17)

Let x ∈ H̃, so that f(x) = α. For any representative (xε) of x, there exists a
representative (α′

ε) of α such that

∀0ε : fε(xε) = α′
ε.

Since f is non-identically null, there exists v ∈ GE such that |f(v)| > 0. Without
loss of generality, we can assume that f(v) = 1. One can easily show that there
exists a representative (vε) of v satisfying fε(vε) = 1 for all ε small. Thus, (4.17)
follows with the representative (x′ε) defined by x′ε = xε + (αε − α′

ε)vε.

On the other hand, the inclusion [{u ∈ Eε | fε(u) = αε}] ⊆ H̃ is trivial.

Therefore, (4.14) is proved. Finally, since H̃ is an internal set and Eε is a normed

space for every ε, Thm. 3.2 of [13] implies that H̃ is closed in the sharp topology. □

Remark 17. If A ⊆ G is an internal set, then its exterior ext(A) is a strongly

internal set (see [5, Lem. 3.5]) and is hence open. Consequently, if H̃ in the above

proposition is internal, then one can drop the assumption “ext(H̃) is open” in (ii).
However, it remains open whether the exterior of any closed set is open.

Definition 18. Let G be an ρR̃-normed ρR̃-module and let A, B be two subsets of

G, f : G −→ ρR̃ be an ρR̃-linear map non identically null, and let α ∈ ρR̃. We say
that the hyperplane H̃ = {f = α} separates A and B if

∀x ∈ A : f(x) ≤ α and ∀x ∈ B : f(x) ≥ α.

We say that H̃ strictly separates A and B if there exists r ∈ ρR̃>0 such that

∀x ∈ A : f(x) ≤ α− r and ∀x ∈ B : f(x) ≥ α+ r.

The first geometric form of the Hahn–Banach theorem for normed spaces states
that, given two non-empty, convex, and disjoint sets, such that one of these sets is
open, they can be separated by a closed hyperplane. We will see in the following
example that these conditions are not sufficient to generalize this property to subsets
of GE .

Consider D∞, the set of all infinitesimals (see Sec. 2.1.5), and let

A = {[xε] ∈ ρR̃≥0 | ∃c ∈ R>0 ∀0ε : xε ≥ c}.
It is easy to check that D∞ and A are convex and strongly disjoint sets. Moreover,
D∞ is an open set. Assume, by contradiction, that there exists a hyperplane
H̃ = {f = α} that separates A and D∞, that is

∀x ∈ D∞ ∀y ∈ A : f(x) ≤ α ≤ f(y). (4.18)
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Since f is non-identically null, there exists v ∈ ρR̃ such that |f(v)| > 0. Noting that
f(v) = vf(1), we have that f(1) is invertible. Using (4.18) with x = dρ and y = 1
we get f(1)dρ ≤ f(1). Therefore, we must have f(1) > 0, which implies

∀x ∈ D∞ ∀y ∈ A : x ≤ α

f(1)
≤ y. (4.19)

Let c ∈ R>0, and choose y = [c] ∈ A and x = 0 ∈ D∞. The inequality then gives
0 ≤ α

f(1) ≤ c for all c ∈ R>0, which implies that α
f(1) ≈ 0, and hence α

f(1) ∈ D∞.

However, this is impossible because we can take x = α
f(1) + dρ ∈ D∞ in (4.19)

yielding a contradiction. Therefore, the sets D∞ and A cannot be separated by a
hyperplane.

The proof of the classical geometric form of the Hahn–Banach theorem in a
normed vector space E (see [1]) relies on the use of the Minkowski functional p
defined by

∀x ∈ E : p(x) = inf{α ∈ R>0 | x0 + α−1(x− x0) ∈ A}

where A ⊆ E is a convex subset and x0 belongs to the interior of A. However, the

existence of the infimum of bounded sets of the non-Archimedean ring ρR̃ is not
always guaranteed. Therefore, the definition of the Minkowski functional cannot
be directly generalized to convex subsets of G without any additional assumptions.

Definition 19. Let (G, || · ||) be an ρR̃-normed ρR̃-module, let C ⊆ G be a sharply

open convex subset and let x0 ∈ C. The Minkowski functional p : G −→ ρR̃≥0 of the
set C (associated with the generalized point x0) is defined, provided the right-hand
side is well-defined, by

p(x) = inf{α ∈ ρR̃>0 | x0 + α−1(x− x0) ∈ C}, ∀x ∈ G, (4.20)

where the infimum is taken in ρR̃, if it exists.

Lemma 20. Let C ⊆ G be a sharply open convex set that contains 0. Assume that
the Minkowski functional p of the set C (associated with the generalized point 0) is
well defined. Then the following properties hold

(i) p(λx) = λp(x) for every x ∈ G and for every λ ∈ ρR̃>0.

(ii) There exists M ∈ ρR̃>0 such that 0 ≤ p(x) ≤M ||x|| for all x ∈ G.
(iii) C = {x ∈ G | p(x) < 1}.
(iv) p(x+ y) ≤ p(x) + p(y) for every x, y ∈ G.

Proof. The argument follows the classical proof in normed spaces with suitable
modifications to handle the non-Archimedean setting.

(i): we use in particular the equality inf(λA) = λinf(A) proved in Lemma 24 of
[11].

(ii): we have that Br(0) ⊆ C for some r > 0, which implies that

(r − dρq)
x

||x||+ dρq
∈ C

for any q sufficiently large and for any x ∈ G. It follows that

p(x) ≤ ||x||+ dρq

r − dρq
. (4.21)

Thus, by letting q → ∞, we get the required result with M = r−1.
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(iii): For x ∈ C, we have that (1 + dρq)x ∈ C for q sufficiently large, which
gives p(x) ≤ 1

(1+dρq) < 1. Conversely, if p(x) < 1, then α := p(x) + dρq < 1 for q

sufficiently large (see Lem. 8 of [6]). It follows that α−1x ∈ C. We conclude then
using the convexity argument.

(iv): Let x, y ∈ G and let q ∈ N. From (i) and (iii) we have that

x

p(x) + dρq
,

y

p(y) + dρq
∈ C,

and hence by convexity of C, we have x+y
p(x)+p(y)+2dρq ∈ C. Using again (i) and (iii)

we obtain

p(x+ y) < p(x) + p(y) + 2dρq,

which completes the proof. □

Example 21. Let (G, || · ||) be an ρR̃-normed ρR̃-module and let C ⊆ G be a sharply
open convex subset containing 0. Assume that the Minkowski functional p of the
set C (with x0 = 0) is well defined.

(i) If C = G, then p is identically null. This is because inf ρR̃>0 = 0.

(ii) If C = Br(0) with r ∈ ρR̃>0 then p(x) = ||x||
r . Indeed, for every x ∈ G we

have {
α ∈ ρR̃>0 | α−1x ∈ Br(0)

}
=

[
α ∈ ρR̃>0 | ||x||

r
< α

]
which implies easily the desired result.

(iii) If C is sharply bounded, then p(x) = 0 if and only if x = 0. Indeed, if there
exists q ∈ N such that C ⊆ Bdρ−q (0), then

{α ∈ ρR̃>0 | α−1x ∈ C} ⊆ {α ∈ ρR̃>0 | α−1x ∈ Bdρ−q (0)}.

Using (ii) and Lem. 24 of [11] we obtain dρq||x|| ≤ p(x). Thus, p(x) = 0
implies x = 0.

In the next proposition we present the first example of a class of subsets for
which the associated Minkowski functional is well defined.

Proposition 22. Let C ⊆ GE be a non-empty strongly internal convex set. Then,
for any x0 = [x0ε] ∈ C, the Minkowski functional p of the set C associated with
the generalized point x0 is well defined, and there exists a representative (Cε) of C
such that

∀[xε] ∈ GE : p([xε]) = [inf{λ ∈ R>0 | x0ε + λ−1(xε − x0ε) ∈ Cε}] (4.22)

Remark 23. Note that (4.22) does not hold for any representative (Cε) of C. For
example, take C = (−1, 1) and let (Cε) be the representative of C defined for all ε
by Cε := (−1, 1) ∪ (2 − zε, 2 + zε) where (zε) is a non-negative negligible net. For
x = 2, one can easily check that

∀ε ∈ I : σε(2) := inf{λ ∈ R>0 | λ−12 ∈ Cε} =
2

2 + zε
,

whereas inf{λ ∈ ρR̃>0 | λ−1x ∈ C} = 2. Thus, (4.22) does not hold for the

representative (Cε). However, it clearly holds for the representative (C̃ε) given for

all ε by C̃ε := (−1, 1).
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Proof of Prop. 22. Let (Cε) be the representative of C satisfying (4.8). For any
ε ∈ I and for any x ∈ Eε, set

σε(x) := inf{λ ∈ R>0 | x0ε + λ−1(x− x0ε) ∈ Cε}. (4.23)

First, note that since C is sharply open, there exists q0 ∈ N such that

∀0ε : Bρ
q0
ε
(x0ε) ⊆ Cε.

It follows that
∀0ε∀x ∈ Eε : σε(x) ≤ ρ−q0

ε ||x− x0ε||ε. (4.24)

Thus, (σε(xε)) ∈ Rρ for any [xε] ∈ GE . Fix now x = [xε] ∈ GE . By the definition
of σε(xε), there exists a positive negligible net (βε) such that

zε := x0ε + (σε(xε) + βε)
−1(xε − x0ε) ∈ Cε.

Using (4.24) we obtain

∀q ∈ N : λq = [λqε] :=

[
σε(xε) + βε
σε(xε) + ρqε

]
∈ [0, 1).

Since, (x0ε + λqε(zε − x0ε)) ∈ ME , Cor. 11 implies that

∀q ∈ N : [x0ε + λqε(zε − x0ε)] = x0 + ([σε(xε)] + dρq)−1x ∈ C. (4.25)

Therefore, property (4.22) follows from (4.23) and (4.25). In particular, the right-
hand side of (4.22) does not depend on the choice of representatives of x and x0
since the infimum is uniquely determined. □

Remark 24. The left hand side of (4.22) defines the Minkowski functional of the

set C, which is an ρR̃-sublinear map as shown in Lem. 20. However, the map
Eε −→ R≥0, x −→ σε(x) is not an R-sublinear map since Cε is not necessarily
convex. Indeed, one can follow the method used in Prop. 20 and use Lem. 9 to
show that there exists a negligible positive net (kε) such that

∀0ε∀x ∈ Eε ∀λ ∈ R>0 : σε(λx) = λσε(x),

∀0ε∀x, y ∈ Eε : σε(x+ y) ≤ (1 + kε)(σε(x) + σε(y)).

For maps of this type, the Hahn–Banach theorem cannot be applied. Therefore,
the assumption on the existing of convex representative cannot be dropped.

We present now an example of a subset of ρR̃ for which the Minkowski functional
is not well defined.

Example 25. Assume that

∃ inf{α ∈ ρR̃>0 | α−1dρ ∈ D∞} =: p(dρ).

It follows that

∀q ∈ N∃λq ∈ ρR̃>0 with λ−1
q dρ ∈ D∞ and λq − dρq ≤ p(dρ) ≤ λq.

Since λq/2 ∈ D∞, we have

∀q ∈ N : 0 ≤ 2p(dρ) ≤ λq ≤ p(dρ) + dρq,

which implies that p(dρ) = 0. This gives dρ−1 ≤ λ−1
1 , and hence 1 ≤ λ−1

1 dρ,
yielding a contradiction.

The following theorem is the first geometric form of the Hahn-Banach theorem
in GE .
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Theorem 26. Let A = ⟨Aε⟩, B = [Bε] ⊆ GE be non-empty strongly disjoint sets.
Assume that the representatives (Aε), (Bε) are consisting of convex sets. Then

there exist a continuous ρR̃-linear map f = [fε] : GE −→ ρR̃ non-identically null

and α ∈ ρR̃ such that

∀y ∈ A ∀z ∈ B : f(y) ≤ α ≤ f(z), (4.26)

i.e. the closed hyperplane {f = α} separates A and B. Moreover, if B is a cone,

i.e. λB ⊆ B for all λ ∈ ρR̃≥0, then we can choose α = 0.

We first prove the following lemma

Lemma 27. Let C = ⟨Cε⟩ ⊆ GE be a non-empty set, and let x0 = [x0ε] ∈ GE.
Assume that {x0} and C are strongly disjoint, and that Cε is convex for all ε small.

Then, there exists a continuous ρR̃-linear map f = [fε] −→ ρR̃ non-identically null
such that

∀x ∈ C : f(x) ≤ 1 = f(x0).

Proof. By a translation argument we can assume that 0 ∈ C. Since {x0} and

C are strongly disjoint, we have ||x0|| > 0. Consider the internal ρR̃-submodule

F of GE defined by F := ρR̃x0 = [Rx0ε]. On F we define the ρR̃-linear map

g = [gε] : F −→ ρR̃ by

∀t = [tε] ∈ ρR̃ : g(tx0) := [gε(tεx0ε)] := t.

This means that g(x0) = 1. The Minkowski functional p of the set C is well defined
(by Prop. 22) and is generated by a collection (pε) of R-sublinear maps (Remark
24). We claim that

∀x ∈ F : g(x) ≤ p(x). (4.27)

Indeed, since x0 and C are strongly disjoint, we have x ̸∈L C for all L ⊆0 I which,
by Lem. 20 (iii), implies that p(x0) ̸<L 1 for all L ⊆0 I and hence p(x0) ≥ 1. Let

now t ∈ ρR̃. By Lem. 7 of [11], either t ≤ 0, t ≥ 0, or there exists L ⊆0 I with
Lc ⊆0 I such that t ≤L 0 and t ≥Lc 0. In case t ≥ 0, there exists a representative
(tε) of t consisting of non-negative numbers. It follows that

p(tx0) = [pε(tεx0ε)] = [tεpε(x0ε)] = tp(x0) ≥ t = g(tx0).

If t ≤ 0, then p(tx0) ≥ 0 ≥ t = g(tx0). The case where t ≤L 0 and t ≥Lc 0 for
some L ⊆0 I with Lc ⊆0 I is handled similarly. Therefore, inequality (4.27) holds.

Thanks to Thm. 3, there exists an ρR̃-linear map f = [fε] on GE that extends g and
satisfies

∀x ∈ GE : f(x) ≤ p(x). (4.28)

Moreover, Lem. 20 (ii), ensures the existence of M ∈ ρR̃>0 such that f(x) ≤ p(x) ≤
M ||x|| for all x ∈ GE , which implies that f is continuous. Since f(x0) = g(x0) = 1,

the map f is non-identically null. Thus, by Prop. 16 (i), the hyperplane H̃ := {f =
1} is closed. Finally, we use Lem. 20 (iii) and (4.28) to conclude. □

Proof of Thm. 26. By Prop. 15, we can assume that Aε and Bε are disjoint for all
ε small. This implies that the sets C := ⟨Aε − Bε⟩ and {0} are strongly disjoint.

Hence, by Lem. 27, there exists a continuous ρR̃-linear map f = [fε] : GE −→ ρR̃
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non-identically null that separates C and {0}. More precisely, we have f(x) ≤ 0
for every x ∈ C, and therefore, since A−B ⊆ C

∀y ∈ A∀z ∈ B : f(y) ≤ f(z). (4.29)

One can easily see that f ([Bε]) = [fε(Bε)], and that inf f(B) = [inf(fε(Bε))] =: α.
It remains to prove that f(y) ≤ α for all y ∈ A. Indeed, assume that

∃y ∈ A ∃q ∈ N∃L ⊆0 I : α+ dρq <L f(y).

By definition of the infimum, there exists z ∈ B such that f(z) ≤ α + dρq+1. It
follows that

f(z) ≤ α+ dρq+1 < α+ dρq ≤L f(y),

which contradicts (4.29). Therefore, (4.26) is proved.

Assume now that B is a cone. Let z ∈ B and λ ∈ ρR̃>0. Since f(λz) = λf(z) ≥ α,
we have f(z) ≥ λ−1α, and hence f(z) ≥ 0 for all z ∈ B. □

Corollary 28. Let A = ⟨Aε⟩ and B = [B1ε] ∪ [B2ε] be two non-empty subsets of

GE, and let H̃ = {f = α} be a hyperplane. Then, H̃ separates A and B if and only
if it separates A and B′ := [B1ε ∪B2ε].

Proof. If H̃ separates A and B′, then clearly it separates A and B since B ⊆ B′.
Assume now that the hyperplane H̃ separates A and B, that is

∀x ∈ A ∀y ∈ B : f(x) ≤ α ≤ f(y). (4.30)

Let z ∈ B′. Then, z ∈L B and z ∈Lc B, where L = {ε ∈ I : zε ∈ B1ε} and (zε)
is a representative of z. Since (4.30) holds when restricted to any co-final of I, the
inequality α ≤ f(z) easily follows. □

The following proposition is essential in the proof of the second geometric form
of the Hahn-Banach theorem (Thm. 30).

Proposition 29. Let A = [Aε], C = [Cε] ⊆ GE be two non-empty sets, with A
functionally compact. Assume that A and C are strongly disjoint. Then there exists
m ∈ N such that the sets B := [Bρm

ε
(Aε)] and D := ⟨Bρm

ε
(Cε)⟩ are strongly disjoint.

Proof. Since A and C are non-empty, the net (infx∈Aε
d(x,Cε)) is well-defined and

ρ-moderate. We claim that

∃q ∈ N : d(A,C) :=

[
inf

x∈Aε

d(x,Cε)

]
≥ dρq. (4.31)

Indeed, for every ε, the set Aε is a compact set of Eε and the map d(·, Cε) : Aε −→ R
is continuous. Thus, there exists (xε) ∈

∏
ε∈I Aε such that infx∈Aε

d(x,Cε) =
d(xε, Cε). Since A is sharply bounded, we have (xε) ∈ ME , and hence x := [xε] ∈ A.
The net (d(xε, Cε)) must be invertible, otherwise x ∈L C for some L ⊆0 I (see
Thm. 10 (i) of [6]). But this contradicts the fact that A and C are strongly disjoint.
Therefore, the claim is proved. From (4.31) we have

∀m ∈ N>q ∀0ε : Bρm
ε
(Aε) ∩Bρm

ε
(Cε) = ∅. (4.32)

Indeed, if we assume that there exist m > q, a non-increasing sequence (εk) that
converges to 0, and a sequence (yεk) such that

∀k ∈ N : yεk ∈ Bρm
εk
(Aεk) ∩Bρm

εk
(Cεk),
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then

∀k ∈ N : d(Aεk , Cεk) ≤ d(yεk , Aεk) + d(yεk , Cεk) ≤ 2ρmεk
which contradicts (4.31). Finally, by Prop. 15 and (4.32), the sets B and D are
strongly disjoint. □

The following theorem is the second geometric form of the Hahn-Banach theorem.

Theorem 30. Let A, C ⊆ GE be two non-empty internal sets, with A a function-
ally compact set. Assume that the sets A and C are strongly disjoint, and have

representatives consisting of convex sets. Then, there exist a continuous ρR̃-linear
map f = [fε] : GE −→ ρR̃ non-identically null, α ∈ ρR̃, and r ∈ ρR̃>0 such that

∀x ∈ A∀y ∈ C : f(x) + r ≤ α ≤ f(y)− r.

i.e. the closed hyperplane {f = α} strictly separates A and C.

For the proof of the theorem, we need the following lemma

Lemma 31. Let f = [fε] : GE −→ ρR̃ be a continuous ρR̃-linear map non-identically

null. Then, the infimum of the set f(B1(0)) exists in ρR̃.

Proof. Since fε is continuous and (B1ε(0)) is sharply bounded, the collection (fε(B1ε(0)))
is sharply bounded as well. We can hence set σ = [σε] := [inf(fε(B1ε(0))] which
is a lower bound of f(B1(0)). Let now q ∈ N. By definition of σ, for a positive
negligible net (nε), there exists (zε) ∈

∏
ε∈I fε(B1ε(0)) that satisfies

∀0ε : zε ≤ σε + nε.

Let (xε) be such that xε ∈ B1ε(0) and zε = fε(xε) for all ε small. There exists then
x ∈ B1(0) such that ||x−x|| < dρq+1|||f |||−1 (|||f ||| > 0 because f is non-identically
null). It follows that

f(x) ≤ [zε] + |||f ||||x− x|| ≤ σ + 2dρq+1 ≤ σ + dρq.

Therefore, σ is the infimum of the set f(B1(0)). □

Proof of Thm. 30. By assumption, there exist a representative (Aε) of A and a
representative (Cε) of C that are consisting of convex sets. By Prop. 29, there
exists m ∈ N such that the sets B := [Bρm

ε
(Aε)] and D := ⟨Bρm

ε
(Cε)⟩ are strongly

disjoint. By Thm. 26, there exist a continuous ρR̃-linear map f = [fε] : GE −→ ρR̃
non-identically null and α ∈ ρR̃ such that the hyperplane {f = α} separates B and
D. Since A+Bdρm(0) ⊆ B and C +Bdρm(0) ⊆ D

∀x ∈ A ∀y ∈ C ∀z ∈ B1(0)∀z ∈ B1(0) : f(x) + dρmf(z) ≤ α ≤ f(y) + dρmf(z).

Thanks to Lem. 31, we can set σ = supz∈B1(0)
f(z), σ = infz∈B1(0) f(z). We clearly

have σ > 0 and σ < 0 because f is non-identically null. It follows that

∀x ∈ A∀y ∈ C : f(x) + dρmσ ≤ α ≤ f(y) + dρmσ,

which gives

∀x ∈ A ∀y ∈ C : f(x) + r < α < f(y)− r,

with r = 1
2 min(dρmσ,−dρmσ) ∈ ρR̃>0. □
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