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ABSTRACT. The main aim of the present work is to arrive at a mathematical
theory close to the historically original conception of generalized functions,
i.e. set theoretical functions defined on, and with values in, a suitable ring of
scalars and sharing a number of fundamental properties with smooth functions,
in particular with respect to composition and nonlinear operations. This is how
they are still used in informal calculations in Physics. We introduce a category
of generalized functions as smooth set-theoretical maps on (multidimensional)
points of a ring of scalars containing infinitesimals and infinities. This category
extends Schwartz distributions. The calculus of these generalized functions is
closely related to classical analysis, with point values, composition, non-linear
operations and the generalization of several classical theorems of calculus. Fi-
nally, we extend this category of generalized functions into a Grothendieck
topos of sheaves over a concrete site. This topos hence provides a suitable
framework for the study of spaces and functions with singularities. In this
first paper, we present the basic theory; subsequent ones will be devoted to
the resulting theory of ODE and PDE.
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1. INTRODUCTION: FOUNDATIONS OF GENERALIZED FUNCTIONS AS
SET-THEORETICAL MAPS

The aim of the present work is to lay the foundations for a new approach to the
theory of generalized functions, so-called generalized smooth functions (GSF). In
developing such a theory, various objectives can be pursued, and our motivations
mainly come from applications in mathematical physics and nonlinear singular dif-
ferential equations, where the need for such a nonlinear theory is well-known (see,
e.g., [47, 110, 52, 17, 8, 91, 81, 11, 48] for applications in mathematical physics,
[106, 105, 53, 27, 50, 17] for differential equations, and references therein).

In particular, our aim is to arrive at a mathematical theory close to the histori-
cally original conception of generalized function, [20, 73, 60]: in essence, the idea of
authors such as Dirac, Cauchy, Poisson, Kirchhoff, Helmholtz, Kelvin and Heavi-
side (who informally worked with “numbers” which also comprise infinitesimals and
infinite scalars) was to view generalized functions as certain types of smooth set-
theoretical maps obtained from ordinary smooth maps by introducing a dependence
on suitable infinitesimal or infinite parameters. We call this idea the Cauchy-Dirac
approach to generalized functions. For example, the density of a Cauchy-Lorentz
distribution with an infinitesimal scale parameter was used by Cauchy to obtain
classical properties which nowadays are attributed to the Dirac delta, [60]. More
generally, in the GSF approach, generalized functions are seen as set-theoretical
functions defined on, and attaining values in, a suitable non-Archimedean ring of
scalars containing infinitesimals and infinities, as well as sharing essential proper-
ties of ordinary smooth functions. In the present work, we will develop this point
of view, and prove that it generalizes the mentioned Cauchy-Dirac approach. In
our view, the main benefits of this theory lie in a clarification of a number of
foundational issues in the theory of generalized functions, namely:

(i)  GSF include all Schwartz distributions, see Thm. 25, and Colombeau gener-
alized functions, see [43].

(ii) They allow nonlinear operations on generalized functions, Sec. 3, and to com-
pose them unrestrictedly, Thm. 28.

(iii) GSF are simpler than standard approaches as they allow us to treat general-
ized functions more closely to classical smooth functions. In particular, they
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allow us to prove a number of analogues of fundamental theorems of classi-
cal analysis: e.g., mean value theorem, intermediate value theorem, extreme
value theorem, Taylor’s theorem, see Sec. 7, local and global inverse function
theorem, [412], integrals via primitives, Sec. 6, multidimensional integrals,
Sec. 8, theory of compactly supported functions, [11]. Therefore, this ap-
proach to generalized functions results in a flexible and rich framework which
allows both the formalization of calculations appearing in physics and the
development of new applications in mathematics and mathematical physics.
Several results of the classical theory of calculus of variations can be de-
veloped for GSF: the fundamental lemma, second variation and minimizers,
higher order Euler-Lagrange equations, D’Alembert principle in differential
form, a weak form of the Pontryagin maximum principle, necessary Legendre
condition, Jacobi fields, conjugate points and Jacobi’s theorem, Noether’s
theorem, see [75, 28].

The closure with respect to composition leads to a solution concept of differ-
ential equations close to the classical one. In the second and third article of
this series, we will introduce a non-Archimedean version of the Banach fixed
point theorem that is well suited for spaces of GSF, a Picard-Lindel6f theorem
for both ODE and PDE, results about the maximal set of existence, Gron-
wall theorem, flux properties, continuous dependence on initial conditions,
full compatibility with classical smooth solutions, etc., see [77, 44].

Moreover, we think that a satisfactory theory of generalized functions as used in
mathematical physics should also provide an extension to function spaces, possibly
in a Cartesian closed category or, better, in a topos. The use of a Cartesian closed
category as a useful framework for mathematics and mathematical physics can be
motivated in several ways:

(i)

(i)

(iii)

It is well known that a non trivial problem of the category Man of smooth
manifolds is the absence of closure properties with respect to interesting cat-
egorical operations such as the construction of function spaces Man(M, N),
subspaces, equalizers, etc., see [7, 9, 14, 30, 37, 38, 58, 72, 62, 74, 82, ,
, ]. The search for a Cartesian closed category embedding Man is the
most widespread approach to solving this problem.
In physics, the necessity to use infinite-dimensional spaces frequently appears.
A classical example is the space Man(M, N) of all smooth mappings between
two smooth manifolds M and N, or some of its subspaces, e.g. the space of
all the diffeomorphisms of a smooth manifold. Typically, we are interested
in infinite dimensional Lie groups, because they appear, e.g., in the study of
both compressible and incompressible fluids, in magnetohydrodynamics, in
plasma-dynamics or in electrodynamics (see e.g. [2] and references therein).
Tt is also well established (see e.g. [30, 37, 341]) that Cartesian closedness is a
desirable condition in the calculus of variations.
The convenient setting, [72, 30], is the most advanced theory of smooth spaces
extending the theory of Banach manifolds. Some applications of this notion to
classical field theory can be found in [1]. In addition, several other approaches
to a new notion of smooth space have been motivated by problems of physics.
For example, the notion of diffeological space has been used in [107, , 109],
starting also from a variant of [14], to study quantization of coadjoint orbits
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in infinite dimensional groups of diffeomorphisms. Diffeological spaces form
a Cartesian closed, complete, co-complete quasi-topos, [58, 7, 64].

For these reasons, we close this work by embedding our category of generalized
functions into a Grothendieck topos, see Sec. 10.

Finally, a theory of generalized functions for mathematical physics frequently
appears coupled with a theory of actual infinitesimals and infinities (see e.g. [56,

, 63, 50]). This is natural, since informal descriptions of these functions used in
many calculations in physics employ a language including infinitesimals or infinities.
Historically, it has turned out that approaches requiring a substantial background
knowledge in mathematical logic are only reluctantly accepted by some physicists
and mathematicians. Therefore, even if sometimes they appear less powerful, the-
ories that do not need such knowledge ([35, 101, 15]) are more easily accepted. In
the following section, we introduce the non-Archimedean ring of scalars in a very
natural way, without requiring any notions from mathematical logic or ultrafilter
set theory.

The structure of the paper is as follows: we first introduce the new ring of scalars
and its natural topology in Sec. 2; in Sec. 3 we define the notion of GSF and prove
that GSF are always continuous; we present the embedding of Schwartz distribu-
tions and prove the closure of GSF with respect to composition (e.g. we study and
graphically represent § o d); in Sec. 5, 6, 7 we study the differential calculus, the (1-
dimensional) integral calculus, and several related classical theorems. In Sec. 8, we
introduce multidimensional integration, with related convergence theorems. Sheaf
properties for GSF defined on different types of domains are proved in Sec. 9: they
e.g. allow one to glue GSF defined on infinitesimal domains to get a global GSF de-
fined on a finite or even on an unbounded domain. Finally, in Sec. 10 we construct
the Grothendieck topos of generalized functions, including a full introduction of
all the necessary preliminaries. Throughout the paper, several theorems will treat
the connections of notions related to GSF to the corresponding classical notions, in
case the latter can at least be formulated. Even if other papers about GSF already
appeared in the literature (see [43, 42, 75]), this is the first one where all these basic
results (and several others) are presented with the related proofs.

The paper is completely self-contained: only a basic knowledge of Schwartz dis-
tribution theory and the concepts of category, functor and natural transformation
are needed.

2. THE RING OF SCALARS AND ITS TOPOLOGIES

Exactly as real numbers can be seen as equivalence classes of sequences (g, )nen
of rationals’, it is very natural to consider a non-Archimedean extension of R defined
by a quotient ring R/ ~, where R C R!. Here R is a subalgebra of nets (z.).c; €
R defined on a directed set (I, <), and with pointwise algebraic operations. For
simplicity and for historical reasons, instead of I = N, we consider I := (0, 1],
corresponding to € — 0T, ¢ € I, but any other directed set can be used instead of
I. In this work, we will denote e-dependent nets simply by (x.) := (z¢)eer, and
the corresponding equivalence class simply by [z:] := [(z:)]~ € R/ ~. We aim
at constructing the quotient ring R:= R/ ~ so that it contains infinitesimals and
infinities. The following observation points to a natural way of achieving this goal.

1n the naturals N = {0,1,2,...} we include zero.
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Let us assume that [z.] = 0 € R and [J.] € R is generated by an infinite net (J.),
i.e. such that lim,_,o+ |J:| = +00. Then we would have
[2] - [Je] =0 [J] =0
= [ze - Je]. (2.1)
Finally, let us assume that

Viw] €R: [w.] =0 = lim w. = 0. (2.2)

e—0t

Under these assumptions, (2.1) yields lim, o+ z¢ - J. = 0, and hence
Jeg € IVe € (0,e0] ¢ || < |J7Y]. (2.3)

Consequently, the nets (z.) representing 0, i.e. such that (zz) ~ 0, must be domi-
nated by the reciprocals of every infinite number [J.] € R. It is not hard to prove
that if every infinite net (J;) is in the subalgebra R, then (2.3) implies that the
equivalence relation ~ must be trivial:

Jdeg € IVe € (0,e0] : 2z = 0. (2.4)

This situation corresponds to the Schmieden-Laugwitz model, [104].

If we do not want to have the trivial model (2.4), we can hence either negate the
natural property (2.2) (this is the case of nonstandard analysis; see [18] for more
details) or to restrict the class of all the nets (J.) generating infinite numbers in R.
Since we want to start from a subalgebra R C R’, a first natural idea is to consider
the following class of infinite nets

Z:={(e")|a€Rso}. (2.5)

and hence to consider the subalgebra R C R’ containing nets (b.) € R bounded
by some (J.) € Z. This idea is generalized in the following definition, where we
take exactly (2.3) as the widest possible definition of (z.) ~ 0:

Definition 1. Let p = (p.) € (0,1]! be a net such that (p.) — 0 as € — 0T (in the
following, such a net will be called a gauge). Then
(i)  Z(p) :={(pz*) | a € Rspo} is called the asymptotic gauge generated by p.
(i) If P(e) is a property of € € I, we use the notation ¥’e : P(g) to denote

Jeg € IVe € (0,0 : P(g). We can read V¢ as “for ¢ small”.
(iii) We say that a net (z.) € R is p-moderate, and we write (z.) € R, if

I(J) €Z(p): . =0(J.)ase — 0T,
ie., if
IN e NV |a| < p?.
(iv) Let (z.), (y.) € RT. Then we say that (z.) ~, (ye) if
V() €Z(p): wo=y. +O(J- ) ase — 0T,
that is if
Vn € NYe: |z, —y.| < pl
This is a congruence relation on the ring R, of moderate nets with respect to
pointwise operations, and we can hence define

'R = R,/ ~ps

which we call Robinson-Colombeau ring of generalized numbers, [93, 15].
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(v)  In particular, if the gauge p = (pe) is non-decreasing, then we say that p is a
monotonic gauge. Clearly, considering a monotonic gauge narrows the class
of moderate nets: e.g. if lim__,1 2. = 400 for all k € N>, then (z2) € R, for
any monotonic gauge p.

In the following, p will always denote a net as in Def. 1, even if we will sometimes
omit the dependence on the infinitesimal p, when this is clear from the context. We
will see below that we can choose p e.g. depending on the class of differential
equations we need to solve for the generalized functions we are going to introduce.

We can also define an order relation on R by writing [z.] < [y.] if there exists
(z) € R such that (2.) ~, 0 (we then say that (2.) is p-negligible) and z. < y.+ 2.
for € small. Equivalently, we have that x < y if and only if there exist representatives
[ze] = @ and [y.] = y such that x. < y. for all e. The following result follows directly
from the previous definitions:

Theorem 2. ‘Ris a partially ordered ring. The real numbers r € R are embedded
in "R by viewing them as constant nets [r] € "R.

Although the order < is not total, we still have the possibility to define the
infimum [x¢] A [ye] := [min(z., )], and analogously the supremum function [z.] V
[ye] := [max(z.,y.)] and the absolute value |[z.]| := [|z.|] € “R. Henceforth, we will
also use the customary notation ’R* for the set of invertible generalized numbers.

As in every non-Archimedean ring, we have the following

Definition 3. Let z € ’R be a generalized number. Then

(i) =z is infinitesimal if |x| < r for all » € Ryg. If z = [x.], this is equivalent
to lim,_,o+ xz. = 0. We write z =~ y if z — y is infinitesimal, and D, =
{h €R|hr o} for the set of all infinitesimals.

(ii) x is dnfinite if |x| > r for all » € Rsp. If & = [z.], this is equivalent to
lim, o+ 2] = +o00.

(iii) « is finite if |z| < r for some r € Rsg.

For example, setting dp := [p.] € 'R, we have that dp” € "R, n € Nsg, is an

invertible infinitesimal, whose reciprocal is dp~™ = [pZ™], which is necessarily a

positive infinite number. Of course, in the ring “R there exist generalized numbers

which are not in any of the three classes of Def. 3, like e.g. x. = %Sin (é)

Definition 4.

(i)  IfP{(x.)} is a property of (z.) € R}, then we also use the abbreviations:
Vzel € X0 P{(ze)} <= V(z)€R}: [z]eX = P{(z.)}
Jr] € X2 P{(x)} = Fz) €RY: [z] € X, P{(zc)}-

For example, if X = {z} C "R™, then V[z.] = z : P {(z.)} means that the
property holds for all representatives of z, and J[z.] = = : P {(z.)} means
that the same property holds for some representative of x.

(i)  Our notations for intervals are: [a,b] := {z € "R | a < = < b}, [a,b]r := [a,b]N
R, and analogously for segments [z,y] := {z +r-(y —z) | r € [0,1]} C "R
and [z, ylre = [z,y] NR™.

(iii) For subsets J, K C I we write K Cg J if 0 is an accumulation point of K and
K C J (weread it as: K is co-final in J). For any J Cg I, the constructions
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introduced so far can be repeated with nets (z¢)cc;. We indicate this by
using the symbol “R"|;. If K Co J, © € “R"|; and 2/ € "R"|g, then '
is called a subpoint of x, denoted as x’ C =z, if there exist representatives
(2e)ees, (xl)cex of , 2’ such that 2L = z for all € € K. In this case we
write #' = x|k, dom(2’) := K, and the restriction (—)|x : “R" — ’R"| is a
well defined operation. In general, for X C "R™ we set X|; := {z|; € "R"|; |
z € X}. Finally note that

(- : Pla.}) < 3IJCoIVee J: —P{x.}.

2.1. Topologies on ’R™. On the “R-module “R" we can consider the natural ex-
tension of the Euclidean norm, i.e. |[z.]| := [|z:|] € ’R, where [z.] € "R™. Even if

this generalized norm takes values in “R, it shares some essential properties with
classical norms:

|z| =z V (—x)

lz| >0

|z =0=2=0
ly- x| =yl |z|

|z +yl < |2 + [yl
|| = lyll < [z —yl.
It is therefore natural to consider on ’R™ topologies generated by balls defined by
this generalized norm and a set of radii:
Definition 5. We say that R is a set of radii if
(i) RC’ ﬁ*zo is a non-empty subset of positive invertible generalized numbers.
(ii) For all r, s € R the infimum r A s € R.
(iii) k-reRforallr € R and all k € Ryg.
Moreover, if R is a set of radii and x, y € ”ﬁ, then:
(iv) Wewritex <wyifIreR: r<y—uax.
(v) BX(x):= {y €R" | |y — 2| <m r} for any r € R.
(vi) Bp(z) :={y € R" | [y — x| < p}, for any p € R>o, denotes an ordinary
Euclidean ball in R™.

For example, ’R%, and R are sets of radii.

Lemma 6. Let R be a set of radii and x, y, z € ’'R. Then
(i) -(x<nx).

(ii)) = <myandy <wmz imply T <x z.

(i) VYreR: 0<mr.

Proof. (i):  <s x would imply r < 0 for some r € R C ”ﬁ;o. But then r—1r =
1<0. -

(i) fr<y—zands<z-—yforr, s R, then 2(rAs) <r+s<z-—uz.

(iii): In fact, we have 0 <, r if and only if s < r for some s € R. O

The relation <g has better topological properties as compared to the usual strict
order relation x < y and x # y (a relation that we will therefore never use) because
of the following result:
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Theorem 7. The set of balls {B?(m) |reR, ze ”ﬁ"} generated by a set of radii
R is a base for a topology on 'R,

Proof. Tt suffices to consider z € BY(x) N BX(y) and to prove that B2 (z) C
B2 (z) N BR(y) for some v € . The proof is essentially a reformulation of the
classical proof in metric spaces. In fact, we have 7 <r — |z — z| and § < s — |y — 2|
for some 7, 5 € R. Set v := 7 A5 € R. The inequality |w — z| <, v implies
o <v—|w—z| for some o € R. Therefore, |lw—z| < |lw—z|+|z—z|<v—0o+r—7F
and thereby 0 < 74+ o0 —v < r —|w — z|, i.e. |w— x| <sz r. This proves that
B%(z) € B%(z), and the other inclusion follows analogously. O

Henceforth, we will only consider the sets of radii ”ﬁ’;o and Rsg. The topology
generated in the former case is called sharp topology, whereas the latter is called
Fermat topology. We will call sharply open set any open set in the sharp topology,
and large open set any open set in the Fermat topology; clearly, the latter is coarser
than the former. Let us note explicitly that taking an infinitesimal radius r € * §§0

we can consider infinitesimal neighborhoods of x € ’R™ in the sharp topology. Of
course, this is not possible in the Fermat topology. The existence of infinitesimal
neighborhoods implies that the sharp topology induces the discrete topology on
R, see [10]. The necessity to consider infinitesimal neighborhoods occurs in any
theory containing continuous generalized functions which have infinite derivatives.
Indeed, from the mean value theorem Thm. 49(i) below, we have f(z) — f(zo) =
f'(c) - (& — x) for some ¢ € [x,x0]. Therefore, we have f(z) € B,(f(z0)), for a
given r € “Rso, if and only if |z — xo| - |f'(c)] < r, which yields an infinitesimal
neighborhood of zg in case f’(c) is infinite; see [10, 41] for precise statements
and proofs corresponding to this intuition. By an innocuous abuse of language,
we write x < y instead of x <, Y and z <gr y instead of z <g_, y. For

example, ”ﬁio = ’)§>0. We will simply write B,.(z) to denote an open ball in the
sharp topology and BE(x) for an open ball in the Fermat topology. Proceeding by
contradiction, it is not difficult to prove that the sharp topology on ’R™ is Hausdorff
and that the set of all the infinitesimals Do, is a clopen set; moreover, as will be
proved more generally in [77], this topology is also Cauchy complete.

The following result is useful in dealing with positive and invertible generalized
numbers.

Lemma 8. Let 2 € 'R. Then the following are equivalent:

(i)  x is invertible and x > 0, i.e. x > 0.

(ii)  For each representative (z.) € R, of x we have ¥e: z. > 0.

(iii) For each representative (z.) € R, of x we have Im € NV : x. > p™.

(iv)  There exists a representative (x.) € R, of x such that 3Im € NY% : x. > p™.

Proof. (i) = (ii): Since z is positive, we can find a representative [x.] = x such that
x. > 0 for all . But x is also invertible, so for all £ we can also write z.y. = 1+ 2.,
where (z:) ~, 0 is a negligible net. By contradiction, assume that z., <0 for each
k € N, where (gx)gen — 0F. Then z., = 0 and hence z¢, ¥, =0=1+ 2., — 1 for
k — +o00, which is a contradiction.

(ii) = (iii): Assume that there exists a representative [z.] = x such that ., < pF
for each k € N, where (x)ren — 07 monotonically. We then define a p-moderate
net by Z. := 0 if ¢ = ¢, and Z. := x. otherwise. For each n € N, if k is sufficiently
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big, we have |z, — &, | < p& < p? . This implies that (z.) ~, (2.). Therefore
(Z.) is another representative of x, which contradicts (ii) by construction.
(iii) = (i): By assumption, lim, o+ p. = 0. This and (iii) yield that z. > p™ > 0
for € small, say for ¢ < gg. Therefore, 0 < y. := x;l < po™ for € < g (and ye
arbitrarily defined elsewhere) is p-moderate and hence it is a representative of the
inverse of .

Finally, (iii) implies (iv) for logical reasons, and (iv) implies (i) because p. >
0. O

2.2. Open, closed and bounded sets generated by nets. A natural way to
obtain sharply open, closed and bounded sets in PR s by using a net (A.) of
subsets A. C R™. We have two ways of extending the membership relation z. € A
to generalized points [z.] € ‘R™ (cf. [37, 13]):

Definition 9. Let (A:) be a net of subsets of R™. Then

(i) [Af] = {[scg] €’R" V% : . € AE} is called the internal set generated by
the net (A.).

(ii)  Let (x.) be a net of points of R”. Then we say that z. €. A., and we read it
as (xz¢) strongly belongs to (Ag), if
(a) Ve: x. € A..
(b) If (zL) ~, (x¢), then also 2. € A. for e small.
Moreover, we set (A;) := {[.Z’E] € ’R" | zc €. AE}, and we call it the strongly
internal set generated by the net (A.).

(iii) We say that the internal set K = [A.] is sharply bounded if there exists
M € ’Rsq such that K C By (0).

(iv) Finally, we say that the (A.) is a sharply bounded net if there exists N € Rsg
such that VeVr € A, : || < p7 .

Therefore, x € [A.] if there exists a representative [z.] = x such that x. € A, for
¢ small, whereas this membership is independent from the chosen representative in
case of strongly internal sets. An internal set generated by a constant net A, =
A C R™ will simply be denoted by [A].

The following theorem (cf. [87, 43] for the case p. = €) shows that internal and
strongly internal sets have dual topological properties:

Theorem 10. Fore €I, let A. CR™ and let x. € R™. Then we have

(i)  [zc] € [Ad] if and only if Vg € Ruo Ve @ d(xe, Ac) < pl. Therefore [z.] € [Ac]
if and only if [d(z., A.)] =0 € 'R.

(ii)  [ze] € (AL) if and only if 3q € Ruq V¥V 1 d(we, AS) > p?, where AS := R"™\ A..
Therefore, if (d(ze, AS)) € R, then [xz] € (A.) if and only if [d(z., AS)] > 0.

(iii) [Ac] is sharply closed.

(iv) (A.) is sharply open.

(v) [Ac] = [cl(AL)], where cl(S) is the closure of S C R™.

(vi) (A.) = (int(A.)), where int (S) is the interior of S C R™.

Proof. (i) =: We have z. € A, for some representative [z.] = [z.] € [4:]. But
d(ze, Ae) < |xe —al| +d(xL, A.), from which the conclusion follows.
(i) <= Since the net (inf,ca, |x. — a|) is p-negligible, we can find a decreasing

sequence (x)ren 4 0 such that inf,ca_ |z — a| < p¥ for ¢ < ;. Hence, for each
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€ € (er41,6k]r We can find 2. € A, such that |z. — 2’| < pF. Therefore, (z1) is
another representative of [z.] and z. € A, for ¢ < .

(ii): Let [ze] € (Ae) and suppose to the contrary that there exists a sequence ey, | 0
such that d(z,,AS, ) < pk for all k € N. For each k, pick some z} € AS, with
|2}, — x.,| < 2p* and choose (z.) ~, (z.) such that . = zj for all k. Then
zl & A, for all k, contradicting z. €. A.. Conversely, let d(z., AS) > p? for e
small. Then in particular, z. € A.. Also, if (z.) ~, (z.) then d(z., AS) > (1/2)pZ
for € small, so 2. € A.. Thus, [z.] € (A.).

(iii): Let # = [z.] € “R™\ [A.]. Then (i) yields that d(z.,, As,) > pd for some
q € R>¢ and some sequence (g )ren | 0. Set r := %dpq7 then y € B,.(z) implies that
for some representative [y.] = y we have d(y.,, Ac,) > d(x.,, Ac,) — |Te, — Ye, | >
pl — 3pd . Thereby (i) gives y ¢ [A.]. This proves that /R \ [4¢] is sharply open.
(iv): (ii) yields that [z.] € (A.) if and only if [z.] is in the interior of (A.) with
respect to the sharp topology.

(v), (vi): Directly from (i) and (ii). O

For example, it is not hard to show that the closure in the sharp topology of a
ball of center ¢ = [¢.] and radius r = [r.] > 0 is

T(c)z{xe”ﬁde—dgr}:[%}. (2.6)

In fact, it suffices to prove these equalities for ¢ = 0, because the translation
x — x — ¢ is sharply continuous. If (z,) is a sequence in {z | |z| < r} that
converges to xg, then |zg| < |29 — xn| + |2n] < |20 — 25| + 7. Letting n — 400,
this shows that {x | |x| < r} is closed. Conversely, if || < r, to prove that x is an
adherent point of B;.(0), we need to show that

Vs € ‘R 32 € B,(0) N By(x).

Take k € N such that 2dp* < min(r, s), and representatives [z.] = = and [r.] = r
such that |z.| < r. for small e. The point z. := x. if |z.| < r. — p¥ and 7. :=
r. — Z= pk otherwise satisfies the desired conditions. This proves the first equality

‘wz‘
in (2.6). The proof that B,.(0) D {BTEE (0)} is easy. Vice versa, if |Zc] < re + 2

for some representatives [T.] = x and [z.] = 0, then setting z. := Z. if || < r.

Te
Te

and x. := A otherwise gives another representative of z that shows that x €
[B20)].
From (2.6) and Thm. (10), it hence also follows that

Br(c) = (B (cc)). (2.7)

In a similar way, it can be shown that for every z, y € * R

y2x@y€{z€”§|z>x}. (2.8)

Some relations between internal and strongly internal sets that we will use below
are listed in the following

Lemma 11. Let (2.) be a net of subsets in R™ for alle, and (B.) a sharply bounded
net such that [Be] C (Qe). Then

(i) Y: B. C Q..

(i5)  If each B. is closed, then 3S € NV[x.] € [B:] Ve : d(x.,QF) > pJ.
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(iii) Ifr = [r:] € "Rso, b= [b.] € "R™ and B, (b) C int ([B.]), then Vs : B (b.) C
B..

(iv) Ifx € (A.) C[B.], then V[z.] =2V’ : . € B..

(v) If (C¢) is also sharply bounded and [Bc] C int ([C.]), then there exists S € N
such that:
(a) ¥e: BJs(B:) C C-:
(b) Bays(B)CC,
where, in general

BAB) = {z | d(x,B) <7} = | J BX®)
beB

(in "R™, we also set d(z, B) := [d(x., B:)] € 'R).
(vi) If each Be is closed, then there exists a sharply bounded net (BX) of closed
sets such that [BX] C (Q.) is a sharp neighborhood of [Be].

Proof. To prove (i), let us assume, by contradiction, that we can find sequences
(ex)r and (xp)x such that ex | 0 and xy, € B, \ Qc,. Defining z. := xy, for e = ¢,
and z. € B, otherwise, we have that z := [z.] is moderate since (B.) is sharply
bounded. Hence = € [B.], but z., ¢ )., by construction, hence x ¢ (€Q.) by Def. 9,
which is impossible because [B.] C ().

(ii): Assume that (i) holds for all € < . If B, is closed, then B, € R™ because (B;)
is sharply bounded. We can therefore find a point Z. € B, such that d(Z.,Q¢) =
d(Bg, ). At T := [Z.] € [B] property (ii) of Thm. 10 yields the existence of
some S € N such that d(z.,Q¢) > p2 for e small. From this the conclusion follows
because d(z., Q) > d(Be, Q) = d(Te,Q¢) if x. € B. for € small. If [z]] = [z¢] is
any other representative, then claim (ii) still holds because d(z.,x.) is negligible.
(iii): By contradiction, assume that for some J Co I we can find z. € By (b:) \ Be
for all € € J. Therefore, z := [(z.)..,;] € Br(B)|;. But the assumption B,(b) C
int ([Be]) yields B,.(b) C [Bc] =: B and hence z € B|;, which is impossible.

(iv): Directly from the previous result and Thm. 10(iv).

(v): We prove by contradiction that there exists S € N satisfying (a); we will then
show that this S also works for (b). So, assume that for all s € N there exists

Js Co I and x4 € B;fg (Be) \ C: for all € € J,. We can hence find ¢4 € J; such

that e, < 1 and z,., € By (Be,) \ Ce,. Choosing recursively these e5, we can

assume that €541 < €5, so that (e5)s J 0. Set J :={es; € Js| s € Nsg} Co I. For
each € € J, we can set x. := x4, for the unique s € N5¢ such that ¢ = ¢, so
that € ’R|;. For alle = ¢, € J, if € < &,, then p > s because (g,)s is strictly
decreasing. Thereby
Te =, € B;:,;p (Be,)\C:, € Bﬁg (B:)\ C:

because p > s and € = ¢;,. This proves that (d(z., B:)).c; ~, 0 and hence that z :=
[(zc).c;] € Bls € int(C)|;. Therefore, B.(z) C int (C|;) for some r € "Rxol;.
Using (iii), we get By (x.) C C. for € € J sufficiently small, and hence z. € C., a
contradiction. Now assume that S € N satisfies (a). Then for all x € Bg,s(B), we

have x € Bg,s(b) for some b = [b.] € B. Therefore, for all [x.] = x and € small, we
have x. € By (b:) C C. using (a).
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(vi): To prove this property, it suffices to consider an M € “Rso such that [B.] €
B (0) and to define

BY :={x e B, (0) | d(z,Q¢) > p2*'} €R",
where S € N comes from (ii). O

Let X = (A.) be a strongly internal set, , y € X and both K, K¢ Cy I.
Set ex = [lke] € "ﬁ, where 1. ;= 1if ¢ € K and 1k, := 0 otherwise. Then
z:=x-exg+y-exc € X and z|g C x, z|gc C y (we then say that X is closed
with respect to interleaving; this property holds also for internal sets, see [37]).
The same property does not hold if z € B,(c) \ Bs(d) and y € Bs(d) \ B,(c), so
that B, (c) U Bs(d) is sharply open but is not strongly internal. The same kind of
example can be repeated e.g. considering arbitrary unions of pairwise disjoint balls.

To obtain large open sets starting from a net of subsets A. C R™, we can consider
the analogue of (A.) but using the radii of the Fermat topology:

Definition 12. Let (A.) be a net of subsets of R™ and let (x.), (z.) be nets of
points of R”. Then
(i)  We write (z.) ~p (L) to denote the property |« — 2’| < r for all r € R,
ie., lim, ,o+ |zc — .| = 0.
(ii) We say that z. €p A., and we read it as (x.) strongly belongs to (Ac) in the
Fermat topology, if
(a) Ve: x. € A..
(b) If (xL) ~F (x¢), then also z. € A, for £ small.
Moreover, we set (A.)g := { [z.] € 'R | 2. €F AE}, and we call it the strongly

internal set generated by the net (A.) in the Fermat topology.
The following result can be proved simply by generalizing the proof of Thm. 10.

Theorem 13. Fore € I, let A CR™ and let x. € R™. Then we have
(i)  [ze] € (Ao)p if and only if Ir € Ruo Ve : d(xe, AS) > r.
(i) (A)r is a Fermat open set.
Sharply bounded internal sets (which are always sharply closed by Thm. 10 (iii))

serve as compact sets for our generalized functions. We will show this by proving
for them an extreme value theorem (see Thm. 51); for a deeper study of this type of

sets in the case p = () see [11]; in the same particular setting, the notion of sharp
topology was introduced in [10, 97]; see also [30, 50] for an analogue of Lem. 8; see
[87] for the study of internal sets, and see [43] for strongly internal sets.

3. GENERALIZED FUNCTIONS AS SMOOTH SET-THEORETICAL MAPS

3.0.1. Definition and sharp continuity. Using the ring ”ﬁ, it is easy to consider a
Gaussian with an infinitesimal standard deviation. If we denote this probability
density by f(z,0), and if we set o = [o,] € ’Rs0, where o ~ 0, we obtain the net
of smooth functions (f(—,0:))cer. This is the basic idea we are going to develop
in the following definitions. We will first introduce the notion of a net (f.) defining
a generalized smooth function of the type X — Y, where X C 'R" and Y C /R,
This is a net of smooth functions f. € C*(.,R?) that induces well-defined maps
of the form [0 f.(—)] : (Q) — “R%, for every multi-index o € N™,
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Definition 14. Let X C “R" and Y C "R? be arbitrary subsets of generalized
points. Let (.) be a net of open subsets of R”, and (f.) be a net of smooth
functions, with f. € C>°(Q.,R%). Then we say that

(fo) defines a generalized smooth function: X —'Y
if:
(i) X C () and [fe(z:)] €Y for all [zc] € X.
(i) Viz] € XVaeN": (0°f(z.)) € RL
We recall that the notation
Viz] € X2 P{(ze)}
means
V(ze) €RY: [v] € X = P{(x.)},
i.e. for all representatives (r.) generating a point [z.] € X, the property P{(z.)}
holds.

A generalized smooth function (or map, in this paper these terms are used as
synonymous) is simply a function of the form f = [f.(—)]|x:

Definition 15. Let X C “R" and Y C "R? be arbitrary subsets of generalized
points. Then we say that

f: X — Y is a generalized smooth function

if f € Set(X,Y) and there exists a net f. € C®(Q.,R?) defining a generalized
smooth map of type X — Y, in the sense of Def. 14, such that

Vize] € X o f ([we]) = [fe(22)]- (3.1)

We will also say that f is defined by the net of smooth functions (f.) or that the
net (fc) represents f. The set of all these generalized smooth functions (GSF) will
be denoted by PGC>(X,Y) or simply by GC*(X,Y).

Let us note explicitly that definitions 14 and 15 state minimal logical conditions
to obtain a set-theoretical map from X into Y and defined by a net of smooth
functions. In particular, the following Thm. 16 states that in equality (3.1) we have
independence from the representatives for all derivatives [z.] € X — [0%fc(zc)] €
’ ﬁd, a € N™.

Theorem 16. Let X C 'R™ and Y C "R? be arbitrary subsets of generalized points.
Let (Q.) be a net of open subsets of R™, and (f.) be a net of smooth functions, with
f- € C®(Q.,RY). Assume that (f.) defines a generalized smooth map of the type
X —Y, then

Va e N"V(z.), (zL) €RY ¢ [z] = [al] € X = (0°fe(we)) ~p (0% f=(aL))

Proof. Let a € N™ and (x.), («L) be two representatives of the same point x =
2] = [#1] € X C (Q.). Thm. 10 (ii) yields

A, 02) > (3.2
for some ¢ € R and € small. Thus B, (z:) C Q. for these values of . Choose

r € Ry sufficiently big so that
2p. < p? (3.3)
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for ¢ small. Since (z.) ~, (z.) we have that

z, € By, (z.) (3.4)

for € small, and the entire segment [z., 2] connecting x. and a lies in Bj, (zc).

Suppose that (3.2), (3.3) and (3.4) hold for € € (0,¢0]. Fix ¢ € {1,...,d} and set
pe(t) := 0% fi(z. + t(xl — z.)) for t € [0,1]r and € € (0,&0]. By the classical mean
value theorem 0% f(zL) — 0% fi(x.) = pe(1) — pe(0) = pl(6.) for some 0. € (0,1),
and hence for all € € (0,e0] we get

0° fi(al) — 0° fi(ae) Zaa“’“fl ) (@ —a), (3.5)

where & = z. + 0-(z. — z.) and e := (0,.5=1.,0,1,0,...,0) € N*. The gener-
alized point [¢.] = [z.] € X since (2.) ~, (z.). Therefore by Def. 14 (ii) we get
that every derivative (8“*““ fe (55)) is p-moderate. From this and the equivalence
(xL) ~, (x<), equation (3.5) yields the conclusion (0% f-(z.)) ~, (0% fo(xe)). O

Note that taking arbitrary subsets X C* R" in Def. 14, we can also consider GSF
defined on closed sets, like the set of all infinitesimals, or like a closed interval
[a,b] C ’R. We can also consider GSF defined at infinite generalized points. A
simple case is the exponential map

e s a] € {x €’R|3z€"Rsp: z < logz} [e%] € R. (3.6)

The domain of this map depends on the infinitesimal net p. For instance, if p = (¢)
then all its points are bounded by generalized numbers of the form [—N loge],
N € N; whereas if p = (e*%), all points are bounded by [Ne~!], N € N. Another
possibility fgr the exponential function is to consider two gauges p > o and the
subring of ’R defined by

oD . D . —N

JR:={z€’R|INeN: [z|<dp™ 7},
where here we have set dp := [p.]~, € “R. If we have

VN e NIM eN: dp~ < —Mlogdo, (3.7)
then (=) : [z.] € Zﬁ — [e*s] € R is well defined. For example, if 0. =
exp (—pé/s), then o < p and (3.7) holds for M = 1. Note that the natural ring
morphism [z.]., € ‘;F~2 [N, € /R is surjective but generally not injective.

A first regularity property of GSF is the continuity with respect to the sharp
topology, as proved in the following

Theorem 17. Let X C ”ﬁ", Y C *Re and f- € C®(Q,R%) be a net of smooth
functions that defines a GSF of the type X — Y. Then

(i) V[ze] € XVa € N"3g € Ry o Ve : SUPye BE, (a) |0% fo(y)| < pZ9.

(ii) For all @ € N, the GSF g : [x.] € X + [0 f-(z.)] € R? is locally Lipschitz
in the sharp topology, i.e. each x € X possesses a sharp neighborhood U such
that |g(z) — g(y)| < Llz —y| for all z, y € U and some L € "R.

(iii) Each f € "GC™(X,Y) is continuous with respect to the sharp topologies in-
duced on X, Y.
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(iv)  Assume that the GSF f is locally Lipschitz in the Fermat topology and that
its Lipschitz constants are always finite: L € R. Then f is continuous in the
Fermat topology.

Proof. We first prove (i) by contradiction, assuming that for some [z.] € X and
some « there exists (ex)r J 0 and a sequence (yg)r of points in R™ such that
|z, — y| < pk, but [0%f(yx)| > pF. Define z := yj, for e = ¢ and a2l := x.

otherwise. Then (z.) ~, (z;) but (0% fe(z.)) is not p-moderate, which contradicts

Def. 14 (ii).
To prove (ii), we apply (i) to each derivative 9*T¢* f, to obtain
Vk=1,...,n3qx € RsoJer € IVe € (0,e]:  sup [0*T% fo(y)| < po %,
yeB::gk (IE)
(3.8)
Set ¢ := maxg=1,...n gk, so that for y, z € By,q(x) we get
Jeo Ve € (0,e0] : [ye, 2] C Bpa(ze). (3.9)

For any 7 € {1,...,d} and ¢ small we can write
0% f2(ye) — 0% fi(ze)| = | D 0°F* FU(C) - (v — =E)
k=1
where (. := y. + 0 (2. —y.) for some o, € (0,1). Therefore (. € B;:q (xe) C B‘;qk (z¢)
and (3.8) implies
0% fe(ye) — 0% fe(ze)| < d\/ﬁp;q‘ya — 2|

Property (iii) follows upon setting & = 0 in (ii). Property (iv) follows directly
from the definition of locally Lipschitz function in the Fermat topology. In fact, we
have that Llz —y| <r € Rif y € BY (), which is an open ball in the Fermat
topology because L € R. O

In the following result, we show that the dependence of the domains ). on ¢ can
be avoided since it does not lead to a larger class of generalized functions. In spite
of this possibility, we preferred to formulate Def. 14 using e-dependent domains
because the extension of f. € C>(£2.,R?%) to the whole of R" is not unique and
hence introduces extrinsic elements.

Lemma 18. Let X C "R" and Y C "R? be arbitrary subsets of generalized points.
Then f : X — Y is a GSF if and only if there exists a net v. € C>®(R" R?)
defining a generalized smooth map of type X — Y such that f = [ve(—)]|x-

Proof. The stated condition is clearly sufficient. Conversely, assume that f :
X — Y is defined by the net f. € C®(Q,R%). For every ¢ € I let Q. =

1 2
{x € O | d(z,Q8) > ps }, Q= {x € Q. | d(z, Q) > pg/z} and choose x. € C*(£2,)
with supp(xe) C Q7 and x. = 1 in a neighborhood of Q.. Set f. := 0 on R™\ ), and
Ve 1= Xe - fe, 50 that v. € C®(R",RY). If x = [v.] € X C (), then z. € QL C Q.
for & small by Thm. 10, so for all @« € N™ we get 0%v. () = 0 f-(xc). Therefore,
(ve)e defines a GSF of the type X — Y and clearly f = [f-(—)]|x = [ve(—)]|x. O

Consider a GSF f: X — Y. We want to show that for a large class of domains
X, the function f is uniquely determined by its values on particularly well behaved
points € X. These domains and these points are introduced in the following
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Definition 19.

(i)  Let z € “R™. Then we say that the point z is near-standard if there exists a
representative (z.) of x such that Ilim,_,o+ . =: z° € R™ (2° is called the
standard part of z). Clearly, this limit does not depend on the representative
of .

(i) If QCR", then Q° := {x € "R | 3z° € Q}

(ili) We say that X C ’R" contains its converging subpoints if for all J Co I and
all ' € X|; which is near standard or infinite, there exists some x € X with
z’ C z and such that lim._,¢ ey 2. = lim._,¢ 2.

Theorem 20. Let X C ”ﬁ’", Y C ”ﬁd, andlet f : X — Y be a GSF. If X contains
its converging subpoints and if f(x) = 0 for all near-standard and for all infinite
points x € X. Then f = 0.

Proof. In fact, suppose that f vanishes on every near-standard and every infinite
point belonging to X, but that f(z) # 0 for some z € X. Let (z.) be a repre-
sentative of x. Then there exist m € N and (ex)x | 0 such that |f., (zc, )| > pL},
where (f;) is a net that defines f. If (2., ), is a bounded sequence, we can extract
from it a convergent subsequence (7., )i. Setting J := {k; |l € N}, 2’ = 2|, is a
subpoint of x and by assumption there exists some y € X that satisfies y|; = 2’ and
additionally is near-standard, with the same limit as z’. By construction, f(y) # 0,
a contradiction. If, on the other hand, the sequence (z., ) is unbounded, then we
can extract a subsequence with lim;_, |m5kl\ = 400, and can then proceed as
above to construct an infinite point y € X at which f(y) # 0. O

Analogously, we can prove the following:

Theorem 21. Let X C “R™ and Y C ’Re. Let (Q) be a net of open subsets of

R™, and (f.) be a net of smooth functions, with f. € C*(Q,RY). Assume that X

contains its converging subpoints. Then (fe) defines a GSF of the type X — Y if

and only if

(i) X C(Q.) and [f-(x)] €Y for all [x.] € X.

(ii)) Yo e N": (0%f(z)) € Rg for all near-standard and for all infinite points
[zc] € X.

For example, if € is an open subset of R", and we define the set of compactly
supported generalized points by

¢(Q) :={[z.] €’R" | IK € Q V' : z. € K} C (Q),

then ¢(2) contains its converging subpoints. Internal and strongly internal sets
generated by a constant sequence A C R"™, i.e. [4] and (A), provide further exam-
ples of a subset containing its converging subpoints. Moreover, an arbitrary union
U e X of sets, with each X; containing its converging subpoints, still contains its
converging subpoints.

The subset ¢(2) is the natural domain for embedded distributions, as shown in
the following section.

4. EMBEDDING OF SCHWARTZ DISTRIBUTIONS

Introduction. Among the re-occurring themes of this work are the choices which the
solution of a given problem within our framework may depend upon. For instance,
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(3.6) shows that the domain of a GSF depends on the infinitesimal net p. It is also
easy to show that the trivial Cauchy problem

a'(t) =[] 2(t) =0
z(0)=1

has no solution (in a finite interval) if p = (&), but it has the unique solution

x(t) e%t} € "GC*(R,R) for all ¢ € R if we consider another gauge p := (e~/¢).

Therefore, the choice of the infinitesimal net p is closely tied to the possibility of

solving a given class of differential equations. This illustrates the dependence of

the theory on the infinitesimal net p.

Further choices concern the embedding of Schwartz distributions. Since we need
to associate a net of smooth functions (f:) to a given distribution T € D'(Q),
this embedding is naturally built upon a regularization process. In our approach,
this regularization will depend on an infinite number b € * ﬁ, and the choice of b

depends on what properties we need from the embedding. For example, if § is the
(embedding of the) one-dimensional Dirac delta, then we have the property

5(0) = b, (4.1)
We can also choose the embedding so as to get the property
1
H(0) =, (12)
where H is the (embedding of the) Heaviside step function. Equalities like these are
used in diverse applications (see, e.g., [17, 81] and references therein). In fact, we are

going to construct a family of structures of the type (G, 9, t), where (G, 9) is a a sheaf
of differential algebra and ¢ : D' — G is an embedding. The particular structure
we need to consider depends on the problem we have to solve. Of course, one may
be more interested in having an intrinsic embedding of distributions. This can be
done by following the ideas of the full Colombeau algebra (see e.g. [50, 46, 45, 51]).
Nevertheless, this choice decreases the simplicity of the present approach and is
incompatible with properties like (4.1) and (4.2).

The embedding. If ¢ € D(R™), r € Rsg and = € R™, we use the notations r ® ¢
for the function x € R — %n S (%) € R and = @ ¢ for the function y € R™ —
¢(y —x) € R. These notations highlight that ® is a free action of the multiplicative
group (Rsq,+,1) on D(R™) and @ is a free action of the additive group (Rso,+,0)
on D(R™). We also have the distributive property r © (z @ ¢) = re & r © . Our
embedding procedure will ultimately rely on convolution with suitable mollifiers.
To construct these, we need some technical preparations.

Lemma 22. For any n € Nsg there exists some p, € S(R) with the following
properties:

(i) [ pn(x)de=1.

(i) [3° @ pa(z)da =0 for all j € Nso.
(iii)  p1n(0) = 1.

(iv)  py is even.

(v)  pn(k)=0 for all k € Z\ {0}.
Proof. Consider the Fréchet space

F:={ueSR)|peven, Vk € Z\ {0} : u(k) =0}
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and define the continuous linear functionals f,, : F — R, where fo(n) := 1(0),
fi(p) == [ p(z)de, and frn(u) = [5° 2" pu(x) dz (m > 2). Our objective then is
to implement conditions (i)—(iii) by showing the solvability of the system

folw) =1, fi(w) =1, fam(u) =0 (m = 2) (4.3)

in F. To this end, we employ a classical result of M. Eidelheit ([22, Satz 2]).
First, the family (f,;)men is linearly independent. Next, the topology of F' C S(R)
is generated by the family of norms pi (1) = supy, < sup,er(l + |2))! ™ (z)],
k € N. Suppose now that Aq,..., A; are nonzero numbers and that the order of the
linear functional Y.! o A, fr is less or equal I. Here, the order of an element f of
S'(R) is defined to be the smallest k such that |f(u)] < Cpg(p) for some C' > 0 and
all p € S(R). Let i; := nl + 1, then certainly ¢ < ¢;. Hence both conditions of [22,
Satz 2] are satisfied and we may conclude that (4.3) has a solution p, in F. O

Remark 23. In addition to conditions (i)-(v) from Lemma 22 we may require that
ln satisfy finitely many additional properties expressible by linearly independent
functionals as in the above proof (again by [22, Satz 2]). In particular, we may
prescribe the values for p,, or its derivatives at finitely many further points.

Finally, we note that any element of S(R) satisfying condition (ii) from Lemma
22 must change sign infinitely often.

We call Colombeau mollifier (for a fixed dimension n) any function p that satisfies
the properties of the previous lemma. Concerning embeddings of Schwartz distri-
butions, the idea is classically to regularize distributions using a mollifier. The use
of a Colombeau mollifier allows us, on the one hand, to identify the distribution
v € D(Q) — [ fo with the GSF f € C*(Q) C "GC*>(},R) (thanks to property
(ii)); on the other hand, it allows us to explicitly calculate compositions such as
do0d, Hod, § o H (see below).

It is worth noting that the condition (ii) of null moments is well known in the
study of convergence of numerical solutions of singular differential equations, see
e.g. [57, 24, 115] and references therein.

Next we show that the assignment U — ?GC>(c(U),’R) (U C  open) is a fine
sheaf on €. In fact, for V C U, the natural restriction map PGC>(c(U),’R) —
GC>=(c(V),"R) can also be written, in terms of defining nets, as f = [f.] — [f-]v].
Also, c(U)Ne(V) =c(UNV).

Suppose that Q; (j € J) is an open covering of Q and that for each j € J we
are given fJ = [f!] € ”QCDO(C(Qj),”ﬁ) such that fj|C(Qijk) = fk\c(gjmgk) for all j,
k € J. Then letting x; (j € J) be a partition of unity subordinate to Q; (j € J),
the GSF defined by the net

fo=) xi - [ eC™(Q)
jeJ

is the unique element of ?GC™(c(€2),”R) with fleg,) = f7 for all j € J. In
particular, we may define a corresponding notion of standard support for each
fergC>(c(Q),’R) by

stsupp(f) := (U {Q'CQ|Q open, flo = 0})

c
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FIGURE 4.1. A representation of Dirac delta and Heaviside func-
tion. A Colombeau mollifier has a representation similar to Dirac
delta (but with finite values).

Wn,

o 2 form > 1
Cn 1 forn=1.
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The adjective standard underscores that this set is made only of standard points; a
better notion of support for GSF is defined as supp(f) = {x € X | |f(x)| > 0} and
studied in [41].

As a final preparation for the embedding of D'(£2) into #GC*(c(£2),’R) we need
to construct suitable n-dimensional mollifiers from a Colombeau mollifier 1 as given
by Lemma 22. To this end, let w,, denote the surface area of S”~! and set
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Then let i : R” — R, j(x) := c,pu(|x|™). Since p is even, fi is smooth. Moreover,
by Lemma 22, it has unit integral and all its higher moments f x®fi(x) dz vanish
(la] > 1). With this notation we have:

Lemma 24. Let x € D(R"), x =1 on B}(0), and x =0 on R™ \ B5(0). Also, let
b= [b:] € ’R be an infinite positive number, i.e. lim,_g+ b. = +00. Now set

pe(x) = (b1 © ) (@) x (x| log (b)) = b fu(be)x (x| log(be )|). (4.4)

(i) Ve: pl e C®(R"), stsupp(ub) C By, log(b5)|—1(0)'

(ii) Vo € N"IN € N: sup,cgra [0%ul(x)] = OBY) (¢ = 0).
(iii) VYo € N"Vg € N1 sup,cgn [0%(ul — 02 (b .))(z)] = O(bZ%) (¢ — 0).
(iv) YgeN: [pl(z)dz=1+0(77) (¢ —0).

(v) YgeNVaeN": |a| >0 = [z%ub(z)dz=0(b9) (¢ »0) .

Proof. All the claimed properties have been proved for the special case b, = ¢~ ! in

[19, Sec. 3], and the arguments employed there carry over in a straightforward way
to the present setting. ]

Theorem 25. Let () #)Q C R™ be an open set and let ub as in Lemma 2/. Set
Qe = {z€Q|d=,9 >¢, [z <1} and fix some x € D(R™), x = 1 on BF(0),
0<x<1andx=0onR"\ B50). Also, take k. € D(QQ) such that k. =1 on a
neighborhood L. of Q.. Then the map
T eD(Q) = [((ke - T)* pul) (—)] €76C%(c(2),"R). (4.5)
satisfies:
(i) & D — "GC®(c(=),"R) is a sheaf-morphism of real vector spaces: If
Q' C Q is another open set and T € D'(2), then 1}y(T)|cany = i (T|ar).
(i) b preserves supports, hence is in fact a sheaf-monomorphism.
(iii) Any f € C*(Q) can naturally be considered an element of "GC™(c(2),R) via
[z] = [f(x.)]. Moreover, Vg € Nsg Va € ¢(Q) : |1,(f)(z) — f(z)] < b2
(iv) If f € C®(Q) and if b > dp~® for some a € Rxq, then (&(f) = f. In
particular, 1* then provides a multiplicative sheaf-monomorphism C™(—) <
"G (e(-),R).
(v)  For any T € D'(Q) and any o € N, 12(0°T) = 9*.%(T).
(vi) Letb>dp=? for some a € Rsg. Then for any ¢ € D(Q) and any T € D'(2),

[ (0.0 p(o)aa] = () in R

(vii) 1} (8)(0) = cyb™ and if b > dp~® for some a € Rso, then (3 (H)(0) = 3.

(viii) The embedding 1* does not depend on the particular choice of (k.) and (if
b>dp~? for some a € Rsg) x as above.

(iz) 1° does not depend on the representative (b.) of b employed in (4.4).

Proof. We follow ideas from [50, Sec. 1.2] and [19]. Let T" € D’(Q) and let [z¢] €
¢(€2). Then there exists some K €  such that z. € K for ¢ small. Also, we may
assume that K + B‘;‘ log(bg)‘,l(O) C L C Q. for these ¢, where L € . Then by (i)
of Lemma 24, for € small we have

1(T)e(we) = (ke - T) # p(we) = T # p(xe) = (T, (e — ). (4.6)
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Since T € D’'(Q), we have a seminorm estimate of the form

Yo € DL(Q): (T, )| < C max sup |85<p(:c)|.
|ﬁ|§mz€L

Together with Lemma 24 (i) and (ii) this implies that (9%:%(T).(z.)) € R}, for each
a. Hence (2, indeed maps D’'(Q2) into PGC>(c(f),"R).

To show (i), let ' C Q be open and let [z.] € ¢(£2). Then using the notations
introduced before (4.6), we may suppose that L C Q. and so for € small we have

(o8
ub € D(QY). Therefore, (4.6) implies for such e:

L?)(T)S(CCE) = (T, Ng(xs — )= <T‘Q’7Ng(3§6 — )= L?)' (T )e(ze).

Next we show (ii). Suppose first that T'|o, = 0 for some open subset ' of Q. Let
[zc] € c(Q) and pick K € € such that z. € K for ¢ small. As above, for € small
we have stsupp(ul(z. — .)) C ', as well as 14(T)(x:) = (T, ub(z. — .)), which
therefore vanishes. Hence (% (T)|q = 0, and thereby stsupp(:4(T)) C stsupp(T).

Conversely, let Q' C Q such that (& (T)|o = 0 and let ¢ € D(Q'). Since (k.T) *
pb — T in D'(Q), in order to show (T, ) = 0 it suffices to demonstrate that
(kT) * 2 — 0 as € — 0, uniformly on compact subsets of {’. Suppose this were
not the case, then we could find some L € €', some ¢ > 0 and sequences ¢ | 0
and x;, € L such that |(k.T) % pl, (z1)] > ¢ for all k. Fixing any z € ' and setting
xe = xy, for € = g, and x. = z otherwise then defines an element [z.] € ¢(©') with
&(T)([xe]) # 0, a contradiction.

Consequently, L?Z induces an injective sheaf morphism (again denoted by) ¢* :
D'(—) — GC>(c(—),"R).

(iii): If f € C™(2) then any derivative of f is uniformly (in &) bounded on
any (z.) (for [z.] € ¢()). Thus f € GC®(c(2),”R). Now let [z.] € ¢(Q) and
suppose first that f has compact support. By Lemma 24 (iv), for any = € Q,
f(@) = [ f(z)ul(y) dy + ne, where n. = O(bZ9) for every ¢ > 0. Thus for € small
and any ¢ € N we have by Taylor expansion

(B(f)e — F)(az) = / (Flwe —y) — fla)pb(y) dy +n

=3 [y D) dy @7)

- [y DY@ 6.0 AN ol og(b)]) dy + e

where 6. € (0,1). Here, the first sum is O(b;?) by Lemma 24 (v), as is the second
term since f is compactly supported, x is globally bounded, and i € S(R™). If
f is not compactly supported, pick L € €2 such that x. € L for ¢ small and let
v € D() equal 1 in a neighborhood of L. Then f(z) = (¢f)(z) and (ii) implies
that 12 (f)(z) = &4 (pf)(z), so the general case follows as well.

(iv): It suffices to observe that, by our assumption on b, (iii) implies that
() ([e2]) = [f(2)] = f(z) for any f € C() and any = [r.] € ().

(v): As in the proof of (iv) we may assume that 7" has compact support. Then
for € small we have

15(0°T). = 0°T * pb = 9°(T * ub) = 9*4(T).-..
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(vi): Pick ¢ € D(2) such that ( = 1 on a neighborhood of stsupp(y). Then

stsupp(e) (T) — 15 (¢T)) N stsuppy = stsupp(T — ¢T') N stsuppyp = 0,
so we may replace T by (T, i.e., we may assume without loss of generality that
T € £'(2). By the representation theorem of distribution theory T then is a finite
sum of terms of the form 9 f with f € C%(£2) compactly supported in €, so it will
suffice to treat the case T'= 0% f. For any ¢ € D(Q2) we have

b n)—0% piarets)do = [ [@ 1~ ) - 0 f)ls)ets) dyde +n,
/aa ) [ i)t + )~ o) dyda +

with n. = O(b_9) for any ¢ € N by Lemma 24 (v). As in the proof of (iii) it follows
that also the mtegral term in the above equality is of order O(b_ ?), giving the claim
due to our assumption on b.

(vii): The first claim is immediate from ¢%(8):(0) = p2(0). To show the second,
note first that

- / H(y)ub (—y) dy = / H(y) (e () — Dl (~y) dy =0

for £ small by the support properties of k. and x. Furthermore, since fooo w(y)dy =
1/2, we obtain

| [ #-nay - 5| =] [ s og) - 1) dy

<[ lutldy = 0
be|log(be)|~
for any ¢ € N, so the claim follows.

(viii): We first note that any two choices for either (k.) or x provide sheaf
morphisms as in (i), (ii), hence it suffices to check that the resulting embeddings
coincide on compactly supported distributions. For any such T" we have k. T =T
for € small, so independence from the choice of (k.) follows.

Now suppose that two different x’s have been chosen and denote the correspond-
ing functions from (4.4) by u? and ji2, and the resulting embeddings by :* and z°
respectively. Since T € £'(Q), it satisfies a seminorm estimate of the form

Vo € C®(Q) : [T, ¢)| < C max sup |0°p(z)]. (4.8)
IBI<m zer

for some L € Q. Together with Lemma 24 (iii) this implies that, for any [z.] € ¢(£2)
and € small, we have

(&) — 2o (T)e) ()| = (T, (2 — B2) (e — . ))| = O(b9)
for any ¢ € N.
(ix): Let (cc) be another representative of b, so (cz) ~, (b:). As in the proof
of (viii) it then suffices to show that (*(T) = (T) for any T € &'(2). Given
x = [z] € ¢(Q), let K € Q be such that x. € K for € small. Then by (4.8) and
4.5),

[(M(T) = 4(T)) (we)| < C‘Hllgﬁreb;pL\aﬁ( — pE) ()]

Inserting from (4.4) it follows by a straightforward estimate that the right hand
side here is of order O(p?) for any ¢ € N, proving the claim. a
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Whenever we use the notation (* for an embedding, we assume that b € "R
satisfies the overall assumptions of Thm. 25 and of (iv) in that Theorem, and that
:? has been defined as in (4.5) using a Colombeau mollifier ;1 for the given dimension.
Note in particular that by Theorem 25 (ix) we are justified in using the short hand
notation (* for the embedding defined via any representative (b.) of b.

Remark 26.

(i)

In Def. 1, we introduced the asymptotic gauge Z(p), and the entire construc-
tion depends on the fixed infinitesimal net p only through this set Z(p). A
more general definition of asymptotic gauge is possible (see [45]). Anyhow,
[45, Sec. 4.3] shows that an embedding of Schwartz distribution having cer-
tain minimal properties necessarily requires that the asymptotic gauge be
generated by a single net, as is the case for Z(p).

Let 6, H € "GC®("R,"R) be the corresponding (’-embeddings of the Dirac
delta and of the Heaviside function. Then §(z) = b- u(b-z) and §(z) = 0 if
x is near-standard and x° # 0 or if z is infinite because p € S(R). Also, by
construction of 12, § can be represented like in the first diagram of Fig. 4.1.
E.g., 6(k/b) = 0 for each k € Z\ {0}, and each ¥ is a nonzero infinitesimal.
Similar properties can be stated e.g. for §%(x) = b? - u(b- x)%.

Analogously, we have H(z) = 1 if = is near-standard and z° > 0 or if > 0
is infinite; H(x) = 0 if = is near-standard and z° < 0 or if x < 0 is infinite.
Let vp(1) € D'(R) be the Cauchy principal value, so that (& (vp(1))(z) =
(L)) @2)] = [(vP(2) (1), 1L (= —))] and i () = bepa(bew)x (] log be]).
If © = [z.] is far from the origin, in the sense that |z| > r for some r €
Rso, then (& (vp(2))(z) = [fis{s Wdy], where R. := z. + 2|logb.| 1.
Proceeding as above for the smooth function x — % in a neighborhood of z.
not containing the origin (i.e. for & small), we can prove that :&(vp(2))(z) =
1. The behavior of the GSF :&(vp(2)) in an infinitesimal neighborhood of
the origin depends on the Colombeau mollifier p. For example, if in Lem. 22
we add the linear condition [ “"T(I) dz = 0, then also «&(vp(2))(0) = 0.

In [76], S. Lojasiewicz introduced the notion of a point value for distributions.
He defined that T' € D’(Q2) has the point value ¢ € C in zp € Q if

213%@(“70 +ex), o(x)) = c/gp(:z:) dz Yo € D(Q). (4.9)

Not every distribution has point values in arbitrary points — in fact, if it
does, it already has to be a function of first Baire class ([76]). Conversely,
a continuous function f clearly has point value f(z) in any point z in its
domain.

We show that if 7' has point value ¢ at xg € Q then (7). (z0) — c as
€ — 0. In fact, since S’(R™) is a normal space of distributions that is invariant
under translations, by [103, Prop. 7] this follows if for any sequence e | 0,
the functions gy := pls’k satisfy the following conditions:

(a) [ gr(z)dz — 1, and Vn > 0: f\r\>n gr(z)dz — 0 as k — oco.

(b) For each o € D(R™) that is 1 on a neighborhood of 0, (1 — «)g; — 0 in
S'(R™) for k — oo.

(¢) For each a € N™ there exists some M, > 0 such that, for any n > 0:
iy 11207 010)] da < M.
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Indeed, all these properties follow readily from (4.4).

(vi) Colombeau’s special (or simplified) algebra G ([15, 16, 84, 50]) is defined,
for Q C R™ open, as the quotient G5(Q) := Ep(Q)/N*(Q) of moderate nets
modulo negligible nets, where

En(9) := {(ue) €C®°(Q) | VK € QYVa ¢ N"IN € N :
sup [0%us(w)] = O(e™™)}
zeK

and
N3 (Q) == {(u.) €C®()' |VK € QVa e N"Vm € N :
sup |0%uc(x)| = O(e™)}.
xeK

It follows from [43, Th. 37] that G*(Q) can be identified with the algebra
PGC>(c(R),”R) in the special case of p(¢) = . In this setting, Theorem 25
gives an alternative proof of the well known facts that the Colombeau algebra
contains C*(2) as a faithful subalgebra, D’(2) as a linear subspace and that
the embedding is a sheaf morphism that commutes with partial derivatives.
An alternative point of view is that Colombeau generalized functions corre-
spond to those generalized smooth functions that are defined on compactly
supported generalized points. As was already mentioned, more general do-
mains are both useful in applications and are indeed a necessary requirement
for obtaining a construction that is closed with respect to composition of
generalized functions.

We close this section by considering the following natural problem: let us define
two embeddings (%), ¢§, as in (4.5), but using two different infinite positive numbers

b, c € 'R, so that for all T € () we have

(T) = [T ]
(T = [T % ue)

The following result characterizes equality of such embeddings.

Theorem 27. Let b, c € 'R be infinite positive numbers and let p be a Colombeau
mollifier for dimension n. Let Q C R™ be open. Then ng’z =15 if and only if b=c
i ’R, i.e. if and only if they are equal as Robinson-Colombeau generalized number.

Proof. By Theorem 25 (ix), (* is well-defined, i.e., does not depend on the repre-
sentative of b € “R. Conversely, suppose that (2, = 1§, and fix any zo € Q. Then in
particular (% (6.,) = t§(0z,) in “GC™(c(2),’R). Due to (4.4), (4.5), an evaluation
of these GSF at xg implies

Vm e N: |(bf —cl)en| = O(p"),

sob=cin"R. O

4.0.1. Closure with respect to composition. In contrast to the case of distributions,
there is no problem in considering the composition of two GSF. This property opens
new interesting possibilities, e.g. in considering differential equations ' = f(y,t),
where y and f are GSF. For instance, there is no problem in studying ¢y’ = 6(y)

(see [77]).
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Theorem 28. Subsets S C ’R* with the trace of the sharp topology, and generalized
smooth maps as arrows form a subcategory of the category of topological spaces. We
will call this category *GC™, the category of GSF.

Proof. From Thm. 17 (iii) we already know that every GSF is continuous; we have
hence to prove that these arrows are closed with respect to identity and composition
in order to obtain a concrete subcategory of topological spaces and continuous maps.
If T C “R! is an arbitrary object, then f.(z) := z is the net of smooth functions
that globally defines the identity 17 on T'. It is immediate that 17 is generalized
smooth.

To prove that arrows of PGC> are closed with respect to composition, let S C
'RE,TC'R,RC'R"and f:S — T, g: T — R be GSF, then f(z) = [f.(z.)] €
T and g(y) = [9:(y:)] € R for every x € S and y € T, where f. € C*(QL,R")
and g. € C®(QY,R") are suitable nets of smooth functions as in Def. 14, and
where Q. is open in R® and Q7 is open in RY. Of course, the idea is to consider
geo fo € C*°(Qe,R"), where Q. := f1(Q) (let us note that, even in the case where
2 does not depend by ¢, generally speaking 2. still depends on €).

Take x € S, so that f(z) = [fo(ze)] € T C (/) and hence f.(z.) €. 9 and
z. € Q. for ¢ small. If we take another representative (z.) ~, (z.) we have
f(z') = f(x) since f is well-defined and, proceeding as before, we still have that
xL € Q. for e sufficiently small. This proves that S C (Q.). Moreover, since
[fe(zc)] € T, we also have that [g-(f:(z:))] € R and g(f(z)) = [9e(fe(zc))]. Tt
remains to show that the net (g. o f.) defines a GSF (Def. 14) of the type S — R.
To this end, let us consider any [z.] € S and any v € N°*. We can write

9 (g= o f-) () = p [0™ folze), ..., 0% fulme), 07 g (fe(22)), ..., 0P g (fo(e))] s
(4.10)
where p is a suitable polynomial (from the Faa di Bruno formula) not depending on
z.. Every term 0% f.(x.) and 0% g.(f.(z.)) is p-moderate by (ii) of Def. 14. Since
moderateness is preserved by polynomial operations, it follows that also 97(ge o
fo)(xe) is p-moderate. O

For instance, we can think of the Dirac delta as a map of the form 4 : ” R— ”ﬁ,
and therefore the composition € is defined in {z € 'R | 3z € “Rxg : () < log 2},
which of course does not contain = 0 but only suitable non zero infinitesimals. On
the other hand, § 0§ :” R —'R. Moreover, from the inclusion of ordinary smooth
functions (Thm. 25) and the closure with respect to composition, it directly follows
that every PGC> (U, ”ﬁ) is an algebra with pointwise operations for every subset
U C “R"™. For an open subset Q C R™, the algebra *GC>(c(R),’R) contains the
space D’(Q) of Schwartz distributions.

A natural way to define a GSF is to follow the original idea of classical authors
(see [60, 73, 20]) to fix an infinitesimal or infinite parameter in a suitable ordinary
smooth function. We will call this type of GSF of Cauchy-Dirac type; the next the-
orem specifies this notion and states that GSF are of Cauchy-Dirac type whenever
the generating net (f.) is smooth in e.

Corollary 29. Let X CR", Y CR% P CR™ be open sets and p € C®°(P x X,Y)
be an ordinary smooth function. Letp € [P], and define f. := p(ps, —) € C*(X,Y),
then [f-(—)] : [X] — [Y] is a GSF. In particular, if f : [X] — [Y] is a GSF
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1
t

FIGURE 4.2. A representation of § o §

defined by (f:) and the net (f:) is smooth in €, i.e. if
Jp e C®((0,1) x X,Y): fo=¢(e,—) Vee(0,1),

and if [€] € 'R, then the GSF f is of Cauchy-Dirac type because f(x) = ¢([e], z)
for all x € [X]. Finally, Cauchy-Dirac GSF are closed with respect to composition.

Proof. In fact, the map z € [X] — (p,x) € [P] x [X] is trivially generalized smooth
and hence from the inclusion of smooth functions (Theorem 25) and the closure
with respect to composition (Theorem 28) the conclusions follow. (]

Example 30. The composition § o § € "GC™(“R,’R) is given by (6 o §)(z) =
bu (b*(bx)) and is an even function. If x is near-standard and z° # 0, or z is
infinite, then (§o0d)(x) = b. Since (§ 0d)(0) = 0, by the intermediate value theorem
(see Cor. 48 below), we have that § o § attains any value in the interval [0,5] C "R.
If 0 <z < o, then (for a p as in Fig. 4) « is infinitesimal and (§06)(z) = 0 because
6(z) > bu (%) is an infinite number. If z = £ for some k € Ng, then z is still
infinitesimal but (6 0d)(z) = b because u(bx) = 0. A representation of §od is given
in Fig. 4.2. Analogously, one can deal with H o4 and § o H.

The theory of GSF originates from the theory of Colombeau quotient algebras.
In this well-developed approach, strong analytic tools, including microlocal anal-
ysis, and an elaborate theory of pseudodifferential and Fourier integral operators
have been developed over the past few years (cf. [15, 16, 84, 50, 54, 31, 32] and ref-
erences therein). In these quotient algebras, each generalized function generates a
unique GSF defined on a subset of ©R. On the other hand, Colombeau generalized
functions are in general not closed with respect to composition because they cannot
be defined on arbitrary domains X C "R™. We refer to [43] for details about the
links between Colombeau algebras and GSF, and to [112, , | for a treatment
of Colombeau algebras in the framework of nonstandard analysis.
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5. DIFFERENTIAL CALCULUS AND THE FERMAT-REYES THEOREM

In this section we show how the derivatives of a GSF can be calculated using a
form of incremental ratio. The idea is to prove the Fermat-Reyes theorem for GSF
(see [38, 40, 62]). Essentially, this theorem shows the existence and uniqueness of
another GSF serving as incremental ratio. This is the first of a long list of results
demonstrating the close similarities between ordinary smooth functions and GSF.

We recall that the thickening of an open set Q@ C R™ along v € R™ is th,(Q2) :=
{(z,h) € R"! | [z, + hv]rn C Q}, and serves as a natural domain of a partial
incremental ratio along v of any function defined on 2. In order to prove the
Fermat-Reyes theorem, it is simpler to define what a thickening of U C “R™ along
v € 'R™ is.

Definition 31. Let U C “R"™ and let v € “R™. Then we say that T C "R"*! is a

(sharp) thickening of U along v if

(i) VeeU: (2,00eT

(i)  For all (z,h) € T there exist a, b € "R, with b < a, such that:

(a) |h-v| <D
(b) Ba(z) CU
(¢) Ba(z) x Bp(0) CT.

Finally, we will say that T is a large thickening of Ualong v if the radii a, b in (ii)

are real: a, b € Ryg.

Remark 32.

(i)  Conditions (i) and (ii) imply that necessarily U is a sharply open set, whereas
U is a large open set if T is a large thickening.

(ii) Let (z,h) € T and let the radii a, b be as in (ii). Then for all s € [0,1] we
have |z + shv — z| < |hv| < b < a. Therefore [z, z + hv] C By(x) C U. This
gives a connection with the classical definition of thickening and shows that
if f:U — "R, we can consider the difference f(z + hv) — f(z).

(iii) Condition (ii) of Def. 31 yields that T is a sharply open subset of PROHL: it s
a large open subset in case T is a large thickening.

(iv) If T and T are two (large) thickenings of U along v, then also TN T is a
(large) thickening of the same type. Finally, thickenings are also closed with
respect to arbitrary non empty unions.

In the present setting, the Fermat-Reyes theorem is the following.

Theorem 33. Let U C “R" be a sharply open set, let v = [v.] € 'R", and
let f € PGC>(U, ”ﬁ) be a generalized smooth map generated by the net of smooth
functions f. € C*(Q¢,R). Then
(i) If S is a thickening of U along v such that S C (th,_ (%)), then there
exists a thickening T C S of U along v and a generalized smooth map
r € PGC™ (T,”ﬁ), called the generalized incremental ratio of f along v, such
that
flx+hv) = f(x)+h-r(z,h) V(z,h) eT.

Moreover r(z,0) = [gf (xg)} for every x € U, and we can thus define

%(x) i=r(z,0), so that % € PGC>=(U,"R).
(ii)  Any two generalized incremental ratios of f coincide on the intersection of
their domains.
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If U is a large open set and S is a large thickening of U along v, then an analogous
statement holds for a large thickening T of U along v.

Note that this result allows us to consider the partial derivative of f with respect
to an arbitrary generalized vector v € “R™ which can be, e.g., near-standard or
infinite.

Before proving the theorem, it is essential to show that GSF are uniquely deter-
mined by invertible elements.

Lemma 34. Let U C 'R™ be an open set in the sharp topology, and let f €
PGC>=(U,"RY) be a GSF. Then f(z) = 0 for every x € U if and only if f(x) =0 for
all © € U such that |x| is invertible.

Proof. Using Lem. 8, it is straightforward to prove that the group of invertible
elements is dense in “R with respect to the sharp topology. This implies that the
set of points in U whose every coordinate is invertible is dense in U. Clearly for any
such point y, |y| is invertible. Thus given any point 2 € U there exists a sequence
(zg) in U converging to x in the sharp topology and such that |zj| is invertible for
each k. Since f is continuous with respect to the sharp topology (Thm. 17 (iii)),
this yields 0 = f(zx) — f(x). O

To show the existence of thickenings, we also need the following result

Lemma 35. Let (Q.) be a net of open sets of R™, and let v = [v.] € ’'R™. Then

(i) if v € (Qe) then (x,0) € (th,_(2:)).

(i) If (x,h) € (thy, (Q)) then x + thv € (2.) for allt € [0,1].

(ii) If U C (§.) is sharply open, there exists a sharp thickening T of U along v
such that T C (th,_(Q.)).

The same properties hold if we consider the strongly internal sets (Qc)r and (th,_(2:))e

in the Fermat topology. In this case in (iii), U has to be supposed large open and

the resulting thickening is large as well.

Proof. If € (§.), then z. € Q. for ¢ small, and we also have (z.,0) € th,_(€)

for the same e. Now take (2.,2.) ~, (z.,0), so that z = [z.] € (Q.) and hence

B,(x) C () for some r € "Rsq such that r. < d(z/,Q¢) for all ¢ € I (see
Thm. 10). The net (z.) ~, 0, so we also have |z.v:| < r. for ¢ small. Thus for ¢
sufficiently small we obtain both 2. € Q. and |z.v:| < 7, so that for all s € [0,1]r
we have that |2l + szeve — 2L] < |zeve| < 7 < d(2L,9Q¢). Hence z. + sz.v. € .,
ie. (a2, z.) € th, (Q) for ¢ sufficiently small. This shows that (x,0) € (th,_(2.)),
implying (i).

To prove (ii), assume that (z,h) € (th,_ (Q2)) and ¢ € [0,1]. Therefore, 0 < t. <1
for € small and some representative (t.) of t. Since (x., he) €. th,_ (), we have
that z. + tcheve € Q. for € small. If we take another representative (y.) ~,
(e + tehove), then we can define a2 = y. — t.h.v. so that (z.,h.) ~, (2L, he).
From (x.,h:) €. th,_ () we thus get that also (z.,h.) € th,_ () for ¢ small.
Therefore x. + t.h.v. = ye € Q. for € small. This shows that z + thv € (Q).
Finally, in order to prove (iii), we assume that U C (€).) is a sharply open subset.
For all z € U C (Q.), we have (z,0) € (th,_(£2)) from (i), and hence Thm. 10 (iv)
yields the existence of ¢, € “Rsq such that B, (z,0) C (thy, (£2¢)). Since U is a
neighborhood of z, there exists a, € p§>0, az < ¢gz, such that B, (z) C U. Choose

b, € "F~Q>0 such that b, < a, and a, + b, < c,. Because v € "R™ is p-moderate, we
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have |[v] < dp~ for some N € N. Take d, € "Rsq such that d, < b, - dp™ and
define

T := | Ba,(2) x Bq,(0).
zeU

If |h| < dg, then |h-v| < |v|-dy < by and hence T is a sharp thickening of U
along v. We finally note that (z',h) € Bg,(z) X Bg,(0) implies |(z’,h) — (2,0)| <
|#" — x| + |h] < ay +dy < ag + by < ¢y, so that (2/,h) € B, (2,0) C (th,_()).
Therefore T' C (th,_(€)).

Considering ~f instead of ~, and radii in Rs¢, in the same way we can prove
the analogous properties for strongly internal sets in the Fermat topology. O

We can now prove the Fermat-Reyes theorem for GSF.

Proof of Theorem 33. Since U is sharply open, for any point € U we can find a

ball Bg,(z) C U, R, € "Rsg. Define a, := % and b, := % . Because v € ’RP

is p-moderate, we have |v| < dp= for some N € N. Take d, € “Rsq such that
dy < by - dp" and set T := U,y Ba, () X Ba,(0). Since for all 2 € U the pair
(z,0) is an interior point of the given thickening S, we can assume to have chosen
a; and d; so that T C S C (th,_()). In case U is large open, we can proceed as
above to obtain a;, d; € Rs, so that T would then be a large thickening.

Let us consider the net of smooth function r. € C*(th,,_ (£2.)) defined by r.(y, h) :=

01 gfj =(y +thv:)dt for all € € I. We calculate the partial derivative 0%rc(ye, h.) for

a € N1 and an arbitrary point (y,h) € T. For simplicity, set & := (az,...,an),
and ve =: (V1g,...,Une) € R™.

1 lal
07 (yor he) = 0 l:afa

o Ohoni oyt aT)E(ya + thevg)} dt (5.1)
Applying the chain rule and the mean value theorem for integrals, (5.1) can be
written as a sum of terms of the form 9% f(y. + teheve )v2t, for suitable multi-
indices 3,7, and m € N. Here, t. € [0,1]g for all € € I. From (y,h) € T, we
get y € B, (z) and h € By, (0) for some x € U. This gives |y + thv — z| <
ly — x| + |hv| < agy + by < Ry, so that y + thv € Bg, () C U. From Def. 14
(ii) we hence have that (8”f.(y. + tchev.)) is p-moderate. Since moderateness is
preserved by polynomials, and t. € [0, 1]g is moderate, from (5.1) we obtain that
(8°r-(ye, he)) is moderate. This proves that r := [r.(—, —)]|z : T —s *R is a GSF.
We have

Lof.

0 6'[}5

hor(az, h) = [hg : (z- + thsus)dt}

he
- [ |5 Ul 50} 0 ds]
= [fe(@e + heve)] — [fe(2e)] = f(z + hv) — f().

Of course r(z,0) = {gi < (xe)], and this concludes the existence part.

To prove uniqueness, consider (z,h) € TN T, where T and T are two thickenings
(along v) of the incremental ratios 7, 7. Define R(k) := r(z, k) and R(k) := 7(z, k)
for k € By(0), where (z, h) € By(x) x By(0) € T'NT by the definition of thickening.
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Since k € By(0) — (x,k) € TNT is a GSF, both R and R are still generalized
smooth maps by the closure with respect to composition. Moreover

k-Rk)=Fk-r(z,k) = f(x+kv) — f(z), (5.2)

and analogously k- R(k) = f(x + kv) — f(x) = k- R(k). Therefore R(k) = R(k) for
every k € By(0) which is invertible, and Lemma 34 yields R = R. Since h € By(0)
we get R(h) = r(x,h) = R(h) = 7(z, h). O

We will use the notation %[—7 —]r € PGC>(T,"R) (or simply g—{)[—, —] in case
the domain is clear from the context) for the generalized smooth incremental ratio
of a function f € PGC*>(U, ﬂﬁ) defined on the thickening T, so as to distinguish it
from the derivative % € PGC>(U,’R). Since any partial derivative of a GSF is still
a GSF, higher order derivatives g;{ € rge=(U,” ﬁ) are simply defined recursively.

As follows from Thm. 33 (i) and Thm. 25 (v), the concept of derivative de-
fined using the Fermat-Reyes theorem is compatible with the classical derivative of
Schwartz distributions via the embeddings :” from Thm. 25. The following result
follows from the analogous properties for the nets of smooth functions defining f
and g.

Theorem 36. Let U C ’R™ be an open subset in the sharp topology, let v € R™
and f, g : U — ’R be generalized smooth maps. Then

. A(f+g) _ 0 2]
(i) avg —654’8%

(i1) —a(g;f) :r-% Vr € 'R
o a(f

) o %y o ~
(iv) For each x € U, the map df(z).v = %(I) € 'R is ’R-linear in v € "R™.

Using the Fermat-Reyes theorem, it is also possible to give intrinsic proofs
(i.e. without using nets of smooth functions that define a given GSF), as exem-
plified in the following

Theorem 37. Let U C R and V' C ’RY be open subsets in the sharp topology and
g € PGC>(V,U), f € *GC>(U,"R) be generalized smooth maps. Then for allx € V
and all v € "R?

d(fog), . dg
T(JS) =df (g(w))-%(w)

d(f o g) (x) = df (g(x)) o dg(z).

Proof. For h small (in the sharp topology), we can write

Flote+ b)) = 1 |o(e) + hoZfw, bl (53

Set u(z, h) = %[x,h] € "R™. Then (5.3) yields

of
ho)] = h - hl.
Floe+ o)) = (o(a)) + b s lo(e),
Therefore, the uniqueness of the smooth incremental ratio of f o g in the direction
v implies
d(fog) __oF
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For h = 0, we get

OUT09) (1) = 2 0T (o) = S, 0) = AF(9(0)). 22 0),

which is our conclusion. O

6. INTEGRAL CALCULUS USING PRIMITIVES

In this section, we inquire existence and uniqueness of primitives F' of a GSF
f €GC>=([a,b],’R) (see also [121] for an analogous approach). To this end, we shall
have to introduce the derivative F’(z) at boundary points = € [a, b], i.e. such that
x —a or b—x is not invertible. Let us note explicitly, in fact, that the Fermat-Reyes
Theorem 33 is stated only for sharply open domains. We shall therefore require the
following result.

Lemma 38. Let a, b € 'R be such that a < b. Then the interior int ([a,b]) in the
sharp topology is dense in [a,b].

Proof. Take representatives of a, b and = € [a, b] such that a. < b. and a. < z. < b,
for e small. Thm. 10 (ii) yields int ([a,b]) = ((as,be)). To prove the conclusion, it
suffices to define

Te ifaa‘i‘ﬂlgﬁxsﬁbs—Pf
Yke = ac +pF ifz. < ac + pF

I)E—plaC ifx5>b5—p’§

for any k € N and ¢ € I. We have d(yx., (ac,b:)¢) > pF, so that y, € {(ac,b.)).
Moreover, |yg. — 2| < p¥ for all €, and from this the desired limit condition
follows. O

The following result shows that every GSF can have at most one primitive GSF
up to an additive constant.

Theorem 39. Let X C "R and let f € pQCOO(X,”ﬁ) be a generalized smooth
function. Let a, b € 'R, with a < b, such that (a,b) € X. If f'(z) = 0 for all
x € int(a,b), then f is constant on (a,b). An analogous statement holds if we take
any other type of interval (closed or half closed) instead of (a,b).

Proof. By Lemma 18, we can assume that f is defined by a net of smooth functions
fe € C*°(R,R). From the Fermat-Reyes Theorem 33, we know that f/(x) = [fl(z.)]
for every interior point x = [z.] € X. For all z, y € int(a,b) C X, we can write

1
f(x) = fy) = [fe(ze) = fo(ye)] = {(ys — ) '/O fé(xs + s(ye —xc)) ds

=y =) [fl(ze +sc(ye —2))] = (y —2) - [z + sy —2)), (6.1)

where s. € [0, 1]r is provided by the integral mean value theorem and s := [s.] €
[0,1]. Since x, y € int(a,b), we have x + s(y — z) € int(a,b) and hence f'(z +
s(y — x)) = 0. Thereby, (6.1) yields f(z) = f(y) as claimed. For a different
type of interval, it suffices to consider Lemma 38 and sharp continuity of GSF
(Thm. 17). O
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Remark 40. From the Fermat-Reyes Thm. 33 and from Thm. 39, it follows that
the function i(x) := 1 if x &~ 0 and i(x) := 0 otherwise cannot be a GSF on any
large neighborhood of = 0. This example stems from the property that different
standard real numbers can always be separated by infinitesimal balls.

At interior points x € [a,b] in the sharp topology, the definition of derivative
f%®)(z) follows from the Fermat-Reyes Theorem 33. At boundary points, we have
the following

Theorem 41. Let a, b € R with a < b, and fe pQCOO([a,b],”ﬁ) be a generalized
smooth function. Then for all © € [a,b], the following limit exists in the sharp
topology
lim  fP(y) = P ().
y€int([a,b])
Moreover, if the net f. € C®(Q.,R) defines f and x = [z.], then f®¥)(z) =
[ E(k)(xs)] and hence f*) € 2GC>([a, b],"R).

Proof. We have

lim P = lm o fP)] = 1P @),

Yy—x
y€int([a,b]) y€int([a,b])

where the last equality follows due to the sharp continuity of | fg(k)(—)] at every
point x € [a,b] C (Q.) (Thm. 17 (iii) and Lem. 38). O

We can now prove existence and uniqueness of primitives of GSF:

Theorem 42. Let a, b, ¢ € 'R, with a < b and ¢ € [a,b]. Let f € "GC™®([a,b],"R)
be a generalized smooth function. Then, there exists one and only one generalized

smooth function F € "GC™ ([a,b],"R) such that F(c) =0 and F'(x) = f(x) for all
x € [a,b]. Moreover, if f is defined by the net f. € C*°(R,R) and ¢ = [c.], then

F(z) = [fcis f=(s) ds} for all x = [z.] € [a,b].
Proof. Fix representatives (a.), (b:) and (¢¢) of a, b, ¢ such that
a: <c. <b. (6.2)
for € small. By Lemma 18, we can assume that f is generated by a net f. €
C>*(R,R). Set
F.(z) = /I fe(s)ds Vz eR. (6.3)

We want to prove that the net (F.) defines a GSF of type [a,b] — /R, and therefore
we take = € [a,b] and a € N. Choose a representative (z.) of x such that

a. <z, <D, (6.4)
for e small. If @ > 0, then F'* (ze) = fe(afl)(xg) and hence moderateness is clear
since z € [a,b]. For a = 0 we have F.(z.) = f-(0:) - (xc — c.), where

Oc € [Cey e U [Teycc] Veel (6.5)

is obtained by the integral mean value theorem. For e small, we have both (6.2) and
(6.4), so that these inequalities and (6.5) yield o € [a,b] C U. Therefore (f-(0:))
and (F.(z.)) are moderate. This proves condition Def. 14 (ii) for the net (F;), and
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we can hence set F(z) := [F.(z.)] € R for all z = [z.] € [a,b].
If y € int([a,b]), we can apply our differential calculus to the generalized smooth
map Fling([a,) = [Fs(—)]|int([a7b]), obtaining F'(y) = [f:(y:)] = f(y). From this, if
x € [a,b], we get
/ o . / _ . _
Fllo)=lm  F(y)= lm f(y)=f(z)
y€int([a,b]) y€int([a,b])

because f is sharply continuous at x € [a,b] C U. The uniqueness part follows from
Theorem 39. (]

Definition 43. Under the assumptions of Theorem 42, we denote by fc(_) =
f(i) f(s)ds € #GC>([a, b],”R) the unique generalized smooth function such that:

0 [f= 0/
(ii) (fc(_) f) (z) = % ff f(s)ds = f(x) for all z € [a, b].

In Sec. 8, we develop a generalization of this concept of integration to GSF in
several variables and to more general domains of integration M C "R<.
Example 44.

(i)  Since ’R contains both infinitesimal and infinite numbers, our notion of def-
inite Nintegral also includes “improper integrals”. Let e.g. f(z) = % for
r€’Rspganda=1,b=dp™ % ¢ > 0. Then

b pg_q 1
/ f(s)ds = l/ - ds] = [log p7 ] — log1 = —qlogdp, (6.6)
a 1 S

which is, of course, a positive infinite generalized number. This apparently
trivial result is closely tied to the possibility to define GSF on arbitrary
domains, like F € GC>([a,b],’R) in Thm. 42 where b is an infinite number
as in (6.6), which is one of the key properties allowing one to get the closure
with respect to composition.

(i) Ifp,qe 'R, p < 0 < ¢ and both p and g are not infinitesimal, then f; 5(t)dt =~
1. If p < —r and ¢ > s where r, 36R>0,thenfq t)ydt = 1.

Theorem 45. Let f € *GC®(X,’R) and g € 7GC>(Y,'R ) be generalized smooth

functions defined on arbitrary domains in 'R. Let a, be 'R with a < b and [a,b] C
XNY. Then

Q) [[(F+a) =L+ g

(i) [*Af=X['f WAe'R

(iii) f:f =["f+ fcbf for all ¢ € [a,b]

(i) Jyf==If

() J, f'=F®) - f(a)

i) [V -g=Ifg—[fg

(vii) If f(z) < g(z) for all x € [a,b], then f;f < f;g.

Proof. This follows directly from (6.3) and the usual rules of the integral calculus,
or from Def. 43 and Thm. 33 for property (vii). O
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Theorem 46. Let f € *GC™(T,’R) and ¢ € PGC>(S,T) be generalized smooth
functions defined on arbitrary domains in ‘R. Let a, b € R, with a < b, such
that [a,b] C S, p(a) < ¢(b) and [p(a),p(b)] CT. Finally, assume that ¢([a,b]) C
[p(a),(b)]. Then
©(b) b .

| swd= [ o)) ds

v(a) a
Proof. Define

F) = [ ( )t Y € o), 0]
»(y)

H(y) ;z/() F)dt Yy € lab]

G = [ " Fle)] (s ds Vg e [ab],

Each one of these functions is generalized smooth by Def. 43 of the integral or by
Thm. 28, because it can be written as a composition of generalized smooth maps.
We have H(a) = G(a) =0, H(y) = F [p(y)] for every y € [a,b] and, by the chain
rule (Prop. 37) H'(y) = F'lp(y)] - ¢'(y) = fle)] - ¢'(y) = G'(y), the last two
equalities following by Def. 43 of the integral. From the uniqueness Theorem 39,
the conclusion H = G follows. O

Remark 47. (Relation to distributional primitives) Let a,b € R, a < b, and set
Q = (a,b) CR. By [105, Ch. II, §4] there exists a sequentially continuous operator
R :D'(R2) — D'(Q) assigning to any T' € D’'(2) a primitive R(T), i.e., R(T) =T in
D'(Q). Now let ¢ := ib, : D'(Q) = 2GC>(c¢(),”R) be an embedding as in Theorem
25, and fix any c € ’R with a < c¢<b. Then

(R = o(R(TY) = om) = ([ ).

foralls,te”ﬁwithagatgb.

7. SOME CLASSICAL THEOREMS FOR GENERALIZED SMOOTH FUNCTIONS

It is natural to expect that several classical theorems of differential and integral
calculus can be extended from the ordinary smooth case to the generalized smooth
framework. Once again, we underscore that these faithful generalizations are possi-
ble because we do not have a priori limitations in the evaluation f(x) for GSF. For
example, one does not have similar results in Colombeau theory, where an arbitrary
generalized function can be evaluated only at compactly supported points.

We start from the intermediate value theorem.

Corollary 48. Let f € ”QC"O(X,”ﬁ) be a generalized smooth function defined on
the subset X C’R. Let a, b € 'R, with a < b, such that [a,b] C X. Assume that
f(a) < f(b). Then

VyeR: fla)<y<f(b) = 3celab]: y=flc).
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Proof. Let f be defined by the net f. € C*°(R,R). For small ¢ and for suitable
representatives (ac), (be), (ye), we have

ae < bs fs(aa) < Ye < f€<b5)'

By the classical intermediate value theorem we get some c¢. € [ac,be] such that
fe(ce) = ye. Therefore ¢ := [¢] € [a,b] € X and hence f(c) = [fe(ce)] = [ye] =
Y. (]

Using this theorem we can conclude that no GSF can assume only a finite number
of values which are comparable with respect to the relation < on any nontrivial
interval [a,b] C X, unless it is constant. For example, this provides an alternative
way of seeing that the function ¢ of Rem. 40 cannot be a generalized smooth map.
We note that the solution ¢ € [a,b] of the previous generalized smooth equation
y = f(x) need not even be continuous in €. Indeed, let us consider the net of smooth
functions depicted in Figure 7.1, where it is understood that, as € approaches 0, the
two waves at the extremes oscillate around the dashed rectilinear positions shown

in the figure. Set f(x [fo fe(s)ds — fE(mg):| €’Rforx € [0,1] C 'R, and analyze

the generalized smooth equation f(x) = 0. Let ¢ = % be the “times” where the
two waves of the net (f.) are rectilinear. At these times the solution f(z.,) =0
can be any point z., € [b,c]. Assume that for ¢ € [%, % + 6;€] only the wave on the
left is rectilinear and for € € [% — O, ﬂ only the wave on the right is rectilinear
(where 0y | 0 is sufficiently small). Therefore, in the first case, any solution must
be of the form z. € [¢, 1] and in the second case z. € [0,b]. Thus any solution must
jump at every time € and the height of the jump must be at least ¢ — b.

This example allows us to draw the following general conclusion: if we consider
generalized numbers as solutions of smooth equations, then we are forced to work
on a non-totally ordered ring of scalars derived from discontinuous (in €) represen-
tatives. To put it differently: if we choose a ring of scalars with a total order or
continuous representatives, we will not be able to solve every smooth equation, and
the given ring can be considered, in some sense, incomplete. Of course, this does
not mean that the study of better behaved (non-totally ordered) subrings of ”ﬁ,
useful for special purposes, is not interesting.

Theorem 49. Let f € PGC>® (X, ”ﬁd) be a generalized smooth function defined in
the sharply open set X C *R™. Let a, b € 'R™ such that [a,b] C X. Then

(i) Ifn=d=1, then 3c € [a,b] : f(b)—f( ) (b—a)-f’(c).

(ii) Ifn=d=1, then 3c € [a,b] : f f@)dt =(b—a)- f(c).

(i) Ifd =1, then Jc € [a,b] : f(b)ff( ) Vf( )-(b—a).

(iv) Let h:=b—a. Then f(a+h)— f(a) = [y df(a+t-h).hdt.

Proof. Using the usual notations, for small € we have a. < b and

Jee € [ac, be] : fe(be) — felac) = (b — ac) - fl(ce) (7.1)
de. € asa s / fe = (be a’E) ) fs(cs)a (72)

from which the conclusions (i) and (ii) follow directly. The several variables and
vector valued cases (iii), (iv) follow as usual by reduction to the one-variable and
scalar valued case. g
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0 a b c d

FIGURE 7.1. A net (f:) defining a discontinuous solution of a
smooth equation.

Internal sets generated by a sharply bounded net of compact sets serve as a
substitute for compact subsets for GSF, as can be seen from the following extreme
value theorem:

Lemma 50. Let ) # K = [K.] C 'R™ be an internal set generated by a sharply
bounded net (K.) of compact sets K. € R™ Assume that o : K — 'R is a well-
defined map given by a(x) = [a(x:)] for oll v € K, where o : K. — R are
continuous maps (e.g. a(x) = |x|). Then

Im,M € KVz € K : a(m) < alz) < a(M).

Proof. Since K # (), for ¢ sufficiently small, let us say for ¢ € (0,g¢], K. is non
empty and, by our assumptions, it is also compact. Since each a. is continuous,
for all € € (0,&¢] we have

Ime, M. € K. Vr € K. ac(m:) < a.(x) < a(M,).

Since the net (K.) is sharply bounded, both the nets (m.) and (M) are moderate.
Therefore m = [m.], M = [M.] € K. Take any = € [K,|, then there exists a
representative (z.) such that z. € K. for € small. Therefore a(m) = [ae(me)] <
[ae(ze)] = a(z) < a(M). O

Corollary 51. Let f € ”QCOO(X,”ﬁ) be a generalized smooth function defined in
the subset X C ’R™. Let ) # K = [K.] C X be an internal set generated by a
sharply bounded net (K.) of compact sets K. € R™. Then

Im,M € KVzx € K : f(m) < f(z) < f(M). (7.3)

These results motivate the following

Definition 52. A subset K of 'R™ is called functionally compact, denoted by
K & ’R™, if there exists a net (K.) such that

(i) K=[K]C'R"

(ii))  (K.) is sharply bounded

(iii) Veel: K. €R"
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If, in addition, K C U C ’R" then we write K & U. Finally, we write [K.| € U if
(i), (iii) and [K.] C U hold.

We refer to [41] for a deeper study of this type of compact sets in the case
p = (). Note that any interval [a,b] C ’R with b — a € Rsg, is not connected:
in fact if ¢ € (a,b), then both ¢ + Do and [a,b] \ (¢ + Do) are sharply open in
[a,b]. Once again, this is a general property in several non-Archimedean frameworks
(see e.g. [93, 62]). On the other hand, as in the case of functionally compact sets,
GSF behave on intervals as if they were connected, in the sense that both the
intermediate value theorem Cor. 48 and the extreme value theorem Cor. 51 hold
for them (therefore, f ([a,b]) = [f(m), f(M)], where we used the notations from
the results just mentioned).

We close this section with generalizations of Taylor’s theorem in various forms. In
the following statement, d* f(z) : "R% — *R is the k-th differential of the GSF f,

viewed as an “R-multilinear map Réx .. k.. x"R* — ”ﬁ’, and we use the common
notation d*f(z) - h* := d¥f(x)(h,...,h). Clearly, d"f(z) € "GC>("R%* ’R). For
multilinear maps A : "RP — "R?, we set |A| := [|A|] € 'R, the generalized number

defined by the norms of the operators A. : RP — RY.

Theorem 53. Let f € "GC*> (U, ”ﬁ) be a generalized smooth function defined in the
sharply open set U C’R?. Let a, b € "R? such that the line segment [a,b] C U, and
set h:=b—a. Then, for alln € N we have

. n dj a . dn+l "
(i) 3 €a,b]: f(a+h):zj:0 j;'!()'h]+(an1()§l)'h +1

(ZZ) f(a —+ h) — Z;ﬂzo djf(a) . h] + # . fol(l _ t)n dn-‘rlf(a + th) . hn+1 dt.

7!

Moreover, there exists some R € ”§>0 such that
A fla) 5 AT
k € Br(0)3 + k] +h) =) K+ kgt
Vk € R(O) 56 [a,a ] f(a ) 2 j! (n 1)!

(7.4)

dn+l 1 1

(n+fl()§!) kT = R /0 (1=t A" fa + th) - k"1 dt = 0. (7.5)
Formulas (i) and (ii) correspond to a plain generalization of Taylor’s theorem

for ordinary smooth functions with Lagrange and integral remainder, respectively.

Dealing with generalized functions, it is important to note that this direct statement

also includes the possibility that the differential d" f (§) may be infinite at some

point. For this reason, in (7.4) and (7.5), considering a sufficiently small increment

k, we get more classical infinitesimal remainders d" ™ f(€) - k"1 ~ 0.

Proof. Let f. € C*(R% R) be a net of smooth functions that defines f. We have
a+h=">¢€ [a,b] CU and U is sharply open, so by the Taylor formula applied to
fe and by Theorem 33 we have

fla+h)=[fe(ac + he)]

o - djfz-:(a/e) j dn+1f5(§if) n+1
= [ = e

Jj=0

= dfa), AT,
=> i B! + (n+1)!h+1

=0
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for some &, € (ae,b.), and where ¢ = [£.] € 'R so that £ € [a,b]. Analogously, we
can prove (ii).

To prove the second part of the theorem, we start by considering a sharp ball
B.(a) CU, where r = [r.] > 0. Set H := [stﬂ(ozs)}7 and

K := max (’d”Jrlf(M) , |dn+1f(m)’) € R,

where d" ™! f(M) and d"*!' f(m) are the maximum and the minimum values of
the GSF d"Hf . U x PRI+ 5 'R on H C U, see Cor. 51. We hence have
|d"Jr1 f (§)| < K for all £ € H. Take any strictly positive number P € "Rs such
that P > K and any strictly positive infinitesimal p € "§>0 so that £ ~ 0 and

hence (%)nﬂ < £. Set R := min (%, %), then R € ﬂ§>0 since both r and & are
invertible. If k € Bgr(0) then [a,a+ k] C H C U. We can therefore apply (i) to get
(7.4). Finally

")
(n+1)! B <

P

ntl P p n+1 P
~ (n+1)! ’ S(n+1)!'( ) N CES]

s

O

The following definitions allow us to state Taylor formulas in Peano and in infini-
tesimal form. The latter has no remainder term thanks to the use of an equivalence
relation that permits the introduction of a language of nilpotent infinitesimals, see
e.g. [35] for a similar formulation. For simplicity, we only present the 1-dimentional
case.

Definition 54. (i) LetU C ‘R be a sharp neighborhood of 0 and P, Q : U —
"R be maps defined on U. Then we say that
P(u) =0o(Q(u)) asu—0
if there exists a function R : U —» R such that
VYueU: P(u)=R(u)-Q(u) and 31_>mo R(u) =0,
where the limit is taken in the sharp topology.

(i) Letz,y € 'R and k, 7 € Rsg, then we write x =; y if there exist representa-
tives (x.), (ye) of z, y, respectively, such that

1

|ze — ye| = O(pd). (7.6)
We will read x =; y as x is equal to y up to j-th order infinitesimals. Finally,
if k € N, we set Dy; = {ac € 'R | zk+? =; O}, which is called the set of

k-th order infinitesimals for the equality =;, and
Do = {3: € 'R | 3k € Nog : aF ! =; O}
which is called the set of infinitesimals for the equality =;.

Of course, the reformulation of Def. 54 (i) for the classical Landau’s little-oh is
particularly suited to the case of a ring like ”ﬁ, instead of a field. The intuitive
interpretation of x =; y is that for particular (e.g. physics-related) problems one is
not interested in distinguishing quantities whose difference |x — y| is less than an
infinitesimal of order j. In fact, if + =; y we can write . = y. + r. with r. — 0 of
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1
order at most p . The idea behind taking % in (7.6) is to obtain the property that
the greater the order j of the infinitesimal error, the greater the difference |z — y|
is allowed to be. This is a typical property in rings with nilpotent infinitesimals
(see e.g. [35, 62]). The set Dy; represents the neighborhood of infinitesimals of
k-th order for the equality =;. Once again, the greater the order k, the bigger
is the neighborhood (see Theorem 55 (viii) below). Note that if + =; y, then

1_a
Te = Ye +o0 (pg ) for all a € (0,1/j]r. In particular, . = y. + o (p.) implies

x =1 y, whereas z = y yields only z. = y. + o (pl™*) for all a € (0,1]g. On

the other hand, it is not hard to prove the embedding *R C ”R/ =; of the ring of
Fermat reals *R of [35] for all j < 1.

Theorem 55. Let f € "GC™(U, ’R) be a generalized smooth function defined in the
sharply open set U C*R. Let x, 6 € ’R, with 6 > 0 and [x — 0,z + ] CU. Let k, I,
7 € Rug. Then

(i) VYneN: f(zx+u)= Zfof(r),(ac)u +o(u™) as u — 0.

(i1)  The definition of x =; y does not depend on the representatives of z, y.

(i11) =; is an equivalence relation on /R.

(w) Ifx=jyandl>j, then x = y. Therefore, D, j C Dy,.

(v) IfV° €Rso: x=;y, thenz=1y.

(vi) Ifx =; y and z =; w then x + z =; y+w. If x and z are finite, then
Toz=;y-w.

(vii) Vh € Dyj: h=0.

(ix) Dyj is a subring of ‘R. For all h € Dy; and all finite x € "R, we have

r-he€ ij.
(x) Letn € Nsg and assume that j, k and f satisfy
VzeRVEe [z —6,2+0]: 2 =0 = z fOH(E) =, 0. (7.7)

Then, we have

(r)
Yu € Dyj: flz+u) —sz

(xi) For all n € Nsq there exist e € Ryg such that e < j, and Yu € Dy, :
o @)
f(l' -|—’LL) =J Zr:O fri'()u .
Proof. In order to prove (i) we set P(u) = f(z +u) — Y 1, %u", Qu) =u
and R(u) = u- fl w( t)™ dt for u € Bs(0). The segment [z —u, x4+ u] C
Bs(z) C U, so Thm. 53 (ii) yields P(u) = Q(u) - R(u) for all u € U,. As in the
previous proof, set

K = max(‘f(”"'l)(M)‘,‘f("'H)(m)D
so that |f("*D ()] < K for all £ € [z — 6,2 + 4], then
1 r(n+1
FOD (2 tu n
|R<u>s|u|-\/0 PR gyt <l

which goes to 0 as u — 0 in the sharp topology.

(n+1)!
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The proofs of (ii)-(ix) are simple. We only prove that Dy; is closed with respect
to sums. Let x, y € Dy; so that

k+1 k+1
Te l<m , [ |<nN (7.8)
pl ol
for € small and for some M, N € Ryy. Then
_r k4+1—nr
(e +ye)* | _ ’il <k+1> LT | yrn |
1 — 1 1
p? r=o N " pi p?

k+1
< Z (k+1>M N :}rlT,

proving the claim.
In order to show (x), we first note that « =; y is equivalent to

JA€Ry: |x—y|§A-dp?.

We again use the notation K :=max (| f"D(M)], | f™+D(m)|) and note that for
some ¢ € [x — d,x + 4], ’f"“) (€)|. We have

(r) K
x+u Zf < (n+1)!.|u‘n+1
= a9

In particular, if u € D, then "' =, 0, and assumption (7.7) yields f("+1(¢) -
Wt = 0 =5 [FED(E)| - [u]" . This and (7.9) yield the conclusion.

To prove (xi), we proceed as above but taking u € D, in order to find 0 < e < j
such that | f*+D(€)] - [u["*! =; 0. For moderateness |f"*+1(¢)| < dp~@ and
lu|"tt < A - dp% for some @, A € Ry because u € D,,. It suffices to take e > 0
sufficiently small so that % -Q > % O

8. MULTIDIMENSIONAL INTEGRATION AND HYPERLIMITS

In this section we want to introduce integration of GSF over functionally compact
sets with respect to an arbitrary Borel measure p.

The possibility to achieve results mirroring classical limit theorems for this notion
of integral is closely linked to the introduction of the notion of hyperlimit, i.e. of
limits of sequences of generalized numbers a = (ap )nen : 'N — "R where ¢ and p
are two gauges (see Def. 1) and n — 400 along generalized natural numbers, i.e. for

ne’N:= {[ne] €R|n.e NVe}.

Mimicking nonstandard analysis, the numbers n € *N are called hypernatural num-
bers. To glimpse the necessity of studying ’N, it suffices to note that % < dp? is

always false for n € N but it can be satisfied for suitable n € * N. Therefore, if
lim,, 4 @, = 0 in the classical sense, i.e. for n € N and with respect to the sharp
topology, then necessarily a,, is infinitesimal for n € N sufficiently large. This rep-
resents a severe limitation for this notion of limit. It is also clear from the fact that
’R with the sharp topology is an ultra-pseudometric space, see e.g. [98], and hence
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a series in "R converges in the sharp topology if and only if its general term a,, — 0
as n — 400, n € N, in the sharp topology, see [(1].

8.1. Integration over functionally compact sets. In section 6, we already de-
fined a notion of integral over intervals using the notion of primitive. This notion
does not help if we want to define the integral [}, f of a GSF f over a domain
D C *R™ which is more general than an interval. In this case, it is natural to try
an e-wise definition of the type [, fdu = UDE f- du] € ’R, where the net (f.)
defines the GSF f and the net (D.) determines, in some way, the subset D C R™,
e.g. D = [D,.] in case of internal sets. In pursuing this idea, it is important to recall

that the internal set (interval) [0,1] = [[0, 1]r] can also be defined by a net of finite
sets. Indeed, if int(—) is the integer part function, and we set

N, :=int (pgl/e)
K. :={p}/5,2pY/5, ... N.pt/s} (8.1)

then the Hausdorff distance dy([0,1]r, K:) = p};/e and hence [0,1] = [K.] (see
also [116, 43]). Consequently, if A is the Lebesgue measure on R, we have that
the generalized number [A([0,1]r)] = 1, whereas [A(K.)] = 0 and, in general,
[f[o e fe d)\} * [fKE fe d/\} = 0. Therefore, even the definition of integral over
an interval cannot be easily accomplished by proceeding e-wise, i.e. on defining
nets.

If we try to understand when such an e-wise definition can be accomplished,
it turns out that we have to consider an enlargement B,n(K.) and then take
m — +oo. This is indeed quite natural if one keeps in mind that [K.] = [L.] if and
only if the Hausdorff distance dy (K., L.) defines a negligible nets, (see [116, 43]).
In the following, we say that (K.) is a representative of K &; ‘R™ if K = [K,],
(K) is sharply bounded, and K. € R™ for all e.

Definition 56. Let p be a Borel measure on R™ and let K be a functionally
compact subset of "R™. Then we call K p-measurable if the limit

n(K) = Tim (B (K.))] (8.2)
meN

exists for some representative (K.) of K. The limit is taken in the sharp topology
on 'R, and B®,.(A) := {x € R" : d(z, A) < r}.

In the following result, we will prove that this definition satisfies our require-
ments. We will occasionally integrate generalized functions more general than GSF:

Definition 57. Let K & “R"™. Let (€.) be a net of open subsets of R™, and (/.)
be a net of continuous maps f.: 2. — R. Then we say that

(fe) defines a generalized integrable map : K — R
if
(i) K C(Q.) and [f-(z.)] € 'R for all [z.] € K.
(ii)  V(ze), (2l) €RY: [xe] = [al] € K = (fe(we)) ~p (f=(2)).
If f € Set(K,’R) is such that
Vize] € K f([ze]) = [fe(zc)] (8.3)
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we say that f: K — ‘Ris a generalized integrable function.
We will again say that f is defined by the net (f) or that the net (f.) represents f.
The set of all these generalized integrable functions will be denoted by *GZ(K,*R).
E.g., if f = [f-(=)]|x € "GC®(K,’R), then both f and |f] = [|f-(=)[]|x are inte-
grable on K.

Asin Lemma 18, we may assume without loss of generality that f. are continuous
maps defined on the whole of R™.
Theorem 58. Let K C ’R™ be u-measurable.

(i)  The definition of n(K) is independent of the representative (K.).
(i)  There exists a representative (K.) of K such that n(K) = [u(K.)].
(i1i) Let (K.) be any representative of K and let f = [f.(—)]|lk € "GZ(K,’R).

Then
/ fdp:= lim [/ fe du}
K m= L) BB m (K-)

exists and its value is independent of the representative (K.).
(iv) There exists a representative (K.) of K such that

s [/K fsdu] (8.4)

for each f = [f-(—)]lxk € ‘GI(K,’R). From (8.4), it also follows that

|[xc fdu| < [ 1f] du.
(v) If (8.4) holds, then the same holds for any representative (L.) of K with
L. D K., Y.
Proof. (i) Let (L.) be another representative. As [K.] C [L.], we have that
(sup,ck. d(z, Lc))e =: (n.) is negligible, so K. C B®,_(L.), and pu(B*,n(K.)) <
u(ﬁpgl_l (L¢)). Also using this inequality with the roles of K, and L. interchanged,

we see that limy, o0 [11(B® pm (Le))] exists and that it equals limy,— o0 [1(B® pm (K ))].

(ii) Call [¢.] := p(K) and let K = [L.]. By definition of y-measurable set and
by the previous point (i), for any ¢ € N, there exists mq € N (w.l.o.g. mq > ¢) and
gg >0 (wlo.g g4 <egq—1 and g4 < 1/q) such that

[W(B® o (Le)) — cc| < pf,  Ve<g,
Now let g. := ¢ if € € (€441,&4)- Then g — 0o as e — 0 and
[14(B® e (Le))] = [ce] = p(K).
As also (pt'*) is negligible, we have K = [B® omae (Le)] and hence the conclusion

follows for K, := ﬁp;nqg (Le).
(iii)—(iv). Choose a representative (K.) as in part (ii). Then

/7 fs d/i_/ fs d/J'
BEp;n(KE) e

As [u(B®m (Ko) \ Ko)] = [u(B®pm (Ke))] — [(K2)] — 0 as m — oo and since
(supgps (K.) | f=]) is moderate for some m and decreasing in m, we find that

Jim [ /BE@(KE)J‘E du] = [ /K E Je du]

< u(B®pp (Ke) \Ks)isup | fel-
B® ,m (K.)
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exists. Independence of the representative of K follows as in part (i), if fo > 0.
The general case follows by considering the positive and negative part of f..

(v) Let fo > 0. Then by assumption, ([, fedu] <[f f-du]. For the converse
inequality, observe that [fLs fedp] < [fﬁ,,m(LE) fedu] for each m € N. Again the

general case follows by considering the positive and negative part of f.. O
The following Lemma provides an alternative characterization of y-measurability:

Lemma 59. A functionally compact set K is p-measurable if and only if there exists
a representative (K:) of K such that [u(K.)] = [u(Le)], for each representative (L)
of K with L. D K., Y.

Proof. =: by the previous Thm. 58. o
<: it suffices to show that lim,, ;.o [u(B®ym (K:))] = [u(K:)]. Seeking a contra-
diction, suppose that there exists ¢ € N for which it does not hold that

MV > MW & (B (K.)) — (K)| < pf.
Then we can construct a strictly increasing sequence (mg)r — oo and a strictly
decreasing sequence (gx ), — 0 such that |u(BEp;r;k (Ke,)) — u(Ke,)| > p2,, V.
Let L. := ﬁp?k (K.), whenever € € (g11,¢x), Vk. Then K = [L.], but [pu(K:)] #
[(Le)], as |p(Le) — p(Ke)| > pg, for each e = ¢, (k € N). O

Example 60. Let A denote the Lebesgue-measure.
(i) If K =T["[a;,b;], then K is A-measurable with

bl,s bn,s
/fd)\:[/ dml.../ fe(xy, .. xy)dey,
K ai,e a

n,e

for any representatives (a;.), (b; <) of a; and b;, respectively.

(i) Let p. =€, and

K :={}|neNso}u{o}

Then [K] is A-measurable with A([K]) = 0. Indeed, the contribution of
{1/n | n > e7™/?} to A(BE.n(K)) is at most €™/2 + 2™, while the con-
tribution of {1/n | n < e ™/2} is at most 2e™e~"/? = 2¢™/2. Thus
1im,,, 00 [A(BEom (K))] = 0.

(iii) Let pe =¢, and

K= {k IneN1pu{oh

Then [K] is not A-measurable. For, if n > (1057%, then, by the mean value
ge~ ™)

theorem,
m —m\2
I 1 < 1 < ¢ (loge™™) < 9em
logn log(n+1) ~— n(logn)? — 1 c—m 2=
C=9))

logn

for small . So the contribution of { L n> ﬁ} to A(BEom (K)) lies

2
log(e

1
logn

between log(a}—m) and =y for small e. The contribution of { |n <

ﬁ} to A(BP.m(K)) is at most W, which is of a lower order.

Thus lim,;, — o0 [A(B®m (K))] does not exist.
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8.2. Hyperfinite limits. We start by defining the set of hypernatural numbers in
"R and the set of p-moderate nets of natural numbers. For a deeper study of these
notions, see [33].

Definition 61. We set

(i) N ::{[ng] €’R|n.eN VE}

(i) Np,:={(n.) €R,|n.eN Ve}.

Therefore, n € “N if and only if there exists (z.) € R, such that n = [int(|z.])].
Clearly, N C ’N. Note that the integer part function int(—) is not well-defined
on ’R. In fact, if x = 1 = {1 —p;/s] = [1—&—/);/6}, then int (1 —p;/e) = 0,

whereas int (1 + p;/ 5) = 1, for ¢ sufficiently small. Similar counterexamples can

be constructed for floor and ceiling functions. N
However, the nearest integer function is well defined on ”N.

Lemma 62. Let (n.) € N, and (z.) € R, be such that [ng] = [x.]. Letrpi: R — N
be the function rounding to the mearest integer with tie breaking towards positive
infinity. Then rpi(xz:) = ne for e small. The same result holds using rni : R — N,
the function rounding half towards —oc.

1

Proof. We have rpi(z) = |a+% |, where | —| is the floor function. For € small, p. < %

and, since [n.] = [x.], for such & we can also have n. —p. —|—% < T —I—% < ne+p.+ %
But ne < n. — pe + % and n. + pe + % < ne + 1. Therefore |z. + %J = n.. An
analogous argument can be applied to rni(—). O

Actually, this lemma does not allow us to define a nearest integer function ni :
N — N, as ni([z.]) := rpi(z.) because if [z.] = [n.], the equality n. = rpi(z.)
holds only for € small. We should therefore consider the function ni as valued in
the germs for ¢ — 01 generated by nets in N,. A simpler approach is to choose a
representative (n.) € N, for each z € ’N and to define ni(z) := (n.). Clearly, we
must consider the net (ni(x)_) only for e small, such as in equalities of the form
x = [ni(z)_]. This is what we do in the following

Definition 63. The nearest integer function ni(—) is defined by:
(i)  mi:’N:— N,

(ii) If [zc] € "N and ni ([z.]) = (nc) then Ve : n. = rpi(x.).

In other words, if z € “N, then z = [ni(z).] and ni(z). € N for all e.

We first consider the notion of hyperlimit. As we will see clearly in Example
66(i), a key point in the definition of hyperlimit is to consider two gauges. This is a
natural way of proceeding because different gauges define different topologies. On
the other hand, the notion of hyperlimit corresponds exactly to that of limit in the
sharp topology on ’R of a generalized sequence (hypersequence), i.e. defined on the
directed set “N.

Definition 64. Let p, o be two gauges (see Def. 1). Let (an)n : ‘N — "R be a
o-hypersequence of p-generalized numbers. Finally let [ € ‘R. Then we say that

l is the hyperlimit of (ay,)n
if N N
VgeNIM € ’NVne€’N: n>M = |a, — 1| < dp?. (8.5)
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Remark 65.

(i)  In a hyperlimit, we are considering °N as an ordered set directed by <:
n,me°N = nVm = [max (ni(n).,ni(m).)] € °N.

On the other hand, on * R we are considering the sharp topology (which is
Hausdorff). In fact, if I, A are hyperlimits of a : "N — R, then

=Xl < |l = anr| + |anr — Al < 2dp?™ < dp?
forall g. Sol=MX¢€ ’R. We will therefore use the notations

{="lim a,

ne’N

or simply [ = lim an if o = p.

nerN
(ii) A sufficient condition to extend an ordinary sequence a : N — "R of p-

generalized numbers to the whole of “N is
Vn € UN : (ani(n)s) S Rp. (8.6)

In fact, in this way a,, is well-defined because of Lem. 62; on the other hand,
using (8.6), we have defined an extension of the old sequence a because if
n € N, then ni(n). = n for € small and hence we get a,, = [a,]. For example,
the sequence of infinities a,, = % +dp~! for all n € N can be extended to any
”N, whereas a, = do™" can be extended as a : N — ‘R only for certain
gauges p, e.g. if the gauges satisfy

3N e NVn e NV : o7 > pY,
e.g. 0. > —log(p.) L.
Example 66.

(i)  The following example strongly motivates the use of two gauges. Let p be a
_a
gauge and set 0. :=exp | —pe “* ), so that also o is a gauge. We have

=0€’R whereas A’lim .
nesN logn nesN logn

1
logn

ie.n>e¥ " (in °R). We can thus take M := {int (e”s_q> + 1] € °N because

In fact, if n > 1, we have 0 <

< dp? if and only if logn > dp™9,

1

ePe” < exp (,0E "E) =o' for £ small.

Vice versa, by contradiction, if 3/lim__,g @ =: ] € 'R, then by the defini-
tion of hyperlimit from * N to ‘R we would get the existence of M € ” N such

that
~ 1 1
Yne’N: n>M = — —dp<l<—+dp. (8.7)
logn logn

Since M is p-moderate, we always have 0 < loglM —dp, sol > 0. Thus
dp? < |I] for some p € N. Setting

g:=min{p e N |dp? < ||} +1,
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we get that Iz, | < pZ, for some sequence (£;); | 0. Therefore

log M-, <lg, + pe, < lep| + pe, < P2, + pey

and hence Mg, > exp (

Mepﬁbecauseqzl. N
(ii) For all k € N>, we have lim, .5 ,%k = 0. In fact, for all n € "N+, we have
0 < n% < dp? if and only if n* > dp~9, i.e. n > dp’%. Thus, it suffices to

ﬁ) for all £ € N, which is in contradiction with
€ €k

take M, := int (pg_ %) + 1 in the definition of hyperlimit. Analogously, we

can treat rational functions having degree of denominator greater or equal to
that of the numerator.

8.3. Properties of multidimensional integral. We start by proving the change
of variable formula.

Lemma 67. Let K = [K.] be functionally compact and ¢ = [p.] € "GC™(K,"’R%)
with det(dp)(x) invertible for each x € K. If ¢ is injective on K, then the p. are
injective on K., Ve.

Proof. By contradiction, suppose that for each n > 0, there exists ¢ < 7 such that
e is not injective on K. Then we find for such ¢ some z., y. € K. with z. # y.
and ¢.(x.) = p:(y:). For all other ¢, define z. = y. € K, arbitrary. Then z := [x.],
y = [ye] € K and ¢(z) = ¢(y). As ¢ is injective, x = y. But then this contradicts
the local injectivity of ¢ on B} (z.) for some [r.] > 0, see also [42, Thm. 6] and
[26]. O

Theorem 68. Let K C 'R™ e A-measurable, where X is the Lebesgue measure,
and let p € "GC™(K,’RY) be such that ¢! € "GC®(p(K),’R™). Then ¢(K) is
A-measurable and

[ ran= [ (Fop)idetap) an
e(K) K
for each f € "GC®(p(K),"R).
Proof. Let # € B¥,m(K.). Then there exists y € K. such that |z —y| < p". As
¢ € "GC>®(K,"RY),

pe(a) — ()| < Je—y|  sup [|dec|| < pI* M

BEp?‘ (Ks)

for some M € N (not depending on m). Thus ¢ (B®,m(K.)) C ﬁpgﬁM(gos(Ks)).
Applying this to =1, we find that also B® (¢ (K.)) C gog(ﬁpgqu (K.)) for some
M € N. Now let f. > 0. As (det(dp-1)) is moderate, |det(dy.)(z)| > 0 for each
z € K. Thus by Lem. 67, w.l.o.g ¢, are injective. Then

/7 fsdAg/ L fedA = /7 (fe o pe)|det dp|dA
BEPgn(SOE(KE)) E(BEPQL*M(KE)) BEp;nfM(Ke)

/7 (f60@6)|detd<ﬁs|d/\:/ _ fsd)\g/i fedA
BEp;n+]VI(KE) <PE(BE92n+M(Ks)) BE jm (pe (Ke))
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Since limy, o0 [ [Fw (K )( f0p:)| det dp.| dA] exists, it follows from the previous

inequalities that also lim,, .o [ fﬁ (e (K2)) fe d)\] exists, with the same value.
p e 5

The general case follows by considering the positive and negative part of f.. ([

We now consider the problem of additivity of the integral.

Definition 69. Let K, L be functionally compact. Then we call K and L strongly

disjoint if the following equivalent conditions hold:

(i)  for each representative (K.) of K and (L.) of L, K. N L. = 0, V¢

(ii)  for some (and thus each) representative (K.) of K and (L.) of L, there exists
m € N such that B®,m(K.) N B®,m(L.) =0, Ve

(ili) Vee’R: e2=e,e#0 = KeNLe=10

(iv) VHCoI: KlgNnLlg=10

(v) x #y for each subpoint z of K and y of L.

Definition 70. Let K, L be functionally compact. Then we call K and L almost
strongly disjoint if the following equivalent conditions hold:

(i)  for each representative (K.) of K and (L.) of L, [u(K. N L.)] =0
(ii)  for some (and thus each) representative (K.) of K and (L.) of L

li [N(ﬁp?’ (Ke)N ﬁp;" (Le))] =0.

im
m— o0
The equivalence of the conditions follows by a similar argument as in Lem. 59, e.g.:

Lemma 71. The conditions in Def. 70 are equivalent.

Proof. (i) = (ii): let K = [K.] and L = [L.]. Seeking a contradiction, suppose
that there exists ¢ € N for which it does not hold that

AMVYm > MY : (B®,m (K.) N BE e (Le)) < pl.
Then we can construct a strictly increasing sequence (mg)r — oo and a strictly
decreasing sequence (ex)r — 0 s.t. ﬂBEPZLk (K,)N BEp:ﬂ]!c (Le,)) > pl,, Vk.
Let K. := B® mi(K.) and L, := B® mi(L.), whenever ¢ € (x+1,¢x], Vk. Then
K = [K[] and L = [L.], but [pu(K.NLL)] #0, as (K. N L) > p4, for each € = ¢,
(k €N).
(#9) = (4): let (K.), (L¢) as in (i), and K = [K.] and L = [L.]. For each ¢ € N,
we have that

[M(ﬁp?’ (Ke) mﬁp?’ (Le))] < dp?

for sufficiently large m € N. As [K/] C [K.], K. C B®,n(K.), Ve, and similarly
for L, and thus also [u(K. N LL)] < dp?. O

E.g., if a < b < ¢, then [a,b] and [b, ] are almost strongly disjoint. Obviously,
strongly disjoint sets are almost strongly disjoint. Recall that the union of two
internal sets is usually not internal, but

KVL:=[K.UL]={estr+egey:z€ K,y€c L, SC]0,1]}
is the smallest internal set containing K and L [37]. E.g., [a,b] V [b,c] = [a, .
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Theorem 72. If K, L are almost strongly disjoint p-measurable subsets of ”ﬁ",
then KV L is also pu-measurable and for each f € "GI(K V L,"R)

/KVLfdu:/dew/Lfdu.

Proof. As B®,m (K. U L.) = B®pm(K.) UB® pm (Le),
Lo du] -
BY,m (L.)

V fdu :V fdu
BEp;”(KsULs) BEp;"(KE)

— fdul.
[/mp? (Ks)mﬁp;” (Ls)

+

Since
‘ l/ _ fdﬂl < [M(ﬁp? (Ka) mﬁp?’ (La))] :
BEpg’l (KE)QBEng (La)
sup IfI] "0
BE i (K)NBE e (Le)
we see that K V L is y-measurable with vaL fdp= fK fdu+ fL fdu. O
_ _ 1
Example 73. Let S C [0,1][ with 0 € S and 0 € S°. Let K, = [0.1], c¢€ S. and
[0,3], e€S°

2,3 S
L. = [2,3], e € Then KNL =0 and pu(K VL) =2es+3esc # 2es + bege =

[0,3], €€ S°.

#(K)+ p(L). Thus the condition that K and L are almost strongly disjoint cannot
be replaced by the condition that K N L = (.

Theorem 74. Let K & 'R Let f, € "GI(K,’R%), ¥n € °N. If lim, oy fu(2)
exists for each x € K, then the convergence is uniform over K and the limit function
is integrable on K.

Proof. We first show that the sequence is uniformly Cauchy, i.e. that for each m € N
IN eNVk,le’NVz e K : k1 >do N = |fila)— filz) <dp™.  (8.8)
Seeking a contradiction, suppose that for some m € N, we have
VN eN3k,l €Nkl >do N3z e K : |fe(z) = fi(z)] £ dp™.

We thus construct sequences (kn)y and (Iy)y in "N, with kn, Iy > do™¥ for
which there exist zy € K s.t. |fiy (2n) — fiy (xn)] £ dp™, VN € N. Let K = [K.]
and fi = [fr.e]. We thus find Sy C (0,1] with 0 € Sy such that |fix, (zne) —
fine(@ne)| > p for each e € Sy. Then choose a decreasing sequence (g,,)n, — 0
such that

€1 €85,

€9 € So;e3 € 51;

€4 € 53;55 S 52;86 c S1;
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Let z., = ¥N, if €, € Sy, for each n € N. Extend to a net (z.). with z. €
K., Ve. Then wey, = wyey, for some Uy C Sy with 0 € Uy, and therefore
|fen () = fin (@)|evy > dp™ey,, VN. We thus contradict the fact that (f,,(z))
is a convergent hypersequence.

By taking the limit for I — oo in (8.8), we conclude that (f,), o,y is uniformly
convergent on K.

For each n € N, fix a representative (fiqs—n).), where [do™"] := [int (67")] € °N,
of flag—n] With sup,cg_ |fiao—n),c(z)] < p7™, Ve € (0,1], Vn € N (some M € N,
independent of n). For each m € N, there exists N,,, € N such that

vn,n' > N, Ve : sup | flao=n1,(2) = frap—n1(@)] < pZ"-

nE”N

Then for each k € N, there exists some g5 > 0 such that
Ve < e Vm < kVn,n' € [Ny, k] : su}g | flao=1.6(®) = flap—nr) o (@)| < pI".
rxeKc

W.lo.g., (ex)r 4 0. Let ne :=k, for € € (e41,€x]. Then
Vm € NVn € N,n > N, V¢ : su}? | frao—n1,c (%) = fldo—neye ()] < ol
re K,

Thus the limit function f = [figg—n-1,.(—)] € "GL(K, 'R). O

Theorem 75. Let K & 'R™ be p-measurable. Let f, € "GT(K, ”ﬁd), vn € °N. If
"lim, .5 fn(z) ezists for each x € K, then "lim, .5 fn is integrable on K and

ne’
Plim [ fndu :/ Plim f, du.
ne'N JK K ne N

Proof. By Thm. 74, (f,)n uniformly converges to some f = [f:(—)]. Then for all

q € N we have
’/Kf”_/Kf’ S/Klfn—flédpqu(K)

as soon as n € °N is large enough. O

9. SHEAF PROPERTIES

The aim of this section is to establish appropriate sheaf properties for GSF. That
this task is not entirely straightforward can be seen from the following example,
which can be easily reformulated in other non-Archimedean settings:

Example 76. Let i : ‘R — ’R be as in Rem. 40, i.e., i(z) := 1 if # ~ 0 and i(z) := 0
otherwise. The domain ’R of this function is the disjoint union of the sharply open
sets Do = {z € "R | x = 0} and its complement DS . Moreover, i|p.. = 1 and
i|pc. = 0 are both GSF. However, as we have seen in the remark following Cor. 48,
1 itself is not a GSF. This shows that #GC> is not a sheaf with respect to the sharp
topology.

Trivially, if we introduce the space of (sharply) locally defined GSF by means of
FeGCr (X, Y)if f: X =Y, andVe € X Ir € 'Ruo: flB,. (a)nx € "GCT(Br(x)N

loc

X,Y), then *GCrs.(—,Y) is naturally a sheaf with respect to the sharp topology. By
Example 76, however, "GCy,.(X,Y) is strictly larger than "GC*(X,Y). This fact
can be viewed as a necessary trade-off between the classical statement of locality for

generalized functions, on the one hand, and the requirement to preserve classical
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theorems from smooth analysis on the other. In the above example, it is the
validity of an intermediate value theorem in our setting that precludes the function
1 from qualifying as a GSF. Conversely, it follows that this result does not hold in
"GCLo(X,Y). Any theory of generalized functions that is based on set-theoretical
functions and includes actual infinitesimals has to face these dichotomies related to
the total disconnectedness of its non-Archimedean ring of scalars.

The general scheme of this section is:

(a) We are searching for a new compatibility/coherence condition for an arbitrarily
indexed family ( fj)j s of GSF (throughout this section, J will be an arbitrary
set), which allows us to prove a corresponding sheaf property. We will call this
property dynamic compatibility condition (DCC).

(b) The DCC must imply the classical one. Note that for particular types of
covers the classic coherence condition may still work, e.g. covers made of near-
standard points and large open sets (see Cor. 87 below) or those made of
increasing sequences of internal sets (see Thm. 77 below).

(c) The DCC must be a necessary condition if we assume that the sections (f;)
glue together into a GSF.

(d) The sheaf property based on the DCC should be a particular case of the general
abstract notion of sheaf (see Sec. 10).

jeJ

We start from the following sheaf property (originally proved in [1106]):

Theorem 77. Let X C "R", Y C "R% and K, € 'R", f, € "GC®(K,,Y) for all
q € N, where X = J,cny Kq, K¢ C int (Kgt1) and for1|x, = fq for each ¢ € N.
Then there exists a unique f € ”gCOO(X,Y) such that f|x, = fq for all ¢ € N.

Proof. Let f, = [fqe(—)] and K, = [K,], for each ¢ € N. By Lem. 11(v),
there exist k, € N (k, recursively chosen so that (k;), is increasing) such that
B¥.,(Kqe) € Kqy1,c, for each ¢, e. We may assume Y C R (in general, one can
a;f)ly the one-dimensional case componentwise). Let § € C*°(R™) with §(z) = 0, if
|z| > 1and 6(x) > 0, for each € R™ with [, 6 = 1 and let r©0,(z) := r~"0(r '),
for r € Ryg. Let 14 denote the characteristic function of a set A C R", and set

Pq,e ‘= 1Kq+3 AKX P’;q+3 ®0, Vqg,ce.
Ify € B e ors (T)NKy e, thenz € BE . (Kq.e) € Kqy1,c, and hence Bj’?” (x)NKye =
0if x gé Kypie. Ifz € Kq+257 then BE (@) C© B qu(KqH e) C Kyyse.

Thereby, ¢q:(z) = 1, for each =z € Kq+25 \ Koiie. Moreover stsuppyg,e C
Kyi3e + B o +3( ) q+3 (Kq-'r?» :) C Kgt4,. Further, SUPgcRrn ‘8 ‘Pq,a( )| <

pfk“”'lal fRn |0%6] by the properties of the convolution. Let we = 3 .y @qge-
Then ¢. € C*(Uyen Kq,e) and for each ¢, (sup,cg, . [0%p:(z)]) € R,. Also
we(x) > 1, for each x 6 Ugen Kqe- Let g == @qe/p. € C*(R"). Then
> genVqe(@) = 1, for each x € |J, ey Kgeo Since sup,eg,  [1/¢-(z)] < 1, we
find that (sup,cgn [0¢q,c(2)]) € Ry, for each g. Let fo =37 \tge - fors,e €
C>(Uyen Kq,e), for each € (recall that stsupptpg,e € Kg+3,-). Then for each N € N,

a €N% and x = [z.] € K (without loss of generality, z. € Kx ., for each ¢),
0% fe(ze)| < Z 0% (tg,e - fars.e) (@) €Rp

g<N+3
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and
fo(@e) = fve(@)l € D [ge(@e)| [ forse(ae) = fae(@e)] ~, 0
g<N+3
since stsuppty e € Kgys... Hence f € 7GC™(X,Y) with f|x, = fn. O

This property allows us to firstly prove a sheaf property for K = [K.] & ’RP
and secondly to use Thm. 77 to extend it to domains X that satisfy the previous
assumptions, i.e. the following

Definition 78. Let X C ”ﬁ", then we say that X admits a functionally compact
exhaustion if there exists a sequence (K)qen such that

(i) K, &R
(i) K, Cint(Kg);
(i) X =U,en Ky

For example, every strongly internal set X = (A.) admits a functionally compact
exhaustion since we can consider

Ky = ﬁp;q(O) NB®_ 1 (A:) VgeN

K, =K, € X (9.1)
xX=JK,
qeN

where BE_.(A) := {z € A | d(z, A°) > r}. Other simple examples are e.g. the
intervals (0, a] or (—oo, a.

9.1. The Lebesgue generalized number. We first introduce a notation for a
specified Lebesgue number:

Lemma 79. Let K € R" and (V});jes be an open cover of K. For x € K, set
o(z) :=sup{r € Rso | Jj € J: Bi(zx) CV;} (9.2)
1
o= imin{a(z) |z e K}, if K=10, set o:=1.

Then o(—) : K — Rsq is a continuous function and o is a Lebesgue number of
(Vi)jes for K, i.e.

Vee K3jeJ: Bl(z) CVj. (9.3)
We use the notation Lebnum ((V}),cs, K) =: 0.
Proof. See the proof of [12, Thm. 1.6.11]. O

Lemma 80. Let K = [K.] € 'R with K. € R™ for all e. Assume that
Kc|Ju;, (9.4)

JjeJ
where U; = (Uj.) are strongly internal sets, and set
$¢ := Lebnum ((Ujg)jeJ ,KE)
S = [85] S pﬁzo.

Then s > 0.
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Proof. By contradiction, assume that s ¥ 0, so that s., < pifk for all £ € N and for
some sequence (g )ken | 0. By definition of Lebnum we can write s., = 10(2.,) <

pk_for some z., € K., €R". By (9.2) we hence have
Vk e NVj € J: By (ce) € Ujey (9.5)
Sk

Note that the conclusion is trivial if K. = () for € small. We can therefore assume
that there exists some h. € K, for all . Let . := z,, if € = ¢ and z. := h.
otherwise, so that z. € K. C |J;; Ujc for small € (see Lem. 11(i) and recall that
K CUjesUj € (Ujes Use)). Thereby, z := [z.] € K gpjej Uj. So, x € Uj for
some j € J, and hence Br(z) C U; = (Uj.) for some R € "R~, so that B}‘%Ek (xe,,) C
Uje,, for k € N sufficiently large by Lem. 11(i) and (2.6). Since also 2pF < R., for
k € N sufficiently large, we can finally say that By . (z.,) € Bk, (ze),) C Ujep,
€k

which contradicts (9.5). O

On the basis of this result, we can set
Lebnum ((Uj)jeJ ) K) =: s € "Rsy.

Assumption (9.4) cannot be replaced by the weaker K C (U;c; Uje): let K. :=
[—1,1]g, J :={1,2}, c1c := —1, coc := 1, 71 := 1+ e~/ =i ry.. Then

[K.] C (B _(c1c) UBE, (c2)) = (-2 — 715,24 e71/o)g)

Tle

but s, = Lebnum((Uj.) e, Ko) < e~/ because for 2 = 0 the largest ball contained
in a set of the covering is BY_, . (0).

9.2. The dynamic compatibility condition.

Definition 81.

(i)  Let [J] :={(j.) | jo € J,Ve} = JL.

(i) Let X C’R", Y C"R%and f € Set(X,Y). Let K € X C [, U;, and
assume that for all j € J we have f; := f|y,nx € "GC>*(U;NX,Y). Then we
say that (fj)jEJ satisfies the dynamic compatibility condition (DCC) on the
cover (K NUj),; if for all j € J there exist nets (fjc) defining f;, for each
J € J, such that setting U; := (U;_ ), we have:

(a) V7= (jo) € [J]V[z] e UsN KVYa € N : (0“f;. (xc)) € Rﬁ.

(b) V7= (je),h = (he) € [J]V[zc] € KNUNUp ¢ [fj e(xe)] = [fh. ()]
Finally, we say that (f;),c; satisfies the DCC on the cover (Uj),; if it satisfies
the DCC on each functionally compact set contained in X. The adjective dynamic
underscores that we are considering e-depending indices 7= (jc) € [J].

Remark 82.

(i)  Taking constant 7 and h in Def. 81(b), we have that DCC is stronger than
the classical compatibility condition for (fj)jeJ on K & X.

(ii) DCC is a necessary condition if the sections (f;),.; glue into a GSF f =
[fe(—)] because in this case we can take f;. = f. for all j € J.

(iii) The notation U; := (U,_ ) used to state the DCC was introduced merely
for simplicity of notations. In fact, in general it is not possible to prove the
independence from the representative net (Uj.): if U; = (V}.), we can have
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du(US.,VE) = pi/®, but taking J = (£) we would have dy(U° ., VE,) = p. and

jer Ve g,e9 Ve,e

hence U; = (U..) # V3= (Ve e).

In the next and final subsection we prove that the DCC implies the sheaf prop-
erty.

9.3. Proof of the sheaf property.

Lemma 83. Let K, Kt be functionally compact sets with K C int(K+) C ’R™. Let

Y C’R% and f € Set(K*,Y). Let K+ C Ujes Uj, where Uj = (Uje) are strongly

internal sets and for all j € J we have f; := fly,nx+ € "GC™(U; N KT,Y). Let

K+t =[KZT]. Assume that, for some representatives (fjs)je}f of (fj)jeJ we have
=S

Vm e NYeVj ke J: sup | fre — fiel < p2* (9.6)
KINUjeNUge
Then f € "GC™(K,Y).
Proof. Let K = [K.]. By changing the representative (K1), of KT, we may assume
that there exists S € N such that B,s(K.) C K, Ve [116, Lemma 3.12]. We have
that K C UjeJ Uje, Ve < g, for some g9 > 0 (proof by contradiction). Let

e € (0,e0]. By compactness of K, K CUj, . U---UUj,_. for some I. € N. Call
Vie:=Ujoe \ Uj,e U---UUj,_, <), and let

le
fe = Z fivelvi
=1

Then f. is locally integrable. Let m € N. By (9.6), we find ¢, > 0 such that

Vi, ke JVe <ep: sup | free — fiel < p2t.
KInU;,.NU, -
Further, by the definition of f., we then also have
VieJVe<en: sup |fe— fil <plt.

K;FQU]')E
W.lo.g., em 1 0. Let g. := ¢, for each € € (g(441)2,€42] (¢ € N). Then
2
VieJVe<eo: sup |fe— fjel <pk.
KInu; .
Let b be a smooth map R” — R with [0 =1 and stsupp(b) C B1(0), and let
x
Og.e(x) :=pZ ™ () .
q.c(x) P
We show that (fs * 0, )c is a representative of f, thereby proving that f €
’GC™(K,"R%). We therefore take x = [z.] € K, and we prove that
(1) (O%(fex0q4.c)(xe)) € Rg, Va € N™
(i) [(fe * 0g. ) (2e)] = f ().
Let j € J such that z € U;. Then there exists S € N such that B,s(z.) € K} NUj.,

Ve. To prove (i) and (ii), it suffices to see that (9%(f. * Jqs,s)(z;) —0%fje(xe))e is
negligible for each v € N™.
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Let o« € N™. Then
0% (fe % 0q. ) (@) — O%(fje * g. ) (we)| = |((fe = fie) * 0%0q. ) (22))|

/(fe — Jje)(ze — pEu)db(u) du| < CopZ 1 sup |fo — fj.

Bpgs (935)

— ,—lalg
- pe :

and
|8a(fj,€ * 5qe,a)(xe) - 8O‘f]‘75(x8)| = ‘/(aafj,e(xa —y) - aafj,a(xs))éqg,e(y) dy

<C sup [0 fie(u) = 0% fje(ne)] < Cplt max  sup (07 fc(u)
u€B g (we) IBI=lal+1 ueB 4. ()

< Cple e

for sufficiently small e, by Thm. 17 (i). Combining both inequalities, we conclude
that (9°(f. # 0y, ) (we) — 0% f.-(x.)) is p-negligible. O

Lemma 84. Let K, K+ be functionally compact sets with K C int(K+) C "R™.
LetY C'R% and f € Set(KT,Y). Let KT C Ujes Uj, where for all j € J we have
fi = flu,nx+ €"GC(U; NK,Y) and Uj is a strongly internal set. Assume that
(fi)jes satisfies the DCC on the cover (K+ N Uj)jes- Then f € "GC™(K,Y).
Proof. Let s. := Lebnum (<Uj8)jeJ ,KQ‘). By Lemma 80, s := [s;] > 0.

We define a cover (V,),cx+ of KT as follows. Let z = [z.] € KT, where z. € K,
Ve. Then there exist j. € J such that B (z.) C Uj. ., Ve. We then define
Ve := (Bg (z.)), and we denote j(z) := [j:] € [J]. By condition (a), (f;. ) defines
a generalized smooth map f;,) € ’GC™(V, N K1,Y).

In order to conclude that f € "GC>(K,Y) by Lemma 83, it suffices to show that:
(i) fiw) = flvank+, Yo € KT

(i) VYmeNVeVz,yec KT : SUD iy, v, | fi)e = Fray,el < 2

Proof of (i): Let x € K. Let y € V, N K*. We want to show that f;,)(y) = f(y).
Asy e K*, wehavey € U; forsome j € J. Thusy € K*NU;NV, € KTNU;NUj,
and condition (b) yields f(y) = f;(v) = f3)(¥)-

Proof of (ii): By contradiction, suppose that there exists m € N and, for each
n € N, there exist &, > 0 with (g,), decreasingly tending to 0 and z,,y, € K+
and z., € KX NV, .. NV, ., such that

|fj5n75n(zsn) - fhsn75n (an)| > Pg:,, (9.7)
where we denote j.,, := 7(zn)e, and he,, := 7(Yn)e,, € J. Then there exist x.,y., €
K such that V,, .. = BE (z.,)and V,, ., = BE (y.,). For e ¢ {e, : n € N},
let z. € KT be arbitrary. Then z € K*. Let j. := he := 7(2)., for e ¢ {e,, : n € N}.
Let (z.) be any representative of z. Then

2L € BE(2) CUj. . =Up, Ve ¢ {e, :n € N}
Z;n € BSEEn (Zan) g B2ESE (xen) g Ujsnaan vn €N large enough

and similarly 2. € Uy, ., for large enough n € N. Thus z € K+ NU; N Uy, and
condition (b) contradicts (9.7). O
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Using Thm. 77 and a functionally compact exhaustion, see Def. 78, we get

Theorem 85. Let X C 'R™ be a set that admits a functionally compact exhaustion,
Y C 'R? and f € Set(X,Y). Let X C Uje,]Uj’ where for oll j € J we have
[i = flu;nx € "GC=(U; N X,Y) and Uj is a strongly internal set. Assume that
(fi)je satisfies the DCC on the cover (Uj);. ;. Then f €’GC™(X,Y).

The usual sheaf properties both for Schwartz distributions and for Colombeau
generalized functions do not need any stronger compatibility condition, which ul-
timately stems from the possibility to use, for these generalized functions, only
(near-)standard points (recall Thm. 20 and Thm. 21). This is proved in the follow-
ing result, which generalizes the aforementioned sheaf properties (see e.g. [50]).

Theorem 86. Let X C (”ﬁ") , Y C 'Re and let f: X — Y be a set-theoretical
map. Suppose that X CJ,cx Br,(x), where r, € Rsq for all x, and that

leTm(a:)ﬂX S ngOO(BTw (.’13) nx, Y)
forallz e X. Then f € "GC(X,Y).

Proof. For every x € X, let f|p, () = v* € "GC™ (B, (z) N X) and let v* be
defined by the net (v%) with v € C*°(R™,R%). Recall that by 2° € R" we denote
the standard part of any z € (”ﬁ”)'. Pick a countable, locally finite open (in R™)
refinement (U;)ien of (B®,, /2(2°))zex and let (x;)ien be a partition of unity with
stsuppy; € U; for all i € N. For any ¢ € N pick z; € X such that U; C Bfmi/z(xf)
and set
fer=> xiv¥ € C*(R",RY).
ieN

Then the net (f:) defines a GSF of the type X — Y indeed, we will show that
f(z) =v*(2) = [fe(2e)] for all z = [z.] € X:

fe(ze) —vi(ze) = Z Xi(2e) (07 (22) — vZ(2e)) =
ieN
Y () — i) +
{ilz°€Bs,, sa(i)}
+ > Xi(ze) (V7 (2e) —vi(2)) =
{i|Z°€Bsrmi/4(li)}
=: A, + B..
Since z. — z°, for small ¢ all z. remain in a compact set and since the supports of
the x; form a locally finite family it follows that both A. and B, are in fact finite
sums for small e. To estimate the summands in A., note that z° € Bg,,.mi/4(l'i)
implies that 2 € B, (i), s0v"(2) = f|p,, (2:)(?) = f(2) = v*(2). Hence [A.] = 0.
Concerning B, z° € B, sa(;) implies that |2° — 27| > r,/2. On the other hand,
if Xi(ze) # 0 then z. € U; € B »(7), implying [2° — 27| < r4,/2. Hence B = 0.
Consequently, [f-(z:)] = [vZ(z.)], as claimed. O

The following is the sheaf property for Fermat covers.
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Corollary 87. Let X C ”ﬁ", Y C 'R and let f: X — Y be a set-theoretical
map. Suppose that X C UjeJ U;, where each Uj is a large open set, and that

flu,;nx €76C°(U; N X,Y)
forall j € J. Then
(i) IfXC (ﬂﬁn)', then f € "GC™(X,Y).

(i) If X contains its converging subpoints and all points of X are finite, then
ferge=(X,y).

Proof. To prove property (i), let s = 2°, v € X. Then z € Uj;, for some j, € J,
and hence B, (z) C Uj, for some r;, € Rso. Therefore s = 2° € B?, (z°) and so
X CU,ex By, (2°). Claim (i) now follows directly from Cor. 86.

Property (ii) follows by (i) and Thm. 21 applied to f|x/, where X' := {z € X |
x is near-standard}. O

It is now natural to ask whether the sheaf property Thm. 85 could be inscribed
into the general notion of sheaf on a site. This is one of the aims of the next Sec. 10.

10. THE GROTHENDIECK TOPOS OF GENERALIZED SMOOTH FUNCTIONS

As we argued in the introduction, function spaces and Cartesian closedness are
considered by many authors as important features for mathematics and mathemati-
cal physics. Even if Colombeau’s theory of generalized functions can be extended to
any locally convex space F, on the other hand, in [72] (p. 2) it is stated that: “locally
convez topology is not appropriate for non-linear questions in infinite dimensions”,
and indeed a different approach to infinite dimensional spaces is to embed smooth
manifolds into a Cartesian closed category C (see [37] for a review of this type of
approaches). Similar lines of thought can be found in [63, (4], but where general-
ized functions are seen as functionals, hence not following Cauchy-Dirac’s original
conception but Schwartz’ conception instead. We first motivate and introduce the
few notions of category theory that we need in the present section. Indeed, only
basic preliminaries of category theory are needed to understand this section: def-
inition of category and basic examples, functors and natural transformation. Our
basic references for this section are [78, 59, 7]. As it is customary, we write D € D

to denote that D is an object of the category D, we write A L s BinDto say
that f € D(A, B) and D°P for the opposite of D (see e.g. [79]). Only in this section,

we use both the notations f-g := go f for arrows X sy 94 7 in some
category, and the notation 7 = (7.) € [J].

10.1. Coverages, sheaves and sites. The notion of coverage on a category allows
one to define more abstractly the concept of sheaf without being forced to consider a
topological space. Nevertheless, the classical example to keep in mind to have a first
understanding of the following definitions is a sheaf (e.g. of continuous functions)
defined on the poset of open sets D = D(X) in some topological space X.

We first define families with common codomain D:

Definition 88. Let D be a category and let D € D. Then we say that F € Fam(D)
is a family with common codomain D if there exist a set J € Set and families
(Dj);e» (i5) ;¢ 5 such that:
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i) D; —2>DinDforallje ..

(i) F= (Dj SN D) .
jedJ

A coverage is a class of families with a common codomain that is closed with respect

to pullback, in the precise sense stated in the following

Definition 89. Let D be a category, then we say that I' is a coverage on D if:

(i) T :Obj(D) — Set, where Obj(D) is the class of objects of the category D.
(i) VD eD: I'(D) C Fam(D). Families in I'(D) are called covering families of
D.
(iii) If D €D, (Dj 4, D) J € I'(D) is a covering family of D, and ¢ ——
j€
D is an arbitrary arrow of D, then there exists a covering family of C,
(ok LI c) € I'(C) such that
keK

Co 5 ¢

Vke K3j € J3g: \Lg lg (10.1)
(iv) A pair (D,T), of a category and a coverage on it, is called a site.

For example, let “OGC™ be the category of sharply open sets U C * RY (all possible
dimensions v € N are included) and GSF. Let I'(U) contains open coverings and
- e I'(U) if and only if U; € "OGC*, i; : U; — U and
UjesUj =U. Then (’”(’)Qé‘”, T') is a site and property (10.1) holds simply by taking
K = J and Cj := g~ (U;) € "OGC™ as covering family of C, and g := glc,- Note
that these simple steps do not work in the category "SGC™ of strongly internal sets
and GSF because in general ¢g—!(U;) is not strongly internal (only the inclusion
gt ({A2)) C (g1 (AL)) holds). In this case, a general method is to express the
open set g~ *(U;) as a union of strongly internal sets. This implies that we have to
take a different index set K for the covering family Cy — C.
Using the notion of coverage, we can define the notion of compatible family:

Definition 90. Let (D,I") be a site and F' : D°? — Set be a presheaf. Let
F= (Dj SN D)

j€
(fi)jes are compatible on F (rel. F) if the following conditions hold:

(i) f; € F(D;) for all j € J. In this case f; is called a section.
(i) For all g, c and j, h € J, we have

inclusions: (Uj 1—9> U)

p € I'(D) be a covering family of D € D. Then, we say that

C —— Dy
lg l = Flo)f) = F©)(f): (10.2)
Dj L) D

A typical way to apply (10.2) is to construct a sort of intersection object C' =
Dy, N D, and to take as ¢, g the inclusions. Then, if F' = D(—,Y), the equality in
(10.2) reduces to the usual compatibility condition f;|p,np, = falp,nD;-
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We can finally define the notion of sheaf on a site:

Definition 91. Let (D,T") be a site. Then we say that F' is a sheaf on (D,T), and
we write F' € Sh(D,T") if
(i) F:D° — Set (i.e. F is a presheaf).
(i) If F= (Dj BN D) | €T(D) is a covering family of D € D and (f;);es
JjE
are compatible on F (rel. F'), then

\f e F(D)VjeJ: F(ij)(f) = f;. (10.3)
In the classical example of continuous functions on a topological space, F =
C°(—,Y) and the equality in (10.3) becomes f|p, = f;. Note that, even if the cat-

egory of open sets and GSF “OGC™ is a site, example 76 shows that “OGC>(—,Y)
is not a sheaf.

10.2. The category of glueable functions. As we mentioned in the introduction
to Sec. 9, our main aim here is to show that the DCC is strictly related to the
aforementioned definition of sheaf on a site. The strategy we will follow is:

(a) Define a category ’G¢> D "SGC™.

(b) Define a coverage on "G¢*°.

(c) Show that "G¢>°(—,)) is a sheaf using Thm. 85 and hence the DCC.
Intuitively, we already think that a family of strongly internal sets (Uj)je yisa
coverage of the strongly internal set U if, simply, U C |J e Uj;; we also intuitively
think that (f;);es are compatible sections if DCC holds. The following definition
reflects this intuition:

Definition 92. Let "G be the category of glueable families, whose objects are
non empty families (Uj)j ¢ €7GE> of strongly internal sets in some space "R":

J#0, IueNVjeJ: "R* DU, € "SGC™.
We say that
X -5y in rgee
f X = (Uj)jes Y= Vi)her €90 and ¢ = ((fj)jej,a), where:
(i)  The map « € Set(J, H) is called a reparametrization.
(ii) The family of GSF f; € "SGC™(Uj, Va(j)), j € J, satisfies the DCC on
U .= UjEJ Uj.
To state condition (ii) more explicitly, let u, v € N be the dimensions of (Uj),;
and (V)p,cp resp. (i.e. ‘R D U; and ’RY DV, for all j, h), and set V := Uner Va-
Then (ii) asks that there exists (Uj.)jes such that for all K & U there exists

eel
(fije)jes € C*°(R*,RY) such that:
eel

(ii.a) f; = [fje(—)] |y, for each j € J.

(i.b) [f5,e(—)] € "GC(U;NK, V;.qNV) for all j = (j) € [J], where U; := (Uj. ).
Note that I —2— J —%— H and hence J-a = a o] € [H].

(ii.c) [fr.e(=)] = [fr.e(=)] on U;NnU; NK for all 3, h € [J].

Composition and identities in "G¢°° are defined as follows: Let

X—25y-Y 5z in "G (10.4)
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and set X = (Uj)jew VYV = Ve 2 = W)epy v = ((fj)jeJ’a)’ P =
((gh)heH ;). Then

fi E))

Uj Vag) Waayy Vied

N - SN )

and we hence set
oY= ((fj 'ga(j))jeJ,Oé-ﬁ)
L= ((10,),,010) -
The following lemma confirms the correctness of this definition.
Lemma 93. "G(>° is a category.

Proof. We essentially have to prove the closure with respect to composition, i.e. that
(10.4) implies ¢ - ¢ : X — Z in "GL>*°. We implicitly use the notations of the
previous definition. For all K = [K.| € U, we have f; := [f;. -(—)] € "GC>(U; N
K,V;a NV), and hence for 7 € [J] we get f;([U;. . NK.]) = K & Vyu NV.

Using K and 7- o =: h € [H] with the arrow ¢, we obtain g := [g5..(—)] €
'GC>® (Vi NK, Wih.5 N W) for some nets (gne),, .. Therefore

(f3+ 970) l,nx = [9aG) e (f1.e(=))] €°GCZ(U; N K, Wya.s N W).

This shows that condition (ii.b) of Def. 92 holds for ¢ -1 = ((fj 'ga(j))jeJ Q- B)
To prove condition (ii.c) take z = [z.] € U; N U N K, then f;(x) = fi(z) € V5o N
V.o N K and hence g;.« (f3(z)) = g7.o (fi(x)), which is our conclusion. Properties
of identities trivially hold. |

Note that *SGC> C ?G¢>° through the embedding:

U €'8GC™ — (U); € "GL™
fersge>(U, V)= ((f);,1 —1)€r66>((U);,(V)1),

where 1 := {*} is any singleton set. The converse is also possible using the sheaf
Thm. 85: In fact, if <(fj)j€J , a) € "Gr> ((Uj)jeJ ) (Vh)heH)> then the DCC holds
and hence there exists a unique f € “SGC™ (U, V') such that f|y, = f; for all j € J.

If we set gl ((fj>jeJ ,a) := f then

gl(ev) =8l (i o) ey B) = £19) 1 (1)

because setting gl(p) =: f and gl(y) =: g, we have (f-g)|v; = flu, - glv.,, =
Ii * 9a(j), 1-e. the unique GSF obtained by gluing (fj 'ga(j))jeJ is f-g. Finally
gl(lx) = 1y = lgx) and hence gl : "GL> — "SGC™ is a (clearly non injective)
functor.
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10.3. Coverage of glueable functions. We now introduce a coverage on the
category "G{> of glueable families:

Definition 94. Let £ = (W.) .5 € "G¢>*. Then we say that v € I'(€) if there
exists a non empty J € Set such that:

i) ~= ('7j)je.l and v, = ((ih)her‘s) for all j € J.
(i) J 2 S, Eisa surjective map.
(iii) 45 : Dj & Wy for all j € J, where (Dj)jes € "GL> . Because of this

property, § is called a refinement map.
(iv) We=U{D,|6(j)=e, jeJ}foralleckE.

Remark 95.

(i)  Note that the index set J of v = (7;),; is the same used in (i5)}¢ ;. More-
over, the two components of v; do not depend on j € J. This may ap-
pear to be a strange property for a coverage, but note that our intuition

here is guided by viewing the inclusions (D; S W)jes as a coverage of

W :=J.cp We. On the other hand, note that in Def. 92 of glueable families,
in the DCC (ii) we need the whole family (fj)jEJ and not only the single
GSF f;. Similarly, we need to consider the entire family of inclusions (ip ), ;
and not the single 7. For this reason, we cannot directly consider the family

ij . . .
(Dj —— W)jecs, made of single inclusions, as a coverage.

(i)  Condition (iv) implies W = U, ; Dj = U;e s Ws(j)- We will see more clearly
later that this condition allows us to prove the uniqueness part of (10.3).

(iii) If W, # 0 for all e € F, then (iv) directly implies that ¢ has to be a surjective
map.

Theorem 96. T is a coverage on "GL>°.

Proof. From Def. 94(iii) it follows that v; € 7G> ((Dj)jEJ’
Def. 88(i). To prove the closure with respect to pullbacks, take n € *G¢>(C,E),
where C =: (Vo) e and 7 =: ((gc),ec s B)- Since (ge).co satisfies the DCC (see
Def. 92(ii), i.e. Def. 92(ii.a), (ii.b)), we can use Thm. 85 to get

5) , i.e. property

dlg € "GC=(V,W) Ve e C: glv. = ge,

where V' := [J e Ve- We can hence consider g='(D;) and cover it with strongly
internal sets:

Vj € J3H; #B3(Bjn)yey, Vh € Hy = Bjn €°SGC, g (D;) = | Bjn-
heH;

Set Bjpe := B;NV, € "SGC™, K :={(j,h,c) |j€J, h€ H;, c€ C},v: (j,h,c) €
Kwcel, ap: B, —— Vyk), and ay:= ((ak)kEK,y). Then K is non empty
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because C, Hj, J # (), and we have

5= Us-UU U Bu-UvinlJ U Ba-vnlJs o) -

keK c€C jeJ heH; ceC je€J heH; jeJ

=Vng ' |{UD;| =Vng'(D)=Vng ' (W)=V.
jeJ

To prove property (iv) of Def. 94 for the new covering family (o)., take x €
V. C V, so that g(x) € W. Thereby, z € g~!(D;) for some j € .J, and hence
x € Bji C Bjp. for some h € H;. Setting k := (j,h,c) € K, we have v(k) = c and
x € By. This shows that (ax),cx € T'(C). Finally, let (5);1 be any left inverse of
g, ie. (6)1_1 d=1do (5)1_1 = 1p (recall Def. 94(ii)), and setting By, := (Bk)cx»

ii= ((Glm)wer v 8- (O) "), we have

By, — C
ln
£

i.e. the claim Def. 89(iii). O

o
Vke K3j e J3u: lu
D, 7

Definition 97. The category of sheaves "TGC™ := Sh ("G¢>°,T") (and natural trans-
formations as arrows) is called the Grothendieck topos of generalized smooth func-
tions (see e.g. [78, 59, 7] and references therein).

10.4. The sheaf of glueable functions. We are now able to show that the DCC
is the key property to prove the following

Theorem 98. For each Y € "Gl*>®, the functor "GL>°(—,)) is a sheaf on the site
("GL>,T"), i.e. it satisfies Def. 91: "GE>®(—,)) € *TGC™ ("GL>=,T").

Proof. We use the notations of Def. 94. Let (v;);c; = ((ih)hEJ’(s)jeJ e I'¢)

be a covering family and let ¢; = ((ffl)} J,aj) € "Gl>(D;,Y), j € J, be a
3S]

compatible family of sections, where D; := (Dy),c ; =: Do (recall Rem. 95(i) about
the independence from j € J). Note explicitly that by Def. 94(i) the covering
family (7;);c; s indexed by the same set J as its inclusions (in),¢ ;; moreover,

the glueable family ( fi)h y is also indexed by J because by Def. 92, any arrow in
€

the category "G/ is indexed by the same set of its domain which, in this case, is
Dy = (Dh)pey- Set Y =: (Vi) We first want to prove that the compatibility of

sections (gaj)j s allows us to show that both ( ffb) and o do not actually depend
heJ
on j. We therefore take i € J and define Dy N Dy := (Dp N Dk)(h,k)eﬁ € "GL>,

ihk:DhﬁDkC—> Dy, ikhZDhﬁDk(—> Dy, Vl:(h,k?)EJQi—)h€J,

Vo (h,k’) cJ?P—ke J, 1= ((ihk)(h,k)eﬂ ,Vl)7 Lo 1= ((ikh)(h,k)eﬂ ,Vg). The
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compatibility condition (10.2) for the functor *G¢>°(—,)) yields
PG (= V) ()(@5) = "G (=, V) (e2) (1)

; J i) — ; i i
<(lhk : fyl(h,k)>(h7k)eJ2 V1 'OéJ) = <(lkh ) fl/z(h,k))al’k)eJQ yV2 - >

((f;ﬂDka)hk’Vl : Oéj) = ((ftlpanps) v - @)

Thereby, for h = k we get f,JL = f} and, for arbitrary h, k € J, we also have
(v1 - @) (h, k) = (vo - a®)(h, k), i.e. a/(h) = ai(k). This equality, since J # 0,

implies that o = o/ =: a. € L is constant. Therefore, as a consequence of the
compatibility condition, we have that both components of ¢; do not depend on
j € J: our sections can hence be simply written as ¢; =: ((fh)heJ,ac). Note

also that all the GSF f, : D), — V := V,_ have the same codomain. The
glueable family (fp), ., satisfies the DCC because of Def. 92(ii) and we can hence
apply Thm. 85 to obtain a unique f € "GC™ (D, V') such that f|p, = f; for each
j € J, where D = UjeJDj' We can finally set @ : e € E — a. € L and
¢ := ((flw.)eer @) to obtain the existence part of the conclusion:

pggoo(_’y)(’)/j)«p) =7 ¥ = ((f‘Ws(h)ﬂDn)heJ 75 : 6‘) = ((f|Dh)h€J7a) = Pj-

To prove the uniqueness of the glued section, assume that ¢ = (( fe) ,a) €
ecE

PG> (€,Y) is another section such that "G¢>(—, Y)(7,) () = ¢, for all j € J. This
equality gives

((f5(h)|Dh)h€J’5 : 5‘) = ((fn)pes @) (10.5)

Take e € E and = € W, then condition Def. 94(iv) yields the existence of h € J
such that 6(h) = e and x € Dy,. Therefore, using (10.5) we obtain

fe(@) = fsm|puew. (@) = falw. () = flw. (@),
i.e. fo = flw, for all e € E. Finally, (10.5) also gives & = (6);1 Q. O

10.5. Concrete sites and generalized diffeological spaces. In this final sec-
tion, we want to sketch one of the many possibilities that we can start to explore
using the Grothendieck topos “TGC™. The idea is to show that the site ("G£>,T") is
a concrete site. In this way, considering the space of concrete sheaves over this site,
we get a category of spaces that extends usual smooth manifolds but it is closed
with respect to operations such as: arbitrary subspaces, products, sums, function
spaces, etc. (see [58, 62, 7, 34, 37] and references therein for similar approaches).
As above, all the necessary categorical notions will be introduced).

Definition 99. Let D be a category and F': D°® — Set be a functor. Then, we
say that F is representable if F ~ D(—, D) for some D € D. Moreover, if (D,T") is
a site, then we say that (D,T') is a subcanonical site if every representable functor
F is a sheaf F' € Sh(D,T).

Since in Thm. 98 we proved that "G¢>(—,)) is a sheaf, directly from Def. 99 it
follows that (“G¢>°,T') is a subcanonical site.

A concrete site is a site whose objects can be thought of as an underlying set with a
structure. The idea is that if 1 € D is a terminal object, then |D| := D(1, D) € Set
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is the underlying set of D € D and if f : C — D in D, then |f] :=D(1,f) : x €
|C| — x- f = fox € |D| is the set-theoretical map corresponding to the arrow
f. These maps have a natural relation with covering families of I", as stated in the
following

Definition 100. We say that (D,T',1) is a concrete site if:

(i) (D,T') is a subcanonical site.
(i) 1 €D is a terminal object, i.e. 1 € D and VD € D3t € D(D, 1).

D(1,D) =: |D| is called the underlying set of D € D. For f € D(C, D), the map

|f] :=D(1, f) : |C| — |D] is called the function associated to the morphism f.

(iii) The functor D(1,—) : D — Set is faithful, i.e. for all f, g € D(C, D), if
|£1 = lgl, then f = g.

(iv) If (Dj YD

l1.e.:

€ T'(D), then the associated maps trivially cover |D|,

jeJ

U lis1 (1Dal) = DI (10.6)

JjeJ
For example, let us define a terminal object in the category “G¢>° of glueable spaces
as:

1:= ({0}); € "Gt
where 1 = {x}. Note that, if we view R" = Set ({1,...,n},R), then Card (R°) =1
and hence Card ("ﬁo) = Card ((RO)I/ ~p> = 1. Therefore, “R® = {0} is the trivial

ring. It is also a strongly internal set because B;(0) = {:v €R ||z —0| < 1} =
{0}.

What is ¢ € "G¢>*(1, X) = [X] in this case? Set ¢ = ((f)1,a) and X = (Uj),c;,
then a : 1 — J and f : {0} — U,(s), which can be identified with the pair
(f(0),a(*)) € Us(x) x {a(x)}. Therefore,

X =rge=(1,x)~ > U= | U; x {5}
jeJ jed

Similarly, ¢ = (( 1)sers a) € rGr ((Uj)jej : (Vz)leL> can be identified with the
map:

9] = (2,9) € Y Us = (filw),alh)) € Y Vi,

j€T leL

i.e. with the map (z,j) — (f(z),a(j)), where f € "GC™ (UjeJUijleL V}) is ob-
tained by gluing (f;),c ;- This implies condition Def. 100(iii), whereas Def. 100(iv)
follows from Rem. 95(ii):

Theorem 101. ("G¢>,T") is a concrete site.

It is well known that a sheaf F' € Sh(D,I") can be thought of as a generalized space
defined by the information F(D) € Set associated to each test space D € D. The
idea of concrete sheaf is that it is this kind of generalized space defined by an
underlying set of points F'(1). For example, any y € *G¢>°(1,)) can be identified
with the map » {0} x {0} = {(0,0)} — > ,c; Vi, and hence "G¢*(1,)) ~
Sier Vi
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Definition 102. Let (D,T',1) be a concrete site. Then we say that F' is a concrete

sheaf (and we write F' € CSh(D,T, 1)) if:

(i) F esSh(D,T).

(i) Forall s € F(D),let s:p € |D|— F(p)(s) €
s

F(1), then we have
VD eDVs,t e F(D): s=t = s

=1t.

Similarly to what we did above, we can prove that *G¢>°(—,)) is a concrete sheaf.

11. CONCLUSIONS AND FUTURE PERSPECTIVES

Sobolev and Schwartz solved the problem “how to derive continuous functions?”.
Also Sebastiao e Silva (see [100]) solved the same problem without relying on func-
tional analysis at all, but instead using only a formal approach and arriving at an
isomorphic solution. We solved the problem: “how to derive continuous functions
obtaining set-theoretical functions, unrestrictedly composable, extending the usual
classical theorems of calculus and allowing for infinitesimal and infinite values?”.
This second problem doesn’t appear to have a trivial formal solution.

We have shown that GSF theory has features that closely resemble classical
smooth functions. In contrast, some differences have to be carefully considered,
such as the fact that the new ring of scalars “R is not a field, it is not totally
ordered, it is not order complete, so that its theory of supremum and infimum is
more involved (see [33]), and its intervals are not connected in the sharp topology
because the set of all the infinitesimals is a clopen set. Almost all these properties
are necessarily shared by other non-Archimedean rings because their opposites are
incompatible with the existence of infinitesimal numbers.

Conversely, the ring of Robinson-Colombeau generalized numbers * R is a frame-
work where the use of infinitesimal and infinite quantities is available, it is defined
using elementary mathematics, and with a strong connection with infinitesimal and
infinite functions of classical analysis. As proved in [28], this leads to a better un-
derstanding and opens the possibility to define new models of physical systems. We
can hence state that GSF theory is potentially a good framework for mathematical
physics.

As we started to see in Sec. 10.5, the category of concrete sheaves over the
concrete site of gluable families contains the category of strongly open sets and GSF
and hence, also the category of ordinary smooth functions on open sets. In future
works, we will build on this and show that it also contains the category of smooth
manifolds (more generally all diffeological spaces). This opens the possibility to
study singular differential geometry using non-Archimedean methods and, as is
typical of topos theory, interesting connections with logic.

Finally, as we will see in the next two papers of this series ([77, 44]), GSF theory
is also an interesting non-Archimedian framework for the mathematical analysis of
singular non-linear ordinary and partial differential equations.
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