Chapter 1

Unbounded operators on Hilbert spaces

Definition 1.1. Let Hj, Hy be Hilbert spaces and T : dom(T) — Hs be a
densely defined linear operator, i.e. dom(7T) is a dense linear subspace of Hj.
Let dom(7™) be the space of all y € Hy such that x — (Tx,y)2 defines a con-
tinuous linear functional on dom(7T"). Since dom(7’) is dense in H; there exists
a uniquely determined element T*y € Hy such that (Tz,y)2 = (x, T*y)1 (Riesz
representation theorem). The map y +— T*y is linear and T* : dom(T™*) — H;
is the adjoint operator to T
T is called a closed operator, if the graph

G(T)={(f,Tf) € Hi x Hy : f € dom(T)}

is a closed subspace of Hy x Ho.
The inner product in Hy x Hs is

((z, ), (u, ) = (2, u)1 + (y, )2

If V is a linear subspace of H; which contains dom(7) and Tz = Tz for all
z € dom(T) then we say that T is an extension of T.

An operator T with domain dom(T) is said to be closable if it has a closed
extension 7.

Lemma 1.2. Let T be a densely defined closable operator. Then there is a
closed extension T, called its closure, whose domain is smallest among all closed
extensions.

Proof. Let V be the set of x € H; for which there exist z;, € dom(7") and
y € Hy such that limy_,oo 21, = 2 and limy_,e Tz = y. Since T is a closed
extension of T it follows that = € dom(7") and Tz = y. Therefore y is uniquely
determined by x. We define Tx = y with dom(7) = V. Then T is an extension
of T and every closed extension of T is also an extension of 7. The graph of T
is the closure of the graph of T in H; x Hy. Hence T is a closed operator. O

Lemma 1.3. Let Ty : dom(Ty) — Ha be a densely defined operator and
Ty : Hy — Hj be a bounded operator. Then (ToTh)* = Ty Ty, which includes
that dom((T>Th)*) = dom(T5} T7).
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Proof. Note that
dom(7T7 Ty) = {f € dom(T3) : T5(f) € dom(17)}.
Let f € dom(75 T%) and g € dom(7»Ty). Then
(IT 15 f,9) = (15 f, Thg) = (f, T2 Thg),

hence dom (T} T5) C dom((73 11)%).
Now let f € dom((7>T1)*). As T is bounded and everywhere defined on Hs,
and for all g € dom(7>T1) = dom(7) we have

(T2 11)* f,g9) = (f, To Trg) = (T5 f, T1rg).

Hence Ty f € dom(75) and f € dom(T} Ty). ]

Lemma 1.4. Let T be a densely defined operator on H and let S be a bounded
operator on H. Then (T + S)* =T* + S*.

Proof. Let f € dom(T™* + S*) = dom(7™). Then for all ¢ € dom(T + S) =
dom(T") we have

(T"+5)f,9) = (T"f,9) + (57 f,9) = (£, Tg) + (f, S9) = (£, (T + S)g),
hence f € dom((T'+ S)*) and (T'+ S)*f =T*f + S*f.
If fedom((T+ 95)*), then for all g € dom(T + §) = dom(7") we have
((T+5)" = 5°1f, 9) = (£, (T + 5)g) = (f,S9) = (}, T9),
therefore f € dom(7™) and dom((T + S)*) = dom (7™ + S*) = dom(T™). ]

Lemma 1.5. Let T : dom(T) — Ha be a densely defined linear operator and
define V. Hy x Hy — Ho x Hy by V((x,y)) = (y,—x). Then

G(T*) = [V(G(T))]* = V(G(T)");
i particular T* is always closed.

Proof. (y,z) € G(T*) < (Tx,y)2 = (x, )1 for each x € dom(T")
< ((x,Tx),(—2z,y)) = 0 for each z € dom(T) < V7 ((y,2)) = (—z,y) €
G(T)*. Hence G(T*) = V(G(T)*') and since V is unitary we have V* = V!
and [V(G(T))]* = V(G(T)™h).

O

Lemma 1.6. Let T : dom(T) — Ha be a densely defined, closed linear oper-
ator. Then

Hy x Hy =V(G(T)) & G(T7).
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Proof. G(T) is closed, therefore, by Lemma 1.5: G(T*)* = V(G(T)). ]

Lemma 1.7. Let T : dom(T) — Hy be a densely defined, closed linear oper-
ator. Then dom(T™*) is dense in Hy and T** =T.

Proof. Let zLdom(T™). Hence (z,y)2 = 0 for each y € dom(7™). We have
V™l Hy x Hy — Hy x Hy
where V=1 ((y,2)) = (—z,y), and V"1V = Id. Now, by Lemma 1.6, we have
Hy x Hy 2V~ Hy x H) =V Y (V(G(T)) @ G(T*) = G(T) ® VHG(T)).

Hence (z,y)2 = 0 < ((0,2),(—=T*y,y)) = 0 for each y € dom(T*) implies
(0,2) € G(T) and therefore z = T(0) = 0, which means that dom(7™) is dense
n HQ.

Since T and T™ are densely defined and closed we have by Lemma 1.5

G(T) = G(T) = V'G(T)] = G(T™),
where —V ! corresponds to V in considering operators from Hs to Hj. |

Lemma 1.8. Let T : dom(T) — Hz be a densely defined linear operator.
Then kerT* = (imT)*, which means that kerT* is closed.

Proof. Let v € kerT™ and y € imT, which means that there exists u € dom(T")
such that Tuw = y. Hence

(Uay)Q = (UaTU)2 = (T*Uau)l =0,
and kerT* C (imT)*.
And if y € (imT)*, then (y,Tu)y = 0 for each u € dom(T'), which implies
that y € dom(7™*) and (y,Tu)2 = (T™y,u); for each u € dom(T"). Since each
dom(T) is dense in H; we obtain T*y = 0 and (im7T)+ C kerT™*. ]

Lemma 1.9. Let T : dom(T) — Hy be a densely defined, closed linear oper-
ator. Then kerT is a closed linear subspace of Hj.

Proof. We use Lemma 1.8 for 7% and get kerT** = (imT*)~. Since, by Lemma
1.7, T** = T we obtain kerT = (im7*)* and that kerT is a closed linear
subspace of Hj.

O

Lemma 1.10. Let T : Hy — Hs be a bounded linear operator. T(Hy) is
closed if and only if Ty, is bounded from below, i.e.

ITfl = CIfI s Vf € (kerT)*.
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Proof. 1f T(H,) is closed, then the mapping
T : (kerT): — T(Hy)

is bijective and continuous and, by the open-mapping theorem, also open. This
implies the desired inequality.

To prove the other direction, let (fy,), be a sequence in Hy with Tf, — y
in Ho. We have to show, that there exists h € H; with Th = y. Decompose
fn = gn + hn, where g, € kerT and h,, € (kerT)*. By assumption we have

th - hm” < CHThn - Thm” = C”Tfn - Tfm” <€,

for all sufficiently large n and m. Hence (hy,), is a Cauchy sequence. Let
h = lim,,_,o hy,. Then we have

|7 fn = Tl = [ Thy = Thil < T} l2n = A,

and therefore
Y= 1i_>m Tf,=Th.

O

Lemma 1.11. Let T be as before. T(Hy) is closed if and only if T*(Hs) is
closed.

Proof. Since T** = T, it suffices to show one direction. We will show that the
closedness of T'(Hy) implies, that (kerT): = imT™*; since (kerT)* is closed, we
will be finish.
Let x € imT™. Then there exists y € Hy with x = T*y. Now we get for
x’ € kerT that
(w»wl) = (T*yvxl) = (y,Tx’) =0,

hence im7T™* C (kerT)*.
For 2/ € (kerT)* we define a linear functional

ANTzx) = (z,2")

on the closed subspace T'(H;) of Hy. We remark that A is well-defined, since
Tx = T7 implies that x — & € kerT, hence (x — Z,2’') = 0 and (x,2’) = (&, 2').
The operator T' : H; — T'(Hy) is continuous and surjective. Since T'(Hy) is
closed, the open-mapping theorem implies |[v|| < C||Tw||, for all v € (kerT)*
where C' > 0 is a constant. Set y = Tx and write x = u + v, where u € kerT
and v € (kerT)*. Then we obtain

AWl = I(z,2)] = |(v,2))]

lvllll’]

IN



Chapter 1  Unbounded operators on Hilbert spaces )

< C|IToll] |
= C|T=||||«'|
= Clylll="l-

Hence A is continuous on im7'. By the Riesz representation theorem, there exists
a uniquely determined element z € im7T with

/\(y) = (yyz)Q = (IE,IL‘/)l.

This implies (y, 2)2 = (Tx, 2)2 = (x,T*2)1 = (z,2')1, for all x € Hy, and hence
¥ =T*z € imT™*. m]

Lemma 1.12. Let T : Hi — Hs be a densely defined closed operator. imT is
closed in Hs if and only if T|dom(T)m(kerT)L 18 bounded from below, i.e.

1T = ClfIl , Vf € dom(T) N (kerT)™*.

Proof. On the graph G(T') we define the operator T({f,Tf}) = Tf and get a
bounded linear operator

T:G(T) — Ho,
since )
ITEL TN =TS < AP+ 1T APV = [1{F TS

and im7 = imT.
By Lemma 1.10, im7 is closed if and only if T‘(kerf)i is bounded from below.

We have kerT = kerT'@{0}, and it remains to show that T| (kerT)L is bounded

from below, if and only if T|dom(T)m(kerT)l is bounded from below. But this
follows from

IT{LTIDN = T = CUFIP + 1T 1),

and hence, for 0 < C' < 1,

02
ITf|* >

> = 1P,

O

Lemma 1.13. Let P,QQ : H — H be orthogonal projections on the Hilbert
space H. then the following assertions are equivalent

(i) im(PQ) is closed;

(ii) im(QP) is closed;

(iii) im(I — P)(I — Q) is closed;

(i) P(H) + (I —Q)(H) is closed.
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Proof. (i) and (ii) are equivalent, since QP = Q*P* = (PQ)* and Lemma 1.11.
Suppose (ii) holds and let (f,), and (gn), be sequences in H with Pf, +
(I — Q)gn — h. Then

QP fn+ I —Q)gn) = QPfn — Qh.

By assumption, im(QP) is closed, hence there exists f € H with QPf = Qh;
it follows that Qh = Pf — (I — Q)(Pf) and

h=Qh+(I-Qh = Pf—(I-Q)Pf)+{-Q)h
= Pf+{I-Q)(h—Pf)e P(H)+(I-Q)(H),

which yields (iv).
If (iv) holds and (fy), is a sequence in H with QP f, — h, we get

QPfo=Pfn— (I -Q)Pfn € P(H)+ (I - Q)(H).
Hence there exist f,g € H with h = Pf + (I — Q)g; and it follows that
Qh=Q(lim QPf,) = lim Q*Pf, =h,

and
h=Pf+(I-Q)g=Qh=QPf€im(QP),

therefore (ii) holds.
Finally, replace P by I — P and @ by I — (). Then, using the assertions proved
so far, we obtain the equivalence

im(I — P)(I — Q) closed < (I — P)(H) 4+ Q(H) closed,
which proves the remaining assertions. m]

At this point, we are able to prove Lemma 1.11 for densely defined closed
operators.

Proposition 1.14. Let T : Hi — Hs be a densely defined closed operator.
i is closed if and only if imT™ is closed.

Proof. Let P : Hy x Hy — G(T) be the orthogonal projection of Hy; X Ho
on the closed subspace G(T') of Hy x Hs, and let Q : H; x Hy — {0} x Hy
be the canonical orthogonal projection. Then im7 = im@ P and since I — @ :
Hy x Hy — Hy X {0} and

I—P:H x Hy— G(T)* =V(G(T")) = G(T*)

we obtain the desired result from Lemma 1.13. O
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Proposition 1.15. Let T' : Hy — Hsy be a densely defined closed operator
and G a closed subspace of Hy with G O imT. Suppose that T*‘dom(T*)ﬂG i
bounded from below, i.e. ||f|| < C|T*f|| for all f € dom(T*) NG, where C >0
is a constant. Then G = imT.

Proof. We have kerT* = (imT)*. Since imT C G, it follows that ker7™* D
G+. If G+ is a proper subspace of kerT*, then G NkerT* # {0}, which is
a contradiction to the assumption that T*ldom(T*)ﬂG is bounded from below.

Hence kerT* = G+ and

G =Gt = (kaT*)t = imT*Ht = (imT).

In addition we have

T gomrne = T ldom(T*)n(kerT*)-

and, by Lemma 1.12 we obtain, that im7T™ is closed. By Proposition 1.14 , imT
is also closed and we get that G = imT. m|

Remark 1.16. The last proposition also holds in the other direction: if T :
H; — H> is a densely defined closed operator and G is a closed subspace of
Hy with G = imT, then T*|d0m(T*)mG is bounded from below. Since in this
case G = imT, we have that imT is closed and hence, by Lemma 1.14, imT™
is also closed. Therefore, Lemma 1.12 and the fact that G = (ker7*)* implies
that T™| 4o (r+)ng is bounded from below.

Proposition 1.17. Let T : Hy — Hsy be a densely defined closed operator
and let G be a closed subspace of Hy with G 2 imT'. Suppose that T*| 4., cpnc
is bounded from below. Then for each v € Hy with v L kerT there exists
fedom(T*)NG with T*f = v and || f|| < C||v|.

Proof. We have kerT = (im7*)*, hence v € (kerT)* = imT*. In addition
G+ C (imT)l = kerT™* and therefore

T |gom (g = W1,
this means that im7T* is closed and that for v € (ker)™ = imT™ there exists

f € dom(T*) NG with T* f = v. The desired norm-inequality follows from the
assumption that T dom(T+)nc 18 bounded from below. |

In the following we introduce the fundamental concept of an unbounded
self-adjoint operator, which will be crucial for both spectral theory and its
applications to complex analysis.
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Definition 1.18. Let T : dom(7') — H be a densely defined linear operator.
T is symmetric if (Tz,y) = (x,Ty) for all z,y € dom(T). We say that T
is self-adjoint if T is symmetric and dom(7T") = dom(7T*). This is equivalent to
requiring that 7" = T and implies that 7" is closed. We say that 7" is essentially
self-adjoint if it is symmetric and its closure T is self-adjoint.

Remark 1.19. (a) If T is a symmetric operator, there are two natural closed
extensions. We have dom(7') C dom(7™) and 7% = T on dom(T"). Since T is
closed (Lemma 1.6), T* is a closed extension of T, it is the maximal self-adjoint
extension. T is also closable, by Lemma, 1.2, therefore T exists, it is the minimal
closed extension.

(b) If T is essentially self-adjoint, then its self-adjoint extension is unique. To
prove this, let S be a self-adjoint extension of T. Then S is closed and, being
an extension of T, it is also an extension of its smallest extension 7. Hence

TcS=S5"c(T) =T,
and S =T.

Lemma 1.20. Let T be a densely defined, symmetric operator.

(i) If dom(T) = H, then T is self-adjoint and T is bounded.

(ii) If T is self-adjoint and injective, then im(T) is dense in H, and T~ is
self-adjoint.

(i) If im(T') is dense in H, then T is injective.

(iv) If im(T) = H, then T is self-adjoint, and T~ is bounded.

Proof. (i) By assumption dom(7T") C dom(T™*). If dom(7T) = H, it follows that T
is self-adjoint, therefore also closed (Lemma 1.5) and continuous by the closed
graph theorem.

(ii) Suppose yLIm(7T). Then = — (Tx,y) = 0 is continuous on dom(T),
hence y € dom(7™) = dom(7T), and (x,Ty) = (Tx,y) = 0 for all z € dom(7).
Thus Ty = 0 and since T is assumed to be injective, it follows that y = 0. This
proves that Im(7") in dense in H.

T~! is therefore densely defined, with dom(7~!) = im(T"), and (T~!)* exists.
Now let U : H x H — H x H be defined by U((x,y)) = (—y,z). It easily
follows that U? = —I and U?(M) = M for any subspace M of H x H, and
we get G(T—1) = U(G(~T)) and U(G(T7')) = G(~T)). Being self-adjoint, T
is closed; hence —T is closed and T~ is closed. By Lemma 1.6 applied to 7!
and to —T we get the orthogonal decompositions

HxH=UGT ) ag(T))

and

HxH=U(@G(-T)®G(-T))=g(T )@ U@GT™")).
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Consequently
GUT ) =[UGT NI =6(T),
which shows that (T—1)* = T-1.

(iii) Suppose Tz = 0. Then (z,Ty) = (Tz,y) = 0 for each y € dom(7"). Thus
xLim(T'), and therefore x = 0.

(iv) Since im(7T) = H, (iii) implies that 7 is injective, dom(T~') = H. If
x,y € H, then x = Tz and y = Tw, for some z € dom(7T') and w € dom(T), so
that

(T z,y) = (2, Tw) = (Tz,w) = (z, T 'y).
Hence T1 is symmetric. (i) implies that 7! is self-adjoint (and bounded),
and now it follows from (ii) that 7' = (T~!)~! is also self-adjoint. O

Lemma 1.21. Let T be a densely defined closed operator, dom(T) C Hy and
T : dom(T) — Hs. Then B = (I + T*T)™! and C = T(I + T*T)~! are
everywhere defined and bounded, ||B| < 1, ||C|| < 1; in addition B is self-
adjoint and positive.

Proof. Let h € Hy be an arbitrary element and consider (h,0) € Hy x Hy. Form
the proof of Lemma 1.7 we get

Hy x Hy = G(T) & V1(G(T")), (1.1)
which implies that (h,0) can be written in a unique way as

(h’ 0) = (f7 Tf) + (_T*(_g)v _g)a

for f € dom(T) and g € dom(T™), which gives h = f +T*g and 0 = T'f — g.
We set Bh := f and Ch := g. In this way we get two linear operators B and C'
everywhere defined on Hi. The two equations from above can now be written
as

I=B+T*C, 0=TB-C,

which gives
C=TB and IT=B+T*TB=(I+T"T)B. (1.2)

The decomposition in (1.1) is orthogonal, therefore we obtain
RI1Z = 1A, )1 = I (f, THIP+ (T g, =) 1> = IFIP+IT £+ 1Tl + 11911,

and hence
BRI+ ICAI* = L £I* + llgll® < [|1n]1?,

which implies ||B]| <1 and ||C|| < 1.
For each u € dom(T*T') we get

(I +TT)u,u) = (u,u) + (Tu, Tu) > (u,u)
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hence, if (I +T*T)u = 0 we get u = 0. Therefore (I +T*T)~! exists and (1.2)
implies that (I + T*T)~! is defined everywhere and B = (I +T*T)~!. Finally
let u,v € Hy. Then

(Bu,v) = (Bu, (I + T*T)Bv) = (Bu, Bv) + (Bu, T*T Bv)
= (Bu, Bv) + (I""TBu, Bv) = ((I + T*T)Bu, Bv) = (u, Bv)

and
(Bu,u) = (Bu, (I + T*T)Bu) = (Bu, Bu) + (T'Bu, TBu) > 0,
which proves the lemma. m|

Finally we describe a general method to construct self-adjoint operators asso-
ciated with Hermitian sesquilinear forms. This leads to a self-adjoint extension
of an unbounded operator, which is known as the Friedrichs extension.

Definition 1.22. Let (V,||.||y) and (H,||.||z) be Hilbert spaces such that
YV CH, (1.3)
and suppose that there exists a constant C' > 0 such that for all w € V we have
lullg < Clully. (1.4)

We also assume that V is dense in H.

In this situation the space H can be imbedded into the dual space V' : for
h € H the mapping
L(u) = (u,h)g , forueV

is continuous on V, this follows from (1.4):
1L(w)] < Julullbla < Clhllluly.
Hence there exists a uniquely determined v, € V' such that
vp(u) = (u,h) g , for u eV,
and the mapping h — vy, is injective, as V is dense in H.

Definition 1.23. A form a : V x V — C is sesquilinear, if it is linear in
the first component and anti linear in the second component. The form a is
continuous if there exists a constant C' > 0 such that

|a(u, v)| < Cllully [Jv]lv (1.5)
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for all u,v € V and it is Hermitian if

a(u,v) = a(v,u)

for all u,v € V.
The form a is called V-elliptic if there exists a constant « > 0 such that

la(u, u)] > al|ull} (1.6)
for all w € V.

Proposition 1.24. Let a be a continuous, V-elliptic form on V x V. Using
(1.5) and the Riesz representation theorem we can define a linear operator

AV —YV

such that
a(u,v) = (Au,v)y. (1.7)

This operator A is a topological isomorphism from V onto V.

Proof. First we show that A is injective: (1.7) and (1.6) imply that for v € V
we have
lAullyllully > [(Au, w)v| > allull3,

hence
|Aully > allully, (1.8)

which implies that A is injective.

Now we claim that A(V) is dense in V. Let u € V be such that (Av,u)y =0
for each v € V. Taking v = u we get a(u,u) = 0 and, by (1.6), u = 0, which
proves the claim.

Next we observe that (1.7) implies a(u, Au) = ||Au||3, therefore, using (1.5),
we obtain [|A(u)|ly < C|lully, hence A € L(V). If (vy,), is a Cauchy sequence
in A(V) and Au, = v,, we derive from (1.8) that (u,), is also a Cauchy
sequence. Let u = lim,_, o u,. We know already that A is continuous, therefore
lim,,—, 0 Auy, = Au, which shows that lim,— v, = v = Au and A(V) is closed.
As we have already shown that A(V) is dense in V, we conclude that A is
surjective.

Finally (1.8) yields that A~! is continuous.

O

Proposition 1.25. Let a be a Hermitian, continuous, V-elliptic form on )V xV
and suppose that (1.3) and (1.4) hold. Let dom(S) be the set of all uw € V such
that the mapping v — a(u,v) is continuous on V for the topology induced by H.
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For each w € dom(S) there exists a uniquely determined element Su € H such
that
a(u,v) = (Su,v)g (1.9)

for each v € V (by the Riesz representation theorem,).
Then S : dom(S) — H is a bijective densely defined self-adjoint operator
and S~' € L(H). Moreover, dom(S) is also dense in V.

Proof. First we show that S is injective. For each u € dom(S) we get from
(1.6) and (1.4) that

allullly < Callully < Cla(u,u)]
= Cl(Su,w)u| < C||Sulla|ull#,

which implies that
allullg < C||Sulla, (1.10)

for all u € dom(S), therefore S is injective.
Now let h € H and consider the mapping v +— (h,v)g for v € V. Then, by
(1.4), we obtain

()| < [[Pllalolla < Cllalallvllv,

which implies that there exists a uniquely determined w € V such that (h,v)g =
(w,v)y for all v € V. Now we apply Proposition 1.24 and get from (1.7) that
a(u,v) = (w,v)y, where u = A~lw. Since a(u,v) = (h,v)y for each v € V, we
conclude that u € dom(S) and that Su = h, which shows that S is surjective.

Suppose that (u,h)g = 0 for each v € dom(S). As S is surjective, there
is v € dom(S) such that Sv = h and we get that (u,Sv)y = 0 for each
u € dom(S). Using the V-ellipticity (1.6) we get for u = v that

0= (Sv,0)n = a(v,v) > ajv]},

which implies that v = 0 and consequently h = 0. Therefore we have shown
that dom(S) is dense in H.
As a(u,v) is Hermitian, we get for u,v € dom(S) that

(Su,v)g = a(u,v) = a(v,u) = (Sv,u)g = (u, Sv)q.

Hence S is symmetric and dom(S) C dom(S*). Let v € dom(S*). Since S is
surjective, there exists vy € dom(S) such that Svg = S*v. This implies

(Su,vo0) g = (u, Svo) g = (u, S*™v) g = (Su,v)q,

for all u € dom(S). Using again the surjectivity of S, we derive that v = vy €
dom(S). This implies that dom(S) = dom(S*) and that S is self-adjoint.
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Finally we show that dom(S) is dense in V. Let h € V be such that (u, h)y =
0, for all u € dom(S). By Proposition 1.24 there exists f € V such that Af = h.
Then

0=(u,h)y = (u,Af)y=(Af u)y

= a(f,u) =alu, f) = (Su, f)g.

S is surjective, therefore we obtain f =0 and h = Af = 0. |



Chapter 2

Distributions and Sobolev spaces

Definition 2.1. Let Q C R"™ an open subset and D(Q) = C3°(Q) the space of
C*°-functions with compact support (test functions).

A sequence (¢;); tends to 0 in D(Q) if there exists a compact set K C Q
such that supp¢; C K for every j and

alelg

N
Oz{' ... 0xy"

uniformly on K for each a = (a1, ..., ).
A distribution is a linear functional u on D(Q) such that for every compact
subset K C Q there exists k € Ng = NU {0}and a constant C' > 0 with

olel
P <C Z sup O

a1 a
o KszK a .0z Tn"

)

for each ¢ € D(Q) with support in K. We denote the space of distributions on
Q by D' (Q).

It is easily seen that u € D'(Q) if and only if u(¢;) — 0 for every sequence
(¢5); in D(Q) converging to 0 in D(Q).

Example 2.2. 1. Let f € L}, (Q), where
L},.(Q) ={f:Q — Cmeasurable : f |g€ L'(K)VK C Q, K compact}.
The mapping T¢(¢) = [ f(x)p(x) dX(x) , ¢ € D(Q), is a distribution.

2. Let a € Q and 64(¢) := ¢(a), which is the point evaluation in a. The
distribution ¢, is called Dirac Delta distribution.

In the sequel, certain operations for ordinary functions, such as multiplication
of functions and differentiation, is generalized to distributions.

Definition 2.3. Let f € C*°(Q) and u € D'(Q). The multiplication of u with
f is defined by (fu)(¢) := u(f) for ¢ € D(Q). Notice that f¢ € D(Q).
For u € D'(R") and f € D(R") the convolution of u and f is defined by

(ux f)(@) = uly = f(x —y)),
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which is a C*-function. If u = T} for some locally integrable function g it is
the usual convolution of functions

(T,  f)(x) = / g(0) (& — y) dA(w) = (g% )(x).

Q
Let o
0 a'“
Dy=— and D= ————
M Oxy ozt oxn
where « = (g, . .., @) is a multi-index. The partial derivative of a distribution

u € D'(Q) is defined by
(Du)(¢) := —u(Dyo), ¢ € D(Q);
higher order mixed derivatives are defined as
(D*u)(¢) == (-1)*lu(D*¢), ¢ € D(Q).

This definition stems from integrating by parts:
[@epoar=— [ 1ow)ar
Q Q

where f € C1(Q) and ¢ € D(Q).
For an appropriate description of the appearing phenomena we will use fur-
ther Hilbert spaces of differentiable functions - the Sobolev spaces.

Definition 2.4. If Q is a bounded open set in R", and k is a nonnegative
integer we define the Sobolev space

WEQ) = {f e L*(Q) : 9°f € L}(Q), |a| < k},

where the derivatives are taken in the sense of distributions and endow the
space with the norm

1/2
flea= |3 [loPar| . 2.1)
ol <k 79
where o = (a1,. .., @) is a multiindex , |a] = Z;L:1 a; and

alel f

Ao Ao
Oxi" ... 0xy"

o°f =

WE(Q) denotes the completion of C3°(Q) under W¥(Q)-norm. Since C§°(Q)
is dense in L?(Q), it follows that W(Q) = W%(Q) = L?(Q). Using the Fourier
transform it is also possible to introduce Sobolev spaces of non-integer exponent.
(See [1, 5].)
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In general a function can belong to a Sobolev space, and yet be discontinuous
and unbounded.

Example 2.5. Take Q = B the open unit ball in R", and
u(z) =lz|™* , ze B,z #0.

We claim that u € W(B) if and only if o < 252
First note that u is smooth away from 0, and that

— QT
'U/xj(.’L') = |{I;|T+]2 5 ZE#O

Hence

o
|Vu(z)| = el , x#0.

Now, recall the Gauft-Green -theorem: for a smoothly bounded w C R™ we
have

[V F@ e = [ (Fa)v@)dota),

where v(z) = Vr(zx) is the normal to bw at z, and F is a C' vector field on w,

and
Z 3171

(see [4])
Let ¢ € C°(B) and let B¢ be the open ball around 0 with radius € > 0. Take
w =B\ B, and
F(z) = (0,...,0,u$,0,...,0),

where u¢ appears at the j-th component. Then
[ @) o @) == [ @) s, ) @)+ | ul)ola)r o) doo)
B\B. B\B. bB.

where v(z) = (v1(2),...,vy(x)) denotes the inward pointing normal on bB,. If
a < n—1, then |Vu(z)| € L*(B), and we obtain

18lloc /bB e do(z)

< Ce i,

IN

/ w(2)d(2)v; () do(z)
bB.

as € — 0. Thus

/ u(z) g, (z) dA(z) = — / g, () B(2) AN (2)
B B
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for all ¢ € C3°(B). As
«

|x|a+1

[Vu(z)| = € L*(B)
if and only if 2(a + 1) < n we get that u € W(B) if and only if a < 252.

Before we proceed we verify properties of weak derivatives, which are obvi-
ously true for smooth functions. As functions in Sobolev spaces are not neces-
sarily smooth, we must always rely upon the definition of weak derivatives.

Proposition 2.6. Assume u,v € W(Q), |a| < k. Then
(i) D € WF1l(Q) and for multiindices o, B with |o| 4 |B| < k we have

DP(D%) = D*(DPu) = D Pu.

(ii) If w is an open subset of Q, then u € WF(w).
(iii) If ¢ € C3°(Q), then pu € WF(Q) and

D*(¢u) = (g) DP¢ D Pu,
BLa

al

/LUheT’e (g) - W

Proof. To prove (i), fix ¢ € C°(Q). Then D?¢ € C§°(Q), and

/ Du(z) DPp(z) d\(z) = (—1)1 / u(x) DB () dA(z)
Q Q

Hence D?(D%u) = DAy in the weak sense.
We omit the easy proof of (ii).

For (iii) we use induction on |«|. Suppose first that |a| = 1. Take any ¢ €
C3° (). Then

/ o(2)u(x) D) dA(z) = / () D® () () — () (D) b () dA ()
Q Q

= —/Q(cb(x)D%(:U) + u(@)D¢(x))(x) dA(x).

Therefore D(¢pu) = ¢D% + uD%@, as required. The induction step is carried
out in a similar way.
0O
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Proposition 2.7. Let k € N. Then W*(Q) is a Hilbert space.

Proof. Tt is clear that the norm of W¥(Q) stems from an inner product. To
prove the completeness, let (uy,)m be a Cauchy sequence in W¥(Q). Then for
each multiindex a with |o| < k, the sequence (D%, ), is a Cauchy sequence
in L?(Q). Since L?(Q) is complete, there exist functions u, € L?(Q) such that

D%Up, — uq in L*(Q).

In particular, w, — u(, . o) = u in L*(Q).

Now we claim that v € W¥#(Q) and D% = u, for |a| < k. Fix ¢ € C°(Q).
Then, by Cauchy-Schwarz,

|/Q(U($) = um (2)) DG(x) dA(@)| < [lu = uml2 [[D 0|2,
where || . ||2 denotes the norm in L?(Q). Hence

/Q w(@)DO¢(x)dNz) = Tim [ wm(z)D(x)d\()

m—o0

Q
= lim (—1) /Q D%y, () () AN ()

m—0o0

= (-1 /Q a(z) B(x) dA(z),

which proves the claim. Since D%u,, — D% in L?(Q) for all |a| < k, we see
that u, — u in W*(Q). O

In the following we discuss two important examples: the Cauchy-Riemann
equations and the Laplace equation:

Definition 2.8. Let Q C C” be a domain.

Lion(Q) i={u=) ujdz; : u; € [*(Q) j=1,...,n}
=1

is the space of (0, 1)- forms with coefficients in L?, for u,v € L%O 1)(9) we define
the inner product by

n

(u,v) = Z(uj’vj>'

=1

In this way L%071>(Q) becomes a Hilbert space. (0,1) forms with compactly
supported C* coeflicients are dense in L%O 1)(Q).
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Definition 2.9. Let f € C5°(Q) and set
— " af
af = E —dz;
! Jj=1 0z o

then B
9:C50(Q) — Ly 1y(Q).

0 is a densely defined unbounded operator on L?(Q). It does not have closed
graph.

Definition 2.10. The domain dom(d) of 8 consists of all functions f € L*(Q)
such that df, in the sense of distributions, belongs to L(20 1) (Q),ie. Of =g =

>_j-19jdz;, and for each ¢ € C5°(Q) we have

o0\ .\ _ = -
/Qf<azj> A\ — /Qg]¢dA,j_1,...,n. (2.2)

It is clear that C§°(Q) C dom(d), hence dom(d) is dense in L?*(Q). Since
differentiation is a continuous operation in distribution theory we have

Lemma 2.11. 9 : dom(d) — L%O 1)(9) has closed graph and Kerd is a closed
subspace of L*(Q).

Proof. We use the arguments of the proof of Proposition 2.7: let (fx)r be a
sequence in dom(d) such that fr — f in L*(Q) and df; — g in L(QOJ)(Q). We

have to show that of = g. From the proof of Proposition 2.7 we know that
Ofy — Of as distributions. As df, — g in L?, |, (Q), it follows that f € dom(0)

(0,1)
and Of = g.
Now we can apply Lemma 1.9 and get that Kerd is a closed subspace of
L3 (Q). o

Example 2.12. For the Laplace operator

n
H?
A =— o3
j=1 i
we extend its domain as
dom(—A) = {f € L*(R") : D*f € L*(R"), |a| < 2} = W*(R?),
and obtain, by a similar reasoning as before, a closed operator from dom(—A)
to L?(R™), which is in addition symmetric and positive, since we have

n

(=Au,u) = Z (Dju, Dju),

J=1
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for u € dom(—A).

Next we approximate solutions of a first order differential operator by regu-
larization using convolutions. For this purpose the following generalization of
Minkowski’s inequality is useful.

Lemma 2.13. Let F : R" x R™ — R be a nonnegative measurable function.
Then

[ ([ Fepdwraw?< [ ([ Peptaw) oo, @)

where we suppose that the right side is finite.

Proof. We use the duality for L2-spaces:

112 =supl] | 1) 5@ dx@) < all2 = 1} (24)
where f € L2(R").
Let
f@) = [ P
Then

e = (] (] Pl dxm)axa)
— sl [ [ Py e @) )

= swll [ [ )i e dw)l - lol)
[ (] Py ax) 2 ax),

where we used the Cauchy-Schwarz inequality in the last step.

IN

O

To begin with we define for a function f on R™ and x € R™ the function f,

to be f(y) = flz +y).
Lemma 2.14. If f € L?*(R"), then lim,_q || f — fll2 = 0.

Proof. If g is continuous with compact support, then g is uniformly continuous,
S0 g, — ¢ uniformly as x — 0. Since g, and g are supported in a common
compact set for |z| < 1, it follows that ||g. — gl — 0. Given f € L*(R")
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and € > 0, choose a continuous function g with compact support such that
IIf = gll2 < €/3. Then also || fz — gz|l2 < €/3, so

1o = fll2 < fe = gall2 + llgz — gll2 + [lg = fll2 < llg= — gll2 + 2¢/3.

For |z| sufficiently small, ||g. — g|l2 < €/3, hence ||f. — f|l2 < €.
O

Let x € C§°(R™) be a function with support in the unit ball such that x >0
and

/n x(x)d\(z) = 1.
We define x.(z) = ¢ "x(x/€) for € > 0. Let f € L?*(R") and define for z € R"
Je(@) = (fxxd)(@) = o F@)xe(z — a') dA(2)
= fl@ —a")xe(a') dA(2")

Rn

= f@ — ex')x() dA ().
R‘n

In the first integral we can differentiate under the integral sign to show that
fe € C®(R™).

The family of functions (x.). is called an approximation to the identity.

Lemma 2.15. | fe — fll2 — 0 as e — 0.

Proof.
fole) — f(z) = / [F(x - ex') — f(2)] x(z') dA().

n

We use Minkowski’s inequality (2.3) to get

o= flle < [ 1= fllaIx(a)|aA),

But || f_exr — f]|2 is bounded by 2|| f]]2 and tends to 0 as € — 0 by Lemma 2.15.
Now set

FE(:E/) = |feexr = fll2 X(:L‘/).
Then Fe(2') — 0 as € — 0 and

|[Fe(2)] < 2/ fll2 x(2"),

and we can apply the dominated convergence theorem to get the desired result.
O
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If u € C§°(R™) we have
Dj(uxe) = (Dju) * Xe,

where D;j = §/0x;. This also true, if u € L>(R™) and Dju is defined in the sense
of distributions. We will show even more using these methods for approximating
a function in a Sobolev space by smooth functions.

Let Q C R™ be an open subset and let

Q. = {z € Q: dist(z,bQ) > €}.
Lemma 2.16. Let u € Wk(Q) and set ue = u * Xe in Q. Then
(i) ue € C*°(Qe), for each € > 0,
(11)DYue = D%u % xe in Q., for |a| < k.
Proof. (i) has already been shown.
(ii) means that the ordinary a!’-partial derivative of the smooth functions

ue is the e-mollification of the at?-weak partial derivative of u. To see this, we
take z € Q. and compute

Du(x) = D° /Q u()xe( — ) dA(y)
= /Q Dy xe(z — y)uly) dA(y)

— _1\lel @ r—UYlu .

(-1) /Q DX — y)uly) dA(y)

For a fixed z € Q. the function ¢(y) := x.(x — y) belongs to C>*(Q). The
definition of the a'?-weak partial derivative implies

[ Dyt = vt ax) = (107 [ xea ) DUul) ar),
Q Q
Thus

Du(z) = (~1)allal /Q xel& = ) D*u(y) dA(y)
= (D% * xe)(x),

which proves (ii).

We are now ready to prove
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Lemma 2.17 (Friedrichs’ Lemma). If v € L*(R™) with compact support and a
is a C'-function in a neighborhood of the support of v, it follows that

laD;(v * xe) — (aDjv) * Xel]2 = 0 as e — 0,
where Dj = 0/0x; and aDjv is defined in the sense of distributions.
Proof. If v € C§°(R™), we have
Dj(v*xe) = (Djv) * Xe = Djv , (aDjv) * xe = aDjv,
with uniform convergence. We claim that
aD;(v % x0) — (@Dy0) * xell2 < Cllola, 25)

where v € L?(R") and C is some positive constant independent of € and v.
Since C§°(R™) is dense in L?(R™), the lemma will follow like in the proof of
Lemma 2.15 from (2.5) and the dominated convergence theorem.

To show (2.5) we may assume that a € C}(R"), since v has compact support.
We have for v € C°(R"),

a(2)D;(0 % x0)(x) — (aDyv) * xo)(x)
ov
= a(@)D; [ oe - yxv)axy) - [ ata- )
~ (@)~ ale - ) e~ xeln) dXG)
J
. / (alz) - a(x — ) 22

dy;
- /@@g_qx—wwu—yggﬂadew

(z —y)xe(y) dA(y)

/(éédxw>MxWM@ﬁM@)

Let M be the Lipschitz constant for a such that |a(z) — a(x —y)| < M|y|, for
all x,y € R". Then

la(2)Dj(v * xe) (x) = ((aDjv) * xe) ()]

<M / oz — )] (xe(w) + yfwxe<y>|> dA(y).

By Minkowski’s inequality (2.3) we obtain

0
laD;(v# x0) — (@Dsv) # xells < M [[o] / (el + 5, )
J
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= M(1+mj)lvl,
where

mj =/Iyaaije(yﬂdy:/Iy;%x(yﬂdk(y)

This shows (2.5) when v € C5°(R™). Snce C5°(R") is dense in L?(R™), we have
proved (2.5) and the lemma. O

Lemma 2.18. Let

n
L= Z a;Dj + ag
j=1

be a first order differential operator with variable coefficients where a; € CH(R™)
and ag € C(R™). If v € L*(R™) with compact support and Lv = f € L*(R")
where Lv is defined in the distribution sense, the convolution v. = v * X, 1S in
Ce°(R™) and ve — v, Lve — f in L2(R™) as e — 0.

Proof. Since agv € L*(R™), we have
!i_r)l(l] ap(v * xe) = E11_1}1}]((107) * Xe) = QU
in L?(R™). Using Friedrichs’ Lemma 2.17, we have
Lve — Lv s xe = Lve — fxxe = 0

in L2(R") as € — 0. The lemma follows easily since f * x. — f in L2(R").
O

Before we proceed with results about Sobolev spaces we prove an important
inequality for the sgn-function.
Let z € C. Define

Z/|z| z2#0
sgnz =
0 z=0.

Proposition 2.19. Suppose that f € L}, (R") with Vf € L} (R"). Then

loc
VIf] € Lie(R")

and
VI fl(x) = Rlsgn(f(x)) V f ()] (2.6)

almost everywhere. In particular, we have
VI < V£, (2.7)

almost everywhere.
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Proof. Let z € C and € > 0. We define

|z]le .= V|22 + €2 —¢€

and observe that
0 <|zle <|z| and lim |z|. = |z].
e—0

If u € C*°(R™), then |u|. € C®°(R") and as |u|?> = uu we get

R(uVu)

Now let f be as assumed, take an approximation to the identity (ys)s and
define

Viule = (2.8)

fs = [f*xs

By Lemma 2.14, Lemma 2.15 and Lemma 2.16, we obtain that fs — f, |fs| —
|f], and Vfs — Vf in L (R") as § — 0.

Let ¢ € C3°(R™) be a test function. There exists a subsequence d; — 0 such
that f5, (z) — f(x) for almost every = € supp¢. For simplicity we omit the

index k now. Using the dominated convergence theorem and (2.8) we get

Jwoylsian = tim [(vo)ls.ax

— limtim [ (Vo) £l A
= —lim lim RV g

€—035—0 ¢ VIfs]2 + €2

Since V f5 — Vf in L _(R™), we get taking the limit § — 0 that

R(FV)
Vo)lrlar =t [ o el an
/ VI +é
and since ¢V f € LY(R™ and f/+/|f|> + €2 — sgnf as e — 0 we get the desired
result by applying once more dominated convergence. m|

In the sequel we still use the methods from above for approximating a function
in a Sobolev space by smooth functions. In a similar way as in the last lemma
one gets

Lemma 2.20. If u € W*(Q), then ue — u in W[ _(Q), as € — 0, this means
that this happens in each space W¥ (w), where w is an open subset with w CC Q.

Using a smooth partition of unity we still show that one can find smooth
functions which approximate in the W*(Q), and not just in W/ _(Q).
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Lemma 2.21. Let Q C R" be a bounded open set and let u € WF(Q). Then
there exist functions uy, € C®°(Q) N WH(Q) such that u, — u in WF(Q).

Note that we do not assert that u,, € C*°(Q).
Proof. We write Q = (J7Z, w;, where
wj = {r € Q:dist(z,bQ) > 1/5} , j=1,2,....

Set Uj := wjt3 \ Wjt1, and choose any open set Uy CC Q so that Q = U;’io Uj.
Let (¢;); be a smooth partition of unity subordinate to the open sets (Uj); :
that is 0 < ¢; <1, ¢; € C5°(U;) and > 222 ¢ = 1 on Q.

According to Proposition 2.6 ¢;u € W*(Q) and the support of ¢ju is con-
tained in U;.

Now we use Lemma 2.20: fix € > 0 and choose €¢; > 0 so small that u; :=
(pju) * X, satisfies

6 .
lluj — djullyrq) < o1 0 J= 0,1,...,

and u; has support in V; :=wj 4 \w; DUj for j =1,2,....
Now define v := >2u;. This function belongs to C>°(Q), since for each

open set w CC Q there are at most finitely many nonzero terms in the sum.
Since u = Z;’io ¢ju, we have for each w CC Q

(o]
lo = ullwewy < D lluj = $jullwee
j=0
1
< € ﬁ
j=0
= e
Finally, take the supremum over all sets w CC Q, to conclude that
v — UHW’f(Q) Se

O

Before we proceed to prove the density result for the O-setting we show that
a function u € W¥(Q) can be approximated by functions in C*°(Q), where all
derivatives extend continuously to Q. This of course requires some conditions
on the boundary bQ.

Proposition 2.22. Let Q be a bounded open set in R" aﬁd assume that bQ is
Cl. Let u € Wk(Q). Then there exist functions w,, € C>®(Q) such that u, — u
in Wk(Q).
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Proof. Let xg € bQ. As bQ is C', there exists a radius r» > 0 and a C'-function
v :R* 1 — R such that

QN B(xg,r) ={x € B(xo,r) : xp > y(T1,. .., Tp_1)}-

We set V' := QN B(xg,r/2) and define the shifted point z. := x + pee, for
x €V and € > 0. We see that for some fixed, sufficiently large number p > 0
the ball B(z,¢€) lies in QN B(xzg,r) for all z € V and all small € > 0.

Now we define ue(x) := u(z.) for z € V; this is the function u translated a
distance pe in the ey-direction. Next we write ve = ue * X.. The idea is that
we have moved up enough so that there is room to mollify within Q. We have
ve € C®(V).

We now claim that v — u in W#(V) as € — 0. Let a be a multiindex with
|a| < k. Then

[D%ve — D%ul|p2(v) < [[D%e — D%el|p2(v) + [ D%ue — D%ul|p2(v).

The second term on the right hand side goes to zero with e, since, by Lemma
2.14, translation is continuous in the L?-norm. The first term also vanishes as
€ — 0, by a similar reasoning as in Lemma 2.18.

Let 6 > 0. Since b€ is compact, one can find finitely many points z; € bQ,
radii 7; > 0, corresponding sets V; = QN B(xj,7;/2), and functions v; €

C*®(V;), j=1,...,N such that
N
bQ C | J B(xj,7;/2) and [[v; — ullyny,) < 6. (2.9)
j=1

Now we take an open set Vj CC Q such that
N

eclJv
§=0

and select, using Lemma 2.20, a function vy € C*°(V) satisfying

Finally we take a smooth partition (¢;); of unity subordinate to the open
sets (V}); in Q for j =0,..., N. Define v := Zé\f:o ¢;v;. Then v € C*°(Q). Since
u= Z;VZO ¢ju we see that for each |of <k :

N
D% — Dullr2iq) < Y ID*(5v5) — D*(d5u)r2vs)
j=0
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IN

N
Z lvj — uHWk(vj)
§=0

= C(N + 1),

where we used (2.9) and (2.10).
0O

A set A is precompact (i.e. A is compact) in a Banach space X if and only if
for every positive number e there is a finite subset N, of points of X such that
A C Uyen, Be(y)- A set N with this property is called a finite e-net for A.

We recall the Arzela-Ascoli theorem: Let Q be a bounded domain in R™. A
subset K of C(Q) is precompact in C(Q) if the following two conditions hold:

(i) There exists a constant M such that |¢(z)| < M holds for every ¢ € K
and z € Q. (Boundedness)

(ii) For every e > 0 there exists § > 0 such that if ¢ € K, z,y € Q, and
|z —y| < 0, then |p(z) — ¢(y)| < e. (Equicontinuity)

Let (x¢)e be an approximation to the identity (see Chapter 5.1) Recall that
u*x. € C*°(R"), ifu € L, (R") (Lemma 2.15).
In a similar way one proves the following result: If Q is a domain in R™ and

u € L*(Q), then u * x. € L?(Q) and

s xelle < llullz - Jim Ju s xc — w2 = 0,

Let Q C R™ be a domain and u a complex-valued function on Q. Let

u(z) xeQ
0 zeR"\Q

Theorem 2.23. A bounded subset A of L*(Q) is precompact in L*(Q) if and
only if for every e > 0 there exists a number § > 0 and a subset w CC Q such
that for every u € A and h € R™ with |h| < § both of the following inequalities
hold:

/ iz + ) — (@) 2dA(z) < & / u@)PdA@) <& (211)
Q Q\w

Proof. Let tpu(x) = u(z + h) denote the translate of u by h. First assume that
A is precompact. Since A has a finite €/6- net, and since Cy(Q) is dense in
L?(Q), there exists a finite set S C Cy(Q), such that for each u € A there exists
¢ € S satisfying ||[u — ¢[|2 < €/3. Let w be the union of the supports of the
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finitely many functions in S. Then w CC Q and the second inequality follows
immediately. To prove the first inequality choose a closed ball B, of radius r
centered at the origin and containing w. Note that (7,¢0—¢)(z) = ¢(z+h)—p(x)
is uniformly continuous and vanishes outside B, provided |h| < 1. Hence

lim [ |m(z) — ¢(2)[* dA(z) = 0,
|h|—=0 Jrn

the convergence being uniform for ¢ € S. For |h| sufficiently small, we have

lThd—bll2 < €/3.1f ¢ € S satisfies ||[u—a||2 < €/3, then also ||Tpa—Th||2 < €/3.
Hence we have for |h| sufficiently small (independent of u € A ),

|Thtt — dill2 < |7t — Thll2 + |70 — @ll2 + |6 — ull2 <€

and the first inequality follows.

It is sufficient to prove the converse for the special case Q = R" as it follows
for general Q from its application in this special case to the set A = {@i : u €
A}

Let € > 0 be given and choose w CC R" such that for all u € A

2 €
/Rn\w|u(x)| d\(z) < 3

For any n > 0 the function u * x,, € C**(R") and in particular it belongs to
C(w). If ¢ € Cp(R™), then by Holder’s inequality

2

xn * d(z) — p(a)]* =

| @t ) - o) drw)
< / o) |7—y () — $()|2 dA(y)

B,

Hence
xn * ¢ = dlla < sup [|Tn¢ — oll2-
heB,
If u € L%R"), let (¢;); be a sequence in Co(R™) converging to u in L?
norm. Then (x, * ¢;); is a sequence converging to x,, * u in L?(R™). Since also
Thoj — Thu in L2(R™), we have

Iy * u —ulla < sup 7w —uf2.
€B,

From the first inequality in our assumption we derive that lim, ¢ [[Thu—ull2 =

0 uniformly for u € A. Hence lim,_q [|x, * © — u/2 = 0 uniformly for v € A.
Fix n > 0 so that

/w|X77 xu(z) — u(z)|* d\(z) < %
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for all u € A.
We show that {x, *u : u € A} satisfies the conditions of the Arzela-Ascoli
theorem on @ and hence is precompact in C(w). We have

1/2
X * u(z)] < (sup X%(y)> [[ull2,
yeR?

which is bounded uniformly for z € R" and u € A since A is bounded in L?(R")
and 7 is fixed. Similarly

|7hu<—14b

1/2
Xy * u(x + h) — xp *u(z)| < ( sup X (y ))
yER™

and so limy, 0 Xy *u(z +h) = Xy *u(x) uniformly for x € R™ and u € A. Thus
{xn*u : u € A} is precompact in C(@) and there exists a finite set {11, ..., ¥}
of functions in C(w) such that if u € A, then for some j, 1 < j < m, and all
x € w we have

[0 () — X * u(®)] < ﬁ

This together with the inequality (|a| + [b])? < 2(|a|? + |b|?) implies that

[ = h@raw = [ @+ [ ) -

< €9 /(|u(ac) ey # (@) + [y # ule) — 1 (@)?) dA(2)

3
2 .
<3—|— < 6|||w> €

Hence A has a finite e-net in L2(R™) and is therefore precompact in L?(R").
0O

Remark 2.24. (a) With the same proof one gets:

A bounded subset A of L?(Q) is precompact in L?(Q) if and only if the
following two conditions are satisfied:

(i) for every € > 0 and for each w CC Q there exists a number § > 0 such
that for every u € A and h € R™ with |h| < § the following inequality holds:

/ i + ) — ()2 dA(z) < € (2.12)

(ii) for every € > 0 there exists w CC Q such that for every u € A

/ lu(x)[* d\(z) < €. (2.13)
Q\w
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Our next aim is to prove the classical Rellich Lemma, which states that the
embedding of W!(Q) into L?(Q) is compact, provided that Q is a bounded
domain with a C!'-boundary. In the first step we show that functions in the
Sobolev space W1(Q) can be continuously extended to functions in W!(R),
provided that Q is a bounded domain with a C'-boundary.

Proposition 2.25. Assume that Q is a bounded domain with a C'-boundary.
Select a bounded open set V' such that Q CC V. Then there exists a bounded
linear operator
E:WHQ) — WHR")

such that for each u € W1(Q) :

(i) Eu = u almost everywhere in Q,

(ii) Eu has support within V,

(111) there exists a constant C' depending only on Q and V' such that

| Eullwrmn) < Cllullw(q)-

Proof. We use the method of a higher-order reflection for the extension. Let
xo € bQ and suppose first that bQ is flat near xg, lying in the plane {z, = 0}.
Then we may assume there exists an open ball B centered in xg with radius r
such that

Bt :=Bn{z,>0}CcQ, B :=Bn{z, <0} CR"\ Q.

Temporarily we suppose that u € C*°(Q). We define then

i) = {u(m) if z € BY

=3u(x1, ..., Tno1, —Tp) +4u(zL, ... 201, —%) ifze B,

This is called a higher-order reflection of u from Bt to B™.
First we show: % € C!(B). To check this we write

u =1 |p- and u’ =1 |p- .
By definition, we have
ou~ ou ou T,
=3 (o, Tty —n) — 2 (21, Ty —
oxy, (z) oz, (1 Tn—1,~Tn) oz, (21 =l T )

and SO
Ty {xn:O} Ty {xn:U} .

Now since u™ = u~ on {z,, = 0}, we see that also

U =0} = Ug, |{z.=0}
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for j=1,...,n — 1. Hence we have
D™ |y, —0y= Du" |(z,—0},

for each |a| < 1, which implies % € C*(B).
Using these computations one readily sees that

Illw1 () < Cllullwr s+, (2.14)

for some constant C' > 0 which does not depend on w.

If bQ is not flat near x, we can find a C'-mapping ®, with inverse ¥, which
straightens out bQ near xyg. We write y = ®(z) and z = ¥(y) and define
u*(y) := u(¥(y)). We choose a small ball B and use the same reasoning as
before to extend u* from BT to a function %* defined on all of B, such that
@* € C'(B) and as in 2.14 we get

1@*lw () < Cllu*llwr(s+)- (2.15)

Let W := W¥(B). Then converting back to the z-variables, we obtain an exten-
sion @ of u to W, with

lallwrwy < Cllullw(q)- (2.16)

Since bQ is compact, there exist finitely many points :Eé € bQ, open sets Wj,
and extensions ; of u to W; for j =1,..., N, such that bQ C Uévzl W;. Take
Wy CC Q with Q C U;V:O Wj, and let (¢;); be an associated partition of unity.

Write
N
i=)_ i,
=0
where @ig = u. Then, by (2.16), we obtain the estimate

llwrmny < Cllullwe) (2.17)

for some constant C' > 0 independent of u. In addition we arrange for the
support of @ to lie within V 2D Q.

We define Fu := @ and observe that the mapping v — Fu is linear. So far we
have assumed that u € C>°(Q). Now take u € W1(Q), and choose a sequence
U € C®(Q) converging to u in W1 (Q)(see Proposition 2.22). Estimate (2.17)
implies

[ Evm — Eugllwr(gny < Cllum — wellwr ().
Hence (Ety,)m is a Cauchy sequence and so converges to @ =: Eu. This exten-

sion does not depend on the particular choice of the approximating sequence
(Um)m O
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In a similar way we treat the problem how to assign boundary values along
bQ to a function u € W(Q), assuming that bQ is C*.

Proposition 2.26. Let Q be a bounded domain with C'- boundary. Then there
exists a bounded linear operator

T:WHQ) — L*(bQ)
such that
(i) Tu = u |pg, if u € WHQ) NC(Q);

(ii) and
[Tull 200y < Cllullw(q)

for each v € WY(Q), with the constant C depending only on Q.
We call T the trace of u on bQQ.

Proof. First we assume that u € C'(Q) and proceed as in the proof of Propo-
sition 2.25. We suppose that xyp € bQ and that bQ is flat near zg, lying in
the plane {x,, = 0}. We choose an open ball B as in the previous proof and
let B denote the concentric ball of radius r/2. Select a function x € C§°(B)
with ¥ > 0 in B and xy = 1 on B. Denote I" the portion of bQ within B. Set
' = (z1,...,2,_1) € R*! = {z,, = 0}. Then we have

2 ! 9 N . ) i
/FIuI d\(z') < /{%O}xlul d\(z) = /B+(x| ®), dA(z)
- /B+(|U|QXI" + |u|(sgnu) ug, x) dA(z)

2 2
C [ (ul+19uP)ix(o)

IN

where we used Proposition 2.19 and the inequality ab < a2/2+b2/2, for a,b > 0.
After this we straighten out the boundary near xg to get the estimate

[P ire) <c [ (uf + [9uP)dra),
r Q

where I' is some open subset of bQ containing xg.
Since bQ2 is compact, there exist finitely many points zg; € bQ and open
subsets Iy, C bQ (k =1,...,N) such that

N
bQ = U T
k=1
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and
lullL2(ry) < Cllullwia),
for k =1,..., N. Hence, if we write
Tu = u |,
we get
1Tullr200) < Cllullwi(g), (2.18)

for some constant C, which does not depend on .

Inequality (2.18) holds for u € C*(Q). Assume now that u € W(Q). Then, by
Proposition 2.22 there exist functions u,, € C*°(Q) converging to u in W(Q).
By (2.18) we have

[Tum — Tuell 22y < Cllum — uellw (), (2.19)
hence (T, )m is a Cauchy sequence in L?(bQ). Set

Tu:= lim Tuy,,
m—0o0
where the limit is taken in L?(bQ). By (2.19), this definition does not depend
on the particular choice of the smooth functions approximating w.
If u € WHQ) N C(Q), one can use the fact that the functions u,, € C®(Q)
constructed in the proof of Proposition 2.22 converge uniformly to u on Q. This
implies Tu = u |pg - O

Remark 2.27. One can actually show, that under the same conditions as
before, u € H}(Q), if and only if Tu = 0 on bQ.

Finally we now investigate the embedding of W'(Q) into L?(Q) in more
detail.

Lemma 2.28. (Rellich-Kondrachov) Let Q be a bounded domain with a C!
boundary. Then the embedding j : W(Q) — L%(Q) is compact.

Proof. We have to show that the unit ball in W(Q) is precompact in L?(Q).

For this purpose we apply Proposition 2.25 and consider the extension of
elements of the unit ball in W!(Q) to R™. Let F denote the set of all these
extensions. Then, by Proposition 2.25 (iii), F is a bounded set in L?(R"). By
Lemma 2.15 we know that for each ¢ > 0 there exists a number N > 0 such
that

X1k * f = flle2wny < e, (2.20)
for each f € F and for each k > N.
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By Hoélder’s inequality we have

X175 * fll oo @ny < Ckll fllL2mn)s (2.21)

for all f € F, where Cy = ||x1/kll £2(mn)-
Hence we can now verify the second condition in Theorem 2.23: given € > 0
there exists w CC Q such that

[ fllz2(@\w) < €

for each f in the unit ball of W' (Q) : indeed, we consider the extensions to R"
and write

£z @wy < ILf = Xam * fllze@e + X1k * fllz2@yw):

we use Proposition 2.25 (iii) and (2.20), and, in view of (2.21) we have to choose
w such that |Q\ w| is small enough.

We are left to verify the first condition of Theorem 2.23: let w CC Qand e > 0
and consider first a function u € C*°(Q). Let h € R™ such that |h| < dist(w, bQ)
and set

v(t) ;== u(z +th) , t €[0,1].

Then v/(t) = h - Vu(x + th) and

1 1
(e + h) — u(z) = v(1) — v(0) = /0 o (1) dt = /0 b Ve +th)dt.  (2.22)
Hence we obtain
1
lu(z + h) — u(z)|* < |h/? / \Vu(z + th)|* dt
0

and

IN

/|u(m+h)—u(:v)|2d)\(x) |h|2// V(e + th)[2 dt dA(x)

= |h|2/ /|Vu:v+th )% d\(z)
= |h|2// |Vu(z)|? d\(z) dt
0 Jw+th

If |h] < dist(w,bQ), there exists w’ CC Q such that w + th C & for each
t € [0, 1]. Therefore we get the estimate

s =l < I [ [Fu@)Pdro) (223)
w



36 Chapter 2 Distributions and Sobolev spaces

If u belongs to the unit ball in W(Q), we approximate u by functions in C*°(Q)
(Proposition 2.22), apply (2.23) and pass to the limit getting

I = ulBaqey < P [ [Vu(@)P dha) <[4

which shows that the first condition of Theorem 2.23 holds.
[}

Remark 2.29. If Q ¢ R", n > 2, is a bounded domain with a C' boundary,
it even follows that

WHQ) C LUQ) , q € [1,2n/(n - 2))
and that the imbedding is also compact (see for instance [2]).

In order to apply Sobolev space theory, we are forced to study difference
quotient approximations to weak derivatives.

Definition 2.30. Let Q@ C R" be a bounded domain and u € L? (Q) and
suppose that V CC Q.
The j*'-difference quotient of size h is

x + hej) —u(x)
h )

for j=1,...,n where z € V and h € R ,0 < |h| < dist(V, bQ).
Further we define

D?u(x) = u

DMy := (Dhu, ..., Dhu).
Proposition 2.31. (i) Let u € W(Q). Then for each V. CC Q we have
HDhUHLQ(V) < C[|Vullp2() (2.24)

for some constant C > 0 and all h with 0 < |h| < 5 dist(V,bQ).

(ii) Assume that u € L*(V'), and that there exists a constant C > 0 such that
|D"ul g2y < C (2.25)
for all h with 0 < |h| < § dist(V,bQ). Then u € W (V) and

19l < . (2.26)
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Proof. Suppose first that v € C*(Q). Then for each z € V, j = 1,...,n and
0 < |r| < & dist(V,bQ), we have

1
u(x + hej) —u(z) = h/ ug; (x + they) dt,
0

and hence

1
lu(x + hej) —u(z)| < |h|/0 |Vu(z + the;)| dt.

So we obtain

/ | DPu? dA
.

IN

n 1
cz// \Vu(z + the;)|? dt d\(z)
= /v Jo

n 1
= CZ/ /|Vu(x—|—thej)|2d/\(x)dt.
=1J0 Jv

Thus
/ |DMul? dX < C’/ |Vl d\(z).
1% Q

This estimate this true for a smooth u, and by Lemma 2.21 it is valid for
arbitrary u € W1(Q), hence we have shown (i).

Now suppose that (2.25) holds. We choose j =1,...,n and ¢ € Cg°(V) and
note that for small enough h we have

/Vu(x) <¢(:c+heé)—¢(x)> IN(z) = _/V (U(aj)—u]im—hej)> o) dN(@),

this means

/uD;.%z)dA— —/(Dj_hu)gzﬁd)\. (2.27)
|4 14
Hence (2.25) implies that

sup 1D} ull 2y < oo

Using the fact that for each bounded sequence in a Hilbert space there exists
a weakly convergent subsequence, we conclude that there exists a function
v; € L*(V) and a subsequence hy, — 0 such that D;h’“u — vj weakly in L2(V).
Then we have

; hy

— i DM ¢ d)
hklgo v 7 ug
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- —/ij¢d)\_—/gvj¢>d>\.

Hence v; = ug, in the sense of distributions, and so Vu € L*(V). Asu € L*(V),
we get u € W{(V).

O

We prove a basic result concerning elliptic partial differential equations of
order 2 with variable coefficients and the smoothness of their weak solutions.

Definition 2.32. Let Q C R" be a bounded open set, and aj, € C'(Q), b;,c €
L>(Q) for j,k =1,...,n. Define the partial differential operator L by

n

Lu=—Y" (aju(@)ug,)s, + Zb )z, + c(x)u, (2.28)
Gk=1

with ajp = ay; for j,k=1,...,n. We
We say that the partial differential operator L is elliptic if there exists a
constant C' > 0 such that

n

Z ajr(z)tjty, > C|t|? (2.29)
jk=1

for almost every x € Q and all t € R™.

Ellipticity means that the symmetric (n x n) matrix A(z) = (a;r(2))},_; is
positive definite, with smallest eigenvalue greater than or equal to C.
If ajl = 5jk, bj =0, ¢=0, then L = —A.

Definition 2.33. Let f € L?(Q). We say that a function u € H'(Q) is a weak
solution to the elliptic partial differential equation

Lu = fin Q,
if for the bilinear form
a(u,v) /(Z ajkux]v$k+2b Uy, v+ cuv) dA
j,k=1

we have
a(u,v) = (f,v)

for all v € H}(Q), where (.,.) denotes the inner product in L?(Q).

In the next proposition we show what is called the interior H?-regularity of
the operator L.
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Proposition 2.34. Let L be as in the above definition and f € L*(Q). Suppose
that u € H'(Q) is a weak solution of Lu = f. Then v € H: (Q); and for each
open V. CC Q we have

lull 2y < CUf Il z20) + lull g ) (2.30)
where C' > 0 is a constant only depending on V,Q, and the coefficients of L.

Proof. Choose an open set W such that V-CC W CC Q. Next select a smooth
cutoff function ¢ with 0 < <1, 9 =1on V, and ¢ =0 on R" \ W.
Since wu is a weak solution of Lu = f, we have a(u,v) = (f,v) for all v €

HZ(Q) and hence
> /%‘k“xﬂxk dA:/fvdA, (2.31)
k=172 Q

where N
fi=f- ijuzj — cu. (2.32)
j=1
Let £ € {1,...,n} and h € R such that |h| > 0 is small. We substitute
v=—D;"(* D) (2.33)
into (2.31), where DPu denotes the difference quotient (Definition 2.30). For

the left hand side of (2.31) we get

- Z /ajkuxj "2 Dh)]g, dX = /De kU, ) (W2 D), dX
7,k=1

7,k=1

-y / (Dl ) (0 D), + (Dl g, (2 D), ] dA,

7,k=1

where we used the formulas

/ vD;Mwd\ = — / wD}vd\
Q Q

D} vw) = v"Dlw 4+ wDh,

and

for v"(x) := v(x + he;). We continue the computation of the left hand side of
(2.31) and obtain

n

Z / a?k(D?u%)(D?ka)d)Q d\+

J,k=1
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> /Q (@), (D g, ) (Dju) 200y, +

Ji.k=1
(D?ajk)uwj (D g, ) + (D?ajk)ua:j (Dfu)2¢py, ] dA =
T +T5.
The first term can estimated from below using ellipticity (2.29):

T, > c/ V2| DIVul? d. (2.34)
Q

For the second term T3 we have by the assumptions on aj, b; and c that there
exists a constant C’ > 0 such that

T < /Q [\ D | Dl + 6 DEV| [Vul + | Dlul [Vuf] dA.

Take into account that ¥ = 0 on R™ \ W and use the small constant—large
constant trick to get

Cl
Ty < e/ 2| DPVul® dx + / [IDful® + [Vul?] dA,
Q € Jw
now choose € = C'/2 and the estimate (2.24) to obtain
c 2| pho,, (2 7 2
Q Q

Hence, by (2.34), we see that the left hand side of (2.31) can be estimated from
below by

C/ V? | DIVul? d) — C”/ |Vu|? d. (2.35)
2 Ja o
The absolute value of the right hand side of (2.31) is certainly less than

C"/(|f|+|Vu|+|u|)|U|d)\. (2.36)

Q
Using Proposition 2.31 (i) we derive that
/ w?d\ < C”/ |V (12 Du)|? dX
Q Q

< C”/ (IDful® + ¢*| DpVul*) dA
w

IN

o”/<|vu|2+¢2|pgvu|2)dA.
Q
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Again by the small constant-large constant trick and by (2.36) we obtain now
that the absolute value of the right hand side of (2.31) can be estimated form

above by
Cl
e/ ¢2|DQVu|2)dA+6/(|f|2+|u|2+|vu|2)dA.
Q Q

Let € = C'/4. Then the absolute value of the right hand side of (2.31) can be
estimated form above by

i/ ¢2|DQVu|2)dA+C”’/(|f|2+|u|2+ [Vul?) dA. (2.37)
Q Q
Finally, combine (2.31), (2.35) and (2.37) to see that
/ DIVl d) < / ¢2|DQVu2dAgé/(|f|2+ [l + [Vu|?) d),
1% Q Q

for some constant C' > 0, for £ = 1,...,n and all sufficiently small || # 0.
Using Proposition 2.31 (ii) we derive that Vu € H{ (), and hence that
u € HE (Q), with the estimate

lull 2y < CUIf I L20) + Null g @)

Remark 2.35. (a) It is not difficult to show that even

lull g2y < CUIf I p2@) + lullz2@)

holds in Proposition 2.34.

(b) The result that u € HZ (Q) implies that Lu = f almost everywhere in

Q. To see this, note that for each v € C§°(Q), we have
a(u,v) = (f,v),

and since u € HI%C(Q), we can integrate by parts and obtain
a(u,v) = (Lu,v).

Thus (Lu — f,v) = 0 for all v € C§°(Q), and so Lu = f almost everywhere in
Q.

In the sequel we will use the dual space of H& (Q), which is denoted by
H1(Q).

We will describe Hj 1(Q) as a certain space of distributions, which will be
helpful later on. Recall that the dual-norm is given by

111y = sup{|f ()] = w € H(Q) . ull e < 1.
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Proposition 2.36. Let f € Ho_l(Q). Then there exist functions fo, f1,--., fn
in L*(Q) such that

— v ) dA, 2.38
Fv) /Q(fov+jzlfﬂ]) (2.38)
" 1/2
1F 171 () = inf /Q > 1£7dA . f satisfies (2.38) . (2.39)
j=0

We write "
ofj
f=fh=>_ 5%
— O
J=1
whenever (2.38) holds.

Proof. For u,v € H}(Q), the inner product is given by

(u,v):/Vu~Vvd)\+/uvd)\.
Q Q

If feH, 1(Q), the Riesz representation theorem implies that there exists a
unique function u € Hg(Q), such that

fw) = (u,v), Yo e H(%(Q),

hence

flv) = /Q Vu - Vodh + /Q wwd), (2.40)

which gives (2.38), where fo = uw and f; = ug; , j = 1,...,n. By Cauchy-
Schwarz we obtain

. 1/2
P D SIFI0Y
Q5
and setting v = U/H“HH&(Q) in (2.40) we deduce
1/2

n
1l = | [P
ot

which gives (2.39).
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Now we consider the boundary-value problem

of; .
{Lu—f0_2?=1a£ in Q

(2.41)
u=20 on bQ,

where L is defined by (2.28) and f; € L?(Q), for j =0,1,...,n
By Proposition 2.36 we see that the righthand term

0
f= fo—Zag

belongs to Hy ' (Q).

Definition 2.37. A function u € H}(Q) is a weak solution of problem (2.41)
if
a(u,v) = (f,v)

for all v € H(Q), where the bilinear form a(u,v) is given in Definition 2.33

and where .
) = Vg | dX
o= | oo+ 3 ]

and where (.,.) is the pairing of Hy'(Q) and Hj(Q).

In the following we will prove estimates for elliptic partial differential opera-
tors which will enable us to apply the general functional analysis results from
Chapter 1 to show existence and uniqueness of weak solutions.

Proposition 2.38. [Energy estimates/ Let Q C R™ be a bounded domain with
C'-boundary. Let L be an elliptic partial differential operator of second order
and a(u,v) the corresponding bilinear form (see Definition 2.33). There exists
constants o, B > 0 and v > 0 such that

lau, v)| < alull gy o) llvll ) (2.42)

and
6||u||H1 < a(u,u) +7[[ull 2 (2.43)

for all u,v € H}(Q).
Proof. Tt is easily seen that

a@o) € > gl / IVl [Vo] d

7,k=1
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n
+ ZijllLoo/IVUIIUIdML||C||L<><>/IltllvldA
= Q Q

< allullgyo)llvlm @)

for some appropriate constant .
Ellipticity of L implies that

n
C/|Vu|2d/\ < /Zajkuzjumde
Q Q

j,k=1

= a(u,u) — /Q(Z bjug,u+ cu®) dA
j=1

IN

a(uu) + 3 |lbyl e /Q IV Ju] dA + [l /Q uf?) dA.
j=1

The small constant - large constant trick gives

1
/|Vu||u|d/\§e/ |Vu|2d)\+/ [ul?) dA,
Q Q 4e Jo

taking € > 0 so small that

. C
> bl < X
j=1

we obtain

C/ \Vaul? d\ < a(u, u) + C// [ul?) d.
2 Q Q
Now add § [, |u|?d\ on both sides. This gives the desired result

Blluly ) < alu,u) +7][ul22 )

O

Remark 2.39. (i) If v > 0, we cannot directly use Proposition 1.24. The
following existence result must confront this possibility.
(ii) For complex valued functions the corresponding sesquilinear forms are

a(u,v) = /(Z A jkUg; Ve, + ijuxj@+ cuv) dA,
Q -
7=1

jk=1

ellipticity means
n

> ajp(a)tty = CJtP?,

J,k=1
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for each t € C".
The corresponding energy estimates now reads as

Bllull3s o) < Rau,w) +Alfull72

for all u,v € HZ(Q). This inequality is also sometimes called Gariding’s in-
equality and the corresponding bilinear form is called coercive.

Proposition 2.40. Let Q and L as before. There is a number v > 0 such that
for each pn >~ and for each function f € L*(Q), there is a unique weak solution
u € HY(Q) of the boundary-value problem

L = in Q
utpu=J o in (2.44)
u=20 on bQ.

Proof. Let u >, and define the bilinear form
ay(u,v) = au,v) + p(u,v), u,v € Hy(Q),

which corresponds to the operator L,u := Lu + pu.

Now fix f € L*(Q) and set (f,v) := (f;v)r2()- This is a bounded linear
functional on L?(Q), and thus on H}(Q).

Then we can apply Proposition 1.24: we take V = H&(Q). By Proposition
2.38, the bilinear form a,, satisfies all assumptions of Proposition 1.24. Hence
there exists a uniquely determined function u € H& (Q) satisfying

au(u,v) = (f,v).
Actually the operator A in Proposition 1.24 coincides with L + pl, therefore
this operator is an isomorphism between H}(Q) and H, '(Q). ]
Example 2.41. If Lu = —Au, so that

a(u,v):/Vu-Vvd)\
Q

one can take 7 = 0. A similar assertion holds for the general operator

n

Lu=— Z (ajkug[;].);,;,C + cu,
k=1

provided ¢ > 0 in Q.

To get more detailed information regarding the solvability of second order
elliptic differential operators we will now use the Rellich-Kondrachov Lemma
and the Fredholm alternative for compact operators.
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Definition 2.42. The formal adjoint L* of L is given by

L*v=— Z AUz, )z Zb Vg, + (c— Z ax]

j,k=1

for b; € CHQ),j=1,...,n
The adjoint bilinear form a* is defined by

a*(v,u) = a(u,v),

for all u,v € H}(Q).
We say that v € H}(Q) is a weak solution of the adjoint problem

{L*v =f inQ (2.45)

v=0 on bQ,
provided
a*(v,u) = (f, u)
for all u € H}(Q).
Proposition 2.43. (i) Precisely one of the following statements holds:

(a) for each f € L*(Q) there exists a unique weak solution u of the boundary-
value problem

Lu= n
w=1Jin (2.46)
u =0 on bQ
or else
(b) there exists a weak solution u£EQ of the homogeneous problem
Lu=0 1nQ
“ " (2.47)
u=0  on bQ.

(ii) Furthermore, if (b) holds, the dimension of the subspace N C H}(Q) of
weak solutions of (2.47) is finite and equals to the dimension of the subspace
N* C H}Y(Q) of weak solutions of

(2.48)
v=2>0 on bQ.

{L*U =0 inQ
(iii) Finally, the boundary-value problem (2.46) has a weak solution if and
only if (f,v) =0 for all v € N*.
The dichotomy (a), (b) is the Fredholm alternative.
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Proof. Choose p = v (here we suppose that v > 0) and consider the bilinear
form a~(u,v) and the corresponding operator L, = L+~I. By Proposition 2.40,
we have that for each g € L*(Q) there exists a uniquely determined u € H}(Q)
with

a(u,v) = (g,v), Yv € Hj(Q). (2.49)

We already know that L. is an isomorphism and we write
u=1L;"g (2.50)

whenever (2.49) holds.
Now we see that u € H}(Q) is a weak solution of (2.46) if and only if

ay(u,v) = (yu+ f,v), Yo € Hj(Q); (2.51)

this means if and only if
u= L, Yoyu + f). (2.52)

We rewrite this as u — Ku = h,
Ku = 'nglu and h = L;lf. (2.53)

Next we claim that K : L?(Q) — L?(Q) is a compact operator. By the energy
estimates (2.43) we have

Blluly ) < ax(u,w) = (9.0) < llglz2(00 lllmy
which implies that for g € L?(Q) we have
159l g1@) < C'llgllr2@

where C’ > 0 is an appropriate constant.

Therefore K : L?(Q) — H}(Q) is a continuous operator. As, by the Rellich-
Kondrachov Lemma 2.28, the imbedding H{ (Q) < L?(Q) is compact, we derive
that K as operator from L?(Q) to L?(Q) is compact.

Recall Fredholm'’s alternative: Let A : H — H be a compact linear operator
on the Hilbert space H. Then

(1) ker(I — A) is finite dimensional,

(2) im( — A) is closed,

(3) im(I — A) = ker(I — A*)*,

(4) ker(I — A) = {0} if and only if im(/ — A) =

(5) dlmker(I A) = dimker(I — A*).

In particular we have: either (*) for each f € H, the equation u — Au = f
has a unique solution or else (**) the homogeneous equation u — Au = 0 has
solutions u # 0. In the second case, the space of solutions of the homogeneous
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problem is finite- dimensional, and the nonhomogeneous equation v — Au = f
has a solution if and only if f € ker(I — A*)*.

Now we see that if (*) holds, then there exists a unique weak solution to
(2.46). On the other hand, if (**) is valid, then necessarily v # 0 and the
dimension of the space N is finite and equals to the dimension of the space N*

of solutions of
v—K*v=0. (2.54)

So, u— Ku = 0 has nonzero solutions in L?(Q) if and only if u is a weak solution
to (2.47) and (2.54) holds if and only if v is a weak solution of (2.48).

Finally, observe that u— Kwu = h has a unique solution if and only if (h,v) = 0
for all v solving (2.54), and we get from (2.53) and (2.54)

mm=immw:uxm= (f,0).

1 1
v v
Consequently, the boundary-value problem (2.46) has a solution if and only if
(f,v) = 0 for all weak solutions v of (2.48). ]

Remark 2.44. (Higher boundary regularity) Let m € N, and assume that
aji,bj,c € C™THQ), jk=1,...,n and f € H™(Q). Suppose that u € H}(Q)
is a weak solution of the boundary-value problem (2.46). Assume finally that
bQ is C"™2. Then u € H™?(Q) and

lull 2oy < (1 limiay + Nl 2))-
(see [2. 3])

Finally we arrive at a situation which leads to the next chapter.

Proposition 2.45. Let Q be a bounded domain in R™ with C'-boundary. Let
L be an elliptic second order partial differential operator.

(i) There exists an at most countable set L C R such that the boundary-value
problem

(2.55)

Lu=pu+f inQ
u=0 on bQ

has a unique weak solution for each f € L*(Q) if and only if p ¢ X, and the
solution operators are compact as operators from L*(Q) to L*(Q).
(1) If ¥ is infinite, then ¥ = (up)3,, is a nondecreasing sequence with

M — +00.

Definition 2.46. We call £ the (real) spectrum of the operator L.
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Note that in particular the boundary-value problem

Lu=pu in Q

u=0 on bQ
has a nontrivial solution w#0 if and only if g € X, in which case p is called an
eigenvalue of L, and w a corresponding eigenfunction. The partial differential
equation Lu = pu for L = — /A is called Helmholtz’s equation.

Proof. Let ~v be the constant from Proposition 2.38 and assume p > —v. As-
sume also with no loss of generality that v > 0.

According to Fredholm alternative, the boundary-value problem (2.55) has
a unique weak solution for each f € L2(Q) if and only if u = 0 is the only
solution of the homogeneous problem

Lu=pu in Q
u=20 on bQ.

This in turn is true if and only if © = 0 is the only weak solution of

Lu+~yu=(y+pu in Q (2.56)
uw=0 on bQ. '
Now (2.56) holds exactly when
_ YA+
u:L,Yl(’y—l—u)u: TKU, (2.57)

where, as in the proof of Proposition 2.43, we have set Ku = 7L;1u. Recall
also that K : L?(Q) — L?(Q) is a compact operator.

If u = 0 is the only solution of (2.57), we see that 7}_—# is not an eigenvalue
of K, and this is true if and only if (2.55) has a unique weak solution for each
feL?Q).

The collection of all eigenvalues of the compact operator K comprises either
a finite set or else the values of a sequence converging to 0. In the second case
we see, according to u > —v and (2.57), that (2.55) has a unique weak solution
for all f € L?(Q), except for a sequence jup — +00.

O

Before we concentrate on spectral analysis, we describe the variational for-
mulation of elliptic boundary value problems. For this purpose we first give a
different interpretation of Proposition 1.24. Let H be a Hilbert space over R.
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Lemma 2.47. Let E be a non-empty, convex, closed subset of the Hilbert space
H, i.e. forxz,y € E one has tx + (1 —t)y € E, for each t € [0,1]. Then E
contains a uniquely determined element of minimal norm. For each f € H
there exists a uniquely determined element uw € E (we write w = Pf) such that

I = ull = min | — o] = dist(f, E). (2.58)
Moreover, u is characterized by the property
w€FE and (f —u,v—u) <0 ,Yv € FE. (2.59)

Proof. The first statement is standard Hilbert space theory. The second state-
ment follows from the first by taking f + F instead of E.
Suppose that (2.59) holds foru € E. Then for each w € E and for each
t € 10, 1] we have
v=(1-tu+tweE,

hence
1f = ull <[[f = [(1 = u+tw]]| = |(f — u) — t(w —w)].
Therefore

1f —ul® < If = ull® = 26(f — w,w — ) + ¢*[Jw — ul®,

which implies that 2(f — u,w — u) < t|w — ul|?, for each t € (0,1]. Now let
t — 0. Then we get (2.59).
Conversely, assume that u satisfies (2.59). Then we have

lu— £ = llo = £ = 2(f —w,v —w) — lu—v||* <0 ,Yv € E,
which implies (2.58). O

Remark 2.48. If F is a closed linear subspace of H, the element u from (2.58)
can be expressed by the orthogonal projection P : H — F in the form Pf = u,
and Pf is characterized by

(f=Pf,v)=0Yv e E. (2.60)

By (2.59) we have (f — Pf,v — Pf) < 0, Vv € E and thus (f — Pf,tv —
Pf) <0 ,Yv € E ,t € R. This implies (2.60). Conversely (2.60) implies
(f—Pf,o—Pf)=0,as (f — Pf, Pf) =0, which means that (2.59) holds.

Lemma 2.49. Let a: H x H — R be a continuous H-elliptic bilinear form.
Let E be a nonempty closed and convex subset of H. Then, given any ¢ € H’',
there exists a unique element u € E such that

a(u,v —u) > (v —u) Yv € E. (2.61)



Chapter 2 Distributions and Sobolev spaces 51

Moreover, if a is symmetric, then u is characterized by the property

u e E and %a(u,u) —o(u) = 1;11612 B a(v,v) — ga(v)] : (2.62)

Proof. By Proposition 1.24 there exists a unique element Au € H such that
a(u,v) = (Au,v) Yv € H.
So we have to find an element u € F such that
(Au,v —u) > (f,v—u) ,Yv € E,

where f € H represents ¢ : o(v) = (f,v).
Let p > 0 be a constant to be determined later. We see now that (2.61) is
equivalent to
(pf —pAu+u—u,v—u)<0,VveE. (2.63)

Next we claim that
I1Pfi—Phll <|fi— fall, Vi1, f2 € H.
Let uj = Pfj,j = 1,2. Then, by Lemma 2.47,
(fi —ur,v—uy) <0and (fa —ug,v —u2) <0,Vv € E.

Choose v = ug in the first and v = u; in the second inequality and add them.
The result is

lur —ual* < (f1 — fo, u1 — ua),

which proves the claim.
Now we set Sv = P(pf — pAv +v), for v € E. We claim that if p > 0 is
properly chosen then S is a strict contraction. We have

[[Sv1 — Sva|| < [[(v1 — va2) — p(Avy — Ava)]],
hence

||Sv1 — Sngz llvr — 1)2||2 —2p(Avy — Avg,v1 —v9) + p2||Av1 — A112||2

o1 = va|* (1 = 2pa + p*C?),

VANVA

where a and C are as in Definition 1.23. Now choose 0 < p < 2a/C?, then
1 —2pa+ p?C? < 1,

and the mapping S has a unique fixed point (Banach fixed point Theorem). So
there exists u € E such that u = Su = P(pf — pAu + u), Now use (2.63) and
Lemma 2.47 to get (2.61).
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If a is also symmetric, then a(u,v) defines a new inner product on H with
corresponding norm a(u, u)'/? which is equivalent to the original norm ||ul|. Tt
follows that H is also a Hilbert space for this new inner product. So, by the
Riesz representation theorem, there exists g € H such that

a(g,v) = ¢(v)

and (2.61) reads as
a(lg—u,v —u) <0 ,Yv € E.

We know that w is simply the projection onto E of g for the new inner product
and, by Lemma 2.47, u is the unique element in F that achieves

: 1/2
min — — .
min alg—v,9—v)

This amounts to minimizing on E the function
v alg —v,g —v) = a(v,v) - 2a(g,v) + alg, 9) = a(v,v) = 2¢(v) + alg, 9),
or equivalently the function
v %a(v, v) — p(v).
0O

Corollary 2.50. Leta: Hx H — R be a continuous H -elliptic bilinear form.
Then, given any @ € H', there exists a unique element u € H such that

a(u,v) = ¢(v) ,Yv € H. (2.64)

Moreover, if a is symmetric, then u is characterized by the property

1 11
ue H and 3 a(u,u) — p(u) = min [2 a(v,v) — cp(v)} . (2.65)
Proof. Take = H and proceed as in Remark 2.48. m|

In the language of the calculus of variations one says that (2.64) is the Euler
equation associated with the minimization problem (2.65).

Finally we discuss two important examples:

1. Dirichlet problem for the Laplacian
Let Q C R” be an open domain with C'-boundary. We are looking for a

function u : Q@ — R satifsying
{—Au +u=f inQ

(2.66)
u=20 on b
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and f is a given function on Q.
A classical solution of (2.66) is a function u € C?(Q) satisfying (2.66) in the
usual sense. A weak solution of (2.66) is a function u € H}(Q) satisfying

/Vu~Vud>\+/uvd>\—/fvd)\, Yo € HY(Q).
Q Q Q

We claim that every classical solution is a weak solution: indeed, u € HY Q)N
C(Q) and u = 0 on bQ, so that u € H}(Q). If v € C}(Q) we have

/Vu'Vvd)\-i-/uvd)\—/fvd)\,
Q Q Q

and by density this remains true for all v € H}(Q).

Proposition 2.51. Given any f € L*(Q), there exists a unique weak solution
u € HY(Q) of (2.66). Furthermore, u is obtained by

min {1/(|Vv|2+|v|2)d)\/fvd)\}.
vEHE(Q) 2 Ja Q

This is Dirichlet’s principle.
Proof. Apply Proposition 1.24 for H = H}(Q) and the bilinear form

a(u,v) = / Vu - V’vd)\+/ uv dA,
Q Q
and apply Corollary 2.50. m|

We indicate that, by Proposition 2.34, each solution u € H& (Q) is at least in
HZ (Q).
loc

Finally we show how to recover a classical solution: assume that the weak

solution u € H}(Q) of (2.66) belongs to C*(Q). Then u = 0 on bQ and, by
partial integration,

/(—Au+u)vd)\:/fvd/\ Yo € Cj(Q)
Q Q

and thus —Awu 4+ u = f almost everywhere on Q. In fact, —Au +u = f
everywhere on Q, since u € C2(Q); thus u is a classical solution.

2. Neumann problem for the Laplacian

Let Q@ C R™ be an open domain with C'-boundary. We are looking for a
function u : Q — R satifsying

{—Au—i—u—f in Q

2.67
Gu =0 on bQ (2.67)



54 Chapter 2 Distributions and Sobolev spaces

and f is a given function on Q, where g—z denotes the outward normal derivative

of u.
A classical solution of (2.67) is a function u € C?(Q) satisfying (2.67) in the
usual sense. A weak solution of (2.67) is a function u € H'(Q) satisfying

/Vu-Vvd/\—i—/uvd/\:/fvd/\, Yo € HY(Q).
Q Q Q

The solution u is obtained by

: 1 2 2
ve%‘?g>{2 /Q(|W| + Ju]?) dA /vad/\}.

Further details and various examples can be found in [3] and [2].

Remark 2.52. Let Q C R” be an open domain with C'-boundary. The oper-
ator Ty = —/A\, defined on C5°(Q), has two different self-adjoint extensions. the
Dirchlet and the Neumann tealization, hence fails to be essentially self-adjoint.

Taks T = —A + I and consider (2.66) and (2.67). Recall Proposition 1.25
with the corresponding bilinear forms

a(u,v) = / Vu-Vvd)\—i—/uvd)\ , u,v € HY(Q)
Q Q
for (2.66), which yields the self-adjoint extension Sy, and
a(u,v) = / Vu~Vvd/\—|—/ wvd , u,v € HY(Q)
Q o

for (2.67), which yields the self-adjoint extension S;. Finally consider the self-
adjoint operators Sp — I and S; — I (see also [6]).



Chapter 3

Spectral analysis

Definition 3.1. The resolvent set of a linear operator T : dom(T) — H is
the set of all A € C such that AT — T is an injective mapping of dom(7") onto
H whose inverse belongs to L(H). The spectrum o(T) of T is the complement
of the resolvent set of 7T

First we collect some informations about the spectrum of an unbounded
operator.

Lemma 3.2. If the spectrum o(T) of an operator T does not coincide with the
whole of the complex plane C then T must be a closed operator. The spectrum of
a linear operator is always closed. Moreover, if ( ¢ o(T) and ¢ := |[Rr(Q)|| =
|(¢I — T)~Y|, then the spectrum o(T) does not intersect the ball {w € C :
|¢ —w| < ¢'}. The resolvent operator Ry is a holomorphic operator valued
function.

Proof. For ¢ ¢ o(T) let S = ((I — T)~! which is a bounded operator. Let
xy € dom(T) with = lim,00 z, = x and lim, o Tz, = y and set u, =
((I —T)xy. Then

lim w, = lim ((z, — Tz,) = (z — v,
n—oo n—oo

therefore
Sz —y)= lim Su, = lim z, = z.

n—oo n—oo

This implies z € dom(T") and ((I—T)x = (x —y, or Tx = y. Hence T is closed.
The remainder of the proof is similar to the case when 1" is bounded. |

Proposition 3.3. The spectrum o(T) of any self-adjoint operator T is real and
non-empty. If ¢ ¢ o(T) then

T =)~ < IS¢l (3.1)

Moreover, -
I =T)" = (I -T)")" (3.2)

Proof. Let ( = £ +in and n # 0 and set K = %(T — &I). Using Lemma 1.4,
it follows that K* = K. Let f € dom(K) such that Kf = K*f = if, then
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i(f, ) =(Kf, f)=(f,Kf) = —i(f, f), which implies f = 0 and that K — il
is injective. In a similar way one shows that K + ¢I is injective.
The identity

| K+ il = | K| + 2] , @ € dom(K)

implies that (K + il)z <> (z, Kz) is an isometric one-to-one correspondence
between im(K £47) and the graph G(K) of K. Hence im(K £41) is closed. Now
we obtain from Lemma 1.8 that im(K +il)* = ker(K +il) = {0}. Therefore
(K 44I)~! is defined on the whole of H. Since we have

|Kz £ |2 = [|Kal? + 2], @ € dom(K),
we get
(& £iD) "yl = (K £ i) (K £ il)z|| = || < (K £iD)z| = ||yl
for each y € H, which implies that
(K £4iI)7 < 1. (3.3)

Thus +i ¢ o(K) and hence ¢ ¢ o(T). In addition (3.3) implies (3.1).
Now let x1, 29 € dom(T"). Then

(T = ¢D)x1, w2) = (a1, (T — ¢I)xa).

Putting y; = (T — ¢(I)z1 and yo = (T — (I)z2 and rewriting the last equation
in terms of y; and y, yields (3.2).

Finally suppose that o(T") = ). Then for any z,y € H the complex-valued
function

F(Q) = ((¢I =T) "z, y)

is holomorphic on C and, by (3.1), vanishes as |(| — oo. Liouville’s theorem
now implies that f = 0 identically. Since z,y € H are arbitrary, we obtain
(¢I —T)~! is identically zero. This is false, hence o(T") # 0. ]

Proposition 3.4. Let T be a closed symmetric operator. Then the following
statements are equivalent:

(i) T is self-adjoint;

(i1) ker(T* +4I) = {0} and ker(T* —iI) = {0};

(i3) im(T +iI) = H and im(T —il) = H.

Proof. (i) implies (ii): this follows since +i ¢ o (7).
(ii) implies (iii): Notice that ker(7T™* £1il) = {0} if and only if im(7 F ¢I) is
dense in H. This follows easily from

(Tu + iu,v) = (u, T* F iv),
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for u,v € dom(7"). So it remains to show that im(7" F i) is closed. The
symmetry of T" implies that

(T F il)ul® = | Tul® + [Jul?, (3-4)

for u € dom(T"). Now, since T is closed, we easily obtain that im(7" F iI) is
closed.
(iii) implies (i): Let uw € dom(7™). By (iii) there exists v € dom(7") such that

(T —il)v = (T" — il )u.

Since T is symmetric, we have also (T* — il)(v — u) = 0. But, if (T +iI) is
surjective, then (7% — 4I) is injective (Lemma 1.8) and we obtain u = v. This
proves that u € dom(7") and that T is self-adjoint. O

We proved during the assertion (ii) implies (iii) that

Lemma 3.5. If T is closed and symmetric, then im(T +iI) is closed.

In a similar way we obtain a characterization for essentially self-adjoint op-
erators.

Proposition 3.6. Let A be a symmetric operator. Then the following state-
ments are equivalent:

(i) A is essentially self-adjoint;

(i1) ker(A* +iI) = {0} and ker(A* —iI) = {0};

(111) im(A +iI) and im(A — i) are dense in H.

Proof. We apply Proposition 3.4 to A and notice that A is symmetric and that

Lemma 1.5 implies that A* = (A)*. In addition we use Lemma 3.5.
[}

If A is also a positive operator, we get

Proposition 3.7. Let A be a positive, symmetric operator. Then the following
statements are equivalent:

(1) A is essentially self-adjoint;

(11) ker(A* +bI) = {0} for some b > 0;

(iii) im(A + bI) is dense in H.

Proof. We proceed in a similar way as before and notice that for a positive,
symmetric operator A we have

((A+bI)u,u) > bl (3.5)

for u € dom(A), which is a good substitute for (3.4).
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By Lemma 1.8 (ii) and (iii) are equivalent. Since the closure of a positive,
symmetric operator is again positive and symmetric, it remains to show that a
closed, positive symmetric operator T is self-adjoint if and only if ker(T*+b1) =
{0} for some b > 0.

We can suppose that b = 1. If T is self-adjoint, then the spectrum o(7T) C R*,
hence ker(T + I) = ker(T* + I) = {0}.

For the converse, we first show that im(7'+ 1) is closed: let (yg)r C im(T'+1)
be a convergent sequence. There exists a sequence (zy)r C dom(7T') such that
yr = (T'+ I)xy. Then

(ks yk) = (zhs Tg) + ||za]|® > J|zi|?,

and, by Cauchy-Schwarz,
[zl < Nyl (3.6)

Since (yg)x is convergent, sup; ||yx|| < oo, and, by (3.6), supy, ||zx|| < co. Now,
positivity implies

(2 =z, (T + I) () — 30))

(lzkll + llzelDllye — yell

Cllyk = yell-

[

INIA A

Hence (z1)x is a Cauchy sequence. Since we supposed that T is closed, there
exists © € dom(7T) such that z = limg_,oc 2 and (T + Iz = y = limy_,o0 Y-
Hence im (7 + I) is closed.

The assumption ker(7* + I) = {0} now gives im(7 + I) = H. In order to
show that 7' is self-adjoint. it suffices to show that dom(7*) C dom(T"). Let
x € dom(T™). There exists y € dom(7") such that

(T+1Dy=(T"+1y=(T"+1I)x,

since dom(7") C dom(T™). This implies (7% +I)(z —y) =0, and hence x =y €
dom(T). O

Now we consider differential operators H(A, V') of the form
H(A,V)=-As+V, (3.7)

where V : R™ — R is the electric potential and

n
AZZAjd.’IZj, AjiRn—>R, j=1...,n
j=1
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is a 1-form, and

The 2-form

is the magnetic field, which is responsible for specific spectral properties of the
operator H(A,V), as will be seen later.

Under appropriate assumptions on A and V' the operator H(A, V) acts as
an unbounded self-adjoint operator on L?(R"). In many aspects of the spectral
theory of the Schrédinger operator with magnetic field H(A, V), it is convenient
to compare this operator with the ordinary Schrodinger operator

H(0,V)=-A+V,
and then to employ well-known properties of H(0,V).
Let X; = (—28%] — Aj) for j=1,...,n. Then

—Ap =) X7, (3.8)
j=1
and for u,v € C§°(R™) we have (X;u,v) = (u, X;v), j=1,...,n and

— A au, ) Z (| X . (3.9)

Proposition 3.8. Let A € C2(R",R") and V be a continuous real-valued func-
tion on R™, such that
V(z) > —-C, Vo € R™,

where C° > 0 is a positive constant. Let dom(H(A,V)) = C°(R™). Then
H(A,V) is a symmetric, semibounded operator on L?(R™).

Proof. For u € C§°(R™) we have

(H(A,V)u,u) = /Rn(AAu+Vu)ud)\

n
= / Z|Xju2d/\+/ Viul? dA

~C Jlul.

v
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Using the Friedrichs extension 1.25 | we obtain

Proposition 3.9. Let H(A,V) be as in Proposition 3.8. Then H(A,V') admits
a self-adjoint extension.

Proof. Define

a(u,v) == (H(A,V)u,v) + (C + 1)(u,v)
and define V to be the completion of Cg°(R™) with respect to the inner product
a(u,v). Then one can apply Proposition 1.25 to get the desired result. m|

Recall that a function g € LL _(R™) is the distributional derivative of f €

(R™) with respect to x; (formally g = 0f/0x;), if

0
(9,0) = (f, a;;)
for each ¢ € C§° (R”)

Let fi,f € Li _(R"). We say that f; converges to f in the distributional
sense, if

Ll

loc

loc

(fks9) = (f,9)

for each ¢ € C°(R™).
Let f,g € L{.(R™). We say that f > g in the distributional sense, if

(f;0) = (9,9),
for all positive ¢ € C5°(R™).

A useful tool for spectral analysis of Schrodinger operators is Kato’s inequal-
ity sometimes also called the diamagnetic inequality:

Proposition 3.10. Let A € C*(R",R"). Then, for all f € L}
(—iV — A)?f € L2 _(R™), we have

AlfI = =R(sgn(£)(=iV = A f) = R(sgn(f) Aaf), (3.10)

in the distributional sense, where sgn is defined in Chapter 5.

(R™) with

loc

Proof. Let Aq,..., A, be the components of A. Notice that

—Apf = (—iV — A2 f = Z az — A))%f.
; J

The assumption (—iV—A)?f € L2 (R"), and the regularity property of second-
order elliptic operators (see Proposition 2.34) imply that f € T/VI%C(R”), in
particular Af,Vf € L (R").

loc
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First suppose that u is smooth.Then, with |u|e = /|u|? 4+ €2 — €, we get

R(@Vu) _ R@V - id)u)
VIP+e P+ e

A straightforward calculation shows that for a smooth function g we have

Vlul = (3.11)

gAg = div(gVyg) — |Vg|>.
Hence we obtain

VIuP+eeAlule = div(y/]ul? + € Viul) — |V]ul?
= R[Vu-(V—id)u+adiv(V —id)u)] — [V]u||
= R[(Vu—idu) - (V —iA)u
+(—idu) - (V —iA)u + udiv((V — iA)u)] — |V]u|*
= [(V—id)ul* = |V]ul
+R[(—iAT) - (V — iA)u+ udiv((V — id)u)] .
An easy calculation shows that

(—iAT) - (V —iA)u+adiv((V —id)u) =T (V — iA)?u.

From (3.11) we get

IV ]ul* <

[u(V —iA)U|2 |U\2 [(V —iA)u)\Q . 2
— <V —iA .
[ul?2 + €2 U2 + €2 <[ iA)u)l

So we finally see that
w(V —iA)u
Alule > R Q
Vul?+ €
The rest of the proof uses approximative units and follows the same lines as
the proof of the Proposition 2.19. |

(3.12)

Using Kato’s inequality and a criterion for essential self-adjointness we obtain

Proposition 3.11. Let A € C2(R",R") and V € L2 (R™) and V > 0. Then
the Schrodinger operator H(A, V) = —A 4 + V is essentially self-adjoint on
C§°(R™). In this case the Friedrichs extension is the uniquely determined self-
adjoint extension (see Remark 1.19 (b) and Proposition 3.9).

Proof. By Proposition 3.7, it is sufficient to show that

ker(H(A, V)" +1)={0}.
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Since dom(H (A4, V)*) C L*(R"), the triviality of the kernel follows from the
statement: if
—ANgqu+Vu+u=0, (3.13)

for u € L?(R™), then u = 0.
Ifu e L*(R") and V € L% (R"), one has uV € L] _(R™). In addition we have

loc
the inclusion

L2(R") C Lie(R") C Lioe(R"),

loc

which follows from the estimate

[t <ix1 ([ an
K K

Hence we have u € LL _(R"), and, by (3.13), that Au € L (R™), where the

loc
derivative is taken in the sense of distributions.

From (3.10) and (3.13) we obtain

Alul

A\

R(sgn(u) Aqu)
Risgn(u) (V + 1u)
lu| (V +1) > 0.

If (x¢)e is an approximate unit, we get
A(xe * [u]) = xe * Alu| = 0. (3.14)
Since x. * |u| € dom(A), we have
(ACxe * ul), xe * [ul) = = [V (xe * [ul)[* < 0. (3.15)
By (3.14), the left side of (3.15) is nonnegative, so V(x. * |u|) = 0 and hence
Xe * |u| = ¢ > 0. But |u| € L2(R") and x. * |u| — |u| in L?(R™), and so ¢ = 0.
Hence x. * |u| =0, so |u] =0 and u = 0. O

For other interesting applications of spectral analysis see [7].



Chapter 4
0

Finally we demonstrate some methods for the Cauchy-Riemann equations. We
consider the d-complex

Gl 0 l il
L(Q) == Ly y(Q) — ... = L,y (@) — 0, (4.1)
where L%O,q) (Q) denotes the space of (0, g)-forms on Q with coefficients in L?(Q).
The d-operator on (0, ¢)-forms is given by

9 <Z /CLJ d2J> Z Z ' %dzj ANdz g, (4.2)

J j=1 J

where Z, means that the sum is only taken over strictly increasing multi-indices
J.
The derivatives are taken in the sense of distributions, and the domain
of O consists of those (0,¢q)-forms for which the right hand side belongs to
%0 . +1)( ). So 0 is a densely defined closed operator, and therefore has an

adjoint operator from L(o +1)(Q) into L?qu) (Q) denoted by 9"

We consider the d-complex

7
Lioq-1)(Q) = Liog) (@)

)

L 4(9), (13)

97 l@\

*

forl1<qg<n-1.

Proposition 4.1. The complex Laplacian U = 55i+§* 0, defined on the
domain dom(0J) = {u € L )( ) :u € dom(B)Ndom(d"),u € dom(d"),d u €
dom(i)} acts as an unbounded, densely defined, closed and self-adjoint operator
on L(0 " (Q), for 1 < q < n, which means that 0 = O0* and dom(O) = dom(3*).

Proof. dom(J) contains all smooth forms with compact support, hence [J is
densely defined. To show that [J is closed depends on the fact that both 0 and

9" are closed : note that

(Ou,u) = (00 u+ 8" du,u) = ||ul> + |8 ul?, (4.4)
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for v € dom(O). We have to prove that for every sequence uj € dom(O)
such that up — w in L%O q)(Q) and Ouy converges, we have u € dom(O) and

Ouy — Ou. Tt follows from (4.4) that

(O(up — ), up — ug) = [10(uk — ug)|* + 110" (wr — ue) %,

2

o ., (0,q+1 - .,

L%O g—1)(€). Since 9 and 9" are closed operators, we get u € dom(0) Ndom(9")

and Quy, — Ju iILL(207q+1)(Qi)*and g*ﬁf —du iILL(Q07q_1)(Q). .
To show that Ju € dom(d ) and 9 u € dom(0), we first notice that 09 uy

and 8 Ouy, are orthogonal which follows from

which implies that duj converges in L )(Q) and that 9 uy, converges in

(00 up,, & dug) = (79 up,, duy) = 0.

Therefore the convergence of Duy, = gg*uk +9 Ouy, implies that both gg*uk
and 9" duy, converge. Now use again that & and 8" are closed operators to
obtain that gg*uk — 90 uand 9" uy, — 9" du. This implies that Cuy, — Ou.
Hence O is closed.
In order to show that [ is self-adjoint we use Lemma 1.21. Define
R=09 +9 d+1

on dom(J). By Lemma 1.21 both (I 488 )" and (I +9 8)~' are bounded,
self-adjoint operators. Consider

L=(I+89) ' +(I+8 9 -1
Then L is bounded and self-adjoint. We claim that L = R™!. Since
(I+80) ' —I=(I-(I+4+09)I+08)'=-09U+8d)",

we have that the range of (Ij—?g*)’l is contained in dog@g*). Similarly, we
have that the range of (I + 8)~! is contained in dom(d" 8) and we get

L=I+99) '-09°I+dd)".
Since 9 = 0, we have that the range of L is contained in dom(g* 0) and
9 OL=0"0(I+0d d)"".
Similarly, we have that the range of L is contained in dom(ég*) and

9L =09 (1+00) "
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This implies that the range of L is contained in dom(O). In addition we have
RL=00 (I+90) ' +99I+d 9) ' +L=1I.

If Ru =0, we get Ou = —u and 0 < (Ou,u) = —(u,u), which implies that

u = 0. Hence R is injective and we have that L = R~!. By Lemma 1.21 we

know that L is self-adjoint. Apply Lemma 1.20 to get that R is self-adjoint.
Therefore 10 = R — I is self-adjoint. O

We will now suppose that Q is a smoothly bounded pseudoconvex domain in
C™. It can be shown that

= =k
[9ul® + 110" ul* > c]lul, (4.5)

for each u € dom(8) N dom(8"), ¢ > 0. B -
First we will show that (4.5) implies that 9 and 9" have closed image.

Proposition 4.2. Let Q C C" be a smoothly bounded pseudoconver domain.
Then d and 8" have closed mage.

Proof. We notice that kerd = (imd" )+, which implies that
(kerd)t = imd" C kerd .
If u € kerd Nkerd", we have by (4.5) that u = 0. Hence
(kerd)* = kerd' . (4.6)
If u € dom(d) N (kerd)™, then u € kerd ", and (4.5) implies

1 —
lull < = [|Oul]
C

Now we can apply Lemma 1.12 to conclude that im@ is closed. Finally Propo-
sition 1.14 gives that imd" is also closed.
O

The next result describes the implication of the basic estimates (4.5) for the
[J-operator.

Proposition 4.3. Let Q C C" be a smoothly bounded pseudoconvex domain.
Then O : dom(O) — L(20 o (&) is bijective and has a bounded inverse
N : L(Qo’q) (Q) — dom(0OJ).

N s called O-Neumann operator. In addition

1
INull < = lull (4.7)
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Proof. Since (Ou, u) = ||0u|24]|8" u||?, it follows that for a convergent sequence
(Oup)n we get

10wy, — Ou]| [|un — um || = (O(un — wm), tn — tm) > cflun — umHZ:

which implies that (up), is convergent and since [J is a closed operator we
obtain that [ has closed range. If Cu = 0, we get Ou = 0 and 9'u=0and by
(4.5) also that u = 0, hence O is injective. By Lemma 1.20 (ii) the image of [
is dense, therefore [J is surjective.
We showed that
0 : dom(0) — L}, ,(Q)

is bijective and therefore, by Lemma 1.20 (iv), has a bounded inverse

N : L{, (Q) — dom(D)).

For u € L?

(0,9) () we use (4.5) for Nu to obtain

c|Null> < [ONul® + (0" Nul/®
= (9"Nu, Nu) + (99" Nu, Nu)
= (u, Nu) < [lul [[Null,

which implies (4.7).
O

Finally we get a nice formula for the canonical solution operator for the
inhomogeneous Cauchy-Riemann equation.

Proposition 4.4. Let o € L(Q()’q)(Q), with O = 0. Then uy = 5*Nqa is the

canonical solution of Ou = «, this means Oug = « and ugL kerd, and
18" Nyar|| < 72 . (4.8)

Proof. For a € L%O (@) with da = 0 we get

a =08 Nya+ 8 IN,a. (4.9)
If we apply 0 to the last equality we obtain:
0=0a= %*5]\@&,
since N o € dom(8") we have

0= (09 dN,a,dN,a) = (0" Ny, INja) = |9 AN,
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Finally we set ug = E*Nqa and derive from (4.9) that for da = 0
a = Juy,
and we see that ugL ker 9, since for h € ker 0 we get
(uo, h) = (8" Ny, h) = (Nya, dh) = 0.

It follows that

18" Nyal? (90" Ny, Nyo)

= (93 N,a, Nya) + (9" ON,a, Nya)
= (o, Ny@) < [laf[[Ngall

and using (4.7) we obtain

10" Ngarll < 2 e, (4.10)

For further details see [8].
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