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Fally Packed Loop Cm?agumhons = FPL

Playqround : Square gﬂd &,
with n? verdices and 2n

B BE exiernal edges chosen

alfernative ly

vl
T [ | TPL: Subgraph of Gn which
.- B has +wo edges incident

... . +o each internal vertex
— [ |  and contains all edernal

edges



The 42 FPLs of size 4
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Theorem ( Zeilbeﬂer 36)-

The number of FALs
of Size N 1S

’T‘fi (3i+1) !

"g-,o (V\-H),’

Ao = 12,3, 42,42, 7436, 248345,

AS)'W\ P+o+\'cs :

I
An = ('Z,'—)



Origin in statistical physics
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Distinguish between pdld ond even verticeS
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L INK PATTERNS OF FHs

AY A3 A2

/] — L———L dJ_'/H . A
l , 13
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D => ? 'z

q 4 10
3 5 /79
| ¢ 3 8

4 r_'L r-_I S A linf pattern T of size
5 6 3 nis a set of n
non-crossing chords
between 2n points on

a dishk .



Study FPLs with fixed Cink patfern !
‘DET: T Cink pattern
AT\‘ = # FPLs with @nk pattern T

A . '
Ex: :
—_—— g1
Y ¢ 11— - C— — 5
-3 L H
5 —t 4 " — -
3 2 4.2 4
3 : 3

= Ap =2



Some ‘classica?” resu@ds
on HRe []

1) Rotational invariance of Ay
9) Razumov-Stroganov &-Conjechure

3} A,", ‘gof QPZCiQQ T's






A brilliant cordribution by an wdm'gmdude

THEORE M ( Ben Wieland, 2000):
¥

A1T h AFC'IT)
Conjeciured by Cohn anel ’?ro,:p / Bosy anel Ficl kowsk
’Bi)eohvc Pf°°]0 . Wieland ayrq-l-ion,

L Q D D kp to rotation
A
O 0O 0 hH




4t|E)(om pldze of Wieland 3yra+io:1;

A3




Cruciol foct: Wiland gyration preserves e

connechvity of path endpoints in each
indernol ce® it is apphod. 4o |

L
S Gé /N



2) Ra%u.mov S-h'oaanov ex - Cbnjecﬁwe
Wans{’ormahon e; on CQinl paHerns :

SR

e(m?

T: Mf‘),MnQ = e(m: 305*4,’50&



A MARKOV CHAIN ON LINK PATTERNS
STATES =LINK PATTERNS OF SI2E n =:L7P,

TransiHon proba bilities :

(P(.n:' s .l.l_z) - 1':[— ié{lﬂ,...ﬂn}: Ql- (]]'1) = sz
an




STATIONARY DISTRIBUTION

Perron - Frobenius = Marfov chain hao o
wnique stationary distributio

Razumov - Stroganov_ex-Conieolwe (2004) :
The Stationary distribution i
) (Ymre LP, 'S

given b\) nf“-.-. ATI'

stationary disiribwlion = ﬁtOu.wui-S'}a'}e codf. inthe
even-Gungth dense O(1) foop mode)



Ay for npeciol T's

Maoc THEOREM (Di Franceso, Zinn-dustin,
N Zuber,2004) :
\a.
e A]‘]'“.hc
b

Percy MacHMahon, 4346 : This is also the humber of
Plane Partitions in an

axbxc- Box !



Plane Partitions in an axbxc-TBox
. . are oaxb-matrices with entries in £0,4%-4cp
such +hat rows and columns are wqu&d,

@decreasing.



@ FPL,=> Plane %rﬁh‘onr

—e fixed edges ~---- fixed edges
— nan—edﬂes



> Plane FRartition T

FPL

Rhombus
'mina

of 1Re Raxagenal

— Terfect madtch, ng
gri A



%) Some new results on the A

— Deinition and Origin
— Rsirictions on e Gewwbarg- includling
o mol% ﬁwﬂ'-ly
—T\a-ldttngs ana. Path Tanv?zs
— "Liteewooel - RrRardson ” - Ccn@rgpwa#e@



A qualitative resutt for Ay
Linf Faﬂems with nested arcs: \e

THEORE M (Gasselli, KraftentRaler, Lass, =:(M),
Nadeau., 2005) : K_.,/.".

For fixed T, the Quantity A””e is @ polynomral
{umohov\ int.

:Fally Packed Loops in »OL'lTlanaaee, were invented
{O\' "H\C proo? Z



DEF: A TFPL £ is
(1) deg(L;) € {04}, dog(R)e€ {04}
(2) deg (B;)=4
(3) All other vertices have degree 2.

—> (4) A path in € cannot join Two vertices in
{Lulyy- Ly}, hor two verdices in (R R}

Boundary: u=(0,0,4,0,4,0) W=(044,0,0,0)
V=1(0,0,00,4,4)

J 1



F
Necessmy condittons on uv,ur for 1Re existence of TFPLs
W=040404410 &=> FERRERS DIAGRA Al)

Q(w) = ¥ of cells in Mw) = # of “inversions” = g

) ‘PART'ML ORDER ON 04-words :
SV &5 Alm) € Alv)
Ex: 004101 S 044400

e



In our example ...
W= (0,0, 4 0,4,0) Vs (0,0,010,4,4) W-"—'(O, 4,1, 0,0,0)

F}—Jnim =3 1-—;(v) =0 @ diw)=6

Observations:
1) |ul,= vl = wl,

2) WSW amd VSW
?) d(w) +d(v) § d(w)



DEF: by =4 of TFPLs Wik boundary (VW)

THEOREN: Let uv,uw be Ol-worels of 1k neme Gngik.
Then b.x, > O implies the eellowi'.,g Hree Comiraints :

(4) Iu|1= 'V'1= 'WL'

(D) ugWw and VSWwr
(3) d(W)+d (V) Sdlw)

T % 188 "'."'."..."'..."'. v O ® 9O O ® OO O OO IO DO @OF @Y

uv,w Dycl words :
(2) Firs+ proof by Cacelli, Kratlenthaler, La ss, Nadeau, 2005
Prilippe i “tedious argqument
() FirsP proof by Thapper, 2007 : algebrarc proof
based on Wieland gyration, .



ORIENTED TFPLs
| | n 1
= 9N aN

AR
ORIENTED TFPL = TFPL + Orientation 0?‘"‘* dr Sudi that :

() Each verdex ree 2 Ras one Incoming anel
aheogaug;gms edaz- e

(DThe edges of L are outgorng.
(L)The edges of R; are ihcom g .
(Cond.4 can be omctiecl .)
@oundary M= 0, 4, D,A,D)
V= (Olololo,"l")
W = (4,0,4,0,0,0)



DEF : -{;‘:‘\‘,’ = #of oriented TFPLs with Goundary (¢ y,w)
wcly
t‘:‘), >0 = ’b«':y> 0
=5 'O"
! Above mentioned theorem Ketels FG" Cupy

Mool : Transéation into equva lend objects
where necemary conditions con be

read off direclad..

SHORT INTERTIEZZO : Also in 3eneraL’ it suffrces 10
consider orienked TFPLS, since tyy Can be
derived from a certain weighted enumeration

of oniented TFPLs.



THE WEIGHT OF ORIENTED TFPLs

RL(0)= 4 of paths Oriented from right to G4 =3
I‘§>(f)=ﬁ£ clodwise orrenled ecgfzu =2
NQ (Q): 4 4 Counlerclodéwise Orle»teddleo%;s ; 4
RLIP+ NYIP) = N[
By (9)1= 2 )
4 orienled TFPL
witk doundary (4 hiw)



THE HNATRIX  M(No,N,)

NoN, >0 integers ; M(No,N,) : Nadrix whose rows and columns
are indexed by OA-words with

Np 2eros and N, ones

M(NQ,N‘)w'wl = {ﬂ RL{ww) W' &Ml b'e eo" W
0 else

’-FeaSibiGHg: '\
0101100111 01001 D T= A AN (AN N /A~

010110011 1010011

- \ h\ -dended ernik pattern

,)\ 73 2 W= 100111010410

4 o o 41101 0 1 Souwrce -9ind-worel,
direcled Unk pa#em/

RL(wuw‘) - "H: 9e rigu-&ﬂ-arcs =3



CONNECTION ‘BETWEEN TFPLs and Oriented TFPLs

THEOREMN (F. 8 NADEAV) :

uv,w O4-werds of &ngiR Ny+N, and Wil ulp=]v],=Iw]=N
M'-"- M(NQ,V‘)

by = > (M 2. (%)

| A, T3
\»hre g=2.+_2_— .



Combinatorial inferprefation for dlw)-ol(u)-e(v)

THEOREM ( F 8 Nadeaw) :
For any Otiented TFPL WHR boundary (u,yw), one has
the following formula

dl-aw)-ellv): = (of § )+ (m 'r ) #[xem e =)t (o= xe— )
+(?e-x)" “_') (xe—j

Exomple:

w=(0,9,4,0,4,0) x -->-x

V=(000,0,44) ’ 4‘{9"‘

W’U\O\Al 0\0, 0) X

HKme=oiptme X "é"

dl-alw)-dlv)=G) x € ? "y B Qx
b ’ <o A

X =X e>=X =X




Too| = Matchings and Paths

X i X
X/' S X i X
/ % i l s X l X
Yemm— Y — l > X o X
W o o X C— O !( g ! X
A R BV

ln-lrodu,c& e Cight c? X and perform the Pollowmg




Secord, Ma'}chma

o X © mm—X

/ X o emm— K © venss——_<
. B o enmmm—X Oe——
X commm i X C—— X eomwm— © X

j .

X cm—

X — X —,

Iniroduce o M-} o? X and p!r?orm +he Fcllowlra

j .\‘\ « X e—— '/,’ cmnium X

o ©® X«

X o @& X o ©® X
e X o @ X

X o @ X ®




PATH TANGLES

ln one picture: 4
P o, “ *'

"4 0101010
Re fact 4Rad Ketwo maichings are disgoint 4ranslates
m-lo-H\e fact et the R:llowma Gocal patterns oo net eoxun

X K

Mo biwe peth  no \'ed path

Impor\aw\ facls: - CROSSINGS of blue and red paths
always involve horizonial steps .

[-Each horizondal step Is involved]
in @ crossing J



Prosf of dlw)+dly) s dlw
1) d(w) = Finversions inw = dcrossing pairs SH<—+ # —>

2) dlw)-d[u)-; W + # &
3) dlwy-dV) = 4\ + # —>
Now : Alw)-adl(w) - d(v):@(u)- d(u)) + (el w)- ol (V) =al[w) >

7 (‘/ * é"’)"‘(\ +—=*‘>)~(<—+-9)
=/ + N\ 20



Extreme case : dlw)+d(v) =d(w)

Schur fanction: W 04 - word.

7\‘“)"" 31 =(Z,,z,...
ﬁzsl" | l]'\.)
S (Kik) = ded M *N-0

wo 2 1849 ¢ n '

T (%= %)

46\4651\
— Important basis of Symmelric polynomials

— Represeniation theory : Characiers of +the irreducible
representotions of the general @inear group



Lilewood-Ridardson  Coeffictents
uy OA-words :

LR-csefliciont hon-negative
ivr}eg;er'

Co
HBINATORIAL TIODEL FOR LR-ceefl:
Knuison-Tao-Puzles 1' sk

Ruszle Preces :

AV A° LR

YAVANVATA V4 <7 @

é“.o M N M e Vi
0 1 0



THEOREN : yv,w with dlw)+dlv)=dlw)
— W
= 'tu?: = Cuyv

Proof : Superimpose Triangular grid on path fangle
Dictionary :

A = % Vo=
AN V¥ = N

] d. G "
¥

AN :
SN NV

3

<




Net case @ d(w)-d(u)=-el(v) =4

Message in short : Number can also be expressed
in terms of Littleworc!-Rickarlson

coefficients

DEFs: u*covers u if there exist Uy, ug with:

us UL oA UQ
ut=U_ A0 UR
T Alut)

Lo(u,u*) = | U,_Io
Llwu®) = Ly(uut) +L, (4, u*) + 4

L‘ (“\“"') - l “L'1



THEOREH (F. & Nodeau.)
Let uyv,wr bewords of +he same langth,
lulg= M, = lwl, @nd d(w)-d(u)-d(v)=A.

OB = 3 (L) Gy + S (Lwdfi)sy;

Ut u-=aut VRNV,

—2>  Lww)cuy

W:w"-SWw

@) buy = 3 (Vi rLbivim) cqpe =2 Lylwio)y

vi: Vvt W™ iw==y W



|dea. of the proof

* The gap dlw)-c(w)-el(v) =4 Con be "lﬁo.ﬂt‘zuL"
as a Carlain Gocal Condiguration in e
——— g O

TFPL- dew , 4/%
o Define operations to move Re de('ec! . A—.d\

e Move dlefect do We Bounclary anel lcmove It

= TFPL Witk ol(w)-ellu)-ollv3
LR-TFPL
+To prove ke formuta e fotdowing @ utotron Aso

fo be orowered : How many TFPLs awe
mapped 1o e 2ame LR-TFRL 2




A conjec-}m by Fonseca andl Nadeaw
THEOREN:

* - A“"e is a polynemicd
#'“‘d"@n int.

Al

SYAYS '4'(%*4)(2£'-+-'H= +42)
A0 0) (63 (440 REMTTEE
NANMNN 120 +3)( RO

A (6+lesD)(£+4d(5¢! 462¢3
+333t2 44038 £ +1530)



At

m (tu)(eW)(‘fS et

6492%’- +91500 £ +70560)

/\ BYas-T A (£#) [D(L3)(EHY) (5¢Y +

5443 433542 +998L +1680)

¢ 4+ 465¢5+ 12204
A (AN i o s o

+4932¢3 +ME23¢2 +
A4802¢ +40080 )




LINEAR +ACIUKS UFr A
(M)

ROOT CONQECTLRE . All real rootfs of Am, e
. mulH -,;lCl"‘) °§ - Is mg “T)

4zsq scrygede?

. (“__) # o? arc in T Qm&w_\a'ﬂ\e reqions O and]



