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Abstract

We consider bipartite graphs definable in o-minimal structures,
in which the edge relation G is a finite union of graphs of certain
measure-preserving maps.

We establish a fact on the existence of definable matchings with
few short augmenting paths. Under the additional assumptions that
G C [0,1]™ and 2-regularity, this yields the existence of definable
matchings covering all vertices outside of a set of arbitrarily small
positive measure (Lebesgue measure of the standard part). As an ap-
plication we obtain an approximate 2-cancellation result for the semi-
group of definable subsets of [0,1]"™ modulo an equivalence relation
induced by measure-preserving maps.

1 Introduction

This paper is a first step towards understanding definable matchings in defin-
able bipartite graphs in o-minimal structures. Matchings play an important
part in many areas of mathematics, such as the theory of equidecomposi-
tions, and we believe they will prove higly relevant in the o-minimal setting
as well.

Here, a graph consists of a nonempty set of vertices V' and a symmetric,
antireflexive relation £ C V? whose elements are called edges. So graphs
have no loops, no multiple edges, and edges are not oriented. A bipartite
graph is a graph whose set of vertices can be partitioned into two disjoint
sets A and B so that each edge has one vertex in A and the other vertex in



B. A matching in a bipartite graph (AUB, F) is a subset of E which is the
graph of a bijection between a subset of A and a subset of B. A matching is
perfect if it covers all vertices, i.e. if it is a bijection of A onto B.

Throughout, we let R be an o-minimal expansion of an ordered field.
Definable shall mean definable in R. A graph (V) E) is definable if both
V C R" and E C R* are definable. A definable bipartite graph (AUB, F)
is a definable graph with a definable bipartition, i.e. both A and B are
definable.

What is the situation like for perfect matchings in (infinite) bipartite
graphs without any definability assumptions? By Konig’s Theorem, every
k-regular bipartite graph admits a perfect matching. This is a special case of
the infinite (two-sided) Hall-Rado-Hall Theorem, according to which a locally
finite bipartite graph admits a perfect matching if it satisfies the marriage
condition for finite sets (for each k, every k-element set of vertices has at
least k neighbors) in either part. However, the definable versions of these
two theorems fail, as evidenced by an example by Laczkovich [2]. Laczkovich
defines a semilinear graph whose edge relation F is a closed subset of the
unit square and which consists of finitely many line segments with slopes 1
(in fact, E is, when considered as a space with normalized linear measure —
up to a measure-preserving homeomorphism — just the unit circle). While
E contains a perfect matching by Konig’s Theorem, Laczkovich shows that
it does not contain a Borel matching nor a Lebesgue measurable matching.
This is, roughly, due to the fact that, while the normalized linear measure of
a matching M in E would be %, M would also have to be fixed by a certain
map which is essentially an irrational rotation of the circle, hence ergodic.
Given that E is in particular definable in an o-minimal structure, this dashes
the hope of a definable analogue of Konig, or even Hall-Rado-Hall.

One way around this, in the presence of a measure, is to relax the re-
quirement of the matching being perfect to being perfect only outside of a
small set. This has been done in the Borel case by Lyons and Nazarov in [3],
p.8, Remark 2.6. (for a detailed exposition of the proof see Wang [7]). Lyons
and Nazarov prove the following. Below, a set of vertices is independent, if
no two vertices in that set are neighbors, i.e. they are not incident with the
same edge. For a set of vertices Y and edge relation G,

Ne(Y)={z:yeY (z,y) € G}.
Theorem 1.1 ([3]) Let G = (X,G) be a Borel graph on a standard Borel

space with a Borel probability measure v that is locally finite, v-preserving,
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bipartite, and satisfies the follwing expansion condition:
de > 1 such that for all independent Y C X, vNg(Y) > ¢ VY.

Then G has a Borel perfect matching v-a.e..

We are interested in an o-minimal counterpart of this theorem. While the
existence of definable matchings in o-minimal graphs is of interest in its own
right, another reason is the following. The condition of being v-preserving
corresponds, in our setting, to the edge relation being a finite union of graphs
of isomorphisms (roughly, definable C'-diffeomorphisms with Jacobian de-
terminant equal to £1). Such graphs and the question of the existence of
a perfect matching in them come up when dealing with the semigroup of
bounded definable sets modulo the equivalence relation induced by isomor-
phisms, with the operation being given by disjoint union. These semigroups
are in turn closely linked to a long-standing open question about the existence
of invariant measures on definable sets in o-minimal structures.

We obtain Theorem 1.2 below, an approximate version of Theorem 1.1,
when the measure under consideration is Lebesgue measure of the standard
part and when we restrict ourselves to 2-regular graphs. The assumption of
2-regularity replaces the expansion condition in Theorem 1.1, which is never
satisfied in the bounded definable setting, given that the bipartition of a
definable bipartite graph is assumed to be definable.

Theorem 1.2 Let G = (AUB, G) be a definable bipartite u-preserving graph
which is 2-reqular and such that A, B C [0,1]". Then for every e € R>? there
1s a definable matching M C G covering all vertices of G outside of a set of
[-measure < €.

The proof follows the general outline of the proof in [7]. That is, we first
prove the existence of matchings with few short augmenting paths, starting
with the archimedean case. This is Proposition 2.6 — the measure under
consideration is Lebesgue measure and there is no need to use 2-regularity.
The general case (Theorem 3.5) is then derived using results from Matikova
[4], [5] concerning the structure induced on the residue field by the standard
part map. Theorem 1.2 it then derived by an argument similar to the one in
[7], but with 2-regularity yielding an expansion condition.

We remark that Theorem 4.2 cannot be improved to yield a definable
matching p-a.e. due to the example in [2].
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An application of Theorem 1.2 concerns cancellation in the semigroup of
bounded definable sets modulo the equivalence relation induced by isomor-
phisms. More precisely, let B[n| be the lattice of bounded definable subsets
of R", and set

SB[n] ={X € B[n]: X C[-m,m]" for some m € N},

the lattice of strongly bounded definable subsets of R". For X,Y € SBin|
and € € R™Y we write X =, Y iff u(XAY') < ¢, where y is the standard part
map composed with Lebesgue measure, and A is symmetric difference. We
write X =, Y iff X =, Y for all e € R>". Let ~ be the equivalence relation
induced on Bln| by isomorphisms (see Definition 5.1). Then 7, = B[n|/ ~
is a semigroup with addition given by disjoint union. For «, 8 € 7T,,, we write
a =, [ iff there are X € o, Y €  such that X, Y € SB[n| and X =, Y.
Then Theorem 1.2 yields the following.

Theorem 1.3 Let o, 3 € T,,. Then 2a =, 23 implies a =, 3.

Some further conventions and definitions. We let O be the convex hull
of Q in R. Then O is a valuation ring in R with maximal ideal m and residue
map st: O — k, where k = O/m is the ordered residue field. The residue
map extends coordinate-wise to st: O" — k™. If R is sufficiently saturated,
then O/m = R and the residue map is called the standard part map. In that
case, we denote by R;,q the o-minimal structure on R which is generated by
the standard part map, i.e. the ordered field R expanded by the relations
st X, where X € Def"(R) and st X :=st(X N R").

Definition 1.4 1. By a measure on SB[n| we mean a finitely additive
map p: SB[n] — R2% (addition on SB[n| is given by disjoint union)
such that p(0) = 0.

2. An n-isomorphism is a definable C-diffeomorphism f: U — f(U),
where U C R" is definable and open, and |Jf(x)| =1 for allx € U.

3. Given a measure p on SBn|, we say that p is invariant if p(X) =
w(f (X)) whenever X € SBn| and f is an n-isomorphism.

4. Let G = (V,G) be a definable graph with V- C O", and let v be an
invariant measure on SB[n|. We say that G is v-preserving, if there
1s a partition of V' into cells such that for each open cell C' in this
partition, G N (C x R™) is the graph of an n-isomorphism.
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For R sufficiently saturated, we define an invariant measure p on SB[n| by
assigning to X € SB[n] the n-dimensional Lebesgue measure of its standard
part (see [4], p. 18, proof of Lemma 6.4, for a proof of invariance).

Remark 1.5 [t will be easy to see that Theorems 3.5, 4.2, and 5.2 remain
valid if we replace 2.-4. in Definition 1.4 by the following, perhaps more
natural, notions.

Definition 1.6 1. An n-isomorphism is a definable C*-diffeomorphism
f: R"— R™ with |Jf(z)| =1 for all x € R™.

2. Given a measure p on SB[n], we say that p is invariant if u(X) =
w(f(X)) whenever X € SBn| and f is an n-isomorphism.

3. Let G = (V,G) be a definable graph, and let v be an invariant measure
on SBn]. We say that G is v-preserving if there is a partition of V
into cells such that for each open cell C in this partition, G (C x R")
is the graph of an n-isomorphism restricted to C'.

For x,y € R" and definable, bounded X C R", we let d(x,y) be the euclidean
distance between x and y, and we set

d(X,y) = inf{d(z,y): x € X}.

For x € R™ and r > 0, we denote by B,(x) the open ball of radius r centered
at x, i.e. the set {y € R": d(z,y) <r}.

2 The archimedean case

In this section, we assume that the underlying set of R is R. Then SB[n] =
Bln] and Lebesgue measure A is an invariant measure on B|n|.

2.1 Colorings

Definition 2.1 Let G = (V,G) be a definable graph. We say that a definable
map c: V — X is a definable coloring of G if X is a finite set, and whenever
(v,w) € G, then c¢(v) # c(w).



Lemma 2.2 Let G = (V,G) with V € Bn] be a definable graph such that
every vertex has finite degree. Then there is a definable coloring of G outside
of a definable subset of the vertex set of arbitrarily small positive A\-measure,
i.e. for every e > 0 there is a definable V! C V with A(V \ V') < € and a
definable coloring of G' := (V',G N (V')?).

PRrROOF: Let C be a decomposition of R*" into cells partitioning G, and let
D={r"C:CecC&C CG&dimC =n}.

Then, because every vertex of G has finite degree, we may assume that for
each D € D, GN (D x R") is a finite disjoint union of graphs of definable,
continuous functions. Let Fp be the collection of these functions.

CrAM Let € > 0, D € D and f € Fp. By Gy we denote the graph
(DUf(D),T'f). Then there is a definable coloring of G outside of a definable
subset of DU f(D) of A\-measure < e.

Proor or CLAIM: We set
Ds:={x € D: d(z,0D) > ¢},

where 0D := cl(D) \ int(D), and § > 0 is such that A(D \ Ds) < § and
A f(D\ Ds)) < 5 (the existence of such a ¢ follows from the boundedness of
the vertex set). Define

F: Ds —R2": 2 — d(z, f(z)).

Then, because I' f|p, € G, G is antireflexive, f is continuous and Dy is closed,
F'is bounded away from 0, say by r > 0. Since Dy is compact, we can find a
finite covering B of Ds by open balls of radius 5. For x € Dy, define c(z) = i,
where ¢ is the smallest index of a ball from B containing z. If z,y € Ds are
such that ¢(z) = c(y), then z,y € B for some B € B, so d(x,y) < r and z,y
cannot be neighbors. O (CLAIM)

Let € > 0. We shall now define V! C V with A(V' \ V) < ¢, and find a
definable coloring of the graph (V/,G N (V')?).

Let |D| = N, and let M be an upper bound for the degrees of the vertices
of G. Since vertices of degree 0 may be colored by any color, we may as well
assume that Fp # ) for each D € D. For every D € D and every f € Fp,

6



use the claim to find a definable coloring c¢; of Gy outside of a definable
Sy C DU f(D) of Ameasure < 37. Weset V' :=V\UpepUjer, Sf- Note
that

€

AU U Sp)<M:-N- o =e

DeD feFp

Define a map ¢ with domain(c¢) = V' and range the power set of Urng(cf),
where the union is taken over all D € D and all f € Fp as follows. For x € V'
let ¢(x) consist of all the ¢;(x) with z € domain(cy). Suppose z,y € V' and
(r,y) € GN (V)2 Then f(x) = y for some f € Fp with x € D. Hence
cr(z) # cf(y), and so c(z) # c(y). It follows that c is as required. O

Given a definable graph G = (V,G) and a measure on V', we shall say that
G is definably almost-colorable if for every ¢ € R>?, there is V, C V with
measure of V' \ V. less than €, and a definable coloring of (V_, G N (V;)?).

Remark 2.3 Lemma 2.2 fails for R non-archimedean: Let € be a positive
infinitesimal in R, and consider the graph G = ([0, 1]r, G), where (x,y) € G
iffy=x+eand 0 <z <1—¢€ Then G is not definably almost colorable.

2.2 Matchings with few short augmenting paths

Here, we let G = (AUB, G) be a definable, A-preserving, bipartite graph with
A, B € B[n], and M C G a definable matching. We fix K > 0.

We say that a finite set of subsets of a definable X C R™ is an open
partition of X, if each of its members is an open cell contained in X, and its
union covers X outside of a set of A-measure 0. We say that an open partition
{X.} of X partitions a definable Y C X if a subset of {X;} constitutes an
open partition of Y. An open partition {Y;} of X is a refinement of another
open partition {X;} of X if {Y;} partitions each X;.

Generating sequences of paths. We shall define a sequence
Ao, Ao, .o, Aok oo

of open partitions of A, and a sequence
Bi,Bs, ..., Bok i1

of open partitions of B. In each sequence, every open partition will be a
refinement of its predecessor.



Let C be a decomposition of R?" into cells, which partitions both G and
M. Set
Ao ={r"C: C € C& dim72"C = n&72"C C A}.

Since G is A-preserving, we may assume that for each Ay; € Ay, G| ag; =
G N (Ap,; x R™) is a finite union of graphs of n-isomorphisms. We denote the
set of these isomorphisms by F ;.

Assuming that for each As,,; € Agy,, where 0 < m < K, Ay, and Fop
have already been defined, we let Bs,,.1 be an open partition of B partitioning
f(Agp,i), for each f € Fop; and each Ay, € Agy. For Boyin; € Bopt,
let Fomq1,; be the set of all f~!|p,,.,, ., with f € U, Fam,i, where the sum is
taken over all ¢ such that A, ; € Ao, and Bayy,q1; € rng(f).

To define Ajg,, o, where 0 < m < K, assume that Bs,,.1 and Fopiq
have been defined. Let As,,.2 be an open partition of A which partitions
7 (Bam1) for each f=! € Fypiq; and each Bopi1; € Bomy1.

Now set

B; if 7 is odd.

Let P be the set of paths p in G of length [ < 2K + 1 such that if py € A,
then p; € |JC; for each i = 0,...,1, and if py € B, then p; € | JC;11 for each
i=0,...,1.

CZ:{ 1I 7 1S even

Definition 2.4 Given a path p € P of length | < 2K + 1, the generating
sequence of p is the unique sequence (go, ..., gi—1) of isomorphisms such that

1. if po € U Ao, then each g; € F; j for some j, and
2. if po € UBi, then each g; € Fiy1; for some j, and
3. piy1 = gi(p;) for alli € {0,...,1—1}.

Let s be the generating sequence of a path p € P. We denote by S, the
set of all possible starting vertices of paths in P with generating sequence s.
Note that S C Ap; or S C By ; for some j, and that we may identify P
with USSS, where the disjoint union is taken over all generating sequences s
of paths in P.



We now define a measure v on the definable subsets P’ of P. We have
P = U,S., where S, C S, and s ranges over the generating sequences of

Chalt -2}

paths in P. We set

so v on P is just Lebesgue measure on USSS.

Let H = (P, H) be the definable graph with vertex set P and (p,q) € H
iff p # q and p, = ¢; for some 0 < k,] < 2K + 1. Since every vertex of H has
finite degree, by Lemma 2.2 we obtain the following.

Lemma 2.5 The graph H is definably almost-colorable (with respect to v ).

Augmenting paths. Our aim now is to define a matching M’ which covers
the vertices covered by M, but which has only few “short” augmenting paths.
We shall use the following terminology. If p is an augmenting path of
length [ for a matching M (hence py and p; are not covered by M and
each (po;, poiv1) € M and each (pgir1,paiv2) € M), then by flipping p we
mean removing the edges (po; i1, poiro) from M and instead placing the edges
(p2i, p2i+1) into M. Note that flipping an augmenting path results in a new
matching, which covers the same vertices as M (and two additional ones).

Proposition 2.6 Let 6 € R>°. There is a definable matching M' C G
covering the vertices covered by M, and not having any augmenting paths of
length < 2K + 1 outside of a definable subset of P of v-measure < 4.

PrROOF: Since G is A-preserving, dimA = dim B, and we may assume
that dimA = n. By Lemma 2.5, we can find a definable P’ C P with
v(P\ P') < % and a definable coloring ¢ of the graph (P', H N P"?) with
rng(c) = {0,1,...,C — 1} for some C' € N. Let a = (ax) be the sequence
with a; = (kmod C') for each k € N.

We shall obtain the desired matching M’ as a member of a sequence
My, My, Ms, ... of definable matchings. We set My := M. To obtain M,
from My, k£ > 0, flip all augmenting paths for M, that are contained in
¢ !(ay). Given that we are only flipping paths with the same color, in each
step we indeed obtain a new matching. Note that each My, covers the
vertices covered by M. It now suffices to establish the claim below.

CrLAIM There is k such that M} has no augmenting paths of length < 2K +1
outside of a definable subset of P of v-measure < 9.



PROOF OF CLAIM: First note that an edge (a,b) € G can flip belonging to
Mj, for only finitely many £’s. This follows by an argument as in [7], p.12:
Set

R, := {x: x is reachable from a in < 2K + 1 many steps}.

Then b € R,, and R, is finite because every vertex of G has finite degree.
Every time we flip (a, b), this happens because (a, b) is part of an augmenting
path of length < 2K + 1 whose flipping results in an increase of the covered
vertices of R,. But given the finiteness of R,, this can only happen finitely
many times.

Also note that since G is definable, there is a uniform bound, say N, on
the number of times an edge can flip (take, for instance, N = d?5*! where
d is an upper bound on the degrees in G).

It suffices to show that for ¢ € {0,...,C — 1} there is k; such that for
every m > k;, ¢~ '(i) contains no augmenting paths of length < 2K + 1 for
M; ¢ outside of a definable subset of P of v-measure < %.

Let AP mc C P be the set of augmenting paths for M; ¢ in ¢71(i),
and assume to the contrary that there are arbitrarily large k£ such that
V(AP ko) > €. To create M; rct1, the paths in AP ¢ are flipped, but
because each edge flips at most N times, this can only happen at most
l'(%l(i)) - N times, a contradiction. O (CLAIM)

Set k := max{ko,...,kc_1}. Then the set of augmenting paths for M; of
length < 2K + 1 has measure < % +C- % =94.
0

3 Reduction to the archimedean case

In this section, we drop the assumption that the underlying set of R is R.
Instead, we assume that R is (2%)*-saturated. We will use the following
definitions and lemma from [4].

By a Q-ball in R™ we mean an open ball with rational radius, i.e. a ball
of the form

B.(z)={y€ R": d(z,y) <7, z € R", r € Q”°}.

The lemma below is Lemma 4.1, p. 183 in [4] (here, we prefer to state it in
terms of @Q-balls rather than Q-boxes).
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Lemma 3.1 ([4]) Suppose X C R™ is definable and dim(st X) = n. Then
X contains a Q-ball.

The following definition (Definition 3.1, p.179, [4]) and theorem (a slightly
weaker version of Corollary 6.2, p.191, in [4]) will be crucial.

Definition 3.2 ([4]) Given functions f: X - R, X CR", and F: Y - R
with Y C R"™, we say that f induces F if f is definable (so X is definable),
Yh C X, fIC" is continuous, f(C") C O and TF =st(T'f) N (Y x R).

For f: X — R" and F: Y — R", where X C R" and Y C R", we say
that f induces F' if the coordinate functions of f induce the corresponding
coordinate functions of F.

Theorem 3.3 ([4]) If f: Y — R, where Y C R™ and T'f C O™ is defin-
able, then there is a decomposition C of R™ into cells that partitions st Y and
such that if C' € C is open and C' C stY', then f is continuously differentiable
on an open X CY containing st~*(C) and f, g—g{l, ceey (%—{l, as functions on
X, induce functions g,q1,...,gn,: C — R such that g is C' and g; = g—i for
each i.

Furthermore, we shall use the following results from [5], where 1. is Propo-
sition 5.1, and 2. is extracted from the proof of Lemma 2.15.

Proposition 3.4 1. If C € Def"(Rynq) is closed, then there is a Z €
Def"(R) such that st Z = cl(C).

2. If X,)Y € Def"(R) and X,Y C O", then there is € > 0 such that
st X NstY =st(X NYS), where Y ={z € R": d(z,Y) < €}.

Below, v-measure is defined just as in the case when the underlying set of
the structure is R, except using p rather than .

Theorem 3.5 Let G = (AUB, G) be a definable p-preserving bipartite graph
with A, B C O™ and d an upper bound on the degrees of its vertices, and let
M C G be a definable matching. Let further K € N, § € R>Y, and e € R>°
subject to € < WSH. Then there is a definable matching X C G such that
X covers all vertices covered by M outside of a definable set of p-measure
< € and X has no augmenting paths of length < 2K + 1 outside of a set of
v-measure < 9.
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PROOF: We may assume that dim(st A) = n = dim(st B). Let D be a
decomposition of R?" into cells which partitions G and M. Set

Dy ={r>"D: DeD&D CG& dim7>"D =n}.

We may assume that if D € D, D C G is such that 72D € Dy, then D is
the union of finitely many I'f, where each f is an n-isomorphism, and we
denote the collection of these n-isomorphisms on 72" D by Franp.

Set

Gi=Gn | J (D xR and My =Mn | (DxR"),

DeDy DeDy

and let C be a decomposition of R?" into cells partitioning st G; and st M,
and such that {72"C: C' € C} partitions each st D where D € Dy. Let

Co={r2"C: C € C&C C stGy & dimC = n}.

Suppose D € Dy and f € Fp, and let C' € Cy be such that C' C st D. Then by
Theorem 3.3, we may assume that f induces an n-isomorphism g: C' — g(C).
For C € Cy, let F¢ be the set of all g: C' — R™ that are induced by some
f € Fp, where D € Dy and C C st D.
We set
G =stGin | (CxR").
CeCo

Then G’ is the edge relation of the R;,4-definable, A-preserving, bipartite
graph G’ with bipartition A, B’, where A’ = 72"G’ and B’ the projection of
G’ onto the last n coordinates.

CrAIM The relation M’ = st M; NG’ is a definable matching in G.

PROOF OF CLAIM: To see that M’ is the graph of a function, assume towards
a contradiction that (X,Y), (X,Y’) € M"and Y # Y’'. Then X € C for some
C € Cyand C C st D for some D € D. Since C is open, st~ (X) C D, and
there are z1,x9 € D such that stz; = stzy = X, and st f(z;) = Y and
st f(xe) = Y’ for the unique f € Fp with I'f C M, contradicting that f
induces a function C' — R".

Suppose now that (X,Y), (X', Y) € M’ with X # X'. If there is C' € Cy
such that X, X’ € C, then st™! X,st™' X’ C D for some D € D, and for
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f € Fp with T'f C M, we have st f(z) = st f(2/) for some z € st™' X,
2’ € st7! X', contradicting that f induces an isomorphism C' — R".

So assume X € C, X' € Cy, where C1,Cs € Cy, Cp # Cy. Let F: C7 —
R™ and G: Cy — R"™ be induced by f € Fp, and by g € Fp, respectively,
where I'f,I'g C M; and F(X) =Y = G(X’). Then there is § > 0 such
that Bs(X) C C) and Bs(X') C Cy and, since F'; G are homeomorphisms,
F(Bs(X)), G(Bs(X’)) are open subsets of R™.

Since st™'(Bs(X)) € D; and st™'(Bs(X’)) C D,, we have Bs(x) € D
and Bg(m’) C Do, where x,2' are such that stz = X and stz’ = X'
So F(Bg(X)) C stf(Bg(m)) and G(Bg(X’)) C stg(Bg(x’)). Since Y €
F(Bg(X)) N G(B% (X)), there is € > 0 such that

B.(Y)C F(B

(X)) NG(Bs (X)),

(x))Nst g(Bg(:U’)) - a contradiction with

(N1
N[>

hence B.(Y) C st f(B

s
2

and Lemma 3.1.
O (CrLAlM)

By Proposition 2.6, we can find an R;,4-definable matching M"” C G’ such
that all augmenting paths outside of a definable P C P of v-measure < g
are of length > 2K + 1.

Let C’' be a decomposition of R?" into cells which is a refinement of C and
partitions M”, and let C} consist of the cells 72"C' of dimension n such that
C e and C C M”. Find o € R>? such that

J

Lo MO\ Ca) < i

< £
2’
where
Co={x € C:d0C,zx)> a}.

By 3.4, we can find for each C' € C) and D € Dy with C' C st D a definable
D¢ C D such that st Do = cl(C,,). Note that

M":=M"n | J(CaxR")
cec
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covers the same vertices as M” outside of a set of measure < €, hence M’
does, too. Moreover, M" has no augmenting paths of length < 2K + 1
outside of a subset of P of v-measure < d**!. L 4+ ¢ =4.

We now define the desired matching X C G as a subset of

U (DC X Rn) NG.

cec)

For each C € Cj and D and D¢ as above, let fp, be the restriction to D¢ of
the first function in Fp which induces the function with graph M”N(C xR™).
Then

X = [T fo.: Cecgl.
It is left to check that X satisfies the desired properties.

X C G is a matching: The only way X can fail to be a matching is, if there
are ©1 € D¢, and z9 € D¢, where C) # Cy and (z1,vy), (z2,y) € X. But
then (stxy,sty), (stxe,sty) € M”, so sty = stxg, a contradiction with
d(DCl, DCQ) > m.

X has < § augmenting paths of length < 2K + 1: Let P be a set of augment-
ing paths for X of length < 2K 41 and generating sequence s. Then we may
identify P with the set of starting vertices of the paths in P. Assume that
w(Fy) = p > 0. If suffices to show that then P induces a set of augmenting
paths for M"" of length < 2K + 1 and set of starting vertices of A-measure
> p. Note that we may assume that P is a set of paths in G;. But then
it follows straightforwardly from the definitions of Gy, G', X, M"" and from
Lemma 3.1 that p-a.e. on P, if p = (po,...,p) € P, then each stp; is a
vertex of G'; stpg, stp, are not covered by M"; (stp;,stpy1) € G'; and
(pi, piv1) € X iff (stpy,stpir1) € M.

X covers the same vertices covered by M outside of a set of y-measure < e :
Let V C AUB be definable and covered by M but not by X, and u(V) > e.
Then V is p-a.e. covered by Mi, and hence stV is covered by M’ outside
of a set of A-measure 0. Since A(st V') > ¢, this yields a contradiction with
st X = cl(M") and M" covering the same vertices as M’ outside of a set of
measure < €.

O
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4 Matchings in 2-regular bipartite graphs

Let R be a sufficiently saturated expansion of a real closed field. In this
section, we assume that G = (AUB, G) is a definable, p-preserving, 2-regular,
bipartite graph with G C O*'. We will show the existence of a definable
matching in G covering all vertices outside of a set of arbitrarily small positive
[-measure.

We first consider the case in which we are given a definable matching in G
without any short augmenting paths: Let K be an even integer and let M C
G be a definable matching without augmenting paths of length < 2K +1. Let
Yy, € AUB consist of the vertices not covered by M. For k = 0,1,..., %,
we set Yori1 := Ng(Yar) and Yorio := Nag(Yort1)-

Lemma 4.1 puYyx = K - puYp.

PrRoOOF: We sketch the proof of this lemma; the details can be easily filled
in by the reader, using induction and the absence of short augmenting paths.

Let v € Y. We denote by T, the following tree rooted in v. From now
on, we shall assume that [ € {0, ..., %} If z is a vertex of T, at depth 21,
then x has two children, labeled by the two vertices incident with x in G. If
x is at depth 2[4 1, then x has one child, labeled by the vertex incident with
x via an edge in M. For simplicity, we assume that for [ > 0, the left child
of x at depth 2/ is matched and the right child is unmatched. Furthermore,
if x is a vertex of T, then we denote by T, the maximal subtree of T, rooted
in x. We denote by X; the set of labels of vertices in T, at depth [, and
by depth we shall always mean depth with respect to T, (even when talking
about a subtree).

By 2-regularity of G, v has two children, a left child x; and a right child
y1. Due to M not having any short augmenting paths and G being bipartite
(so G has no odd cycles), | Xo1| = [ Xorial.
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T T3 T3 Ts Y Ys Y3 Ys

CrAIM The set of labels of T, and the set of labels of T}, are disjoint. In
T, and in T}, respectively, after identifying vertices with same labels at each
depth (so a label can only repeat at different depths), at depth 2/ 4 1, there
are exactly two vertices with indegree 1 (so all other vertices have indegree
2).

CLAIM Suppose [ > 0. Then | Xy| = 2.

The Lemma now follows from the next claim.

CrAamM Let v,v" € Yy, v # v'. Then the sets of labels at depth [ of the tree
T, and of the tree T, are disjoint.

O

Theorem 4.2 Let e € R>°. Then there is a definable matching M C G such
that M covers all vertices outside of a set of measure < e.

PrROOF: Let ¢ € R*Y and let K be even, such that % < 5. By Theorem
3.5, we can find a definable matching M C G with < § augmenting paths of
length < 2K + 1. Let Y, be the set of vertices not covered by M, and let
Z C Yy be the set of starting vertices of augmenting paths of length < 2K +1.
Then, by the proof of Lemma 4.1,

K- p(Yo\ Z) = p(Yo \ 2)k,
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where (Y \ Z)x is defined just as Yk, except that one starts with Yy \ Z
instead of Yp in the inductive definition. Since u(Yy \ Z) is bounded above
by 1, ju(¥o\ Z) < %, 50

1 €
Yo< =+-=<e
Yo K+2 €

5 A cancellation result

Let R be a sufficiently saturated expansion of a real closed field. We define
an equivalence relation ~ on B[n] as follows.

Definition 5.1 Let X,Y € Bn|. Then X ~ Y iff there are definable
open partitions of {X}_ {Yi}r, of X and Y respectively and there are
n-isomorphisms fi, ..., fi such that Y; = f(X;) for each 1.

We let B be the semigroup (B[n]/ ~,+), where the binary operation + is
giwen by a + b = ¢, with ¢ the equivalence class containing a disjoint union

of a,b.

The proof of the next theorem is essentially the proof of cancellation from
Tomkowicz, Wagon [6], p. 177. While [6] uses the Hall-Rado-Hall Infinite
Marriage Theorem, we only have Theorem 4.2 at our disposition.

Theorem 5.2 Let o, f € B have strongly bounded representatives and sup-
pose a« +a =, B+ [ in B. Then a =, .

PrROOF: Let e € R”? and let A, A’, and B, B’ respectively, be two pairs of
disjoint copies of strongly bounded representatives of «, and of [ respectively.
Let ¢: A— A',+: B— B’ and 0: AUA" — BUB’ witness A~ A', B~ B’
and AUA’ ~e BUB' respectively. We define a bipartite graph H as follows.
The bipartition consists of the two sets

A={(a,6(a)): a € A)} and B = {(b,:(b)): b € BY,

and we let (a,#(a)) be incident with (b, (b)) iff 8(a) = b or O(¢p(a)) = b or
0(a) = 4 (b) or 0(¢(a)) = ¥ (b).

To construct a map witnessing o =, 3, it will suffice to find a definable
matching M C H covering A U B outside of a set of p-measure < e. Note
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that the subset of A, and of B respectively, of vertices of degree 0 is of u-
measure < 3. Let A; C A and B; C B be the sets of vertices of degree
1. Then H restricts to a p-preserving matching between A; and Bj, so
we may replace H by the graph with bipartition A\ Ay, B\ B; and edge
relation H N ((A\ A;) x (B\ B1)). Then H is a definable y-preserving 2-
regular bipartite graph. By Theorem 4.2, H contains a definable matching M
covering all vertices outside of a set of y-measure < 5. A map f witnessing
a =,  can now be defined as follows. First, suppose a € A is such that
(a,d(a)) € A\ Ay. If (a, ¢(a)) is covered by M, then f(a) = b where b is such
that ((a,¢(a)), (b,1(b))) € M. If (a, ¢(a)) is not covered by M, then f(a) is
undefined. Finally, suppose a € A is such that (a,¢(a)) € Ay, then f maps
a to the unique b € By such that (a,¢(a)) and (b, ¢ (b)) are incident in H.
O
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