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Abstract

We introduce a non real-valued measure on the definable sets con-
tained in the finite part of a cartesian power of an o-minimal field
R. The measure takes values in an ordered semiring, the Dedekind
completion of a quotient of R. We show that every measurable sub-
set of R™ with non-empty interior has positive measure, and that the
measure is preserved by definable C''-diffeomorphisms with Jacobian
determinant equal to £1.

1 Introduction

Let R be an o-minimal field, i.e. an o-minimal expansion of a real closed field.
In [6], Hrushovski, Peterzil and Pillay ask, roughly, the following question:
Let B[n| be the lattice of all bounded R-definable subsets of R". Define
an equivalence relation ~ on B[n] as follows: X ~ Y if modulo a set of
dimension < n we have ¢(X) = Y for some definable C'-diffeomorphism ¢
with absolute value of the determinant of the Jacobian of ¢ at = equal to 1 for
all z € X. Suppose X € B|n| is of dimension n. Is there a finitely additive
map u: Bln] — R2%U {oco} which is ~-invariant and such that uX € R>%?

Note that for cardinality reasons it is impossible to find a real-valued
measure that would assign a real non-zero value to every bounded definable
set with non-empty interior in some big o-minimal field.

We remark that the answer to the question posed in [6] is yes if R is
pseudo-real® in the sense of van den Dries ([2]): If there is an o-minimal field

Let £ be an expansion of the language of ordered rings, and let T(L£) be the collection
of all L-sentences true in all L-expansions of the reals. A structure is called pseudo-real if
it is a model of T'(L).



S (in the language £) for which the answer to the question posed in [6] is no,
then we can find definable bounded sets X, Y C S™ and a positive integer
m so that X «# 0 and (m + 1)XUY ~ mX, where (m + 1)X is the disjoint
union of m + 1 copies of X (see [6], Proposition 5.5, p. 576). But this fact is
expressible by a parameter-free first-order sentence in £, and this sentence is
false in all L-expansions of the reals, hence our structure is not pseudo-real.

While the framework of o-minimality was developed with a view towards
structures on the reals (see Shiota [10] and van den Dries [3]), it is well-known
that not all o-minimal structures are pseudo-real. More concretely, Lipshitz
and Robinson show in [7] that the field of Puiseux series (J,, R((¢n)) in ¢ over
R expanded by functions given by overconvergent power-series (henceforth
the L-R field) is o-minimal, and Hrushovski and Peterzil show in [5] that the
L-R field is not pseudo-real.

Let V be the convex hull of Q in R. Then V is a convex subring of R,
hence a valuation ring. Let w: V' — k be the corresponding residue/standard
part map. The corresponding residue field k is the ordered real field R if R
is at least w-saturated. In [1], Berarducci and Otero define a measure on
the lattice SB[n] of all strongly bounded definable subsets of R", i.e. the
definable subsets of V. Assuming that R is at least w-saturated, one way to
define the Berarducci-Otero measure is to assign to X € SBn| the Lebesgue
measure of 7X. It was shown in [8] that the Berarducci-Otero measure is
~-invariant, which yields a partial answer to the question posed in [6]: The
answer is yes whenever the set X € B[n| in question is contained in V", and
7 X has non-empty interior. However, the Berarducci-Otero measure assigns
zero to every set whose standard part has empty interior.

In this paper we drop the requirement of the measure being real-valued.
We define a map p: SB[n] — V, where V is an ordered semiring, such that
for all X,Y € SB[n], p(XUY) = puX + pY, and pX > 0 iff the interior of
X is nonempty (see Theorem 5.9). The underlying set of V is constructed
as the Dedekind completion of a quotient of V=Y. Taking a quotient of V=9
serves the purpose of identifying lower and upper measures. Having a defi-
nition in terms of both lower and upper measure yields Lemmas 5.2 and 5.3
- both crucial in proving invariance under a change of variables formula. On
the non-negative part of the maximal ideal of V', the equivalence relation
under consideration is, in general, strictly coarser than the one induced by
the standard valuation (see Example 4.5 to see why this is necessary). Con-
sequently, even though we could extend the equivalence relation on V=° to



an equivalence relation on R=° while maintaining an ordered semiring struc-
ture, the semiring operations would not be compatible with the operations
on R=% anymore. This forces us to restrict the measurable sets to SB[n] (see
the last bullet point of Remark 3.9).

For measurable sets whose standard part has non-empty interior our mea-
sure agrees with the Berarducci-Otero measure. In fact, the minimal ring
that embeds the maximal cancelative quotient of V' is R. On the collection
of strongly bounded definable sets whose standard part has empty interior, u
resembles a dimension function: There, we have u(XUY) = max{uX, uY'},
and if uX < pY, then X can be isomorphically embedded (in the sense of [6])
into finitely many copies of Y (this follows from Lemmas 5.2 and 5.3). We
do not know if the strict inequality above can be replaced by a nonstrict one.
Corollary 5.7 shows that u has the analogue of the ~-invariance property
defined in [6] (see Definition 5.1 for a precise statement).

In the case when the value group of the standard valuation of R embeds
into the ordered additive group R (this case includes the L-R field), we can
modify the definition of p to obtain a finitely additive measure on all of
Bin]. This measure takes values in the Dedekind completion of the value
group of the standard valuation. It agrees with u for sets X € SB[n] so
that int(7X) = (), but assigns the same value to all sets X € SB[n| with
int(7X) # () (see Theorem 6.6).

We thank Michel Coste and Marcus Tressl for their advice. The first au-
thor whishes to thank the second author for his hospitality during a visit to
Nagoya, Japan. We thank the anonymous referee for suggestions improving
the exposition of this paper.

2 Notation and conventions

The letters k, 1, m,n denote non-negative integers.

Let M be a structure. Then M -definable (or simply definable, if M is clear
from the context) means definable in the language of M, with parameters
from M. We denote by Def" (M) the collection of all M-definable subsets of
M™.

We fix V' to be the convex hull of Q in R. Then V is a convex subring
of R, hence a valuation ring, with residue (standard part) map 7: V' — Kk,
maximal ideal m, and (ordered) residue field k. For X C R" we set 7.X =



m(X NV™). We denote by v the corresponding valuation R — I' U {o0},
where I' = R*/(V \ m) is the (divisible ordered abelian) value group.

Let M be an o-minimal structure. For k < n we denote by p} the projec-
tion map M™ — MF¥ given by x + (x1,...,2;). If Y C M" is definable and
non-empty and x € M™, then

d(z,Y) = inf{d(z,y): ye€ Y},

where d(x,y) is the euclidean distance between z and y. For XY C M" we
write X Co YV if dim (X \Y) <n,and X =Y if X oYV and Y Gy X. If
f: X — M, where X C M"™, is a function, then

I'f:={(z,y): z€ X and f(x) =y}

is the graph of f.
For X C R we set X=" := {z € X: > r}. The sets X=", X<" and
X>7" are defined similarly. If Y is another subset of R, then XY is the set

{reX:z>y forallyeY}.

The set X<Y is defined similarly.

A box in R"™ is a set of the form [a1,b1] X -+ X [ay, b,], where a; < b; and
a;, b, € R>0.

If X € M™, then cl(X) denotes the closure of X and int(X') denotes the
interior of X with respect to the interval topology on M.

3 The set of values V

In this section we define the set of values V of our measure, and we show
that it can be equipped with the structure of an ordered semiring.
First, we define an equivalence relation ~ on V2°,

Definition 3.1 Let z,y € V=°. Then x ~ y if either

e both x and y are in m=°, and

y! < <y’ forallp,qe Q™ p<1, ¢>1, or

e both x and y are > m, and Tx = Ty.



Note that the ordering < on R induces an ordering < on V=°/ ~. TFor
z € V=0 we denote by [z] the ~-equivalence class of z.

In the next definition a Dedekind cut in V=] ~ is the union of a downward
closed subset of V=/ ~ without a greatest element with the set V<°/ ~,
where ~ is extended to V< by setting x ~ y iff —x ~ —y, for z,y € V<0,

Definition 3.2 We let V be the collection of all Dedekind cuts in V=0/ ~.
We define an ordering < and binary operations + and - on V' as follows. Let

X, Y eV. Then
a) X <Y iffVveeUX Jye Y withz <y.
b) X+Y ={z+y:2ecJUX&yeclUY}/ ~.
¢c) X -Vi={x-y:2ecJX&yec Y=}/ ~U VY ~.
For a € V=0 we denote by @ the cut
{[z] : 2 € V=0 and [z] < [a]}U V=) ~ .

Next, we show that 4+ and - are well-defined, and that ~ is a congruence.
The lemma below is used throughout the paper without explicit reference.

Lemma 3.3 Let z,y € m”° and suppose v(x) = v(y). Then x ~ y.
PROOF: First note that x ~ nx for all n: If p € Q>°, p < 1, then
v(x”) = p-v(x) <v(z) =v(n),

hence nx < xP.
Now assume z < y (the other cases are similar). Since v(z) = v(y), we
have £ < n for some n. Hence z < y < nx, and so v ~ y. U

Remark 3.4 We do not have = ~ y iff v(z) = v(y) on m”". To see this
assume that R is w-saturated, let z € m>?, and let y be any element realizing
the type p(2) consisting of all formulas nx < z < 2P, where n = 1,2, ... and
p ranges over all positive rationals < 1. Then z ~ y but v(z) # v(y).

Lemma 3.5 Let X,Y € V. Then X +Y € V.



PROOF: It is clear that X + Y is downward closed and contains V' <0/ ~.
It is left to show that it does not have a greatest element. Let z € |J X and
y € JY. We may assume = < y.

If y > m, take ¢/ € Y so that [y] < [¢/]. Then |y —¢'| > m, so
(x+y) — (x+y') >m, hence [z +y| < [z + ]

So suppose y € m~%. Let 3y € |JY be such that y < y? < 3/ for some
p € Q7% with p < 1. Then

v(z+y) =v(y) >p-oly) >vy) =vi+y),

and so [z + y| < [z + '] because y % y*.

The case when Y = 0 is clear. O

—~—

Lemma 3.6 Let x,y € V=0 ThenZ +y =1z +y.

PROOF: We may assume that = < y. It suffices to show that if ' ~ x and
y ~y, then 2’ + 1y ~ x + vy, and if z ~ = + y, then there are 2/ ~ x and
y' ~ y so that z = 2’ +1/. The cases when y = 0 and when y > m are clear.

So suppose y € m”. If 2/ ~ x and y ~ y, then v(z’ +¢') = v(y') and
v(x +y) =v(y), so

Y~y ~y~ ity

If 2 ~ x4y, then, since v(x 4+ y) = v(y), we have z ~ y, and so 2’ = x and
y = z — x work. O

Lemma 3.7 Let X,Y € V. Then X -Y € V.

PROOF: It is clear that X -Y is a downward closed subset of V// ~ containing
V<0/ ~. Tt is left to show that X - Y does not have a greatest element. The
case when there is ¢ € (JX)”™ and y € (JY)”™ is clear, as is the case
when X =0 or Y = 0.

So suppose * € |JX and y € |JY and assume x < y. If z € m”? and
y > m, then [xy] < [2y] for any 2/ € |JX with [z] < [2/]. If z € m>°
and y € m>°, then we can find p € Q%% p < 1 so that z < 27 < 2/ and
y < y? <y for some 2’ € ([JX and ¢/ € JY. Then zy < 2Py? < 2'y’, hence
[zy] < ['y']. O

Lemma 3.8 Let v,y € V=0 Then T -y = 1y.



PrOOF: We may assume that z < y. It suffices to show that if 2/ ~ x and
Yy ~ gy, then 2’y ~ xy, and if 2 ~ zy, then there are 2’ ~ x and ¢y ~ y so
that z ~ z'y/. It is easy to check that the lemma holds if z,y > m or if z = 0.

So suppose x € m”? and let 2’ ~ x and y ~ y. If y > m, then v(2'y) =
v(2’) and v(zy) = v(x), hence 2y’ ~ 2’ ~ x ~ xy. If y € m, then 2’y ~ xy
is immediate from the definition of ~.

Now let z ~ xy and assume zy < z. It suffices to prove that = ~ 5 (as
then z = 7 -y € JX -Y). Assume towards a contradiction that this is not
the case. Then, as z < 5, we would have xP < § for a positive rational p < 1.
Moreover, since xy ~ z, we have z < x9? for all positive rationals ¢ < 1.
Thus ya? < z9y? for all ¢ < 1, q € @>0. Then a:p ¢ < yi=! for all g < 1,
q € Q0 Forq—p;rl < 1we0bta1n932 3 < yb 5,where§—% < 0 (as
p < 1), a contradiction with z < y.

The case when z ~ xy and z < zy is handled similarly and left to the
reader. 0

From now on we shall assume that R is w-saturated, in order to have k = R.
This is no loss of generality: By Theorem 3.3 in [4], for any elementary
extension R’ of R, the structure (R', V"), where V' is the convex hull of Q in
R, is an elementary extension of (R, V).

Remark 3.9 e [t is now easy to check that (\7, <,+,-,0, I) is an ordered
semiring.

e The Dedekind completion of V>™/ ~ is R>?. We shall thus feel free
to identify this part of V with R>%. For a € R>? we shall sometimes
write a to indicate that a is viewed as an element of V. Since R is
w-saturated, for any a € R>°, @ = 7 for some r € V>™,

o Let X,YG‘N/.
i) f X eR*%and Y ¢ R then X +Y = X.
i) If X R and Y ¢ R”?, then X +Y = max{X,Y}.

e We could extend Definition 3.1 to all of R=Y by setting x ~ y iff
7t~y tfor z,y € RV, and the set of all Dedekind cuts in R=%/ ~
could be made into an ordered semiring similarly as in Definition 3.2.
However, ~ is not a congruence with respect to - when considered as
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an equivalence relation on R=°. To see this, consider the product of €

and < for e € m”°. We have efv% =1, but (ne) ~ ¢, hence n € Ue 2 for
all n =1,2,.... This would force us to assign to the box [0, €] x [0, %]
measure > n for all n. In general, this problem cannot be fixed by

identifying all of RNR>%: Let a,b € m>% a < b, be such that a ~ b
but v(a) # v(b). Then thereis c € R”Y with¢<a-3 = 1.

The special case when v(a) = v(b) iff a ~ b for all a,b € m=° will be
dealt with in the last section of this paper.

4 Measuring definable subsets of [0, 1]"

In this section, we define the lower and upper measures of definable sets
contained in [0, 1]", and we show that they conincide. This yields a measure
on the definable subsets of [0, 1] which is then extended to a measure on the
definable subsets of V™ in Section 5.

We shall consider the structure Ry, which has as underlying set R, and
whose basic relations are the sets 7.X, where X € Def" R for some n. As
a weakly o-minimal structure on the reals, R, is necessarily o-minimal. We
shall use the facts below; the first one is Proposition 5.1, p. 188, in [8], the
second one is extracted from the proof of Lemma 2.15, p. 124, in [9], and
the third is Corollary 2.5, p. 120 in [9].

Fact 4.1 Let X € Def"(Rg). Then there is Y € Def"(R) so that 7Y =
cl(X).

Fact 4.2 Let X,Y € Def"(R) be non-empty. Then there is ¢ € m”° so that
T(XNY)=nXnNnaY, where Y ={x € R": d(z,Y) < €}.

Fact 4.3 Let X € Def"(R), and suppose int(wX) # 0. Then there is a box
B C X with int(7B) # 0.

Definition 4.4 1. Let X C [0,1]" be an (i1,...,i,)-cell. We define the
lower measure p and upper measure i of X by induction on n.

(a) If X is a (0)-cell, then uX =puX = 0. If X = (a,b) where a <,
then L
pX =pX =b—a€V.



(b) Suppose uX and X have been defined for (i, ..., i,)-cells. If X
is an (iy, ..., ine1)-cell so that i; =0 for some j € {1,...,n+1},
then uX =X =0. If X = (f,9) is an (i, ..., in1)-cell so that
i =1 forallje{l,...,n+1}, then set h = g — f and define
X to be the supremum of

k
Z Zic1 'g(h_l[zi—l, zi))
i=1
as k — oo and zy, . ..,z range over all elements of [0, 1|z with

O=2p< - <z, =1.

The upper measure X is defined to be the infimum of

k

Z Z-m(h ™z, 1))

i=1
as k — oo and zy, . .., z, range over all elements of [0, 1|z with

O=2p< - <z =1.

2. Let X C [0,1]" be definable, and let D be a decomposition of R" into
cells that partitions X. Suppose X = Dy U Dy U --- U Dy, where all
D; € D. Then p X =30 pD; and ipX = Y0 fiD;.

We shall also refer to the sum

k

Z Zi1 - ﬂ(h_l[zi—la zi])

=1

in the definition above as the lower sum of f corresponding to the partition
{z0, ..., 2}, and to the sum

k

PER (R PRIE)

i=1

as the upper sum of f corresponding to the partition {zo, ..., zx}.



Example 4.5 In general, there is no hope of proving that the lower and
upper measures of definable subsets of [0, 1]" coincide if we replace the def-
inition of ~ on m=% by z ~ y iff v(z) = v(y). To see this, consider the
function f: [e2,¢] — [0,1] given by f(z) = <, where ¢ € m>°. Let § € m>°
be such that

v(eP) < v(0) < v(e?),

for all p € Q<%. It is easy to see that then x(0, f) = €, but there is no finite
partition of [0, 1] so that the corresponding upper sum U of f would be such
that U <.

Until Theorem 4.8 has been proven, we shall write uC' and uC' for the lower
and upper measures of a cell C' C [0, 1]" computed as in part 1 of Definition
4.4 (this is in contrast to p,C and fipC which are computed as in part 2.).

Lemma 4.6 Let X C [0,1]" be definable with int(7X) = 0, and let D be a
decomposition of R™ into cells that partitions X. Then there is no x € UﬁDX
with © > m.

Proor: The proof is by induction on n. The case n = 1 is clear, so
suppose the lemma holds for 1,...,n, and let X C [0,1]"". Suppose X =
DyU---UD,,, where D; € D. Assume towards a contradiction that z € | JuX
is so that > m. Then there is i € {1,...,m} such that |JuD; contains
some z > m. Then int(D;) # 0, so suppose D; = (f,g) and set h = g — f.
There are

O=yo<y < - <yp=1

so that |1 7 - ph™ [yi, yig1] contains an element > m, hence

Ui ph Ny yin] = @

for some a € V"™ and i € {0,...,k — 1}. It follows that y; > m, and there
is z € |Jpuh 'y;, 1] with > m. But then, by the inductive assumption,
int(7h~ [yi, yit1]) # 0, hence

iﬂt(ﬂ(h_l[yu?/z‘ﬂ] X [07%])) # 0,

a contradiction. O
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Lemma 4.7 If X = (f,g) C [0,1]" is an open cell with int(7X) = 0, then
for each a € V=2 with @ < pX there is y € [0, 1] so that

a<y-ph~'y, 1],
where h =g — f.

PrRoOOF: Immediate from Lemma 4.6 and ii) in the third bullet point of
Remark 3.9. O

Theorem 4.8 Let X C [0,1]" be definable. Then
P X = p X =1pX =T X,
for all decompositions € and F of R" into cells that partition X .

We shall refer to the common value of the upper and lower measures of X
as the measure of X and denote it by puX.

PROOF: We may as well assume int(X) # (). The proof is by induction on
n. The case when n = 1 holds by Lemma 3.6, so assume inductively that the
theorem holds for 1,...,n, and let X C [0, 1]"*L.

Case 1. Suppose int(7X) = (.

Claim 1. Let X = (f,g) be an open cell. Then uX =puX.
Proof of Claim 1. We set h = g — f, and we define

A= sup {7 uh [y, 1))} € V,

yE[O,l}

where the expression ph™'[y, 1] makes sense by the inductive assumption.
We shall say that property x holds for h if there is * € m>° such that

youh Ty, 1) <7
for all y € [0,1], and there is y € [0,1] and g € Q! so that
7 <y p(h™ [y, 1]).

We distinguish two cases.

11



1. First, assume that property * holds for h.
Let 7 € m>? witness that * holds for h. We set

S:={qeQ: yel0,1] <y uh [y 1]}.

Then § is a nonempty subset of R that is bounded below, hence the
infimum of S exists in R. We set ¢ := inf S.

SUBCLAIM: Let ¢1, ¢ € Q70 be so that ¢; < ¢ < ¢o. Then

®? < u(0,h) <m0, h) < 2.

PROOF OF suBCLAIM: We first show that 2% < u(0,h). By the
definition of ¢, we can find ¢ € S so that ¢ < ¢ < o, and we let
y € [0, 1] satisfy
T < - phy, 1].
Then
2 < g ph~ 'y, 1] < p(0, ).

To prove i(0, h) < 2%, let g3 € QY and a positive integer [ be such that
q1 +2q3 < c and q; + g3 < lgs. Then the upper sum of h corresponding
to the partition {0,2'®, z(=Ys 2% 1) of [0,1] is

-1
,uh’l[:cq?’, 1]+ Z ’:Eiqg'uh’l[:c(”l)%, xi%] + 7t 0, xlq3].
i=1

Now phtxz® 1] < T%7%  because else ph™'[z%,1] > 797% would
imply % - ph~z%, 1] > 297245 a contradiction with 7¢ < 791729,

Fori=1,...,1 — 1, we have

%Zq3uh_1[ac(’+1)q3, xzqs] < 5ql+qs7

because else
’fzqsﬂhfl[x(wrl)qs’ xzqs] > TNt

would imply
f(i+1)Q3uh_1[:E(i+1)q3, xi%] > 51114-21137

again a contradiction with 7¢ < 70+24,
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Also,
5lq3uh_1[(), xlqs] < P < gotas,

So the upper sum of h corresponding to {0, z'®, x(=Va 29 1} is
smaller than (I + 1) - z079 = g0+ < 70, O (SUBCLAIM)

It now follows that (0, h) = 72(0, 2): If not, then we can find y, z € V>°
so that 22 < y < z < 2@ for all q;,q, € Q7Y with ¢ < ¢ < o, and
y ~ z. Hence y < 27 for some ¢ € Q”!. Then

.IQ2 < y < Zq < x‘]ql

for all q1,q2 € Q% with ¢; < ¢ < ¢qo. But picking ¢; so that qq1 > ¢
yields a contradiction with 7% < y for all ¢go € Q~°.
. Suppose * does not hold for h.

In this case, if x € m>%, then either A < 2P for all p € Q>°, or 27 < A,
for all p € Q~°. We shall show that 72(0,h) < A < (0, h).

To prove that A < (0, k), let a € V>° be such that @ < A. Then we
can find y € [0,1] so that @ <y - ph~'[y,1] < p(0, h).

To see that 1(0,h) < A, let y € V>0 be such that A < 7.

First, suppose m <y < 1. Then ph™'[%,1] < (¥), because else

(5) -7 5= (5) >4

would yield a contradiction with the definition of A. So

~ — —_—

a0.h) < A+ Lm0 4 < (4) + (D) =7

So assume that ¥y € m>°. Then A < 72, because x fails for h. Hence
ph=ty, 1] < 9, else § - uh~ 'y, 1] > y* > A, a contradiction. So

A(0.1) < ph™ [y, 1]+ G- b 0.y] <G+ G =7

It follows that (0, h) = 7(0, h) = u(0, h).
This finishes the proof of Claim 1.
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Claim 2. Let X = (f,g) be an open cell, and let D be a decomposition of
R™ 1 into cells that partitions X. Then puX = upX.

Proof of Claim 2. Let Dy,...,D; € D be open with X =g D;U---U Dy. To
see that uX < S°F  uD;, let a € V20 be so that @ < uX. By Lemma 4.6,
a € m=Y. We need to show that a < Z _, 1#D;. By Lemma 4.7, we can find
y € [0,1] such that a < §- uh [y, 1], where h = g — f.

e If there is no z € |Jph 'y, 1] with z > m, then, using the inductive
assumption, we can find D € {Dy,..., Dy} so that

ph My, 1] = p(h~'y, 1] N pa*' D).

Let {E1,..., E,} be the subset of {Dy,.. Dk} consisting of all D;’s
with p! +1D = p"™D. For each i € {1,...,m}, let E; = (f;,9:), set
h; = g; — f;, and define

Fi={xch 'y, 1]npi™D: hi(z) > h;(x) for j=1,...,m}.

Then ™y, 1]Npit D = U, F;, and hence we can take j € {1,...,m}
so that

pEy = p(h™' [y, 1] N p, ' D).
We claim that @ < pE;. This is because if y € m>°, then y < h;(x)
for each z € F;. And if y > m, then - ph~'[y,1] = ph~'[y,1] and
(g; — f;)(x) > m for each = € Fj.

e Now suppose thereisz € | Juh [y, 1] withz > m. Let D € {D,..., D;}
be such that |J u(h=y, 1] ﬂpn“D) contains some x > m. Then

g-ph My, =g wh 'y, UNpy D) = 7.

Define {Fy,..., E,} and the sets F; for D as in the previous case.
Then for some i € {1,...,m}, there is z € |JuF; so that x > m.
Hence pFE; > a.

To see that YF | uD; < pX, let a € V0 be such that @ < Y., D;. By
Lemma 4.6, a € m=%. Then Zle puD; = uD; for some j € {1,...,k}. Let
D; = (fj,9;) and set h; = g; — f;. Then there is y € [0, 1] with

7 - u(hi'y, 1)) > a,
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and
g-p(h; [y 1)) <y-hly, 1) < pX.
This finishes the proof of Claim 2.

Claim 3. Let X be a definable set, and let C and D be decompositions of R"*!
into cells that partition X. Then peX = pupX.

Proof of Claim 3. Let £ be a decomposition of R""! into cells which is a
common refinement of C and D. Then

ppX = > pDi= Y > pEy= Y > pBu= Y uCyp=pcX,
D;CX D;,CX E;;CD; CrCX B CCy CrCX
where D; € D, E;;, By, € € and Cy, € C.
This finishes the proof of Claim 3, and we have thus proven Case 1.

Case 2. int(rX) # 0.

Since mX is definable in the o-minimal structure Ry, it is Lebesgue measur-
able, and PpTX = TipmX = a, where a € R”Y is the Lebesgue measure of
7X, and P is any decomposition of R™"! into cells that partitions 7.X. We
shall thus write pY instead of fipY and PpY if Y is an Ry-definable subset
of [0,1]™ C R™.

Our aim is to show that p X =T7pX = a. Since this is clearly satisfied
when X C [0, 1], we may assume that the inductive assumption holds in this
a priori stronger form.

Claim 1. Suppose X = (f,g) € [0,1]""" is a cell. Then uX =X = a.

Proof of Claim 1. We set h = g — f. By o-minimality of Ry, there are contin-
uous Ry-definable functions fy, go, and hy with

domain(fy) = domain(gp) = domain(hg) =¢ 7p! " X,
and such that for all z € domain(fy) up to a definable set of dimension < n,
folz) = (@), go(x) = mg(a’) and ho(z) = wh(a’)

for all 2/ € pP*' X with 7(2') = .

Let Cy be a decomposition of R™ into cells that partitions the domain of
ho and is such that whenever C' € C is open and C' C domain(hyg), then hg
is differentiable on C' and each g—zg has constant sign.

15



By Fact 4.1, we can find for each C' € Cy an R-definable set X so that
7Xc = cl(C). Let Dy be a decomposition of R" partitioning p"™ X and X¢
for each C € Cy with C' C domain(hy).

SuBcLAIM: Let D € Dy be such that D C p"™ X. Set Xp := (0,h)N(DXR)

and suppose int(7Xp) # (). Then uXp = iXp = d, where d is the Lebesgue
measure of 7Xp.

PROOF OF SUBCLAIM: We replace foi" the Hioment h with h|p, and hy with
holint(xp). We shall show 72(0,h) < d and d < p(0,h). To prove the first

inequality, let d’ € R be such that d < d'. We wish to show that (0, h) < d.
Let 0 =ag < -+ < a; = 1 be real numbers so that

k—1
Zm - phg tag, aia] < d.
1=0

By Fact 4.2, for each 4, we can find ¢; € m=° so that

W(Fh N (Rn X [bl — €, bz’—i—l + GZ])) = Fho N (Rn X [CLi7 ai+1])

up to a set Y C R*™! with dim p?™'Y < n, and where b;,b;,; € R are such
that mb; = a; and 7b; 11 = a;11. Inductively,

ph ™ b — €5, b + €] = prh 7 by — €5, biy1 + €],
hence
,uh_l[bi — €4, bz‘_|_1 + 62'] = uhgl[ai, az‘—i—l]'
So s
> iz0 bi+i‘\ﬂ/h71[biabi+1] <
Zi‘:ol (bit1 + &) ‘Mh_l[bi — bip1+ €)=
Z?:_(]l a; - phg ai, ai] < d'.
Next, we need to show that d < u(0,h). There are two cases to be
considered.

1. Suppose % = 0 for all j.
J

—_~—

Then d = pp™(0, ho) - ho(z) for all z € p1(0, hg). Let b € V>™ be
such that m(b) = ho(z). By Fact 4.2, we can find ¢ € m=Y so that

7(ChN(R" x [b—€,b+¢€])) =Thg
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up to a set Y C R™"! such that dim p”™Y < n. Then

—_— —_—

d = ho(x) -y (0, ho) < (b— €)-ph™ o—e, b +(b+ ) -ph ™ [b+e, 1]
by the inductive assumption.

. Suppose % £ 0 for some j. Let d' € V>™ be such that &’ < d. We
wish to show that d’ < (0, h).

Let
O=aqy<--<ap=1

be elements of R so that d’ < Zf:o a; - phy tlai, aiyq], and let
0=by<---<b,=1

be elements of R such that nb; = a; for each ¢. Then, for each 1,
prh=[b;, bit1] = phg Has, aiy1]: The inequality

prh ™ by, bisa] < phyai, aig]

is clear by the inductive assumption. To prove the other inequality, let
e € m>? be such that

Whil[bi — €, bi+1 + E] =0 hal[ai, a//L'Jrl].
Then
Whil[bi —€, bi+1 +€] = 7'l'h71 [bz —E€, b,] U7Th71 [bz, bi+1] Uﬂ'hil [bi+1, bi+1 +€]7

where the sets on the right-hand side are disjoint apart from a set of
dimension < n. Hence

phy i, aiv1] =0 prh ™ by — €, b)) + prh ™ by, b ] + pmh ™ b1, bip1 +e]
by the inductive assumption. But
prh™ by — €,b;] = prh ™ [bit1, bip1 + €] =0,
because phg'(a;) = phy*(ai41) = 0.
It follows that

k—1

d' <@ phg 'ai, ai] Zb ph ™ b, bija].

=0
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This proves d < (0, h), and hence uXp = Xp = d. O (SUBCLAIM)

Now let pit'X = (J¥_| D;, where each D; € Dy. Then each set X N (D; x R)
is a cell, and

X = (D x RyNX)U...U((Dy x R)N X).

Let D be a decomposition of R™"*! into cells such that (D; x R)N X € D for
eachi € {1,...,k}, and let I C {1,...,k} consist of all the i with

int(7((D; x R)N X)) # 0.

By the subclaim, if ¢ € I, then we can find a; € V~™ so that ma; is the
Lebesgue measure of 7 ((D; x R) N X) and

pw((D; x R)NX) =p((Di x R)NX) =u((D; x R)NX) = a;.

For i € {1,...,k} \ I, we set a; = 0. Note that Zle ma; = ma. To prove
uX =puX =a, let a’ € R”™ be such that a < a’. We need to show zX < a’,
Let for each i € {1,...,k},

0=0by, <by <---<b =1

ik,

be a partition of [0, 1] so that the corresponding upper sum of h|p, has

a’'—a

measure at most a; + “-*. Such a partition exists for i € I by the subclaim,
and for i € {1,...,k} \ I by Case 1.

Now let {bo,...,b,} be a partition of [0,1] which is a common refine-
ment of all {b;,,...,b; } where i = 1,... k. Then the upper sum of h|p,

I
22 Furthermore,

corresponding to this new partition is again at most a; + *5

m m k
D b ph T b, bl =Y (O b p(h7 by, bl N Dy)) <
=1

i=1 j=1

where the first equality follows from the inductive assumption. The inequality
a < pX is proved similarly. This finishes the proof of Claim 1.

Claim 2. uXe =peX = a.
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Proof of Claim 2. Let Fy, ..., E, € £ be open such that X =, Ule E;. Since
int(mE;) # () for at least one i, we may as well assume (by Lemma 4.6) that
int(7E;) # 0 for each i. Now, by the above, uFE; = uk; = E, where 7b; is
the Lebesgue measure of 7D;. Hence B

k k
pX => pD; =Y [D; =X,
i=1 i=1

This finishes the proof of Claim 2, thus the proof of Case 2, and hence the
proof of the theorem. O

5 Measuring definable subsets of V" and in-
variance of ;1 under isomorphisms

The following definition is from [6]. By J¢(z) we denote the determinant of
the Jacobian of a diffeomorphism ¢ at x.

Definition 5.1 Let SBIn| be the lattice of all R-definable subsets of V™, and
let X,Y € SB[n]. An isomorphism ¢: X — Y is defined to be a definable
C*-diffeomorphism ¢: U — V, where U and V are open definable subsets of
R X CoU,Y CoV, |Jp(x)| =1 forallx € UNX up to a set of dimension
<mn, and ¢(X) =¢ Y.

Let C C V™ be an open cell with C = (f,,9,) and pC = (fx, gx) for
k=1,...,n—1. Suppose that f; and g; are continuously differentiable for
1=2,...,n. We define a map

¢ =(11,...,7): C = 7C

by setting 7x(x) = x, — fr(x1,...,24_1) for x = (x1,...,2,) € C and k =
1,...,n. It is routine to check that 7 is an isomorphism C' — 7C.

Lemma 5.2 Let X C [0,1]" be definable and such that int(7X) = 0. Then
for each a € V>0 with a < uX, there is a cell C C X and a boxr B Co 17cC
with uB > a.

PROOF: Let a € V=0 be such that @ < pX. Let D be a decomposition of
R™ into cells that partitions X. Suppose X = Dy U---U D,,, where each
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D; € D. Since int(7X) = (), by Lemma 4.6 we can find D € {Dy,...,D,,}
so that uD = puX. We shall find a box B Cq 7p(D) with uD > a.

If n =1, then 7D is the required box. So assume the lemma holds for
1,...,n, and let X C [0,1]"*!. Suppose TpD = (0,h). Then we can find a
partition 0 =y < y; < --- < y; = 1 of [0, 1] so that

!
a < Z Uit - Wb i1, vil,
=1

and S Tt - ph M i1, vi] = U1 - ph [y, y;) for some j € {1,...,1}.
If int(7hy;_1,y;]) = 0, then h*[y;_1,y;] contains a cell C' of measure

Mh_l[yj—hyj]a and
T7cC C szleDh_l[yj_l,yj] C TPZHDpZ“D = pZ*erD.

Let ¢ € V=% be such that ¢ < ph™'y;-1,y;] and @ < y;_1-¢. By the inductive
assumption, 7oC' contains a box By with ¢ < puBy. Then By x [0,y;_1] C 7pD
and p(By x [0,y;-1]) > a.

If int(rh[y;—1,9;]) # 0, then h='[y;_1,y,] contains a cell C' such that
int(rC) # 0. Then int(r7cC) # 0 and, by Fact 4.3, 7¢C' contains a box By
of measure > m. Then By x [0,y;_1] is as required. O

Lemma 5.3 Let X C [0,1]™ be definable with non-empty interior, and let
a € V2% be such that uX < a. Then there are open cells C,,...,C) C
0,1]™ so that X =¢ C1U...UCy, and for each i € {1,... k} there are boxes
Bﬂ, Ce 7Bik¢ Q [0, 1]” with TCi g Uflzl Bij and Zle Zf;l ,LLBU < a.

PROOF: First assume that X = (f, g) is a cell and set h = g — f. The proof
is by induction on n. If n = 1, then X = (c¢,d) for some ¢,d € V=°. Then
7X(,9) € [0,d — ] and p[0,d — ¢] = pX < a.

So suppose the lemma holds for 1,...,n, and let X C [0, 1]"". Let

O=yo<y1 < - <yp=1
be such that S2F 7 - uh™yi_1, m:] < @

Case 1. There is no ¢ € m=% with uX <¢.

In this case @ > m, and we fix b € V=™ so that uX < b < a. It suffices to
prove the conclusion of the lemma for each

X' = XN (h yi—1,y:] x [0,1])

instead of X and puX'+ “T_b in place of a.
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1. If y; € m=Y then let D be any decomposition of R into cells par-
titioning X’. For each open D € D with D C X’ we have T/DVD -
[0, 1]™ x [0, 3], which is a box of measure g;, and - g; < pX' + 2 for
any non-negative integer [.

2. If ph™[y;_1,v;] < d for some d € m2°, then we use the inductive
assumption to find open cells (', ..., C} so that
ph ™ yio1,yi] =0 CLU -+~ U Cy,
and for each ¢ € {1,...,k} a family of boxes {B;;: j = 1,...,k;}
covering 7¢,C; so that Zf;l pB;j < d. Then the cells X' N (C; x [0, 1])
and the families of boxes
{Bz] X [anz] .] = 17"'7ki}7

where ¢ = 1, ..., k, are as in the conclusion of the lemma.

3. So suppose y; > m, and there is no d € m=® with phy;_1, ;] < d.
Then ph™yi1, 9] < i By the inductive assumption, we can find
open cells C1, ..., C, C[0,1]™ so that

h Yz, 9i) =0 C1U -~ U Cy,

and for each ¢ € {1,...,k} a family of boxes {B;;: j = 1,...,k;}

covering 7¢,C; with
k k; g

)

—_

J
Then the cells X’ N (C; x [0,1]) and the families of boxes
{Bl‘7 X [O,yz] ] = 1,...,]{'1'},
where i = 1, ..., k, are as required.

Case 2. There is ¢ € m”? with uX < ¢.
In this case we may assume that a € m>°. We fix b € m”° with

uX < b<a.
It suffices to prove the conclusion of the lemma for each set
X=X 0 (h7 [y, w] % [0,1])
in place of X.
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1. Suppose y; € m=% and ph=y;_1,y;] < ¢, where ¢ € m=°,
If y; < a, then we find open cells C4, ..., C} so that

h_l[yz‘—la Yi]l =0 CLU--- U,

and for each i a family of boxes {B;;: j = 1,...,k;} covering 7¢,C;
such that Zle Zf;l puBi; < ¢. Then the cells X' N (C; x [0,1]) and
the families of boxes {B;; x [0,v;]: j =1,...,k;} are as required.

If G < §;, then b < §j;, hence z = yﬁ € m~0. Note that ph™[y;_1, 5] < Z.
We proceed exactly as above, except that we require

ko ks

i=1 j=1
2. It is obvious how to handle the case when gy; > m.

3. Suppose y; € m=Y, and there is no ¢ € m>% so that uh™[y;_1,v;] < <.

Then y; < a: If a < y;, theng<ﬂi, hence b < g’]z-% < y; for some ™ €

Q~!. But yi em>and §;-y; = =", acontradiction with ;¢ < b
for all e € m>°,

It is now obvious how to handle this case as well.

We established the lemma for X C [0,1]" a cell. Now suppose that X C
[0, 1]™ is a definable set. Let D be a decomposition of R™ into cells partitioning
X,and let X = D;U---UD,,, where each D; € D is open.

The case when a € m=Y follows immediately from Case 2 above. So
suppose there is no ¢ € m>? so that 4 X < ¢ Let b € V>° be such that
pX < b <a. By Case 1, each 7D; can be covered by finitely many boxes

B;; of total measure < puD; + ‘%b Then the sum of the measures of all the
boxes is < a. O

Theorem 5.4 Let X, Y C [0,1]" be definable and isomorphic. Then pX =
ny.

PrROOF: Let ¢ be an isomorphism X — Y. It suffices to show that uX <
pY , since ¢! is an isomorphism Y — X. If int(7X) # (), then the theorem
is obvious from the proof of Theorem 6.5, p. 194 in [8].
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So suppose int(7X) = (). Assume towards a contradiction that uY < pX,
and let @ € m”Y be such that Y < @ < pX. By Lemma 5.3, we can find
open cells C1, ..., Cy C [0,1]™ so that

Y =5 C1UCU. . . UCY,

¢ is defined on each C;, and so that for each 7, we can find a family of boxes
{Bij : j =1,..., k’z} with Tcici Co Uf;l Bij and Zle 25;1 [,LBU < a. Then

X = ¢ 'CLU. .. Up'Cy.

We set C := Cj, where [ € {1,... k} is such that uX = puod=(C;), and
we replace X by ¢ !(C) and ¢ by ¢|s-1c. Then 7¢ o ¢ is an isomorphism
X — 7¢C'. Let D be a decomposition of R™ into cells partitioning each

Xno Y5 (BijN7cC)).

Then
X =0 D1U e UDm,

where each D; is an open cell from D. Let D := D, for [ € {1,...,m} so
that uX = puD,, and let B := B;; so that 7¢ o ¢(D) C B;;. By Lemma 5.2,
we can find a box P C 7p(D) with uP > a. Then

PP =1[0,61] X [0, €] X -+ x [0, €,],

where each ¢; € V>0 and uP = 1" ,&. Let 0: [0,1]" — R"™ be given by
0(z) = (e1x1, ..., €,xy,). Then 0([0,1]") = 7pP.

We define another map 0: 7B — R™ by 0(z) = (6,1, . . .,0,x,), where
81,...,0, € B> are chosen in such a way that det(f) = -, and 0(rsB) C
V™ (this is possible since B < pP). Then w(75B) has empty interior.
However, the map

forporcogory orplod

is an isomorphism [0, 1" — 0(7B), a contradiction with the theorem being
true in the case when int(rX) # 0. O

Definition 5.5 For a definable set X C V"™ we set

1
X = .
K det A H

(TX>7
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where

T:R"— R":x+— Ax+0
is an affine map with affine transformation matriv A = (a;;) such that a;; =
A € V2™ whenever i = j, and a;; = 0 whenever i # j, b € V", and AX C
0, 1]™.

The next Lemma shows that pX is well-defined on SB[n].
Lemma 5.6 Let X C V™ be definable, and let
T:R*"—R':z2—Av+bandT :R"—> R":x— Az +V

be affine transformations for X as in Definition 5.5. Then

—_—

1
u(TX) = :
dora M) = Gora
PROOF: Note that int(7X) = 0 iff int(7(7X)) = (), and the lemma holds

whenever int(7X) # (), since it holds in Ry. So we may assume int(7X) = 0,
in which case

T'X).

—_— —_—

1 1
uTX = uTX and —— - yT'X = uT'X
detA pEA AN Qe ar b

so it suffices to show that u(7X) = p(7'X). Weset Y := TX and S :=
T' o T7'. Then Y,SY C [0,1]", and S is an affine transformation with
diagonal affine transformation matrix so that each entry on the diagonal is
a fixed A € V=™,

To see that Y < pSY, let a € m”° be such that @ < pY. We can find a
cell C CY and a box B C 7C with a < uB. But then SC' C SY is a also
a cell, and SB C 75¢SC is a box such that a < uSB.

The inequality uSY < uY follows by a similar argument when considering
S~ SY — Y instead of S. O

Corollary 5.7 Let XY C V™ be definable and let ¢p: X — Y be an isomor-
phism. Then uX = uY.

PROOF: Since p is invariant under translations, we may assume that X,Y C
[0,m]™. Let §: R™ — R™ be given by 6(z) = (£1,..., ~z,). Then

e‘y 0¢09*1]9X 00X — 0Y

is an isomorphism between subsets of [0, 1], hence by Theorem 5.4, ufX =
pdY  and so uX = pY by the definition of u. 0J
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Lemma 5.8 Let X C [0,1]™ and Y C [0,1]™ be definable. Then pu(X xY) =
uyY - pX.

ProoF: If int(X) = 0 or int(Y) = 0, then the lemma holds trivially, so
assume that int(X) and int(Y") are nonempty.

Note that in the case when pX, Y € R>?, the lemma holds, since then
uX and pY are just the Lebesgue measures of 7X and 7Y respectively. So
suppose uX € R>Y or Y ¢ R”Y (and hence u(X x Y) ¢ R>?).

Let C be a decomposition of R™" into cells that partitions X x Y. To
see that (X xY) < uX - uY, let C € C be such that C C X x Y and
pC = u(X xY). Let further a € V7% be so that @ < u(X xY). By
Lemma 5.2, we can find a box B C 7oC with a < uB. Then B = pB X ¢B,
where p: R™™™ — R™ denotes the projection onto the first m coordinates
and ¢: R™™ — R™ is the projection onto the last n coordinates. By Lemma
3.8, uB = upB - ngB. Now Tp_C}pB C X and ,qu_ng = upB, since Tp_c}]pB is
an isomorphism pB — Tp_cl (pB). Hence upB < pX. We now define a map
7 on ¢B. Suppose ptC = (fi,gx) for 1 < k < n. Fix ¢ € C, and let
fo = fe@mii_ic). Set 7 := (7y,...,7,), where 7,(x) = x), + fy for x € ¢B.
Then 7¢B C Y and, since 7 is an isomorphism, uqB = u7qB, so ugB < uY.
It follows that @ < uX - uY, hence u(X xY) < uX - pY.

To see that puX - pY < pu(X xY), let a € V>0 be such that @ < puX - pY.
Then we can find b,c € V>° with @ < b-¢ and b < uX and ¢ < pY. First,
suppose uX € R>% and uY ¢ R>°. Then we can find cells C € X and D C Y
such that uC' = pX and uD = pY. By Lemma 5.2, there are boxes B C 7¢C
and P C 7pD so that b < uB and ¢ < uP. Note that C x D C X x Y is
a cell. We have P x Q@ C 7oxp(C x D), and hence a < pu(X x Y) because
Toxp 1S an isomorphism.

Finally, suppose that X & R>% and pY € R>? (the case when uX € R>Y
and pY ¢ R>? is similar). Proceed as in the previous case, but let D C Y be
any cell so that int(rD) # ), and let P C 7pD be a box so that int(7P) # ().
O

We now have the following theorem:

Theorem 5.9 For each n, there is a map p,: SB[n] — V such that for
all X, Y € SBn|, u,(XUY) = p, X + 1, Y, and p, X > 0 iff int(X) # 0.
Furthermore, if X € SB[m] andY € SBIn]|, then piyn(X XY) = X -p,Y,
and 1, Y = pn@(Y) whenever ¢ is an isomorphism'Y — ¢(Y).
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PROOF: For a given n, let p,: SB[n] — V be as in Definition 5.5. Finite
additivity of pu, follows from Theorem 4.8. It follows from Lemma 5.2 and
Theorem 5.4 that for X € SB[n], pu,(X) > 0 implies int(X) # (. The
reverse implication is immediate from the definition of p,. For X € SB[m)|
and Y € SBn|, pymin(X XY) = p,, X -, Y is implied by Lemma 5.8. Finally,
invariance under isomorphisms is Corollary 5.7.

O

6 A special case

In this section, we assume that R is such that for all z,y € m=% x ~ y iff
v(xz) = v(y). Note that this condition is equivalent to I' being archimedean,
and hence to I' being embeddable into the ordered additive group of R. We
shall modify the definition of x to obtain a finitely additive measure v on
all of Bln|, which takes values in the Dedekind completion of I, and is such
that vX > 0 iff int(X) # (). The price we pay for extending the collection
of measurable sets to Bln|, is that we need to identify all sets of “finite,
non-infinitesimal size”. For example, v.X = vY whenever X,Y € SB|n| are
such that 7.X and 7Y have non-empty interior.

Note that the results of this section apply in particular when the underly-
ing set of R is the field of Puiseux series |, R((t)) in ¢ over R. The results
of this section thus apply to the L-R field (see [7], and Introduction).

Definition 6.1 Let v,y € R=°. Then z ~ y iff v(z) = v(y).

We define Dedekind cuts in R=%/ ~ analogously to Dedekind cuts in V=/ ~
(see the paragraph above Definition 3.2), and we let R be the collection of
all Dedekind cuts in R2°/ ~. We define < and + and - on R as in Definition
3.2, with Rin place of V.

The proof of the next lemma is straight-forward and left to the reader.

Lemma 6.2 The operations + and - are well-defined and make R into an
ordered semiring.

For z € V=0 we shall abuse notation by identifying the element 7 € V with
its image in R under the (+, -, 0, 1)-homomorphism induced by the map

V20~ — R =[] (7]
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Lemma 6.3 Forallz,y € R2°, T+ =24y andT-J=12y.
PrOOF: Straight-forward and left to the reader. OJ
Definition 6.4 For X € Bln| we set

—

1
Xi=—— u(TX
detA H’( )7

where

T:R"— R":x+— Ax+b
is an affine map with a diagonal affine transformation matriz A = (a;;) such
that a; = X € (0,1] fori=1,...,n, b€ R", and TX C [0, 1]".

The next Lemma shows that v X is well-defined.
Lemma 6.5 Let X € B[n| be definable, and let
T:-R"—>R':2— Az +bandT :R"— R":z+— Az + 0V

be affine transformations for X as in Definition 6.4. Then

1
— u(TX) =
det A 2 ) det A’
Proor: Weset Y =TX and

S=ToT ':[0,1]" — [0,1]".

(T'X).

Then S is an affine map with diagonal transformation matrix (a;;), where

ai; =a € R0 fori=1,...,n. It suffices to show that Y = ain -uSY . This
is clearly satisfied if int(7Y") # (), since then a = 1. It also holds in the case

when Y is a box. So if pY < 1, then the lemma is implied by Lemma 5.2
and Lemma 5.3. 0

It is now clear that we have an analog of Theorem 5.9 (where an isomorphism
between sets in B[n| is defined as in Definition 5.1 after replacing SB[n] by
Bln]):

Theorem 6.6 Suppose I' is archimedean. Then, for each n, there is a map
pn: Bn] — R such that for all X,Y € B[n], pu,(XUY) = 1, X + p,,Y, and
wn X >0 iff int(X) # 0. Furthermore, if X € Blm] and Y € Bln], then

fmn(X X Y) = pn X - p, Y,
and 1, Y = pn,@(Y) whenever ¢ is an isomorphism'Y — ¢(Y).
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