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ABSTRACT. We discuss the algebro-geometric initial value problem for the
Ablowitz—Ladik hierarchy with complex-valued initial data and prove unique
solvability globally in time for a set of initial (Dirichlet divisor) data of full
measure. To this effect we develop a new algorithm for constructing stationary
complex-valued algebro-geometric solutions of the Ablowitz—Ladik hierarchy,
which is of independent interest as it solves the inverse algebro-geometric spec-
tral problem for general (non-unitary) Ablowitz—Ladik Lax operators, start-
ing from a suitably chosen set of initial divisors of full measure. Combined
with an appropriate first-order system of differential equations with respect
to time (a substitute for the well-known Dubrovin-type equations), this yields
the construction of global algebro-geometric solutions of the time-dependent
Ablowitz—Ladik hierarchy.

The treatment of general (non-unitary) Lax operators associated with gen-
eral coefficients for the Ablowitz—Ladik hierarchy poses a variety of difficulties
that, to the best of our knowledge, are successfully overcome here for the first
time. Our approach is not confined to the Ablowitz—Ladik hierarchy but ap-
plies generally to (1 4+ 1)-dimensional completely integrable soliton equations
of differential-difference type.

1. INTRODUCTION

The principal aim of this paper is an explicit construction of unique global so-
lutions of the algebro-geometric initial value problem for the Ablowitz—Ladik hi-
erarchy for a general class of initial data. However, to put this circle of ideas
into a proper perspective, we first very briefly recall the origins of this subject:
In the mid-seventies, Ablowitz and Ladik, in a series of papers [3]-[6] (see also
M, [2, Sect. 3.2.2], [7, Ch. 3]), used inverse scattering methods to analyze certain
integrable differential-difference systems. One of their integrable variants of such
systems included a discretization of the celebrated AKNS-ZS system, the pair of
coupled nonlinear differential-difference equations,

—iay — (1 —aB)(a” +a™) +2a =0,
—ifi+ (1 —ap)(B~ +57)-28=0
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with a = a(n,t), 8 = B(n,t), (n,t) € Z x R. Here we used the notation f*(n) =
fln £ 1), n € Z, for complex-valued sequences f = {f(n)}nez. In particular,
Ablowitz and Ladik [4] (see also [7, Ch. 3]) showed that in the focusing case, where
8 = —a, and in the defocusing case, where § = @, yields the discrete analog
of the nonlinear Schrédinger equation

—ioy — (1 +]af*)(a” +at) +2a =0. (1.2)

Since then there has been an enormous activity in this area and we refer, for in-
stance, to [7, Ch. 3], [27], [B11, [32], [33], [36], [37], [40], [43], [44], [45], [50] and the
extensive literature cited therein, for developments leading up to current research
in this particular area of completely integrable differential-difference systems. Par-
ticularly relevant to this paper are algebro-geometric (and periodic) solutions of
the AL system and its associated hierarchy of integrable equations. The first
systematic and detailed treatment of algebro-geometric solutions of the AL system
was performed by Miller, Ercolani, Krichever, and Levermore [40] (see also
[9, [10], [14], [I5], [39], [52]). Algebro-geometric solutions of the AL hierarchy were
discussed in great detail in [32] (see also [25], [26], [63]). The initial value problem
for the half-infinite discrete linear Schrodinger equation and the Schur flow were
discussed by Common [I7] (see also [I8]) using a continued fraction approach. The
corresponding nonabelian cases on a finite interval were studied by Gekhtman [24].
In addition to these developments within integrable systems and their applications
to fields such as nonlinear optics, the study of AL systems recently gained consider-
able momentum due to its connections with the theory of orthogonal polynomials.
Especially, the particular defocusing case § = @ and the associated CMV matrices
and orthogonal polynomials on the unit circle attracted great interest. In this con-
text we refer the interested reader to the two-volume treatise by Simon [47] (see
also [48]) and the survey by Deift [19] and the detailed reference lists therein.

Returning to the principal scope of this paper, we intend to describe a solution
of the following problem: Given p = (p_,py) € N2\ {(0,0)}, r € N3, assume
a5 t0 be solutions of the pth stationary Ablowitz—Ladik system s-AL,(a, B) =
0 associated with a prescribed hyperelliptic curve X, of genus p = p_ +pp—1
(with nonsingular affine part). We want to construct a unique global solution oo =
a(t,), B = B(t,) of the rth AL flow AL, (a, 8) = 0 with a(to,) = a'?, B(tg,) = ¥
for some ty, € R. Thus, we seek the unique global solution of the initial value
problem

AL, (o, B) =0,
(a’ﬁ)‘tgzto,g _ (04(0)75(0))7 (1.3)
s-AL, (a9, 8©) =0, (1.4)

where a = a(n,t,), 3 = B(n,t,) satisfy the conditions in (2.2).

Given the particularly familiar case of real-valued algebro-geometric solutions of
the Toda hierarchy (see, e.g., [16], [29, Sect. 1.3], [51], Sect. 8.3] and the extensive
literature cited therein), the actual solution of this algebro-geometric initial value
problem, naively, might consist of the following two-step procedureﬂ

e freely use the notation of divisors of degree p as introduced in Appendix |A| (see also the
beginning of Section .
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(1) An algorithm that constructs admissible (cf. Section |4)) nonspecial divisors
Dy € Sym? K, for all n € Z, starting from a nonspecial initial Dirichlet divisor

Djing)y € Sym” K. “Trace formulas” of the type (3.30) and (3.31) (the latter

requires prior construction of the Neumann divisor D, from the Dirichlet divisor
Dy, though, cf. ) should then construct the stationary solutions a(?), 30 of
s-AL,(a, 8) = 0.

(227) The first-order Dubrovin-type system of differential equations (5.43)), aug-
mented by the initial divisor Dj(ng.40,) = Dane) (cf. step (i)) together with the
analogous “trace formulas” , in the time-dependent context should then
yield unique global solutions o = «(t,), 8 = B(t,) of the rth AL flow AL, (c, 8) =0

satisfying a(to,) = al®, B(t,) = O

However, this approach can be expected to work only if the Dirichlet divisors
Ding,y € Sym? Kp, f(n,t,) = (fa(n,ty), ..., fip(n,t.)), yield pairwise distinct
Dirichlet eigenvalues wi(n,ty), 7 =1,...,p, for fixed (n,t;) € Z x R, such that
formula for the time-derivatives u;.., j = 1,...,p, is well-defined. Analo-
gous considerations apply to the Neumann divisors Dy € Sym? K,,.

Unfortunately, this scenario of pairwise distinct Dirichlet eigenvalues is not real-
istic and “collisions” between them can occur at certain values of (n,t,) € Z x R.
Thus, the stationary algorithm in step (i) as well as the Dubrovin-type first-order
system of differential equations in step (i¢) above breaks down at such values
of (n,t;). A priori, one has no control over such collisions, especially, it is not
possible to identify initial conditions Dy, ,) at some (ng,to,) € Z x R, which
avoid collisions for all (n,t,) € Z x R. We solve this problem head on by explicitly
permitting collisions in the stationary as well as the time-dependent context from
the outset. In the stationary context, we introduce an appropriate algorithm al-
luded to in step (i) by employing a general interpolation formalism (cf. Appendix
for polynomials, going beyond the usual Lagrange interpolation formulas. In the
time-dependent context we replace the first-order system of Dubrovin-type equa-
tions , augmented with the initial divisor Dj(p, 4, ), by a different first-order
system of differential equations , 7 and with initial conditions
(6.25) which focuses on symmetric functions of u1(n,t,),..., uy(n,t,) rather than
individual Dirichlet eigenvalues p;(n,t.), 7 = 1,...,p. In this manner it will be
shown that collisions of Dirichlet eigenvalues no longer pose a problem.

In addition, there is an additional complication: In general, it cannot be guar-
anteed that p;(n,t,) and vj(n,t;), j = 1,...,p, stay finite and nonzero for all
(n,t,) € Z x R. We solve this particular problem in the stationary as well as
the time-dependent case by properly restricting the initial Dirichlet and Neumann
divisors Dy (ng,to.,)s Pi(no,te.,) € Sym” Ky to a dense set of full measure.

Summing up, we offer a new algorithm to solve the inverse algebro-geometric
spectral problem for general Ablowitz—Ladik Lax operators, starting from a prop-
erly chosen dense set of initial divisors of full measure. Combined with an appro-
priate first-order system of differential equations with respect to time (a substitute
for the Dubrovin-type equations), this yields the construction of global algebro-
geometric solutions of the time-dependent Ablowitz—Ladik hierarchy.

We emphasize that the approach described in this paper is not limited to the
Ablowitz—Ladik hierarchy but applies universally to constructing algebro-geometric
solutions of (1+1)-dimensional integrable soliton equations. In particular, it applies
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to the Toda lattice hierarchy as discussed in [30]. Moreover, the principal idea of
replacing Dubrovin-type equations by a first-order system of the type , ,
and is also relevant in the context of general (non-self-adjoint) Lax operators
for the continuous models in (1 4 1)-dimensions. In particular, the models studied
in detail in [28] can be revisited from this point of view. (However, the fact that the
set in is of measure zero relies on the fact that n varies in the countable set
Z and hence is not applicable to continuous models in 1 + 1-dimensions.) We also
note that while the periodic case with complex-valued «, 3 is of course included in
our analysis, we throughout consider the more general algebro-geometric case (in
which «, 5 need not be quasi-periodic).

Finally we briefly describe the content of each section. Section [2]presents a quick
summary of the basics of the Ablowitz—Ladik hierarchy, its recursive construc-
tion, Lax pairs, and zero-curvature equations. The stationary algebro-geometric
Ablowitz—Ladik hierarchy solutions, the underlying hyperelliptic curve, trace for-
mulas, etc., are the subject of Section A new algorithm solving the algebro-
geometric inverse spectral problem for general Ablowitz—Ladik Lax operators is
presented in Section[dl In Section [5] we briefly summarize the properties of algebro-
geometric time-dependent solutions of the Ablowitz—Ladik hierarchy and formulate
the algebro-geometric initial value problem. Uniqueness and existence of global
solutions of the algebro-geometric initial value problem as well as their explicit
construction are then presented in our final and principal Section [6] Appendix [A]
reviews the basics of hyperelliptic Riemann surfaces of the Ablowitz—Ladik-type
and sets the stage of much of the notation used in this paper. Finally, various in-
terpolation formulas of fundamental importance to our stationary inverse spectral
algorithm developed in Section [4] are summarized in Appendix[B] These appendices
support our intention to make this paper reasonably self-contained.

2. THE ABLOWITZ-LADIK HIERARCHY IN A NUTSHELL

We briefly review the recursive construction of the Ablowitz—Ladik hierarchy and
zero-curvature equations following [31] and [33].
Throughout this section we suppose the following hypothesis.

Hypothesis 2.1. In the stationary case we assume that o, 8 satisfy
a,Be€CE  an)B(n) ¢ {0,1}, neZ. (2.1)
In the time-dependent case we assume that o, B satisfy
af-,t),B(-,t) eCZ teR, a(n,-),B(n,-)eCR), necz,

a(n,t)B(n,t) ¢ {0,1}, (n,t) € Z x R. (2:2)

Here CZ denotes the set of complex-valued sequences indexed by Z. For a dis-

cussion of assumptions (2.1) and (2.2)) we refer to Remark

We denote by S* the shift operators acting on complex-valued sequences f =
{f(n)}nez € C% according to

(SEf)(n) = f(n+1), neZ. (2.3)
Moreover, we will frequently use the notation

fr=58%f fecC? (2.4)
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Next, we define sequences { fo + }een,, {9e,+ }een,, and {h¢ + }ren, recursively by

Jo+ = 304, for=—corat, hoy=coip, (2.5)
Ge+1,4 — Yop14 = hy 4+ Bfet, € €N, (2.6)
foyrq = for —algerr+ + 901 4), L €N, (2.7)
hepr4 = hy o+ B(ges1,+ + 9p41.4)s £ € No, (2.8)
and

go,— = 3¢0,—, fo— =co,—a, ho_ =—co_B7, (2.9)
Ge41,— = Gppy - = ahy_ + Bf(;_, £ € Ny, (2.10)
fex1,- = f,_ +alges1,- + 9,4, ), £ €N, (2.11)
by, =he— = B(ges1,—- + 951, ), £ €No. (2.12)

Here cg,+ € C are given constants. For later use we also introduce
fo1ie=h_1£=0. (2.13)

Remark 2.2. The sequences {fr 1 }een,, {9e,+ }eeng, and {h¢ 4 }een, can be com-
puted recursively as follows: Assume that f; 1, g, 4+, and hy  are known. Equation
is a first-order difference equation in g1 4+ that can be solved directly and
yields a local lattice function that is determined up to a new constant denoted by
co+1,+ € C. Relations and then determine f,y1 4+ and heqq 4, etc. The
sequences { fo,— }eeny, {90,— Foeny, and {he—}een, are determined similarly.

Upon setting
v=1-apf, (2.14)

one explicitly obtains

fo+ =cor(=a®),  fie=co+(— 7+0<++ +(a")?B) + c1 4 (—a™),

go,+ = %CO,—H 91,4+ = co4+(— Cﬁﬂ) C1 4

hot =co+B, hiy =co4 (V87 —atB%) + 148,

fo,- =co—a, fi—=co_(ya" — 025+) +c,-q,

go,— = 3C0,—, g1,— =co,—(—afT) + Sc1 -,

ho— = co,—(—B7), hi—=co— (=78 +a(B1)?) +c1,-(—B7), etc.
Here {c¢,+ }¢en denote summation Constants which naturally arise when solving the

difference equations for gy + in , - Subsequently7 it will also be useful to
work with the corresponding homogeneous coefficients fg +, §e,+, and h( +, defined

(2.15)

by the vanishing of all summation constants c; 4+ for k = 1,...,¢, and choosing
co+ =1,
for=—a*, fo_=a, fir= fetleos=1,¢;1=04=1,..e, LEN, (2.16)
Jot =3, 0o+ =Gotleos=1,¢;1=04=1,..00 LEN, (2.17)
ho+ =B, ho—=—=BT, hit=hitlei=1,c,:=0j=1,...0y (EN. (218

By induction one infers that

¢
fo+ = Z Comkt fl+r  Gox = Zcé—kigkia he+ = Z Co—tprh . (2.19)
k=0 k=0 k=0
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Next we define the 2 x 2 zero-curvature matrices
z o«
U(z) = (zﬂ 1) (2.20)

Gy () —Fy(2)
Hy () —K, (2)
for appropriate Laurent polynomials Fy,(2), Gp(2), Hp(z), and K (z) in the spectral

P
parameter z € C\ {0} to be determined shortly. By postulating the stationary zero-
curvature relation,

and

Vo(z) =i

) y P= (p—ap-i-) € N(%v (221)

0=UV, -V, U, (2.22)
one concludes that is equivalent to the}ollowing relations
2(G, — Gp) +2BF, + aH, =0, (2.23)
ZBF +aH, — K, + Kﬁ =0, (2.24)
—Fy+2F, +a(G, + K,) =0, (2.25)
zﬁ(Gg_ + Kp) — zHp + H, =0. (2.26)

In order to make the connection between the zero-curvature formalism and the
recursion relations (2.5)-(2.12]), we now define Laurent polynomials F,, G, Hp,

and K, byf]

p— py—1
D= fooo D ool (2.27)

=1 £=0
P— P+

=D Gt D GpeF (2.28)
=1 £=0
p——1 P+

= Z hp_,l,g,,z_g —|—th+74,+2€, (229)
£=0 =1

P+
z) = ng_—f,—zie + ng+—2,+ze = Gg(z) + 9 ,— — Gpy.+- (2.30)
70 —

The stationary zero-curvature relation (2.22), 0 = UV, — Vp+U , is then equivalent
to a

—algpy++9p )t fpi-1+—fp -1 =0, (2.31)
BGp, ++9p_—)+hy, 14y —hp 1 =0. (2.32)
Thus, varying p+ € Ny, equations (2.31) and (2.32)) give rise to the stationary
Ablowitz—Ladik (AL) hierarchy which we introduce as follows
S-ALP(Oé,B) _ (_a(ngr,‘f‘ +gp,,7) + {P+_1;+ - p—l,—) -0
- 5(gp+,+ + gp—;*) + h’p+71,+ - h’p—*lvf
B = (p—ap-i-) € Ng

)

(2.33)

2In this paper, a sum is interpreted as zero whenever the upper limit in the sum is strictly less
than its lower limit.
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Explicitly (recalling v = 1 — a8 and taking p_ = p, for simplicity),

—C «
S_AL(O,O)(a,ﬁ) = ( C(SO(;?/)B ) = Oa

— - +)
wtnio: )= (0 L g
—y(co 4™y T+ co,—a”"y — a(corat BT + co—a BT)
—Bleo—(a7)? +co(a)?))
Y(co,~ BTy +co 18777 = Bleopat B~ 4 co—a fT)
—afco+(87)? +co-(8)?))

—y(er,—a” +erpat) —cpaa
+ T oA ’ ’ =0, etc., 2.34
( Y(e1,4B8” +c1,-BT) + b (2:34)

s-AL22)(, B) =

represent the first few equations of the stationary Ablowitz—Ladik hierarchy. Here
we introduced

cp=(cp_—+cp, +)/2, px € No. (2.35)

By definition, the set of solutions of , with p ranging in N2 and ¢, + € C,
¢ € Ny, represents the class of algebro-geometric Ablowitz-Ladik solutions.

In the following we will frequently assume that «, 8 satisfy the pth stationary
Ablowitz—Ladik system supposing a particular choice of summation constants co+ €
C,0=0,...,p1, p+ € Ng, has been made.

In accordance with our notation introduced in 7, the corresponding
homogeneous stationary Ablowitz—Ladik equations are defined by

s-ALy(av, f) = s-ALy(a, §)| , p=(p-,ps) ENZ.  (2.36)

co,£=1,ce,+=0,¢=1,....p+

One can show (cf. [31, Lemma 2.2]) that g,, + = g,_,_ up to a lattice constant
which can be set equal to zero without loss of generality. Thus, we will henceforth
assume that

Ipyt+ = Gp-.—> (2.37)

which in turn implies that
K, =Gy (2.38)
and hence renders V, in traceless in the stationary context. (We note

that equations (2.37) and (2.38) cease to be valid in the time-dependent context,
though.)

Next, still assuming (2.1) and taking into account (2.38)), one infers by taking

determinants in the stationary zero-curvature equation ([2.22)) that the quantity
2
R, = Gg - FpH, (2.39)

is a lattice constant, that is, R, — R, = 0. Hence, R, (%) only depends on z, and
assuming in addition to (2.1)) that

co,+ € C\ {0}, (2.40)



8 F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL

one may write Ry asﬂ

2p+1
_ 2p+1
Ry(2) = (¢ +/4)=7 T] (= Ew), {Em}mio € C\{0}, (2.41)
m=0
where
p=p_+py—1L (2.42)
In addition, we note that the summation constants ¢1 4, ...,¢p, + in (2.33)) can
be expressed as symmetric functions in the zeros Ey,..., Eopiq of the associated
Laurent polynomial R, in (2.41). In fact, one can prove (cf. [31]) that
Co+ = Co,ice(Eil), £=0,...,p+, (2.43)
where
€o (Eil) = ]-7
e (E*F) (2.44)
k ) .
__ Z (2jo)! - - - (22p+1)! Eoijo . “EQijjﬁﬂ
do 2o 220 (2p )2 (20 = 1) -+ (Zfzpar — 1) Y
Jo++i2p+1=k
ke N,
are symmetric functions of E*! = (FE!, ..., EQile).

Next we turn to the time-dependent Ablowitz—Ladik hierarchy. For that pur-
pose the coefficients « and [ are now considered as functions of both the lattice
point and time. For each system in the hierarchy, that is, for each p € N2, we
introduce a deformation (time) parameter ¢, € R in «, 3, replacing a(n), B(n) by
a(n, t,), B(n,t,). Moreover, the definitions (2.20)), (2-21), and (2:27)(2:30) of U, V,,,

and Fy, Gp, Hp, Kp, respectively, still apply. Imposing the zero-curvature relation

Uy, +UV, = V,fU =0, peNg, (2.45)
then results in the equations B

ap, = l(ZFB_ +a(Gp + KE_) - FB)’ (2.46)
B, = —i(B(G, + Kp) — Hy+z""H, ), (2.47)
0=2z(G, —7GB) + 20F, + aH,, ) (2.48)
0= zBF;f +aH, + K, — KET (2.49)

Varying p € N2, the collection of evolution equations
Atylood = (e e L T R =0

tg € R» p= (p*7p+) € NOv
then defines the time-dependent Ablowitz—Ladik hierarchy. Explicitly,

_ _iat(o,o) — 0,0 _
AL(O,O) (avﬁ) - <_7;Bt(010) 4 C(O,o)ﬂ) - Oa

3We use the convention that a product is to be interpreted equal to 1 whenever the upper limit
of the product is strictly less than its lower limit.
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—iay, , —y(co,—a + o) —cn 1)a>
AL (e, B) = [ "Staw ~ Y007 e D)
an(e:p) <—zﬁtw T 1lcos B + o BF) + B

AL2,9)(e, B) (2.51)

—i g, 4 — Y(co Tyt 4+ co—amyT = alcoratBT + o BT)
—B(co,~(a™)? +co4(ah)?))

Bt + V(0BT +co By = Bleo BT +co—a” fT)
—a(eo+(B7)* + co,—(B1)?))

<—7(cl’oz_ +c4ah) — 0(272)04) =0, etc.
Y(e1 48 +e1,-BT) + C2,2)0 ’ 7

represent the first few equations of the time-dependent Ablowitz—Ladik hierarchy.
Here we recall the definition of ¢, in (2.35).
The special case p = (1,1), co.+ = 1, and ¢(;,1) = —2, that is,

—iay, —y(a” +at)+2a)
(T 26 159 735) =0 (252

represents the Ablowitz—Ladik system (1.1).
By (2.50), (2.6)), and (2.10)), the time derivative of v =1 — a3 is given by

Vo =V ((9ps+ = Ipyr) = Gp— —9p_ ) (2.53)

The corresponding homogeneous equations are then defined by
RLy(.f) = ALy(@.B)|, Ly o) comrs =00 2= (pop) €N3. (250)

Remark 2.3. From ([2.23)—(2.26)) and the explicit computations of the coefficients
fex, ge+, and hg 1, one concludes that the zero-curvature equation (2.45) and
hence the Ablowitz—Ladik hierarchy is invariant under the scaling transformation

a— a.={ca(n)tnez, B— Bc.={Bn)/ctnez, c€C\{0}. (2.55)

In particular, solutions «, 3 of the stationary and time-dependent AL equations are
determined only up to a multiplicative constant.

Remark 2.4. (i) The special choices 8 = £@, co+ = 1 lead to the discrete
nonlinear Schrodinger hierarchy. In particular, choosing c(;1) = —2 yields the
discrete nonlinear Schrédinger equation in its usual form (see, e.g., [, Ch. 3] and
the references cited therein),

—ioy — (1 F o) (a™ +at) +2a =0, (2.56)

as its first nonlinear element. The choice 8 = @ is called the defocusing case, f = —a&
represents the focusing case of the discrete nonlinear Schrodinger hierarchy.
(#4) The alternative choice § =@, ¢o+ = Fi, leads to the hierarchy of Schur flows.
In particular, choosing c(1,1) = 0 yields

ar— (1 =]a>)(at —a")=0 (2.57)
as the first nonlinear element of this hierarchy (cf. [11], [22], [23], [34], [41], [49]).

Finally, we briefly recall the Lax pair (L, PE) for the Ablowitz—Ladik hierarchy
and refer to [33] for detailed discussions of this topic.
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In the standard basis {5, }mez in £2(Z) defined by

1 =

Om = {Ommtnez, mE L, bmn ={ Cme (2.58)

0, m#n,

the underlying Lax difference expression L is given by
"0 —a(0)p(=1) —F(~1)a(0) ~a(L)p(0) p(O)p(1) 0
I — p(=1)p(0)  B(— 1)9(0) —B(0)a(1) B(0)p(1) 0 (2.59)
—a(2)p(1) —B(1)a(2) —a(3)p(2) p(2)p(3) :
O p(M)p(2)  B(1)p(2) —B(2)(3) B(2)p(3) O
- p_péeven ST~ + (5_/) 5even - a+p50dd)5_ - Ba-’_

+ (Ber Ooven — OzJﬁijL 5odd)S+ + p+p++ Oodd S++, (2.60)

where dqven and d,qq denote the characteristic functions of the even and odd inte-
gers,

Oeven = Xozs dodd = 1 — beven = Xoz 41+ (261)
In particular, terms of the form —g(n)a(n+1) represent the diagonal (n,n)-entries,
n € Z, in the infinite matrix (2.59)). In addition, we used the abbreviation

p=7"%=(1-ap)? (2.62)
Next, let T be a bounded operator in the Hilbert space £2(Z) (with scalar product
denoted by (-, -)). Given the standard basis (2.58) in ¢?(Z), we represent T by

T = (T(m, n))(mm)ezz, T(m,n) = (6, T d,), (m,n) € Z2 (2.63)

Actually, for our purpose below, it is sufficient that T" is an N-diagonal matrix for
some N € N. Moreover, we introduce the upper and lower triangular parts T4 of
T by

Ty = (Ta(m,m)) pege T(mom) = {f“” S0

Then, the finite difference expression P, is given by

Z% e (L4 = (L)) - chp e (T = (L79)2)
e. 1 (2.65)
- %Cde, p=(p-,py) €NG,

with Q4 denoting the doubly infinite diagonal matrix
Qa = ((—1)]651«,@)&,262 (2.66)
and ¢, = (¢p_,— + ¢p, +)/2. The commutator relations [P, L] = 0 and Ly, —
[Pp,L] = 0 are then equlvalent to the stationary and time-dependent Ablowitz—

Ladik equations (2 and -, respectively.
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3. PROPERTIES OF STATIONARY ALGEBRO-GEOMETRIC SOLUTIONS
OF THE ABLOWITZ—LADIK HIERARCHY

In this section we present a quick review of properties of algebro-geometric so-
lutions of the stationary Ablowitz—Ladik hierarchy. We refer to [3I] and [32] for
detailed presentations.

We recall the hyperelliptic curve K, of genus p, where

2p+1
Kyp: ‘Fp(zﬁy) = y2 - 46(;73-221)_R£(Z) = y2 - H (Z - Ep) =0,
m=0
. — (3.1)
,+ 2p+1
Ry(2) = <22p> H (2= Ep), {En}Pty cC\{0}, p=p_+ps—1

m=0

Throughout this section we make the assumption:

Hypothesis 3.1. Suppose that
a,B€Ct and a(n)B(n) ¢ {0,1} for all n € Z. (3.2)

In addition, assume that the affine part of the hyperelliptic curve KCp in (3.1) is
nonsingular, that is, suppose that

B, #E, form#m', mm =0,1,...,2p+ 1. (3.3)

The curve K, is compactified by joining two points P, , Pe, # Ps_, but
for notational simplicity the compactification is also denoted by K,. Points P on
Kp\{Px. , P_} are represented as pairs P = (z,y), where y( - ) is the meromorphic
function on K, satisfying F,(z,y) = 0. The complex structure on K, is then defined
in the usual way, see Appendix E Hence, K, becomes a two-sheeted hyperelliptic
Riemann surface of genus p in a standard manner.

We also emphasize that by fixing the curve IC, (i.e., by fixing FEy, ..., Eapi1),
the summation constants ¢i +,...,¢p, + i0 fpo +, gpy .+, and by, + (and hence in
the corresponding stationary s-AL, equations) are uniquely determined as is clear
from which establishes the summation constants ¢, + as symmetric functions
of Ey', ... B3l .

For notational simplicity we will usually tacitly assume that p € N.

We denote by {p;(n)};=1

(~)p**1HB( -, n), respectively. Thus, we may write

.....

p
Fyp(z) = —copat 27" [ [(z = 1y), (3.4)
j=1
p
Hy(2) = co Bz P~ [ [ (2 — vy), (3.5)
j=1
and we recall that (cf. (2.39))
R, — G} = —F,H,. (3.6)

The next step is crucial; it permits us to “lift” the zeros p; and v; from the complex
plane C to the curve K,. From (3.6) one infers that

Rg(z) - G3(2)2 =0, z€{uv}jr=1,.p- (3.7)
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We now introduce {/i;}j=1,..p, C K, and {7;};=1,.. , C K, by
frj(n) = (nj(n), (2/co 1 )p; ()"~ Gy(p(n),n)), j=1,....p, n€Z, (38
and
vj(n) = (wj(n), =(2/co+)vj(n)"~Gp(vj(n),n)),  j=1,....p,n€Z.  (3.9)
We also introduce the points Py + by

(2) 2p+1
Py+ = (0,%(co,_/co. 1)) € Kp, - HE (3.10)
O

We emphasize that Py + and P, are not necessarily on the same sheet of IC,.
Moreover,

FC*(1+0(0)), P—Ps,, ¢(=1/z
¢=0 | £(co,~/co+) +O(), P—=FPox, (==
Next we introduce the fundamental meromorphic function on I, by
(co,+/2)z7Py+ Gp(z,n)
P, = = 12
—H,(z,n
= ~ o(z:1) , (3.13)
(co+/2)z7P-y — Gp(z,n)
P=(z,y) €K, neZ,
with divisor (¢(-,n)) of ¢(-,n) given by
(¢(-.n)) =Dp, _s(n) — Pro_(n)s (3.14)
using (3.4) and (3.5)). Here we abbreviated
E = {[1’17 e 7,[14)}, 2 = {1917 R ﬁp} € Symp(lcp) (315)

For brevity, and in close analogy to the Toda hierarchy, we will frequently refer to
i and 7 as the Dirichlet and Neumann divisors, respectively.

Given ¢(-,n), the meromorphic stationary Baker—Akhiezer vector ¥(-,n,ng)
on KCp, is then defined by

_ (Y1(P,n,no)
v = ()
HZ’:noJrl (Z + a(n/)¢_ (Pa n/))a n = no + 17
Y1(Pyn,mg) = 4 1, n = no, (3.16)

HZ/O:TL+1 (Z + a(nl)¢7 (Pv n,))il, n<ng— ]-7
[Lhcngir (28N~ (Pn)) +1),  n>ng+1,
1/12(Pan7"0)=¢(P,n0) 1, n = no,

10 (2B (Po)y "t +1) 7, n<ng—1.
(3.17)

Basic properties of ¢ and ¥ are summarized in the following result.
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Lemma 3.2 ([31]). Suppose that o, 3 satisfy (3.2) and the pth stationary Ablowitz—

Ladik system (2.33). Moreover, assume (3.1) and (3.3) and let P = (z,y) € Kp \
{Ps,,Px_,Pot,Po_}, (n,ng) € Z*. Then ¢ satisfies the Riccati-type equation

ad(P)o™ (P) — ¢™ (P) + z¢(P) = 2P, (3.18)
as well as
o Hp(2)
¢(P)o(P") = — Bk (3.19)
oGl
oP)+ o(P) = 2755, (3.20)
6(P) — G(P") = co,4 27" J{i(f ’). (3.21)
The vector ¥ satisfies
U(z)¥~(P) =Y(P), (3.22)
Vp(2)¥™ (P) = —(i/2)co,+2" P~ y¥ ™ (P), (3.23)
wZ(PvnanO) = ¢(P7 n)wl(Pan7n0)7 (324)
Fy(z,n
U1 (P,n,ng)1(P*,n,ng) = z"_”OF((Z”O))F(n,no), (3.25)
* n—n, I;B(Z’n)
Yo (P, m,ng)ha(P*,n,ng) = z OmF(n,no), (3.26)
b1(P,n, mg )b (P*, m, mg) + 1 (P*, m, mio)ba (P, m, 1) (3.27)
g GEM L
o FB(Z,Tlo) oh
P1(P,n,ng)e(P*,n,ng) — 1 (P*,n, no)ve (P, n,ng) (3.28)
Y e L S I'(n,no)
0,4+ Fp(Z, nO) ) ’

where we used the abbreviation

[[cnes17(®)  m>mno+1,
[(n,m9) = ¢ 1 n = no, (3.29)

[Ty ()™ n<ng—1.

Combining the Laurent polynomial recursion approach of Section [2| with
and readily yields trace formulas for f, 1+ and h,+ in terms of symmetric
functions of the zeros u; and vy of ()P~ F, and (-)P-~'H,, respectively. For
simplicity we just record the simplest cases. -

Lemma 3.3 ([31]). Suppose that o, 3 satisfy (3.2) and the pth stationary Ablowitz—
Ladik system (2.33)). Then,
«

p

Co,

= (—1)p+100f H 15, (3.30)
El J_]-
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CARSUESSSTIES 1
?—(—) C(?HVJA (3.31)
s j=1
p ++
« c
Zuj =atp - ’Y+aT - C(l)i’: (3.32)
j=1 ’
P —
B«
Zl/j =atpB - 'y? — cli (3.33)
j:l 07+

Remark 3.4. The trace formulas in Lemma [3.3] illustrate why we assumed the
condition a(n)B(n) # 0 for all n € N throughout this paper. Moreover, the fol-
lowing section shows that this condition is intimately connected with admissible
divisors D, Dy avoiding the exceptional points P, , Py +. On the other hand, as
is clear from the matrix representation of the Lax difference expression L,
if a(ng)B(no) = 1 for some ng € N, and hence p(ng) = 0, the infinite matrix L
splits into a direct sum of two half-line matrices L4 (ng) (in analogy to the familiar
singular case of infinite Jacobi matrices aS* 4+ a~ S~ + b on Z with a(ng) = 0).
This explains why we assumed a(n)B(n) # 1 for all n € N throughout this paper.

Since nonspecial divisors and the linearization property of the Abel map when
applied to Dy and Dy will play a fundamental role later on, we also recall the
following facts.

Lemma 3.5 ([31], [32]). Suppose that o, satisfy (3.2) and the pth stationary

Ablowitz—Ladik system (2.33)). Moreover, assume (3.1) and (3.3) and let n € Z.
Let Dy, p={jn,...,fip}, and Dy, = {iy,...,1,}, be the pole and zero divisors
of degree p, respectively, associated with o, 8, and ¢ defined according to (3.8) and

, that s,
15 (n) = (;(n), (2/co, )y ()P~ Gylpy (m),m), 5 =1,....p,
vj(n) = (vj(n), =(2/co,4 v ()" Gp(v;(n),n)), j=1,...,p.

(3.34)

Then Dp(ny and Dy(,y are nonspecial for all n € Z. Moreover, the Abel map
linearizes the auziliary divisors Dy and Dy in the sense that

aqy(Dacn)) = g, (Da(ne)) + (n —1n0)Ap, (P, ), (3.35)
g, (D)) = g, (Di(ng)) + (n —1n0)Ap, _ (Pec, ) (3.36)

where Qo € K, is a given base point. In addition,
QQ, (DE(")) = aq, (IDE(")) + APO,— (POO— ) (3'37)

For theta function representations of o and 8 we refer to [32] and the references
cited therein. These theta function representations also show that ~v(n) ¢ {0,1}
for all n € Z, that is, the second condition in is satisfied for the stationary
algebro-geometric AL solutions discussed in this section provided the associated
Dirichlet and Neumann divisors are admissible.

4. THE STATIONARY ALGORITHM

The aim of this section is to derive an algorithm that enables one to construct
algebro-geometric solutions for the stationary Ablowitz—Ladik hierarchy for general
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initial data. Equivalently, we offer a solution of the inverse algebro-geometric spec-
tral problem for general Lax operators L in , starting with initial divisors in
general position.

Up to the end of Section [3| the material was based on the assumption that
a, B € C? satisfy the pth stationary AL system . Now we embark on the
corresponding inverse problem consisting of constructing a solution of given
certain initial data. More precisely, we seek to construct solutions o, 3 € CZ sat-
isfying the pth stationary Ablowitz—Ladik system starting from a properly
restricted set Mg of admissible nonspecial Dirichlet divisor initial data Dii(ng) at
some fixed ng € Z, a

ino) = {fin(no), ..., fip(no)} € Mo, Mo C Sym”(Kp), (4.1)
ﬂj(no) = (,Uj(?’lo),(2/CQ,+)Mj(7’L0)p_GB(,UJ'(’I’L()),7’?,0)), j=1...,p. .

For convenience we will frequently use the phrase that «, 8 blow up in this man-
uscript whenever one of the divisors Dy, or Dj hits one of the points P, Py +.

Of course we would like to ensure that the sequences «, 3 obtained via our
algorithm do not blow up. To investigate when this happens, we study the image
of our divisors under the Abel map. A key ingredient in our analysis will be
which yields a linear discrete dynamical system on the Jacobi variety J(Kp). In
particular, we will be led to investigate solutions Dy, D, of the discrete initial value
problem B

g, (Pa(m)) = aq, (Pany)) + (n = 10)Ap, _(Peo,),
f(no) = {fi1(no), - - -, fip(no) } € Sym?(KCp),

(4.2)

respectively
0y (Pon)) = gy (Di(ny)) + Ap, (Poo ) + (n = 10)Ap, (P, ),
(ng) = {1(no), ..., 0p(no)} € SymP(K,),
where Qg € K, is a given base point. Eventually, we will be interested in solutions
Dy, Dy of , with initial data Dy, satisfying and M to be specified
as in (the proof of) Lemma

Before proceeding to develop the stationary Ablowitz—Ladik algorithm, we briefly
analyze the dynamics of (4.2)).

Lemma 4.1. Letn € Z and suppose that Dﬁ(n) is defined via (4.2)) for some divisor
Dﬁ(no) S Symp(ICp).

(i) If Djy(ny is nonspecial and does not contain any of the points Py +, P, , and
Dﬁ(n_,_l) contains one of the points Py 4+, Pa, , then Dg(n—H) contains Py _ or P _

(4.3)

but not Ps, or Py 4.

(ii) If Dyny is nonspecial and Dy(,41) is special, then Dy, contains at least one
of the points Py, Ps_ and one of the points P+, Po7_7.

(ii1) Item (i) holds if n+ 1 is replaced by n — 1, Py, by Ps_, and Py 4 by Py .

(iv) Items (i)—(i7i) also hold for Dy ().

Proof. (i) Suppose one point in Dy, 11y equals Py, and denote the remaining ones
by Dp(n+1)- Then (4.2)) implies that ag (Pamn+1)) + Ag, (Pooy) = ag,(Pacn)) +
Ap, (Px,). Since D, is assumed to be nonspecial one concludes D
Dg(nﬂ) + Dp, _, contradicting our assumption on Dﬁ(n).
follows similarly; here we choose Qg to be a branch point of K, such that A, (P*) =

an) =
The statement for Py
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—A, (P).

=Qo
(i) Next, we choose Qg to be a branch point of KC,. If D41y is special, then it
contains a pair of points (@, @*) whose contribution will cancel under the Abel map,
that is, ag, (Damn+1)) = 29, (Ph(n+1)) for some Dyp1y € SymP~?(K,)). Invoking

(4.2) then shows that ag (Dum)) = g, (Pim+1)) + Agy(Poo_) + Ag, (Fo,—). As

Dj(n) was assumed to be nonspecial, this shows that Dyn) = Dj(n+1) + Pr_ +
DP0177 as claimed.

(#4i) This is proved as in item ().

(iv) Since Dy(y) satisfies the same equation as D,y in (4.2) (cf. (3.36))), items

(i)—(iii) also hold for Dy,). O

We also note the following result:

Lemma 4.2. Let n € Z and assume that Dy(,) and Dy(,) are nonspecial. Then
Dji(ny contains Po,— if and only if Dy(n) contains Ps,_. Moreover, Dj(ny contains
P if and only if Dy, contains Py 4.

Proof. Suppose a point in Dj,) equals Fy _ and denote the remaining ones by

Dy By (3-37),

Qo (,Dﬁ(")) =Qq, (Dﬁ(”)) + AQD (Pov_) + APo,f (Poof) =Qq, (DB(”)) + AQO (P‘X’f )

(4.4)
Since Dy (y,) is nonspecial, Dy (,) contains Py,_, and vice versa. The second state-
ment follows similarly. |

Let us call the points P, Po_, o+, and Py, exceptional points. Then
Lemma EEI yields the following behavior of Dy, assuming one starts with some
nonspecial initial divisor Dy ,,) without exceptional points: As n increases, Dj(n)

stays nonspecial as long as it does not include exceptional points. If an exceptional

point appears, Dj,(,,) is still nonspecial and contains Py _ or P, _ at least once (but
not Py 4 and Po; +). Further increasing n, all instances of Py _ and Ps,_ will be
rendered into Fy 1 and P, until we have again a nonspecial divisor that has the
same number of Py  and Py as the first one had of P and P_. Generically,
one expects the subsequent divisor to be nonspecial without exceptional points
again.

Next we show that most initial divisors are well-behaved in the sense that their
iterates stay away from P, Fp +. Since we want to show that this set is of full
measure, it will be convenient to identify Sym”(KC,) with the Jacobi variety J(KCp)
via the Abel map and take the Haar measure on J(/C,). Of course, the Abel map
is only injective when restricted to the set of nonspecial divisors, but these are the

only ones we are interested in.

Lemma 4.3. The set Mo C Sym”(KC,) of initial divisors Dy (p, for which Dy,
and Dy(y), defined via and , are admissible (i.e: do not contain the
points Pso, , Po 1) and hence are nonspecial for all n € Z, forms a dense set of full
measure in the set Sym? (KC,) of positive divisors of degree p.

Proof. Let Mo be the set of divisors in Sym?(K,,) for which (at least) one point
is equal to P, or Py 1. The image ag, (Moo,0) of Moo is then contained in the
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following set,

ag,(Ms,0) € U (Ag, (P) + ag, (SymP™H(K,))) € J(Kp).  (4.5)
PE{P,1,Po_ }

Since the (complex) dimension of Sym? ™! (K,)) is p—1, its image must be of measure
zero by Sard’s theorem (see, e.g., [8, Sect. 3.6]). Similarly, let Mg, be the set of
special divisors, then its image is given by

ag, (Msp) = ag, (SymP~*(K,)), (4.6)

assuming Qo to be a branch point. In particular, we conclude that ag (Msp) C
ag, (Moo o) and thus ap, (Msing) = ag, (Moo,0) has measure zero, where

Msing - Moo,() U Msp- (47)
Hence,

Su = (ag,(Msing) +ndp,_(Px,)) and S, =8, +A4p, (Pu_) (48)
neZ
are of measure zero as well. But the set S, US, contains all initial divisors for
which Dy, or Dy(y,y will hit Po, or Py +, or become special at some n € Z. We
denote by M, the inverse image of the complement of the set S, US, under the
Abel map,
Mo = ag! (Sym?(K,) \ (S, US,)). (4.9)

Since My is of full measure, it is automatically dense in Sym”(/C,).

Next, we describe the stationary Ablowitz—Ladik algorithm. Since this is a
somewhat lengthy affair, we will break it up into several steps.
The Stationary Ablowitz—Ladik Algorithm:
We prescribe the following data
(¢) The coefficient a(ng) € C\ {0} and the constant ¢y 4 € C\ {0}.
(7i) The set

(B, )2PH0 c C\ {0}, Em# En for m#m/, m,m' =0,...,2p+1, (4.10)

m=0
for some fixed p € N. Given {E,,L}f,’l’;“& , we introduce the function
co 2 2p+1
+
Ry(z) = <2Zp_ ) I[(z=Em) (4.11)

m=0
and the hyperelliptic curve IC,, with nonsingular affine part as in (3.1)).
(#i7) The nonspecial divisor

,Dg(no) S Sym”(le), (4.12)
where fi(ng) is of the form
ﬁ(no) = {ﬂl(nO)v ce i (no)v s 7/:Lq(no)7 ce 7[1“(1(710)} (413)
p1(no) times Py(ng)(no) times

with
ﬂk(no) = (uk(no)’y(ﬂk(no)))v /lk(’ﬂo) # 12774 (no) for k ?é k/a k? k/ = 1a sy Q((nO
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and
71,0)

pe(no) €N, k=1,...,q(no), Zpk no) (4.15)

With {E,, 2pt1 Dji(ng), @(n0), and co 4 prescribed, we next introduce the following

m=0>

quantities (for z € C\ {0}):

2p+1 1/2 a(no)
a™(ng) = a(ng) ( H E ) H pir(ng) TPE(T0) (4.16)
k=1
2p+1
- =1 [ Em (4.17)
q(no)
Fy(2,n0) = —co 1™ (ng)2 7P~ [ (2 = pa (o)), (4.18)
k=1
1 1 z
G =—|——-——F—F—|F 4.19
B(z7n0) 2(a(no) OLJr(TlO)) n(2:m0) ( )
q(no) pr(no)—1 (df( )/dCf)|P (Commiin (o)

2a+ p(210) kzl z:: e!(pk(no) - 1)

qpr(no)—£-1 a(no)
x (CWL(J)—H <(Z - <)71 H (C — ,Ltk/(no))pk’(”O)))

k'=1,k'#k ¢=pr(no)
Here the sign of the square root is chosen according to (4.14)).
Next we record a series of facts:
(I) By construction (cf. Lemma [B.1]),
d*(Gp(z,m0)?) d*Ry(z)
P = Tt ’
dz z=p(no) dz z=pr(no) (4'20)
ZG(C\{O}7 éioa'”apk(nﬂ)*lakila"'7q(n0)'
(IT) Since Dji(no) is nonspecial by hypothesis, one concludes that
pr(no) = 2 implies Ry(ur(no)) #0, k=1,...,q(no). (4.21)
(ITI) By (4.19) and (4.20) one infers that F), divides Gi, -
(IV) By (4.11) and (4.19) one verifies that
Gg(z,n0)2 — Ry(2) = O(z%+71), (4.22)
Gylz.m0)” — By(z) = O("—+1). (1.23)
= = z—
By (III) and (IV) we may write
Gp(z, ng)? — Ry(2) = Fy(2, no)Hyr(2,m0), 2z € C\{0}, (4.24)

for some ¢ € {0,...,p_ — 1}, r € {0,...,p4}, where H,,(z,n0) is a Laurent
polynomial of the form ¢_,279 4 --- + ¢,2". If, in fact, Hyo = 0, then Rp(2) =
Gp(2, no)? would yield double zeros of Ry, contradicting our basic hypothesis (4.10)).



THE ABLOWITZ-LADIK HIERARCHY INITIAL VALUE PROBLEM 19

Thus we conclude that in the case r = ¢ = 0, ﬁ070 cannot vanish identically and
hence we may break up (4.24) in the following manner

B(Pno) = Gp(z’%);(ic?m”y R
p(2, 0) G (z no) — (co,+/2)z7P-y (4.25)
P = (z,y) € K.
Next we decompose
r+q
H,,(2,n0) = Cz qH z—vj(ng)), z¢€C\{0}, (4.26)

where C' € C\ {0} and {v; (no)}rﬂ C C (if » = ¢ = 0 we replace the product in
- 4.26)) by 1). By inspection of the local zeros and poles as well as the behavior near
Py +, Py, of the function ¢(-,ng) using (3:11), its divisor, (¢(-,ng)), is given by

(6(+,70)) = Dpy _s(no) = PPu_jsno)> (4.27)
where
2(”0) = {PO,—a SRR PO,—; l)l(nO)7 LR ﬁr-l—q(nO)a Poo+a ERR) Poc+} (428)
—_——— —_——
p——1—q times p4+—7 times

In the following we call a positive divisor of degree p admissible if it does not
contain any of the points P, Py +.
Hence,

Di(ne) is an admissible divisor if and only if 7 =p, and ¢ =p_ —1.  (4.29)
We note that
Qo (IDQ(”O)) =Qq, (Dﬁ(no)) + APo.f (P‘X’f )’ (430)

in accordance with (3.37)).
(V) Assuming that (4.22)), ([@.23)) are precisely of order z*(2P+=1) that is, assuming
r=py and ¢ = p_ — 1 in (4.24)), we rewrite (4.24) in the more appropriate manner

Gg(z,no)2 — Ry(2) = Fp(z,m0)Hp(2,m0), 2z € C\{0}. (4.31)
(We will later discuss conditions which indeed guarantee that ¢ = p_—1 and r = p,

cf. (4.29) and the discussion in step (X) below.) By construction, H,(-,no) is then
of the type -

£(no) £(no)
Hy(2,m0) = o4 B(no)z " ] (2= wk(n0))™ ", >~ sx(no) =p,
k=1 k=1

vi(ng) # v (ng) for k#k', kK" =1,...,4(ng), z€ C\ {0}, (4.32)
where we introduced the coefficient S(ng). We define
k(o) = (vk(no), —(2/co,+)vk(n0)"~ Gp(vk(no),m0)), k=1,...,4(ng). (4.33)
An explicit computation of 8(ng) then yields
a(no) dpk(no) Ly (p ))/dgm(no)—l)
2 (pr(no) — 1!

‘P:(C,ﬂ):ﬂk(no)

(

[\D\»—l

Oéno
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q(no)

x H (,Uk(’flo) — ,uk/(no))*lh-,(ng)

k'=1, k'#k

a+ nO q(no) 2P+1
< Zpk (no) k(o) —*ZE ) (4.34)
The result (4.34) is obtained by 1nsert1ng the expressions -, -, and (4.32)

for F,,(-,m0), Gp(-,n0), and Hy,(-,ng) into (4.31)) and collecting all terms of order
2241, - -
(VI) Introduce

£(no) 2p+1 —1/2
BT (no) = B(no) ] Vk(no)w”o)( 11 Em> . (4.35)
k=1 m=0

(VII) Using Gp(2,n0), Hp(2,m0), Fp(2,m0), B(n0), at(ng), and 5% (ng), we next
construct the ng & 1 terms from the following equations:
1

F, = ;(OPHE —20G, + F), (4.36)
_ z
HB = ;(ﬂQFg - 2BG3+ Hg)a (4-37)
_ 1
Gy = ~((1+aB)Gy = aH, - fF), (4.38)
respectively,
1
Ff = W—Jr((a+)2H£ + 207 2Gy + 2°F), (4.39)
1
H = (842 F, + 267Gy + Hy), (4.40)
Gf = (14 a57):G, + a* Hy + 55°F,) (1.41)
Moreover,
(G )? —F, H, =R,, (G*) FJFH+ Ry, (4.42)

Inserting (4.18)), (£.19), and (]4 32|) in (4.36)—(4.38) one verifies

FB_ (Za no) —:>oo —CO7+O((T7,0)ZP+ ! + O(Zp+ 2)7 (443)
Hg(z,no) = O(zP+), (4.44)
Fy(z,n0) = O(z7"7), (4.45)
£ 2—0
H];(Za nO) = _ —Co, —5(”0)27P7+1 + O(Zip7+2)a (446)
= z—0
G, (z,m0) = Tco 2P+t deg 2P (4.47)

The last equation 1mphes
Gp(2,n0 — 1)? - Ry(z) = O(z%+71), (4.48)

Z—00
Gp(z,n0 — 1) — Ry(2) O(z -1, (4.49)

ziO
SO we may write
Gg(z,n0—1)2—R£(z) =F,p. 1(z,no—1)H, _1,(2,m9—1), z€ C\{0}, (4.50)
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for some s € {1,...,p_}, r € {1,...,py}, where

Fop,1(no—1) =c_sz7" 4+ —coa(ng) 2"+ 1,
I:[pf_l,,.(no -1) = —co,_ﬁ(no)z_p‘+1 + itz

The right-hand side of (4.50) cannot vanish identically (since otherwise R,(z) =
Gp(z,m9 — 1)* would yield double zeros of R,(z)), and hence,

?ZB(P 1) GE(Z’nO — 1)+ (co+/2)z7"y f{pf—l,r(zv no — 1)
, g — = 2 = )
0 Fup, 1(z,n0 — 1) Gp(z,m0 — 1) — (co4/2)2 Py

 P=(sy) ek, (451)

Next, we decompose

p+—1+s
Fop,1(zn0—1) = —coya(no)z™* [ (2= ni(no—1)), (4.52)
j=1
p_——147r
H, 1,(zm0—1)=Cz" " J] (2= wi(no—1)), (4.53)

j=1
where C' € C\ {0} and {p;(no — 1)} € C, {vj(no — D} € C. The
divisor of ¢(-,ng — 1) is then given by

(6(-,mo— 1)) = Dpy _p(no—1) = Pre_ja(no—1)> (4.54)

where
im0 —1) = {Posree s Poesfir(no — 1),y g, —1s(n0 — D)}, (4.55)
D(ng—1)={1(no—1),...,0__14r(no — 1), P, ..., Poo, }. (4.56)

p4—7r times

In particular,

D&(no,l) is an admissible divisor if and only if s =p_, (4.57)

Dy (ny—1) is an admissible divisor if and only if r = p,. (4.58)
(VIII) Assuming that (£.48), {#.49) are precisely of order z=(2P==1 that is, as-
suming s = p_ and r = p; in (4.51), we rewrite (4.51)) as

Gp(z,m0 — 1) = Ry(2) = Fy(z,n0 — 1)Hp(z,m0 — 1), 2€C\{0}.  (4.59)

By construction, Fy(-,no — 1) and Hp(-,no — 1) are then of the type

q(no—1)
Fy(z,m0 — 1) = —co ra(ng)z P~ [ (2= my(no — 1)) h,
k=1

q(no—1)

S el 1) =, (4.60)

k=1
pr(ng —1) # upr(ng — 1) for k £k, kK =1,...,q9(no — 1), z € C\ {0},

e(nofl)

Hy(z,m0 — 1) = co 4+ 8(no — 1)z P+t H (z — vp(ng — 1))*+o=1),
k=1
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é(no—l)
sk(no —1) = p, (4.61)
k=1
vp(ng — 1) #vp(ng — 1) for k£ Kk, k,k' =1,....4(ng — 1), 2 € C\ {0},
where we introduced the coefficient 5(ng — 1). We define
fir(no — 1) = (ur(no — 1), (2/co4 ) pr(no — 1)P~ Gp(pr(no — 1), no — 1)),
k=1,...,q9(no— 1),

)
I)k(no - 1) = (Vk(no — 1) (2/00 +)Vk(’n0 — 1)p G (Vk(no — 1) ng — 1))7
k=1,...,60ng—1).

(4.62)

(IX) At this point one can iterate the procedure step by step to construct F (-, n),
GP( : ,’Il), HP( . 7n)a a(”) ﬁ( ) /’[’7( )7 ( )7 etc., forn € (_00777'0] N Za SubjeCt to
the following assumption (cf. (4 , (4.58)) at each step:

Dji(n—1) is an admissible divisor (and hence a(n — 1) # 0) (4.63)
for all n € (—o0,ng] NZ,
Dy(n—1) is an admissible divisor (and hence 3(n — 1) # 0) (4.64)

for all n € (—o0,np] N Z.

The formalism is symmetric with respect to ng and can equally well be developed
for n € (—o0,ng] NZ subject to the analogous assumption

Dp(n+1) is an admissible divisor (and hence a(n + 2) # 0) (4.65)
for all n € [ng,00) NZ,
Dy(n+1) is an admissible divisor (and hence 5(n + 2) # 0) (4.66)

for all n € [ng,00) NZ.
(X) Choosing the initial data D (n,) such that
Di(ng) € Mo, (4.67)

where My C Sym?(KC,) is the set of admissible initial divisors introduced in Lemma
then guarantees that assumptions 4.637 are satisfied for all n € Z.
Equations ([.36)—(4.41) (for arbitrary n € Z) are equivalent to s-AL,(c, 8) = 0.
At this stage we have verified the basic hypotheses of Section (i.eT7 and
the assumption that «a, 5 satisfy the pth stationary AL system ) and hence
all results of Section [3] apply. a
In summary, we proved the following result:

Theorem 4.4. Let n € Z, suppose the set {Em}2p+1 C C satisfies Ep, # Epy for
m#m/, mm' =0,...,2p+1, and introduce the function R, and the hyperelliptic
curve ICp as in . Choose a(ng) € C\ {0}, co+ € (C\TO}, and a nonspecial
divisor Dy ny) € Mo, where Mo C Sym?(KC,) is the set of admissible initial divisors
introduced in Lemma . Then the stationary (complex) Ablowitz—Ladik algorithm
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as outlined in steps (I)~(X ) produces solutions o, 3 of the pth stationary Ablowitz—
Ladik system,

S-ALE(Oz,B> = (_a(gp+,+ —&-g;),) + fp+—1,+ - ;,,__17_) _0,

BlGp, +t9p_ =)t hy, 1 —hp 1 (4.68)
B = (p—ap-i-) S Nga
satisfying (3.2)) and
2ptl (n—no)/2
a(n) = ( H Em) A(n,no) a(ng), (4.69)
m=0
q(n) (ger(n)=1(c—1 pr(n)—1
ﬂ(n) = | = } (d ) (C y(P))/d< F )|P:(C;7l):ﬂk(n)
2 k=1 (pr(n) — 1)!
q(n)
< I () = e () =P+
k=1, k' £k
1 2p+1 1/2 a(n) q(n) 1 2p+1
+ 3 <( H Em> H ,uk(n)*pk(n) + Zpk(n)uk(n) ~5 Z Em>>
m=0 k=1 k=1 me=0
2p+1 —(n+1—ng)/2
<(T0 &) A+ 1,1m0) " o) (1.70)
m=0
where
12 T ()P > g+ 1,
A(n7n0> = 17 n = nyg, (471)
TLoo T (), < mg — 1.

Moreover, Lemmas [3.2H3.5] apply.

Finally, we briefly illustrate some aspects of this analysis in the special case
p = (1,1) (i.e., the case where (3.1]) represents an elliptic Riemann surface) in more
detail.

Example 4.5. The case p = (1,1).
In this case one has

Fay(z,n) = —copa(n + 1)2_1(2 — p1(n)),

Ganlzn) = ;<a(1n) B oz(nZJr 1)>F(171)(Z7”) + Ry (i (n))'?, (4.72)
corat\? ¢
Ry = (22) TL ¢~ B
m=0

and hence a straightforward calculation shows that

G (2n)* = By (2) = —¢§ ya(n + 1)B(n)z" (2 — pa(n))(z — v1(n))

c2 i (n 71/2 o+
- mon (- B gy - )
(4.73)
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E (L Lyt i, LB

S m@\ B2 () B2

where

R 3 N 3

E*=> Ef', E=1]] En (4.74)

m=0 m=0

Solving for v1(n) one then obtains

=~ y(pa(n)) | E'Y/? Bt

E a1 THn) - 5

“im) = (n) _ 1 #;((/1) ) M(u)(n) . 3 in : (4.75)
1 1
M —grtam Y Er taw T

Thus, v1(ng) could be 0 or oo even if ui(ng) # 0, co.

5. PROPERTIES OF ALGEBRO-GEOMETRIC SOLUTIONS
OF THE TIME-DEPENDENT ABLOWITZ-LADIK HIERARCHY

In this section we present a quick review of properties of algebro-geometric so-
lutions of the time-dependent Ablowitz—Ladik hierarchy. Again we omit all proofs
and refer to [29], [31], and [32] for details.

For most of this section we assume the following hypothesis.

Hypothesis 5.1. (i) Suppose that o, 3 satisfy
Ol(',t),ﬂ(',t) € CZa te Ra OL(TL, ')7 ﬂ(n7 ) € Cl(R)v ne Za
a(n,)B(n, 1) ¢ {0,1}, (n,t) €Z x R.

(13) Assume that the hyperelliptic curve IC,, satisfies (3.1) and (3.3)).

In order to briefly analyze algebro-geometric solutions of the time-dependent
Ablowitz—Ladik hierarchy we proceed as follows. Given p € N2, consider a complex-
valued solution a(?), 8(9) of the pth stationary Ablowitz-Ladik system s-ALy(a,b) =
0, associated with C, and a given set of summation constants {cg 4 }e=1,.. . C C.
Next, let r € N3; we intend to consider solutions o = a(t,), 3 = B(t,) of the rth
AL flow AL,(a, ) = 0 with a(ty,) = a@,B(ty,) = B for some ty, € R. To
emphasize that the summation constants in the definitions of the stationary and
the time-dependent Ablowitz—Ladik equations are independent of each other, we
indicate this by adding a tilde on all the time-dependent quantities. Hence we
shall employ the notation 1757 ﬁy éﬁ, I;TD I~(£, fs,i, Js,+) lNLS,i, Cs,+, in order to
distinguish them from V,,, F},, Gy, Hp, Kp, fo,+, ge,+, he,+, Co,+, in the following. In
addition, we will follow a more elaborate notation inspired by Hirota’s 7-function
approach and indicate the individual rth Ablowitz—Ladik flow by a separate time
variable ¢, € R. More precisely, we will review properties of solutions «, 5 of the
time-dependent algebro-geometric initial value problem

AL (o, B) = iy, — a(Gry + + 3y ) +fr+71,+ - ff,—l,— —0
= _iﬁtl + 5(@;_,_,—0— + g’r’_,f) - hr_fl,f + h;+71’+ ’ (5 2)
(a’ﬁ){f@:to,g = (05(0)36(0))7

—a gy, ++g, )+ f, ~ 1y
AL (o 50)) — & pst T Ip - pr—L+ " Jp -1-1 _ 5.3
S P (O‘ B ) ﬁ(o)(9;+,+ + gp7)7> o h;+_17+ (5.3)

(5.1)
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for some to, € R, where a = a(n,t,), 8 = B(n,t,) satisty (5.1) and a fixed curve
KC, is associated with the stationary solutions a®,30) in (5.3). Here,

p=(p-,p+) ENGA{(0,0)}, r=(r_,r4) NG, p=p_+pr -1  (54)

In terms of the zero-curvature formulation this amounts to solving
Up, (2 te) + U2, 1) Velz, tr) — Vi (2,8:)U (2,t,) = 0, (5.5)
U(z,to,r)Vo(z,tor) — V;(z, to,r)U(2,to,r) = 0. (5.6)

One can show (cf. Lemma|6.2)) that the stationary Ablowitz—Ladik system (5.6)) is
actually satisfied for all times ¢, € R. Thus, we impose

U, + UV, — VU =0, (5.7)
UV, —V,fU =0, (5.8)
instead of (5.5) and (5.6). For further reference, we recall the relevant quantities

here (cf. 220 (2.21), 227 —(2.30), (2.38)):

v =(5 ).

(G —Fr(:)\ - (Gi) ~Fr(2) (5:9)
= o) "9 ko)

and

p— p+—1
—¢ ¢
Z)ZE foo—t 27"+ E:fm 142" = —corat27P- HZ_MJ
=1 =0

j=1
p— P+
_ —L l
=) 9p_—t,-% + 9p+—e,+z )
=1 =

p——1
- th_717£,7 —|—th+ 012t =co 4 BzTP- +11_[ (z —vj),
=0 = j=1
r— ry—1
r(2) = Zfr—fsfzfs + Z Jri—1-s42", (5.10)
s=0
T+
£ Zgr,fs, o +Z§r+75’+zs,
s=0
r_—1 T4
£ Z hr —1—s,— -F + Zh”,S,Jrzs,
s=0 s=1
r_ Ty
r(2) = Zér,—s,_z*s + Z§T+—s,+25 =G (2)+Gr_ - — Grp ot

for fixed p € N2\ {(0,0)}, r € N2. Here f/ 4, fs,:tv 9o+ Gs, 4, het, and ﬁs’i are
defined as in (2.5)—(2.12]) with appropriate sets of summation constants ¢, 1, ¢ € Ny,

and ¢+, k € No. Explicitly, (5.7) and (5.8 are equivalent to (cf. (2.23)—(2.26),
(2.46)—(2.49))

a, =i(zF + (G + K, ) — F), (5.11)
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By, = —i(B(G; + K,) — Hy + 2" 'H, ), (5.12)
0=2(G; - Gy) +28F, +aH, (5.13)
0=28F +aH, + K. — K,, (5.14)
0= z(G; —Gp) + 261;2+ aH,, (5.15)
0= zBF;_ +aH, — Gy + G;,i (5.16)
0=—Fp+2F, +a(Gp,+G,), (5.17)
0=28(Gp+G,) —zHp, + H, (5.18)

respectively. In particular, (2.39)) holds in the present ¢,-dependent setting, that is,
2
G2 — F,H, = R,. (5.19)
As in the stationary context (3.8)), (3.9) we introduce

,[Lj (nv tﬂ) = (,uj (nv tﬂ)v (2/60,-&-)[/7' (nr tﬁ)ZL Gg(luj (nv tﬂ)? n, tﬁ)) € ICP?

5.20
j=1....,p, (n,t,) € Z xR, (5-20)

and

ﬁj (TL, tﬁ) = (Vj (n’ ti)v _(2/CO,+)VJ' (nv tﬁ)p7 GQ(VJ' (TL, tﬁ)v n, tﬁ)) € ’CIN (5 21)
j=1,...,p, (n,t;) € Z xR, '
and note that the regularity assumptions (5.1) on «, 5 imply continuity of p; and
v, with respect to ¢, € R (away from collisions of these zeros, u; and vy are of
course C'™).
In analogy to (3.12)), (3.13), one defines the following meromorphic function
(rb( ©, 1N, tﬁ) on ]Cpa
(co+/2)277~y + Gp(z,n, 1)
Fp(z,n,t,)

—Hy(z,n,t,)
= i A~ : (5.23)
(CO,+/2)Z Py — GB(Z, n, tﬁ)
P =(zy) € Kp, (n,t;) € Z xR,
with divisor (¢(-,n,t,)) of ¢(-,n,t,) given by
(@(-sn.tr)) = Dpy _p(nt) — PPo_p(ntn)- (5.24)

The time-dependent Baker—Akhiezer vector is then defined in terms of ¢ by

P,n,ng,t,,t
\Ij(PvnanOatb t07£) = <$;EP n ng tl th;) )
s 16y s bry T
tr ~ ~

wl(Pan;nO;tﬁa tO,f) = exp (Z/ dS(GE(Z,TL(),S) - F£(27n078)¢(P7 no,S))> (526)

to,r

é(Pyn,t,) = (5.22)

(5.25)

| | R—— (z+a( t,)¢~ (P, t;), n>=no+1,
X <1, n = ng,

HZ/UZTL—i-l (z + a(n/,t,.)9~ (P, n’,tﬁ))fl, n<mng—1,

tr
o (P,n,no, ty, to,r) = exp (z/ - ds(Gﬂ(z,no, s) — Fr(z,m0, 8)p(P, no, s))) (5.27)

tO,I
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HZ’:nngl (zﬁ(n’,t1)¢_ (P,n t.)~t + 1), n>ng+1,

X ¢(P,ng,tr) ¢ 1, n = nyg,
1,0 (2Bt (Pl t) "t +1) 7 n<ng—1,
P=(z,y) € Ky\{Px,,Pxc_,Po4,Po,-}, (n,t,) € ZxR.

One observes that

7/}1(P7n7n07t£, Eg) = d}l(Pa n03n07tﬁa {ﬁ)wl(Pv n, nOatﬁv tﬁ)v

- 5.28
P:(Z7y)GKP\{POO+aP<X>77PO,+7PO,—}a (nanOatLat3)6Z2XR2' ( )

The following lemma records basic properties of ¢ and ¥ in analogy to the
stationary case discussed in Lemma |3.2

Lemma 5.2 ([31]). Assume Hypothesis[5.1] and suppose that (5.7), (5.8) hold. In
addition, let P = (z,y) € Kp \ {Px,,Px_}, (n,n0,tr,to,) € Z* x R?. Then ¢
satisfies

ag(P)p™ (P) — ¢~ (P) + 29(P) = 20, (5.29)
1, (P) = iF,¢?(P) — i(Gr(2) + Ki(2))p(P) + iH,(2), (5.30)
. Hy(z)
X Gp(2)
¢(P) +o(P") =24 BE (5.32)
P(P) = ¢(P*) = co 27" IZEZ))' (5.33)

Yo (P,n,ng, tr, tor) = ¢(P,yn,t, )01 (P, n,no, tr, tor), (5.34)
U(2)¥~(P) = U(P), (5.35)
Vp(2)¥™(P) = —(i/2)co,+ 27 P y¥ ™ (P), (5.36)
U, (P) = V5 (2)¥(P), (5.37)
Y1(P,n,ng, ty, tor )1 (P*,n,ng, tr, tor) = z"_""MF(n no,t.), (5.38)
» 15 M0, Trs Lo, » 15 M0, U To,r Fy(znotos) r)> (9
oo Hp(z,m,ty)
Yo (P,n,ng, tr, to.r )2 (P*,n,ng, tr, to,y) = 2" " —————=T'(n,n0, %), (5.39)

Fp(za no, toi)

wl(Pan,n()»tﬁa to,ﬁ)qu(P*vna nOatﬁa tO,z) + wl(P*anvn(Jvt[a tO,z)d&(P,n,no,tD tO,ﬁ)
Gg(z,mtﬁ)
Fp(zvnmtoi)

wl(Pan,n()»tﬁa to,ﬁ)qu(P*vna nOatﬁa tO,z) - 1/11(P*,7%noat@ toyﬁ)wQ(Pﬂ/LanOatﬁv tO,ﬁ)

—ng— Y
= —cgy2t 0P —2 — _T'(n,ng,t,), 5.41
0,+ Fp(z,no,t07£) ( 0 ,) ( )

2Zn—n0

F(nvnmtﬁ)v (540)



28 F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL

where

H:’:no-i-l V(n/’tﬁ) n Z no + 1a
F(TL, no, tL) =41 n = no, (542)

[Ty t) ™ n<mg—1.
In addition, as long as the zeros j(ng,s) of (+)P~Fp(-,no,s) are all simple and

distinct from zero for s € Z,, T, C R an open interval, ¥(-,n,ng,t;, to,r) is mero-
morphic on Ky \ {Ps., Pso_, Po,4,Po,—} for (n,ty,to,) € Z X IZ.

The trace formulas recorded in Lemma [3.3] extend to the present time-dependent
context without any change as t, € R can be viewed as a fixed parameter. Further
details are thus omitted.

For completeness we next mention the Dubrovin-type equations for the time
variation of the zeros u; of (-)P~F, and v; of (-)P~~'H, governed by the AL,
flow.

Lemma 5.3 ([31]). Assume Hypothesis and suppose that , hold on
Z x L, with I,, C R an open interval. In addition, assume that the zeros pj, j =
L,...,p, of ()P~ Fp(-) remain distinct and nonzero on Z x I,,. Then {fi;};=1,.. p,
defined in , satisfies the following first-order system of differential equations
onZ x1,,

D
Hjt, = ’LF ( H j = 1)"'ap7 (543)
kL
with
fij(n,-) € C®(T.K,), j=1,....p, neL. (5.44)

For the zeros vj, j =1,...,p, of (- )p—’ng( -), identical statements hold with i,
and I, replaced by v; and Z,, etc. (with Z,, C R an open interval). In particular,

{Dj}j=1,..p, defined in (5.21), satisfies the first-order system on Z x I,

Vjt, = i[flﬁ(yj) y(0;)(Br;)~ —u)h i=1,...,p, (5.45)

\z"@

=

with
vj(n,-) € C°(1,,Kp), j=1,...,p, n€Z. (5.46)
When attempting to solve the Dubrovin-type systems (5.43)) and (5.45)), they
must be augmented with appropriate divisors Dy 4,.,) € Sym” Ky, to, € Z,,, and

Dy (no o) € Sym” Ky, tor € T,,, as initial conditions.
For the t,-dependence of F,, G,, and H) one obtains the following result.

Lemma 5.4 ([31]). Assume Hypothesis[5.1] and suppose that (5.7), (5.8) hold. In
addition, let (z,n,t,) € C x Z x R. Then,

Fy, = —2iGpF, +i(Gy + K,) F, (5.47)
Gpt, = zFBHE - ZHEFD (5.48)
Hyy, = 2iG,H, —i(Gy + K,) H,. (5.49)



THE ABLOWITZ-LADIK HIERARCHY INITIAL VALUE PROBLEM 29

In particular, (5.47)—(5.49) are equivalent to
Voo = [Vi, V3] (5.50)

It will be shown in Section [f] that Lemma yields a first-order system of
differential equations for f; 4+, g¢. 4, and he +, that serves as a pertinent substitute
for the Dubrovin equations even (in fact, especially) when some of the p;
coincide.

Lemma[3.5]on nonspecial divisors and the linearization property of the Abel map
extend to the present time-dependent setting. For this fact we need to intr(()c}uce

2

a particular differential of the second kind, ﬁf), defined as follows. Let Wpe, 4

and wgo)i’ o be the normalized differentials of the second kind with a unique pole
at Py, and Py 4, respectively, and principal parts

(2) _ (—2— _
Whe . 4 o (C?77+0(1))d¢, P — Ps,, (=1/z q€ Ny, (5.51)

2 —o_
w(PO),:qu CiO (C e + O(]‘))dc’ P - Po,ia C =2z, q € NO, (5.52)

with vanishing a-periods,

2 2 .
/ ngo)ciﬂ = / wg’o),i,q :07 J = 17"'7p~ (553)
a; aj

Moreover, we define

- i
8 (5o Rl
s=1

T+
- 2 2
+ Z SCry —s,+ (WEDO)OJr s—1 Wg?i,_ ,s—l)) ) (5.54)
s=1

where ¢¢ 4+ are the summation constants in ﬁz- The corresponding vector of b-
periods of ﬁ(ﬁz)/(Zm') is then denoted by

=) =) (2 =@ 1 O
U, =U73,....u3), Uy =5 bvny, j=1,...,p. (5.55)

The time-dependent analog of Lemma [3.5] then reads as follows.

Lemma 5.5 ([31], [32]). Assume Hypothesis and suppose that (5.7)), (5.8) hold.
Moreover, let (n,t;) € Z x R. Denote by Dy, ft = {fu1,...,f1p} and Dy, U =

{tn,...,0p}, the pole and zero divisors of degree p, respectively, associated with c,

B, and ¢ defined according to (5.20) and (5.21), that is,
ﬂj (Tl, tﬁ) = (:uj (n7 tﬁ)? (2/607+)“j (TL, tﬁ)p7 GQ(UJ' (Tl, t£)7 n, tﬁ))v .] = 15 Ry 2
(5.56)
I}j (n7 tﬁ) = (Vj (Tl, tﬁ)v _(2/CO,+)VJ (n7 tﬁ)p7 GQ(Vj (TL, tﬁ)a n, tﬁ))7 J=1...,p.
(5.57)
Then Dynt,y and Dy(n 4,y are nonspecial for all (n,t;) € Z x R. Moreover, the
Abel map linearizes the auziliary divisors 'Dg(n,tl) and Dy 1,) in the sense that

~(2)
[$To (DE(th)) = g, (Dﬁ(no,to,l)) + (n - nO)APOY, (POOJr) + (tL - tO,Z)QL ) (558)



30 F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL

~(2)
Qq, (Dﬁ(”vtg)) = Qq, (Dﬁ(nmto,z)) + (n - nO)APo,_ (POO+) + (t£ - tU,ﬁ)Qg 3 (559)

~(2
where Qo € K, is a given base point and Q(ﬁ) 1s the vector of b-periods introduced
in (5.55).

Again we refer to [32] (and the references cited therein) for theta function rep-
resentations of a and . These theta function representations also show that
v(n,t;) ¢ {0,1} for all (n,¢,) € Z x R, that is, the last condition in is
satisfied for the time-dependent algebro-geometric AL solutions discussed in this
section provided the associated Dirichlet and Neumann divisors are admissible.

6. THE ALGEBRO-GEOMETRIC ABLOWITZ—LADIK HIERARCHY
INITIAL VALUE PROBLEM

In this section we consider the algebro-geometric Ablowitz—Ladik hierarchy ini-
tial value problem (5.2)), with complex-valued initial data. For a generic set
of initial data we will prove unique solvability of the initial value problem globally
in time.

As mentioned in the introduction, the strategy of basing the solution of the
algebro-geometric initial value problem on the Dubrovin-type equations ,
, and the trace formulas for o and 3, meets with serious difficulties as the
Dirichlet eigenvalues fi; may collide on X, and hence the denominator of can
blow up. Hence, we will develop an alternative strategy based on the use of ele-
mentary symmetric functions of the variables {,uj } j=1,...,p in this section, which can
accommodate collisions of ji;. In short, our strategy will consist of the following:

(i) Replace the first-order autonomous Dubrovin-type system of differen-
tial equations in ¢, for the Dirichlet eigenvalues p;(n,t,), j = 1,...,p, augmented
by appropriate initial conditions, by the first-order autonomous system ,
for the coefficients fo+, he+, £ = 1,...,p+ — 1, and go+, ¢ = 1,...,p4,
with respect to ¢,. Solve this first-order autonomous system in some time interval
(to,r — To,t0,r + Tp) under appropriate initial conditions at (ng,to,) derived from
an initial (nonspecial) Dirichlet divisor Dj(ng.¢,.,)-

(#7) Use the stationary algorithm derived in Section [4] to extend the solution of
step ( ) from {’I’LQ} X (t() r T(),to7£ + To) to Z x (to’z — Ty, tor + To) (Cf Lemma
52).

(#i1) Prove consistency of this approach, that is, show that the discrete algo-
rithm of Section [4] is compatible with the time-dependent Lax and zero-curvature
equations in the sense that first solving the autonomous system , and
then applying the discrete algorithm, or first applying the discrete algorithm and
then solving the autonomous system (6 , 6.58)) yields the same result whenever
the same endpoint (n,t,) is reached (cf. Lem% and Theorem |6

(iv) Prove that there is a dense set of initial conditions of full measure for which
this strategy yields global solutions of the algebro-geometric Ablowitz—Ladik hier-
archy initial value problem.

To set up this formalism we need some preparations. From the outset we make
the following assumption.

Hypothesis 6.1. Suppose that
a,B€C% and a(n)B(n) ¢ {0,1} for all n € Z, (6.1)
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and assume that «, B3 satisfy the pth stationary Ablowitz-Ladik equation (2.33)).
In addition, suppose that the affine part of the hyperelliptic curve K, in (3.1)) is
nonsingular.

We introduce a deformation (time) parameter ¢, € R in o = a(t,) and B B(tr)
and hence obtain t,-dependent quantities fo = fi(t.), ge = ge(tr), Fp(2) = Fp(2,tr),
Gp(2) = Gp(z,1;), ete. At a fixed initial time ¢o,, € R we require that

(Oz,ﬁ) —to, = (a(0)75(0)), (6.2)
where a9 = a(-,tg,),8® = B(-,ty,) satisfy the pth stationary Ablowitz-Ladik

system (2.33). As discussed in Section [4} in order to guarantee that the stationary
solutions ([6.2]) can be constructed for all n € Z one starts from a particular divisor

Di(no.to.r) € Mo (6.3)
where fi(ng,to,,) is of the form

Ao, to.) (6.4
= {p’l (TLQ, t07£)7 s 7/7‘1(’”‘07 t07£>7 s 7ﬂq(n0,tg,£) (TLQ, t0,£)7 s 7ﬂq(n0,t07£) (77‘0, tO,z)}-

p1(no,to,r) times pq(no,tgl)(”l))toyﬂ) times
Moreover, as in Section [4f we prescribe the data
a(ng,to,r) € C\ {0} and ¢o 4+ € C\ {0}, (6.5)

and of course the hyperelliptic curve K, with nonsingular affine part (cf. (4.10)).
In addition, we introduce

2p+1 ) 1/2 4(nosto,r)

at(no, to,y) = a(no, to.,) < 1‘[ E [T m(no,to,)Prtmotes) (6.6)
k=1
p+—1

Fy(2,n0,to,r) = pr,—e— no, to.r)z " + Z fpi—1-0,4(n0,t0,)2"
=0
a(nosto,r)

= —corat(no,to)z " ] (2= m(no, to,)PHmoton), (6.7)
k=1

1 1 z
e to,) = = - F fo,
p(2,m0,t0s) = 5 <a(n07t0,r) 0<+(n07to,r)) p(z,n0,t0,1)

Fg(z7 no, to’ﬂ)

z
20&+ (’rl()7 to r)

atoto) bl o)=L (df(CYy(P)) /dC) | p e o (oo 6.8
x Z Z O(pr(no, tog) — £ —1)! (6:8)

dpk(no,to,l)—é—l )
o brercrerme = A
q(no,to,r)

X H (€ — par (no,t07r))_pk’(n07t0,r)>>

k'=1, k' £k

)

¢=pk(n0,to,r)

in analogy to (4.16).
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Our aim is to find an autonomous first-order system of ordinary differential
equations with respect to t, for fo+, go+, and he 4+ rather than for u;. We divide
the differential equation

Fy, = —2iGpF, +i(G, + K,)F, (6.9)
by cp,+27P-y and rewrite it using Theorem as
’I"+—1

D e = 2i(z_fr__s,_<8 + Y fr+_1_s,+<8> > gt
=0 s=1 s=0 1=0

T_ T4 fe's)
i i<22ar—s,-<s +2Y Gt =Gt g) > fesC (6.10)
s=0 s=1 =0

PPy, (=1/z

The coefficients of (7%, s =0,...,r4 — 1, cancel since
¢ ¢
S fowibrr = Ge-rfra €N (6.11)
k=0 k=0
In we used (2.19),
¢ ¢
for =D G nifors Gov = C kilrs (6.12)
k=0 k=0
Comparing coefficients in then yieldsﬁ
ry—1
f£,+,tl = ifl,+(§r+,+ —Gr_,—)+2i Z (§k,+fr++sz,+ - fk,+§r++sz,+) (6.13)
k=0
¢ ¢
-2 Z Gks fro 1tk + 2 Z frrdr —t4k—, £€Ny.
k={+1—r_)VO0 k={+2—r_)VO0
By , the last sum in can be rewritten as
ry—1
Z (Gj,+ Frottmir — Fiebrs+0-it)
§=0

T‘++Z T‘++Z
= ( Z - Z )(gj,+fr++lj,+ = [t Orstt—j+)
7=0

J=r4
r++€
=- Z (Gj+- frs gt — FitOroro—jt)
J=ry
¢
=D (@i frove—jr = FiaGrire—j+)- (6.14)
=0

One performs a similar computation for f(,_)ti using Theorem at P — Py 4.
In summary, since fr+ = Z?:o Ck_gyifg;t, (6.13) and (6.14) yield the following

4m Vv n = max{m,n}.
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autonomous first-order system (for fixed n = ng)
Jet, = Fox(fi— fi: 95— 954), £=0,...,px — 1, (6.15)

with initial conditions
f[,i(n()ato,ﬁ)? gzoa"'vpi _17 (616)
gf,:ﬁ:(nmto,ﬁ)a ezOv'“apﬂ:a
where Fy 1+, ¢ =0,...,p+ — 1, are polynomials in 2p + 3 variables,
Fox =ifo+(Gry + — Gre F)
Z ~ ~
+2i Z (frt (Gre—tak s — Grode—rs) + ot (froto—kz — fre—1—t4hF))

k=0
¢ 0, 0<k<ry—1,
+2i Z Co—k,x X Z;:(F gj,:tfrq;flfk+j,q: (6.17)
h=0 D A A MU g §

Explicitly, one obtains (for simplicity, r4+ > 1)
Fot = ifor(Gry 5 = Gryx) + 2ig0 4 (frox — fro15), (6.18)
Fira =2ifo+(Grr 15 — Grov1,£) T if1,£(Gr 5 — Gret)
+ 2igO,:t(fri+1,:t - fr;72,$) + Qigl,ﬂ:(fri,:t - fr;71,$)a etc.

By 7, the initial conditions (6.16)) are uniquely determined by the initial
divisor Dy (ng.t,,) in (6.3) and by the data in (6.5)).

Similarly, one transforms

Gypu, = iFyH, — iH,F,, (6.19)
Hyi = 2iGBI§L —i(G, + Ky) H, (6.20)

into (for fixed n = n) [

go,+.t, =0,
r4+—1
Jett, =1 Z (Pt fro—1qo—k,t — fothry —140-k+)
k=0
-1
+i > (fether—erbr — hexfrr—rn )
k={—rx)VO0

X

=i Y (Mt fro—1t—tt — frthry —140—k+)

k=0
-1 ) )
+1 Z (fothre—t4kFs — hetfre—ernz), LEN, (6.21)
k={—rx)VO0
re—1
he 1, =ihe+ (gr;ﬂi — Gryt) + 20 Z (Phot Gret-t—ket — Gioyt g 40—, )
k=0

5m vV n = max{m,n}.
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4 4
+20 0 > graheees =2 Y hksferiks
k=({—rx+1)VO0 k=({—rx)VO0

¢
= ihg+ (Gres = Gryx) +2i Z (ilk,igri+£—k,i - gk,:ﬁ:ﬁri+£—k,:|:)

k=0
14 ) ¢
+2i Z Gk thee —1—evkF — 20 Z Pkt Gre — 04k,
k=({—rx+1)VO0 k=({—rx)VO0

teNy. (6.22)

Summing over ¢ in , - ) then yields the following first-order system
9o+, = Go£(fe—s fovr e~ hry), €=0,...,px, (6.23)
he s, = He(Gr,—s Grors P, —s b)), £=0,...,px — 1, (6.24)

with initial conditions
f@,i(’n@?to,z)a 6207"'api_17
gé,i(nOatO,ﬁ)a = 07"'7pi7 (625)
hZ,i(n03t0,£)7 gioa"'aP:ﬁ:*l,

where Gy +, He¢ +, are polynomials in 2p + 2, 2p + 3 variables

-1
Grx =1 (frtPrgtrhs — Prs—1porz) + it (frs—1vembt — fro—t4nz))
k=0
0 0<k<re,
—1 Co—1—k,+ X k—re— F
Z {Z ¥ 1(fj :I:hr;—k+] F j,:tfr;—k+j71), k> T,
(6.26)

Hex = ihe s (Gre s — ro)
¢

+20 > (grt (g —1—evb 7 — Posvmi) + Pkt (Gri okt — Gro—e1k.3))
k=0

0, 0<k<re,
+ 21 Z Co—kt X — Zi . ihr;—l k+j,F (6.27)
_ r —1
+ Z o NjxGre—k+iF, k=T

Explicitly (assuming ry > 2),
Go+ =0,
Gi+ = ifo, :i:(N'r g = ey 1) Fihos (Frpx — fr¢—1 ), (6.28)
Gox =ifos(h re—2,F Py s1x) +ifra(h re—1,F — Ty 1)
+ihot(frotte — fro—og) Hiha e (frox — fro1g), ete.,
Mo+ = 2igo,+(hry—1,5 = hryx) +iho, 4 (Gri + = Frp 5, (6.29)
Hi+ = 21'90,1(;%;—2,1 — Py i1t) + 2igl,i(ilr¢—1,$ — Py +)
+2iho +(Gry+1,+ — Gre—1,5) +ih1 £(Gry + — Gr 5), ete
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Again by (6.6)—(6.8), the initial conditions (6.25)) are uniquely determined by
the initial divisor Dy (ng,t,,) in (6.3) and by the data in (6.5)).
Being autonomous with polynomial right-hand sides, there exists a Ty > 0, such

that the first-order initial value problem (6.15)), (6.23), (6.24) with initial conditions
has a unique solution
fex = fex(no,ty), €=0,....,px —1,
ge.+ = go+(no,t), £=0,...,px, (6.30)
he + = he+(no,tr), €=0,...,px —1,
for all ¢, € (to,r — To,t0,r + T0)

(cf., e.g., [64, Sect. I11.10]). Given the solution (6.30]), we proceed as in Section
and introduce the following quantities (where t, € (to,, — To,to, + T0)):

2p+1 1/2 a(no.ty)
oz+(n0,t ) = a(ng, tr < H E ) H ﬂk(no,ti)fp‘"’("”’tﬂ), (6.31)
k=1
py—1

(2,10, 17 pr —-(nost)z T+ D o1t (nosty) 2"

£=0
q(n()?tL)
= —corat(ng, t,)z P~ H (z — pi(ng, t,))Perots) (6.32)
k=1
1 1 z
G tr) =5 - F,(z,n0,t, 6.33
g(z7n07 7) 2( (no,t ) O[+(n0,t )) E(Z o 7) ( )
no,ty no,tr)—1 0 4
R — zo: " OZ) (@ (M P)/AC) | p— =g most
20+ (nos £y) 2570 e O pr(no, ty) — €= 1)
dpk(nf)»tz)fefl _ q(no, L) — n,
" <d§pk<not>—e—1 =07 TI (€= mlno,ty)) P ot
k'=1,k'#k ¢=pr(notr)

In particular, this leads to the divisor
Dﬁ(noﬁl) € Symp(/Cp) (6.34)
and the sign of y in (6.32)) is chosen as usual by

fik(ro, tr) = (pk(no, tr), (2/co,+ ) (no, tr)"~ Gp(pk(nos tr), o, tr)),

6.35
k':la"'vq(nOatﬁ)a ( )

and

B(n(ﬁ ) - {Ml('fl[),t )a s a,ul(n07tl)7 s 7/”'q(n0,tl) (n07tL)7 .. 7/”'q(n0,tl) (n07tl)}

p1(no,ty) times Pg(ng,ty) (R0str) times
(6.36)
with
fur(no, tr) # pwr(no, tr) for k# k', k& =1,... q(no,t,), (6.37)
and
q(no,tr)
pr(no,tr) €N, k=1,...,q(no, t,), pr(no, tr) = p. (6.38)
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By construction (cf. (6.35))), the divisor Dy, is nonspecial for all ¢, € (to,, —
Ty, to,r + To).

In exactly the same manner as in f one then infers that F,(-,no,t,)
divides R, — G (since t, is just a fixed parameter). -

As in Section [d] the assumption that the Laurent polynomial F, (-,no—1,t) is
of full order is implied by the hypothesis that

Dﬁ(no,t ) S MO for all t»,‘ e (to r T(),t() r + To) (639)
The explicit formula for 5(ng, t,) then reads (for t, € (to,r — To,t0r + T0))
a*(no,t,)B(no, tr) (6.40)

_ 71 Q("i:tr) (dl’k no,ty (C y( ))/dCPk(no,tL)*l) ’P:(g,n):gk(nm%)
2 (pr(no, tr) —1)!

k=1
q(n07t£)

< JT (eelno, tr) = g (no, 1)) ~PHmot)
k'=1, k' #k
1/ a*(no,t, q(no,tr 1 2f1

+ 2( (no, + Z pr(no, tr) (N0, tr Z E ) (6.41)

With (6.21] 7 6.41)) in place, we can now apply the stationary formahsm as sum-
marized in T heorem subject to the additional hypothesis (6.39)), for each fixed
tr € (to,r — To,t0,r + To). This yields, in particular, the quantities

Fy, Gp, Hp, v, B, and fi, ¥ for (n,t,) € Z x (to, — To,tor + To), (6.42)

which are of the form (6.32)—(6.41)), replacing the fixed ng € Z by an arbitrary
n € Z. In addition, one has the following result.

Lemma 6.2. Assume Hypothesis and condition (6.39). Then the following
relations are valid on C x Z x (to,r — To,tor + T0),

G; — FH, = Ry, (6.43)

(G = Gy) + 2BF, +all; =0, (6.44)
szp_ +aH, — G, + G;f =0, (6.45)
~F, —;ng + a(Gp + GB:) =0, (6.46)
2B(Gp+G,) —zHy+ H, =0, (6.47)

and hence the stationary part, (5.8)), of the algebro-geometric initial value problem
holds,
UVYE—V;_U:O on Cx7Z x (tO,Z_TO,tO,z'f'TO)- (648)

In particular, Lemmas [3.2H3.5] apply.

Lemma now raises the following important consistency issue: On the one
hand, one can solve the initial value problem (6.57), at n = ng in some
interval t, € (to, — To,to,r + To), and then extend the quantities F,,Gp, Hp to
all C x Z x (to, — To,t0,r + To) using the stationary algorithm summarized in
Theorem [£.4] as just recorded in Lemma [6.2] On the other hand, one can solve
the initial value problem , at n = n1, ny # ng, in some interval
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tr € (to,r —T1, %0, +11) with the initial condition obtained by applying the discrete
algorithm to the quantities Fy,, Gy, H) starting at (no, to,r) and ending at (n1, o).
Consistency then requires that the two approaches yield the same result at n = n
for ¢, in some open neighborhood of ¢ .

Equivalently, and pictorially speaking, envisage a vertical ¢,-axis and a horizontal
n-axis. Then, consistency demands that first solving the initial value problem
-, - at n = ng in some t,-interval around tp, and using the stationary
algorithm to extend Fj, Gy, Hy horlzontally to n = n; and the same t,-interval
around to,r, or first applylng the stationary algorithm starting at (ng, to ) to extend

Gp, H, horizontally to (n1,t,) and then solving the initial value problem (6 ,
at n = ny in some t,-interval around g, should produce the same result at
n = ny in a sufficiently small open t, interval around % .

To settle this consistency issue, we will prove the followmg result To thls end
we find it convenient to replace the initial Value problem , 6.58) by the
original t,-dependent zero-curvature equation , U, + U V7 V"‘U 0 on
Cx7Zx (t0,1 — T07t0,1 +T0).

Lemma 6.3. Assume Hypothesis and condition Moreover suppose that

(5-47)—(5.49) hold on C x {no} x (to,r — To,tor +T0 Then - ) hold on

Cx7Zx (tO,z —To,tor + To), that is,

Fp i, (2,n,t,) = =2iGy(z,n, tﬁ)ﬁﬂ(z,n,ti)
+ i(éﬁ(z,n, ) + IN(K(z,n, tﬁ))Fp(z n,tr), (6.49)
Gy, (2,m,t,) = iFy(2,n,t,) Hy(2,m,t,) — iHy(2,m, ) Fp(2,m,t,), (6.50)
Hyt, (2,n,t,) = 2iG£(z,n,t£)ﬁ£(z,n,t£)
—i(Gp(z,m,ty) + Ky (2,0, t,)) Hy(2, 1, ty), (6.51)
(z,n,t) € CXZ x (to,r — To,tor + To).
Moreover,

¢tL(P7 n, tﬁ) = iﬁ[(zv n, tﬂ)(bz (Pa n, tﬁ)
- Z(éﬁ(z7 Tl, tﬁ) + Rﬁ(z7 Tl, tﬁ)) ¢(P7 Tl, tﬁ) + iﬁﬁ(za n7 t£)7 (652)
ag, (n,t,) = izﬁg(z,n,tﬁ)

+ia(n,t,) (éz(z, n,ty) + IN(E_ (z,m, tﬁ)) — iﬁi(z7 n,t.), (6.53)
Br, (nsty) = =iB(n, 1) (G (2,m, 1) + Kr (2,1, 1))
+ iﬁ[z(z, n,t,) — z'z_lﬁfl_ (z,n,tr), (6.54)

(Z,Tl,tﬂ) eCxZx (tO,g — T07t0,1 + To)

Proof. By Lemmal6.2we have (5.22), (5.23), (5.29), (5.31)—(5.33), and (6.43)—(6.47)
for (n,t,) € Z x (to,r — 1o, to, + To) at our disposal.

Differentiating @ at n = ng with respect to ¢, and inserting (6.49) and -
at n = ng then yields @D at n = ng.

We note that the sequences fg +, Je,+, hg + satisfy the recursion relations ([2.6[)—
(2.12) (since the homogeneous sequences satisfy these relations). Hence, to prove
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(6.53) and (6.54) at n = ng it remains to show
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o, = ia,(gTjj + g'r_:,—) + i(fr___—l - fm 1,4)5 (6.55)
B, = _Zﬁ(gr+,+ +gr_-) — (hr+ 1,4 hrf—l,—)
But this follows from (6.49)), (6.51) at n = ng (cf. (6.18), (6.29))
g, = ia(§r+,+ - gr_,—) + i(fr_, - fr+—1 +)
/Btl = i5(§r+,+ - gr,,—) + i(hr,—l - hrJr, )

Inserting now (2.11) at £ =r_ — 1 and (2.8) at £ = r, — 1 then yields (6.55]).

For the step n =ngF1 we diﬁ’erentia

to and insert 1|6 49|) |6 51

n > np we obtam at and B from (6.4

te (4.36
5117

D) at n =

9),

5.1

8) at n = ny.

(which are equivalent
For the case
= ng as before using the

other two signs in , - Iterating these arguments proves - for

(z, nt)erZx(tm—To,thrTo)

We summarize Lemmas [6.2] and [6.3] next.

Theorem 6.4. Assume Hypothesis and condition (6.39). Moreover, suppose

that
f[,i:f€7i(n07tﬂ)7 gZO,...,pi—l,
9o+ = g@,i(n07 t£)7 {= Oa By == (656)
hE,:I: :hf,:l:(nmtﬁ)a £:0,...,p:|: -1
fOT‘ all t£ S (to,ﬁ — T(),t()’z + To),

satisfy the autonomous first-order system of ordinary differential equations (for fized

n=ngp)
f@,i,tl = ‘F[,i(fk,—a fk,+7gk,—agk,+)’ = 07 Y = 1a
9o+, = Go+(fr— fers b= hie ), £=0,...,px, (6.57)
hett, = Het(Gk,— Gt e~ Py ), €=0,...,px — 1,

with Fo+, Go+, He+ given by (6.17), (6.26), (6.27), and

with initial conditions

)

(6.58)

ff,i(nOatO,z)a EZO,...,pi—l
Qz,i(n07t0,£)7 gzoa"'apia
he,i(”mto,z)a 6:03"'apzl: -1

Then Fy, Gp, and H,, as constructed in on (C X Z X (to,r —To,tor +T0)
satisfy the zero- curvature equations , , and on CxXZ x (to, —

Ty, to,r + To),
UtL + U‘7£ - ‘A/;JFU = 07 (659)
UVE — VerU =0, (6.60)
VQ,tL - [VD Vg] =0 (6.61)
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with U, Vp, and ‘7£ given by (5.9). In particular, a, B satisfy (5.1) and the algebro-
geometric initial value problem (5.2), (5.3) on Z x (to, — To,to.r + To),

N i, = (e + 9o )+ oo = fr ol 0
e =B + B(Gry v+ G ) =1 Ay ’ (6.62)

(O[, ﬁ) ’t:to,l = (05(0)7 B(O)) ’

—a0( T9 )t S — Sy
s-AL, (a9, 3®) = @ €p+,+ p—,— =1+ "o 1) g (663
B( g ) 5(0)(9p+,+ +9p —)—hp 1+ hp+71,+ ( )
In addition, o, 8 are given by

2p+1 1/2 a(n;tr)
at(n,t,) = a(n,tr)( H Em) H pug(n, t,) ~PR(mte) (6.64)
m=0 k=1

1 q(n,tr) (dpk(n’tl)_l(C_ly(P))/dcp’“(n’ti)_l)
O‘+(n7ti>6(n,t£) =735 Z

2 (px(n,tr) — 1)!

|P:(<an):ﬂk("vt£)

k=1
q(n,tr)
X H (Mk (n’ tL) — Mk (n’ tﬂ))_pk(n%) (6-65)
k=1, k' £k
1 2p+1 1/2 q(n,tr) q(n;tr)
f5((TI ) T mlned 00457 ettt
m=0 k=1 k=1

1 2p+1
_ 5 Z Em), (Zﬂ’L,tL) € Z x (LL()’E - T07t()’£ +T0)
m=0

Moreover, Lemmas and apply.

As in Lemma we now show that also in the time-dependent case, most initial
divisors are well-behaved in the sense that the corresponding divisor trajectory
stays away from Pu , Py 4 for all (n,t,) € Z x R.

Lemma 6.5. The set My of initial divisors Dp(n,.1,,) for which Dy(nt,) and

Dy (nt,), defined via (5.58) and (5.59)), are admissible (i.e., do not contain Py,
Py.+) and hence are nonspecial for all (n,t,) € Z x R, forms a dense set of full
measure in the set Sym? (IC,)) of nonnegative divisors of degree p.

Proof. Let Mging be as introduced in the proof of Lemma Then

U (QQO (Msing) + %@2))

t,€R

~(2
¢ U U (49, +ag sy 06, +1.0,7)  (666)
Pe{Po ,Po,+}tr€R

is of measure zero as well, since it is contained in the image of R x Sym” _1(ICp)
which misses one real dimension in comparison to the 2p real dimensions of J(/Cp).
But then

~(2
U (QQO (Msing) + nAPO,, (Poo,) + tzg(g ))
(n,tr)EZXR
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~(2)
U U (QQO (Msing) + TLAP()’_ (POO+) + t£Q£ ) + APO‘— (Poo_ )) (667)
(n,tr)EZXR

is also of measure zero. Applying gé(l) to the complement of the set in (6.67) then

yields a set M of full measure in Sym? (/C,). In particular, M, is necessarily dense
in Sym? (1C,,). O

Theorem 6.6. Let Dy ,4y,) € M1 be an initial divisor as in Lemma . Then

the sequences a, 3 constructed from i(no,to,r) as described in Theorem satisfy
Hypothesisp.1] In particular, the solution a, 3 of the algebro-geometric initial value

problem (6.64), (6.65) is global in (n,t,) € Z x R.

Proof. Starting with Dy (ng.40.,) € M1, the procedure outlined in this section and
summarized in Theorem ads t0 Dji(n,t,) and Dy (n, ¢, for all (n,t,) € Zx (to,r—
To, to,r + To) such that (5.58) and hold. But if «, 3 should blow up, then
Di(n,t,) OF Dy(n,t,) must hit one of Py, or Py +, which is excluded by our choice

of initial condition. O

We note, however, that in general (i.e., unless one is, e.g., in the special periodic
case), Dpi(n,t,) will get arbitrarily close to P, Py + since straight motions on
the torus are generically dense (see e.g. [12, Sect. 51] or [35, Sects. 1.4, 1.5]) and
hence no uniform bound (and no uniform bound away from zero) on the sequences
a(n,t,), B(n,t,) exists as (n, t,) varies in Z xR. In particular, these complex-valued
algebro-geometric solutions of the Ablowitz—Ladik hierarchy initial value problem,
in general, will not be quasi-periodic with respect to n or ¢, (cf. the usual definition

of quasi-periodic functions, e.g., in [46] p. 31]).

APPENDIX A. HYPERELLIPTIC CURVES IN A NUTSHELL

We provide a very brief summary of some of the fundamental properties and
notations needed from the theory of hyperelliptic curves. More details can be
found in some of the standard textbooks [20], [21], and [42], as well as monographs
dedicated to integrable systems such as [I3, Ch. 2], [29, App. A, B], [51, App. A].

Fix p € N. The hyperelliptic curve K, of genus p used in Sections @-@ is defined
by

2p+1

Kp: Fp(2,9) =9° = Ropy2(2) =0, Ropya(z) = [[ (2 = Em), (A1)

m=0

{Epn}m=o,. 2041 CC, E, #Ep form#m/,mm =0,....2p+1. (A.2)

The curve ((A.1)) is compactified by adding the points Py, and Ps_, Po, # Ps_,
at infinity. One then introduces an appropriate set of p + 1 nonintersecting cuts C;
joining E,,;y and E,, ;) and denotes

c= U ¢, Gne=0, j#k (A.3)
JE{1,...,p+1}

Defining the cut plane
II=C\C, (A4)
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and introducing the holomorphic function

2p+1 1/2
Ropio( )2 C, 2z (H(z—Em)> (A.5)

m=0

on IT with an appropriate choice of the square root branch in (A.5]), one considers
M, = {(2,0Rap12(2)"/?) |2 € C, 0 € {£1}} U{Ps,, Ps_} (A.6)

by extending Rop1o( - )1/2 to C. The hyperelliptic curve KCp is then the set M,, with
its natural complex structure obtained upon gluing the two sheets of M, crosswise
along the cuts. The set of branch points B(K,) of K, is given by

B(Kp) = {(Em,0)}m=0,...,2p+1 (A7)
and finite points P on K, are denoted by P = (z,y), where y(P) denotes the
meromorphic function on K, satisfying F,(z,y) = y*> — Rapi2(2) = 0. Local coor-
dinates near Py = (20,%0) € Kp \ (B(Kp) U{Px., P_}) are given by (p, = z — 2o,
near Poo, by (p,, =1/z, and near branch points (Ey,,,0) € B(Kp) by ((g,,,.0) =
(2—FEm,)"/2. The Riemann surface K, defined in this manner has topological genus
p. Moreover, we introduce the holomorphic sheet exchange map (involution)

x: Kp = Kp, P=(z,y)= P"=(2,-y), Py = P%, = P (A.8)
One verifies that dz/y is a holomorphic differential on K, with zeros of order

p—1 at P, and hence

217z .
nj = y Jj=1...,p, (A.9)
form a basis for the space of holomorphic differentials on K,. Introducing the

invertible matrix C' in CP,
C=(Cir)jk=t,or Cik = / N5
ag

c(k) = (c1(k), .., cp(k), ¢(k)=Ciy, G k=1,...,p,
the corresponding basis of normalized holomorphic differentials w;, j = 1,...,p, on
KK, is given by

(A.10)

P
wj = ch(ﬂ)% / wj =10k, Jk=1,...,p. (A.11)

=1 ag
Here {a;,b;};=1,... p is a homology basis for IC,, with intersection matrix of the cycles
satisfying
ajobk:(sj,k, ajoak:(), bjobk:(), j,kil,...,p. (A12)
Associated with the homology basis {a;,b;};=1,..p we also recall the canonical
dissection of KC,, along its cycles yielding the simply connected interior K, of the
fundamental polygon 9K, given by

8’Ep = a1b1af1b;1a2b2aglb;1~-~a;1b;1. (A.13)

Let M(K,) and M*(K,) denote the set of meromorphic functions (0-forms) and
meromorphic differentials (1-forms) on K. Holomorphic differentials are also called
Abelian differentials of the first kind. Abelian differentials of the second kind,
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w® € MY(K,), are characterized by the property that all their residues vanish.
They will usually be normalized by demanding that all their a-periods vanish, that
is, faj w® =0,j=1,...,p. Any meromorphic differential w® on K, not of the
first or second kind is said to be of the third kind. A differential of the third kind
w® € MY(K,) is usually normalized by the vanishing of its a-periods, that is,

fa_ w® =0,j=1,...,p. Anormal differential of the third kind wg) p, associated
J El
with two points P, P, € K,, Py # P», by definition, has simple poles at P; with
residues (—1)7*1, j = 1,2 and vanishing a-periods.
Next, define the matrix 7 = (7;¢)¢=1,..p by

Tj,éZ/wj, 5Hl=1,...,p. (A.14)
be
Then
Im(7) >0 and 70=1, Jj¢=1,...,p. (A.15)
Associated with 7 one introduces the period lattice
Ly ={2€C?|z=m+nr, m,n € ZF}. (A.16)

Next, fix a base point Qo € K, \ {Po,+, Pw. }, denote by J(K,) = C?/L, the
Jacobi variety of K, and define the Abel map A, by

P P
Ag,: Ky = J(Ky), AQO(P):</ wh...,/ wp> (mod L,), Pek,.

0
(A.17)
Similarly, we introduce

ag,: Div(Ky) = J(K,), D ag (D)= Y D(P)Ag, (P (A.18)
Pek,

where Div(/C,) denotes the set of divisors on K,. Here D: K, — Z is called a
divisor on fC,, if D(P) # 0 for only finitely many P € K,,. (In the main body of this
paper we will choose Qg to be one of the branch points, i.e., Qo € B(K,), and for
simplicity we will always choose the same path of integration from @)y to P in all
Abelian integrals.)

In connection with divisors on K, we shall employ the following (additive) no-
tation,

Dq,@ =Dq, + Dq, Dqg=Dq, + -+ Dq,., (A.19)
Q={Q1,...,Qn} €Sym™K,, Qoeck, mecN,

where for any @ € KCp,

1 for P=Q,

0 for P e K\ {Q}, (4.20)

Dg: K, = No, P—=Dg(P)= {

and Sym" K, denotes the nth symmetric product of IC,. In particular, Sym™ K,
can be identified with the set of nonnegative divisors 0 < D € Div(K,) of degree
m.

For f € M(K,)\ {0}, w € MY(K,) \ {0} the divisors of f and w are denoted
by (f) and (w), respectively. Two divisors D, £ € Div(K,) are called equivalent,
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denoted by D ~ &, if and only if D — & = (f) for some f € M(K,) \ {0}. The
divisor class [D] of D is then given by [D] = {£ € Div(KC,) | € ~ D}. We recall that

deg((f)) = 0, deg((w)) = 2(p — 1), f € M(K,) \ {0}, w € M'(K,) \ {0}, (A.21)
where the degree deg(D) of D is given by deg(D) = ZPE]CP D(P). Tt is customary
to call (f) (respectively, (w)) a principal (respectively, canonical) divisor.

Introducing the complex linear spaces

LD)={fe MK, |f=0o0r(f)>D}, r(D)=dimL(D), (A.22)
LYD) ={we M'(K,)|w=0or (w)>D}, i(D)=dimL (D), (A.23)

with i(D) the index of speciality of D, one infers that deg(D), r(D), and (D) only
depend on the divisor class [D] of D. Moreover, we recall the following fundamental
fact.

Theorem A.1. Let Dg € Sym” Kp, Q = {Q1,...,Qp}. Then,
1<i(Dq) =s (A.24)
if and only if {Q1,...,Qp} contains s pairings of the type {P, P*}. (This includes,
of course, branch points for which P = P*.) One has s < p/2.
APPENDIX B. SOME INTERPOLATION FORMULAS

In this appendix we recall a useful interpolation formula which goes beyond the
standard Lagrange interpolation formula for polynomials in the sense that the zeros
of the interpolating polynomial need not be distinct.

Lemma B.1 ([30]). Let p € N and Sp,_1 be a polynomial of degree p — 1. In
addition, let F, be a monic polynomial of degree p of the form

q
Z):H(Z_Mk)pka ijN, ﬂjecvjzlv"‘vqa Zpk:p (Bl)
k=1 _

Pk —

Then,
p 1 Mk)

q 1
Sp-1(2 Z I(
k=1 (= 06 (P — €= 1)!

qpe—t—1 ) q
N\ ger (B9 T (- )™
k=1, k'£k

In particular, Sp—1 is uniquely determined by prescribing the p values

St (1) Sy (i) - ST (), k=1,....0, (B.3)

at the given points pi. ..., liq.
Conversely, prescribing the p complexr numbers

(B.2)

, ze€C.
C=pr

e I L T N2 (B.4)
there exists a unique polynomial T,,_1 of degree p — 1,
q pr—1 @)
Ta() = Bp(2) Y] Y g (B.5)

« U(pr—£—1)!
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qpr—t=1 N g
X dcn =1 (z—0)~ H (€ — pur) P , z€C,
k=1, k'#£k C—pn
such that
Ty (pn) = o, T () = ol TP () = oY) k=1,....q.
(B.6)

We briefly mention two special cases of (B.2). First, assume the generic case
where all zeros of F}, are distinct, that is,

q=p, pr=1, Mk?éﬂk’ for k#k‘/v kj)k/::l,...,p. (B7)
In this case (B.2)) reduces to the classical Lagrange interpolation formula
% Sp—1 (k)

52 =5 L GOy C Y

Second, we consider the other extreme case where all zeros of F), coincide, that is,
g=1, pi=p, Fy(z)=(z—-—m)?, =zeC (B.9)
In this case (B.2]) reduces of course to the Taylor expansion of S,_1 around z = py,

p—1 S(E)

Sp—1(2) = Z #(z —m)t, zeC. (B.10)
£=0 '

APPENDIX C. ASYMPTOTIC SPECTRAL PARAMETER EXPANSIONS

In this appendix we consider asymptotic spectral parameter expansions of F}, /vy,
Gyp/y, and H,/y, the resulting recursion relations for the homogeneous coefficients

f[, ge, and ilg, their connection with the nonhomogeneous coefficients f,, g¢, and
he, and the connection between ¢, 1 and cg( Eil (cf. - For detailed proofs of

the material in this section we refer to [29], [32]. We will employ the notation
E*' = (Ey',. .. E3L,). (C.1)
We start with the following elementary result (a consequence of the binomial
expansion) assuming 7 € C such that |n| < min{|Eo|™,...,|[Eopi1| 1}
2p+1 1/2 e’}
(Mo-5m) -Samr c
m=0 k=0
where
Co (E) = 17
k (250)! -+ - (2faps1) B - - B3

c(E) = - , keN. (C3
+(8) jov___%ﬂzo 225 (Go)2 -+ (J2p+1D)2(240 — 1) -+ (2zp41 — 1) (©3)
Jo+-tiepr1=k

The first few coefficients explicitly are given by
2p+1 2p+1 2p+1

coE)=1, ¢(E) = —= Z Ep, co(E Z Ep, Ep, — Z ete.

mhmz =0
mi<mg

(C.4)
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Next we turn to asymptotic expansions. We recall the convention y(P) =
FCP7L + O(CP) near Py, (where ¢ = 1/z) and y(P) = =£(co,—/co.+) + O(C)
near Py 1 (where ¢ = 2).

Theorem C.1 ([32]). Assume (3.2)), s-AL,(c,8) = 0, and suppose P = (z,y) €
Kp\{Px,,Ps_}. Then 2P~ F,/y, 2P~ Gp/y, and 2P~ H,/y have the following con-
vergent expansions as P — POO;, respectively, P — PQ;,

- Fp(z)  [F 2 foi Y, P—Po,, (=1/z

wox Yy £ fo¢', Po PR, ¢=z, (C5)
- Gpd) _ [FX0ae4l’s PPy, (=1/z (C6)
Co+ Y £ 020 Ge-C" P — Py, C=2z

2P Hp(2) _FXE he ¢!, P — P, ¢=1/z ©n

co+ Y £330 he ¢, P Py, (=2

where ¢ = 1/z (resp., ¢ = z) is the local coordinate near Py, (resp., Py +) and
fgyi, Je,+, and BH: are the homogeneous versions of the coefficients f; 1+, 9o+, and

he + introduced in (2.16))—(2.18]).

Moreover, the E,-dependent summation constants cg+, £ = 0,...,p+, in F,
G,, and Hy, are given by

Co+ = CO,:‘:CZ(Eil), = 07 ceesPE- (C8)
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