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Preface

Introduction

The unifying theme of the work presented here are algebro-geometric solutions of
hierarchies of nonlinear integrable differential-difference equations continuous in time
and discrete in space. Algebro-geometric solutions are a natural extension of the class of
soliton solutions and can be explicitly constructed using elements of algebraic geometry.
The construction of such solutions in terms of specific algebro-geometric data on a
compact hyperelliptic Riemann surface is exemplified for one model, the Ablowitz—
Ladik hierarchy. Scattering theory with respect to (two different) algebro-geometric
background operators and its application to the inverse scattering transform are studied
for a second discrete model, the celebrated Toda hierarchy. The key equations defining
the corresponding hierarchies are given byﬂ

(" 2 ;2)

. . —iay — (1 = af)(a” +at) +2a) _
Ablowitz—Ladik: (—zﬂz +(1-aB)(B~ + 5+) — 25) =0.

This  Habilitationsschrift consists of my research papers [GHMTO07|,
[GHMTO8b], |[GHMT10], [M10], [EMTO08|, [EMTO09a], and [EMTO09D].
Most of them are joint work either with Fritz Gesztesy, Helge Holden, and Gerald
Teschl or with Iryna Egorova and Gerald Teschl. All articles are published in refereed
journals. My research papers [EMTO06], [EMTO07a], [EMTO07b], [GHMTO08a],
[MT04], [MTO07], [MT09], and [EMT12] are not included in the Habilitations-
schrift, but they are related and at least some are implicitly incorporated, especially
in [EMTO08]. Our research monograph [GHMTOS8| comprises the four papers
[GHMTO07], [GHMTO08a|, [GHMTO08Db], and [GHMT10].

The treatise is structured into two parts. consists of the papers [GHMTO0T],
[GHMTO08b], [GHMT10], and [M10] in which we study the Ablowitz—Ladik hier-
archy and its algebro-geometric solutions. [Part 2| entails [EMT08], [EMT09al,
and [EMTO09b] which contribute to the study of the inverse scattering transform
for the Toda hierarchy with steplike background.

The following sections in this preface are related to the two parts and provide an
overview of the contained articles. The bibliographies are independently attached for
each paper and also for the preface. If the cited paper can be found in this collection,
the citation is supplemented with a page reference. All other references are confined
to the preface.

1Here7 and in the following, a, b, a, B, in general called f, are complex-valued functions on Z x R,
fe(n,t) = %f(n7 t) is the time derivative of the lattice function f, and f* denotes the shift on the

lattice, that is, f¥(n,t) = f(n % 1,t) for (n,t) € Z x R.

iii



iv PREFACE

1. The Ablowitz—Ladik hierarchy and its algebro-geometric solutions

The introductions of the first three papers in as well as the notes on the
Ablowitz—Ladik system in our monograph [GHMTOS| Sec. 3.9] give detailed and in-
depth information on the history and scope of the problems in question. So rather
than repeating this information here, I will sketch our approach to the construction of
algebro-geometric solutions for the Ablowitz—Ladik hierarchy. This will complement
the introductions in Gesztesy and Holden [GHO3| and [GHMTOS]|, where similar
sketches were given for the Korteweg—de Vries (KdV) and Toda hierarchies.

Zero-curvature and Lax equations for the Ablowitz—Ladik system. The
Ablowitz—Ladik (AL) system,

—iay — (1 —afB)(a” +a™) =0,
—ify + (1 —ap)(B” +87) =0,
where a = a(n,t), 8 = B(n,t), (n,t) € Z x R, are complex-valued sequences and
ff(n,t) = f(n£1,t), n € Z, can be viewed as an integrable discretisation of the AKNS-
7S systemy“|or a complexified version of the discrete nonlinear Schrédinger equatiorﬂ It
was derived by Ablowitz and Ladik [AL75]-[AL76c| who used inverse scattering tech-

niques to obtain and solve certain classes of nonlinear differential-difference systems.
The AL system (1.1)) was then found to be equivalent to a zero-curvature equation,

(1.2) U+ UV -V*tU =0,

(1.1)

where U(z) and V(z) are 2 x 2 matrices with coefficients depending on a spectral
parameter z € C\ {0},

_( z « . z=1—-ap” a—a z7!
(1.3) U(Z)<zﬁ 1), V(z)z( 28— 3 1—2_14‘@_3)'
The zero-curvature equation arises as the compatibility requirement of the spatial and
temporal linear problemsﬂ

O=U®", & =V"0.
On the other hand, the AL system (1.1]) is equivalent to the Lax equatiorﬂ
(1.4) Li(t) — [P(t),L(t)] =0, teR,

where [, ] denotes the commutator, [P, L] = PL — LP. The Lax operator L reads in
the standard basis of £2(Z) (abbreviate p = (1 — a3)"/?)

0 —a(0)p(=1) —B(—=1)a(0) —a(1)p(0) p(0)p(1) O
(1.5) I — p(=1)p(0)  B(=1)p(0) —B(0)a(l) B(0)p(1) 0
) 0 —a(2)p(1) —p(1)e(2) —a(3)p(2) p(2)p(3)
O p(M)p(2)  B(1)p(2) —B(2)a(3) B(2)p(3) O

and P is given by
P=g(Ly— Lo+ (L7~ = (L7Y)4 +2Qa).

2 Ablowitz, Kaup, Newell, and Segur [AKNS74], Zakharov and Shabat [ZS72]

3 Ablowitz and Ladik showed in [AL76a] that the defocusing (8 = @) and focusing (8 = —a) case
of correspond to the discrete analogue of the nonlinear Schrodinger equation g +qzzi2q\q|2 =0.

“Here the notation f*(n) = f(n+1), n € Z, is extended to C-valued and (2 x 2)-matrix-valued
sequences with complex-valued entries.

5The AL Lax pair in the finite-dimensional defocusing case is due to Nenciu [N05], [N0S].



1. THE ABLOWITZ-LADIK HIERARCHY AND ITS ALGEBRO-GEOMETRIC SOLUTIONS v

Here Qg is the doubly infinite diagonal matrix Qg = ((—1)’“6;“@)
the upper and lower triangular parts of L,

e and Ly denote

L(m,n), +(n—m) >0,

Ly = (Li(m’n)>(m,n)622’ Li(m7 n) = 0 otherwise.

The semi-infinite ¢2(N)-operator realisation of the difference expression L as a
five-diagonal matrix was recently rediscoveredﬁ by Cantero, Moral, and Velazquez
[CMYV03] in the context of orthogonal polynomials on the unit circle in the special
defocusing case, where 8 = a.

The Ablowitz—Ladik hierarchy. To set up the recursive formalism for the
AL hierarchy we assume o, to be C'-functions in the time variable satisfying
a(n,t)B(n,t) # {0,1} for all (n,t) € Z x R.

Both the Lax and zero-curvature approach can be employed to construct a hierar-
chy of nonlinear evolution equations whose first nonlinear member is . This means
that we construct a hierarchy of matrices V,,, p = (p—,p+) € N3 with Ng = NU {0},
such that the zero-curvature equation -

(1.6) U+ UV, =V, /U=0

defines a hierarchy of differential-difference equations where time evolves continuously
and space is considered discrete. The coefficients of the matrices V}, are defined recur-
sively using Laurent polynomials with respect to the spectral parameter z € C\ {0}
as suggested by the appearance of powers of z, z~! in the entries of V(z) in .
This extends a recursive polynomial approach already successfully considered in the
continuous and in the discrete contex

We take the shortest routd®|to the construction of V, by starting from the recursion

relations (L.7) and (L.8) below. Define sequences { fr + }reny, 19¢.+ yeeno, and {he + ren,
recursively by

Jo+ = 5C0,+, Jo+ =—coqpat, hot =coqfb,
(w7 Ge+1,4 — Ypp1,4 = @hy 4 +Bfet, € €Ny,
fg7+17+ = f€,+ - 0‘(92+1,+ + g;+1,+)7 ¢ € Ny,
hevi+ =hy o+ B(ge+14+ + 901 4), L€ No,
and
go,— = 3C0,—, fo— =co—a, ho_ =—co_B7,
(1 8) 90+1,— — gg]_l’_ = Oéhg,, + Bf[t_; le NOv

fov1,— = fi_ +alger1,- + 9541 ). £ €N,
i1, = he— — B(ges1,— -|-g[+1’_)7 { € Np.

6Compare the discussion in Simon [SO7]: the corresponding unitary half-lattice five-diagonal
matrices were first introduced in [BE91] and subsequently studied in [W93].

7 For the Korteweg—de Vries and AKNS hierarchies see [GHO3|, the Toda hierarchy is treated by
Bulla, Gesztesy, Holden, and Teschl [BGHT98] and Teschl [T00, Chs. 6, 12]. The Laurent polynomial
ansatz was originally developed by Al'ber [A79], [A81] in the context of the KdV hierarchy.

8For the constructive route see [GHMT08a], [GHMTO08] Sec. 3.2]: The zero-curvature equation
is postulated for U(z), V}(2), where a general ansatz is made for the Laurent polynomial entries of
Vp(2). The zero-curvature eqaation imposes the relationship between the Laurent polynomials.
A careful comparison of coefficients leads to the refined ansatz for the Laurent polynomials.
Plugging the refined ansatz into the zero-curvature equation and comparing coefficients yield the
recursion relations and up to £ < pt — 2 respectively £ < pt — 1 and the pth AL equation
(T12), [GHMTO08a, Lemma 2.3].
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Here ¢y, + € C are given constants. Since gy + are only determined up to differences,
an arbitrary constant c,+ € C is introduced on each level in the recursion. Using
the recursively defined sequences {fo +, ge,+, he + }een, (Whose elements are difference
polynomials with respect to ¢, ) one introduces Laurent polynomials Fj(z), Gp(2),

Hy(z), and K,(z) for z € C\ {0} by settingﬂ

p— p+—1

Fg(z) = Z fpff&*z_e + Z fp+717£,+2£7
=1 =0
P- P+

Gp(2) = gp 02+ gp 047,

(1.9) =1 £=0

p——1 P+

Hy(z)= Y hpocaoe-z "+ hp,ea s
£=0 =1

Kg(z) = Gg(z) +9p_,— — 9py +-

Now we define the 2 x 2 zero-curvature matrices by
G (z2) —F;(z

wo o= 3) o= (G TR
and postulate the discrete zero-curvature equation , which results in the equations
oy = i(ng_ +a(Gp+ K, ) - F,),
B = —i(B(G, + Kp) — Hy + z*lHB*),

0=2(G, —Gp) +zBF, +aH,,

0= zﬁF;_ +aHy + K, — Kg.i

(1.11)

One verifies that the zero-curvature equation reduces to the basic equations
iat = _a<gp+,+ + g;,,f) + fp+—17+ - f;:,—l,—v
iy = 5(9;+,+ +9p ,—)—hp —1,— + h;+—1,+-

Varying p € N2, the collection of evolution equations

(1.12)

(1.13) AL (a, 8) = <—Z:at - a(g£+7+ + 9y )+ fpi—14 — p_—l,—) —0. teR
g _Zﬁt + /B(gp+,+ + gp—vf) - hp—7177 + hp+71,+ ’ 7

then defines the time-dependent Ablowitz—Ladik hierarchy. The first few equations are
explicitly given by (taking p_ = py for simplicity),

—iO[t — C 0,0 (07 o
AL(O,O)(O‘aB) = (_iﬁt + CEO,O;B) =0,

_(—iay —y(co,—a” +copat) —cqna

ALan(@.f) = <—iﬁt +(co4 B8~ +co- 1) + C(1,1)5> =0,

—icy —y(co Ty +co a7y —a(copat BT +co—a BT)
—B(co,—(a™)? + co4(a)?))

—ifB +(co,~ BT + o877 — Blco 1B + co—a” fT)
—a(co 4 (B7)% + co,—(87)%))

(fora o) o) Lo, o
(e, 4B~ +c1,-BT) + b ’ v

AL 0 (a, B) =

9A sum is interpreted as zero whenever the upper limit in the sum is strictly less than its lower
limit.
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where ¢, = (¢, + + ¢p,—)/2. Different ratios ¢g +/co,— of the summation constants lead
to different hierarchies. For example, the AL system corresponds to the case
p = (1,1) with co,+ = 1 and ¢(;,1) = —2. The special choices 3 = @, co,+ = 1 lead to
the discrete NLS hierarchy, the choices 8 = @, co,+ = Fi yield the hierarchy of Schur
flows.

Alternatively, we can derive the AL hierarchy via Lax pairs (L, P,). Define

b= %Zcmfu((ﬁh —(L"-) - %2%—*“(@4)* —(L7-) - %Cﬂ@d’
=1 =1

where L is the doubly infinite five-diagonal matrix (1.5). The AL hierarchy is defined
by imposing the Lax commutator relation

d
(1.14) L) ~ [By(0), 1()] =0
for each p € NZ. A fairly tedious computation then shows that the Lax equation
(1.14) is equivalent to the pth time-dependent AL equation AL,(a, 3) = 0 in (1.13).
Moreover, the Lax equation implies existence of a propagator Wg(s,t) such that the
family of operators L(t), t € R, is similar, L(s) = Wy (s, t)L(t)Wp(s, )"

Moreover, we introduce the special stationary Ablowitz—Ladik hierarchy defined by
the stationary zero-curvature equation

(1.15) Uv, =V, U =0,

respectively, by vanishing of the commutator of P, and L, for p ranging in NZ. To set
the stationary AL hierarchy apart from the general time-dependent one, we will denote
it by

—a(Gpy o+ +9p )t fop—1+—fp 1 2
1.16)  s-AL,(a,f :( It T Ip, T E T om0 pe N
( ) B( ) 5(gp+,+ +9p—) = hp_ 1+ hp+—1,+ - 0

Algebro-geometric solutions. By definition, the class of algebro-geometric
Ablowitz—Ladik potentials equals the set of solutions «, 5 of the stationary AL hierarchy
. Algebro-geometric solutions represent a natural extension of soliton solutions.
Namely, associated with each equation in the stationary AL hierarchy is a hyperelliptic
curve, which we will describe in a moment. Solitons arise as the special case of solu-
tions corresponding to a singular hyperelliptic curve obtained by confluence of pairs of
branch points. The theta function associated with this singular curve then degenerates
into appropriate determinants with exponential entries. On the other hand, algebro-
geometric solutions can be used to approximate more general solutions such as, for
instance, almost periodic ones.

Our strategy to describe the solutions will be the following: First we assume the
existence of a solution «, 3 of the pth stationary AL equation and derive several of
its properties, in particular, the representations of «, 8 in terms of the Riemann theta
function. As a second step we will provide an explicit algorithm to construct the
solution given appropriate initial data.

We begin by introducing the hyperelliptic Riemann surface alluded to which is
associated with the pth equation in the stationary AL hierarchy. Let us assume that
co.+ € C\ {0} and p = (p—,p+) € N2\ {(0,0)}. In the stationary case, the coefficients
Ipy.+ and g,_ _ are equaﬂ up to a lattice constant which can be set equal to zero
without loss of generality. It implies that K, = G, in and hence renders V}, in

10[GHMTO08a Lemma 2.2].
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(L.10) traceless. Taking determinants in (1.15]) yields that the expression R, defined
by N

(1.17) R, =G, - F,H,
is a lattice constant and depends only on z. Therefore we may write R, as

2p+1
Ry(2) = (§4+/9)2" [[ (= En) for some {En}m=o,.2pt1 C C\ {0},
m=0
where p = p_ + p; — 1. If we endow the hyperelliptic curve I, of (arithmetic) genus
p defined by

2p+1
(1.18) Kp: Fplz,y) =y — H (z—En)=0

m=0
with the usual complex structurﬂ and compactify it by joining two points P,
Py, # Psx_, K, becomes a two-sheeted hyperelliptic Riemann surface in a standard
manner. Points P on K, \ { P, , Px_} are represented as pairs P = (z,y), where y(-)
is the meromorphic function on K, satisfying F,(z,y) = 0. By fixing the curve, i.e.,
by fixing Ey, ..., Fa,11, the summation constants {cg + }een are uniquely determined.

A canonical meromorphic function ¢ on K, (an analog of the Weyl-Titchmarsh

function for the system ) then serves as the starting point of simultaneously con-
structing all algebro-geometric solutions for the entire hierarchy. This fundamental
function ¢ defined by

(co+/2)27 P~y + Gp(z,n)
Fy(z,n)

—Hpy(z,n) Pe(oy) ek 7
= — y = (%, S , n € )
(ot /2)2 Py — Gy(z,m) yr=te

is linked with the solutions «, 8 via trace formulas and Dubrovin-type equations for
(projections of) the pole divisor of ¢. It satisfies the Riccati-type equation

(1.19) ap(P)¢~(P) — ¢~ (P) + 2¢(P) = zp5.

We isolate the zeros of ()P~ F, and (-)P~~"H, by introducing the factorisations

d)(P’ n) =

p

(120)  Fy(z) = —cosatz [[(z=m), Hyl2) = cor B [ (= = vy).

a j=1 j=1
and "lift” the zeros p; and v; from the complex plane to K, using (|1.17)),
fij(n) = (pj(n), (2/co.+ )us ()"~ Gp(p; (n), n)),
0j(n) = (vj(n), =(2/co.+ v (n)" Gp(v;(n), n)),
We also introduce the points Fy + by setting

(1.21) j=1,...,p, n€Z.

2 2p+1
cg
(1.22) Po,+ = (0, %x(co,—/co,+)) € Ky, == H En.
0,+ m=0
The divisor (¢(-,n)) of ¢(-,n) is given byﬁ
(1.23) (¢(-,n)) =Dp, _s(n) — Prs_p(n)-

Hgee for example Appendix B in [GHMTO0S].
12\We used the following additive notation for divisors: DQOQ =Dgq, + DQ, where DQ =Dg, +

-+ +Dgq,, for Q ={Q1,...,Qm} € Sym™(ICp) and Qo € Kp, m € N.
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Here we abbreviated jt = {fi1,...,0p}, 2 = {P1,...,0} € Sym?(K,), where Sym?(K,)
denotes the pth symmetric product of KCp. Comparing coefficients of F),, H), in
and in the factorisation yields trace formulas for the solutions a, B of the pth
stationary AL equation in terms of the zeros u; and vy,

P + P

@ Co,+ p 1€0,+

1.24 — = (—1)pH1 T Lo = (P2 T T
(1.21) R el | U S |

The basic function ¢ is then used to built the stationary Baker—Akhiezer vector ¥ =
(¢1,92)T on K,,. Its components are defined by|E|

j=1

n

¢1(Pan,n0) = H* (Z + a(])¢_(P?.7)>7
j=no+1

va(Pm,mo) = 6(Pimo) [1* (28()¢™ (P57 +1).

j=no+1

For P = (z,y) € Ky \ {Px_,P_,Po,+,FPo,_}, the vector ¥ satisfies 15(P,n,ng) =
@ (P,n)1(P,n,ng) and the zero-curvature equations

U(z)¥™(P) = ¥(P),
Vp(2)U™(P) = —(i/2)co, 127"~y W™ (P).

The ultimate goal of the algebro-geometric approach is a representation of the solutions
a, 8 in terms of the Riemann theta functioﬂ associated with K, and an appropriate
homology basis of cycles on it. The explicit expressions for ¢ and the Baker-Akhiezer
vector ¥ in terms of the theta function are obtained more or less simultaneously with
those for the algebro-geometric solutions «, 3. First one computes the asymptotic
expansions of ¢ and iy, with respect to the spectral parameter near the points Py,
and Py +. The known zeros and poles of ¢ in and similarly, the set of zeros
{Po,— Y U{fij(n) Y, and poles { Pu, } U{j1j(no)}i—; of ¥1(-,n,n0), then permit one to
find theta function representations for ¢ and 7 by referring to Riemann’s vanishing
theorem and the Riemann-Roch theorem (the results for ¥s(+, n, ng) immediately follow
from 1o = ¢1p1). The corresponding theta function representation of the algebro-
geometric solution «, 8 of the pth stationary AL equation is obtained from that of
¢ by using the asymptotic expansions near Psg 4 and Py 4. This is the content of
[GHMTO07, Thm. 3.7] on page 21.

(1.25)

The time-dependent Ablowitz—Ladik hierarchy. We now proceed with our
discussion to the time-dependent AL hierarchy and describe the steps involved to con-
struct solutions a = «a(n,t),8 = B(n,t) of the rth AL equation with initial values
being algebro-geometric solutions of the pth stationary AL equation. More precisely,
we are looking for solutions a, 3 of the time-dependent algebro-geometric initial value
problem

_iﬁt + ﬁ(gr_+7+ + grf,—) - i"r,—l,— + h»,«_+_17+
(1.26) (a’ﬁ)‘t:to — (a(o)ﬂ(o))’

. . .
SAL, (00, §0) = (g e 0 s Pl g
- B (ngr,J,- + gp—,—) - h;D——L— + hp+71,+

ALy (o, 8) = (“” e e B ) -0,

B1f n = no, the star product is equal to 1; if n < ng, it takes the reciprocal value.
MFor details on the p-dimensional theta function 6(z), z € CP, we refer to Appendix A in
[GHMTOT| on page 37.
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for some ty € R, where a fixed curve K, is associated with the stationary solutions
a©® 800 Since the summation constants in the functionals fo+:90,+,he+ of @, B in
the stationary and time-dependent contexts are independent of each other, we indicate
this by adding a tilde to all time-dependent quantities. In terms of the zero-curvature
formulation, we intend to solve

(1.27) Up(z,t) + U2, )Vp(2,t) — V" (2,0)U (2,t) = 0,

(128) U(Z,to)VE(Zﬂfo) —Vp+(Z,t0)U(Z,tU) =0.

One can ShOWE that the stationary Ablowitz—Ladik system (|1.28) is actually satisfied
for all times t € R. Thus, we impose
U+ UV, -V U=0,

UVp — V;‘U =0,

instead of and . In particular, R, = Gg — FpH)p holds in the present
t-dependent setting and we can define the fundamental meromorphic function (-, n,t)
on K, as before, with the only difference that the Laurent polynomials F),, G, and
H, now depend on time. In addition to equation ([.19), ¢ satisfies the Riccati-type
equation

(1.30) ¢ (P) = iF,¢*(P) — i(Gp(2) + Kp(2))$(P) + iH,(2),

which subsequently governs the time evolution of all quantities of interest. The time-
dependent Baker—Akhiezer vector ¥ is defined for (n,t) € Z x R and P = (z,y) €
Icp\{POO+7POO—’PO;+’PO77} by

t
\I](Pv n, n07t7t0) = €xXp <7’/ dS( ~£(Z7n075) -

to

(1.29)

K(Z7n07 5)¢(P7 no, 5)))

I G+ aG.os(Ph0)

Jj=no+1
n

¢(Pno,t) [T (280G, 0¢~(Pj,t)~ +1)

j=no+1

The Riccati-type equations for ¢ yield that V= [VD VB] and

U(z)¥~(P) = ¥(P),

Vp(2)U™(P) = —(i/2)co, 1277~y ¥~ (P),

Uy (P) = V7 (2)¥(P).

The corresponding representations of «, 3, ¢, and ¥ in terms of the Riemann theta
function associated with K, are obtained in close analogy to the stationary case. Since
by definition of ¢, the time parameter ¢ can be viewed as an additional but fixed

parameter, it basically remains to analyse the integrand in the exponential term of W.
This is done in [GHMTO07, Thm. 4.6] on page 31.

The algebro-geometric initial value problem. We now turn to the second
part of our investigation of solutions and indicate how to construct unique global solu-
tions of the algebro-geometric initial value problem for a general class of initial
data. This initial data will consist of the coefficient a(ng) € C\ {0}, the constant
co,+ € C\ {0}, the set {Ej}?:gl C C\ {0} satisfying E; # E;: for j # j', and suitably
chosen initial Dirichlet data {/i;};=1,., at one fixed point ng. A first approach to the

I5[GHMTI0, Lemma 6.2], page 80.
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actual solution of this initial value problem based for example on the familiar case of
real-valued algebro-geometric solutions of the Toda hierarchym might, naively, consist
of the following two-step procedure:

(1) An algorithm that constructs admissible (i.e., finite and nonzero) nonspeciam
divisors Dj,(,) € Sym”(KC,) for all n € Z, starting from a nonspecial initial Dirichlet

divisor Dj(n,) € Sym?(ICp). Trace formulas of the type 1)ﬁ should then construct
the stationary solutions a(®), 3 of s-AL,(a, B) = 0.

(47) Inserting the factorisation of F, into Fp ¢ (1) = —2iGp (1) Fy(p;) (which
follows from V,,; = [VE, Vp] at z = ;) yield; the first-order Dubro?dn—type system of
differential equations

(131) Hjt = _iﬁﬁ(p’j)y(ﬂj)(adF)il H(:u’J - :u‘k)ilv j=1...,p

for the Dirichlet data {/i;};=1,. . Augmenting this equations by the initial divisor
Di(nosto) = Da(no) of step (i) together with the analogous trace formulas of in
the time-dependent context should then yield unique global solutions o = «(t), 5 = 8(¢)
of the rth AL flow AL, (a, 8) = 0 satisfying a(tg) = a'?, B(tg) = B©).

However, this approach can be expected to work only if the Dirichlet divisors
Djy(n,ty € Sym”(IC,) yield pairwise distinct Dirichlet eigenvalues p;(n,t), j = 1,...,p,
for fixed (n,t) € Z x R, such that formula for the time-derivatives p;; is well-
defined. Analogous considerations apply to the Neumann divisors D, € Sym?(K,).

Unfortunately, this scenario of pairwise distinct Dirichlet eigenvalues is not realistic
and “collisions” between them can occur at certain values of (n,t) € Z x R. Thus,
the stationary algorithm in step (i) as well as the Dubrovin-type system of differential
equations in step (i¢) above breaks down at such values of (n,t). A priori, one has
no control over such collisions, especially, it is not possible to identify initial conditions
Dji(no,to) at some (no,to) € Z x R, which avoid collisions for all (n,t) € Z x R. We
solve this problem head on by explicitly permitting collisions in the stationary as well
as the time-dependent context from the outset. In the stationary context, we introduce
an appropriate algorithm alluded to in step (i) by employing a general interpolation
formalism for polynomials, going beyond the usual Lagrange interpolation formulas. In
the time-dependent context, we replace the Dubrovin-type equations 7 augmented
with the initial divisor Dj(n,,i,), by an autonomous first-order system of ordinary

differential equations for fo +,ge+, he+ derived from V,; = [VD Vp] which focuses on

symmetric functions of 1 (n,t), ..., pp(n, t) rather than individual Dirichlet eigenvalues
wi(n,t), j=1,...,p. In this manner collisions of Dirichlet eigenvalues no longer pose
a problem.

There arises an additional complication with admissibility: In general, it cannot
be guaranteed that p;(n,t) and vj(n,t), 7 = 1,...,p, stay away from P, and Py +
for all (n,t) € Z xR. We show that the set of initial divisors Dj(,,+,) for which Dy, 1)
and Dy(p ) are admissible and hence nonspecial for all (n,t) € Z x R forms a dense set
of full measure in Sym”(/C,), therefore most initial divisors are well-behaved. However,
in general (unless one is, e.g., in the special periodic case), Dj(n,) Will get arbitrarily

165¢e, e.g., [BGHTIS8|, [GHMTOS, Sec. 1.3], [T00} Sect. 8.3] and the extensive literature cited
therein.

¢ p= n1Dq, +---+nxDgq, € SymP(K,) for someny, € N, £=1,...,k, withni+---+ng = p,
then D is called nonspecial if there is no nonconstant meromorphic function on X, which is holomorphic
on Kp \ {Q1,...,Qk} with poles at most of order ns at Qg, £ =1,...,k.

18 The second formula in requires prior construction of the Neumann divisor D, from the
Dirichlet divisor Dy, using [GHMT10, (4.3)] on page 59.
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close to Ps, Po,+ since straight motions on the torus are generically densﬂ and
hence no uniform bound (and no uniform bound away from zero) on the sequences
a(n,t),B(n,t) exists as (n,t) varies in Z x R. In particular, these complex-valued
algebro-geometric solutions of the Ablowitz—Ladik hierarchy initial value problem, in
general, will not be quasi-periodiﬂ with respect to n or t.

In summary, we develop a new algorithm to solve the inverse algebro-geometric
spectral problem for general Ablowitz—Ladik Lax operators, starting from a properly
chosen dense set of initial divisors of full measure. We combine it with an appropri-
ate first-order system of differential equations with respect to time which allows the
construction of global algebro-geometric solutions of the time-dependent AL hierarchy.
The approach described here is not limited to the AL hierarchy but applies universally
to constructing algebro-geometric solutions of (1 + 1)-dimensional integrable soliton
equations. The principal idea of replacing Dubrovin-type equations by a first-order
system of the type [GHMT10, (6.15), (6.23), (6.24)], page 77, 78, is also relevant in
the context of general (non-self-adjoint) Lax operators for the continuous models in
(1 + 1)-dimensions.

This concludes our tour into the realm of algebro-geometric solutions.

Conservation laws and the Hamiltonian formalism. In the remainder of this
part we discuss general topics on the AL hierarchy such as local conservation laws, the
Hamiltonian formalism, and asymptotical properties of solutions. First we employ our
Laurent polynomial approach to systematically derive local conservation laws. The AL

system (1.1)) clearly implies that

% Zoﬁ(n,t)ﬁ(n,t) = % Za(n,t)ﬁ+(n,t) =0.

nez nezZ

Indeed, there exists an infinite sequence {p; + }jen of polynomials of «, 8 and certain
shifts thereof, such that the lattice sum is time-independent,

d .
@ij,:t(”%t) =0, jeN
nez

This result is obtained by deriving local conservation laws of the type

%pj,i—F(S* —-0J;+=0, jeN,

for certain polynomials J; + of «, 8 and shifts thereof. The polynomials J; + are con-
structed via an explicit recursion relation. These results are given in [GHMTOS8D)
Thm. 5.7, Rem. 5.8, 5.9] on pages 126-130.

The above analysis extends to the full Ablowitz—Ladik hierarchy as follows. If
one sets all summation constants ¢y, £ € N, equal to zero in the recursive definitions
, of fo.+, e+, e+, one obtains homogeneous coefficients fg’i,gg’i,ﬁ47i. (A
hat “ is added in the notation for all corresponding homogeneous quantities). Then
f&i, Je.+, }Algd: can also be expressed explicitl in terms of appropriate matrix ele-
ments of powers of the AL Lax finite difference expression L defined in and finite
difference expressions D and E arising from the factorisation L = DE. The conserved

198ee Arnold [A89] Sect. 51] or Katok and Hasselblatt [KH95] Sects. 1.4, 1.5].

207 sequence f = {f(n)}nez € CZ is called quasi-periodic with fundamental periods
(w1,...,wn) € (0,00)V if the frequencies 27/w1,...,27/wy are linearly independent over Q and
if there exists a continuous function F € C(RY), periodic of period 1 in each of its arguments, such
that f(n) = F(wl_ln, . ,wx,ln), n € Z. See, e.g., Pastur and Figotin [PF92] p. 31].

21Ag described in [GHMTO8b) Lemma 3.1] on page 104.



1. THE ABLOWITZ-LADIK HIERARCHY AND ITS ALGEBRO-GEOMETRIC SOLUTIONS xiii

densities p; + are independent of the equation in the hierarchy while the currents Jj, ; +
depend on p; thus one finds

d
(1.32) Pt (ST —1)J,;+=0, teR, jEN, peNg.
For a, B € (1(Z) it follows that

d .
%iji(n,t):O, teR, jEN, pe N
nez

By showing that p; 4+ equals g; + up to a first-order difference expression and by inves-
tigating the time-dependence of v =1 — a3, one concludes that

(1.33) % Z In(y(n,t)) =0, % Zﬁj,:l:(na t)=0, teR, jeN, pEe Ngv
nez nez

represent the two infinite sequences of AL conservation laws. Our approach to
is based on a careful analysis of asymptotic expansions of the Green’s function (as the
spectral parameter tends to zero and to infinity) for the operator realisation of L in
2(Z).

Next, we briefly touch on our results concerning the Hamiltonian formalism for the
AL hierarchy. The pth equation in the AL hierarchy can be written as

(1.34) AL, (o, B) = (jg:) +DVH, =0, peNZ

where the Hamiltonians H, are given by

~ ~ 1 .
Ho = Zln('y(n)), Hp+ = pj ngi,i(n)’ p+ €N,

neZ nez
P+ p-
~ ~ ~ )
Hp = E Cpp—t+Her + E ep_—0,—He— +cpHo, peNG.
/=1 (=1

Here D = (1—ap) (Y ). Furthermore, any H, is conserved by the Hamiltonian flows

in (|1.34), that is,
dH,
o =0 re N2.

For general sequences «, 8 (i.e., not assuming that they satisfy an equation in the AL
hierarchy), H, and H, are in involution for all p,r € NZ, that is,

{Hga Hﬁ} = O,

for a suitably defined Poisson bracket {-,-}. These results are the content of
[GHMTO8b), Thms. 6.5-6.7] on page 138.

Spatial asymptotical properties of solutions. As our last instalment we turn
to a topic concerning spatial asymptotical properties of solutions. A question arising for
example in the context of the inverse scattering transform is to what extend solutions
are preserved by the time evolution. For the inverse scattering method (see one
intends to prove existence of solutions within the respective class, in particular, short-
range perturbations of the background solution should remain short-range during the
time evolution. This is the case for solutions of the AL hierarchy; arbitrary bounded
solutions which are asymptotically close at the initial time stay close. More precisely,

if a(t), A(t) and &(t), B(t) are bounded solutions of some equation AL, = 0 in the AL
hierarchy and if

(1.35) I(a(t) = a(t), B(t) = B#t))llwp < 00
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holds for one t =ty € R, then it holds for all ¢t € (tg — T,t9 + T). The weighted norm
is defined by

1/p
win)(ja(n)l” ) ’ 1< o0,
ol = 1 5ol + 50 ) b

ilégw(n)(la(n)\ +B8(n)]), p = oo,

for a sequence w(-) satisfying w(n) > 1 and sup,, (| wl(;z:)l) |+ wqféi)l) |) < co. This result
clearly holds for perturbations of steplike background solutions as well.

But even the dominant term of suitably decaying solutions «(n,t), 5(n,t) of (L.1)),
for instance weighted £2P sequences whose spatial difference is in /7, 1 < p < oo, is

time independent. For example,

a 1 b 1
a(n,t) = i O(nmin(26,6+1))7 Bn,t) = e i O<n1nin(26,6+1))’ n = 00,
holds for fixed ¢, provided it holds at the initial time ¢ = tg. Here a,b € C and § > 0.
This result remains valid for suitable equations in the AL hierarchy, i.e., for certain
configurations of summation coefficients {c; +}. For r = (r_,r;) € Ng\ {(0,0)}, they
have to satisfy the algebraic constraint

ry—1 r_—1

Z Cj + + Z Cj— = 0.
j=0 7=0

The proof relies on the idea to consider the differential equation in two nested spaces of
sequences, the Banach space of all (a(n), 8(n)) with sup norm, and the Banach space
with norm ||.||,,p. Since the AL initial value problem has unique smooth solutions, the
result follows.

Overview. We conclude with a summary of the principal content of each article.

In [GHMTOT] (Section 1.1, p. 3) we provide a detailed derivation of all complex-
valued algebro-geometric finite-band solutions of the Ablowitz—Ladik hierarchy. The
AL hierarchy is constructed using a carefully refined Laurent polynomial ansatz for the
zero-curvature matrix V, (see also [GHMTO8al). This allows to simultaneously treat
all equations in the hierarchy. We discuss the stationary AL hierarchy and employ the
recursive Laurent polynomial formalism to introduce the basic meromorphic function
¢ on the hyperelliptic curve K, of genus p associated with the pth equation in the
stationary AL hierarchy. The nonnegative divisor Dy, of degree p (the pole divisor
of ¢) and an auxiliary divisor of degree p are used to prove the trace formulas for «,
. Then we derive the explicit representation of ¢, of the Baker-Akhiezer vector ¥,
and of the solutions «, 3 in terms of the Riemann theta function associated with iCp,
both in the stationary and time-dependent context. Proofs of elementary results such
as basic properties of ¢ and ¥, the Riccati-type equations for ¢, and the asymptotic
expansions of ¢ and ¥ at the two points of infinity P, and zero P, 4 are deferred to
[GHMTO08a).

In [GHMT10] (Section 1.2, p. 45) we solve the algebro-geometric initial value
problem for the AL hierarchy with complex-valued initial data and prove unique solv-
ability globally in time for a set of initial (Dirichlet divisor) data of full measure. To this
effect we develop a new algorithm for constructing stationary complex-valued algebro-
geometric solutions of the AL hierarchy, which is of independent interest as it solves
the inverse algebro-geometric spectral problem for general (non-unitary) AL Lax oper-
ators, starting from a suitably chosen set of initial divisors of full measure. Combined
with an appropriate first-order system of differential equations with respect to time
(a substitute for the Dubrovin-type equations), this yields the construction of global
algebro-geometric solutions of the time-dependent AL hierarchy. The treatment of
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general (non-unitary) Lax operators associated with general coefficients for the AL hi-
erarchy poses a variety of difficulties that, to the best of our knowledge, are successfully
overcome here for the first time. The approach described in this paper is not limited
to the AL hierarchy but applies universally to constructing algebro-geometric solutions
of (1 + 1)-dimensional completely integrable soliton equations of differential-difference
type.

In [GHMTO8b] (Section 1.3, p. 93) we derive the Lax pair (L, P,) for the AL
hierarchy and prove its equivalence with the zero-curvature formulation. We also prove
existence of Weyl-Titchmarsh-type solutions for the system (L, P,). Using Green’s
function of an ¢2(Z) realisation of L and high- and low-energy expansions of solutions
of the associated Riccati-type equation we recursively derive the infinite sequence of
local conservation laws. Variational derivatives for discrete systems are reviewed and
the Poisson brackets and Hamiltonians for the AL hierarchy are introduced. Then we
show how the AL equations can be recast in terms of the Hamiltonian formalism.

In [M10] (Section 1.4, p. 143) a general result on the spatial asymptotical proper-
ties of solutions of the AL hierarchy is derived. Namely, the dominant term of suitably
decaying solutions, for instance weighted ¢?P sequences whose spatial difference is in
P 1 < p< oo, is time independent. In addition, we show that two arbitrary bounded
solutions of the AL hierarchy which are asymptotically close at the initial time stay
close. This implies that a solution of the AL hierarchy will stay close to a given back-
ground solution which is one of the main technical ingredients for the inverse scattering
transform.

2. Inverse scattering transform for the Toda hierarchy

Let us begin with a brief introduction to the Toda hierarchy following [T00],
[GHMTOS].

The Toda hierarchy. The Toda lattice describes the dynamics of a lattice of
one-dimensional particles interacting with exponential forces,

xtt(nat) _ ew(n—l,t)—:z(n,t) o ew(n,t)—ac(n—&-l?t)’ (n,t) c7 x R,

where z(n, t) denotes the displacement of the n-th particle from its equilibrium position
at time t. For example, it models a nonlinear one-dimensional crystal in solid state
physics. The lattice was introduced by Toda [T67al, [T67b] in 1967 in the wake of
the numerical experiment by Fermi, Pasta, and Ulam (FPU) from 1953, who analysed
the behaviour of oscillations in certain nonlinear lattices and observed, instead of the
expected equipartition of energy among the modes, that the system returned periodi-
cally to its initial state. Flaschka proved integrability of the Toda lattice in 1974 by
establishing a Lax pair. He used the variable transform

a(n,t) = %exp (%(m(n,t) —x(n+ 1,75))), b(n,t) = —%xt(n,t),

and obtained the more familiar form of the Toda lattice,
ay = a(bJr — b),
by =2(a* = (a7)?),
for complex-valued sequences a = a(n,t), b = b(n,t), (n,t) € Z x R. Then is
equivalent to the Lax equation
Ly(#) = [Pa(t), L(t)] =0,

where L and P, are difference expressions of the form

L=aST+a S +b, P,=aST—a" 5.
Here ST denote the shift operators, (STf)(n) = f(n£1) for n € Z.

(2.1)
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To derive the Toda hierarchy we will employ the Lax formalism (which is a more
feasible approach here in contradistinction to the Ablowitz—Ladik hierarchy) and con-
struct a hierarchy of finite, skew-symmetric operators P42 such that the Lax equation

(2.2) Li(t) = [Pap2(t), L(t)] = 0,

holds. More precisely, we seek an operator Payyo(t) of order at most 2p + 2 such that
the commutator with L(t) is a symmetric difference operator of order at most two.
Let us assume that a, b are C''-functions in the time variable satisfying a(n,t) # 0 for
all (n,t) € Z x R. Define polynomial functions g, he of a,b and certain of its shifts
recursively by

go =1, hg = ¢,
(2.3) 29041 — he — hy —2bge =0, £ € N,
hos1 — hyy —2(a®gf — (a7)?g, ) —blhe —hy ) =0, (€ Ny.
Here ¢; is a given constant. By solving the difference equation for hy an arbitrary

summation constant ¢y is introduced on each level in the recursion. Now we define the
Lax operator by

P
(2.4) Ppyo = —LP Z(Qagp_g5+ - hp—f)Le + gp+1-
£=0
Using the recursion (2.3)), the commutator of Ps,y2 and L readﬁ
[Papr2. L] = a(hy +hy — gyyy — gpr1 +2b7 g ) ST
(2.5) 2(b(hp — gpt1) + a2gp+ — (af)Qg; + b2gp)
a” (hp + h; —9p+1 — Gpi1 T 2bgp)5’_.
We postulate the Lax equation (2.2)) which results in the equations
ar = a(gyy — gpt1)s  be = hpi1 —ho .
Varying p € Ny, the collection of evolution equations
ar — a(gy iy — gpt1)
2.6 TL,(a,b) = Pt f =0, teR,
(26) plant) = (e T

then defines the time-dependent Toda hierarchy. Explicitly, the first few equations are
given by

a; —a(bt —b
TLo(a,b) = (bt —2(a? — (a—%2)> ’
_ (m—al(eh)? = (a7)? + (b7)* = ?) a(b™ ~)
TLa(a,b) = <bt —2a%(b* +b) +2(a—)2(b+b—)) —a (2(@2 - (a_)2)> ’

ar—a((a)2(bTT4+20T)4+a2 (20T +b)+(bT)2—a? (bT +2b)— (a7 )2 (2b+b7)—b%)
be+2((a7 ) +(a”"a7)?=a®(@®+(a®) P+ (bF) 2 +bbT+b%)+ (a7 ) (b7 +b7b+(b7)?))

a((a®)?=(a7)*+(b")* 0% a(bt—b)
C1 <2a2(b++b)2(a—)2(b+b_)> Co (2(0,2(0,_)2)) 5 etc.
Recall that the Lax equation (2.2) also implies existence of a unitary propaga-

tor U,(t,s) such that the family of operators L(t), t € R, is unitarily equivalent,
L(t) = U.(t, s)L(s)U,(s,1).

TLy(a,b) = <

veey

order difference operators in the commutator (2.5 vanish.
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Alternatively, one can construct the Toda hierarchy via the zero-curvature ap-
proach. Introducing the polynomials

P P
Gp(z) = Z 91)75%7 Hpi1(2) = 24 Z hpffzz ~ 9p+1,
=0 £=0

for z € C, one defines a pair of 2 x 2 matrices depending polynomially on z by

U(z) = <_a9/a (2 —15)/a> 7

_ ~Hpa(2) 20~ Gy (2
Vp+1(2) = <_2a_Gp(Z) 2(z = b)Gp(z) — p+1(z)> 7

and then postulates the zero-curvature equation
(2.7) Ui+ UVpyr — V5, U =0.

One verifies that both the Lax approach (2.6, as well as the zero-curvature approach
(2.7) reduce to the basic equations

ay = fa(Q(z - b+)G; - H;‘H — Hp+1),

by =2((2 = b)’Gp — (2 — b)Hpy1 + a°G — (a7)?G,)).

Each one of (2.6), (2.7), and (2.8) defines the Toda hierarchy by varying p € Ny. The
class of algebro-geometric Toda potentials, by definition, equals the set of solutions a, b
of the stationary Toda hierarchy

9+ — Op+1
s-TLy(a,b) = ( p+1 7~ Ipt ) =0, peN,.
p+1 — thrl

(2.8)

Since det U(z,n) = a~ (n)/a(n) # 0 for n € Z, the stationary zero-curvature equation
UVpt1 — V;;:_lU = 0 yields that det(V,+1(z,n)) is a lattice constant. Hence, using the
first line in (2.8)) in the stationary case a; = 0, we obtain from

det(yls — Vpy1(2,m)) = y? + det(Vp1(2,m))
=y — Hyy(2.0) (202 — b(n)Gp(2,m) — Hyir(2,m)) + 4(a™ ()G (2,m) Gz, m)

P
=y? + H,y (2,0)” +4(a™(n))*G, (2,n)Gp(2,1) = y* — Rapya(2)

an n-independent monic polynomial Ra,42, which we write as

2p+1

Ropio(z) = H (z — En,) for some {Ey, }m=o,....2p+1 C C.

m=0
The characteristic equation of V,41(2,n) thus naturally leads to the introduction of
the hyperelliptic curve K, of genus p € Ny defined by

2p+1
(2.9) Kp: Fplzoy) =y* = [] (= Em) =0.

m=0
The investigation of the stationary and time-dependent Toda hierarchy, starting from
the fundamental meromorphic function ¢ on K,, and the construction of the algebro-
geometric solutions and their theta function representations now follow by similar
considerations as for the Ablowitz—Ladik case. We refer to (the introduction in)
I[GHMTO08] for further details and, in particular, for a recount of the historical devel-
opment leading up to soliton and algebro-geometric solutions. Note that the Kac—van
Moerbeke hierarchy, whose first equation reads

pe—p((p")* = (p7)?) =0,
can be recast as a special case of the Toda hierarchy, see Michor and Teschl [MTQ9].
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It was already shown by Toda in [T67b] that the Korteweg—de Vries (KdV) equa-
tion emerges in a certain scaling limit from the Toda lattice, and the development of
the respective theories has been intertwined ever since. For an introduction to the KdV
hierarchy and its algebro-geometric solutions see Gesztesy and Holden [GHO3].

Real-valued algebro-geometric solutions. In the following we will mainly be
interested in perturbations of real-valued algebro-geometric solutionﬁ of the Toda
hierarchy, so we review a few facts next. To obtain real-valued coefficients, one needs
to impose certain symmetry constraints on X, and additional constraints on the data
involved in the theta function representation of a,b. For real-valued coefficients a, b,
the Lax difference expression L = aS™ +a~ S~ + b is formally self-adjoint and leads to
the reality constraint

(210) Eo<Ei<---< E2p+1.

The ¢?-realisation of L with real-valued coefficients a, b is the Jacobi operator; we will
denote it by H,

Ht): 2(z) — *7)
fn) = ant)f(n+1)4+aln—1,t)f(n—1)+b(n,t)f(n).

The spectrum of the Jacobi operator H with bounded real-valued algebro-geometric
coefficients consists of p + 1 bands, o(H) = ?zo[EQj,EQj_A,_l]. (Hence such algebro-
geometric solutions are also called finite-gap or p-gap solutions following the conven-
tional terminology.) One can show that all real-valued and bounded algebro-geometric
Jacobi coefficients arise in the following manner@ The initial position of the Dirichlet
data fij(ng) € K, must be chosen in real position with its projections lying in the
closure of the spectral gaps of H, that is,

(2.12) pj(no) € [Eaj1, Eajl, j=1,....,p.
In particular, as n varies in Z, the motion of the projection p;(n) of i;(n) € K,
remains confined to the interval [Es;_1, Ea;]. Since the initial divisor data fi;(no),
with the projections p;(ng) constrained by for j =1,...,p, are independent of
each other, the set of all initial divisors Dj,,) corresponds topologically to a product
of p circles. Thus, the corresponding isospectral set of all bounded algebro-geometric
Jacobi coefficients a?, b, corresponding to a fixed curve K,, constrained by , can
be identified with the p-dimensional real torus T?. Effective coordinates on this torus
uniquely characterising a?,b are the Dirichlet data ji(ng) = (f1(no),. .., fip(no)), or
equivalently, Dirichlet divisors Dj(y,) in real position constrained by . The theta
function formulas for a, b then provide a concrete representation of the elements of this
isospectral torus T?. The coefficients a, b, in general, will be quasi-periodic with respect
ton € Z.

Real-valued Jacobi coefficients a, b associated with K, constrained by can
also be constructed by misplacing one or several initial values fi;(ng) in the "wrong”
spectral gap closure (—oo, Ep]. This results in additional connected but noncompact

components of isospectral and singular, respectively, unbounded Jacobi coefficients
2
a“,b.

(2.11)

Inverse scattering transform. Our main interest in[Part 2]is the inverse scatter-
ing transform for the Toda hierarchy relative to different real-valued algebro-geometric
backgrounds, which amounts to solving the initial value problem for the Toda hierarchy
with initial data a perturbation of real-valued algebro-geometric solutions. Gardner,
Greene, Kruskal, and Miura [GGKMG67| discovered in 1967 that the inverse scattering

23See [BGHT9S] or [T00] for specifics of the construction of real-valued algebro-geometric so-
lutions, or the rudimentary summary in [EMTO09b, Sec. 3] on page 191.
245ee [GHMTOS, Rem. 1.22].
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method allowed one to solve initial value problems for the KdV equation for sufficiently
fast decaying initial data. A non-linear analog of the Fourier transform, this method
roughly consists of solving the scattering problem for the KdV Lax operator, deriving
the time evolution of the scattering data, and reconstructing the potential function
from the (time dependent) scattering data via the inverse scattering problem. In the
early 1970s, Zakharov, Shabat, and Ablowitz extended the inverse scattering trans-
form to a wide class of nonlinear PDEs, followed from 1974 onwards by an extension
to periodic and certain classes of quasi-periodic and almost periodic KdV finite-band
solutions, developed by pioneers such as Dubrovin, Its, Kac, Kriechever, Marchenko,
Matveev, McKean, and van Moerbeke.

We are interested in the Toda hierarchy with steplike quasi-periodic finite-gap
initial conditions. More precisely, we will assume that the solution a(t), b(t) of the Toda
hierarchy is asymptotically close to (in general) different real-valued algebro-geometric
quasi-periodic finite-gap potentials a®(¢), b*(¢) in the sense that

+o0
(2.13) Z(l + |n])(la(n,t) — a®(n,t)| + |b(n,t) — bi(n,t)|) < 00,

n=0

for one (and hence for any@ t € R. Let H and H* denote the Jacobi operators
associated with the sequences a, b and a®, b*. For the Toda lattice in the classical case,
where the solution is asymptotically equal to the (same) constant solution a®(n) = 1/2,
b*(n) = 0, the inverse scattering method is of course well understood and covered in
several monographs, e.g., Faddeev and Takhtajan [FT87], Toda [T89], or Teschl [T0O].

The main theoretical pillow for the inverse scattering transform is the direct /inverse
scattering problem for the Toda Lax operator. The aim is to find a complete charac-
terisation, that is, necessary and sufficient conditions on the spectral data, which allow
to solve the direct and inverse spectral problems in the respective class of the coeffi-
cients for the operator. Originally, scattering theory for Jacobi operators with constant
background was developed on an informal level by Kac, Case, and Geronimo [CKT73],
[C73|, [CG80], the first rigorous results were given by Guseinov [G76] with further
extensions by Teschl [T00Db], [T00Q]. Scattering theory relative to a simple step in the
background, a®(n) = 1/2, b*(n) = sgn(n)b, |b| < 1, was treated by Egorova [E02],
first results for steplike periodic backgrounds of period 2 with a special choice for the
respective spectra followed in Bazargan and Egorova [BEO03]. Periodic backgrounds
of period N > 2 without steps were studied by Khanmamedov [K03], [K05]. Volberg
and Yuditskii [VY02] treat the case of almost periodic operators where H has a ho-
mogeneous Cantor type spectrum. The case of periodic backgrounds was completely
solved by Egorova et al. in [EMTO6] as a special case of quasi-periodic backgrounds.
In this paper we solve the direct/inverse scattering problem relative to a quasi-periodic
finite-gap background operator (HT = H~) and give minimal scattering data which
determine the perturbed operator uniquely for finite second moments (see also Mi-
chor [M035]). The case with (quasi-)periodic background showed new phenomena not
present in the constant background case. For example, the eigenvalues and the re-
flection coefficients can no longer be described independently if one wants to stay in
this class. Algebraic constraints on the location of the eigenvalues ensuring single-
valuedness of the transmission coefficient and hence solvability of the inverse scattering
problem were found by Teschl [T07].

Subsequently, we studied in [EMTO7b] steplike quasi-periodic finite-gap initial
conditions, where H™ and H~ belong to the same isospectral class, o(HT) = o(H ™),
but are associated with possibly different Dirichlet data {[L]i} Our motivation was

25By [EMT09al, Lem. 3.2] on page 181.
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the investigation of solitons on (quasi-)periodic backgrounds. While solitons on quasi-
periodic backgrounds are well studied objects, not much about their stability was
known. In fact, as pointed out by Kamvissis and Teschl [KT07], [KT], the general
believe that the stability problem for solitons on quasi-periodic backgrounds is similar
to the one for solitons on a constant background is wrong. This is related to the
fact that solitons on such backgrounds give rise to different spatial asymptotics which
naturally leads to the type of operators studied in [EMTOTb]. These results form
the basis for the investigation of solitons on quasi-periodic backgrounds via the inverse
scattering transform in [EMTO9b], which we will discuss below.

General steplike quasi-periodic finite-gap initial conditions with no restriction on
the mutual location of the spectra of H™ and H ™~ are treated in [EMTO08] on pages
155-178. We briefly give an overview of the steps involved in solving the direct/inverse
scattering problem with a fixed finite moment.

Step 1. Transformation operators associated with both sides (in the sense of )
are constructed, which establish the connection between the unperturbed background
operators H* and the perturbed operator H in .

Step 2. We determine the decay speed of the kernels K (n, -) of the transformation
operators which depends on the moment of perturbation and derive formulas connecting
these kernels to the given potentials a®,b*. The analytical properties of the Jost
solutions, which clearly depend on the moment of perturbation, are investigated.

Step 3. The spectrum of the perturbed operator is determined. We derive the
properties of the scattering matrix, whose entries consist of the transmission and re-
flection coefficients, and in particular, its unitary property and asymptotical behaviour
at infinity. This also involves computing the relation between the coefficients of the
scattering matrix and the norms of the left and right eigenfunctions.

Step 4. We derive the left and right Marchenko equations, which are the main
equations of the inverse problem and connect the transformation operators to the set S
of scattering data (consisting of the scattering matrix, the discrete spectrum, and
normalising constants). The kernels F of the Marchenko equations only depend on
the scattering data S.

Step 5. The decaying properties of F for the given moment are determined.

The solution of the inverse scattering problem then consists of the following steps.

Step 6. Now we are given a set S of the same structure as the set of scattering
data and with properties as described in Steps 3 and 5. This implies that we are given
functions F1 which satisfy the prescribed decaying properties. These properties are
sufficient to prove that the left and right Marchenko equations are uniquely solvable
with respect to the kernels K1 (n, -) of the transformation operators. Using the formulas
derived in Step 2, the kernels give rise to two potentials. Both restored potentials can
in general be well controlled on the associated half-axis; on the opposite half-axis, they
cannot be analysed. To ensure that the solution lies within the class, one has to show
that both potentials have the same finite moments as the initial potential.

Step 7. This is technically the most challenging step. We have to show that the
two restored potentials actually coincide and form the unique potential of the Jacobi
operator, for which the given set S is the set of scattering data.

The behaviour of the scattering data at the edge of the continuous spectrum plays
a key role in the proof of the uniqueness theorem alluded to in Step 7. For a dis-
cussion of the delicate issue of continuity of the reflection coefficients see for example
[EMT12]. There we show, in particular, that the reflection coefficient is continuous at
the edge of the spectrum in the resonance case for finite first moments with constant
backgrounds. For finite second moments of perturbation the behaviour of the reflec-
tion coeflicient was described by Deift and Trubowitz [DT'79] for Schédinger operators.
They derived the characteristic properties of the scattering data and completely solved
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the direct/inverse scattering problems in the respective class of Schrédinger operators.
But the approach used in [DT79] was not applicable for the largest class of potentials
for which direct/inverse scattering can be studied within the class, namely for finite
first moments. There the description of the characteristic properties of the scattering
data turned out to be a much more complicated problem. Marchenko solved it in
1977 (see [M86]), and the condition on the scattering data at the edge of the contin-
uous spectrum is now referred to as Marchenko condition. Marchenko’s approach for
solving the inverse scattering problem became the classic method and was successfully
generalised to several other types of operators and potentials, such as asymptotically
periodic, finite-gap non-periodic, or steplike potentials.

The solution of the direct and inverse scattering problem can now be directly
applied to solve the associated initial value problem for the Toda hierarchy via the
inverse scattering transform. Since the Lax equation implies unitary equivalence of
H(t) for all t € R and hence time-independence of the spectral data, this amounts to
computing the time evolution of the entries of the scattering matrix and of the norming
constants. For the initial value problem relative to a quasi-periodic background this
is done in [EMTO7a]. In [MTO07] we derive the connection between the transmission
coefficient and Krein’s spectral shift theory [K62] and use it to compute the conserved
quantities for the Toda hierarchy with quasi-periodic background. The initial value
problem with steplike quasi-periodic finite-gap initial data is solved in [EMTO09al,
page 179. Since we treat the entire Toda hierarchy, our results also cover the Kac—van
Moerbeke hierarchy as a special case, [MT09].

Stability of solutions. The direct/inverse scattering problem and the time evo-
lution of the reflection coefficient can be applied to derive the long-time asymptotics
of the soliton equation under consideration. One rewrites the scattering problem as
a Riemann—-Hilbert problem and to control the solution for large times, uses the fact
that time ¢ enters the problem through the jump matrix v¢(z) only in the form of a
multiplier e*? of the reflection coefficient. Hence it suffices to derive the asymptotics
of the jump matrix in order to describe the long time behaviour of solutions. This can
be done following the nonlinear steepest decent method of Deift and Zhou [DZ93].

The classical result by Zabusky and Kruskal [ZK63| states that a small initial
perturbation of the constant solution of a soliton equation eventually splits into a
number of stable solitons (originating from the discrete spectrum of the underlying
Lax operator) and a small oscillatory tail which decays like ¢t~/ (arising from the
continuous spectrum). Therefore solitons constitute the stable part of arbitrary short-
range initial conditions.

For the Toda lattice, the case of decaying initial data relative to a constant back-
ground is well understood by now@ Less is known about the stability of steplike
constant solutions. Here the mutual location of the spectra of the two background
operators is crucial, as illustrated in Figure for the solution a(n,t) of the Toda lattice
at a frozen time ¢ in the n/t-plane. The left image depicts the Toda shock case with
initial data a(n,0) = 1/2 and b(n,0) = sgn(n)c for a constant ¢ > 1. The two spec-
tra of the background operators do not overlap and one can distinguish three regions:
the region where |n/t| > 1, the shock has not been felt, and a(n,t) is exponentially
close to 1/2; a transitional region, and a region of apparent periodicity. In the last
region, Venakides, Deift, and Oba [VDO91] showed (using the Dyson formula) that
the lattice motion converges to a periodic motion of spatial period 2. The case ¢ < —1
corresponds to the strong Toda rarefaction problem and was investigated by Deift,

26See the lecture notes by Deift [D98] or the expository article by Kriiger and Teschl [KT09b].
The precise asymptotic form was first given by Novokshenov and Habibullin [NH81|. Kamvissis [K93|
derived the long time asymptotics for the Toda lattice when no solitons are present, Kriiger and Teschl
[KT09a] treated the soliton region.
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FIGURE 1. Numerically computed solutions of the Toda shock (left figure)
and the steplike case with spectra of multiplicity one and two (right figure).

Kamvissis, Kriecherbauer, and Zhou [DKKZ96] using the Riemann—Hilbert factorisa-
tion method. The right image in Figure |l| illustrates the general case where spectrum
of multiplicity two is present, i.e., the two spectra of the background operators over-
lap, with a(n,t) and b(n,t) asymptotically equal to 1/2 and 0 at 400 respectively 0.7
and 1 at —oo. The spectra of multiplicity one manifest itself as the two slopes, with
the oscillation part corresponding to the spectrum of multiplicity two. Results in this
direction were obtained by Boutet de Monvel and Egorova [BEQO], Boutet de Monvel,
Egorova, and Khruslov [BEK97], and Guseinov and Khanmamedov [GK99|, but a
unified treatment is still missing to date.

The investigation of the stability of periodic solutions began only recently, see
Kamvissis and Teschl [KT07], [KT]. In contrast to the issue of stability, solitons on
a (quasi-)periodic background have a long tradition. They are used to model localised
excitements on a phonon, lattice, or magnetic field background and consequently, soli-
tons travelling on a periodic background and periodic solutions are well understood.
However, the asymptotic state is more complicated as it was generally believed. Associ-
ated with every soliton is a phase shift which we compute in [EMTO09b], page 189, and
the phase shifts of all solitons do not necessarily add up to zero in general. Hence there
must be an additional feature making up for the overall phase shift, for even if no soli-
tons are present, the asymptotic state is not just the periodic background. Kamvissis
and Teschl showed that the oscillation part does not decay as in the constant back-
ground case, but instead appears as a modulation of the quasi-periodic solution which
undergoes a continuous phase transition in the isospectral class of the quasi-periodic
background solution. More precisely, let p be the genus of the hyperelliptic curve as-
sociated with the unperturbed solution. The n/t-plane contains p + 2 areas where the
perturbed solution is close to a finite-gap solution on the same isospectral torus. In
between there are p 4+ 1 regions where the perturbed solution is asymptotically close
to a modulated lattice which undergoes a continuous phase transition in the Jacobian
variety and which interpolates between these isospectral solutions. The soliton part
can be understood by adding or removing the solitons using the commutation method
(Darboux-type transformations) for the underlying Jacobi operator, see [EMTO09b],
page 189. We explicitly compute the phase shift in the Jacobian variety caused by a
soliton relative to a quasi-periodic finite-gap background and describe the effect of one
commutation step on the scattering data. Alternatively, solitons can also be directly
included in the Riemann—Hilbert problem using pole conditions, see Kriiger and Teschl
[KT09¢].

Overview. We finish with a brief summary of each article in
In [EMTOS]| (Section 2.1, p. 155), we develop direct and inverse scattering theory
for Jacobi operators with steplike coefficients which are asymptotically close to (in
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general) different quasi-periodic finite-gap coefficients as n — +oo. We give a complete
characterisation of the scattering data, which allow unique solvability of the inverse
scattering problem in the class of perturbations with finite second moment.

The associated inverse scattering transform for the entire Toda hierarchy is derived
in [EMTO09a] (Section 2.2, p. 179). We first show that arbitrary bounded solutions will
stay close to a given background solution which implies that a short-range perturbation
of a steplike finite-gap solution will stay short-range for all time. This result constitutes
the main technical ingredient for the inverse scattering transform as it shows that
the time-dependent scattering data satisfy the hypothesis necessary for the Gel’fand-
Levitan—Marchenko theory. We compute the time dependence of the scattering data
and discuss its dynamics.

In [EMTO09Db] (Section 2.3, p. 189) we investigate soliton solutions of the Toda hi-
erarchy on a quasi-periodic finite-gap background by means of the double commutation
method. In particular, the phase shift in the Jacobian variety caused by a soliton on a
quasi-periodic finite-gap background is computed. We finish with a full description of
the effect of the double commutation method on the scattering data and establish the
inverse scattering transform in this setting.
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ALGEBRO-GEOMETRIC FINITE-BAND SOLUTIONS OF THE
ABLOWITZ-LADIK HIERARCHY

FRITZ GESZTESY, HELGE HOLDEN, JOHANNA MICHOR, AND GERALD TESCHL

To Walter Thirring, on the occasion of his 80th birthday,
theoretical and mathematical physicist extraordinaire.

ABSTRACT. We provide a detailed derivation of all complex-valued algebro-
geometric finite-band solutions of the Ablowitz—Ladik hierarchy. In addition,
we survey a recursive construction of the Ablowitz—Ladik hierarchy and its
zero-curvature and Lax formalism.

1. INTRODUCTION

In the mid-seventies, Ablowitz and Ladik, in a series of papers [3]-[6] (see also
[1], [2, Sect. 3.2.2], [7, Ch. 3], [22]), used inverse scattering methods to analyze
certain integrable differential-difference systems. One of their integrable variants
of such systems included a discretization of the celebrated AKNS-ZS system, the
pair of coupled nonlinear differential difference equations,

—iay — (1 —aB)(a” +a™) +2a =0,
—ife+ (1 —aB)(B”+87)=28=0
with a = a(n,t), 8 = B(n,t), (n,t) € Z x R. Here we used the notation f*(n) =

fn £ 1), n € Z, for complex-valued sequences f = {f(n)}nez. In particular,
Ablowitz and Ladik [4] (see also [7, Ch. 3]) showed that in the focusing case, where

(1.1)

B = —@, and in the defocusing case, where 8 = @, (1.1) yields the discrete analog
of the nonlinear Schréodinger equation
—iay — (1 £ |a*) (@™ +a™) +2a =0. (1.2)

We will refer to (1.1) as the Ablowitz—Ladik system. The principal theme of this
paper will be to derive the algebro-geometric finite-band solutions of the Ablowitz—
Ladik (AL) hierarchy, a completely integrable sequence of systems of nonlinear
evolution equations on the lattice Z whose first nonlinear member is the Ablowitz—
Ladik system (1.1).

Since the mid-seventies there has been an enormous amount of activity in the area
of integrable differential-difference equations. Two principal directions of research
are responsible for this development: Originally, the development was driven by
the theory of completely integrable systems and its applications to fields such as
nonlinear optics, and more recently, it gained additional momentum due to its
intimate connections with the theory of orthogonal polynomials. In the following
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we first briefly recall the development in connection with integrable systems and
subsequently turn to the one influenced by research on orthogonal polynomials.

The first systematic discussion of the Ablowitz—Ladik hierarchy appears to be
due to Schilling [51] (cf. also [58], [62], [65]); infinitely many conservation laws are
derived, for instance, by Ding, Sun, and Xu [26]; the bi-Hamiltonian structure of
the AL hierarchy is considered by Ercolani and Lozano [28]; connections between
the AL hierarchy and the motion of a piecewise linear curve have been established
by Doliwa and Santini [27]; Backlund and Darboux transformations were studied by
Geng [31] and Vekslerchik [63]; the Hirota bilinear formalism, AL 7-functions, etc.,
were considered by Vekslerchik [62]. The initial value problem for half-infinite AL
systems was discussed by Common [24], for an application of the inverse scattering
method to (1.2) we refer to Vekslerchik and Konotop [64]. This just scratches
the surface of these developments and the interested reader will find much more
material in the references cited in these papers and the ones discussed below.

Algebro-geometric (and periodic) solutions of the AL system (1.1) have briefly
been studied by Ahmad and Chowdhury [8], [9], Bogolyubov, Prikarpatskii, and
Samoilenko [17], Bogolyubov and Prikarpatskii [18], Chow, Conte, and Xu [23],
Geng, Dai, and Cao [32], and Vaninsky [60]. In an effort to analyze models describ-
ing oscillations in nonlinear dispersive wave systems, Miller, Ercolani, Krichever,
and Levermore [47] (see also [46]) gave a detailed analysis of algebro-geometric
solutions of the AL system (1.1). Introducing

[z o« _ fz=1—ap” a—a 271
U(Z)_ (52 1> ’ V(Z)—Z( 672_6 1—|—aﬂ—z1> (13)
with z € C\ {0} a spectral parameter, the authors in [47] relied on the fact that
the Ablowitz—Ladik system (1.1) is equivalent to the zero-curvature equations

U +UV —VTU =0, (1.4)

the latter being the compatibility relation for the spatial and temporal linear prob-
lems

O=Ud", &, =V~ (1.5)
Here we extended the notation f*(n) = f(n+ 1), n € Z, to C?-valued and 2 x 2-
matrix-valued sequences with complex-valued entries.

Miller, Ercolani, Krichever, and Levermore [47] then performed a thorough anal-
ysis of the solutions ® = ®(z,n,t) associated with the pair (U, V) and derived the
theta function representations of a, § satisfying the AL system (1.1). In the partic-
ular focusing and defocusing cases they also discussed periodic and quasi-periodic
solutions a with respect to n € Z and t € R. Vekslerchik [61] also studied finite-
genus solutions for the AL hierarchy by establishing connections with Fay’s identity
for theta functions.

The connection between the Ablowitz—Ladik system (1.1) and orthogonal poly-
nomials comes about as follows: Let {a(n)}nen C C be a sequence of complex
numbers subject to the condition |a(n)| < 1, n € N, and define the transfer matrix

z o«
T(z) = (az 1) , z€T, (1.6)
with spectral parameter z on the unit circle T = {z € C||z| = 1}. Consider the
system of difference equations

®(z,n) =T(z,n)®(z,n—1), (z,n) €T xN, (1.7
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with initial condition ®(z,0) = (1

1) , where

B(z,m) = <Z%/Z)n)> . (5n) €T x No. (1.8)
(Here Ng = NU {0}.) Then ¢(-,n) are monic polynomials of degree n first intro-
duced by Szeg6 in the 1920’s in his seminal work on the asymptotic distribution of
eigenvalues of sections of Toeplitz forms [55], [56] (see also [57, Ch. XI]). Szeg&’s
point of departure was the trigonometric moment problem and hence the theory of
orthogonal polynomials on the unit circle. Indeed, given a probability measure do
supported on an infinite set on the unit circle, one is interested in finding monic
polynomials x(-,n) of degree n € Ny in z = €%, 6 € [0, 27], such that

27 )
/ do(eig) x(e?, m)x(e“g, n) = w(n)_Qémm, m,n € Ny, (1.9)
0

where w(0)> = 1, w(n)® = [[}_, (1 - |04(j)|2)_17 n € N. Szegd showed that
the corresponding polynomials (1.8) with ¢ replaced by x satisfy the recurrence
formula (1.7). Early work in this area includes important contributions by Akhiezer,
Geronimus, Krein, Tom¢uk, Verblunsky, Widom, and others, and is summarized in
the books by Akhiezer [10], Geronimus [37], Szegé [57], and especially in the recent
two-volume treatise by Simon [52].

Unaware of the paper [47], Geronimo and Johnson [35] studied (1.7) in the
case where the coefficients o are random variables. Under appropriate ergodicity
assumptions on « and the hypothesis of a vanishing Lyapunov exponent on pre-
scribed spectral arcs on the unit circle T, Geronimo and Johnson [35] (cf. also [34],
[36]) developed the corresponding spectral theory associated with (1.7) and the uni-
tary operator it generates in £2(Z). In this sense the discussion in [35] is a purely
stationary one and connections with a zero-curvature formalism, theta function rep-
resentations, and integrable hierarchies are not made in [35] (but in this context we
refer to the discussion concerning [33] in the next paragraph). More recently, the
defocusing case with periodic and quasi-periodic coefficients was studied in great
detail by Deift [25], Golinskii and Nevai [43], Killip and Nenciu [44], Li [45], Nenciu
[49], [50], and Simon [52, Ch. 11], [53], [54).

An important extension of (1.7) was developed by Baxter in a series of papers on
Toeplitz forms [11]-[14] in 1960-63. In these papers the transfer matrix 7" in (1.6) is
replaced by the more general (complexified) transfer matrix U(z) = (4, 1) in (1.5),
that is, precisely the matrix U responsible for the spatial part in the Ablowitz—
Ladik system in its zero-curvature formulation (1.3)—(1.5). Here o = {a(n)}nen,
B = {B(n)}nen are subject to the condition a(n)B(n) # 1, n € N. Studying the
following extension of (1.7),

U(z,n)=U(z,n)¥(z,n—1), (z,n)eTxN, (1.10)

Baxter was led to biorthogonal polynomials on the unit circle with respect to a
complex-valued measure on T. In this context of biorthogonal Laurent polynomials
we refer to [16] and [20]. Reference [16], in particular, deals with isomonodromic
tau functions and is applicable to generalized integrable lattices of the Toda-type.
Baxter’s U matrix in (1.5) led to a new hierarchy of nonlinear difference equations,
called the Szegé—Baxter (SB) hierarchy in [33], in honor of these two pioneers of
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orthogonal polynomials on the unit circle. The latter reference also contains an in
depth study of algebro-geometric solutions of (1.7).

In addition to these recent developments on the AL system and the AL hierarchy,
we offer a variety of results in this paper apparently not covered before. These
include:

e An elementary, yet effective recursive construction of the AL hierarchy using
Laurent polynomials.

e Explicit formulas for Lax pairs for the AL hierarchy.

e The detailed connection between the AL hierarchy and a “complexified” version
of transfer matrices first introduced by Baxter.

e A unified treatment of stationary algebro-geometric finite-band solutions and
their theta function representations of the entire AL hierarchy.

e A unified treatment of algebro-geometric solutions and their theta function
representations of the time-dependent AL hierarchy by solving the rth AL flow
with initial data given by stationary algebro-geometric finite-band solutions.

The structure of this paper is as follows: In Section 2 we describe our zero-
curvature formalism for the Ablowitz—Ladik (AL) hierarchy. Extending a recursive
polynomial approach discussed in great detail in [38] in the continuous case and
in [19], [39, Ch. 4], [59, Chs. 6, 12] in the discrete context to the case of Laurent
polynomials with respect to the spectral parameter, we derive the AL hierarchy
of systems of nonlinear evolution equations whose first nonlinear member is the
Ablowitz—Ladik system (1.1). Section 3 is devoted to a detailed study of the sta-
tionary AL hierarchy. We employ the recursive Laurent polynomial formalism of
Section 2 to describe nonnegative divisors of degree p on a hyperelliptic curve IC,
of genus p associated with the pth system in the stationary AL hierarchy. By
means of a fundamental meromorphic function ¢ on K, (an analog of the Weyl-
Titchmarsh function for the system (1.7)) we then proceed to derive the theta
function representations of the associated Baker—Akhiezer vector and all station-
ary algebro-geometric finite-band solutions of the AL hierarchy. The corresponding
time-dependent results for the AL hierarchy are presented in detail in Section 4.
Appendix A collects relevant material on hyperelliptic curves and their theta func-
tions and introduces the terminology freely used in Sections 3 and 4. Appendix B
is of a technical nature and summarizes expansions of various key quantities related
to the Laurent polynomial recursion formalism as the spectral parameter tends to
zero and to infinity.

2. THE ABLOWITZ-LADIK HIERARCHY, RECURSION RELATIONS,
ZERO-CURVATURE PAIRS, AND HYPERELLIPTIC CURVES

In this section we summarize the construction of the Ablowitz—Ladik hierar-
chy employing a Laurent polynomial recursion formalism and derive the associated
sequence of Ablowitz—Ladik zero-curvature pairs (we also hint at Lax pairs). More-
over, we discuss the Burchnall-Chaundy Laurent polynomial in connection with the
stationary Ablowitz—Ladik hierarchy and the underlying hyperelliptic curve. For a
detailed treatment of this material we refer to [39], [40].

We denote by C% the set of complex-valued sequences indexed by Z.

Throughout this section we suppose the following hypothesis.
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Hypothesis 2.1. In the stationary case we assume that o, 8 satisfy
a,B€CE  a(n)pn) ¢{0,1}, ncZ. (2.1)
In the time-dependent case we assume that o, 8 satisfy

a('vt)aﬂ('?t) € (CZa te Ra CV(TL, ')aﬁ(nv ) € Cl(R)a ne Z7

a(n,t)B(n,t) ¢ {0,1}, (n,t) € Z x R. (22)

We denote by S* the shift operators acting on complex-valued sequences f =
{f(n)}nez € C? according to

(STf)(n) = f(n+1), nez. (2.3)
Moreover, we will frequently use the notation
fE=8%f, fecCh (2.4)

To construct the Ablowitz—Ladik hierarchy one typically introduces appropriate
zero-curvature pairs of 2 x 2 matrices, denoted by U(z) and V,(z), p = (p—,p+) € Nj
(with z a certain spectral parameter to be discussed later), defined recursively in the
following. We take the shortest route to the construction of V}, and hence to that of
the Ablowitz Ladik hierarchy by starting from the recursion relation (2.5)-(2.12)
below.

Define sequences {fr,+}eeny, {92+ }eero, and {he,+ }en, recursively by

Jo+ = 5C0+, Jo+ =—Coqpa, hot =cosp, (2.5)
Ge+1,4+ — 9py1.4+ = @by + Bfet, €€ Ny, (2.6)
foay = for —alges +950.4), £ €N, (2.7)
hevi+ =h, o +B(ge+1,+ + 9014), £ €N, (2.8)
and

go,— = %Co,—, fo— =co—a, ho_ = —007—5+7 (2.9)
Ge+1,— — 9o, =he— +Bf,_, L€Ny, (2.10)
fey1,- = f_+alges1,— +9,4, ), L€Ny, (2.11)
by, = he— — B(ges1,— + 9@11,7)7 ¢ € No. (2.12)

Here ¢+ € C are given constants. For later use we also introduce
f-1,2=h_11£=0. (2.13)

Remark 2.2. The sequences {fo+}eenys {9e,+ feeny, and {h¢ + }een, can be com-
puted recursively as follows: Assume that fy 1, g¢ 1, and hy 4 are known. Equation
(2.6) is a first-order difference equation in gsyq 4+ that can be solved directly and
yields a local lattice function that is determined up to a new constant denoted by
ce+1,+ € C. Relations (2.7) and (2.8) then determine fyyq 4 and hyiq 4, etc. The
sequences {fo_ }oengs {ge,— teeny, and {he _}ren, are determined similarly.

Upon setting
vy=1-ap, (2.14)
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one explicitly obtains
for =co+(—a™), fir=cor(—vta™t +(a")?B) +c14(—a™),
go+ = 3C0+» Y1+ =co+(—aB)+ ey,
ho+ = coB, hit =co4(VB™ —aB?) + 148,

2.15
fo- =co—a, fi,—=co( 25+) te,-a (215
(=

Yo
do,— = %Co,ﬂ g1,— = Co,— 045+) 5

ho— =co—(=B7), hi—=co— (=BT +a(B")?) + 1, (-8"), ete.

)

lea

Here {cg,+ fren denote summation constants which naturally arise when solving the
difference equations for g, 1 in (2.6), (2.10). Subsequently, it will also be useful to

work with the corresponding homogeneous coefficients fg +, §e,+, and hg +, defined

by the vanishing of all summation constants c; 4+ for K = 1,...,¢, and choosing
Co,+ = 17
for=—a*, fo—=a, fox=Ffoileozte;um0jet, .t LEN, (2.16)
Jot =%, Got =Gttleos=1,c;4=0j=1,...0, LEN, (2.17)
IAIO,—&- =B, EO,— =-p", ilé,:l: = hZ,i|Co,i:1,Cj,i:(),j:L....,éa ¢eN. (2.18)
By induction one infers that
¢ ¢ ¢
for=> corifrot, Gox= Corilrt, hox=Y copzhps. (219
k=0 k=0 k=0

In a slight abuse of notation we will occasionally stress the dependence of fy +, g¢ +,
and hg 1 on a, 8 by writing fr 1 (o, 8), ge,+ (e, ), and he 1 (e, 8).

One can show (cf. [40]) that all homogeneous elements fg,i, ge+, and iLg,i,
¢ € Ny, are polynomials in «, 3, and some of their shifts.

Remark 2.3. As an efficient tool to later distinguish between nonhomogeneous
and homogeneous quantities fo+, ge+, he+, and fg +, G0+, hg 4, respectively, we
now introduce the notion of degree as follows. Denote

SHr, r >0,
JO=SOF f = {f()}nez e CF S0 = {Es—i—r reo, "€% (220
and define
deg (a(’")) =r, deg (6(”) =-r, reZ. (2.21)

This then results in
deg (f(r)) =l+1+7r, deg ( (T)) =—{l+r deg (géri) =4/,

(r) (r) (2.22)
deg (hy)) =t—r, deg(hy))=—t—1-7r, LeNy, reZ
We also note the following useful result (cf. [40]): Assume (2.1), then,
gf, _g_ :Oéh[, +/8f_ ) EGN )
o I ’ (2.23)

9e,— — gy =ah, _+pBfe—, €N

Moreover, we note the following symmetries,

fl,i(codzaaaﬁ) = il[,:F(COHZ:ﬂ7a)7 gl,i(codzaaaﬁ) = g[,$(60,¥:ﬂ7a)7 le NO-
(2.24)
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Next we relate the homogeneous coefficients fgi, Je,+, and fzei to certain matrix
elements of L, where L will later be identified as the Lax difference expression
associated with the Ablowitz—Ladik hierarchy. For this purpose it is useful to
introduce the standard basis {8, }mez in ¢2(Z) by

1 =
5m - {5m n}neZ» m e Z, 5m n — o " (225)
’ ’ 0, m#n.
The scalar product in ¢2(Z), denoted by (-, -), is defined by
(£,9) =3 J(g(n),  f.g € (). (2.26)

nez

In the standard basis just defined, we introduce the difference expression L by

0 —a(0)p(=1) =B(=1)e(0) —a(1)p(0) p(0)p(1) O
I — p(=1)p(0)  B(=1)p(0) —B(0)x(1) B(0)p(1) 0 (2.27)
0 —a(2)p(1) —B(1)a(2) —a(3)p(2) p(2)p(3) ’
O p()p(2)  B(1)p(2) —B(2)a(3) B(2)p(3) 0

= P_p 5even S~ + (5_P 6even - OZ+P 5odd)S_ - ﬁa+

+ (5P+ 5even - OZ++P+ 60dd)s+ + p+p++ 50dd S++7

where
éeven = Xaz» (Sodd =1- (Seven = Xozt1-+ (228)

In particular, terms of the form —g(n)a(n+1) represent the diagonal (n, n)-entries,
n € Z, in the infinite matrix (2.27). In addition, we used the abbreviation

p=7"=(1-ap) (2:29)
Next, we introduce the unitary operator Uz in ¢?(Z) by
Us = (8(0)dm,n) (g myezzs €M) €{1,-1}, n € Z, (2.30)

and the sequence € = {e(n)},ez € CZ by
g(n) =&(n—1)&(n), n € Z. (2.31)
A straightforward computation then shows that
U:LU' = L, (2.32)

where Ee is associated with the sequences & = « B = (3, and p = ep. Moreover, the
recursion formalism in (2.5)—(2.12) yields coefficients which are polynomials in «,
B and some of their shifts and hence depends only quadratically on p. As a result,
the choice of square root of p(n), n € Z, in (2.29) is immaterial when introducing
the AL hierarchy via the Lax equations (2.72).

The half-lattice (i.e., semi-infinite) version of L was rediscovered by Cantero,
Moral, and Veldzquez [21] in 2003 in the special case where = @ (see also Simon
[52]-[54] who coined the term CMV matrix in this context).

The next result details the connections between L and the recursion coefficients

fe+, ge+, and hy 4
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Lemma 2.4. Letn € Z. Then the homogeneous coefficients {fgi}geNo, {90+ Yeen,
and {he 1 }een, satisfy the following relations:

. Op_1,L*16,), n even
= a(n)(6,, L6, o b 00 - LEN
fr.+(n) = a(n)(d,, )+ p(n) {((5n7L£+16n1)7 n odd, 0
R 6n_1,L7%5,), n even
_(n) = a(n)(6,,, L5, (On—1, L700), " LeN,
f& (n) Oé(n)( ) =+ p(n) {(57” L_eénfl)a n Odd, 0

Gor =1/2, Gex(n) = (6,,L*6,), (€N, (2.33)

(5n7 Leén—l% n even,

{ € Ny,
(8n_1,L%,), m odd, 0

he,(n) = B(1)(6n, L'6n) + p(n) {
(6717 Lieil(snfl)a n even,
(61, L715,), n odd,
For the proof of Lemma 2.4 and some of its applications in connection with
conservation laws and the Hamiltonian formalism for the Ablowitz—Ladik hierarchy

we refer to [42].
Next we define the 2 x 2 zero-curvature matrices

Bﬂ,—(n) = B(n)(dn, L_é_l(;n) + p(n) { { € Np.

Uz) = (ZZB ?‘) (2.34)
and
G, (z) —F;(z
Vp(2)=i<H:((z)) KI;((ZD p=(p-,p+) €NG, (2.35)

for appropriate Laurent polynomials Fj,(z), G,(2), Hp(%), and K, (z) in the spectral
parameter z € C\ {0} to be determined shortly. By postulating the stationary zero-
curvature relation,

0=UV, — ViU, (2.36)
one concludes that (2.36) is equivalent with the following relations
2(G, — Gp) + zBF, + aH, =0, (2.37)
zBFp_ +aH, — K, + K;_ =0, (2.38)
—Fp +2F, + a(Gy + Kg) =0, (2.39)
2B(G, + Kp) —zH, + H, = 0. (2.40)

In order to make the connection between the zero-curvature formalism and the
recursion relations (2.5)—(2.12), we now define Laurent polynomials F,, Gp, Hp,

and K, by -

p— py—1

Fg(z) = Z.fpf—f,—ziz + Z fp+—1—57+zl’ (2'41)
(=1 =0
P— P+

Go(2) =Y 9o 02"+ Gp, 047", (2.42)
£=1 =0

1n this paper, a sum is interpreted as zero whenever the upper limit in the sum is strictly less
than its lower limit.
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p_—1

P+
)= hp a0z Y by, ey (2.43)
=0 (=1

P- P+
= ng ezt ngffﬁze =Gp(2) + 9p_— — G+ (2.44)
=1

The corresponding homogeneous quantities are defined by (¢ € Ny)

¢
Foz(2)=0, Fr(2)=> fox 27" Fyy(z Zf/z L

-~

GO,*(Z) = 07 @g’,(z) = defk,fzik:

k=1
N 1 - ¢
Go+(2) = 9 G (z) = Z@éfkarz )
k=0
(2.45)
-1 4
Hog(2) =0, Hp-(2) =) heorop-2" Hep(2) =) hepyz
k=0 k=1
- 1 - .
Ko-(2) =35, Ke-(2)= ) Ge-n- Ge,—(2) + Ge,—,
k=0
¢

Koi(2) =0, Kii(2)= > gkt = Go(2) = G-
k=1

The stationary zero-curvature relation (2.36), 0 = UV, —V, U, is then equivalent
to a
—a(gpy++ 9, )+ fp—1+—fp 1 =0, (2.46)
5(9;+,+ +9p_-)+ h;+—1,+ —hp_—1,—-=0. (2.47)
Thus, varying p+ € Np, equations (2.46) and (2.47) give rise to the stationary
Ablowitz—Ladik (AL) hierarchy which we introduce as follows
s-ALy(av, B) = (‘a("“’* R L ff’l’) -
= 5(gp+’+ + gp_,—) + hp+71,+ —hp_—1,-
p= (p—7p+) € N(2J

)

(2.48)

Explicitly (recalling v =1 — af and taking p_ = p, for simplicity),

—C0,00%
S_AL(O,O) (Ol, ﬂ) = < ) =0,
C(0,0)5

(—7(007_04 +corat) — 0(171)a> _o
Y(co+ B~ +co—BT) +canB ’
77(Co’+a++’y+ +co—a” "y —alco+at BT + co,—a” )
_ N2 2
s-AL (2 2) (v, B) = . ﬂ(COﬁECi )_ + o+ (o J)r )2 —at
Y(co,~ BTy + o487 — Bleo+a™ B + co,—a™BT)
—a(co+(B7)* + Co.s(ﬁﬂz))

S_AL(I,I) (O[, 6)
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—y(e1,-a” +e10at) = ¢ 2>a>
n — s 5 — ()7 etC-, 2.49
< ’7(6174_5 +Cl,—6+) +C(2>2)6 ( )

represent the first few equations of the stationary Ablowitz—Ladik hierarchy. Here
we introduced

Cp = (Cpf,— + Cp+,+)/2a p+ € No. (2.50)

By definition, the set of solutions of (2.48), with py ranging in Ny and ¢+ € C,
¢ € Ny, represents the class of algebro-geometric Ablowitz—Ladik solutions.

In the following we will frequently assume that a, 3 satisfy the pth stationary
AL system s-AL,(«, §) = 0, supposing a particular choice of summation constants
co+ €C,0=0,...,pt, p+ € Ny, has been made.

In accordance with our notation introduced in (2.16)-(2.18) and (2.45), the cor-
responding homogeneous stationary Ablowitz—Ladik equations are defined by

s—ALg(a,ﬁ) = S_ALQ(Q’ﬁ)’cO,i:LCe,i:(),é:l.,...,pi’ p=(p_,py) € N2, (2.51)

In addition, one can show (cf. [40, Lemma 2.2]) that g, + = g,_,— up to a
lattice constant which can be set equal to zero without loss of generality. Thus, we
will henceforth assume that

Ipy+ = 9p_,—> (2.52)
which in turn implies that

K,=G, (2.53)

and hence renders V), in (2.35) traceless in the stationary context. (We note
that equations (2.52) and (2.53) cease to be valid in the time-dependent context,
though.)

Remark 2.5. (i) The particular choice ¢oy = c¢o— = 1 yields the stationary
Ablowitz-Ladik equation. Scaling co + with the same constant then amounts to
scaling V}, with this constant which drops out in the stationary zero-curvature
equation (2.36).

(77) Different ratios between co + and c¢o,— will lead to different stationary hierar-
chies. In particular, the choice co+ =2, co— = - =¢p__1,- =0, ¢p__ # 0,
yields the stationary Baxter—Szegd hierarchy considered in detail in [33]. However,
in this case some parts from the recursion relation for the negative coefficients still
remain. In fact, (2.12) reduces to g, _ — 9p — =ahy, 1, hy 1 =0and
thus requires g, ,_ to be a constant in (2.48) and (2.64). Moreover, f, 1, =0
in (2.48) in this case.

Next, taking into account (2.53), one infers that the expression Ry, defined as
Ry =G, — FpHy, (2.54)
Is a lattice constant, that is, R, — R, = 0, by taking determinants in the stationary
zero-curvature equation (2.36). Hence, Rp(2) only depends on z, and assuming in
addition to (2.1) that

cox € C\ {0}, p=(p-,ps) € N5\ {(0,0)}, (2.55)
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one may write R, as?

2p+1
—2p_ 2p+1
Ry(z) = (g 4 /4)z?P ngo(z—Em), {E, Y% c C\ {0}, (2.56)
p=p-+py —1€No.
Moreover, multiplying (2.54) by 2%~ and taking z — 0 yields
2p+1 2
g
I1 Bmn==5— (2.57)
C
m=0 0,+

Relation (2.54) allows one to introduce a hyperelliptic curve KC,, of (arithmetic)
genus p = p_ + p4 — 1 (possibly with a singular affine part), where

2p+1
Kp: Fplzy) =y° =g 32 Ry(2) =v* = [[ (2= Em) =0, p=p_+ps -1

m=0

(2.58)

Next we turn to the time-dependent Ablowitz—Ladik hierarchy. For that pur-
pose the coefficients a and § are now considered as functions of both the lattice
point and time. For each system in the hierarchy, that is, for each pi, we in-
troduce a deformation (time) parameter t, € R in «, §, replacing «(n), 3(n) by
a(n,t,), B(n,t,). Moreover, the definitions (2.34), (2.35), and (2.41)(2.44) of U, V,
and F,, G, Hp, K, respectively, still apply. Imposing the zero-curvature relation

Uy, +UV, = VU =0, peNg, (2.59)
then results in the equations )
a, = i(2F, +a(Gy + K, ) — F),
B, = —i(B(G, + Kp) — Hy+2""H, ),
0= z(G£ — GB) + 2BF, + aHB’,
0=28F, +aH,+ K, — Kp.

Varying p € N2, the collection of evolution equations

AL (o, 5) (iatp —algpy+ + 9y )+ fo—14 — p_—1,—> »
= _i6t2+6(917_+,++9p77—)_hp,—1,_ +h;+_1,+
ty €R, p=(p-,py) €N,

then defines the time-dependent Ablowitz—Ladik hierarchy. Explicitly, taking p_ =
p+ for simplicity,

(2.64)

)

=1t ) = C(0,00X
AL(O,O)(%B) = . o 0
77’/8t(0y0) + C(O,O)ﬁ

—iau, ,, —(co—a” +eppat) —cana
AL = (Ttaw ’ ’ we) =
anla,B) (_Zﬁtm) +7(co+B~ +co— 1) + )b 0,

AL(2,2)(047 B) (2.65)

2We use the convention that a product is to be interpreted equal to 1 whenever the upper limit
of the product is strictly less than its lower limit.
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—iay, , —Y(corat Tyt + ooy —ale BT +co_am BT
—B(co,—(@7)* +co 4 (a™)?))
~iBta +(co BTN+ 04 877y = Bleorat BT + o —a” fT)
—a(co+(87)% + co,-(B%)?))
—(e1,—a” + e ypat) —cpa)
* ( Y(e1, 487 + 1, pT) + 0(2(,2))5 ) =0, ete,
represent the first few equations of the time-dependent Ablowitz—Ladik hierarchy.
Here we recall the definition of ¢, in (2.50).
By (2.64), (2.6), and (2.10), the time derivative of 7 = 1 — af3 is given by

Ve, = V(s ot — 9py 4) = (Gpom =95 =) (2.66)

Remark 2.6. From (2.37)—(2.40) and the explicit computations of the coefficients
fex, gex, and hg t, one concludes that the zero-curvature equation (2.59) and
hence the Ablowitz—Ladik hierarchy is invariant under the scaling transformation

a—oa.={cam)nez, B — Be={Bn)/c}nez, ce€C\{0}. (2.67)
Moreover, R, = G3 — H,F, and hence {E,}2P%) are invariant under this trans-

formation. Furthermore, choosing ¢ = e*r! one verifies that it is no restriction
to assume ¢, = 0. This also indicates that stationary solutions «, 8 can only be
constructed up to a multiplicative constant (compare Theorem 3.7, in particular,

(3.64), (3.65)).

Finally, we briefly hint at explicit expressions of the Lax pair for the Ablowitz—
Ladik hierarchy. More details will be presented in [42]. First we need some notation.
Let T be a bounded operator in ¢?(Z). Given the standard basis (2.25) in ¢?(Z),
we represent T' by

T = (T(m,n)) T(m,n) = (0, T6,), (m,n)eZ2 (2.68)

(m,n)ez?’

Moreover, we introduce the upper and lower triangular parts T4 of T by

T(m,n), £(n—m)>0,
T = (T , ., T ,n) = ) 2.69
* ( x(m n))(m’”)ez x(m,n) {0, otherwise. ( )
Next, consider the finite difference expression P, defined by
i P+ i pP—
B=y D e (L4 = (L5)-) - By Y oL+ = (L79)-)
=1 r=1
i
- §C£Qda p= (p—7p+) € N(2)7 (270)

with L given by (2.27), ¢, = (¢,_,— +¢p, +)/2, and Qg denoting the doubly infinite
diagonal matrix

Qi = ((*1)]651@,4),6,@62. (2.71)
Then one can show that (L, P,) represents the Lax pair for the Ablowitz-Ladik

equations (2.64) for p € N3\ {(0,0}. In particular, the hierarchy of nonlinear
Ablowitz—Ladik evolution equations (2.64) then can alternatively be derived by
imposing the Lax commutator equations

Ly, (ty) = [Po(tp), L(tp)] = 0, t, €R, p e N. (2.72)
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For additional representations of P, in terms of L and a particular factorization
of L we refer to [42]. The Ablowitz-Ladik Lax pair in the special defocusing case,
where 8 = @, in the finite-dimensional context, was recently derived by Nenciu [50].

In the special stationary case, where P, and L commute, [P,, L] = 0, they satisfy
an algebraic relationship of the type a B

2p+1
P} + Ry(L) = P} + (c§ /)L™~ [[Z-En=o0,
m=0

- (2.73)

Ry(2) = (/92" [[ (2= Em), p=p-+py—1
m=0
Thus, the expression P} + Rp(L) in (2.73) represents the Burchnall-Chaundy Lau-
rent polynomial of the Lax pair (L, PE)'

3. THE STATIONARY ABLOWITZ-LADIK FORMALISM

This section is devoted to a detailed study of the stationary Ablowitz—Ladik
hierarchy and its algebro-geometric solutions. Our principal tools are derived from
combining the Laurent polynomial recursion formalism introduced in Section 2 and
a fundamental meromorphic function ¢ on a hyperelliptic curve K,,. With the help
of ¢ we study the Baker—Akhiezer vector W, trace formulas, and theta function
representations of ¢, ¥, «, and B. For proofs of the elementary results of the
stationary formalism we refer to [39], [40].

Unless explicitly stated otherwise, we suppose throughout this section that

a, B e CE, a(n)p(n) ¢ {0,1}, n € Z, (3.1)

and assume (2.5)—(2.13), (2.34)—(2.36), (2.41)—(2.44), (2.48), (2.53), (2.54), (2.56),
keeping p € N§ \ {(0,0} fixed.
We recall the hyperelliptic curve

2p+1
Kyt Foleay) = 07 — 4% Ry(2) = — [] (2~ B) =0, (32
m=0
co 2 2p+1
,+ 2p+1
Ry = (525 ) TLG Bl (B2 CC\Oh p=p-tps—1,

as introduced in (2.58). Throughout this section we assume the affine part of K,
to be nonsingular, that is, we suppose that

E,#E, form#m', m,m =0,1,...,2p+ 1. (3.3)

Kp is compactified by joining two points P ,, Po, # Ps_, but for notational
simplicity the compactification is also denoted by KC,,. Points P on Kp\{ P , Poo_}
are represented as pairs P = (z,y), where y(-) is the meromorphic function on IC,
satisfying Fp(z,y) = 0. The complex structure on K, is then defined in the usual
way, see Appendix A. Hence, K, becomes a two-sheeted hyperelliptic Riemann
surface of genus p in a standard manner.

We also emphasize that by fixing the curve K, (i.e., by fixing Ey,..., Ezpi1),
the summation constants ¢y +,...,¢p, + in fpy 4, gpo 4+, and by, + (and hence in
the corresponding stationary s-AL, equations) are uniquely determined as is clear
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from (B.8) which establishes the summation constants ¢, 4 as symmetric functions
of Bf',... Ex}
0 s--es Bapin-

For notational simplicity we will usually tacitly assume that p € N and hence

p € N5\ {(0,0),(0,1),(1,0)}.
We denote by {p1;(n)}j=1,...p and {vj(n)};=1,..p the zeros of (- )P~ F,(-,n) and
(- )p*_ng( -, n), respectively. Thus, we may write

p

Fy(2) = —corat 277 [ (= = wy), (3.4)
j=1
p
Hy(2) = o4 27T [ (2 — vyp), (3.5)
j=1
and we recall that (cf. (2.54))
R, — G} = —F,H,. (3.6)

The next step is crucial; it permits us to “lift” the zeros p; and v; of (- )P~ F, and
(-)P=~'H, from the complex plane C to the curve K,. From (3.6) one infers that

RB(Z) - GE(Z)2 =0, z¢€ {,uj, Vk}j,k:l ’’’’’ p- (37)

.....

fij(n) = (;(n), (2/co4+ )p;(n)P~ Gp(pj(n),n)), j=1,....p,n€Z,  (3.8)
and
vi(n) = (vj(n), —(2/co,+)vj(n)P- Gg(uj(n)7n)), j=1,...,p, n€Z. (3.9
We also introduce the points Py + by

2 2p+1
0,—
PO,i = (O7i(007—/00,+)) € ICP) 2 = H Em (310)
0,+ =0

We emphasize that Py 1+ and P, are not necessarily on the same sheet of IC,.
Next we introduce the fundamental meromorphic function on Cp, by

(co.+/2)27 "y + Gp(z,n)

P(P,n) = Fyeon) (3.11)
—H,(z,n
= = oz ) , (3.12)
(co.+/2)z7P~y = Gp(z,n)
P=(zy) €Ky nez,
with divisor (¢(-,n)) of ¢(-,n) given by
(¢(-:n)) =Dp, _o(n) — Dr_p(n)s (3.13)
using (3.4) and (3.5). Here we abbreviated
po=Apr, ... i}, 2= {01,..., 0} € SymP(K,). (3.14)

Given ¢(-,n), the meromorphic stationary Baker—Akhiezer vector ¥(-,n,ng) on
KCpp is then defined by

¢1 (Pa n, nO))

V(B mo) = (zpz(P, n, o)
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| | R— (z+ a(n)p~(P,n')), n>ng+1,
P1(Pyn,no) = 4 1, n = no, (3.15)
[Ty (z+a(n))o~ (P, n’))il, n<ng-—1,
[Ihcngss (28(n)e~(Pn))" 1), n>mng+1,
Ua(P,n,ng) = ¢(P,no) § 1, n = ng,
ITss (28()¢~ (Pn)) ™ +1) 7, m<mg— 1.
(3.16)

Basic properties of ¢ and ¥ are summarized in the following result.

Lemma 3.1 ([40]). Suppose that «, 8 satisfy (3.1) and the pth stationary Ablowitz—
Ladik system (2.48). Moreover, assume (3.2) and (3.3) and let P = (z,y) € K, \
{Ps,,Ps_,Pot,Po_}, (n,ng) € Z*. Then ¢ satisfies the Riccati-type equation

ag(P)g™ (P) — ¢~ (P) + 20(P) = 253, (3.17)
as well as
o ()
P(P)op(P") = F)’ (3.18)
) Gp(2)

d(P) + ¢(P*) = 2%, (3.19)

oy u(P)
O(P) = ¢(P*) = co.+2 F,(2) (3.20)

The vector ¥ satisfies
U(z)¥~(P) =¥(P), (3.21)
Vp(2)¥™(P) = —(i/2)co,+ 27 P~ y¥ ™ (P), (3:22)
Yo (P, n,mng) = ¢(P,n)1(P,n,ng), (3.23)
P P* _ oo 1221 r 3.24
¢1( ’n’no)wl( ,717710)—2 W (n,no), ( . )
Yo (P, n,mo) 2 (P*,n,ng) = 2" ™ Hy(z.m) n,n0) (3.25)
2L 1, o ) Y2 (L7, o) = FE(Z’,”O) ,10), .
1/)1(P, n, no)'(/)Q(P*,ﬂ,no) + 1/11(P*,n,n0)1b2(P,n,no) (326)
— 92,n~"0 Mr(n n )
Fy(z,n0) 0h

’(ﬁl (P, n, no)i/JQ(P*, n, TLQ) — 1/)1 (P*, n, no)wg(P7 n, no) (327)

= —¢cn Lzt 0P Yy I‘(n n )

0,+ F, (2 10) »10),

where we used the abbreviation
[Ty (), n>mno+1,
F(n, ’no) = 1, n = no, (328)
[Teiv()™, n<no—1
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Combining the Laurent polynomial recursion approach of Section 2 with (3.4)
and (3.5) readily yields trace formulas for f,+ and hy 1 in terms of symmetric
functions of the zeros y; and vy of (-)P=F, and (-)P~~'H,, respectively. For
simplicity we just record the simplest cases. a

Lemma 3.2 ([40]). Suppose that o, 3 satisfy (3.1) and the pth stationary Ablowitz—
Ladik system (2.48). Then,

P
[0 Co,+
= = (1)1t . 3.29
e VO (329)
" e
— = (=)= Vi, (3.30)
B Co,— j=1
P ++
Zuj :a+ﬁ—’y+a—+—cl—’+, (3.31)
i=1 @ Co,+
P —
+ ﬂ C1,4
vi=a f—y— — —. 3.32
Z j B—x 3 co+ ( )

.
Il
—

Next we turn to asymptotic properties of ¢ and ¥ in a neighborhood of P
and Py +.

Lemma 3.3 ([40]). Suppose that o, 3 satisfy (3.1) and the pth stationary Ablowitz—
Ladik system (2.48). Moreover, let P = (z,y) € Ky \ {Pso,:Px_,Po+,Po,-},
(n,no) € Z2. Then ¢ has the asymptotic behavior

 [B4B 0, PP,
= {—<a+>1<1 Hat) Pttt 100, PoPe, T
(3.33)
_Jamt—a2am ¢+ 0(¢?), P— Py, B
") 2, {m CBHTC L0, PRy, (3:34)

The components of the Baker—Akhiezer vector ¥ have the asymptotic behavior

e+ 0(0), PP,
o) 2, { S P () + O(C), P Pa, 7 (3.35)
a(n)
— J a(no) +0(0), P— Py, _
1/}1(P,7’L777/0) ¢—0 {Cn—nol-\(,'% ’I”L())(l + O(C))a P Po,_, C Z, (336)
) B(n)¢mT (14 0(0)), P—Peo., .
patfimm) <3°{Mr<n,no><—l<1+0<o>, P, ¢TYH B
atney T OO, PPy,

1/]2(P7 n, n()) (iO {5+(H)F(N, n0><n+1—n0(1 + O(C))7 P— PO,*»

(3.38)
The divisors (v;) of v, j = 1,2, are given by

(¥1(+,m,10)) = Dpn) — Dia(no) + (n = 10)(Pp, - — Dp.., ), (3.39)
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(th2(+,n,10)) = Dy(n) = Di(no) + (n —10)(Pp,~ — Dp.,, ) +Dpr,_ —Dp. .
(3.40)

Since nonspecial divisors play a fundamental role in this section and the next,
we now take a closer look at them.

Lemma 3.4 ([40]). Suppose that o, 3 satisfy (3.1) and the pth stationary Ablowitz—
Ladik system (2.48). Moreover, assume (3.2) and (3.3) and let n € Z. Let Dy,
p=Ai,. .. fip}, and Dy, U = {Dy,...,0,}, be the pole and zero divisors of degree
p, respectively, associated with «, B, and ¢ defined according to (3.8) and (3.9),
that is,

15 (n) = (15(n), (2/co.4) ;)P Gy () ), G=1,....p,
73(n) = (v;(n), —(2/co. s (W)~ Gplvy(n),m)), G =1,....p.

Then Djny and Dy(ny are nonspecial for all n € Z.

(3.41)

Next, we shall provide an explicit representation of ¢, ¥, «, and 3 in terms of
the Riemann theta function associated with K,. We freely employ the notation
established in Appendix A. (We recall our tacit assumption p € N to avoid the
trivial case p = 0.)

Let 6 denote the Riemann theta function associated with /C, and introduce a
fixed homology basis {a;,b;};=1,...p, on K,. Choosing as a convenient fixed base
point one of the branch points, Qo = (Ep,,0), the Abel maps A, and o, are
defined by (A.20) and (A.21) and the Riemann vector =, is given by (A.31). Let

wg’:’ p_ be the normal differential of the third kind holomorphic on K, \ {Py, P_}
with simple poles at Py and residues +1, respectively. In particular, one obtains
(3)

for Wpy P,

P
3 Y+ yo,— dz
wg%),f,Pooi = ( + H(Z - Ai»j)) ?v PO,— = (OvyO,—)v (3'42)
z e Y
where the constants {)‘i,j};):l C C are uniquely determined by employing the
normalization
/ wg{ﬂp% =0, j=1,...,p. (3.43)
aj
The explicit formula (3.42) then implies the following asymptotic expansions (using
the local coordinate ¢ = z near Py + and ( = 1/z near Py, ),

P
(3) _ 0 0,4+
/U W Pl 5, {ln(C)} +wy (Po,—, P ) +0O(¢) as P — Py 1, (3.44)
F® 0
/Q WPy Pa_ S {—ln(C)} +wy F(Py—, P )+ 0O(C) as P— Py, (3.45)
0
g (3 0 0,4
/;0 wPo,f,PooJr CiO {hl(C) + (.LJO7 (PO,—7POO+) + O(C) as P — PO,:ta (346)
T ® _ O, e ‘
0y omPeicno |l 0 +wy (Po,—y P, ) + O(C) as P — Po,.  (3.47)
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Lemma 3.5. With w®* (Py_, Ps. ) and w3 (Py_, P ), 0,0" € {+,—}, defined
as in (3.44)—(3.47) one has

exp (wy' ™ (Po,—s Poos) —wi™t (Po,—, Pooy) (3.48)
— Wy (Po—y Py ) +wy (Po—, Po,)) = 1.

Proof. Pick Q1,1+ = (21,%xy1) € Ky \ {Pwo. } in a neighborhood of Py, and Q2 1 =
(22, £y2) € Kp \ {Po,+} in a neighborhood of Py . Without loss of generality one
may assume that P, and Pp ; lie on the same sheet. Then by (3.42),

+
Q2,— Q1+ Q1,- Q2.+
3 3 3 3
/ Wi b —/ Wi b —/ Wi b +/ Wi e
Q27+ d Q1,+ d
_ / az / @z = 111(22) — ln(z1) + 2mik, (3'49)
z o z

0

for some k € Z. On the other hand, by (3.44)—(3.47) one obtains

Q2,— Q1,4+ Q1,— Q2,+
(3) (3) (3) (3)
/ Wp, _,Ps _/ Wpy _,Pa _/ Wp, _ Py +/ Wp, _,Ps
0 0 0 0

= In(z2) + In(1/21) + 4™ (Po,—, Pao_) — i (P, Poc_)
— Wy 7(P07_, oo,) —l—wo’ (PO,—ypoo,) + O(ZQ) + 0(1/2’1), (350)
and hence the part of (3.48) concerning wgp) p,, follows. The corresponding

result for wg? p_ is proved analogously. O
»T T OO

In the following it will be convenient to use the abbreviation
g(Pv 9) = EQO - AQO(P) + Qo (DQ)’

Peky, Q={Q1,...,Qp} € Sym”(K,). (3:51)
We note that z(-, Q) is independent of the choice of base point Q.
For later use we state the following result.
Lemma 3.6. The following relations hold:
2(Pooy i) = 2(Po_,0) = 2(Po—, i) = 2(Po 4, 27), (3.52)
2(Pooy 0) = 2(Po—,0),  2(Poys i) = 2(Poc_, j1). (3.53)

Proof. We indicate the proof of some of the relations to be used in (3.69) and (3.70).
Let A denote either i or 2. Then,

ot

2(Po4,A ) = Eq, — Ag, (Fo,+) + aq,(Ds+)
=Eq, — Aq,(Fo+) +aq,(D3) + Ap, (Poc,)
=Eg, — Ag,(Px_) +QQO(D )
= é(Poo, 72)7 (354)
~+ —_
&(Poo+:A ) =2Q, — AQO(POO+) +QQ0 (DA+)

= 5Qo - AQO(POO+) + Qo (Di) + APO,7 (P°°+)
= 5Qo - AQO (FPo.-) + QQ, (DA)
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=2(Py_, ), etc. (3.55)

Here we used Ag (P*) = —Ag,(P), P € K, since Qo is a branch point of k),
and aq, (D /\+) = ag,(D3) + Ap, (P, ). The latter equality immediately follows

from (3.39) in the case A = f1 and from combining (3.13) and (3.40) in the case

A=7. O

Given these preparations, the theta function representations of ¢, 11, 12, a, and
[ then read as follows.

Theorem 3.7. Suppose that o, 3 satisfy (3.1) and the pth stationary Ablowitz—
Ladik system (2.48). Moreover, assume hypothesis (3.2) and (3.3), and let P €
Kp \ {Poc, Pso_, Po+,Po,—} and (n,ng) € Z2. Then for each n € Z, Djyny and

Dy(ny are nonspecial. Moreover,
0(z(P,v(n P
(2(P, i ;exp (/Q wﬁ%’,,pw)a (3.56)
0
(

0(z(P, ju(n

n P
1(P,n,ng) = C(n,no);i))) exp ((n - no)/Q wg),,Poo+>7 (3.57)

¢(P,n) = C(n)

o (Pyn,ng) = C(n)C(n,ngp)

where
C(n) = (=1)""™ exp ((n = no)(wo' ™ (Po,— Poo ) —wg " (Po,—, Pr)))

0 0(z(FPo,+, it(n
X Ol(ilo) exp (— wy T (P, Pm_))m, (3.59)
0(2(Poo , t(no
Clnmo) = exp (— (1 — m)el* (o, P, )) ST ) g

0(2(Poo,, fi(n)) -
The Abel map linearizes the auziliary divisors Dy ny and Dy, in the sense that
aq,(Pam)) = aqy(Dp(ng)) + (n = 10)Ap, (Pecy), (3.61)
A, (Da(n)) = aqy (Diny)) + (0 —n0)Ap, _ (P, (3.62)
in addition,
ag,(Do(n)) = g, (Damy) — Agy (Po,—) + Ag, (Poc_)
= g, (Dpn)) + Ap, _(P_)- (3.63)
Finally, o, B are of the form
a(n) = a(ne)(~1)" " exp ( — (1 — no) (W™ (Po.—, Poo_) — i (Po.—, Pao_)))
0(z(Po,+,2(no)))0(z(Po.+, i1(n)))
* 0((Po s fln0))0(=(Po 1 ()
B(n) = Bno)(=1)""" exp ((n = no)(wy' ™ (Po,—, Po_) = w5~ " (Po,—, Po_)))
(
(

(3.64)

o Ne(Poo,, [1U10)))0(2( Poc,, (1))
0P, 2(10))0(2(Pro,  1()))

(3.65)
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a(n)B(n) = exp (w5 (Po,—, Poo ) — wyH (Po,—, Po_))
0(2(Po,+,1(n)))0(2(Poc ., 2(n)))
e < (P ) (360)
I'(n,ng) = exp ((n — T (Py—y Ps,) —wy T (Po,—, Px.)))
0(z(Po, ﬂu(n)))@(Z(PmpM(no))) (3.67)

0(z(Po, -, Un0)))0(z(Pec ., (1))

Proof. Applying Abel’s theorem (cf. Theorem A.1, (A.29)) to (3.13) proves (3.63),
and applying it to (3.39), (3.40) results in (3.61) and (3.62). By Lemma 3.4,
D;, and D; are nonspecial. By equation (3.13) and Theorem A.3, ¢(P,n)exp ( —

fQo 53;), 7) must be of the type

oo (= [ o) o )=t REI

for some constant C(n). A comparison of (3.68) and the asymptotic relations

(3.33) then yields, with the help of (3.44), (3.45) and (3.52), (3.53), the following
expressions for o and f3:

(@t = C+ew8'+(Po,,,PoQ_)9(§(P0,+72 )
0(z(Po,+, 7))
e (P )
0(2(Pos_, 1))
- 9<§(Poo, 2))
= —Ce¥o  (Fo—Poo) o2 201 200 3.69
Ie(Pos 1) (369
Similarly one obtains
g+ = e B P ) 0P, 21)
0(2(Poo i)
— O+ T (Po,_ Poof)g(é(PO,ﬂﬁ))
0(z(FPo,— 1))
0(z(Po,—,2))
= —Cevo (Fo.— P ) = 3.70
0P 1) (370)

Here we used (3.61) and (3.62), more precisely,

QQ, (DEJr) =2, (Dﬁ) + APO,— (POO+ )’ QQ, (D2+) = &q, (Dﬁ) + AP{),— (P°°+)
(3.71)
Thus, one concludes

C(n+1)=—exp|wy (Po—,Px_) —wy (P _,Px_)]C(n), neZ, (3.72)
and
C(n+1) = —exp [wy~ (Po,—, P_) — wy (P, P, ~_)]C(n), nezZ, (3.73)
which is consistent with (3.48). The first-order difference equation (3.72) then
implies
C(n) = (=1)" " exp [(n = no)(wy'™ (Po,—s Poo_) =g (Po,—, Pos_))| C(n0),
n,ng € Z.  (3.74)
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Thus one infers (3.64) and (3.65). Moreover, (3.74) and taking n = ng in the first
line in (3.69) yield (3.59). Dividing the first line in (3.70) by the first line in (3.69)
then proves (3.66).

By (3.39) and Theorem A.3, 11 (P, n,ng) must be of the type (3.57). A compar-
ison of (3.15), (3.33), and (3.57) as P — P, (with local coordinate ¢ = 1/z) then
yields

U1(Pynymg) = ¢ (14 0(C)) (3.75)
¢—0

and
0(2(Poc; 1(n)))
0(2(Poo» fi(n0)))
x exp [(n —no)wy T (Po,—, P, )] ™7™ (1 + O(Q)) (3.76)
proving (3.60). Equation (3.58) is clear from (3.23), (3.56), and (3.57).

Finally, a comparison of (3.36) and (3.57) as P — Py _ (with local coordinate
¢ = z) yields

¢1(P,'I’L,’I’L0) = C(n,no)
¢—0

u(Pyming) = T(nyno)C" "0 (1+0(C)) (3.77)
) =Py, ()
o C(n,ng) 9P, fl(n0))) exp ((n — ng)wy ™ (Po,—, Pc..))
x ("M (14 0(Q)) (3.78)

and hence

0(z(Po,—, i1(n 0.—
W exp ((n — no)wy ™ (Po,—, Px..))
= exp ((n*no)( PQ,, Jr) OOJr(.PQ’,,.POOJr)))
9o, 1(n)))0(2(Poc, f(10))
0(2(Fo, - ((n0)))0(2(Pes , f1(n)))

using (3.60). O

I'(n,ng) = C(n,ng)

(3.79)

We note that the apparent ng-dependence of C'(n) in the right-hand side of (3.59)
actually drops out to ensure the ng-independence of ¢ in (3.56).

The theta function representations (3.64), (3.65) for a, 8 and that for T" in (3.67)
also show that y(n) ¢ {0,1} for all n € Z, and hence condition (3.1) is satisfied for
the stationary algebro-geometric AL solutions discussed in this section, provided
the associated divisors Dy (n) and Dy (n) stay away from Py, Py + for all n € Z.

The stationary algebro-geometric initial value problem for the Ablowitz—Ladik
hierarchy with complex-valued initial data, that is, the construction of o and S
by starting from a set of initial data (nonspecial divisors) of full measure, will be
presented in [41].

4. THE TIME-DEPENDENT ABLOWITZ-LADIK FORMALISM

In this section we extend the algebro-geometric analysis of Section 3 to the time-
dependent Ablowitz—Ladik hierarchy. For proofs of the elementary results of the
time-dependent formalism we refer to [39], [40].

For most of this section we assume the following hypothesis.
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Hypothesis 4.1. (i) Suppose that o, 5 satisfy

al-,t),8(-,t) eCf teR, a(n, ), B(n, -) € C*(R), n € Z,

a(n,t)B(n,t) ¢ {0,1}, (n,t) € ZxR. (“4.1)

(17) Assume that the hyperelliptic curve K, satisfies (3.2) and (3.3).

The basic problem in the analysis of algebro-geometric solutions of the Ablowitz—
Ladik hierarchy consists of solving the time-dependent rth Ablowitz—Ladik flow
with initial data a stationary solution of the pth system in the hierarchy. More
precisely, given p € N2\ {(0, 0} we consider a solution a©, 30O of the pth stationary
Ablowitz-Ladik system s-AL,(a(?), 3©) = 0, p = (p_, p+) € N3\{(0, 0}, associated
with the hyperelliptic Curvoile and a corresponding set of summation constants
{cox}o=1,. p, CC. Next, let r = (r_,r;) € NZ; we intend to construct a solution
a, B of the Ablowitz-Ladik flow AL, («, 8) = 0 with a(to ) = a(?), B(ty,) = B for
some tg » € R. To emphasize that the summation constants in the definitions of the
stationary and the time-dependent Ablowitz—Ladik equations are independent of
each other, we indicate this by adding a tilde on all the time-dependent quantities.
Hence we shall employ the notation ‘~/£, ﬁi, éz, }NIL, l~(£, fs,i; Js,+ fLsi, Co 45
in order to distinguish them from V), F,,, G,, Hp, Kp, fo.+, 9o+, he,+, co,+, in
the following. In addition, we will follow a more elaborate notation inspired by
Hirota’s 7-function approach and indicate the individual rth Ablowitz—Ladik flow
by a separate time variable ¢, € R.

Summing up, we are looking for solutions «, 3 of the time-dependent algebro-
geometric initial value problem

AL (a, B) = —ioy, — a(Gry + + Gy ) +fr+—1,+ - :r_,71,7 _
e _iﬂtl'f'ﬁ(gr_%«}"_grﬂf) _hr,fl,f +h;+_17+

(CY, 6) |t:t0~1 = (a(O)y 5(0))a

0 - -
s-AL, (o, 8©) = —O(%O() )(€p+,+ +9p )t fo-14 — f_p,—1,— =0 (4.3)
= B (9p+,+ +9p —) —hp 1+ hp+—1,+

(4.2)

for some ¢, € R, where a = a(n,t,), 8 = B(n,t,) satisfy (4.1) and a fixed curve
K, is associated with the stationary solutions a9 50) in (4.3). Here,

p=(-p+) ENGN{(0,0)}, r=(r—,r1) ENG, p=p_+ps—1  (44)

In terms of the zero-curvature formulation this amounts to solving
Up, (2,te) + Ulz, to)Vi(2,t,) — Vi (2,8,)U (2, 8,) = 0, (4.5)

U(Z, toyﬁ)Vg(zg toi) - V;—(Z, toyz)U(z, toi) =0.

One can show (cf. [41]) that the stationary Ablowitz—Ladik system (4.6) is actually
satisfied for all times ¢, € R. Thus, we impose

Up, (2, te) + Ulz, to)Vi(2,t,) — Vi (2,8,)U(2,8,) = 0, (4.7)
Uz, tﬁ)Vg(z7 tr) — Vg‘(z, t)U(z,t,) =0, (4.8)
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instead of (4.5) and (4.6). For further reference, we recall the relevant quantities
here (cf. (2.34), (2.35), (2.41)-(2.43), (2.53)):

U(z)—<z/3 ) B
G_Z —F(z _ é,z —ﬁfz .
VP(Z)—Z'< 2% _%( )>, Vr(z)—i<~r_() J())’

H,(z) -G, (2) - Hy () —K;(2)
and
p— p+—1 p
Fp(2) =Y foocte—z "4+ D fpiroeg 2t = —copaz P [ (2 — ),
=1 =0 j=1

P- P+
Gp(2) = gp 02"+ gp 012,
£=1 =0

p-—1 D P

Hy(2) = Y hp_ve-2 "+ hp, o2 =co Bz [ (2= vy),
=0 =1 j=1

ry—1

Fo(2) =Y froce2 4 > fr1oas?, (4.10)
s=1 s=0

r_ T4
~ ~ —s ~ s
GL(Z) = § gr_—s,—%2 "+ E gry—s,+%
s=1 s=0
r——1 T

+
Hﬂ(z) = Z h”r‘,—l—s,—zis + Z h”_sy_,_zs,
s=0 s=1

T— T4+
KL(Z) = Zgr_—s,—z_s + Z§T+—s,+zs = GL(Z) + gr_,— - §7-+,+
s=0 s=1

for fixed p € N2\ {(0,0)}, r € N3. Here fo 4, fs,i, 9o+, Gs,+, he+, and }~7,57i are
defined as in (2.5)—(2.12) with appropriate sets of summation constants ¢y 1, £ € Ny,
and ¢ 1, k € Ny. Explicitly, (4.7) and (4.8) are equivalent to (cf. (2.37)-(2.40),
(2.60)—(2.63)),

atL:i(zﬁg +a(é£+1~(ﬁ_)fﬁﬂ), (4.11)
Br, = —i(B(Gy + Ky) — Hy+ 27 H), (4.12)
0=2(G; — Gy) + 28F, + aH; (4.13)
0=28FE +aH, + K, — K, (4.14)
0= Z(G£ — Gp) + 2B, + aH,, (4.15)
0=28F, +aH, -G, +G,, (4.16)
0=—F,+2F, +a(Gp+G,), (4.17)
Ozz,B(GB+G£)—zHB+Hg, (4.18)
respectively. In particular, (2.54) holds in the present ¢,-dependent setting, that is,
G} — F,Hy, = R,. (4.19)
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As in the stationary context (3.8), (3.9) we introduce

fij(nstr) = (i (n,tr), (2/co ) (0, )P~ Gp (g (n, tr), my tr)) € KCp, (4.20)
j=1,...,p, (n,t;) EZ xR, '

and
ﬁj (nv tﬁ) = (Vj (n’ tﬁ)’ *(2/00#)7/]’ (nv tﬂ)p_ GQ(VJ' (n’ tﬁ)’ n, tﬁ)) € ’CP’

4.21
j=1,...,p, (n,ty) €Z xR, (421)

and note that the regularity assumptions (4.1) on «, 8 imply continuity of u; and
v with respect to ¢, € R (away from collisions of these zeros, p; and vy are of
course C*).

In analogy to (3.11), (3.12), one defines the following meromorphic function
é(-,n,ty) on Kp,

(CO,+/2)Z_p7y + GE(Z7 n, tﬁ)

Pon,ty) = 4.22
(P, n,ty) Pyl ty) (4.22)
—H,(z,n,t,
= = o -) , (4.23)
(CO,+/2)Z Py — Gg(z7 n, tz)
P=(zy) ey, (nt)e€ZxR,
with divisor (¢(-,n,t,)) of ¢(-,n,t,) given by
(¢( XL tﬂ)) = DPO,—Q("vtL) - DPOQ_E(n,tl)- (424)
The time-dependent Baker—Akhiezer vector is then defined in terms of ¢ by
_ d)l(Pt n, nOvtﬁy tO,ﬁ)
\P(P;ThnOatz; tO,z) - <¢2(P, n, no,t£7 t07£) 3 (425)

t, _ _
1(P,n,ng, tr,to,r) = €xp (z/ ds(GL(z,no, s) — Fr(z,n0, s)p(P, no,s))>
tor

HZ,:MH (z +a(n',t)o™ (P, n',tﬂ)), n>ng+1,
x <1, n = ng, (4.26)
T (24 a( t)6~ (P 1)), n<mg— 1,

tL ~ ~
Pa(P,n,ng, tr, to,r) = €xp <z/ ds(GL(z,no, s) — Fr(z,n0, s)p(P, no,s))>
t(),z

HZ,:RO_H (zﬁ(n’,tﬂgb‘ (P,n/,t,) "t + 1), n>mng+1,
X ¢(P,no, ty) < 1, n = ng, (4.27)
120y (2B t) 6~ (Pl s t) " +1) 7, < —1,
P=(zy) e L\ {Px,,Px_,Po+,Po,-}, (n,t;) € ZxR.
One observes that
¥1(Pyn,no, tr, ) = 1 (P, no, no, tey t)101 (Pyny no, ey ),

N 4.28
P:(Zay)EICP\{POO+3POO_3PO,+7PO,—}7 (n7n0at57tﬁ)€Z2XR2' ( )

The following lemma records basic properties of @ and ¥ in analogy to the
stationary case discussed in Lemma 3.1.
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Lemma 4.2 ([40]). Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold. In
addition, let P = (z,y) € Ky \ {Pso,,Px_}, (n,n0,ty,t0,) € Z* x R%. Then ¢
satisfies

ad(P)¢p~(P) — ¢~ (P) + 2¢(P) = 25, (4.29)
61, (P) = iF,0*(P) — i(Gr(2) + Ky (2)) 6(P) + iH,(2), (4.30)
s(Prop) = 2 (431)
Fg(z) ’
5(P) + o(P) =227 (432
Fp(z)
o(P) = 0(P") = o7 . (433)
Moreover, assuming P = (z,y) € Ky \ {Pso_, Psc_,Po.+,Po,—}, then ¥ satisfies
Yo (P, n, ng, tr,tor) = (P, tr )1 (P, n, o, try tor)s (4.34)
U(z)¥™(P) =¥(P), (4.35)
Vp(2)¥(P) = —(i/2)co,4 27"~ y¥ ™ (P), (4.36)
U, (P) =V (2)¥(P), (4.37)
i - Fp(z,n,ty)
1 (P, n, ng, tr, to,r )01 (P*,n,no, tr, tor) = 2 mf(n, no,ty), (4.38)
e Hp(z,n,tr)
Yo (P, n, ng, tr, tor)P2(P*, n,n0, tr, tor) = 2" " ————<T'(n,n0,t,), (4.39)

Fg(z,no,to_’z)
1/11(P7 n, nOvtL7 t0,£)¢2(P*7na nOvtL7 tO,z) +1/)1(P*,7’L,7’L0,t£, to,z)Y/JQ(P,n»no,tD tO,z)
Gp(z,n,t,)

=2"""—=——— _T'(n,ng,t,), 4.40
FP(Z,’I’L(),toz) ( 0 L) ( )

¢1(P7 n, nOatﬁv t0,£)¢2(P*7n7 n07t£7 tO,ﬁ) - djl(P*anvnOvt[a tO,ﬂ)d"Q(PanvnOvtﬁa tO,ﬁ)

—no— Y
= —cop2" P — 2 _T(n,ng,t.), 4.41
0,+ Fp(Z,’I’Lo,t()i) ( 0 L) ( )

where
[Thcng 17 t),  n>mng+1,
F(n7 no, tL) =41 n = no, (442)
[Tyt n<ng—1
In addition, as long as the zeros p;(ng,s) of (+)P~Fp(-,no,s) are all simple and
distinct from zero for s € Z,,, T,, C R an open interval, U(-,n,no,ty,to,r) is mero-
morphic on Ky \ {Pec_ , Pso_, Po,+,Po,-} for (n,ty,to,) € Z x I?2.

Next we consider the ¢,-dependence of Fy,, G, and H,,.

Lemma 4.3 ([40]). Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold. In
addition, let (z,n,t,) € C x Z x R. Then,

Fyu, = —2iG,F, +i(Gy + K,) F,, (4.43)
Gy, = iFpH, —iH,F,, (4.44)

r
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Hyy, = 2iGpH, —i(G, + K, ) H,. (4.45)
In particular, (4.43)—(4.45) are equivalent to
Vito = [Vis V. (4.46)

Next we turn to the Dubrovin equations for the time variation of the zeros y; of
(-)P= F, and v; of ()=~ H, governed by the AL, flow.

Lemma 4.4 ([40]). Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold on
Z x 1L, with Z,, € R an open interval. In addition, assume that the zeros i, j =
L...,p, of (+)P= Fp(+) remain distinct and nonzero on Z x I,,. Then {fi;};=1,..p,

defined in (4.20), satisfies the following first-order system of differential equations
on Z x1,,

/g
luj,tl = ZF (/’L] y(M] H Mk)ila ] = 1) Y 2 (447)
k=l

with

fj(n,) € C°(Z,,Kp), j=1,...,p, n€Z. (4.48)
For the zeros v;, j = 1,...,p, of (+)P="YH,(-), identical statements hold with u;
and Z,, replaced by v; and Z,,, etc. (with 7, C R an open interval). In particular,
{D;}j=1,..p, defined in (4.21), satisfies the first-order system on Z x I,,,

vie, = iH (v)y(@;)Bry) " [[ =)™ d=1,....p, (4.49)

k=1
k#j
with
vj(n,) € C*°(T,,Kp), j=1,....,p, n€Z. (4.50)

When attempting to solve the Dubrovin systems (4.47) and (4.49), they must
be augmented with appropriate divisors Du(no to,) € Sym” Ky, to, € I,, and
Dy (noto.,) € Sym” Iy, tor € I, as initial conditions. The algebro-geometric initial
value problem for the AL hierarchy with appropriate initial divisors will be discussed
in detail in [41].
Next, we turn to the asymptotic expansions of ¢ and ¥ in a neighborhood of
P, and Py . Since this is a bit more involved we provide some details.

Lemma 4.5. Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold. Moreover,
let P = (z,y) € Kp \ {Px,+Px_,Poy,Po—}, (n,no,tr to,) € Z* x R%. Then ¢
has the asymptotic behavior

B+ +O), P Pe,, .
") So {—(aﬂlcl +(ah)2atty T +0(Q), P P, =1/
(4.51)
_Jat—a2am ¢+ 0(¢?), P— Py, _
") 3 {m B0, PR, C (4.52)

The component 11 of the Baker—Akhiezer vector ¥ has the asymptotic behavior

i Sy .
1 (P, m,no, tr, to,r) So &P (i 5(752 —to,r) ;]Cr+—s,+C ‘>(1 +0(())



ALGEBRO-GEOMETRIC SOLUTIONS OF THE ABLOWITZ-LADIK HIERARCHY 29

greTn, P — P,
0‘+(”-,tL) —
g . F(nlno’tﬁ)m pop,, ST
xexp (i [z ds(gr. +(m0,5) = Gr_ - (n0,5)) ).
(4.53)
1 (Pyn,ng, tr,to,) = exp| £ E(tr —toy) iér —s—C* )14+ 0()
b) b T Zr C—).O 2 T r s=0 — 5
a(n,ty)
a(no,to,r)’ P— Py,
X I'(n,ng, t, )"0 (==z.
L DlmneE )T PP,
X €eXp (Z ‘/;Oiz ds(gT+,+(n07 S) - gr777(n0, S))),
(4.54)

Proof. Since by the definition of ¢ in (4.22) the time parameter ¢, can be viewed as
an additional but fixed parameter, the asymptotic behavior of ¢ remains the same
as in Lemma 3.3. Similarly, also the asymptotic behavior of ¢ (P, n,ng,ty,t,) is
derived in an identical fashion to that in Lemma 3.3. This proves (4.53) and (4.54)
for to, = t,, that is,

¢ (14 0(Q)), P— P,
i(Pyn,mo, tr, tr) = ot (nyty) ' (=1/z
¢—0 F(n7n0,t1)m+0(g), P_>Poo,7
(4.55)
alnt) 0 PP
wl(P,n/nantmtr) _ a(no,tr) + (C)v 0,4+ C —
T 0 F(n>n07t£)<nin0(1 +0(¢)), P— P,
(4.56)

Remaining to be investigated is
t£ ~ ~
Y1 (P, ng, no, tr, tO,ﬂ) = exp (Z / dt(GL(Z, no, t)_FL(Z> no, t)o( P, no, t))) . (4.57)
to,r

The asymptotic expansion of the integrand is derived using Theorem B.1. Focusing
on the homogeneous coefficients first, one computes as P — P,

-~ ~ 5 Gpt(co+/2)2"y
Got —Fop¢ =Gy — Foo— 7

P
. =R 2.,p- G 2.0 F, -1
—Gs,+Fs,+<Z P+1><Z P>
o+ Y Co+ Y
1 g 3.
— ot P TaE L0, PP, C=1/- (4.58)
(=0 2 Jo,+
Since
_ T4+ T+ N
T 420 Crp—s+Fs+ +0(0), G =0 Z Cry—s+Gs v +0(0), (4.59)
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one infers from (4.51)

G, — F.¢ = Zcu 51(TH0(Q), P Pu,, (=1/z (4.60)

Insertion of (4.60) into (4 57) then proves (4.53) as P — Py .

As P — P,,_, we need one additional term in the asymptotic expansion of ﬁﬁ,
that is, we will use

7(%026’”— 9+F9++;)C'r —s—fs 1—<+O(C) (461)
This then yields
-~ 1 - .
Co—Frd = =3 > et = (@) e = froa ) +0(). (462)
X s=0
Invoking (2.7) and (4.2) one concludes that
fu—l,— - fmr,-&- = _ia?; + a+(gr+,+ —Gr_-) (4.63)
and hence
1A . ia:; ~ _
G - ¢ C:O _5 ;)CT+*S,+< - OzT + 9ro+ — 9r_,— + O(C) (4'64)

Insertion of (4.64) into (4.57) then proves (4.53) as P — P, _
Using Theorem B.1 again, one obtains in the same manner as P — Fy +,

~ g go,— £ 13 .
Gs,f_ S, — ¢ = +5 C +A7fs,7+0(<)- (4'65)
¢—0 fO,—
Since
Fy = Cr—sFot fry14+0(C), P— PRy, (=2 (4.66)
N
=0
v Sy 2 e Go + s + 000, P2 Pos, (=2, (4.67)
N
s=0
(4.65)—(4.67) yield
-~ 1, A i do— 3
Gngﬁb cio i§§@~775,7§ +9r+—Gr_,—— fo_ (fnr 1,+— fr ) (C)a
(4.68)
where we again used (4.52), (2.19), and (4.2). As P — Py _, one thus obtains
_ _ 1 T
r — Fr = -5 Cr_—s,— -F Jr —Jr_ —> P P - (=< 4.
Gr =R = 220 o G = G S P (=2 (469)

Insertion of (4.69) into (4.57) then proves (4.54) as P — Py _.
As P — Py 4, one obtains

-~ - 1= _ . ~ 1 - -
Gz_ F£¢ (jO 5 ;]Cr_—s,—c TG+ = Gro— — a(fr+—1,+ - fr_,—) + O(C)v
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T

L )
= oY =100, Po PRy, (=2 (4.70)
¢—0 2 = @

using f,__ = ;7771’7 +a(gr_— — g, _) (cf. (2.11)) and (4.2). Insertion of (4.70)

into (4.57) then proves (4.54) as P — Py 1. O

Next, we note that Lemmas 3.2 and 3.4 on trace formulas and nonspecial divi-
sors in the stationary context immediately extend to the present time-dependent
situation since ¢, € R just plays the role of a parameter. We thus omit the details.

Finally, we turn to the principal result of this section, the representation of ¢,
VU, o, and B in terms of the Riemann theta function associated with ICp,, assuming
p € N for the remainder of this section.

In addition to (3.42)(3.48), let w% and i) be the normalized differ-

44 Po,+,9
entials of the second kind with a unique pole at Py, and P+, respectively, and
principal parts

B0 =, (RO P Pus (=1/z g€y, (A7)
wgo)i q C 5o (C72 1+0(1 ))dCa P—= P+, (=2 g€ Ny, (4.72)

with vanishing a-periods,

J J

Moreover, we define

5 i (s 2) (2)
Qg) = 2(2507,3’ (ng+,s 1~ Wp, 1)

2
+ZSCT+ st (@8 _1—w§33078_1)), (4.74)

where ¢y + are the summation constants in Fz- The corresponding vector of b-
periods of ﬁ@/(?m’) is then denoted by

U(Q) 02,....02), 02 = 2; /bi 0P, j=1,....p (4.75)
Finally, we abbreviate
G Poe i ~
oo = pilgl,i (/QO 0 + 5 ;crwsﬁf ) (4.76)
N P Lo
02* = Pgr]%i </@U QP + 5 ;@_s,_gﬂ. (4.77)

Theorem 4.6. Assume Hypothesis 4.1 and suppose that (4.7), (4.8) hold. In ad-
dition, let P € Ky \ {Pso,,Px_,Po+,Po,—} and (n,no,ty,to,) € Z* x R?. Then
for each (n,t,) € Z x R, Du(n,tr) and Dy(n 1,y are nonspecial. Moreover,

#(P,m,t,) = C(n t,«)mexp</ W o ) (4.78)
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O0(z(P, fu(n, tr)))
0(z(P, fu(no, to.r)))

P
X exp ((n - nO)/ wg;), P, (tr — to,z)/ Qv("z))a
(0] 0

9(§(P» 2(n,t.)))
0(z(P, (no, to,r)))

P
X exp </ WJ(!%),,P +(n— ”0)/ wgﬂo), Pe. — (tr — to,z)/ Q@);
Qo Qo o o

_ )n*no

C(n,t,) = ( ] exp ((n — n0) (WY (Po,—, Pao_) — wi* (Po,—,Px_))) (4.81)

a( o,t
0 PQ s ’I’Lo,t
o (P P N
0(2(Pso. , 10, to,r)))
0(§(Poo+vg(n7 tﬂ)))
x exp ((t; — to,r )8 — (n — no)wy"" (Po—, Pr., ).

The Abel map linearizes the auxiliary divisors Di(n,t,) and Dy, in the sense
that -

@9, (,Dg(n,tg)) = Qq, (Dg(nn,to,i)) +(n — ”O)APU,, (P00+) + (tt —to T)Ui
QQO(DE(”atﬁ)) = QQ()(Dﬁ(noyto,i)) + (n - nO)AP()7_ (POO+) + ( —to 7)U£
Finally, a, B are of the form
a(n, t,) = ano, o) exp ((n — no) (Wt (Po._, Ps,) —wy t(Po—, Px.))) (4.85)
0(z(Po,+, (1, tr)))0(2(Poo., , fi(n0, t0.r)))
0(2(Po 4, f1(no, to,r)))0(2(Poo., , U, 1))’
B te) = s exp (0= ) (P, P, ) = 0 (R P )

x exp (wg* (Po,—, Poo_ ) — wy T (Po,—, Poo_)) (4.86)
0(2(Po,+, f1(no, to,r)))0(2(Poo , 2(n,11)))
0(2(Po,+, 2(no, to,0)))0(2(Poo. , ft(n, t1)))

(4.79)

1//1(P,ﬂ,n0,tg tO,z) = C(n,no,tﬁ, tO,g)

¢2(P,n7n07t57 to,z) = C(n7t£)c(n7n07t£7 to,z)

where

C(n,no, tr to,r) = (4.82)

' (4.83)

(4.84)

x exp ((t, —to r)(on+ - ﬁgﬂ)

X exp ( — (tr — toyz)(ﬁzO+ - ﬁg"‘))

and
a(n, t,)B(n, t,) = exp (wy " (Po,—, P ) — wy 9T (Py,_, Pao_ )
0(z(Po,+, fu(n,t)))0(2(Poc , 2(n, t1))) (4.87)
0(2(Po+,2(n,t,:)))0(2(Poo ., (1, t1)))

Proof. As in Theorem 3.7 one concludes that ¢(P,n,t,) is of the form (4.78) and
that for to, = tr, ¥1(P,n,no, tr, t,) is of the form

0(z(P, i1(n, t,
1(P,m,ng, tr, t,) = C(n,ng, t,, tﬂw exp <(n—no)/Q Wg;) poo+>-
- ’ (4.88)
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To discuss ¢ (P, n, no, tr,to,r) we recall (4.28), that is,
d}l(P: n, no, tﬁy tO,z) = wl(P7 n,no, t£7 tﬁ)djl(Pa o, No, tﬁa to,ﬁ)a (489)

and hence remaining to be studied is

t, _ _
1 (P, ng, no, tr, tor) = €Xp <z/ ds(GL(z,nO, s) — Fr(z,n0, s)p(P, no,s))>.
to,r

(4.90)
Introducing 91 (P) on Kp \ {Ps, , Poo_} by

'(Zjl(Pa nO,tp tO,f) = C(no,no,tb tO,g)

0(z(P, fu(no, tr)))
0((P, u(no, to.r)))

X exp ( — (t, — to,) / ’ (25?)), (4.91)

we intend to prove that

le(Pa n05n07t£7 to,f) = 1[)1(P7 nOatﬂa tO,ﬂ)»

(4.92)
PeKy\{Px,,Px_}, no €EZ, t,,to, €R,

for an appropriate choice of the normalization constant C'(ng, no, t,,to,-) in (4.91).
We start by noting that a comparison of (4.53), (4.54) and (4.71), (4.72), (4.74),
(4.79) shows that ¢, and 1[)1 have the same essential singularities at P, and Fp 4.
Thus, we turn to the local behavior of 11 and 1. By (4.91), 1 has zeros and
poles at fi(ng,t,) and fi(no,to,), respectively. Similarly, by (4.90), ¢; can have
zeros and poles only at poles of #(P,no,s), s € [tor, tr] (resp., s € [ty to,]). In
the following we temporarily restrict o, and t, to a sufficiently small nonempty
interval I C R and pick ng € Z such that for all s € I, u;(no,s) # pr(no, s) for all
j#k, j,k=1,...,p. One computes

iGy (2,0, 5) — iF,(2,n0, 8)$(P, o, 5)
(co,+/2)27 P~y + Gyp(z,n0, 5)

= iéz(z, no, 8) — iﬁﬁ(z, N, )

Fp(2,m0,5)
_ iFy (1 (no, ), mo, )y (it (no. 5))
Posiiy(novs) at(n, 8)(z — 11 (no, s)) H%;l(uj(no, ) — pn(no.s)) o(1)
9 In (125 (no, s) — z) + O(1). (4.93)

P—>;1j:(n(),s) 0s
Restricting P to a sufficiently small neighborhood U;(ng) of {fi;(no,s) € Kp|s €
[tor.tr] € I} such that fx(ng,s) € U;(ng) for all s € [to,,t,] C I and all k €
{1,...,p}\ {4}, (4.91) and (4.93) imply

Y1(P,m0, 10, trs to,r)
(15 (no, tr) — 2)O(1) as P — fij(no, tr) # fij(no;to,r),
= O(l) as P — /}‘j(n(ht[) = ﬂ] (n()at(),z)a (494)
(p’j(n07t07£) - 2)710(1) as P — ﬂj(n07t07£) 7& ﬂj(n()atz)a
P = (z,y) € ’Cpa
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with O(1) # 0. Thus, 11 and 11 have the same local behavior and identical essential
singularities at P, and Py +. By Lemma A .4, ¢); and 1[)1 coincide up to a multiple
constant (which may depend on ng, t,,t,). This proves (4.92) for to,,t, € I and
for ng as restricted above. By continuity with respect to divisors this extends to
all ng € Z since by hypothesis D, s) remain nonspecial for all (n,s) € Z x R.
Moreover, since by (4.90), for fixed P and ng, ¥1(P,no,no, . tor) is entire in ¢,
(and this argument is symmetric in ¢, and ¢, ), (4.92) holds for all ¢,,%y, € R (for
an appropriate choice of C(ng, no, tr,to,)). Together with (4.89), this proves (4.79)
for all (n,t,), (no,to) € Z x R. The expression (4.80) for 1o then immediately
follows from (4.78) and (4.79).

To determine the constant C(n,ng, t,,t,) one compares the asymptotic expan-
sions of 11 (P, n,ng,tr,to,r) for P — Py, in (4.53) and (4.79)

C(n,no, tr, to,r) = exp ((t, — t07£)§f+ — (n—no)wy " (Po,—, Px,))
0(2(Pooy s it(nosto,r)))
O(Z(Poo+7g(n7t£))) '

Remaining to be computed are the expressions for o and g. Comparing the asymp-
totic expansions of ¢ (P, n,no, ty, to,r) for P — Py 4 in (4.54) and (4.79) shows

(4.95)

a(n,t ~

M = C(n, no, ty, to,r) exp ((n — no)(w8’+(P0,_, Py,) — (tr — to,z)Qg’Jr)

Oz(?’LQ7 tO,z)

9(§(P07+a E(TL, tl)))

0(2(Po,+, fi(no, to,r)))

and inserting C'(n, ng, tr, tor) proves (4.85). Equation (4.81) for C(n,t,) follows as

in the stationary case since ¢, can be viewed as an additional but fixed parameter.
By the first line of (3.69),

(4.96)

1 0, Q(E(PO,JMB(WW tﬂ)))
2t = gy P L o P, i)

Inserting the result (4.85) for a(n,t,) into (4.97) then yields (using Lemma 3.6)
1 0(z(Po,+, fno, to,r))
a(”OvtO,z) 6(§(Poo+vg(n07t0,£))

x exp ((n — no)(wo™ (Po,—y Poo, ) — wy' (Po,—y P, ) —wg' (Po,—, Po_)).
(4.98)

(4.97)

C(n,t,) =

; exp ((tr — to,) (0T — Q%))

Also, since the first line of (3.70) holds,

0(z(Pooy,2(n, 1))
Q(E(Poowﬁ(na tﬂ)))7
an insertion of (4.98) into (4.99), observing Lemma 3.6, yields equation (4.86) for
B(n,t,). Finally, multiplying (4.97) and (4.99) proves (4.87).

Single-valuedness of 91 (-, no, no, tr, to,r) on K, implies

B(n,t,) = C(n,ty) exp (wy ¥ (Po,—, Poc_))

(4.99)

. ~(2)
@Q, (Dﬂ(n(n%)) =g, (D[L(”th(),g)) + Z(tﬁ - tO,ﬂ)Qg .

Inserting (4.100) into (3.61),
o (Di(n,ts) = @0y (Di(no,tr)) + Ap, _ (Poo, ) (n —no), (4.101)

(4.100)
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one obtains the result (4.83). O

Again we note that the apparent ng-dependence of C(n,t,) in the right-hand
side of (4.81) actually drops out to ensure the np-independence of ¢ in (4.78).

The theta function representations (4.85) and (4.86) for o and 3, and the one
for I'(-, -,t,) analogous to that in (4.87) also show that ~(n,t¢,) ¢ {0,1} for all
(n,t,) € Z x R. Hence, condition (4.1) is satisfied for the time-dependent algebro-
geometric AL solutions discussed in this section, provided the associated divisors
D;(n,t,) and Dy(n,t,) stay away from P, Py + for all (n,t,) € Z x R.

The time-dependent algebro-geometric initial value problem for the Ablowitz—
Ladik hierarchy with complex-valued initial data, that is, the construction of a and
B by starting from a set of initial data (nonspecial divisors) of full measure, will be
presented in [41].

APPENDIX A. HYPERELLIPTIC CURVES AND THEIR THETA FUNCTIONS

We provide a very brief summary of some of the fundamental properties and
notations needed from the theory of hyperelliptic curves. More details can be
found in some of the standard textbooks [29], [30], and [48], as well as monographs
dedicated to integrable systems such as [15, Ch. 2], [38, App. A, B].

Fix p € N. The hyperelliptic curve K, of genus p used in Sections 2 and 3 is
defined by

2p+1

Kp: Fp(z,y) = Yy’ — Ropi2(2) =0,  Ropio(z) = H (z — En), (A1)

m=0

Eo ) m=o... 90041 CC, Ep # Ep form#m/, m,m' =0,...,2p+ 1. A2
) 2D+

The curve (A.1) is compactified by adding the points Py, and Py _, Po, # Poo_,
at infinity. One then introduces an appropriate set of p + 1 nonintersecting cuts C;
joining Ey,(;) and E,,/(;) and denotes

c= |J ¢ gne=0, j#k (A.3)
Je{1,....p+1}
Defining the cut plane
II=C\C, (A4)
and introducing the holomorphic function
2pt1 1/2
Ropia()Y2: M= C, 2z (H(zEm)) (A.5)
m=0

on IT with an appropriate choice of the square root branch in (A.5), one considers
M, = {(2,0Rap12(2)"/?) | 2 € C, 0 € {£1}} U{Px,, P _} (A.6)

by extending Rapy2(-)'/? to C. The hyperelliptic curve K, is then the set M,, with
its natural complex structure obtained upon gluing the two sheets of M,, crosswise
along the cuts. The set of branch points B(K,) of IC, is given by

B(K:P) = {(EmaO)}m:O,...,2p+l (A7)

and finite points P on K, are denoted by P = (z,y), where y(P) denotes the
meromorphic function on K, satisfying F,(z,y) = y*> — Rap+2(2) = 0. Local coor-
dinates near Py = (z0,40) € Kp \ (B(Kp) U{ P, , Px_}) are given by (p, = z — 2o,
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near Poo, by (p,, =1/z, and near branch points (Em,,0) € B(K;) by ((&,,,0) =
(z —Emo)l/ 2. The Riemann surface K,, defined in this manner has topological genus
p. Moreover, we introduce the holomorphic sheet exchange map (involution)

*: Kp = Kp, P =(29) = P =(2,-Yy), P, Py, = Px_. (A.8)

One verifies that dz/y is a holomorphic differential on K, with zeros of order
p—1at Py, and hence
2 dz

M= J= Ll (A.9)

form a basis for the space of holomorphic differentials on K,. Introducing the
invertible matrix C' in CP,

(A.10)
Q(k) = (Cl(k)7 ce 7Cp(k))7 Cj(k) = C]_,kl7 j: k= 17 B 2

the corresponding basis of normalized holomorphic differentials w;, j =1,...,p on

K,y is given by

p

wi = ci(O)me, /Wj: ik Sk=1,...,p. (A.11)

=1 Ak
HOI‘C {aj, bj }j:1
satisfying

p» is a homology basis for ), with intersection matrix of the cycles

.....

ajob, =0k, ajoar =0, bjob, =0, jk=1,...,p. (A.12)

Associated with the homology basis {a;,b;};=1,.., we also recall the canonical

ceey

dissection of K, along its cycles yielding the simply connected interior //C\p of the
fundamental polygon 0K, given by

I, = arbiay by tasbsag byt - ar b (A.13)

Let M(K,) and M*(K,) denote the set of meromorphic functions (0-forms) and
meromorphic differentials (1-forms) on ICp,. Holomorphic differentials are also called
Abelian differentials of the first kind. Abelian differentials of the second kind,
w® e MY (K,), are characterized by the property that all their residues vanish.
They will usually be normalized by demanding that all their a-periods vanish, that
is, faj w® =0, =1,...,p. Any meromorphic differential w®) on Kp not of the
first or second kind is said to be of the third kind. A differential of the third kind
w® e MY(K,) is usually normalized by the vanishing of its a-periods, that is,
faj w® =0,j=1,...,p. Anormal differential of the third kind wgﬂpz associated
with two points Py, Py € /E,,, Py # P,, by definition, has simple poles at P; with
residues (—1)7*1, j = 1,2 and vanishing a-periods.
Next, define the matrix 7 = (7,¢)j ¢=1,...p by

zjfz/ wj? j?Z:]-a;p (A14)
be

Then
Im(r) >0 and m0=m;, Jj¢=1,...,p. (A.15)
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Associated with 7 one introduces the period lattice
L,={2€C?|z=m+nr, m,necZP} (A.16)

and the Riemann theta function associated with K, and the given homology basis

{aj,b}i=1,...p,

0(z) = Z exp (27i(n, z) + wi(n,n7)), 2z € CP, (A.17)
nezpr
where (u,v) = uv' = Z?Zlfjvj denotes the scalar product in CP. It has the
fundamental properties
9(21, cee s Bj—1y 7RGy Rj41y e 7Zp) = 0(&)7 <A18)
0(z+m+nt) =exp ( —2mi(n, z) — wi(n, ﬂT))@(g), m,n € ZP. (A.19)

Next, fix a base point Qo € K, \ {Po,+, P, }, denote by J(K,) = CP/L, the
Jacobi variety of K, and define the Abel map A, by

P P
Ag,: Ky = J(Ky), Ay, (P) = </ w1, .. .,/ wp) (mod L,), P eKk,.
’ ’ (A.20)

Similarly, we introduce

ag,: Div(K,) = J(K,), D= ag (D)= Y D(P)Ag,(P), (A.21)
PeK,

where Div(K,) denotes the set of divisors on K,. Here D: K, — Z is called a
divisor on K, if D(P) # 0 for only finitely many P € K. (In the main body of this
paper we will choose Qg to be one of the branch points, i.e., Qo € B(K,), and for
simplicity we will always choose the same path of integration from )y to P in all
Abelian integrals.)

In connection with divisors on K, we shall employ the following (additive) no-
tation,

DQOQ = DQO + DQ: DQ = DQl + -+ DQW, (A22)
Q:{Qla-"an}GSymmKZN QOEK;leENa
where for any Q € K,,

1 for P=0Q,

0 for Pek,\{QL, (A.23)

’DQZ}CP—>N0, PH’DQ(P) {
and Sym" IC,, denotes the nth symmetric product of K. In particular, Sym™ I,
can be identified with the set of nonnegative divisors 0 < D € Div(K,) of degree
m.

For f € M(K,) \ {0}, w € MY(K,) \ {0} the divisors of f and w are denoted
by (f) and (w), respectively. Two divisors D, £ € Div(K,) are called equivalent,
denoted by D ~ &, if and only if D — & = (f) for some f € M(K,)\ {0}. The
divisor class [D] of D is then given by [D] = {€ € Div(K,) | € ~ D}. We recall that

deg((f)) =0, deg((w)) = 2(p — 1), f € M(K,) \ {0}, w € M'(K,) \ {0}, (A.24)

where the degree deg(D) of D is given by deg(D) = ZPGKP D(P). It is customary
to call (f) (respectively, (w)) a principal (respectively, canonical) divisor.
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Introducing the complex linear spaces
L£(D) = {f € M(K,)| f =0 or (f) > D}, (D)= dimL(D), (A.25)
LYD) = {we MK,)|w=0or (w) >D}, i(D)=dimL' (D), (A.26)

with #(D) the index of speciality of D, one infers that deg(D), r(D), and (D) only
depend on the divisor class [D] of D. Moreover, we recall the following fundamental
facts.

Theorem A.1l. Let D € Div(K,), w € MY(K,) \ {0}. Then,

i(D)=7r(D - (w)), pé€eNy. (A.27)
The Riemann—Roch theorem reads
r(—D) =deg(D) +i(D) —p+1, peNo. (A.28)
By Abel’s theorem, D € Div(K,), p € N is principal if and only if
deg(D) = 0 and ag, (D) = 0. (A.29)

Finally, assume p € N. Then ag, @ Div(K,) — J(K,) is surjective (Jacobi’s
inversion theorem).

Theorem A.2. Let Dq € Sym? Kp, Q ={Q1,...,Qp}. Then,
1<i(Dq)=s (A.30)

if and only if {Q1,...,Qp} contains s pairings of the type {P, P*}. (This includes,
of course, branch points for which P = P*.) One has s < p/2.

Denote by Zq ) = (2@, - -»=Q,,) the vector of Riemann constants,
1 P P
200, = 5(1+75;) —Z/ wg(P)/ wi, j=1,...,p. (A.31)
£=1" e Qo
L#]

Theorem A.3. Let Q = {Q1,...,Qp} € Sym” K, and assume Dq to be nonspecial,
that is, i(Dq) = 0. Then
0(Zq, — Ag,(P) + aq,(Dq)) =0 if and only if P € {Q1,...,Qp} (A.32)

Lemma A.4. [19, Lemmas 5.4 and 6.1] Let (n,t,), (no,to,r) € Q for some Q C
ZxR. Assume (-, n,t.) to be meromorphic on K, \ {Px, , Poc_, Po 4+, Po,— } with
possible essential singularities at Po,, Po + such that 7])( -, n,t,) defined by

P
SRt vt e (6 - t0,) [ 62) (4.3
is meromorphic on IC,, and its divisor satisfies
(- Mstr)) = —Ding te,) + (1 — no)(Dp, . — DPOO+) (A.34)

for some positive divisor Dy, 1,,) of degree p. Here ﬁ(f) is defined in (4.74) and
the path of integration is chosen identical to that in the Abel maps® (A.20) and
(A.21). Define a dwisor Do(n,t,) by

(@(,m,tr)) = Do(n,tr) = Dty .to,) + (0 —10) (Pr, - = Dpsy, ). (A.35)

3This is to avoid multi-valued expressions and hence the use of the multiplicative Riemann—
Roch theorem in the proof of Lemma A.4.
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Then
Do(n,ty) € Sym? £,  Do(n,t,) >0, deg(Do(n,t;)) =p. (A.36)
Moreover, if Dy(n,t,) is nonspecial for all (n,t,) € Q, that is, if
i(Do(n,t,)) =0, (n,t,) €, (A.37)

then (-, n,t,) is unique up to a constant multiple (which may depend on the pa-
rameters (n,t,), (no,to,r) € ).

APPENDIX B. ASYMPTOTIC SPECTRAL PARAMETER EXPANSIONS

In this appendix we consider asymptotic spectral parameter expansions of Fj, /Y,
G,/y, and H,/y, the resulting recursion relations for the homogeneous coefficients
fg, ge, and fu, their connection with the nonhomogeneous coefficients fy, gy, and
hy, and the connection between ¢y + and ¢ (E*?') (cf. (B.3)). For detailed proofs of
the material in this section we refer to [39], [40]. We will employ the notation

E*' = (B, E3)). (B.1)
We start with the following elementary results (consequences of the binomial
expansion) assuming 7 € C such that |n| < min{|Eo| ™', ...,|Eops1| '}
2p+1 7z o
(H (1~ Em) = (@', (B2)
m=0 k=0
where
co(E) =1,
k . . j J2p+1
247 (2 IEJ . pl2r
c(E)= Y Zjo)t - Rzpt1) 2t keN. (B.3)

305+ sj2p+1=0 224 (jol)? -+ (Jap+11)*(2do — 1) (2j2pt1 — 1)’

Jo+-+i2pr1=k

The first few coefficients explicitly are given by

2p+1 2p+1 2p+1
cwo(B) =1, (E) = —= Z B, co(E) = Z By, Ep, — Z E2. ete.
m1 mo=0
mi<mz
(B.4)

Next we turn to asymptotic expansions. We recall the convention y(P) =
FC P71+ O(CP) near Py, (where ¢ = 1/2) and y(P) = +(co.—/co+) + O(C)
near Py 1 (where ¢ = z).

Theorem B.1 ([40]). Assume (3.1), s-AL,(, 8) = 0, and suppose P = (z,y) €
Kp\{PoosPx_}. Then 2P~ F, [y, 2P~ Gp/y: and 2P~ H,/y have the following con-
vergent expansions as P — POO;, respectively, P — PO’;,

2 B@)  JFEEo el P Py, (=12 g
CO,+ y j: Z;‘;O fz,—é{v P — PO,:‘:v C = Z? .
- Gp(2) _ [F X004 ¢ P = Pay,  (=1/z (B.6)
Co,+ Yy + ZZO gﬂ,—(za P — PO,:ta C =2z,
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- Hp(2) [ 0he ¢! PPy, (=1/z

Co+ Y £ 30 he ¢, P Py, (=z,

where ¢ = 1/z (resp., ¢ = z) is the local coordinate near Ps, (resp., Po.1) and

(B.7)

fo+, Gox, and }Alg’i are the homogeneous versions of the coefficients fo +, go,+, and
he + introduced in (2.16)—(2.18).

Moreover, the Ep,-dependent summation constants cex, £ = 0,...,px, in Fy,
Gyp, and Hy, are given by
Cr+ = cO,:tcf(Eil)a {= Oa By =0 (BS)
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THE ALGEBRO-GEOMETRIC INITIAL VALUE PROBLEM FOR
THE ABLOWITZ-LADIK HIERARCHY
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Dedicated with great pleasure to Percy Deift on the occasion of his 60th birthday

ABSTRACT. We discuss the algebro-geometric initial value problem for the
Ablowitz—Ladik hierarchy with complex-valued initial data and prove unique
solvability globally in time for a set of initial (Dirichlet divisor) data of full
measure. To this effect we develop a new algorithm for constructing stationary
complex-valued algebro-geometric solutions of the Ablowitz—Ladik hierarchy,
which is of independent interest as it solves the inverse algebro-geometric spec-
tral problem for general (non-unitary) Ablowitz—Ladik Lax operators, start-
ing from a suitably chosen set of initial divisors of full measure. Combined
with an appropriate first-order system of differential equations with respect
to time (a substitute for the well-known Dubrovin-type equations), this yields
the construction of global algebro-geometric solutions of the time-dependent
Ablowitz—Ladik hierarchy.

The treatment of general (non-unitary) Lax operators associated with gen-
eral coefficients for the Ablowitz—Ladik hierarchy poses a variety of difficulties
that, to the best of our knowledge, are successfully overcome here for the first
time. Our approach is not confined to the Ablowitz—Ladik hierarchy but ap-
plies generally to (1 + 1)-dimensional completely integrable soliton equations
of differential-difference type.

1. INTRODUCTION

The principal aim of this paper is an explicit construction of unique global so-
lutions of the algebro-geometric initial value problem for the Ablowitz—Ladik hi-
erarchy for a general class of initial data. However, to put this circle of ideas
into a proper perspective, we first very briefly recall the origins of this subject:
In the mid-seventies, Ablowitz and Ladik, in a series of papers [3]-[6] (see also
[1], [2, Sect. 3.2.2], [7, Ch. 3]), used inverse scattering methods to analyze certain
integrable differential-difference systems. One of their integrable variants of such
systems included a discretization of the celebrated AKNS-ZS system, the pair of
coupled nonlinear differential-difference equations,

—iay — (1 —aB)(a™ +at) +2a =0,

B+ (L= aB)(B~ +5%) —28 =0 (L)
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with a = a(n,t), 8 = B(n,t), (n,t) € Z x R. Here we used the notation f*(n) =
f(n£1), n € Z, for complex-valued sequences f = {f(n)}nez. In particular,
Ablowitz and Ladik [4] (see also [7, Ch. 3]) showed that in the focusing case, where
B = —a, and in the defocusing case, where 8 = @, (1.1) yields the discrete analog
of the nonlinear Schrédinger equation

—iay — (1 £ ) (@™ +at) +2a=0. (1.2)

Since then there has been an enormous activity in this area and we refer, for in-
stance, to [7, Ch. 3], [27], [31], [32], [33], [36], [37], [40], [43], [44], [45], [50] and the
extensive literature cited therein, for developments leading up to current research
in this particular area of completely integrable differential-difference systems. Par-
ticularly relevant to this paper are algebro-geometric (and periodic) solutions of
the AL system (1.1) and its associated hierarchy of integrable equations. The first
systematic and detailed treatment of algebro-geometric solutions of the AL system
(1.1) was performed by Miller, Ercolani, Krichever, and Levermore [40] (see also
[9], [10], [14], [15], [39], [52]). Algebro-geometric solutions of the AL hierarchy were
discussed in great detail in [32] (see also [25], [26], [53]). The initial value problem
for the half-infinite discrete linear Schrédinger equation and the Schur flow were
discussed by Common [17] (see also [18]) using a continued fraction approach. The
corresponding nonabelian cases on a finite interval were studied by Gekhtman [24].
In addition to these developments within integrable systems and their applications
to fields such as nonlinear optics, the study of AL systems recently gained consider-
able momentum due to its connections with the theory of orthogonal polynomials.
Especially, the particular defocusing case § = @ and the associated CMV matrices
and orthogonal polynomials on the unit circle attracted great interest. In this con-
text we refer the interested reader to the two-volume treatise by Simon [47] (see
also [48]) and the survey by Deift [19] and the detailed reference lists therein.

Returning to the principal scope of this paper, we intend to describe a solution
of the following problem: Given p = (p_,py) € Ng\ {(0,0)}, r € Nj, assume
a(®, 30 to be solutions of the pth stationary Ablowitz-Ladik system s-AL,(c, 8) =
0 associated with a prescribed hyperelliptic curve ), of genus p = p_ +pp—1
(with nonsingular affine part). We want to construct a unique global solution a =
a(t,), B = B(t,) of the rth AL flow AL, (a, 8) = 0 with a(ty,) = a®, B(te,) = B
for some tp, € R. Thus, we seek the unique global solution of the initial value
problem

ALK(Q7 B) = 07
(@.B)], ., = (a®, 5©), (1.3)
s-AL, (a9, ) =0, (1.4)

where a = a(n,t,), 8 = B(n,t,) satisfy the conditions in (2.2).

Given the particularly familiar case of real-valued algebro-geometric solutions of
the Toda hierarchy (see, e.g., [16], [29, Sect. 1.3], [51, Sect. 8.3] and the extensive
literature cited therein), the actual solution of this algebro-geometric initial value
problem, naively, might consist of the following two-step procedure:!

1We freely use the notation of divisors of degree p as introduced in Appendix A (see also the
beginning of Section 3).
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() An algorithm that constructs admissible (cf. Section 4) nonspecial divisors
Djy(ny € Sym” K, for all n € Z, starting from a nonspecial initial Dirichlet divisor

Dj(ng) € Sym” K. “Trace formulas” of the type (3.30) and (3.31) (the latter
requires prior construction of the Neumann divisor D, from the Dirichlet divisor
D, though, cf. (4.3)) should then construct the stationary solutions a(%), B8O of
s-AL, (o, B) = 0.

(ii) The first-order Dubrovin-type system of differential equations (5.43), aug-
mented by the initial divisor Dy(ng.10,) = Da(no) (cf. step (i) together with the
analogous “trace formulas” (3.30), (3.31) in the time-dependent context should then
yield unique global solutions o = «(t,), 8 = B(t,) of the rth AL flow AL, (a, ) =0
satisfying a(tp,) = a®), B(te,) = B©).

However, this approach can be expected to work only if the Dirichlet divisors
Dint,y € Sym? Ky, fi(n,t,) = (f1(n,ty),. .., fp(n,t,)), yield pairwise distinct
Dirichlet eigenvalues wi(n,ty), j = 1,...,p, for fixed (n,t,) € Z x R, such that
formula (5.43) for the time-derivatives ., 7 = 1,...,p, is well-defined. Analo-
gous considerations apply to the Neumann divisors Dy € Sym” K,,.

Unfortunately, this scenario of pairwise distinct Dirichlet eigenvalues is not real-
istic and “collisions” between them can occur at certain values of (n,t,) € Z x R.
Thus, the stationary algorithm in step (i) as well as the Dubrovin-type first-order
system of differential equations (5.43) in step (4¢) above breaks down at such values
of (n,t,). A priori, one has no control over such collisions, especially, it is not
possible to identify initial conditions Di(nosto.,) ab some (no,tor) € Z x R, which
avoid collisions for all (n,t,) € Z x R. We solve this problem head on by explicitly
permitting collisions in the stationary as well as the time-dependent context from
the outset. In the stationary context, we introduce an appropriate algorithm al-
luded to in step (i) by employing a general interpolation formalism (cf. Appendix
B) for polynomials, going beyond the usual Lagrange interpolation formulas. In the
time-dependent context we replace the first-order system of Dubrovin-type equa-
tions (5.43), augmented with the initial divisor Dy (n, 1, ), by a different first-order
system of differential equations (6.15), (6.23), and (6.24) with initial conditions
(6.25) which focuses on symmetric functions of p1(n,t,), ..., pp(n,t;) rather than
individual Dirichlet eigenvalues p;(n,t,), j = 1,...,p. In this manner it will be
shown that collisions of Dirichlet eigenvalues no longer pose a problem.

In addition, there is an additional complication: In general, it cannot be guar-
anteed that p;(n,t,) and vj(n,t.), j = 1,...,p, stay finite and nonzero for all
(n,t,) € Z x R. We solve this particular problem in the stationary as well as
the time-dependent case by properly restricting the initial Dirichlet and Neumann
divisors Dy(ng, 1) Pi(no.to,,) € Sym” K, to a dense set of full measure.

Summing up, we offer a new algorithm to solve the inverse algebro-geometric
spectral problem for general Ablowitz—Ladik Lax operators, starting from a prop-
erly chosen dense set of initial divisors of full measure. Combined with an appro-
priate first-order system of differential equations with respect to time (a substitute
for the Dubrovin-type equations), this yields the construction of global algebro-
geometric solutions of the time-dependent Ablowitz—Ladik hierarchy.

We emphasize that the approach described in this paper is not limited to the
Ablowitz—Ladik hierarchy but applies universally to constructing algebro-geometric
solutions of (1+1)-dimensional integrable soliton equations. In particular, it applies
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to the Toda lattice hierarchy as discussed in [30]. Moreover, the principal idea of
replacing Dubrovin-type equations by a first-order system of the type (6.15), (6.23),
and (6.24) is also relevant in the context of general (non-self-adjoint) Lax operators
for the continuous models in (1 + 1)-dimensions. In particular, the models studied
in detail in [28] can be revisited from this point of view. (However, the fact that the
set in (6.67) is of measure zero relies on the fact that n varies in the countable set
Z and hence is not applicable to continuous models in 1 + 1-dimensions.) We also
note that while the periodic case with complex-valued «, 3 is of course included in
our analysis, we throughout consider the more general algebro-geometric case (in
which a, 8 need not be quasi-periodic).

Finally we briefly describe the content of each section. Section 2 presents a quick
summary of the basics of the Ablowitz—Ladik hierarchy, its recursive construc-
tion, Lax pairs, and zero-curvature equations. The stationary algebro-geometric
Ablowitz—Ladik hierarchy solutions, the underlying hyperelliptic curve, trace for-
mulas, etc., are the subject of Section 3. A new algorithm solving the algebro-
geometric inverse spectral problem for general Ablowitz—Ladik Lax operators is
presented in Section 4. In Section 5 we briefly summarize the properties of algebro-
geometric time-dependent solutions of the Ablowitz—Ladik hierarchy and formulate
the algebro-geometric initial value problem. Uniqueness and existence of global
solutions of the algebro-geometric initial value problem as well as their explicit
construction are then presented in our final and principal Section 6. Appendix A
reviews the basics of hyperelliptic Riemann surfaces of the Ablowitz—Ladik-type
and sets the stage of much of the notation used in this paper. Finally, various in-
terpolation formulas of fundamental importance to our stationary inverse spectral
algorithm developed in Section 4 are summarized in Appendix B. These appendices
support our intention to make this paper reasonably self-contained.

2. THE ABLOWITZ-LADIK HIERARCHY IN A NUTSHELL

We briefly review the recursive construction of the Ablowitz—Ladik hierarchy and
zero-curvature equations following [31] and [33].
Throughout this section we suppose the following hypothesis.

Hypothesis 2.1. In the stationary case we assume that o, 3 satisfy
a,B€C?  an)B(n) ¢ {0,1}, n € Z. (2.1)
In the time-dependent case we assume that o, 8 satisfy

al-,t),B(,t) e C% teR, a(n, -),B(n, ) EC’l(R), n ez,

a(n,t)B(n,t) ¢ {0,1}, (n,t) € Z x R. 22)

Here CZ denotes the set of complex-valued sequences indexed by Z. For a dis-
cussion of assumptions (2.1) and (2.2) we refer to Remark 3.4.

We denote by S* the shift operators acting on complex-valued sequences f =
{f(n)}nez € C% according to

(SEf)(n) = f(n+1), nez. (2.3)
Moreover, we will frequently use the notation

fr=5%f fecC” (2.4)
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Next, we define sequences { f¢,+ teen,, {9e,+ teeny, and {he + }ren, recursively by

Jo+ = 3C0+» fo+ = —Cosr, hoy =co4B, (2.5)
Ge+1,+ — Gpy1 4+ = by + Bfey, €Ny, (2.6)
Joyr,4 = Jer — o(ge1,+ + g£_+1,+)7 ¢ € No, (2.7)
hesi+ = hgy +B(get1,+ + 9541 1), £ €Ny, (2.8)
and

Jo,— = %Co,—y fo— =co—a, ho_ = —Co,—5+7 (2.9)
Ge+1,— — 9o, = he— +Bf,_, €€Ny, (2.10)
fey1,- = f_+alges1,—- + 9,4, ), LE€Ny, (2.11)
hopr,— =he— = B(ges1,- + 9p11 ), L E€No. (2.12)

Here ¢y + € C are given constants. For later use we also introduce
f-1,£=h_1£=0. (2.13)

Remark 2.2. The sequences {fo+toenys {9e,+ feeny, and {h¢ + }een, can be com-
puted recursively as follows: Assume that fy 1, g¢ 1, and hy 4 are known. Equation
(2.6) is a first-order difference equation in gsyq 4 that can be solved directly and
yields a local lattice function that is determined up to a new constant denoted by
ce+1,+ € C. Relations (2.7) and (2.8) then determine fyyq 4+ and hgyq 4, etc. The
sequences {fo,_ toengs {ge,— teeny, and {he _}ren, are determined similarly.

Upon setting
y=1-af, (2.14)

one explicitly obtains

fox =cor(=a®), fiy=coy(—7Tatt +(a")?B) + 14 (—at),

9o+ = 3C0.4, g1+ = o (—aTB) + jer,

ho+ = co B, hit =coy(VB™ —aB?) + 148,

fo,- =co—a, fi_= 007—(7067 - 0425+) +oa,-aq

go,— = %00,7, g1,— =co—(—aBt) + %01,7,

ho— =co,—(=B"), hi—=co— (=B T +a(B")?) +c1,_(—B"), et
Here {cg,+ }ren denote summation constants which naturally arise when solving the

difference equations for g, 1 in (2.6), (2.10). Subsequently, it will also be useful to
work with the corresponding homogeneous coefficients fo +, g¢ +, and hy +, defined

(2.15)

by the vanishing of all summation constants c; + for K = 1,...,¢, and choosing
co+ =1,
for=—at, fo—=a, for=foileosatepimojete €N, (2.16)
Jot =3, Got =Getleos=1,c;1=0j=1,..c, LEN, (2.17)
hot =B, ho- =B, hps= hetleos=1,¢;2=04=1,..c, CLEN. (2.18)
By induction one infers that
¢ I ¢

for=> cokifrt, Gox= Corrirt, hox =Y copzhes. (219
k=0 k=0 k=0
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Next we define the 2 x 2 zero-curvature matrices

Uz) = (ZZB ?‘) (2.20)
and
G- (z) —F (=
Vp(z)=i<HZ_((Z)) —Ki?((z))> p=(p-,p+) € NG, (2.21)

for appropriate Laurent polynomials F},(2), Gp(2), Hy(z), and Kp(2) in the spectral
parameter z € C\ {0} to be determined shortly. By postulating the stationary zero-
curvature relation,

0=0UV, -V, U, (2.22)
one concludes that (2.22) is equivalent to the}ollowing relations
2(G, — Gp) + zBF, + aH, =0, (2.23)
zPF, +aH, — Ky, + K, =0, (2.24)
—Fp +2F, + a(Gy + Ki) =0, (2.25)
z,B(GE_ + Kp) — 2H), + H, =0. (2.26)

In order to make the connection between the zero-curvature formalism and the
recursion relations (2.5)-(2.12), we now define Laurent polynomials F, Gp, Hp,
and K, by?

p— py+—1

Fp(2) =Y fooctm2 '+ D fop1oa2 (2.27)
=1 =0
p— P+

Go(2) =Y gy ez Y et (2.28)
(=1 =0
p-—1 P+

Hy(2) = > hp 1m0z + Dy, 042", (2.29)
=0 /=1
p— P+

Kg(z) = ngf 4,72_6 + ngffﬁzl = Gg(z) t9p_— — Ipy,+ (2.30)
=0 (=1

The stationary zero-curvature relation (2.22), 0 = Uvy fV;fU , is then equivalent
to B

_a(gp+7+ + gp_,,—) + fp+*1,+ - p__—l,— = 07 (231)
ﬂ(g;;gr +9p )+ hy 14— hp —1,-=0. (2.32)

Thus, varying py+ € Np, equations (2.31) and (2.32) give rise to the stationary
Ablowitz—Ladik (AL) hierarchy which we introduce as follows

s-AL,(a, B) = <a(gp+’+ +gl:7,*) + fp+*1’+ - fpl,) _
o Blgy, s +0p ) Fhy, 1y —hy 1

p=(p_,p;s) € NZ.

)

(2.33)

2In this paper, a sum is interpreted as zero whenever the upper limit in the sum is strictly less
than its lower limit.
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Explicitly (recalling v =1 — a8 and taking p_ = p, for simplicity),

—c (0%
s-AL(0,0) (a, B) = ( C(éo(;?)ﬁ ) -0

_ (—(co—a” +corat) —capna) _

S—AL(I,U (O{,B) - < FY(CO,J"B_ + CO,fﬁ-"—) + C(l,l)ﬁ — Oa

—(co+at Tyt + o a7y —alcoyat BT 4 co_am 1)
—B(co,—(a™)? +co 4 (ah)?))

Y(co,~ Bt + o487y — Bleo+aB™ + co,—a™ 1)
—al(co+(B7)? + co,—(B1)?))

—y(er,—a” + e pat) —ce 2)a>
+ ) _ ) ’ = O7 t . 234
( y(er+ 87 + C1,764_) + C(Q,Q)ﬁ o ( )

S-AL(2,2) (a,B) =

represent the first few equations of the stationary Ablowitz—Ladik hierarchy. Here
we introduced

Cp = (ep_,— +cpy4)/2, px € No. (2.35)

By definition, the set of solutions of (2.33), with p ranging in N and ¢, 1 € C,
¢ € Ny, represents the class of algebro-geometric Ablowitz—Ladik solutions.

In the following we will frequently assume that «, 8 satisfy the pth stationary
Ablowitz—Ladik system supposing a particular choice of summation constants co+ €
C,¢=0,...,p+, p+ € Np, has been made.

In accordance with our notation introduced in (2.16)—(2.18), the corresponding
homogeneous stationary Ablowitz—Ladik equations are defined by

S_ﬁ‘g(avﬁ) = S_ALQ(aaﬁ)| y P= (p*:er) € Ng (236)

co,+=1,¢c¢,£=0,£=1,...,p¢

One can show (cf. [31, Lemma 2.2]) that g, , 1 = g,_,— up to a lattice constant
which can be set equal to zero without loss of generality. Thus, we will henceforth
assume that

9pit = 9p_.—> (2.37)
which in turn implies that
K,=G, (2.38)
and hence renders V), in (2.21) traceless in the stationary context. (We note
that equations (2.37) and (2.38) cease to be valid in the time-dependent context,
though.)

Next, still assuming (2.1) and taking into account (2.38), one infers by taking
determinants in the stationary zero-curvature equation (2.22) that the quantity

R, =G} — F,H, (2.39)

is a lattice constant, that is, R, — R, = 0. Hence, R,(z) only depends on z, and

assuming in addition to (2.1) that

co.+ € C\ {0}, (2.40)
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one may write R, as®

2p+1
Ry(2) = (§ /D2 [[ 2= Em), {BEn}itZy CcC\{0}, (2.41)
m=0
where
p=p_+py—1 (2.42)
In addition, we note that the summation constants ¢ +,...,¢p, + in (2.33) can
be expressed as symmetric functions in the zeros Ey,..., Fop41 of the associated
Laurent polynomial R, in (2.41). In fact, one can prove (cf. [31]) that
Co,+ = Co,+Cp (E:tl): = 07 BRIy 2= (243)
where
c (E:t1> _ 1’
o (E*) (2.44)
k . .
_ Z (210)! ce (2]2P+1)! E(:)I:jo o E;tj21i+1
do o 225002 (g D2 (20 = 1) -+ (Zzpa — 1) P
Jo+-+j2pr1=Fk
keN,

are symmetric functions of B! = (Eoil, e E2i1;1-5-1)~

Next we turn to the time-dependent Ablowitz—Ladik hierarchy. For that pur-
pose the coefficients « and 8 are now considered as functions of both the lattice
point and time. For each system in the hierarchy, that is, for each p € Ng, we

introduce a deformation (time) parameter ¢, € R in «, B, replacing a(n), 8(n) by
a(n,ty), B(n,t,). Moreover, the definitions (2.20), (2.21), and (2.27)—(2.30) of U, V},,
and F), Gp, H, K, respectively, still apply. Imposing the zero-curvature relation

Uy, +UV, = V,fU =0, peNg, (2.45)
then results in the equations B
ar, = i(2F, +a(Gy + K;) — F),
B, = —i(B(G, + Kp) — Hp + z_ng_),
0= Z(Gg_ —Gp) + 2BF, + aHg_,
0==z0F, +al, + K, — K.

2.46
2.47
2.48

(
(
(
(2.49

)
)
)
)

Varying p € N2, the collection of evolution equations
ALP(a7B) = (_lljatp - a(gg+,+ + gp777) + fp+71,+ h p_—L—) == 07
= _lﬂtg + B(gp+,+ +9p_ =) —hp_—1,—+ hp+—1,+
tg € Rv B = (p77p+) € N07
then defines the time-dependent Ablowitz—Ladik hierarchy. Explicitly,

_ _iat(o,o) — C0,00¢) _
ALo,0)(, B) = (_iﬂt(o,o) n C(o,o)ﬂ) =0,

(2.50)

3We use the convention that a product is to be interpreted equal to 1 whenever the upper limit
of the product is strictly less than its lower limit.
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—iay —v(co,—a™ + o +at) — ca,ne
AL a,p) = Ttan T ’ ’ =0
(e, ) <_Zﬂt(1’1) +7(co,+87 +co,-B) +ca B

ALz 2y (v, B) (2.51)
—itvg ) — V(oY + ooy —aleopat BT 4 co—am BT)
—B(co,— ()2 +co 4 (a™)?))
~iB1a +(co BT+ 04 877y = Bleorat BT + o —a” 1)
—a(eo4(87)% +co,-(67)%))
(7(61’0[_ topat) - 0(2,2>a> =0, etc.
Y(er, 4B~ +e1,-BT) + s ’ ’

represent the first few equations of the time-dependent Ablowitz—Ladik hierarchy.
Here we recall the definition of ¢, in (2.35).
The special case p = (1,1), co.+ = 1, and ¢(1,1) = —2, that is,

—iag, —y(a” +at) 420\ _
(—iﬁn +7(B87 +B) - 2/3) =0, (2.52)

represents the Ablowitz—Ladik system (1.1).
By (2.50), (2.6), and (2.10), the time derivative of v =1 — af is given by

b

Vo =V ((Gp ot = 9pot) = (Gp = — 9y ) (2.53)

The corresponding homogeneous equations are then defined by

AL,(a, 8) = ALy(, B)] =0, p=(p_,ps) €ENZ (2.54)

co,+=1,¢c¢,+=0,0=1,....p+

Remark 2.3. From (2.23)—(2.26) and the explicit computations of the coefficients
fex, gex, and hg r, one concludes that the zero-curvature equation (2.45) and
hence the Ablowitz—Ladik hierarchy is invariant under the scaling transformation

a— a.={can)nez, B— Bc={Bn)/ctnez, ce€C\{0}. (2.55)

In particular, solutions «, 3 of the stationary and time-dependent AL equations are
determined only up to a multiplicative constant.

Remark 2.4. (i) The special choices 8 = +a, cp,+ = 1 lead to the discrete
nonlinear Schrodinger hierarchy. In particular, choosing c(;,1) = —2 yields the
discrete nonlinear Schrédinger equation in its usual form (see, e.g., [7, Ch. 3] and
the references cited therein),

—ia; — (1F o) (@™ +at) +2a =0, (2.56)
as its first nonlinear element. The choice 8 = @ is called the defocusing case, § = —&
represents the focusing case of the discrete nonlinear Schrodinger hierarchy.

(74) The alternative choice 5 = @, ¢o,+ = Fi, leads to the hierarchy of Schur flows.
In particular, choosing c(;,1) = 0 yields

a— (1= |a®)(am—a)=0 (2.57)
as the first nonlinear element of this hierarchy (cf. [11], [22], [23], [34], [41], [49]).

Finally, we briefly recall the Lax pair (L, F’,) for the Ablowitz—Ladik hierarchy
and refer to [33] for detailed discussions of this topic.
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In the standard basis {0, }mez in £2(Z) defined by

1 -

(5m = {6m,n}n€Z> me Z) (Sm,n = { o " (258)

0, m#n,

the underlying Lax difference expression L is given by
0 —a(0)p(~1) —A(=1)a(0) —a(1)p(0) p(0)p(1) 0
I = p(=1)p(0)  B(=1)p(0) —B(0)x(1) B(0)p(1) 0 (2.59)
0 —a(2)p(1) —B(1)e(2) —a(3)p(2) p(2)p(3) ’
O p(L)p(2)  B(L)p(2) —B(2)a(3) B(2)p(3) O
=p p(;even (ﬁ p(;even CY+P 50dd)S_ - /BOL+

+ (ﬁp+ Oeven — Oz++pjL 5odd)S+ + p+p++ dodd S++, (2.60)

where deven and doqq denote the characteristic functions of the even and odd inte-
gers,

5cvcn = Xaz> 5odd =1- 5cvcn = Xaoz41- (261)

In particular, terms of the form —g(n)a(n+1) represent the diagonal (n, n)-entries,
n € Z, in the infinite matrix (2.59). In addition, we used the abbreviation

p=7"=(1-ap) (2.62)

Next, let T be a bounded operator in the Hilbert space £2(Z) (with scalar product
denoted by (-, -)). Given the standard basis (2.58) in ¢*(Z), we represent T' by

(T(m n))(m ez T(m,n) = (0, T 6n), (m,n) ez (2.63)

Actually, for our purpose below, it is sufficient that T" is an N-diagonal matrix for
some N € N. Moreover, we introduce the upper and lower triangular parts T4 of
T by

Ty = (Te(m.n))  pyegee Telm.n) = {ﬁ(m’”” om0 e
Then, the finite difference expression P, is given by
Zcer_H((L@)Jr —(LYH.) - fch__z— (L4 = (L79-)
= (2.65)
— % »Qa, p=(p—,py) €NG,
with ()4 denoting the doubly infinite diagonal matrix
Qa = ((=1)*6x0), tez (2.66)
and ¢, = (¢_,— + ¢p; +)/2. The commutator relations [P, L] = 0 and L;, —

[Pp, L] = 0 are then equivalent to the stationary and time-dependent AblOWltZ*
Ladik equations (2.33) and (2.50), respectively.
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3. PROPERTIES OF STATIONARY ALGEBRO-GEOMETRIC SOLUTIONS
OF THE ABLOWITZ-LADIK HIERARCHY

In this section we present a quick review of properties of algebro-geometric so-
lutions of the stationary Ablowitz—Ladik hierarchy. We refer to [31] and [32] for
detailed presentations.

We recall the hyperelliptic curve K, of genus p, where

2p+1
]Cpl ]:p(z,y) = y2 — 40&1221)71%2(2) = y2 — H (z — Em) =0,
m=0 (3.1)

2 2p+1

c

RB(Z) = <22;i> H (z = Em), {Em}gfi(} CC\{0}, p=p-+p+— 1.
m=0

Throughout this section we make the assumption:

Hypothesis 3.1. Suppose that
o, B €C? and a(n)B(n) ¢ {0,1} for all n € Z. (3.2)

In addition, assume that the affine part of the hyperelliptic curve KCp in (3.1) is
nonsingular, that is, suppose that

E,#E, form#m/, m,m' =0,1,...,2p+ 1. (3.3)

The curve K, is compactified by joining two points P, , Poo, # Poo_, but
for notational simplicity the compactification is also denoted by K. Points P on
Kp\{Ps., , P_} are represented as pairs P = (z,y), where y( - ) is the meromorphic
function on K, satisfying F,(z,y) = 0. The complex structure on I, is then defined
in the usual way, see Appendix A. Hence, K, becomes a two-sheeted hyperelliptic
Riemann surface of genus p in a standard manner.

We also emphasize that by fixing the curve K, (i.e., by fixing Fy,..., Eopt1),
the summation constants ¢i +,...,¢p. + I fp, +, gpy +, and h,, + (and hence in
the corresponding stationary s-AL, equations) are uniquely determined as is clear
from (2.44) which establishes the summation constants ¢, + as symmetric functions

+1 +1
of By, .. Espty-

For notational simplicity we will usually tacitly assume that p € N.

We denote by {u;(n)}=1,...p and {v;(n)};=1,.. p the zeros of (- )P~ F,(-,n) and
(-)P="1H,(-,n), respectively. Thus, we may write

p

Fy(2) = o= [[ (2 ) (3.4
j=1
P
Hy(2) = o4 27T [ (2 — v), (3.5)
j=1
and we recall that (cf. (2.39))
R, — G} = —F,H,. (3.6)

The next step is crucial; it permits us to “lift” the zeros p; and v; from the complex
plane C to the curve C,,. From (3.6) one infers that

Ry(2) = Gp(2)> =0, 2 € {pj, i }jn=1,..p- (3.7)
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We now introduce {fi;};=1,..p, C Kp and {7;};=1,..p, C KCp by

frj(n) = (i (n), (2/co+ )pi ()P~ Gplpj(n),n)),  j=1,....p, n€Z,  (38)

and
j(n) = (vj(n), =(2/co4+)v;(n)P~ Gp(vj(n),n)), j=1,....p, n€Z.  (3.9)

We also introduce the points Py + by

2 2p+1
0,—

Po,+ = (0,%(co,—/co,+)) € Ky, 2 = H Ep. (3.10)
0,+ m=0

We emphasize that Py 4+ and P are not necessarily on the same sheet of /Cp,.
Moreover,

~20(1 40 P Py -1
yp) = [FCTAR0OL  PoPe, c=1s
¢=0 | £(co,—/co,+) +O(), P—= Pz, (==
Next we introduce the fundamental meromorphic function on KCp, by
(co,+/2)27P~y + Gp(z,n)
P,n) = = 12
#(P.n) T (312)
—H,(z,n
= - o(zn) , (3.13)
(co+/2)27P-y — Gp(z,n)
P=(zy) € Ky, n€Z,
with divisor (¢(-,n)) of ¢(-,n) given by
(¢(-:n)) =Dpy _o(n) — Pr_p(n): (3.14)
using (3.4) and (3.5). Here we abbreviated
p=A{p1,... fip}, v ={n,...,0p} € Sym”(K,). (3.15)

For brevity, and in close analogy to the Toda hierarchy, we will frequently refer to
fi and ¥ as the Dirichlet and Neumann divisors, respectively.

Given ¢(-,n), the meromorphic stationary Baker—Akhiezer vector ¥(-,n,ng)
on K, is then defined by

_ [ ¥1(Pyn, o)
V(Prm,mo) = (%(P, n, no))7
H'Z’:no+l (Z + a(n/)(bi (P7 n/))v n Z no + 17
Y1(Pyn,ng) = 4 1, n = ng, (3.16)

19 (2 +a@)e~(Pn') ™, n<ng—1,
[Tvngs1 (zB()e~(Pn/) "t +1),  n>mng+1,
’(ﬁz(P,n,no) :gb(P,no) 1, n = nop,

19,0 (2B~ (P) "t +1)7, n<ng— 1.
(3.17)

Basic properties of ¢ and ¥ are summarized in the following result.
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Lemma 3.2 ([31]). Suppose that o, 3 satisfy (3.2) and the pth stationary Ablowitz—
Ladik system (2.33). Moreover, assume (3.1) and (3.3) and let P = (z,y) € K, \
{Ps,,Ps_,Pot,Po_}, (n,ng) € Z*. Then ¢ satisfies the Riccati-type equation

ag(P)g~ (P) — ¢~ (P) + 2¢(P) = 23, (3.18)
as well as
o ()
P(P)p(P*) = ) (3.19)
o oGl
(P) + o(P") = 2F7(Z)7 (3.20)
oP) = (P = o577 B (3.21)
The vector ¥ satisfies
U(z)¥~(P) =TU(P), (3.22)
Vp(2)¥™(P) = —(i/2)co 427 P~ y¥ ™ (P), (3.23)
Yo (P,n,mng) = ¢(P,n)1(P,n,no), (3.24)
Fy(z,n
1(P,n,mo)1 (P*,n,ng) = z”_”OF((ZnO))F(n, ng), (3.25)
* n—n, I—EB(’Z’n)
1/)2(P, n, Tlo)'(/)Q(P ,ﬂ,no) =z ”ml’(n,no), (326)
D1(P, 1, no)n(P*,n, o) + 91 (P*, 1, no ) (P, n, o) (3.27)
=2z"7 "0 MF(H ng)
Fyp(z,m0) 0/
1/)1 (P, n, no)’(/)Q(P*, n, TL()) — ’(/}1 (P*, n, 7’L0)1/)2 (ID7 n, ’I”L()) (328)
= —¢p z"fnofpr n,ng
a o+ Fp(z,no)r( o),

where we used the abbreviation

[engi 7)) n>no+1,
F(’I”L7 TL()) = 1 n = nop, (329)

Hz9=n+1 vyt n<ng—1.

Combining the Laurent polynomial recursion approach of Section 2 with (3.4)
and (3.5) readily yields trace formulas for f,+ and he 1 in terms of symmetric
functions of the zeros y; and vy of (-)P-F, and (-)P-~'H,, respectively. For
simplicity we just record the simplest cases. a

Lemma 3.3 ([31]). Suppose that a, 8 satisfy (3.2) and the pth stationary Ablowitz—
Ladik system (2.33). Then,

p

o €0, +

at = (_1)p+1CQ 7 H His (330)
T =1
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B (capr o f[ (3.31)
— = (= — Vj, .
5 Co,— i
P ++
« C
Zﬂj =atf - ’YJFOT - 6(1)7’17 (3.32)
j=1 '
P _
B~
N7 :oﬁﬂ—'y? - Cl—+ (3.33)
= 0,+

Remark 3.4. The trace formulas in Lemma 3.3 illustrate why we assumed the
condition a(n)B(n) # 0 for all n € N throughout this paper. Moreover, the fol-
lowing section shows that this condition is intimately connected with admissible
divisors Dy, D, avoiding the exceptional points Py, Py.+. On the other hand, as
is clear from the matrix representation (2.59) of the Lax difference expression L,
if a(ng)B(ng) = 1 for some ng € N, and hence p(ng) = 0, the infinite matrix L
splits into a direct sum of two half-line matrices L1 (no) (in analogy to the familiar
singular case of infinite Jacobi matrices aS™ + a~S~ + b on Z with a(ng) = 0).
This explains why we assumed a(n)B(n) # 1 for all n € N throughout this paper.

Since nonspecial divisors and the linearization property of the Abel map when
applied to D; and D, will play a fundamental role later on, we also recall the
following facts.

Lemma 3.5 ([31], [32]). Suppose that o, satisfy (3.2) and the pth stationary
Ablowitz-Ladik system (2.33). Moreover, assume (3.1) and (3.3) and let n € Z.
Let Dy, ft = {fi1,---,fip}, and Dy, U = {Dy,...,0,}, be the pole and zero divisors
of deg;ee p, respectively, associated with o, B, and ¢ defined according to (3.8) and
(3.9), that is,

fij(n) = (1 (n), (2/co )i (n)P~Gp(pj(n);n)), j=1,....p,
vi(n) = (vj(n), —(2/co,4+)vj(n)P~Gp(vi(n),n)), j=1,...,p.

(3.34)

Then Dpny and Dyny are nonspecial for all n € Z. Moreover, the Abel map
linearizes the auxiliary divisors Dy, and Dy in the sense that

QQO (Dﬁ(”)) = ng (Dﬁ("o)) + (n - nO)AP(,,7 (Poo+), (335)
2@, (D)) = 2q,(Dong)) + (1 —10)Ap, _(Pos,), (3.36)

where Qo € Ky, s a given base point. In addition,
aq, (Do) = g, (Pam)) + Ap, - (Poo_)- (3.37)

For theta function representations of o and § we refer to [32] and the references
cited therein. These theta function representations also show that v(n) ¢ {0,1}
for all n € Z, that is, the second condition in (3.2) is satisfied for the stationary
algebro-geometric AL solutions discussed in this section provided the associated
Dirichlet and Neumann divisors are admissible.

4. THE STATIONARY ALGORITHM

The aim of this section is to derive an algorithm that enables one to construct
algebro-geometric solutions for the stationary Ablowitz—Ladik hierarchy for general
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initial data. Equivalently, we offer a solution of the inverse algebro-geometric spec-
tral problem for general Lax operators L in (2.60), starting with initial divisors in
general position.

Up to the end of Section 3 the material was based on the assumption that
a, B € CZ satisfy the pth stationary AL system (2.33). Now we embark on the
corresponding inverse problem consisting of constructing a solution of (2.33) given
certain initial data. More precisely, we seek to construct solutions «, 3 € CZ sat-
isfying the pth stationary Ablowitz—Ladik system (2.33) starting from a properly
restricted set M of admissible nonspecial Dirichlet divisor initial data Di(no) at
some fixed ng € Z, a

E(ﬂo) = {ﬂl(n0)7 . ,ﬂp(no)} e My, MyC Symp(ICp),
715 (n0) = (113 (m0), (2/ 0,4 )13 (n0)"~ Gylpty (mo).mo)), j = 1L,....p.

For convenience we will frequently use the phrase that a, 5 blow up in this man-
uscript whenever one of the divisors Dy, or D; hits one of the points P, Py +.

Of course we would like to ensure that the sequences a, 3 obtained via our
algorithm do not blow up. To investigate when this happens, we study the image
of our divisors under the Abel map. A key ingredient in our analysis will be (3.35)
which yields a linear discrete dynamical system on the Jacobi variety J(K,). In
particular, we will be led to investigate solutions Dy, Dj of the discrete initial value
problem B

(4.1)

@Q, (Dﬁ(”)) =Qaq, (Dﬁ(no)) + (Tl - nO)APg,, (POO+)7 (4 2)
ino) = {fn(no), .-, fip(no) } € Sym”(Kp), '
respectively
aq, (Do) = ag,(Datng)) + Ap, (P )+ (n—1n0)Ap, (P,
2(’!7,0) = {191 (no), ey lA/p(’no)} S Symp(le),
where Qo € K, is a given base point. Eventually, we will be interested in solutions
Dy, Dy of (4.2), (4.3) with initial data Dy (,,) satistying (4.1) and M to be specified
as in (the proof of) Lemma 4.1.
Before proceeding to develop the stationary Ablowitz—Ladik algorithm, we briefly
analyze the dynamics of (4.2).

(4.3)

Lemma 4.1. Letn € Z and suppose that Dﬁ(n) is defined via (4.2) for some divisor
Dﬁ(no) S Sym”(le).

(1) If Dﬁ(n) is nonspecial and does not contain any of the points Py 1, Poo., and
Dg(n+1) contains one of the points Py 1, Puo, , then Dﬁ(n+1) contains Py _ or Ps_
but not Poo, or Py .

(#4) If Dﬁ(n) s monspecial and D@(ﬂ-&-l) 1s special, then Dﬁ(n) contains at least one
of the points Py, Poo_ and one of the points Py 1, Py _.

(ii1) Item (i) holds if n + 1 is replaced by n — 1, Po, by Ps_, and Py y by Py .

(iv) Items (i)~(ii4) also hold for Dy(y).

Proof. (i) Suppose one point in Di(nt1) equals Py, and denote the remaining ones
by Dpnt1)- Then (4.2) implies that ag (Dan+t1)) + Ag, (Pcy) = g, (Pany) +
Apoﬁ(Poch). Since Dp(ny is assumed to be nonspecial one concludes Dy(n)y =

Dji(n+1) + Dp, _, contradicting our assumption on Dj,). The statement for Py

follows similarly; here we choose Qo to be a branch point of K, such that A (P*) =
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g, (P).

(iz‘)%\olext, we choose Qg to be a branch point of /Cp. If Dy, 11 is special, then it
contains a pair of points (Q, @*) whose contribution will cancel under the Abel map,
that is, ag (Dam+1)) = ag,(Dan+1)) for some Dyui1) € Sym?~2(K,). Invoking
(4.2) then shows that ag (Dan)) = ag,(Pam+1)) + Ag, (P ) + Ag, (Fo,—). As
Dy(n) was assumed to be nonspecial, this shows that D) = Dyn+1) + Pp,, +
Dp, _, as claimed. - N

(#ii) This is proved as in item (7).

(iv) Since Dy (y, satisfies the same equation as D, in (4.2) (cf. (3.36)), items

(i)-(i77) also hold for Dyy). O

We also note the following result:

Lemma 4.2. Let n € 7Z and assume that Dun) and Dy(ny are nonspecial. Then
Dﬁ(n) contains Py if and only if Dy contains P_. Moreover, Dﬁ(n) contains
Puo_ if and only if Dy, contains Py 4 .

Proof. Suppose a point in D,y equals Py and denote the remaining ones by
Dji(ny- By (3.37),

aqy (Do) = gy (Pam)) + Ay (Po,-) + Ap, _(Pos_) = gy (D)) + Agy (Poo_)-

(4.4)
Since Dy y,) is nonspecial, Dy () contains Py _, and vice versa. The second state-
ment follows similarly. ]

Let us call the points Pw,, Poo_, Po+, and Py _ exceptional points. Then
Lemma 4.1 yields the following behavior of Dj(,) assuming one starts with some
nonspecial initial divisor Dy y,,) without exceptional points: As m increases, Dun)
stays nonspecial as long as it does not include exceptional points. If an exceptional
point appears, Dy, is still nonspecial and contains Py _ or Ps,_ at least once (but
not Py 4 and P, ). Further increasing n, all instances of Py _ and P _ will be
rendered into Py and P, , until we have again a nonspecial divisor that has the
same number of Py ; and P, as the first one had of Iy and P_. Generically,
one expects the subsequent divisor to be nonspecial without exceptional points
again.

Next we show that most initial divisors are well-behaved in the sense that their
iterates stay away from P, Py +. Since we want to show that this set is of full
measure, it will be convenient to identify Sym?(kKC,) with the Jacobi variety J(K,)
via the Abel map and take the Haar measure on J(KCp). Of course, the Abel map
is only injective when restricted to the set of nonspecial divisors, but these are the
only ones we are interested in.

Lemma 4.3. The set Mo C Sym”(K,,) of initial divisors Dy, for which D)
and Dy(y), defined via (4.2) and (4.3), are admissible (i.e., do not contain the
points Py, , Py +) and hence are nonspecial for all n € Z, forms a dense set of full
measure in the set Sym? (IC,,) of positive divisors of degree p.

Proof. Let Moo o be the set of divisors in Sym”(C,,) for which (at least) one point
is equal to P, or Py +. The image g, (Moo,0) of Mo o is then contained in the
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following set,

ag,(Mos,0) € U (A, (P) + ag, (SymP™H(Kp))) € J(Kp).  (45)
PE{Po,+,Po}

Since the (complex) dimension of Sym?~*(KC,) is p— 1, its image must be of measure
zero by Sard’s theorem (see, e.g., [8, Sect. 3.6]). Similarly, let My, be the set of
special divisors, then its image is given by

ag,(Msp) = ag, (Sym?~*(K,)), (4.6)

assuming Qo to be a branch point. In particular, we conclude that ag (Msp) C
g, (Meo0) and thus ag (Msing) = g, (Moo,0) has measure zero, where

Msing = Moo,O U Msp- (47)

Hence,

S = (ag,(Mang) + ndp, _(Pw))) and S, =S, +Ap,_(Pu_) (48)
nez

are of measure zero as well. But the set S, US, contains all initial divisors for

which Dy or Dy, will hit Py, or Py +, or become special at some n € Z. We

denote by My the inverse image of the complement of the set S, US, under the
Abel map,

Mo = o (SymP(K,) \ (S, US,)). (4.9)

Since M is of full measure, it is automatically dense in Sym?(K,). d

Next, we describe the stationary Ablowitz—Ladik algorithm. Since this is a
somewhat lengthy affair, we will break it up into several steps.

The Stationary Ablowitz—Ladik Algorithm:

We prescribe the following data
(¢) The coefficient a(ng) € C\ {0} and the constant ¢y € C\ {0}.
(#) The set

(B )220 cC\{0}, Ep#Ep for m#m/, m,m' =0,...,2p+1, (4.10)

m=0

for some fixed p € N. Given {E,, if;rol , we introduce the function
c 2 2p+1
0,4
Ry(z) = <22p_ ) [[(z-Ew) (4.11)
m=0

and the hyperelliptic curve K, with nonsingular affine part as in (3.1).
(#7) The nonspecial divisor

D&(no) € Sym”(K,), (4.12)
where fi(ng) is of the form
B(TLO) = {ﬂl(no)v cee aﬂl (77,0), tee 7ﬂq(no)7 cee 7[1‘(](110)} (413)
p1(no) times Pg(ng)(no) times

with
fir(no) = (e (no), y(fix(no))),  pr(no) # pw (no) for k#Kk', k k' =1,.. -;Q((no
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and
q(no)

pk(nO) EN, k=1,.. ’7q(n0)a Z pk(nO) =D. (4‘15)

With {Em}ff;'%, i(no)s O a(ng), and cg 4 prescribed, we next introduce the following
quantities (for z € C\ {0}):

2p+1 1/2 q(no)
() = amo) ( T ) TT o) 7, (1.16)
m=0 o=
2p+1
L, p+
Co,— = Co+ H E,, (4.17)
a(no)
Fp(2,m0) = —co.+at(ng)z H (z — pr(ng))Pe(mo), (4.18)
1 1 z
_ - _ F 4.1
Gip(2,m0) 2 (a(no) a+(no)) o(z m0) (4.19)
(no) pr(no)—1 (¢ £
B S L
2 2 Dprlno) — (- 1)!
dpr(no)—£-1 . (nO) i (n
X <d<pk(no)_g_1 <(Z —9) IT (€= (ng)) 7wt
k’:l,k’;ﬁk C:,uk,(ng)

Here the sign of the square root is chosen according to (4.14).
Next we record a series of facts:
(I) By construction (cf. Lemma B.1),

d*(Gp(z,m0)?) d Ry (2)

dz* z=p(no) dz* z=pk(no)
ZE(C\{O}’ EZO)"'apk(nO)_17kzla"'aq(no)'

(IT) Since Dji(no) s nonspecial by hypothesis, one concludes that
pr(no) > 2 implies Ry(ug(no)) £0, k=1,....q(no).  (421)

(III) By (4.19) and (4.20) one infers that F), divides G} — R,.
(IV) By (4.11) and (4.19) one verifies that N

Gg(z,no)2 — Ry(2) T O(z*+71), (4.22)
Gp(2, ng)? — Ry(2) o O(z~%-11), (4.23)

(4.20)

By (III) and (IV) we may write
Gg(z,no) — Ry(2) = Fp(2, no)Hyr(2,m0), z€C\{0}, (4.24)
for some ¢ € {0,...,p— — 1}, r € {0,...,p+}, where lflqﬁr(z,no) is a Laurent

polynomial of the form c_,279 4 -+ + ¢.2". If, in fact, Hyo = 0, then Rp(2) =
Gg(z, no)? would yield double zeros of Ry, contradicting our basic hypothesis (4.10).
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Thus we conclude that in the case r = ¢ = 0, ﬁo,o cannot vanish identically and
hence we may break up (4.24) in the following manner

v Gy(2,m0) + (cot/2)2 7~y 1, +(5,m0)
d(P,ng) = — = - —
Fp(2,m0) Gp(2,m0) — (co,+/2)27P-y (4.25)
P =(zy) € Kp.
Next we decompose
r+q
Hyp(z,m0) = C27 [[ (2 = vi(no)), z€C\{0}, (4.26)
j=1

where C' € C\ {0} and {V]—(no)};g C C (if r = ¢ = 0 we replace the product in

(4.26) by 1). By inspection of the local zeros and poles as well as the behavior near
Py 1+, P, of the function ¢( -, ng) using (3.11), its divisor, (gﬁ( . ,no)), is given by

(8(+,10)) = Dp, _s(ny) = Ppc_is(no): (4.27)
where
(ng) ={Po,—,..., Po,—,1(n0), - - Uryq(10), Pooy s - - s Poo, }- (4.28)

In the following we call a positive divisor of degree p admissible if it does not
contain any of the points Pu, , Py +.
Hence,

Dy (ny) is an admissible divisor if and only if r =p; and ¢ =p_ —1.  (4.29)
We note that
aqy (Do) = @y (Pa(ne)) + Ap, _ (Poo_), (4.30)
in accordance with (3.37).

(V) Assuming that (4.22), (4.23) are precisely of order z¥(2P==1) that is, assuming
r=py and ¢ = p_ — 1 in (4.24), we rewrite (4.24) in the more appropriate manner

Gg(z7n0)2 — Ry(z) = Fy(2,m0)Hp(2,m0), 2 € C\{0}. (4.31)

(We will later discuss conditions which indeed guarantee that ¢ = p_—1and r = p,
cf. (4.29) and the discussion in step (X) below.) By construction, Hy(-,n0) is then
of the type

£(no) £(no)

Hy(z,n0) = co,+B(no)z 7=+ [] (2 = vk(no))™*"), > si(no) =p,

k=1 k=1
vi(ng) # vir(ng) for k£ K, kK =1,...,4(ng), 2€ C\ {0}, (4.32)

where we introduced the coefficient 5(ng). We define
D(no) = (Vk(no), —(2/co.4)vk(no)’~ Gp(vk(no),no)), k=1,...,4(no). (4.33)
An explicit computation of S(ng) then yields

1 q(no) (dpk(nl))*l(C*ly(P))/dCPk(no)*l)

at(no)B(no) = —5

2 = (pr(no) — 1!

|P:(C,7l):ﬂk("0)
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q(no)
x H (,Uk(no) — Uk (no))*Pk(ng)
k'=1,k'#k
CVJF(nO a{no) 2p+1
< (o) Zpkno“’“"OZE> (4.34)

The result (4.34) is obtained by inserting the expressions (4.18), (4.19), and (4.32)
for F,(-,n0), Gp(-,n0), and Hy(-,ng) into (4.31) and collecting all terms of order
221, - -
(VI) Introduce

£(no)

2p+1 —1/2
ﬂ TL()) ’17,0 H Vk Sk(no)( H Em) . (435)
m=0

(VII) Using Gy(2,m0), Hg(zﬂ”m% Fg(%no% B(no), at(ng), and B+ (ng), we next
construct the ng = 1 terms from the following equations:

1
F, = %(aQHB —2aG, + Fp), (4.36)
H, = %(52@ — 268G, + Hy), (4.37)
1
GB_ = ;((1 +aB)G, — aH, — BFy), (4.38)
respectively,
1
Ef = Z?«aﬂ?Hg + 201 2G, + 2°F), (4.39)
1
Hf = z?((ﬁfz)?Fg +2872G, + Hy), (4.40)
Gy = zfyi((l +at81)2Gy + ot Hy + T2°F,). (4.41)
Moreover,
(Gy)? — Fy Hy =Ry, (Gf)*—F}HS =R, (4.42)
Inserting (4.18), (4.19), and (4 32) in (4.36)—(4.38) one verifies
Fy (2m0) = —copa(ng)z 71+ O(:72), (4.43)
H, (z,m0) = O(zP+), (4.44)
Fy(z,m0) = O(z7F7), (4.45)
A z—0
H, (z,n0) = —co—Bno)z "~ +0(z77-1?) (4.46)
= z—0
G, (z,n0) = 3co,—2 P~ + -+ + dco 4 27F. (4.47)
The last equation implies
Gp(z,mo — 12 - Ry(2) = O(z%+7 1), (4.48)
GB(Z7 no — 1)2 - RB(Z) ZiO O(Z72p7+1)a (449)

SO we may write

Gg(z,nofl)Qng(z) = Fs,m,l(z,nofl)pr,l’r(z,nofl), z € C\ {0}, (4.50)
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for some s € {1,...,p_}, r€{1,...,py}, where

Fypooi(no—1)=c_sz7* + -+ —cora(ng)z+ 1,

prfl,r(no -1)= 700’7ﬁ(n0)z—p_+1 +od e
The right-hand side of (4.50) cannot vanish identically (since otherwise R,(z) =
Gyp(2,n9 — 1)* would yield double zeros of Ry(2)), and hence,

; Gy(z,m0 — 1) + (0.4 /2) 277~ B oy (sme—1
¢(p7n0_1): B( Vo ) (0,+/ ) Y _ b —1, (Z,no ) .
Fopr—1(zmo 1) Gy(zim0 = 1) = (co.+/2)2 Py

P=(zy) €K, (451)

Next, we decompose

p+—1+s
Fypo—1(2,m0 — 1) = —co ra(ng)z* H (z — pi(ng — 1)), (4.52)
j=1
p——14r
Hy 1,(zn0—1)=Cz " [ (z=v5(no—1)), (4.53)
j=1

where C' € €\ {0} and {g;(no — D}27'° € C, {yj(no — 1)}2=7"" € C. The
divisor of ¢(-,ng — 1) is then given by

(6(-,n0—1)) =Dpr,_i(no—1) — Dp._j(no—1)» (4.54)

where
f(no —1) ={Po ..., Pogyin(no — 1), fip, —145(no — 1)}, (4.55)
D(ng —1) ={t(no—1),..., 0 —14r(no — 1), Poc ..., Poo, }. (4.56)

p4+—r times
In particular,
Dip(no—-1) is an admissible divisor if and only if s =p_, (4.57)
Dy(ny—1) is an admissible divisor if and only if r = p. (4.58)
(VIII) Assuming that (4.48), (4.49) are precisely of order z*(2P=~1) that is, as-
suming s = p_ and r = p; in (4.51), we rewrite (4.51) as
Gp(2,m0 — 1)% — Ry(2) = Fp(z,n0 — 1)Hp(2,n0 — 1), 2z € C\ {0} (4.59)

By construction, Fp(-,no — 1) and Hp(-,no — 1) are then of the type

q(no—1)
Fp(z,m0 — 1) = —co,1a(ng)z™ "~ H (2 — pj(ng — 1))Pr{no=1)
k=1

q(no—1)

> prlno—1) =p, (4.60)

k=1
,U'k(nO - 1) 7é Nk’(no - 1) for k 7é k/v k7k/ = 17’”7‘](”0 - 1)7 KAS (C\{O}v

Z(nofl)

Hy(z,n9 — 1) = co 4 B(ng — 1)z~ P~ H (z = vi(ng — 1))*k(mo=1),
k=1
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£(ng—1)

Z sp(no — 1) = p, (4.61)

k=1
vp(ng —1) #vp(ng — 1) for k £k, kK =1,...,l(ng — 1), 2 € C\{0},

where we introduced the coefficient 3(ng — 1). We define
fir(no — 1) = (ux(no — 1), (2/co 4 ) pr(no — 1)P~ Gp(px(no — 1),n0 — 1)),
kE=1,...,q9(np — 1),

lA/k(’n,() - 1) = (I/k(n() — 1), —(2/CQ’+)V]€(77,0 — 1)p7GB(l/k(’n,O - 1),TLO — 1))7
k:l,...,ﬁ(no—l).

(4.62)

(IX) At this point one can iterate the procedure step by step to construct Fy (-,n),
Gp(-,n), Hy(-,n), a(n), B(n), p;j(n), vj(n), etc., for n € (—oo,no] NZ, subject to
the following assumption (cf. (4.57), (4.58)) at each step:

Djy(n—1) is an admissible divisor (and hence a(n — 1) # 0) (4.63)
for all n € (—o0, ngl NZ,
Dy(n—1) is an admissible divisor (and hence 3(n — 1) # 0) (4.64)

for all n € (—o0, ng] N Z.

The formalism is symmetric with respect to ng and can equally well be developed
for n € (—o0, ng] NZ subject to the analogous assumption

Dji(n+1) is an admissible divisor (and hence a(n 4+ 2) # 0) (4.65)

for all n € [ng,00) NZ,
Dy (n+1) is an admissible divisor (and hence §(n + 2) # 0) (4.66)
for all n € [ng,00) N Z.

(X) Choosing the initial data D ,,) such that

,Dﬁ(nu) € My, (467)
where Mo C Sym?(KCp,) is the set of admissible initial divisors introduced in Lemma
4.3, then guarantees that assumptions (4.63)—(4.66) are satisfied for all n € Z.

Equations (4.36)—(4.41) (for arbitrary n € Z) are equivalent to s-AL,(«, 8) = 0.

At this stage we have verified the basic hypotheses of Section 3 (i.e., (3.2) and
the assumption that «, 8 satisfy the pth stationary AL system (2.33)) and hence
all results of Section 3 apply. a

In summary, we proved the following result:
Theorem 4.4. Let n € Z, suppose the set {Em}f,fié C C satisfies Ep, # Epy for
m#m/, m,m =0,...,2p+1, and introduce the function R, and the hyperelliptic
curve K, as in (3.1). Choose a(ng) € C\ {0}, coy € C\ {0}, and a nonspecial
divisor Dy (n,) € Mo, where Mo C SymP(ICp) is the set of admissible initial divisors
introduced in Lemma 4.3. Then the stationary (complex) Ablowitz—Ladik algorithm
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as outlined in steps (I)~(X) produces solutions «, 8 of the pth stationary Ablowitz—
Ladik system,
s-AL,(a, B) = <_O‘(9P+»+ 95 )+ foi-14 — p‘__l,_> 3

)

B(9;+,+ +9p_ )+ h;+—1,+ —hp_—1,- (4.68)
= (p77p+) € N(2)7
satisfying (3.2) and
2p+1 (n—ng)/2
a(n) = < H Em> A(n,ng) a(ng), (4.69)
m=0
(n) -1
Bn)=| - 15 (@ (¢ y P /A7) | oo
2 2 (e () — 1)
q(n)
x H (pe(n) = pur (n)) P ()
k=1, k' £k
1 2p+1 1/2 a(n) q(n) s
2(<HE ) TL i) 3 pitmyet) — 1 3 B ))
m=0 k=1 k=1 m=0
2p+1 —(n+1—ng)/2
X < H Em> A(n+1,n9) " a(ng) ™, (4.70)

where
T, TS () 7700, = mg 41,
A(n,ng) =<1, n = ng, (4.71)
T T (', <img = 1,
Moreover, Lemmas 3.2-3.5 apply.
Finally, we briefly illustrate some aspects of this analysis in the special case

p = (1,1) (i.e., the case where (3.1) represents an elliptic Riemann surface) in more
detail.

Example 4.5. The case p = (1,1).
In this case one has

Fa,)(z,n) = —cora(n+1)z""(z — p(n)),

Gnten) = §<a<1n> ) M)Fm(w) + Ray (@), (472)

o= (22 T o)

m=0

and hence a straightforward calculation shows that

Gy(z,n)* = Ray(2) = —cf pa(n + 1)B(n)z~" (2 — pa (n)) (2 — vi(n))

B oyt BV ERY
By >>(< ) | B o) 2)
(4.73)
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E (L Lt e, L E0Y)

Cmm\ BV () B2 mn)
where
R 3 R
E*=)Y Ef', E=1]] En (4.74)
m=0 m=0
Solving for v1(n) one then obtains
= y(ia(n) , E'V? Et
E Yt Tiam tml) -5
nn) = = e Tt (4.75)
n) ___1 1(n 1(n _ L~
MW — w5 T 5 Tmm 2

Thus, v1(ng) could be 0 or oo even if p1(ng) # 0, co.
5. PROPERTIES OF ALGEBRO-GEOMETRIC SOLUTIONS
OF THE TIME-DEPENDENT ABLOWITZ-LADIK HIERARCHY

In this section we present a quick review of properties of algebro-geometric so-
lutions of the time-dependent Ablowitz—Ladik hierarchy. Again we omit all proofs
and refer to [29], [31], and [32] for details.

For most of this section we assume the following hypothesis.

Hypothesis 5.1. (i) Suppose that o, 8 satisfy
al-,1),8(-,t)eCE teR, «n,-), Bn, ) e CR), neZ,
a(n,t)B(n,t) ¢ {0,1}, (n,t) € ZxR.

(17) Assume that the hyperelliptic curve K,y satisfies (3.1) and (3.3).

(5.1)

In order to briefly analyze algebro-geometric solutions of the time-dependent
Ablowitz-Ladik hierarchy we proceed as follows. Given p € Ng, consider a complex-
valued solution a(®, 59 of the pth stationary Ablowitz-Ladik system s-ALj(a,b) =
0, associated with K, and a given set of summation constants {cli}gzl,_:
Next, let r € NZ; we intend to consider solutions o = a(t,), 3 = B(t,) of the rth
AL flow AL,(a, ) = 0 with a(ty,) = a9, B(te,) = B for some t5, € R. To
emphasize that the summation constants in the definitions of the stationary and
the time-dependent Ablowitz—Ladik equations are independent of each other, we
indicate this by adding a tilde on all the time-dependent quantities. Hence we
shall employ the notation Vﬁ, ﬁp CNT'D ffﬁ, I?ﬂ, fs,i, Js,+) ilsd:, Cs,+, in order to
distinguish them from V,,, F,, G,,, Hy,, Ky, fo,+, ge,+, he+, c¢.+, in the following. In
addition, we will follow a more elaborate notation inspired by Hirota’s 7-function
approach and indicate the individual rth Ablowitz—Ladik flow by a separate time
variable t, € R. More precisely, we will review properties of solutions «, 5 of the
time-dependent algebro-geometric initial value problem

A\i ,(a ﬁ) _ 7iat£ - a(gr+,+ + gri,,f) +f""+71>+ - ‘flfla* =0
el =iB, A B+ e )= thD )T (5

(v, B) bt = (a(o),ﬁ(‘))),

0 —_ —_
s-AL, (a(o)’ﬂm)) _ _?(f) )(gp+,+ +9p )t foi-14 — f_p_—1,— =0 (5.3
- 6] (9p+,+ +9p —) —hp 1+ hp+—1,+
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for some t9, € R, where a = a(n, t,), 8 = B(n,t,) satisty (5.1) and a fixed curve
KC, is associated with the stationary solutions a(®), 3 in (5.3). Here,

p=(p-p+) ENGA{(0,0)}, £=(r—,ry) NG, p=p_+pr -1 (54

In terms of the zero-curvature formulation this amounts to solving
Up, (2.t) + U (2, to) Vi (2, 1) — Vi (2,1,)U(2,t,) = 0, (5.5)
Ul(z,to,r)Vp(2,to,r) — Ver(z,toi)U(z7t07£) =0. (5.6)

One can show (cf. Lemma 6.2) that the stationary Ablowitz-Ladik system (5.6) is
actually satisfied for all times ¢, € R. Thus, we impose

U, +UV, = VU =0, (5.7)
UV, -V, /U =0, (5.8)

instead of (5.5) and (5.6). For further reference, we recall the relevant quantities
here (cf. (2.20), (2.21), (2.27)—(2.30), (2.38)):

v =(5 9).

(G —FR)\ o (Gie) —F (2 (5.9)
5= {0 o) = (e )

l4 r

and
p— py—1 P
—L L —p_
Fy(2) =) fpomtmz™ 4 Y fpiraa2’ = —copat - [z — ),
=1 =0 j=1

P- P+
Gp(2) = ng,fg,,z% + ng+*e7+ze7
(=1 =0

p-—1 P+ p
Hg(z) = Z hpfflfg,,z_[ + Z hp+7[’+2’e = CO’+5Z_p_+1 H(Z — l/j),
£=0 (=1 j=1
T— ry—1
Fo(2) =Y frocom2 4 D fri1mas?, (5.10)
s=1 s=0
_ T_ T4
Cr(2) =D Gro—s—2 "+ ) Grimss?”
s=1 s=0

r_—1

T
Hﬂ(z) = Z hT7717577275 + Z hr+,s7+zs,
s=0 s=1

T_ T4
KL(Z) = Zgrffs,fzis + ngrfs.#rzs = GL(Z) + grf,f - gr+,+
s=0 s=1
for fixed p € N3\ {(0,0)}, r € N3. Here fo 4, fo4, oy s+ e+, and hy o are
defined as in (2.5)—(2.12) with appropriate sets of summation constants ¢y 1, £ € Ny,
and ¢ 1, k € No. Explicitly, (5.7) and (5.8) are equivalent to (cf. (2.23)-(2.26),
(2.46)~(2.49))

ay, =i(2F, +a(G, + K, )~ F,), (5.11)
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By, = —i(B(G; + K,) — H, +2""H;), (5.12)
0=2(G; - Gy) + 2BF, + aH,, (5.13)
0=28F +aH,+ K. —K,, (5.14)
0= z(GIE —Gp) + zﬁl;g +aH,, (5.15)
0= 28F; +aH,—Gy+Gy, (5.16)
0=—F,+2F, +a(Gp+Gy), (5.17)
0=28(Gp+G,) —zH, + H,, (5.18)

respectively. In particular, (2.39) holds in the present ¢,-dependent setting, that is,
Gy — FpHp = Ry, (5.19)
As in the stationary context (3.8), (3.9) we introduce

fij(n,tr) = (j(n,tr), (2/co+)ps(ns )P~ Gg(/‘j (n,tr),n,tr)) € Kp, (5.20)
j=1,...,p, (n,t;) EZ xR, ’
and

vj(n,tr) = (vj(n, tr), =(2/co4)vi(n, tr)" Gp(vj(n, tr),m, 1)) € Kp,

5.21
j=1,...,p, (n,t,) €Z xR, ( )

and note that the regularity assumptions (5.1) on «, 8 imply continuity of u; and
v, with respect to t, € R (away from collisions of these zeros, p; and v are of
course C*).
In analogy to (3.12), (3.13), one defines the following meromorphic function
é(-,n,ty) on Kp,
(COHr/Q)Zipiy + GQ(Z> n, tz)
Fp(za n, tﬂ)

_HP(Z7 n, t’f)
- b e 7 (5.23)
(co+/2)z7P~y — Gp(z,n, ty)
P=(zy) €ky (nt)€ZxR,
with divisor (¢(-,n,t,)) of ¢(-,n,t,) given by
(¢( ©, N, tﬂ)) = DPOV,Q(n,tﬁ) - ’DPOO_E(n,tL)- (524)

The time-dependent Baker—Akhiezer vector is then defined in terms of ¢ by

_ wl(P7n7n0at£7 tO,ﬂ)
\I](P’ " n07t£7 to,ﬂ) N <1/)2(P>n7n0at’f> tO,ﬂ) ’

G(P,n,t,) = (5.22)

(5.25)

tr - -
wl(Pv n, n07t£7 tO,ﬂ) = exp (Z/ dS(Gﬁ(Z,no, S) - FE(ZJn(h S)¢(P7 nO?‘S))) (526)
to,r

HZ':nOH (z+ (', ;)™ (P, 1)),  n>ng+1,
X <1, n = no,

n _ —1
Hn9:n+1 (Z + a(n/7t1)¢ (P7 n/atz)) , n<ny—1,

t, _ _
Yo (P, n,ng, tr,tor) = €Xp (z/ ds(GL(z,no, s) — Fr(z,n0, s)p(P, no,s))) (5.27)

to,r
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Hz,:nOH (zﬂ(n’,tﬁqﬁ‘ (P,n/,t,) "t + 1)7 n>mng+1,

X ¢(P,no, ty) < 1, n = nyg,
| HSA— (zB(n/ tp)p~ (P,n/ 1)~ + 1)71, n<ng-—1,
P=(zy) € K\ {Px, Px_,Po+, Py}, (n,t;) €ZxR.

One observes that

wl(PvnvnOatgvfﬁ) = 1/)1(P7 nOa’rLO?tﬁv Eﬂ)wl(Panvn07t£7 tL)a

N 5.28
P=(zy) € K\ {Po, P, Po+,Po -}, (n,no,tr,t,) € Z* x R%, (5.28)

The following lemma records basic properties of ¢ and ¥ in analogy to the
stationary case discussed in Lemma 3.2.

Lemma 5.2 ([31]). Assume Hypothesis 5.1 and suppose that (5.7), (5.8) hold. In
addition, let P = (z,y) € Ky \ {Px,,Px_}, (n,n0,tr, to,y) € Z* x R%. Then ¢
satisfies

ag(P)p~ (P) — ¢~ (P) + 26(P) = 28, (5.29)
1, (P) = iFp¢? (P) — i(Gr(2) + Ko (2))$(P) + iH,(2), (5.30)
o Hg(z)
P(P)p(P") = 50 (5.31)
x Gp(2)
¢(P) +o(P) =2 BE (5.32)
B(P) — 6(P") = co 27" j;(f X (5.33)

Moreover, assuming P = (z,y) € Ky \ {Ps,, Pso_, Po4+,FPo,—}, then U satisfies

1/)2 (P, n,no, tﬂv to’ﬁ) = qb(P, n, tﬁ)’tlJl (P, n,no, tL? to’ﬁ), (534)
U(z)¥~(P) =VU(P), (5.35)
Vo(2)U™(P) = —(i/2)co.42 " y¥~ (P), (5.36)
U, (P) =V, (2)¥(P), (5.37)

no Fp(z,n,t,)
FB(Z’ no, tO,z)

H,(z,n,t,)
P tr tor P*v y N0, trytor) = e ——=———T , Mo, tr), (5.39
Ya(P,n,no, by, to,r )02 (P, nyno, ey o) = 2 Fy (20, o) (n,no,tr), (5.39)

¢1<P7 n, n07t£7 t0,£)¢2<P*7n7 n07t£7 tO,z) +1/11(P*,n,n0,t£, to,i)'(/}Q(P:nan(ht[: to,i)

9zm N0 G r ¢ 5.40
T Rt o

¢1 (P7 n,no, tﬂ7 t0,1)¢1 (P*v n,no, t£7 to,z) =2z"" F(na No, t£)7 (538)

wl(P7 n, n05t£7 tO,[)wQ(P*ana n07t£7 tO,ﬂ) - wl(P*an>n07t£7 t0,1)1/)2(Pa”>”07t57 to,z)

_ n—no-p- __ Y t 5.41
.+2 F,(z,n0,to,r) 03 ), (41
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where
HZ/:nO.H y(n',tr) n>ng+ 1,
L(n,ng,t;) =1 n = ng, (5.42)
[Ty t) ™ n<ng—1.
In addition, as long as the zeros pj(no,s) of (- )P~ Fy(-,no,s) are all simple and

distinct from zero for s € Z,,, I,, C R an open interval, U(-,n,ng,tr,to,) is mero-
morphic on Ky \ {Px_, Ps_, Poy,Po,—} for (n,ty,to,) € Z X Ii,

The trace formulas recorded in Lemma 3.3 extend to the present time-dependent
context without any change as ¢, € R can be viewed as a fixed parameter. Further
details are thus omitted.

For completeness we next mention the Dubrovin-type equations for the time
variation of the zeros u; of (-)P~F, and v; of (-)P~~'H, governed by the AL,
flow.

Lemma 5.3 ([31]). Assume Hypothesis 5.1 and suppose that (5.7), (5.8) hold on
Z x L, with Z,, € R an open interval. In addition, assume that the zeros pj, j =
1,...,p, of ()P~ Fp(-) remain distinct and nonzero on Z x L,,. Then {fi;};=1,... p,
defined in (5.20), satisfies the following first-order system of differential equations
on Z x1,,

P, = —iF () (i) (e H(u] pR)~h G =1, (5.43)
ksﬁj
with
pi(n,-) e C°(Z,,Ky), j=1,...,p, n€Z. (5.44)

For the zeros v;, j =1,...,p, of (- )p*_lHB( -), identical statements hold with p;
and Z,, replaced by v; and I, etc. (with Z, C R an open interval). In particular,
{D;}j=1,...p, defined in (5.21), satisfies the first-order system on Z x I,),

P
Vj.,tlzZ‘ﬁﬂ(yj)y(f/j)(ﬁyj)ilH(Vj _l/k)717 j:17"'7p7 (545)
=
with
vj(n,) € C*°(Z,,Kp), j=1,...,p, n €Z. (5.46)

When attempting to solve the Dubrovin-type systems (5.43) and (5.45), they
must be augmented with appropriate divisors Dy (.4, ,) € Sym” Ky, to, € Z,,, and
Dy (no,to.,,) € Sym? Ky, to, € I, as initial conditions.

For the t,-dependence of F,, G}, and H, one obtains the following result.

Lemma 5.4 ([31]). Assume Hypothesis 5.1 and suppose that (5.7), (5.8) hold. In
addition, let (z,n,t,) € Cx Z x R. Then,

Fpp, = —2iGy F+i(G, + K ) Fps (5.47)
Gﬂltﬁ = ZFBHK - ZHQFD (548)
Hyy, = 2iGpH, —i(G, + K, ) H,. (5.49)
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In particular, (5.47)—(5.49) are equivalent to
‘/B7t£ = [‘717 Vp] . (550)

It will be shown in Section 6 that Lemma 5.4 yields a first-order system of
differential equations for fr +, g, 4, and hy +, that serves as a pertinent substitute
for the Dubrovin equations (5.43) even (in fact, especially) when some of the p;
coincide.

Lemma 3.5 on nonspecial divisors and the linearization property of the Abel map
extend to the present time-dependent setting. For this fact we need to introduce
a particular differential of the second kind, ?29, defined as follows. Let wgiiv .

(2)
and Why sq

at Ps, and Py 1, respectively, and principal parts

be the normalized differentials of the second kind with a unique pole

o) 0 =y (CTTHOW)A P Py (=12 g€No, (551)
Whia = ((PT1H0MW)AG P Pox, (=2 g €Ny, (5.52)

with vanishing a-periods,

2 2 .
/ ngo)oiyq:/ w;o),i,q:()? 3217---729- (553)

J

Moreover, we define

P~ i . 2 2
Q'(f) = 5 <Z SCT—*&* (ngg?+,s—1 - wg:’o)w,,s—l)
s=1

T4
1 LS R )] (5.54)
s=1

where ¢4+ are the summation constants in ﬁ'z. The corresponding vector of b-
periods of Qg)/(Qmj) is then denoted by

@ =~ . - 1 [~ ,
0 = (O 08, =g [ i=te G5)

7,J
The time-dependent analog of Lemma 3.5 then reads as follows.

Lemma 5.5 ([31], [32]). Assume Hypothesis 5.1 and suppose that (5.7), (5.8) hold.
Moreover, let (n,t,) € Z x R. Denote by Dy, fi = {fin, ..., fip} and Dy, ¥ =

{t1,...,0p}, the pole and zero divisors of degree p, respectively, associated with o,
B, and ¢ defined according to (5.20) and (5.21), that is,

fi(nste) = (uj(n,te), (2/co+)p(n, te)?~ Gp(pj(n,te),n,te)),  G=1,....p,

(5.56)
vi(n,ty) = (vi(n,ty), —(2/co4 )vi(n t)P~ Gp(vi(n,tr),n,ty)),  G=1,...,p.
(5.57)

Then Dyn,,) and Dyny,) are nonspecial for all (n,t,) € Z x R. Moreover, the
Abel map linearizes the auziliary divisors Di(n,t,) and Dy(n 1,y in the sense that

~(2)
20, (Dﬁ(n,tg)) = Qq, (Dﬁ(no,toi)) + (Tl - nO)APO,, (POO+) + (ti - toi)Qg ) (558)
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~(2)
&g, (Dﬁ(n,tg)) = Qq, (Dﬁ(no,to,i)) + (n - nO)APOY, (POO+) + (tL - tO,g)Qﬁ ) (559)

~(2
where Qo € ICpy is a given base point and Q(ﬁ) is the vector of b-periods introduced

in (5.55).

Again we refer to [32] (and the references cited therein) for theta function rep-
resentations of a and . These theta function representations also show that
v(n,ty) ¢ {0,1} for all (n,t,) € Z x R, that is, the last condition in (5.1) is
satisfied for the time-dependent algebro-geometric AL solutions discussed in this
section provided the associated Dirichlet and Neumann divisors are admissible.

6. THE ALGEBRO-GEOMETRIC ABLOWITZ-LADIK HIERARCHY
INITIAL VALUE PROBLEM

In this section we consider the algebro-geometric Ablowitz—Ladik hierarchy ini-
tial value problem (5.2), (5.3) with complex-valued initial data. For a generic set
of initial data we will prove unique solvability of the initial value problem globally
in time.

As mentioned in the introduction, the strategy of basing the solution of the
algebro-geometric initial value problem on the Dubrovin-type equations (5.43),
(5.45), and the trace formulas for o and 3, meets with serious difficulties as the
Dirichlet eigenvalues fi; may collide on /C,, and hence the denominator of (5.43) can
blow up. Hence, we will develop an alternative strategy based on the use of ele-
mentary symmetric functions of the variables {,uj }jzly_,_,p in this section, which can
accommodate collisions of fi;. In short, our strategy will consist of the following:

(7) Replace the first-order autonomous Dubrovin-type system (5.43) of differen-
tial equations in ¢, for the Dirichlet eigenvalues p;(n,t,), j = 1,...,p, augmented
by appropriate initial conditions, by the first-order autonomous system (6.57),
(6.58) for the coefficients fo+, hes, ¢ =1,...,px — 1, and gex, £ = 1,...,ps,
with respect to t,. Solve this first-order autonomous system in some time interval
(to,r — To,to,» + Tp) under appropriate initial conditions at (ng, o) derived from
an initial (nonspecial) Dirichlet divisor Dy (n,.t,.,)-

(#4) Use the stationary algorithm derived in Section 4 to extend the solution of
step (7) from {no} x (to,r — To,to,r + To) to Z X (to, — To,to,r + Tp) (cf. Lemma
6.2).

(#i7) Prove consistency of this approach, that is, show that the discrete algo-
rithm of Section 4 is compatible with the time-dependent Lax and zero-curvature
equations in the sense that first solving the autonomous system (6.57), (6.58) and
then applying the discrete algorithm, or first applying the discrete algorithm and
then solving the autonomous system (6.57), (6.58) yields the same result whenever
the same endpoint (n,t,) is reached (cf. Lemma 6.3 and Theorem 6.4).

(iv) Prove that there is a dense set of initial conditions of full measure for which
this strategy yields global solutions of the algebro-geometric Ablowitz—Ladik hier-
archy initial value problem.

To set up this formalism we need some preparations. From the outset we make
the following assumption.

Hypothesis 6.1. Suppose that
a,B € CF and a(n)B(n) ¢ {0,1} for all n € Z, (6.1)
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and assume that o, satisfy the pth stationary Ablowitz—Ladik equation (2.33).
In addition, suppose that the affine part of the hyperelliptic curve KCp in (3.1) is
nonsingular.

We introduce a deformation (time) parameter ¢, € R in @ = a(¢,) and B B(tr)
and hence obtain t,-dependent quantities f; = fo(t,), g¢ = ge(t,), Fp(2) = Fy(z,tr),
Gp(2) = Gp(2,tr), ete. At a fixed initial time ¢, € R we require that

(a7 B)|t5210,1 = (O‘(O)’ 5(0))’ (6'2)

where a(® = a(-,t,), 8 = B(-,t,) satisfy the pth stationary Ablowitz-Ladik
system (2.33). As discussed in Section 4, in order to guarantee that the stationary
solutions (6.2) can be constructed for all n € Z one starts from a particular divisor

Di(no to,,) € Mo, (6.3)

where fi(no, to,) is of the form
f(no,to,r) (6.4)
= {f1(no,to,r)s - f11(n0,tow), - - - s flgno,tor) (110> tor)s - - - fg(no,to ) (M0 tor) }-

p1(no,to,r) times Pq(ng.to ) (P0sto,r) times
Moreover, as in Section 4 we prescribe the data
a(ng,to,) € C\ {0} and ¢o 4+ € C\ {0}, (6.5)

and of course the hyperelliptic curve K, with nonsingular affine part (cf. (4.10)).
In addition, we introduce

2p+1 1/2 a(nosto,r)
a(no, to,) = Oé(nOato,r)< 11 Em) [T #wno,to,) Protes), (6.6)

m=0
p+—1
Fy(2,n0,t0,r) pr —o—(no,tor)2z b+ Z foi—1- 0.+ (10, o) 2"
=0
q(no,to,r)

= —co 4’ (ng, o, )2 " H (2 = pe(no, to,))P("otes) - (6.7)

1 1 z
Gp(2,m0,t0,r) = 2( - )Fp(%no,to,r)

a(no,tor)  at(no,to)

z
B 20t (TL()7 t()l)

a2 o001 (@ (P ) ot

FB(Z,no,t07£)

x 6.8
2 X Tolrofog) = (210 9
qpr(nosto.r)—£—1 .

- (W (z=0)

q(no,to,r)
i)
k'=1,k'#k C=pk (n0.to.r)

in analogy to (4.16).
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Our aim is to find an autonomous first-order system of ordinary differential
equations with respect to t, for fo+, ge +, and hg 4+ rather than for p;. We divide
the differential equation

Fypi, = —2iG,F, +i(Gy, + K,)F, (6.9)

by co,+27P-y and rewrite it using Theorem C.1 as

ry—1

S dnnad =2 T Y fc) NS
=0 s=1 s=0 =0

T_ T4 0o
+i (2 D Gr—s G2 G = Gt gw) > feag™ (6.10)
s=0 s=1 /=0
PPy, ,(=1/z

The coefficients of (7%, s =0,...,ry — 1, cancel since
¢ l4
> froribrr =Y Ge-kafrs, €N (6.11)
k=0 k=0
In (6.11) we used (2.19),
4 0
foq = Zééfkﬁfkﬁa Je+ = Zééfkﬁr!}kﬁ' (6.12)
k=0 k=0

Comparing coefficients in (6.10) then yields *

ry—1
forne =ifos@Gros = ) +20 Y (ot Fryre—br — frifryre-ns) (6.13)
k=0
4 _ 4
2 > gkafro—iek—+20 > fetdr—e4k—, (€N
k=({+1—7_)VO0 k=({+2—r_)VO0

By (6.11), the last sum in (6.13) can be rewritten as
ry—1

> @Gt Frivt—ir = FitGroro—it)
i=0

ry+0  rp+L
( S )<f R
=0

J=re
T++e
== @+ friresr = Fivbrireiv)
J=ry
e ~
=3 @i Frrreie = FiGoise i) (6.14)
j=0

One performs a similar computation for fly,,tl using Theorem C.1 at P — Py ;.
In summary, since fy+ = Z?:o Chv+fo, (6.13) and (6.14) yield the following

4m Vv n = max{m,n}.
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autonomous first-order system (for fixed n = ny)

fett, = Fox(fi—s fit: 95— 954), €=0,....px — 1, (6.15)
with initial conditions
f@,i(n07t0,£)7 EZO,...7])1717 (616)
g@,i(nO;tO,i)y 6:07"':pi7
where Fy 4+, £ =0,...,p+ — 1, are polynomials in 2p 4 3 variables,
Fox =ifo+(Gry+ — Gre5)
Z ~ ~
+2 Z (fk»i(gr;—@rk,ﬂF = Groto—kx) t gt (froto—k+ — fr;—l—é+k,q:))

k=0
¢ 0, 0<k<re—1,
+20Y copx X Z;:(? Gjt Fro—1-hjx (6.17)
k=0 DAL T MR D |

Explicitly, one obtains (for simplicity, r+ > 1)
Fo+ = ifO,i@T;,:F - g’i‘i7i) + 2i907i(fri,i - fr¥71,:|:), (6.18)
Fia =2ifor(Gre—15 = Gret1r,2) +if1,2(Gre 5 — Grox)
+ 27;90,:|:(f~ri+1,:t - fr;72,¥) + 2igl,:t(f~ri,:|: - fr;71,¥)7 etc.

By (6.6)—(6.8), the initial conditions (6.16) are uniquely determined by the initial
divisor Dy (g 1, ,) in (6.3) and by the data in (6.5).
Similarly, one transforms

GBJ: = iFgﬁﬁ - ngﬁb (6.19)
Hy, = 2iGyH, —i(G, + K,)H, (6.20)
into (for fixed n = ng) °
gO,:I:,tL - 07
re—1
Gett, =1 Z (Pt fro— 14ttt — Syt ey —140-1,4)
k=0
-1 o o
+i Z (fothre—eres — Pt fre—e4k5)
k=(L—rx)VO0
- o
= lz (Mot fro—10-kx — fothry —140-k+)
k=0
-1 o o
+1 Z (fethre—o4ns — it fre—ens), LEN, (6.21)
k=(£—r5)V0
rye—1
ho s, =it (Gre 5 — Gro,+) + 20 Z (Poe Gttt — Gyt Pry 1012
k=0

5m V n = max{m,n}.
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¢
Ghthry verkE =20 D> hkxfeoiks
k=(t—r)VO
¢
=ihg s (Gre 5 — Gro,x) + 20 Z (Poo, - Gry bt — Gt Py ko)
k=0
¢
Gkthee 1 oprs =20 Y hitfe ok
k=(t—r)VO

k=(—rx+1)V0

Summing over ¢ in (6.21), (6.22) then yields the following first-order system

ge+.t, = Got (fr—s S ey, e 4 )
hett, = Mot (Gr,— Grots Py — s Pk 1),

with initial conditions

fo.+(no,tor),
ge,+(no, to ),

he,+(no,to,r),

? € Ng.

éZO,...,pi,

EZO,...,pi—l,
EZO,...,pifl,
ZZO)"wpiv
(IO,...,pifl,

where Gy +, Hy,+, are polynomials in 2p + 2, 2p + 3 variables

-1

(6.22)

(6.23)
(6.24)

(6.25)

Got = ZZ (fk,i(ﬁr1—£+k,:|: P o)+ s (Fre 1ot — fr;—l+k,$))

k=0

0
_ZZCg 1— kix{zk re—

0<k<rg,

) _
(fjthrg—krjs = hjsFrokrsis),

k>re,

(6.26)

+ 20> (grt(hrg —1—tvh — ey go—kt) + Pk (Gry okt — Grg—t4h7))

Hox = ihes(Gre 5 — Grox)
¢
k=0
) 0,
2 cux - i
k=0 +35507
Explicitly (assuming ry > 2),

Go+ =0,

G+ =ifox(h re—1,F

Gox =ifo+(h re—2,F —
+iho s (frot1x

Hi+ = Qigo,i(ﬁr;fzq:

— fre—a) Hihi(fro x
Ho+ = 2i90,i(ﬁ7¢—1,¢ —
- Bri+1,i) + 2ig1,i(ﬁr;fl,¢
+ 2iho,+(Gro+1,+

0<k<re,
9j, :thr;—l k+j,F
-1
hj+Gre—ktjF, k27

- f’l‘;—l 33)7
hri,i)

hri +) +iho+(fro +

B 1,4) +ifre(hrg 15 —

- g’f‘;,:F)a
- hri,i)
_QT;FF)a etc.

iLri 7:I:) + /L'hO,:t (gri .+

— gﬁ*l?) +ih1 +(Gry +

- fr:F71,¥)7 etc.,

(6.27)

(6.28)

(6.29)



THE ABLOWITZ-LADIK HIERARCHY INITIAL VALUE PROBLEM 79

Again by (6.6)—(6.8), the initial conditions (6.25) are uniquely determined by
the initial divisor Dj (.4, in (6.3) and by the data in (6.5).

Being autonomous with polynomial right-hand sides, there exists a Ty > 0, such
that the first-order initial value problem (6.15), (6.23), (6.24) with initial conditions
(6.25) has a unique solution

f€7i:f27i(n07tﬂ): 6:07"':pi_17
9o+ = gi7ﬂ:(n07 tﬂ): = 07 vy P4y (630)
heg = het(no,ty), €=0,...,px —1,
for all tﬁ (S (tO,z — T07t0’£ + To)
(cf., e.g., [54, Sect. II1.10]). Given the solution (6.30), we proceed as in Section 4
and introduce the following quantities (where ¢, € (to,, — To,to,r + T0)):

2p+1 1/2 a(nostr)
at(no, t,) = a(no,tr)< 11 E,,,,) I #no,tp)Primote), (6.31)
m=0 k=1
j p+—1
Fp(z,n0,1,) = Z fpfff,f(nﬂvtﬁ)ziz + Z fp+*1*€7+(n07t£)zé
(=1 £=0
q(no,t,)
= —co+a" (no, ;)27 H (z — Nk(nOatz))pk(no’tL)a (6.32)
k=1
1 1 z
Gp(z,n0,ty) = = — Fy(z,ng,t, 6.33
no,tr no,tr)— 0 ( -— 4
. * F (z,n t)Q(zO:Upk( SR )|P=(c,n>:ﬂk(wg)
2at(ng,t,) BT L (pr(no, t,) — £ — 1)!
- (no,tr)
dPr (o tr)—£—1 o, e -
’ <d<<> =07 TI €= paolnoty)) it
- k'=1, k'#k C=p (no,tr)
In particular, this leads to the divisor
Dﬂ("(),tl) (S Symp(le) (6‘34)

and the sign of y in (6.32) is chosen as usual by
fir(no, tr) = (pk(no,tr), (2/co4 )1 (o, 1)~ Gp (10, tr), o, 1)),
L (6.35)
k= 17 o aq(n07tﬂ)7

and

E(n07t£) = {,u'l (nOJ tﬁ)? s :Hl(n07 tﬁ)a ce 7/"Lq(ng7t£) (n07 t£)7 sy uq(no,tl) (n07 tﬁ)}

p1(no,ty) times Pa(ng,tr) (N0,tr) times
(6.36)
with
pr(no,ty) # pg(no,ty) for k£ K, kK =1,...,q(no,t.), (6.37)
and
q(nﬂ’tL)
pr(no,ty) €N, k=1,...,q(no,t,), Y pr(no.ty) =p. (6.38)

k=1
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By construction (cf. (6.35)), the divisor Dy, ¢, is nonspecial for all ¢, € (to, —
To,toi +Tg) a

In exactly the same manner as in (4.19)—(4.21) one then infers that F,( -, ng, )
divides R, — G}, (since t,. is just a fixed parameter). -

As in Section 4, the assumption that the Laurent polynomial F,(-,ng —1,¢,) is
of full order is implied by the hypothesis that

Dj(no,t) € My for all t, € (to, — To,to,r + To)- (6.39)
The explicit formula for 5(ng, t,) then reads (for ¢, € (to, — To,t0r + T0))
at (’ng, tg)ﬁ(nm tﬁ) (640)
I q(no,tr) (dpk(n07t1)_1 (C—ly(P))/dCM(noﬂfL)—l) ’P=(C,n)=ﬁk(no,tl)
2 & (pr(no, tr) — 1)!
q(no,tr)
x H (:uk (n07 ti) — HE (nUv tﬁ))_pk(n()’tl)
k=1, k'#k
1/ ot (no,t,) a(no,tr) any
+3 <a(not) + ; pr(no, te) i (o, tr) = - mz=o Em>. (6.41)

With (6.21)—(6.41) in place, we can now apply the stationary formalism as sum-
marized in Theorem 4.4, subject to the additional hypothesis (6.39), for each fixed
t, € (to,r — To,to,r + Tp). This yields, in particular, the quantities

Fy, Gy, Hp, a, B, and fi, 0 for (n,t;) € Z x (to,r — To,tor + To), (6.42)

which are of the form (6.32)—(6.41), replacing the fixed ng € Z by an arbitrary
n € Z. In addition, one has the following result.

Lemma 6.2. Assume Hypothesis 6.1 and condition (6.39). Then the following
relations are valid on C x Z x (to,» — To,to,r + 1),

G: — F,H, = R, (6.43)

2(G, — Gp) + zBF; +aH,; =0, (6.44)
2BF; +aH, - Gy + Gy =0, (6.45)
—F, + 2F, +a(G, +G,) =0, (6.46)
2B(Gp+G,) —zH, + H, =0, (6.47)

and hence the stationary part, (5.8), of the algebro-geometric initial value problem

holds,
UVB_ V;—U =0 on CxZx (tO,z — T, to,r + To). (6.48)

In particular, Lemmas 3.2-35 apply.

Lemma 6.2 now raises the following important consistency issue: On the one
hand, one can solve the initial value problem (6.57), (6.58) at n = ng in some
interval ¢, € (to,r — To,t0,r + To), and then extend the quantities F,, G,, H, to
all C x Z x (to, — To,to,r + Tp) using the stationary algorithm summarized in
Theorem 4.4 as just recorded in Lemma 6.2. On the other hand, one can solve
the initial value problem (6.57), (6.58) at n = nq, n; # np, in some interval
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tr € (to,r — T4, to, +T41) with the initial condition obtained by applying the discrete
algorithm to the quantities F,, Gp, H, starting at (ng, o) and ending at (nq, o).
Consistency then requires that the two approaches yield the same result at n = n;
for ¢, in some open neighborhood of #g ,.

Equivalently, and pictorially speaking, envisage a vertical ¢,-axis and a horizontal
n-axis. Then, consistency demands that first solving the initial value problem
(6.57), (6.58) at n = ng in some t,-interval around ¢y, and using the stationary
algorithm to extend F,, Gy, H), horizontally to n = n; and the same t,-interval
around tg ,, or first applying the stationary algorithm starting at (ng, to.,) to extend
F,,G,, Hp horizontally to (n, ¢y ) and then solving the initial value problem (6.57),
(6.58) at n = ny in some ¢,-interval around to, should produce the same result at
n = n; in a sufficiently small open ¢, interval around #,..

To settle this consistency issue, we will prove the following result. To this end
we find it convenient to replace the initial value problem (6.57), (6.58) by the
original t,-dependent zero-curvature equation (5.7), Uy, + UV, — VXU = 0 on
CxZ x (toi — To,to,f + TO)

Lemma 6.3. Assume Hypothesis 6.1 and condition (6.39). Moreover, suppose that
(5.47)-(5.49) hold on C x {no} % (to,r — Tv,to,r +To). Then (5.47)~(5.49) hold on
CxZ x (tO,z — T07t0,£ + T()), that iS,

Fg,tl(z7 n,t,) = —QiGE(z, n,t,) (2, n,t,)

+ i(éﬁ(z, n,t,) + I?ﬁ(z, n, tﬁ))FB(z, n,t,), (6.49)
Gy, (z.m,t,) = iFy (2,0, t,) Hy(2,n,1,) — iHy(2,n,1,) Fy (2,0, ), (6.50)
Hg,ti(z’ n,t,) = QiGE(z, n, tﬁ)ﬁz(z, n,t,)

—i(Gr(zym ) + Kp (2,0, 1)) Hy(2,m, 1), (6.51)

(z,n,t;) € C X Z % (to, — To,t0,r + Tp)-
Moreover,
¢r, (Pon,ty) = iﬁz(z,n,tﬁ)(bz(P, n,ty)
—i(Gplz,n,ty) + Kp(2,m,4:))o(Pongty) + iHy (2,0, t,),  (6.52)

a, (n,t,) = zzﬁg (z,n,ty)

+ia(n, ) (Gr(z,n,ty) + Ky (2,n,t,)) — iFp(2,n,t,), (6.53)
/Btl(nv tﬁ) = _iﬁ(n7 tﬁ) (ég_ (Z7 n, tl) + I?L(Zv n, tﬂ))
+iH(z,n,t) — iz Hy (2,n,t), (6.54)

(Z,Tb,tﬁ) e CxZx (tO,g — To,to’ﬁ + TO)

Proof. By Lemma 6.2 we have (5.22), (5.23), (5.29), (5.31)~(5.33), and (6.43)(6.47)
for (n,t,) € Z x (to, — To,to,r + To) at our disposal.

Differentiating (5.22) at n = ng with respect to ¢, and inserting (6.49) and (6.50)
at n = ng then yields (6.52) at n = ny.

We note that the sequences f‘g,b Je,+, ;lg)i satisfy the recursion relations (2.6)—
(2.12) (since the homogeneous sequences satisfy these relations). Hence, to prove
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(6.53) and (6.54) at n = ng it remains to show

at, = io‘(gT+,+ + g;_,—) + i(fr,fl,f - f~7"+—11+)7 (6 55)

/Bt1 = —iﬁ(§;+,+ + gr,,—) - i(hrzrflﬂ» - hh—l,—)-

But this follows from (6.49), (6.51) at n = ng (cf. (6.18), (6.29))

ar, = i0(Gry + — Gr_—) +i(fro = — froo1,4)s

61% = iﬂ(gr+,+ - gr,,—) + i(ﬁr,—l,— - ilmr,-s-)-

Inserting now (2.11) at £ =r_ — 1 and (2.8) at £ = r4 — 1 then yields (6.55).
For the step n = ng F 1 we differentiate (4.36)—(4.41) (which are equivalent

to (6.43)-(6.47)) and insert (6.49)—(6.51), (5.11)—(5.18) at n = ng. For the case

n > ng we obtain o and B from (6.49), (6.51) at n = ng as before using the

other two signs in (6.18), (6.29). Iterating these arguments proves (6.49)—(6.54) for
(Z,Tb,tﬁ) cCxZx (tO,szOatO,E”I“TO) O

We summarize Lemmas 6.2 and 6.3 next.

Theorem 6.4. Assume Hypothesis 6.1 and condition (6.39). Moreover, suppose
that
f&i:fLi(nO;tﬁ): EZO?"':piflv
ge,+ = gZ7i(n07 tﬁ): = 07 BRIy 2= (656)
he+ = hes(no,ty), £=0,...,px—1
fO’I’ all tﬂ S (t07£ — T07t0,£ -+ T0)7
satisfy the autonomous first-order system of ordinary differential equations (for fized
n =mng)
fe,:ﬁ:,tL - fé,i(fk,—7 fk,+7gk,—7gk,+)7 l = 07 B 17
9o+, = Go+(fe—s fosr bk~ hie g ), £=0,...,p4, (6.57)
h(,:l:,tL - Hf,:‘:(gk,—7gk,+7 hk,—a hk,+)) = 07 B = 17
with Fp+, Ge+, He+ given by (6.17), (6.26), (6.27), and with initial conditions

f@,i(n07t0,1)7 6207"'7p:t_1,
gf,:t(n()a tO,E)? {= Oa By 25 (658)

hf,i(n()ato,z)? 620,...,pi -1
Then Fy, Gy, and Hy as constructed in (6.32)~(6.42) on CxZx (to,r — T, o, +To)
satisfy the zero-curvature equations (5.7), (5.8), and (5.50) on C x Z X (to, —

To, to,r + To),

Uy, +UV, =V, U =0, (6.59)
Uv, —V,fU =0, (6.60)
Vo, — [V V] =0 (6.61)
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with U, V,, and ‘N/Z given by (5.9). In particular, o, B satisfy (5.1) and the algebro-
geometric initial value problem (5.2), (5.3) on Z x (to,, — To, to,r + To),

A‘i (Q ,8) _ _iatl - a(gr+,+ + gr ) + fT+—1,+ fr —-1,— -0
o —iB, + B3, 1+ Gro) = Iy 1+ hiy 14 7
(a, 5)|t=t0£ = (a(0)7 5(0))7
0 , _
<AL, (a©, 30) —a gy 40y )t o Sy o ge3)
2 ’ ﬁ(o)(g;r,jt“'gpfﬁ) —hp_—1,- +h’;+71,+

In addition, o, 8 are given by

(6.62)

2p+1 1/2 a(ntr)
at(n,t,) = a(n,t,) ( H E ) H pug (n, t,) PRV (6.64)
k=1

at(n,t,)B(n,t,) = _lq(nil (aPetmt) =1 (¢ hy(P)) fdCPe =) [

2 2 (s £) — 11
q(n,tr)
< I unste) = e (nyt,)) P05 (6.65)
k=1, k' £k
2p+1 1/2 a(ntr) a(n,ty)
<< H E > H pi(ny t,) “PEOBE) 4 Z (0, ty) e (n, tr)
k=1
2p+1
N Z Em> Z n,tﬁ) €7 x (tO,z — To,to,z + To)
m=0

Moreover, Lemmas 3.2-3.5 and 5.2-5.4 apply.

As in Lemma 4.3 we now show that also in the time-dependent case, most initial

divisors are well-behaved in the sense that the corresponding divisor trajectory
stays away from Py, Py + for all (n,t,) € Z x R.
Lemma 6.5. The set My of initial divisors Dy(ng.t,,) for which Dy, and
Dy (n,,), defined via (5.58) and (5.59), are admissible (i.e., do not contain P..,
Py,+) and hence are nonspecial for all (n,t.) € Z x R, forms a dense set of full
measure in the set Sym?(KC,) of nonnegative divisors of degree p.

Proof. Let Mging be as introduced in the proof of Lemma 4.3. Then

U (aQO(Msmg) + 1t U( ))

t,€R

< U U (AQO (P) + ag, (SymP~(K,)) +t£@2)) (6.66)

Pe{Poc ,Po,+}tr€ER

is of measure zero as well, since it is contained in the image of R x Sym? (k)
which misses one real dimension in comparison to the 2p real dimensions of J(ICp).
But then

U (QQO (Msmg) + nAPo (P°°+) +t *E )>

(n,t)EZXR
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u U (gQO (Msing) +nAp, (P, ) + tﬂﬁf)) +Ap, _ (Poo)> (6.67)

(n,ty)EZXR

is also of measure zero. Applying gé(l) to the complement of the set in (6.67) then

yields a set M of full measure in Sym?(K,). In particular, M; is necessarily dense
in Sym? (KCp). O

Theorem 6.6. Let Dy(ny.10,) € My be an initial divisor as in Lemma 6.5. Then
the sequences o, 8 constructed from fi(no,to,r) as described in Theorem 6.4 satisfy
Hypothesis 5.1. In particular, the solution o, B of the algebro-geometric initial value
problem (6.64), (6.65) is global in (n,t,) € Z x R.

Proof. Starting with Dy (,,4,,) € Mi, the procedure outlined in this section and
summarized in Theorem 6.4 leads to Dy ¢,) and Dy(y, 1, for all (n,t,.) € Z x (to,, —
To,to,r + To) such that (5.58) and (5.59) hold. But if a, 8 should blow up, then
Dp(nnt,) OF Dp(n,t,) must hit one of Po, or Fy i, which is excluded by our choice

of initial condition. O

We note, however, that in general (i.e., unless one is, e.g., in the special periodic
case), Dp(n,t,) Will get arbitrarily close to Po,, Fp+ since straight motions on
the torus are generically dense (see e.g. [12, Sect. 51] or [35, Sects. 1.4, 1.5]) and
hence no uniform bound (and no uniform bound away from zero) on the sequences
a(n,ty), B(n,t,) exists as (n, t,) varies in Z xR. In particular, these complex-valued
algebro-geometric solutions of the Ablowitz—Ladik hierarchy initial value problem,
in general, will not be quasi-periodic with respect to n or ¢, (cf. the usual definition
of quasi-periodic functions, e.g., in [46, p. 31]).

APPENDIX A. HYPERELLIPTIC CURVES IN A NUTSHELL

We provide a very brief summary of some of the fundamental properties and
notations needed from the theory of hyperelliptic curves. More details can be
found in some of the standard textbooks [20], [21], and [42], as well as monographs
dedicated to integrable systems such as [13, Ch. 2], [29, App. A, B], [561, App. A].

Fix p € N. The hyperelliptic curve K, of genus p used in Sections 36 is defined
by

2p+1

Kp: Fp(z,y) = y* — Rapia(2) =0,  Rypia(2) = H (z = En), (A1)

m=0

{Em}m:O,‘..,2p+l - Ca Em 7é Em’ for m 7é m/7 m, m' = 07 ceey 2p + 1. (Az)

The curve (A.1) is compactified by adding the points Py, and Py _, Ps, # Poo_,
at infinity. One then introduces an appropriate set of p 4+ 1 nonintersecting cuts C;
joining Ey,(;y and Ey,(;) and denotes

c= U ¢ gna=0 j#k (A.3)
Jje{l,...,p+1}

Defining the cut plane
II=C\C, (A.4)
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and introducing the holomorphic function

2pt+1 1/2
Ropia()Y2: M= C, 2+ (H(z—Em)) (A.5)

m=0

on IT with an appropriate choice of the square root branch in (A.5), one considers
M, = {(2,0Rap12(2)"/?) | 2 € C, 0 € {£1}} U{Px,, P} (A.6)

by extending Ropy2(-)'/? to C. The hyperelliptic curve K, is then the set M,, with
its natural complex structure obtained upon gluing the two sheets of M,, crosswise
along the cuts. The set of branch points B(K,) of IC, is given by

B(ICP) = {(Erm 0)}m:0 ..... 2p+1 (A7)
and finite points P on K, are denoted by P = (z,y), where y(P) denotes the
meromorphic function on K, satisfying F,(z,y) = y* — Rap+2(z) = 0. Local coor-
dinates near Py = (20,y0) € Kp \ (B(Kp) U{Px. , Po_}) are given by (p, = z — 20,
near Peo, by (p., = 1/z, and near branch points (E,,,0) € B(K,) by C(Brmg,0) =
(z—EmU)l/ 2. The Riemann surface K, defined in this manner has topological genus
p. Moreover, we introduce the holomorphic sheet exchange map (involution)

*: Kp = Kp, P =(29)— P =(2,-Yy), P, Py, = Px_. (A.8)

One verifies that dz/y is a holomorphic differential on K, with zeros of order
p—1at P, and hence

Z1dz )
ny = y ) ]:17'--7207 (Ag)
form a basis for the space of holomorphic differentials on K,. Introducing the

invertible matrix C in CP,
C = (Cjk)jk=1,...p: Cj,k:/ M5
ak

(k) = (c1(k),- . cp(k)), (k) =Cipy Gk =1,....p,
the corresponding basis of normalized holomorphic differentials w;, j = 1,...,p, on
K,y is given by

(A.10)

P
wj :ch(f)m, / wj =0k, JHk=1...,p (A.11)

=1 @k
Here {a;,b;};=1,..p is a homology basis for K, with intersection matrix of the cycles
satisfying

ajob, =0k, ajoar =0, bjob, =0, jk=1,...,p. (A.12)
Associated with the homology basis {aj7 b; }jzl’,_,,p we also recall the /c\anonical
dissection of K, along i/‘Es cycles yielding the simply connected interior K, of the

fundamental polygon 0K, given by
9K, = arbray by tasbaay "oyt - a0 (A.13)

Let M(K,) and M*(K,) denote the set of meromorphic functions (0-forms) and
meromorphic differentials (1-forms) on &C,,. Holomorphic differentials are also called
Abelian differentials of the first kind. Abelian differentials of the second kind,
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w?® e M 1(K,), are characterized by the property that all their residues vanish.
They will usually be normalized by demanding that all their a-periods vanish, that
is, fa'_ w® =0,j=1,...,p. Any meromorphic differential w® on K not of the
first or second kind is said to be of the third kind. A differential of the third kind
w® e MY (K,) is usually normalized by the vanishing of its a-periods, that is,

fa_ w® =0,j=1,...,p. Anormal differential of the third kind w( ) , associated
y
with two points Py, P, € le, P, # P,, by definition, has simple poleb at P; with
residues (—1)7T!, j = 1,2 and vanishing a-periods.

Next, define the matrix 7 = (7j,¢)j ¢=1,...p DY

Tj,e:/wj, jil=1,...,p. (A.14)
be
Then
Im(r) >0 and m¢=m;, Jj¢=1,...,p. (A.15)
Associated with 7 one introduces the period lattice
L,={z€CP|z=m+nr, m,n € Z"}. (A.16)

Next, fix a base point Qo € K, \ {Po,+, P, }, denote by J(K,) = CP/L,, the
Jacobi variety of K, and define the Abel map A, by

Agy: Kp = J(Ky),  Ag,(P) = </Pw1/

P
wp) (mod L,), P eKk,.

(A.17)

0
Similarly, we introduce

ag,: Div(K,) = J(K,), D= ag (D)= Y D(P)Ag,(P), (A.18)
Pek,

where Div(K,) denotes the set of divisors on K,. Here D: K, — Z is called a
divisor on K, if D(P) # 0 for only finitely many P € K. (In the main body of this
paper we will choose Qg to be one of the branch points, i.e., Qo € B(K,), and for
simplicity we will always choose the same path of integration from )y to P in all
Abelian integrals.)

In connection with divisors on K, we shall employ the following (additive) no-
tation,

DQOQ = DQO + DQ’ DQ = DQ] +oee DQ'm’ (A.19)
Q:{Qla-"an}ESymszh QOEK;leENa

where for any Q € K,,

1 for P=0Q,

0 for Pek,\{Ql, (A.20)

’DQ:’CP—>N0, PH’DQ(P) {

and Sym" IC,, denotes the nth symmetric product of K. In particular, Sym™ I,
can be identified with the set of nonnegative divisors 0 < D € Div(K,) of degree
m.

For f € M(K,) \ {0}, w € MY(K,) \ {0} the divisors of f and w are denoted
by (f) and (w), respectively. Two divisors D, £ € Div(K,) are called equivalent,
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denoted by D ~ &, if and only if D — & = (f) for some f € M(K,) \ {0}. The
divisor class [D] of D is then given by [D] = {€ € Div(K,) |E ~ D}. We recall that

deg((f)) =0, deg((w)) = 2(p — 1), f € M(K,) \ {0}, w € M'(K,) \ {0}, (A.21)
where the degree deg(D) of D is given by deg(D) = > pcic, D(P). It is customary

to call (f) (respectively, (w)) a principal (respectively, canonical) divisor.
Introducing the complex linear spaces

D)={feM(Ky)|f=0o0r (f)>D}, r(D)=dimL(D), (A.22)
LYD) = {we MK,)|w=0or (w) >D}, i(D)=dimL' (D), (A.23)

with #(D) the index of speciality of D, one infers that deg(D), r(D), and (D) only
depend on the divisor class [D] of D. Moreover, we recall the following fundamental
fact.

Theorem A.1. Let Dg € Sym” Ky, @ ={Q1,...,Qp}. Then,
1<i(Dq)=s (A.24)
if and only if {Q1,...,Qp} contains s pairings of the type {P, P*}. (This includes,
of course, branch points for which P = P*.) One has s < p/2.
APPENDIX B. SOME INTERPOLATION FORMULAS

In this appendix we recall a useful interpolation formula which goes beyond the
standard Lagrange interpolation formula for polynomials in the sense that the zeros
of the interpolating polynomial need not be distinct.

Lemma B.1 ([30]). Let p € N and S,_1 be a polynomial of degree p — 1. In
addition, let F}, be a monic polynomial of degree p of the form

q

q
Fp(z)=[[(z=m)™, pjeN, p;€C j=1,....q, > pr=p. (B

k=1
Then,
q prp—1 S(l)
Sp-1(2) = F(ZZZgl plgfl) (B.2)
k=1 £=0

, zeC.
C=Kr

drr—t—1 4q
(o T o)
W=1, k' £k

In particular, Sp—1 is uniquely determined by prescribing the p values

Sp1 () Sy (pae), - ST (i) k=1, 00, (B.3)

at the given points (1. ..., [iq.
Conversely, prescribing the p compler numbers

e S o S T IS (B.4)
there exists a unique polynomial T,,_1 of degree p — 1,

pr—1 (Z)

Tp—( kzzj Z:: m (B.5)
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dprr—t-1 L q
“N\ g | =47 I €—m)>
k=1, k'#k
such that

TP—I(/’%) - a](i; ) T;; 1(/”‘/13) = a](gl)7 ERRE) Tzflikl_l)(/'l/k) = al(qpk_l)7 k= 17 - (g
(B.6)

We briefly mention two special cases of (B.2). First, assume the generic case
where all zeros of F), are distinct, that is,

q=p, pe=1, pp#p for k#E, kK =1...p. (B.7)

In this case (B.2) reduces to the classical Lagrange interpolation formula

e L Sp—1(4tk)
Sp—1(2) = Fy( )/; ((dFy(C) /) c—p) (2 — )

, z€C,

(=K

zeC. (B.8)

Second, we consider the other extreme case where all zeros of F}, coincide, that is,
g=1, pi=p, F(2)=(=—m)?, zeC. (B.9)

In this case (B.2) reduces of course to the Taylor expansion of S,_; around z = 1,

p—1 ()
Spo1(p
Sp—1(z) = E #(z —m)t, zeC. (B.10)
=0 ’

APPENDIX C. ASYMPTOTIC SPECTRAL PARAMETER EXPANSIONS
In this appendix we consider asymptotic spectral parameter expansions of Fj,/y,
Gp/y, and Hyp/y, the resulting recursion relations for the homogeneous coefficients

fg, Je, and fu, their connection with the nonhomogeneous coefficients fy, g¢, and
hy, and the connection between ¢ + and ¢o(EE?) (cf. (C.3)). For detailed proofs of

the material in this section we refer to [29], [32]. We will employ the notation
+
E¥ = (By',... Eyy). (C.1)
We start with the following elementary result (a consequence of the binomial
expansion) assuming 7 € C such that |n| < min{|Eo| ™, ..., |Eops1| '}
opt1 12
( II - Emn)> =Y (B, (C.2)
m=0 k=0
where
c(E) =1,
k . . j J2p+1
27! (2 ! EJ . pl2r
)= Y (2jo)t - (22p+1)! 2p+1 keN. (C.3)

PG a2 Cio 1 iy 17

]0+ +J2p+1 =k
The first few coefficients explicitly are given by

2p+1 2p+1 2p+1
w(E)=1, ¢\(E) = —= Z B, c2(E) = Z Epy By — Z E2., et
m=0 ’m1 mo=0 m=0
mi<mgz

(C.4)
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Next we turn to asymptotic expansions. We recall the convention y(P) =
FC P74+ O(C7P) near Py, (where ¢ = 1/2) and y(P) = +(co—/co.+) + O(C)
near Py 1 (where ¢ = z).

Theorem C.1 ([32]). Assume (3.2), s-ALy(a, 8) = 0, and suppose P = (z,y) €
Kp\{Poo, Poc_}. Then 2P~ Fp/y, 2P~ G,/y, and 2P~ H, [y have the following con-
vergent expansions as P — P, respectively, P — Py 1,

2 B@)  JFEE el P Py, (=12 oo

Co,+ + E;i[) fe,fczv P — PO,i7 C =2z,

- Gp(2)  [FYae4C P Puy, (=1/7 (C.6)
Co,+ + Z;i() gf,—géa P — PO,:l:a C =z,

- Hy(z)  [F3R20hesl!, P Puy,  (=1/7 ©7)
Co+ Y +3 20 he, ¢, P — Py, (=2, '

where ( = 1/z (resp ¢ = z) is the local coordinate near Ps, (resp., Po.+) and

fg +, e+, and hg + are the homogeneous versions of the coefficients f¢ +, g+, and
he + introduced in (2.16)—(2.18).

Moreover, the E,,-dependent summation constants ¢+, £ = 0,...,p4, in F,
Gp, and Hy, are given by B

cor =corc(EFY), £=0,...,ps. (C.8)
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LOCAL CONSERVATION LAWS AND THE HAMILTONIAN
FORMALISM FOR THE ABLOWITZ-LADIK HIERARCHY

FRITZ GESZTESY, HELGE HOLDEN, JOHANNA MICHOR, AND GERALD TESCHL

ABSTRACT. We derive a systematic and recursive approach to local conserva-
tion laws and the Hamiltonian formalism for the Ablowitz—Ladik (AL) hier-
archy. Our methods rely on a recursive approach to the AL hierarchy using
Laurent polynomials and on asymptotic expansions of the Green’s function of
the AL Lax operator, a five-diagonal finite difference operator.

1. INTRODUCTION

The principal aim of this paper is to provide a systematic and recursive approach
to local conservation laws and the Hamiltonian formalism for the Ablowitz—Ladik
(AL) hierarchy of integrable differential-difference equations.

Consider sequences {a(n,t), 8(n,t)}nez € €*(Z) satisfying some additional as-
sumptions to be specified later, parametrized by the deformation (time) parameter
t € R, that are solutions of the Ablowitz—Ladik equations

—iay — (1 —af)(a” +at) +2a)
(T i ome 1o T25) =0 ()
Here ¢ denote shifts, that is, ¢*(n) = ¢(n £ 1), n € Z. Then clearly
0 at(n,t)B(n,t) = Y _ a(n,t)B"(n,t) =0. (1.2)

nez ne”Z

Indeed, one can show the existence of an infinite sequence {p; + }jen of polynomials
of a, B and certain shifts thereof, with the property that the lattice sum is time-
independent,

0> pjx(n,t)=0, jeEN. (1.3)

nez

This result is obtained by deriving local conservation laws of the type
Opje + (ST =1)Jje =0, jEN, (1.4)

for certain polynomials J; 4+ of «, 8 and certain shifts thereof. The polynomials
Jj,+ will be constructed via an explicit recursion relation. For a detailed discussion
of these results we refer to Theorem 5.7 and Remarks 5.8 and 5.9.
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The above analysis extends to the full Ablowitz—Ladik hierarchy as follows. The
pth equation, p = (p—, p4) € N§ (where Ng = NU{0}), in the AL hierarchy is given
by

—ioy, — Oé(gp+,+ +9, 7) + for—14+ — [ 1 —)
AL,(a,B) = LB - P= * p-=5 =0,
B( f) <_Zﬂt,, + /B(gp+,+ + gpf,,) —hp_—1,-+ hp+—1,+ (1.5)

tg € R, p= (p—7p+) € N(2)a

where fo +, ge,+, and hg 4 are carefully designed polynomial expressions of «, 8 and
certain shifts thereof. Recursively, they are given by (2.5)—(2.12). On each level
in the recursion an arbitrary constant c + € C is introduced. In the homogeneous
case, where all these constants ¢y, £ € N, are set equal to zero, a hat ~ is added in
the notation, that is, ng’:t, 90,4, }Algyj:, etc., denote the corresponding homogeneous
quantities. The homogeneous coefficients fg’i, Go+5 ilgyj: can also be expressed ex-
plicitly in terms of appropriate matrix elements of powers of the AL Lax finite
difference expression L defined in (3.3), (3.5) and the finite difference expressions
D and E in (3.14), as described in Lemma 3.1. The conserved densities p; + are
independent of the equation in the hierarchy while the currents .J, ; + depend on
p; thus one finds (cf. Theorem 5.7) -

8t£pj,i+(5+—I)JB,ji =0, tEER, jeN, QEN%. (1.6)
For a, 3 € ¢*(Z) it then follows that
d ,
df%zpﬁ(n,@ =0, tpeR, jEN, peN. (1.7)
Y neZ

By showing that p; 1 equals §; + up to a first-order difference expression (cf. Lemma
4.4), and by investigating the time-dependence of v = 1 — a3, one concludes (cf.
Remark 5.8) that

d d . )
E Z ln(y(nvtg)) =0, dT Zg],i(nvtg) =0, tg €ER, J € N, p € Ng7 (18)

P pez P nez

represent the two infinite sequences of AL conservation laws. Our approach to (1.6)
is based on a careful analysis of asymptotic expansions of the Green’s function (as
the spectral parameter tends to zero and to infinity) for the operator realization L
in £2(Z) corresponding to the Lax difference expression L in (3.3), (3.5).

In addition, we provide a detailed study of the Hamiltonian formalism for the
AL hierarchy. In particular, the pth equation in the AL hierarchy can be written
as (cf. Theorem 6.5)

ALy(a, B) = <—zgt> Y DVH, =0, pel2, (1.9)
12 —ifs, P D
where the Hamiltonians 7—[2 are given by

D ~ P R ~

Hp = Zcm—fﬂr?‘lﬁﬂr + Zcpf—f,—He,— +c¢Ho, p=(p-,ps) €Ng,  (1.10)
=1 =1

~ ~ 1 .

Ho=> I(y(n),  Hp, += o > gpex(n), preN (1.11)

ne”Z nez
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Here D = (1—af) (% §). Furthermore, we show that any H, is conserved by the
Hamiltonian flows in (1.9) (cf. Theorem 6.6), that is,

dH, 5
= = . 1.12
it 0, preNg ( )

Moreover, for general sequences «, 3 (i.e., not assuming that they satisfy an equa-
tion in the AL hierarchy), we show in Theorem 6.7 that

for a suitably defined Poisson bracket { -, -} (see (6.16)), that is, H, and H, are
in involution for all p,r € N2.

The Ablowitz—Ladik hierarchy has been extensively discussed in the completely
integrable system literature (cf., e.g., [3]-[6], [1], [2, Sect. 3.2.2], [7, Ch. 3], [12],
[13], [34], [36], [37], [38], [41], [45], [47], [48] and the references cited therein) and
in recent years especially due to its close connections with the theory of orthogo-
nal polynomials, a field that underwent a remarkable resurgency in recent years (cf.
[42], [43], [44] and the literature quoted therein). Rather than repeating some of the
AL hierarchy history and its relevance to the theory of orthogonal polynomials at
this place, we refer to the detailed introductions of [25], [26], [27] and the extensive
bibliography listed therein. Here we just mention references intimately connected
with the topics discussed in this paper: Infinitely many conservation laws are dis-
cussed, for instance, by Ablowitz and Ladik [4], Ablowitz, Prinari, and Trubatch
[7, Ch. 3], Ding, Sun, and Xu [14], Zhang and Chen [50], and Zhang, Ning, Bi,
and Chen [52]; the bi-Hamiltonian structure of the AL hierarchy is considered by
Ercolani and Lozano [15], Hydon [30], and Lozano [33], multi-Hamiltonian struc-
tures for the defocusing AL hierarchy were studied by Gekhtman and Nenciu [18],
Zeng and Rauch-Wojciechowski [49], and Zhang and Chen [51]; Poisson brackets
for orthogonal polynomials on the unit circle relevant to the case of the defocusing
AL hierarchy (where 8 = @) have been studied by Cantero and Simon [10], Killip
and Nenciu [31], and Nenciu [39]; Lenard recursions and Hamiltonian structures
were discussed in Geng and Dai [19] and Geng, Dai, and Zhu [20].

Next we briefly describe the structure of this paper: Section 2 recalls the recursive
construction of the AL hierarchy as discussed in detail in [25] (see also [26], [27]). In
Section 3 we introduce the Lax pair for the AL hierarchy and prove its equivalence
with the corresponding zero-curvature formulation. These results are new. In
Section 4 we discuss the Green’s function of the Lax operator L and study its
asymptotic expansions as the spectral parameter tends to zero and infinity. As a
direct consequence of these asymptotic expansions, local conservation laws are then
derived in Section 5. Our final Section 6 then introduces the basics of variational
derivatives and provides a detailed derivation of the Hamiltonian formalism for the
AL hierarchy.

Finally, we emphasize that our recursive and systematic approach to local con-
servation laws of the Ablowitz—Ladik hierarchy appears to be new. Moreover, our
treatment of Poisson brackets and variational derivatives, and their connections
with the diagonal Green’s function of the underlying Lax operator, now puts the
AL hierarchy on precisely the same level as the Toda and KdV hierarchy with re-
spect to this particular aspect of the Hamiltonian formalism (cf. [22, Ch. 1], [23,
Ch. 1)).
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2. THE ABLOWITZ-LADIK HIERARCHY IN A NUTSHELL

In this section we summarize the construction of the Ablowitz—Ladik hierar-
chy employing a Laurent polynomial recursion formalism and derive the associ-
ated sequence of Ablowitz—Ladik zero-curvature pairs. Moreover, we discuss the
Burchnall-Chaundy Laurent polynomial in connection with the stationary Ablo-
witz—Ladik hierarchy and the underlying hyperelliptic curve. For a detailed treat-
ment of this material we refer to [23], [25].

We denote by C% the set of complex-valued sequences indexed by Z.

Throughout this section we suppose the following hypothesis.

Hypothesis 2.1. In the stationary case we assume that o, 3 satisfy
a,B€CE  a(n)pn) ¢{0,1}, ncZ. (2.1)
In the time-dependent case we assume that o, 8 satisfy
al-,t),B8(-,t) €eCE teR, aln,-),B(n,-)eC R), ncZ,

a(n,t)B(n,t) ¢ {0,1}, (n,t) € Zx R. (22)

We denote by S* the shift operators acting on complex-valued sequences f =
{f(n)}nez € C% according to

(STf)(n) = f(n+1), nez. (2.3)
Moreover, we will frequently use the notation
ff=5%f fecCZ (2.4)

To construct the Ablowitz—Ladik hierarchy one typically introduces appropriate
zero-curvature pairs of 2 x 2 matrices, denoted by U(z) and V,(z), p € N§ (with
z € C)\ {0} a certain spectral parameter to be discussed later), defined recursively
in the following. We take the shortest route to the construction of V}, and hence
to that of the Ablowitz-Ladik hierarchy by starting from the recursion relation
(2.5)-(2.12) below.

Define sequences { fr, 4 treng, {9r,+ teeny, and {he 4 }een, recursively by

9o+ = 5C0.4, fo+ = —cora’, hoy=coih (255)

Jet1,4+ — Y1+ = @hy + Bfey, L€ No, (2.6)

fovi+ = for —alger1,+ + 941,1), €€ No, (2.7)

hovi4+ =hy o +B(ge+1,+ + 9p414), £ €Ny, (2.8)

and

Jo,— = %Co,—y fo— =co—a, ho_= —Co,—5+7 (2.9)

Ge+1,— — 9oy, = ahe +Bf,_, £ €Ny, (2.10)

feri,— = fi_ +algerr,— + 9541 ), €Ny, (2.11)

hivr,— =he— = B(ges1,- + 9p1 ), L E€No. (2.12)

Here ¢+ € C are given constants. For later use we also introduce

faa+=h1+=0. (2.13)
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Remark 2.2. The sequences {fo+}reny, {9e,+ feeny, and {h¢ +}een, can be com-
puted recursively as follows: Assume that fy 1, g¢ 1, and he 4 are known. Equation
(2.6) is a first-order difference equation in gsyq 4 that can be solved directly and
yields a local lattice function that is determined up to a new constant denoted by
ce+1,+ € C. Relations (2.7) and (2.8) then determine fyyq 4+ and hyiq 4, etc. The
sequences {fo,_}oenys {ge,— teeny, and {he _}ren, are determined similarly.

Upon setting
vy=1-ap, (2.14)
one explicitly obtains
for =coi(=a™), fip =cor(—7Ta™ +(@%)?B) + 14 (—ah),

1 1
9o+ = 3C0.4, 1,4 = Co+(—atB) + Fc1 4,

ho+ = cotBB, hit =coy (V8™ —aB?) + 148, (2.15)
fo—-=co—a, fi1,-= (’Ya 25+> +ec,—a '
do,— = %Co,—, g1,— =co—(—afT)+ 01 —s

ho,— = co,—(=B7), h1.,— =co— (=B +a(Bh)?) + 1, (—B7), etc

Here {c¢, 4 }ren denote summation constants which naturally arise when solving the
difference equations for gy 4+ in (2.6), (2.10). Subsequently, it will also be useful to
work with the corresponding homogeneous coeflicients fo +, g¢,+, and hy +, defined

by the vanishing of all summation constants c; + for K = 1,...,¢, and choosing
Co,+ = 17
for=—a%, fo_=a, fir= Jetleos=1,¢;2=0j=1,...6,0, LEN, (2.16)
Jot =35, Got =Gttleos=1,c;4=0j=1,...0r LEN, (2.17)
hot =B, ho— =B hot=hoile.m1e;om04e1,..00 LEN.  (2.18)

By induction one infers that

fei—ZCz . QZi—ZCe oyt Gk hZ:I:—ZCé kahe s, (2.19)
k=0 k=0 =

In a slight abuse of notation we will occasionally stress the dependence of fy +, go,+,
and hg+ on «, 8 by writing fr + (e, 8), ge,+(a, ), and he 4 (a, ).

One can show (cf. [25]) that all homogeneous elements fgi, ge+, and ;lg7i,
¢ € Ny, are polynomials in «, 3, and some of their shifts.

Remark 2.3. As an efficient tool to distinguish between nonhomogeneous and
homogeneous quantities fo +, go,+, he+, and fr 4+, §e.+, e+, respectively, we now
introduce the notion of degree as follows. Denote

,oor20,

;_T ~o TEZ (220
) r )

FO =8O f = {f(n)}nez € CF, Sm:{gt

and define
deg (a(r)) =r, deg (B(T)) =—r, rewl. (2.21)
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This implies
deg (fé?) =0+1+7r, deg( A[(T_)) =—f+7r, deg (gﬁ) =4/, (2.22)
deg (izé?_) ={—7r, deg (/Atgrl) =—A4—-1—7r, £€Ny, reZ.

Alternatively the homogeneous coefficients can be computed directly via the
following nonlinear recursion relations:

Lemma 2.4. The homogeneous quantities fg’i, Ge.+, /Auyi are uniquely defined by
the following recursion relations:

1

g0,+ = 57 fO,-‘r = —Oé+, iLO,-‘r = /67
l l
Gi1,+ = Z Jimk b+ — Z Gi41—k,+ Gk 4 (2.23)
k=0 k=1

iy = fir — oG+ + 9100 1)

hivig =iy 4 BGs + 814 )s

and
go,f = 57 f077 = qQ, ﬁo,f = _ﬁ+?
! !
G =Y frok e =Y Gk Gk (2.24)
k=0 k=1 '

Jrri—-=fi_+ald,- + 9502,

hipr, = I =BG+ G-

We also note the following useful result (cf. [25]): Assuming (2.1), we find
9o+ — 9o = huy +Bfp, L €N,
ge,— — 9o =ahy _+Bfe—, €eNo.

Moreover, we record the following symmetries,

(2.25)

fl,i(coﬁiuaaﬁ) = BZ7:F(CO,$:57Q)7 Ql,i(Cinavﬁ) = g27$(60,$:ﬂ7a)7 le N0~

(2.26)
Next we define the 2 x 2 zero-curvature matrices

zZ o«

U(z) = (2’5 1) (2.27)
and

G, (z) —F;(2)

Vo(z)=i| 2 2 , peEN3, (2.28)
2 (Hp (2) _Kg (Z) - 0

for appropriate Laurent polynomials F,(2), G,(z), H,(z), and K,(z) in the spectral
parameter z € C\ {0} to be determined shortly. By postulating the stationary zero-
curvature relation,

0=UV, -V, 1, (2.29)
one concludes that (2.29) is equivalent to the following relations

2(G, — Gp) + zBF, + aH, =0, (2.30)
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2BF; +aH, - K, + K, =0, (2.31)
—Fy+2F, + (G + K,) =0, (2.32)
2B(G, + Kp) — zHy + H, = 0. (2.33)

In order to make the connection between the zero-curvature formalism and the
recursion relations (2.5)—(2.12), we now define Laurent polynomials F,, G,, H,,

and ng p= (p—7p+) € N%a byl

pP— p+—1
D= foot -2+ D fo1e47h (2.34)
=1 =0
P— P+
= 0 0D Gy 02 (2.35)
=1 £=0
p——1 P+
2) = Z hpf_l_ﬂ_z*e + Z hm_g#zf, (2.36)
£=0 =1
P— P+
Z) = ng,fe,fz_f + ng+,e’+zl = GE(Z) + gp,,f — gp+’+. (237)
(=1

The corresponding homogeneous quantities are defined by (¢ € Ny)

Fos(z)=0, Fp (2)= Zfz bz iz Zfz L
k=0

é0,7(3) = Oa ée,,(z) = Zglfk,fzik:

k=1
N 4
Got(2) =5, Goi(2) = ger2",
k=0
i = i ) (2.38)
Hoz(2) =0, Ho ()= hioyip_z" Hy(2) = hpg 42",
k=0 k=1
. 14
Ko-(2)=5, Ki(2)=> gen-2"=GCr(2)+ e,
k=0
Koi(2) =0, Koi(z)= de k2t =G (2) = Gos

The stationary zero-curvature relation (2.29), 0 = UV, —V;FU , is then equivalent
to a

~algp++ 9y )+ form14 = fy 1 =0, (2.39)
B9t T 9p =) Fhy iy —hy 1, =0. (2.40)

1n this paper, a sum is interpreted as zero whenever the upper limit in the sum is strictly less
than its lower limit.
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Thus, varying p+ € Ny, equations (2.39) and (2.40) give rise to the stationary
Ablowitz—Ladik (AL) hierarchy which we introduce as follows

*a(gp+,++g_, —)+fp 1+~ Jo 1 > 2
s-AL,(a,B) = i P P P-=%71 =0, eN;. (241

2( ﬁ) < ﬂ(ngr,Jr + gp—ﬁ) + hp+—1,+ - hP**L* B 0 ( )
Explicitly (recalling v =1 — af and taking p_ = p, for simplicity),

—C(0.00X
s-AL,0)(a, B) = ( C((()O(;?)ﬁ ) =0,

—(co,—a™ +cora™) —caua
sALap(ef) = ( 77((00(,);5_ + CO?L%JF))JF C(1(11)1)5 ) =0
—y(co Tyt + o —a”"y —a(copat BT 4 co,—a” fT)
—B(co,—(a7)? + co.+(a™)?))
v(co,- BT +co 877y = Bleo+aTBT 4 co,—a” BT)
—a(co,+(B7)? + co.—(B%)?))
—y(c1,—a™ 4+ 1 a™) = cpoa
* ( ’77((01,;5_ + Cl,j_ﬁ-i_))‘i' 0(2(22?)5 ) =0, ete, (2.42)
represent the first few equations of the stationary Ablowitz—Ladik hierarchy. Here
we introduced

S-AL(2,2) (a, 5) =

cp=(cp_,— +¢p, +)/2, px € No. (2.43)
By definition, the set of solutions of (2.41), with p ranging in N§ and ¢, 1 € C,
¢ € Ny, represents the class of algebro-geometric Ablowitz-Ladik solutions.

Using (2.1), one can show (cf. [25]) that g,, + = g,_ — up to a lattice constant
which can be set equal to zero without loss of generality. Thus, we will henceforth
assume that

Gpit = Gp_— (2.44)
which in turn implies that
K,=G, (2.45)
and hence renders V,, in (2.28) traceless in the stationary context. (We note
that equations (2.44) and (2.45) cease to be valid in the time-dependent context,
though.)

Next we turn to the time-dependent Ablowitz—Ladik hierarchy. For that pur-
pose the coefficients « and 8 are now considered as functions of both the lattice
point and time. For each equation in the hierarchy, that is, for each p, we in-

troduce a deformation (time) parameter t, € R in «, 8, replacing «(n), 3(n) by

a(n,tp), B(n,t,). Moreover, the definitions (2.27), (2.28), and (2.34)—(2.37) of U, Vj,
and F, Gp, Hy, Ky, respectively, still apply. Imposing the zero-curvature relation

Uy, +UV, = VU =0, peNg, (2.46)
then results in the equations B
oy, =i(zFy +al(Gy+ K;) = Fy), (247)
Br, = —i(B(G, + Kp) — Hy+ 27" H, ), (2.48)
0=2(G, —Gp) +zBF, +aH,, (2.49)
0= 23F; +aH, + K; — K, (2.50)
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Varying p € N§, the collection of evolution equations

AL, (o §) = (—iatp —a(Gpe ot +9p ) F foy—14 — p_—1,—>
= _iﬂtﬁ + /B(gz?_+ﬁ+ + gp—y—) - hp,—l,— + h;+_17+

t, €R, p € N,

(2.51)

then defines the time-dependent Ablowitz—Ladik hierarchy. Explicitly, taking p_ =
p4+ for simplicity,

_ _iat(n,n) — 0,00 _
AL(U,O)(O[7B) - <_iﬁt(010) + C(O,O)B) = 07

—iay, ) —(co,—a” +corat) —cq 1)0‘>
AL ,B) = Ttan T ’ ’ =0,
(1,1)(CV B) <_Zﬁt(1,1) +7(CO,+5 + 601_B+) + C(I’I)B
AL(2,2)(ev, B)

—iovy o — V(oY + o _am Ty —aleopat BT 4 co—am BT)
—B(co,~(a™)? + o+ (a1)?))

~iBta +(c0o BTV + 04 877y = Bleorat BT + o —a” 1)
—a(co+(87)% + co,-(B%)?))

—y(er,—a” e pat) — ¢ 2)a>
+ o ’ ’ =0, etc., 2.52
( Y(er,+B8~ +c1,-BT) +cB (2:52)

represent the first few equations of the time-dependent Ablowitz—Ladik hierarchy.
Here we recall the definition of ¢, in (2.43).

By (2.51), (2.6), and (2.10), the time derivative of ¥ = 1 — af3 is given by
Vo =V ((Gp ot = 9pot) = (9o = — 95 2)), (2.53)
or alternatively, by
Ve, = iv(az*1H£ — aH, + fF, — z,BFB’), (2.54)
using (2.47)—(2.50).

Remark 2.5. (i) The special choices 8 = +a, cp+ = 1 lead to the discrete
nonlinear Schrodinger hierarchy. In particular, choosing c(;,1) = —2 yields the
discrete nonlinear Schrédinger equation in its usual form (see, e.g., [7, Ch. 3] and
the references cited therein), with

—iay — (1F o) (@™ +at) +2a =0, (2.55)
the first nonlinear element of the hierarchy. The choice 5 = @ is called the defocus-
ing case, B = —a represents the focusing case of the discrete nonlinear Schrodinger
hierarchy.

(#4) The alternative choice 8 =@, ¢o+ = F4, leads to the hierarchy of Schur flows.
In particular, choosing c(;,1) = 0 yields

a—(1—1]a)*)(at —a")=0 (2.56)

as the first nonlinear element of this hierarchy (cf. [9], [16], [17], [29], [35], [44]).
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3. LAX PAIRS FOR THE AL HIERARCHY

In this section we introduce Lax pairs for the AL hierarchy and prove the equiv-
alence of the zero-curvature and Lax representation. This result is new.

Throughout this section we suppose Hypothesis 2.1. We start by relating the
homogeneous coefficients fgdt, Je,+, and fzg,i to certain matrix elements of L,
where L will later be identified as the Lax difference expression associated with
the Ablowitz—Ladik hierarchy. For this purpose it is useful to introduce the stan-
dard basis {6,, }mez in £2(Z) by

1, m=n
5m: 6mnn ) EZ: 5mn: ' ’ 3.1
{Bnn}nezs m , {Ovm#n. (31)
The scalar product in ¢2(Z), denoted by (-, -), is defined by
(fr9) =D f)g(n), f.g€(2). (3.2)
nez

In the standard basis just defined, we introduce the difference expression L by

0 —a(0)p(=1) —A(~1)a(0) ~a(1)p(0) p(0)p(1) 0
I p(=Dp(0)  B(=1)p(0) ~B(0)a(1) AOp(1) 0 (3.3)
0 —a(2p(1) ~B(1)a() ~a3)p(2) p(2)p(3) '
0 Pp(Dp(2) B(1P(2) ~B(2)al3) A2)p(3) 0

(_ B(n)a(n + 1)dm.n

+ (B(n — 1)p(n)doaa(n) — ca(n + 1)p(n)deven (1)) n—1

+ (B(n)p(n + 1)doaa(n) — a(n +2)p(n +1)even(n)) dm,nt1 (3-4)
+ p(n 4 1)p(n + 2)deven(n)dmm2 + pln — 1)p(n)<50dd(n)ém,m)mEZ
=p pOeven ST + (B pleven — @ pdoaa)ST — Bat
+ (BT Beven — a0 80aa) ST + pTp 1T Goaa ST, (3.5)

where deven and d,qq denote the characteristic functions of the even and odd inte-
gers,

6even = Xaz» 5odd =1- 5even = Xoz41- (36)
In particular, terms of the form —8(n)a(n+1) represent the diagonal (n, n)-entries,
n € Z, in the infinite matrix (3.3). In addition, we used the abbreviation

p="*=(1-aB)"% (3.7)
Next, we introduce the unitary operator Uz in ¢?(Z) by
Us = (8(0)dm,n) (g myezzs €M) €{1,-1}, n € Z, (3.8)

and the sequence ¢ = {e(n)},ez € CZ by
e(n) =&(n—1)é(n), n € Z. (3.9
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Assuming «, 8 € £>°(Z), a straightforward computation then shows that
L.=U:LUZ?, (3.10)

where L. is associated with the sequences a. = «a, . = 3, and p. = €p, and L
and L. are the bounded operator realizations of L and L. in ¢2(Z), respectively.
Moreover, the recursion formalism in (2.5)—(2.12) yields coefficients which are poly-
nomials in «, 8 and some of their shifts and hence depends only quadratically on
p. As aresult, the choice of square root of p(n), n € Z, in (3.7) is immaterial when
introducing the AL hierarchy via the Lax equations (3.38).

The half-lattice (i.e., semi-infinite) version of L was recently rediscovered by
Cantero, Moral, and Veldzquez [11] in the special case where 8 = @ (see also
Simon [42], [43] who coined the term CMV matrix in this context). The matrix
representation of L™! is then obtained from that of L in (3.3) by taking the formal
adjoint of L and subsequently exchanging o and /3

L7 = (= a(m)B(n+ Do + (@(n = 1)p(n)even (n) (3.11)
= B(n + 1)p(n)d0da (1)) dn.n 1
+ (a(n)p(n + 1)deven(n) = B(n + 2)p(n + 1)d0dd (1)) S n+1
P )plrn -+ 2)oa ()3 v + (1 = Dp()deven (W) n2)
=p pOoaa S + (@ ploda — B peven)S” — affT
+ (ap oad — BT pT Geven)ST 4 TP Goven ST (3.12)

L and L' define bounded operators in ¢2(Z) if o and S are bounded sequences.
However, this is of no importance in the context of Lemma 3.1 below as we only
apply the five-diagonal matrices L and L' to basis vectors of the type d,,.

Next, we discuss a useful factorization of L. For this purpose we introduce the
sequence of 2 x 2 matrices 6(n), n € Z, by

_ (—al) pn)
O(n) = ( p(n) ﬁ(n)) , MEL, (3.13)

and two difference expressions D and E by their matrix representations in the
standard basis (3.1) of £2(Z)

0 0

| Teen—2 _ 6(2n—1)
D= 0(2n) , E= O 0(2n+1) , (3.14)
where
D(2n—1,2n—1) D(2n-1,2n)\
()" Pt ) = ot2m (3.15)
E(2n,2n) E@2n,2n+1) '\ _ :
<E(2n+1,2n) E(2n+1 2n+1) —9(2n+1)7 n € 7.
Then L can be factorized into
L =DE. (3.16)

Explicitly, D and E are given by
D = p(seven S_ - O(+ 60dd + ﬁ 5even + P+ 6odd S+7 (317)
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E = p0oaa S~ + Bodd — & Geven + pT deven ST, (3.18)

and their inverses are of the form
D™! = pdeven ST = BT Goda + @ deven + pT Goda ST, (3.19)
E™" = pboaa ST + aboad — BT Geven + pF Geven ST (3.20)

The next result details the connections between L and the recursion coefficients
fe+, e+, and hy .

Lemma 3.1. Letn € Z. Then the homogeneous coefficients {f[yi}geNo, {Ge,+ Foen,
and {he 1 }een, satisfy the following relations:

for(n) = (0, EL 6,)00ven (1) 4 (0n, LD, )00aa(n), £ € No,

fr.—(n) = (80, DY L76,)0even(n) + (8, L~YE718,)00aa(n), € € Ny,
dox=1/2, gox(n) = (6n,L76,), LEN, (3.21)

he i (n) = (6n, LD3,)deven (1) + (8n, ELYS,)00aa(n), £ € No,

he, (1) = (6n, L E716,)0even(n) + (8, DYL746,,)00aa(n) € € No.

Proof. Using (3.16)—(3.20) we show that the sequences defined in (3.21) satisfy the
recursion relations of Lemma 2.4 respectively relation (2.6). For n even,

Ge+(n) = e (n—1) = (6,, DEL*"16,) — (641, DEL* "' 6,,_1)
= (D*6,, EL*"15,) — (D*6,_1, EL* 715, 1)
= 5(71)((5”7 EL*715,) + p(n)(6n_1, EL*"16,) (3.22)
() (6p—1, BL*8y—1) — p(n)(8n, EL*6,1)
( ) fee1,+(n) + a(n)he-r 4 (n = 1),
since (EL*)T = EL’ by (3.13), (3.16). Moreover,
fri(n) = (6n, EL*6,) = (E*6,,, L6,,)
= —a(n+1)(0,, L6,) + p(n + 1) (6p41, L6,)
+a(n+1)(6np1, L6ni1) — a(n + 1)(6np1, L0 11)
= fear(n+ 1) —am+1)(ger(n+1) + e+ (n), (3.23)
he+(n) = (60, L*D8y) = B(n) (8, L 6n) + p(n) (6, L'6n—1)
+B(n) (-1, L6p—1) = B(n)(6p—1, L 0n—1)
= o1, (n = 1)+ B(n) (Ge,4 (n) + Ge 1 (n — 1)),
that is, the coefficients satisfy (2.23). The remaining cases follow analogously. O

Finally, we derive an explicit expression for the Lax pair for the Ablowitz—Ladik
hierarchy, but first we need some notation. Let T be a bounded operator in ¢2(Z).
Given the standard basis (3.1) in ¢2(Z), we represent T by

T = (T(m,n))(mm)ezz, T(m,n) = (0, T6n), (m,n)eZ2 (3.24)

Actually, for our purpose below, it is sufficient that 7" is an N-diagonal matrix for
some N € N. Moreover, we introduce the upper and lower triangular parts 7 of
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T by
T(m,n), =+(n—m)>0,
Ty = (Ty(m, 2, Ti(myn) = 3.25
+ ( (m n))(m,n)el «(m, n) {0, otherwise. ( )
Next, consider the finite difference expression P, defined by

i o i i

B=3 D ep e (LY = (LH-) = 3 > ep o (LT = (L792) - 56 Qa,
=1 =1

p € N§, (3.26)

with L given by (3.3) and Q4 denoting the doubly infinite diagonal matrix
Qa = ((_1)k5k,€)k,eez' (3.27)

Before we prove that (L, P,) is indeed the Lax pair for the Ablowitz-Ladik
hierarchy, we derive one more representation of P, in terms of L.

We denote by ¢5(Z) the set of complex-valued sequences of compact support. If R
denotes a finite difference expression, then v is called a weak solution of Ry = z1),
for some z € C, if the relation holds pointwise for each lattice point, that is, if
((R—2)Y)(n) =0 for all n € Z.

Lemma 3.2. Let 1 € (5°(Z). Then the difference expression P, defined in (3.26)
acts on 1 by

py—1

(Ppy)(n) ( pr e~ (n)(EL™"9)(n) Z For—1-t.4+(n)(EL")(n)

+ Z Gp——e—()(L™")(n) + Z o —t+()(LY) ()
£=1 =1
+ %(pr,— (n) + 9p+,+(n))¢(n)> doda () (3.28)

(Z By 1 s ()(DTIL ) n)+zhp+—e+ n)(D' L) (n)

—ng,—e,—(n) L™ )(n) — ng e+ (n) (L) (n)
(=1

- %(gp*’*(n) + gp+,+(n))’(/)(n)>5even(n)7 n € 7.

In addition, if u is a weak solution of Lu(z) = zu(z), then

(Pyu(z))(n)
= ( —iFy(z,n)(Eu(z))(n) + %(Gg(z, n) + Kp(z, n))u(z, n))éodd(n)
+ (in(z, n) (D u(2))(n) — %(Gg(z, n) + Ky(z,n))u(z, n))éeven(n),

neZ, (3.29)

in the weak sense.



106 F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL

Proof. We consider the case where n is even and use induction on p = (p_,p).

The case n odd is analogous. For p = (0,0), the formulas (3.28) and (3.26) match.

Denoting by 131, the corresponding homogeneous operator where all summation

constants cx 4+, k =1, ..., p+, vanish, we have to show that
P = “ _ 1, N
ZPB = ZPZ;:_lL - hp+*17+D 'L + §(gp+*1,+L + gp+>+)
1 (3.30)
+ Z.PpiflL_l - hpffl,fD_l + 5(@17771,7[’_1 + gpfﬁ)v

where ]3jjE correspond to the powers Ef L in (3.26), ]3ji = £((L*)1—(L*7)4). This
can be done upon considering (9, Pgdn) and making appropriate case distinctions

m=mn, m>n, and m < n.
Using (3.4), (3.11), (3.16)—(3.20), (3.25), and Lemma 3.1, one verifies for instance
in the case m = n,

(67“ /LP;;_ 5n)
= (6,,iPF

p4+—1

Léy) + a(n + l)in+_1,+(n)

4 5 (B (n) — an 4 D5, ()

= <5na %((LP+71)+ - (Lp+71)—) (a++p+5n—1 + OZ+56” + 04+05n+1 - PPén+2)>
“ 1, .
ot Dy, 14 (1) + 3 (G () — o+ DBy 1.4 ()
= — 500+ Vp(n) (5., L5 1) + g+ 2pln -+ 1)(6n, I 5,11)
1 .
= 5P+ Dp(n+2)(0, L7+ 0n2) + a(n + Dhp, —1,4(n)

+ 5 (B (1) — aln+ DBOVGp, 1,4 ()
= —a(n+ 1)p(n) (6., 1716, 1)

—a(n+ 1)B(n)gp+—1,+(n) + a(n + 1)hP+—17+(n)
=0, (3.31)

since by Lemma 3.1,
gp+7+(n) = (6n7Lp+_1L6n):
hipy—1,4(n) = (80, LP* 71 D8,) = B(1) (S, LP+160) + p(n) (8, L7+~ 601).

Similarly,
(60, iP; 1)
= (iP5, — a1, (n) + 5 (3 () — a(m)B(n+ D, ()

1
= <6n7 3 (L7 ) = (L") ) (ptpt 62+ apT 61 — B8, + aP5n+1)>

)by 1, () + 5 (5 () — a5+ gy 1 ()
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= =301 = Do) (3 L1 P83) = (= V()G L5 1)
+ am)p(n+ 1), L b,02) — aln)hy 1, ()
+ 2 (@ ~() — alm)Bn + iy 1 ()
= a()pln -+ 1), L7 512) = () + 1)y 1, (n) — aln)hy s, (0)
=0, (3.32)

where we used Lemma 3.1 and (2.12) at £ = p_ — 2 for the last equality. This
proves the case m = n. The remaining cases m > n and m < n are settled in a
similar fashion.

Equality (3.29) then follows from Lu(z) = zu(z) and (2.34)—(2.37). O

Next, we introduce the difference expression PJ by

P+

P = =23 e (L)) = (X))
=1 (3.33)

. pb— .
i _ _ i
23l (L) = (7))~ 56,Qa peN,
=1
with LT = ED the difference expression associated with the transpose of the infinite

matrix (3.3) in the standard basis of ¢2(Z) and @, denoting the doubly infinite
diagonal matrix in (3.27). Here we used

(M) = (M7, (M) = (M7 (3.34)

for a finite difference expression M in the standard basis of ¢(Z).
For later purpose in Section 5 we now mention the analog of Lemma 3.2 for the
difference expression P]T without proof:

Lemma 3.3. Let x € {°(Z). Then the difference expression Pz;r defined in (3.33)
acts on x by -

(PT)m) ( ihp__l (- ()(ENET) ) (n)
=S e () (BT )()
/=1

T 2 Go o (LT + 3 g s L))
_ =1

+ %(gp_ —(n) + gp,, +(n))x(n)> Jodd(n) (3.35)
#i( X hree O )
(=1

+ > foe-1-e 4 (M(DET) X (n)

£=0
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- 2 Gp——e—()(LT) X)) =Y gp—e+ () ((LT) ) (n)
(=1 (=1

o )+ gp+,+<n>>x<n>)am<n>, ez

In addition, if x is a weak solution of LTv(z) = zv(z), then

(P;v(z))(n)

= <Hp(z,n)(E1v(Z))(n) - %(Gg(zm) + KP(Z7”))U(Z’n)> Goda(n)

+i <Fp(z7 n)(Dv(z))(n) — %(Gg(z7 n) + Kp(z, n))v(z, n)> Oeven (1),
nez, (3.36)

in the weak sense.

Given these preliminaries, one can now prove the following result, the proof of
which is based on fairly tedious computations. We present them here in some detail
as these results have not appeared in print before.

Theorem 3.4. Assume Hypothesis 2.1. Then, for each p € N2, the pth stationary
Ablowitz—Ladik equation s-ALy(a, B) = 0 in (2.41) is equivalent to the vanishing of
the commutator of Py and L,

[Py, L] = 0. (3.37)

In addition, the pth time-dependent Ablowitz-Ladik equation ALB(a,ﬂ) =0 in
(2.51) is equivalent to the Lax commutator equations

Ltg(tg) = [Pp(tp), L(tp)] =0, t, €R. (3.38)

In particular, the pair of difference expressions (L, P,) represents the Laz pair
for the Ablowitz—Ladik hierarchy of nonlinear differential-difference evolution equa-
tions.

Proof. Let f € £y(Z). To curb the length of this proof we will only consider the
case n even. We apply formulas (3.28) to compute the commutator ([P, L] f)(n)

by rewriting D™'Lf = EL*~! and using (3.5), (3.17), and (3.18). This yields
i([Pp, L1f)(n)

jos
- (pr(g;+z7+ - g;+_7€7+)
=1
py—1

Y T s ) (D)
£=0

" (Z p(2ﬁ791;+—&+ a h;;r—é,-&-)
/=1
py+—1
T S (i <ﬂ>2f;w,+>)<y Hn—1)

£=0
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=
* (ZP+ (ﬁ(g;;*f& +gp_+*€7+) - hPJr*Zv*)
=1
p+—1

+ Z pt (h;+—1—e,+ - 66+f]:_—1—£,+ - 5a+hp+1£,+)> (sz)(” +1)
£=0

p++1
+ ( Z (9p+1-0.4 — 9p1+1—@,+)
=2

P+
+ Z (Oﬁ (6(9}4*@& - g;:rflgr) + hp+72,+) - ah;Jrfe,jL)
=1

p+—1

+ Z (5(a+)2hp+714,+ - 5(P+)2f;_1_z,+ - O‘+hp+—1—e,+)> (sz)(”)
£=0

pP—

+ 2979(91; - 9;77_/,7_ - Bifpi_g,_ - th;j_&_)([’izf)(n —2)

=1
p_
O CRCTANE S R T Tl
L;,A
- Z Php_—1—e,_>(L_lf)(" -1
=0
p_
+ (Z (5p+ (9p - T 9y o~ hp =BT, )+ p+h5——f7—)
(=1
po—1

=3 Py )@ )
£=0

pP—
+ (Z (ﬁOﬁ(gpf%ﬁ —9p_ ¢t ahy g+ BT ;r,—e,—) - Bf;r,—e,—

/=1
— oﬁ'h;__z’_)
p_—1
T T a*hp__l_e,_)) (L' F)(n)
=0

1
+ §<ﬂp+ (99 494+ + 9+ gpo)f(n+1)
+87p(9p —F 9, + T Gp T Gp ) [(n—1)
—p 9y G k= o — 9oy ) f(n— 2))7 (3.39)

where we added the terms

P+ D+
0= gy o LN+ Y gy (L)
(=1 £=1

p++1

=Y G W)+ Y g LL ) (),
=2 1

=
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P+

th o (DTALE) () + S ke, (BLf)(n)

(=1

—th yomes (A F)) + (L)~ 1))

p+1

£ 2 Haa (— 0T + T E 0+ ), (3.40)

=N TN+ Y g (L))
=1 =1

p_—1

S e (L + gy L)),
£=0 =1

pP—

Zh,, Lo (DL ) + Y b, (BLTf)(n)
/=1

== 2 e o (0@ F) ) + (L f) (0 - 1))

+ Z hy_—e— ( —a* (L) () + p (L) (0 + 1)),

Next we apply the recursion relations (2.5)—(2.12). In addition, we also use
ahy o+ B o =at (o =BTy - gp—0-)
+ 8 (foo e+t (g gy )
=9 o~ Gt (3.41)
This implies,
i([Py, L1f)(n)

P4+ —1
- (- — — — - ¢
= > (G e = Gy e Oy = B ) (LD =)
=1
p4+—1
+ Z (B_p(9;+—e,+ “Gp. e~y gy B_f;;—1—£,+)
=1
+ p(ﬁi(gpir*f#r + gp_+_*5,+) + h;+_ 1-6+ h;+*57+)> (Llf)(n -1
p+—1
+ Z (BPJF (g;+—e,+ ~Gpi—tt — @ hp 1 — 6+f;:717€,+)
=1

+ 0 (Bt + Gy —00) + Py 1y — Ppye4) ) (B D)0+ 1)

p+—1

- - (ot

+ < Z (p 4124 =Gy p1eq =y gy + BTGy, o)+ 9p—t4)
=1
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+
- 6fp+*1*57+)
p+—1
+ Z a+(ﬁ(*9p+f€,+ *Qplfe,+)+hp+f€+ h;; 1- /3+)
(=1
py—1
+ Z Ba* (9p+—£,+ - g;r+_e,+ + a+hp+—1—é,+ + B+f;r+_1—é,+)> (Léf)(n)
£=0

pP—

+> 0 (g e — gy e =B —ahy T, VLT ) (n - 2)
/=1
p_——1

+ Z ( PGy —tm =9y 0 =By o —aTh, )
(B0 o+ Gy o)y e~y ) ) LT (= 1)
+ 3 (B (G e — o — @y =B L)

+ 0 (Bt + Gy o) Fhy o=y 1-e0) J(ET )+ 1)

+ ( Z (gp-—l—é,— 9y 1 —h, )
(=1
p_
+ Zﬂ(aJr(g;l —¢,— T 9p_ 78,7) - f;; 7577)
=1

p_
+3 B0t (gp—tm—gf O hy o+ BYEE )

3 Bttty o)y A1) )TN0

/=1

+0 (904 —905) P F)(n=2) = p~p(a”h, 4 + 5‘f1_1 +)f(n—=2)
+ (287 90,4 — ho )L N)(n = 1)+ p((07)?hy 1 — (B7)fp—1,4) f(n=1)
+ 0" (B(gg+ + 90.4) — ho+) (LP* f)(n+1)
- P+ (6(04+hp+71,+ + B+f1j_+—1,+) h;i 1 +) fln+1)
+ (90,4 — 9o NLP+f)(n)
+ (914 — 914 — @hg 4 +Ba™(go.+ — go.4) + T ho ) (LP* f)(n)
+ (gpffl,f —9p 1 —ah, - ﬁfpffl ) (n)
+ B8 (gh, 4+ = gpp ) F o1 = fi +)f(n)

a’t (6(5fp+—1,+ + ah;+71’+) +hy —1,- — p+ 1 +)f(”)
— (Ba™(go,— +90,-) = Bf-1,— +aThy ) (L7P= f)(n)
—(ah, 4+ Bl 1) (BT f(n+1)+ B pf(n—1)+p pf(n—2))
+ (ﬁ*p(go‘,_ +90-—B fo_)+ (p*)zph&i)(L”’*f)(n -1
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+ (ﬂ/ﬁ (96 +90_ —BTf_—atho )+ /)*ha,_) (L™= f)(n+1)
—phy 1 f(n—=1)=pThy 1 _f(n+1)
+ %(6/}* (G 49 s+ G )f(n+1)

+ ﬁ_p(gpi,_ +9p, 4 T~ + Ipy+)f(n—1)

—p 09—+ 9 s — G —Gpy ) (0 — 2))

p-
= g g gy~ gpys) f(n—2)

2
+ <p 9p+7+ T 9_, -) - h; -1,- h;+_—1 +)

62p(gp+++gp— “Y9py+ T ))f(n_l)

+ (B0 (g, s+ o)+ oo — fpt_H)

— @ (Bgy, 4+ 95 )~ 1+ By, ) ) ()
+ ( BG4+ I -) —hp 1 Fhy )
6; (Gper + 95— =95 ¢ —gp_,—))f(n+1),

where we also used (2.25).
Comparing coefficients finally shows that (3.38) is equivalent to

(P~ p)t, =p p(C” +C),

(ap™ )y, =p A+ap=C~
(B )y, =p"B +/J’p+0+
(a™B), = BAT +at B,

\"3

where

A=i(ogp, ++ 05 )= fpyra+ Iy 1)
B=i(=Bgy, 1+ 9 o 1o =l 1)
C

i _ _
= 5 (Opi ot + 9 - = Gt~ o)
In particular, (2.51) implies (3.38) since, by (2.53),

i _ _
Pty = §P(9p+,+ T 9~ —Yp+ gp,,,).

(3.42)

(3.50)

To prove the converse assertion (i.e., that (3.38) implies (2.51)), we argue as follows:

Rewriting (3.44) and (3.45) using p = v'/%2 = (1 — af)'/? and (3.43) yields

2
1+ ‘;Lf)% + Oiﬁtg = A-aC,
2
o, + (L+ 508, = B - C.

2y

(3.51)
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This linear system is uniquely solvable since its determinant equals v~! and the
solution reads
oy, = A~ %(ﬁA+aB +270),
3 (3.52)

Using (2.6) and (2.10) it is straightforward to check that A+ aB+ 2yC = 0 which
shows that the converse assertion also holds. O

The Ablowitz—Ladik Lax pair in the special defocusing case, where § = @, in
the finite-dimensional context, was recently discussed by Nenciu [38].

4. GREEN’S FUNCTIONS AND HIGH- AND LOW-ENERGY EXPANSIONS

In this section we discuss the Green’s function of an ¢?(Z)-realization of the
difference expression L and systematically derive high- and low-energy expansions
of solutions of an associated Riccati-type equation.

Throughout this section we make the following strengthened assumptions on the
coefficients o and f.

Hypothesis 4.1. Suppose that o, 8 satisfy
a,B €L°(Z), «an)B(n)¢{0,1}, n € Z. (4.1)
Given Hypothesis 4.1 we introduce the £2(Z)-realization L of the difference ex-
pression L in (3.5) by
Lf=Lf, fedom(L)=1~*2), (4.2)

and similarly introduce the ¢2(Z)-realizations of the difference expression D, E,
D=1 and E~!in (3.17)-(3.20) by

Df =Df, fedom(D)=¢*z), (4.3)
Ef =Ef, fedom(E)=¢3(2), (4.4)
D7 'f=D7'f, fedom(L 1) =0%(Z (4.5)
E7'f=E"1f, fedom(EY) =(}Z (4.6)

The following elementary result shows that these ¢?(Z )-realizations are mean-
ingful; it will be used in the proof of Lemma 4.3 below.

Lemma 4.2. Assume Hypothesis 4.1. Then the operators D, D1, E, E’Hi, and
L= are bounded on (%(Z). In addition, (IV/ — 2)71 s norm analytic with respect to
z in an open neighborhood of z = 0, and (Iv/fz)_l = 72_1(172_1E)_1 15 analytic

with respect to 1/z in an open neighborhood of 1/z = 0.
Proof By Hypothesis 4.1, p?2 = 1 — a8, and (3.17)—(3.20), one infers that D, E,

D=1, E~1 are bounded operators on ¢2(Z) whose norms are bounded by
IDILIEIL DL IETH] < 2lplloo + lledloe + 118l
<2(1+ Jlalloo + [1Blloo)- (4.7)

Since by (3.16),
P DB iDL (4.8)
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the assertions of Lemma 4.2 are evident (alternatively, one can of course invoke
(3.5) and (3.12)). O

To introduce the Green’s function of L, we need to digress a bit. Introducing
the transfer matrix 7T'(z, - ) associated with L by

o) (i("l) ﬂfn)> nodd,

p(n)~1 (ﬂ(n) ! ) , N even,

1 aln)

T(z,n) = z€C\{0}, neZ, (4.9)

recalling that p = /2 = (1 — a3)'/2, one then verifies that (cf. (2.27))
T(z,n) = A(z,n)z Y 2p(n) U (z,n)A(z,n — 1)"Y, ze€ C\ {0}, n€Z. (4.10)

Here we introduced

2172 0
< 0 .12 n odd,
A(z,n) = z€C\ {0}, neZ. (4.11)

0 1
, n even,
1 0

Next, we consider a fundamental system of solutions

Uy(z, )= (ﬁ;igz ;) (4.12)
of
U(2)¥5(2) = Ui(2), z€C)\ (spec(L)U{0}), (4.13)
with spec (i) denoting the spectrum of L and U given by (2.27), such that
det(¥_(z), ¥, (2)) #0. (4.14)

The precise form of ¥ will be chosen as a consequence of (4.20) below. Introducing
in addition,

us(z,m)\ —n/ - N 1,+(2,n)
(Ui(z, n)) =Ciz 2 ( nl;[l p(n') 1) A(z,n) <¢2,:t(27 n)) ) (4’15)
ze€C\ (spec(li) U {O}), n €z,
for some constants Cy. € C\ {0}, (4.10) and (4.15) yield

up(z)\ _ (ux(z)
T(z) (é(z)) = (vi(z)> . (4.16)
Moreover, one can show (cf. [28]) that
Lui(2) = zus(2), LTvi(z) = 2vL(2), (4.17)
Dvy(z) =us(z), FEus(z)=zvi(2), (4.18)

where
L=DE, L'=ED, (4.19)
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and hence LT represents the difference expression associated with the transpose of
the infinite matrix L (cf. (3.3)) in the standard basis of ¢?(Z). Next, we choose
U4 (z) in such a manner (cf. again [28]), such that for all ng € Z,

vz, +)

Since by hypothesis z € (C\spec(lv/)7 (ug(z, - ),vi(z, )T and (u_(z, -),v_(z, - )"
are linearly independent since otherwise z would be an eigenvalue of L. This is of
course consistent with (4.14) and (4.15).
The Green’s function of f/, the ¢2(Z)-realization of the Lax difference expression
L, is then of the form
G(z,n,n') = (6, (L - z)ilén:) (4.21)
-1

B et <u+(z,0) u(z,0)>

(M(Z’ ')> € £2([no, £00) NZ)*,  z € C\ (spec(L) U {0}). (4.20)

v+(2,0) wv_(z,0)

! ! — o/
v_(z,n")us(z,n), n’ <norn=n'even, non' € 7,
vy(z,n)u_(z,n), n' >norn=n'odd,
_ 1 (1=64(0)0-9¢_(20)
4z (ZS+(Z,O) _¢*(Za0)
v_ (z,n;)u+(z,n), nj <morn= n: even, nn' €7, (4.22)
vi(z,n)u_(z,n), n’ >norn=n’odd,

2 € C\ (spec(L) U{0}).

Introducing
1/)2.:|: (Z7 n) ¥
z,n)=-——"——"-= ze€C\ (spec(L)U{0}), n €N, 4.23
bulem) = DTS \ (spec(£) U {0}) (423
then (4.13) implies that ¢ satisfy the Riccati-type equation
aprdpy — ¢y + 21 = 2P3, (4.24)
and one introduces in addition,
2
= 4.25
T (42
¢4 + 9
=T = 4.26
T (4.26)
204 0-
= 7= 4.27
U (4.27)
Using the Riccati-type equation (4.24) and its consequences,
(P17 —9-¢_) — (¢L — ¢_) + 2(¢4 — ¢-) =0, (4.28)
(P10 +¢-0_) — (01 + ¢_) + 2(d4 + ¢-) = 228, (4.29)
one then derives the identities
2(g7 —g)+28f+ah™ =0, (4.30)

ZBf" +ah—g+g” =0, (4.31)
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—f+2f" +alg+g) =0,
2B(g” +g)—2b+b" =
o —fh=1.

(4.32)
(4.33)
(4.34)

For the connection between f, g, and h and the Green’s function of L one finally
obtains

G _
f(z,n) = —2a(n)(2G(z,n,n) + 1) — 2p(n)z {ng: 27 . 1’78: Z (e)‘(;zlj’

g(z,n) = =22G(z,n,n) — 1, (4.35)

G(z,n,n—1), n even,

z,n) = —=26(n)zG(z,n,n) —2p(n)z
B(z,n) = ~28(n)2G(z,n, ) — 2p(n) {G(M_ L e
illustrating the spectral theoretic content of §, g, and .

We are particularly interested in the asymptotic expansion of ¢4 in a neighbor-
hood of the points z = 0 and 1/z = 0 and turn to this topic next.

Lemma 4.3. Assume that o, B satisfy Hypothesis 4.1. Then ¢+ have the following
convergent expansions with respect to 1/z around 1/z = 0 and with respect to z
around z =0,

_ Zoi() (b(]??+2'_j’

¢+(2) = {2%1 - (4.36)
_ Zooz() ¢?7+Zj7

¢+(2) = { 2}1 o (4.37)

where

¢8?+ =, C1x73+ =87,

J

e = (0% —ad (072,4) 6%, JEN, (4.38)
=0
1 att
00 _ 0o __ +
L= T T ¢o,— = WW )
= o +a++2¢j o (65°)T, jeN, (4.39)
1 o~
o _ 1 o __ o
¢0,+ o 1,4+ o2 Y5
j+1
?+1,+ = (¢?,+)+ +at Z(¢9+14,+)+¢2+v JEN, (4.40)
=0
(1),7 = _B+a
J
e =@ )T +at> ¢ () )T, jeN (4.41)

(=1
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Proof. Since

¢+ = %, (4.42)

combining Lemma 4.2, (4.21) and (4.35) proves that ¢4 has a convergent expansion
with respect to z and 1/z in a neighborhood of z = 0 and 1/z = 0, respectively.

The explicit expansion coefficients ¢3%, are then readily derived by making the
ansatz

ox = Y 5zt 9%, =0 (4.43)
j=—1
Inserting (4.43) into the Riccati-type equation (4.24) one finds
0=adsrdy —¢5 +2(d+ —B) = (C@Ciol,i( iol,i)i + ¢301,i)22 +0(z), (4.44)
which yields the case distinction above and the formulas for ¢7°% . The corre-

sponding expansion coefficients qﬁ?yi are obtained analogously by making the ansatz
0 = Lo dia? O

For the record we list a few explicit expressions:

¢8?+ =B,
¢<f?+ :ﬂ_’%
¢ =v(—a(B )+ 8777,
1
o0 e —
¢71,7 - O[+’
at+
_ +
¢$_ = W’Y )
e AN ++)2
1,— — (O[+)3 (CY « Y - (Oé ) )7
1
0  _ -
¢0,+ - a7
0 a
1,+ = —g%

5= 5(@)? —a7"ay),
0=,
8, =B,
¢g’7 =t (a+(5++)2 . 7++ﬁ+++)7
A C CRO R AROK
4+t (2a+6++ﬁ+++ +att (BTt = 'y+++6++++)), ote.

Later on we will also need the convergent expansions of In(z + a® ¢4 (z)) with
respect to z and 1/z. We will separately provide all four expansions of In(z +
aT¢i(z2)) around 1/2 = 0 and 2z = 0 and repeatedly use the general formula

In <1 + ijzij> = Z o2t (4.45)
j=1 j=1
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where
l
o1 = wi, 0 =wj — Z —Wj—0p, J =2, (4.46)
J

and |z| as |z| — 0, respectively, 1/|z| as |z| — o0, are assumed to be sufficiently
small in (4.45). We start by expanding ¢4 around 1/z =0

i+ 0% 6,(2) = (- a* Z¢ )
<1+a+Z¢J+z i1 >
+Z¢] s j)

Pz, (4.47)

||M8 /_\

where

N |
P = 0t p;?+—a+(¢;°1,+—2j¢§°1e,wzf;), 22 )
=1

An expansion of ¢_ around 1/z = 0 yields

In(z+at¢_(2)=In(z+a Z gi)‘;f)z_j)

+ (O‘+)2 S oo ,—J
+In(v") +1n 1+a++’y+z¢j’_z
j=1

(

(
e

(

att . =<
=1In o ~ )—I—ij’_z 7 (4.49)
Jj=1
where
G (at)? ,
P = a++7+¢€1}?_’ pj— = oty t Z ¢J (—Pe- ), J=2. (450)

For the expansion of ¢4 around z = 0 one gets

In(z +at¢,(2)) =In <z +at i ¢27+zj)

=0

a’ a > ;
=1In <a> +In (1 + (1ol L)z + aZgb?’Jrzj)

i=2

at o
=In <a> + lej&zf, (4.51)
iz
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0 [0}

P14 = 07(1 +atdh y), phy =adh, — ()%

(P1,+
1 (4.52)

7j—2 .
y4 j—
0 0 0 0 0 0 .
Pj+ = O‘(¢j,+ - Z j¢je,+f’£,+> - j “P1,4P5-14, J =3
=1

NN

Finally, the expansion of ¢_ around z = 0 is given by

In(z +at¢_(2)) =In (z +at Z d)qﬁ_zj)
j=1
=1In <7+z +at Z qbQ’_zj)
=2

+ 2 ,
=In(z) +In(y") +1In <1 + Q—Jr Z ¢?+17_23>
j=1

Y
o
=In(z) + In(y") + Z p) 2, (4.53)
j=1
where
+ + -1
I A T ST M NP ES e
=1

Explicitly, the first expansion coefficients are given by
Py =a’ B,
psse = —5(a"B)? + a5,
Py =3B —y(v at BT = (o)’ B - aat(87)?),

4+ g+t + att
o0 r— — PR
pr- = —aTTTATT A (ST 1) at’

0 _ o0 +_ %
p17+70[ ﬁ+(S I)a7
Mo =—atpr,
Pg,_ — %(a+5++)2 _ ,y++a-|—5-&--&-+7
5 =3By

4yt (= Ayttt BT 4 (0 )2BTH BT £ atatH(BTH)2), ete.

(4.55)

The next result shows that g; 4 and +jp57 , respectively g; - and j:jpg{i, are
equal up to terms that are total differences, that is, are of the form (St — I)d; +
for some sequence d; 4. The exact form of d; 1+ will not be needed later. In the
proof we will heavily use the equations (4.30)—(4.34).

Lemma 4.4. Suppose Hypothesis 4.1 holds. Then
Gj+ = =35 + (ST = Ddjy = jpi + (ST —Dejy, jEN, (4.56)
9j— = =Py 4+ (ST = D)dj— = jp _ + (ST —I)ej—, jeN, (4.57)
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for some polynomials d; +, €+, 7 €N, in « and B and certain shifts thereof.

Proof. We consider the case for g; 4 first. Our aim is to show that

d 1 1

= In(z+at¢y) = 50t + (ST — DK + (ST -1)M, (4.58)
where ) )
LT _ 1

K—2<gf g>, =55 (4.59)

which implies (4.56) by (4.47). Here - denotes d/dz.
Since 6 = (g+ 1)/7,
e = L = ot en) 4ot —a
Next we treat the denominator of (4.60) using (4.30), (4.32),
F((2f + a*g)® = (a™)?) = }((zf + a*g)* = (a™)*(g* — b))
— 2P (sf+atg+atg+ (oﬁ)%h)
=22 (fF —atgt +atgt — atBFFT)
= 2y i3, (4.61)
Expanding the numerator in (4.60) and applying (4.30), (4.32), and their derivatives
with respect to z as well as 2gg = fh + fh yields
(f +aFg = a®)(F + o™ (fo —jo - 1))
= §(=F + 2™ (78 — fo) + @ fg + 3(a)*(h — b) — aF (F+ 2f + a79))
= D227 + 20t 2f(—a* 5" — 2~ £+ 7) — 20t fa  2f(at gt 42— )
+affg +f(—atet — 2 +77) + o f (A - 2B — gt gt -2+ ap")
+a (267" + 29— 287) — 207 (F+ 2 + a ™))

(4.60)

= L (55 + o — i - 207 (4 5+ a79)). (462
In summary,
iln(z—koﬁ'qﬁ )—i—k(S"‘—I)M—L(f—sz—I—oﬁ') (4.63)
dz Y 2y Tt 8 '

We multiply the numerator on the right-hand side by —2 = —2(g? — fh) and use
again (4.30), (4.32), and their derivatives:

2at (fb — 92) (f + zf + oﬁg)

=20 (f + 2f + o g) — 20 fg® — 22atfg® — (a™)a(fb + 1H)

a5 + 2f) + ot fa(—2B T — 29 + 20)

+§(=2BTF — 29+ 2g7)(fT — atgh)

—atjg® +fa(aTgT + 2f — ) — zaTfg® + 2fg(atat + 2f — 1)
+atfa(zB15" + 29— zgh) + aTFa(BTFT + 28T + g — gt + 25— 2gT)
= aTh(f+ 2f) + o fa(—2BTFT — 2g+ 2g7) + T (—2BTFT — 2g+ 2g™)
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+atfgt (215 + 29 — 2g7) + 2f%0 — T T g + 2o
— 2 ifta 4+ 28T (ot — 2+ §1) + zatfa(g — a")
=atfh(f+ 2f) — 2t BT (G - §7) — 2fetg+ AF - ) - dh)
— 2ffta+ 2% — v it e + 2o — 2y i g + T Tt — 22T
= za " fjh — 27 (2B + 29 — 26" — LaTh) + 2fa(f + 2f —aTg — T +ata?)
+ i - at) - e — ey i e+ TR et
= za (b + §b — 209) + 2y TH (8 — §7) =T FiTe — v T e + oy T T

=M@ - 8") i e - T e+ e i e (4.64)
Inserting this in (4.63) finally yields (4.58). The result for §; _ is derived similarly
starting from ¢_ = (g — 1) /f. O

5. LOCAL CONSERVATION LAWS

Throughout this section (and with the only exception of Theorem 5.5) we make
the following assumption:

Hypothesis 5.1. Suppose that o, B: Z x R — C satisfy
sup  (Ja(n, tp)| + [B(n, tp)]) < o0,
(n,tp) EZXR (5.1)
a(n, -), b(n, -) € C*(R), n € Z, a(n,tp)B(n,t,) ¢ {0,1}, (n,tp) € Z x R.
In accordance with the notation introduced in (4.2)—(4.6) we denote the bounded

difference operator defined on £2(Z), generated by the finite difference expression
Py in (3.26), by the symbol P,. Similarly, the bounded finite difference operator in

(*(Z) generated by P in (3.?:3) is then denoted by IBPT.

We start with the following existence result. a
Theorem 5.2. Assume Hypothesis 5.1 and suppose «, 8 satisfy ALy(a, 8) =0 for
some p € N3. In addition, let tp €ER and z € C\ (spec(]i(tg)) U{0}). Then there

exist Weyl-Titchmarsh-type solutions ux = ux(z,n,t,) and vy = vi(z,n,tp) such
that for all ng € Z,

(ZIEZ :Z)))) € *([ng, £00) NZ)?,  wx(z,m, -),ve(z,m, -) € CYR), (5.2)
and u+ and vy simultaneously satisfy the following equations in the weak sense
Ltp)us(z, - ty) = zus(z, -, tp), (5.3)
us s, (2, ) = Poltp)us(z, -, 1p), (5.4)
and
LT (tp)ve(z, - tp) = 201 (2, 1), (5.5)
Vi, (2, 1) = 715; (tp)v (2, - tp), (5.6)

respectively.
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Proof. Applying (Iu/(tg) - z])_l to dp (cf. (4.21)) yields the existence of Weyl-
Titchmarsh-type solutions @1 of Lu = zu satisfying (5.2). Next, using the Lax
commutator equation (3.38) one computes

Zﬁ‘:t,tg = (Lﬁ:t)tg = Ltg'&f:t + L{Lj:,tg = [PE’ L]’D,i + L'&f:t,tg

— 2Py — LPyiis + Liisy, (5.7)
and hence
(L —2I)(txt, — Ppus) = 0. (5.8)
Thus, u4 satisfy
7:L:I:,tg - Pgﬂi =Cyig + Ditig. (5.9)

Introducing %+ = c+u+, and choosing ct such that ct ;, = Cicy, one obtains
Ust,p, — Pput = Dyus. (5.10)

Since ux € £2([ng, £00) NZ), ng € Z, and «, 3 satisfy Hypothesis 5.1, (3.29) shows
that P,us € £*([ng, £00) N Z). Moreover, since

us(z,n,tp) = di(tg)(lul(tg) —2I)7160)(n) (5.11)
for n € [+1,00) N Z and some dy € C1(R), the calculation
g, = de,(L—21)" 00 —de(L—21) 'Ly, (L — 2I) 6 (5.12)

also yields ux;, € £*([ng,+00) N Z). But then Dy = 0 in (5.10) since ux ¢
02([ng, £00) N Z). This proves (5.4).
Equations (5.2), (5.5), and (5.6) for vy are proved similarly replacing L, P, by
LT, PZ;'— and observing that (3.38) implies
Ly (ty) + [B, (tp), L' (t,)] =0, t, €R. (5.13)
O

For the remainder of this section we will always refer to the Weyl-Titchmarsh
solutions u4, vy introduced in Theorem 5.2. Given u4, vy, we now introduce

Uiz, -,tp) = <Z;igz :Zg) , z€C\ (Spec(i(tg)) U{0}), t, €R, (5.14)

by (cf. (4.15))

Yr(z,n,tp)\ ol Ta , _1 (ux(z,n,tp)
(1/12,1(27”7 tp)> =Dl (nl,__llp(n ’tp)>A(z’n) (vi(z,n, tp)> " (5.15)
z€C\ (spcc(f/(tg)) u{0}), (n,tp) € Z xR,

with the choice of normalization
ot
7 P
D(t,) = exp (2/ ds (gp+7+(0,s) —gp_.—(0, s)))D(O), tp €R, (5.16)
0

for some constant D(0) € C\ {0}.
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Lemma 5.3. Assume Hypothesis 5.1 and suppose «, 8 satisfy ALE(a,B) =0 for
some p € N3. In addition, let tp € Rand z € C\ (spec(]i(tg)) U{0}). Then
Uiz, - tp) defined in (5.15) satisfy
Ulz, - tp) V5 (z, - tp) = Va(z, -, tp), (5.17)
\I}i,tg(z7 ' 7tg) = V2+(Z7 : vtg)\lj:t(zv : at2)~ (518)
In addition, ¥_(z, -,tp) and W (z, -,tp) are linearly independent.
Proof. Equation (5.17) is equivalent to
(o :I:) <Z¢1i + Oé%i)
’ = = i . 5.19
(%,i 2By 4 + g 4 (5.19)

Using (4.11) and (5.15) one obtains

(ﬁli) = Dz"" <nf—[1 p(”')> (5.20)

V4
, n even.
U4

Inserting (5.20) into (5.19), one finds that (5.19) is equivalent to (4.16), thereby
proving (5.17).
Equation (5.18) is equivalent to

P14t . Gp%i—Fp%i)
B — = =7 . 5.21
(d’zi,tp) ! (Hgﬂ/h,i — Kppo & (5:21)

We first consider the case when n is odd. Using (5.20), the right-hand side of (5.21)
reads

. Gpwli_pr2i> . _ o GUi—ZFUi
B PYEE) = iD (/2 ' 2 PPEN L (5.22
! (de}l,:l: - KBwZ,i e nl’_:Il p(n ) ngi — ZKBU:I: ( )

Equation (5.20) then implies

1/11,i.,t,, n - 212y
(1/12 )= Dy, z /2 H p(n’) zl/2v: (5.23)
R n’=1
n —1/2 n —1/2
n/2 ’ Z Ut tp n/2 ’ z Ut
+ Dz ( 1:[1 p(n )) ( M, ) + Dz (@p 1:[1 p(n )) ( /2y, ) .

Next, one observes that

(5, nﬁlpw)) (11 o)) =, (nf_[lpm')) = S0, (r_[ plo')

= iat,ﬂ“( 11 v<n’>) -3 2 (5.24)

!
n’'=1 n’=1 ’)/(TL )

Thus, (5.23) reads

n 1
D—lz—(n—l)/Q( p(n/)> (1/11,i,tp> (5.25)
nl;ll V2,4t
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-() () ()5 () o

n’'=1

Combining (5.22) and (5.26) one finds that (5.21) is equivalent to

Ut ¢ 1 "\ Y, (n) Ut Dy, Ut o Gpug — zF,v4
L)t . 3 =i -1 pPE ) (5.27
(Uivtp> " 2 (n/z_l y(n') U+ + D \vt ! Zingui — ngi ( )

Using (2.53), (2.37), and (5.16) we find

n n

Z %B(n) [ Z(Iﬁ S_)(ngrHr 79177,7)

NGO

n'/=1 n'=1
= i((gps+(n) = gp_ (1)) = (9p, +(0) — gp_—(0)))
Dy,
=i(Gp—K,) =2 o (5.28)
From (3.29), (3.36), (5.4), and (5.6) one obtains (we recall that n is assumed to
be odd)
—zFuy + 3Gy + Kp)u
(ui,t,,> —i ° pV+ 21( P g) + , (5.29)
CE 27 Hpug — §(G£+ KB)U:t

using (4.18).

Inserting (5.28) into (5.27), we see that it reduces to (5.29), thereby proving
(5.21) in the case when n is odd. The case with n even follows from analogous
computations.

Linear independence of ¥_(z, -, %) and U4 (z, -,t,) follows from

(i i) - D(tp>z”/2(nﬁlmn’,tp))A(z,n)1

Yo, (2,m,tp) P24 (2,n,tp) ]
u_(z,n,tp)  uyp(z,n,tp)
X <'U— (Z,n,ti) ’U+(Z7n’ t:)) ) (530)

the fact that p(n,t,) # 0, det(A(z,n)) = (=1)"**, and from

det < (“‘(z’”’tp) “+(z’"’t”)> ) £0, (nty) €ZxR,  (531)

v_(z,n,tp)  vi(2,m,tp)
since by hypothesis z € C\ spec(i)(tg)). O

In the following we will always refer to the solutions ¥y introduced in (5.14)-
(5.16).

The next result recalls the existence of a propagator W) associated with P
(Below we denote by B(#H) the Banach space of all bounded linear operators defined
on the Hilbert space H.)

Theorem 5.4. Assume Hypothesis 5.1 and suppose «, 3 satisfy ALB(a, B) =0 for
some p € N§. Then there is a propagator Wy(s,t) € B((2(7)), (s,t) € R2, satisfying

(1) Wpt,t)=1I, teR, (5.32)
(i4) Wp(r,s)Wp(s,t) = Wy(r,t), (r,s,t)€ R3, (5.33)
(49i) Wy(s,t) is jointly strongly continuous in (s,t) € R?, (5.34)
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such that for fized to € R, fo € (3(Z),

f(t) =Wy(t,to) fo, tER, (5.35)
satisfies
L) = B0 1(0), F(t) = fo (5.36)
Moreover, L(t) is similar to L(s) for all (s,t) € R,
L(s) = Wy(s, ) L)W, (s,6)",  (s,t) € R%. (5.37)

This extends to appropriate functions of i(t) and so, in particular, to its resolvent
(L(t) - zI)fl, 2 €C\o(L(t), and hence also yields

o(L(s)) = o(L(t)), (s,t) €R%. (5.38)
Consequently, the spectrum of E(t) is independent of t € R.

Proof. (5.32)—(5.36) are standard results which follow, for instance, from Theorem
X.69 of [40] under even weaker hypotheses on «, . In particular, the propagator
W) admits the norm convergent Dyson series

t t1 te—1 . g .
Wg(s,t):I+Z/ dtl/ dtg---/ dty, By(t1)By(ta) - By(tr),  (5.39)

keNv®
(s,t) € R2.
Fixing s € R and introducing the operator-valued function
K(t) = Wy(s, ) L{t)W,(s, )", tER, (5.40)

one computes

K'(t)f = Wy(s,t)(L'(t) = [Bp(t), L)) Wy(s,t) ' f =0, teR, fel*2),

(5.41)
using the Lax commutator equation (3.38). Thus, K is independent of ¢ € R and
hence taking ¢ = s in (5.40) then yields K = L(s) and thus proves (5.37). O

Next we briefly recall the Ablowitz—Ladik initial value problem in a setting con-
venient for our purpose.

Theorem 5.5. Let ty,, € R and suppose a0 BO) ¢ p4(Z) for some q € [1,00) U
{oo}. Then the pth Ablowitz—Ladik initial value problem

ALy(a.8) =0, (@), = (a®.59) (5.42)

for some p € N2, has a unique, local, and smooth solution in time, that is, there
exists a Ty > 0 such that

a(-), B(-) € C=((top — To, to,p + To), (Z)). (5.43)

Proof. This follows from standard results in [8, Sect. 4.1]. More precisely, local
existence and uniqueness as well as smoothness of the solution of the initial value
problem (5.42) (cf. (2.51)) follows from [8, Theorem 4.1.5] since fp, —1,+, gpy +,
and hy, —1,+ depend polynomially on «, 8 and certain of their shifts, and the fact
that the Ablowitz—Ladik flows are autonomous. O
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For an analogous result in connection with the Toda hierarchy we refer to [24]
and [46, Sect. 12.2].

Remark 5.6. In the special defocusing case, where 8 = @ and hence Iv/(t)7 t € R,
is unitary, one obtains

sup la(n,t,)] <1 (5.44)
(n,tB)ENX(toengo,to,E+T0) -

using v = 1—|af? and v, = iy ((9p; +—9p, +)—(9p_.— =9, ) in (2.53). A further
application of [8, Proposition 4.1.22] then yields a unique, global, and smooth
solution of the pth AL initial value problem (5.42). Moreover, the same argument
shows that if « satisfies Hypothesis 5.1 and the pth AL equation AL, (o, @) = 0,
then « is actually smooth with respect to ¢, € R, that is, -

aln, ) e C*[R), neZ. (5.45)

Equation (5.18), that is, W1 ; = V,FW., implies that

dﬁti +
, In = (ST = 1)0, In(¢1,4)

P14
0,1+
—(GF _ (R
=87=D P14+
=i(ST = I)(Gp — Fpp+). (5.46)

Oun the other hand, equation (5.17), that is, UV = ¥, yields

9 1 <¢1+’i> = +
i, In (| ——= | =0, In(z + a"d1), (5.47)
z V1,+ E

and thus one concludes that
01, (= + a*6s) = i(ST — 1)(Gy — Fyos). (5.48)

Below we will refer to (5.48+) according to the upper or lower sign in (5.48).
Expanding (5.48+) in powers of z and 1/z then yields the following conserved
densities:

Theorem 5.7. Assume Hypothesis 5.1 and suppose «, 3 satisfy ALB(a,ﬁ) =0 for

some p € NZ. Then the following infinite sequences of local conservation laws hold:
Ezpansion of (5.48+) at 1/z = 0:

Jj—1 p+—1
O, P =i(ST -1 (gpj, > o = Y fmw,+¢m+)7
=0 =0
i=1....p—, (5.49)

p— p+—1
3@9;,1 = —i(St — I)(Z foo—0-9520 4+ + Z fp+—1—€,+¢;3—é,+>a

(=1 £=0
jzpo+1l (5.50)

where pi%, and $5°, are given by (4.48) and (4.38).
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Ezxpansion of (5.48—) at 1/z = 0:

i—1 pi—1
O, P53 =i(ST = 1) (gp—j,— - Z To_ve—j b7 — Z fp+—1—fv+¢;‘>3r€7—>’
=0

=—1
j=1,....p—, (5.51)

p— py—1
0y, p5 = —i(ST - I)(pr__e,-czﬁ‘ie,_ + > fp+—1—z,+¢§ie,_),
/=1 £=0

j>p-+1, (5.52)

where p5°_ and ¢3°_ are given by (4.50) and (4.39).
Ezxpansion of (5.484) at z = 0:

D— J
atgpg,-Q— = Z(S+ - I) <gp+—j,+ - Z ¢2+Z,+fp_—£,— - Z ¢2,+fp+—1—j+é,+>a
=1 £=0
=1, ps -1, (5.53)
p+—1

p—
8t£/)2+,+ =i(ST -1 <90,+ - Z ¢?+E,+fp7 == Z ¢?+£—p++1,+f€,+>a (5.54)
=1 =0

p— py—1
3t£P?,+ = —i(ST - I)(Z ¢2+z,+fp7 —0— + Z ¢?+£p++l,+ff,+>a
=1 =0

where pY | and ¢, are given by (4.52) and (4.40).
Ezpansion of (5.48—) at z = 0:

J P
O, 05— = i(ST — 1) <9p+j,+ DI IR ¢?+Z,fp€,)7

(=1 =1
j = 17 s Py (556)

J o
atgp%_ = —Z'(S”L — I)( Z ¢2,—fp+fj+671,+ + Zqﬁg_‘_gﬁ_fpg,),

(=j+1—py =1

where p?.’_ and ¢Q’ are given by (4.54) and (4.41).

Proof. The proof consists of expanding (5.48+) in powers of z and 1/z and applying
(4.47)—-(4.54).
Expansion of (5.48+) at 1/z = 0: For the right-hand side of (5.48+) one finds

p— P+
—£ L
Gg - Fg¢+ = ng,—&—z + ng+—€,+z
/=1 £=0
p+—1

pP— o)
(St X i) e
=1 =0 j=0

pi—1 pr—j—1
_ D . . oo J
= go,+2"" + E (9p+—j,+ - E fp+—g—1—l,+¢l,+>z
=0

=0 =
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P- Jj—1 py—1
+ Z (gPL - Z fp—*j+é,f¢zo+ - Z fp+1g,+¢ﬁ&+> 2=
j=1 =0 —0
o py+—1 ,
= 3 (Dbt T rrastfias ) 6

j=p_+1 N e=1
Here we used that all positive powers vanish because of (5.48). This yields the
following additional formulas:
Conservation laws derived from ¢, at 1/z = 0:

p+—j—1

(S+ - 1) (gp+—j,+ - Z fp+—j—1—f,+¢[??+) = Oa ] = 07 s P+ 17
=0

(ST —1)go.4+ = 0.
Expansion of (5.48—) at 1/z = 0: The right-hand side of (5.48—) yields

(5.59)

Fg¢— —ng_—e— “'ng——é +Z
(=1
p— p+—1 00
- (pr—@,—zg+ Z fp+—1—fv+ze> Z ¢Jo',o—zﬂ
=1 =0 Jj=-1

P+ p+—j—1
o0
=> <9p+ Y fp+jlz,+¢z,>Z”

j=1 =—1

py+—1
+ Ipy .+ Z fp+ 1—- f+¢£7 fp,fl 7¢7 1)

p— 7j—1 py—1
+> <9p_—j,— = o — Z fp+—1—e,+¢§ie,_>z_
j=1 f=—1 £=0
o) p+—1

o Z <pr——Z— Jj— Z—+ Z fp+ 1— Z—Q—QZ)J_M_) _j. (560)

j=p_+1 Mi=1
Conservation laws derived from ¢ at 1/z = 0:

p+—j—1

(S+ - I) (gp+j,+ - Z fp+j1@,+¢zo> =0, j=1,... » D+ (56]‘)

=—1

p+—1
i(SJr —1I) (9p+,+ - Z fp+*1*€,+¢zof - fp1,¢m1,>
£=0

ot
=0, ln< o > + 8, In(y). (5.62)
Expansion of (5.484) at z = 0: For the right-hand side of (5.48+) one finds
P— P——J A
Gp—Fppr=> <9p_ S ¢e,+fp_—j—e,—>2_] (5.63)
=0

Jj=1
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py—1 = J
+ Z <gp+j7+ - Z ¢?+€,+fp77€,7 - Z ¢2,+fp+1j+l,+> 2
j=0 =1 =0
[e'S) p— py—1
+ Z <907+Xj1’+ - Z¢2+€,+fp7477 - Z ¢2+e—p++1,+f€,+)zj-
=1 =0

J=pr+

Conservation laws derived from ¢4 at z = 0:

J
(S (g]7 Z¢Z +f] Z> = a ]: 1:"'ap77 (564)

(S+ _ I) (gp+,+ - ¢8,+fp+71,+ - Z ¢2’+fp, L) = 8t2 In <o?j’> (565)

=1
Expansion of (5.48—) at z = 0: For the right-hand side of (5.48—) one finds

p-—j
Gp = Fpp— =go-2""" + Z (gP—L Z ¢e_fp,—] ‘, >Zj (5.66)

p—
Oyt — Y D fo

{=1

P+ J p—
0 0 j
2 (s - ICEINTENEDY ¢j+z,_fp__z,_) g
j=1

- Z ( Z o 1++Z¢]+efpe)zj

J=p++1 “l=j+1-py
Conservation laws derived from ¢_ at z = 0:

(ST —I)go— =0, (5.67)

J
(8F — (gj, Zm_fj >:0, j=1,...,p_ —1, (5.68)

(ST -1 (9p+,+ - Z ¢2,fpz,> =0y, In(y™). (5.69)
(=1

Combining these expansions with (4.47)—(4.53) finishes the proof. O

Remark 5.8. (i) There is a certain redundancy in the conservation laws (5.49)-
(5.57) as can be observed from Lemma 4.4. Equations (4.56)—(4.57) imply

L :

Piw = —H-+ (T = Dldjr —ejp), JEN, (5.70)
1 ,

P = 05—+ (ST = Ddj- = ej-), JEN. (5.71)

Thus one can, for instance, transfer (5.49)—(5.50) into (5.51)—(5.52).
(77) In addition to the conservation laws listed in Theorem 5.7, we recover the
familiar conservation law (cf. (2.53))

O, In(y) = il = S )(gp,.t — gp_.—)» D ENE. (5.72)
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(#91) Another consequence of Theorem 5.7 and Lemma 4.4 is that for «, 3 satisfying
Hypothesis 5.1 and «, 3 € C(R, ¢*(Z)), one has

d d
— 31 t,) =0, — Gi t,)=0, jeN N2. 5.73
dtgnze:z n(’Y(rnﬁ Q)) ) dtgnzeigj’i(n’ 2) , JeN, pelNg ( )

Remark 5.9. The infinite sequence of conservation laws has been studied in the
literature; we refer to [4], [7, Ch. 3], [14], [50], and [52]. In particular, Zhang and
Chen [50] study local conservation laws for the full 4 x 4 Ablowitz—Ladik system in
a similar way to the one employed here. However, they only expand their equation
around a point that corresponds to 1/z = 0. The systematic derivation of infinite
sequences of conserved densities and currents (cf. the corresponding discussion in
the introduction) as presented in Theorem 5.7 appears to be new.

The two local conservation laws coming from expansions around z = 0 are essen-
tially the same since the two conserved densities, p9 , and p9 , , differ by a first-order
difference expression (cf. Remark 5.8). A similar argument applies to the expansions
around 1/z = 0. That there are two independent sequences of conservation laws
is also clear from (5.73) which yields that ), g;+(n,t,) are time-independent.
One observes that the quantities g; 1, j € N, are related to the expansions around
1/z = 0, that is, to p3°, while g; —, j € N, are related to P?,i (cf. Lemma 4.4). In
addition to the two infinite sequences of polynomial conservation laws, there is a
logarithmic conservation law (cf. (5.72) and (5.73)).

The first conservation laws explicitly read as follows:
p+ =p- =1
Oy Pioe = —i(ST = D)(fo,-071 4 + fo+05%), 7>1, (5.74)
Ohyn e = —i(ST = D)(fo—d1 4 + ford)s), J>1. (5.75)
For j = 1 this yields using (4.55)
6t(1,1)/7(1>?+ = at(l,l)a-‘_ﬁ = i(S+ - I)(*CO,fOlﬂ + CO,+OZ+5_’7)7

ot
Briy 1 PP = Doy ) ( _ ottt 4 (st — I)—)

at
+++ ++ 42
— (St a ot o+ aa +
—l(S —I)(CO7+ ot Yy _COI'_W’V _CO’+(O[7+) Y )’
- a”
Ota PR+ = Ory (0‘ B+ (ST - I)?) (5.76)
) a” T _ a~at a"\2
=i(S" —I)(Co,—iv V= Cot 57— Co- (*) v),
« « «
at(l,l)p?,* = at(l,l)a+6++ = Z(S+ - I)(CO,+a+ﬁ+ - CU,*a6++’Y+)‘

This shows in particular that we obtain two sets of conservation laws (one from ex-
panding near oo and the other from expanding near 0), where the first few equations
of each set explicitly read (py =p_ =1):

j=1: 8'5(1.1>O‘+ﬁ3 =i(ST —I)(—co,—af + coraB7Y),
D yyaft =i(ST —I)(co 4B —co—a” ),
ji=2: at(m ( - %(oﬁ'ﬁ)z + 'yoﬁ'/j_)
=i(ST = I)y(—co,—aB™ —coraat (B7)? +copy atB77),

(5.77)
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sy (3(aBT)? —yTap™) (5.78)
=i(ST = Dy(—coraBt —co—a”a(B)? +eonta” ).
Using Lemma 4.4, one observes that one can replace p;flo in Theorem 5.7 by
gj,+ by suitably adjusting the right-hand sides in (5.49)-(5.57).
6. HAMILTONIAN FORMALISM, VARIATIONAL DERIVATIVES

We start this section by a short review of variational derivatives for discrete
systems. Consider the functional

G: 1MZ)" = C,
u) = Z G (u(n),u*V(n), u=V(n),...,.u™(n),u=" (n)) (6.1)
nez

for some k € N and k € Ny, where G: Z x C*™* — C is C' with respect to the 2rk
complex-valued entries and where

+\s .
uw® = S(S)u7 () — {(S U if s >0,

(S‘;_Su ifs<0 € @) (6.2)

For brevity we write
G(u(n)) = G(u(n),u™ (n),u=(n),...,u™ (n),u =¥ (n)). (6.3)

The functional G is Frechet-differentiable and one computes for any v € £*(Z)"
for the differential dG

(9)u(0) = G+ e)] _,
-y (fmwv(n)ﬁa(u(n))v(m(n) 0G((m) (-1,

nes ou au(+l) Ou— l)
0G (u(n)) 9G(u(n)

ot —gam )+ e ’“)(n)>

neL u ult! u(—1
G (u(n G (u(n
+o+ 8 ’C)% g(k) 8(< (;g))))v(n)
=2 ((55%(")”(")7 (6.4)

nez

where we introduce the gradient and the variational derivative of G by

e
(VG = 5~ (6.5)
e aG oG oG oG
(-1) (+1_0G (=) )
S A W=y R R w ey B N () EMEsE

assuming

Guher {258 co@. otk 6o



132 F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL

To establish the connection with the Ablowitz—Ladik hierarchy we make the
following assumption for the remainder of this section.

Hypothesis 6.1. Suppose

o, B€lZ), a(n)B(n)¢{0,1}, ncZ. (6.7)
Next, let G be a functional of the type
G: (=(Z)* = C,
G(a,B) = > Gla(n),B(n),...,a(n+k), B(n+k),a(n - k), B(n — k)
neL
=Y G(a(n), B(n), (6.8)
nez

where G(a, () is polynomial in «, 8 and some of their shifts. The gradient VG and
symplectic gradient VG of G are then defined by

(VG)a §g>
VG)ap = = 6.9
vons = (7)) (gg (09
and
(VsG)a,s =D(VG)ap =D (Eggg;) , (6.10)

respectively. Here D is defined by

0 1
D:7<_1 0), vy=1-ap. (6.11)
In addition, we introduce the bilinear form
Q: M2Z)? x 11(z)* - C,
Qu,v) =Y (D u)(n) - v(n). (6.12)
nez
One then concludes that
Q(Du,v) = Zu(n) v(n) = Z (u1(n)vi(n) + uz(n)va(n))
nez nez (6.13)
= (u,v)p2(z2, u,v € LN(Z)?,
where (-, - )¢2(z)2 denotes the “real” inner product in ¢%(Z)?, that is,
(- Ne@e: 2(2)* x *(7)* = C,
(u,v)p2(z)2 = Z u(n) - v(n) = Z (U1(n)vl(”) + U2(“)02(n))- (6.14)
nez nez
In addition, one obtains
(dG)a,p(v) = (VG)ap:v)e2z)2 = AUD(VG)ap:v) = A(VsG)ap,v).  (6.15)
Given two functionals G1, Gs we define their Poisson bracket by
{gh gQ} = dgl(vsg2) = Q(ngh VSQQ)
= Q(DVG1,DVGs) = (VG1,DVG2) 2 (z)2
%k (n) 5z (n)
- Z 6G4 D s, : (6.16)
55 (1) S5 (n)

nezZ op
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Since §2( -, -) is a weakly non-degenerate closed 2-form, both the Jacobi identity

{{G1,G2},G3} + {{G2,G3},G1} + {{F3,G1},G2} =0, (6.17)
as well as the Leibniz rule
{G1,G2G3} = {G1,G2}G3 + G2{G1,Gs}, (6.18)

hold as discussed in [32, Theorem 48.8].
If G is a smooth functional and («, 8) develops according to a Hamiltonian flow
with Hamiltonian H, that is,

SH
<g> = (VeH)ap = D(VH)a s =D (fg) , (6.19)
t B
then

= 23 Gloln), fn)
nez

L (B fam)) < (G (‘f;i{(n))
‘;Z(‘;g(n) (ﬁ(n))f% 2 ) P\ )

={G,H}. (6.20)
Here, and in the remainder of this section, time-dependent equations such as (6.20)
are viewed locally in time, that is, assumed to hold on some open t-interval I C R.
If a functional G is in involution with the Hamiltonian H, that is,
{g.71} =0, (6.21)
then it is conserved in the sense that
dg
— =0 6.22
o (6.22)
Next, we turn to the specifics of the AL hierarchy. We define
Gox =D gus(n). (6.23)

nez

Lemma 6.2. Assume Hypothesis 6.1 and v € £*(Z). Then,

(dGex)p(v) = > ‘W’Tﬂ;’%(n) =40 (60, L Mp(0)5,), LEN, (6.24)

nez nez
- _ 5gé,i(n) o +0-1
(dGr+)a(v) = () =+ > (00, L My (v)5,), LEN,  (6.25)
nez o nez
where
_ _va v _
Mg(v) = —vat + ((U p—p %)5even + Oé+27)5odd>s
+aot +at
+ ((Up+ — ﬂ%)éeven + CK++U Cj_ 5odd) SJF (626)
-a— o+t +at
(v« _va (VT v G
(P 2[)7 +P Qp)(sevens (P 2p++ +P 2p+ )5oddS 3

Ma(v) = 7U+ﬁ — ((U+P - a+£>5odd + ﬂ_%aeven) ST
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+ 3+ +3+
(ot VB _guh +
((U P « 2p+ )60dd ﬂ 2P+ 6even)S (627)
B~ B o LUt Bt .
(P 2~ +p 2 ) devenS (P 2+t +p 20+ )5oddS .

Proof. We first consider the derivative with respect to 8. By a slight abuse of
notation we write L = L(). Using (6.23) and (3.21) one finds

- d d
(dGe,+)pv = ag(ﬁ +ev)| o= Z &ﬁe,i(ﬁ +ev)(n)] _,

nez

= Z <6n7 %L(B + ev)il6n>

nez

Next, one considers

%L(ﬂ + cv)f]ecq = lim % (L(B + ev)’ — L(B)")
~ i 2 (203 + o)~ LHL)
+ L(B)(L(B + ev) — L(B))L(8)'~2
o+ LTS + ) - L(B))
= MyL(8)' ™ + LOMSL() 2+ -+ L(B) "My, (6.29)
where

Mp = lim %(L(ﬁ +ev) — L(B))

= ( —v(n)a(n+ 1)dp n + ((v(n —1)p(n) — B(n — 1)1}(;;(0;5:))50“(71)
+ Oé(n + 1)%50v0n(n))6m,n71
v(n+ Da(n+1)
+ (et +1) = 500 =5 25 doaan) (6.30)
a(n+ 2)Wéeven(n))5m,n+l
= (ot ) IR ) D))
v(in —1a(n —1) v(n)a(n)
= (o™ D = ) s (o)
Similarly one obtains
LB+ ) e (6.31)

— — (L) ML(B)™" + L(A) MsL(8) ! + -+ + L(8) " MaL(8) ™).

Inserting the expression (6.29) into (6.28) one finds

. d
(dGe,4)pv = Z <(Sn> %L(ﬁ + 61))£5n>

nez

e=0
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=y ( H,ZL’“M L1k )

neZ k=0

£—1
=D (0n, LF ML RS,,)

k=0n€ezZ

-1

=D (0n, (L7 Mg + [LE Mg, L1 7H])6,,)
k=0n€ezZ
-1

= Z Z ((5n7 Le_lMB(Sn) + ((57“ [Lk]\457 Le_l_k}(sn))

k=0n€ezZ

-1
= fZ(fsn, Lf—lMﬁ5n) + Ztr ([LkMﬁv Lz_l—k})
k=0

nez

=0 (60, L' Mpd,). (6.32)

nez

Similarly, using (6.28) and (6.31), one concludes that

(AGe,—)gv = —L> (1, L7 Mps,). (6.33)
neZ

For the derivative with respect to a we set L = L(«) and replace Mg by

M, = lim 1(L(a + ev) — L(a))

_ ( — v(n+ DB + (— Bln 1) v )fn()”) Soaa(n)
v(n)B(n)
= (vl + 1pln) = -+ 1) =20 ) doven () )y
~ (B(n )W&Md(n) + (v(n +2)p(n + 1) (6.34)
—+ O[(Tl + 2)%)&3\/5[} (n))5m7n+l
~ (oo + 1)% +p(n + 2)%)5even(n)5m,n+2
v(n—1)B(n —1) v(n)ﬂ(n)
(oo™ 2 ol = 0 o)
g

Lemma 6.3. Assume Hypothesis 6.1. Then the following relations hold:

5§ l, . .
?/’; = ;(fe—1,+ — ozgg7+), {eN, (6.35)

g0,
o

e .
= (- Foag ). LeN. (6.36)
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Proof. We consider (6.35) first. By (3.21) one concludes that
fee1,4(n) = a(n)ge+ (n) (6.37)
= (6, EL'6,)0even(n) + (61, L2 D6,)60aa(n) — a(n)(8,, LE6,,). ’
Thus one has to show that
S 60 L M38,) = 3 A (o s ) — el (), (639
neZ nez

since this implies (6.35), using (6.24). By (6.30), (3.17), and (3.18), and assuming
v € 1(Z), one obtains

> (60, L' Mg6,,)

neZ
- Z (7 v (8, L16,) + 07 p(6s L1 00 1) 80aa + vpT (80, L7 641)b0ad
nez
va + 0—1 + =1
- Z( -« (5717 L 5n,—1)5even + P (6n+1; L 5n—1)5even)
(ye%
= 5 (8700, L7 0n1)0aa + p™ (8, L6 -2)0aa)
vtat ++ -1 ++ -1
2p+ ( - (5n7 L 5n+1)5cvcn + P (5na L 5n+1)5cvcn)
vtat — -1
= 5 (B0, L 001000 + (0, L 6n11)0da) )
= Z < - UaJr (5”’ Léilén) + UIO+ (5n+17 Leilén)éeven + UP+ (6na Léil(sn-&—l)(sodd
neZ
va -1 -1
- 7((5naEL 57171)5even + (5n7L D(snfl)(sodd)
vha® -1 -1
- 2 o F ((67“ L D5n+1)5everl + (67’“ EL 5n+1)50dd))
= 3 (0000 L' 60)0even + 08, L'~ Db2)8oua
neZ
- % (((Sna ELZ_lanfl)aeven + (6n7 LZ_lD(Snfl)(Sodd
+ (6n717 LZ_ID(Sn)éodd + (5n71a ELZ_lén)(scvon))
= Z ( f€ 1,+ — Oége,+) + % ((57171; ELe_lén)éeven (639)

nez
4 (8 LEED80—1)00da — (8ns EL16,_1)even — (65_1, L1 D6, )aodd)),
where we used (3.21) and
Go.r = (60, L YDES,,)
= B(0n, L1 D6,)00da + p(6n, L D6, —1)0da
+ B(6n, BL™16,)deven + p(0n—1, EL16,)Seven
= Bfe—1.4 + p(On, L Dbn_1)00aa + p(0n—1, EL 7 6,)deven. (6.40)
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Hence it remains to show that
(5n717 ELl_lén)éeven + (6n7 LZ_lDénfl)éodd
- ((SnvELe_lénfl)éeven - <6n717 Lé_lDén)(sodd = O;
but this follows from (ELY)T = EL’ respectively (L'D)"T = L*D by (3.13), (3.16).

In the case (6.36) one similarly shows that

> (00, LT M) = =) % ((5n, D7 L718, ) deven (1) (6.42)
nez nez

+ (O, L™ ET10,)80aa(n) + a(n + 1) (8, L6,) ).

(6.41)

U
Lemma 6.4. Assume Hypothesis 6.1. Then the following relations hold:
090 + e -
= _;(hH,+ +B9,,), C€EN, (6.43)
6ge— L 2 R
——— = —(hp_1,_ — _ £ e N. 6.44
S 'V( -1, /Bge, )7 S ( )

Proof. We consider (6.43) first. Using (6.25), (6.34), (3.17), and (3.18), and assum-
ing v € ¢}(Z) one obtains

> (6, L Mo dy)

ne”Z
= Z ( - v+ﬂ(6717 Leilén) - U+p(6n, Llil(sn*l)(seven - 1)++p+ (5717 L6715n+1)6even
nez
- % (B~ (s L6 1)S0a + ™ (6s L~"6—2)50aa)
vp + -1 + -1
- ?p( -« (5na L 6n71)6cvcn + P (6n+17 L 5n71)50vcn)
vt Bt - _
- 2p+ ( - a++ (5”7 Le 15n+1)6even + P++ (5n7 Le 15n+2)6even)
URNCRE _ _
- F(ﬁ((sm L 16,41)00ad + p(0n—1, L* 15n+1)5odd))
-y ( — 0 (6, L D6,)Seven + (60y EL16,)50aa)
ne”Z
- % ((5717 EL[_lfsnfl)(Seven + (67“ L[_lDanfl)aodd)
vtpt - _
- 2p+ ((5n7 LZ 1D6n+1)50vcn + (571,7 ELZ 15n+1)5odd))
v o "
- Z —5 (A1 + B3, ), (6.45)
nez P

since by (3.21),
2ahy_y 423, = p((0n, L' Dbn_1)d0ad + (65, EL ™1 601)deven
+ (6n—1, L D3, )d0da + (6p—1, EL*153,)deven)-
The result (6.44) follows similarly. O

(6.46)
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Next, we introduce the Hamiltonians

~ - 1 .

Ho=> W(y(n),  Hpor=—2 Gprx(n), pz€N, (6.47)
nez b+ nez
P+ R P ~ -

Hp = Zcmféﬁﬂéﬁ + Zcp, —t,-He— +cpHo, p=(p-,p+) € N2.  (6.48)
=1 =1

(We recall that ¢, = (cp,— +¢p 1)/2.)
Theorem 6.5. Assume Hypothesis 6.1. Then the following relations hold:

Yo}

AL,(a, B) = <_Zﬁtp> +DVH, =0, peN;. (6.49)
P —iBy, P £
Proof. This follows directly from Lemmas 6.3 and 6.4,
—~ 1 o A ~ 1 . ~
(VHf,-F)(I = ;( - /39474_ - h€—1,+>7 (VH47+)5 = ;( — Qge,+ + f5—1,+>7

~ 1 ~ N ~ 1 e A
(VHE,—)Q = ;( - /396,— + hé—l,—)7 (V%é,—)ﬂ = ;( —ag,  — fz_1,—)a (6~50)
{eN,
together with (2.19). O

Theorem 6.6. Assume Hypothesis 5.1 and suppose that a, 8 satisfy ALB(oz7 B8)=0

for some p € N§. Then,
dH,

L 2, 51
i, 0, reN? (6.51)

Proof. From Lemma 4.4 and Theorem 5.7 one obtains

dgri,:l:
dt,

= (SﬁL — I)Jri’i, r+ € Ny, (6.52)

for some J,, +, 7+ € Np, which are polynomials in « and $ and certain shifts
thereof. Using definition (6.48) of H,, the result (6.51) follows in the homogeneous
case and then by linearity in the general case. (|

Theorem 6.7. Assume Hypothesis 6.1 and let p,r € NZ. Then,
{Hp, He} =0, (6.53)
that is, Hy and H, are in involution for all p,r € NZ.
Proof. By Theorem 5.5, there exists T' > 0 such that the initial value problem
ALy(o, 8) =0, (o, 5)|tp:0 = (), 50), (6.54)

where (9, 30 satisfy Hypothesis 6.1, has unique, local, and smooth solutions
a(t), B(t) satisfying Hypothesis 6.1 for each ¢ € [0,T). For this solution we know
that J
EHB(t) ={H.(t),Hy(t)} = 0. (6.55)
P

Next, let ¢ | 0. Then
0= {Hz(t)aHg(t)} tj(>) {HL(O)aHg(O)} = {Hy H£}|(a,,8):(a(0>,ﬂ(0>)' (6.56)
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Since a9, 3 are arbitrary coefficients satisfying Hypothesis 6.1 one concludes
(6.53). O
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ON THE SPATIAL ASYMPTOTICS OF SOLUTIONS OF THE
ABLOWITZ-LADIK HIERARCHY

JOHANNA MICHOR

Dedicated with great pleasure to Peter W. Michor on the occasion of his 60th birthday.

ABSTRACT. We show that for decaying solutions of the Ablowitz—Ladik sys-
tem, the leading asymptotic term is time independent. In addition, two ar-
bitrary bounded solutions of the Ablowitz—Ladik system which are asymptot-
ically close at the initial time stay close. All results are also derived for the
associated hierarchy.

1. INTRODUCTION

When solving completely integrable wave equations via the inverse scattering
transform, a method developed by Gardner et al. [12] in 1967 for the Korteweg—
de Vries (KdV) equation, one intends to prove existence of solutions within the
respective class. In particular, short-range perturbations of the background solution
should remain short-range during the time evolution. So to what extend are spatial
asymptotical properties time independent?

For the KdV equation, this question was answered by Bondareva and Shubin [9],
[10], who considered the Cauchy problem for initial conditions which have a pre-
scribed asymptotic expansion in terms of powers of the spatial variable and showed
that the leading term of the expansion is time independent. Teschl [18] considered
the initial value problem for the Toda lattice in the class of decaying solutions and
obtained time independence of the leading term.

In this note we want to address the same question for the Ablowitz—Ladik (AL)
system, an integrable discretization of the AKNS-ZS system derived by Ablowitz
and Ladik ([3]-[6]) in the mid seventies. The AL system is given by

—iay — (1 —aB)(a” +at) +2a =0,
—ifi+(1—aB)(B” +57) =28 =0,

where o = a(n,t), 8 = B(n,t), (n,t) € Z x R, are complex valued sequences and
fr(n,t) = f(n+1,t). In the defocusing (8 = @) and focusing case (8 = —@), (1.1)
is a discrete analog of the nonlinear Schrédinger (NLS) equation

(1.1)

iq; + qux £ 2¢|q|* = 0.

We refer to the monographs [2], [7], or [13] for further information.
Our main result in Theorem 2.4 yields that the dominant term of suitably de-
caying solutions a(n,t), B(n,t) of (1.1), for instance weighted £?P sequences whose

2000 Mathematics Subject Classification. Primary 37K40, 37K15; Secondary 35Q55, 37K10.
Key words and phrases. Spatial asymptotics, Ablowitz—Ladik hierarchy.
Research supported by the Austrian Science Fund (FWF) under Grant No. V120.
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spatial difference is in 7, 1 < p < oo, is time independent. For example,
a 1 b 1
a(n,t) = o +O(W), B(n,t) = 5 +O(W)7 n — 0o,
(1.2)
holds for fixed t, provided it holds at the initial time ¢t = ty. Here a,b € C and
6 > 0. A similar expression is valid for n — —oo.

The inverse scattering transform for the AL system with vanishing boundary
conditions was studied in [4]. Ablowitz, Biondini, and Prinari [1] (compare also
Vekslerchik and Konotop [19]) considered nonvanishing steplike boundary condi-
tions a(n) — apel?* as |n| — oo, ap > 0, in the class

+oo

> (a()) — ape'’™) < o0 (1.3)

j=n
for the defocusing discrete NLS equation. Quasi-periodic boundary conditions for
the AL hierarchy will be considered in Michor [17]. As mentioned, a crucial step
is to show that short-range perturbations like (1.3) of solutions stay short-range.
Here we show in general that arbitrary bounded solutions of the AL system which
are asymptotically close at the initial time stay close.

In Section 2 we derive our results for the AL system and extend them in Sec-
tion 3 to the AL hierarchy, a completely integrable hierarchy of nonlinear evolution
equations whose first nonlinear member is (1.1).

2. THE INITIAL VALUE PROBLEM FOR THE ABLOWITZ-LADIK SYSTEM

Let us begin by recalling some basic facts on the system (1.1). We will only
consider bounded solutions and hence require

Hypothesis H.2.1. Suppose that a,, 5: Z x R — C satisfy

sup  (la(n,t)] + [B(n,1)]) < oo,
(n,t)€EZXR (2_1)

CY(’IL : )a B(’IL ) € Cl(R)7 ne Z7 Oz(n,t)ﬁ(n, t) ¢ {Oa 1}) (n7t) €ZxR.
The AL system (1.1) is equivalent to the zero-curvature equation
Uy +UV -VTU =0, (2.2)

where

[z o« _ fz=1—ap” a—a z7!
v =(5 5) vea=i(P5 05T ) e
for the spectral parameter z € C\ {0}. The AL system can also be formulated in
terms of Lax pairs, see [15]. Then (1.1) is equivalent to the Lax equation

%L(t) _P(),L()] =0, teR, (2.4)

where L reads in the standard basis of £2(Z) (abbreviate p = (1 — af)'/?)

0 —a(0)p(—1) —B(=1)a(0) —a(1)p(0) p(0)p(1) 0
I — p(=1)p(0)  B(=1)p(0) —B(0)a(1) B(0)p(1) 0 (2.5)
0 —a@p(1) —B1)a(2) —a(3)p(2) p(2)p(3) :

O p(Mp(2)  B()p(2) —B(2)a(3) B(2)p(3) O



ON ASYMPTOTICS OF SOLUTIONS OF THE AL HIERARCHY 145

and P is given by
P=24(Ly—L_+ (L "- = (L") +2Qq).

Here Qg is the doubly infinite diagonal matrix Qg = <(_1)k5ka£)k.lez and Ly denote
the upper and lower triangular parts of L, '

L(m,n), £(n—m) >0,

0, otherwise.

Ly = (Li(m, n))(m,n)ezz’ Li(m,n) = { (2.6)
The Lax equation (2.4) implies existence of a propagator W (s, t) such that the
family of operators L(t), ¢ € R, is similar,

L(s) = W(s,t)L(t)W(s,t)"', s,t€R.

By [13, Sec. 3.8] or [15], existence, uniqueness, and smoothness of local solutions
of the AL initial value problem follow from [8, Thm 4.1.5], since the AL flows are
autonomous.

Theorem 2.2. Let tg € R and suppose (o, o) € M = (P(Z) & LP(Z) for some
p € [1,00) U {oo}. Then there exists T > 0 and a unique local integral curve
t— (a(t),B(t)) in C°((to—T,to+T), M) of the Ablowitz—Ladik system (1.1) such
that (a,ﬂ)|t:to = (o, Po)-

Our first lemma shows that the leading asymptotics as n — +oo are preserved
by the AL flow. We only state the result for the AL system, whose proof follows as
the one of Lemma 3.2. Define

1/p
w(n)(ja(n)” n)[? P 1 < oo,
”(aaﬂ)”w,p = (nXG:Z ( )(‘ ( )‘ + |6( )‘ )> p <

ilélzw(n)(la(n)l +[8(n)]), p=oo.

(2.7)

e + Izt ) < oo

Fiz 1 < p < 00 and suppose (a(n,t),B(n,t)) and (&(n,t),S(n,t)) are arbitrary
bounded solutions of the AL system (1.1). If

I(a(t) = at), B(t) = Bt lw,p < 00 (2.8)
holds for one t =ty € R, then it holds for all t € (to — T,to +T).

Lemma 2.3. Let w(n) > 1 be some weight with sup,,(

But even the leading term is preserved by the time evolution.

Theorem 2.4. Let w(n) > 1 be some weight with supn(|w1(;z:)1)\ + |w7("7§i)1) ) < .

Fiz 1 < p < oo and suppose ag, By and &g, Py are bounded sequences such that

l(c0: Bo) llw.2p < 00, (0 — o, Bo = By )l|wp < 00,

- ifl<p<oo
1(Gor o)l < o0, flep<co,

||(060,@0)||w,oo <00, (a0 —ag,fo - 55{)“11;2,00 < 00,
||(d0760)”w2,00 < 00,
Let (a(t),B(t)), t € (=T,T), be the unique solution of the Ablowitz—Ladik sys-

tem (1.1) corresponding to the initial conditions

a(0) = ao + ao, B(0) = Bo + fo- (2.9)

if p= o0.
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Then this solution is of the form
alt) =ag+a(t),  B(t) = Bo+ (L), (2.10)
where |[(&(t), B(t))[|w,p < 00, respectively, [|(@(t), B(t))]luw?,00 < o
Proof. The proof relies on the idea to consider our differential equation in two
nested spaces of sequences, the Banach space of all (a(n),3(n)) with sup norm,
and the Banach space with norm ||.||w,p, as follows. Plugging (ao + @(t), Bo + 8(¢))
into the AL equations (1.1) yields a differential equation for (&(t), 3(t))
iG4(t) = —(1 = (a0 + @) (Bo + B(1)) (@T(8) + af +a (t) +ag) +2a(t) + 2a0
=ap—ay +ap—af +agfolad +ap)
+a(t)(2+ (Bo + B)(@F (1) + af +a (1) +ag))
+ B(t)ao (& (t) + af +a (t) +ag)
+a" (t)(aofo — 1) + @~ (t)(aofo — 1),
iBu(t) = (1 = (a0 + &(t))(Bo + B(£))) (BT (t) + B3 + B~ (t) + By ) — 2B(t) — 280
=By — Bo+ By —Bo— BBy + By)
= B(6)(2+ (a0 + G)BH (1) + BT + 57 (1) + 57))
—a(t)Bo (BT (1) + B + B () + 5y))
— B () (a0Bo — 1) = B ()(0fo — 1). (2.11)
The requirement on w(n) implies that the shift operators are continuous with re-
spect to the norm |||, p and the same is true for the multiplication operator with
a bounded sequence. Therefore, using the generalized Holder inequality yields that
(2.11) is a system of inhomogeneous linear differential equations in the Banach space
with norm ||.||,,, and has a local solution with respect to this norm (see e.g. [11]

for the theory of ordinary differential equations in Banach spaces). Since w(n) > 1,
this solution is bounded and the corresponding coefficients (&, B) coincide with the
solution («, 3) of the AL system (1.1) from Theorem 2.2.

Moreover, (@(t), 5(t)) are uniformly bounded for t € (—T,T), as writing (2.11)
in integral form yields

(@), BEN lwp < 11(8(0), 50))lluw,p + tC1 (00, Bo)lluo2p + C/O 1(@(s), B(s))llw pds

for some constants C. O

Example (1.2) in the introduction follows if we let &g = Sy = 0 and

a b
ao(n) =5, Po(n)=—5, a,beC, >0,

for n > 0, ap(n) = Bo(n) = 0 for n < 0. Now choose p = co with
(1 + n)min(é,(6+1)/2) n>0
1, n <0,

and apply Theorem 2.4.
Finally, we remark that if a solution (a(n,t), 8(n,t)) vanishes at two consecutive
points n = ng, n = ng + 1 in an arbitrarily small time intervall ¢t € (¢1,t2), then it
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vanishes identically for all (n,t) in Z x R, see [16]. In particular, a compact support
of the solution is not preserved. The corresponding result for the AL hierarchy is
derived in [16] as well.

3. EXTENSION TO THE ABLOWITZ-LADIK HIERARCHY

In this section we show how our results extend to the AL hierarchy. The hi-
erarchy can be constructed by generalizing the matrix V(z) in the zero-curvature
equation (2.2) to a 2 x 2 matrix V,.(z), r = (r—,r;) € Ng, with Laurent polyno-
mial entries, see [13, Sec. 3.2] or [14]. Suppose that U(z) and V,(z) satisfy the
zero-curvature equation

U+ UV, — VU =0. (3.1)

Then the coefficients {f; + }e—o,....rp—1, {92+ }o=o0,....,r, a0d {hg + }o—o,...r . —1 Of the
Laurent polynomials in the entries of V,.(z) are recursively defined by

go,+ = %Co,+, fo+ = —Co,+04+7 ho+ = co+ 8,

Get14+ = Gpy1 o =ahy  +Bfe, 0<L<ry—1, (3.2)
foore =Tfor — a1+ + 900 4), 0SSy =2, '
hosig =hg +B(ge1,+ + 901 4), 0S0<ry =2

and
1 _ _ +
go,— = 3¢0,—, fo,— =co—a, ho_ =—co_pB7,

g[+1,7_g_ 7:ahe,*+/6f_7a OSKS’I’,—l,

o “ (3.3)

forr—=fi_+alger1- +9p41-), 0<L<r_ -2,
h[-s-l,— =hg— — 5(9“1,7 + 9[4—1,—)7 0<l<r_-2

Note that g¢+ are only defined up to summation constants {c¢ +}¢=0,.. r, by the
difference equations in (3.2), (3.3). In addition, the zero-curvature equation (3.1)
is equivalent to
_iat - a(g’r+,+ + g'r_,,—)

i1+ — fr 1

0

0

2(—iBe+ B9y, + +9r_—)
~hr__1-+ R L)

0=1

Varying r € NZ, the collection of evolution equations

—iay —a(gry v+ + 9 )+ fro14 — :—1,—) -0
—if + ﬂ(g7‘_+,+ +gr —)—hr 1+ hr_+—1,+ 7

teR, r=(r_,ry) € N3,

then defines the time-dependent Ablowitz—Ladik hierarchy. Explicitly, taking r_ =
r4 for simplicity, the first few equations are

—i()[t — C 0,0 (6] o
AL(O,O)(a:ﬁ) = <_i6t + CEO O;B) =0,

—iay —y(co,—a” +corat) —cana
AL = | | n8) =
(e B) <25t +7(co4+B87 +co,-B7) +canB '
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—iay —y(copatTAyT +co_aTyT
—afcopat B 4+ co—a™ 1) = B(co,— () + co 1 ()?))
—if +y(co- BTy +co B
—Bleoyat B +co—a Bt) —alco+(B7)* + o, (B1)?))

—(cr,—a” + e pat) — oo
n - ta 2% _ 0 ete., 3.5
( Y(e1, 48~ +ce1,-BT) +c2)B e (35)

where we abbreviated ¢, = (¢;— + ¢4+)/2 and v = 1 — af. Different ratios of
co,+/co,— lead to different hierarchies. The AL system (1.1) corresponds to the
case r = (1,1), co.+ = 1, and ¢(1,1) = —2. The special choices 3 = £, co+ = 1
lead to the discrete NLS hierarchy, the choices 8 = @, cg,.+ = TFi yield the hierarchy
of Schur flows. The AL hierarchy is invariant under the scaling transform

{(a(n), B(n))inez = {(ca(n), B(n)/c)}nez, ¢ € C\{0}. (3.6)

Hence choosing ¢ = e'°? it is no restriction to assume ¢ = 0.
By [15], the AL hierarchy is equivalent to the Lax equation

AL(2,2)(06, 5) =

d
@L(t) - [Pﬁ(t)aL(t)] = 07 te Ra re Ng7 (37)
where L is the doubly infinite five-diagonal matrix (2.5) and (recall (2.6))
LT .o .
i i _ _ i
P, = ) Z T+—£,+((L€)+ - (Le)—) D) ZCT_—L—((L 4 - (L é)—) - icsz-
=1 =1

Since the AL flows are autonomous and f, 1+, gr, +, and h,, 1 + depend
polynomially on «, 8 and their shifts, [8, Thm 4.1.5] implies local existence, unique-
ness, and smoothness of the solution of the initial value problem of the hierarchy
as well (see [13, Sec. 3.8], [15]).

Theorem 3.1. Let ty € R and suppose oy, By € LP(Z) for some p € [1,00) U {oo}.
Then the rth Ablowitz—Ladik initial value problem

AL (o, 8) =0, (a’ﬂ)|t:to = (ao, Bo) (3.8)

for some r € N2, has a unique, local, and smooth solution in time, that is, there
exists a T > 0 such that a(-), B(-) € C®((to — T, to +T),¢P(Z)).

Next we show that short-range perturbations of bounded solutions remain short-
range. In fact, we will be more general to include perturbations of steplike back-
ground solutions as for example (1.3).

Lemma 3.2. Let w(n) > 1 be some weight with supn(|wgzz)l)| + |w1(”7§1)1) ) < oo

and fir 1 < p < co. Suppose (a(t), B(t)) and (o (1), Ber(t)) are arbitrary bounded
solutions of some equation AL, in the AL hierarchy and abbreviate

5 B ar(n,t), n >0, ~ B Br(n,t), n >0,
an 1) = {ag(n,t), n <0, Bln, 1) = {,Bg(n, t), n<O0. (3.9)
If
(a(t) = &(t), B(t) = B(1)luw,p < 00 (3.10)

holds for one t =ty € R, then it holds for allt € (to — T,to +T).
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Proof. Without loss we assume that ¢ty = 0. First we derive the differential equation
for the differences §(n,t) = (a(n,t) — a(n,t), B(n,t) — B(n, t)) in the Banach space
of pairs of bounded sequences ¢ = (d1,d2) for which the norm ||d]|.,p is finite.

Let us show by induction on r that fr, 14+ (t) = fro 1.4 (1), gry +(t) = Grs + (1),
and hy, 1,4 (t) — fzri,lyi(t) can be written as a linear combination of shifts of §
with the coefficients depending only on (a(t), 8(t)) and (ag,.(t), Be-(t)). It suffices
to consider the homogeneous case where ¢; + = 0, 1 < j < r4, since all involved
sums are finite. In this case [14, Lemma A.3] yields that f; 4+, g;+, and h; 4 can
be recursively computed from fo+ = —a™, go.+ = %, and ho4 = (3 via

ﬁg#:ﬁ&*awﬂﬁ+ﬂhﬁ%
het1,4+ = hZ+ + ﬁ(gz+1,+ + gz_+17+)7

¢ ¢
Gesrt =D fokothht = > Gev1k4 Ghts
k=0 =1

and similarly for the minus sign and fj’i, Jj+, and lNLj,i. The fact that (&, 5) does
not solve AL, only affects finitely many terms and gives rise to an inhomogeneous
term B, (t) which is nonzero only for a finite number of terms.

Hence § satisfies an inhomogeneous linear differential equation of the form

i%‘s(t)— Do A (O(STY () + Ba(t)

7] <max(r—,ry)
Here ST (01(n,t),d2(n,t)) = (61(n £ 1,t),d2(n £ 1,t)) are the shift operators,

Al (n,t) Al%(n,t)
Anstnt) = () i)
TJ Ailj (n,t) Ai?j (n,t)

are multiplication operators with bounded 2 x 2 matrix-valued sequences, and
By(n,t) = (Bpi(n,t), Bya(n,t)) with B, ;(n,t) = 0 for |n| > max(r_,ry). All
entries of A, ;(t) and B, (t) are polynomials with respect to (a(n+ j,t), B(n+j,t)),
(or(n + 4,t), Ber(n + 4, 1), 7] < max(r—,ry). Thus ||Bp(t)||wyp < Dy, where
the constant depends only on the sup norms of (a(t),5(t)) and (aw (), Ber(t))-
Moreover, by our assumption the shift operators are continuous,

w(n)

||S:|:H _ SUup,, ez |w7E)7§1)1) ‘1/;)7 peE []., OO),
Supn62|m‘: p = 00,

and the same is true for the multiplication operators A, ;(t) whose norms depend
only on the supremum of the entries by Hoélder’s inequality, that is, again on the
sup norms of («(t), A(t)) and (ay ,(t), Be,r(t)). Consequently, for t € (=T, T) there
is a constant such that 3=, <o oy A (OIN(ST) | < Cp. Hence

6 lw.p < 116(0)[luw,p +/O (Crllo()lwp + Dr)

and Gronwall’s inequality implies

D,
||6(t)Hw,p < ”(S(O)meecﬁ + i (eCLt _ 1) )

Since w(n) > 1, this solution is again bounded and hence coincides with the solution
of the AL equation from Theorem 3.1. O
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For certain equations in the AL hierarchy, i.e. for certain configurations of sum-
mation coefficients {c; +}, our main result remains valid.

Theorem 3.3. Let r = (r_,ry) € N2\(0,0) and assume that c; € C, j =
0,...,r+, satisfy

ry—1 r_—1
et Y cjo=0. (3.11)
§=0 §=0

w(n+1)
w(n)

|+|u;7iurgi)1)|) <oo. Fix1<p< o

and suppose oy, Po and &g, By are bounded sequences such that
[l(c0, Bo) lw,2p < 00, [l(0 — ag, Bo = B llw,p < 00,
(@0, Bo)llw.p < oo,

Let w(n) > 1 be some weight with sup,, (|

if 1 <p< oo,

”(0‘03@0)”71),00 < o0, H(CVO - a(T7B0 - 6J)“w2,oo < 0,
[1(@0, Bo) w2 00 < 00,
Let (a(t),5(t)), t € (=T,T), be the unique solution of the equation AL,(c, ) =0
with summation coefficients {c; +};X,, corresponding to the initial conditions

if p= o0.

a(0) = ag+do,  B(0) = fo+ bo. (3.12)
Then this solution is of the form
a(t) =ag+a(t),  Bt) =B+ B(1), (3.13)

where | (@(t), B(t))llup < 0o, respectively, ||(@(t), (1))l oo < 0.
Proof. The proof is similar to the one of Theorem 2.4. From AL,(«a,) = 0 we

obtain an inhomogeneous differential equation for (&, 8). The homogeneous part is
a finite sum over shifts of (&, ). The inhomogeneous part consists of products of
ap, o and their shifts, whose ||.||,,, norm is finite by Hélder’s inequality, and of

sums of the form c¢; + oy, ¢;j,+ 8o and shifts thereof,
—(co 48T e ST b e 1 ST e
+ C()y_S_Tf + Cly_S_Tf_l + -+ an__L_S_l)OAQ,

(and analogously for ) from which restriction (3.11) arises. Again S*7 denote the
shift operators S ag(n) = ag(n=j). The requirement ||(co—ag, Bo— By )|lwp < 00
yields the algebraic constraint (3.11) for ¢; +. Finally, note that it is no restriction
to assume ¢, = 0 by (3.6). O

For example, we obtain such decaying solutions for AL 1(a, 8) if co 4 = 0, for
AL 1)(e, B) if co 4 = —co,— (or co4 + co,— + ¢ = 0 as in Theorem 2.4).

Acknowledgment. The author thanks Armin Rainer and Gerald Teschl for valu-
able discussions on this topic.
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SCATTERING THEORY FOR JACOBI OPERATORS WITH
GENERAL STEPLIKE QUASI-PERIODIC BACKGROUND

IRYNA EGOROVA, JOHANNA MICHOR, AND GERALD TESCHL

To Vliadimir Aleksandrovich Marchenko and Leonid Andreevich Pastur, our teachers and
inspiring colleagues.

ABSTRACT. We develop direct and inverse scattering theory for Jacobi op-
erators with steplike coefficients which are asymptotically close to different
finite-gap quasi-periodic coefficients on different sides. We give a complete
characterization of the scattering data, which allow unique solvability of the
inverse scattering problem in the class of perturbations with finite first mo-
ment.

1. INTRODUCTION

In this paper we consider direct and inverse scattering theory for Jacobi oper-
ators with steplike quasi-periodic finite-gap background, using the Marchenko [15]
approach.

Scattering theory for Jacobi operators is a classical topic with a long tradition.
Originally developed on an informal level by Case in [5], the first rigorous results
for the case of a constant background were given by Guseinov [12] with further
extensions by Teschl [19], [20]. The case of periodic backgrounds was completely
solved in [24] (who in fact handle almost periodic operators with a homogenous
Cantor type spectrum) respectively [8] using different approaches. Moreover, the
case of a steplike situation, where the coefficients are asymptotically close to two
different quasi-periodic finite-gap operators, was solved in [11] (see also [1], [7])
under the restriction that the two background operators are isospectral. It is the
purpose of the present paper to remove this restriction.

We should also mention that scattering theory for Jacobi operators is directly
applicable to the investigation of the Toda lattice with initial data in the above
mentioned classes. See for example [3], [6], [23] for steplike constant backgrounds,
and [9], [10], [13], [14], and [16] for periodic backgrounds. For further possible
applications and additional references we refer to the discussion in [11].

Finally, let us give a brief overview of the remaining sections. After recalling
some necessary facts on algebro-geometric quasi-periodic finite-gap operators in
Section 2, we construct the transformation operators and investigate the properties
of the scattering data in Section 3. In Section 4 we derive the Gel’fand-Levitan-
Marchenko equation and show that it uniquely determines the operator. In addi-
tion, we formulate necessary conditions for the scattering data to uniquely deter-
mine our Jacobi operator. Our final Section 5 shows that our necessary conditions
for the scattering data are also sufficient.

2000 Mathematics Subject Classification. Primary 47B36, 81U40; Secondary 34125, 39A11.
Key words and phrases. Inverse scattering, Jacobi operators, quasi-periodic, steplike.
Work supported by the Austrian Science Fund (FWF) under Grants No. Y330 and J2655.
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2. STEP-LIKE FINITE-BAND BACKGROUNDS

First we need to recall some facts on quasi-periodic finite-band Jacobi operators
which contain all periodic operators as a special case. We refer to [20, Chapter 9]
and [8] for details.

Let H, ;E be two quasi-periodic finite-band Jacobi operators,*

(2.1) Hyf(n)=ag(n)f(n+1)+ag(n—1)f(n—1)+b;(n)f(n), fe),

associated with the Riemann surface of the square root

29++1
(2.2) Pi(z)=~ ] =+ Ef, Ef<BEf<.<BES .,
j=0

where g1 € N and /. is the standard root with branch cut along (—=00,0). In fact,
+
Hét are uniquely determined by fixing a Dirichlet divisor Z?Zl(u;c,aji), where
uji € [Efj_vEQij] and aji € {—1,1}. The spectra of HF consist of g1 + 1 bands
g+

(2.3) os = o(Hf) = J[E3;, E3;,4).
7=0

We will identify the set C\ o(H ;E) with the upper sheet of the Riemann surface.
The upper and lower sides of the cuts over the spectrum are denoted by % and o!
and the symmetric points on these cuts by A" and \!, that is,

fw) = liir(r)lf()\ +ie), f(A) = lifg fN—ie), A€oy
We will develop the scattering theory for the operator
(24)  Hf(n)=a(n—1)f(n—1)+b(n)f(n) +am)f(n+1), nez

whose coefficients are asymptotically close to the coefficients of H qi on the corre-
sponding half-axes:

+oo
(2.5) > Inl(la(m) = af ()] + b(n) = bE(m)]) < oo.
n=0

The special case H, = H; has been exhaustively studied in [8] (see also [24]) and
the case where H;” and H ;‘ are in the same isospectral class o_ = o was treated
in [11]. Several results are straightforward generalizations, in such situations we
will simply refer to [8], [11] and only point out possible differences.

Let 1/15}(2, n) be the Floquet solutions of the spectral equations

(2.6) Hqiw(n) = z¢(n), z € C,

that decay for z € C\ o4 as n — oo. They are uniquely defined by the condition
VE(2,0) =1, ¥E(z,+) € £3(Z+). The solution 9 (z,n) (resp. ¥ (z,n)) coincides
with the upper (resp. lower) branch of the Baker—Akhiezer functions of H; (resp.
H;), see [20]. The second solutions QZJ;t(z,n) are given by the other branch of

1Eve]rywhere in this paper the sub or super index ”+” (resp. ”—") refers to the background on
the right (resp. left) half-axis.



SCATTERING THEORY FOR STEPLIKE QUASI-PERIODIC BACKGROUND 157

the Baker—Akhiezer functions and satisfy 1Zqi(z, ) € (*(Zz) as z € C\ ox. Their
Wronskian is equal to

(2.7)
where

(2.8)

£hE (). wE(2) = L
Wi (g (2,0 () = &

pi(z): Pi( )

satisfy by our choice of the branch for the square root

(2.9)

Im(p+(A%) >0, Im(ps(\)) <0, Xeos.

In (2.7) the following notation is used

(2.10)

Warn(£,9) = ag (n) (f(n)g(n +1) = f(n + 1)g(n)).

Note that w;t(z,n), ﬁf(z,n) have continuous limits as z — A%! € Ui’l \ doy,

where

do: ={Ey,....Ex,, 1},

and they satisfy the symmetry property

(2.11)

wi()‘l n) = wtzlt(/\uvn) = &i()‘uvn)v A€o,

The points (,u] 10 ) 1 < j < g+, form the divisors of poles of the Baker—

Akhiezer functions. Correspondingly, the sets of Dirichlet eigenvalues {u3, ..., u B i}
can be divided in three disjoint subsets

(2.12)

= {u; |y € R\ox is a pole of ¥ (2,1)},
= {17 |15 € R\ox is a pole of ¥F(z,1)},
—{u] |1y € dox}.

In order to remove the singularities of wqi (z,m), 1/%(2, n) we introduce

(2.13)

(Si(Z) = H (Z 7/*Lji)v

et

= T G- T o
p«jiEMi ,ujielvli

Se)= [ -ud) T -t
pE ey prenr:

where [ = 1 if there are no multipliers, and set

(2.14)

l&;t(zan) = 5i(z)1/]3:(zvn)> zﬂff(z,n) = Si(z)w;t(zan)

Lemma 2.1. The Floquet solutions 1/)5}, z/jéc have the following properties:

(i) The functions ¢ (z,n) (resp. z[u);t(z,n)) are holomorphic as functions of z

in the domain C\ (02 UMy) (resp. C\ (02 UMz)), take real values on the
set R\ oy, and have simple poles at the points of the set My (resp. Mi)
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They are continuous up to the boundary o't U cly except at the points in
M. and satisfy the symmetry property (2.11). For E € My, they satisfy

1/)1:1‘:(2771)_0(1)7 12;(:1‘:(2577/)—0<1>, Z%EEMt

N Vz—FE
Moreover, the estimate
(2.15) bE(z,n) —VE(E,n) =0(z—E), E€doy,
s valid.

(ii) The following asymptotic expansions hold as z — +oo

(2.16) wqi (z,n —z;”( lj qij)) < inz 5)+0( 2))

where

n—1 n—1
H f(j)7 n > no, Z .f(.y)7 n > no,

n—1 j=no n—-1 Jj=no
[T =1 1L n=n 3" 1G)= 0. n=mn,

j=n no— j=n, o
e I/ n<ng, 77" =S 1), n < o

Jj=n Jj=n

(iii) The functions wqi (A, m) form a complete orthogonal system on the spectrum
with respect to the weight

(2.17) ds (V) = gpr (A,
namely

(218) OO )z () = 6. m),
where )

(2.19) ii fNdN = /ai FOAdN — /Uli F(Ahax

Here §(n,m) =1 if n =m and §(n,m) = 0 else is the Kronecker delta.

3. SCATTERING DATA

Now let H be a steplike operator with coefficients a(n), b(n) satisfying (2.5).
The two solutions 14 (z,n) of the spectral equation

(3.1) Hi =z, z€C,

which are asymptotically close to the Floquet solutions wqi (z,n) of the background

equations (2.6) as n — 400, are called Jost solutions. They can be represented as
(see [8])

+oo
(3:2) Yi(z,n) = Z Ki(nvm)wét(z7m)7

m=n



SCATTERING THEORY FOR STEPLIKE QUASI-PERIODIC BACKGROUND 159

where the functions K (n,.) are real valued and satisfy the estimate
(3.3)
+oo
|Ki(n,m)] < Ci(n) Y (|a(j) —ag (j)| + b() — b;t(j)\), +m > £n > 0.
i=["5"]
The functions Cy(n) > 0 decrease monotonically as n — +oco. Moreover, we have

a(n):a+(n)K+(n+1’n+1)

R )
o K_(n,n)
(3.4) )=t O o L 1)
) ) = bt (n a+nK+(n,n+1)_ o Ki(n—1,n)
b( )_bq( )+ q( ) K+(n,n) ( 1)K+(n—1,n—1)’
K_(n,n—1) K_(n+1,n)

b(n) =b, (n) +a, (n—1) K () —a, (n)m7

which implies (cf. [8]) the following asymptotic behavior of the Jost solutions as
z — %00 using (3.2), (2.16),

(3.5)
Yi(z,n) =2T" Kinn<1_:[ ;tj)) (1+(Bi ii:* bf]tj— ) +O( ))
where
+oo
(3.6) Bi(n)= Y (b;(m)—b(m)).

m=n+1

For A € o} Ucly a second pair of solutions of (3.1) is given by
(3.7) dr(An) =Y Ki(n,m)pEf(\,m), Ae€oiuUol,

which cannot be continued to the complex plane. Note that zﬁi()\,n) =i\, n),
A € o4, and from (2.5), (3.2) we conclude

(3-8) W (e (V) 9 (V) = W (g (), 5 (V) = £pe (V)7

The Jost solutions 11 are holomorphic in the domains C\ (o1 U My ) and inherit
almost all properties of their background counterparts listed in Lemma 2.1. As
before, we set

(3.9) Ui (z,m) = 62(2)¢x(2,n),  Pr(z,n) = 0x(2)9ps(2,m),
The following Lemma is proven in [8].

Lemma 3.1. The Jost solutions have the following properties.

(i) For alln, the functions Y1 (z,n) are holomorphic in the domain C\ (o4 U
M) with respect to z and continuous up to the boundary (e Ucl.)\ do,
where

(3.10) Ye(\n) =vi(N,n), A€ (oLUdy)\dos.
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The functions ¥+ (z,n) are real valued for z € R\ oy and have simple poles
at p; € My. Moreover, wi are contmuous up to the boundary o Ucly.
(ii) At the band edges we have for A € o't

Yi(\n) — (X, n) =o(1), Eedoy \ My,

baAm) +020vn) = o 75 ), E € M.

(3.11)

Next, we introduce the sets
(3.12) c® =0, No_, O'Stl) =clos(0+\0®?), o:=0,Uo_,

where o is the (absolutely) continuous spectrum of H and O_(:) uo® resp. 0(?) are

the parts which are of multiplicity one resp. two. We will denote the interior of the
spectrum by int(o), that is, int(o) := o \ do.

In addition to the continuous part, H has a finite number of eigenvalues situated
in the gaps, 04 = {A1,...,Ap} C R\ o (see, e.g., [18]). For every eigenvalue we
introduce the corresponding norming constants

(3.13) ek = Z [We(Mn)?, 1<k <p.
nez
Moreover, 1/31()\1“71) = cflzz;()\k,n) with ¢ ¢, = 1.
Let
(3.14) W(z) =W (¥-(2),¢+(2))

be the Wronskian of two Jost solutions. This function is meromorphic in the domain
C\ o with possible poles at the points My U M_ U (M4 N M_) and with possible
square root singularities at the points M U M_ \ (My NM_). Set

(3.15) W(z) = W(-(2),¥1(2)), W(z) =W(-(2),94(2)),
then W () is holomorphic in the domain C\ R and continuous up to the boundary.
But unlike to W(z) and W(z), the function W (\) may not take real values on the
set R\ ¢ and complex conjugated values on the different sides of the spectrum.
That is why it is more convenient to characterize the spectral properties of the
operator H by means of the function W, which can have singularities at the points
of the sets M+ U M_. We will study the precise character of these singularities in
Lemma 3.2 below.

Note that outside the spectrum the function W (z) vanishes precisely at the
eigenvalues. However, it might also vanish inside the spectrum at points in do_ U
0o . We will call such points virtual levels of the operator H,

(3.16) o, ={Eco: W(E) =0},

and we will show that o, C do U (80(;) N 809)) in Lemma 3.2. All other points E

of the set o, Udo_ correspond to the generic case W (E) # 0.
Our next aim is to derive the properties of the scattering matrix. Introduce the
scattering relations

(317) T¥()‘)r‘/}:|:()‘v ’I’L) = w¥()‘7 n) + R¥()‘)¢¥()‘7 n)? A€ O-;J

where the transmission and reflection coefficients are defined as usual,

WLV, v (V) L WEED)
B18) T = g ) =N = W ), ey €7
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The equalities in (3.18) imply the identity

1 1
= =W(H), reo®,
Ty (Np+(A)  T-(N)p-(A)
where W(A) is the Wronskian of two Jost solutions (3.14). This Wronskian plays
an important role in the characterization of the properties of the scattering matrix.

Namely, the following result is valid.

Lemma 3.2. The entries of the scattering matriz have the following properties:
L

(a) TL(A\Y) = TL(\), A€oy,

Ri(A\") = RL(\), A€oy,

(b) EEX — RV, reolh,
p+(A)

(@ 1RO = PEIT P, Aeo®,

(d) ReNTe(\) + R=(NTL(\) =0, A€o®.
II. The functions T (\) can be extended analytically to the domain C\ (c UMy U
Mi) and satisfy

1 1
T o) T ()
The function W (z) has the following properties:
(a) The function W (z) = 6, (2)6_(2)W(2) is holomorphic on C\ o with simple
zeros at the eigenvalues A\, where

(3.19) = W(2).

dw ? 1
3.20 — (A = —.
(3.20) ( dz ( k)> Vb k Y=k
Moreover,
(3.21) W) =W, Aeo, W(E)eER, zeR\o

(b) The function W (z) = 6, (2)0_(2)W (2) is continuous on the set C\o up to the
boundary c"Uc'. It can have zeros on the set 8UU(80$)080(_1)) and does not vanish

at the other points of the spectrum o. If W(E) = 0 as E € 8o U (305_1) N 80(_1)),
then

(3.22) Wl()\) =0 <\/)\1—7E) , for A€o close to E.

Moreover,

(3.23) I/Vl(z) =0 ((z - E)_I/Q_E) , for z close to E.
(c) In addition,

(3.24) T (00) =T_(o0) > 0.

IIL. (a) The reflection coefficients Ri()\) are continuous functions on int(c).
(b) If E € 8oy Ndo_ and W(E) # 0, then the functions Ri()\) are also
continuous at E. Moreover,
—1 for E¢ My,

(3:25) R+ (E) = { 1 for E€ My.
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Proof. 1. The symmetry property (a) follows from formulas (3.18) and (3.10). For
(b), use (3.18) and observe that 1x()\) are real valued for A € int(ail)). Let
A € int(c®). By (3.17),

75 PW (v, ¥5) = (IR [? = YW (U, ),
and property (c) follows from (3.8). The consistency condition (d) can be derived
directly from definition (3.18).
IT. The identity (3.19) follows from (3.18). (a) The Wronskian inherits the
properties of ¥4 (2), so it remains to show (3.20). If W(zy) = 0 for zy € C\ o, then

(3.26) 1/31(20, n) = ci1L¢(zg, n)

for some constants ¢* (depending on zp), which satisfy ¢~¢t = 1. In particular,
each zero of W (or W) outside the continuous spectrum is a point of the discrete
spectrum of H and vice versa.

Let v+ ; be the norming constants defined in (3.13) for some point of the discrete
spectrum \;. By virtue of [20], Lemma 2.4,

%W(¢_<z>,¢+<z>> =W (), 9 () + W= (0), 0 ()
- - 1
(3.27) =- gzm(xj, k)i (A, k) = "y

Since c;c;r =1, we obtain (3.20).

(b) Continuity of W up to the boundary follows from the corresponding property
of @i(z, n). We begin with the investigation of the possible zeros of this function
on the spectrum.

First let Ao € int(c®) := ¢ \ 90(?, that is, 5_ # 0 and 5_,_ # 0. Sup-
pose W(Xo) = 0, then 4 (Ao,n) = cp_(No,n) and ¥y (Ng,n) = ¢p_(Ao,n), i.e.
W (s, 104 ) = |c[?*W(p_,%_). But this implies opposite signs for p,,p_ by (3.8),
sign p4 (o) = —sign p_(Ao), which contradicts (2.9).

Let Ao € int(o(tl)) and W()\g) = 0. The point A\g can coincide with a pole
# € Mz, But ¢i(Ag,n) and ¢4 (Ag,n) are linearly independent and bounded,
and 1/;3F(Ao,n) e R. If W(XAg) = 0, then 1/~J¢ = ¢y = ¢ Y1 which implies
W (1,11 )(Ao) = 0, a contradiction.

In the general mutual location of the background spectra the case \g = E €
(86 Nint(s1)) C int(o) can occur. If W(E) = 0, then W(¢y,1+)(E) = 0,
where 1/3$ are defined by (3.9). The values of 1211 (E,-) are either purely real or
purely imaginary, therefore W (1, 1=)(E) = 0, that is, ¢+ (E, n) and ¢+ (E, n) are
linearly dependent, which is impossible at inner points of the set o.

Thus, the virtual level o, of H defined in (3.16) can only be located on the set
Oo_ N 0oy, that is,

(3.28) o, C 0o U (809) N 6053)).

To prove (3.22), take E € o, and assume for example E € o,. By (3.17) and
(3.19),
0+ (M- (A, n)

O W) 5+ (N (N n) + Ry (MN)by (A, n).
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Choose ng such that ¢_(E,ng) # 0. By continuity we also have ¢h_(\,ng) # 0 in
a small vicinity of E. Then
04 (A)¥ry (X, no) + Ry ()b (A, no)
d]* ()‘a nO)

=0(1), A—E.

Accordingly,

9+ (\ _ 7t
1 ( Jo (A —pj )) ( 1 ) \
2 = R = N o | €0y,
W(X) ZNVA-—E VA—E
which proves (3.22). To see (3.23) note that

g(zn) = W

is a Herglotz function. Moreover, we can assume that p; # E and choose n such
that ¥4 (E,ng) # 0. Hence it remains to show the corresponding estimate for g(z) =
g(z,m0). Since the continuous spectrum of H is purely absolutely continuous, we
deduce from Stieltjes inversion formula that

E+6 m
o(z) = %/]H Wdﬁg(z), 50,

where §(z) is holomorphic near E. By (3.22) we infer (A — E)/2T¢Im(g()\)) is
Holder continuous and the result follows from [17, Eq. (29.8)].

(c) Equation (3.24) follows from (3.5).

ITI. (a) follows from the corresponding properties of 11 (z) and from II, (b). To
show III, (b) we use that by (3.18) the reflection coefficients have the representation

WL (N) W00, e (V)
(3.29) B = o)) ~ T WOy

and are continuous on both sides of the set int(o+) \ (Mz U M=). Moreover,

W+ (N), =(N))
W)
where the denominator does not vanish on the set oy \ o,. Hence Ri(\) are

continuous on this set since both numerator and denominator are.
Next, let E € dox \ 0, (in particular W (E) # 0). Then, if E ¢ M, we use
(3.29) in the form

|R+ (M) =

)

- 0 (MW (£ (N) = ¥ (V), (V)
W) ’

which shows Ry(A) — —1 since ¢4 (A) — ¥+ (A) — 0 by Lemma 3.1, (2). This
settles the first case in (3.25). Similarly, if E € My, we use (3.29) in the form

- S (MW (£ (N) + ¥ (V), (V)

(3.30) Ri(\) =-1

which shows Ry (A) — 1 since 6+ (A) = O(VA — E) and ¢ (A) + ¢ (\) = of Al_E)

by Lemma 3.1, (2). This settles the second case in (3.25) as well. O
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4. THE GEL’FAND-LEVITAN-MARCHENKO EQUATION

The aim of this section is to derive the inverse scattering problem equation (the
Gel’fand-Levitan-Marchenko equation) and to discuss some additional properties
of the scattering data which are consequences of this equation.

Theorem 4.1. The inverse scattering problem (the GLM) equation has the form

= o(n,m)
(4.1) Ki(n,m)+Y Ki(n,))Fi(l,m) = Relnm)

l=n

+m > +n,

where

Fi(m,n) = f Ry (NYF (A, m)vE(A\, n)dw

p
@2 [ P Om undios + 30 v ads O )i O m).

k=1

Proof. Consider a closed contour I'. consisting of a large circular arc and some
contours inside this arc, which envelope the spectrum o at a small distance ¢ from
the spectrum. Let +m > 4n. The residue theorem, (2.17), (3.5), (3.20), and

equality J); (Mg, n) = cfz/ji()\k, n) imply

1 e\ ) (A m) 3(n, o (T PDEOm)
27 Jp., W(A) = Ki(n n) ZR Ak( W(X) )

5(n,

(4.3) 7}@ -

Z’Yi kwi )\k7n)¢ ()‘ka )a

since the integrand is meromorphic on C\o with simple poles at the eigenvalues
Ar and at oo if m = n. It is continuous till the boundary except at the points
E € 0oy UQdo_ where

ZZ):F()\,H)ll);t(A,m) -0 ( 1
W(\) N VA—FE

by (3.22). On the other hand, as ¢ — 0,
Yz (A n)pg (A, m)

(4.4) ) , Ee€edoyUodo_,

27r1 W(\) dr =
1 (Y= (A, n) + Re(N)x (A, n))pE (N, m)
T oni ?{ TL(\W(A) “
AN ;t A,m
(4.5) % . P ( V%}A)( )d)\

:% wi()\,n)w;t()\,m)dwi—k% Ry (A (A, n)y (A, m)dw™
L £\ m wq:()‘vn) ¢:F(>\ n)
2i gg>~u¢ * )( W(X) W) )
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It remains to treat the last integrand. By (3.17) and Lemma 3.2, I,

YA n) =Ts(AN)YL(A,n) — Re(NYx(A\,n) = T (N (A\,n) — T=(Y)
= (V)

z/JiF ()‘7 ’I’L),

and therefore

1/}1F(”) 1/;3F(n)_WT3F+WT3F E __Tj
T T e ) — ) = ),

since WTg + W1y = 2Re(WT%) = 0 on o=. In summary, (4.3) and (4.5) yield

o(n,m)

m = Ki(n,m) +% Ri(/\)'l/)i()\,n)diflt()\,m)dwi

oy
P
b [ PO )™ + 3 e (g )5 O ),
oF" j=1
and applying (3.2) finishes the proof. O

As it is shown in [8], the estimate (3.3) for K1 (n,m) implies the following esti-
mates for Fly (n,m).

Lemma 4.2. The kernel of the GLM equation satisfies the following properties.
IV. There exist functions Cy(n) > 0 and qi-(n) > 0, n € Zy, such that Cx(n)
decay as n — +o00, |n|g(n) € (1(Z), and

+oo
[Fi(n,m)| <Cx(n) Y q(h),
Jj=n4+m
+oo
(4.6) > Inl|Fe(n,n) = Fe(n+1,n+1)] < oo,

n=ng

+oo

Z |n|’aff(n)Fi(n,n+ 1) — aqi(n —1)Fi(n—1,n)| < oo.
n=ngo

In summary, we have obtained the following necessary conditions for the scat-
tering data:

Theorem 4.3. The scattering data

S= {R+(A), To(\), A€o RL(A), T_(\), A € o™
(4.7)
My oo s Ap ERN (01 U0), Y21y, Vp € R+}

satisfy the properties I-III listed in Lemma 3.2. The functions Fy(n,m), defined
in (4.2), satisfy property IV in Lemma 4.2.

In fact, the conditions on the scattering data given in Theorem 4.3 are both
necessary and sufficient for the solution of the scattering problem in the class (2.5).
The sufficiency of these conditions as well as the algorithm for the solution of the
inverse problem will be discussed in the next section.
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5. THE INVERSE SCATTERING PROBLEM

Let Hqi be two arbitrary quasi-periodic Jacobi operators associated with se-
quences aF(n),bF (n) as introduced in Section 2. Let S be given scattering data
with corresponding kernels Fy(n,m) satisfying the necessary conditions of Theo-
rem 4.3.

First we show that the GLM equations (4.1) can be solved for Ki(n,m) if
Fy(n,m) are given.

Lemma 5.1. Under condition IV, the GLM equations (4.1) have unique real-valued
solutions Ky (n,-) € £1(n,+00) satisfying the estimates

+oco
(5.1) |Ki(n,m)| <Cs(n) > q(j), +m>+n.

i=[%]

Here the functions q+(n) and C+(n) are of the same type as in (4.6).
Moreover, the following estimates are valid

+oo
Z In||K+(n,n) — Ky(n+1,n+1)| < oo,

n=ngo

(5.2) e
Z \n||a$(n)Ki(n,n+ 1) — aqi(n —1)K+(n—1,n)| < occ.

n=ngo

Proof. The solvability of (4.1) under condition (4.6) and the estimates (5.1), (5.2)
follow completely analogous to the corresponding result in [8, Theorem 7.5]. To
prove uniqueness, first note that the GLM equations are generated by compact
operators. Thus, it is sufficient to prove that the equation

+oo
(5.3) Fm)+ 3" Fe(t,m)f(£) =0
l=n

has only the trivial solution in the space £*(n,400). The proof is similar for the
747 and ”—” cases, hence we give it only for the ”"+” case. Let f(£), £ > n, be a
nontrivial solution of (5.3) and set f(£) = 0 for £ < n. Since F; (¢, n) is real-valued,
we can assume that f(¢) is real-valued. Abbreviate by

(5.4) FO) =" wf(m)f(m)

meZ

the generalized Fourier transform, generated by the spectral decomposition (2.18)
(cf. [22]). Recall that f(\) € L}, (e4 Ual).

Multiplying (5.3) by f(m), summing over m € Z, and applying (2.18), (4.2),
(5.4), and condition I, (a), we have

2 [ 1FOVPdws () + 2Re [ R FO s )

(5.5) . . 2
+ /m,u FOPIT-W)Pdw-(A\) + > 74 n ( > b s n)f(n)) =0.
7 k=1

) = nez
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The last two summands in (5.5) are nonnegative since f()\) ER for A € oV

1;;()\19) € R. We estimate the first two integrands by

OV + ReRy (V) FN? = [FOVP = [Re ) FN?] = (1= R+ W) IF V)2

and drop the last summand in (5.5), thus obtaining

6:0) 2 [ - IRDIFNPder )+ [ FOPIT- WP () <0,

(1),u

and

Here we also used that
[ 0= IRODIFO) s (1) =,
oy’
which follows from condition I, (b). Since |Ry(\)| < 1 for A € int(c(?) and
w_(A)>0for A€ int(o(j)) we conclude that
FA) =0 for xeoPuU oM =o_.

The function f(z) can be defined by formula (5.4) as a meromorphic function on
C\ o4. By our analysis it is even meromorphic on C\ asrl) and vanishes on o_.
Thus f(z) and hence also f(m) are equal to zero. O

Next, define the sequences a4, b+ by
Ki(n+1,n+1)

a+(n) = a;(n) K+(’ﬂ, ’I’L)
o K_(n,n)
a—(n) = aq (n)K_(n+ 1,n+1)’

K+(n,n+1)_a+(n_1) Ki(n—1,n)
Ky (n,n) 4 Ki(n—1,n-1)

K_(n,n—1) _ K_(n+1,n)
Emn  “Emriat)

by (n) = b (n) + a (n)

b_(n)=b,(n)+a,(n—1)
and note that estimate (5.2) implies
(5.8) n{lax(n) —ay(n)| + b+ — by (n)|} € £1(Z2).
Lemma 5.2. The functions ¥y (z,n), defined by

+oo
(5.9) bi(z,n) =Y Ki(n,m)pE(z,m),

solve the equations
(5.10) ax(n— D (z,mn—1)+br(n)s(z,n) + ax(n)L(z,n+ 1) = 2¢0L(z,n),
where ag (n),by(n) are defined by (5.7).

Proof. Consider the two operators?

(Hiy)(n) = a+(n —1)y+(n —1) + b+ (n)y+(n) + ax(n)y+(n+1), neZ.

2We don’t know that Hy is limit point at Foo yet, but this will not be used.
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Define two discrete integral operators

+oo
(K+f)(n) =" Ki(n,m)f(m).

Then (cf. [8]) the following identity is valid
HiK:=KsHF,
which implies (5.10). O

The remaining problem is to show that a4 (n) = a—(n), by(n) = b_(n) under
conditions IT and III on the scattering data S.

Theorem 5.3. Let the scattering data S, defined as in (4.7), satisfy conditions I,
(a)—(c), II, II1, (a), and IV. Then each of the GLM equations (4.1) has unique
solutions Ky (n,m), satisfying the estimate (5.2). The functions a+(n),b+(n), de-
fined by (5.7), satisfy (5.8).

Under the additional conditions III, (b) and I, (d), these functions coincide,
ar(n) = a—(n) = a(n), by(n) = b_(n) = b(n), and the data S are the scattering
data for the Jacobi operator associated with the sequences a(n),b(n).

The proof of Theorem 5.3 takes up the remaining section and is split into several
lemmas for the convenience of the reader.

To prove uniqueness of the reconstructed potential we follow the method pro-
posed in [15]. Recall that, by Lemma 2.1 (iii), the functions ¥ (A, n) form an
orthonormal basis with corresponding generalized Fourier transform. Split the ker-
nel of the GLM equation (4.2) into three summands Fy(m,n) = F,1(m,n) +
Fpn.+(m,n) + Fq 1 (m,n) and set

+oo
(5.11) Gi(n,m) = ZKi(n,l)Fni(l,n).
l=n

Then one obtains as in [8, Theorem 8.2] that the functions h4 (A, n), defined by

1 &i(kﬂfl) = v
he(\,n) = ) (in(n,n) + m;::FlGi(na m)y (A, m)
Wi B + , u:|: )\
(512 « AT S i)
P ~ wE (N , hE (A
+ Z%,Wi(Ak,n) q’n_l(iq ()\k) vl ))>,
k=1 — Ok
satisfy
(5.13) Ti(MWh=(\n) = v, n) + Re(Nve(\,n), Aeoth

Despite the fact that hs(\,n) are defined via the background solutions cor-
responding to the opposite half-axis Zy, they share a series of properties with
+(A,n). Namely, we prove

Lemma 5.4. Let hx(z,n) be defined by formula (5.12) on the set ot

(i) The functions h=(z,n) = 0+ (2)hx(2,n) admit analytic extensions to the
domain C\ o.
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(ii) The functions ﬁ;(z,n) are continuous up to the boundary o™ except pos-

sibly at the points 0oy U do_. Furthermore,
he(A%n) =h=(N,n) €eR,  AeR\oz,
(5.14) o I ¥
he (A%, n) = he (A, n), A € int(o).

(iii) For large z the functions h+(z,n) have the following asymptotic behavior

+n n—1

(5.15)  he(z,n) = —Ki(nfn)Ti(oo) ( U aqi(j))ﬂ(l + 0(%)), 2= o0,

(iv) We have

W (he(2), 4+ (2)) :=ax (n) (hx (2, n)9e (2,0 + 1) = hz (2,0 + 1)ipa(2,0))
=+ W(z),

where W (z) is defined by (3.19).

Remark 5.5. Note that we did not establish the connection between the function
W (z) and the functions WE (o (z,n),%_(z,n)), which can depend on n, because
Yy and Y_ are the solutions of Jacobi equations corresponding to possibly different
operators Hy and H_.

Proof. (i). To show that h=(2,n) have analytic extensions to C \ o, we study each
term in (5.12) separately.
First of all, note that due to the representation

gL e VIES B
(5.16) Talz) = p£()W(2)  6.(z) W(z) ’
the functions C+(z,n) = d+(2)(+(2,n), where
VE(z,n
(5.17) Cr(z,n) == dqui(’z))

can be continued analytically to C\ o. This also holds for the second term since
G+(n,-) € L1(Z) are real-valued.

Next we discuss the properties of the Cauchy-type integral in the representation
(5.12). We represent the third summand in (5.12) multiplied by Tz !(2) as

(5.18) O+ (z,n) = :F% . GJF(z,g,n)gd_Z,
where
0x (6 - -
0-(z,&,n = T ,nWi,k1 ;t ), z,-
(e m) = = s MW (6 ), G2, )
Iy 2 S 2 .
(5.19) - OF PO, e mw, (026 0.

p=(OIW () 0+(£)?
By property II, (a) the function W (€) has no zeros in the interior of a(; )" Thus,

for z ¢ US_LU, the functions 6+ (z,.,n) are bounded in the interior of og) and the
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only possible singularities can arise at the boundary. We claim

OWE—E) forE ¢ oy,
(5.20) O (2,€,n) = ( 51 ) forBEgo Ecdool), - + E.
O(@) for E € oy,

This follows from % O(VE=E) together with W (¢) = O(1) if E ¢ o, and

1/W(€) = O(1//€ — E) by 11, (b) if E € 0,. Therefore, 6 are integrable and the
third summand of (5.12) also inherits the properties of (+(z,n).

Finally, the last summand in (5.12) again inherits the properties of éjF(z,n)
except for possible additional poles at the eigenvalues ;. However, these cancel
with the zeros of W(z) at z = Ag.

(if). We consider the boundary values next. The only nontrivial term is of course
the Cauchy-type integral (5.18) as z — A\ € int(o @ )) First of all observe that by
(2.7) and (3.19),

WE _ (WFEN), ¥F(2))
Ty (2)

where the functions 61 W are bounded and nonzero for A € int(UgF1 )) by II, (a).
Hence the Plemelj formula applied to (5.18) gives

_ ’J)i()‘?n) HZF()‘7§:n) s (1),u
Ox(A\,n) = i25i()\)p$()\)m $]£$)m Tt d§, A€int(ox""),

where both terms are finite. Here { denotes the principle value integral. Therefore,
the boundary values away from 0o U do_ exist and we have

— (6=W)(N),

(5.21) he(A",n) =hs(N,n), Ae€oyUo_.

By property I, (b),

(5.22) he=Tp (Raths +92) = 22+ P2 R, aeol),
T T:

from which

(5.23) h=(A\"n) = hz(A,n), reol

follows. Combining (5.21) and (5.23) yields (5.14).

(iii). Since the last two terms in (5.12) are O(z'), the asymptotic behavior
follows from (3.5) and II, (c).

(iv). From (5.13), (3.8), and (3.19) we obtain

W@ V), e (V) _ 1
W A =+W(), A€oy
(hx(N), ¥x(N)) = Y = Ty (A) +
Hence equality holds for all z € C by analytic continuation. (|

Corollary 5.6. The functions ﬁ; (z,n) admit analytic extensions to C\ o+.

Proof. Property (i) of Lemma 5.4 holds for z € C\ o. Relation (5.14) implies that
th have no jumps across z € mt(ai)). To finish the proof we need to show that
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the possible remaining singularities at F € 8053 )N & are removable. This follows
from (cf. (5.16))

W(z)

294 +1
IG5 (= - Ef)

(5.24) ((zm) = 04 (2)d5 (2,m)

which shows C+(z,n) = O((z — E)~'/2) and hence h+(z,n) = O((z — E)~'/?) for
E e 0;1) Ndo.

However, let us emphasize at this point that the behavior of hy(z,n) at the
remaining edges is a more subtle question to be discussed later. (|

Eliminating ¢4 from

{Ri(k)dJi()\,n)“‘wi(A,n) = h;F()\,n)TiO\)
Ri(/\)wi()\,n)+wi()\,n) = th()\,n)Ti

yields

(A n) (1= R V)?) = ha(\n) Te(X) = Re(N) hg (A, 1) T (N).
We apply I, (c¢), II, and the consistency condition I, (d) to obtain

T (Vs (0 n) = g (o) — }Mﬁ)(j;i)mh;(%n)
(5.25) =he(\n) + R-(\Nhz(\,n), Xe€o®.

This equation together with (5.13) gives us a system from which we can eliminate
the reflection coefficients R. We obtain
(5.26)

Te(N) (P Nox(N) = he(Vhz (V) = £ (Mhe(N) — e (MNhe(N), A€ol
Now introduce the function

Vi (z,n)p—(2,n) — hy(2,n)h_(2,n)
W(z)

which is well defined in the domain z € C\ (c Uoqg UMy UM_). By (5.26) and
(3.19),

(5:28) GO = (veNhe(l) = B (Whe(V) p V), A € o,

so we need to study the properties of G(z,n) as a function of z. Our aim is to prove
that G(z,n) = 0, which will follow from the next lemma.

(5.27) G(z) :=G(z,n) =

Lemma 5.7. The function G(z,n), defined by (5.27), has the following properties.
(i) GAY,n) =G(\,n) €R for \€ R\ (Jo_ Udoy Uay).
(ii) It has removable singularities at the points do_ U doy U o4, where oq 1=

(Mo A)

Proof. (i). We can rewrite G(z,n) as

_ "])—4-(2’”)1/;— (Z,TL) — E.,.(Z,TL)}NL_(Z,TL)

(5.29) G(z,n) )

)
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where h (z,n) = 61 (2)h+(2,n) as usual. The numerator is bounded near the points
under consideration and the denominator does not vanish there. Thus G(z,n) has
no singularities at the points (M4 U M_)\ oq4.

Furthermore, by Lemma 5.4, IT, (a), and Lemma 3.1 we know that G(z,n) has
continuous limiting values on the sets o_ and o, except possibly at the edges, and
satisfies

G(A\",n)=G(\,n), A€orUo_.
Hence, if we can show that these limits are real, they will be equal and G(z,n) will
extend to a meromorphic function on C, that is, (i) holds. To this aim we first
observe that (5.14), (5.28), and Lemma 3.1 imply

(5.30) GA\%,n)=G(\,n) eR, \eint(c?).
Thus, it remains to prove
(5.31) G\ n) =G(\,n) eR for Aeint(cM)Uint(s').

Let us show that G(A,n) has no jump on the set int(a(j)) Uint(ail)). We abbreviate

(5.32) [G] == G(\) — G(\) = Vﬁf‘] - {h;{;—} . Aeom

and drop some dependencies until the end of this lemma for notational simplicity.
Let A € int(0{"""), then ¢, hy € R and T = —(W p5)~ L. By (3.19), (1), (b),
and (5.13) we obtain for \ € int(agFl))

(5.33) [?/J%’l//f—] = [;@;} = pts (V=T +¥:T%) = prhats [Tl

Since p+ € R for A € int(ag)’“), (3.19) implies

[};ﬂ = p+ [hT4].

The only non-real summand in (5.12) is the Cauchy-type integral. The Plemelj
formula applied to this integral gives

o 1
[hTy] = _P$¢i|T$|2W(¢3Ea¢3E) = P1F¢i|TﬂF|2p:a

and by (5.33) we get

hyih_ _ .
(5.34) { *W ] = w;f ] = prteha| T2 A eint(o).
Since W £ 0 for \ € int(og)), the function
02 prhs
prhe| T[> = ——F =
¥ T PRNTTE

is bounded on the set under consideration. Finally, (5.34) and (5.32) imply (5.31).
(if). Now we prove that the function G(z,n) has removable singularities at the
points do_ U 0o Uo,. We divide this set into four subsets

(5.35) QF =00 Nint(o5), Q=00 Ndo, QF =00 Ndor, Q=04
Since all singularities of G are at most isolated poles, it is sufficient to show that

(5.36) G(z)=o((z—EB)™)
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from some direction in the complex plane.

Q: Consider E € Qf (the case E € Q] being completely analogous). We will
study limy_, g G(\,n) as A € int(c(?) using (5.28) with the “—” sign. Note that
Y- = O(1), p_ = O(1), and W(E) # 0. Moreover, we obtain from Lemma 3.1
respectively II that

o(1), E ¢ M,, 1 O(i=), E¢ M,
_ " — VA—E
Ui (N) { o ( Ale) , EeMy, T.(\ { (O()\l):E) EeM,,

which shows

o = OO0 (]
T (A) VA-E
for A € o(®). Inserting this into (5.28) shows G(A,n) = O(
case F € ;.
Qy: For E € 90 Ndo, we use (5.28) and take the limit A — E from o(?). First
of all, observe that

N———

\/)\1_7}5) and finishes the

v+ ={ 08 B

The case E € o, is evident. If E ¢ o, then (3.11) and (3.25) yield

-y _ [ (- =P )+ (Ro+ 1)yo), E¢ M-
(Bt = { (O_(p- +¢_)+(R-—1)0_v_), E€M_

Therefore, both for virtual and non-virtual levels the estimate

(5.37) o_ (R_y_ +9_ YW =0(1), E€do_,

= o(1).

is valid. Inserting (5.13) into the summand % hip; of (5.28) (for the second
summand we use an analogous approach) we obtain (recall (2.2))

¢++5+55(¢ + R )W
PP

Vihipr =0 pip- (Y- + RAp)W =

(5.38) _ Usbe s 5 (Roy— +9_ )W

- PP
Combining the estimate }
0 1
ﬁipt =0 ()\ - E>
with (5.37) we have G(2) = o((z — E)™') as desired.
Q3: Suppose that F € oM Ndo_ (the case E € 805_1) Ndo; is again analogous).

Now we cannot use (5.28), so we proceed directly from formula (5.27) estimating
Pt h+ -
7%

the summands and separately. We investigate the limit as A — E from

the set int(o a )) By Lemma 3.1 and (3.22) we have
~ ey 1
e (1)

(539) W VA-E

hence the first summand has the desired behavior. To estimate the second sum-
mand, we split the function h_ (A, n) according to

h_(A\,n) =h1(A,n) + ha(A,n),
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where

hi(\,n) = qun,l(g_(A, Jsd—(An,-)),  ha(A\,n)=h_(A\n)—hi(\n),

(5.40)

2 )t (€, -
Linnym [, TEOPENUED

= )
It follows from the proof of Lemma 5.4 that ha(A) = O(¢_(N)) for A — E. Recall
that at the point under consideration singularities F € {,uf, ceey ,u;} U M_ might

occur (in the case 90 Ndo one can have E € M UM, and in the case oo m&;i”
one can have E € M,). Introduce

(5.41) oF (z,n) =04 (2)0] (2,n)
and recall that (2.15) implies
(5.42) qb;r(z7 n)— ¢q+(E, n) =0z —E).

Then (see (2.2) and (2.13)) we have

hyC_ hHZ;r B h+5+5+1/v);r B hadp\ 4
(5.43) L O(WT+ =o( =) = oM )er

Now we distinguish two cases: (a) E € a0 N 8011) and (b) E € 90" N oo.
Case (a). By (5.13) and (5.37) we have

(R_¢_+w_>8+:WS_(R_w_+w_>:0< 1 )

(5.44) bphy =

T P VA-E
therefore
(A
W(A) VA—E) Py(N)
As a consequence of % = O( \/)\177}3) we obtain
hihy 1
(5.46) W _O()\E>’ Ecoo_.
Next, we have to estimate
hihy hiC_
(5.47) o :W(;fn71< = ,d_>.
By (5.42) we can represent (5.45) as
he VG- () ( 1 ) ( V4 (E) )
5.48 = o) ).
(5.48) WN \Nr=s )\ s 7O

Then (5.47) implies

h+<A,n)h1(A,n>:0< ! >(O(d_(A,n))JrO(d—()\a”_l))

W(X) VA—FE
L O W (05 (B), d(A))))
VA-E '
To estimate d_ in the first two summands we distinguish between the resonance
case, £ € o, and non-resonance, E ¢ o,. First let E ¢ o, that is, W(E) # 0.

(5.49)
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From (5.19) and (5.20) we see that the integrand is bounded as A — E ¢ o,, then
d_(\) = O(1) by [17].
If £ € o, then (3.22) (see also (5.19)) yields

IT_(&)Pp- ()1 (& )0 (6,-) = O ( 51— E)

and [17, Eq. (29.8)] implies
1
(5.50) d_(\) =o (m) .
For the estimate of the last summand in (5.49) we use (5.19) and (5.40) to represent
the integrand in W7, (1b+( ), d,()\)) as
T (&) - (v (& Wy (v (£), 05 (E))
~o(¥=Ew i)
O<|W(£)|2 q,n— 1(¢ (5)7(;511 (E)) .

It follows from (2.15) and (5.41) that

W1 (97 (6). 65 (E) = O(VE - E),

which implies together with (3.22) the boundedness of the integrand near E. Thus,

(5.51) Wino1 (¢4 (E),d—(\)) = O(1),

and combining (5.46), (5.49), (5.51), and (5.50) finishes case (a).
Case (b). Now we do not have estimate (5.37) (cf. IIL, (b)) at our disposal, but
we can proceed as in (5.43), (5.44) since Py (E) # 0 and arrive at

i W=t 0y o )

This estimate is sufficient to conclude that (5.46) is valid in case (b) as well. For
h1, we use the following estimate (cf. (5.50) and (5.52)) instead of (5.47):

h;}?l :O<ha§>o(d_)20<\/%)o<\/>\l_ﬁ>-

Combining this with (5.46) finishes case (b).

Q4: Finally we have to show that the singularities of G(z,n) at the points of the
discrete spectrum are removable. Since W (z) has simple zeros at z = \y, it suffices
by (5.29) to show that

(5.53) By Ay n)h— (A, 1) = _ (A, )t (Mg, ).

By Lemma 5.4, the functions th = 0xhy given in (5.12) are continuous at the points
My. Since (6+T5')(A\x) = 0 and (5¢T£11/);t)(/\k) = 0, only the last summand in
(5.12) is non-zero. We compute the limit of this summand as A — A using (3.19),

(5.54) has (k) = =y 6 (M) dI/IZl()\)\k)7

and apply (3.20) to obtain (5.53). O

(5.52)

= O(hydy) = 0(
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The identity G(z,n) = 0 implies
(5.55) Ui(z,n)Y_(z,n) — hy(z,n)h_(2,n) =0, Vné€Z.

For z — 0o we obtain by (2.16) and (5.9)

_ . al ()
Uy (z,n)(2,n) = Ky (n,n)K_(n,n) H ) (1 +o(1)).

Formulas (5.15) and (3.24) imply

b (zn)h_(2,n) = T+(OO)2K+(71L7H)K_(% . Jl_:[ U)oy

and by (5.55),

n—1 a+ .
K (n,n)K_(n,n) H* e 1

=0 al;(.]) T+(Oo).

The value on the left hand side does not depend on n, so using (5.7) we conclude
(5.56) ar(n) =a_(n) =a(n), VYneZ.

It remains to prove by (n) = b_(n). If we eliminate the reflection coefficient Ry
from (5.13) at n and (5.25) at n + 1 we obtain

YA n)Y_(An+1) —hy (A n+1)h_(\n)
(5.57) Grdm) = W(X)

=N (heOsn+ e\ n) — (N n)he(A\,n+1)), Xeo@ml

Proceeding as for G(A,n) in Lemma 5.7 we can show that that the function G1(z,n)
is holomorphic in C. From (5.15), (5.9), (3.24), (2.16), (5.56), and the Liouville
theorem we conclude that

1/}+(Z,7’L)1/)_ (z,n + 1) — h+(z,n + 1)h_(z,n) _

W) —1/a(n).

We compute the asymptotics of

W(z,m) = a(n) (04 () (zn+ 1) — by (,n+ Dh_(5,1)) = —W(2)
as z — oo and obtain (compare (3.5))
(5.58) 0=W(z,n)—W(z,n—1)=(by(n) —b_(n))K(0,0)K_(0,0).

This implies in particular by (n) = b_(n) = b(n), hence the proof of Theorem 5.3 is
finished.
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INVERSE SCATTERING TRANSFORM FOR THE TODA
HIERARCHY WITH STEPLIKE FINITE-GAP BACKGROUNDS

IRYNA EGOROVA, JOHANNA MICHOR, AND GERALD TESCHL

ABSTRACT. We provide a rigorous treatment of the inverse scattering trans-
form for the entire Toda hierarchy for solutions which are asymptotically close
to (in general) different finite-gap solutions as n — $oo.

1. INTRODUCTION

The Toda lattice is one of the most prominent discrete integrable wave equations.
In particular, it can be solved via the inverse scattering method. For the classical
case, where the solution is asymptotically equal to the (same) constant solution,
this is of course well understood and covered in several monographs (e.g.) [12],
[36], or [33]. The corresponding long-time asymptotics were first computed by
Novokshenov and Habibullin [29] and were later made rigorous by Kamvissis [16]
under the additional assumption that no solitons are present (the case of solitons
was recently added in [23]; see also the review [22]).

The inverse scattering transform for the entire Toda hierarchy in the case of a
finite-gap background was solved only recently by us in [8] as a continuation of
[31]. Similar results were obtained by Khanmamedov [21]. Long-time asymptotics
for such solutions have been given by Kamvissis and Teschl for the case without
solitons [18], [19], [20] and by Kriiger and Teschl for the case with solitons [24] (for
related trace formulas and conserved quantities see [27]).

In this respect it is important to mention that even the important case of a
one-soliton solution on a finite-gap background has different spatial asymptotics as
n — 0o and hence is not covered by the above results (see [11], [34]). Hence this
clearly raises the need to extend the results from [8] to the case of solutions which
are asymptotically equal to (in general) different finite-gap solutions as n — 4o0.

In fact, the simplest case, where the solution is asymptotically equal to two
different constant solutions, has already attracted considerable interest in the past.
The first to solve the corresponding Cauchy problem (in the case of rapid decay
with respect to the background) seems to be Oba [30]. Moreover, the long-time
asymptotics were considered in [1], [3], [4], [14], [15], [17], [37].

Our aim here is to fill this gap and to provide a treatment of the inverse scattering
transform for the entire Toda hierarchy in the case of steplike quasi-periodic finite-
gap backgrounds. Note that since we treat the entire Toda hierarchy, our results
also cover the Kac—van Moerbeke hierarchy as a special case [28].

Finally, we remark that the corresponding result for the Korteweg—de Vries equa-
tion is much more involved and was only recently solved by Egorova, Grunert, and

2000 Mathematics Subject Classification. Primary 37K15, 37K10; Secondary 47B36, 34L25.
Key words and phrases. Inverse scattering, Toda hierarchy, periodic.
Research supported by the Austrian Science Fund (FWF) under Grants No. Y330, V120.
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Teschl [6] under some additional restrictions on the spectra of the background op-
erators.

After introducing the Toda hierarchy in Section 2, we will first show that a
solution will stay close to a given background solution in Section 3. This result
implies that a short-range perturbation of a steplike finite-gap solution will stay
short range for all time, and it shows that the time-dependent scattering data satisfy
the hypothesis necessary for the Gel’fand—Levitan-Marchenko theory [26]. This
result constitutes the main technical ingredient for the inverse scattering transform.
In Section 4 we review some necessary facts on quasi-periodic finite-gap solutions
and in Section 5 we compute the time dependence of the scattering data and discuss
its dynamics.

2. THE TODA HIERARCHY

In this section we introduce the Toda hierarchy using the standard Lax formalism
([25]). We first review some basic facts from [2] (see also [13], [33]).
We will only consider bounded solutions and hence require

Hypothesis H.2.1. Suppose a(t), b(t) satisfy
alt) € (°(Z,R),  b(t) € (2(Z,R),  a(nt)£0, (n,t)€ZxR,

and let t — (a(t),b(t)) be differentiable in (> (Z) @& (=(Z).

Associated with a(), b(t) is a Jacobi operator

(2.1) H(): 2(Z) = (), [ r(t)f,

where

22) 1) f(n) = aln,t)f(n+1) +a(n—1,¢)f(n— 1) + b(n, t) f(n)

and ¢2(Z) denotes the Hilbert space of square summable (complex-valued) sequences
over Z. Moreover, choose constants co =1, ¢;, 1 <j <r, ¢4 =0, set

J

= ¢;—t(0n, H(t)'5),

£=0
J
(23) hj(TL t = 2(1 n t ZC] V4 n+17 t)e(sn> +Cj+1,
=0

where (d,,, Ad,,) denote the matrix elements of an operator A with respect to the
standard basis, and consider the Lax operator

(24)  Parsa(t) = —H@®)™ + ) (2a(t)g; (£)ST = b)) H()" ™ + grsa (D),
J=0
where S*f(n) = f(n 4 1). Restricting to the two-dimensional nullspace
Ker(r(t) — z), ze€C,

of 7(t) — z, we have the following representation of Pa,.yo(t):

(2.5) Poryo(t) Kertr () — 2a(t)Gr(z,.,1)ST — Hyy1(2, 1),
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where G,.(z,n,t) and H,11(z,n,t) are monic polynomials in z of the type
,
G, (z,n,t) = Z 2 g,_;(n,t),

J=0

(2.6) Hyyi(z,mt) = 2"+ Z 2 he_i(n,t) — grp1(nyt).
j=0
A straightforward computation shows that the Lax equation

(2.7) %H(t) — [Parsa(t), H(t) =0, teR,

is equivalent to
TLy(a(t), b(t)1 = aln,t) = a(n, ) (gr1(n 4+ 1,8) = grsa(n, 1)) =0,

(28)  TLo(a(t),b(t)2 = b(n,t) = (Ar1(n,8) = hyya(n = 1,6)) =0,

where the dot denotes a derivative with respect to t. Varying r € Ny yields the
Toda hierarchy TL,(a,b) = (TL,(a,b)1, TL,(a,b)2) = 0. We will always consider r
as a fixed, but arbitrary, value.

Finally, we recall that the Lax equation (2.7) implies existence of a unitary
propagator U, (t,s) such that the family of operators H(t), t € R, are unitarily
equivalent, H(t) = U,(t, s)H(s)U,(s,t).

3. THE INITIAL VALUE PROBLEM

First of all we recall the basic existence and uniqueness theorem for the Toda
hierarchy (see, e.g., [31], [32], or [33, Section 12.2]).

Theorem 3.1. Suppose (ag,bg) € M = (>°(Z) & £>°(Z). Then there exists a
unique integral curve t — (a(t),b(t)) in C°(R, M) of the Toda hierarchy, that is,
TL,(a(t),b(t)) = 0, such that (a(0),b(0)) = (ao, o).

In [31] it was shown that solutions which are asymptotically close to the constant
solution at the initial time stay close for all time. Our first aim is to extend this
result to include perturbations of quasi-periodic finite-gap solutions. In fact, we
will even be a bit more general. Set

(3.1) l(a,b)] _ <n§zw(n) (|a(n)|p + b(n)|P)>1/p’ 1< p< oo,

sup () (Ja(n)] + 1b(m)1). p=ocs.

Then

1
w1(un(:;) : |+ ‘ wl(u’rgi)l) |) < o0 and
fix some 1 < p < co. Suppose a(n,t), b(n,t) and ay(n,t), bi(n,t) are arbitrary

bounded solutions of the Toda hierarchy and abbreviate

_ _Jay(n,t), n>0, - _Jby(n,t), n>0,
(32) a(n, ) = {a(n,t)7 n <0, bln 1) = {b(n,ﬁ)7 n < 0.

Lemma 3.2. Let w(n) > 1 be some weight with sup,, (|

Then, if
(3.3) I (a(t) = alt), b(t) = 5(®) llup < o
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holds for one t =tg € R, then it holds for all t € R.

Proof. Without loss of generality we assume that t; = 0. Let us consider the
differential equation for the differences 6(n,t) = (a(n,t) — @(n,t),b(n,t) — b(n,t))
in the Banach space of pairs of bounded sequences 6 = (41, d2) for which the norm
I0]|lw,p is finite. We claim that J satisfies an inhomogeneous linear differential
equation of the form

= Y A (ST () + B(t)

l71<r+1

(see e.g. [5] for the theory of ordinary differential equations in Banach spaces). Here
SE(01(n,t),02(n,t)) = (61(n £ 1,t),69(n £ 1,t)) are the shift operators,

AL (n,t)  Al2(n,t)
Aty = (G G

are multiplication operators with bounded two by two matrix-valued sequences,

and
_ Br,l (TL7 t)
Br(nv t) - <B7‘,2 (’I’L7 t)
is a vector in our Banach space with B, ;(n,t) = 0 for |n| > [ 5] + 1. All entries of
A, ;(t) and B, (t) are polynomials with respect to (a(n + j,t),b(n + 4,t)), (ax(n +

J,t),b+(n + j,t)), 7] < [5] + 1. Moreover, by our assumption the shift operators
are continuous,
”SiH _ {SuanZ |w(n:t1) ‘1/p7 pE [L 00)7
SuPpez, |w(n:t1) ‘ P = o0,

and same is true for the multiplication operators A, ;(t) whose norms depend only
on the supremum of the entries by Holder’s inequality, that is, on the sup norms
of (a(t),b(t)) and (a+(¢t),b+(t)). Finally, recall that by unitary equivalence of the
operator family H(t), respectively Hy(t), we have a uniform bound of the sup
norm sup,, (Ja(n, t)|+ |b(n,t)|) < 2||H(¢)|| = 2||H(0)]|, respectively sup,,(|a+(n,t)|+
|b+(n,t)]) < 2||Hx(t)]] = 2||[H+£(0)||. Consequently, there is a constant such that
2oljl<r1 | Ar; ONI(ST)|| < C. Moreover, we will show below that the vector
B,.(t) has only finitely many nonzero entries and thus || By (t)|wp < Dy, where the
constant again depends only on the sup norms of (a(t),b(t)) and (a+(t),b+(t)).
Hence

6 lw.p < 116(0)[luw,p +/O (Crll6(8)llw.p + Dr)

and Gronwall’s inequality implies

D,
16 . < 16(O)lupe™" + 5

It remains to show existence of the above differential equation. This will follow once
we show that g,41(t) — gry1(t) and h,.11(t) — hy11(t) can be written as a linear
combination of shifts of § with the coefficients depending only on (a(t),b(t)) and
(a+(t),bx(t)). The fact that (a,b) does not solve TL, only affects finitely many
terms and gives rise to the inhomogeneous term B,.(t) which is nonzero only for a
finite number of terms.

To see that g,41(t) — Gry1(t) and h,y1(t) — hyp1(t) can be written as a linear
combination of shifts of § we can use induction on r. It suffices to consider the

Zr(eCrt 1),
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homogenous case where ¢; = 0, 1 < j < r, since all involved sums are finite. In
this case [33, Lemma 6.4] shows that g;(n, t) hj(n,t) can be recursively computed
from go(n,t) =1, ho(n,t) =0 via

gj+1(n7t) = 1(h’j(n7t) + hJ(n - 17t)) + b(nvt)gj(nvt)a

1d
hjti(n,t) = 2a(n,t) Zg] (n, t)gi(n+1,t) — §ZhJ 1(n, t)hy(n, t)
1=0 1=0

and similarly for g;(n,t), h;(n,t). Hence the claim follows.
Finally, observe that since w(n) > 1 this solution is bounded and hence coincides
with the solution of the Toda equation from Theorem 3.1. O

For closely related results we also refer to [35].

4. QUASI-PERIODIC FINITE-GAP SOLUTIONS

As a preparation for our next section we first need to recall some facts on quasi-
periodic finite-gap solutions (again see [2], [13], or [33]).

Let H, qi be two quasi-periodic finite-band Jacobi operators,!
(41)  Hy(0)f(n) =ag(n,t)f(n+1) +ag(n—1,8) f(n = 1) + b (n, 1) f(n)

in £2(Z) associated with the Riemann surface of the square root

29+ +1
(4.2) Pi(z)=- ] /2 Ef, Ey <Ef <---<Ej, .,
=0

where g+ € N and V- is the standard root with branch cut along (—o00,0). In fact,
HZ(t) are uniquely determined by fixing a Dirichlet divisor Zjil(,uji (t),aji (1)),
where Hi ) e [Ezij 1 ESCJ] and a;-—L (t) € {—1,1}. The time evolution of the Dirichlet
divisor is determined by the Dubrovin equations (cf. [33, (13.2)])and linearized by
the Abel map (cf. [33, Sect. 13.2]). The spectra of HX(t) consist of g4 + 1 bands

9+

(4.3) O+ —U(Hi( t) = U[EévEQjEH]
7=0

We will identify the set C\ o(H;F (t)) with the upper sheet of the Riemann surface.
Associated with HZF(t) are the Weyl solutions
(4.4) VE(2,n,t) € £(£N)

normalized such that 1pff(z, 0,t) = 1. We will use the convention that for A € oy
we set T (A, n, t) = limco ¢F (A 4 i€). Then

(4.5) wi(z n,t) = exp( (2, t))z/)i(z n,t)
satisfies
(4.6) H;t(t)d);t(z, n,t) = zz/;éc(z, n,t),
d o+
(47) %’d) (Z n t) - q2r+2(t)’¢) (Z,’I'L,t),
1Eve]rywhere in this paper the sub or super index ”+” (resp. ”—") refers to the background on

the right (resp. left) half-axis.
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where ([33], (13.47))

¢
(4.8) af(z,t) = /0 (Qa;t(o, S)G;‘:’T(Z,O, s)d;flt(z, 1,5) — H;TH(Z,O, s))ds.

Note that the integrand in this last expression might have poles if z lies in one of
the spectral gaps [E;Ejfl, ES;] Hence one has to understand aF(z,t) as a limit from
z € C\R for such values of z. Alternatively one can use the expression in terms of
Riemann theta functions. Moreover, exp (ari(z,t)) has simple poles at ,u;-t (0) and

simple zeros at ,uji (t). We refer to the discussion in [8] for further details.

5. INVERSE SCATTERING TRANSFORM

Fix two quasi-periodic finite-gap solutions a;t(n,t), b;t(n,t) as in the previous
section. Let a(n,t), b(n,t) be a solution of the Toda hierarchy satisfying

+oo
(51) Do+ In)(latn,t) = af (D] + [b(n, 1) = bE(n, 1)) < o0

n=0
for one (and hence for any) to € R. In [10] (see also [7], [9], [38]) we have devel-
oped scattering theory for the Jacobi operator H(t) associated with a(n,t), b(n,t).
Jost solutions, transmission and reflection coefficients now depend on an additional
parameter ¢t € R. The essential spectrum of H (¢) is (absolutely) continuous and

(5.2) o(H({t)) =0(H), 0ess(H)=04Uo—, op(H)={N\}j_; CR\oess(H),
where p € N is finite. We introduce the sets

(5.3) o® =0, No_, a(il) =clos(o+ \0®?), o:=0 Uo_,
1)

where o is the (absolutely) continuous spectrum of H(t) and a(j) Uot, 0@ are

the parts which are of multiplicity one, two, respectively.
The Jost solutions 14 (z,n,t) are normalized such that

(5.4) Yi(z,n,t) = w;t(z,n,t) (I4+0(1)) asn — £oo.

Transmission Ty (A, t) and reflection Ry (A,t) coefficients are defined via the scat-
tering relations

(5.5) Te\Ove(hnt) = v t) + Re(\ s (A nt), A€ os,

which implies

(¢i( >t)7¢i(>‘7t)) R ()\ t) - 7W(1/}:F()‘at)>1/}i()‘at))
@D, 0x(8) T T W e (), (M 1)
A € ox. Here W,(f,9) = a(n)(f(n)g(n + 1) — f(n + 1)g(n)) denotes the usual
Wronski determinant.

To define the norming constants we need to remove the poles of ¥*(z,n,t) by
introducing

(5.7)  PE(znt) =0x(z, 00 (2 mt),  dx(zt)= [ (z—uf®),

(1) EM (1)

> >

(5.6) To(\t) = g

where

(5.8) M*(t) = {,u]i(t) \ujc(t) € R\o. is a pole of 1pff(z, 1,1)}.
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The norming constants 4 ,(t) corresponding to A\, € o,(H) are then given by

(5.9) Yr(t) = Z |9+ Ak, m, 1)

nez

Lemma 5.1. Let (a(t),b(t)) be a solution of the Toda hierarchy such that (5.1)
holds. The functions

(5.10) Vi (z,n,t) = exp(at (z,8)) 1+ (2,n, t)
satisfy

(5.11)  H(t)+(z,n,t) = 204 (2,0, 1), %z&i(z,n,t)=P2T+2(t)¢i(z,n,t).

Proof. We proceed as in [31, Theorem 3.2]. The Jost solutions 4 (z,n,t) are con-
tinuously differentiable with respect to ¢ by the same arguments as for z (compare
[7, Theorem 4.2]), and the derivatives are equal to the derivatives of the Baker—
Akhiezer functions as n — too.

For z € C\o, the solution uy(z,n,t) of (5.11) with initial condition 14 (z,n,0) €
¢%(Z) remains square summable near oo for all t € R (see [32] or [33, Lemma
12.16]), that is, ut (2, n,t) = Cy(z,t)+(z,n,t). Letting n — oo we see C1(z,t) =
1. The general result for all z € C now follows from continuity. ]

This implies

Theorem 5.2. Let (a(t),b(t)) be a solution of the Toda hierarchy such that (5.1)
holds. The time evolution for the scattering data is given by

Tie(A\t) = Te (X, 0) exp(aF (A1) — air (A, 1)),

(5.12) Ri(\t) = Re(N,0)exp(af (A, ) — aif (A, 1),
61()‘]@’ 0) +
Y,k (t) = Vi,k(o)m exp(2a; (Ak, 1)), 1<k<p.

Proof. The Wronskian of two solutions satisfying (5.11) does not depend on n or ¢
(see [32], [33, Lemma 12.15]), hence

Ti()\,t) — W(w:ﬁ:(}"t)vdji()‘?t)) _ eXp(Ol;F(/\,t)) W('J}:I:(Avt)a’l/;:t(/\vt))

W(d)?()" t)v 1/)i()‘7 t)) €‘Xp(OlTi ()\, t)) W(zz}¢ ()‘7 t)’ in ()" t))
= exp(af()\, t) — ari()‘a t))T:t()" 0),

R = W) 02) | explor(0) W(=(),

0
W (£ (A), ¥+ () exp(aif (A, 1)) W(@Z&(A),qﬂ
= exp(oz,_i()\, t) - ag:()‘a t))Ri(A» 0)

The time dependence of 4 x(t) follows from ||U,(t,0)t+ (A, ., 0)|| = [+ (A, -, 0)]|.
O

Remark 5.3. Note that we have
(5.13)
—_ L GE(N0,8)
+ + q,r\"H ™
exp (- (N t) —ar (A1) =exp Pi()\)/ ds|, A€oy,
( ) o T O #2(9)
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where u;-t(t) are the Dirichlet eigenvalues. Moreover, in case of the Toda lattice,
where r = 0, we have Gf;o(/\,n, t)=1 and Hé‘fl (An,t) =X —bE(n,t).

In summary, since Lemma 3.2 ensures that (5.1) remains valid for all ¢ once it
holds for the initial condition, we can compute R (A, 0) and v+ £(0) from (a(n,0),
b(n,0)) and then solve the Gel'fand-Levitan-Marchenko (GLM) equation to obtain
the sequences (a(n,t),b(n,t)) as in [10]. More precisely, one needs to solve the GLM
equation

+oo
(5.14)  Ki(n,m,t)+ > Ki(n,l,t)Fa(l,m,t) =

l=n

n(m)

e — +tm > £n,
Ki (na n, t) e
for Ky (n,m,t), where according to Theorem 5.2 the kernel Fy(m,n,t) is given by

Theorem 5.4. The time dependence of the kernel of the Gel’fand—Levitan—
Marchenko equation is given by

. . 9= (A —pE(0
Fy(m,n,t) = ere/Ui R (A, 0)E (N, m, ) (A, n, ) Jl;i()\/;@( N
! i+ n LA =15 (0)
(5.15) a1 Lo [T O )P (o, 3 (O, ) ==y

p
+ Z ’Yi,k(@%ﬁt ()‘ka m, t)wét ()‘]m n, t)7
k=1

where @ét(z,m, t) = 5i(z,0)1[1;t(z,m, t).

Proof. The kernel Fy (m,n,0) is derived in [10, Theorem 4.1]. Observe that a;F (A, t)
are real valued on the set o*$ ) and

(@A 8) + aF (A, 1)) g|i| Az
€xXp (&, ) Qi 3 = 3 €04,
j=1 A= 'u;’t 0)
then our result follows from (5.10) and Theorem 5.2. O

By [10] this equation is uniquely solvable and the solution of the Toda hierarchy
can be obtained from either K (n,m,t) or K_(n,m,t) by virtue of

Ki(n+1,n+1,%t) _ K_(n,n,t)
1) = + t + ) ) _ t 'Y
a(n, ) a’q (na ) K+(n,n,t) a’q (na )K_(n—i—l,n—i-l,t)’
Ki(n,n+1,t) Ki(n—1,n,t)
b t :b"r t + t#_ + — 1.t L)
(m. 1) = by (m,8) Fag (. )= oy % ) T Ly
B B K (n,n—1,t)  _ K_(n+1,n,t)
1 =b t -Lt)— — t .
(5 6) q(”v )+aq (TL ) ) K_(n,n,t) tq (7’L7 )Ki(n—i—l,n—f—l,t)
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SOLITON SOLUTIONS OF THE TODA HIERARCHY ON
QUASI-PERIODIC BACKGROUNDS REVISITED

IRYNA EGOROVA, JOHANNA MICHOR, AND GERALD TESCHL

ABSTRACT. We investigate soliton solutions of the Toda hierarchy on a quasi-
periodic finite-gap background by means of the double commutation method
and the inverse scattering transform. In particular, we compute the phase shift
caused by a soliton on a quasi-periodic finite-gap background. Furthermore,
we consider short-range perturbations via scattering theory. We give a full
description of the effect of the double commutation method on the scattering
data and establish the inverse scattering transform in this setting.

1. INTRODUCTION

Solitons on a (quasi-)periodic background have a long tradition and are used
to model localized excitements on a phonon, lattice, or magnetic field background
(see, e.g., [5], [11], [13], [15], [16], [17], [18] and the references therein). Of course
periodic solutions, as well as solitons travelling on a periodic background, are well
understood. Nevertheless there are still several open questions.

One of them is the stability of (quasi-)periodic solutions. For the constant so-
lution it is a classical result, that a small initial perturbation asymptotically splits
in a number of stable solitons. For a (quasi-)periodic background this cannot be
the case. In fact, associated with every soliton there is a phase shift (which will
be explicitly computed in Section 4) and the phase shifts of all solitons will not
add up to zero in general. Hence there must be something which makes up for this
phase shift. Moreover, even if no solitons are present, the asymptotic limit is not
the (quasi-)periodic background! A precise description of the asymptotic limit in
terms of Abelian integrals on the underlying Riemann surface is given in [9] (see
[10] for a proof). In particular, the asymptotic limit can be split into parts, one
which stems from the discrete spectrum (solitons) and one which stems from the
continuous spectrum.

The soliton part can be understood by adding/removing the solitons using a
Darboux-type transformation, that is, commutation methods for the underlying
Jacobi operators. Hence the purpose of the present paper is to complement [10] and
provide a detailed description of the double commutation method when applied to a
short-range perturbation of a quasi-periodic finite-gap solution of the Toda lattice.
In particular, we are interested in the effect of one double commutation step on the
scattering data.

After introducing the Toda hierarchy in Section 2 and recalling some necessary
facts on algebro-geometric quasi-periodic finite-gap solutions in Section 3 we briefly
review the single and double commutation methods in Section 4 and compute the
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phase shift (in the Jacobian variety) caused by inserting one eigenvalue for both
methods. In Section 5 we review direct scattering theory for Jacobi operators
with different (quasi-)periodic asymptotics in the same isospectral class. As our
main result we give a complete description of the effect of the double commutation
method on the scattering data. In addition, we provide some detailed asymptotic
formulas for the Jost functions ¢4 (z,n) (which are normalized as n — +00) at the
otherside, that is, as n — Foo. Our final Section 6 establishes the inverse scattering
transform for this setting. Our main results here are the time dependence of both
the scattering data and the kernel of the Gelfand-Levitan-Marchenko equation.

2. THE TODA HIERARCHY

In this section we introduce the Toda hierarchy using the standard Lax formalism
([12]). We first review some basic facts from [1] (see also [21]).
We will only consider bounded solutions and hence require

Hypothesis H.2.1. Suppose a(t), b(t) satisfy
a(t) € £°(Z,R), b(t) € (°(Z,R), a(n,t) # 0, (n,t) € Z xR,
and let t — (a(t),b(t)) be differentiable in £>°(Z) ® £>2(Z).
Associated with a(t),b(t) is a Jacobi operator
(2.1 H{t): 2@) = C@), [ r0)f,
where
(2.2) T(t)f(n) =a(n,t)f(n+1)+aln—1,t)f(n — 1)+ b(n,t)f(n)

and ¢%(Z) denotes the Hilbert space of square summable (complex-valued) sequences
over Z. Moreover, choose constants co =1, ¢;, 1 < j <7, ¢,41 = 0, set

gj(n>t) = chff<6n’H(t)86n>a
=0

J
(2.3) hi(nt) = 2a(n.0) > ¢ Bnrr HH'8) + i,
£=0

and consider the Lax operator

(24)  Porga(t) = —H@)™™ + Y (2a(t)g; (£)S™ = hy()) H(E) ™ + g1 (D),
7=0
where ST f(n) = f(n=+1). Restricting to the two-dimensional nullspace Ker((t) —
z), z € C, of 7(t) — z, we have the following representation of Pa,2(t)
2.5 Py, t’ = 2a(1)Gy (2,18t — Hyyy(2,1),
(2.5) 2r-t2(t) Ker((t)—2) a(t)Gy(z,t) +1(2,1)
where G,.(z,n,t) and H,1(z,n,t) are monic polynomials in z of the type
Gr(z,n,t) = 29 gy j(n,t),
7=0

(2.6) Hopi(z,m,t) = 274> 2he_j(n,t) — gria(n,t).
7=0
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A straightforward computation shows that the Lax equation
d
(2.7) ﬁH(t) — [Pary2(t), H(t)] = 0, teR,

is equivalent to

TL,(a(t),b(t))1

a(t) = at) (g1 (1) = gr1(8)) = 0,
b(t) = (A1 (8) = by () =0,

where the dot denotes a derivative with respect to t and f*(n) = f(n+1). Varying
r € Ny yields the Toda hierarchy TL,(a,b) = (TL,(a, )1, TL,(a,b)2) = 0. We will
always consider r as a fixed, but arbitrary, value.

We recall that the Lax equation (2.7) implies existence of a unitary propagator
U, (t,s) such that the family of operators H(t), t € R, are unitarily equivalent,
H(t) = U,(t,s)H(s)Uy(s,t). This also implies the basic existence and uniqueness
theorem for the Toda hierarchy (see, e.g., [20], [19], or [21, Section 12.2]).

(2.8) TL(a(t), b(t))2

Theorem 2.2. Suppose (ap,bg) € M = (2°(Z) ® {>*°(Z). Then there ezxists a
unique integral curve t — (a(t),b(t)) in C°(R, M) of the Toda hierarchy, that is,
TL,(a(t),b(t)) = 0, such that (a(0),b(0)) = (ag, bo)-

Finally, we recall the following result from [3] (compare also [20]), which says that
solutions which are asymptotically close to a background solution at the initial time
stay close for all time.

Lemma 2.3. Suppose a(n,t), b(n,t) and a(n,t), b(n,t) are two arbitrary bounded
solutions of the Toda hierarchy satisfying (2.9) for one to € R, then (2.9) holds for
all t € R, that is,

(2.9) 3 w(n) (|a(n, £) — a(n,t)| + b(n, ) — b(n, t)|) < 0,
neZ
where w(n) > 1 is some weight with supn(|wgz:)1)| + ‘wl(l;z(i)n ) < 0.

3. QUASI-PERIODIC FINITE-GAP SOLUTIONS

As a preparation for our next section we first need to recall some facts on quasi-
periodic finite-gap solutions (again see [1] or [21]).
Let M be the Riemann surface associated with the following function

2g+1
(31) R%‘(/]iQ(Z’):* H \/Z*Ej, Ey < Ey <"'<E2g+1,
=0

where g € N and /- is the standard root with branch cut along (—o0,0). M is a
compact, hyperelliptic Riemann surface of genus g. A point on M is denoted by

p = (z, :I:R;é?m(z)) = (z,4), z € C, or p = 004, and the projection onto C U {oo}
by (p) = 2. The sets Iy = {(2,£Ry"5(2)) | 2 € C\UI_[Baj, Ezjs1]} C M are
called upper, lower sheet, respectively.

Now pick g numbers (the Dirichlet eigenvalues)

(3.2) (f15)9=1 = (1, 05)9—
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whose projections lie in the spectral gaps, that is, yu; € [E2j_1, Fa;]. Associated
with these numbers is the divisor D which is one at the points fi; and zero else.
Using this divisor we introduce

g(p7 n, t) = Apo (p) - on (DE) - nAoo_ (OO+) + th - Epg € (C97
(33) g(n,t) = g(oo+’n7t)7

where Epo is the vector of Riemann constants, U, the b-periods of the Abelian

differential €, defined below, and A, (a,,) is Abel's map (for divisors). The
hat indicates that we regard it as a (single-valued) map from M (the fundamental
polygon associated with M) to C9. We recall that the function 6(z(p,n,t)) has
precisely g zeros fi;(n,t) (with £,;(0,0) = fi;), where 6(z) is the Riemann theta
function of M.

Taking a stationary solution of TL, with constants c¢;, 1 < j < g, as initial con-
dition for another equation ﬁs with constants ¢;, 1 < j < s, in the Toda hierarchy
(2.8) one obtains the quasi-periodic finite gap solutions of the Toda hierarchy given
by (see [21, Sections 13.1, 13.2])

o (ty? — g2 LG = 1,1)

(2(71 t)?

) gw(g (ot o) s

The constants a, b, ¢;(g) depend only on the Riemann surface (see [21, Section 9.2]).
Introduce

Salpm 1) = cmwwem ([ e
B3 ) = O 0.0 T ey / oo+t [ 02),

where C(n,t), C(n,0,t) are real-valued,
0(z(n —1,1)) 0(2(0,0))0(z(-1,0))
2 9
~ 0(z(n+1,t)’ Cn, 0,1)" = 0(z(n,t))0(z(n — 1 1))’
and the sign of C(n,t) is opposite to that of aq(n,t). weo, oo is the Abelian

differential of the third kind with poles at oo respectively co_ and 2 is an Abelian
differential of the second kind with poles at coy respectively co_ whose Laurent

3.6)  C(nt)

expansion is given by the coefficients (j + 1)és—; associated with TL, (see [21,
Sections 13.1, 13.2]). Then

Tq (t)d}q(pi n, t) = W(PWq (pv n, t)a
(jtd) (p: n t) - Q(Iq(n t)és(p: n, t)1/)q(p7 n+ ]-v t) - ﬁs+1(p7 n, t)¢q(pv n, t)
(37) = q,2s+2 (t)qu(P, n, t)v

where we use the hat to distinguish the quantities associated with ﬁs from those
associated with TLy,.

The two branches ¢, 1 (z,n,t) = ¥4(p,n,t), p = (z,%), of the Baker-Akhiezer
function are linearly independent away from the branch points and their Wronskian
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is given by
Ryl%,(2)
Wt () () = [

Here Wy(f, g) = aq(n)(f(n)g(n+1)— f(n+1)g(n)) is the usual modified Wronskian.
It is well known that the spectrum of H,(¢) is time independent and consists of
g + 1 bands

g
(3-8) U E2J7 E23+1

For further information and proofs we refer to [21, Chapter 9].
Finally, let us renormalize the Baker-Akhiezer function

1/’:1(17, n, t)
'L/}q(p» 0,t)

such that z/~)q (p,0,t) = 1 and let us define ay(p,t) via

(3.9) Uq(psn,t) =

(3.10) exp (as(p, 1)) = 1he(p,0,t) = C(0,0,t)m exp (t /P QS).

4. COMMUTATION METHODS AND N-SOLITON SOLUTIONS

In this section we investigate commutation methods when applied to a quasi-
periodic finite-gap background solution. In particular, we compute the phase shift
(in the Jacobian variety) introduced by the solitons. This can be found for the
case of one-dimensional Schrédinger operators in [7] (see also [6] for the elliptic
case). The case of Jacobi operators seems to be missing and hence we provide the
corresponding results to fill this gap. We want to be rather brief and refer to [8] or
[21, Ch. 11] for further details in this connection. Since the time ¢ does not play a
role in this section, we will just omit it.

We start by inserting an eigenvalue using the single commutation method. Let
H, be a quasi-periodic finite-gap operator and let 14 + (2, 1) be the branches of the
Baker-Akhiezer function which are square summable near +oo. Fix Ay < inf o(Hy),

€ [—1,1], define

1—0
(4.1) Ug,o(A1,n) = wq, (A1,n) + qu,—()‘la n),
and let H, , be the (self—adjomt) commuted operator associated with

(4.2) (T4.0f)(n) = ag,o(n) f(n+1) + ago(n —1)f(n = 1) + by o(n)f(n),
where (see [21, Sect. 11.2])

\/aq n)ag(n + Dugo (A1, n)ug e (A1, + 2)
Ug,o(A1,n + 1)

Ug,o (A1, 1) Ug,o (A1, 10+ 1)>
Ug,o (A1, + 1) Ug,o (A1, M)
aq(n)ug,o(A1,n)

Ugo(A,n+1)

ag,0(n) )

bgo(n) =X — aq(n)<

(4.3) = by(n) + 0"



194 I. EGOROVA, J. MICHOR, AND G. TESCHL

H, — X\ and H,, — A\ restricted to the orthogonal complements of their corre-
sponding one-dimensional null-spaces are unitarily equivalent and hence

Uac(Hq,U) = Uac(Hq)a Usc(Hq,U) = Usc(Hq) =0,

{)‘1}7 o€ (_1’1)
Oop(Hy ) = { 0, oe{-11} -

Lemma 4.1. Let H, be a quasi-periodic finite-gap operator associated with the
Dirichlet divisor Dy, and let Hy,», —1 < o < 1, be the commuted operator associated
with (4.2). Then we have

(4.4) ag.0(n) ~agr1(n), bys(n)~bgi1(n) as n — £oo,

where Hy 11 are the quasi-periodic finite-gap operators associated with the Dirichlet
divisors Dﬂil defined via

(45) Qp, (Dﬁil) = Qp, (Dﬁ) _Apg (pl) _Apg (OO+)7 P = (Alvi)

Proof. That H, +; is associated with the divisor Dﬁil is shown in [21, Sect. 11.4]

and the asymptotics follow since uq (A1, 1) ~ &T”uq,il()\l, n) as n — Foo. O

Similarly, one obtains the following result for the double commutation method. Let
A1 € R\oess(Hy), define (see [21, Sect. 11.6, (2.30)])

1 n 1 .
cqy(A1,m) = S > (A, 4)? = o Won (g~ (A1), g, (A1)

Jj=—00

1 .
(4.6) =57 aq(n)ihg,— (A1, n)*¢g.— (A, n), 7 #0,
and let H, . be the doubly commuted operator associated with

cqy(A1,m— Deg (A, n+1)
:aq(n)\/ LEel a4,

aq,y(n) Can (AL, 12) )
(4.7 bu () = by() — -l Va P Ot 1)
Cqy (A1, 1)

Then

Lemma 4.2. Let H, be a quasi-periodic finite-gap operator associated with the
Dirichlet divisor Dy and let Hq, 0 < v < o0, be the doubly commuted operator
associated with (4.7). Then we have

o1 (n) = { aqg(n)(1 4 O(w(A)*™)) as n — —oo
a7 ag.00(n) (1 + O(w(A1)~2")) asn — +oo ’
B by(n)(1 4+ O(w(A1)?™)) as n — —oo
(4.8) b (n) = { bg.0o(n)(1+ O(w(A1) ™)) asn — +oo

where w(z) = exp(fp(;’H Woo, 00 ) 18 the quasi-momentum map and Hy o is the
quasi-periodic finite-gap operator associated with the Dirichlet divisor Dﬁ‘oc defined
via

(4.9) a, (DE

W) =0, (D) +24, (0), A= ()
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Proof. Since the double commutation method can be obtained via two single com-
mutation steps (see [21, Sect. 11.5]), the result is a consequence of our previous
lemma. The asymptotics follow from (4.7) and (3.5). O

Clearly, if we add k eigenvalues A1, ..., Ag, then the asymptotics at +oco are given
by the quasi periodic operator associated with the Dirichlet divisor

k
(4.10) (D, )=y (D) +2) A, () A= ()
j=1

In particular, by choosing at least one eigenvalue in each gap, we can attain any
prescribed asymptotics in the given isospectral class by Lemma 9.1 in [21].

Remark 4.3. If ay(n,t), by(n,t) is a quasi-periodic solution of the Toda hierarchy
and q(p,n,t) is the corresponding time dependent Baker-Akhiezer function, then
aq~ (N, 1), bg~(n,t) is a solution of the Toda hierarchy which is centered at

(4.11) 2a(A1)(n —v(A)t) +1In(y) =0,
where

(A1,—) 1 (A1,—)
4.12 a(A1) = Re Woos 0o, v(A) = ————Re Q.
(112)  a(\) / . () =255 /

5. SCATTERING THEORY

In this section we review scattering theory for Jacobi operators with steplike
quasi-periodic finite-gap background in the same isospectral class following [4]. Our
only new result in this section will be a full description of the effect of the double
commutation method on the scattering data in Lemma 5.5.

More precisely, we will take two quasi-periodic finite-gap operators H, ;t associ-
ated with the sequences a;t, b;t in the same isospectral class,

g
(5.1) o(HS)=o(H;) =% = | B, Eajial,

j=0
but with possibly different Dirichlet data {ﬂ;t }?:1. We will add + as a superscript

to all data introduced in Section 3 to distinguish between the corresponding data
of H q+ and H . To avoid excessive sub /superscripts we abbreviate

(5.2) ¢;t(z,n) = 1b;t’i(z,n) and ﬁgt(z,n) = dﬁjF(z,n),

that is, 1/F(z,n) is the solution of HF decaying near +oo and ¢F(z,n) is the
solution of H;E decaying near Foo. Note that for A € ¥ we have Q/_J;E()\,n) =

Vg (A n).

Let a(n), b(n) be sequences satisfying

+o0
(5.3) >~ Inl(la(n) = )] + b(n) - b ()]) < o0
n=0

and denote the corresponding operator by H.
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Theorem 5.1. Assume (5.3). Then there exist solutions ¥ (z,.), z € C, of T¢p =
2 satisfying

(5-4) lim Jw(z) ™" (Y (z,n) = ¥7 (2,n) = 0,

n—+oo

where w(z) = exp(f(z’ﬂ

o woch,oo,) s the quasi-momentum map.

Theorem 5.2. Assume (5.3). Then we have o.5s(H) = 3, the point spectrum of H
is finite and confined to the spectral gaps of H;t, that is, op(H) = {,oj}?:l C R\X.
Furthermore, the essential spectrum of H is purely absolutely continuous.

Using the fact that 1/15} (p,n) form an orthonormal basis for L?(dI1,, dw*), where

9 (r ot

(5.5) dw* = de,
Ry’
2942
we can define
(5.6) Ki(n,m) :2Re/2wi()\,n)¢qi()\,m)dwi
implying
+oo

(57) Yy (Zan) = Z Ki(nvm)%i (z,m)

Next we define the coefficients of the scattering matrix via the scattering relations

(5.8) YA, n) = ax(N)Y+L (A n) + B+ (AN)Y+(A,n), Aex,
where
W (s V), 05 (\)  TIoiOh— 45
) ap(N) = = W(p—(\), 4 (N),
(5.9) L) = e ) A0 (- (V)4 ()
9 (ot
Bo(N) = W(%EA)"MA” Tl R KT o))

T WL 00) T RY()

and W, (f,g9) = a(n)(f(n)g(n+ 1) — f(n+ 1)g(n)) denotes the Wronskian. Trans-
mission T4 (A) and reflection Ry () coefficients are then defined by

_ BN W= (N, ¥+ (V)
ar(A) WL(\),v=(N)

The norming constants v+ ; corresponding to p; € o,(H) are given by

(5.11) Vil =Y Walppm)l’,  1<i<aq
neZ

(5.10) Te() =az'(\),  Re()

Note that v+ ; = 0 if p; coincides with a pole ﬂét € II1 of ¥yi(z,.). To avoid

this, one could remove the poles by introducing ¢ (z,.) as we did in [4]. Since

this normalization cancels out in the Gel’fand-Levitan-Marchenko equation and

unnecessarily complicates the formulas below, we will allow zero norming constants.
Moreover, ¥4 (pj,.) = cjiw;(pj, .) with cfcj_ =1.
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Lemma 5.3. The coefficients Ty (X), Ri(X\) are bounded for A € ¥, continuous for
A € X except at possibly the band edges E;, and fulfill

(5.12) T (NT-(\) + |[Re(N)> =1, AEY,
(5.13) TL(AM)RL(N) + T (M Rx(N) =0, Ae .
In particular,
9 N\ — N'i
(5.14) TP ] 2% + IRz =1,
j=1 A= Hy

and hence |[Ry(N)|? < 1 with equality only possibly at the band edges {E;}. The
transmission coefficients Ty (X) have a meromorphic continuation to C\X with sim-
ple poles at u;t if ﬂ;t € I+ and simple poles at p;,

Rag12(pj)
(5.15) (Resy, T (V)2 = 747y g2 2P8)
Y T (o — )2
In addition, Ty (z) € R as z € R\X and

—1 00

(5.16) Ti(0)= [] a(n) I1 “(”)).

n= oo 0 (1) =g ag (n

The sets
(5.17) Se(H) ={RL (M), A € %5 (pj,7+,5),1 <Jj < q}
are called left/right scattering data for H.

Theorem 5.4. The kernel Ki(n,m) of the transformation operator satisfies the
Gel’fand-Levitan-Marchenko equation
+oo

+ _ 6(n7m)
(5.18) Ki(n,m)+ ;Ki(n, DF*(l,m) = Relnm)’ +m > +n,
where
(5.19)
q
F*(m,n) = 2Re /E R (Nobg (A m)d (A n)dw™ + > v 5005 (0, ) (s m).
j=1

Note that the apparent poles ,u;t cancel with the zeros of dw® and v+,; at these
points.

The operator H can be uniquely reconstructed from Sy (H) by solving the Gel’fand-
Levitan-Marchenko equation. We refer to [4] for further details.

Finally, we come to our principal new result in this section and investigate the
connection with the double commutation method. The scattering data of the op-
erators H, H., are related as follows.

Lemma 5.5. Let H be a given Jacobi operator satisfying (5.3) and choose pgy1 €
R\o(H), v > 0. Then the doubly commuted operator H~, v > 0, defined via
W_(pgt1) as in Section 4, satisfies

(5.20) a,(n) N{ Zg;((z)) ,

as n — —oo ’ bfy(n)w{ by (n) asn— —oc
q

as n — +0o by°(n) asn — +oo
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such that (5.3) still holds, where HJ° is associated with Dirichlet data given by

(5.21) (D) = @y, (D) + 24, (s,
It has the scattering data
(5.22) R_.,(\) = R_()\)
6(z>(A,0)) 0(z* (A" 0) 5 2

(5.23) R y(A) = 9(z+(>\ 0)) 0 OO(A* 0) B(A, pgt1) Ry (N),

_ A0 (E,0)
(524) T+1’Y(Z) =C (ZOO(Z 0))B(Z’pq+1)T+ (Z)7
(5.25) T1() = & g BT (2),
where

(p:+)

5.26 B(z, = ex — Wiz
(5.26) o) =ew (= [
is the Blaschke factor and X\ = (\,+), 2 = (z,+). The constant C is given by

_[0(z(004,0))0(2> (o0, 0))
(5.27) C= ¢9(2+(mi’0))0(2+(m_70)) > 0.

The norming constants y— ; corresponding to p; € op(H), j=1,...,¢q, (cf. (5.11))
remain unchanged except for an additional eigenvalue pg11 with norming constant
V—,q+1 =7v. The norming constants vy ;~, j =1,...,q, are given by

629 vein = gz (G lg)) B = )

and the additional norming constant v4 41,4 reads

(5.29)

H] 1(pq+1 ) <9(Z+(pq+170))
7329+2(Pq+1) 0(2>(p541:0))
Proof. First we show that (5.3) still holds. Note that

2
Ty = C° T+(Pq+1)ReSzpq+1B(szq+1)> :

a<m_{ a(n)(1+ O(w(pge1)™)  asn— —oc
g oo (n)(1+ O(w(pg1) ™) asn— +oo
b<m{ b(n)(1+ O(w(pgs1)®™)  asn— —o0
" boo(m)(1+ O(w(pye1) ™) asn — +oo

Hence the asymptotics near —oo are clearly unchanged and for +oo it suffices to
check v = co. By Lemma 5.7 below,

coolpar1n+1) _ oo(pgr1,n + Dy (pgr,n+1) _ Cgoo(pgrr,n+1)

— =& 1+ C(n)),
Coo(Pg+1,1) Coo (Pg+1, M) V4 (pg+1,m + 1) C;oo<Pq+1a”> ( ()
where 3\ n|C(n)| < oo. Therefore
os} ) 16 1 00 ) 1
(530) aoo(n) — a(n) \/C (pq+1 n )C (qurl n—+ ) N aqpo(n)

Coo (Pq—Hv n)

such that )y nae(n) — ag,00(n)| < 00 and similarly for bu(n).
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Now we turn to the scattering data. By [21, Lemma 11.19], the Jost solutions

Y+ ~(2,m) of H, are up to a constant given by
(5.31)

ey (g1, W)Y+ (2,1) = st (pgr1, W) W1 (V- (pgr1), Y1 (2))

\/C'y Pa+1,1 — 1)cy (pgi1,n)

Since this constant is equal to 1 for ¢_ ,(z,n) the fact that R_ is unchanged
follows from its definition and [21, (11.107)]. The transmission coeflicients are
reconstructed from R_(A) using [4, Theorem 3.6] and R4 - (A) follows then from

T—»’Y()‘)R (A)

That the norming constants v_ ; are unchanged follows from [21, Lemma 11.14].
For vy j~, 7 =1,...,9+ 1, we use (5.15)

Hl 1(pj N?E)Q(RespjTi,v()‘))Q
Rag12(pj)v-.

Ut ~(2z,m) =

R+,7( ) = -

V4.9

O

Remark 5.6. If we choose p = p; € op(H) and v = —v_ ;, then the eigenvalue
pj s removed from the spectrum and it is straightforward to see that an analogous
result holds.

The following result used in the previous proof is of independent interest.

Lemma 5.7. Let H be a given Jacobi operator satisfying (5.3). Then for every
z € C\X and every k € N we have
(5.32) ¥ (2,0)¢s (2, n4k) —aw ()7 (z,n+ kg (2,n) = (k+1)[w(z)*Ce (2, n),
where Y cyn|Cx(2,n)] < oo.

Similarly, one has
(5.33) Coo(z, )01 (z,n+ k) — ai(z)c;m(z, n)wét(z, n+k)=Cy(z,n, k),
where Y- o 1|C(2,n,k)| < 00 and coo(z,m), ¢t oo(z,n) are defined as in (4.6).

Proof. The proof is an extension of [14, Lemma 3.4] and we will only consider the
'+’ case. First recall that the Green’s functions of H;' and H are given by

Gemen) v emen)
Wo@r @i @) ™ S W@ ) ™

respectively. Considering matrix elements in the second resolvent identity (H —
27— (Hf - z)_l = (H —2)"YH} — H)(H} — 2)~" we obtain

G (z,n,m) =

Cy(z,n) = k:+1 ZW 4 (2)G(z,n,m)(H — H)GF (2,m,n+ k)

for z € C\o(H). Slnce the poles of W(¢_(2),94(2))G(z,n,m) at z € o,(H) are
removable, the formula holds for all z € C\X. Estimating the right hand side using
|G(z,n,m)| < const|w(z)|"~™ and |G (z,n + k,m)| < const |w(z)|"HF=mI we
obtain

€t < T 3 @ laton)—a () om) b o))
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We split the sum into three parts

Jw(z)[Flw(z) P! m < n,
Jw(z)|Immmitin=mEk] = w(z)|* n<m<n+k,
|w(2)|F|w(z)[2n—m+k m>n+k.

Since (5.3) holds for c(m) = 2|a(m)—a; (m)|+|b(m)—=bf (m)| and we have |w(z)| < 1
for z € C\X, we can apply Lemma A.1 to verify } _n|Cy(z,n)| < oo.
The claim (5.33) is a consequence of (4.6) and (5.32)

Coo(z7n)w+(zan+k)2: Z w*(zaj)2w+(z7n+k)2

j=—00
= ai(2)%c) oo (2 0) 0] (2, + k) + C(2,m, k) (2,n + K),

where C‘i(z,n, k) again can be estimated using Lemma A.1. O

6. INVERSE SCATTERING TRANSFORM

Let a(n,t), b(n,t) be a solution of the Toda hierarchy satisfying

+oo
(6.1) >~ Inl(Ja(n,t) = a(n, 0] + b0, £) = bE(n,8)]) < .

n=0
Note that by Lemma 2.3 it suffices to check (6.1) for one o € R (as background
take H, (t) and insert g eigenvalues such that the asymptotics on the other side
are given by H¥(t)).

Jost solutions, transmission and reflection coefficients depend now on an addi-

tional parameter ¢t € R. The Jost solutions ¢4 (z,n,t) are normalized such that

Vi(z,n,t) = zﬁ;t(z,n,t) (I1+0(1)) asn— +oo,
where (c.f. (3.9))
vy (2,n,1)

Sy _
(62) /l/)q (2777'7 t) - ¢,1i(z, O,t)

= cxp(—a;t (Zv t))d};‘: (Za n, t)
Moreover, we set
(6.3) exp(aZ (z,)) = B2 (2,0,1).

Note that we have exp(az (z,t)) = exp(aZ(z,t)) for A € .
Transmission and reflection coefficients are then defined via the normalized Jost
solutions 14 (z,n,t). Moreover,

(6.4) o(H(t) = o(H), teR

To avoid the poles of the Baker-Akhiezer function, we will assume that none of
the eigenvalues p; coincides with a Dirichlet eigenvalue ,uf(O, 0). This can be done
without loss of generality by shifting the initial time ¢g = 0 if necessary.

Remark 6.1. Due to this assumption there is no need to remove these poles for the
definition of v+ ;, as we did in [2], [4]. Since the Dirichlet eigenvalues rotate in their
gap, the factor needed to remove the poles would only unnecessarily complicate the
time evolution of the norming constants. Moreover, these factors would eventually
cancel in the Gel’fand-Levitan-Marchenko equation, which is the only interesting
object from the inverse spectral point of view in the first place.
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Lemma 6.2. Let (a(t),b(t)) be a solution of the Toda hierarchy such that (5.3)
holds. The functions

(6.5) Yi(z,m,t) = exp(at(z, t))d}i(z, n,t)

satisfy

(6.6) H(t)yi(z,n,t) = 2901 (2,n,t), %wi(z,n,t) = Pgs+2(t)wi(z,n,t).

Proof. We proceed as in [3], [20, Theorem 3.2]. The Jost solutions 94 (z,n,t)
are continuously differentiable with respect to t by the same arguments as for z
(compare [2, Theorem 4.2]) and the derivatives are equal to the derivatives of the
Baker-Akhiezer functions as n — £o0.

For z € p(H), the solution u4(z,n,t) of (6.6) with initial condition ¢+ (z,n,0) €
(% (Z) remains square summable near oo for all t € R (see [19] or [21, Lemma
12.16]), that is, ux(z,n,t) = Cx(t)1v+(z,n,t). Letting n — oo we see Cx(t) = 1.
The general result for all z € C now follows from continuity. O

This implies

Theorem 6.3. Let (a(t),b(t)) be a solution of the Toda hierarchy such that (5.3)
holds. The time evolution for the scattering data is given by

(67) T:t(zvt) = T:I:(Zvo) exp(a;’:(z,t) - d;t(zvt))v
(6.8) Ri(\t) = Re(\0)exp(af (N t) —af(\t), Nex,
(6.9) Y5() = 72,0 exp(203 (1)), 1<5<q.

Proof. Since the Wronskian of two solutions satisfying (6.6) does not depend on n
or ¢ (see [19], [21, Lemma 12.15]), we have

W (e (2,0), (2, 1)) _ exp(af (2,1) + o (,1) W (s (2, 8), (2, 1)
W (s (2,8), 0 (2,))  exp(as (z,1) + o5 (2,1) W(¥x(2,1), $2(2,1)

= exp(a;F(Z,t) - O‘fet(zvt))T:t(Z’ 0)

Ty(z,t) = ’Zéi
sy P+

The result for Ry (A, t) follows similarly. The time dependence of v ;(t) follows
from [|9+ (pj, -, D)l = IUs(t, 0)9+(pj, - 0) || = 19 (5, - O)|I- O

Corollary 6.4. The quantity To (N, t)T=(\,t) = 1 — |[RL (N, t)[%, A € &, does not
depend on t.
Another straightforward consequence is:

Theorem 6.5. The time dependence of the kernel of the Gel’fand-Levitan-Marchenko
equation is given by

FE(m,n,t) = 2Re/ Ry (N 0)E (N, m, t)E (A, n, t)dw™(0)
b

q
+ 3 e O08E (om0 (pj . 1),
7j=1
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Proof. Just employ Theorem 6.3 to rewrite

F*(m,n, ) = / R (p, )02 (p. m, ) (p, n, £)du® (2)
oI,

q
) v (OOF (pj,n, OBF (pj,ms t),
=1

—uE
where we also use that exp(af(\,t) +af(\ 1)) = . %. O
>,

Finally we note ([19], [21, Section 14.5])

Lemma 6.6. Let (a(t),b(t)) be a solution of the Toda hierarchy such that (5.3)
holds. Choose p € R\c(H) and v > 0. Then (a(t),by(t)) defined via ¥_(p,n,t)
using the double commutation method is again a solution of the Toda hierarchy such
that (5.3), with H} (t) accordingly changed, holds.
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of the Faculty of Mathematics of the University of Vienna during two stays in 2006,
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APPENDIX A. SOME ESTIMATES

In the proof of Lemma 5.7 we need the following elementary result. Consider a
sequence ¢ € {(Z) and abbreviate

(A1) lelloe = sup el el =Y le@)l, llellia =Y nle(n)].
n n=0 n=1

Lemma A.l. Suppose w is some complex number with |w| < 1 and ¢ € {(Z)
satisfies ||c||oc, |Icll11 < o0.

Then
> 1
| Z c(n+m)w™|11 < 1_7|w‘||0||1,1
m=0
and
oo
1 w| |wl?
m
- < — L )
I35 et = myuwlhs < Tl + = palels + o Sl

Proof. The first estimate follows from

I3 ctnsmu™lis = 30| 3 e+ mpu
m=0

n=1 m=0
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Similarly, the second follows from

oo
I3 eln=myw™fa =Y nl
m=0

(1]

2

(3]
4
(5]

6

(7]
(8]
(9]
[10]
[11]
(12]
(13]

(14]

[15]

[16]
[17]

(18]
(19]
(20]
21]

22]

[e.°]
m

WK

e(n —m)w
0

n=0

3
I

3

< (m(m—1)
< 3 (" el + el + e

m=0

1,1) \w|m-
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