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ON TRANSITIONS TO STATIONARY STATES IN
A MAXWELL-LANDAU-LIFSCHITZ-GILBERT SYSTEM*

PATRICK JOLY', ALEXANDER KOMECH?¥, AND OLIVIER VACUS?!

Abstract. In this paper we consider Maxwell’s equations together with a dissipative nonlin-
ear magnetic law, the Landau—Lifschitz—Gilbert equation, and we study long-time asymptotics of
solutions in the 1D case in an infinite domain of propagation. We prove long-time convergence
to zero of the electromagnetic field in a Fréchet topology defined by local energy seminorms: this
corresponds to the local energy decay. We then introduce the set of stationary states for the Landau—
Lifschitz—Gilbert equation and prove that it corresponds to the attractor set for the distribution of
magnetization whose presence is one of the characteristics of ferromagnetic media.
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1. Introduction. Ferromagnetic materials possess a spontaneous magnetization
whose interaction with the magnetic field provides to this type of medium interesting
absorbing properties with respect to electromagnetic waves. That is why the use of
such materials as absorbing coatings for scatterers is of real importance for stealth
technology. The present paper is a contribution to the mathematical theory of electro-
magnetic scattering by such objects. One of the main characteristics of ferromagnetic
materials lies in the fact that their constitutive law, namely, the relationship between
the magnetic field H and the magnetization M, is nonlinear and nonlocal with respect
to time. This equation is the Landau-Lifschitz—Gilbert (LLG) equation that can be
written pointwise in the form

(1.1) M = yHp x M+ ﬁMxM,

where Hrp is the total magnetic field defined as

(1.2) Hr = H+ Hs+ H,(M),

with each of these contributions being defined as
H is the magnetic field;

(1.3) H, = Hy(x) is an exterior static field (given);
H,(M) = —K P(M) is a field of anisotropy.

In (1.3), x = (x, y, z) denotes the space variable, ¢ denoting time; K denotes a positive
coefficient, constant in time but that may depend on x; and P(M) is the orthogonal
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projection in R? on the plane orthogonal to some unit vector p, called the easy axis
(this direction, which is linked to the crystallic structure of the material, may also
depend on x):

(1.4) P(M)=M—(p-M)p.

Let us mention that in (1.1), -, the gyromagnetic factor, is a universal constant
while «, the damping factor, is a phenomenologic coefficient which depends on x.
Therefore, for our applications, a propagation medium will be determined by H,, o, K,
as function of x (and by the initial distribution of magnetization My; see (1.7)).

Here we are interested in the coupling of (1.1) with Maxwell’s equations in some
domain  (typically an exterior domain, if one thinks of applications to scattering
problems) with boundary I' = 92. We assume that space and time variables are
scaled in such a way that the constants v, gq (the electric permittivity) and pg (the
magnetic permeability) can be taken equal to 1. One then has to solve

E(x,t) — curl H(x,t) =0,

(1.5) I%T(x,t)Jrcurl E(x,t) + M(x,1) :0’04 . xeN t>0,
M(X,t) = HT(X,t) X M(X,t) =+ mM(X,t) X M(X,t),

with a perfectly conducting boundary condition on I" with unit normal vector n
(1.6) Exn|p= 0,

and initial conditions on R_:

(1.7)  E(x,t=0) = Ey(x), H(x,t =0) = Ho(x), M(x,t =0) = Mp(x).

From a mathematical point of view, even the existence and uniqueness result for
system (1.5) appears to be a very difficult question (see [4], [5]). Another natural
question that we wish to address here is the following: Is it possible to describe the
asymptotic behavior of the solution of system (1.9) for large time? In the case of
linear materials, the answer to this question has been known for a long time (see [9],
[10], [11]): the electric and magnetic fields tend locally to 0. This result is known as
the local energy decay. A more subtle question is an estimate of the rate of decay;
this question is closely related to the geometry of the obstacle [18].

In the case of nonlinear media, there are much fewer results in that direction
(see [16], [17]). Our goal in this paper is to establish a result analogous to the local
energy decay in a simplified 1D model problem. More precisely we assume that all the
unknowns are functions of only one space variable x (i.e., we consider the propagation
of plane waves). The curl operator is then defined by

_ (o0t of, _ (o, _0E- o5,
(1.8)  curl H(z,t) = (O, e &C) , curl E(z,t) = (O, 9 Ox ) .

We assume that the propagation medium is the half-space + < 0 and apply the
perfectly conducting boundary condition at x = 0 (e, = (1,0,0)):

Exe, = 0.

We also assume that the support of the initial magnetization My, which defines the
ferromagnetic layer (see 2.6), is compact:

supp My C | —a,0].
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Then, by a principle of reflection (or image principle), the analysis of (1.5), (1.6), and
(1.7) can be reduced to the analysis of the pure Cauchy problem on the whole line:

E(x,t) — curl H(z,t) =0,
(1.9) H(z,t) +curl E(z,t) + M(z,t) =0, TER £>0
: « . ’ )
M(x,t) = Hp(x,t) x M(z,t) + ——— M (z,t) x M(x,t),
(@.8) = Hp(a,t) x M(z.0) + M (2. 0) x (a1

provided that the new initial data My, Ey, Hy are appropriate extensions of the
original ones:

Mo(—z) = Moy(z),
(1.10) Eo(—z) = II, Ey(x),
Ho(—x) = H” Ho(.%‘),

where the operators IT and II| are defined for any field A(Az, A,, A.) by

HL(Awa AyvAz) = (Al7 _Ay7 _Az)a

1.11
( ) HH(AacyAyaAz) = (_AzaA@pAz)-

Remark 1.1. Concerning the longitudinal components, equations (1.9) imply

E,(z,t) = Eo(x),

xT

(1.12) H,(x,t) + M, (x,t) = H(z) + M2 (x).

We see here that the component E, is constant in time, while convergence results on
M, yield results on H,.

The outline of this article is as follows. In section 2, after having recalled some
known results about weak and strong solutions of the 1D scattering problem, we state
the main results of the paper, namely, Theorems A and A’ for the local energy decay
(respectively, for weak and strong solutions) and Theorem B on long-time asymptotics
of the magnetization M. Sections 3 and 4 are, respectively, devoted to the proof
of Theorems A and A’. In section 5, we give some intermediate results about the
LLG equation seen as an ordinary differential equation; these results are preparatory
for section 6, in which we prove Theorem B. Finally, section 7 is devoted to some
additional remarks and comments.

2. Statement of the main results.

2.1. Overview of known results in the 1D case. As we said above, existence
and uniqueness results for system (1.9) are very difficult in dimension 3. In the case
of the 1D model, the problem is easier and can be handled via a fixed point theorem.
Let us summarize the main existence and uniqueness results from [7].

We introduce the phase space V for the system (1.9). Let LP = [LP(R)]® for
1 < p < 00, L** be the Banach space L? N L*> with the norm

(2.1) [M[L200 = [|M]| 2 + | M]| 2,
and let H (curl) denote the Hilbert space {u € L? / curl v € L?} with the norm
(2.2) lullZun = lleurl wf[Zz + ulZ-.

DEFINITION 2.1. Let V' be the Banach space

Vo= {(E,H, M) € H(curl) x H(curl) x L*®; H, € LO"(R)}
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equipped with the norm
(23) H(E7H7 M)”V - ”EHCurl + HH”curl + ||M||L2=°° + ”HEHL"O(R)'

Remark 2.2. The x component H, of the magnetic field plays a particular role
because of the particular form of the curl operator in the 1D case.

DEFINITION 2.3. A function Y (t) = (E(x,t), H(x,t), M(z,t)) € C°(0,00; V) is
a global strong solution to the system (1.9) if

(2.4) (E,H) € CY(0,00; L*)NC°(0,00; H') and M € C*(0, 00; L>*°)NC?(0, o0; L?)

and all equations in (1.9) hold in the sense of distributions.
One then shows the following theorem.
THEOREM 2.4. Let the following assumptions hold:
o afx), K(z) € L*(R), p(z) € L™;
(2.5) o Hy(z) € L?*>,
o (E°(x),H(z), M%(x)) € V.
Then the Cauchy problem (1.9) admits a unique global strong solution (E,H,M),
which, moreover, satisfies

(2.6) |M(z,t)| = |Mo(z)| a.e. z€R V>0,

d

(2.7) =

a |, ]2
E(E, H,M +/—‘M’ dz = 0,
(EH MY T

where E(E, H, M) denotes the electromagnetic energy defined by

(28)  &(E,H,M) = %/ [[EI> + |H|* + K|P(M)[* + |Hs — M|*] d .
R

Remark 2.5. For any strong solution, the electromagnetic energy is a function of
class C! with respect to time. .
One has to make precise the sense of the integral of ﬁ\M |2. In fact, from the

LLG equation, we have

NH(0) = agg x MI(t) = YHr(M(0) x M)

hence we deduce, via Pythagoras’s theorem, that
(2.9) (14+a®)|M(t)|* = ~*|Hp(M) x M|?.

This observation leads to the following definition.
DEFINITION 2.6. For the strong solution (E, H, M) to system (1.9), we set

a |- |2 a |Hp x M|?
2.10 — ‘M ’ =~ ;
(2.10) |M] T1v a2 M|
which is finite since the function M — ‘HT‘%F can be continuously extended by 0

for M = 0. We have the estimate

o |- |? a
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which makes sense since one easily checks that M € (L>)* and Hy € (L?)* for any
time.

Proof. See [7] for a complete proof. We just explain below how to obtain the two
estimates of Theorem 2.4. Concerning (2.6), the product of the LLG equation with
M shows that M - M = 0; we deduce that

|M(x,t)] = |My(z)|, ae xz€RVt>0.
For (2.7), from Maxwell’s equations we get

E-E—culH-E = 0,
(2.12)

H-H+cwlE-H = —M-H.

Summing these two equalities and integrating over R leads, after integration by parts,
to the following identity:

(2.13) jt{l/(EP—HH } /M H dz.

We now use the LLG equation:

(2.14) M = yHTxM+MMxM

Taking the scalar product with Hp, and using the notation (-,-,-) for the mixed
product in R3, we get

M.-Hp= MMHT)

[M] (
Taking the scalar product of the LLG equation by M gives
.12 .
’M‘ — <M7HT,M) .
Therefore, eliminating the mixed product gives

. o .
2.15 M-H :—’M‘ .
(2.15) =

(The meaning of the right-hand side of this expression has to be understood in the
sense we made precise in Definition 2.6.) Now, by definition of Hy, we have

M~HT:M'H7KP(M)«P<M>+HS~M.

Using the fact that |M(z,t)| = \Mo(x)|, we note that

Hy - M=-2= |H — M,
(2.16) 28t v
— . T — -2 2
KP (). P (M) = 5= [KIP(M)P].
Therefore, we have
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that is to say, using (2.15),

. «a 1210
2.1 7M~H:f—’M‘ 29 NH, - M+ K|P
(218) [ = 55 1~ P + KIPQOP).

Plugging (2.18) into (2.13) leads to the energy identity
d [1 2 2 2 2
(2.19) 13 (|E)? + [H|? + |Hy — M|* + K|P(M)|?) dx
R
1 / « .2
+= —‘M' dr=0. O
v Jr M|
Thanks to a priori estimates (2.6) and (2.7), one is also able to obtain a theorem
for weak solutions (i.e., less regular solutions) under weaker assumptions on the initial
data; see the following definition.
DEFINITION 2.7. A function Y (t) = (E(x,t), H(x,t), M(z,t)) € C°(0,00; V) is
a global weak solution to the system (1.9) if and only if

(i) M € C*(0,00; L>*);
(ii) for any (,¥) € V- x V where V is the space of test fields

V={pe C'(H(curl)) / supp () is compact }

(¢-E+curl p-H) dedt = B
ff(lﬁ-chrlz/). E)dzdt = //HO.¢.7 dw_//M.det;

(iii) for almost every (z,t) € R x RT,

{ Wi, 8) = Hy @, 8) x Mo, t) + s

M(z,0) = My(z).
THEOREM 2.8. Assume that
(Eo, Ho, Mo) € (L*)* x (L?)? x (L*>>)%;

then system (1.9) admits a unique global weak solution which satisfies

oo o )
(2.20) / /—|M|2d:cdt < +o0.
o Jr|M]|

Moreover, a.e. * € R, t — M(z,t) belongs to C°(R).
Remark 2.9. From (2.20) and Fubini’s theorem, we deduce that

|M (z, 1)

() <& ®)

a.e. ¢ € R,

Therefore, function ¢ — M (z,t) is in H'(Ry) C C°(R,).
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2.2. Main results of the paper. Our first main theorem concerns the conver-
gence to 0 in Fréchet topology of the transverse components of the electromagnetic
fields. In the following, we denote the transverse components Ey(z,t) = (Ey(z,t),
E.(x,t)), Hy(z,t) = (Hy(x,t), H.(x,t)), and so on.

THEOREM A. Let all assumptions (2.5) hold. Assume, moreover, that

(2.21) My(z) = 0 for |z| >a
and
(2.22) Ja,. > 0 such that a(z) > o, ae. z € [—a;al.

Then, for the global solution to the Cauchy problem (1.9):
(i) For almost every x € R

(2.23) Am(|E|($,t)|2 + |H‘|(x,t)|2)dt < 00.
(ii) For every R >0
(2.24) / (1B (z,t)|” + |H(z,t)|*)dz — 0 as t — oco.
|z|<R

Our second result is a variant of Theorem A. We prove that, provided additional
regularity assumptions on the initial data, we have convergence to zero of the trans-
verse electromagnetic field, not only in the local energy norm, but also uniformly in
any compact set.

THEOREM A’. Let the assumptions of Theorem A hold (in particular (Eo, Hy) €
(H(curl))®. Then

a

(2.25) . 1i$1 |M (z,t)2dz = 0,

and, for every R > 0,

B (10E 2 |0H,
(2.26) lim (856'(95,75)’ + =L (1) =0,

t—+oo |_p ox (

2
)da:

(2.27) lim sup {|E‘|(J;,t)| + |H”(x,t)|} —0.

t——+o0 ‘:ElSR

Our other results concern the asymptotic behavior of the magnetization M (x,t)
(and thus of the longitudinal magnetic field). We first need to introduce a nondegen-
eracy assumption. Let us define

(2.28) Hr(z,M) = Hy+K(p- M)p— (ex - M)e,,

where the dependence of HT(:):7 M) with respect to x appears in the dependence of
H,, K, and p. We introduce the assumption, for any x in R,

(Hy) : (VM e R®, IX(z, M) € R, Hp(M) = XNz, M)e,) = (VM € R3, Xz, M) #0).

Remark 2.10. Assumption (H,) is not satisfied if and only if the following two
properties are satisfied:
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(i) Hs and p are collinear to e, ;
(ii) there exists M € R3 such that (Hs + (K —1)M) -e, = 0.
For any x, we introduce the set

Z(z, My) = {M € R? such that Hp(z, M) x M = 0 and |M| = |M0(x)|} .

This set will be identified in section 5 as the set of stationary states of some unper-
turbed LLG equation at point x that are possible limits for M (z,t) with the initial
data My(x). It will be proved to be a finite set containing between two and six
elements (see Theorem 5.2).

Our first result for M concerns weak solutions.

THEOREM B. Let the assumptions of Theorem A be satisfied. Assume that (H,)
holds almost everywhere in x. Then

(2.29) M(z,t) — Z(z, My) as t — oo for a.e. z € R.

Remark 2.11. With the set Z(z, Mp) being discrete, (2.29) means that for a.e.
x, there exists Mo, € Z(x, Mp) such that

M(z,t) - My as t — 0.
In other words,
M = {M € L*®([—a,a]) /for ae. © € [—a,a], M(z) = My € Z(z, M) }

is an infinite-dimensional attractor for M (z,t).

Our last result is a variant of Theorem B for strong solutions.

COROLLARY 2.12. Let the assumptions of Theorem A’ be satisfied. Assume that
(H,) holds everywhere. For every x, there exists My (x) € Z(x, My) such that

(2.30) t£120|M(x,t) — My (z)| = 0.

Remark 2.13. We show with Theorem A’ that the transverse magnetic field H)
converges in time to 0 uniformly in space. It must be emphasized that this property
is not strong enough to ensure that the convergence of the magnetization M is also
uniform in space. Section 7 will be devoted to a counterexample and some comments
about this assertion.

3. Proof of Theorem A: L? bounds of the transverse electromagnetic
field for weak solutions. The first two equations of (1.9) read

. . O0H, . OH,
E, = E, = B — Y —
x 07 y+ Oz 07 z Oz O,
(3.1)
. . . OF . . OF .
H,+ M, = H ——Z2+M,= H Y1 M, =0.
x + x 07 Yy 8:v + y ) z + 8.’[ + z 0
We easily deduce that
L (BEy+H.,) =- MZ,
L_(E,—H,) = M,
(3.2) (Ey ) .
Li(E.—Hy) = M.w
L_(E.+H,) =- M,,
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where we have introduced the two transport operators Ly = % + %. Considering
M as known, we can solve explicitly (3.1) using the method of characteristics. After
some algebraic manipulations, we end up with the following formulas:

By(zt) = {Ej(a+t)+E)(x—t)} + g{H}(x +1t) - H}(z — 1)}

_ J ; s)do — y s)do

o ] { J o Mo = [ i) }

' Hy(x,t) = 3{H)(z+t)+Hl(x—t)} — 2{EQ(@ +t) — B} (x — 1)}
_ {/ﬁ(m) M”(y,s)dUJr /F(w,t) ]\Zﬁ(y,s)da},

where

0 -1
=[]

Iy(xz,t) is the curve T'y(x,t) = (z,t) — Dy, with Dy = {(z,t)/z £t = 0} (see
Figure 3.1), and o is the curvilinear abscissa along I'y (x,t). Therefore, introducing

T _ EH(J?,t)

Fet ( Hy(=,?) )

we get (note that do = v/2dy, ||J|| = 1, and M| < |M])

34)  [F( / § s)ldy + 3 {|FO($+t)|+\FO($—f)|}

with T'%(z,t) = {(y,s) e Ty (x,t) UT_(x,t) : |y| < a} (see Figure 3.1).

Then, the Cauchy-Schwarz inequality yields the estimate ([, dy = 2a)

(z,t)

(35) |F<x7t>|<¢a( L. t)|M<y7s>|2dy> + 3P+ 0 +1F D))

Integrating this inequality between 0 and 7T, and noticing that

T
= U r(x,t)
=0

is such that K(z,T) C [—a,a] x [0,T], we get the estimate

T T T
. 1
/ Pz, t)2dt < 2a/ / N (y,5)dy | ds + =5 :/ |FO(z + 1)t
0 0 lyl<a 2 + V0

which yields, after integrating over [—a, a],

T a T
/ / |F(x,t)|>dxdt 4a2/ / |M (y,s)|>dy | ds
0 —a 0 ly|<a

1 T a o 9
+ 2;/0 /ﬂ|F (z + t)[%dt.

IN
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[
Hz,t)
/N
/] \I
yd I
i I\
7/ | i N
r@y 7 : : NG
4 I | N
/ ! |
/ | | AN
] 4 .
—a a
K—/‘. Supp(Mp)
Fic. 3.1. Characteristic lines and the 1D layer.
2 _ M| oM ; ;
Writing |M|? = T - ar- and using the conservation of the norm of M and the

assumption (2.22) about the damping function a(z), we get

T
/ / (z,t)[2dzdt < ||oo/ / SN (y, )|?dy | ds
) a 0o \Jl<a M|

1 T a o 5
+ 52/0 [ |FO(x + t)|2dt.
+ a
Therefore, (2.5) and (2.20) imply (2.23). Besides, (3.4) can be rewritten as

V2 ) V2 )
|F(z,t)] < -5 |M(y,s)|ds + -5 |M(y, s)| ds
T (x,t) Ty (z,t)

(3.6)

b (P + 1P ),

where 'Y = ', NT% and T, = I'_ NT% This yields, via the Cauchy—Schwarz
inequality,

1 1
2a . 2 2a . 2
Pt < Y2 / N(ys)Pds| o+ Y22 / My, s)ds
2 T (2,t) 2 T (z,t)

+ S (IF°@+t)]+|F'(z —1)]).

DO =

Therefore

(e 1) < 2 / M(y,s)ds + / M (y, ) 2ds
(3.7) I (a,0) r; (@)

+ @+ ) + [Pz - ).
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After having remarked that, for ¢ > R + a,

R
U T ¢ ol < - (R+a)i),
r=—R

/ xt|dx<4a/ / M(y, s)|*dyds
(R+a) J—a
R

+ / (IF(z + )P + |F*(x — O)?) da
R

we obtain

which leads to

R t a
4al| Mo|| oo .
/ P npde < 2ol / / NI (y, ) Pdyds
-R Qi t—(R+a) —a |M]

R—t R+t
+/ |F0(:c)|2dx+/ |FO(x)|2da.

—R—t —R+t

(3.9)

By (2.5) and (2.7),

+o00 oo ra .
/ |F°(z)|?dz < 400 and / / ——|M|?dyds < +oo.
0 —a |M‘

— 00
Therefore, (3.9) implies (2.24). This concludes the proof. |

4. Proof of Theorem A’: Uniform bounds of the transverse electromag-
netic field for strong solutions. The proof of Theorem A’ relies on a technical
lemma.

LEMMA 4.1. The solution of the system satisfies

(4.1) /0 /ﬂl W|M(x,t)| dzdt < oo.

Proof. We give a proof which supposes that the electromagnetic field (E, H) is
slightly more regular in time than local strong solutions. However, all the forthcoming
assumptions can be justified using the method of differential quotients (see [7] for
details).

Nevertheless, our proof remains rather long and will be divided into four steps.

Step 1: Estimates using the characteristics. In what follows, we keep the notation
of the proof of Theorem A. In particular, we set

EH(.Z’,t)

e R
HH(CU,t)

(4.2) F(z,t) =

First, we note that if we differentiate the system with respect to time, thanks to the
linearity of Maxwell’s equations, the relationship between M and E, H is exactly the
same as the one between M and E, H. Therefore, reproducing the computations in
the proof of Theorem A leads to the estimate

(4.3) |F<x,t>|s¢&</ra( t)|M<y,s>dy> {10+ o) + 1@ - o)}
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Then, proceeding as in the proof of Theorem A, we easily get

T a . 4a2 T a .
/ / F(o,)Pdzdt < 2% Moo / / O\ Ny, ) dy | ds
0 —a Qs 0 |y\<a|M‘
) T
1 // FO(x +t)|%dt
tga, ) o

Step 2: Energy-like estimates. We start from the linear Maxwell’s equations after
time derivation:

(4.4

(4.5) .. .
H-+curl E=—-M.

{ E—curl H = 0,
We multiply the first equation of (4.5) by E, the second by H, and add the two
resulting equations. After integration over x, we easily get, using Green’s formula
and the fact that M is supported in [—a,a] x R,

d

(4.6) -

1 . . a .
(2/(E|2+|H|2)dx> + [ HMdz =0.

Now, we differentiate in time the LLG equation which leads to

(0%

(4.7) M:HxM+K(p-M)po+HTxM+|M|

M><]\"47

using the fact that [M| is constant in time. Multiplying (4.7) successively by H and
M gives
M-H = K(p-M)(p,MM)+ (Hp, M, H) + ——
(4.8) M|
|M|? = (H,M,M)+ K(p-M)(p, M,M) + (Hp, M, M).

(M7 M’ H)7

By an adequate linear combination of these two equalities, we eliminate the mixed
product (H, M, M). This leads to

(67

| M|

[e%

(4.9) M-H= i

‘M|2+(HT7M7H)_ (HTaM,M)

that we plug into (4.6) to obtain

d 1 . . Y . a o . . ..
— = [(H]? +|E]? —|M? :/ — (Hp, M, M) — (Hp, M, H )
G5 Je g« [ Sniipae = [ { S vt i) - e 1) o
(4.10)

Let us use the bounds

. 1 .- 1 .
|(Hp, M, M)| < S[M* + o [Hr[*|M]?,

. . 1 .
|(HT3M7H)| < 5‘H|2 + E|HT|2|M|2a
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where € is an arbitrary strictly positive real number. We then obtain

d (1 1 [®
HP?+ |E - M
dt( [+ >dx) /G|M|| 2de
<5/ |H|2dx+/a @ 1N w2,
= o\ep ) T

which we can integrate between 0 and 7', to obtain
L @D + 1B TP+ = [ ’ &\Mﬁdxdt
2 ’ ’ 2/ | M|

(4.11)

M\H

/(|H(a; 0)|? + |E(x,0)? d:v+s/ﬂ/ |H|*dadt

/-/ <2M| ) | Hr[*| M|*dadt.

Step 3: Combination of the two estimates. We use (1.12) in Remark 1.1 to write

/ / |H|?dzdt < / / |F|2dxdt +/ / | M, |*dzdt.
—a —a —a

We thus obtain, using (4.4) in (4.11),

1 . . 1 /e /T 2

5 [P+ E@ DR+ g [ (1= g ) it Pdade
2 2 —a JO Qs ‘M|
/(|H(m 0)|? + |E(z,0)[*)dx + = Z/ / |FO(x £ t)|*dadt

2 2
/ / (2| | )|HT| \M| dxdt+€/ / \Mz| dxdt.
We observe that

/a /T |FO (2 + ) Pdadt < 2a/(|H(x70)\2 + |E(z,0)|?)dzx
—a JO

l\D\»—l

and we choose ¢ such that

8eca? 1
1Mo = 5

(4.12) 1—

Finally, if we set

Mol M|l
L 1Mol o, — Mol ’

1
4.13 Co=—-+2 Cy =
(4.13) 0 + 2as, 2 2 dear, O

2

we obtain

1 . : 1 f(ra .
= [ (H(z,T)]* + |E(z, T)[*)dx + —— | M [*dzdt
5 (0P + B+ ¢ [ [ iR

a T
(4.14) gC’o/(\H(x,O)|2+|E’(:c,0)|2)da:+01/ / ﬁ|M|2dazdt
—a J0

a T
o .
+02/ / ——|Hp|*|M|?dzxdt.
—a JO0 |M|
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From (2.20), we already know that

a T a -
— | M |*dzdt < +00
LA

while, because of the regularity assumptions on the initial data, one can see that

(4.15) /|E(x,0)\2dz = /|Cur1 Hy|?dx < +o0.
Conversely,
(4.16) /|H(m,0)|2dx < 2/|cur1 Fol?dx + 2/|]\Zl'(ac,0)|2dat7

and from the LLG equation one deduces that

. 1
|M(3370)|2 = W|HT($7O)\2|M($»O)|2-

Therefore, setting H%(z) = Hy(z,0), we have
(@.17) [ G o) < 1ol

which is finite since, under the conditions on the data of the problem

(4.18) HY = Hy— KP(My) + Hy, € L?

we can conclude that

(4.19) /IH(%O)IzdI < 2flcurl Eol|22 + 2 Mo |7~ | Hel|7--

Finally, if C' denotes a constant which depends only on My, Ey, Hg, o, K, Hg, and
a, we can write

Y (B @, TP + 1B, 7)) +1/T/a O | N1 duds
= = — T
2 o - T )y )T

T a
a .
§C+C/ / — | M 2| Hr|?dxdt.
2 Jo S o M
(4.20)

Step 4: A Gronwall-type estimate. From the definition of Hp, we easily get the
following bound for |Hrp|?:

[Hr? <31+ [|K%) [[Hs|* + M+ |H ]
that implies, since H, = —M,,
(4.21) [He|* < 3(1+ | K% ) (H|? +2|M %) + 3(1 + || K [|5) [ H) *.
Using the interpolation inequality

0H,

Hl?~ < |H
IH |z < H)llz2 5z

L2
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we can write

[Hrlli~ < 3L+ K3 )([HslZe +2[ Moll7) + 31+ 1K [12) | Hyll 2
(4.22)

As we already know from Theorem 2.4 that ||H[[z> remains bounded, from (4.20)
and (4.22), we can write

g s et ) [ i

= x x x+ — — x

2 ’ ’ 4 0 —a |M|
T a
<C 1+/ (/ |Md>H dt ),
0 —a |M| L2

where C' denotes a new positive constant depending only on the data of the problem.
Finally, using Maxwell’s equations, we observe that

ox

L2

(4.23)

(4.24)

H3H|

L2

Therefore, if we set

Gt = / (H(z.t) + | B t)?)de,
M dx,

[ e

we deduce from (4.23), using that [~ [ %|M|2dxdt < +00, the inequality (C
denoting another constant)

Gt) < C (1+/Otm(s)G(s)%ds)

with m € L'(0,+00). Therefore, using an appropriate generalization of Gronwall’s
lemma, we get

(4.26) G(t) < (cé +C /O tm(s)ds)Z

As m € L'(0,+0o0), this shows that G(t) remains bounded in time. Moreover, from
(4.23) we also deduce

(4.27) / [a |M|M|2dxdt<0<1+/ G(s)*m )

Setting G* = sup,> G(t), we thus obtain

(4.28) /OT/ |M‘|M| drdt < € (14 (G") m|1

which concludes the proof of the lemma. ]

(4.25)

3

~+

~
|

-
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Proof of Theorem A’. First, note that the inequalities

a 3 7‘1 ||LOO a
M(x,t 2da:<7” 0 / M|*d
/a| ( 7)| — N a|M|| | x

a M||L°O a
M(z,t)|%d <”07/ M|*d
[ Vit ppar < O [ i pas,

joined to the results of Theorem A and Lemma 4.1, imply

/ / (|M|2+|M|2> dxdt < +o0;
0 —a

that is to say,
(4.29) M € H' (RT,L*(~a,q)),

which implies
(4.30) lim |M (x,t)|*dz = 0.

t——+oo —a

Now, let us return to the formula
. V2 . 1, - .
Faol < 5 [ sy + g {1+ o)+ -0}
2 Jra(z 2

By the same manipulations as in the proof of Theorem A (cf. the method we used to
obtain (3.9)), we get

da|| Mo||os
/ (z,t)|?dx < a|| O” / / |]\4||M y, s)|2dyds
431 t—(R+a) J—a

R—t . R+t .
+/ |FO(x)|dx +/ |FO(x)|dz.
—R+t

~R—t
Since fj;o\FO( )|2dz < 400 and [° [° |M|\M|2dyds < +oo (cf. Lemma 2.1),
(4.31) implies that

(4.32) lim <’E”’ + ’HH‘ )dx = 0.
R—+00

Now, using Maxwell’s equations we have

R 8E” 2 R .12
/ —| dr = / ‘HH‘ dl‘,
—R ax _R
(4.33) R o 2 P .
Il 2
/ dz§2/ ‘E”’ d:c+2/ |V |2dz
—R or _R —a

which, taking into account (4.30) and (4.32), lead to (2.26). Thanks to Theorem A,
(2.27) is then a consequence of (2.26), since H'(—R, R) C L>(—R, R). This concludes
the proof of the theorem. ]



362 PATRICK JOLY, ALEXANDER KOMECH, AND OLIVIER VACUS

5. Transitions to stationary states in the LLG equation. This section
must be seen as an introduction to the second part of the paper, which is devoted to
long-time asymptotics of the magnetization M.

5.1. Stationary states in the LLG equation. We consider the solutions to
the following nonlinear evolution equation that we shall call the unperturbed LLG
equation at point x:

M(z,t) x M(z,t),,

51) { M (z,t) = Hp(x, M(z,t)) x M(z,t) + e

M(z,t =0) = My(z),

where Hp(x, M(z,t)) has been defined by (2.28).
Remark 5.1. One can easily check that the first equation of (5.1) can be rewritten
as

(5.2) M(z,t) = L(x, M (z,t)),
where we have defined

(5.3) L(z,M) =

Hp(z, M) x M + |O‘MM X (HT(J?,M) x M)} .

1+a2[

We now introduce the set S(z) of the stationary states for (5.1) as
(5.4) S(a) = {MO eR¥/M(z,t) = 0 Vt>0 }

The main property of this set is that its intersection with any sphere X(R) is a discrete
set. (See Figure 5.1).

THEOREM 5.2. Let R > 0. Under assumption (Hy) (see section 2.2), the inter-
section of S(x) with the sphere 3(R) with center at the origin and of radius R is a
set which contains at least two elements and at most six.

This result is of interest because (see (2.9))

M| =0 <& |Hp(z,M)x M| = 0.
This shows that, for the set Z(x, My) defined in section2.2,
Z(x, My) = S(z) N Z(|Mo(z)|),

and we have the following corollary.

COROLLARY 5.3. The set Z(xz, My) is a discrete set which contains at least two
elements and at most siz.

Proof. We give a geometrical proof of Theorem 5.2: we characterize S(z) in every
possible case. Toward this end, let us consider

(5.5) Hy(z, M) x M = 0.

This equality leads to two different problems depending on whether or not Hy is equal
to 0.
Case 1. Hy = 0. If M belongs to S(z), we deduce from (5.5) that

(5.6) INER, K(p-M)p — (ex-M)e, = AM,
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Fic. 5.1. The unit sphere and the set S(x) with siz intersection points (Hs = 0.5e,, K = 0.7,
D=ey).

which corresponds to a simple eigenvalue problem. Assumption (H,) ensures that
p and e, are not collinear and that K # 0. Thus the operator defined by M —
K(p-M)p— (e, - M)e, is a real symmetric operator A; in the basis (e,,p, e, X p), we
have

-1 —(ex-p) O
A = | K(ey-p) K 0
0 0 0

The operator A has three distinct real eigenvalues: one is zero, and the other ones
have opposite signs (as K [(em p)?— 1] < 0). Thus there exist three different eigendi-
rections, (e;) and S(z) is made up of three lines passing through the center of the
Y(R). There are exactly six stationary states such that |My| = R, namely My = Re;,
i=1,...,3.

Case 2. Hg # 0. Let us denote u = ez, v = p, and w = H,/|H|. We shall
distinguish three cases:

o Case 2.1 (general case, see Figure 5.2): (u,v,w) # 0.
In the basis {u,v,w}, we denote M by (x,y, 2)t. Equality (5.5) then reads

(|Hs)w + Kyv — zu)x(zu + yv + zw) = 0,
which yields
|Hs|lz wxu + |Hsly wxv + Kzy vxu + Kyz vxw — xy uxv — zz uxw = 0.

As {u x v,u x w,v x w} is also a basis of R?, we deduce that

z(|Hsl+2) = 0,
(5.7) y (|Hs| - Kz) = 0,
zy(K+1) = 0.

This shows that S(x) is made up of two or three lines: d; = {x = 0,y = 0},
dy ={y =0,z = —|Hs|} and, if K # 0, d3 = {x = 0,z = |H,|/K}. We
deduce that the intersection between S(z) and a sphere of radius R has at
least two points (because the line d; passes through the point (0,0,0)) and
at most six points. All the values between 2 and 6 are possible, depending
on R and on the distance of the lines ds and d3 from the point (0,0, 0).
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Fic. 5.2. The unit sphere and the set S(x) with siz intersection points (Hs = 0.5 (ex + p),

K =05, p=ey).

o Case 2.2: (u,v,w) =0, (u,v,u X v)#D0.

In the basis {u,v,u x v}, we denote M by (z,y,2)! and Hs by (hy, hy,0)*.
The computations now lead to

z(hy + Ky) — y(hu+2) = 0,
(5.8) 2 (hy + Kv) = 0
z (hy — ) = 0.

In this case, the set S(z) is made up of a hyperbola ({z = 0, (K + 1)zy +
hyx — hyy = 0}) and, if K # 0, a line ({x = hy,y = —h,/K}). As one of the
branches of the hyperbola passes through the point (0,0,0), the conclusions
are exactly the same as in the previous case.

Case 2.3: u, v, and w are collinear.

In the canonical basis {e;, ey, e,}, we have p = e,, Hy = |Hsle,, and M =
(z,y,2)t. The computations now lead to

z(|Hs|+ Ky—z) = 0.

(5.9)

As
(Hz) & (|Hs|+Ky—=z) # 0,

the set S(x) reduces in this case to the line {y = 0,z = 0}, and there are
always exactly two intersection points. 0

5.2. Free transitions to stationary states. In this section we still consider

the unperturbed case (i.e., H = 0). It is indeed easy to show in this case the
convergence of M (z,t) to some element of Z(z, Mp). It is also possible to see which
of these positions are stable and which are not (see Remark 5.6).

THEOREM 5.4. Let Z(x, My) be defined as in section 2.2. The solution to sys-

tem (5.1) satisfies

(5.10)

IMoo(x) € Z(x,My)  such that tlim M(z,t) = My(x).

Proof. Note that

Hr(z, M(x,t)) = Hs(z)+ K(p- M(z,t))p — (ex - M(z,t))e,
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can also be defined as

(511) HT(‘TaM(ajvt)) = (VMV) (va(xat))v
where we define
V(z,M) = Hy(x)  M(z,t) — %(em M (z,t))* — %|P(M)|2 Vr € R, VM € R3.

For this reason, we have

(5.12) Hyp(x, M(z,t)) - M(z,t) = %V(x,M(x,t)).

Additionally, we deduce from (5.2) that

N . . 2
(5.13) Hp(z, M(z,t)) - M(z,t) = 1%42@ Hy(a, M(x,)) x M(z,t)| .
Thus
(5.14) %V(%M(x,t)) = g(z, M(z,1)),
where
o 1 - 2

1 = 3

(5.15) g(x, M) T4 o2 M| Hr(x, M) x M Ve eR, VM e R

The main properties of this function g are, respectively,
(i) g(z, M) = 0;

(ii) (g(z, M) =0and |[M| = |Mo(z)|) < (M € Z(x, Mo));

(ili) g(w, M) = 2% m VMV (@, M) x M[*.

Therefore, (5.14) means that the function M — V(x, M) is a strict anti-Liapunov
function for the system (5.1). Classical results on dynamic systems then ensure the
convergence to these stationary states (see, for instance, [6]). a

Remark 5.5. Property (iii) of function g means, in particular, that the set of
extremal points of V(z, M) on the sphere is included in Z(x, My).

Moreover, in the general case ((es,p, Hs) # 0), it can be shown that, if M €
Z(x, My) is neither a maximum nor a minimum for V, then it is a saddlepoint for V'
(it cannot be a local extremum).

As an illustration of these results and Theorem 5.2, we represent below two tra-
jectories of the vector M (t) on the sphere of radius |[My| = 1 (see Figure 5.3). These
trajectories have been computed numerically and correspond to the following data:
(Hs = 2e,, K =0) and (H; = 0.5¢,, K = 0.7, p = e,), respectively. One can check
that the first case corresponds to two stationary states on the sphere while the second
one corresponds to six states (all are indicated by bold arrows). The initial position,
indicated by a bold dot, is the same in both cases.

Remark 5.6. Although it is not the main objective of this paper, one could
complete the analysis by results on the stability of the stationary points. Let us first
recall the following definition.

DEFINITION 5.7. A stationary state My, is stable for the trajectory M (z,t) if
and only if

(5.16) IV (M) VMo €V (Ma),  lim M(x,t) = M,
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Fi1G. 5.3. Trajectories of M(t) with two and siz stationary states.

where V (M) is a neighborhood of My, and M (x,t) is the solution to (5.1) associated
with the initial data My. (Otherwise, Mo is said to be unstable.)
Two results can now be pointed out:
1. In the general case ((e;,p, Hs) # 0), one can show that only the points
My € Z(x, My), such that

V(Myx) = max V,
(M) = max V,

are stable stationary states, while the others are unstable.
2. This is not necessarily true when (e, p, Hs) = 0.

6. Proof of Theorem B: Attraction of M for weak solutions. Using the
notation of section 5, one can check that the LLG equation of (1.5) can be rewritten
(see Remark 5.1) in the form

(6.1) M(z,t) = L(z,M(z,t)) + R(z,1t),

where

1 5 [ Hy(w,t) x M(z,t) + iM(gc,t) X (HH(x,t) X M(m,t)) )

(62) R(,t) = 1 o

By the definition of V' and g (see section 5, proof of Theorem 5.4), one easily shows
that

(63 DV M(2,1) = oo, M2, 0) + 7(.), £ 0,
where
(6.4) r(x,t) = —Hp(z, M(x,t))- R(z,t) + fa(ﬂ ﬁ |H (1) x M(x,t)|2.

As a consequence of Theorem A and (2.6), we see that R(xz, M) satisfies

o
(6.5) / |R(z, M (z,t), H(z,t))?dt < oo for a.e. z €R.
0
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and thus

(6.6) / [r(z, M (x,t), Hy(z,t))|dt < oo for a.e. z €R.
0

Let us fix an « € R such that (6.1)—(6.6) hold. For this reason we shall write M (t),
R(t), and r(t) instead of M (x,t), R(x,t), and r(z,t), respectively, and similarly g(M)
and V(M) instead of g(x, M) and V(z, M). By Theorem 2.8, we know that all these
functions are, almost everywhere in x, continuous functions of time. In the following,
we shall consider such an z. We shall also write Z instead of Z(z, My) and denote by
S the sphere of radius |My(x)|.

The first step of the proof is the convergence of V(M(t)). Let V(Z) =
{Vo,Vi,...,Vn} with Vi < Vi < --- < Vi (In particular, by Remark 5.5 Vj is
the minimum of V' on S and Vi is the maximum). Let us introduce

(6.7) VT =limsup, ,  V(M(t)) €]V;, Viz1] for some i.
LEMMA 6.1. Let Vi1 be defined by (6.7). Then we necessarily have
(6.8) V(M(t)) — Vig1 as t — oc.
Proof. We prove (6.8) by contradiction. Let us assume to the contrary that

Vo = litminf V(M) < Vig.

Using also (6.7), we deduce that there exists ¢ > 0 and V° € R such that

(6.9) max(V ™", Vi +¢) <V <min(V*', Vi —e).

Therefore, by continuity of V(M (t)) there exists a sequence t;, — oo such that
(6.10) V(M(tg)) = V°.

If we prove that, for sufficiently large T and t > T,

(6.11) V(M) = Vigr —e,

we will get a contradiction to (6.10) since t; — oo and Vo < Vit1 —e. To prove
(6.11), first note that the properties of g imply the existence of some § > 0 such that

“| = gy =,

13
(6.12) V(M) € [Vit 2 Vier — 5

Let us introduce for each k the set
(6.13) & = {t >t V(M(7)) € {Vi + g,VQH - g] for t, <7 < t},

It is easy to see that by construction & is connected and that, taking into account
(6.9) and (6.10) as well as the continuity of V(M (?)), it is not empty. One can also
prove that this set is bounded. Indeed, let 7 € &; integrating (6.3) between ¢ and
T, we get

(6.14) V(M(1)) = V(M(tg)) = /T g(M(s))ds + /T r(s)ds.

tr tr
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By definition of &, we have

Vip<s<Tt, V(M(s)) e [Vi—l—g,ViH — g .
Therefore, using (6.14) and (6.12), we get
(6.15) V(M(1)) = V(M(tr)) > 6(r —tg) — I,
and thus,

1
. < - — mi
(6.16) T < tk+6 (IA?%V(M) ]{/InéréV(M)—i—Ik),
where
oo
(6.17) I, = / |r(s)|ds.
tr
Therefore & is bounded by
1 .

(6.18) i + 5 <$2§ V(M) — Iin V(M) + Ik> .
Now, let us introduce
(6.19) T = sup & < +o0.

By continuity, V(M (7)) is equal to Vi + § or Viy1 — 5. Let us show that V(M (7))

Viy1— § at least for & large enough. Indeed, from (6.14), we deduce in particular that

(g is positive and we take 7 = 7)

(6.20) V(M(m)) = V(M(tg)) > —I.

I tends to 0 when & tends to 4+oo because of (6.6). Thus, there exists k = k(e) such

that, for k > k,
(6.21) V(M(r) — V(M(ty)) > —g for t, < T < 7.
Therefore

V(M(ry)) > V(M (ty)) —

This proves that (see Figure 6.1)

k2 k= V(M(r) = Vi - .
Now, we introduce the set
(6.22) Fe = {tZTk : V(M(T))Z‘/H_l—%for TkSTSt}.

Equations (6.9) and (6.10) ensure that Fj, is bounded for every k. Let us set

(6.23) 00 — max .
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1- Vi1
1= Vigr—

1= Vig1—¢

1~ Vite

F1G. 6.1. Behavior of a Liapunov function.

By definition of Fj and continuity of V(M (t)), we have

€
(6.24) V(M(0r)) = Vigr — 9
Integrating (6.3) between ¢y and ¢ > ) and using once again the positivity of g, we
get, for k > k,

(6.25) Vi>0p V(M) —Vipr+52-Ir>—

N ™
| ™

which proves (6.11) with T = 6. O

Now to prove Theorem B, let us assume by contradiction that the conclusion
is not true. This means that there exists p > 0 and a strictly increasing sequence
tr — oo such that (see Figure 6.2)

(6.26) dist(M (tx), Z) > p.

We are going to prove that this contradicts Lemma 6.1.
First, using the properties of g, we know that there exists § > 0 such that

(6.27) dist(M(ty), 2) > g = g(M) > 6.

By continuity of M (¢) and by (6.26), we know that the set

Gr = {t >ty /7 €ltr, t[= dist(M(r), Z) > g }
is not empty. Let us check that, for k large enough,
(6.28) ltk,te + T) C Gr, where T = Cp,C > 0.
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Vig1 + 6T
Vina
M(tr)

FiG. 6.2

Let 7, = supGg. As the case 7, = 400 is obvious (Jtg,tx + T| Cltg, +o0[), let us
assume that 7, < +o00. By continuity, dist(M (1), Z) = p/2, and using (6.26),

P

5

(6.29) |M(ty) — M(7)| >

Conversely, integrating (6.1) between t; and 7, and using (6.5) and the Cauchy—
Schwarz inequality, we get

Nl

|M (1) = M (te)| =
(6.30)

where w > 0, and

< w(Tftk)+Jk(Tk7tk) ,

/Tk L(M(s))ds + /T,c R(s)ds

tr tk

(6.31) J? = /oo |R(s)|ds.

tk
Regrouping (6.29) and (6.30), we get, using Young’s inequality,

J2
< w(mp —t) + k(T — tr)2 < 2w(Tp — tg) + X

(6.32) o

NI
-

As J? tends to 0 when k — oo, we have, for k > k, JZ/2w < p/4. Therefore,

(6.33) E>k =

1D

< 2w(7‘k7tk) = (katk) 20T

Now, integrating (6.3) between t; and ty + 7', we get

tp+T tp+T
(6.34) V(M(tp+T))—V(M(ty)) = / g(M(s))ds + / r(s)ds.

tr tr



ON TRANSITIONS TO STATIONARY STATES 371

By (6.26)(6.28), g(M(s)) > 6 for s € [ty,t) + T] and k > k. Therefore,
(6.35) V(M(ty +T)) = V(M(ty)) = 6T — I,
where Ij, = t—:oo [r(s)|ds tends to O when k — +oo. Therefore, for k large enough,

T

(6.36) VMt +T)) = V(M(t) = =

which of course contradicts Lemma 6.1. 0

7. On the attraction of M for strong solutions. In this last section, the
assumptions are those of Theorem A’. First, note that the proof of Corollary 2.12 is
obvious: indeed, the proof given in the previous section for weak solutions also applies
to strong solutions and ensures the convergence of M(z,t) for every = € R.

One could think that the uniform convergence to 0 of the transverse field H) (x,t)
would yield that the convergence of the magnetization distribution M (z,t) to M (z,t)
is itself uniform. In fact, such a result is not obvious at all, and may not be true. More
precisely, we are going to prove, with the help of a suitable counterexample, that it
is not possible to prove the uniform convergence of M (z,t) with the only assumption
that the convergence of H)(x,t) is uniform.

To construct this counterexample, we denote by S the unit sphere, set My, =
e, =(0,0,1)%, and M_,, = —M,,. We shall need two simple lemmas which apply to
the evolution equation

(67

(7.1) { M(t) = Hp(M(t)) x M(t) +

M(tZO):MQES,

where Hr(M(t)) = —(M(t) - ez )es + 2e- + H|(t), which corresponds to H, = 2e. and
K = 0. In such a case, one easily verifies that

Z = { Mo, M_o}.

LEmMMA 7.1, Assuming that H)(t) = 0, for any solution M(t) to system (7.1),
and for all My € S, we have

(7.2) (Mo # M_o) = (V(MO) > Vigin = V(M_o) and lim M(t) = MOO),
where

1
VM eS, V(M) = 2M~ez—§|M-ew|2.

Remark 7.2. This result means that M, can be a limit state if and only if
My = M_ ., in which case the solution is stationary.
Proof. Tt is easy to check that

M) = Vi = V(M
ArggwéV( ) = Vimax = V(M),

and

]rwnéréV(M) = Viin = (V(M-)).
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This is true as soon as |Hg| > 1 (see section 4). Moreover, for the same reason, V
admits no other critical point on S. The lemma is then a direct consequence of the
fact that V is a strict anti-Liapunov function for the system (7.1). a

LEMMA 7.3. Let € €]0,1], and let us assume that Hy(t) = e, and My = M_ .
Then, for all T > 0, the solution to system (7.1) on [0,T] is such that

V(M(T)) < Vmin = V(M—oo)

where V' is as defined in Lemma 7.1.
Proof. In this case, the total magnetic field is

Hp(M) = —(M(t) - e)es + 2. + cey.
The associated strict anti-Liapunov function is
1
(7.3) VM €S, V(M) = 75|M~ez|2+2M~ez+5M~ey,
which is such that

. / o A /
AI/I[lQl%V(M) = Vipn = V(M_)

I
=
=
8

where V' has been defined in Lemma 7.1, and

maxV’(M) - V/max = VI(MOO) = V(MOO)

MeS
Thus,
(7.4) VI(M(T)) > V'gin = V(Mx)-
Let us define
(7.5) C={MeS\V'(M) =V (MT)}
and
(7.6) Vr = min V(M).

Mec’
As V' in = Vinin is reached in M, only, we see that
(7.7) (Vr = Viin ) = (V(M(T)) = V'inin ) ,
which is not true; whence the result, since
(7.8) V'(M(T)) > Ve > Viin. |

We can now state the following theorem.
THEOREM 7.4. Let Q = [0,1] be a ferromagnetic layer defined by the initial
distribution

Mo(z) = M_ Vze][0,1],
Hs; =2e,, and K = 0. Let us consider a transverse magnetic field defined by

H”(x,t) = 0 Vzéglo,1],
L]

1 2
x Vte{,].
'z
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Then, H(x,t) converges uniformly to 0 when t goes to +oo; however,
(i) limy_oo M(0,8) = M_o;
(i) Vz €]0,1], limy oo M(z,t) = Moo
(i) Ve € [0,2[VT >0, 3z €]0,1], 3t > T such that

M(z,t) —tlim M(z,t)| = | M(z,t) — My | = 2 >e.
Proof. First of all, it is easy to see that

2
(7.9) sup Hj(z,t) = —
@€ ]0,1] t

which ensures that the convergence of H)| to 0 in time is uniform in space.

Concerning the three assertions of the theorem, result (i) is clear since H(0,t) = 0
for all t > 0. For (ii) and (iii), let us consider € € [0,2[ and 7' > 0. We choose z €]0, 1]
such that 1/x > T. Then, on the one hand,

(7.10) vte[0,T], Hy(x,t) =0 and M(z,t) = M_«.

On the other hand, by Lemma 7.3,

o (ot (o= 2)) =

and thus, by Lemma 7.1,
(7.12) tlim M(x,t) = My ]

Remark 7.5. The previous example is only a counterexample to the fact that the
uniform convergence of M could be proven by using uniform convergence of H). It is
not a counterexample to the uniform convergence of M: indeed, it is not a solution
of the coupled Maxwell-LLG system.

Remark 7.6. One might also believe that M(t) always converges to a stable
stationary state. This is not so obvious, and may not be true. In fact, one can show
that a “perturbation” H)(z,t)—that is to say, a function C' in time vanishing to 0
with ¢ — oo— can lead the magnetization M from a stable position to an unstable
one. Let us consider

(7.13) () = — () x (Hr(u(t)) x u(t)),
' p(t=0) = o € S,

where Hr(p) = — (i - ez)ex + 2e,. The solution to this problem is such that
(7.14) Vg # Moo, tlim u(t) = M_w,

because V(i) is a strict anti-Liapunov function for (7.13). Let us now define the
function h(t) as

1 1+ a+a?

(7.15) h(t) = WHT(N@)) X p(t) — T+ a?

pu(t) x (Hr(p(t)) x p(t)).
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This function is such that
(i) h(t) € C1(R) because u(t) € C*(R);
(ii) h(t) — 0 when t — oo because u(t) x Hy(u(t)) — 0 when ¢t — oo;
(iii) additionally, computations lead to

(Hr (p(t) + h(t)) x u(t) + ap(t) x [(Hr(u(t)) + h(t) x p(t)] =
— p(t) x (Hr(p(t)) x p(t)).

In other words, function p(t), the solution to problem (7.13), is also the solution to
problem (7.1) with the perturbation H(t) = h(t).
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