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Abstract: Consider the Klein–Gordon equation (KGE) inRn, n ≥ 2, with constant
or variable coefficients. We study the distributionµt of the random solutionat time
t ∈ R. We assume that the initial probability measureµ0 has zero mean, a translation-
invariant covariance, and a finite mean energy density. We also assume thatµ0 satisfies
a Rosenblatt- or Ibragimov–Linnik-type mixing condition. The main result is the con-
vergence ofµt to a Gaussian probability measure ast → ∞ which gives a Central
Limit Theorem for the KGE. The proof for the case of constant coefficients is based on
an analysis of long time asymptotics of the solution in the Fourier representation and
Bernstein’s “room-corridor” argument. The case of variable coefficients is treated by
using an “averaged” version of the scattering theory for infinite energy solutions, based
on Vainberg’s results on local energy decay.

1. Introduction

The aim of this paper is to underline a special role of equilibrium distributions in sta-
tistical mechanics of systems governed by hyperbolic partial differential equations (for
parabolic equations see [6,27]). Important examples arise when one discusses the role
of a canonicalGibbs distribution (CGD) in the Planck theory of spectral density of
the black-body emission and in the Einstein–Debye quantum theory of solid state (see,
e.g. [31]). [The word “canonical” is used in this paper to emphasize the fact that the
probability distribution under consideration is formally related to the “Hamiltonian”,
or the energy functional, of the corresponding equation by the Gibbs exponential for-
mula. Owing to the linearity of our equations, there are plenty of other first integrals
which lead to other stationary measures.] Historically, the emission law was established
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at a heuristic level by Kirchhoff in 1859 (see [34]) and stated formally by Planck in
1900 (see [25]). The law concerns the correspondence between the temperature and the
colour of an emitting body (e.g., a burning carbon, or an incandescent wire in an electric
bulb). Furthermore, it provides fundamental information on an interaction between the
Maxwell field and “matter”. Planck’s formula specifies a “radiation intensity”IT (ω) of
the electromagnetic field at a fixed temperatureT > 0, as a function of the frequency
ω > 0. It is convenient to treatIT (·) as the spectral correlation function of a station-
ary random process. Then ifgT denotes an equilibrium distribution of this process, the
Kirchhoff–Planck law suggests the long-time convergence

µt ⇁ gT , t → ∞. (1.1)

Hereµt is the distribution at timet of a nonstationary random solution. The resulting
equilibrium temperatureT is determined by an initial distributionµ0. Convergence
to equilibrium (1.1) is also expected in a system of Maxwell’s equations coupled to an
equation of evolution of “matter”. For example, both (1.1) and the Kirchhoff–Planck law
should hold for the coupled Maxwell–Dirac equations [5], or for their second-quantised
modifications. However, the rigorous proof here is still an open problem.

Previously, the convergence of type (1.1) to a CGDgT has been established for an
ideal gas with infinitely many particles by Sinai (see, e.g., [7]). Similar results were
later obtained for other infinite-dimensional systems (see [2,10] and a survey [9]). For
nonlinear wave problems, the first such result has been established by Jaksic and Pillet
in [18]: they consider a system of a classical particle coupled to a wave field in a
smooth nonlocal fashion. For all these models, the CGDgT is well-defined, although
the convergence is highly non-trivial. On the other hand, for the local coupling such
as in the Maxwell–Dirac equations, the problem of “ultraviolet divergence” arises: the
CGDs cannot be defined directly as the local energy is formally infinite almost surely.
This is a serious technical difficulty that suggests that, to begin with, one should analyse
convergence tonon-canonicalstationary measuresµ∞, with finite mean local energy:

µt ⇁ µ∞, t → ∞. (1.2)

In fact, most of the above-mentioned papers establish the convergence to both CGDs
and non-canonical stationary measures, by using the same methods. In our situation, the
aforementioned ultraviolet divergence makes the difference between (1.1) and (1.2).

In this paper we prove convergence (1.2) for the Klein–Gordon equation (KGE) in
R
n, n ≥ 2:{

ü(x, t) =∑n
j=1(∂j − iAj (x))2u(x, t)−m2 u(x, t), x ∈ R

n,

u|t=0 = u0(x), u̇|t=0 = v0(x).
(1.3)

Here∂j ≡ ∂

∂xj
, x ∈ R

n, t ∈ R, m > 0 is a fixed constant and(A1(x), . . . , An(x)) a

vector potential of an external magnetic field; we assume that functionsAj(x) vanish
outside a bounded domain. The solutionu(x, t) is considered as a complex-valued
classicalfunction.

It is important to identify a natural property of the initial measureµ0 guaranteeing
convergence (1.2). We follow an idea of Dobrushin and Suhov [10] and use a “space”-
mixing condition of Rosenblatt- or Ibragimov–Linnik-type. Such a condition is natural
from physical point of view. It replaces a “quasiergodic hypothesis” and allows us to
avoid introducing a “thermostat” with a prescribed time-behaviour. Similar conditions
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have been used in [2,3,33,32]. In this paper, mixing is defined and applied in the context
of the KGE.

Thus we prove convergence (1.2) for a class of initial measuresµ0 on a classical
function space, with a finite mean local energy and satisfying a mixing condition. The
limiting measureµ∞ is stationary and turns out to be a Gaussian probability measure
(GPM). Hence, this result is a form of the Central Limit Theorem for the KGE.

Another important question we discuss below is the relation of the limiting measure
µ∞ to the CGDgT . The (formal) Klein–Gordon Hamiltonian is given by a quadratic
form and so the CGDsgT are also GPMs, albeit generalised (i.e. living in generalised
function spaces).As our limiting measuresµ∞ are “classical” GPMs, they do not include
CGDs. However, in the case of constant coefficients, a CGD can be obtained as a limit
of measuresµ∞ as the “correlation radius” figuring in the mixing conditions imposed
onµ0 tends to zero. More precisely, we assume that for a fixedT > 0,

1

2
E
(
v0(x)v0(y)+ ∇u0(x) · ∇u0(y)+m2u0(x)u0(y)

)
→ T δ(x − y), r → 0,

(1.4)

whereE denotes the expectation. Then the covariance functions (CFs) of the corre-
sponding limit GPMµ∞ converge to the covariance functions of the CGDgT . In turn,
this implies the convergence

µt ⇁ µ∞ ∼ gT , r → 1. (1.5)

See Sect. 4.
It should be noted that the existence of a “massive” (in a sense, infinite-dimensional)

set of the limiting measuresµ∞ that are different from CGD’s is related to the fact that
KGE (1.3) is degenerate and admits infinitely many “additive” first integrals. Like the
Klein–Gordon Hamiltonian, these integrals are quadratic forms; hence they generate
GPMs via Gibbs exponential formulas.

Convergence (1.2) has been obtained in [19–21] for translation-invariant initial mea-
suresµ0. However, the original proofs were too long and used a specific apparatus of
Bessel’s functions applicable exclusively in the case of the KGE. They have not been
published in detail because of the lack of a unifying argument that could show the limits
of the method and its forthcoming developments. To clarify the mechanism behind the
results, one needed some new and robust ideas. The current work provides a modern
approach applicable to a wide class of linear hyperbolic equations with a nondegenerate
“dispersion relation”, see Eq. (7.20) below. We also weaken considerably the mixing
condition on measureµ0. Moreover, our approach yields much shorter proofs and is
applicable to non-translation invariant initial measures. The last fact is important in re-
lation to the two-temperature problem [3,12,33] and the hydrodynamic limit [8]. Such
progress became possible in large part owing to the systematic use of a Fourier transform
(FT) and a duality argument of Lemma 7.1. [The importance of the Fourier transform
was demonstrated in earlier works [3,32,33].]

Similar results, for the wave equation (WE) inR
n with oddn ≥ 3, are established in

[11] which develops the results [26]. The KGE shares some common features with the
WE (which is formally obtained by settingm = 0 in (1.3)), and the exposition in [20,
21] followed the structure of the earlier work [26]. On the other hand, the KGE and WE
also have serious differences, see below.

It is worth mentioning that possible extensions of our methods include, on the one
hand, Dirac’s and other relativistic-invariant linear hyperbolic equations and on the other



4 T. V. Dudnikova, A. I. Komech, E. A. Kopylova, Yu. M. Suhov

hand harmonic lattices, as well as “coupled” systems of both types. We intend to return
to these problems elsewhere.

We now pass to a detailed description of the results. Formal definitions and statements
are given in Sect. 2. Set:Y (t) = (Y 0(t), Y 1(t)) ≡ (u(·, t), u̇(·, t)), Y0 = (Y 0

0 , Y
1
0 ) ≡

(u0, v0). Then (1.3) takes the form of an evolution equation

Ẏ (t) = AY (t), t ∈ R; Y (0) = Y0. (1.6)

Here,

A =
(

0 1
A 0

)
, (1.7)

whereA =∑n
j=1(∂j − iAj (x))2 −m2. We assume that the initial dateY0 is a random

element of a complex functional spaceH corresponding to states with a finite local
energy, see Definition 2.1 below. The distribution ofY0 is a probability measureµ0 of
mean zero satisfying some additional assumptions, see ConditionsS1–S3below. Given
t ∈ R, denote byµt the measure that gives the distribution ofY (t), the random solution
to (1.6). We study the asymptotics ofµt ast → ±∞.

We identifyC ≡ R
2 and denote by⊗ the tensor product of real vectors. The CFs of

the initial measure are supposed to be translation-invariant:

Q
ij
0 (x, y) := E

(
Y i0(x)⊗ Y j0 (y)

)
= qij0 (x − y), x, y ∈ R

n, i, j = 0,1 (1.8)

(in fact our methods require a weaker assumption, but to simplify the exposition, we
will not discuss it here). We also assume that the initial mean energy density is finite:

e0 := E
(
|v0(x)|2 + |∇u0(x)|2 +m2|u0(x)|2

)
= q11

0 (0)−�q00
0 (0)+m2q00

0 (0) <∞, x ∈ R
n. (1.9)

Finally, we assume that measureµ0 satisfies a mixing condition of a Rosenblatt- or
Ibragimov–Linnik type, which means that

Y0(x) and Y0(y) areasymptotically independentas |x − y| → ∞. (1.10)

As was said before, our main result gives the (weak) convergence (1.2) ofµt to a limiting
measureµ∞ which is a stationary GPM onH.A similar convergence holds fort → −∞.
Explicit formulas are then given for the CFs ofµ∞.

The strategy of the proof is as follows. First, we prove (1.2) for the equation with
constant coefficients (Ak(x) ≡ 0), in three steps.

I. We check that the family of measuresµt , t ≥ 0, is weakly compact.

II. We check that the CFs converge to a limit: fori, j = 0,1,

Q
ij
t (x, y) =

∫
Y i(x)⊗ Y j (y)µt (dY )→ Q

ij∞(x, y), t → ∞. (1.11)
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III. Finally, we check that the characteristic functionals converge to a Gaussian one:

µ̂t (#) :=
∫

exp{i〈Y,#〉}µt(dY )→ exp{−1

2
Q∞(#,#)}, t → ∞. (1.12)

Here# is an arbitrary element of the dual space andQ∞ the quadratic form with the
integral kernel(Qij∞(x, y))i,j=0,1; 〈Y,#〉 denotes the scalar product in a real Hilbert
spaceL2(Rn)⊗ R

n.
Property I follows from the Prokhorov Theorem by a method used in [37]. First,

we prove a uniform bound for the mean local energy inµt , using the conservation of
mean energy density. The conditions of the Prokhorov Theorem are then checked by
using Sobolev’s embedding Theorem in conjunction with Chebyshev’s inequality. Next,
we deduce Property II from an analysis of oscillatory integrals arising in the FT. An
important role is attributed to Proposition 6.1 reflecting the properties of the CFs in the
FT deduced from the mixing condition.

On the other hand, the FT approach alone is not sufficient for proving Property III
even in the case of constant coefficients. The reason is that a function of infinite energy
corresponds to a singular generalised function in the FT, and the exact interpretation of the
mixing condition (1.10) for such generalised functions is unclear. We deduce Property III
from a representation of the solution in terms of the initial date in coordinate space. This
is a modification of the approach adopted in [19–21]. It allows us to combine the mixing
condition with the fact that waves in the coordinate space disperse to infinity. This leads
to a representation of the solution as a sum of weakly dependent random variables. Then
(1.12) follows from a Central Limit Theorem (CLT) under a Lindeberg-type condition.
Checking such a condition is an important part of the proof.

It is useful to discuss the dispersive mechanism that is behind (1.12) and compare the
KGE (m > 0) and WE (m = 0). Take, for simplicity,n = 3 andu0 ≡ 0. The solution
to (1.3) (withAk(x) ≡ 0) is given by

u(x, t) =
∫

E(x − y, t)v0(y) dy, t > 0, (1.13)

whereE is the “retarded” fundamental solution

E(x, t) = 1

4πt
δ(|x| − t)− mθ(t − |x|)

4π

J1(m
√
t2 − x2)√

t2 − x2
, (1.14)

J1 is the Bessel function of the first order. Form = 0 the functionE(·, t) is supported
by the sphere|x| = t of area∼ t2, and (1.13) becomes the Kirchhoff formula

u(x, t) = 1

4πt

∫
|x−y|=t

v0(y) dS(y), (1.15)

which manifests the dispersion of waves in the 3D space. Dividing the sphere{y ∈
R

3 : |x − y| = t} intoN ∼ t2 “rooms” of a fixed widthd � 1, we rewrite (1.15) as

u(x, t) ∼

N∑
k=1
rk

√
N
, (1.16)
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whererk are nearly independent owing to the mixing condition. Then (1.2) follows by
the well-known Bernstein “room-corridor” arguments.

Form > 0 functionE(·, t) is supported by the ball|x| ≤ t which means the absence
of a strongHuyghen’s principle for the KGE. The volume of the ball is∼ t3, hence
rewriting (1.13) in the form (1.16) would need asymptotics of the type

E(x, t) = O(t−3/2), |x| ≤ t (1.17)

ast → ∞. As J1(r) ∼ cos(r − 3π/4)/
√
r, asymptotics (1.17) only holds in the region

|x| ≤ vt with v < 1. For instance,

E∣∣|x|=vt ∼ cos(mγ t − 3π/4)

(γ t)3/2
,

whereγ = √
1− v2. However, the degree of the decay is different near the light cone

|x| = t corresponding tov = 1 andγ = 0. For example, for a fixedr > 0,

E∣∣|x|=t−r ∼ cos(m
√

2rt − 3π/4)

(2rt)3/4
= O(t−3/4), (1.18)

wherer = t−|x| is the “distance” from the light cone. This illustrates that an application
of Bernstein’s method in the case of the KGE requires a new idea.

The key observation is that the asymptotics (1.18) displays oscillations∼ cosm
√

2rt
of E near the light cone ast → ∞. The solution becomes an oscillatory integral,
and one is able to compensate the weak decay∼ t−3/4 by a partial integration with
Bessel functions, by a method following an argument from [23, Appendix B]. Such an
approach was used in [21] and was accompanied by tedious computations in a combined
“coordinate-momentum” representation. The approach adopted in this paper allows us
to avoid this part of the argument. An important role is played by a duality argument
of Lemma 7.1 leading to an analysis of an oscillatory integral with a phase function
(=“dispersion relation”) with a nondegenerate Hessian, see (7.20).

Simple examples show that the convergence may fail when the mixing condition does
not hold. For instance, takeu0(x) ≡ ±1 andv0(x) ≡ 0 with probabilityp± = 0.5.
Then the mean value is zero and (1.9) holds, but (1.10) does not. The solutionu(x, t) ≡
± cos (mt) a.s., henceµt is periodic in time, and (1.2) fails.

Finally, a comment on the case of variable coefficientsAk(x). In this case explicit
formulas for the solution are unavailable. Here we construct a scattering theory for
solutions of infinite global energy. This version of the scattering theory allows us to
reduce the proof of (1.2) to the case of constant coefficients (this strategy is similar
to [4,11,12]). In particular, in [11] one establishes, in the case of a WE, a long-time
asymptotics

U(t)Y0 = .U0(t)Y0 + ρ(t)Y0, t > 0. (1.19)

HereU(t) is the dynamical group of theWE with variable coefficients,U0(t) corresponds
to the “free” equation with constant coefficients, and. is a “scattering operator”. In this
paper, instead of (1.19), we use a dual representation:

U ′(t)# = U ′
0(t)W# + r(t)#, t ≥ 0. (1.20)
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HereU ′(t) is a ”formal adjoint” to the dynamical group of Eq. (1.3), whileU ′
0(t) corre-

sponds to the “free” equation, withAk(x) ≡ 0. The remainderr(t) is small in mean:

E|〈Y0, r(t)#〉|2 → 0, t → ∞. (1.21)

This version of scattering theory is essentially based on Vainberg’s bounds for the local
energy decay (see [35,36]).

Remark 1.1.(i) In [11] we deduce asymptotics (1.19) from its primal counterpart (1.20).
In this paper we do not analyse connections between (1.20) and (1.19).

(ii) It is useful to comment on the difference between two versions of scattering theory
produced for the WE and KGE. In the first theory, the remaindersρ(t) andr(t) are
small a.s., while in the second theory, developed in this paper,r(t) is small in mean
(see (1.21)). Such a difference is related to a slow (power) decay of solutions to the
KGE.

The main result of the paper is stated in Sect. 2 (see Theorem A). Sections 3–8
deal with the case of constant coefficients: the main statement is given in Sect. 3 (see
Theorem B), the relation to CGDs is discussed in Sect. 4, the compactness (Property I) is
established in Sect. 5, convergence (1.11) in Sect. 6, and convergence (1.12) in Sects. 7, 8.
In Sect. 9 we check the Lindeberg condition needed for convergence to a Gaussian limit.
In Sect. 10 we discuss the infinite energy version of the scattering theory, and in Sect. 11
convergence (1.2). In Appendix A we collected FT-type calculations. Appendix B is
concerned with a formula on generalised GPMs on Sobolev spaces.

2. Main Results

2.1. Notation.We assume that functionsAk(x) in (1.3) satisfy the following conditions:

E1. Aj(x) are realC∞-functions.
E2. Aj(x) = 0 for |x| > R0, whereR0 <∞.

E3.
∂A1

∂x2
�≡ ∂A2

∂x1
if n = 2.

Assume that the initial stateY0 belongs to the phase spaceH defined below.

Definition 2.1. H ≡ H 1
loc(R

n) ⊕ H 0
loc(R

n) is the Fréchet space of pairsY (x) ≡
(u(x), v(x)) of complex functionsu(x), v(x), endowed with local energy seminorms

‖Y‖2
R =

∫
|x|<R

(
|v(x)|2 + |∇u(x)|2 +m2|u(x)|2

)
dx <∞, ∀R > 0. (2.1)

Proposition 2.2 follows from [22, Thms. V.3.1, V.3.2]) as the speed of propagation
for Eq. (1.3) is finite.

Proposition 2.2.(i) For anyY0 ∈ H there exists a unique (generalised) solutionY (t) ∈
C(R,H) to (1.6).

(ii) For anyt ∈ R the operatorU(t) : Y0  → Y (t) is continuous inH.
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Let us choose a functionζ(x) ∈ C∞
0 (R

n)with ζ(0) �= 0. Denote byHsloc(R
n), s ∈ R,

the local Sobolev spaces, i.e. the Fréchet spaces of distributionsu ∈ D′(Rn) with finite
seminorms

‖u‖s,R := ‖7s
(
ζ(x/R)u

)
‖L2(Rn), (2.2)

where7sv := F−1
k→x(〈k〉s v̂(k)), 〈k〉 :=

√|k|2 + 1, andv̂ := Fv is the FT of a tempered

distributionv. Forψ ∈ D defineFψ(k) =
∫
eik·xψ(x)dx.

Definition 2.3. For s ∈ R denoteHs ≡ H 1+s
loc (R

n)⊕Hsloc(R
n).

Using standard techniques of pseudodifferential operators (see, e.g. [16]) and
Sobolev’s Theorem, it is possible to prove thatH0 = H ⊂ H−ε for every ε > 0,
and the embedding is compact.

2.2. Random solution. Convergence to equilibrium.Let (;,<, P ) be a probability
space with expectationE andB(H) denote the Borelσ -algebra inH. We assume that
Y0 = Y0(ω, ·) in (1.6) is a measurable random function with values in(H, B(H)). In
other words,(ω, x)  → Y0(ω, x) is a measurable map; × R

n → C
2 with respect to

the (completed)σ -algebras< × B(Rn) andB(C2). Then, owing to Proposition 2.2,
Y (t) = U(t)Y0 is again a measurable random function with values in(H,B(H)). We
denote byµ0(dY0) a probability measure onH giving the distribution of theY0. Without
loss of generality, we assume(;,<, P ) = (H,B(H), µ0) andY0(ω, x) = ω(x) for
µ0(dω)× dx-almost all(ω, x) ∈ H × R

n.

Definition 2.4.µt is a probability measure onH which gives the distribution ofY (t):

µt(B) = µ0(U(−t)B), B ∈ B(H), t ∈ R. (2.3)

Our main goal is to derive the weak convergence of the measuresµt in the Fréchet
spaceH−ε for eachε > 0,

µt
H−ε
−⇁ µ∞, t → ∞, (2.4)

whereµ∞ is a limiting measure on the spaceH. This means the convergence∫
f (Y )µt (dY )→

∫
f (Y )µ∞(dY ), t → ∞, (2.5)

for any bounded continuous functionalf onH−ε. Recall that we identifyC ≡ R
2 and

⊗ stands for the tensor product of real vectors. DenoteM2 = R
2 ⊗ R

2.

Definition 2.5. The CFs of the measureµt are defined by

Q
ij
t (x, y) ≡ E

(
Y i(x, t)⊗ Y j (y, t)

)
, i, j = 0,1, for almost all x, y ∈ R

n × R
n,

(2.6)

assuming that the expectations in the RHS are finite.



Convergence to Equilibrium Distribution, I 9

We setD = D ⊕ D, and〈Y,#〉 = 〈Y 0, #0〉 + 〈Y 1, #1〉 for Y = (Y 0, Y 1) ∈ H and
# = (#0, #1) ∈ D. For a probability measureµ onH, denote byµ̂ the characteristic
functional (FT)

µ̂(#) ≡
∫

exp(i〈Y,#〉) µ(dY ), # ∈ D.

A probability measureµ is called a GPM (of mean zero) if its characteristic functional
has the form

µ̂(#) = exp{−1

2
Q(#,#)}, # ∈ D,

whereQ is a real nonnegative quadratic form inD. A measureµ is called translation-
invariant if

µ(ThB) = µ(B), B ∈ B(H), h ∈ R
n,

whereThY (x) = Y (x − h), x ∈ R
n.

2.3. Mixing condition.Let O(r) denote the set of all pairs of open bounded subsets
A, B ⊂ R

n at distance dist(A, B) ≥ r andσ(A) theσ -algebra inH generated by the
linear functionalsY  → 〈Y,#〉, where# ∈ D with supp# ⊂ A. Define the Ibragimov-
Linnik mixing coefficient of a probability measureµ0 onH by (cf. [17, Def. 17.2.2])

ϕ(r) ≡ sup
(A,B)∈O(r)

sup
A ∈ σ(A), B ∈ σ(B)

µ0(B) > 0

|µ0(A ∩ B)− µ0(A)µ0(B)|
µ0(B)

. (2.7)

Definition 2.6. The measureµ0 satisfies the strong, uniform Ibragimov–Linnik mixing
condition if

ϕ(r)→ 0, r → ∞. (2.8)

Below, we specify the rate of decay ofϕ (see Condition S3).

2.4. Main assumptions and results.We assume that measureµ0 has the following prop-
ertiesS0–S3:

S0. µ0 has zero expectation value,

EY0(x) ≡ 0, x ∈ R
n. (2.9)

S1. µ0 has translation-invariant CFs, i.e. Eq. (1.8) holds for almost allx, y ∈ R
n.

S2. µ0 has a finite mean energy density, i.e. Eq. (1.9) holds.

S3. µ0 satisfies the strong uniform Ibragimov–Linnik mixing condition, with

ϕ ≡
∞∫

0

rn−1ϕ1/2(r)dr <∞. (2.10)
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Define, for almost allx, y ∈ R
n, the matrixQ∞(x, y) ≡

(
Q
ij∞(x, y)

)
i,j=0,1

by

Q∞(x, y) ≡ 1

2

(
(q00

0 + P ∗ q11
0 )(x − y) (q01

0 − q10
0 )(x − y)

(q10
0 − q01

0 )(x − y) (q11
0 − (�−m2)q00

0 )(x − y)

)
. (2.11)

HereP(z) is the fundamental solution for the operator−� + m2, and∗ stands for the
convolution of generalized functions. We show below thatq11

0 ∈ L2(Rn) (see (6.1)).
Then the convolutionP ∗ q11

0 in (2.11) also belongs toL2(Rn).
Let H = L2(Rn) ⊕ H 1(Rn) denote the space of complex valued functions# =

(#0, #1) with a finite norm

‖#‖2
H =

∫
Rn

(|#0(x)|2 + |∇#1(x)|2 + |#1(x)|2) dx <∞. (2.12)

Denote byQ∞ a real quadratic form inH defined by

Q∞(#,#) =
∑
i,j=0,1

∫
Rn×Rn

(
Q
ij∞(x, y)#i(x),#j (y)

)
dx dy, (2.13)

where
(
·, ·
)

stands for the real scalar product inC
2 ≡ R

4. The formQ∞ is continuous

in H as the functionsQij∞(x, y) are bounded.

Theorem A. Letn ≥ 2,m > 0, and assume thatE1–E3, S0–S3hold. Then

(i) The convergence in (2.4) holds for anyε > 0.

(ii) The limiting measureµ∞ is aGPM onH.

(iii) The characteristic functional ofµ∞ has the form

µ̂∞(#) = exp{−1

2
Q∞(W#,W#)}, # ∈ D,

whereW : D → H is a linear continuous operator.

2.5. Remarks on conditions on the initial measure.(i)The (rather strong) form of mixing
in Definition 2.6 is motivated by two facts: (a) it greatly simplifies the forthcoming
arguments, (b) it allows us to produce an “optimal” (most slow) decay ofϕ indicating
natural limits of Bernstein’s room-corridor method. Condition (2.7) can be easily verified
for GPMs with finite-range dependence and their images under “local” mapsH → H.
See the examples in Sect. 2.6 below. (ii) TheuniformRosenblatt mixing condition [30]
also suffices, together with a higher power> 2 in the bound (1.9): there existsδ > 0
such that

E
(
|v0(x)|2+δ + |∇u0(x)|2+δ +m2|u0(x)|2+δ

)
<∞. (1.4′)

Then (2.10) requires a modification:∫ ∞

0
rn−1αp(r)dr <∞, where p = min

( δ

2+ δ ,
1

2

)
, (2.10′)
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whereα(r) is the Rosenblatt mixing coefficient defined as in (2.7) but withoutµ(B)

in the denominator. The statements of Theorem A and their proofs remain essentially
unchanged, only Lemma 8.2 requires a suitable modification [17].

2.6. Examples of initial measures with mixing condition.

2.6.1. Gaussian measures.In this section we construct initial GPMsµ0 satisfyingS0–
S3. Letµ0 be a GPM onH with the characteristic functional

µ̂0(#) ≡ E exp(i〈Y,#〉) = exp
{
− 1

2
Q0(#,#)

}
, # ∈ D. (2.14)

HereQ0 is a real nonnegative quadratic form with an integral kernel(Q
ij
0 (x, y))i,j=0,1.

Let

Q
ij
0 (x, y) ≡ qij0 (x − y), (2.15)

for anyi, j , where the functionqij0 ∈ C2(Rn)⊗M2 has compact support. ThenS0, S1

andS2are satisfied;S3holds withϕ(r) ≡ 0 for r ≥ r0 if qij0 (z) ≡ 0 for |z| ≥ r0. For a

given matrix function
(
q
ij
0 (z)

)
such a measure exists on spaceH iff the corresponding

FT is a nonnegative matrix-valued measure:
(
q̂
ij
0 (k)

)
≥ 0, k ∈ R

n, [15, Thm V.5.1].

For example, all these conditions hold ifq̂ij0 (k) = Diδij f (k1) · · · · · f (kn) withDi ≥ 0
and

f (z) =
(

1− cos(r0z/
√
n)

z2

)2

, z ∈ R.

2.6.2. Non-Gaussian measures.Now choose a pair of odd functionsf 0, f 1 ∈ C1(R),

with bounded first derivatives. Defineµ∗
0 as the distribution of the random function

(f 0(Y 0(x)), f 1(Y 1(x))), where(Y 0, Y 1) is a random function with a Gaussian distri-
butionµ0 from the previous example. ThenS0–S3hold forµ∗

0 with a mixing coefficient
ϕ∗(r) ≡ 0 for r ≥ r0. Measureµ∗

0 is not Gaussian ifDi > 0 and the functionsf i are
bounded and nonconstant.

3. Equations with Constant Coefficients

In Sects. 3–9 we assume that coefficientsAk(x) ≡ 0. Problem (1.3) then becomes{
ü(x, t) = �u(x, t)−m2u(x, t), t ∈ R,

u|t=0 = u0(x), u̇|t=0 = v0(x).
(3.1)

As in (1.6), we rewrite (3.1) in the form

Ẏ (t) = A0Y (t), t ∈ R; Y (0) = Y0. (3.2)

Here we denote

A0 =
(

0 1
A0 0

)
, (3.3)
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whereA0 = �−m2. Denote byU0(t), t ∈ R, the dynamical group for problem (3.2),
thenY (t) = U0(t)Y0. The following proposition is well-known and is proved by a
standard integration by parts.

Proposition 3.1.Let Y0 = (u0, v0) ∈ H, andY (·, t) = (u(·, t), u̇(·, t)) ∈ C(R,H) is
the solution to (3.1). Then the following energy bound holds: forR > 0 andt ∈ R,

∫
|x|<R

(
|u̇(x, t)|2 + |∇u(x, t)|2+m2|u(x, t)|2

)
dx

≤
∫

|x|<R+|t |

(
|v0(x)|2 + |∇u0(x)|2 +m2|u0(x)|2

)
dx. (3.4)

Setµt(B) = µ0(U0(−t)B), B ∈ B(H), t ∈ R. Then our main result for problem
(3.2) is

Theorem B. Let n ≥ 1, m > 0, and ConditionsS0–S3hold. Then the conclusions of
Theorem A hold withW = I , and the limiting measureµ∞ is translation-invariant.

Theorem B can be deduced from Propositions 3.2 and 3.3 below, by the same arguments
as in [37, Thm XII.5.2].

Proposition 3.2.The family of measures{µt , t ∈ R}, is weakly compact inH−ε with
anyε > 0, and the bounds hold:

sup
t≥0
E‖U0(t)Y0‖2

R <∞, R > 0. (3.5)

Proposition 3.3.For every# ∈ D,

µ̂t (#) ≡
∫

exp(i〈Y,#〉)µt (dY )→ exp
{
− 1

2
Q∞(#,#)

}
, t → ∞. (3.6)

Propositions 3.2 and 3.3 are proved in Sects. 5 and 7–9, respectively. We will use re-
peatedly the FT (12.2) and (12.3) from Appendix A.

4. Relation to CGDs

In this section we discuss how our results are related to CGDs. We restrict consideration
to the case of Eq. (1.3) with constant coefficients and to the translation-invariant isotropic
case. The CGDgT with the absolute temperatureT ≥ 0 is defined formally by

gT (du× dv) = 1

Z
e
−H
T
∏
x

du(x)dv(x), (4.1)

whereH := 1

2

∫ (
|v(x)|2 + |∇u(x)|2 + m2|u(x)|2

)
dx, andZ is a normalisation

constant.
To make the definition rigorous, let us introduce a scale of weighted Sobolev spaces

Hs,α(Rn) with arbitrarys, α ∈ R. We use notation (2.2).
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Definition 4.1. (i) Hs,α(Rn) is the complex Hilbert space of the distributionsw ∈
S′(Rn) with the finite norm

‖w‖s,α ≡ ‖〈x〉α7sw‖L2(Rn) <∞. (4.2)

(ii) Hs,α is the Hilbert space of the pairsY = (u, v) ∈ H 1+s,α(Rn)⊕Hs,α(Rn) with
the norm

|||Y |||s,α ≡ ‖u‖1+s,α + ‖v‖s,α. (4.3)

Note thatHs,α ⊂ Hs,α if s < s andα < α, and this embedding is compact. These
facts follow by standard methods of pseudodifferential operators and Sobolev’s Theorem
(see, e.g. [16]).

Now we can define the CGDs rigorously:gT is a GPM on a spaceHs,α, s, α < −n/2,
with the CFs

g00
T (x − y) = TP(x − y), g11

T (x − y) = T δ(x − y),
g01
T (x − y) = g10

T (x − y) = 0.
(4.4)

By Minlos Theorem [15, Thm. V.5.1], such a measure exists onHs,α with s, α < −n/2
as,formally (see Appendix B),

∫
|||Y |||2s,α gT (dY ) <∞. (4.5)

MeasuregT is stationary for the KGE, as its CFs are stationary; the last fact follows from
formulas (12.6), (12.2). Also,gT is translation invariant, soS1holds. ConditionS2fails
since the “mean energy density”g11

T (0)−�g00
T (0)+m2g00

T (0) is infinite; this gives an
“ultraviolet divergence”. Mixing conditionS3holds due to an exponential decay of the
P(z). The convergence of type (1.1) holds for initial measuresµ0 that are absolutely
continuous with respect to the CGDgT , and the limit measure coincides withgT . This
mixing property (and even theK-property) can be proved by using well-known methods
developed for Gaussian processes [7], and we do not discuss it here.

Remark.AssumptionS2implies thatµ0(H) = 1 and henceµ∞(H) = 1. This excludes
the case of a limiting CGD as it is a generalised GPM not supported byH. However, it
is possible to extend our results to a class of generalised initial measures converging to
CGDs. For the case of constant coefficients such an extension could be done by smearing
the initial generalised field as the dynamics commutes with the averaging (cf. [12]). For
variable coefficients such an extension requires a further work.

To demonstrate the special role of the CGDs we consider a family of initial GPMs
µ0,r , r ∈ (0,1], satisfyingS0–S3, with the radius of correlationr. More precisely,
suppose that the corresponding CFsqij0,r have the following propertiesG0–G3:

G0. q01
0,r (z) = q01

0,r (−z), z ∈ R
n.

G1. q11
0,r (z)−�q00

0,r (z)+m2q00
0,r (z) = 0, |z| ≥ r.



14 T. V. Dudnikova, A. I. Komech, E. A. Kopylova, Yu. M. Suhov

G2. For someT > 0,
1

2

∫ (
q11

0,r (z)−�q00
0,r (z)+m2q00

0,r (z)
)
dz→ T , r → 0.

G3. sup
r∈(0,1]

∫ (
|q11

0,r (z)|+|�q00
0,r (z)|+m2|q00

0,r (z)|
)
dz <∞.

Note thatG0 means a symmetry relationEu0(x)v0(y) = Eu0(y)v0(x) that holds for
an isotropic measure where the CFs depend only on|x − y|. Examples of such a family
will be provided later.

PropertiesG0–G3 imply conditionsS0–S3for the initial measuresµ0,r . Therefore,

Theorem B implies the convergenceµt,r
H−ε
−⇁ µ∞,r , t → ∞, of type (2.4). The

following proposition means that the limiting measureµ∞,r is close to CGDgT on the
Sobolev space of distributionsHs,α with s, α < −n/2.

Proposition 4.2.Let ConditionsG0–G3 hold. Then corresponding limiting measures
µ∞,r are concentrated on any spaceHs,α with s, α < −n/2 and weakly converge to
CGDgT on the spaceHs,α:

µ∞,r
Hs,α

−⇁ gT , r → 0. (4.6)

Proof. The convergence follows by the same arguments as in [37] from two facts (cf.
Propositions 3.2, 3.3): for anys, α with s < s < −n/2 andα < α < −n/2,

(I) sup
r∈(0,1]

∫
|||Y |||2s,αµ∞,r (dY ) <∞.

(II ) For # ∈ D, Q∞,r (#,#)→ GT (#,#), r → 0,

whereQ∞,r is the quadratic form with the integral kernel
(
q
ij∞(x − y)

)
, andGT cor-

responds to
(
g
ij
T (x − y)

)
. It is important that the embeddingHs,α ⊂ Hs,α is compact.

Property (I) can be checked with the help of formula (13.3) and by using the Parseval
identity:∫

|||Y |||2s,αµ∞,r (dY ) = C(α)

(2π)n

∫ (
〈k〉2s tr q̂11∞,r (k)+ 〈k〉2(1+s) tr q̂00∞,r (k)

)
dk

= C(α)
∫ (

f1(z) trq11∞,r (z)+ f2(z)(−�+m2)trq00∞,r (z)
)
dz,

wheref1(z) = 1

(2π)n

∫
e−ikz〈k〉2sdk andf2(z) = 1

(2π)n

∫
e−ikz 〈k〉

2(1+s)

k2 +m2 dk. More

precisely, Property (I) follows fromG3 as both functionsfj (x) are bounded and con-
tinuous fors < −n/2. Furthermore,G0 and (2.11) imply thatq01∞,r = q10∞,r = 0,
hence

Q∞,r (#,#) =
∫ (

q00∞,r (x − y)#0(x),#0(y)
)
dxdy

+
∫ (

q11∞,r (x − y)#1(x),#1(y)
)
dxdy. (4.7)
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G1 andG2 together imply that

q11∞,r (x − y)→ T δ(x − y), r → 0.

Then (2.11) implies

q00∞,r = P ∗ q11∞,r → TP, r → 0.

Therefore, Property (II) follows from (4.7): the justification follows easily in the FT
space. The convergence of the covariance (II) provides the convergence of the measures
(4.6) as all the measures are Gaussian.&'
Example.Consider an initial measureµ0 constructed in Example in Sect. 2.6.1. It sat-
isfies AssumptionsS0–S3and G0. Furthermore,q00

0 (z) = q11
0 (z) = 0, |z| ≥ 1 if

we chooser0 = 1. Denote byY0(x) = (Y 0
0 (x), Y

1
0 (x)) a random function with distri-

butionµ0. Denote byµ0,r , r > 0, the distribution of the random functionY0,r (x) =
(r1−νY 0

0 (r
−1x), r−νY 1

0 (r
−1x)), whereν = n/2. The corresponding CFs areqij0,r (z) =

r2−n−i−j qij0 (r−1z). Then all Conditions G0–G3 hold withT := 1

4

∫
trq11

0 (z)dz.

5. Compactness of the Family of Measuresµt

This section gives the proof of bound (3.5). Proposition 3.2 will follow then with the help
of the Prokhorov Theorem [37, Lemma II.3.1] as in the proof of [37, Thm. XII.5.2]. It
is important that the embeddingH ⊂ H−ε is compact, by virtue of Sobolev’s Theorem,
if ε > 0. Set:

et ≡ E
(
|u̇(x, t)|2 + |∇u(x, t)|2 +m2|u(x, t)|2

)
, x ∈ R

n. (5.1)

The CFs of measureµt are translation invariant due to condition S1. Hence, taking
expectation in (3.4), we get by S2,

et |BR| ≤ e0|BR+t | <∞. (5.2)

HereBR is the ball|x| ≤ R in R
n, and|BR| is its volume. TakingR → ∞ we derive

from (5.2) thatet ≤ e0: in fact, the reversibility implies thenet = e0 (the mean energy
density conservation). Hence, taking the expectation in (1.5), we get (3.5):

E‖U0(t)Y0‖2
R = e0|BR| <∞.

Corollary 5.1. Bound (3.5) implies the convergence of the integrals in (2.6).

6. Convergence of the Covariance Functions

In this section we check the convergence of the CFs of measuresµt with the help of the
FT. This convergence is used in Sect. 8.
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6.1. Mixing in terms of the spectral density.The next proposition gives the mixing
property in terms of the FT̂qij0 of the initial CFsqij0 . AssumptionS2 implies that

q
ij
0 (z) is a measurable bounded function. Therefore, it belongs to the Schwartz space of

tempered distributions as well as its FT.

Proposition 6.1.Let the assumptions ofTheorem B hold.Thenq̂
ij
0 ∈ L1(Rn)⊗M2, ∀i, j .

Proof. Step 1. First, let us prove that

∂γ q
ij
0 (z) ∈ Lp(Rn)⊗M2, p ≥ 1, |γ | ≤ 2− i − j. (6.1)

ConditionsS0, S2andS3imply, by [17, Lemma 17.2.3] (see Lemma 8.2 (i) below), that

|∂γ qij0 (z)| ≤ Ce0ϕ1/2(|z|), z ∈ R
n. (6.2)

The mixing coefficientϕ is bounded, hence (6.2) and (2.10) imply (6.1):∫
|∂γ qij0 (z)|p dz ≤ Cep0

∫
Rn

ϕp/2(|z|) dz ≤ C1e
p
0

∫ ∞

0
rn−1ϕ1/2(r)dr <∞. (6.3)

Step 2. By Bohner’s theorem,̂q0 ≡ (q̂
ij
0 (k))dk is a complex positive-definite matrix-

valued measure onRn, andS2 implies that the total measurêq0(R
n) is finite. On the

other hand, (6.1) withp = 2 implies thatq̂ij0 ∈ L2(Rn)⊗M2. &'

6.2. Proof of convergence of covariance functions.Formulas (12.3), (12.2) and Propo-
sition 6.1 imply for example,

q00
t (x − y) := E

(
u(x, t)⊗ u(y, t)

)
(6.4)

= 1

(2π)n

∫
e−ik(x−y)

[1+ cos 2ωt

2
q̂00

0 (k)+
sin 2ωt

2ω
(q̂01

0 (k)+ q̂10
0 (k))

+1− cos 2ωt

2ω2 q̂11
0 (k)

]
dk,

where the integral converges and defines a continuous function determined forall x, y ∈
R
n. Similar integrals give a convenient modification for all functionsqijt (x − y), which

we will work with.

Proposition 6.2.Covariance functionsqijt (z), i, j = 0,1, converge for allz ∈ R
n:

q
ij
t (z)→ q

ij∞(z), t → ∞, (6.5)

where functionsqij∞(z) are defined in (2.11).

Proof. Equation (6.4) and Proposition 6.1 imply,

q00
t (z)→

1

2

(
q00

0 (z)+ P ∗ q11
0 (z)

)
= q00∞(z), t → ∞, (6.6)

as the oscillatory integrals tend to zero by the Lebesgue–Riemann Lemma. For other
i, j the proof is similar. &'
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Note thatP(z) ∈ L1(Rn). Therefore, (6.1) withp = 1 and explicit formulas (2.11)
imply the following

Corollary 6.3. Functionsqij∞ belong toL1(Rn)⊗M2, i, j = 0,1.

Remark 6.4.A similar argument in the FT representation implies compactness in Pro-
position 3.2. We provided an independent proof of the compactness in Sect. 5 to show
the relation with energy conservation.

7. Bernstein’s Argument for the Klein–Gordon Equation

In this and the subsequent section we develop a version of Bernstein’s “room-corridor”
method. We use the standard integral representation for solutions, divide the domain of
integration into “rooms” and “corridors” and evaluate their contribution. As a result, the
value〈U0(t)Y0, #〉 for # ∈ D is represented as the sum of weakly dependent random
variables. We evaluate the variances of these random variables which will be important
in next section.

First, we evaluate〈Y (t),#〉 in (3.6) by using duality arguments. Fort ∈ R, introduce
“formal adjoint” operatorsU ′

0(t),U
′(t) from spaceD to a suitable space of distributions.

For example,

〈Y,U ′
0(t)#〉 = 〈U0(t)Y,#〉, # ∈ D, Y ∈ H. (7.1)

DenoteK(·, t) = U ′
0(t)#. Then (7.1) can be rewritten as

〈Y (t),#〉 = 〈Y0,K(·, t)〉, t ∈ R. (7.2)

The adjoint groups admit a convenient description. Lemma 7.1 below displays that the
action of groupsU ′

0(t), U
′(t) coincides, respectively, with the action ofU0(t), U(t),

up to the order of the components. In particular,U ′
0(t), U

′(t) are continuous groups of
operatorsD → D.

Lemma 7.1.For # = (#0, #1) ∈ D,

U ′
0(t)# = (φ̇(·, t), φ(·, t)), U ′(t)# = (ψ̇(·, t), ψ(·, t)), (7.3)

whereφ(x, t) is the solution of Eq. (3.1) with the initial date(u0, v0) = (#1, #0) and
ψ(x, t) is the solution of Eq. (1.3) with the initial state(u0, v0) = (#1, #0).

Proof. Differentiating (7.1) int with Y,# ∈ D, we obtain

〈Y, U̇ ′
0(t)#〉 = 〈U̇0(t)Y,#〉. (7.4)

GroupU0(t) has the generator (3.3). The generator ofU ′
0(t) is the conjugate operator

A′
0 =

(
0 A0
1 0

)
. (7.5)

Hence, Eq. (7.3) holds witḧψ = A0ψ . For groupU ′(t) the proof is similar. &'
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Next we introduce a “room-corridor” partition ofR
n. Givent > 0, choosed ≡ dt ≥ 1

andρ ≡ ρt > 0. Asymptotic relations betweent , dt andρt are specified below. Set
h = d + ρ and

aj = jh, bj = aj + d, j ∈ Z. (7.6)

We call the slabsRjt = {x ∈ R
n : aj ≤ xn ≤ bj } “rooms” andCjt = {x ∈ R

n : bj ≤
xn ≤ aj+1} “corridors”. Herex = (x1, . . . , xn), d is the width of a room, andρ of a
corridor.

Denote byχr the indicator of the interval[0, d] and χc that of [d, h] so that∑
j∈Z
(χr(s−jh)+χc(s−jh)) = 1 for (almost all)s ∈ R. The following decomposition

holds:

〈Y0,K(·, t)〉 =
∑
j∈Z

(〈Y0, χ
j
r K(·, t)〉 + 〈Y0, χ

j
c K(·, t)〉), (7.7)

whereχjr := χr(xn − jh) andχjc := χc(xn − jh). Consider random variablesrjt , cjt ,
where

r
j
t = 〈Y0, χ

j
r K(·, t)〉, cjt = 〈Y0, χ

j
c K(·, t)〉, j ∈ Z. (7.8)

Then (7.7) and (7.2) imply

〈U0(t)Y0, #〉 =
∑
j∈Z

(r
j
t + cjt ). (7.9)

The series in (7.9) is indeed a finite sum. In fact, (7.5) and (12.1) imply that in the FT

representation,̇̂K(k, t) = Â′
0(k)K̂(k, t) andK̂(k, t) = Ĝ′

t (k)#̂(k). Therefore,

K(x, t) = 1

(2π)n

∫
Rn

e−ikx Ĝ′
t (k)#̂(k) dk. (7.10)

This can be rewritten as a convolution

K(·, t) = Rt ∗#, (7.11)

whereRt = F−1Ĝ′
t . The support supp# ⊂ Br with an r > 0. Then the convolution

representation (7.11) implies that the support of the functionK at t > 0 is a subset of
an “inflated future cone”

suppK ⊂ {(x, t) ∈ R
n × R+ : |x| ≤ t + r}, (7.12)

asRt (x) is supported by the “future cone”|x| ≤ t . The last fact follows from general
formulas (see [13, (II.4.5.12)]), or from the Paley–Wiener Theorem (see, e.g. [13, Thm.
II.2.5.1]), asR̂t (k) is an entire function ofk ∈ C

n satisfying suitable bounds. Finally,
(7.8) implies that

r
j
t = cjt = 0 for jh+ t < −r or jh− t > r. (7.13)

Therefore, series (7.9) becomes a sum

〈U0(t)Y0, #〉 =
Nt∑
−Nt
(r
j
t + cjt ), Nt ∼

t

h
(7.14)

ash ≥ 1.



Convergence to Equilibrium Distribution, I 19

Lemma 7.2.Letn ≥ 1,m > 0, andS0–S3hold. The following bounds hold fort > 1:

E|rjt |2 ≤ C(#) dt/t, E|cjt |2 ≤ C(#) ρt/t, j ∈ Z. (7.15)

Proof. We discuss the first bound in (7.15) only; the second is done in a similar way.

Step 1. Rewrite the left-hand side as the integral of CFs. Definition (7.8) and Corol-
lary 5.1 imply by Fubini’s Theorem that

E|rjt |2 = 〈χjr (xn)χjr (yn)q0(x − y),K(x, t)⊗K(y, t) 〉. (7.16)

The following bound holds true (cf. [29, Thm. XI.17 (b)]):

sup
x∈Rn

|K(x, t)| = O(t−n/2), t → ∞. (7.17)

In fact, (7.10) and (12.2) imply thatK can be written as the sum

K(x, t) = 1

(2π)n
∑
±

∫
Rn

e−i(kx∓ωt)a±(ω)#̂(k) dk, (7.18)

wherea±(ω) is a matrix whose entries are linear functions ofω or 1/ω. Let us prove
the asymptotics (7.17) along each rayx = vt + x0 with |v| ≤ 1, then it holds uniformly
in x ∈ R

n owing to (7.12). We have by (7.18),

K(vt + x0, t) = 1

(2π)n
∑
±

∫
Rn

e−i(kv∓ω)t−ikx0a±(ω)#̂(k) dk. (7.19)

This is a sum of oscillatory integrals with the phase functionsφ±(k) = kv±ω(k). Each
function has two stationary points, solutions to the equationv = ±∇ω(k) if |v| < 1,
and has none if|v| ≥ 1. The phase functions are nondegenerate, i.e.

det

(
∂2φ±(k)
∂ki∂kj

)n
i,j=1

�= 0, k ∈ R
n. (7.20)

At last, #̂(k) is smooth and decays rapidly at infinity. Therefore,K(vt + x0, t) =
O(t−n/2) according to the standard method of stationary phase, [14].

Step 2. According to (7.12) and (7.17), Eq. (7.16) implies that

E|rjt |2 ≤ Ct−n
∫

|x|≤t+r
χ
j
r (x

n)‖q0(x − y)‖ dxdy = Ct−n
∫

|x|≤t+r
χ
j
r (x

n)dx

∫
Rn

‖q0(z)‖dz,

(7.21)

where‖q0(z)‖ stands for the norm of a matrix
(
q
ij
0 (z)

)
. Therefore, (7.15) follows as

‖q0(·)‖ ∈ L1(Rn) by (6.1). &'
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8. Convergence of Characteristic Functionals

In this section we complete the proof of Proposition 3.3. We use a version of the CLT
developed by Ibragimov and Linnik. IfQ∞(#,#) = 0, Proposition 3.3 is obvious.
Thus, we may assume that for a given# ∈ D,

Q∞(#,#) �= 0. (8.1)

Choose 0< δ < 1 and

ρt ∼ t1−δ, dt ∼ t

ln t
, t → ∞. (8.2)

Lemma 8.1.The following limit holds true:

Nt

(
ϕ(ρt )+

(ρt
t

)1/2)+N2
t

(
ϕ1/2(ρt )+ ρt

t

)
→ 0, t → ∞. (8.3)

Proof. Functionϕ(r) is nonincreasing, hence by (2.10),

rnϕ1/2(r) = n
r∫

0

sn−1ϕ1/2(r) ds ≤ n
r∫

0

sn−1ϕ1/2(s) ds ≤ Cϕ <∞. (8.4)

Then Eq. (8.3) follows as (8.2) and (7.14) imply thatNt ∼ ln t . &'
By the triangle inequality,

|µ̂t (#)− µ̂∞(#)| ≤
∣∣∣E exp{i〈U0(t)Y0, #〉} − E exp

{
i
∑

t
r
j
t

}∣∣∣
+
∣∣∣exp

{
− 1

2

∑
t
E|rjt |2

}
− exp

{
− 1

2
Q∞(#,#)

}∣∣∣
+
∣∣∣E exp

{
i
∑

t
r
j
t

}
− exp

{
− 1

2

∑
t
E|rjt |2

}∣∣∣
≡ I1 + I2 + I3, (8.5)

where the sum
∑
t stands for

Nt∑
j=−Nt

. We are going to show that all summandsI1, I2, I3

tend to zero ast → ∞.
Step (i). Equation (7.14) implies

I1 =
∣∣∣E exp

{
i
∑

t
r
j
t

}
(exp

{
i
∑

t
c
j
t

}
− 1)

∣∣∣ ≤∑
t
E|cjt | ≤

∑
t
(E|cjt |2)1/2. (8.6)

From (8.6), (7.15) and (8.3) we obtain that

I1 ≤ CNt(ρt/t)1/2 → 0, t → ∞. (8.7)

Step (ii). By the triangle inequality,

I2 ≤ 1

2

∣∣∣∑
t
E|rjt |2 − Q∞(#,#)

∣∣∣ ≤ 1

2
|Qt (#,#)− Q∞(#,#)|

+1

2

∣∣∣E(∑
t
r
j
t

)2 −
∑

t
E|rjt |2

∣∣∣+ 1

2

∣∣∣E(∑
t
r
j
t

)2 − Qt (#,#)
∣∣∣

≡ I21 + I22 + I23, (8.8)
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whereQt is a quadratic form with the integral kernel
(
Q
ij
t (x, y)

)
. Equation (6.5) implies

thatI21 → 0. As toI22, we first have that

I22 ≤
∑
j<l

E|rjt rlt |. (8.9)

The next lemma is a corollary of [17, Lemma 17.2.3].

Lemma 8.2.Let ξ be a complex random variable measurable with respect to theσ -
algebraσ(A), η with respect to theσ -algebraσ(B), and the distancedist(A,B) ≥ r >
0.

(i) Let (E|ξ |2)1/2 ≤ a, (E|η|2)1/2 ≤ b. Then

|Eξη − EξEη| ≤ Cab ϕ1/2(r).

(ii) Let |ξ | ≤ a, |η| ≤ b a.s. Then

|Eξη − EξEη| ≤ Cab ϕ(r).

We apply Lemma 8.2 to deduce thatI22 → 0 ast → ∞. Note thatrjt = 〈Y0(x),
χ
j
r (x

n)(Rt ∗ #)〉 is measurable with respect to theσ -algebraσ(Rjt ). The distance
between the different roomsRjt is greater than or equal toρt according to (7.6). Then
(8.9) andS1, S3 imply, together with Lemma 8.2 (i), that

I22 ≤ CN2
t ϕ

1/2(ρt ), (8.10)

which goes to 0 ast → ∞ because of (7.15) and (8.3). Finally, it remains to check that
I23 → 0, t → ∞. By the Cauchy–Schwartz inequality,

I23 ≤
∣∣∣E(∑

t
r
j
t

)2 − E
(∑

t
r
j
t +

∑
t
c
j
t

)2∣∣∣
≤ CNt

∑
t
E|cjt |2 + C

(
E
(∑

t
r
j
t

)2)1/2(
Nt
∑

t
E|cjt |2

)1/2
. (8.11)

Then (7.15), (8.9) and (8.10) imply

E
(∑

t
r
j
t

)2 ≤
∑

t
E|rjt |2+2

∑
j<l
E|rjt rlt | ≤ CNtdt/t +C1Ntϕ

1/2(ρt ) ≤ C2 <∞.
Now (7.15), (8.11) and (8.3) yield

I23 ≤ C1N
2
t ρt /t + C2Nt(ρt/t)

1/2 → 0, t → ∞. (8.12)

So, all termsI21, I22, I23 in (8.8) tend to zero. Then (8.8) implies that

I2 ≤ 1

2

∣∣∣∑
t
E|rjt |2 − Q∞(#,#)

∣∣∣→ 0, t → ∞. (8.13)

Step (iii). It remains to verify that

I3 =
∣∣∣E exp

{
i
∑

t
r
j
t

}
− exp

{
− 1

2
E
(∑

t
r
j
t

)2}∣∣∣→ 0, t → ∞. (8.14)
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Using Lemma 8.2 (ii) yields:

∣∣∣E exp
{
i
∑

t
r
j
t

}
−

Nt∏
−Nt

E exp{irjt }
∣∣∣

≤
∣∣∣E exp{ir−Ntt }exp

{
i

Nt∑
−Nt+1

r
j
t

}
− E exp{ir−Ntt }E exp

{
i

Nt∑
−Nt+1

r
j
t

}∣∣∣
+
∣∣∣E exp{ir−Ntt }E exp

{
i

Nt∑
−Nt+1

r
j
t

}
−

Nt∏
−Nt

E exp{irjt }
∣∣∣

≤ Cϕ(ρt )+
∣∣∣E exp

{
i

Nt∑
−Nt+1

r
j
t

}
−

Nt∏
−Nt+1

E exp{irjt }
∣∣∣.

We then apply Lemma 8.2 (ii) recursively and get, according to Lemma 8.1,

∣∣∣E exp
{
i
∑

t
r
j
t

}
−

Nt∏
−Nt

E exp{irjt }
∣∣∣ ≤ CNtϕ(ρt )→ 0, t → ∞. (8.15)

It remains to check that

∣∣∣ Nt∏
−Nt

E exp{irjt } − exp
{
− 1

2

∑
t
E|rjt |2

}∣∣∣→ 0, t → ∞. (8.16)

According to the standard statement of the CLT (see, e.g. [24, Thm. 4.7]), it suffices to
verify the Lindeberg condition:∀ε > 0,

1

σt

∑
t
Eε

√
σt |rjt |2 → 0, t → ∞. (8.17)

Here σt ≡ ∑
tE|rjt |2, andEδf ≡ EXδf , whereXδ is the indicator of the event

|f | > δ2. Note that (8.13) and (8.1) imply that

σt → Q∞(#,#) �= 0, t → ∞.

Hence it remains to verify that∀ε > 0,

∑
t
Eε|rjt |2 → 0, t → ∞. (8.18)

We check Eq. (8.18) in Sect. 9. This will complete the proof of Proposition 3.3.&'



Convergence to Equilibrium Distribution, I 23

9. The Lindeberg Condition

The proof of (8.18) can be reduced to the case when for some7 ≥ 0 we have, almost
surely, that

|u0(x)| + |v0(x)| ≤ 7 <∞, x ∈ R
n. (9.1)

Then the proof of (8.18) is reduced to the convergence∑
t
E|rjt |4 → 0, t → ∞ (9.2)

by using Chebyshev’s inequality. The general case can be covered by standard cutoff
arguments by taking into account that the bound (7.15) forE|rjt |2 depends only one0
andϕ. The last fact is obvious from (7.21) and (6.3) withp = 1 andγ = 0.

We deduce (9.2) from

Theorem 9.1.Let the conditions of Theorem B hold and assume that (9.1) is fulfilled.
Then for any# ∈ D there exists a constantC(#) such that

E|rjt |4 ≤ C(#)74d2
t /t

2, t > 1. (9.3)

Proof. Step 1. Given four pointsx1, x2, x3, x4 ∈ R
n, set:

M
(4)
0 (x1, ..., x4) = E (Y0(x1)⊗ ...⊗ Y0(x4)) .

Then, similarly to (7.16), Eqs. (9.1) and (7.8) imply by the Fubini Theorem that

E|rjt |4 = 〈χjr (xn1) . . . χjr (xn4)M(4)
0 (x1, . . . , x4),K(x1, t)⊗ · · · ⊗K(x4, t)〉. (9.4)

Let us analyse the domain of the integration(Rn)4 in the RHS of (9.4). We partition
(Rn)4 into three parts,W2,W3 andW4:

(Rn)4 =
4⋃
i=2

Wi, Wi = {x̄ = (x1, x2, x3, x4) ∈ (Rn)4 : |x1 − xi | = max
p=2,3,4

|x1 − xp|}.
(9.5)

Furthermore, given̄x = (x1, x2, x3, x4) ∈ Wi , divide R
n into three partsSj , j =

1,2,3: R
n = S1 ∪ S2 ∪ S3, by two hyperplanes orthogonal to the segment[x1, xi] and

partitioning it into three equal segments, wherex1 ∈ S1 andxi ∈ S3. Denote byxp, xq
the two remaining points withp, q �= 1, i. Set:Ai = {x̄ ∈ Wi : xp ∈ S1, xq ∈ S3},
Bi = {x̄ ∈ Wi : xp, xq �∈ S1} andCi = {x̄ ∈ Wi : xp, xq �∈ S3}, i = 2,3,4. Then

Wi = Ai ∪ Bi ∪ Ci . Define the function m(4)0 (x̄), x̄ ∈ (Rn)4, in the following way:

m(4)0 (x̄)

∣∣∣
Wi

=
{
M
(4)
0 (x̄)− q0(x1 − xp)⊗ q0(xi − xq), x̄ ∈ Ai ,

M
(4)
0 (x̄), x̄ ∈ Bi ∪ Ci .

(9.6)

This determines m(4)0 (x̄) correctly for almost all quadruples̄x. Note that〈
χ
j
r (x

n
1) . . . χ

j
r (x

n
4)q0(x1 − xp)⊗ q0(xi − xq),K(x1, t)⊗ · · · ⊗K(x4, t)

〉
= 〈

χ
j
r (x

n
1)χ

j
r (x

n
p)q0(x1 − xp),K(x1, t)

⊗K(xp, t)〉 〈χjr (xni )χjr (xnq )q0(xi − xq),K(xi, t)⊗K(xq, t)
〉
.
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Each factor here is bounded byC(#) dt/t . Similarly to (7.15), this can be deduced from
an expression of type (7.16) for the factors. Therefore, the proof of (9.3) reduces to the
proof of the bound

It := |〈χjr (xn1) . . . χjr (xn4)m(4)0 (x1, . . . , x4),K(x1, t)⊗ · · · ⊗K(x4, t)〉|
≤ C(#)74d2

t /t
2, t > 1. (9.7)

Step 2. Similarly to (7.21), Eq. (7.17) implies,

It ≤ C(#) t−2n
∫

(Brt )
4

χ
j
r (x

n
1) . . . χ

j
r (x

n
4)|m(4)0 (x1, . . . , x4)|dx1 dx2 dx3 dx4, (9.8)

whereBrt is the ball{x ∈ R
n : |x| ≤ t + r}. We estimate m(4)0 using Lemma 8.2 (ii).

Lemma 9.2.For eachi = 2,3,4 and almost allx ∈ Wi the following bound holds:

|m(4)0 (x1, . . . , x4)| ≤ C74ϕ(|x1 − xi |/3). (9.9)

Proof. For x̄ ∈ Ai we apply Lemma 8.2 (ii) toC2 ⊗ C
2 ≡ R

4 ⊗ R
4-valued random

variablesξ = Y0(x1)⊗ Y0(xp) andη = Y0(xi)⊗ Y0(xq). Then (9.1) implies the bound
for almost allx̄ ∈ Ai ,

|m(4)0 (x̄)| ≤ C74ϕ(|x1 − xi |/3). (9.10)

For x̄ ∈ Bi , we apply Lemma 8.2 (ii) toξ = Y0(x1) andη = Y0(xp)⊗Y0(xq)⊗Y0(xi).
ThenS0 implies a similar bound for almost allx̄ ∈ Bi ,

|m(4)0 (x̄)| =
∣∣∣M(4)

0 (x̄)− EY0(x1)⊗ E
(
Y0(xp)⊗ Y0(xq)⊗ Y0(xi)

)∣∣∣
≤ C74ϕ(|x1 − xi |/3), (9.11)

and the same for almost allx̄ ∈ Ci . &'

Step 3. It remains to prove the following bounds for eachi = 2,3,4:

Vi(t) :=
∫

(Brt )
4

χ
j
r (x

n
1) . . . χ

j
r (x

n
4)Xi(x)ϕ(|x1 − xi |/3)dx1 dx2 dx3 dx4 ≤ Cd2

t t
2n−2,

(9.12)

whereXi is an indicator of the setWi . In fact, this integral does not depend oni, hence
seti = 2 in the integrand:

Vi(t) ≤ C
∫

(Brt )
2

χ
j
r (x

n
1)ϕ(|x1 − x2|/3)


∫
Brt

χ
j
r (x

n
3)


∫
Brt

X2(x) dx4


 dx3


 dx1 dx2.

(9.13)
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Now a key observation is that the inner integral indx4 is O(|x1 − x2|n) asX2(x) = 0
for |x4 − x1| > |x1 − x2|. This implies

Vi(t) ≤ Cr4
∫
Brt

χ
j
r (x

n
1)


∫
Brt

ϕ(|x1 − x2|/3)|x1 − x2|n dx2


 dx1

∫
Brt

χ
j
r (x

n
3) dx3.

(9.14)

The inner integral indx2 is bounded as∫
Brt

ϕ(|x1 − x2|/3)|x1 − x2|n dx2 ≤ C(n)
∫ 2(t+r)

0
r2n−1ϕ(r/3) dr

≤ C1(n) sup
r∈[0,2(t+r)]

rnϕ1/2(r/3)
∫ 2(t+r)

0
rn−1ϕ1/2(r/3) dr, (9.15)

where the “sup” and the last integral are bounded by (8.4) and (2.10), respectively.
Therefore, (9.12) follows from (9.14). This completes the proof of Theorem 9.1.&'
Proof of convergence (9.2).As dt ≤ h ∼ t/Nt , bound (9.3) implies,

∑
t
E|rjt |4 ≤ C74d2

t

t2
Nt ≤ C17

4

Nt
→ 0, Nt → ∞. &'

10. The Scattering Theory for Infinite Energy Solutions

In this section we develop a version of the scattering theory to deduce Theorem A from
Theorem B. The main step is to establish an asymptotics of type (1.20) for adjoint groups
by using results of Vainberg [35].

Consider operatorsU ′(t), U ′
0(t) in the complex spaceH = L2(Rn)⊕H 1(Rn) (see

(2.12)). The energy conservation for the KGE implies the following corollary:

Corollary 10.1. There exists a constantC > 0 such that∀# ∈ H :

‖U ′
0(t)#‖H ≤ C‖#‖H , ‖U ′(t)#‖H ≤ C‖#‖H , t ∈ R. (10.1)

Lemma 10.3 below develops earlier results [35, Thms. 3, 4, 5]. Consider a family of
finite seminorms inH ,

‖#‖2
(R) =

∫
|x|≤R

(|#0(x)|2 + |#1(x)|2 + |∇#1(x)|2) dx, R > 0.

Denote byH(R) the subspace of functions fromH with a support in the ballBR.

Definition 10.2.Hc denotes the space∪R>0H(R) endowed with the following conver-
gence: a sequence#n converges to# in Hc iff ∃R > 0 such that all#n ∈ H(R), and
#n converge to# in the norm‖ · ‖(R).
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Below, we speak of continuity of maps fromHc in the sense of sequential continuity.
Givent ≥ 0, denote

ε(t) =
{
(t + 1)−3/2, n ≥ 3,

(t + 1)−1 ln−2(t + 2), n = 2.
(10.2)

Lemma 10.3.Let AssumptionsE1–E3hold, andn ≥ 2. Then for anyR,R0 > 0 there
exists a constantC = C(R,R0) such that for# ∈ H(R),

‖U ′(t)#‖(R0) ≤ Cε(t)‖#‖(R), t ≥ 0. (10.3)

This lemma has been proved in [21] by using ConditionsE1–E3 and a method
developed in [36]. For the proof, the contour of integration in thek-plane from [35] had
to be curved logarithmically at infinity as in [36], but should not be chosen parallel to
the real axis.

The main result of this section is Theorem 10.4 below. Givent ≥ 0, set

ε1(t) =
{
(t + 1)−1/2, n ≥ 3,

ln−1(t + 2), n = 2.
(10.4)

Theorem 10.4.Let AssumptionsE1–E3andS0–S3hold, andn ≥ 2. Then there exist
linear continuous operatorsW, r(t) : Hc → H such that for# ∈ Hc,

U ′(t)# = U ′
0(t)W# + r(t)#, t ≥ 0, (10.5)

and the following bounds hold∀R > 0 and# ∈ H(R):
‖r(t)#‖H ≤ C(R)ε1(t)‖#‖(R), t ≥ 0, (10.6)

E|〈Y0, r(t)#〉|2 ≤ C(R)ε2
1(t)‖#‖2

(R), t ≥ 0. (10.7)

Proof. We apply the standard Cook method: see, e.g., [29, Thm. XI.4]. Fix# ∈ H(R)
and defineW#, formally, as

W# = lim
t→∞U

′
0(−t)U ′(t)# = # +

∞∫
0

d

dt
U ′

0(−t)U ′(t)# dt.

We have to prove the convergence of the integral in norm in spaceH . First, observe that

d

dt
U ′

0(t)# = A′
0U

′
0(t)#,

d

dt
U ′(t)# = A′U ′(t)#,

whereA′
0 andA′ are the generators to groupsU ′

0(t), U
′(t), respectively. Similarly to

(7.5), we have

A′ =
(

0 A
1 0

)
, (10.8)
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whereA =
n∑
j=1
(∂j − iAj )2 −m2. Therefore,

d

dt
U ′

0(−t)U ′
1(t)# = U ′

0(−t)(A′ − A′
0)U

′(t)#. (10.9)

Now (10.8) and (7.5) imply

A′ − A′
0 =

(
0 L
0 0

)
.

Furthermore,E2 implies thatL =
n∑
j=1
(∂j − iAj )2−� is a first order partial differential

operator with the coefficients vanishing for|x| ≥ R0. Thus, (10.1) and (10.3) imply that

‖U ′
0(−t)(A′ − A′

0)U
′(t)#‖H ≤ C ‖(A′ − A′

0)U
′(t)#‖H

= C ‖
(
(A′ − A′

0)U
′(t)#

)0‖L2(BR0)

≤ C1 ‖
(
U ′(t)#

)1‖H1(BR0)

≤ C(R)ε(t)‖#‖(R), t ≥ 0. (10.10)

Hence (10.9) implies

∞∫
s

‖ d
dt
U ′

0(−t)U ′(t)#‖H dt ≤ C(R)ε1(s)‖#‖(R), s ≥ 0. (10.11)

Therefore, (10.5) and (10.6) follow by (10.1). It remains to prove (10.7). First, similarly
to (7.16),

E〈Y0, r(t)#〉2 = 〈q0(x − y), r(t)#(x)⊗ r(t)#(y)〉. (10.12)

Therefore, the Shur Lemma implies (similarly to (7.21))

E〈Y0, r(t)#〉2 ≤ ‖q0‖L1 ‖r(t)#‖L2 ‖r(t)#‖L2, (10.13)

where the norms‖ · ‖Lp have an obvious meaning. Finally, (10.6) implies for# ∈ H(R),
‖r(t)#‖L2 ≤ C‖r(t)#‖H ≤ C(R)ε1(t)‖#‖(R). (10.14)

Therefore, (10.7) follows from (10.13) since‖q0‖L1 <∞ by (6.1). &'

11. Convergence to Equilibrium for Variable Coefficients

The assertion of Theorem A follows from two propositions below:

Proposition 11.1.The family of the measures{µt , t ∈ R}, is weakly compact inH−ε,
∀ε > 0.

Proposition 11.2.For any# ∈ D,

µ̂t (#) ≡
∫

exp(i〈Y,#〉) µt (dY )→ exp{−1

2
Q∞(W#,W# )}, t → ∞. (11.1)
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We deduce these propositions from Propositions 3.2 and 3.3, respectively, with the help
of Theorem 10.4.

Proof of Proposition 11.1.Similarly to Proposition 3.2, Proposition 11.1 follows from
the bounds

sup
t≥0
E‖U(t)Y0‖R <∞, R > 0. (11.2)

For the proof, write the solution to (1.3) in the form

u(x, t) = v(x, t)+ w(x, t). (11.3)

Herev(x, t) is the solution to (3.1), andw(x, t) is the solution to the following Cauchy
problem:




ẅ(x, t) = ∑n
k=1(∂k − iAk(x))2w(x, t)−m2w(x, t)

−∑n
k=1 2iAk(x)∂kv(x, t)−∑n

k=1(i∂kAk(x)+ A2
k(x))v(x, t),

w|t=0 = 0, ẇ|t=0 = 0, x ∈ R
n.

(11.4)

Then (11.3) implies

E‖U(t)Y0‖R ≤ E‖U0(t)Y0‖R + E‖(w(·, t), ẇ(·, t))‖R. (11.5)

By Proposition 3.1 we have

sup
t≥0
E‖U0(t)Y0‖R <∞. (11.6)

It remains to estimate the second term in the right-hand side of (11.5). The Duhamel
representation for the solution to (11.4) gives

(w, ẇ) =
t∫

0

U(t − s)(0, ψ(·, s)) ds, (11.7)

whereψ(x, s) = −2i
n∑
k=1
Ak(x)∂kv(x, s) −

n∑
k=1
(i∂kAk(x) + A2

k(x))v(x, s). Assump-

tion E2 implies that suppψ(·, s) ⊂ BR0. Moreover,

‖(0, ψ(·, s))‖R0 ≤ C‖v(·, s)‖H1(BR0)
≤ C‖U0(s)Y0‖R0. (11.8)

The decay estimates of type (10.3) hold for the groupU(t), as well as forU ′(t), as both
groups correspond to the same equation by Lemma 7.1. Hence, we have from (11.8),

‖U(t − s)(0, ψ(·, s))‖R ≤ C(R)ε(t − s)‖(0, ψ(·, s))‖R0

≤ C1(R)ε(t − s)‖U0(s)Y0‖R0, (11.9)
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whereε(·) is defined in (10.2). Therefore, (11.7) and (11.6) imply

E‖(w(·, t), ẇ(·, t))‖R ≤ C(R)
t∫

0

ε(t − s)E‖U0(s)Y0‖R0 ds

≤ C2(R) <∞, t ≥ 0. (11.10)

Then (11.6) and (11.5) imply (11.2).&'

Proof of Proposition 11.2.Equations (10.5) and (10.7) imply by Cauchy–Schwartz,

|E expi〈U(t)Y0, #〉 − E expi〈Y0, U
′
0(t)W#〉| ≤ E|〈Y0, r(t)#〉|

≤ (E|〈Y0, r(t)#〉|2)1/2 → 0, t → ∞.
It remains to prove that

E expi〈Y0, U
′
0(t)W#〉 → exp

{
− 1

2
Q∞(W#,W# )

}
, t → ∞. (11.11)

This does not follow directly from Proposition 3.3 since generally,W# �∈ D. We
approximateW# by functions fromD.W# ∈ H , andD is dense inH . Hence, for any
ε > 0 there existsK ∈ D such that

‖W# −K‖H ≤ ε. (11.12)

Therefore, we can derive (11.11) by the triangle inequality∣∣∣E expi〈Y0, U
′
0(t)W#〉 − exp

{
− 1

2
Q∞(W#,W# )

}∣∣∣
≤
∣∣∣E expi〈Y0, U

′
0(t)W#〉 − E expi〈Y0, U

′
0(t)K〉

∣∣∣
+ E

∣∣∣expi〈U0(t)Y0,K〉 − exp
{
− 1

2
Q∞(K,K )

}∣∣∣
+
∣∣∣exp

{
− 1

2
Q∞(K,K )

}
− exp

{
− 1

2
Q∞(W#,W# )

}∣∣∣. (11.13)

Applying Cauchy–Schwartz, we get, similarly to (10.12)-(10.14), that

E|〈Y0, U
′
0(t)(W#−K)〉| ≤ (E|〈Y0, U

′
0(t)(W#−K)〉|2)1/2 ≤ C‖U ′

0(t)(W#−K)‖H .
Hence, (10.1) and (11.12) imply

E|〈Y0, U
′
0(t)(W# −K)〉| ≤ Cε, t ≥ 0. (11.14)

Now we can estimate each term on the right-hand side of (11.13). The first term is
O(ε) uniformly in t > 0 by (11.14). The second term converges to zero ast → ∞ by
Proposition 3.3 sinceK ∈ D. Finally, the third term isO(ε) owing to (11.12) and the
continuity of the quadratic formQ∞(#,#) in L2(Rn) ⊗ C

2. The continuity follows
from the Shur Lemma since the integral kernelsqij∞(z) ∈ L1(Rn) ⊗M2 by Corollary
6.3. Now the convergence in (11.11) follows sinceε > 0 is arbitrary. &'
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12. Appendix A. Fourier Transform Calculations

Consider the covariance functions of the solutions to the system (3.2). LetF : w  → ŵ

denote the FT of a tempered distributionw ∈ S′(Rn) (see, e.g. [13]). We also use this
notation for vector- and matrix-valued functions.

12.1. Dynamics in the FT space.In the FT representation, the system (3.2) becomes
˙̂
Y (k, t) = Â0(k)Ŷ (k, t), hence

Ŷ (k, t) = Ĝt (k)Ŷ0(k), Ĝt (k) = exp(Â0(k)t). (12.1)

Here we denote

Â0(k) =

 0 1

−|k|2 −m2 0


 , Ĝt (k) =


 cosωt

sinωt

ω

−ω sinωt cosωt


 , (12.2)

whereω = ω(k) = √|k|2 +m2.

12.2. Covariance matrices in the FT space.

Lemma 12.1.In the sense of matrix-valued distributions,

qt (x − y) := E
(
Y (x, t)⊗ Y (y, t)

)
= F−1

k→x−y Ĝt (k)q̂0(k)Ĝ′
t (k), t ∈ R. (12.3)

Proof. Translation invariance (1.8) implies

E
(
Y0(x)⊗C Y0(y)

)
= C+

0 (x − y), E
(
Y0(x)⊗C Y0(y)

)
= C−

0 (x − y), (12.4)

where⊗C stands for the tensor product of complex vectors. Therefore,

E
(
Ŷ0(k)⊗C Ŷ0(k

′)
)
= Fx→kFy→k′ C+

0 (x − y) = (2π)nδ(k + k′)Ĉ+
0 (k),

E
(
Ŷ0(k)⊗C Ŷ0(k′)

)
= Fx→kFy→−k′C−

0 (x − y) = (2π)nδ(k − k′)Ĉ−
0 (k). (12.5)

Now (12.1) and (12.2) give in matrix notation that

E
(
Ŷ (k, t)⊗C Ŷ (k′, t)

)
= (2π)nδ(k + k′)Ĝt (k)Ĉ+

0 (k)Ĝ′
t (k),

E
(
Ŷ (k, t)⊗C Ŷ (k′, t)

)
= (2π)nδ(k − k′)Ĝt (k)Ĉ−

0 (k)Ĝ′
t (k). (12.6)

Therefore, by the inverse FT formula we get

E
(
Y (x, t)⊗C Y (y, t)

)
= F−1

k→x−y Ĝt (k)Ĉ+
0 (k)Ĝ′

t (k),

E
(
Y (x, t)⊗C Y (y, t)

)
= F−1

k→x−y Ĝt (k)Ĉ−
0 (k)Ĝ′

t (k). (12.7)

Then (12.3) follows by linearity. &'
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13. Appendix B. Measures in Sobolev’s Spaces

Here we formally verify the bound (4.5) fors, α < −n/2. Definition (4.2) implies for
u ∈ Hs,α,

‖u‖2
s,α = 1

(2π)2n

∫
〈x〉2α

[ ∫
e−ix(k−k′)〈k〉s〈k′〉s û(k)û(k′) dkdk′

]
dx. (13.1)

Let µ(du) be a translation-invariant measure inHs,α with a CFQ(x, y) = q(x − y).
Similarly to (12.5), (12.4), we get∫

û(k)û(k′)µ(du) = (2π)nδ(k − k′) tr q̂(k). (13.2)

Then, integrating (13.1) with respect to the measureµ(du), we get the formula∫
‖u‖2

s,αµ(du) =
1

(2π)n

∫
〈x〉2αdx

∫
〈k〉2s tr q̂(k) dk. (13.3)

Applying it to q̂(k) = T with α, s < −n/2 and toq̂(k) = T (k2 + m2)−1 with 1 + s
instead ofs, we get (4.5).
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