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1 8 1 Derivation of the d’Alembert equation

9&:<;>=@? ACBD;FEHGI;KJMLN;KOQPSRTLVUDWYX
∂2u

∂t2
(x, t) = a2 ∂

2u

∂x2
+ f(x, t), x ∈ [0, l], t > 0. Z 1 [ 1 [D\^]

=_;K`bacJbUdGI;^`e`VEfRTBDBgLbJbRYXS`MhY;KJb`bRTB�WQ`VaFUdBDBiRjLVUDWkXS`3WTl5Rm`MLVJb;cLnab:<;^=2`MLVJbUdX<omWkJp`MLVJnRTUDoY:QLWk`bacUDBdBiRjLbUdWkXS`qWTlrRtsS;cu_UDG<BD;vJbW_= [xw ;cLyPS`	oYUDhY;zR{G<JbUD;clH=_;KJVUDhjRTLVUDWYX|WYl}LV:SUD`	;^OkP~RjLVUDWYXZ l�WYJ�E�WkJV;zJbUDoYWYJbWYPS`	=_;FJbUDhjRjLbUdWkX��&`V;F;g� ��BDRk�T�<���_���Y�S��9C�_�k��� ]�[
Transversal oscillations of a string

��UDoYP<Jb; \k[d\k�

�z;�Rk`V`VP<E�;�LV:SRTL�R�`MLVJbUdXSo�WYl�BD;FX<oYLV:
l
Ui``�LbJV;FLban:<;K=	��UdLV:yLV:<;�l�WkJbaF;

T [ ��;�ab:<W_Wk`V;�Lb:<;=_UdJb;KacLVUDWYX�WTl�Lb:<;vRju_UD`
Ox
RTBDWYX<o�Lb:<;v`�LbJbUdX<oUdX	UdLb`&;KOQP<UDBDUdG<JbUDP<E*aFWYX_�SokP<JnRjLVUDWYX [�w ;FL x = 0acWYJbJV;^`M�IWYX~=<`HLbW�Lb:<;NBd;Fl Lq;FX~=�WYl�LV:<;¡`MLVJbUDX<o [9&:<;FX�Lb:<;�JbUDoY:kLf;KXS=�WTl�Lb:<;N`MLVJbUDX<o�Ui`�oYUDhY;FXGQ¢

x = l [ ��;Nan:<W£Wk`V;¤Lb:<;NRju_Ui` Ou X<WYJbEfRTBLVW
Ox
�&RTX~=�WYXSBd¢�acWkXS`VUD=_;KJqLV:<;vLVJnRTXS`VhY;FJn`VRTBWk`bacUDBdBiRjLbUdWkXS`yWYlrLb:<;{`MLbJVUDX<oS��`VPSan:5LV:SRTL¡;KRkab:�~WkUDXkL
x
E�W�hY;^`�WkX<Bd¢+UDX7Lb:<;�=_UdJb;KacLVUDWYX7WYlLV:<;|Rju_Ui`
Ou [ �£PSan:3Wk`bacUDBDBDRTLVUDWYXS`�acWkP<Bi=¥GI;`�LnRTJVLV;K=5G£¢��Su£UDX<o|LV:<;6;FX~=<`¡WYlxLb:<;6`MLVJbUDX<oS�WYJ�GQ¢vRjLVLbRkab:<UDX<o	Lb:<;�;FXS=<`�LbW	Lb:<;xLVUDXQ¢vJVUDX<oQ`��:<UDan:5aKRTX%ExWjhY;zPS�5RTXS=%=_Wj��X5RTBDWYX<o�hY;FJVLVUiaFRYB�JVW<=<`yRY`yWYX5��Udo [�\Y[ ¦<[
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��;�=_;FX<WYLV;zGQ¢
u(x, t)

LV:<;�=_Ui`V�<BDRkac;KEx;KXkLyWTl}LV:S;z�IWYUDXkL
x
WTl}Lb:<;�`�LbJVUDX<o�RjL�RExWkE�;FXkL

t [ �z;{RY`b`MP<E�;zLb:SRjLNLV:<;{RTX<okBd;^`	GI;FL � ;F;FX%Lb:<;t`MLVJbUDX<o�RTXS=�LV:S;tRju_Ui` 0xRTJb;�`VEfRTBDB � |α|, |β| ¿ 1 Z `V;F;t� UDo [}\k[ � ]�[qw ;FLNPS`��<JVWjhY;zLV:SRTL u(x, t) `VRTLVUi`��S;^`	LV:<;;KOQPSRjLbUDWYX Z 1 [ 1 [D\^]c[ 9 W�=_W�`VWS� � ;z��JVUdLV;! C;K�&LVWkX�? `��£;^acWYX~= w R�� l�WYJ¤Lb:<;z�<UD;KaF;vWYlLV:<;t`�LbJVUDX<o6l�JbWYE
x
LbW

x+ ∆x
��RYXS= LbR�"k;zUdLb`��<JVW�#�;^a�LVUDWYX%WYXkLbW6Lb:<;>RTu_UD`

0u �
aum = Fu. Z 1 [ 1 [ � ]

��UdokP<JV; \Y[ � �
$�;FJV;

au ≈ ∂2u
∂t2 (x, t); m = µ · ∆x �}��:<;KJV; µ Ui`vLV:<;gBDUDX<;KRTJ>=_;KXS`MUdL�¢�WYlqLV:<;`�LbJVUDX<o~�}LV:SRTLtUi`F��LV:S;�EfRY`b`�WYl	UdLb`tP<X<UdLtBD;FXSoTLV: Z � ;|Rk`V`VP<E�;�LV:SRTL>Lb:<;|`MLVJbUDX<o5UD`P<X<Udl�WYJbE ] ��RYXS=

Fu ≈ (Fl)u + (Fr)u + f̃(x, t)∆x. Z 1 [ 1 [ ¦Q]% ¢
Fl (Fr)

� ;z=_;KX<WTLb;K=�Lb:<;vl�WYJnac;¡��:<Uian:�RYacLb`¤WYX|LV:S;vJb;FokUdWkX
[x, x+ ∆x]

l�JbWYELV:<;qBd;Fl L Z JbUdok:kL ] �~RTJVL}WYl Lb:<;q`MLVJbUdXSoS� RYXS= (Fl)u((Fr)u)
`�LnRTXS=S`�l�WkJ�Lb:<;f�<JbW�#�;KacLVUDWYXS`WYXkLbW LV:<;gRju_Ui`

Ou [ f̃(x, t)
Ui`¡Lb:<;g=_;FX~`MUdL ¢�WYlfLV:<;6LVJnRTX~`MhY;KJb`bRTB�;cu£Lb;FJbXSRTBHl�WYJnac;K` [�<WkJ�;cu<RTE��<BD;Y� UDXvLb:<;�okJbR�h£U LnRjLbUdWYX~RTB �~;FBi=vWYl Lb:<;'& RYJMLb:�� Udl LV:<;f`MLVJbUDX<oyUD`�:<WkJVU)(FWkXkLnRTBRTXS={LV:S;�RTu_UD`

0u
Ui`�=_UDJV;^a�Lb;K=6P<�Q�&RTJn=@� LV:<;KX

f̃(x, t) = −gµ � ��:<;KJV; g ≈ 9,8m/s2.�£P<G~`�LbU LbP_LVUDX<o
au,m

RYXS=
Fu
UdXQLVW Z 1 [ 1 [ � ] ��� ;�WkG_LbRYUdX

∂2u

∂t2
µ∆x ≈ (Fl)u + (Fr)u + f̃(x, t)∆x. Z 1 [ 1 [ � ]�<P<JVLV:S;FJ^� l�WkJfRTXg;FBiRY`MLVUiay`�LbJVUDX<ozLb:<;yl�WYJnac;yWYl�LV;KXS`MUDWkX

T
RTL�;^RYan:��IWYUDXkLfUi`xLbRTXSoY;FXQLLVW�LV:S;>`MLVJbUdXSogRTXS=�:SRk`¤Lb:<;>`bRTE�;�E�RYoYX<UdLbPS=_; Z `V;F;g� ��BiRY�Y�j� ]c[ 9&:<;FX

(Fl)u = −T sinβ; (Fr)u = T sinα Z 1 [ 1 [ *k]RTXS= Z 1 [ 1 [ � ] LbR+"Y;K`	LV:<;�l�WYJbE
∂2u

∂t2
µ∆x ≈ −T sinβ + T sinα+ f̃(x, t)∆x. Z 1 [ 1 [ � ]�£UdX~ac;6� ;�aFWYXS`VUi=_;FJ¡LV:S;!,V`MEfRTBDB.-tWk`bacUDBdBiRTLVUDWYXS`K��`VPSab:�Lb:SRjL |α| RTXS= |β| ¿ 1

����U Lb:LV:<;>�<Jb;KacUi`VUdWkX P<�%LVWg:<UDoY:<;KJy�IWj� ;FJn`	WTl
α
RTX~=

β

sinβ ≈ tanβ =
∂u

∂x
(x, t); sinα ≈ tanα =

∂u

∂x
(x+ ∆x, t) Z 1 [ 1 [0/Y]
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�£P<GS`MLVUdLVP_LbUdXSo{Lb:<;K`V;¡;Fu£�SJV;^`V`VUdWkXS`fUdXQLVW Z 1 [ 1 [ � ] � � ;v:SR^hY;¡��UdLV:|LV:S;z`VRYEx;¡�<Jb;KaFUD`VUdWkX
∂2u

∂t2
µ∆x ≈ T

(∂u

∂x
(x+ ∆x, t) − ∂u

∂x
(x, t)

)

+ f̃(x, t)∆x. Z 1 [ 1 [ � ]
��UDh£UD=<UdX<o�Lb:<UD`6;cu_�<Jb;K`V`VUDWYXeGQ¢

∆x
RYXS=p`V;FXS=_UDX<o

∆x → 0
� ; WYG<LbRTUDXp��UdLV:pLV:S;`M�I;^acUd�S;K=��<Jb;KaFUD`VUdWkX LV:<;>;KOQPSRjLbUdWkX Z 1 [ 1 [D\^] ����:<;FJb;

a =

√

T

µ
; f(x, t) =

f̃(x, t)

µ
. Z 1 [ 1 [ � ]

Remark 1 [ 1 [d\ . �SJVWkE WYP<JzRk`V`VP<E��_LbUdWkX¥RTGIWkP_L¡Lb:<;6LV;FX~`MUDWYX¥� ;�=_;^=_PSac;6LV:SRTLvLV:S;�<JVW�#�;^a�LVUDWYX~`CWTl LV:<;Hl WkJbaF;K`
Fl
RYXS=

Fr
WkXkLVWqLV:<;xRju_Ui`

0x
RTJb;�;KOQPSRTB LVW −T cosβ

RTXS=
T cosα

�&Jb;K`V�I;Ka�LbUdhY;KBd¢ [ 9&:<;KJV;Fl�WYJb;NLb:<;FUDJN`MP<E (T cosα− T cosβ)
Ui`¤Lb:<;>OkP~RTXkLbU L�¢WTl�EfRTokX<U LbPS=_;

O(α2 + β2) [ 9&:S;t�<JbW�#�;Ka�LbUdWkX5WYlrLb:<;{JV;^`MPSB LbUdX<o�l�WYJnac;t��:<Uiab:¥RYa�Ln`WYX5LV:<;{�<UD;Kac;{WTlxLV:<;6`�LbJVUDX<o�l�JVWkE
x
LbW

x+ ∆x
UD`NWYlrLb:<;{E�RYoYX<UdLVP~=_;t��:<Uiab:�Ui``MEfRTBDB�UdX|Lb:<;zRY�<�<JbW^u_UDE�RTLVUDWYX�� ;vPS`V; [ 9&:QPS`K� PSXS=_;FJ¤Lb:<Ui`	RY`b`VP<Ex�<LVUDWYX RTGIWkP_LqLb:<;LV;FX~`MUDWYX�� LV:<;N`MEfRYBdB&Wk`bacUDBDBDRTLVUDWYXS`rWTl�LV:<;N`�LbJVUDX<o�RYJV;¤LbJbRYXS`MhY;KJb`bRTB ��U Lb:6Lb:<;�`V�I;KaFU �S;^=�<JV;^acUi`MUDWYX [

Remark 1 [ 1 [ � .
�<JbWYE Z 1 [ 1 [ *k] RYXS= Z 1 [ 1 [ /T] UdL�l�WYBDBdWj�C`¤Lb:SRjL

T
∂u

∂x
(x, t) Z 1 [ 1 [D\ � ]

UD`xLb:<;�hY;FJVLVUiaFRYB �~RTJVL�WTl�Lb:<;yLV;KXS`VUdWkX�WTl�Lb:<;N`MLVJbUDX<o�RTLfR��IWYUDXkL
x
RTLfRzE�WkEx;KXkL

t [
w ;cL�PS`NacWYX~`MUi=_;FJ �������	��

����������������������������� l�WkJ	Lb:<;t`�LbJVUDX<o [A [�� l�Lb:<; BD;cl L6;KXS=pWTlyLb:<;�`MLVJbUdXSoS� x = 0

�xUD`t�<u_;K=��rLV:<;KX+UdLb`6=_Ui`M�SBDRkac;FE�;KXkL6UD`;KOQPSRTB�LbW (F;FJbW �
u(0, t) = 0, t > 0. Z 1 [ 1 [d\k\^]

% [ A�`b`VP<E�;�LV:SRTL�Lb:<;5Bd;Fl L�;FXS=7WTl¡Lb:<;5`MLVJbUDX<o Ui`gRTLMLnRYan:<;K=+LVWeR¥LbUdX£¢+JVUDX<o3WTlX<;FokBdUDoYUDG<BD;¡EfRk`V`K� ��:<Uian:�aKRTX E�WjhY;v��U Lb:<WYP_Lyl�JVUia�LbUdWkX�RTBDWYX<o�R{hY;FJVLVUiaFRYB�JbW_= Z `VPSab:RTX%;KXS=%WTlrLV:<;{`�LbJVUDX<ogUi`NaFRYBdBD;K=%R�l�JV;K;�;KXS= ]�[ 9&:<;FX%Lb:<;>hY;KJMLbUDaKRTB}acWkE��IWYX<;KXkLNWTlLV:<;�l�WYJnac;z��UdLV:5��:<UDan:�LV:S;�JbW_=�RYa�Ln`	WkX Lb:<;�BD;cl LN;KXS=�WTlHLV:<;t`�LbJVUDX<o�Ui`y;KOQPSRYB�LbW
(F;FJbW [ 9&:<;FJb;cl�WkJV;k��RYaFaFWYJn=_UDX<o�LVW  C;K�&LVWYX ? `v9&:<UDJb= w R^�}�CLV:S;{hY;FJVLVUiaFRTBHacWkEx�IWkX<;FXQLZ 1 [ 1 [D\ � ] WTl�LV:<;zl�WkJbac;zWTl�Lb;FXS`VUdWkX�WTl�LV:<;>`MLVJbUdXSo�RjL x = 0

UD`�RTBi`MW6;^OQPSRTB�LVW (K;FJbW �
∂u

∂x
(0, t) = 0, t > 0. Z 1 [ 1 [d\ � ]

 [!� X�RzE�WkJV;yok;FX<;FJnRTB�aFRk`M;k� ��:<;KXg� ;NRjLVLbRYan:gR�E�Rk`V` m LVW�Lb:<;�BD;cl Lq;FX~=6WYl�Lb:<;`�LbJVUDX<oS� LV:S;FJb;zUi`	Lb:<;�GIWkP<XS=<RYJV¢|aFWYXS=<U LbUdWkX
m
∂2u

∂t2
(0, t) = T

∂u

∂x
(0, t), t > 0 Z 1 [ 1 [d\^¦k]
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��UDoYP<Jb; \k[ ¦S�

� l��NGI;K`VUD=_;^`F�yLV:<;¥EfRY`b` m Ui` RjLVLbRkab:<;^=7LbWLb:<;>`M�SJVUDX<o Z `M;K;���Udo [�\k[ ¦Q] ��UdLV:�LV:S;�`V�<JbUdXSoaFWYXS`MLbRYXkL
k
��Lb:<;FX�UDX2LV:S; JbUdok:kL+`VUi=_; WTl

Z 1 [ 1 [D\K¦k] � ;�X<;K;K=qLVW�Rk=<=fLb:<;�;KBDRk`�LbUDaFU L�¢�l�WYJnac;
−ku(0, t) [ � lxLb:<;tEfRY`b` m ;cu_�I;FJbUd;KXSac;^`�RYXRk=<=_UdLVUDWYXSRYB¡l�JbUia�LVUDWYX�l�WYJnac;¥�SJVWk�IWYJVLVUDWYXSRTBNLbWLb:<;>hY;FBDW_aFU L�¢Y�&LV:<;KX%UDX%LV:<;>JbUdok:kL�:SRYXS=%`VUD=<;WYl Z 1 [ 1 [d\^¦k] WYX<;�X<;F;K=S`�LbWpRk=<=�R l�JVUia�LbUdWkXl�WkJbaF; −η ∂u

∂t (0, t) [ 9&:<Ui`6� R�¢eWYX<;�WYG_LnRTUDXS`Rp�S:Q¢_`MUiaFRYBdBD¢7Jb;KRY`VWYXSRYG<Bd;�BdUDX<;KRYJ G~WkP<XS=<RYJV¢aFWYXS=<U LbUdWkX�WYl�Lb:<;zl�WkJVE
m
∂2u

∂t2
(0, t) = T

∂u

∂x
(0, t) − ku(0, t) − η

∂u

∂t
+ f(t). Z 1 [ 1 [D\ � ]

$C;FJb;
f(t)
UD`zRYX�;Fu£LV;FJbXSRYB�l�WYJnac;6�SRTJnRTBDBd;KB�LVW Lb:<;�RTu_UD`

Ou
��:<Uian:¥UD`�RT�<�<BDUD;K=�LVWLV:<;>Bd;Fl LN;FXS=%WTlHLV:<;t`�LbJVUDX<o [

Tangential oscillations of the elastic rod

��UdokP<JV; \Y[ � �
A�`V`VP<E�;N� ;¡:SR^hY;¡R>P<X<Udl�WYJbE PSXS`�LbJV;FLban:<;K=�JVW_=�WYl�Bd;KX<oTLb:

l [  :<W£WQ`M;yLV:S;¡RTu_UD`
Ox
RTBDWYX<o6LV:<;>JVW<=@�&`VW6LV:SRTL�UdLb`yBD;cl LN;FXS=�Ui`yBDW_aFRjLb;K=�RTL	Lb:<;��IWkUdXQL

x = 0 [ 9&:<;FX
x = l

Ui`zUdLb`�JVUDoY:QLz;KXS= [ ��;���UDBdBfacWkXS`VUD=_;KJzWYX<BD¢5LbRYX<oY;KXkLbUDRYBrWQ`VaFUdBDBiRjLVUDWYX~`¡WYlfLb:<;JVW_= [ ��;KX<WTLb;�GQ¢ u(x, t) Lb:<;g=_Ui`M�<BiRYaF;FE�;FXQLzWYlfLb:<;��IWYUDXkL x WYlfLV:S;�JVW<=�RTLvLV:S;ExWkE�;FXkL
t
��RYBdWkX<o6LV:<;tRju_Ui`

Ox [w ;FL6PS`{�<JVWjhY;gLb:SRjL u(x, t) `bRjLVUi`M�S;K`t;KOQPSRTLVUDWYX Z 1 [ 1 [D\^]c[ �SWYJtLV:<Ui`K�x� ; ��JVUdLV;=_W���X{LV:S;	�<JbW�#�;^a�LbUdWkX{WYXkLbW¡Lb:<;yRju_Ui`
Ox
WYl  C;K�&LVWkX�? `��£;^acWkXS= w R^�pl�WYJrLV:S;	�<UD;Kac;WTlHLV:<;>JVW<=|l�JVWkE

x
LbW

x+ ∆x �
axm = Fx; ax ≈ ∂2u

∂t2
(x, t); m = µ∆x. Z 1 [ 1 [d\ *Y]

9&:<;zl�WYJnac;
Fx
:SRY`	LV:<;�l�WYJbE

Fx = Fl + Fr + f̃(x, t)∆x. Z 1 [ 1 [d\ � ]
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��:<;FJb;
Fl(Fr)

Ui`fLV:<;¡l WkJbaF;¡RTBDWYXSo�LV:S;vRju_Ui`
Ox
� Rka�LbUdX<o6RjLqLV:<;v�<UD;Kac;

[x, x+ ∆x]RjLfLb:<;¡BD;cl L Z JV;^`M�I;^a�LVUDhY;FBD¢k� JbUdok:kL ] �SRTJVLqWTl�Lb:<;¡JVW<=@� RYXS= f̃(x, t)
Ui`�Lb:<;v=_;FXS`VUdL ¢�WYlLV:<;6;cu£Lb;FJbXSRTB�l�WYJnac;K`v=_UDJV;^a�LV;^=�RTBDWYX<o�LV:S;6RTu_UD`

Ox [ �SWYJv;cu<RYEx�SBd;k��Udl�Lb:<;6JVW<=5UD`:SRTX<okUdXSoghY;KJMLbUDaKRTBDBd¢ UDX%Lb:<;>�S;KBD=5WTl�oYJnR^h£UdL ¢ WTlrLb:<; & RYJMLb:�`VWgLV:SRTLNLV:<;{RTu_UD`
OxUD`�=<UdJb;KacLV;K=%=_Wj��XQ�&RTJn=<`F� Lb:<;FX

f̃(x, t) = gµ [�£P<G~`�LbU LbP_LVUDX<o
Fx
UDXkLbW Z 1 [ 1 [D\�*k] �&� ;>oY;cL
∂2u

∂t2
(x, t)µ∆x ≈ Fl + Fr + f̃(x, t)∆x. Z 1 [ 1 [d\�/T]

9 W6�~XS=
Fl
RTXS=

Fr
��� ;�PS`V; $CW£W "I? ` w R��

σ(x, t) = Eε(x, t). Z 1 [ 1 [d\ � ]
$C;FJb;

σ(x, t)
Ui`�RfLb;FXS`VUDWYX¡WTl Lb:<;rJbW_=NRTL�LV:<;r�IWkUdXQL

x
�@LV:~RjL�UD`K�

σ(x, t) = T (x, t)/S
���:<;FJb;

T (x, t)
UD`¤LV:<;vLV;KXS`VUdWkX�l�WkJbaF;vRjL¤Lb:<;z�IWYUDXkL

x
RYXS=

S
Ui`qLb:<;�`M;KacLVUDWYX�RTJb;KR �

E
UD`�� WkP<X<o~? `�ExW<=_P<Bd;>WYlHLb:<;>EfRjLb;FJbUDRYB�WTlrLV:<;tJVW_=���RTX~=

ε(x, t)
UD`yLb:<;>Jb;FBiRjLbUdhY;=_;cl�WkJVEfRjLbUdWkX¥RTLvLV:S;��~WkUDXkL

x [ �SWYJvLb:<;��<UD;Kac;�WTlfLb:<;�JbW_= [x, x + h]
��U Ln`zUdXSU LbUDRYBBd;KX<oTLb: Z ��:<;FX3X<W%l�WYJnac;�UD`>RT�S�<BdUD;K= ] UD`�;KOQPSRYBrLVW h �}��:SUdBD;gP<XS=_;KJzLb;FXS`VUDWYX UdL>UD`

h + u(x + h, t) − u(x, t) [ 9&:<;KJV;Fl�WYJb;tLb:<;gRYGS`MWkBdP<LV;6BD;FX<oYLV: UdX~acJb;KRY`V;{Ui`z;KOQPSRYBHLbW
u(x+ h, t) − u(x, t)

����:<UDBd;zLb:<;>JV;KBDRTLVUDhY;zBd;KX<oTLb:�UDXSaFJV;^RY`V;vUi`
u(x+ h, t) − u(x, t)

h
−→ ∂u

∂x
(x, t), h→ 0. Z 1 [ 1 [d\ � ]

9&:QPS`K�
ε(x, t) =

∂u

∂x
(x, t). Z 1 [ 1 [ � � ]�<JbWYE :<;KJV;k� G£¢ $�W£W+" ? ` w R�� Z 1 [ 1 [D\ � ] �

T (x, t) = Sσ(x, t) = SEε(x, t) = SE
∂u

∂x
(x, t) Z 1 [ 1 [ � \^]

w ;cL|P~`��IWYUDXkL WYP_L|LV:SRTL $�W£W+" ? ` w R�� Z 1 [ 1 [d\ � ] Ui`|ReBdUDX<;^RTJ RT�<�<JbW�u£UDEfRjLbUdWkXl�WYJ�LV:<;¥=_;K�~;KXS=_;KXSac;�WTl
σ(x, t)

WYl
ε(x, t)
��RYXS=4UD`�WkX<BD¢7RT�<�<BDUiaFRTGSBd;5l�WYJ `MEfRYBdB=_;cl�WkJVEfRjLbUdWkXS`K� LV:SRTL�Ui`F��`VEfRTBDB�hjRYBdP<;^`	WTl

ε(x, t) [9�R�"£UDX<o�UdXQLVW�RkaFacWkP<XkLyLV:<;t=_UDJV;^a�LbUdWkX�WTlHLV:S;zl�WkJbac;^`
Fl
RTXS=

Fr
�&� ;�WYG_LnRTUDX

{

Fl = −T (x, t) = −SE ∂u
∂x (x, t),

Fr = −T (x+ ∆x, t) = −SE ∂u
∂x (x+ ∆x, t).

Z 1 [ 1 [ � � ]
� XS=_;K;K=@� Udl�� l�WYJf;cu<RYEx�SBd;k� u(x, t) UD`fExWkX<WTLbWYX<UiaFRYBdBD¢tUdX~acJb;KRY`VUDX<ozUDX x � LV:<;FXgLV:S;JVW_=gUi`¤`�LbJV;FLban:<;K=�WYP<LK� :<;FXSaF;

Fl ≤ 0
� ��:<UDBd;

Fr ≥ 0 [ A L¤Lb:<;v`bRTE�;�LbUdE�; ∂u
∂x ≥ 0 [9&:<UD`�E�;KRTXS`	Lb:SRjL�LV:<;t`MUDoYX~`	UDX Z 1 [ 1 [ � � ] RTJb;zaFWYJbJV;^a�L [�£P<G~`�LbU LbP_LVUDX<o Z 1 [ 1 [ � � ] UDXkLVW Z 1 [ 1 [D\ /Y] �&� ;�ok;cL

∂2u

∂t2
(x, t)µ∆x ≈ SE

∂u

∂x
(x+ ∆x, t) − SE

∂u

∂x
(x, t) + f̃(x, t)∆x. Z 1 [ 1 [ � ¦k]
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	�����
�������������������	����
1 � 2

�<JbWYE :<;KJV;k�&=<Udh£Ui=_UdXSogGQ¢
∆x
�CRjLyLb:<;�BDUDExUdL

∆x→ 0
� ;�ok;cL Z 1 [ 1 [d\�] ��UdLV:

a =

√

SE

µ
=

√

E

ρ
; f(x, t) =

f̃(x, t)

µ
Z 1 [ 1 [ � � ]

��:<;FJb;
ρ = µ/S

UD`yLV:<;t=_;FXS`VUdL ¢ WTlHLV:S;�EfRjLb;FJbUDRYB�WTlHLV:S;�JbW_= [w ;FL�PS`NacWYX~`MUi=_;FJ ����

� � ����� ����� ����� ����� � l�WYJyLV:<;>JVW<= [A [ �SWYJrLV:<;	�<u_;K={;FX~={WTlCLV:<;yJbW_={RjL x = 0
Lb:<;FJb;	UD`HLb:<;yG~WkP<XS=<RYJV¢tacWYX~=_U LbUdWkX

Z 1 [ 1 [D\Y\�]�[% [ �<WkJxLV:<;�l Jb;F;�;FXS=�WYl�LV:S;�JVW_=�RjL x = 0
LV;KXS`MUDWYX Z 1 [ 1 [ � \�] Ui`x;^OQPSRTB LbW!(K;FJbW [9&:<;FJb;cl�WkJV; Z 1 [ 1 [D\ � ] :<WYBi=<` [

��UdokP<JV; \Y[0*_�
 [ � X3R E�WYJb;{ok;FX<;KJbRYBraFRk`M;k��RY`b`MP<E�;{Lb:SRjLzLV:S;FJb;6Ui`zR�E�Rk`V` m RjLzLV:S;�Bd;Fl L;FXS=
x = 0

WYlCLb:<;yJbW_=@� RjLMLnRYan:<;K={LVWzLV:S;�`V�<JVUDX<ozWYl�`MLVU��IX<;^`V`
k > 0
� RTXS={LV:SRTLxLV:S;;KOQP<UDBdUDG<JbUdPSE �IWQ`MUdLVUDWYX WTlqLV:<;�`V�<JbUdX<o5acWYJbJb;K`V�~WkXS=<`NLbW (F;FJbW%=_Ui`M�SBDRkac;FE�;KXkL�WYlfLb:<;Bd;Fl Ly;FXS= WTl}LV:<;zJbW_= [ A�`b`VP<Ex;vLV:SRTL¤Lb:<;zE�Rk`V`¤E�W�hY;^`q��UdLV: LV:<;zh£Ui`VaFWYPS`fl�JbUDacLVUDWYX �

Ffr = −ηv �C��:S;FJb; η > 0
�
v
Ui`yLb:<;{`M�I;K;K=%WYlrLV:<;tEfRY`b` [ 9&:S;FX�RTL x = 0

Lb:<;FJb;UD`	Lb:<;>GIWYP<XS=<RYJV¢ acWYX~=_U LbUDWYX
m
∂2u

∂t2
(0, t) = −ku(0, t) + SE

∂u

∂x
(0, t) − η

∂u

∂t
(0, t) + f(t), Z 1 [ 1 [ � *Y]

��:<;FJb;
f(t)
Ui`fLV:<;¡;cu£Lb;FJbXSRTB�l�WYJnac;Y� RYacLVUDX<o{RjLfLb:<;¡Bd;Fl L¤;FXS=�WTl�Lb:<;¡JVW<=gRTBDWYX<o�Lb:<;Rju_Ui`

Ox [

1 8 2 Infinite string

The Cauchy problem for the d’Alembert equation�z;tacWkXS`MUi=_;FJyLV:<;t=@? ACBD;FEHGI;FJVLN;KOQPSRjLbUdWkX Z 1 [ 1 [D\^] UdX%LV:<;>JV;^RTB�BDUDX<; �
∂2u

∂t2
= a2 ∂

2u

∂x2
, −∞ < x <∞, t > 0. Z 1 [ 2 [D\^]
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9&:<UD`NaFWYJbJV;^`M�IWYXS=S`qLbW�Lb:<;>�<:£¢_`MUiaFRYB��<JbWYG<BD;FE RTGIWkP_LNRg`MLVJbUDX<ogWTlrJb;FBiRjLbUdhY;KBd¢|BiRTJboY;`MU)(F; [ �SWYJ�`MUDE��<BdUiacUdL�¢�� ;�RY`b`VP<Ex;{LV:SRTL f(x, t) ≡ 0
��LV:~RjL�UD`K��Lb:SRjLzLV:<;KJV;�RYJV;{X<W;cu£LV;KJVXSRYB�l�WkJbac;^` [A�`}� ;f��UdBDB `V;F;fGI;FBDW��}� Lb:<;FJb;fRYJV;�UDX_�SX<UdLV;KBd¢zEfRTX£¢z`MWkBdP<LVUDWYXS`�WYl Z 1 [ 2 [d\�]�[ 9 W�GI;RTG<BD;¡LbWg=_;cLb;FJbExUDX<;vLb:<;zE�WjhY;FE�;FXQLyWTl}Lb:<;�`MLVJbUDX<o6UdL�`VP��qac;K`¤LbW6�SJV;^`VaFJVUDGI;¡UDX<UdLVUiRTB�IWk`VU LbUdWkX%RTXS=�hY;KBdW_aFU L�¢|WTlxRTBDB��IWYUDXkLn`yWTlHLV:<;t`MLVJbUdX<o Z RY`yPS`VPSRYBdBD¢|UdX%E�;^ab:SRYX<UiaF` ]��

u(x, 0) = ϕ(x),
∂u

∂t
(x, 0) = ψ(x), x ∈ R Z 1 [ 2 [ � ]

$C;FJb;
ϕ
RYXS=

ψ
RYJV; �SJV;^`VaFJVUDGI;K=el�P<XSacLVUDWYXS`K�

ϕ(x)
Ui`6UDX<U LbUiRTB�=_UD`V�<BiRYaF;FE�;FXQLK�qRTX~=

ψ(x)
Ui`	LV:S;�UDX<UdLVUiRTB�hk;FBDW_acUdL ¢|WTlxR��IWYUDXkL

x
WTlHLb:<;>`MLVJbUDX<o [9&:<;¤�<JVWkG<BD;FE Z 1 [ 2 [D\^]�� Z 1 [ 2 [ � ] UD`raFRTBDBD;K=�LV:<;  RTPSan:Q¢z�<JbWYGSBd;KE Z WYJHUDX<U LbUiRTB hTRTBDP<;�<JVWkG<BD;FE ] l�WYJ�LV:<;q=@? A�Bd;KEHGI;FJVL};^OkP~RjLVUDWYX Z 1 [ 2 [D\^]�[ 9&:S;�JV;KBDRTLVUDWYXS` Z 1 [ 2 [ � ] RTJb;�aFRTBDBD;K=LV:<;fGIWYP<XS=SRTJb¢¡acWYXS=<U LbUdWkXS`K� RYXS=¡Lb:<;xl�PSXSa�LbUdWkXS`
ϕ(x)
�
ψ(x)
RTJb;xaKRTBDBd;^=vUDX<U LbUDRYB =<RTLbR [

The d’Alembert method9&:<;�=@? A�Bd;KEHGI;FJVL>E�;cLb:<W_= UD`�GSRk`M;^=¥WYX¥Lb:<;�l RYacL�LV:SRTL�LV:<;�oY;FX<;KJbRYBx`VWYBDP_LVUDWYX¥LbW
Z 1 [ 2 [D\^] :SRY`	LV:<;�l�WYJbE

u(x, t) = f(x− at) + g(x+ at), Z 1 [ 2 [ ¦Q]��:<;FJb;
f
RTXS=

g
RTJb;�RTJbG<U LbJbRYJV¢�l�P<X~a�LVUDWYX~`yWYlHWkX<;�hjRTJbUiRTG<BD; [

Remark 1 [ 2 [D\ . � l f RYXS= g GI;FBDWYX<oxLVW C2(R)
�~Lb:<;FX

u(x, t)
RTBi`VWx:SRY`&L � WfacWkXkLbUdX£P<WYPS`=_;FJbUdhTRjLbUdhY;^` [ � L�LVP<JbXS`�WkP_LK�}LV:<WkP<oY: ��LV:~RjL>WkX<;gaKRTX¥LnR�"Y; f RYXS= g X<WkX�� `ME�W£WYLV:RTXS=�;FhY;KX>X<WYX�� acWkXkLVUDXQPSWYPS` [ 9&:<;FX u(x, t) UD`HRTBi`MW�X<WYX�� `VE�W£WTLb:zWkJ}X<WYX�� acWkXkLbUdX£P<WYPS`K�JV;^`M�I;^a�LVUDhY;FBD¢ [A�`y� ;���UDBdB�`M:SW�� UDX��£;KacLVUDWYX

4 [ 6 �C`MPSan:5R�X<WYX�� acWkXkLVUDXQPSWYPS`¤l�P<X~a�LVUDWYX�`bRjLVUi`M�S;K`LV:<;>;KOQPSRTLVUDWYX Z 1 [ 2 [d\�] UDX�LV:S;>`V;FXS`V;zWYlr=<UD`MLVJbUdGSP_LVUDWYXS` [9 W��SJVWjhY; Z 1 [ 2 [ ¦k] ��Bd;FL�PS`Nab:~RTX<ok;vLV:<;>hjRYJVUiRTGSBd;^`¤UDX�LV:<;t=_U�� ;FJb;FXkLbUDRYB�;^OkP~RjLVUDWYXZ 1 [ 2 [D\^]
ξ = x− at, η = x+ at Z 1 [ 2 [ � ]

Change of variables in a differential equation

w ;cLNPS`y;Fu£�SJV;^`V`¤LV:S;zl�P<X~a�LVUDWYX u(x, t) UDX�LV:S;�X<;K��aFW£WYJn=_UDXSRjLb;K` ξ � η �
u(x, t) = v(ξ, η), Z 1 [ 2 [0*Y]��:<;FJb;

ξ, η
RYJV;zJb;FBiRjLb;K=|LbW

x, t
G£¢ Z 1 [ 2 [ � ]�[ �SWYJy;Fu<RTE��<BD;Y�

u(x, t) = x ⇒ v(ξ, η) =
1

2
(ξ + η). Z 1 [ 2 [ � ]

9 W¤EfR�"Y;xR¤an:SRTX<ok;HWTl hTRTJbUDRYG<BD;K`CUDX¡LV:<;x=<U � ;FJb;FXkLbUiRTB�;KOQPSRTLVUDWYX Z 1 [ 2 [d\�] E�;KRTX~`CLbW�SXS=zR	=<U � ;FJb;FXkLbUiRTB ;KOQPSRTLVUDWYX¡l�WYJ�LV:<;rl�P<X~a�LVUDWYX
v(ξ, η)

� ��:<Uiab:z� WkP<BD=vGI;x;KOQP<UDhjRTBD;FXQLLVW Z 1 [ 2 [d\�]�[



\ � ���������
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1 � 2

�SWYJvLV:SUD`z� ;�X<;F;^=�LbW�;Fu£�SJV;^`V` ∂2u
∂t2
RTXS= ∂2u

∂x2

h£UiR|LV:<;g=_;KJVUDhjRTLVUDhY;K`¡WYl
v(ξ, η)��U Lb:|JV;^`M�I;^a�LfLVW

ξ
�
η
RTXS=gLVW{`VP<GS`MLVUdLVP<LV;NLb:<;¡JV;^`MPSB LbUdX<ot;Fu_�<JV;^`V`VUDWYXS`�UdXQLVW Z 1 [ 2 [D\^]c[9&:<;�X<;^ac;K`b`bRTJb¢�;Fu£�SJV;^`V`VUdWkXS`�RYJV;xWkG_LbRYUdX<;^=v��UdLV:�Lb:<;fRYUD=zWYl Lb:<;qab:SRYUdX�JbP<BD;�RY�<�<BDUd;^=LVW�LV:S;�Ui=_;FXQLVUdL ¢

u(x, t) = v
(

ξ(x, t), η(x, t)
) Z 1 [ 2 [ /T]

 �RYEx;KBd¢k��=_U��I;KJV;KXkLVUiRjLbUDX<o Z 1 [ 2 [ /T] ��U Lb:%Jb;K`V�I;Ka�LyLVW t RTXS= x �&� ;�WYG_LnRTUDX
{

∂u
∂t = ∂v

∂ξ
∂ξ
∂t + ∂v

∂η
∂η
∂t ,

∂u
∂x = ∂v

∂ξ
∂ξ
∂x + ∂v

∂η
∂η
∂x .

Z 1 [ 2 [ � ]
� X�Lb:<;g`bRTE�;6� R�¢5WYXS;�aFRYX¥;cu_�<Jb;K`b`vRTBDBxWTLV:S;FJ�=_;KJVUDhjRTLVUDhY;K` [ ��U��I;KJV;KXkLVUiRjLbUdXSo Lb:<;�SJb`ML�JV;KBDRTLVUDWYX Z 1 [ 2 [ � ] ��UdLV:%Jb;K`V�I;KacL	LbW t ��� ;�WkG_LbRYUdX �

∂2u

∂t2
=
( ∂

∂t

∂v

∂ξ

) ∂ξ

∂t
+
∂v

∂ξ

∂2ξ

∂t2
+
( ∂

∂t

∂v

∂η

) ∂η

∂t
+
∂v

∂η

∂2η

∂t2
Z 1 [ 2 [ � ]

��;�;Fu£�SJV;^`V`¤Lb:<;�Wk�I;FJnRjLVWkJ ∂
∂t

l�JbWYE Lb:<;>`bRTE�;�JV;KBDRTLVUDWYX Z 1 [ 2 [ � ]c�
∂

∂t
=
∂ξ

∂t

∂

∂ξ
+
∂η

∂t

∂

∂η
Z 1 [ 2 [D\ � ]

�£P<GS`MLVUdLVP_LbUDX<ogLV:<Ui`�;cu_�<Jb;K`b`MUDWYX UDX Z 1 [ 2 [ � ] ��� ;�oY;FL
∂2u

∂t2
=
(∂ξ

∂t

∂2v

∂ξ2
+
∂η

∂t

∂2v

∂η∂ξ

) ∂ξ

∂t
+
∂v

∂ξ

∂2ξ

∂t2
+

+
(∂ξ

∂t

∂2v

∂ξ∂η
+
∂η

∂t

∂2v

∂η2

) ∂η

∂t
+
∂v

∂η

∂2η

∂t2
=

=
(∂ξ

∂t

)2 ∂2v

∂ξ2
+ 2

∂ξ

∂t

∂η

∂t

∂2v

∂ξ∂η
+
(∂η

∂t

)2 ∂2v

∂η2

+
∂v

∂ξ

∂2ξ

∂t2
+
∂v

∂η

∂2η

∂t2
. Z 1 [ 2 [D\Y\�]

$�;FJb;�� ;�PS`V;K= LV:<;>Ui=_;FXQLVUdL ¢
∂2v

∂η∂ξ
=

∂2v

∂ξ∂η
. Z 1 [ 2 [D\ � ]

� X�Lb:<;v`bRTE�;Nl�Rk`M:SUdWkX Z `VP<GS`MLVUdLVP<LVUDX<o6UdX Z 1 [ 2 [D\Y\�] t GQ¢ x ] WkX<;vaFRTX|WYG_LnRTUDXgLb:<;l�WYJbEHP<BDR
∂2u

∂x2
=
( ∂ξ

∂x

)2 ∂2v

∂ξ2
+ 2

∂ξ

∂x

∂η

∂x

∂2v

∂ξ∂η
+
(∂η

∂x

)2 ∂2v

∂η2
+

+
∂v

∂ξ

∂2ξ

∂x2
+
∂v

∂η

∂2η

∂x2
. Z 1 [ 2 [D\K¦Q]
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Problem 1 [ 2 [D\ . ��;FJbUDhY;vLb:<;�l WkJVErP<BDR
∂2u

∂t∂x
=

∂ξ

∂t

∂ξ

∂x

∂2v

∂ξ2
+
(∂ξ

∂t

∂η

∂x
+
∂η

∂t

∂ξ

∂x

) ∂2v

∂ξ∂η
+

+
∂η

∂t

∂η

∂x

∂2v

∂η2
+

∂2ξ

∂t∂x

∂v

∂ξ
+

∂2η

∂t∂x

∂v

∂η
. Z 1 [ 2 [D\ � ]

Remark 1 [ 2 [ � . � `VPSRTBDBD¢gLV:S;vl�WkJVEHP<BiRY; Z 1 [ 2 [ � ] RTX~= Z 1 [ 2 [D\Y\^]�� Z 1 [ 2 [d\ � ] RYJV;v��JbUdLMLV;KX��U Lb:
u
UDXS`�Lb;KRk= WYl

v [ �<WkJy;cu<RYEx�SBd;k� Z 1 [ 2 [ � ] Ui`y��JbU LVLV;FX�RY`
{

∂u
∂t = ∂u

∂ξ
∂ξ
∂t + ∂u

∂η
∂η
∂t ,

∂u
∂x = ∂u

∂ξ
∂ξ
∂x + ∂u

∂η
∂η
∂x .

Z 1 [ 2 [D\�*k]
� lr`VWS� LV:<;>`M¢£EHGIWkB ∂u

∂ξ Z RTXS= ∂u
∂η ] UDX LV:<;�JVUDoY:QL	:SRYXS= `VUi=_;vUi`¤LVW�GI;zP<XS=<;FJn`�LbW£W_=RY`	LV:<;t=_;FJbUdhTRjLbUdhY;�RYBdWkX<o{Lb:<;>BdUDX<;

η = const Z WYJ ξ = const ]c�
∂u

∂ξ
≡ d

dξ
u

∣

∣

∣

∣

η=const

, Z 1 [ 2 [D\ � ]
��:<UDan:>Ui`�RYacLVPSRYBdBD¢ ∂v

∂ξ Z WkJ ∂v
∂η ] ��X<WTLHRk` ,M�SRTJVLVUiRTB =_;KJVUDhjRTLVUDhY;�WTl u(x, t) ��UdLV:tJV;^`M�I;KacLLVW

ξ Z WYJ η ] - � LV:<;�BiRjLVLV;KJ�=_W_;K`	X<WYL�E�R+"Y;�`M;KXS`V;zP<XkLbUdB�Lb:<;�WYLV:<;KJyhjRTJbUiRTG<BD;Y� η Z WkJ
ξ ] ��Ui`�ab:SWk`V;FX [

� XS=_;K;K=@� l�JbWYE Z 1 [ 2 [d\ � ] WkX<;faKRTXt`M;K;xLb:SRjL ∂u
∂ξ

=_;F�I;KXS=<`�X<WTL�WkX<BD¢vWYX�LV:<;¤an:<WYUiac;WTlHLV:S;>hjRTJbUDRYG<BD;
ξ
��GSP_L¡RTBi`VW�WYX�LV:<;>hTRTJbUDRYG<BD;

η
�CRTBdLV:SWYP<ok: LV:<Ui`�Ui`yX<WYL�Jb;csS;^a�Lb;K=UdX LV:<;gXSWTLbRTLVUDWYX ∂u

∂ξ [ 9&:£PS`F�}LV:<;gPS`bRTok;6WTlqLb:<;gX<WTLnRjLbUdWkX u UDX¥Lb:<;gJbUdok:kL�:SRYXS=`MUi=_;�WTl Z 1 [ 2 [ � ] ��UdXS`MLb;KRY=�WTl v ��Rk`	UDX Z 1 [ 2 [d\ *Y] ��aKRTX%Bd;^RY= LVW�RgacWYX_l�P~`MUDWYX [
Problem 1 [ 2 [ � .

��UDXS= ∂u
∂ξ

�&Udl
u(x, t) = t

�
ξ = x
��RYXS=

η = t+ x [
� ��� 

���������

t = η − x = η − ξ =⇒ ∂u
∂ξ = −1 [

Problem 1 [ 2 [ ¦ . ��UDXS= ∂u
∂ξ

�&Udl
u(x, t) = t

�
ξ = x

RTXS=
η = t− x [

� ��� 

���������
t = η + x = η + ξ =⇒ ∂u

∂ξ = 1 [ �;FhY;FJVLV:S;FBD;K`b`F� UdX�LV:<;NRT�S�<BdUD;K=6�SJVWkG<Bd;KEf`HLV:S;	l�WkJVEHPSBDRY;	BdU)"Y; Z 1 [ 2 [d\ *Y] RTJb;	WYliLb;FXPS`M;^=@��`MW�LV:SRTLNLV:S;tUDXkLbJVW_=_P~a�LVUDWYX�WTl�X<;F�mX<WYLbRjLbUDWYXS`�� WYP<Bi=%XSWTL¡GI;tX<;K;K=_;^= [ �SWYJ;cu<RTE��<BD;Y� Lb:<;v�<Jb;K`b`MP<Jb;NUi`qPS`VPSRYBdBD¢g=_;KX<WTLb;K=|GQ¢
p
� LV:S;zacP<JbJV;KXkL¤Ui`¤=<;FX<WYLV;K=|GQ¢

j
�LV:<;t=_;FX~`MUdL ¢ Ui`�=_;FXSWTLV;^=�GQ¢

ρ
��;cLNaF;cLb;FJnR [��;���UDBDB}RTBi`VW6P~`M;zl�WYJbEHP<BiRT;�BdU)"Y; Z 1 [ 2 [D\�*k] ;KhY;FJb¢£��:<;FJb;vGI;FBDWj� [

Proof of the d’Alembert representation (1.2.3)�<JbWYE�Lb:<; ok;FX<;KJVUiagl�WYJbEHP<BiRT; Z 1 [ 2 [d\ *Y] l�WYJ{Lb:<;�an:SRYX<oY;|WYl�hTRTJbUDRYG<BD;K` Z 1 [ 2 [ � ] � ;=_;FJbUdhY;
∂

∂t
= −a ∂

∂ξ
+ a

∂

∂η
;

∂

∂x
=

∂

∂ξ
+

∂

∂η
; Z 1 [ 2 [D\ /Y]



\ � ���������
	�����
�������������������	����
1 � 2

�SJbWYE LV:<Ui`�� ;�WYG<LbRTUDX �
{

∂2

∂t2 = a2 ∂2

∂ξ2 − 2a2 ∂2

∂ξ∂η + a2 ∂2

∂η2 ,
∂2

∂x2 = ∂2

∂ξ2 + 2 ∂2

∂ξ∂η + ∂2

∂η2 ,
Z 1 [ 2 [D\ � ]

�£P<G~`�LbU LbP_LVUDX<o Z 1 [ 2 [d\ � ] UDXkLVW Z 1 [ 2 [D\^] ��� ;�ok;cL
(

a2 ∂
2

∂ξ2
− 2a2 ∂2

∂ξ∂η
+ a2 ∂

2

∂η2

)

u = a2
( ∂2

∂ξ2
+ 2

∂2

∂ξ∂η
+

∂2

∂η2

)

u Z 1 [ 2 [D\ � ]
ACliLb;FJNEHP_LbPSRTB�aFRYXSac;KBdBiRjLbUdWkXS`	� ;�WYG_LnRTUDX

∂2u

∂ξ∂η
= 0. Z 1 [ 2 [ � � ]

9&:<Ui`�Ui`�LV:S;faFRYX<WYXSUDaKRTB�l�WYJbE WTl LV:<;q=@? ACBD;FEHGI;KJML�;KOQPSRTLVUDWYX Z 1 [ 2 [d\�] � UdLb`}`VUDEx�SBd;^`�Ll�WYJbE LV:SRTL�Ui`F��UdX%��:SUDan:%UdLNaFWYP<Bi= GI;>;KRY`VUDBd¢ `MWkBdhY;^= [ 9 W�`MWkBdhY; Z 1 [ 2 [ � � ] ��=_;FX<WYLV;
∂u

∂η
(ξ, η) = v(ξ, η) Z 1 [ 2 [ � \^]

9&:<;FX Z 1 [ 2 [ � � ] acWkP<Bi= GI;>��JVUdLMLb;FX5RY`
∂v

∂ξ
≡ d

dξ
v

∣

∣

∣

∣

η=const

= 0. Z 1 [ 2 [ � � ]
� LyLb:<;FX%l�WYBDBdWj�C`¤Lb:SRjL v∣∣∣

η=const

=_W_;K`	XSWTLN=_;K�I;FXS=%WYX
ξ
� Lb:SRjLNUD`K�

v(ξ, η) ≡ c(η), Z 1 [ 2 [ � ¦k]WYJ^� LbR+"£UdX<ogUdXQLVW�RkaFacWkP<XkL Z 1 [ 2 [ � \�] �
d

dη
u

∣

∣

∣

∣

ξ=const

= c(η). Z 1 [ 2 [ � � ]
� XkLV;KoYJnRjLbUdX<o6Lb:<UD`�WYJn=_UDXSRTJb¢�=_U�� ;FJb;FXkLbUDRYB�;^OkP~RjLVUDWYX � � ;�WkG_LbRYUdX

u
∣

∣

∣

ξ=const
=

∫

c(η) dη + c1(ξ). Z 1 [ 2 [ � *k]
9&:QPS`K�

u = g(η) + f(ξ), Z 1 [ 2 [ � � ]��:<;FJb;
g
RTXS=

f �
RTJb;v`MWkEx;¡l�P<XSa�LbUdWkXS`¤WYl}WYXS;¡hjRYJVUiRTGSBd; [�� X|LV:<;zWTLV:S;FJ¤:~RTXS=@�&Rl�P<XSa�LbUdWkX WYlfLV:S;6l�WYJbE Z 1 [ 2 [ � � ] `VRTLVUi`��S;^`¡LV:<;g;KOQPSRTLVUDWYX Z 1 [ 2 [ � � ] l�WkJ�RYXQ¢ f RTX~=

g [ A LfBDRk`�L^� ab:~RTX<okUdX<ovLb:<;yhTRTJbUDRYG<Bd;^`HUDX Z 1 [ 2 [ � � ] RkaFaFWYJn=_UdXSo¡LVW Z 1 [ 2 [ � ] � � ;yWYG_LnRTUDXLV:<;t=@? ACBD;FEHGI;FJVLNJV;K�<JV;^`M;KXkLbRTLVUDWYX Z 1 [ 2 [ ¦k]�[



����� ����	
����
�� � ������� �����
	 � �
1 � 2 \^¦

Remark 1 [ 2 [ ¦ . 9&:S;yoYJnRT�S:{WYl�Rvl�P<XSacLVUDWYX f(x− at)
UdX Z 1 [ 2 [ � ] Ui`�Rz� R�hY;	E�Wjh£UdX<oRTBDWYX<o5Lb:<;�=_UdJb;KacLVUDWYXpWTlyLb:<;�Rju_Ui`

Ox
LVW�Lb:<; JbUdok:kLK�x��U Lb:eLb:<;�`V�~;K;K=

a
�x��:<UDBd;

g(x+ at)
JV;K�<Jb;K`V;FXkLn`¡R�� R�hY;tE�W�h£UDX<o|��UdLV:�Lb:<;6`bRTE�;{`V�I;F;K=5LVW|Lb:<;{BD;cl L [ 9&:<Ui`Ex;^RTXS`�Lb:SRjL¡Lb:<;tokJbRY�<:5WTlxLb:<;>l�PSXSa�LbUdWkX

f(x− at)

(

g(x+ at)

) l�WYJvRTX£¢
t > 0

RY`	R>l�P<X~a�LVUDWYX�WTl
x
UD`¤WkG_LbRYUdXS;K=�l JbWYE�LV:<;zoYJnRT�<:|WTl}LV:<;vl�P<XSacLVUDWYX

f(x)

(

g(x)

)

��U Lb:�LV:<;NRTUi=6WTl�Rz�SRYJbRYBDBd;KB LVJnRTXS`Ml�WYJbEmLbWzLV:S;�JVUDoY:QL Z BD;cl L ] RYBdWkX<ovLV:<;NRTu_UD` Ox GQ¢LV:<;�=_Ui`�LnRTXSac;
at [ 9&:<;FJb;cl�WkJV;k��R|l�WkJVE WYlfLb:<;�okJbRY�<:�WYlfLb:<;6l�P<XSacLVUDWYX f(x − at)acWYX~`MUi=_;FJb;K=3Rk`tR%l�P<XSacLVUDWYXpWTl

x
��U Lb:e�<u_;K=

t
Ui`>LV:<; `bRTE�; [ � X�� :£¢£`VUiaF`K�r`VPSan:l�P<XSa�LbUdWkXS`�RTJb; aFRYBdBD;K=eLbJbR�hY;FBDUdXSo��&R^hY;^` [ 9&:£PS`F�xLb:<;%=@? A�BD;FEHGI;FJVLg=_;KaFWYE��IWk`VU LbUDWYXZ 1 [ 2 [ ¦k] E�;KRTX~`�LV:SRTL�RTX£¢�`VWYBDP_LVUDWYX�WTl{LV:S;e=@? A�Bd;KEHGI;FJML�;^OkP~RjLVUDWYX�UD`%LV:<;p`VP<EZ �<:£¢£`VUiacUi`�Ln`{RYBD`VW�PS`V;|� WkJb=<`{`MPS�I;FJV�IWQ`MUdLbUdWkXeRYXS=eUDXkLV;KJMl�;KJV;KXSac; ] WTlyL�� W�LbJnR^hY;KBdUDX<o� R^hk;K` [

Solution of the Cauchy problem (1.2.1), (1.2.2) for the d’Alembert equation.

The d’Alembert formula�z;vRT�<�SBd¢{Lb:<;¡=�? A�Bd;KEHGI;FJVLqE�;cLb:<W_=�LbW>LV:<;¡�<JVWkG<BD;FE Z 1 [ 2 [D\^] � Z 1 [ 2 [ � ]�[ 9 W{=_W{`MW~�� ;q`VP<GS`MLVUdLVP_Lb;fLb:<;q;KOQPSRTLVUDWYX Z 1 [ 2 [D\^] GQ¢zUdLb`�;KOQP<UDhjRYBd;KXkL Z 1 [ 2 [ ¦Q]�[ 9&:QPS`K��� ;qRYJV;�BD;cl LLVWNLnR�"Y;qUdXQLVWvRkaFacWkP<XkL�LV:<;¤UDX<U LbUDRYB aFWYXS=_UdLbUdWkXS` Z 1 [ 2 [ � ]�[�� LrUD`�l�JVWkE�LV:<;^`M;¤aFWYXS=<U LbUdWkXS`LV:SRTLf� ;���UDBDBC=_;FLV;FJbE�UdXS;yLV:<;NP<X "£X<Wj��X6l�PSXSa�LbUdWkXS`
f
RTXS=

g
l�JVWkE$LV:<;NoYUDhY;FX

ϕ ψ [ �RTE�;FBD¢Y��`VP<GS`MLVUdLVP_Lb; Z 1 [ 2 [ ¦k] UdXQLVW Z 1 [ 2 [ � ]��
{

f(x) + g(x) = ϕ(x),
f ′(x)(−a) + g′(x)a = ψ(x), x ∈ R.

Z 1 [ 2 [ � /Y]
Remark 1 [ 2 [ � . � X�LV:S;>`V;KacWkXS= ;^OkP~RjLVUDWYX Z 1 [ 2 [ � /Y] � ;�:SR^hY;�PS`V;K= LV:<;tan:SRTUDX�JbP<BD; �
( ∂

∂t
f(x− at)

)

∣

∣

∣

∣

t=0

=
(

f ′(x− at)
∂

∂t
(x− at)

)

∣

∣

∣

∣

t=0

= f ′(x)(−a) Z 1 [ 2 [ � � ]
$C;FJb;

f ′(x)
UD`�RTXNWYJn=_UdX~RTJb¢¤=_;KJVUDhjRTLVUDhY; Z X<WYL�Rf�SRYJMLbUDRYB�WkX<; ]c[ 9&:<Ui`CUi`�Lb:<;HRk=_hjRYXkLnRToY;WTl@Lb:<;�=@? ACBD;FEHGI;KJML E�;FLV:<W_=��S��:<UDan:	RTBDBDW��C` LVWrJV;K=<PSac;CLb:<;�;^OkP~RjLVUDWYX~` Z 1 [ 2 [d\�] � Z 1 [ 2 [ � ]��U Lb:%�SRYJMLbUDRYB�=_;KJVUDhjRjLbUDhY;K`¤LVW�LV:S;�;^OkP~RjLVUDWYX~` Z 1 [ 2 [ � /Y] ��UdLb:%WYJn=_UDXSRTJb¢�=<;FJVUDhjRTLVUDhY;K` [9&:<;KX���UdXQLV;KoYJnRjLVUDX<o6Lb:<;t`M;KaFWYXS=�;KOQPSRTLVUDWYX Z 1 [ 2 [ � /T] RYXS=%=_UDhQUi=_UDX<ogUdLNGQ¢ a ��� ;WYG_LnRTUDX �

−f(x) + g(x) =
1

a

x
∫

0

ψ(s) ds+
c

a
. Z 1 [ 2 [ � � ]

9 R+"£UdX<o�Lb:<;�`MP<E WYlxLb:<Ui`¡;^OkP~RjLVUDWYX���U Lb:�Lb:<;{�SJb`MLv;KOQPSRTLVUDWYX5l�JbWYE Z 1 [ 2 [ � /T] RYXS==_Udh£Ui=_UDX<ogGQ¢ � �&� ;�WkG_LbRYUdX
g(x) =

1

2
ϕ(x) +

1

2a

x
∫

0

ψ(s) ds+
c

2a
; Z 1 [ 2 [ ¦ � ]
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UdXS`MLb;KRY=@�&LbR�"£UDX<o6Lb:<;>=<U � ;FJb;FXSaF;�WTlHLV:<;^`M;zL�� Wg;^OkP~RjLVUDWYX~`F�&� ;�WYG_LnRTUDX
f(x) =

1

2
ϕ(x) − 1

2a

x
∫

0

ψ(s) ds− c

2a
=

1

2
ϕ(x) +

1

2a

∫ 0

x

ψ(s) ds− c

2a
, Z 1 [ 2 [ ¦<\�]

�£P<G~`�LbU LbP_LVUDX<o>LV:S;K`V;�;cu_�<JV;^`V`VUDWYXS`rUDXkLbW�LV:<;¡=@? A�Bd;KEHGI;FJVLq=_;^acWkEx�IWQ`MUdLVUDWYX Z 1 [ 2 [ ¦k] �� ;�WYG<LbRTUDX Lb:<;t=@? A�Bd;KEHGI;FJVLyl�WkJVEHPSBDR
u(x, t) =

ϕ(x− at) + ϕ(x+ at)

2
+

1

2a

x+at
∫

x−at

ψ(s) ds Z 1 [ 2 [ ¦ � ]
Remark 1 [ 2 [0* . � X<;�aKRTX `V;F;{l�JbWYE Z 1 [ 2 [ ¦ � ] �@Z 1 [ 2 [ ¦<\�] LV:SRTLzLV:<;��&R^hY;^` f(x − at)RTXS=

g(x+ at)
RYJV;N=<;cLV;KJVE�UDX<;K=�GQ¢6LV:<;¡UdXSU LbUDRYB�=<RTLbR

ϕ
RTXS=

ψ
XSWTLqP<X<UiOQP<;FBD¢k� G<P_LWYX<BD¢ P<�%LbW|RTX�RY=<=_UdLVUDhY;tacWkXS`MLbRTXQL [ A L�Lb:<;{`VRYEx;�LVUDE�;Y��Lb:<;t`VWYBDP_LbUdWkX u(x, t) LVWLV:<;  RTPSan:Q¢|�SJVWkG<Bd;KE UD`yPSX<UDOQP<;KBd¢�=_;c�~X<;K= [

1 8 3 Analysis of the d’Alembert formula

Propagation of the waves

Problem 1 [ 3 [d\ . 9�R+"Y;NLb:<;vl�WYBDBdWj��UDX<o{UDX<UdLVUiRTB�=<RTLbR{UDX Z 1 [ 2 [ � ]vZ `V;F;���;FEfRTJ " 1 [ 2 [D\^]c�

��UdokP<JV; \Y[ � �
w ;FLvPS`v=_JnR^� LV:<;6`V:SRY�~;{WTlxLb:<;6`MLVJbUdX<o RTL t = 1

�
2
�

3
�

4
�

5
��LnR�"£UdXSo

a = 1 [Z ��;�E�R�¢{Rk`V`VP<E�;¤Lb:SRjL ϕ(x)
Ui`�Rz�<Ud;^ac;F��Ui`V; � BdUDX<;KRYJHl�PSXSa�LbUdWkX [ 9&:<;FX�LV:<;N`VWYBDP_LVUDWYXUD`}RYBD`VW	okWYUDX<o¤LbW�G~;qR	�<UD;Kac;K��UD`V; � BDUdX<;^RTJ�l�PSXSa�LbUdWkX�� ��:<Uiab:�Ui`}Ry`VWYBDP_LVUDWkXvWYl ;^OkP~RjLVUDWkX

Z 1 [ 2 [D\^] UDX3Lb:<; `M;KXS`M;�WYl�=_Ui`�LbJVUDG<P_LbUdWkXS` Z `M;K;���;FEfRYJ " 1 [ 2 [D\^]c[ � XS`MLV;^RY=@�rWYX<;|aKRTXLV:<UDX " LV:SRTL>Lb:<;|oYJnRT�<:
ϕ
UD`{`MBDUDoY:QLVBD¢ `VExW_WTLV:S;K=3WYP_L6RjL>Lb:<; acWkJVX<;KJ>�IWYUDXkLn`F�x`MWLV:SRTL

ϕ(x) ∈ C2(R) [ 9&:<;KX%LV:<;{`VWYBDP_LVUDWYX%Ui`NRYBD`VW�okWYUDX<o�LVW�GI;>WYlxaFBDRk`V` C2 �CRYXS=WYX<;�`M:<WkP<Bi=5LV:<UDX "5LV:SRTL�RTBDBHLV:<;�aFWYJbX<;FJn`¡RTJb;{`VBDUdok:kLVBD¢�`ME�W£WYLV:<;^=5WkP_L�RjL�RTBDB�Lb:<;=_JbR���UDX<ok`	GI;FBDW�� [ ]� � � 

��������� A�aFaFWYJn=_UDX<o6LVW�LV:S;>=@? ACBD;FEHGI;KJML�l�WYJbEHP<BiR Z 1 [ 2 [ ¦ � ] �
u(x, t) =

1

2
ϕ(x− t) +

1

2
ϕ(x+ t). Z 1 [ 3 [d\�]
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9&:<UD`vEx;^RTXS`NLV:~RjL¡Lb:<;{okJbRY�<:
ϕ(x)
`M:<WkP<BD=�GI;6acWkE��<JV;^`V`V;K=%LVW|LV:S;6Rju_Ui`

Ox
G£¢LV:<;>l Rka�LbWYJNWTl

2
��`M:SU l Lb;K=%LbWgLb:<;tJbUdok:kLNG£¢

t
��LbWgLb:<;tBD;cl L¡G£¢

t
��RYXS=�Lb:<;tJb;K`VP<B Ln`RY=<=_;^=�PS� Z `V;F;t��UdokP<JV; \Y[ /T]�[ 9&:<;FJb;KRTl LV;FJyLb:<;K`V;>:QP<E��S`NWTlx:<UDoY:kL 1

2

RTXS=%��UD=_LV:

��UdokP<JV; \Y[ /£�
2
�<JbWY�~RTokRTLV;¡LVW�Lb:<;�BD;cl L¡RYXS= LVW�LV:S;�JbUdok:kL^� ;^RYan:���UdLV:%LV:<;t`M�I;K;K=

1 [
Problem 1 [ 3 [ � . � X¥LV:<;�`M;FLMLVUDX<oQ`vWYlfLb:<;��<Jb;Fh£UDWYPS`v�<JbWYG<BD;FE��}=_JnR^� LV:<;�`M:SRY�I;6WTlLV:<;t`�LbJVUDX<ogRTL

t = 1
4

� 1
2

Problem 1 [ 3 [ ¦ (Hit at the string by a hammer). � X Z 1 [ 2 [ � ] � LbR+"Y;�Lb:<;¡l�WYBDBdWj��UDX<oUdX<UdLbUDRYB =<RjLnR � ��JbR��¥Lb:<;q`V:SRT�I;�WYl LV:<;q`MLVJbUDX<oNRjL t = 1
�
2
�
3
�
4
�
5
��`V;cLVLVUDX<o

a = 1 [

��UdokP<JV; \Y[ � �
� ��� 

��������� A�aKacWYJn=_UDX<o6LVW�Lb:<;>=@? ACBD;FEHGI;KJML�l�WYJbEHP<BiR Z 1 [ 2 [ ¦ � ] �

u(x, t) =
1

2

x+t
∫

x−t

ψ(s) ds = φ(x+ t) − φ(x− t), Z 1 [ 3 [ � ]
��:<;FJb;

φ(x) =
1

2

x
∫

0

ψ(s) ds. Z 1 [ 3 [ ¦Q]
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��UdokP<JV; \Y[ � �

��UdokP<Jb; \Y[D\ � �
�£;F;���UDoYP<Jb; \k[ � [ 9&:<Ui`¤l�WkJVEHP<BiR{E�;KRYXS`¤LV:~RjL	Lb:<;�oYJnRT�<: WTl�LV:S;vl�P<X~a�LVUDWYX φ(x)`M:<WkP<Bi=eGI;�`V:<U l Lb;K=pLVW�LV:<;�Bd;Fl L�RYXS=eLVW�LV:<;�JVUDoY:QL{GQ¢

t
��RTX~=3LbW¥`VP<G_LbJbRka�LtLb:<;JV;^`MP<BdLb` Z `M;K;6��UDoYP<Jb; \Y[D\ � ]c[ 9&:<;KJV;^Rjl LV;KJNLb:<Ui`¡LVJnRT�I;�(KWYUi=�`M�SJV;^RY=<`NWkP_L¡LbW|Lb:<;6Bd;Fl LRTXS= LVW�Lb:<;�JbUDoY:kL���UdLV:%LV:<;t`M�I;K;K=

1 [
Problem 1 [ 3 [ � . � XS=_;KJ�LV:<;{`M;FLMLVUDX<oQ`yWYlHLb:<;>�<Jb;Fh£UDWYPS`y�<JbWYG<BD;FE��C=_JbR�� LV:<;{`M:SRY�I;WTlHLV:<;t`�LbJVUDX<o�RjL

t = 1
4

RTX~=
t = 1

2 [
Characteristics�|:<;FX¡`MWkBdh£UDX<orL�� Wf�<Jb;Fh£UdWkPS`&�<JVWkG<BD;FEf`F�I� ;}:SR�hY;}`M;K;FXyLV:SRTL�LV:<;�BdUDX<;K`

x±t = const�<BDR�¢eR�`V�I;KaFUDRYBqJbWYBD; [ �<WkJ{;cu<RYEx�SBd;k�HLb:<;�aFWYJbX<;FJ{�IWYUDXkLn`tWYlyLb:<; okJbRY�<:S`tWTlyLb:<;`MWkBdP_LbUDWYXS`
u(x, t)

BdUD;�WYX�LV:S;�BDUdXS;K`
x± t = 0

RTX~=
x± t = 2 [�SWYJ�;^OkP~RjLVUDWYX Z 1 [ 1 [d\�] ��U Lb:vLV:<;facW£; �faFUd;KXkL a LV:<;f`MUDE�UdBiRTJ�JbWYBD;HUi`��<BiR^¢Y;^=¡GQ¢�Lb:<;BdUDX<;K`

x± at = const [ 9&:<;K¢ RTJb;zaFRYBdBD;K=|Lb:<;>an:SRTJnRYacLV;FJbUi`�LVUiaF`¤WTlH;^OQPSRjLbUdWkX Z 1 [ 1 [d\�]�[9&:QPS`K��LV:<;yab:SRYJbRka�Lb;FJVUi`MLVUiaF`}WTl�LV:<;y=@? A�Bd;KEHGI;FJVLr;KOQPSRTLVUDWYX{RYJV;fL�� WNl RYE�UdBDUd;^`HWTlCBdUDX<;K`
Z `V;F;|��Udo [f\Y[D\Y\�]�[ ��;���UDBdB¤aFRTBDB�LV:<;|BdUDX<;^` x − at = const

LV:<; ab:SRYJbRka�LV;KJVUi`MLVUiaF`ExWjh£UDX<o¡LVWvLb:<;	JbUDoY:kL Z ��UdLV:6Lb:<;y`V�I;F;^= a ]�[ � GQh£UDWYPS`VBD¢Y� Lb:<;F¢{RYJV;qLb:<;	BD;FhY;KB&acP<JbhY;K`
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��UdokP<Jb; \Y[D\Y\k�
WTl¤LV:S;g�&R^hY;

f(x − at) [ 9&:<;gokJV;^RjLV;KJvLb:<;|`M�I;K;K= a �}LV:<;|`VEfRTBDBd;KJ�Ui`zLb:<;|RTX<oYBD;GI;cL�� ;F;KX{LV:<;�ab:~RTJnRYa�Lb;FJbUD`MLVUiaqRTXS=tLb:<;yRTu£Ui`
Ox Z UdlCLb:<;y`baFRYBd;¤WkXtLb:<;yRju_;^` Ox RTX~=

Ot
Ui`	LV:S;>`bRTE�; ]c�

tanα =
1

a
. Z 1 [ 3 [ � ]�£UdE�UDBiRTJbBd¢k��LV:<;6BDUdXS;K`

x + at = const
RYJV;6aFRTBDBD;K=�an:SRTJnRYa�Lb;FJbUi`�LVUiaF`K�CE�Wjh£UdX<o|LVW LV:<;Bd;Fl L [ 9&:S;F¢ RYJV;vLb:<;�BD;FhY;KB}acP<JbhY;K`yWTlHLV:<;>� R�hY; g(x+ at) [

Discontinuities of the solution

w ;cLNPS`	LnR�"Y; f(x)
LbW�GI;t=_UD`bacWkXkLbUdX£P<WYPS` �

f(x) =

{

0, x < 2,
1, x ≥ 2.

Z 1 [ 3 [0*Y]

��UdokP<Jb; \Y[D\ � �
9&:<;KX�LV:<;�l�P<XSacLVUDWYX

u(x, t) = f(x− at) Z 1 [ 3 [ � ]UD`r=_Ui`bacWYXQLVUDXQP<WkPS`HRYBdWkX<o�Lb:<;	an:SRTJnRYacLV;FJbUi`�LbUDa
x− at = 2 [ �£;K;	� UDo [ \k[d\^¦<[ �SP<XSa�LbUDWYX
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� UDoYPSJV; \Y[D\K¦<� � JbWT�~Bd;^`	WYl�Lb:<;zl�P<X~a�LVUDWYX u(x, t) RTL t = 1
�

3
�

5 [

Z 1 [ 3 [ � ] `bRjLbUD`M�S;K`�Lb:<;v=@? ACBD;FEHGI;KJML¤;^OQPSRjLbUdWkX Z 1 [ 2 [d\�] UdX�Lb:<;v`V;FXS`V;NWTl}=<UD`MLVJbUdGSP_LVUDWYXS`Z `V;F; ��;KE�RYJ " 1 [ 2 [d\�]�[9&:QP~` �
∥

∥

∥

∥

Solutions of the d ′Alembertequation could have discontinuities;
Discontinuities propagate along characteristics.

Z 1 [ 3 [ /T]
Remark 1 [ 3 [d\ . � X<;¡aKRTXgLnR�"Y;¡R{`ME�W£WYLV:gl�P<XSacLVUDWYX fε(x)

� ��:<UDan: an:SRTX<ok;K`�l�JbWYE
0LVW

1
WYX5R�`VEfRTBDB�UDXkLb;FJbhjRYB�l�JbWYE

x = 2
LbW

x = 2 + ε
����:<;FJb;

ε > 0 �

��UdokP<Jb; \Y[D\ � �
9&:<;KX�Lb:<;¡l PSXSa�LbUdWkX

fε(x− at)
��UdBDB�GI;vR{acBiRY`b`VUDaKRTB Z `VE�W£WTLb: ] `VWYBDP_LVUDWYX|WTl�Lb:<;=@? A�BD;FEHGI;FJVL�;KOQPSRTLVUDWYX���JnRT�SUD=_BD¢�an:SRTX<okUdXSo|l�JbWYE

0
LbW

1
X<;^RTJvLV:<;��IWkUdXQLb`zWTlfLb:<;ab:SRYJbRka�Lb;FJbUD`MLVUia

x−at = 2 [ � XNLV:S;HBDUdE�UdL ε→ 0+
LV:S;r`VWYBDP_LVUDWYX~`

fε(x−at)
acWYX£hY;FJboY;LVW�R�=_UD`bacWkXkLbUdX£P<WYPS`>l�P<XSa�LbUdWkX

f(x − at) [ � L{Ui`tUdXeLV:<Ui`{`V;FXS`V;�UdL{UD`tXSRjLbP<JnRTB�LVWLVJb;KRjL�`MPSan:�R6=<UD`bacWkXkLVUDXQPSWYPS`ql�PSXSa�LbUdWkX%RY`	R6`VWYBDP_LVUDWYX WTlr=@? A�BD;FEHGI;FJVLy;KOQPSRTLVUDWYX UdXLV:<;t`M;KXS`V;zWYlr=_Ui`MLVJbUdG<P<LVUDWYXS` Z `M;K;�RYBi`MW ��;FEfRYJ " 1 [ 2 [d\�]�[
Remark 1 [ 3 [ � .

��Ui`bacWYXQLVUDXQP<WkPS`q`VWYBDP_LVUDWYX~`
u(x, t)

LbW>LV:S;¡=@? A�Bd;KEHGI;FJML¤;^OkP~RjLVUDWYXgl�WYJLV:<;x`MLVJbUdX<o	RTXS=�l�WYJ�Lb:<;HJbW_=N=_W¤XSWTL�EfR�"Y;rRq�<:Q¢_`VUDaKRTB�`M;KXS`V; [ �QLbUdBDB �@LV:<;x=@? ACBD;FEHGI;FJVL;KOQPSRjLbUDWYX RTBi`VW6=_;K`bacJbUdGI;^`fLV:S;voQRY`q�<Jb;K`b`MP<Jb;
p(x, t)

UDX�R{BdWkX<o{XSRYJVJbW����<UD�I; Z `MPSan:RY`�R{sSP<LV;>WYJ�RYX�WkJVoQRTX ]c[ 9&:<;�l�P<XSa�LbUdWkX p(x, t) aFRTX%GI;>=_Ui`bacWYXQLVUDXQP<WkPS` [
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��UdokP<Jb; \Y[D\�*<�
��UD`bacWkXkLbUdX£P<WYPS` `VWYBDP_LbUdWkXS`�UDX�LV:<; ��¢QX~RTE�UDaK`|WTl � RY` RTJb;�aFRTBDBD;K=7Lb:<; `M:<W<a "� R^hk;K` [ �|:<;FX5LV:S;>�<BiRTXS;�LVJnR^hY;KBD`y��UdLV:5LV:<;{`MPS�I;FJn`MWkX<UDa�`V�I;F;K= Z `M;K;t�_;Ka�LbUdWkX 1 [ 8 ]LV:<;KJV;tUD`¡`MPSan:�R�`V:<W_a�" � R�hY;>aFWYE�UdXSo�l�JbWYE LV:<;>l�JbWYXQLN;K=<oY;>WTlrLb:<;t��UDX<ok`K����UdLV:LV:<;g�<Jb;K`b`MP<Jb;{GI;KUdXSo�:<UDoY:S;FJzGI;K:<UDXS=�Lb:<;6l�JbWYXQL�WTlqLV:<Ui`z�&R^hY;{Lb:SRTX3RY:<;KRk=�WTl¤U L [�z;>:<;KRYJ�R�GSRTX<og��:<;FX�Lb:<;>� R^hY;zl�JVWkXkL��SRk`V`V;K`	WkP<Jy;KRYJ Z `V;F;>��UDo [�\k[ � � ]c[

Region of dependence and its graphical representation
� 
 � ����������� �|:SRjL¤=<W>� ;NX<;F;^=�LVW "£X<W��4UDX�WYJn=_;FJ�LVW{acWYE��<P<LV;�LV:S;¡`MWkBdP<LVUDWYX

u
WYl�<JVWkG<BD;FE Z 1 [ 2 [D\^]�� Z 1 [ 2 [ � ] RjLyLb:<;��IWkUdXQL (x◦, t◦) �� ����� � � � �<JbWYE Lb:<;g=@? A�BD;FEHGI;FJVLzl�WYJbEHP<BDR Z 1 [ 2 [ ¦ � ] � ;�`V;F;{LV:SRTL�WYX<;6X<;F;^=<`¡Lb:<;UdX<UdLbUDRYBC=_UD`V�<BiRYaF;FE�;FXQLb`

ϕ(x)
RTLxL�� W��IWkUdXQLb` � x = x◦ + at◦

RTXS=
x = x◦ − at◦

� RYXS=RTBi`MW�LV:<;�UdX<UdLVUiRTB	hY;FBDW_acUdLVUD;K`
ψ(x)
WYXeLb:<; UDXkLV;KJVhTRTB

[x◦ − at◦, x◦ + at◦]
GI;FL � ;F;FXLV:<;^`M;	�IWkUdXQLb` [�� X<W���UDX<o ϕ(x)

RTXS=
ψ(x)
GI;K¢YWYXS=tLV:<;yUdXQLV;KJVhjRYB

[x◦ − at◦, x◦ + at◦]UD`¤X<WYL¤X<;K;K=_;^= [ 9&:<;FJb;cl�WkJV;�Lb:<;vUDXkLV;KJVhTRTB [x◦ − at◦, x◦ + at◦]
UD`	aFRYBdBD;K=gLb:<;vJV;KoYUDWYXWTl�=_;F�I;KXS=_;FXSaF;¡WYl�LV:S;  RTP~ab:£¢6�SJVWkG<Bd;KE Z 1 [ 2 [D\^] �@Z 1 [ 2 [ � ] l�WkJfLb:<;¡�IWkUdXQL (x◦, t◦) [

Remark 1 [ 3 [ ¦ .  CWj� � ;gaFRYX ;cu_�<BiRTUDX¥�<Jb;KaFUD`V;FBD¢���:<;FX3� ;gaFRYX¥LVJb;KRjLzLb:<;�`�LbJVUDX<oRY`¤UDX_�SX<UdLV; � �|:S;FX LV:S;z�IWYUDXkLyP<XS=<;FJ�acWYX~`MUi=_;FJnRjLbUdWkX x◦ UD`	BDW_aFRjLb;K= RjL�R6=_Ui`�LnRTXSaF;BDRYJVok;FJNLb:SRTX
at◦
l�JVWkE Lb:<;6;KXS=_�IWYUDXkLn`zWTlfLV:<;g`MLVJbUdX<o~����:<;FJb;

t◦
Ui`¡LV:S;6E�WkEx;KXkLWTlHLVUDE�;zLb:SRjLN� ;>RTJb;zUdXQLV;KJV;^`�Lb;K=%RjL [

� ��� �����
	 � �����
���	� � � �
� � ��� � � � ��� ����� WYl�Lb:<;�Jb;FokUdWkXyWYl =_;K�I;FXS=_;KXSac;HWTl LV:S;H`VWYBDP_LVUDWYX� ;5=_JnR^� l�JbWYE
(x◦, t◦)

Lb:<;�L�� Weab:~RTJnRYa�Lb;FJbUD`MLVUiaF`{WYlNLb:<;�=@? A�Bd;KEHGI;FJVLg;^OkP~RjLVUDWYXP<XkLbUdB�Lb:<;FUDJ�UDXkLb;FJn`M;^a�LVUDWYX%��U Lb:�Lb:<;>RTu_UD`
Ox �

��UdokP<Jb; \Y[D\ � �
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9&:<;vUdXQLV;KJb`V;KacLVUDWYX|WTl�LV:S;K`V;van:SRTJnRYacLV;FJbUi`�LbUDaK`���UdLV:|LV:<;zRTu_UD`
Ox
RTJb;�LV:S;v�~WkUDXkLb`

x◦ − at◦
RTX~=

x◦ + at◦
� RTXS=�Lb:<;¡UdXQLV;FJbhjRYB�WYl�LV:<;vRju_Ui`

Ox
GI;cL�� ;K;FXgLb:<;K`V;¡�~WkUDXkLb`UD`�Lb:<;tJb;FokUdWkX%WTlf=_;F�I;KXS=_;FXSaF;tWYlrLb:<;{`VWYBDP_LVUDWYX

u
RjLNLb:<;t�IWkUdXQL

(x◦, t◦) [�w ;cL¡PS`ab:<;^a "|LV:<Ui` [ 9&:<;>;KOQPSRjLbUdWkXS`	WYl�Lb:<;>an:SRYJbRka�LV;KJVUi`�LbUDaK`	RTJb;
x− at = c1; x+ at = c2. Z 1 [ 3 [ � ]

�£UDXSac;�Lb:<;|�IWYUDXkL
(x◦, t◦)

BdUD;K`tWYX3Lb:<;K`V;|an:SRYJbRka�LV;KJVUi`MLVUiaF`F�
x◦ − at◦ = c1

RYXS=
x◦ + at◦ = c2 [ 9 W|�~XS=�Lb:<;�UDXkLV;KJb`V;KacLVUDWYX¥WTlfLV:S;�an:SRYJbRka�LV;KJVUi`MLVUiaF`N��UdLV:¥LV:S;�RTu_UD`
Ox
��� ;�X<;F;^= LVW�`V;cL

t = 0
UdX Z 1 [ 3 [ � ] ��ok;cLMLbUdXSo

x = c1 = x◦ − at◦ and x = c2 = x◦ + at◦. Z 1 [ 3 [ � ]

Propagation of waves

Problem 1 [ 3 [0* . ��; "QXSW���Lb:SRjL ϕ(x) = ψ(x) = 0
l�WYJ

x 6∈ [2, 5] [��UDXS=�Lb:<;vJb;FoYUDWYX���:S;FJb;NLV:<;�`MWkBdP<LVUDWYX
u(x, t)

LbWtLb:<;v�<JbWYGSBd;KE Z 1 [ 2 [d\�] �@Z 1 [ 2 [ � ]UD`y;^OQPSRTB�LVW (K;FJbW{l�WkJ
t > 0 [

��UdokP<Jb; \Y[D\ /_�
� � � 

��������� �SJbWYE LV:S;x�IWkUdXQLb`

2
RTXS=

5
WTl Lb:<;

Ox
Rju_Ui`�� ;�=<JbR���LV:<;fab:~RTJnRYa�Lb;FJbUD`MLVUiaF`LVW	LV:<;�Bd;Fl L�RTXS=¡LVW	LV:<;�JVUDoY:QLK��Jb;K`V�I;KacLVUDhY;FBD¢ [ � XvLb:<;rLbJVUiRTX<okP<BiRTJ�Jb;FoYUDWYXvG~WkP<XS=_;^=vGQ¢LV:<;¤an:SRTJnRYa�Lb;FJbUi`�LVUiaF`�LV:<;¤`MWkBDP_LVUDWYX�Ui`};^OQPSRTB LVW (K;FJbW [ � XS=_;K;K=@� l�WkJ�Lb:<;q�IWYUDXkL (x◦, t◦)UdX Lb:<;¥Jb;FokUdWkX�G~WkP<XS=_;^= GQ¢7Lb:<;K`V; ab:SRYJbRka�Lb;FJbUD`MLVUiaF`gLV:<; JV;KoYUDWYX�WYlt=_;K�I;FXS=_;KXSac;=_W£;K`qX<WYL¤UDXkLb;FJn`M;^a�LqLb:<;vUdXQLV;KJVhTRTB

[2, 5] [ 9&:S;FJb;cl�WYJb;NUDX�Lb:<UD`¤Jb;FokUdWkXgWYl�=_;F�I;KXS=_;FX~ac;
ϕ(x) ≡ ψ(x) ≡ 0 [  WYXS`V;KOQP<;FXQLVBD¢Y� u(x◦, t◦) = 0 [
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1 8 4 The method of characteristics for hyperbolic equations of the second

order with two independent variables. The Cauchy problem

Decomposition of the d’Alembert operator into factors

w ;cL¡PS`NG<JbUdXSo�Lb:<;{=@? ACBD;FEHGI;FJVL¡;KOQPSRTLVUDWYX%LVW|R|aFRTX<WkX<UiaFRTB�l�WYJbE Z 1 [ 2 [ � � ] PS`VUDX<o|RX<;F��E�;cLb:<W_= [ �<WkJ	Lb:<UD`K��� ;�JV;K��JVUdLb;zU L¡RY`
ut(u) ≡

( ∂2

∂t2
− a2 ∂

2

∂x2

)

u = 0. Z 1 [ 4 [d\�]
�z;t=_;KaFWYE��IWk`V;vLV:<Ui`�WY�I;FJnRjLbWYJ	UDXkLVWgl�Rka�LbWYJn` �

ut(u) ≡
( ∂

∂t
− a

∂

∂x

)( ∂

∂t
+ a

∂

∂x

)

u = 0 Z 1 [ 4 [ � ]
� L�Ui` "£X<Wj��X LV:~RjL

L(−a,1) ≡
∂

∂t
− a

∂

∂x
; L(a,1) ≡

∂

∂t
+ a

∂

∂x
Z 1 [ 4 [ ¦k]

RTJb; LV:<;pWY�I;KJbRTLVWYJn`�WTlg=_U � ;FJb;FXQLVUiRjLbUdX<o RYBdWkX<o7LV:<;phY;KacLVWkJb`
(−a, 1) RYXS= (a, 1)

�JV;^`M�I;^a�LVUDhY;FBD¢ [ 9&:<;K`V;�hY;Ka�LbWYJn`yRTJb;�=_UdJb;KacLV;^=�RYBdWkX<ogab:SRYJbRka�Lb;FJVUi`MLVUiaF`
x+ at = const and x− at = const. Z 1 [ 4 [ � ]

� l}� ;�LnR�"Y;�Lb:<;vab:~RTJnRYa�Lb;FJbUD`MLVUia	BDUDX<;K`¤RY`�Lb:<;¡X<;F��acW£WkJb=_UDXSRTLV;K`K� Lb:SRjL¤Ui`F� LVW6`M;FL
ξ = x− at; η = x+ at, Z 1 [ 4 [0*Y]

LV:<;KX5=_PS;zLVW Z 1 [ 2 [d\�/T] LV:S;>=@? ACBD;FEHGI;KJMLNWY�I;KJbRTLVWkJqLnR�"Y;^`¤LV:S;zl�WkJVE
ut =

∂2

∂t2
− a2 ∂

2

∂x2
= .L(−a,1) · L(a,1) = −2a

∂

∂ξ
2a

∂

∂η
= −4a2 ∂2

∂ξ∂η
. Z 1 [ 4 [ � ]

� ����� � 
 ������� � 9&:<;�an:SRYJbRka�LV;KJVUi`�LbUDaK`NWTlq;^OkP~RjLVUDWYX Z 1 [ 4 [D\^] RTJb;tLV:S;6BDUDX<;K`�`MPSan:�Lb:SRjLLV:<;gWY�I;KJbRTLVWkJb`¡WTl	=_U��I;KJV;KXkLbUDRTLVUDX<o5RTBDWYXSo|Lb:<;FE��
L(∓a,1)

��RTJb;{LV:<;�l RYacLVWYJn`vWYlfLb:<;=@? A�BD;FEHGI;FJVL�Wk�I;FJnRjLbWYJ [
Remark 1 [ 4 [d\ . �£UDXSaF;vLV:<;zWk�I;FJnRjLbWYJb`qWTlH=<U � ;FJb;FXQLVUiRjLVUDX<ogRTBDWYX<o{LV:<;>ab:SRYJbRka�Lb;FJbUD`MLVUiaF`RTJb;¡LV:<;zl RYa�LbWYJn`¤WTl�LV:<;>=@? ACBD;FEHGI;KJML�WY�I;FJnRjLbWYJ^� LV:SUD`yWY�I;KJbRTLVWYJ	`V;FXS=<`¤LbW (F;FJbW�RTX£¢l�P<XSa�LbUdWkX Lb:SRjL%UD`�acWkXS`MLbRTXQL�RYBdWkX<o+an:SRYJbRka�LV;KJVUi`�LbUDaK`�WTltWYX<;¥WTl>LV:<;¥l RTE�UdBDUD;K` Z UdX�SRTJVLVUiacP<BiRTJ^� RYXQ¢�`VPSan:gl�P<X~a�LVUDWYX|LV:SRTL¤UD`¤=_Ui`bacWYXQLVUDXQP<WkPS` � `V;F; ��;KEfRTJ " 1 [ 2 [d\�]�[ 9&:SUD`;cu_�<BiRTUDXS`&��:Q¢qLV:<;�`VWYBDP_LVUDWYXS` LVWxLb:<;�=@? A�BD;FEHGI;FJVLC;KOQPSRjLbUdWkXyaKRTXy:SR^hY;}=_Ui`VaFWYXkLbUDXQP<UdLVUD;K`RTBDWYX<ogab:~RTJnRYa�Lb;FJbUD`MLVUiaF` [
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Hyperbolic equations of the second order with constant coefficients in the plane�z;tacWkXS`MUi=_;FJyLV:<;>;KOQPSRTLVUDWYX�WTlHLb:<;zl�WkJVE
Au ≡ a

∂2u

∂t2
+ 2b

∂2u

∂t∂x
+ c

∂2u

∂x2
= 0, x ∈ R, , t > 0. Z 1 [ 4 [ /T]

� X�LV:<Ui`N`M;^a�LVUDWYX%� ;>RY`b`VP<E�;vLV:SRTLyLb:<;>aFW£; �qaFUd;KXkLb` a � b ��RYXS= c RTJb;zaFWYXS`MLbRYXkLn` [w ;FL	PS`qLbJV¢gLVW�RT�<�SBd¢�Lb:<;vE�;cLb:<W_=|WYlH�£;^a�LbUdWkX \ LVW6;^OkP~RjLVUDWYX Z 1 [ 4 [ /T] UDXS`MLV;KRk=WTl Z 1 [ 4 [d\�]�[ 9 W5WYG_LnRTUDX LV:<;gl Rka�LbWYJbU (^RjLVUDWkX¥BDU "Y; Z 1 [ 4 [ � ] ��� ;gX<;K;K= LVW�=<;KacWkE��IWk`V;UdXQLVWgBDUDX<;KRTJyl RYacLVWYJn`¤LV:S; ,Vab:SRYJbRka�Lb;FJVUi`�LbUDa�-vOQPSRY=<JbRTLVUiaNl�WkJVE
a(ξ, τ) ≡ aτ2 + 2bτξ + cξ2 = ξ2

(

a
(τ

ξ

)2

+ 2b
τ

ξ
+ c
)

. Z 1 [ 4 [ � ]
9 WgRkab:<UD;Fhk;vLV:<Ui`K�&� ;>`MWkBdhY;vLb:<;>an:SRYJbRka�LV;KJVUi`�LbUDav;KOQPSRjLbUdWkX

aλ2 + 2bλ+ c = 0 Z 1 [ 4 [ � ]
� Lb`yJbW£WYLb`

λ1,2 =
b±

√
b2 − ac

a
Z 1 [ 4 [D\ � ]RTJb;zJV;^RTB�RYXS=�=<U � ;FJb;FXQL�UdlHLb:<;>=_Ui`bacJbUdE�UDXSRTXQLyUi`y�IWk`VUdLVUDhY; �

D ≡ b2 − ac > 0 Z 1 [ 4 [D\Y\^]9&:<UD`�UD`y�SJV;^acUi`M;KBd¢�LV:<;t`�LbJVUia�L�:£¢£�~;KJVGIWkBdUiacUdL�¢|aFWYXS=_UdLVUDWkX l�WYJ�;KOQPSRTLVUDWYX Z 1 [ 4 [ /T]�[A�aFacWkJb=<UdX<o6LbW�LV:<;>��UD;cLVL�LV:<;KWYJb;FE��
aλ2 + 2bλ+ c = a(λ− λ1)(λ− λ2) Z 1 [ 4 [D\ � ]9&:<;KJV;Fl�WYJb;Y� LV:<;tOQPSRY=<JbRTLVUiaNl�WkJVE LbP<JbXS`yUDXkLVW

A(ξ, τ) = ξ2a
(τ

ξ
− λ1

)(τ

ξ
− λ1

)

= a(τ − λ1ξ)(τ − λ2ξ). Z 1 [ 4 [D\K¦Q]
A�aFacWkJb=<UdX<okBd¢k� LV:S;>=_U��I;KJV;KXkLbUDRYB�;KOQPSRTLVUDWYX LnR�"Y;^`¤LV:S;zl�WYJbE

Au =
( ∂

∂t
− λ1

∂

∂x

)( ∂

∂t
− λ2

∂

∂x

)

u = 0 Z 1 [ 4 [D\ � ]
��;FX<WYLV;

L(−λ1,1) =
∂

∂t
− λ1

∂

∂x
and L(−λ2,1) =

∂

∂t
− λ2

∂

∂x
. Z 1 [ 4 [D\�*k]

A�XSRTBDWYokWYPS`VBd¢gLVW Z 1 [ 4 [ *k] ��� ;>`M;FL
ξ = x+ λ1t; η = x+ λ2t. Z 1 [ 4 [D\ � ]9&:<;FX

L(−λ1,1)ξ ≡ 0; L(−λ2,1)ξ ≡ 0. Z 1 [ 4 [D\ /T]
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$�;FJb;
L(−λ1,1)

UD`qLV:<;vWY�I;FJnRjLbWYJfWTl�=_U��I;KJV;KXkLbUDRTLVUDWYX RTBDWYX<o>Lb:<;¡BDUdXS;K`
ξ = const

���:<UdBD;
L(−λ2,1)

=_U��I;KJV;KXkLbUDRTLV;K`NRTBDWYX<o6LV:<;>BDUdX<;^`
η = const [ $C;KXSac;k�

L(−λ1,1) = c1
∂

∂η

∣

∣

∣

∣

ξ=const

; L(−λ2,1) = c2
∂

∂ξ

∣

∣

∣

∣

η=const

. Z 1 [ 4 [D\ � ]
� L�l�WYBDBdWj�C`¤Lb:SRjL Z 1 [ 4 [D\ � ] Ui`y;^OkPSUdhTRTBD;FXkLyLVW�Lb:<;�;^OQPSRjLbUdWkX

∂

∂η

∂

∂ξ
u = 0. Z 1 [ 4 [D\ � ]

�£UDE�UdBiRTJbBD¢{LbW Z 1 [ 2 [ � � ] � Lb:<;¡ok;FX<;FJnRTB�`VWYBDP_LVUDWYXgLbWt;^OQPSRjLbUdWkX Z 1 [ 4 [ /T] Ui`qoYUDhY;FX�G£¢
u = f(ξ) + g(η) = f(x+ λ1t) + g(x+ λ2t) Z 1 [ 4 [ � � ]9&:<;��&R^hY;

f(x+ λ1t)
�<JVWk�SRToQRjLV;^`	RTBDWYX<o6Lb:<;tRju_Ui`

x
��UdLV:%Lb:<;t`M�I;K;K=

λ1
����:<UDBd;LV:<;{� R^hk;

g(x+ λ2t)
�SJVWk�SRToQRjLV;K`y��UdLV:5Lb:<;thY;KBdW<acUdL ¢

λ2 Z LVW�LV:S;tBD;cl LvU l λ1 > 0
�

λ2 > 0 ]�[
� Xg�SRYJMLbUDaFP<BDRYJK� l�WYJ�LV:<;N=�? A�Bd;KEHGI;FJVLf;KOQPSRTLVUDWYX Z 1 [ 4 [D\^] � an:SRYJbRka�LV;KJVUi`�LbUDa¤;^OkP~RjLVUDWYXZ 1 [ 4 [ � ] LbR+"Y;K`vLV:<;�l�WYJbE λ2 − a2 = 0

��`VW Lb:SRjL
λ1 = −a � λ2 = a

��RYXS= Z 1 [ 4 [D\ � ]LVP<JbXS`yUDXkLbW Z 1 [ 2 [ � ] �&��:SUdBD; Z 1 [ 4 [ � � ] � UDXkLbW Z 1 [ 2 [ � � ]�[�|UdLV:�LV:<;NRTUi={WTl�JV;K�<JV;^`M;KXkLnRjLVUDWYX Z 1 [ 4 [ � � ] � RTBDB Lb:<;�aFWYXSacBDPS`VUDWYXS`rWTl��_;Ka�LbUdWkX 1 [ 3RTGIWYP<L�=_Ui`VacWkXkLbUdX£P<U LbUD;K`yWTl�Lb:<;>`VWYBDP_LVUDWYX��&�<JVWk�SRToQRjLVUDWYX|WYlH� R�hY;K`K� RYXS=|LV:S;�JV;KoYUDWYXS`WTl�=<;F�I;FX~=_;FXSaF;NRTJb;	;^RY`VUdBD¢tok;FX<;KJbRYBdU)(F;^=>l�WkJ�;^OkP~RjLVUDWYX Z 1 [ 4 [0/Y]yZ `V;F; ��;KE�RYJ " 1 [ 2 [d\�]�[�£WkBdP<LVUDWYXS` WYl@;KOQPSRjLbUDWYX Z 1 [ 4 [ /T] EfR^¢x:SR^hY;�`VUdXSoYP<BiRTJbU LbUd;^` RTBDWYXSo�Lb:<;�an:SRTJnRYacLV;FJbUi`�LVUiaF`LV:SRTLNRYJV;�=_;F�SX<;K=%GQ¢ ;KOQPSRjLbUdWkXS`
ξ ≡ x+ λ1t = const

WYJ
η ≡ x+ λ2t = const Z 1 [ 4 [ � \^]9&:<UD`�UD`�`V;F;KX¤l�JbWYE Z 1 [ 4 [ � � ] ��:<;FX f WkJ g RYJV;�X<WYLC`ME�W£WYLV: Z `M;K;�RYBD`VW ��;FEfRTJ " 1 [ 4 [D\^]c[ RYPSab:£¢|�<JVWkG<BD;FE Z 1 [ 4 [ /T] ��U Lb:%UDX<UdLVUiRTB�=<RjLnR Z 1 [ 2 [ � ] :SRk`yRg`VWYBDP_LVUDWYX

u(x, t) =
λ2ϕ(x+ λ1t) − λ1ϕ(x+ λ2t)

λ2 − λ1
+

1

λ2 − λ1

∫ x+λ2t

x+λ1t

ψ(s) ds Z 1 [ 4 [ � � ]
Problem 1 [ 4 [D\ . ��;FJbUDhY;vl�WkJVEHP<BiR Z 1 [ 4 [ � � ]c[
w ;cLgPS`��IWYUDXQLgWYP_L�LV:~RjL�l�WkJ6LV:S;5=@? ACBD;FEHGI;FJVLg;^OQPSRjLbUdWkX+WkX<;�:~RY` λ1 = −a �

λ2 = a
��`VW6Lb:SRjL Z 1 [ 4 [ � � ] LbP<JbXS`yUDXkLVW�Lb:<;t=@? A�BD;FEHGI;FJVLyl�WkJVEHPSBDR Z 1 [ 2 [ ¦ � ]c[A�`�`M;K;FX�l�JVWkE Z 1 [ 4 [ � � ] � Lb:<;�Jb;FokUdWkX WTlx=_;F�I;KXS=_;FX~ac;zl�WkJ	Lb:<;>`VWYBDP_LbUdWkX u RjLNR�IWYUDXkL
(x◦, t◦)

Ui`	LV:<;�UDXkLb;FJbhjRYB
[x◦ + λ1t◦, x◦ + λ2t◦])

WYl�LV:S;>Rju_Ui`
Ox [ � Lb`y;KXS=<`RTJb;vLb:<;>UDXkLb;FJb`V;KacLVUDWYX%�IWYUDXQLb`�WTlHLb:<;tRTu£Ui`

Ox
��UdLV:�an:SRTJnRYacLV;KJVUi`�LbUDaK` Z 1 [ 4 [ � \^] `M;KXkLGSRYa�"|UdX%LVUDEx;�l�JbWYE LV:S;��IWkUdXQL

(x◦, t◦) �w ;cLzPS`v�IWYUDXkLzWYP<L¡Lb:SRjLvLb:<;6JbW£WTLn` λ1
RYXS=

λ2
aFWYP<Bi=�GI;6WTlfLV:<;�`bRTE�;6`VUdokX �LV:<;KX�Lb:<;��&R^hY;^`

f(x+ λ1t)
RTXS=

g(x+ λ2t)
JbP<X%UdXQLVW�Lb:<;>`bRTE�;�=<UdJb;KacLVUDWYX [

��� ��� ��� � � �SWYJyLV:<;>;KOQPSRTLVUDWYX
( ∂2

∂t2
+ 5

∂2

∂t∂x
+ 6

∂2

∂x2

)

u = 0 Z 1 [ 4 [ � ¦k]
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��UdokP<Jb; \Y[D\ � �
LV:<;tab:~RTJnRYa�Lb;FJbUD`MLVUia¡;KOQPSRTLVUDWYX

λ2 + 5λ+ 6 = 0 Z 1 [ 4 [ � � ]:SRY`	LV:<;>JbW£WTLn`
λ1 = −2

�
λ2 = −3

�CRTXS= Lb:<;�ok;FX<;KJbRYB�`VWYBDP_LbUdWkX
u = f(x− 2t) + g(x− 3t) Z 1 [ 4 [ � *k]acWYX~`MUi`�Ln`	WYl�L�� Wg� R�hY;K`	�<JbWY�~RTokRTLVUDX<o{LVW�LV:<;>JbUdok:kL [w ;FL�PS`��SXS=*Lb:<;�=_U��I;KJV;KXkLVUiRTB�;^OQPSRjLbUdWkX*WYl¡LV:<;�ab:SRYJbRka�Lb;FJVUi`MLVUiaF`6WTlv;^OkP~RjLVUDWkXZ 1 [ 4 [ /T]c[��; X<WYLV;|Lb:SRjLgRYaKacWYJn=_UDX<o5LVW Z 1 [ 4 [ � \^] Lb:<;|LnRTX<ok;FXkL6hY;^a�LbWYJ (dx, dt)

LVW�LV:S;ab:SRYJbRka�Lb;FJbUD`MLVUiav`VRTLVUi`M�S;K`¤Lb:<;�;^OQPSRjLbUdWkX
dx+ λ1 dt = 0,

WYJ
dx+ λ2 dt = 0 Z 1 [ 4 [ � � ]9&:<;FJb;cl�WkJV;k��;FUdLV:<;FJ dx

dt = −λ1
WYJ dx

dt = −λ2
�%LV:SRTL7Ui`F�

λ ≡ −dx
dt

`bRjLbUD`M�S;K`ab:SRYJbRka�Lb;FJbUD`MLVUia¡;KOQPSRTLVUDWYX Z 1 [ 4 [ � ]��
a
(dx

dt

)2

− 2b
dx

dt
+ c = 0. Z 1 [ 4 [ � /T]

9&:<UD`qUi`fLV:<;v=_U�� ;FJb;FXkLbUiRTB�;KOQPSRTLVUDWYXgl�WYJfLb:<;van:SRTJnRYacLV;FJbUi`�LbUDaK` [ � L	aKRTX�GI;¡��JVUdLMLb;FX|UdXR�`V¢£E�Ex;FLVJbUDavl�WYJbE���RY`	l�WYBDBdWj�C` �
a dx2 − 2b dx dt+ c dt2 = 0 Z 1 [ 4 [ � � ]

Hyperbolic equations of the second order with varying coefficients in the plane
 CWj��BD;cL�Lb:<;raFW£; �qacUD;FXQLb`

a
�
b
� RTXS=

c
UDX Z 1 [ 4 [0/Y] GI;HhjRYJV¢£UDX<oS�~Lb:SRjL�Ui`K��RTJb;�l�P<X~a�LVUDWYX~`WTl

x
RYXS=

t �
Au(x, t) ≡ a(x, t)

∂2u

∂t2
+ 2b(x, t)

∂2u

∂t∂x
+ c(x, t)

∂2u

∂x2
= 0; x ∈ R, t > 0Z 1 [ 4 [ � � ]
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��;���UdBDB�LVJb¢+LVWeok;FX<;KJbRYBdU)(F;�Lb:<;�E�;cLV:SW_=7WYl>�£;KacLVUDWYX � UdX�WYJn=_;KJ�LVWpG<JVUDX<o
Z 1 [ 4 [ � � ] LVWNaFRTXSWYX<UiaFRYB l�WYJbE Z 1 [ 4 [d\ � ] WkJ�RTL�BD;KRk`�L}R¤l�WYJbE�acBDWk`V;HLbWyU L Z `M;K;y� �£E�UD�k��� ]c[

� X R7`MEfRYBdBzXS;FUDoY:QGIWkJV:<W_W_=�WTl6;KRYan: �IWYUDXkL (x, t)
�v� ;3`VP<GS`MLVUdLVP_Lb;3;KOQPSRTLVUDWYX

Z 1 [ 4 [ � � ] GQ¢¥;^OkP~RjLVUDWYX Z 1 [ 4 [ /T] ��UdLV:pacWkXS`MLbRTXQLtacW£; �faFUd;KXkLn`F��;KOQPSRYBxLVW5LV:<;�hTRTBDP<;K`WTlqLV:<;�acW£; �faFUd;KXkLn`vWYlq;KOQPSRTLVUDWYX Z 1 [ 4 [ � � ] RjLzLV:SUD`��SRTJVLVUiacPSBDRYJv�IWYUDXkL (x, t) [ 9&:<Ui`�<JVW<ac;K=<P<JV;zUi`�aFRTBDBD;K= , Lb:<;zl�JV;K;�(KUdX<ogWTlHLV:<;tacW£; �qacUD;FXkLn` - [
� l�� ;¤=_Wv`VWS� Lb:<;¤an:SRYJbRka�LV;KJVUi`�LbUDaK`�WTl&LV:<;¤;KOQPSRjLbUdWkX , l�JbW+(K;FX�-fRTL�LV:<;¤�~WkUDXkL (x, t)��UdBDBH:SR�hY;{=_UDJV;^a�LVUDWYX~`�LV:SRTLz=_;F�I;FX~=5WkX

(x, t) [ 9&:<;{hY;Ka�LbWYJn` (dx, dt)
LnRTX<ok;FXkL¡LVWLV:<;^`M;>an:SRYJbRka�LV;KJVUi`�LbUDaK`¤��UDBdB�`VRTLVUi`�l�¢|;^OkP~RjLVUDWYX Z 1 [ 4 [ � � ]zZ `M;K;>� UDo [}\Y[D\ � ]

��UdokP<Jb; \Y[D\ � �
� XQLV;FokJbRYB~acP<JbhY;K` WTl�;KOQPSRTLVUDWYX Z 1 [ 4 [ � � ] RYJV;�aKRTBDBd;^=xLb:<;�an:SRYJbRka�LV;KJVUi`MLVUiaF` WTl�;^OkP~RjLVUDWYXZ 1 [ 4 [ � � ]	Z `V;F;>� �£E�UD�k��� ]�[ 9&:£PS`K� =_P<;yLbW Z 1 [ 4 [ � � ] � Lb:<;N=_U��I;KJV;KXkLbUDRYB�;KOQPSRjLbUdWkX�WTl�Lb:<;ab:SRYJbRka�Lb;FJbUD`MLVUiaF`¤WYlH;^OkP~RjLVUDWYX Z 1 [ 4 [ � � ] Ui`yoYUDhY;FX%GQ¢

a(x, t) dx2 − 2b(x, t) dx dt+ c(x, t) dt2 = 0. Z 1 [ 4 [ ¦ � ]
 :SRYJbRka�Lb;FJVUi`MLVUia¡;KOQPSRTLVUDWYX Z 1 [ 4 [ ¦ � ] UD`�WYG_LnRTUDX<;K=�GQ¢�R{l�WkJVEfRTB}`MPSGS`�LbU LbP_LVUDWYX

∂

∂t
7→ dx;

∂

∂x
7→ −dt. Z 1 [ 4 [ ¦<\^]

A�`V`VP<E�;�Lb:SRjL%UDX Lb:<; JV;KoYUDWYX WTl>Lb:<;
(x, t)

� �<BDRYX<;¥��:<;KJV;¥� ;3RTJb;�LVW4`MWkBdhY;;KOQPSRjLbUdWkX Z 1 [ 4 [ � � ] � Lb:<;t`�LbJVUia�L�:Q¢£�I;KJVGIWkBdUiacUdL ¢ acWkXS=_UdLVUDWYX Z 1 [ 4 [D\Y\�] UD`�`bRjLbUD`M�S;^= �
b2(x, t) − a(x, t) c(x, t) > 0. Z 1 [ 4 [ ¦ � ]9&:<;FX��C=_UDh£UD=_UDX<og;KOQPSRTLVUDWYX Z 1 [ 4 [ ¦ � ] GQ¢ dt2 RYXS=%`MWkBdh£UDX<o{Lb:<;�Jb;K`VP<BdLVUDX<ogOQPSRk=_JbRTLVUia;KOQPSRjLbUdWkX��&� ;�WYG_LnRTUDX L�� W�=_U�� ;FJb;FXkL¡=_U��I;KJV;KXkLVUiRYB�;KOQPSRTLVUDWYXS` �

dx

dt
=
b±

√
b2 − ac

a
. Z 1 [ 4 [ ¦Y¦Q]

� l<LV:S; l�P<XSacLVUDWYXS` a � b �£RTXS= c RTJb; `VExW_WTLV: �Y;^OkP~RjLVUDWYX Z 1 [ 4 [ ¦Y¦Q] :~R^hY; L � W�acWYJbJb;K`M�IWYX~=_UdXSol RTE�UdBDUD;K`�WYlHLb:<;>UDXkLb;FoYJnRTB}aFP<JbhY;K` [ �z;t��UdBDB�=_;KX<WTLb;�LV:<;^`M;taFWYJbJV;^`M�IWYXS=_UDX<o6l RTE�UDBdUD;K`
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WTl}ab:SRYJbRka�Lb;FJbUD`MLVUiaF`xG£¢{LV:S;¡`VUdokXS`
“+′′ “−′′ � JV;^`M�I;^a�LbUdhY;KBd¢ [�� XgLV:<; (x, t)

� �<BDRYX<;Y� � ;UdXQLVJbW_=_PSaF;{XS;F� acW£WkJb=<UdXSRTLV;^`
ξ
�
η
`VW LV:SRTL

ξ = const
WkX�Lb:<;gab:SRYJbRka�LV;KJVUi`�LbUiaF`NWTlLV:<;�l RYE�UdBD¢

“+′′ ��:SUdBD; η = const
WkX3LV:<;�ab:SRYJbRka�Lb;FJbUD`MLVUiaF`�WTl	Lb:<;�l RTE�UDBd¢

“−′′ [9&:<UD`�Ex;^RTXS`	Lb:SRjL�LV:<;tab:SRYJbRka�Lb;FJbUD`MLVUiaF`¤��UDBdB}GI;zLV:S;�X<;K��aFW£WYJn=_UDXSRjLb;zacP<JbhY;K`K�&RYXS=
ξ, η
RTJb;vLV:<;��SJn`�L�UDXkLV;KoYJnRTBi`	WTlr;KOQPSRTLVUDWYXS` Z 1 [ 4 [ ¦k¦k] �&JV;^`M�I;^a�LVUDhY;FBD¢ [w ;FL P~` E�;FXQLVUDWYXqLV:SRTL Lb:<;�ab:~RTX<ok;CWTl�hTRTJbUDRYG<Bd;^` (x, t) 7→ (ξ, η)

Ui` X<WYX�� =_;Fok;FX<;KJbRTLV;RjL�;KRYan:6�IWYUDXkL���:<;KJV;yaFWYXS=_UdLVUDWkX Z 1 [ 4 [ ¦ � ] Ui`x`bRjLbUD`M�S;K= [ � X~=_;F;K=�� l�JbWYE Z 1 [ 4 [ ¦Y¦Q] WkX<;aFRTXf`M;K; Lb:SRjL RjL ;KRkab:��IWYUDXkL Lb:<;Can:SRTJnRYacLV;KJVUi`�LbUDaK`�:SR^hY;C=_U��I;KJV;KXkL =_UdJb;KacLVUDWYXS`K�_RTXS=�`VUdXSaF;
grad ξ

RTX~=
grad η

RYJV;{WkJMLb:<WYokWYXSRTB}LbW|Lb:<;gacWYJbJb;K`M�IWYX~=_UdXSo|an:SRTJnRYacLV;KJVUi`�LbUDaK`F�CLb:<;F¢RTBi`MW�:SR�hY;{=_U � ;FJb;FXQLz=_UDJV;KacLVUDWYXS` [ � XSaFUD=<;FXkLnRTBDBd¢k�CLV:SUD`¡E�;KRYXS`�LV:SRTLNLb:<;6acW£WkJb=_UDXSRTLV;K`
ξ
�
η
E�R�¢vGI;¤=_;c�SXS;K=>UdX{RN`MP��qaFUd;KXkLVBD¢�`VEfRTBDB WY�I;FX>X<;KUdok:QGIWkJV:<W_W_=vWTl&;KhY;FJb¢¡�IWkUdXQL [9&:<;K`V;>acW£WkJb=_UDXSRTLV;K`¤EfR�¢|X<WTLN;cu_UD`ML�UdX%LV:<;>��:<WYBD;�JV;KoYUDWYX PSXS=_;FJNaFWYXS`VUi=_;FJnRjLbUdWkX [w ;FL PS` an:<;^a "xLb:SRjL&UdXqLb:<;�aFW£WYJn=_UDXSRjLb;K` ξ � η ;KOQPSRTLVUDWYX Z 1 [ 4 [ � � ] acWkP<BD=qGI;�G<JbWYP<ok:kLLVW¥aKRTX<WkX<UiaFRTBfl WkJVE Z 1 [ 4 [D\ � ] P<�pLVW�LV:<;|Lb;FJbE�`tLV:SRTL6WYX<BD¢3aFWYXkLnRTUDXS`{=_;FJbUDhjRjLbUdhY;^`WTlxLb:<;t�SJn`�LvWYJn=_;FJ [ �z;t�~Jb`ML¡X<;K;K=5LVW�=_;FJbUDhY;>LV:<;6=<U � ;FJb;FXkLbUiRTBH;KOQPSRTLVUDWYX5l�WYJNLb:<;l�P<XSa�LbUdWkXS`

ξ(x, t), η(x, t)
� Lb:<;t`MW � aFRYBdBD;K=�ab:SRYJbRka�Lb;FJbUD`MLVUia¡;KOQPSRTLVUDWYX [�£UDXSac;

ξ(x, t) = const
WkX%RYXQ¢ ab:~RTJnRYa�Lb;FJbUD`MLVUiaNl�JVWkE LV:<;�l RTE�UDBd¢

“+′′ �&LV:SRTL�Ui`F�`MPSan:�R�an:SRTJnRYacLV;FJbUi`�LbUDazUi`yLb:<;tBD;FhY;KBHacP<JbhY;>WTlxLV:<;>l�PSXSa�LVUDWkX
ξ
�CLV:<;{hY;Ka�LbWYJ

grad ξUD`yWkJMLb:<WYokWYXSRTB�LbW�LV:<Ui`�an:SRYJbRka�LV;KJVUi`MLVUia Z `V;F;>��Udo [�\Y[D\ � ]��
grad ξ ⊥ (dx, dt). Z 1 [ 4 [ ¦ � ]

9&:<;FJb;cl�WkJV;k�
grad ξ‖(dt,−dx) �C`MW�LV:SRTL ∂ξ

∂x

/

∂ξ
∂t = − dt

dx

�&WkJ
dt = −k dx, ��:<;KJV; k =

∂ξ

∂x

/

∂ξ

∂t
. Z 1 [ 4 [ ¦ *k]

�£P<G~`�LbU LbP_LVUDX<o Z 1 [ 4 [ ¦ *Y] UdXQLVW Z 1 [ 4 [ ¦ � ] �g� ;�WYG_LnRTUDX LV:<; =_;^`MUDJb;K= =<U � ;FJb;FXQLVUiRTB;KOQPSRjLbUDWYX �
a(x, t)

(∂ξ

∂t

)2

+ 2b(x, t)
∂ξ

∂t

∂ξ

∂x
+ c(x, t)

( ∂ξ

∂x

)2

= 0 Z 1 [ 4 [ ¦ � ]
� X%Lb:<;{`VRYE�;�l�Rk`M:SUdWkX5WYX<;t=_;KJVUDhY;K`yLb:<;{=_U��I;KJV;KXkLVUiRTB�;^OkP~RjLVUDWYX%l�WYJ η(x, t) ��RYXS=%UdLacWYUDXSaFUD=_;^`	��UdLV: Z 1 [ 4 [ ¦ � ]��

a(x, t)
(∂η

∂t

)2

+ 2b(x, t)
∂η

∂t

∂η

∂x
+ c(x, t)

(∂η

∂x

)2

= 0 Z 1 [ 4 [ ¦ /Y]
� L�Ui`yWTlrX<W�`VP<JV�<JbUi`M;k�&`MUDXSac; Z 1 [ 4 [ ¦ � ] acWkXkLnRTUDXS`	GIWYLV:%;KOQPSRTLVUDWYXS`	l�JVWkE Z 1 [ 4 [ ¦Y¦Q]�[ �W���BD;cL�PS`�Jb;KaFRYBdB�l�WYJbEHP<BiRY` Z 1 [ 2 [D\Y\�] �@Z 1 [ 2 [D\ � ] l�WYJ�LV:<;ran:SRTXSoY;�WTl hTRTJbUDRYG<Bd;^`&UDXvR=_U � ;FJb;FXQLVUiRTB�;KOQPSRjLbUdWkX [ �_P<GS`MLVUdLVP_LbUdX<o�;cu_�<Jb;K`b`MUDWYXS` Z 1 [ 2 [D\Y\�] � Z 1 [ 2 [D\ � ] UDXkLbW Z 1 [ 4 [ � � ] �� ;fWkG_LbRYUdX�LV:S;�l�WkBdBDWj��UdXSoN=_U��I;KJV;KXkLbUDRYB ;^OkP~RjLVUDWYX�l�WYJ}Lb:<;fl�P<XSa�LbUdWkX

v(ξ, η) = u(x, t) �
α(ξ, η)

∂2v

∂ξ2
+ 2β(ξ, η)

∂2v

∂ξ∂η
+ γ(ξ, η)

∂2v

∂η2
+ · · · = 0, Z 1 [ 4 [ ¦ � ]
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��:<;FJb;
. . .
`MLbRYXS=<`�l�WkJ�Lb:<;fLV;FJbEf`�LV:SRTL�WkX<BD¢zacWYXQLbRYUdXt=_;FJbUDhjRjLbUdhY;^`�WTl LV:<;f�SJn`�L�WkJb=_;KJWTl

v [ 9&:<;�;Fu_�<JV;^`V`VUDWYXS`ql�WkJ	Lb:<;tacW£; �faFUd;KXkLn` α � β RYJV; γ RTJb;�RY`	l�WYBDBdWj�C` �
α = a

(∂ξ

∂t

)2

+ 2b
∂ξ

∂t

∂ξ

∂x
+
( ∂ξ

∂x

)2

; Z 1 [ 4 [ ¦ � ]
γ = a

(∂η

∂t

)2

+ 2b
∂η

∂t

∂η

∂x
+
(∂η

∂x

)2

; Z 1 [ 4 [ �k� ]
β = a

∂ξ

∂t

∂η

∂t
+ 2b
(∂ξ

∂t

∂η

∂x
+
∂η

∂t

∂ξ

∂x

)

+ c
∂ξ

∂x

∂η

∂x
. Z 1 [ 4 [ � \�]��;KX<WTLb;¡GQ¢

Ã
Lb:<;v`VW � aFRYBdBD;K=gan:SRTJnRYacLV;KJVUi`�LbUDay�IWkBd¢£X<WkE�UDRYBCWTl�LV:<;vWY�I;FJnRjLbWYJ

A
l�JbWYE

Z 1 [ 4 [ � � ] Lb:SRjL¡acWkJVJb;K`V�IWYXS=<`qLbW�LV:<;>�IWYUDXkL (x, t) �
Ã(ξ1, ξ2) = Ã(x, t; ξ1, ξ2) ≡ α(x, t)ξ22 + 2b(x, t)ξ2ξ1 + c(x, t)ξ21 . Z 1 [ 4 [ � � ]9&:<;KX Z 1 [ 4 [ ¦ � ] RTXS= Z 1 [ 4 [ ¦ /Y] RTJb;v;^OQP<UdhTRTBD;FXQLy��UdLV:

α = Ã(grad ξ) = 0; γ = Ã(grad η) = 0. Z 1 [ 4 [ � ¦k]� UDXSRYBdBD¢Y� Z 1 [ 4 [ � � ] LnR�"Y;^`¤LV:S;zl�WkJVE `VUdE�UDBiRTJ	LbW Z 1 [ 4 [D\ � ]c�
2β(ξ, η)

∂2v

∂ξ∂η
+ . . . = 0. Z 1 [ 4 [ �Y� ]

Problem 1 [ 4 [ � .
� JbW�hY;�Lb:SRjL

β(ξ, η) 6= 0
��:<;FX

ξ = ξ(x, t)
�
η = η(x, t)

�IUdl acWkXS=_UdLVUDWYX
Z 1 [ 4 [ ¦ � ] :SWYBi=<` [�Z � `V; Z 1 [ 4 [ ¦ � ]�� Z 1 [ 4 [ � ¦Q]�[ ]

& OQPSRTLVUDWYX Z 1 [ 4 [ �Y� ] acWYP<Bi=%GI;t`MWkBdhY;^=%RT�<�<JbW�u£UDEfRjLb;FBD¢ [ � X�RgXQP<EHGI;KJNWYlxaFRk`M;^`F���:<;FX�;KOQPSRTLVUDWYX Z 1 [ 4 [ �Y� ] Ui`�`MP��qaFUd;KXkLVBD¢{`VUDEx�SBd;k� UdL�UD`x�IWQ`V`VUdGSBd;¤LVWz�SXS=6UdLn`rok;FX<;KJbRYB`MWkBdP_LbUDWYX%RYXS=|Lb:QPS`yLbW��SXS= Lb:<;�ok;FX<;KJbRYB�`VWYBDP_LbUdWkX LVWg;^OkP~RjLVUDWYX Z 1 [ 4 [ � � ]c[
Problem 1 [ 4 [ ¦ (18, [Smi66]).

��UdXS=�LV:S;�ok;FX<;KJbRYB�`VWYBDP_LVUDWYX�LVW�LV:S;�;KOQPSRTLVUDWYX
∂2u

∂x2
− 2 sinx

∂2u

∂x∂y
− cos2 x

∂2u

∂y2
− cosx

∂u

∂y
= 0. Z 1 [ 4 [ � *Y]

� ��� 

���������  :SRYJbRka�Lb;FJbUD`MLVUia*;KOQPSRTLVUDWYX Z 1 [ 4 [ ¦ � ] UD`pWYG_LnRTUDX<;K= l�JbWYE Z 1 [ 4 [ � *Y] G£¢`MP<G~`�LbU LbP_LVUDX<o ∂
∂x 7→ dy; ∂

∂y 7→ −dx Z `V;F; Z 1 [ 4 [ ¦<\�]M]c�
dy2 + 2 sinx dy dx− cos2 x dx2 = 0 Z 1 [ 4 [ �k� ]WYJ
(dy

dx

)2

+ 2 sinx
dy

dx
− cos2 x = 0. Z 1 [ 4 [ � /T]�<JbWYE :<;KJV;k�

dy

dx
= − sinx±

√

sin2 x+ cos2 x = − sinx± 1. Z 1 [ 4 [ �Q� ]
� XkLV;KoYJnRjLbUdX<o~� � ;�oY;FL

y = cosx± x = c. Z 1 [ 4 [ �Q� ]
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$C;FX~ac;zLb:<;zl�PSXSa�LbUdWkXS`
c(x, y) = y − cosx∓ x Z 1 [ 4 [0* � ]RTJb;vacWkXS`MLbRTXQLyRTBDWYXSotLV:<;zUDXkLb;FokJbRYB�aFP<JVhY;^`F� Lb:SRjLyUi`K� U LyUi`¤LV:<;KE�Lb:SRjL�RYJV;¡LV:<;v�~Jb`MLUdXQLV;FokJbRYBi`¤WYlH;^OQPSRjLbUdWkXS` Z 1 [ 4 [ �k� ]�[ 9&:S;FJb;cl�WYJb;Y�
{

ξ = y − cosx− x,
η = y − cosx+ x.

Z 1 [ 4 [0*_\�]
��;�RTBDJV;^RY=_¢ "£X<W��2LV:~RjL6;KOQPSRTLVUDWYX Z 1 [ 4 [ � *k] UDXpLV:<; hTRTJbUDRYG<BD;K` ξ � η :~RY`>Lb:<;l�WYJbE Z 1 [ 4 [ �Y� ]�[ % P_LN� ;>RTBi`VW�X<;F;K=�LVW "£X<Wj��Lb:<;�l�WYJbE WTlHLV:S;zLb;FJbEf`�acWYXQLbRYUdX<UDX<o

∂v
∂ξ

� ∂v
∂η

� Lb:SRjL¤RYJV;�X<WYLf��JbUdLMLV;KX�;cu_�<BDUDaFU LbBd¢�UdX Z 1 [ 4 [ �k� ]c[ ��;¡aFWYP<Bi=�PS`V;�LV:<; "£X<Wj��Xl�WYJbEHP<BDRk` Z 1 [ 2 [D\Y\�] �@Z 1 [ 2 [D\ � ] ��G<P_LvBD;cL¡PS`NEfR+"Y;�LV:<;6ab:SRYX<oY;>WYlxhjRYJVUiRTGSBd;^` Z 1 [ 4 [0*_\^]UdX Z 1 [ 4 [ � *Y] =_UDJb;Ka�LbBd¢ [ � XS`MLV;^RY=�WTl v ��� ;���UDBdB}��JVUdLb; u �
{

∂u
∂x = ∂u

∂ξ
∂ξ
∂x + ∂u

∂η
∂η
∂x = ∂u

∂ξ (sinx− 1) + ∂u
∂η (sinx+ 1),

∂u
∂y = ∂u

∂ξ + ∂u
∂η .

Z 1 [ 4 [0* � ]
�z;�LV:<;KX%:SR�hY;

∂2u

∂x2
= . . .+ 2

∂2u

∂ξ∂η
(sin2 x− 1) + . . .+

∂u

∂ξ
cosx+

∂u

∂η
cosx. Z 1 [ 4 [0*T¦k]

��WYLb`¤=_;FX<WYLV;NLV:<;NLb;FJVEf`¤acWYXQLbRYUdX<UDX<o ∂2u
∂ξ2

RTXS= ∂2u
∂η2

� ��:SUDan:�� RY`f� ;vRTBDJV;^RY=_¢ "£X<Wj�}�
Z `V;F; Z 1 [ 4 [ �Y� ]M] �raFRYXSac;KB�WkP_L>UDX Z 1 [ 4 [ � *k]�[ 9&:<;KJV;Fl�WYJb;Y�}� ;�=_W�X<WTLt:SR�hY;�LVW���JbU Lb;LV:<;KE WYP_L��A�XSRTBDWYokWYPS`VBd¢k�

∂2u

∂x∂y
= . . .+

∂2u

∂ξ∂η
(sinx− 1) +

∂2u

∂η∂ξ
(sinx+ 1) + . . . Z 1 [ 4 [ * � ]

� UDXSRYBdBD¢Y�
∂2u

∂y2
= . . .+ 2

∂2u

∂ξ∂η
+ . . . Z 1 [ 4 [0*+*k]�£P<GS`MLVUdLVP_LbUDX<o Z 1 [ 4 [0* � ] � Z 1 [ 4 [0*+*Y] UDXkLbW Z 1 [ 4 [ � *k] �&� ;�ok;cL

∂2u

∂ξ∂η

(

2(sin2 x− 1) − 2 sinx · 2 sinx− 2 cos2 x
)

+

+
(∂u

∂ξ
+
∂u

∂η

)

cosx−
(∂u

∂ξ
+
∂u

∂η

)

cosx = 0.

ACl LV;KJNaKRTXSaF;FBDBDRTLVUDWYXS`yRYXS=�aFWYBDBd;^a�LbUdX<o�LV:<;�LV;KJVEf`K�&� ;�WYG_LnRTUDX
∂2u

∂ξ∂η
= 0 =⇒ u = f(ξ) + g(η). Z 1 [ 4 [0* � ]

� ����� � � �
u(x, y) = f(y − cosx− x) + g(y − cosx+ x) [�SWYJ|GI;cLMLb;FJ P<XS=_;KJb`MLbRYXS=_UDX<oeWYlzLV:<;�EfRjLb;FJbUDRYB�� ;�JV;^acWYE�E�;FX~=*LVW*`MWkBdhY;%Lb:<;l�WYBDBdWj��UDX<o��<JbWYG<BD;FEf` �
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Problems 1 [ 4 [d\ . � UDXS=�LV:<;>oY;KX<;FJnRTB�`VWYBDP_LVUDWYX l�WkJ	Lb:<;�l�WYBDBdWj��UdXSo�;KOQPSRTLVUDWYXS` �
\k[ ∂2u

∂x2 + 2 ∂2u
∂x∂y − 3∂2u

∂y2 + 2∂u
∂x + 6∂u

∂y = 0 [
� [ x∂2u

∂x2 − y ∂2u
∂y2 + 1

2

(

∂u
∂x − ∂u

∂y

)

= 0
�
x > 0, y > 0 [

¦S[ x2 ∂2u
∂x2 − y2 ∂2u

∂y2 − 2y ∂u
∂y = 0 [

� [ ∂
∂x

(

x2 ∂u
∂x

)

= x2 ∂2u
∂y2 [

*<[ (x− y) ∂2u
∂x∂y − ∂u

∂x + ∂u
∂y = 0 [� [ ∂2u

∂x∂y + y ∂u
∂x + x∂u

∂y + xyu = 0 [
Problems 1 [ 4 [ � .

�£WYBDhY;vLb:<;�l WkBDBdWj��UdXSo  RTPSan:Q¢|�<JbWYG<BD;FEf` �
\k[ ∂2u

∂x2 + 2 ∂2u
∂x∂y − 3∂2u

∂y2 = 0
�

u
∣

∣

y=0
= 3x2, ∂u

∂y

∣

∣

y=0
= 0 [

� [ 4y2 ∂2u
∂x2 + 2(1 − y2) ∂2u

∂x∂y − ∂2u
∂y2 − 2y

1+y2

(

2∂u
∂x − ∂u

∂y

)

= 0
�
u
∣

∣

y=0
= ϕ◦(x),

∂u
∂y

∣

∣

y=0
= ϕ1(x) [

¦S[ (1+x2)∂2u
∂x2 −(1+y2)∂2u

∂y2 +x∂u
∂x −y ∂u

∂y = 0
�
u
∣

∣

y=0
= ϕ◦(x),

∂u
∂y

∣

∣

y=0
= ϕ1(x) [� [ ∂2u

∂x2 +2 cosx ∂2u
∂x∂y −sin2 x∂2u

∂y2 −sinx∂u
∂y = 0

�
u
∣

∣

y=sin x
= ϕ◦(x),

∂u
∂y

∣

∣

y=sin x
=

ϕ1(x) [
*<[ ∂2u

∂x2 + 4 ∂2u
∂x∂y − 5∂2u

∂y2 + ∂u
∂x − ∂u

∂y = 0
�
u
∣

∣

y=0
= f(x)

� ∂u
∂y

∣

∣

y=0
= F (x) [

� [ x2 ∂2u
∂x2 − 2xy ∂2u

∂x∂y − 3y2 ∂2u
∂y2 = 0

�
u
∣

∣

y=1
= ϕ◦(x),

∂u
∂y

∣

∣

y=1
= ϕ1(x) [

Non-hyperbolic equations

w ;cL�PS`�acWkXS`MUi=_;KJ¤LV:S;>aFRY`V;Y� ��:<;KX�UDXS`�Lb;KRk= WTl�Lb:<;>`�LbJVUia�Ly:£¢£�I;FJbGIWYBDUDaFU L�¢|acWkXS=_UdLVUDWYXZ 1 [ 4 [ ¦ � ] Lb:<;>WY�<�IWQ`MUdLV;zUDX<;^OkP~RTBDU L�¢|:<WkBD=<` �
b2(x, t) − a(x, t)c(x, t) < 0. Z 1 [ 4 [0* /Y]

� X>Lb:<Ui`raFRY`V;Y��;KOQPSRTLVUDWYX Z 1 [ 4 [ � � ] Ui`raFRTBDBD;K=>;FBDBDUd�_LbUDa	RjL�Lb:<;¤�IWkUdXQL (x, t) [ 9&:<;qJbUDoY:kL �:SRTXS=�`MUi=_;zWTl�;KOQPSRTLVUDWYXS` Z 1 [ 4 [ ¦k¦k] RYJV;zacWYE��<BD;cu acWYX�#�P<okRTLV;K`K� RTX~=�LV:<;zUDXkLb;FokJbRTLVUDWYX¢QUD;FBi=<`¤LV:S; ,��SJb`ML	UDXkLb;FoYJnRTBi` -
ξ
RTXS=

η = ξ̄
Lb:SRjLNRTJb;vRYBD`VW6aFWYE��<BD;cu acWkX�#�P<okRTLV;^` [ � LLVP<JbXS`¡WkP_L¡Lb:SRjLzU lqWYX<;tLbR+"Y;K`

z1 = <ξ = ξ+η
2

RTX~=
z2 = =ξ = ξ−η

2i

RY`NLV:S;{X<;K�acW£WkJb=_UDXSRTLV;K`K� Lb:<;FX5;KOQPSRTLVUDWYX Z 1 [ 4 [ � � ] LbR+"Y;K`	LV:<;�l�WYJbE
∂2u

∂z2
1

+
∂2u

∂z2
2

+ . . . = 0, Z 1 [ 4 [0* � ]
LV:SRTLqUi`K� U Ln`f�SJVUDXSacUD�SRYBC�SRTJVLqaFWYUDXSacUi=_;^`���UdLb:gLb:<; w RT�<BiRkac;�WY�I;KJbRTLVWkJ Z `V;F;N�<JbWYG<BD;FEf` �|RTXS= \ �

�I\�/ l JbWYE � �£E�UD�k��� ]�[ 9&:SUD`vRTBDBDW��C`yLbW `VWYBDhY;t`VPSan:�;KOQPSRTLVUDWYXS`N;cu<RYacLVBD¢WYJ�RY�<�<JbW^u_UDEfRjLV;KBd¢ [
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Problem 1 [ 4 [ � (N 14, [Smi66]).
% JbUdX<o6Lb:<;>;KOQPSRjLbUdWkX

y
∂2u

∂x2
+ x

∂2u

∂y2
= 0, y > 0, x > 0 Z 1 [ 4 [ * � ]

LVW�RgaFRTXSWYX<UiaFRYB�l�WkJVE [� � � 

��������� 9&:<;f;KOQPSRTLVUDWYX�WTl LV:S;qab:SRYJbRka�Lb;FJbUD`MLVUiaF`
y dy2 +x dx2 = 0

LbR�"Y;^`�LV:<;�l�WkJVE
√
y dy = ±i√x dx �ILb:SRjL�UD`K�ILb:<;�;^OQPSRjLbUdWkX Z 1 [ 4 [0* � ] UD`C;KBdBDUD�_LVUia [ � XQLV;FokJbRTLVUDX<oS�I� ;�oY;cL

y3/2 ∓ ix3/2 = c [ 9�R�"Y;�Lb:<;tX<;K�maFW£WYJn=_UDXSRjLb;K` z1 = <c = y3/2 � z2 = =c = x3/2 [9&:<;FX
∂u

∂x
=

∂u

∂z2

3

2
x1/2;

∂u

∂y
=

∂u

∂z1

3

2
y1/2 Z 1 [ 4 [ �Y� ]��U�� ;FJV;KXkLbUDRTLVUDX<o LV:<;*RTGIWjhY;eJb;FBiRjLbUdWkXS`5UDX

x
RYXS=

y
�tJb;K`V�I;Ka�LbUdhY;KBd¢k��� ;poY;FL Z UDXRYaFaFWYJn=<RTXSaF;v��U Lb: Z 1 [ 4 [ * � ] ��� ;>=_WgX<WTL���JbUdLV;zLV:<;�LV;KJVEf`y��UdLV: ∂2u

∂z1∂z2
]c�

∂2u

∂x2
=
∂2u

∂z2
2

9

4
x+

∂u

∂z2

3

4
x−1/2+. . . ,

∂2u

∂y2
=
∂2u

∂z2
1

9

4
y+

∂u

∂z1

3

4
y−1/2+. . . . Z 1 [ 4 [ � \^]

�£P<GS`MLVUdLVP_LbUDX<ogLV:<Ui`�UdXQLVW Z 1 [ 4 [ * � ] �&� ;z�SXS=
(∂2u

∂z2
1

+
∂2u

∂z2
2

)9

4
xy +

3

4

∂u

∂z1
xy−1/2 +

3

4

∂u

∂z2
yx−1/2 = 0. Z 1 [ 4 [ � � ]

�<JbWYE :<;KJV;�� ;�oY;FLyLV:<;taFRYX<WYX<UiaFRYB�l�WkJVE �
∂2u

∂z2
1

+
∂2u

∂z2
2

+
1

3z1

∂u

∂z1
+

1

3z2

∂u

∂z2
= 0. Z 1 [ 4 [ � ¦Q]

 �W��$Bd;FLzP~`zaFWYXS`VUD=_;KJ¡Lb:<;�aKRY`V;Y����:<;FX UdX Z 1 [ 4 [ ¦ � ] UdXS`MLV;^RY=�WTl , > -{WYX<;6:SRk`,
=
- [ 9&:<;KX%;KOQPSRjLbUdWkX Z 1 [ 4 [ � � ] UD`�aKRTBDBd;^=�=_;Fok;FX<;KJbRTLV;Y� WYJy�SRYJbRYGIWYBDUDa¡UDX�LV:<;�G<JbWkRk=`M;KXS`M;k��RTL¡LV:<;6�IWYUDXkL

(x, t) [ � l Z 1 [ 4 [ � � ] Ui`¡�SRYJbRYGIWYBDUDa�UDX¥R ac;KJMLnRTUDX�JV;KoYUDWYX��CLV:<;KX;KOQPSRjLbUDWYXS` Z 1 [ 4 [ ¦Y¦Q] aFWYUDXSacUi=_;{RYXS=�aFWYXS`V;KOQP<;KXkLVBD¢ Lb:<;FJb;tUi`¡WYX<BD¢%WYX<;tUDXS=_;K�I;FXS=_;KXkL�SJb`MLHUDXkLb;FokJbRYB
ξ(x, t) [�� X>Lb:<Ui`raFRk`M;k� l�WkJHG<JbUdX<okUdXSo Z 1 [ 4 [ � � ] LbWNLb:<;	aFRYX<WYXSUDaKRTB l�WkJVE��WYX<;�aFWYP<Bi=¥an:<W£WQ`M;6Rk`zR�`V;KacWkXS=�hjRTJbUiRTG<BD;{RYXQ¢5l�P<XSa�LbUDWYX3`VW|Lb:SRjLzLb:<;gan:SRTX<ok;6WTlhjRTJbUiRTG<BD;K`

x, t → ξ, η
� ;KJV;zX<WkX�� =<;FoY;KX<;FJnRjLb; [�� LyLbP<JVX~`	WkP_L	Lb:SRjL Z 1 [ 4 [ � � ] LbR�"Y;^`LV:<;�l�WYJbE

∂2u

∂η2
+ . . . = 0. Z 1 [ 4 [ �T� ]

Problem 1 [ 4 [0* (N 10, [Smi66]).
% JbUdX<o6LbW�LV:<;taFRYX<WYX<UiaFRYB�l�WYJbE LV:<;>;KOQPSRTLVUDWYX

sin2x
∂2u

∂x2
− 2y sinx

∂2u

∂x∂y
+ y2 ∂

2u

∂y2
= 0, 0 < x < π, y > 0. Z 1 [ 4 [ � *Y]

� � � 

��������� 9&:<;¥;^OQPSRjLbUdWkX WTl>LV:S; an:SRYJbRka�LV;KJVUi`�LbUDaK`F�
sin2 x dy2 + 2y sinx dy dx +

y2 dx2 = 0
LnR�"Y;K`�Lb:<;�l�WYJbE

(sinx dy + y dx)2 = 0
�HLV:SRTLtUi`K�H;KOQPSRTLVUDWYX Z 1 [ 4 [ � *k]UD`5�SRTJnRTGIWkBdUia [ �£;K�SRTJnRjLbUdX<o*Lb:<;ehjRYJVUiRTGSBd;^`F�¡� ;eoY;FL dx/ sinx = −dy/y ��:<;FXSaF;
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ln tan(x/2) = − ln y + c
��WYJ

y tan(x/2) = c1 [ �z;{LbR+"Y; ξ = y tan(x/2) [ 9&:<;FX��`M;FLMLVUDX<o
η = y
��� ;z�SXS=

∂u

∂x
=
∂u

∂ξ
y

1

2 cos2 x
2

;
∂u

∂y
=
∂u

∂ξ
tan

x

2
+
∂u

∂η
. Z 1 [ 4 [ �Y� ]

��U � ;FJb;FXQLVUiRjLbUdX<o~�Q� ;&oY;cL Z WYE�U LVLVUDX<o�LV:<; LV;KJVEf`���UdLV: ∂2u
∂ξ∂η

RYXS= ∂2u
∂ξ2

�£UdX�RYaFaFWYJn=<RTXSaF;��U Lb: Z 1 [ 4 [ �Y� ]V]��
∂2u

∂x2
=
∂u

∂ξ
y

sin(x/2)

2 cos3(x/2)
+. . . ,

∂2u

∂y2
=
∂2u

∂η2
+. . . ,

∂2u

∂x∂y
=
∂u

∂ξ

1

2 cos2(x/2)
+. . . .

Z 1 [ 4 [ � /Y]�£P<GS`MLVUdLVP_LbUdXSo�UdXQLVW Z 1 [ 4 [ � *Y] �&� ;z�SXS=
sin2 x

(∂u

∂ξ
y

sin(x/2)

2 cos3(x/2)

)

− 2y sinx
∂u

∂ξ

1

2 cos2(x/2)
+ y2 ∂

2u

∂η2
= 0, Z 1 [ 4 [ �Y� ]

l�JVWkE ��:<;FJb;z� ;�WYG_LnRTUDX Lb:<;>aKRTX<WkX<UDaKRTB�l�WYJbE �
∂2u

∂η2
+
∂u

∂ξ

( ξ sin2 x

y22 cos2(x/2)
− sinx

y cos2(x/2)

)

=
∂2u

∂η2
+
∂u

∂ξ

(

− 2ξ

η2 + ξ2

)

= 0. Z 1 [ 4 [ �Y� ]

Problems 1 [ 4 [ ¦ . % JbUDX<o6LVW�Lb:<;>aKRTX<WkX<UDaKRTB�l�WYJbE Lb:<;zl�WkBdBDWj��UdX<o�;^OQPSRjLbUdWkXS` �
\k[ ∂2u

∂x2 − 2 ∂2u
∂x∂y + ∂2u

∂y2 + α∂u
∂x + β ∂u

∂y + cu = 0.

� [ tan2 x∂2u
∂x2 − 2y tanx ∂2u

∂x∂y + y2 ∂2u
∂y2 + tan3 x∂u

∂x = 0.

¦S[ cth2 x∂2u
∂x2 − 2y cthx ∂2u

∂x∂y + y2 ∂2u
∂y2 + 2y ∂u

∂y = 0.

1 8 5 Semi-infinite string

Mixed problem for the d’Alembert equation

w ;cL PS` aFWYXS`VUD=<;FJ Lb:<;�=�? A�Bd;KEHGI;FJVL ;^OkP~RjLVUDWYX Z 1 [ 2 [D\^] UdX�Lb:<;�JV;KoYUDWYX x > 0 [ � :£¢_`MUiaFRYBdBD¢k�LV:<Ui`	aFWYJbJV;^`M�IWYXS=S`�LVW{LV:<;�`�LbJbUdX<o{��UdLV:�WYX<; Z BD;cl L ] ;KXS=|BdW<aFRjLb;K=|RjL¤Lb:<;vWkJVUDoYUDX|RYXS=LV:<;>WTLb:<;FJ�BdW<aFRjLb;K=|l RYJ�R�� R�¢gl�JVWkE LV:S;�WYJbUDoYUDX Z RjLNRg=_Ui`�LnRTXSaF; À at ]c�
∂2u

∂t2
= a2 ∂

2u

∂x2
, x > 0, t > 0. Z 1 [ 5 [d\�]

� X<U LbUiRTB}aFWYXS=_UdLVUDWkXS` Z 1 [ 2 [ � ] RYJV;�RYBD`VW�JV;^OkPSUdJb;K= :<;FJb; �
u(x, 0) = ϕ(x);

∂u

∂t
(x, 0) = ψ(x), x > 0. Z 1 [ 5 [ � ]
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% ;K`MUi=_;^`F��U LzUi`¡�<:Q¢_`VUDaKRTBDBd¢%WYG£h£UdWkPS`�LV:~RjLvWkX<;{X<;F;^=<`NLV:S;{GIWkP<XS=<RYJV¢%aFWYXS=<U LbUdWkX�RTLLV:<;¡Bd;Fl L¤;FXS=gWYl�Lb:<;¡`MLVJbUdXSo Z RTL x = 0 ]�[ �<WkJf;Fu_RYE��<Bd;k� Udl�Lb:<UD`q;FXS=gUi`��<u_;^=@� LV:<;KXU Ln`�=_Ui`V�<BDRkac;KEx;KXkL�Ui`y;KOQPSRYB�LbW (F;KJVW �
u(0, t) = 0, t > 0. Z 1 [ 5 [ ¦k]

� Lb:<;FJ �<:£¢_`MUiaFRYBdBD¢�`M;KXS`VUdG<BD;�GIWkP<XS=<RTJb¢�acWYX~=_U LbUdWkXS` RYJV;�RYBi`MW��IWQ`V`VUDG<Bd; Z `V;F; Z 1 [ 1 [D\ � ]RTXS= Z 1 [ 1 [ � *k]M]c[
� JbWYG<BD;FE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ ¦Q] UD`�aFRTBDBD;K=�R � � � �	� � � ��� � � � �C`VUdX~ac;zU LNaFWYXkLnRTUDXS`	GIWTLV:LV:<;>UdXSU LbUDRYB}=<RTLbR Z 1 [ 5 [ � ] RTXS= LV:<;>GIWYPSXS=<RTJb¢|aFWYXS=_UdLVUDWYX~` Z 1 [ 5 [ ¦Q]�[

Solution of the mixed problem (1.5.1)–(1.5.3). Method of the incident and

reflected waves

w ;cLvPS`NPS`V;>LV:<;6=@? ACBD;FEHGI;FJVLvEx;FLV:<W<=@�CLV:SRTL¡Ui`F��BD;cL¡P~`¡`M;^RTJnab:%l�WYJvR�`VWYBDP_LbUdWkX5UdXLV:<;�l�WYJbE
u(x, t) = f(x− at) + g(x+ at) Z 1 [ 5 [ � ]�£P<GS`MLVUdLVP_LbUDX<o%LV:<Ui`�=<;KacWkE��~WQ`MUdLbUdWkX�UDXkLbW�LV:<;gUdXSU LbUDRYB�=<RTLbR Z 1 [ 5 [ � ] �}� ;�ok;cL^�}RY`zUdX�£;KacLVUDWYX

1 [ 2 ��;^OkP~RjLVUDWYX~` Z 1 [ 2 [ � /T]�� Z 1 [ 2 [ ¦ � ] � LV:SRTLNUD`K�&LV:S;t=@? ACBD;FEHGI;FJVL�l�WkJVEHPSBDR6l�WkJ
u(x, t) [� 
 � ����������� �|:Q¢�=_W � ;{XS;F;K=�LV:<;6GIWkP<XS=<RTJb¢5acWYX~=_U LbUdWkX Z 1 [ 5 [ ¦k] ��Udlq� ;6`V;F;KE LbW:SR^hk;vl�WYP<X~= LV:S;>`VWYBDP_LVUDWYX%PS`MUDX<ogWYX<BD¢�LV:S;�UDX<UdLVUiRTB}=SRjLbR �
� ����� � � � & OQPSRTLVUDWYXS` Z 1 [ 2 [ � /T]�� Z 1 [ 2 [ ¦S\^] WYX<BD¢HEfR�"Y;C`M;KXS`V; l�WkJ x > 0

�<`MUDXSaF; Lb:<;CUdXSU LbUDRYB=<RjLnR Z 1 [ 5 [ � ] � RY`�WY�<�IWQ`M;^=yLbW Z 1 [ 2 [ � ] � RYJV;HWkX<Bd¢�okUdhY;KXNl�WYJ x > 0 [  WYJbJb;K`V�IWYXS=_UDX<oYBD¢Y�LV:<;g=@? ACBD;FEHGI;KJMLzl�WYJbEHP<BiR Z 1 [ 2 [ ¦ � ] WkX<Bd¢�:<WYBi=<`¡l�WYJ x − at > 0
�}RTXS=�X<WYLvl�WYJ�RYBdB

x > 0
�
t > 0 [

� ����� � 
 ������� � �_WYBDP_LVUDWYX3WTl¤LV:<;gE�Udu_;K= �<JbWYG<BD;FE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ ¦Q] Ui`�oYUDhY;FX G£¢�Lb:<;=@? A�BD;FEHGI;FJVLyl�WkJVEHPSBDR Z 1 [ 2 [ ¦ � ] l�WkJ x− at > 0 [

� UDoYPSJV; \k[ � � �

9&:<Ui` UD` LV:<;�JV;KoYUDWYXqGI;KBdWj�|LV:S; ,M�<JVUDXSaFUd�SRYB -an:SRYJbRka�LV;KJVUi`MLVUia
x − at = 0 [ 9&:<;�ab:SRYJbRka�LV;KJ �Ui`MLVUia

x − at = 0
Ui`{aFRYBdBD;K=e�<JbUDXSacUD�SRTB	`MUDXSac;UdLyaFWYE�;K`qWkP_L¤WYl�LV:S;z`M�I;^acUiRTB��IWYUDXQL Z acWkJVX<;KJ�IWkUdXQL ] WTl¤LV:S;gJb;FoYUDWYX x > 0

�
t > 0

��:<;FJb;;^OQPSRjLbUdWkX Z 1 [ 5 [d\�] UD`�acWkXS`MUi=_;FJb;K= [  �W�� BD;cLP~`z�SX~= LV:<;|`VWYBDP_LVUDWYXeRTGIWjhY;6Lb:<;��<JVUDXSaFUd�SRYBan:SRYJbRka�LV;KJVUi`MLVUia Z UDX¥LV:<;�Jb;FokUdWkX x − at < 0 ]�[��;KaFWYE��IWk`VUdLVUDWYX Z 1 [ 5 [ � ] :<WkBD=<`¥;FhY;KJV¢£��:<;KJV;UDX4Lb:<;�JV;KoYUDWYX
x > 0
�
t > 0 [ 9&:<;�� R�hY;

g(x + at)
Ui`�l�WkP<XS=*l�JbWYE Z 1 [ 2 [ ¦ � ] l�WYJ|RYBdB

x > 0
�
t > 0 [ � X7LV:<;�WTLb:<;FJ�:SRTX~=@�qLV:S;�&R^hY;

f(x−at) Ui`�l�WYPSXS=Nl�JbWYE Z 1 [ 2 [ ¦S\^] WYX<BD¢UdXgLV:<;NJb;FoYUDWYX
x− at > 0

� Lb:SRjLqUD`K� GI;KBdWj�*Lb:<;N�<JbUdXSaFUd�~RTBCan:SRTJnRYa�Lb;FJbUD`MLVUia [ 9&:£PS`F� UdLJV;KE�RYUdX~`¤LVW��SX~=
f(x− at)

RTGIWjhY;vLV:<;>�<JVUDXSaFUd�SRYB}ab:SRYJbRka�Lb;FJbUD`MLVUiaT� l�WkJ
x− at < 0 [
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w ;cL¤P~`f�SXS= f(x− at)
l�WYJ

x− at < 0 [ �z;vPS`V;¡GIWYP<X~=<RTJb¢�aFWYXS=_UdLVUDWYX Z 1 [ 5 [ ¦Q]��
f(−at) + g(at) = 0, t > 0. Z 1 [ 5 [0*Y]

� L�Ui`¤LV:SUD`	l�WYJbEHP<BiRtLb:SRjL�Jb;FBiRjLb;K`qLb:<;�P<X "£X<Wj��X�hjRTBDP<;^`¤WYl�LV:<;zl�P<XSacLVUDWYX f l�WYJLV:<;yX<;FoQRjLbUdhY;¤hjRYBdPS;K`HWYlCUdLb`xRYJVokP<E�;FXQLr��U Lb:{LV:S;	hjRYBdPS;K`HWYl�Lb:<;¤l�P<XSacLVUDWYX
g
l�WkJHLb:<;�IWk`VU LbUdhY;�hjRYBdP<;^`	WTlrUdLb`NRTJboYP<E�;FXQLK� LV:SRTLNRTJb;�RTBDJb;KRY=<¢ "£X<Wj��X l�JbWYE Z 1 [ 2 [ ¦ � ]c[w ;cL�PS`�E�R+"Y;vLb:<;>an:SRYX<oY;zWYlHhTRTJbUDRYG<BD;K` � �z;t`V;cL

−at = z. Z 1 [ 5 [ � ]
9&:<;KX Z 1 [ 5 [0*Y] LbR+"Y;K`¤Lb:<;�l�WYJbE

f(z) = −g(−z), z < 0. Z 1 [ 5 [ /T]��P<;�LbW Z 1 [ 2 [ ¦ � ] � LV:S;>RYG~WjhY;zJb;FBiRjLVUDWYX%`V:<W��C`	LV:SRTLyl�WYJ x− at < 0

f(x− at) = −g(at− x) = −ϕ(at− x)

2
− 1

2a

at−x
∫

0

ψ(s) ds− c

2a
=

− ϕ(at− x)

2
+

1

2a

0
∫

at−x

ψ(s) ds− c

2a
. Z 1 [ 5 [ � ]

�£P<G~`�LbU LbP_LVUDX<o Z 1 [ 5 [ � ] RYXS= Z 1 [ 2 [ ¦ � ] UDXkLbW Z 1 [ 5 [ � ] � � ;��SX~= � l�WYJ x > at
� � ;Nok;cLLV:<;t=@? ACBD;FEHGI;FJVL�l�WYJbEHP<BDR Z 1 [ 2 [ ¦ � ] � l�WYJ 0 < x < at

�&� ;�oY;cL �
u(x, t) =

−ϕ(at− x) + ϕ(x+ at)

2
+

1

2a

x+at
∫

at−x

ψ(s) ds. Z 1 [ 5 [ � ]
9&:£PS`F��LV:<;t`VWYBDP_LVUDWYX%WYlHLV:S;>E�U u_;K=%�<JbWYG<BD;FE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ ¦Q] Ui`�oYUDhY;FX%GQ¢ L � W=_U � ;FJb;FXQL�l�WkJVEHP<BiRY` � 9&:<;�=@? ACBD;FEHGI;KJML>l�WYJbEHP<BiR Z 1 [ 2 [ ¦ � ] l�WkJ x > at Z GI;FBDWj�$LV:S;�<JVUDXSaFUd�SRYB>an:SRTJnRYacLV;KJVUi`�LbUDa ] RTXS= Z 1 [ 5 [ � ] l WkJ 0 < x < at Z RYGIW�hY; Lb:<;e�<JbUDXSacUD�SRTBab:SRYJbRka�Lb;FJbUD`MLVUia ]c[

���������
	��
�
�
1 � 5 ����� � X%Lb:<;tJV;FokUDWYX 0 < x < at

LV:<;t� R�hY;
g(x+ at)

UD`¡aFRYBdBD;K=5RTXUdXSaFUD=<;FXkLf�&R^hY; Z WkXkLVWzLb:<;�Bd;Fl Lf;FXS=@� x = 0 ] � ��:<UDBD; f(x− at)
Ui`�aFRYBdBD;K=�RzJV;FsS;KacLV;K=� R^hk; [

w ;cL{P~`toYUDhY; ����� 	 � �����
������� ��� � � � ��� � � ��������� WTlNacWkXS`�LbJVP~a�LVUDX<o5Lb:<;�`MWkBdP<LVUDWYX3LbW�<JVWkG<BD;FE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ ¦Q]�[�£WkBdP<LVUDWYX%WTlHLV:<Ui`y�SJVWkG<Bd;KE acWkXS`MUi`MLb`	WYl�L�� W�`MLV;F�~` �A [ ��; `MP<GS`MLbU LbP_LV;|LV:<; =�? A�Bd;KEHGI;FJVL6=_;KaFWYE��IWk`VUdLVUDWYX Z 1 [ 5 [ � ] UdXQLVW�LV:<; ��� ��� �����
� ��� � Z 1 [ 5 [ � ] � ��:<Uiab:�RYJV;	`M�I;^acUd�S;K=6RjL t = 0

RjLrLV:S;	�IWYUDXkLn`
x > 0

WYl�Lb:<;
Ox
RTu£Ui` [�£WYBDh£UdX<o�`M¢_`MLV;FE Z 1 [ 2 [ � /Y]
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� UDoYPSJV; \k[ � \Y�

l�WYJ
x > 0
� � ;q�SXS=tLV:S;¤�&R^hY;^`

f(x− at)RYXS=
g(x+at)

RTL�LV:<;^`M;	`VRYEx;q�IWYUDXkLn`
x > 0
�

t = 0 [  CWj�
f(x − at)

Ui` "QXSW���X4WkX�RTBDBan:SRYJbRka�LV;KJVUi`MLVUiaF`�okWYUDX<o�LVW�LV:<;4JbUDoY:kL3l�JVWkELb:<;K`V;|�IWYUDXkLb` Z � UDo [q\k[ � \^] �r`MUDXSaF; f(x − at)Ui`pacWYX~`�LnRTXkLeWkX2RTBDB�`MP~ab:2an:SRYJbRka�LV;KJVUi`�LbUiaF` [9&:S;K`V;	an:SRYJbRka�LV;KJVUi`�LbUDaK`}�SBDB Lb:<;y;FXkLbUdJb;	Jb;FoYUDWYX
x− at > 0 [ � X�Lb:<;NWTLb:<;FJf:~RTXS=@� Lb:<;N� R�hY;
g(x+at)

Ui` "£X<W���X>;KhY;FJb¢£��:<;FJb; [ � X~=_;F;^=@��UdLUi`}acWkXS`�LnRTXQL�WYXvLb:<;fan:SRTJnRYacLV;KJVUi`�LbUDaK`�okWYUDX<o¤LbWLb:<;�BD;cl L^�f��:<UDBD;%`MPSan:7ab:SRYJbRka�Lb;FJbUD`MLVUiaF`K�x`V;FXkLWkP_LtWYl	LV:<;|�IWYUDXkLn`
(x, t)

��U Lb:
x > 0

RTXS=
t = 0
�H�SBDBqLV:<; ;FXkLbUdJb;|Jb;FoYUDWYX

x > 0
�
t > 0 [ 9&:QPS`K�HLb:<;|UDX<UdLVUiRTB¤=SRjLbR�RTBDBDW�� LVW=_;cLb;FJbExUDX<;6LV:<;g`VWYBDP_LbUdWkX�UDX�Lb:<;�Jb;FoYUDWYX���:<;KJV;6WYX ��UDo [x\Y[ � \ LV:~RjL>acWkXkLbRYUdX~`NLb:<;ab:SRYJbRka�Lb;FJbUD`MLVUiaF`¤WYlHGIWYLV:�l RTE�UDBdUD;K`K� Lb:SRjLNUD`K�&GI;FBDWj��LV:<;>�<JbUdX~acUD�SRTB}an:SRTJnRYa�Lb;FJbUi`�LVUia [

� LtUD`�LVJnRTXS`V�SRYJV;KXkL Z `V;F;���UDo [�\k[ � \^] Lb:SRjL{RTGIWjhY;6LV:S;g�<JbUDXSacUD�SRTBfan:SRYJbRka�LV;KJVUi`�LbUDaLV:<;N� R^hY;
f(x− at) Z LV:<;NJV;FsS;KacLV;K=�� R�hY; ] Ui`�X<WTL "£X<Wj��X�¢Y;cL^� ��:<UDBD;yLV:<;NUdXSaFUD=_;KXkL� R�hY;

g(x+ at)
Ui`�RTBDJV;^RY=_¢ "£X<Wj��X [

��UDoYP<Jb; \k[ � � �

% [ ��;�`VP<GS`MLVUdLVP<LV;6LV:S;�=@? A�Bd;KEHG~;KJML>=_; �acWYE��IWQ`MUdLVUDWYX Z 1 [ 5 [ � ] UdXQLVW�GIWYP<XS=SRTJb¢ aFWYX��=_U LbUDWYX Z 1 [ 5 [ ¦k] �	��:<UDan:4UD`�`M�I;^acUd�S;K=4RjLgLV:<;�IWYUDXkLb`rWTl�Lb:<;¤LVUDEx;yRTu£Ui`
Ot Z t > 0

�
x = 0 ]�[A L LV:S;K`V;+�IWkUdXQLb`�Lb:<;*� R�hY;

g(x + at)
UD`RTBDJV;^RY=_¢6=_;cLb;FJVE�UDX<;K=�l�JbWYE LV:<;¡UdX<UdLVUiRYB�=<RjLnR [9&:<;FJb;cl�WkJV;tGIWkP<XS=<RYJV¢5acWkXS=_UdLVUDWYX Z 1 [ 5 [ *k] Jb; �BDRTLV;^` Lb:<;ehjRTBDP<;^`�WYltLb:<;e� R^hk;

f(x − at)Z P<X "£X<Wj��X7RTL6LV:<;^`M;%�IWYUDXkLb` ] ��UdLV:*LV:S;%RYB �JV;^RY=_¢ "£X<Wj��X4hTRTBDP<;K`�WYl
g(x + at) [ 9&:SUD`RTBDBdWj�C`vLbW�=_;cLb;FJbExUDX<;gLV:<;�� R�hY;

f(x − at) [% P_LfLV:<;KX
f(x− at) Z RYXS=g:<;FXSaF; u(x, t) ] Ui`"£X<W���XtWYX>LV:S;¤an:SRTJnRYacLV;KJVUi`�LbUDaK`�oYWkUdX<o�LbWNLV:<;JVUDoY:QLzl�JbWYE RYBdBxLb:<;K`V;g�IWkUdXQLb` Z LV:<;|=<Rk`M:S;K=¥BDUDX<;gWkX3��UDo [�\k[ � � ] ��LV:~RjLtUD`K��UdX Lb:<;;FXkLbUdJb;�Jb;FoYUDWYX

x < at
RTGIWjhY;¡Lb:<;>�<JVUDXSaFUd�SRYB}ab:SRYJbRka�Lb;FJVUi`MLVUia [

Other boundary conditions

� XS`�Lb;KRk= WYl Z 1 [ 5 [ ¦Q] WkX<;zEfR�¢ acWkXS`MUi=_;KJ	LV:<;>GIWYP<XS=SRTJb¢|acWkXS=_UdLVUDWYX Z 1 [ 1 [D\ � ]��
∂u

∂x
(0, t) = 0, t > 0. Z 1 [ 5 [d\ � ]

Problem 1 [ 5 [D\ . �_WYBDhY;vLb:<;�E�Udu_;K=��<JbWYG<BD;FE Z 1 [ 5 [d\�] � Z 1 [ 5 [ � ] � Z 1 [ 5 [D\ � ]�[
� � � 

���������

\k[ % ;FBDW���LV:<;z�<JVUDXSacUD�SRYB�an:SRTJnRYacLV;KJVUi`�LbUDaK`F� Lb:SRjLyUD`K� l�WkJ x > at
� LV:<;�=@? A�Bd;KEHGI;FJVLl�WYJbEHP<BDR Z 1 [ 2 [ ¦ � ] UD`�hTRTBDUD=@� RTX~={l�WYJbEHP<BiRY` Z 1 [ 2 [ ¦ � ] �@Z 1 [ 2 [ ¦<\�] :<WkBD=6l WkJ x > 0 �
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� [ ACGIWjhY;�Lb:<;q�<JbUDXSacUD�SRTB ab:~RTJnRYa�Lb;FJbUD`MLVUiaT��Lb:SRjLHUi`K� l�WkJ x < at
��UDXS`MLV;^RY=�WYl Z 1 [ 5 [ *k]� ;>`VP<GS`MLVUdLVP_Lb; Z 1 [ 5 [ � ] UDXkLbW Z 1 [ 5 [d\ � ] �&WkG_LbRYUdXSUdX<o

f ′(−at) + g′(at) = 0, t > 0. Z 1 [ 5 [d\k\^]A�l Lb;FJ�LV:<;t`MPSGS`�LbU LbP_LbUdWkX −at = z
��� ;�:SR�hY; �

f ′(z) + g′(−z) = 0, z < 0. Z 1 [ 5 [d\ � ]
� XkLb;FoYJnRjLbUdXSoS� � ;�WkG_LbRYUdX

f(z) − g(−z) = c1 = const, z < 0. Z 1 [ 5 [d\^¦k]
� X%h£Ud;K� WYl Z 1 [ 2 [ ¦ � ] � l�WYJ x < at

�&� ;�WYG_LnRTUDX �
f(x−at) = g(at−x)+c1 =

1

2
ϕ(at−x)+ 1

2a

at−x
∫

0

ψ(s) ds+
c

2a
+c1. Z 1 [ 5 [D\ � ]

9 R+"£UdXSo
g(x+ at)

l�JbWYE Lb:<;�`bRTE�;¤l�WkJVEHP<BiR Z 1 [ 2 [ ¦ � ] � l�WYJ x < at
� ;yWYG_LnRTUDX �

u(x, t) =
ϕ(at− x) + ϕ(x+ at)

2
+

1

2a

at−x
∫

0

ψ(s) ds+
1

2a

x+at
∫

0

ψ(s) ds+ c2.

Z 1 [ 5 [D\�*k]9&:<;>acWkXS`MLbRTXQL
c2
�CRY`	� ;���UdBDB�X<Wj��`V:<Wj�}�&aFWYP<Bi= GI;>=<;cLV;KJVE�UDX<;K=�l JbWYE Lb:<;acWkXS=_UdLVUDWYX Lb:SRjL>Lb:<;|`VWYBDP_LbUdWkX

u(x, t)
UD`taFWYXkLbUdX£P<WYP~`>RjL>Lb:<;|an:SRTJnRYacLV;FJbUi`�LbUDa

x = at
����:<;FX �<JVWkG<BD;FE Z 1 [ 5 [d\�] �@Z 1 [ 5 [ � ] � Z 1 [ 5 [d\ � ] =_;^`VaFJVUDGI;K`zR�`�LbJVUDX<o WkJzRJVW<= [

Discontinuities of a solution along a principal characteristic. Continuity conditions

� Lvl�WYBDBdWj�C`NLb:SRjLvLb:<;�`MWkBDP_LVUDWYX�LVW��<JbWYG<BD;FE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ � ] Ui`voYUDhY;FX�GQ¢�=_U � ;FJb;FXQL;cu_�<Jb;K`b`MUDWYXS`�l�WYJ
x− at > 0

RYXS=
x− at < 0

� LV:<;KJV;Fl�WYJb;¤U LfaFWYP<Bi={GI;y=<UD`bacWkXkLVUDXQPSWYPS`RTBDWYX<ovLV:<;yBDUDX<;
x− at = 0 [ � LxLVPSJVXS`xWkP_LxLV:SRTLxLV:<;N=_UD`bacWkXkLbUdX£P<U L�¢{WTl�RYXQ¢{`MWkBdP<LVUDWYXLVW Z 1 [ 5 [d\�] RTBDWYXSo{Lb:<;�BDUDX<; x− at = 0

=_W£;K`yX<WTLN=<;F�I;FXS=%WYX�LVUDE�; [
� XS=_;K;K=@�&Lb:<UD`NacWkP<Bi= GI;>`V;F;KX l�JbWYE Z 1 [ 5 [ � ]��
\Y[ 9&:<;t�&R^hY; g(x+ at)

Ui`¡aFWYXkLbUdX£P<WYP~`N��:<;FX��SRY`b`VUdX<ogLb:<JbWYP<ok:%LV:<;{�<JbUDXSacUD�SRTBab:~RTJnRYa�Lb;FJbUD`MLVUiaT��`MUDXSac;�U Ln`6BD;FhY;FByacPSJVhY;^`
x + at = const

UDXkLb;FJn`M;^a�L6LV:<;�BDUDX<;
x = at [

� [ 9&:<;��&R^hY; f(x − at)
GI;FBDW��$LV:S;��SJVUDXSacUD�SRYB�ab:SRYJbRka�Lb;FJbUD`MLVUia

x − at = 0
:SRY`R%BdUDE�U L^�H;KOQPSRTBxLbW

f(0+)
�H`VUdXSaF;

x − at > 0 �
RTXSRTBDWkoYWYPS`MBD¢Y��UdLb`>BDUdE�UdL>l�JVWkERTGIWjhY;zUD`y;^OQPSRTB�LVW

f(0−) [ 9&:QPS`K�
u
∣

∣

∣

x−at=0−

− u
∣

∣

∣

x−at=0+

= f(0−) − f(0+). Z 1 [ 5 [d\ � ]
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9&:<;FJb;cl�WkJV;�LV:<;racWkXS=_UdLVUDWYX�LV:SRTLCLV:S;H`VWYBDP_LVUDWYX
u(x, t)

UD`�aFWYXkLbUdX£P<WYP~`�WkXyLb:<;��SJVUDXSacUD�SRYBab:SRYJbRka�Lb;FJbUD`MLVUia¡:SRY`	Lb:<;zl�WkJVE
f(0−) = f(0+). Z 1 [ 5 [d\�/T]

Problem 1 [ 5 [ � .
��UDXS=�LV:<;¡acWkXS=_UdLVUDWYX�l�WkJ�LV:<;¡`VWYBDP_LVUDWYX�LVWt�<JVWkG<Bd;KE Z 1 [ 5 [d\�] � Z 1 [ 5 [ ¦Q]LVWgGI;>aFWYXkLbUdX£P<WYP~`yRTLyLV:<;>�<JbUdXSaFUd�~RTB}ab:~RTJnRYa�Lb;FJbUD`MLVUia [

� � � 

��������� A�`	l�WkBdBDW��C`	l�JbWYE Z 1 [ 2 [ ¦<\�] �
f(0+) =

ϕ(0)

2
− c

2a
, Z 1 [ 5 [D\ � ]

��:<UdBD;zl�JbWYE Z 1 [ 5 [ � ] � ;�:SR^hY;
f(0−) = −g(0) = −ϕ(0)

2
− c

2a
. Z 1 [ 5 [D\ � ]

9&:<;FJb;cl�WkJV;k� aFWYXS=<U LbUdWkX Z 1 [ 5 [d\�/T] oYUDhY;K`
−ϕ(0)

2
=
ϕ(0)

2
⇐⇒ ϕ(0) = 0. Z 1 [ 5 [ � � ]

��UdokP<Jb; \Y[ � ¦S�
Remark 1 [ 5 [d\ . w ;cL¥PS` acWYX~`MUi=_;FJ�Lb:<;+Jb;FokUdWkX x > 0

�
t > 0
�t��:<;FJb;p�SJVWkG<Bd;KE

Z 1 [ 5 [D\^]�� Z 1 [ 5 [ ¦Q] Ui`qGI;KUdX<o�`MWkBdhY;^= [ � X|U Ln`¤GIWYP<XS=SRTJb¢�RTLqLV:S;zRju_UD` Ot Lb:<;z`MWkBdP<LVUDWYXUD`¡;KOQPSRYB}LVW (K;FJbW|=_P<;tLbW Z 1 [ 5 [ ¦k] ����:<UdBD;6RjLNLb:<;6Rju_Ui` Ox Lb:<;6`MWkBDP_LVUDWYX�UD`¡;KOQPSRYBLVW
ϕ(x) [ 9&:S;FJb;cl�WYJb;{acWkXS=_UdLVUDWYX Z 1 [ 5 [ � � ] Ui`¡E�;KJV;KBd¢�Lb:<;�acWkXkLVUDXQPSU L�¢�acWkXS=_UdLVUDWYX�WYlLV:<;|GIWYPSXS=<RTJb¢�hTRTBDP<;K`>WTl

u(x, t)
RjL>Lb:<;|�IWYUDXkL

(0, 0) [ A�`>� ;�:SR�hY;�`V;F;KX���Lb:<UD`acWYX~=_U LbUdWkX�Ui`qX<;^ac;^`V`bRTJb¢6RYXS=�`VP��qacUD;FXQLql�WkJfLb:<;zacWYXQLVUDXQP<UdL�¢gWTl�LV:<;z`MWkBdP<LVUDWYX|RTL	RTBDBLV:<;>�IWYUDXkLn`yWTlHLV:<;>�<JbUdX~acUD�SRTB}ab:~RTJnRYa�Lb;FJbUD`MLVUia [
Problem 1 [ 5 [ ¦ . ��UDXS=�LV:<;+aFWYXkLbUDXQP<UdL ¢ acWkXS=_UdLVUDWYX WTl�LV:<;+`VWYBDP_LVUDWYX�LbW��<JbWYG<BD;FEZ 1 [ 5 [D\^]�� Z 1 [ 5 [ � ] � Z 1 [ 5 [d\ � ] RjLyLb:<;��SJVUDXSacUD�SRYB�an:SRTJnRYacLV;KJVUi`�LbUDa [
� � � 

��������� �<WkJVEHP<BiR Z 1 [ 5 [d\ � ] UD`6hjRTBDUi=e:<;FJb;Y����:<UdBD; UDXS`MLV;KRk=pWTl Z 1 [ 5 [D\ � ] � ; oY;cLl�JVWkE Z 1 [ 5 [D\ � ]��

f(0−) =
ϕ(0)

2
+

c

2a
+ c1. Z 1 [ 5 [ � \�]
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	 � �
1 � 5 ¦�/

9&:<;FJb;cl�WkJV;k� Z 1 [ 5 [D\ /T] LnR�"Y;K`	LV:S;zl�WYJbE Z `M;K; Z 1 [ 5 [D\�*Y]V]��
ϕ(0)

2
+

c

2a
+ c1 =

ϕ(0)

2
− c

2a
⇐⇒ c1 +

c

a
= c2 = 0. Z 1 [ 5 [ � � ]

Remark 1 [ 5 [ � .
A =_Ui`bacWYXQLVUDXQP<WkPS`6`MWkBdP_LbUDWYXeLVW¥�<JbWYGSBd;KE Z 1 [ 5 [d\�] �@Z 1 [ 5 [ � ] � Z 1 [ 5 [d\ � ]Z ��:<;KX c2 6= 0 ] =<W£;K`�X<WTLfEfR�"Y;�R��<:Q¢_`VUDaKRTB�`V;FX~`M;	l�WkJfR>`�LbJVUDX<o�WYJfR�JVW<=@� `MUDXSaF;yUdLUdE��<BDUD;K`xLb:<;FUDJfG<Jb;KR�"£UDX<o [ � ;cLK� UDX�A�acWYPS`MLVUiaF`fRTX~= � Rk`���¢QX~RTE�UDaK`fR�=_Ui`bacWYXQLVUDXQP<WkPS``MWkBdP_LbUDWYX4EfR�"k;K`g�S:Q¢_`MUiaFRYB¡`M;FX~`M;�RTXS=4Ui`|aKRTBDBd;^=4Rp`M:SW_a "*� R�hY; [ � X�LV:<Ui`|aKRY`V;Y�LV:<;6hjRTBDP<;tWYlxLb:<;6=_Ui`bacWYXQLVUDXQP<UdL�¢Y��Jb;F�SJV;^`M;KXkLV;^=%G£¢

c2
��acWkP<Bi=5X<WYLvGI;tl�WYP<XS=�l JbWYE;KOQPSRjLbUdWkXS` Z 1 [ 5 [d\�] �@Z 1 [ 5 [ � ] � Z 1 [ 5 [D\ � ]�[9&:<Ui`%hjRTBDP<;3acWkP<Bi=�GI;3=_;FLV;KJVE�UDX<;K=�l�JVWkE
Rk=<=_UdLVUDWYXSRYBz�<:Q¢_`VUDaKRTBzWkJ%an:<;FE�UiaFRYBUdX_l�WkJVEfRTLVUDWYX���RYXS=%LV:<Ui`vRTBDBdWj�C`yLVW|�SUdX<�IWkUdXQLvR�P<X<UiOQP<;{`VWYBDP_LbUdWkX%LVW�Lb:<;{�<JVWkG<BD;FE [�<WkJz;cu<RTE��<BD;Y��UDX¥LV:<;g�<JVW<ac;K`b`¡WYlq�<JbWY�SRYokRjLbUdWYX�WTlqLV:<;�=_;cLbWYXSRTLVUDWYX¥� R�hY;6UDX�Lb:<;:SRY`VWYBDUdXS;|� RT�IWkJ>Lb:<; hTRTBDP<;|WYlyLb:<; �<Jb;K`b`VP<JV; #�P<E��7RjL{LV:S;|l�JbWYXkL6WYlyLb:<;%`M:<W<a "� R^hk;6=_;F�I;FX~=<`vWYX�LV:<;6L ¢£�I;6WYl�Lb:<;6oQRY`VWYBDUdX<;k���<Jb;K`b`MPSJV;Y��LV;KE��I;FJnRjLVPSJV;k���<JV;^`M;KXSac;WTlxRY=<=_UdLbUdWkXSRTB}`MP<G~`�LnRTXSaF;K`K� ;cLna [

�NUdu_;K= �SJVWkG<Bd;KE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ � ] ��UdLV: ExWkJV;3oY;KX<;FJnRTBzGIWYP<X~=<RTJb¢ aFWYXS=_UdLbUdWkXS`Z 1 [ 1 [D\ � ] WYJ Z 1 [ 1 [ � *k] UD`�`MWkBdhY;^= `VUdE�UDBDRYJVBD¢�Rk`	UdX�LV:<;>aKRY`V;vWTlHGIWkP<XS=<RTJb¢|acWYX~=_U LbUdWkXZ 1 [ 5 [D\ � ] ��G<P_L>Lb:<;g;^OQPSRjLbUdWkX WTl¤L�¢£�~; Z 1 [ 5 [D\Y\�] l�WYJ�LV:S;gGIWkP<XS=<RTJb¢�aFWYXS=<U LbUdWkX¥l�WkJLV:<;3Jb;csS;^a�LV;^=�� R�hY;¥��UDBdB�GI; LV:<;e=_U��I;KJV;KXkLVUiRTB�;KOQPSRTLVUDWYX WTltLV:<;e`V;KaFWYXS=�WYJn=_;FJ^�RTXS= U Ln`>`MWkBdP<LVUDWYX ��UdBDBfaFWYXkLnRTUDX¥L � W5RYJVG<UdLVJnRTJb¢�acWYX~`�LnRTXkLn` [ 9&:<;K`V;gaFWYXS`MLbRYXkLn`�RTJb;=_;cLb;FJbExUDX<;^=pUdX+;KRkab:+�SRTJVLVUiacP<BiRTJ{�<JbWYG<BD;FE�l�JVWkE�LV:<;�RYP_u_UDBdUiRTJb¢ aFWYXS=_UdLVUDWYX~` [ �SWYJ;cu<RTE��<BD;Y� acWkXS=_U LbUDWYX Z 1 [ 5 [ � ¦k] GI;KBdWj��E�;KRYXS`fLV:SRTLqLb:<;¡EfRk`V`¤RjL t = 0
Ui`¤RjLVLbRkab:<;^=LVW�Lb:<;�BD;cl LN;FX~=�WTlHLV:<;t`MLVJbUdX<o�RTXS=�UdLb`N`M�I;F;^=�UD`y;^OQPSRTB�LVW

7 [
Problem 1 [ 5 [ � . ��UDXS=5R�aFWYXkLbUdX£P<WYP~`y`VWYBDP_LbUdWkX LVW�Lb:<;��SJVWkG<Bd;KE

∂2u

∂t2
= 9

∂2u

∂x2
, x > 0, t > 0; u(x, 0) = e−x;

∂u

∂t
(x, 0) = cos 5x;

∂u

∂x
(0, t) = u(0, t) + t.

� ��� 

��������� A L
x > 3t

LV:S;>=@? ACBD;FEHGI;KJML�l�WYJbEHP<BiR6:<WkBD=<` �
u(x, t) =

e−(x−3t) + e−(x+3t)

2
+

1

6

sin
(

5(x+ 3t)
)

− sin
(

5(x− 3t)
)

5
. Z 1 [ 5 [ � ¦Q]

9&:<;FJb;cl�WkJV;k� l�WkJ
x < 3t

�&WkX<;�X<;F;K=S`	LVWgBDW£W+"�l�WYJNR�`VWYBDP_LbUdWkX�UdX%LV:<;�l�WYJbE

u(x, t) = f(x− 3t) +
e−(x+3t)

2
+

sin
(

5(x+ 3t)
)

30
. Z 1 [ 5 [ � � ]

�£P<GS`MLVUdLVP_LbUdXSogLV:<Ui`�;cu_�<Jb;K`b`MUDWYX UDXkLbW�LV:<;>GIWYPSXS=<RTJb¢|aFWYXS=_UdLVUDWYX �&� ;z�SXS= �
f ′(−3t) − e3t

2
+

1

6
cos 15t = f(−3t) +

e−3t

2
+

sin 15t

30
+ t, t > 0. Z 1 [ 5 [ � *Y]
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�£P<GS`MLVUdLVP_LbUDX<o
y = −3t

��� ;�WYG_LnRTUDX �
f ′(y) − ey

2
+

1

6
cos 5y = f(y) +

ey

2
− sin 5y

30
− y

3
, y < 0, Z 1 [ 5 [ � � ]WYJ

f ′(y) − f(y) = ey − 1

6
cos 5y − sin 5y

30
− y

3
, y < 0. Z 1 [ 5 [ � /T]

� Lyl�WkBdBDW��C`	LV:SRTL
f(y) = Cey + yey +A cos 5y +B sin 5y +

y

3
+

1

3
, y < 0. Z 1 [ 5 [ � � ]

�z;��SXS=�LV:<;tacWkXS`�LnRTXQLb`
A
RTXS=

B
`VP<GS`MLVUdLbP_LVUDX<o

f(y)
UdXQLVW Z 1 [ 5 [ � /T]��

−5A sin 5y −A cos 5y + 5B cos 5y −B sin 5y = − cos 5y

6
− sin 5y

30
. Z 1 [ 5 [ � � ]

9&:<;FJb;cl�WkJV; −5A−B = 1
30 ; −A+5B = − 1

6

� RTX~=¤LV:£PS` −26A = − 1
3 ⇒ A =

1
78 ; B = −5A + 1

30 = − 5
78 + 1

30 [ ��UDXSRTBDBd¢k� C aFWYP<Bi=�GI;tl�WYPSXS=5l�JbWYE acWYXQLVUDXQP<UdL�¢acWYX~=_U LbUdWkX Z 1 [ 5 [D\ /T]c� C +A+ 1
3 = 1

2 ⇒ C = 1
6 −A = 1

6 − 1
78 = 2

13 [� ����� � � � �SWYJ
x < 3t

�
u(x, t) =

2

13
ex−3t + (x− 3t)ex−3t +

1

78
cos 5(x− 3t) +

+
( 1

30
− 5

78

)

sin 5(x− 3t) +
x− 3t

3
+

1

3
+
e−(x+3t)

2
+

sin 5(x+ 3t)

30
.

Propagation of waves

Problem 1 [ 5 [0* . �QLbJV;FLban:<;K=+`M;KExU � UdX_�~X<U Lb;|JbWY�I;�Ui`tUDX<UdLVUiRTBDBd¢eRjL{Jb;K`ML [ �£LbRTJVLVUDX<o¥RjL
t = 0
��U Ln`{BD;cl L�;KXS=

x = 0
Ui`{E�W�h£UDX<o�P<�7RTXS=+=_Wj��X��x��UdLV:+LV:S;�=_Ui`V�<BDRkac;FE�;KXkLGI;FUDX<o5;KOQPSRYBxLVW

sinπt [ �z;|Rk`V`VP<E�; a = 1 [ ��JnR^� LV:<;|`V:SRT�I;gWYl¤LV:<;�JbWY�I;�RjL
t = 1
�

2
�

3, . . . [� � � 

��������� ��; X<;F;^=�LVW `MWkBdhY; Lb:<; E�Udu£;^= �<JVWkG<BD;FE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ � ] �%��:<;FJb;
ϕ(x) ≡ ψ(x) ≡ 0

�&��UdLb:�LV:S;�GIWYPSXS=<RTJb¢|aFWYXS=_UdLVUDWYX
u(0, t) = sinπt, t > 0. Z 1 [ 5 [ ¦ � ]

\^] x > t ⇒ u(x, t) = 0
��`VUDXSac;

ϕ(x) ≡ ψ(x) ≡ 0
G£¢ LV:<;6acWkXS=_U LbUDWYX5WYlLV:<;>�<JbWYG<BD;FE [ � X%�SRTJVLVUiacPSBDRYJK� g(x+ t) ≡ 0 [

� ] x < t � `MUDXSac; g(x+ t) ≡ 0
�

u(x, t) ≡ f(x− t). Z 1 [ 5 [ ¦S\^]�£P<GS`MLVUdLVP_LbUDX<o Z 1 [ 5 [ ¦<\�] UdXQLVW Z 1 [ 5 [ ¦ � ] ��� ;�oY;FL
f(−t) = sinπt, t > 0. Z 1 [ 5 [ ¦ � ]
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��UdokP<Jb; \Y[ � � �
�£P<GS`MLVUdLVP_LbUdXSo −t = z

�
f(z) = sinπ(−z), z < 0. Z 1 [ 5 [ ¦Y¦Q]9&:<;FJb;cl�WYJb;

u(x, t) = f(x− t) = sinπ(t− x) = − sinπ(x− t), x < t. Z 1 [ 5 [ ¦ � ]
� ����� � � � �£;K;>��Udo [�\Y[ � � [
Problem 1 [ 5 [ � . 9&:S;6`�LbJV;FLban:<;K=�JVWk�I;tUD`¡UDX<UdLVUiRTBDBd¢�RjLvJb;K`ML [ �QLbRYJMLbUdX<o�RjL t = 0

UdLb`Bd;Fl L{;FXS=
x = 0

UD`tExWjhY;K=3P<�pRYXS=e=_Wj��X3��UdLV:+R%okUdhY;KX l�WYJnac;
sinπt [ A�`V`VP<E�;LV:SRTL

a = 1
RTX~=

T = 1 [ ��JnR^��Lb:<;>`V:SRY�I;zWTlHLb:<;>`MLVJbUdXSogRjL t = 1
�

2
�

3, . . . [
� ��� 

��������� ��; X<;F;^=3LVW��SXS=eLV:<;�aFWYXkLbUdX£P<WYP~`{`MWkBdP_LbUDWYX3LbW�LV:S;|E�Udu_;K=e�SJVWkG<Bd;KE
Z 1 [ 5 [D\^]�� Z 1 [ 5 [ � ] ��U Lb: ϕ(x) ≡ ψ(x) ≡ 0

RYXS=���U Lb:�LV:S;�GIWkP<XS=<RTJb¢|aFWYXS=_UdLVUDWYX
∂u

∂x
(0, t) = − sinπt, t > 0, Z 1 [ 5 [ ¦ *k]

Z `V;F; Z 1 [ 1 [d\ � ]M]c[
\Y[ x > 0 ⇒ u(x, t) ≡ 0 �

UDX%�SRYJMLbUDaFP<BiRTJ^�
g(x+ t) ≡ 0 [

� [ x < t �
u(x, t) = f(x− t) Z 1 [ 5 [ ¦ � ]

�£P<G~`�LbU LbP_LVUDX<o Z 1 [ 5 [ ¦ � ] UDXkLVW Z 1 [ 5 [ ¦ *k] �&� ;�ok;cL
f ′(−t) = − sinπt, t > 0. Z 1 [ 5 [ ¦ /Y]�£P<GS`MLVUdLVP_LbUdXSo −t = z

�&� ;>aKRTX%��JVUdLV;
f ′(z) = sinπz, z < 0 ⇒ f(z) = −cosπz

π
+ c, z < 0. Z 1 [ 5 [ ¦ � ]

9&:<;FJb;cl�WkJV;
u(x, t) = f(x− t) = −cosπ(x− t)

π
+ c, x < t. Z 1 [ 5 [ ¦ � ]
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��UdokP<Jb; \Y[ � *<�
9&:<;>acWkXkLbUdX£P<U L�¢�acWkXS=_UdLVUDWYX5RjL

x = t
Jb;KOQP<UDJb;K`¤LV:SRTL

u(t, t) = 0 = − 1

π
+ c ⇐⇒ c =

1

π
. Z 1 [ 5 [ �k� ]��UDXSRTBDBD¢ �

u(x, t) =
1

π

(

− cosπ(x− t) + 1
)

, x < t. Z 1 [ 5 [ � \^]
� ����� � � � �£;K;>��Udo [�\Y[ � *<[
Problem 1 [ 5 [ / . 9&:<;fEfRY`b` m = 2

E�W�h£UDX<o���UdLV:�Lb:<;q`V�I;F;^=
v = 7

aFBdUDX<oQ`�LbWyLbW�LV:<;;FXS=¡WYl LV:S;x`M;KE�U � UdX<�SX<UdLV;rJbW_=N��:<Uiab:v� Rk`�UdXSU LbUDRYBdBD¢NRTL�Jb;K`ML [ ��UdXS=¡LV:<;�=_UD`V�<BiRYaF;FE�;FXkLWTl�Lb:<;NJbW_={l�WkJ
t > 0
� RY`b`MP<E�UDX<o�LV:SRTL

a = 3
UDX Z 1 [ 5 [D\^] RTX~= SE = 5

UDX Z 1 [ 1 [ � *Y]c[� � � 

��������� 9&:S;�EfRjLV:S;FEfRjLbUDaKRTB}`M;FLVP<�%WYlHLV:<;>�<JVWkG<BD;FE BDW£W+"_`yRY`¤l�WkBdBDWj�C` �
∂2u

∂t2
= 9

∂2u

∂x2
; u(x, 0) =

∂u

∂t
(x, 0) = 0; 2

∂2u

∂t2
(0, t) = 5

∂u

∂x
(0, t). Z 1 [ 5 [ � � ]9&:<;facBDUDX<oYUDX<oyWYl Lb:<;fE�Rk`V`�LVWyLb:<;�;KXS=zWTl Lb:<;�JbW_=voYUDhY;K`�LV:<;�l�WYBDBdWj��UDX<o�acWkXS=_UdLVUDWYXS` �

u(0, 0+) = 0;
∂u

∂t
(0, 0+) = 7 Z 1 [ 5 [ � ¦k]9&:<;�BDRk`�L�;KOQPSRYBdUdL ¢�Ui`�=_P<;6LbW Lb:<;6l RYacLzLV:SRTLzLV:S;�EfRY`b`zRjLzLV:S;�;FXS=¥WYlfLV:S;�JVW<=UD`�WYX<BD¢7=_P<;5LVWeLV:<;�XS;F��BD¢*RkaFOQP<UDJV;^=*EfRY`b`
m [ �SWYJ x > 3t

LV:<;¥=@? A�Bd;KEHGI;FJVLl�WYJbEHP<BDR|:<WYBi=<`K��`MW|LV:SRTL
u(x, t) = 0

��`VUdX~ac;tLV:S;{UDX<UdLVUiRTBx=<RjLnR|RYJV;t;^OQPSRTB�LVW (K;FJbW [�<WkJ
x < 3t

Lb:<;¡`VWYBDP_LbUdWkXg:SRY`�LV:<;Nl�WYJbE
u(x, t) = f(x− 3t)

� `MUDXSac;
g(x+ 3t) ≡ 0 [�£P<GS`MLVUdLVP_LbUDX<o

u
UdXQLVW�Lb:<;�GIWkP<XS=<RYJV¢|aFWYXS=<U LbUdWkXS`F�&� ;z�~XS=

2 · 9f ′′(−3t) = 5f ′(−3t), t > 0; f(0−) = 0; −3f ′(0−) = 7. Z 1 [ 5 [ �Y� ]
$C;FX~ac;

18f ′′(y) − 5f ′(y) = 0; y < 0 ⇒ f(y) = c1 + c2e
5
18 y; c1 + c2 = 0;

−3c2
5

18
= 7; c2 = −42

5
.

� ����� � � �
u = 0

l�WkJ
x > 3t

RYXS=
u = 42

5

(

1 − e
5
18 (x−3t)

) l�WYJ
x < 3t [
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The reflection of waves
% ;^`MUi=_;^`�Lb:<;foY;KX<;FJnRTB E�;cLb:<W_=�=<;K`VaFJVUDGI;K=�RTGIWjhY;Y��LV:<;f�<JbWYGSBd;KE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ � ] ��UdLV:LV:<;�GIWkP<XS=<RTJb¢�acWYXS=<U LbUdWkXS` Z 1 [ 5 [ ¦k] WYJ Z 1 [ 5 [D\ � ] acWkP<Bi=�G~;gRT�S�<JVWQRYan:<;K=�PS`MUDX<o Lb:<;Ex;FLV:<W<=�WTlrW_=<=%RTXS=�;KhY;FX%;cu£LV;KXS`MUDWYX [w ;cL�PS`y�SJb`MLNacWkXS`MUi=_;KJ	LV:<;>E�;cLV:SW_=�WTlrW_=<=�;cu£Lb;FXS`VUdWkX [9&:<;zl�WkBdBDWj��UdX<og�<JVWkG<BD;FE =_;K`bacJbUDGI;K`¤Lb:<;�WQ`VaFUdBDBiRjLVUDWYX~`¤WTlxR��<UdLban:<;K=5`�LbJVUDX<o [
Problem 1 [ 5 [ � . �£WYBDhY;tLV:<;6E�U u_;^=��<JbWYG<BD;FE Z 1 [ 5 [d\�] �@Z 1 [ 5 [ ¦k] ��UdLV: a = 1

RTX~=5LV:<;l�WYBDBdWj��UDX<o�UDX<U LbUDRYB}=<RTLbR �

��UdokP<Jb; \Y[ � � �
��JbR���LV:S;>`V:SRT�I;�WTlHLV:<;t`MLVJbUdX<o�RjL

t = 1
�

2
�

3
�

4
�

5 [� ��� 

��������� w ;cLHP~`HacWYX~`MUi=_;FJ}Lb:<;¤`VWYBDP_LbUdWkX û(x, t) LVWNLV:<;  RTPSan:Q¢z�<JbWYGSBd;KE Z 1 [ 2 [d\�] �Z 1 [ 2 [ � ] WYX%Lb:<;t;KXkLbUdJb;{Rju_Ui`F�C��UdLV: ∂
∂t û(x, 0) = ψ̂(x) ≡ 0

RTXS=5��UdLV:
ϕ̂
GI;KUdX<o�LV:S;W_=<=�;cu£LV;KXS`VUdWkX�WTl

ϕ(x)
WYXQLVW

R �
û(0, x) = ϕ̂(x) =

{

ϕ(x), x ≥ 0,
−ϕ(x), x < 0.

Z 1 [ 5 [ � *k]

��UdokP<Jb; \Y[ � /_�
�£;FL

u(x, t) ≡ û(x, t)
∣

∣

∣

x≥0
. Z 1 [ 5 [ �k� ]

� GQh£UDWYPS`VBd¢k� u `bRjLbUi`��S;^`�;KOQPSRjLbUdWkX Z 1 [ 5 [D\^] RTX~=¥LV:S;�UdXSU LbUDRYBq=<RjLnR Z 1 [ 5 [ � ]c[ % ;KBdWj�}�� ;���UdBDB}`V;F;zLV:~RjL�GIWkP<XS=<RYJV¢|aFWYXS=_UdLVUDWYX Z 1 [ 5 [ ¦k] UD`�RYBD`VWg`VRTLVUi`��~;K=@��`MUDXSaF; û(x, t) Ui`W_=<=�UdX
x [ 9&:<;�Jb;FokUdWkX x < 0

��UDBdB}GI;>aFRYBdBD;K= �~acLVUDWYXSRYB �&WYJ�X<WYX�� �<:Q¢_`VUiaFRTB [
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� ������� ��
 � � ����� ���
û(x, t) [ A�aFaFWYJn=_UDX<o6LVW�LV:S;>=@? ACBD;FEHGI;KJML�l�WYJbEHP<BiR Z 1 [ 2 [ ¦ � ] �

û(x, t) =
ϕ̂(x− t)

2
+
ϕ̂(x+ t)

2
, Z 1 [ 5 [ � /Y]

LV:SRTL¤UD`K� � ;NX<;K;K=gLVW6=_UDhQUi=_;
ϕ̂(x)
UdXQLVWtL�� WS� `M:<Udl L	GQ¢

t
LbW>Lb:<;¡JbUdok:kL¤RYXS=�LbW>Lb:<;Bd;Fl LK�CRYXS= LVW�RY=<=�P<�%LV:<;>JV;^`MP<BdLn` [

��UdokP<JV; \Y[ � � � t = 1 [

� UDokP<JV; \k[ � � � t = 2 [ ACJbJVWj�C`CUDXS=_UiaFRTLV;HLV:S;x=_UDJV;^a�LVUDWYX¡WYl Lb:<;rE�WTLbUdWkX¡WTl LV:<;r:£P<E��S` [

� UDokP<JV; \Y[ ¦ � � t = 3 [ 9&:S;>Bd;Fl L¡:QP<E���UDX%Lb:<;>�S:Q¢_`MUiaFRYB}JV;KoYUDWYX x > 0
RT�S�<JVWQRYan:<;K`LV:<;>XSRTUDB}RTL

x = 0 [
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��UdokP<JV; \Y[ ¦<\k� t = 3.5 [ 9&:<;�XSRYUdB��SP<BdBi`yLV:<;>:QP<E��5W�hY;KJ [

� UDoYPSJV; \k[ ¦ � � t = 4 [ 9&:<;6=_;Kh£UDRTLVUDWYX5l�WYJ x ∈ [−1, 1]
Ui`¡UD=_;KXkLbUDaKRTBDBd¢5;KOQPSRTBi` (K;FJbW �RTJbJVWj�C`	`M:<Wj��LV:S;�hY;KBdW_aFU LbUd;^`	WYl�Lb:<;��IWkUdXQLb`yWYl�Lb:<;>`MLbJVUDX<o [

� UDoYPSJV; \Y[ ¦Y¦<� t = 5 [ 9&:<;�:£P<E��S`�:SR�hY;��SRYJMLb;K= Z LV:<;�RYJVJbW��C` UDXS=_UiaFRTLV;�Lb:<;}=_UDJb;Ka�LbUdWkXS`WTlrE�WTLVUDWYX%WTlr:QP<E��S` ]�[
ACXS=5`MWgWYX � UDX�Lb:<;��S:Q¢_`MUiaFRYB�Jb;FokUdWkX x > 0

Lb:<;zL�� Wg:£P<Ex�~`yE�WjhY;vLbW�LV:<;>JVUDoY:QL
Z ��:<UdBD;�UDX�Lb:<;>X<WYX�� �<:Q¢_`VUDaKRTB�Jb;FoYUDWYX x < 0

LV:S;zL�� Wg:QP<E��S`�E�WjhY;vLbW�LV:<;>Bd;Fl L ]c[
Remark 1 [ 5 [ ¦ . ��;v`V;F;�Lb:SRjL¤GIWkP<XS=<RTJb¢�acWkXS=_UdLVUDWYX Z 1 [ 5 [ ¦Q] RjL x = 0

:SWYBi=<`�l�WkJ¤RTBDB
t > 0
`VUdXSaF;

û(x, t)
UD`NRTX%W_=<= l�P<XSa�LbUdWkX%UDX

x [
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Problem 1 [ 5 [ � . ��JnR^��Lb:<;>`V:SRY�I;zWYl�Lb:<;>`MLVJbUDX<ogRjL t = 3.25 [

��UdokP<Jb; \Y[ ¦ � �
w ;FLNPS`NacWkXS`VUD=_;KJyLV:<;>WQ`VaFUdBDBiRjLbUdWkXS`	WTl�R��<UiRTXSW�`�LbJVUDX<o�Rjl Lb;FJNGI;FUDX<og:SU L¡��U Lb:�R:SRTE�E�;FJ [

Problem 1 [ 5 [d\ � . �_WYBDhY;vLV:<;��<JbWYG<BD;FE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ ¦Q] ��UdLV: a = 1
RTX~=|LV:<;�UDX<UdLVUiRTB=<RjLnR�Rk`	WYX5��UdokP<Jb; \Y[ ¦ � [ � BdWYLyLb:<;t`�LbJVUDX<ogRTL t = 1

�
2
�

3
�

4
�

5
��RYXS=

6 [� � � 

��������� w ;FLtPS`t`M;FL ϕ̂(x) ≡ 0
�
x ∈ R
�rRTX~= BD;cLtPS`>;Fu£LV;FX~=

ψ(x)
WYXQLVW

R
`MWLV:SRTL�UdL�Ui`yW_=<= �

ψ̂(x) =

{

ψ(x), x ≥ 0,
−ψ(−x), x < 0.

Z 1 [ 5 [ �k� ]

��UdokP<Jb; \Y[ ¦ *<�
 WYX~`MUi=_;FJ�Lb:<;{`VWYBDP_LVUDWYX

û
LVW�LV:<;  RYPSab:£¢��<JVWkG<Bd;KE Z 1 [ 2 [D\^] �@Z 1 [ 2 [ � ] ��UdLV:5Lb:<;UdX<UdLbUDRYB}=<RTLbR

ϕ̂
RYXS=

ψ̂ [ A�`�GI;cl�WYJb;Y�
û(x, t) = φ̂(x+ t) − φ̂(x− t),

��:<;KJV;
φ̂(x) ≡ 1

2

x
∫

−∞

ψ̂(s) ds : Z 1 [ 5 [ �k� ]
��;{`V;cL

u(x, t) ≡ û(x, t)
∣

∣

∣

x>0
. � GQh£UDWYPS`VBd¢k� u(x, t) `VRTLVUi`��S;^` Z 1 [ 5 [D\^] RTXS= Z 1 [ 5 [ � ]�[A�`y��UDBDB�GI;>`V;F;KX�GI;KBdWj�}�&GIWYP<X~=<RTJb¢|acWkXS=_UdLVUDWYX Z 1 [ 5 [ ¦k] UD`�RYBD`VWg`VRTLVUi`��~;K= [ WYX~`�LbJVPSacLVUDWYX�WYl

û(x, t)
RkaFaFWYJn=_UdX<o6LVW�l�WYJbP<E�BDRk` Z 1 [ 5 [ �Q� ]�� ��UDok` [�\Y[ ¦ / � \Y[ � � [

Problem 1 [ 5 [D\Y\ . ��JbR���Lb:<;>`V:SRT�I;�WTlHLV:S;>`MLVJbUdX<o�RjL t = 3.5
RTXS=

t = 4.5 [
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��UdokP<Jb; \Y[ ¦ � �

��UdokP<JV; \Y[ ¦ /_� t = 1 [

��UdokP<JV; \Y[ ¦ � � t = 2 [

��UdokP<JV; \Y[ ¦ � � t = 3 [
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��UdokP<JV; \Y[ �k� � t = 4 [

��UdokP<JV; \Y[ � \k� t = 5 [

��UdokP<JV; \Y[ � � � t = 6 [ACXS=5`MWgWYX � � X%LV:<;>�<:Q¢_`VUDaKRTB�JV;KoYUDWYX x > 0
LV:<;�LVJnRT�IW£;KWYUi=|UD`�ExWjh£UdXSo6LVW�Lb:<;JbUdok:kL Z ��:<UDBD;zLb:<;zLbJbRY�I;�(FWkUD= UDX�LV:<;>P<X<�S:Q¢_`MUiaFRYB�JV;KoYUDWYX Ui`yE�WjhQUDX<o6LbW�LV:<;>BD;cl L ]c[% WYP<X~=<RTJb¢�aFWYXS=<U LbUdWkX Z 1 [ 5 [ ¦Q] Ui`yWYG£h£UdWkPS`MBD¢|`bRjLVUi`M�S;K= [
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w ;cL�PS`�X<W�� acWYX~`MUi=_;FJyLV:<; � � ��� � ����� ����� � � � � � ��������� [
Problem 1 [ 5 [D\ �

.
�£WkBdhY;NLV:<;vE�U u_;K=��SJVWkG<Bd;KE Z 1 [ 5 [D\^]�� Z 1 [ 5 [ � ] � Z 1 [ 5 [D\ � ] ��UdLV: a = 1RTXS=�UdX<UdLbUDRYB£=<RjLnR Z 1 [ 5 [ � ¦k]�[ ��JbR��>LV:<;&`M:SRY�I; WTl<LV:<;&`�LbJVUDX<o�RTL t = 1; 2; 3; 3.5; 4; 4.5 [

� ��� � � � `M;vLb:<;z;KhY;FX�;cu£LV;KXS`VUdWkX|l�WYJ ϕ(x)
RTXS=

ψ(x) [ 9&:<;FX%G~WkP<XS=<RYJV¢�aFWYXS=<U LbUdWkXZ 1 [ 5 [D\ � ] ��UDBDB�GI;>`bRjLbUD`M�S;^=@��`MUDXSac; û(x, t) ��UDBDB�GI;�;KhY;FX%UdX x [
Problem 1 [ 5 [d\^¦ . �£WYBDhY; LV:<; E�Udu£;^=}�<JbWYG<BD;FE Z 1 [ 5 [D\^] �@Z 1 [ 5 [ � ] � Z 1 [ 5 [D\ � ] ��UdLb: a = 1

RYXS=UdX<UdLbUDRYB =<RTLbR Z 1 [ 5 [ �Q� ]c[ ��JnR^��Lb:<;�`V:SRY�I;�WTl�LV:<;�`MLVJbUdX<orRTL t = 1, 2, 3; 3, 5; 4; 4, 5; 6 [
Problem 1 [ 5 [D\ � . �<WYJ t < 0

��Lb:<;FJb;6UD`�R =_;Fl�WYJbE�RTLVUDWYX�� R�hY;{�<JbWY�~RTokRjLbUDX<ogLbW LV:<;Bd;Fl L¡RTBDWYX<o6LV:<;>;FBiRY`MLVUiaz`V;FE�U � UDX_�SXSU Lb;�JbW_= �
u(x, t) =

{

sin(x+ 3t), x > −3t,
0, 0 < x < −3t, t < 0.

Z 1 [ 5 [0* � ]
9&:<;�BD;cl LN;FXS=%WTlHLV:<;>JbW_=�RjL

x = 0
Ui`y;FBiRY`MLVUiaFRYBdBD¢|RTLMLbRkab:S;K= Z `V;F; Z 1 [ 1 [ � *k]M]c�

0 = −2u(0, t) + 3
∂u

∂x
(0, t), t > 0. Z 1 [ 5 [ *<\^]� UDXS=

u(x, t)
l�WYJ

t > 0 [� ��� 

��������� A�`	l�WkBdBDWj�C`¤l�JVWkE LV:S;>acWkXS=_UdLVUDWYX%WTlHLV:S;��<JbWYG<BD;FE��
∂2u

∂t2
= 9

∂2u

∂x2
, x > 0, t > 0; u(x, 0) = sinx;

∂u

∂t
(x, 0) = 3 cosx, x > 0.Z 1 [ 5 [0* � ]�<JbWYE/:<;FJb;Y��l�WYJ

x > 3t
��Lb:<;�=@? ACBD;FEHGI;FJVL�l�WkJVEHPSBDR�¢£UD;FBi=<`

u(x, t) = sin(x + 3t)
�RY`�UDX Z 1 [ 5 [ * � ]c[ �SWYJ x < 3t

� ;+RTJb;eBDW£W "QUDX<o4l�WYJ¥R�`MWkBdP_LbUdWkX UDXmLV:<;pl�WkJVE
u = f(x− 3t)+ sin(x+3t) [ �_P<GS`�LbUdLVP_LbUdX<o�UdXQLVWvGIWYPSXS=<RTJb¢�aFWYXS=_UdLVUDWkX Z 1 [ 5 [ *<\^] � � ;oY;cL

0 = −2f(−3t) − 2 sin 3t+ 3f ′(−3t) + 3 cos 3t. Z 1 [ 5 [ *Y¦k]9&:<;>`VP<GS`MLVUdLVP_LbUdWkX
y = −3t

okUdhY;^`
3f ′(y) − 2f(y) = −2 sin y − 3 cos y. Z 1 [ 5 [0* � ]9&:<;FJb;cl�WkJV;

f(y) = Ce(2/3)y + A cos y + B sin y [ 9&:<;�acWYX~`�LnRTXkLn` A RTX~= B RTJb;l�WYP<XS=%GQ¢�`MP<G~`�LbU LbP_LVUDX<o
f(y)
UdXQLVW Z 1 [ 5 [ * � ]c�

−3A sin y − 2A cos y + 3B cos y − 2A sin y = −2 sin y − 3 cos y. Z 1 [ 5 [ * *Y]9&:<;FJb;cl�WkJV; −3A− 2B = −2; −2A+ 3B = −3
��`VW6Lb:SRjL

−9A− 4A = −12; A = 12/13; B = −1 +
2

3
A = −1 +

8

13
= − 5

13
. Z 1 [ 5 [0* � ]

� UDXSRYBdBD¢Y�
C
Ui`�l�WkP<XS=¡l�JVWkE�acWYXQLVUDXQP<UdL�¢¡acWkXS=_UdLVUDWYX Z 1 [ 5 [D\ /Y]�� C+A = 0; C = − 12

13 [
� ����� � � � �SWYJ

x < 3t

u(x, t) = −12

13
e

2
3 (x−3t) +

12

13
cos(x− 3t)− 5

13
sin(x− 3t) + sin(x+ 3t). Z 1 [ 5 [0* /Y]
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1 8 6 Finite string

The d’Alembert method9 JnRTX~`MhY;KJb`VRTB¤Wk`bacUDBdBiRjLbUdWkXS`tWYlvR¥`MLVJbUDX<o¥WYlNBD;FXSoTLV:
l
UDX+Lb:<;%RYGS`V;FXS`V; WTl¡;FuQLb;FJbXSRTBl�WYJnac;K`�RTJb;z=<;K`bacJbUdGI;^= GQ¢ ;KOQPSRTLVUDWYX Z 1 [ 5 [d\�]��

∂2u(x, t)

∂t2
= a2 ∂

2u

∂x2
; 0 < x < l, t > 0. Z 1 [ 6 [D\^]

�SWYJzLV:<;gP<XSUDOQP<;�=_;FLV;FJbE�UdX~RjLVUDWYX WYlqLV:<;gE�WTLbUdWkX WTlqLV:S;g`MLVJbUDX<o�� ;�X<;K;K=�Lb:<;UdX<UdLbUDRYB}=<RTLbR
u(x, 0) = ϕ(x); u̇(x, 0) = ψ(x), 0 < x < l Z 1 [ 6 [ � ]RTXS=zLb:<;qGIWYP<X~=<RTJb¢vaFWYXS=_UdLbUdWkXS`�RjL�LV:<;q;FX~=<` [ �<WkJ};Fu<RTE��<BD;Y� Udl Lb:<;q;FXS=S`�RYJV;��<u_;K=@�LV:<;KX

u(0, t) = 0; u(l, t) = 0, t > 0. Z 1 [ 6 [ ¦k]�£WkBdP_LbUDWYX�WYl>LV:<; E�Udu_;K=��<JVWkG<BD;FE Z 1 [ 6 [d\�] �@Z 1 [ 6 [ ¦k] acWYPSBD= GI;¥l�WkP<XS=�GQ¢4Lb:<;=@? A�BD;FEHGI;FJVL�E�;FLV:<W_=%RYBDWYX<o6LV:<;>BDUdX<;^`yWTl��£;KacLVUDWYX
1 [ 5 �CRY`	l�WYBDBdWj�C` �\^] �_P<GS`�LbUdLVP_LbUdX<o Z 1 [ 5 [ � ] UDXkLbW5UdX<UdLbUDRYBf=<RjLnR Z 1 [ 6 [ � ] ����:<Uian:eRTJb;6okUdhk;FX3RjL�Lb:<;�IWYUDXkLb`

t = 0
�

0 < x < l
�	� ;5�SXS=4GQ¢+l�WkJVEHP<BiRk` Z 1 [ 2 [ ¦ � ] �@Z 1 [ 2 [ ¦<\�] LV:S;5�&R^hY;^`

f(x− at)
RTXS=

g(x+ at)
RTL�LV:S;K`M;¡`bRTE�;y�IWkUdXQLb` [ 9&:<UD`foYUDhY;K`xLV:S;N`VWYBDP_LbUdWkX u(x, t)UdX5JV;FokUDWYX �zZ Lb:<;�LVJbUDRYX<oYBD; OAB ]��

� UDoYPSJV; \k[ � ¦<�

� ] �_P<GS`MLVUdLVP_LbUdX<o Z 1 [ 5 [ � ] UdXQLVW|GIWkP<XS=<RYJV¢aFWYXS=<U LbUdWkX Z 1 [ 6 [ ¦k] RjL x = 0
�¤� ;��SXS=*Lb:<;Jb;cs~;Ka�Lb;K=¡�&R^hY;

f(x−at) l�JbWYE "£X<W���UDX<o¤LV:S;UDXSaFUD=_;KXkL¡� R�hY;
g(x+ at)

RjL�LV:S;>�IWYUDXS=<`�WYlLb:<;>UDXkLV;KJVhTRTB
OC [ 9&:SUD`�oYUDhY;K`	LV:<;t`VWYBDP_LVUDWYX

u(x, t)
UdX5JV;KoYUDWYX � �zZ Lb:<;�LVJbUDRYX<oYBD; OBC ] �¦k] �_P<GS`MLVUdLVP_LbUdX<o Z 1 [ 5 [ � ] UdXQLVW|GIWkP<XS=<RYJV¢aFWYXS=<U LbUdWkX Z 1 [ 6 [ ¦k] l�WkJ x = l

�f� ; �SXS=pLb:<;Jb;cs~;Ka�Lb;K={� R�hY;
g(x+ at)

l�JVWkX "£X<Wj��UDX<o¡LV:S;UDXSaFUD=_;KXkLz� R^hY;
f(x− at)

RTLNLV:S;{�IWYUDXkLb`¡WYlLb:<;>UdXQLV;FJbhjRYB
AE [A�XS=¥`VW WkX [ 9&:<Ui`zRYBdBDW��C`NLbW �SXS=�LV:<;g`VWYBDP_LVUDWYX u(x, t) UdX�Lb:<;�;FXkLbUDJV;�`V;FE�U �`�LbJVUD�

0 < x < l
�
t > 0
�C`MPSaKac;K`b`VUdhY;KBd¢|=_;^acWkEx�IWQ`MUDX<o�U LNUdXQLVWgJb;FokUdWkXS`F� GIWYP<X~=_;K=�G£¢ab:SRYJbRka�Lb;FJbUD`MLVUiaF`&`VUdE�UDBDRYJ&LbWqab:SRYJbRka�Lb;FJbUD`MLVUiaF`

OD
�
AC
� RYXS=

CE [ � XyLV:<;H`bRTE�;�l RY`VUDWYXWYX<;�aKRTXe`MWkBdhY;�LV:<;�E�Udu_;K= �<JbWYGSBd;KE Z 1 [ 6 [D\^]�� Z 1 [ 6 [ � ] ��UdLV:eGIWYP<X~=<RTJb¢�aFWYXS=_UdLVUDWYX~`ExWkJV;>=_U �qaFP<B L�Lb:SRTX Z 1 [ 6 [ ¦k]�[
Remark 1 [ 6 [D\ . 9&:S;�RY`V¢£Ex�<LVWTLbUDaC�<JbWY�I;FJVLVUD;K` WYl�`VWYBDP_LbUdWkXS` LbWH�<JbWYG<BD;FE Z 1 [ 6 [d\�] � Z 1 [ 6 [ ¦k]RY`

t → ∞ �HRYXS=@��UDXe�SRTJVLVUiacPSBDRYJK��Lb:<;gl�JV;^OQP<;FXSaFUd;^`�WTl	WQ`VaFUdBDBiRjLbUdWkXS`F��RYJV;g;KRY`VUD;FJzLbWUdX£hY;K`MLVUDokRTLV;zPS`VUdXSo6Lb:<;>�SWYPSJVUD;FJyE�;cLb:<W_=@����:<Uiab:%Ui`�=_;^`VaFJVUDGI;K=�UdX  :SRY�_LV;KJ � [
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Method of “even” and “odd” extension

Problem 1 [ 6 [D\ . �£WkBdhY; �SJVWkG<Bd;KEZ 1 [ 6 [D\^]�� Z 1 [ 6 [ ¦Q] l�WkJ a = 1
�
l = 6RTXS=NLb:<;xUdXSU LbUDRYB =<RTLbRql�JbWYE���UDo [ \Y[ � � [

� BDWTL�LV:<;3`V:SRT�I;¥WTl>LV:S; `MLVJbUDX<opl�WkJ
t = 1, 2, . . .

RTXS=%�SXS=%LV:S;t�I;FJbUdW_=
TWTlHLV:<;t`�LbJbUdX<ogWk`bacUDBdBiRjLbUdWkXS` [

� ��� 

���������

��;>`V;FXS=%R�h£UdJVLVP~RTB�:QP<E��%l�JVWkE LV:<;>JVUDoY:QL [

�z;t`M;KXS=%R6h£UDJMLbPSRTB�:QP<E��%l�JbWYE LV:S;�BD;cl L [

�z;t`M;KXS=%R6h£UDJMLbPSRTB�:QP<E��%l�JbWYE LV:S;�BD;cl L [
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��;>`V;FX~=�R�h£UdJVLVP~RTB�:QP<E��%l�JVWkE LV:<;>JVUDoY:QL [

��UdokP<Jb; \Y[ �Y� �
9&:QPS`K� Lb:<;��SJVW_aF;K`b`¤Ui`y�I;FJbUDW_=_UiaT� ��UdLV:%LV:<;>�I;FJbUDW_= GI;FUDX<og;KOQPSRYB�LbW

T = 12 = 2l
a [

Problem 1 [ 6 [ � (The piano string).
�£WYBDhY;xLV:<;f�<JbWYG<BD;FE Z 1 [ 6 [d\�] �@Z 1 [ 6 [ ¦k] ��UdLV: a = 1RTXS=%LV:S;tUDX<UdLVUiRTBr=<RjLnR�l�JbWYE ��UDo [�\Y[ ¦ �~� l = 6 [ � BdWYLNLb:<;6`M:SRY�I;>WYlrLb:<;{`MLbJVUDX<o|RjL

t = 1, 2, . . .
RYXS= �SXS= Lb:<;>�~;KJVUDW_= WYlHWQ`VaFUdBDBiRjLVUDWYX~` [

Problem 1 [ 6 [ ¦ . �£WkBdhY;�Lb:<;r�<JVWkG<BD;FE Z 1 [ 6 [d\�] � Z 1 [ 6 [ � ] ��UdLV:¡LV:S;HGIWkP<XS=<RYJV¢�acWkXS=_UdLVUDWYXS`
∂u

∂x
(0, t) = 0,

∂u

∂x
(l, t) = 0, t > 0. Z 1 [ 6 [ � ]

� ��� � � � X<; `V:<WYP<Bi= RY�<�<BD¢7LV:<; Ex;FLV:<W<=�WYl ,M;FhY;KX�-�Jb;cs~;Ka�LbUdWkXS`F�yLb:SRjL%UD`K�¡`M;KXS=JV;FsS;KacLV;K=5h£UDJMLbPSRTB�:£P<E��S` Z `M;K;{��Udo [�\k[ �k� ] ��UdLV:�Lb:<;6`bRTE�; ,M�IWYBiRTJbU)(KRjLbUdWYX -�Rk`yLb:<;UdXSaF;K=_;KXkLNWYXS;K` Z X<WTLN��U Lb:�Lb:<;�Wk�<�IWk`VUdLV; ]c[
1 8 7 The wave equation with many independent variables

Plane waves, characteristics, discontinuitiesA2EHP<BdLVUi=_UDEx;KXS`VUdWkXSRTBfRYXSRTBDWYo�WTl¤LV:<;|=@? ACBD;FEHGI;FJVL>;^OkP~RjLVUDWkX Z 1 [ 1 [d\�] Ui`vLb:<;g�&R^hY;;KOQPSRjLbUDWYX
∂2u

∂t2
= a2∆u(x, t) ≡ a2

(∂2u

∂x2
1

+
∂2u

∂x2
2

+
∂2u

∂x2
3

)

, t > 0, x = (x1, x2, x3) ∈ R3,

Z 1 [ 7 [D\^]��:<;FJb;
a > 0 [ 9&:<UD`�;KOQPSRTLVUDWYX7=_;K`bacJbUdGI;^`tLb:<;5RTUDJ6�<Jb;K`b`VP<JV; p(x, t) Z Lb:<;5`VWYP<X~=� R�hY;NUDX A�acWkPS`MLVUiaF` ] � Lb:<;v�IWTLV;KXkLbUDRYBD` ϕ(x, t)

RYXS=
A(x, t)

WYl�LV:<;v;KBd;^a�LbJVWkE�RYoYX<;FLVUia�S;FBi=�UDX & BD;Ka�LbJbW_=_¢£XSRTE�UiaF`K� ;cLna [
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w ;cL�PS`yLVJb¢�LVW��SXS=5`VWYBDP_LVUDWYXS`	LVWg;KOQPSRTLVUDWYX Z 1 [ 7 [d\�] UDX�Lb:<;zl�WkJVE
u(x, t) = f(ξ◦t+ ξ1x1 + ξ2x2 + ξ3x3) = f

(

ξ◦t+ 〈~ξx〉
) Z 1 [ 7 [ � ]

��:<;FJb; ~ξ = (ξ1, ξ2, ξ3) 6= 0; 〈~ξ, x〉 ≡ ξ1x1 + ξ2x2 + ξ3x3 [
Remark 1 [ 7 [d\ . �_PSab:�Rgl�P<XSacLVUDWYX�Ui`¡aFRYBdBD;K=�Rg�<BiRTXS;>� R�hY; [ 9&:SUD`NUi`NJb;FBiRjLV;^=%��U Lb:LV:<;�l�WYBDBdWj��UDX<o �A ] A L	�<u_;^= t = t◦

� Lb:<;zBD;FhY;KB�`VP<JVl RYac;^`
u(x, t◦) = const

RTJb;¡Jb;F�SJV;K`V;FXQLV;^=�G£¢LV:<;>�<BiRTX<;^`
ξ◦t+ 〈~ξ, x〉 = c Z 1 [ 7 [ ¦Q]WYJVLV:<WkoYWYXSRTB�LVW�LV:S;�hY;KacLVWkJ ~ξ �% ] �SWYJ>=<U � ;FJb;FXkL t = t◦, t1
�}Lb:<;�l�P<X~a�LVUDWYX

u(t1, x)
=_U��I;KJb`zl�JbWYE

u(t◦, x)
G£¢LV:<;t`M:SU l LNG£¢�LV:S;�hY;^a�LVWkJ

−
~ξ

|~ξ|2
ξ◦(t1 − t◦). Z 1 [ 7 [ � ]

� XS=_;F;^=@�
u
(

x+
~ξ

|~ξ|2
ξ◦(t1 − t◦), t◦

)

= f
(

ξ◦t◦ + 〈~ξ, x+
~ξ

|~ξ|2
ξ◦(t1 − t◦)〉

)

=

= f
(

ξ◦t◦ + 〈~ξ, x〉 +
〈~ξ, ~ξ〉
|~ξ|2

ξ◦(t1 − t◦)
)

= f
(

ξ◦t1 + 〈~ξ, x〉
)

= u(t1, x). Z 1 [ 7 [0*Y]
9&:£PS`F� Z 1 [ 7 [ � ] UD`NRg� R�hY;�ExWjh£UDX<o�RTBDWYX<o�LV:<;{=_UdJb;KacLVUDWYX%WYlHLb:<;>hY;^a�LVWkJ −~ξ ��UdLV:LV:<;t`M�I;K;K=

v =
ξ◦

|~ξ|
. Z 1 [ 7 [ � ]

��;e=_;FXSWTLV; LV:S;3P<X<UdL5hY;^a�LbWYJ%UdX Lb:<;e=_UDJV;^a�LVUDWYX −~ξ G£¢ ~ω = − ~ξ

|~ξ| [ 9&:<;FX
ξ◦ = v|~ξ|; ~ξ = −~ω|~ξ| RTXS=@�&LV:<;KJV;Fl�WYJb;Y� Z 1 [ 7 [ � ] aFWYP<Bi= GI;>��JVUdLMLb;FX5Rk`
u(x, t) = f

(

v|~ξ|t− 〈~ω, x〉|~ξ|
)

= f
(

(vt− 〈~ω, x〉)|~ξ|
)

= g
(

vt− 〈~ω, x〉
)

, Z 1 [ 7 [ /T]
��:<;FJb;

g(z) ≡ f
(

x|~ξ|
)

, |~ω| = 1 [ACl LV;FJfLV:S;K`V;��<JV;KBdUDE�UdX~RTJb¢tJV;KEfRTJ "£`rBD;cLqPS`��<JbW_ac;K;K={LVW��SX~=_UdXSo�LV:<;¡`VWYBDP_LVUDWYX6LbW;KOQPSRjLbUdWkX Z 1 [ 7 [D\^] UdX�Lb:<;¡l�WYJbE Z 1 [ 7 [ � ]c[ ��;v`VP<GS`MLVUdLVP_Lb; Z 1 [ 7 [ � ] UdXQLVW Z 1 [ 7 [d\�] � RYXS=@�PS`MUDX<o�LV:S;  :SRYUdX ��P<BD;Y��� ;�ok;cL �
f ′′(ξ◦t+ 〈~ξ, x〉)ξ2◦ = a2f ′′(ξ◦t+ 〈~ξ, x〉)(ξ21 + ξ22 + ξ23). Z 1 [ 7 [ � ]
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1 � 7

� UDoYPSJV; \k[ � *_�

A�`b`VP<E�UdX<oyLV:~RjL
f ′′(z) 6≡ 0

� � ;�oY;FL�l�JbWYE:S;FJb;vLb:<;>an:SRTJnRYacLV;KJVUi`�LbUDa¡;^OQPSRjLbUdWkX
ξ2◦ = a2|~ξ|2. Z 1 [ 7 [ � ]�_WYBDP_LVUDWYXS`�WTl LV:<Ui`�;KOQPSRTLVUDWYX RTJb; hY;Ka�LbWYJn`

ξ = (ξ◦, ~ξ) ∈ R4 �|BD¢£UdX<omWkX LV:<; Z LV:<Jb;F; �=<UdE�;FX~`MUDWYXSRYB ] acWkX<; Q UdX R4 � ��:<WQ`M;�G~RY`V;�UD`RrL�� W � =_UDE�;FXS`VUDWYXSRYB@`M�S:<;FJb; |~ξ| = 1
a , ξ◦ = 1Z ��Udo [�\k[ � *Y]�[ WYX£hY;FJn`M;KBd¢k��l�WkJtRTXQ¢

ξ ∈ R4 `bRjLbUD`Ml�¢£UdX<oZ 1 [ 7 [ � ] ��LV:<;g�<BDRYX<;6�&R^hY; Z 1 [ 7 [ � ] ��U Lb:3RTXQ¢l�P<XSa�LbUdWkX
f(z)
UD`NR�`VWYBDP_LVUDWYX�LVWg;KOQPSRTLVUDWYX Z 1 [ 7 [d\�]�[

� X*�SRTJVLVUiacP<BiRTJ^� f(z)
aFWYP<Bi=pGI; LbR+"Y;FX*=_Ui`VaFWYXkLbUDXQP<WYP~` Z WkJ6JbRY�<UD=<Bd¢ean:SRTXSoYUDX<o ]RjL�`VWYE�; �IWYUDXkL^�xl�WkJ6;cu<RTE��<BD;Y�fRjL

z = 2 Z `V;F;���UDo [	\Y[D\ � ]�[ 9&:S;FXpLb:<;%`VWYBDP_LVUDWYXZ 1 [ 7 [ � ] ��UdBDBr:SR^hY;tLb:<;6`bRTE�;6=_Ui`VacWkXkLbUdX£P<UdL ¢ Z WYJvJbRY�<UD=�ab:SRYX<oY; ] RTBDWYX<o�LV:<;6;KXkLVUDJb;:Q¢£�I;FJb�<BiRTX<;zUDX
R4

x,t Z Udl ξ 6= 0 ]c�
ξ◦t+ 〈~ξ, x〉 = 2. Z 1 [ 7 [D\ � ]

�SWYJf�<u_;^=
t
LV:<Ui`¤=_Ui`bacWYXQLVUDXQP<UdL�¢�Ui`qBdW<aFRjLb;K=gWYX�LV:<;¡�SBDRYX<;NUDX

R3
x

=_;K`bacJbUdGI;^=gGQ¢;KOQPSRjLbUDWYX Z 1 [ 7 [d\ � ]�[ A�`NLV:<;tLVUDE�;{UdXSaFJV;^RY`V;K`K�&LV:<Ui`¡�<BiRTX<;tE�W�hk;K`�UDX5Lb:<;6=_UdJb;KacLVUDWYXWTlrU Ln`yX<WkJVEfRYB � Jb;F�<Jb;K`V;FXQLV;^= GQ¢ −~ξ ����U Lb:�LV:S;>`V�I;F;K= v = |ξ◦|
|~ξ| = a Z `V;F; Z 1 [ 7 [ � ]M]c[

���������
	������
1 � 7 ����� 9&:S;�hY;KacLVWkJ ξ = (ξ◦, ξ1, ξ2, ξ3) ∈ R4, ξ 6= 0

`VRTLVUi`�l�¢£UDX<o Z 1 [ 7 [ � ]UD`�aKRTBDBd;^=�Rgab:~RTJnRYa�Lb;FJbUD`MLVUia¡X<WkJVEfRTB�WYl�Lb:<;>� R�hY;z;KOQPSRTLVUDWYX Z 1 [ 7 [d\�]�[9&:<;¡:Q¢£�I;FJb�<BiRTX<;
ξ⊥ =

{

(t, x) ∈ R4 : ξ◦t+ 〈~ξ, x〉 = const
} � WYJVLV:SWYoYWkXSRTB LbW{R�SRTJVLVUiacP<BiRTJ>ab:SRYJbRka�Lb;FJbUD`MLVUiatX<WkJVEfRYB

ξ
��UD`>aFRYBdBD;K= R%an:SRTJnRYacLV;KJVUi`�LbUDa{:Q¢£�I;KJV�<BiRTX<; Z WYJ`MUDE��<BD¢ Rgab:SRYJbRka�Lb;FJbUD`MLVUia ] WTlHLV:<;>� R�hY;z;KOQPSRTLVUDWYX Z 1 [ 7 [d\�]�[9&:<;�:Q¢£�I;FJn`MPSJMl RYaF;rUdX

R4 Ui`�aFRYBdBD;K=zRyab:~RTJnRYa�Lb;FJbUD`MLVUia�:£¢Q�I;KJV�SBDRYX<;rUdl Lb:<;xLbRTXSoY;FXQL:Q¢£�I;FJb�<BiRTX<;�RTL�;KRkab:%�~WkUdXQL�Ui`�ab:~RTJnRYa�Lb;FJbUD`MLVUia [
Remark 1 [ 7 [ � .

��P<;fLbW¡an:SRTJnRYacLV;FJbUi`�LbUDax;KOQPSRTLVUDWYX Z 1 [ 7 [ � ] LV:S;¤`M�I;K;K=�WYl&�<JbWY�SRYokRjLVUDWYXWTlxRTBDB�LV:<;>�<BiRTX<;�� R�hY;K`¤Lb:SRjL¡`VRTLVUi`Ml ¢�Lb:<;>� R^hY;�;KOQPSRjLbUdWkX Z 1 [ 7 [d\�] Ui`y;KOQPSRTB�LbW a �
v2 =

ξ2◦
|~ξ|2

= a2. Z 1 [ 7 [D\Y\�]
� ����� � 
 ������� � A�XQ¢ an:SRTJnRYacLV;FJbUi`�LbUDa :Q¢£�I;FJb�<BDRYX<;macWYP<Bi= GI; R2`MP<JVl RYaF;�WTl¥Lb:<;=_UD`bacWkXkLbUdX£P<U L�¢ WTlx`VWYBDP_LVUDWYXS`	LVWg;KOQPSRTLVUDWYX Z 1 [ 7 [d\�]zZ `M;K; ��;FEfRTJ " 1 [ 2 [d\�]�[A�BdB�LV:<;v�<BDRYX<;¡� R^hY;^`q`VRTLVUi`�l�¢£UDX<ot;KOQPSRTLVUDWYX Z 1 [ 7 [d\�] �<JbWY�SRYokRjLV;���UdLV:|LV:<;v`V�I;F;^=
a [

� LxUi`HLV:S;¤l�WYJbEHP<BiR Z 1 [ 7 [D\Y\�] Lb:SRjLxLV:<;�=_UD`bacWjhY;FJb¢zWYl ����� � � �	� ��� � � � 	�� � � ��� � ��� 

� �
� � � � 	 �
� RTXS= ��� � � ���	� ����� ����������� ��� � � � ����� � ����� Ui`|acWYXSX<;Ka�Lb;K=4��U Lb: [ �<JbWYE-Lb:<;
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1 � 7 *Y¦

;KOQPSRjLbUdWkXS`|WTl & BD;KacLVJbW_=_¢£XSRYExUiaF` �¡RTu£� ;FBDBv=_;FJbUDhY;K=4LV:SRTL LV:<;¥�IWTLb;FXQLVUiRTBi`|WTl�Lb:<;;FBD;Ka�LbJVWkEfRToYXS;cLVUiaN�~;FBi=%`VRTLVUi`�l�¢�Lb:<;>� R^hY;�;KOQPSRjLbUdWkX Z 1 [ 7 [D\�] ��UdLV:�Lb:<;tacW£; �qaFUd;KXkL
a2 =

1

ε◦µ◦
. Z 1 [ 7 [D\ � ]

$C;FJb;
ε◦
RTXS=

µ◦
RTJb;�Lb:<;x;KBd;^a�LVJbUiarRTXS=vE�RYoYX<;FLVUiaH�I;FJbEx;^RTG<UDBDU L�¢NWTl hjRkacP<PSEy��Jb;K`V�I;Ka �LVUDhY;FBD¢Y��RYJV;zl�WkP<XS=5;cu_�I;FJbUdE�;FXQLbRYBdBD¢|l�JVWkE �<P<Jb;FBD¢ ;KBd;^a�LbJVWkE�RYoYX<;FLVUiavE�;KRk`MPSJV;KEx;KXkLn` [�|:<;FX �¡Rju_� ;KBdBqaFWYE��<P_LV;^= LV:S;|`V�I;F;^= WYl	�SJVWk�SRToQRjLVUDWYX WTl	LV:<;|;FBD;KacLVJbWYEfRTokX<;cLbUDa� R^hk;K`F� UdLfLbP<JVX<;^=gWYP_LfLV:SRTLfLV:<Ui`q`V�I;F;^=���UdLV:gLb:<;NoYJb;KRTLfRYaKacP<JnRYaF¢{acWYUDXSaFUD=_;^=���UdLV:LV:<;t`M�I;K;K=�WTlrBDUdok:kL �

a =
1√
ε◦µ◦

≈ 299976
km

h
. Z 1 [ 7 [D\K¦Q]

9&:<UD`�BD;K= �vRju_� ;FBDB�LbWyLV:<;qacWYXSaFBdP~`MUDWYXvLV:SRTL�Lb:<;�BDUdok:kL�RTBi`VW	:SRk`�RYXz;FBD;KacLVJbWYEfRTokX<;cLbUDaXSRjLbP<JV; �A�X<WTLb:<;FJ¤okJV;^RjL¤=_Ui`VaFW�hY;KJV¢6Jb;FBiRjLV;^=g��UdLV:|l�P<JVEHPSBDRk` Z 1 [ 7 [D\Y\�] � Z 1 [ 7 [D\ � ] � � Rk`�Lb:<;`M�I;^acUiRTB&Lb:<;FWkJV¢{WYl�JV;KBDRTLVUDh£U L�¢ [ 9&:<;NOQP<;^`�LbUdWkXgXSRjLbP<JnRTBDBd¢6RYJVUi`M;^` � � Xg��:~RjLqJV;Fl�;FJb;FXSac;l�JbRYEx;fLb:<;qhTRTBDP<;fWYl&LV:<;	`M�I;K;K=>WYl&BDUDoY:kLrUD`rRYa�LbPSRTBDBD¢v;^OQPSRTB LVW 1√
ε◦µ◦

� � LrUD` "QXSW���XLV:SRTL	RTBDB�LV:S;NBiR��C`fWTl �N;^ab:SRYX<UiaF`qRTJb;yLb:<;v`bRTE�;�UDX RTXQ¢�UdXS;FJVLVUiRTBCJb;cl�;KJV;KXSac;�l�JbRYEx; [9&:QPS`K� UdLqUi`fXSRjLbP<JnRTB&LbW{RY`b`MP<E�;yLb:SRjLqLV:<;¡BDR��C`�WYl�& Bd;^a�LVJbW_=_¢£XSRYExUiaF`qRTBi`MW>:<WkBD=gUdXRTXQ¢ UdXS;FJVLVUiRTBfJb;cl�;FJb;FX~ac;gl JnRTE�; [ % P_LtLV:<;k�xRYaFaFWYJn=_UDX<o�LbW Z 1 [ 7 [D\ � ] ��Lb:<; `V�I;F;K=3WYlBdUDoY:QLv`V:<WYP<Bi=5RYBi`MW�GI;>Lb:<;{`bRTE�;>UDX�RYBdBH`VPSan:�`M¢_`MLV;FEf` �N�£PSab:¥R��<JVWk�I;FJVL ¢ WYlrLb:<;hY;FBDW_acUdL�¢Y� Lb:<WYP<ok:��&aFWYXQLVJnRY=_Uia�Ln`  �;F�&LVWkX�? ` �N;^ab:SRYX<UiaF` [ � Lyl�WkBdBDW��C`¤Lb:SRjL�;FUdLV:S;FJ	Lb:<;
�¡Rju_� ;KBdB�;^OkP~RjLVUDWYX~`¤RYJV;¡WkX<Bd¢�hjRYBdUi=�UDX%Rt�~RTJVLVUiacP<BiRTJ¤Jb;cl�;FJb;FX~ac;Nl�JnRTE�;k� Jb;FBiRjLV;^=gLbWLV:<;�`MLbRTLVUDWYXSRYJV¢ ,M;cLV:S;FJ -n��WYJ¡LV:<;  �;F�&LVWkX�BiR^�C`¡WYl �N;Kan:SRTXSUDaK`vRTJb;tX<WTLz;cu<RYacL [ � LUD`zl�WYJ>`V;cLVLVBDUDX<o�Lb:<UD`tOkPS;K`MLVUDWYX¥LV:SRTL �NUDan:<;KBD`VWYX3RYXS= �NWkJVBD;F¢�G<P<UDB L>LV:<;KUdJ�l RYExWkPS`;cu_�I;FJbUdE�;KXkLxLbW #�PS`MLbU l�¢{LV:~RjL�LV:S;N`M�I;K;K=6WYl�BdUDoY:QL�Ui`xLV:<;N`bRTE�;yUDXg=<U � ;FJb;FXQLfUdX<;KJMLbUDRYBJV;Fl�;FJb;FXSac;�l�JbRYE�;K`K�NRYXS=@�¡aFWYXS`V;KOQP<;KXkLbBd¢k�yLb:<;3RTGS`V;FX~ac;¥WTl>LV:S; `MLbRTLVUDXSRYJV¢ ,M;cLb:<;FJ -RTXS=�UDX<;cu<RYacLVX<;^`V`|WTl  C;F�&LbWYX�? ` �N;^ab:SRYX<UiaF` Z RjL�:<UDoY:�`M�I;K;K=<` ]�[ 9&:S;�X<;KaF;K`b`VRYJV¢JV;F�SX<;FE�;KXkL�WYl�Lb:<; �N;Kan:SRTX<UiaF`yBiR^�C`y� RY`yBiRjLV;KJyokUdhY;KX�GQ¢�A [ & UDXS`MLV;FUDX [
The region of dependence. The Kirchhoff formula

w ;cL>P~`vLbJV¢�LVW%�SXS=¥Lb:<;gJb;FokUdWkX�WYl	=_;K�I;FXS=_;KXSac;�l�WkJ�;KOQPSRTLVUDWYX Z 1 [ 7 [D\^] ��UdLV: Lb:<;RTUi=|WTlHan:SRTJnRYacLV;KJVUi`�LbUDaK`F� RY`¤UDX5�£;KacLVUDWYX
1 [ 4 Z ��UDo [�\Y[D\ � ]�[ 9&:SRjLyUD`K� BD;cLyPS`yacWYX~`MUi=_;FJLV:<;  RTPSan:Q¢|�SJVWkG<Bd;KE l�WYJ�;KOQPSRjLbUdWkX Z 1 [ 7 [D\�] ��UdLV:%UDX<UdLVUiRTB�acWkXS=_U LbUDWYXS`�RjL t = 0 �

u
∣

∣

∣

t=0
= ϕ(x),

∂u

∂t

∣

∣

∣

∣

t=0

= ψ(x), x ∈ R3. Z 1 [ 7 [D\ � ]
w ;cL�PS`%=_JbR�� LV:<JbWYPSoY:�R+�SRTJVLVUiacP<BiRTJ �IWYUDXkL (x◦, t◦) ∈ R4 � t◦ > 0

RYBdB¡Lb:<;ab:SRYJbRka�Lb;FJbUD`MLVUiaF` Z �	� ��� � � � � ��� ��� ��� � ����� � � � �����	� � ] WTlv;KOQPSRTLVUDWYX Z 1 [ 7 [D\^]�Z ��Udo [y\k[ �Q� ]�[
� Xe��UDo [f\k[ �Q�<� ξI RTX~= ξII RYJV;�Lb:<; ab:SRYJbRka�Lb;FJbUD`MLVUia6X<WYJbEfRTBi`F����:<UDBd; ξ⊥I RTX~= ξ⊥IIRTJb;¤WYJVLV:<WkoYWYX~RTB LVWzLV:<;KE an:SRTJnRYacLV;FJbUi`�LbUDaq:Q¢£�I;FJb�<BDRYX<;K`HLV:SRTL��SRY`b`�Lb:<JbWYP<ok:

(x◦, t◦) [9&:<;K`V;yab:~RTJnRYa�Lb;FJbUD`MLVUiaF`�UDXkLb;FJn`M;^a�LrLb:<; ,�UDX<UdLVUiRTB.-¤:Q¢£�I;FJb�<BiRTX<;
t = 0
RYBdWkX<o¡LV:<;y�<BiRTX<;^`

PI
RYXS=

PII [
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1 � 7

��UdokP<Jb; \Y[ �k� �
� ��������� ����� � � 9&:<;�Jb;FokUdWkX6WTl�=_;K�I;FXS=_;KXSac;�WYl�Lb:<;N`VWYBDP_LVUDWYX

u
RTLxLb:<;��IWYUDXkL

(x◦, t◦)UD`zLV:<;gJb;FokUdWkX�WYlqLV:<;g:£¢£�I;FJb�<BDRYX<;
t = 0

GIWYPSXS=_;K= GQ¢¥RTBDBrLb:<;g:Q¢£�I;FJb�<BiRTX<;^`
PI
�

PII , . . . Z LV:<Ui`�UD`�UdX�Lb:<;tRTXSRYBdWkJVoY¢g��UdLV:�� UDo [�\Y[D\ � ]c[9&:<Ui`xJb;FoYUDWYX6UD`�RzGSRTBDB&WTl�JbRk=_UdP~`
at
ac;KXkLV;KJV;^=6RTL

x◦ [ 9 W�`V;F;¤Lb:<Ui`F� WYXS;y`V:<WYP<Bi=X<WTLbUDaF;yLV:<;�l�WYBDBdWj��UDX<o � 9&:<;NX<WYJbEfRTBi` ξI � ξII G~;KBdWkX<ozLbW�LV:<;¡acWkX<; Q =_;^`VaFJVUDGI;K=�GQ¢;KOQPSRjLbUDWYX Z 1 [ 7 [ � ] ����:<UDBD;{RTBDB}Lb:<;t:£¢Q�I;KJV�SBDRYX<;K` ξ⊥I � ξ⊥II RYJV;�LnRTX<ok;FXkLNLbW�LV:<;6acWkX<;
K(x◦,t◦)

WkJMLb:<WYokWYXSRTB LVWvLV:S;yacWkX<;
Q Z `M;K;	��UDo [ \Y[ �k� ]�[ 9&:<;FJb;cl�WkJV;qLV:<;y:Q¢£�I;FJb�<BDRYX<;K`

PI
�
PII , . . .

RYJV;yLnRTX<oY;KXkLfLbW>LV:<;¡GSRY`V;�WYl�Lb:<;¡aFWYX<;
K(x◦,t◦)

� Lb:SRjL¤UD`K� Lb:<;¡`V�<:<;KJV;
S(x◦,t◦)

����:<Uiab:%Ui`yGIWYPSXS=_;K=�G£¢ RYBdB�Lb:<;K`V;�:Q¢£�I;KJV�<BiRTXS;K` [
Remark 1 [ 7 [ ¦ . 9&:<;¡aFWYX<; K(x◦,t◦)

UD`¤aFRTBDBD;K=�LV:<;van:SRTJnRYacLV;FJbUi`�LVUiayaFWYX<;NWTl�;^OkP~RjLVUDWkX
Z 1 [ 7 [D\^] RjLyLV:S;��IWYUDXkL (x◦, t◦) [ � L�Ui`	LV:S;>an:SRTJnRYacLV;FJbUi`�LbUDa¡:£¢£�~;KJb`VP<JVl RYaF; [A�`�`M;K;FX%WYX5��Udo [�\Y[ �k�S� α+ β = π

2 [ A�`	l�WYBDBDW��C`	l�JVWkE Z 1 [ 7 [ � ] �
tanα =

|~ξ|
|ξ◦|

=
1

a
=⇒ tanβ = a. Z 1 [ 7 [d\ *Y]

9&:<;KJV;Fl�WYJb;¡Lb:<;>aFWYX<;
K(x◦,t◦)

UD`�oYUDhY;FX�G£¢
|x− x◦| = a|t− t◦|. Z 1 [ 7 [D\ � ]�|:<;FX

t = 0
��WYX<;�oY;FLb`	LV:<;>;KOQPSRTLVUDWYX�WYlrRg`V�<:<;FJb; �

S(x◦,t◦) =
{

x ∈ R3 : |x− x◦| = at◦
} Z 1 [ 7 [D\ /Y]
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1 � 7 * *

9&:£PS`F� WYP<J¤:Q¢£�IWTLb:<;K`VUi`qUD`qLV:SRTLqLb:<;vJb;FoYUDWYX�WTl�=<;F�I;FXS=<;FXSac;vWYl
u
RjLqLb:<;v�IWYUDXkL

(x◦, t◦)
UD`	R{GSRTBDB�WTl�JbRk=_UdP~`

at◦
ac;KXkLb;FJb;K=|RTL

x◦ [ 9&:<Ui`¤:Q¢£�IWYLV:<;^`MUi`qUi`¤;KOQP<UDhjRYBd;KXkLLVW>`bR^¢£UDX<ovLV:SRTLfRYBdB Lb:<;�`VWYBDP_LbUdWkXS`rWYl�;^OQPSRjLbUdWkX Z 1 [ 7 [D\^] �<JbWY�SRYokRjLV;	��U Lb:6Lb:<;�`V�I;F;^=
a [fw ;FL�PS`y�IWkUdXQL�WYP<LyLV:SRTL�� ;>RYBdJb;KRk=_¢��<JVWjhY;K=|Lb:<UD`yl�WYJyLb:<;��<BiRTXS;�� R^hY;^` [
� P<Jq:£¢£�IWTLV:S;K`VUD`fUi`¤acWkJVJb;KacLfUdX~=_;F;K= [ �¡WYJb;FWjhY;FJK� U L¤LVP<JbXS`qWYP_LqLb:SRjLqLb:<;¡JV;KoYUDWYXWTl}=_;K�I;FXS=_;KXSac;¡Ui`q`VEfRTBDBd;KJ�Lb:SRTX|R>G~RTBDB � � L¤WYX<BD¢�acWkXS`VUD`MLb`fWTl�Lb:<;v`M�S:<;FJb; S(x◦,t◦) [

� GQh£UDWYPS`VBd¢k��Lb:<UD`>l�WYBDBdWj�C`zl�JVWkE/LV:<; � UDJnab:<:SW �pl�WYJbEHP<BiR�l�WYJ>LV:<;|`VWYBDP_LbUdWkX¥LbW%Lb:<; RTPSan:Q¢4�SJVWkG<Bd;KE Z 1 [ 7 [D\^] � Z 1 [ 7 [d\ � ]�Z l WkJ LV:S; =_;KJVUDhjRTLVUDWYX WTl>LV:SUD` l�WYJbEHP<BiR<�¡`M;K;� � ;cLn� \ � ]��
u(x, t) =

1

4πa2t

∫

|y−x|=at

ψ(y) dSy +
∂

∂t

( 1

4πa2t

∫

|y−x|=at

ϕ(y) dSy

)

. Z 1 [ 7 [D\ � ]

Distribution of waves. The Huygens principle

Problem 1 [ 7 [d\ . � UdhY;KX � a = 1
�
ϕ(x) ≡ ψ(x) ≡ 0

RjL |x| > 1 �
��UDXS= ��:S;FJb; Z l�WYJac;FJVLbRYUdX ] u(x, t) ≡ 0

RjL
t = 1, 2, 3, 4 [� ��� 

��������� ��UdJn`�L^�CRY`b`VP<Ex;zLb:SRjL

a
UD`NRYJVG<UdLbJbRYJV¢ [ 9&:<;FX u(x, t) = 0

U lrLb:<;>Jb;FokUdWkX

��UdokP<Jb; \Y[ � /_�
WTl�UDXkLb;FokJbRTLVUDWYXgUDX Z 1 [ 7 [D\ � ] � Lb:SRjL¤Ui`K� Lb:<;v`V�<:<;FJb; |y− x| = at

� =_W_;K`fX<WYLqUDXkLb;FJn`M;^a�LLV:<;>JV;KoYUDWYX |y| ≤ 1
��:<;FJb;

ϕ(y)
RTXS=

ψ(y)
RYJV;�`VP<�<�IWYJVLV;^= [ �£;F;t� UDoYPSJV; \k[ � /£[

� UDoYPSJV; \k[ �Q� �

 BD;KRTJbBD¢Y� LV:SUD`raFWYXS=_UdLVUDWYXtUi`�;^OkPSUdhTRTBD;FXkL�LbWLV:<;�l�WYBDBdWj��UdXSo Z `V;F;>��UDo [�\k[ � /T]��
1 + at < |x|, Z 1 [ 7 [d\ � ]WYJ^�&RTX<WYLV:<;KJy�IWk`b`MUDG<UDBDU L�¢Y�
at > 1 = |x|. Z 1 [ 7 [ � � ]��:<;FX{Lb:<;y`V�<:<;FJb; |y−x| = at

acWkXkLbRYUdX~`�LV:S;GSRTBDB |y| ≤ 1 Z `V;F;>��UDo [�\k[ �Q� ]�[
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 WYX~=_U LbUdWkX Z 1 [ 7 [D\ � ] RTL a = 1
¢£Ud;KBD=S`xLb:<;Ui=_;KXkLVUdL�¢

u(x, t) ≡ 0
UdX}Lb:<; l�WkBdBDWj��UdX<o�JV;FokUDWYXS` �















t = 1 ⇒ |x| > 2;
t = 2 ⇒ |x| > 3;
t = 3 ⇒ |x| > 4;
t = 4 ⇒ |x| > 5.

Z 1 [ 7 [ � \�]
 WYXS=_UdLVUDWkX Z 1 [ 7 [ � � ] RjL a = 1

¢£UD;FBi=<`vLV:S;�Ui=_;FXQLVUdL ¢
u(x, t) ≡ 0

UdX LV:<;�l�WYBDBdWj��UDX<oJV;KoYUDWYXS` �
{

t = 1 ⇒ x ∈ ∅; t = 2 ⇒ |x| < 1;
t = 3 ⇒ |x| < 2; t = 4 ⇒ |x| < 3.

Z 1 [ 7 [ � � ]
9&:<;FJb;cl�WkJV;k�

u(x, t)
:SRY` Lb:<;�l�WYJbE*WYl LV:<;�`V�<:<;FJbUiaFRTB@� R�hY;�aFWYXkLnRTUDX<;K=	UDX	Lb:<;�`M�S:<;FJbUDaKRTBBDR�¢Y;FJyWYl�Lb:<Uia "£X<;K`b`
2 �

t = 1 ⇒ |x| ≤ 2; t = 2 ⇒ 1 ≤ |x| ≤ 3;

t = 3 ⇒ 2 ≤ |x| ≤ 4; t = 4 ⇒ 3 ≤ |x| < 5. Z 1 [ 7 [ � ¦k]

��UdokP<Jb; \Y[ �k� �
� ����� � � �

u(x, t)
l�WkJCac;KJMLnRTUDX	Ui`�;KOQPSRTB@LVW'(K;FJbWxWYP_Ln`MUi=_;�LV:<;�`V�<:<;KJVUiaFRYB BiR^¢Y;KJb` Z 1 [ 7 [ � ¦k]Z RYB Lb:<WYP<ok:�UdLNaFWYP<Bi=�RYBD`VW�GI;�;KOQPSRYB�LbW (F;KJVWg`VWYE�;F��:<;KJV;zUDXS`MUi=_;zLb:<;K`V;�BiR^¢Y;KJb` ]�[

� ����� � 
 ������� � A�`�`M;K;FX¡l�JbWYE Z 1 [ 7 [ � ¦k] �@LV:<;xl�JVWkXkL�WTl LV:<;�`V�<:<;KJVUiaFRYB�� R^hk;r�<JVWk�SRToQRjLV;K`��U Lb:3LV:<;|`V�I;F;^=
1 [ � X3LV:<; aFRY`V;gWTlyRYXeRTJbG<U LbJnRTJV¢ a ��UdLtUi`>`V;F;KX l�JbWYE Z 1 [ 7 [D\ � ]RTXS= Z 1 [ 7 [ � � ] LV:SRTL¤LV:<;�`MWkBdP_LbUdWkX u(x, t) aFWYP<Bi=�WYXSBd¢gGI;z=_U � ;FJb;FXQL¤l�JVWkE (K;FJbWtUDX�R`M�<:S;FJbUDaKRTB�BiR^¢Y;KJ

at− 1 ≤ |x| ≤ at+ 1 Z 1 [ 7 [ � � ]WTl�LV:<Uia "£X<;^`V`
2 [ 9&:<Ui`�� R�hY;y:SRY`xL � Wzl�JbWYXQLb` � Lb:<;yl�WkJV� RYJb={l�JVWkXkL |x| = at+ 1

RTXS=LV:<;>JV;^RTJ	l�JVWkXkL |x| = at− 1
�&GIWYLV:%�<JbWY�~RTokRjLbUDX<o{��UdLb:�LV:S;>`V�I;F;K=

a [
Problem 1 [ 7 [ � .

� UDhY;FX � a = 1
�
ϕ(x) ≡ ψ(x) ≡ 0

RjL |x| < 2
WkJ |x| > 4 Z Rk`vWYX� UDo [�\Y[ �k�{l WkJ t = 3 ]�[ �|:<;KJV; u(x, t) ≡ 0

l�WkJ
t = 1, 2, 3, 4, 5 �
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� ��� 

��������� 9&:<;KJV;tRTJb;vLb:<JV;K;>�IWk`b`MUDG<UDBdUdLVUD;K`K� � � � � �CRTX~= � � �zZ `M;K;>��UDo [}\k[ * � ] ��WTlHLb:<;BdW_aKRjLbUdWkX WYl�Lb:<;t`M�<:<;KJV; |y − x| = t
`MW6Lb:SRjLN� ;�� WkP<Bi= :SR�hY;

u(x, t) ≡ 0 [�SWYJ	BDW_aKRjLVUDWkX � �&RYXSRTBDWYokWYPS`MBD¢6LVW Z 1 [ 7 [d\ � ] � UDX LV:<;>aFRk`M;vWYlHR6oY;FXS;FJnRTB�hjRTBDP<;vWYl
a
�

4 + at < |x| [ �SWYJ�BdW_aKRjLbUdWkX � � ��RYXSRTBDWYokWYPS`MBD¢�LbW Z 1 [ 7 [ � � ] � at > 4 + |x| [

��UdokP<Jb; \Y[0* � �
��UDXSRTBDBd¢k� l�WYJ�BDW_aFRTLVUDWYX � � � � |x| + at < 2 [

�£UdX~ac;�� ;gRYJV;6oYUDhY;FX
a = 1
��� ;6ok;cLLV:<;7l�WkBdBDWj��UdX<o � \�] A L t = 1
LV:<;`M�<:S;FJb; |y − x| = t

Ui`�WYl�JbRk=_UdP~`
1RTXS=¤BdW<aFRjLbUdWkXS` � RTXS= � � � RTJb;��IWQ`V`VUdGSBd;k���:<UdBD; � � Ui`6X<WYL [ A�`gR¥Jb;K`MPSB L^�f� ;`M;K;HLb:SRjL

u(x, 1)
Ui`�`MPS�<�IWYJVLV;K=vUdXzLV:<;BDR�¢Y;FJ

1 ≤ |x| ≤ 5 Z `M;K;>� UDo [}\Y[0*_\^]c[ ��UDoYP<Jb; \k[ *<\Y�

��UdokP<JV; \Y[0* � �

w ;cL{P~`t�IWYUDXkL6WYP<LtLV:~RjLtLb:<Ui`{JV;^`MP<BdL`V;FJbUdWkPS`VBd¢5=_U�� ;FJb`vl�JVWkE ��Udo [r\k[ �Q�|RTL
t = 4 �

� ] A L t = 2
LV:S;rJbRk=_UDPS`�WTl Lb:<;`V�<:<;FJb;¤WTlCUDXkLb;FoYJnRjLbUDWYXtUD`r;KOQPSRYB LVW

2
�Lb:<;FJb;cl�WYJb;Y�kWYXSBd¢}BdW_aKRjLbUdWkX � UD`��IWk`b`MUDG<BD; [9&:<;KJV;Fl�WYJb;Y�fLb:<;5�&R^hY;5W_aFaFP<�<Ud;^`�LV:<;GSRYBdB |x| ≤ 6 �
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¦k] A L t = 3
UdLxUi`rRYBD`VW¡WkX<BD¢�BDW_aKRjLVUDWYX

� LV:SRTL�UD` �IWk`b`MUDG<BD; Z LV:<; `V�<:<;KJV;�WYlUdXQLV;FokJbRTLVUDWYXqUi` WTl JnRY=_UDPS`
3 ] �SLb:<;FJb;cl�WYJb;LV:<;y� R�hY;¤W_aFaFP<�<UD;K`�Lb:<;yGSRTBDB |x| ≤ 7 �

��UDoYP<Jb; \Y[0*Y¦<�

��UdokP<JV; \Y[0* � �

� ] 9&:<;¥`bRTE�;�:SRT�S�I;FXS`|l�WYJ t = 4 �Lb:<;�GSRYBdB |x| ≤ 8 �

*Y] ��UDXSRTBDBD¢Y� RjL t = 5
� UdX�RY=<=<U LbUdWkX6LVWBdW_aKRjLbUdWkX � � BDW_aFRTLVUDWYX � � RYBD`VW¤GI;^acWYE�;^`�IWk`b`MUDG<BD; Z LV:<;t`M�<:S;FJb;zWTlHUDXkLV;KoYJnRjLbUdWkXUD`yWYlHJnRY=<UdPS`

5 ] ��;cL¡ac;cLb;FJnR [�z;{X<Wj�m`M;K;�Lb:SRjL
u(x, t)

l�WYJ
t > 4UD`6R�`V�<:<;FJbUDaKRTBq� R�hY;�LV:SRTL{W<aFacP<�SUd;^`LV:<;t`M�S:<;FJbUDaKRTB�BiR�¢Y;FJyWTlHLV:SUDa�"£X<;K`b`

8 [ ��UDoYP<Jb; \Y[0* *_�
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9&:<; $�P<¢£oY;KXS`f�<JbUDXSacUD�<BD;NUi`fLV:S;¡JVPSBd;NLV:SRTL	RTBDBDW��C`�LVW{G<PSUdBi=gLb:<;Nl�WYJb� RYJb=6l�JbWYXQL
Ft
WTlrLb:<;>�&R^hY;tRjL�Lb:<;tExWkE�;FXkL

t
UdlxUdL¡UD` "QXSW���X�RjL

t = 0 [ 9&:<Ui`�JbP<BD;�l�WYBDBdWj�C`l�JVWkE�Lb:<; � UDJnab:<:SW �6l�WYJbEHP<BiR Z 1 [ 7 [D\ � ] RYXS=taFWYXS`VUi`�Ln`�WTl&Lb:<;ql�WkBdBDW���UDX<o � w ;cL u∣∣∣
t=0

��UdokP<Jb; \Y[0* � �
RTXS=

u̇
∣

∣

∣

t=0

GI;z;^OQPSRTB�LVW (K;FJbW6WYP_Ln`MUi=_;zWTl�LV:S;�=<Rk`M:S;K=|Jb;FokUdWkX|WkX���UDo [�\k[ * �<� ��UdLV:LV:<;�`VExW_WTLV:�GIWYP<XS=SRTJb¢
F◦ [ 9&:<;FX u(x, t) ≡ 0

WkP_Lb`VUD=<;tLV:<;6JV;KoYUDWYX�GIWYP<XS=<;K=�G£¢LV:<;N`VP<JVl RYac;
Ft [ 9&:<;yl�JVWkXkL Ft

UD`facWkXS`MLVJbPSa�Lb;K=�RY`rl�WYBDBDW��C` � �<WkJx;^RYan: x◦ � x◦ ∈ F◦� ;NaFWYXS`VUD=<;FJxLb:<;¡`V�<:<;FJb;
Sat(x◦)

WTl�JnRY=_UDPS`
at
aF;FXkLb;FJb;K=gRTL

x◦
� Lb:<;¡`M�S:<;FJb; Ft

Ui`LV:<;>;FX£hY;FBDWY�I;zWYlrRYBdB}`VPSan:5`M�<:S;FJb;K` [w ;cL¡PS`¡Rk`V`VP<E�;�LV:~RjLNLb:<;FJb;>Ui`¡RgPSX<UDOQP<;{�IWYUDXkL¡��:<;KJV;>LV:<;tl�JVWkXkL Ft
LVWYP~ab:<;^`LV:<;�`M�S:<;FJb;

Sat(x◦)
�¤RTXS=7=_;KX<WTLb;�LV:<Ui`��IWkUdXQLgGQ¢

xt [ � L�Ui`�;KRY`V¢3LbWe`M;K; Lb:SRjLLV:<;|UdXQLV;KJVhTRTB
[x◦, xt] ⊥ Ft

�HUdl
Ft
Ui`tR�`ME�W£WYLV:e`VP<JVl RYac; [ � X<;|aFRYXeRYBD`VW�ab:<;^a "LV:SRTL

[x◦, xt] ⊥ F◦ Z �SJVWkG<Bd;KE ]�[  WYX~`M;^OkPS;FXkLbBd¢k�yLb:<;¥l�JVWkXkL
Ft
aFWYP<Bi=�RTBi`MW+GI;acWYX~`�LbJVPSacLV;^=+UDX*Lb:<;%l�WYBDBdWj��UDX<o � R�¢ � �<JbWYE";KRYan:*�IWkUdXQL x◦ ∈ F◦
� ;5=_JnR�� RTXUdXQLV;FJbhjRYB

[x◦, xt] ⊥ F◦
WTl�BD;FX<oTLb:

at [ 9&:<;¡l�JbWYXQL Ft
Ui`qLb:<;FX LV:S;z`V;cLyWTlHRYBdB�`VPSan:�IWYUDXkLb`

xt [ 9&:<;%UdXQLV;KJVhTRTBi` [x◦, xt]
RYJV;%aFRYBdBD;K= ����� � � 	 �
� � ��� � [ 9&:<;KJV;Fl�WYJb;Y�xLb:<;$CP<¢£oY;KXS`y�<JbUdXSaFUd�SBd;�E�;KRYXS`	LV:SRTLyLV:S;�� R�hY;K` ,��<JbWY�SRYokRjLV;zRYBdWkX<o6LV:<;>JbR�¢_` - [

Diffusion of waves in two dimensions. The Poisson formula9&:<;�� R�hY;z;^OkP~RjLVUDWYX�UDX�Lb:<;��SBDRYX<;Y�
∂2u

∂t2
(x, t) = a2∆2u ≡ a2

(∂2u

∂x2
1

+
∂2u

∂x2
1

)

, x ∈ R2, t > 0 Z 1 [ 7 [ � *Y]
UD`¡WkG_LbRYUdXS;K=%l�JbWYE Z 1 [ 7 [D\^] ��:S;FX u(x1, x2, x3, t)

=_W£;^`NXSWTLz=_;K�~;KXS=�WkX
x3 [ 9&:<UD`UD`�Lb:<;{aKRY`V;>��:<;FX�X<;KU Lb:<;FJNLb:<;tUDX<UdLVUiRTBr=<RjLnRgX<WYJNLV:<;{;cu£LV;KJVXSRYB�`VWYP<Jnac;K` Z `VPSan:�RY`LV:<;	acP<JbJV;KXkLHWYJHan:SRTJboY;^`�UdX & Bd;^a�LVJbW_=_¢£XSRYE�UDaK`}WYJ}Lb:<;¤`VWYP<XS=t`VWYP<Jnac;K`}UdX{A�acWkPS`MLVUiaF` ]=_;F�I;KXS=vWkX

x3 [ �SWYJ�;cu<RTE��<BD;Y�@Lb:<;x�IWYLV;KXkLVUiRTBi`�WTl LV:<;�EfRTokX<;cLbUDaH�S;FBi=voY;KX<;FJnRjLb;K=¡GQ¢LV:<;¡acPSJVJb;FXkLfUDX�R>`�LbJbRYUDoY:kL���UDJb;�RYXS=gRYacWkPS`MLVUia¤�S;FBi=�WYl�R�BDWYX<ot`�LbJbRYUdok:kLfRYP_LVWkGSRT:<X`VRTLVUi`�l�¢%;KOQPSRTLVUDWYX Z 1 [ 7 [ � *k]�[ 9&:<;{� R^hY;^` u(x1, x2, t)
Lb:SRjLz=_W|XSWTLz=_;F�I;FX~=�WYX

x3RTJb;�aFRTBDBD;K=�aF¢£BdUDXS=_JbUDaKRTB [
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� X�Lb:<UD`NaFRk`M;k� Lb:<;�UDX<UdLVUiRTB�=<RjLnR ϕ RYXS= ψ RTBi`MWg=_WgX<WYLN=_;F�I;KXS=�WYX x3 �
u
∣

∣

∣

t=0
= ϕ(x); u̇

∣

∣

∣

t=0
= ψ(x); x ∈ R2 Z 1 [ 7 [ � � ]

�£WkBdP_LbUDWYX{LbWzLV:<;��<JbWYG<BD;FE Z 1 [ 7 [ � *k] �@Z 1 [ 7 [ � � ] Ui`xoYUDhY;FX6G£¢>Lb:<; � WYUi`V`VWYX{l�WkJVEHP<BiR
u(x, t) =

1

2πa

∫

|y−x|<at

ψ(y) dy
√

(at)2 − |y − x|2
+

1

2πa

∂

∂t

(

∫

|y−x|<at

ϕ(y) dy
√

(at)2 − |y − x|2
)

.

Z 1 [ 7 [ � /Y]9&:<;^`M;zUDXkLV;KoYJnRTBi`	RTJb;¡;KhjRYBdPSRTLV;^=|W�hY;KJqLb:<;>=_UD`ba |y − x| < at
RTXS= X<WYLyW�hY;KJ	U Ln`GIWYP<XS=SRTJb¢ � LV:<Ui`�UD`}=_U��I;KJV;KXkL�l�JVWkE Lb:<; � UdJnab:S:<W �>l�WYJbEHP<BiR Z 1 [ 7 [D\ � ]c[  WYX~`M;KOQP<;KXkLbBd¢k�LV:<;��SJVWk�SRToQRjLVUDWYXeWYl�LV:<;5ac¢£BdUDXS=_JbUiaFRTB¤�&R^hY;^` Z WYJ�`VUdE��<BD¢ ,�LV:<;��<BiRTX<;�� R�hY;K` - ] UD`=_U � ;FJb;FXQLyl�JbWYE LV:SRTL�WTlHLV:S;>`V�<:<;FJbUiaFRTB�� R^hY;^` [

Problem 1 [ 7 [ ¦ . � UDhY;FX � a = 1
RTXS=

ϕ(x) ≡ ψ(x) ≡ 0
RTL |x| > 1

�
x ∈ R2 [ �|:<;FJb;

u(x, t) ≡ 0
l�WkJ

t = 1, 2, 3, 4, 5 �
� ����� � � �

t = 1 ⇒ |x| > 2; t = 2 ⇒ |x| > 3; t = 3 ⇒ |x| >
4; t = 4 ⇒ |x| > 5 [
Remark 1 [ 7 [ � . � XtLb:<Ui`H�<JbWYGSBd;KE�Lb:<;yac¢£BdUDXS=_JbUiaFRTB � R^hk;q:SRY`�LV:S;ql�WkJV� RYJb=�l�JVWkXkLrG<P_L=_W£;K`�X<WTLH:~R^hY;�Lb:<;¤JV;^RTJ�l�JbWYXQLK� acWkXkLbJbRYJV¢NLbWNLV:<;	`M�<:S;FJbUDaKRTB � R�hY;K`}UDX>L�� W¡�<JV;Kh£UdWkPS`�<JVWkG<BD;FEf` [ 9&:SUD`z�S:<;FX<WkE�;FX<WkX¥Ui`�aKRTBDBd;^=�Lb:<;g=<U � PS`VUdWkX WTl¤� R�hY;K` [ � LzLbP<JVX~`zWYP<LLV:SRTLfl�WYJ¤RTBDB�W_=S=

n ≥ 3
LV:<;¡� R�hY;�;KOQPSRjLbUdWkXg��U Lb:

n
`V�SRjLbUDRYB�hjRYJVUiRTG<BD;K`

x1, . . . , xn:SRY`}GIWTLb:�LV:S;�l�WkJV� RYJb=�RTXS=�Jb;KRYJ�l�JbWYXQLb`K� ��:<UDBd;fl�WYJHRTBDB ;FhY;KX
n ≥ 2 Z RYXS=zl�WYJ n = 1RY`y� ;FBDB � ] LV:<;KJV;�Ui`	LV:<;�l�WYJb� RYJb=�l�JbWYXQL�G<P_LNX<WgJV;^RTJ	l�JVWkXkL [

Remark 1 [ 7 [0* . � l UdXvLV:<;xBiRY`ML��<JbWYG<BD;FE LV:<;rl�P<X~a�LVUDWYX~` ϕ RTX~= ψ Lb:SRjL�;KXkLV;KJ Z 1 [ 7 [ � � ]RTJb;�GIWYPSXS=_;K=@��Lb:<;FX3Lb:<;|`VWYBDP_LVUDWYXeacWkXQhY;FJboY;^`¡LbW (F;KJVW � u(x, t) → 0
l WkJ

t → ∞ �
∀x ∈ R2 [ 9&:<Ui`yUi`�`M;K;FX�l�JVWkE Z 1 [ 7 [ � /Y]�[�Z � JbW�hY;zLV:<Ui` � ]
Remark 1 [ 7 [ � (“The method of descent” from n = 3 to n = 2). � X<;faKRTX�WYG_LnRTUDXLV:<; ��WkUD`b`MWkX¥l�WYJbEHP<BiR Z 1 [ 7 [ � /Y] l�JVWkE LV:<; "£UdJnan:<:<W �pl�WYJbEHP<BiR Z 1 [ 7 [d\ � ] PS`VUdXSo�Lb:<;UdXS=<;F�I;FX~=_;FXSaF;�WYl

ϕ
RYXS=

ψ
l�JVWkE

x3 Z `M;K;g� � ;cLn� \ � ]��
1 8 8 General hyperbolic equations. Examples of nonhyperbolic equations

General hyperbolic equations with constant coefficients

w ;cL}PS`��SJn`�L}aFWYXS`VUi=_;FJ�Lb:<;�;KOQPSRTLVUDWYX Au = 0
��:<;FJb;

A
UD` ����� � 	 � ������
 � =_U�� ;FJb;FXkLbUDRYB

����� � ��� ��� �@LV:SRTL�UD`�RTX�WY�I;FJnRjLbWYJ�`VPSan:yLV:SRTL�RYBdB�LV:<;}LV;KJVEf`CRYJV;�Lb:<;��SRTJVLVUiRYB�=_;FJbUDhjRjLbUdhk;K`WTlHLV:<;t`VRYE�;vLVWYLbRYB�WYJn=_;FJ
m �

Au(x) ≡
∑

|α|=m

aα∂
α
x u(x) = 0; x = (x1, . . . , xn) ∈ Rn. Z 1 [ 8 [D\^]

$C;FJb;
α = (α1, . . . , αn) � |α| = α1 + · · · + αn

� αk = 0, 1, 2, . . .
�

∂α
x =

∂|α|

∂xα1
1 . . . ∂xαn

n
. Z 1 [ 8 [ � ]
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w ;cLNPS`yBDW£W+"�l�WYJyLV:<;t`MWkBdP<LVUDWYXS`yWTlHLV:<;�L ¢£�I;�WYl�Lb:<;>�<BDRYX<;�� R�hY;K` �
u(x) = f(〈ξ, x〉) = f(ξ1x1 + . . .+ ξnxn); x ∈ Rn, Z 1 [ 8 [ ¦k]��:<;FJb;

f
Ui`z`VWYE�;tl�PSXSa�LbUdWkX¥WYlqWYX<;6hTRTJbUDRYG<Bd; [ �£P<G~`�LbU LbP_LVUDX<o Z 1 [ 8 [ ¦Q] UdXQLVW Z 1 [ 8 [D\^]� ;�oY;FLK��RYXSRTBDWYokWYPS`MBD¢�LVW Z 1 [ 7 [ � ] �

∑

|α|=m

aαξ
αf (m)(〈ξ, x〉) = 0; ξα ≡ ξα1

1 . . . ξαn
n . Z 1 [ 8 [ � ]

�<JbWYE :<;KJV;k�}RY`b`MP<E�UDX<o LV:~RjL
f (m)(z) 6≡ 0

��� ;�oY;cL^�}RYXSRTBDWYokWYPS`MBD¢�LVW Z 1 [ 7 [ � ] ��LV:S;RTBDoY;FGSJbRYUDa¡;^OkP~RjLVUDWYX�WYLyLV:<;tan:SRTJnRYa�Lb;FJbUD`MLVUiaF` Z acWkEx�~RTJb;v��UdLV: Z 1 [ 4 [ � ¦Q]M]c�
Ã(ξ) ≡

∑

|α|=m

aαξ
α = 0. Z 1 [ 8 [0*Y]

9&:<UD`�;KOQPSRTLVUDX<Wg=_;F�SX<;K`yLV:<;tacWkX<;
Q
UdX

Rn � Lb:SRjLNUD`K�
ξ ∈ Q =⇒ tξ ∈ Q; ∀t ∈ R. Z 1 [ 8 [ � ]9&:£PS`F��� ;�`V;F;6l�JVWkE Z 1 [ 8 [ � ] LV:SRTLzLV:<;��SBDRYX<;6� R�hY; Z 1 [ 8 [ ¦k] l�WkJ�RTX3RTJbG<U LbJbRYJV¢l�P<XSa�LbUdWkX

f
`bRjLbUi`��S;^`rLb:<;¡=_U��I;KJV;KXkLVUiRTBC;^OkP~RjLVUDWYX Z 1 [ 8 [D\^] Udl�RYXS=�WkX<Bd¢6U l�Lb:<; ,�� R�hY;�-hY;Ka�LbWYJ

ξ
`bRjLbUD`M�S;^`¤LV:<;tRTBDoY;KG<JnRTUiaN;^OQPSRjLbUdWkX Z 1 [ 8 [0*Y]c[

���������
	��
�
�
1 � 8 �
�
� \Y[ A�hY;^a�LVWkJ ξ ∈ Rn � ξ 6= 0

`bRjLbUD`Ml�¢£UDX<o Z 1 [ 8 [ *k] Ui`yaFRTBDBD;K= Rab:~RTJnRYa�Lb;FJbUD`MLVUia¡X<WYJbEfRTB�WYl�Lb:<;t=_U � ;FJb;FXQLVUiRTB�;^OQPSRjLbUdWkX Z 1 [ 8 [D\^] �
� [ 9&:<;%:£¢Q�I;KJV�<BiRTXS; ξ⊥ ≡ {x ∈ Rn : 〈ξ, x〉 = const} WkJMLb:<WYokWYXSRTBqLbWe`MWkE�;ab:~RTJnRYa�Lb;FJbUD`MLVUia�X<WYJbEfRTB@UD`CaKRTBDBd;^=yR�an:SRTJnRYacLV;KJVUi`�LbUDa�WTl�LV:<;H=_U � ;FJb;FXQLVUiRTB�;^OkP~RjLVUDWYX
Z 1 [ 8 [D\^] �
¦S[ 9&:<;�:£¢£�I;FJn`MP<JVl RYaF;CUDX Rn UD`&aFRTBDBD;K=¤Rrab:SRYJbRka�Lb;FJbUD`MLVUia�:Q¢£�I;KJb`VP<JVl RYac;�WTl ;^OkP~RjLVUDWYXZ 1 [ 8 [D\^] U l�RjLNRTBDB�UdLb`y�IWkUdXQLb`	Lb:<;�LbRTXSoY;FXQL�:Q¢£�I;FJb�<BiRTX<;K`�RTJb;zan:SRYJbRka�LV;KJVUi`MLVUiaF` [

���������
	��
�
�
1 � 8 � � � & OQPSRjLbUdWkX Z 1 [ 8 [D\^] UD`3aKRTBDBd;^= Z `�LbJVUia�LbBd¢ ] :£¢£�I;FJbGIWYBDUDa+UDX$Lb:<;=_UdJb;KacLVUDWYX%WTlHLV:<;tRju_Ui`

Ox1
Udlr;KOQPSRTLVUDWYX Z 1 [ 8 [ *k] WkX ξ1 l�WkJNRTXQ¢��<u_;^=

ξ′ ≡ (ξ2, . . . , ξn) ∈ Rn−1 \ 0 Z 1 [ 8 [ /T]
:SRY`y;cu<Rka�LVBD¢

m
=_U��I;KJV;KXkLNJV;^RTB�JbW£WTLn`

ξ
(k)
1 = λk(ξ′)

�
k = 1, . . . ,m

λ1(ξ
′) < . . . < λm(ξ′). Z 1 [ 8 [ � ]

� ;KWYE�;cLbJVUiaFRYBdBD¢Y�HacWkXS=_UdLVUDWYX Z 1 [ 8 [ � ] E�;KRYXS`�LV:SRTL>LV:<; acWkX<; Q :~RY`>;cu<RYacLVBD¢ m=_U � ;FJb;FXQLNaFWYE��SRYJMLbEx;KXkLn` [
��� ��� ��� � � �<WkJtLV:<; � R�hY;|;KOQPSRjLbUdWkX Z 1 [ 7 [d\�] U Ln`{WYJn=_;FJtUi` m = 2

RYXS=e;KOQPSRTLVUDWYX
Z 1 [ 8 [0*Y] �&;^OkPSUdhTRTBD;FXkLyLVW Z 1 [ 7 [ � ] ��:SRk` 2

JVW_WTLb`
ξ◦ = ±a|ξ| � :<;KXSac;k�

λ1 = −a|ξ| < λ2 = a|ξ|; ξ ∈ R3 \ 0. Z 1 [ 8 [ � ]
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��UdokP<Jb; \Y[0* /_�
A&aKacWYJn=_UDX<oYBD¢k� Lb:<;facWkX<;

Q
:SRk`�L � WNacWkEx�~RTJVLVE�;FXQLb` [ 9&:S;FJb;cl�WYJb;HLV:S;�� R^hk;r;^OkP~RjLVUDWYXUD`y:£¢£�I;FJbGIWYBDUDavUDX�LV:S;>=_UDJb;Ka�LbUdWkX�WYl�Lb:<;>RTu_UD`

Ot [
��� ��� ��� � � �SWYJyLV:<;>;KOQPSRTLVUDWYX

( ∂2

∂t2
− ∆
)( ∂2

∂t2
− 9∆

)

u(x, t) = 0; x ∈ R3, t > 0 Z 1 [ 8 [D\ � ]LV:<;>WYJn=_;FJyUi`
m = 4 �

Lb:<;>an:SRYJbRka�LV;KJVUi`�LbUia¡;KOQPSRjLbUdWkX Z 1 [ 8 [0*Y] :SRY`	Lb:<;zl�WkJVE
(ξ2◦ − |ξ|2)(ξ2◦ − 9|ξ|2) = 0. Z 1 [ 8 [D\Y\^]

� L�:SRk` 4
JbW£WTLn` � ξ◦ = ±|ξ| RTXS= ξ◦ = ±3|ξ| �CRTXS=�:<;FX~ac;

λ1 = −3|ξ| < λ2 = −|ξ| < λ3 = |ξ| < λ4 = 3|ξ|, ξ ∈ R3 \ 0. Z 1 [ 8 [D\ � ]9&:<;FJb;cl�WkJV;vLV:<;tacWkX<;
Q
:SRk`¤l�WkP<JNacWYE��SRYJMLbE�;FXkLn` Z `M;K;>� UDo [}\Y[0* � ]c[

��UdokP<Jb; \Y[0* � �
� 
 � ����������� $�W�� Ui`zLV:<;|`�LbJVUia�L>:Q¢£�I;FJbGIWYBDUiacUdL ¢¥acWYX~=_U LbUdWkX Jb;FBiRjLV;^=¥��U Lb:eacWkXS=_UdLVUDWYX
Z 1 [ 4 [D\Y\�] �
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� ����� � � � �SWYJ}Lb:<;¤`M;^acWkXS=�WYJn=_;FJ};^OQPSRjLbUdWkXS`}��U Lb:>L � WNUDXS=_;F�I;KXS=_;FXQLrhjRTJbUiRTG<BD;K`�LV:<;K¢RTJb;v;^OkPSUdhTRTBD;FXkL [ � XS=_;F;^=@�&UDX�LV:<;taFRY`V;zWTlH;^OkP~RjLVUDWkX Z 1 [ 4 [0/Y] ��;KOQPSRjLbUdWkX Z 1 [ 8 [0*Y] :SRk`LV:<;�l�WYJbE
A(ξ◦, ξ1) ≡ aξ2◦ + 2bξ◦ξ1 + cξ21 = 0 Z 1 [ 8 [D\K¦Q]

� XS=_;KJNaFWYXS=_UdLVUDWYX Z 1 [ 4 [D\Y\�] �&UdLb`�JVW_WTLb`
ξ◦ =

b±
√
D

a
ξ1 Z 1 [ 8 [D\ � ]RTJb;zJV;^RTB�RYXS=�=<U � ;FJb;FXQL [9�R�"£UDX<o>UDX Z 1 [ 8 [ ¦Q] Rt=_Ui`bacWYXQLVUDXQP<WkPS`�l�P<XSacLVUDWYX f(z)

� � ;v`M;K;�LV:SRTLfLb:<;v`MWkBdP<LVUDWYXLVWt;^OQPSRjLbUdWkX Z 1 [ 8 [D\^] aFWYP<Bi=g:SR�hY;NRt=_Ui`bacWYXQLVUDXQP<UdL�¢gRTBDWYX<otRYXQ¢6okUdhY;KX�an:SRTJnRYacLV;KJVUi`�LbUDa:Q¢£�I;FJb�<BiRTX<; Z `M;K; ��;FEfRYJ " 1 [ 2 [d\�]�[
Remark 1 [ 8 [D\ . w ;cL�P~`tLnR�"Y;|Lb:<;%=_UDJV;^a�LbUdWkX+WTl�Lb:<;%an:SRTJnRYa�Lb;FJbUD`MLVUia�X<WYJbEfRTB ξ Rk`R%X<;F��acW£WkJb=_UDXSRTLV;gRju_Ui`F�H`MW%Lb:SRjL>Lb:<;��<BiRTX<;

y1 = 0
aFWYUDXSacUi=_;^`���U Lb:

ξ⊥
�H��:<UDBd;WTLV:S;FJgacW£WkJb=_UDXSRTLV; RTu_;K`

y2, . . . , yn
RTJb;�an:<Wk`V;FX*RYJVGSU LbJbRYJVUDBd¢k�xRk`{BDWYXSo RY`6UdL�Ui`�RBdUDX<;KRYJ�X<WkXS=_;Fok;FX<;KJbRTLV;�an:SRYX<oY;�WTlvhjRYJVUiRTGSBd;^` [ 9&:<;FX �¤RY`6LVP<JbXS`�WYP<L Z �<JbWYG<BD;FE � ] �;KOQPSRjLbUdWkX Z 1 [ 8 [d\�] UdXtLV:<;¤XS;F�+aFW£WYJn=_UDXSRjLb;K`}aFWYXQLbRTUDXS`}LV:S;qLV;FJbE b(m,0,...,0)

∂mu
∂ym

1

��UdLV:LV:<;�l�WYBDBdWj��UDX<ogacW_; �qacUD;FXkL Z acWkEx�~RTJb;v��UdLV: Z 1 [ 4 [ ¦ � ] �@Z 1 [ 4 [ �k� ] � Z 1 [ 4 [ � � ]��
b(m,0,...,0) = Ã(grad y1) = CÃ(ξ) Z 1 [ 8 [D\�*Y]

% P<LvUDX¥h£Ud;K�mWYl Z 1 [ 8 [0*Y] LV:SUD`zaFW£; �qacUD;FXQLvUi`¡;^OkP~RTB�LVW (F;FJbW [ 9&:<;FJb;cl�WkJV;t;^OkP~RjLVUDWYXZ 1 [ 8 [D\^] LbR�"k;K`¤Lb:<;zl�WkJVE
∑

|α|=m,α1≤m−1

bα∂
α
y u(y) = 0. Z 1 [ 8 [d\ � ]

9&:<UD`5�<JVWk�I;FJVL ¢ WTl{LV:<;ehY;Ka�LbWYJ
ξ
Ui`%PS`VPSRTBDBD¢4LnR�"Y;KX�Rk` LV:S;e=_;F�SX<UdLVUDWYX�WYltLb:<;ab:SRYJbRka�Lb;FJbUD`MLVUiagX<WkJVEfRYB Z `M;K;¥� ��BiR / �_� � BD; / �£� � ;cLb� \ �x9C�_�Y�j� ]c[ � L�UD`{LVJnRTX~`M�SRYJV;KXkLl�JVWkE Z 1 [ 8 [D\ � ] ��:Q¢*`MWkBDP_LVUDWYXS`6LVW3;^OQPSRjLbUdWkX Z 1 [ 8 [D\^] acWkP<BD=*:SR�hY;5=_Ui`VacWkXkLbUdX£P<U LbUD;K`RTBDWYX<o5LV:S;|:Q¢£�I;KJV�<BiRTXS;

ξ⊥ [ 9&:<Ui`tUi`tGI;KaFRYPS`V;�;KRkab:eLV;KJVE UdXp;^OQPSRjLbUdWkX Z 1 [ 8 [D\ � ]acWYXQLbRYUdXS`gRjLgBD;KRY`ML�WkX<;5=_;FJbUdhTRjLVUDhY;���U Lb:7Jb;K`V�I;Ka�L�LVW
y2, . . . , yn [  WkXS`M;^OkPS;FXkLbBd¢k�RTXQ¢6l�P<XSa�LbUDWYX|WTl

y1
`bRjLbUD`M�S;K`f;KOQPSRTLVUDWYX~` Z 1 [ 8 [d\ � ] RYXS= Z 1 [ 8 [D\�] � UDX��~RTJVLVUiacP<BiRTJ^� RTXQ¢=_UD`bacWkXkLbUdX£P<WYPS`	l�P<XSacLVUDWYX5WTl

y1 Z acWYE��SRYJV;z��UdLV: ��;FEfRTJ " 1 [ 4 [d\�]�[ �W�� BD;cL�PS`zacWkXS`VUD=_;KJ¡LV:<;�;KOQPSRjLbUdWkX
Au = 0

��:<;FJb;
A
Ui`zR|ok;FX<;KJbRYB ����� � ���

� ��	�� ������
 � Wk�I;FJnRjLVWkJ �
∑

|α|≤m

aα∂
α
x u(x) = 0; x ∈ Rn. Z 1 [ 8 [D\ /Y]

��; XSW�BDWYXSoY;FJ "£X<Wj�2LV:<;%`MWkBDP_LVUDWYXS`tLVW�LV:SUD`6;KOQPSRTLVUDWYXpUDXpLb:<;|l�WkJVE WYlyLb:<;�<BDRYX<;g� R�hY;^` [ % P_L^��G£¢�LV:<;|=_;F�SX<UdLVUDWYX��HUdLtUD`tRYaKac;F�_Lb;K=¥Lb:SRjL>LV:S;�an:SRYJbRka�LV;KJVUi`�LbUia;KOQPSRjLbUdWkX l�WYJ Z 1 [ 8 [d\�/T] UD` Z 1 [ 8 [0*Y] � Lb:SRjLNUD`K�&� ;�WkExUdLyLb:<;�BDWj� ;FJyWkJb=<;FJ	LV;FJbEf` [��; "£X<Wj� Lb:SRjL�`MWkBdP_LbUdWkXS`�LVWp;^OkP~RjLVUDWYX Z 1 [ 8 [d\�] acWkP<BD=4:SR�hY;�=_Ui`VaFWYXkLbUdX£P<UdLVUD;K`RTBDWYX<o{RTX£¢�oYUDhY;FX|an:SRYJbRka�LV;KJVUi`�LbUiay:Q¢£�I;FJb�<BiRTX<; [ � L¤LVP<JbXS`qWkP_LqLV:~RjLqLb:<Ui`qUi`¤RTBi`VW�Lb:<;aFRY`V;Nl�WYJ	;KOQPSRTLVUDWYX Z 1 [ 8 [d\�/T] Udl�UdL	Ui`	`�LbJVUia�LbBD¢g:Q¢£�I;FJbGIWYBDUDa [ 9&:S;¡l�WYBDBdWj��UDX<o{;cu<RTE��<BD;`M:<Wj�C`}LV:~RjLK� Udl�LV:S;¤:Q¢£�I;FJbGIWYBDUDaFU L�¢�aFWYXS=_UdLVUDWkXtUD`HX<WYLr`bRjLbUD`M�S;^=@� LV:<Ui`HEfR�¢zXSW¡BDWYX<oY;KJGI;zLV:<;taFRk`M; �
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Examples of nonhyperbolic equations��;KoY;FXS;FJnRjLV;zWkJy�SRYJbRYG~WkBDUDa¡:<;^RjL�;^OkP~RjLVUDWYX Z `M;K;>AC�<�I;KXS=_Udu ]��
∂u

∂t
= a2∆u(x, t); x ∈ R3, t > 0. Z 1 [ 8 [D\ � ]

�<WkJ	LV:SUD`�;KOQPSRTLVUDWYX Lb:<;>an:SRTJnRYacLV;KJVUi`�LbUDa¡;^OQPSRjLbUdWkX Z 1 [ 8 [0*Y] :SRY`	LV:S;zl�WkJVE
0 = a2|ξ|2 ⇐⇒ ξ = 0. Z 1 [ 8 [D\ � ]

� L =_W£;^`gX<WTL|:SR�hY;%LV:S;�JbW£WTLn` ξ◦(ξ) l�WkJ ξ 6= 0
�	:S;FXSac;k�¤Lb:<;�:<;KRTL|;KOQPSRjLbUdWkX4UD`X<WTL�:£¢£�I;FJbGIWYBDUDavUDX

t Z U LNUi`�aFRYBdBD;K=��SRYJbRYG<�<BDUDavUDXS`MLV;KRk= ]�[ 9&:<;tacWYXS; Q acWkXS`MUi`MLb`yWTlhY;Ka�LbWYJn`	�SRTJnRTBDBd;KB�LVW�LV:S;>RTu£Ui`
Ot �
Q = {(ξ◦, 0, 0, 0)} , Z 1 [ 8 [ � � ]��:<;FJb;

ξ◦
Ui`�RYJVG<UdLbJbRYJV¢ [

� UDoYPSJV; \Y[0* � �

9&:<; an:SRTJnRYacLV;KJVUi`�LbUDa :Q¢£�I;KJ ��<BiRTX<;^` RYJV; oYUDhY;FX GQ¢ ;KOQPSR �LVUDWYXS`
t = const

RTXS= RYJV;WYJVLV:<WkoYWYX~RTB LVW LV:S; Rju_Ui`
OtZ ��UDo [}\Y[0* � ]c[

� 
 ����� ������� � `�UdLgLVJbP<;%LV:SRTL�;KOQPSR �LVUDWYX Z 1 [ 8 [D\ � ] :~RY`5`VWYBDP_LbUdWkXS`%��UdLV:=_Ui`VaFWYXkLbUdX£P<UdLVUD;K`4RTBDWYXSo LV:<;��<BiRTX<;^`
t = const �� ����� � � �  CW~� U LyUi`¤X<WYL¤LbJVP<; [ 9&:<UD`UD`�GI;KaKRTPS`V;�;KOQPSRjLbUdWkX Z 1 [ 8 [D\ � ] UD`�X<WTL:Q¢£�I;FJbGIWYBDUDa RTXS=�GI;^aFRTP~`M; � ; X<;KoYBD;KacLV;K=�Lb:<; LV;KJVE ∂u

∂t

��:<;FX���JVUdLVUDX<o�LV:S; an:SRYJbRka�LV;KJVUi`�LbUDa;KOQPSRjLbUDWYX Z 1 [ 8 [d\ � ]�[A�`rLV:<;yEfRTLMLV;KJxWYlCl Rka�LK� RTBDB&`VWYBDP_LbUdWkXS`HLVWzLV:<;�:<;KRTLx;^OkP~RjLVUDWkX6RYJV;y`ME�W£WYLV: [ � XLV:<;	WTLb:<;FJr:SRYXS=@� UdLx:SRY`r`VWYBDP_LVUDWYXS`�LV:SRTL�RTJb;¤`ME�W£WYLV:tWkX>Lb:<;yab:SRYJbRka�Lb;FJbUD`MLVUia��<BiRTX<;^`
t = const

G<P_LNX<WYLNRTXSRYBd¢QLbUDa [
��� ��� ��� � � 9&:S;zl�P<XSa�LbUDWYX

E (x, t) =

{

1
(2πt)3/2 e

− |x|2

2t , t > 0,

0, t ≤ 0 x ∈ R3
Z 1 [ 8 [ � \�]

\k[ `VRTLVUi`��~;K`�LV:<;|:<;^RjLt;^OQPSRjLbUdWkX Z 1 [ 8 [D\ � ] ;FhY;KJV¢£��:<;KJV;gUDX R4 �H;Fu<ac;F�<L>l�WYJ>Lb:<;�IWYUDXkL
t = 0
�
x = 0 �

� [ �<WkJ t 6= 0
WkJ

x 6= 0
UdL�Ui`�`VE�W£WTLb: �

¦S[ A L t = 0
�
x 6= 0

UdLNUD`yXSWTLNRTX~RTBD¢kLbUia [
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Problem 1 [ 8 [D\ . � JVWjhY;vLb:<;>`MLbRTLV;KEx;KXkLn` \^] � � ] � ¦k] l�WkJVEHP<BiRjLb;K=%RTGIWjhY; [
w ;cL	PS`¤�IWkUdXQL	WYP_L¤Lb:SRjL	Udl�� ;vJb;FE�WjhY;�Lb:<;¡LV;KJVE ∂u

∂t

l�JbWYE�;KOQPSRTLVUDWYX Z 1 [ 8 [d\ � ] �LV:<; JV;^`MP<BdLVUDX<o+;^OkP~RjLVUDWYX
0 = ∆u

�NWYG£hQUDWYP~`MBD¢Y��:SRY`�`MWkBdP<LVUDWYXS` =_Ui`bacWYXQLVUDXQP<WkPS`|WkXRTXQ¢ oYUDhY;FXpan:SRTJnRYacLV;FJbUi`�LVUia�:Q¢£�I;FJb�<BiRTX<;
t = const �

l�WkJt;cu<RTE��<BD;Y�H� ;|acWkP<Bi= LbR+"Y;l�P<XSa�LbUdWkXS`%WTltLb:<; l�WYJbE
u(x, t) ≡ f(t)

�¡��:S;FJb;
f(t)
Ui`��<UD;KaF;F��Ui`M;3acWkXkLbUdX£P<WYPS` [9&:<;FJb;cl�WkJV;k��aFWYXQLVJnRTJb¢%LVW�Lb:<;�aFRk`M;�WTl	X<WYXS=_;KoY;KX<;FJnRjLb;{;^OQPSRjLbUdWkXS`F��LV:<;g�SJVWk�~;KJMLbUd;^`WTlx`MWkBdP<LVUDWYXS`¤LbW�=_;Fok;FX<;KJbRTLV;z;KOQPSRTLVUDWYXS`y`MLVJbWYXSoYBD¢�=<;F�I;FXS=%WYX%BdWj� ;KJyWYJn=_;FJ	LV;KJVEf` [� 
 � ����������� � ` U L%�IWk`b`MUDG<BD;�LVW+�SX~=�LV:S;¥Jb;FoYUDWYX WTl{=_;F�I;FX~=_;FXSaF;�l�WkJ�R+oY;FXS;FJnRTB;KOQPSRjLbUdWkX Z 1 [ 8 [D\ /Y] ��UdLV:gLb:<;¡RTUi=�WTl}ab:SRYJbRka�Lb;FJbUD`MLVUiaF`K� Rk`�UdX �£;^a�LbUdWkX 1 [ 4 � � XgWYLV:<;KJ� WYJn=<`K� UD`yLV:<;>:Q¢£�IWTLb:<;K`VUD`	l�JbWYE �£;^a�LbUdWkX

1 [ 7 :SWYBi=<`	l�WYJyLV:<Ui`�;KOQPSRjLbUdWkX �
� ����� � � � 9&:SUD`t:£¢Q�IWYLV:<;^`MUi`>Ui`>LVJbP<;|UdXS=<;F;K=3l�WkJ{R�`MLVJbUia�LVBD¢ :Q¢£�I;FJbGIWYBDUia�;^OkP~RjLVUDWYX
Z #�PS`ML¡RY`	l�WYJyLV:S;�� R�hY;z;^OkP~RjLVUDWYX�l�JVWkE �£;KacLVUDWYX 1 [ 7 ]�[ �£;K;g� %��£� / �^� [
Remark 1 [ 8 [ � . � XeR5ac;FJVLnRTUDX3`M;KXS`M;k��Lb:<UD`>:Q¢£�IWYLV:<;^`MUi`zUi`>RYBD`VW�LVJbP<;�l�WYJ�LV:S;g:<;^RjL;KOQPSRjLbUdWkX Z 1 [ 8 [d\ � ]�[  �RYEx;KBd¢k� Bd;FL¤PS`	acWkXS`MUi=_;FJqLV:<;  RTP~ab:£¢��<JVWkG<BD;FE l�WYJ¤;^OkP~RjLVUDWYXZ 1 [ 8 [D\ � ] ��UdLV:%LV:<;>UDX<U LbUiRTB}=SRjLbR

u
∣

∣

∣

t=0
= ϕ(x). Z 1 [ 8 [ � � ]

�<WkJ3RYXQ¢m�IWYUDXkL
(x◦, t◦), x◦ ∈ R3, t◦ > 0

Lb:<;4an:SRYJbRka�LV;KJVUi`�LbUiap:Q¢£�I;FJb�<BiRTX<;�SRY`b`MUDX<o¥LV:SJVWkP<oY:*UdL�Rk`6P<X<UiOQP<;5RYXS=+okUdhY;KX*GQ¢
t = t◦ [ � L�=_W_;K`6XSWTLgUDXkLV;KJb`V;KacLLV:<;z:Q¢£�I;FJb�<BiRTX<;

t = 0
RjLyRTBDB � WYJ	UdXS`MLV;^RY=|WYX<;zaFRYX�LV:SUdX "�LV:SRTL¤LV:<;K¢�UdXQLV;FJn`V;Ka�LyRTLUdX_�~X<U L�¢ [ 9&:<;�JV;KoYUDWYX�acWYXQLbRYUdX<;^= ,MUDXS`MUi=_; -¤LV:<;�UDXkLb;FJn`M;^a�LVUDWYX~`rWYl�LV:<;Nan:SRTJnRYacLV;KJVUi`�LbUDaK`��U Lb:p�<BiRTXS;

t = 0
UD`>Lb:<;|;KXkLbUdJb;|:Q¢£�I;FJb�<BiRTX<;

t = 0 [ � X~=_;F;^=@�HLb:<Ui`tUi`t�<Jb;KaFUD`V;FBD¢LV:<;zJb;FoYUDWYX|WTlH=_;F�I;KXS=_;FX~ac;vl�WYJ¤LV:<;z:<;^RjL	;KOQPSRTLVUDWYX [ 9&:<UD`yaFRTX GI;z`V;F;KX�l�JbWYE2Lb:<;
��WkUD`b`MWkX3l�WYJbEHP<BiR%l�WYJtLV:S; `VWYBDP_LVUDWkX3LVW�Lb:<;  RYPSan:Q¢ �<JbWYG<BD;FE Z 1 [ 8 [d\ � ] � Z 1 [ 8 [ � � ]Z `V;F;g� ��BiRY�Y�_� ��;FLb� \ ��9C�_�k��� ]��

u(x, t) =
1

(2πat)3/2

∫

R3

e−
|x−y|2

2at ϕ(y) dy. Z 1 [ 8 [ � ¦k]
9&:<UD`|E�;KRTX~`�Lb:SRjL|LV:S;�`V�I;F;K=4WYlz�SJVWk�SRToQRjLVUDWYX7WTl��I;FJVLVP<JbGSRTLVUDWYXS`�l�WkJgLb:<;�:<;KRTL;KOQPSRjLbUdWkX�Ui`y;KOQPSRYB�LbWgUdX_�~X<U L�¢ [
��� ��� ��� � � 9&:S; w RY�<BDRkac;z;KOQPSRTLVUDWYX Z U LNUi`y;FBDBDUd�_LbUDaY�C`M;K;�A��<�I;FX~=_U u ]c�

∆u(x) ≡ ∂2u

∂x2
1

+
∂2u

∂x2
2

+
∂2u

∂x2
3

= 0; x ∈ R3 Z 1 [ 8 [ � � ]
� LxUD`HWkG_LbRYUdX<;^=�l�JbWYE Lb:<;¤� R�hY;q;KOQPSRTLVUDWYX Z 1 [ 7 [d\�] RYXS=�l�JbWYE Lb:<;¤:S;KRjLr;^OkP~RjLVUDWYXZ 1 [ 8 [D\ � ] ��:<;KX u

=<W£;K`�X<WTL¥=_;K�I;FXS= WkX
t [ 9&:S;K`V;pRYJV;p`MW � aKRTBDBd;^=�`�LnRjLbUdWkXSRTJb¢`MWkBdP_LbUDWYXS` [ � :£¢_`MUiaFRYBdBD¢Y�HLV:<;K¢3=_;^`VaFJVUDGI;gLV:S; `�LnRjLbUdWkXSRTJb¢¥`MLbRjLb;K`tWTl Z 1 [ 7 [D\^] WYJ>Lb:<;BdUDE�U LbUdXSotLb;FE��I;FJnRjLbP<JV;v=_Ui`�LbJVUDG<P_LbUdWkXS`

t→ +∞ l�WYJ	`VWYBDP_LVUDWYXS`qWTl};^OkP~RjLVUDWYX Z 1 [ 8 [D\ � ]RTXS=%RTJb;zWTlr�SRTJVLbUDaFP<BDRYJ	UDXkLb;FJb;K`ML�UdX�RT�<�<BDUiaFRjLbUdWkXS` [�SWYJ Z 1 [ 8 [ � � ] �&Bd;FL�P~`	�SXS=�LV:<;>�<BiRTX<;�� R�hY;�`VWYBDP_LVUDWYXS` �
u(x) = f(〈ξ, x〉) = f(ξ1x1 + ξ2x2 + ξ3x3), x ∈ R3. Z 1 [ 8 [ � *k]
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�£P<G~`�LbU LbP_LVUDX<o�UDXkLbW Z 1 [ 8 [ � � ] �&� ;�WkG_LbRYUDX���RY`�RTGIW�hk;Y�
f ′′(〈ξ, x〉)ξ21 + f ′′(〈ξ, x〉)ξ22 + f ′′(〈ξ, x〉)ξ23 = 0, Z 1 [ 8 [ � � ]oY;cLVLVUDX<o�LV:<;tan:SRTJnRYacLV;FJbUi`�LVUia¡;KOQPSRTLVUDWYX

ξ21 + ξ22 + ξ23 = 0. Z 1 [ 8 [ � /Y]
� Lyl�WkBdBDW��C`	LV:SRTL

ξ1 = ξ2 = ξ3 = 0. Z 1 [ 8 [ � � ]
� ����� � 
 ������� � & OQPSRTLVUDWYX Z 1 [ 8 [ � � ] UD`�X<WTL�:£¢Q�I;KJVGIWkBdUia Z UDX5;FUdLV:<;KJ�hjRTJbUiRTG<BD; ]c[
� 
 � ����������� ��W_;K`�Lb:<UD`�E�;^RTX�LV:~RjL�LV:<; w RT�<BiRYaF;�;KOQPSRTLVUDWYX>:SRY`}X<Wv`MWkBdP_LbUdWkXS`�`MUDE�UdBiRTJLVW�LV:S;��<BiRTXS;z�&R^hY;^` �
� ����� � � �  CW~� UdL	=_W£;K`fX<WYL [�w ;cL¤PS`¤acWYX~`MUi=_;FJfLV:<;vaFWYE��<BD;cug`VWYBDP_LbUdWkXS`xLbW Z 1 [ 8 [ � /T] �l�WYJ�;cu<RTE��<BD;Y�

ξ1 = i
√

ξ22 + ξ23 ; (ξ2, ξ3) ∈ R2. Z 1 [ 8 [ � � ]
% P_LtLV:<;KXeLV:<;|l�P<XSa�LbUdWkX

f(z)
UDX Z 1 [ 8 [ � *k] `V:<WYP<Bi=3GI; =_;FLV;FJbE�UdXS;K=3l�WYJ6acWYE��<BD;cuhjRTBDP<;^`CWYl

z [ �NWYJb;FWjhY;FJ^�IUDXNLb:<;H�SJn`�L�LV;FJbE UDX Z 1 [ 8 [ � � ] � f ′′(〈ξ, x〉) Ui`CLb:<;x=_;FJbUDhjRjLbUdhk;WTl
f
UDXzLb:<;q=_UDJb;Ka�LbUdWkXzWYl Lb:<;fUdEfRYoYUDXSRTJb¢¡Rju_Ui`F� ��:<UDBD;�UDX�LV:<;q`V;KaFWYXS=�RYXS=vLV:S;�LV:<UDJb=

�
UDX5Lb:<;{=_UDJb;Ka�LbUdWkX5WYlrLb:<;tJb;KRYB�Rju_Ui` ��9&:<;FJb;cl�WkJV;k�&LVW aKRTXSaF;FB

f ′′
WYP<L¡WTl Z 1 [ 8 [ � � ]RTXS={LVW�oY;FL Z 1 [ 8 [ � /T] � � ;	XS;F;K= f(z)

LbWz:SR�hY;¤Lb:<;�`bRTE�;	hjRYBdPS;K`rWTl�LV:<;N=_;FJbUdhTRjLbUdhY;^`UdX*LV:S;5=_UdJb;KacLVUDWYXS`6WYlNLV:<;%Jb;KRYByRTXS=+UDEfRTokUdXSRYJV¢eRTu_;K`�RjL�;^RYan:*�IWYUDXkL [ % P_L^�¤RY`
"£X<W���Xel�JVWkE LV:<;|LV:<;KWYJb¢¥WYl	l�P<X~a�LVUDWYX~`tWYl�aFWYE��<BD;cu3hjRYJVUiRTG<BD;Y��LV:<Ui`{Ex;^RTXS`>Lb:SRjL
f(z)
Ui`NRYXSRTBD¢QLVUia �  WkXS`V;KOQP<;FXQLVBD¢Y�

u(x) = f(〈ξ, x〉) Ui`NRYBD`VW�RTX�RTX~RTBD¢kLbUiavl�P<XSacLVUDWYXWTl¡JV;^RTB¤hTRTJbUDRYG<BD;K`
x1
�
x2
�
x3
RTXS=*aKRTX*X<WTL�GI;5=_UD`bacWkXkLVUDXQPSWYPS` [ �<WkJ6;Fu_RYE��<Bd;k�

u(x) = 〈ξ, x〉3 = (x1i
√

ξ22 + ξ23 + ξ2x2 + ξ3x3)
3 [

� ��� ���������	�
1 � 8 �
�
� � � � � ��� 

� ����� � � � ������
 � ��� ���	� �
� 
 �����������

1
�
8
������� ��� ��� ��� �

��� � � � ��� � � ����� ��� ����� � � ����� ��� � ��� ��� ��� ����������� ����� � �
� 
 � � � � �	� ��� � � � � ����� ��
 � �

 � ����� � � ��

��� ������
 	 ��� ������� ����� � ����� ���	� � ��� � � � � � � 
 �	� � � � 

��������� ����� ����� ��� � ����� �
��

� � ���	� � ��� ���	� � � � � � � ��� � ����

� � ���	� � ���

C3 �
� � � 

��� � ��

� ������� ��� � ��� � � � � 

��������� � � ������
 ��� � � ��� ��� 
 ��� ����� ��� � ��� ��� ��� ���

�
� � ���� ��"! � �$#&%(' �

The shock waves and the Vavilov-Cherenkov radiation

w ;cLfPS`facWkXS`MUi=_;KJrLb:<;�;FBD;Ka�LbJVWkEfRToYXS;cLVUiaq�S;FBi=�WTl�R�an:SRTJboY;¤LV:~RjLfUD`�E�W�h£UDX<o�`MLV;^RY=_UDBD¢UdX*R�ac;KJMLnRTUDXp`VP<GS`MLbRTX~ac; [ � lNUdLb`{hY;FBDW_acUdL�¢ UD`{;KOQPSRYBfLVW v RYXS=eUdL6ExWjhY;K`tUDXeLb:<;�IWk`VU LbUdhY;�=_UDJb;Ka�LbUdWkX6WYl�LV:<;NRju_Ui`
Ox1
� LV:S;FXgU Ln`x;KBd;^a�LbJVWkE�RYoYX<;FLVUiaf�~;FBi=6Ui`�=_;^`VaFJVUDGI;K=GQ¢|l�WYP<J��IWTLb;FXQLVUiRTBi`F�&;KRkab:%WTlHLV:S;FE :SR�h£UdX<o�LV:<;�l�WYJbE

ϕ(x, t) = u(x1 − vt, x2, x3) Z 1 [ 8 [ ¦ � ]



����� ����	
����
�� � ������� �����
	 � �
1 � 8 � /

RTXS=�`bRjLbUD`M�S;K`�LV:S;3�&R^hY;3;KOQPSRjLbUDWYX Z 1 [ 7 [d\�] ;KhY;FJb¢£��:<;FJb; R�� R�¢4l�JbWYE Lb:<;e�IWYUDXkL
(x1 − vt, 0, 0) ≡ 0

��:<;FJb;�LV:S;{ab:SRYJVok;�Ui`�BDW_aKRjLV;^= [ 9&:<;thjRTBDP<;>WYl a UDX Z 1 [ 7 [D\^] Ui`oYUDhY;FXeGQ¢
a = cb

�r��:<;FJb;
cb
UD`�Lb:<; `M�I;K;K=3WTlyBDUdok:kLtUDX3Lb:<;|`VP<GS`MLbRYXSac; [�w ;FLtPS`�IWYUDXkL	WYP<LqLb:SRjL

cb < c
� ��:<;KJV;

c
Ui`fLb:<;z`V�I;F;^=�WTl�BdUDoY:QL	UdX|Lb:<;vhjRkacP<P<E�� ��:SUdBD;

vacWYPSBD=�GI;�oYJb;KRTLV;KJ	WYJ�`VEfRTBDBd;KJ	LV:~RTX
cb Z G<P<LNBd;^`V`	Lb:SRTX c ]c[�£P<G~`�LbU LbP_LVUDX<o Z 1 [ 8 [ ¦ � ] UDXkLVW Z 1 [ 7 [D\^] �&� ;�ok;cLyLV:S;�;^OkP~RjLVUDWYX

v2 ∂
2u

∂x2
1

(x1 − vt, x2, x3) = c2b

(∂2u

∂x2
1

+
∂2u

∂x2
2

+
∂2u

∂x2
3

)

, x 6= x(t), Z 1 [ 8 [ ¦S\^]
l�JVWkE ��:S;FJb;Y�|=<;FX<WYLVUDX<o

x1 − vt = y1
�|� ; oY;FLeLV:S;�l�WYBDBdWj��UDX<om;KOQPSRjLbUdWkX l�WYJ

u(y1, x2, x3) �
(c2b − v2)

∂2u

∂y2
1

+ c2b

(∂2u

∂x2
2

+
∂2u

∂x2
3

)

= 0, (y1, x2, x3) 6= 0. Z 1 [ 8 [ ¦ � ]
 :SRTJnRYacLV;FJbUi`�LbUDa¡;^OkP~RjLVUDWYX Z 1 [ 8 [0*Y] LV:SRTLNacWkJVJb;K`V�IWYXS=<`qLbW Z 1 [ 8 [ ¦ � ] Ui`yokUdhY;KX�GQ¢

(c2b − v2
b )ξ21 + c2b(ξ

2
2 + ξ23) = 0. Z 1 [ 8 [ ¦Y¦k]

�SJVWkE�:<;FJb;Y� � ;z`V;F;¡LV:SRTL \�] ��:<;FX v < cb
� ;KOQPSRjLbUdWkX Z 1 [ 8 [ ¦ � ] =_W£;^`qXSWTL	:SR�hY;Z Jb;KRTB ] an:SRTJnRYacLV;FJbUi`�LbUDaK` Z Lb:<;	`bRTE�;fUi`�LVJbP<;fl�WYJ�Lb:<; w RY�<BDRkac;f;^OQPSRjLbUdWkX ]�[ � LrUi`�WYl Lb:<;;FBDBdUD�_LbUDa¡L�¢£�I; Z `V;F;�AC�S�I;FXS=_Udu ]�[ � LyLVP<JbXS`	WYP_L	Lb:SRjL�RYBdB�UdLb`y`VWYBDP_LVUDWkXS`	RTJb;v`VE�W£WTLb:��LV:SRTL{Ui`K�HLV:S;|;KBd;^a�LbJVWkE�RYoYX<;FLVUia6�~;FBi=p=_W£;^`>XSWTL{:~R^hY; `MUDX<okP<BDRYJVUdLVUD;K`�l�WkJ

x 6= x(t) �
� ] ��:<;KX v > cb

� ;^OkP~RjLVUDWYX Z 1 [ 8 [ ¦ � ] Ui`x:£¢Q�I;KJVGIWkBdUia¤UDX y1 � RYXS=@� aFWYXS`V;KOQP<;KXkLVBD¢k� :~RY`=_UD`bacWkXkLbUdX£P<WYPS`�`VWYBDP_LVUDWYX~`�`VUdE�UDBDRYJCLVWqLb:<;r�<BDRYX<;H� R�hY;K` [ �SWYJ�LV:<;xan:SRTJnRYa�Lb;FJbUD`MLVUia}aFWYX<;
Q
Jb;F�<Jb;K`V;FXQLV;K=6G£¢{;KOQPSRTLVUDWYX Z 1 [ 8 [ ¦k¦k] � RY`x� ; "£X<Wj�*l�JbWYE2�£;^a�LVUDWYX 1 [ 7 � LV:<;KJV;�Ui`fRacWYJbJb;K`V�IWYXS=_UDX<o ,MWYJVLV:SWYoYWYXSRYB -van:SRTJnRYacLV;FJbUi`�LbUDavaFWYX<;

K
=<;K`VaFJVUDGI;K=�GQ¢|LV:<;>;KOQPSRjLbUDWYX

c2by
2
1 + (c2b − v2)(x2

2 + x2
3) = 0 Z 1 [ 8 [ ¦ � ]

� UDoYPSJV; \k[ �k� �

� L�LVPSJVXS`�WkP_L@Lb:SRjL�Lb:<; aFWYXS`VUD=<;FJb;K=�`VWYBDP_LVUDWYX
u
��UDBDB�GI;gUDX_�SX<UdLb;gUDX Lb:<;��SRTJVL�WYl	R5acWkX<;
Z 1 [ 8 [ ¦ � ] ��:<;KJV; y1 < 0 [ �SJbWYE Z 1 [ 8 [ ¦ � ]� ;+oY;FL�LV:<;*;KOQPSRTLVUDWYX WTlgLV:<;7`VP<JVl�Rkac;+WTl`MUDX<oYP<BiRYJVUdLVUD;K`	WTlr�IWTLb;FXkLbUDRYB Z 1 [ 8 [ ¦ � ]��
c2b(x1 − vt)2 = (v2 − c2b)(x

2
2 + x2

3),

x1 − vt < 0. Z 1 [ 8 [ ¦ *Y]
�<WkJ	;^RYan:|�<u_;K=

t
LV:<Ui`�`MP<JVl RYaF;vUdX

R3 Ui`R�acWkX<;|��UdLV:7R�hY;KJMLb;cupRjL{LV:<;��IWYUDXkL
x(t)��:<;FJb;CLb:<;�ab:SRYJVok;CUi` BDW_aFRTLV;^= Z `V;F;���UDo [I\k[ � \^]c[ACBDWYX<ozLV:SUD`f`VP<JVl�Rkac;	LV:<;��IWTLb;FXQLVUiRTBi`�RTXS={Lb:<;�S;FBi=eUDXkLb;FXS`VU L�¢eRTJb;�UDX_�SX<UdLV;k��RTXS=3LV:S;|E�WYBD;KaFP<BD;K`tWTlyLV:<; EfRjLMLb;FJ6RjL{LV:<; �IWYUDXkLb`WTl�Lb:<;*aFWYX<;pGI;^acWYE�;+;cu_U Lb;K= RTXS=m;FE�UdL�LV:S;+BDUdok:kL [ 9&:<Ui`�UD`�LV:S;*`M;KBd;KG<JnRjLV;^=� R^h£UDBDW�h �  :<;FJb;FX "YW�hgJnRY=_UiRjLbUdWkX [
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��UDoYP<Jb; \k[ � \Y�

9&:<;�`bRTE�;�`MUdLVPSRTLVUDWYX RTJbUD`V;K`g��:<;FX WYX<;UD`%LVW7�~XS= LV:<;p`VWYP<XS= ok;FX<;KJbRTLV;K=�G£¢ LV:<;GIW_=_¢5ExWjh£UdXSo�Lb:<JbWYP<ok:5Lb:<;�RTUDJ � LV:S;FJb;6RTJb;X<WN�<Jb;K`b`MP<Jb;�#�P<E��S`}l�WkJ
v < csound

��G<P_LHLV:<;
#�P<E��S`HRT�<�I;^RTJ�l�WYJ

v > csound [ 9&:<Ui`}Ui`}��:Q¢GI;F:<UDXS=�Lb:<;t`VP<�I;FJn`MWkX<Uiav�<BiRTX<;�LV:S;FJb;�Ui`yLV:<;`M:<W<a "g� R�hY;¡BDW_aKRjLV;^=�WYX|Lb:<;�acWYX<; Z 1 [ 8 [ ¦ *Y] �LV:SRTL>UD`K��Lb:<;g�<Jb;K`b`VP<JV;�UD`>=_Ui`bacWYXQLVUDXQP<WkPS`�RTLLV:<;>�IWYUDXkLn`yWTlHLV:<;tacWkX<; Z ��Udo [�\k[ � � ]�[

��UdokP<Jb; \Y[ � � �
��; :<;KRYJ%R+GSRTX<o*��:<;KX Lb:<; �<Jb;K`b`MPSJV;l�JVWkXkL¡�SRk`V`V;K`�WYP<J¡;KRYJ Z `V;F;{��Udo [�\Y[ � � ]�[ 9&:<;{acWkX<Uiazl�JbWYXkL¡WYlrLb:<UD`v`M:SW_a "�� R�hY;>UD`aFRTBDBD;K=|Lb:<; �¡RYan:%aFWYX<; [
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2 8 1 Derivation of the heat equation�z;{acWkXS`MUi=_;FJNR�`MLVJnRTUDoY:kL�:SWYE�WYok;FX<;FWkPS`	E�;cLnRTB}JbW_=�WTlxBD;FX<oYLV:
l [ ��;tan:<W£Wk`V;vLb:<;Rju_Ui`

x
RTBDWYX<o¡LV:S;	JbW_=@� RTX~=tBD;cL

x = 0
GI;¤Lb:<;yBd;Fl L�;FXS={WYlCLV:<;yJVW_=�� `MWvLV:SRTL

x = lUD`zUdLb`�JVUDoY:QLz;FX~= [ ��;KX<WTLb;�GQ¢ u(x, t) LV:<;�LV;FE��I;KJbRTLVP<Jb;6WTlqLV:<;gJVW_=¥RjL>R��IWYUDXkL
x
RTL>LV:<;|ExWkE�;FXkL

t > 0 [ � L>LbP<JbXS`>WYP_L>Lb:SRjL u(x, t) `VRTLVUi`��~;K`zLb:<;|=_U�� ;FJb;FXkLbUDRYB;KOQPSRjLbUdWkX%aFRYBdBD;K= LV:<;>:<;^RjL�;KOQPSRTLVUDWYX��
∂u

∂t
= a2 ∂

2u

∂x2
(x, t) + bf(x, t) Z 2 [ 1 [D\^]

��:<;FJb;
f(x, t)

Ui`vLV:<;�=_;FXS`VUdL ¢�WTlfLb:<;�;cu£Lb;FJbXSRTBr:<;^RjL>`MWkP<Jnac;6RTLvLb:<;��IWYUDXkL
x
RjLLV:<;vE�WYE�;FXQL

t [ 9&:<Ui`qE�;KRYXS`fLV:SRTLqLb:<;v�<UD;Kac; [x, x+ ∆x]
WTl�Lb:<;vJVW_=�=<P<JVUDX<otLV:<;LVUDE�;¤UDXkLb;FJbhjRTB l�JVWkE

t
P<XkLbUdB

t+∆t
Jb;KaF;FUDhY;K`}l�JbWYE LV:S;¤WkP_Lb`VUD=<;qLV:<;yRTE�WYP<LHWYl�:S;KRjL;KOQPSRTB�LbW

Qexternal = f(x, t)∆x∆t. Z 2 [ 1 [ � ]
w ;cL�PS`N=_;FJbUDhY; Z 2 [ 1 [d\�]�[ �SWYJ	Lb:<Ui`F��� ;���JbUdLV;>=_Wj��X Lb:<;>;KOQPSRTLVUDWYX�WYl�Lb:<;>:<;KRjLGSRTBiRTXSaF;Nl�WYJ¤LV:<;z�<UD;Kac;vWYl�Lb:<;vJbW_=

[x, x+ ∆x]
=_PSJVUDX<otLb:<;vLVUDEx;zUDXkLV;KJVhTRTBCl�JbWYE

tP<XkLbUdB
t+ ∆t �

cm∆T = Q Z 2 [ 1 [ ¦Q]
$C;FJb;

c
UD`	Lb:<;t`M�I;KaFU �Iaz:<;KRjLNaKRT�SRkacUdL ¢|WTlHLV:S;�EfRjLb;FJbUDRYB�WTlHLV:S;�JbW_=@�

m(mass) = µ∆x, ∆T ≈ u(x, t+ ∆t) − u(x, t), Z 2 [ 1 [ � ]
Q = Qexternal +Ql +Qr, Z 2 [ 1 [0*Y]��:<;FJb;

Q
Ui`zLV:<;|RTE�WYPSXkL>WTl¤:S;KRjL>Jb;Kac;KUdhY;^=¥GQ¢�Lb:<;g�<UD;KaF;gP<XS=_;FJtaFWYXS`VUi=_;FJnRjLbUdWkXl�JVWkE LV:S;>;FuQLb;FJbXSRTB�`MWkP<Jnac;K`K�

Ql
Ui`yLb:<;{RTE�WYP<XQLNWTlx:<;^RjLNJb;KaF;FUDhY;K= l�JbWYE Lb:<;tBd;Fl L

Z Lb:SRjLtUi`F�}Lb:<JVWkP<oY:¥Lb:<;|`M;^a�LVUDWYX3WTl¤Lb:<;�JVW_= RTL�LV:<;��IWkUdXQL x ] �H��:<UDBd; Qr
UD`zLb:<;RTE�WYP<XQL	WYl�:<;KRjLyJV;^ac;KUdhY;^=gl�JVWkE2Lb:<;zJVUDoY:QL Z Lb:SRjLyUi`K� Lb:<JbWYP<ok:�LV:S;�`M;KacLVUDWYX WTl}Lb:<;JVW_=�RTLyLV:<;>�IWYUDXkL

x+ ∆x ]�[ �£;K;>��Udo [ � [D\Y[
�k�
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��UdokP<JV; � [D\Y�
A�aFacWkJb=<UdX<o6LbW�LV:<;t�<WkP<JbUd;KJ	BiR�� WTlr:<;^RjLVUDX<o~�

Ql = −λS ∂u
∂x

(x, t)∆t; Qr = λS
∂u

∂x
(x+ ∆x, t)∆t Z 2 [ 1 [ � ]

��:<;FJb;
λ
UD`zLb:<;g:S;KRjL�LbJbRYXS`�l�;KJ>acW£; �faFUd;KXkLtRTX~=

S
UD`zLb:<;�acJbWk`b` � `V;Ka�LbUdWYX RTJb;KR WYlLV:<;%JbW_= [ ��WYP<ok:<Bd¢+`M�I;KR+"£UdX<o~��BDR�� Z 2 [ 1 [ � ] E�;KRTX~`{LV:SRTL6Lb:<;%JbRTLV;�WTlNLV:S;%:<;KRjLLVJnRTXS`Ml�;FJ�Lb:<JVWkP<oY:vLb:<;faFJVWQ`V` � `M;Ka�LbUDWYX¡WYl Lb:<;�JbW_=zRTL�Lb:<;��IWkUdXQL

x
UD`��SJVWk�~WkJMLbUDWYXSRTB LbWLV:<;�JbRTLV;zWTlrab:SRYX<oY;zWTl�LV:<;zLV;KE��~;KJbRTLVP<Jb;Y� ∂u

∂x (x, t) [ �£UDoYXS`	UDX Z 2 [ 1 [ � ] RTJb;zan:<Wk`V;FX`MW�Lb:SRjL�Lb:<;g:<;^RjL>� WkP<BD= GI;�LVJnRTXS`Ml�;FJbJV;^=�l�JVWkE �&RTJbEx;KJzGIW_=<Ud;^`vLVW�acW_WYBD;FJzWYXS;K`
Z Lb:<;z�£;^acWYX~= w R��4WYl}9&:<;FJbE�W_=_¢£XSRTE�UiaF` ]�[ �SWYJq;cu<RYEx�SBd;k� l�WkJ u(x, t) WYX|��UDo [ � [D\ �
Ql ≤ 0; Qr ≥ 0

�C��:<UDBD; ∂u
∂x ≥ 0

;KhY;FJb¢Q��:S;FJb;Y��:<;FXSaF;>LV:<;6`MUDoYX~`�UdX5Lb:<;tBD;cl L �	RYXS=JVUDoY:QL � :SRTXS={`VUi=_;K`rWYl Z 2 [ 1 [ � ] aFWYUDXSacUi=_; [ �SWYJrWYLV:<;KJ�aFRY`V;K` Z WTLb:<;FJ�an:<WYUiac;^`HWYl u(x, t) ]LV:<;t`MUDoYX~`	UDX Z 2 [ 1 [ � ] RTJb;�ab:<;^a "Y;^= UDX�Lb:<;>`bRTE�;zl RY`VUdWkX [�£P<G~`�LbU LbP_LVUDX<o Z 2 [ 1 [ � ] RTXS= Z 2 [ 1 [ � ] UDXkLVW Z 2 [ 1 [0*Y] � RYXS=gLV:<;KX Z 2 [ 1 [ *k] RTXS= Z 2 [ 1 [ � ]UdXQLVW Z 2 [ 1 [ ¦Q] ��� ;�oY;FL
cµ∆x

(

u(x, t+ ∆t) − u(x, t)
)

≈

≈ f(x, t)∆x∆t+ λS
(∂u

∂x
(x+ ∆x, t) − ∂u

∂x
(x, t)

)

∆t. Z 2 [ 1 [0/Y]
�<JbWYE�:<;KJV;k�@=<Udh£Ui=_UDX<o¤GQ¢

∆x∆t
RTXS=¡acWkXS`VUD=_;KJVUDX<ofLV:<;rBDUdE�UdL

∆x→ 0
RYXS=

∆t→ 0
�� ;�oY;FL

cµ
∂u

∂t
= λS

∂2u

∂x2
+ f(x, t). Z 2 [ 1 [ � ]9&:<;FX Z 2 [ 1 [d\�] l�WkBdBDWj�C` [

2 8 2 The mixed problem for the heat equation. The operator form of the

problem. The idea of the Fourier method�<WkJ�LV:<;fP<X<UiOkPS;f=_;cLV;KJVE�UDXSRjLbUDWYXzWTl LV:<;�LV;FE��I;KJbRTLVP<Jb;xWTl Lb:<;�JbW_=@� GI;K`VUD=_;^`�;^OkP~RjLVUDWkX
Z 2 [ 1 [D\^] �&WkX<;zXS;F;K=S`	LVW�`V�I;KacUdl�¢|LV:<;>UdX<UdLbUDRYB�LV;KE��I;FJnRjLVPSJV;

u(x, 0) = ϕ(x), 0 < x < l Z 2 [ 2 [D\^]
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RTXS= LV:<;3GIWYP<XS=<RYJV¢�aFWYXS=_UdLbUdWkXS` [ �SWYJ�;Fu<RTE��<BD;Y�NUdltLV:S; ;FXS=S`�WTl>Lb:<; JbW_=�RTJb;`MP<GSEx;KJVok;K=tUdXQLVW¡Lb:<;	E�;FBdLVUDX<ozUDaF;Y��Lb:<;FX{Lb:<;FUDJHLb;FE��I;FJnRjLbP<Jb;q��UDBdB GI;	;KOQPSRYB LVW (K;FJbW
Z 0◦ C ]��

u(0, t) = 0, u(l, t) = 0, t > 0. Z 2 [ 2 [ � ]9&:<;>�SJVWkG<Bd;KE Z 2 [ 1 [D\^] � Z 2 [ 2 [D\^]�� Z 2 [ 2 [ � ] Ui`NaKRTBDBd;^= LV:S;>E�Udu£;^=%�<JbWYG<BD;FE l�WYJ�Lb:<;:<;KRTL�;KOQPSRjLbUdWkX [w ;cL�PS`���JVUdLV;�UdL�UDX�Lb:<;�Wk�I;FJnRjLVWkJ¤l�WYJbE �
{

dû
dt = a2Aû(t) + f̂(t), t > 0,

û(0) = ϕ̂.
Z 2 [ 2 [ ¦k]

$C;FJb;
A = d2

dx2 ; f̂(t) ≡ f(x, t); û(t) ≡ u(x, t); ϕ̂ = ϕ(x) [ A�`	l�WkBdBDWj�C`¤l�JbWYE LV:<;GIWYP<XS=SRTJb¢|acWkXS=_UdLVUDWYXS` Z 2 [ 2 [ � ] � û(t) ∈ C2
◦ [0, l]

l�WYJNRTBDB
t > 0
����:<;FJb;

C2
◦ [0, l] ≡ {u(x) ∈ C2[0, l] : u(0) = u(l) = 0}. Z 2 [ 2 [ � ]9&:QPS`K� Lb:<;�Wk�I;FJnRjLbWYJ
A
Ui`y;KOQPSRYB�LbW − d2

dx2

�&��UdLV:%LV:<;t=_WYEfRYUdX
D(A) = c2◦[0, l] [9&:<;�UD=<;KR�WTl�Lb:<;%�<WkP<JVUD;FJ6Ex;FLV:<W<=+acWkXS`MUi`MLb`{WTl�LV:S;|l�WkBdBDWj��UdX<o [ �SWYJ f ≡ 0

�WYX<;vLbJVUD;K`¤LbW6�SXS= Lb:<;>`MWkBdP_LbUdWkX|LbW��<JbWYG<BD;FE Z 2 [ 2 [ ¦k] UDX LV:S;vl�WkJVE WTl�Lb:<;>`MP<E WYl�SRTJVLVUiacP<BiRTJf`VWYBDP_LVUDWkXS`rLbW�LV:<;��SJn`�Lf;^OkP~RjLVUDWYXgWTl�LV:SUD`f�<JbWYG<BD;FE$Lb:SRjLq:SR�hY;	Lb:<;�l WkJVE
T (t) ·X(x) [w ;cLtPS`�UDBDBdPS`MLVJnRjLb;�LV:<Ui`>UD=<;KR%WYXeRYX3;cu<RTE��<BD;gWTl¤Lb:<;|`M¢_`MLV;FE WTl n WkJb=_UDXSRYJV¢=_U � ;FJb;FXQLbRYBx;KOQPSRjLbUDWYXS`v��UdLV:

n
P<X "£X<Wj��X�l�P<XSacLVUDWYXS`K��RTBi`MW���JbU LVLV;FX UDX¥LV:<;ghY;KacLVWYJl�WYJbE Z 2 [ 2 [ ¦k]�Z ��UdLV: f ≡ 0 ]��

{

dû(t)
dt = Aû(t), û(t) =

(

û1(t), . . . , ûn(t)
)

∈ Rn, t > 0,

û(0) = ϕ̂ = (ϕ̂1, . . . , ϕ̂n) ∈ Rn,
Z 2 [ 2 [0*Y]

��:<;FJb;
A
UD`NR6EfRjLbJVUdu WTlx`MU)(F;

n× n [A�`V`VP<E�;�Lb:SRjLqLV:S;FJb;NUi`qR>GSRk`MUi`fWTl�Lb:<;¡;FUDoY;FX£hY;KacLVWYJn`
e1, . . . , en

WTl�Lb:<;¡EfRjLbJVUdu
A �

Aek = λkek, k = 1, . . . , n. Z 2 [ 2 [ � ]9&:<;FX�Lb:<;�`VWYBDP_LVUDWYX
û(t)
� ;�RTJb;{BdW£W "£UdX<o�l�WkJK��RY`¡� ;FBDBxRY`NLb:<;6UDX<UdLVUiRTBrhY;^a�LbWYJ

ϕ̂
�acWYPSBD=�GI;�Jb;F�<Jb;K`V;FXQLV;K=�Rk`

û(t) =

n
∑

1

Tk(t)ek, ϕ̂ =
∑

ϕkek. Z 2 [ 2 [ /T]
�£P<GS`MLVUdLVP_LbUdXSo�UdXQLVW Z 2 [ 2 [0*Y] � ;�oY;cL

n
∑

1

dTk(t)

dt
ek =

n
∑

1

λkTk(t)ek,
n
∑

1

Tk(0)ek =
n
∑

1

ϕkek, Z 2 [ 2 [ � ]
:<;FXSaF;

dTk(t)

dt
= λkTk(t), t > 0, Tk(0) = ϕk. Z 2 [ 2 [ � ]
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�z;t`M;K;vLb:SRjL
Tk(t) = ϕke

λkt ��RYXS=@� Lb:<;FJb;cl�WkJV;k�
û(t) =

n
∑

1

ϕke
λkt · ek. Z 2 [ 2 [D\ � ]

� Xe��:SRTL�l�WkBdBDWj�C`�� ;���UdBDBfWkG_LbRYUdX3LV:<; RTXSRYBdWkok`zWTl	l�WYJbEHP<BDRk` Z 2 [ 2 [ � ]�� Z 2 [ 2 [d\ � ]l�WYJyLV:<;>WY�I;KJbRTLVWYJ
A = − d2

dx2 [
2 8 3 The Sturm-Liouville problem and its solution

The Sturm-Liouville problem

w ;cLzPS`¡�SXS=�UdX D(A) = C2
0 [0, l]

Lb:<;6;FUDoY;FX£hY;Ka�LbWYJn`
X1(x), . . . , Xk(x), . . .

WTl�Lb:<;WY�I;FJnRjLbWYJ
A �

{

AXk = λkXk;
Xk ∈ D(A), Xk 6= 0.

Z 2 [ 3 [D\^]
��;KBDRTLVUDWYX Z 2 [ 3 [D\^] E�;^RTXS`	LV:~RjL

{

X ′′
k (x) = λkXk(x), 0 < x < l,

Xk(0) = Xk(l) = 0, Xk(x) 6≡ 0.
Z 2 [ 3 [ � ]

Remark 2 [ 3 [D\ . ��; ��UDBdB<`M:SW��{GI;KBdWj�{UDX��£;KacLVUDWYX 2 [ 5 LV:~RjL UDXHLb:<; G~RY`VUD` X1, . . . , Xk, . . .WTl�LV:<;6;FUDoY;FX£hY;KacLVWYJn`�WTl�LV:S;{WY�I;KJbRTLVWkJ
A
LV:<;6`VWYBDP_LbUdWkX5LVW �<JbWYG<BD;FE Z 2 [ 2 [ ¦Q] ��UdLV:

f(x, t) ≡ 0
:SRY`	LV:S;zl�WkJVE RYXSRTBDWYokWYPS`qLVW Z 2 [ 2 [d\ � ]��

u(x, t) =

∞
∑

1

ea2λktϕkXk(x), Z 2 [ 3 [ ¦Q]
��:<;FJb;

ϕk
RYJV;vLb:<;>aFW£WYJn=_UDXSRjLb;K`

ϕ̂
UDX�LV:S;�GSRk`MUi` {Xk}.w ;FL�PS`��IWYUDXkL�WkP_L�Lb:SRjL�UDXzh£Ud;K�¥WTl Z 2 [ 3 [D\^] ;KRkab:¡Lb;FJbE�UdX�`V;FJbUd;^` Z 2 [ 3 [ ¦Q] `bRjLVUi`M�S;K`LV:<;�WY�I;FJnRjLbWYJ�;KOQPSRTLVUDWYX Z 2 [ 2 [ ¦Q]�[ 9&:<;FJb;cl�WkJV;xRTX£¢��SX<UdLV; Z �SRYJMLbUDRYB ] `MPSE�WYl Lb:<UD`}`M;KJVUD;K`RTBi`MW|`VRTLVUi`��S;^` Z 2 [ 2 [ ¦k]c[ 9&:<;t;FXQLVUDJV;{`M;KJVUD;K` Z 2 [ 3 [ ¦k] `bRjLbUD`M�S;K`�;^OkP~RjLVUDWYX Z 2 [ 2 [ ¦Q] U l�UdLRTBDBdWj�C`�LV;KJVEH��Ui`V;f=<U � ;FJb;FXQLVUiRjLVUDWYX � WYX~ac;fUdX t RYXS=zL���UDaF;fUDX x � Lb:SRjLHUi`F��U l&LV:<;¤`M;KJVUD;K`acWYX£hY;FJboY;^`	`MP��qacUD;FXQLVBD¢|l RY`ML [��;�UDXkLbJVW_=<PSac;zLV:<;>X<WYLbRjLbUdWkX

〈u, v〉 =

∫ l

0

u(x) v(x) dx for ∀u, v ∈ L2[0, l]. Z 2 [ 3 [ � ]
� ����� �

2 � 3 �
�
��� � � ��� � � ��� ��� d2

dx2

�!����� ��� � � � � �����
D(A) = C2

0 [0, l]
� � ����� � � � �����

��� � � � 	 ��� � � � � ������� � �
�
〈

d2u

dx2
, v

〉

=

〈

u,
d2v

dx2

〉

, ∀u, v ∈ D(A), Z 2 [ 3 [0*k]
〈

d2u

dx2
, u

〉

u < 0, ∀u ∈ D(A), u(x) 6≡ 0. Z 2 [ 3 [ � ]
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! � � � � � \^] & OQPSRYBdUdL�¢ Z 2 [ 3 [ *k] E�;KRYXS`	LV:SRTL
l
∫

0

u′′(x) v(x) dx =

l
∫

0

u(x) v′′(x) dx. Z 2 [ 3 [0/Y]
9 Wg�<JbW�hY;zUdLK��� ;�UDXkLb;FokJbRTLV;zGQ¢ �SRYJMLn` �

l
∫

0

u′′(x) v(x) dx = u′ v
∣

∣

∣

l

0
−

l
∫

0

u′(x) v′(x) dx, Z 2 [ 3 [ � ]
l
∫

0

u(x) v′′(x) dx = u v′
∣

∣

∣

l

0
−

l
∫

0

u′(x) v′(x) dx. Z 2 [ 3 [ � ]
9&:<; `VP<GS`MLVUdLVP_LbUdWkXpUDXkLbW Z 2 [ 3 [ � ] ¢£UD;FBi=<` (F;KJVW�`VUdX~ac; v(0) = v(l) = 0,

��:<UDBd;|LV:<;`MP<G~`�LbU LbP_LVUDWYX�UdXQLVW Z 2 [ 3 [ � ] oYUDhY;K`�(F;KJVWy`VUdXSaF; u(0) = u(l) = 0.
9&:£PS`�Jb;FBiRjLVUDWYX Z 2 [ 3 [ /T]UD`y�SJVWjhY;K= �

� ] �|:S;FX u = v
��U L�l�WYBDBDW��C`	l JbWYE Z 2 [ 3 [ � ] LV:SRTL

〈

d2u

dx2
, u

〉

=

∫ l

0

u′′(x)u(x) dx = −
∫ l

0

(

u′(x)
)2
dx ≤ 0. Z 2 [ 3 [D\ � ]

9&:<Ui`y�<JbWjhY;K` Z 2 [ 3 [ � ]c[ � X~=_;F;K=��&Udl
l
∫

0

(

u′(x)
)2
dx = 0, Z 2 [ 3 [D\Y\^]

LV:<;KX
u′(x) ≡ 0 ⇒ u(x) ≡ const.

% P_L
u(0) = u(l) = 0 ⇒ u(x) ≡ 0, Z 2 [ 3 [D\ � ]acWYXQLVJnRY=_Uia�LbUdXSo{Lb:<;tacWYX~=_U LbUdWkX

u(x) 6≡ 0
UDX Z 2 [ 3 [ � ]c[

� ��� ���������	�
2 � 3 ����� % � � � � ��� � � � 	 � � ����� 
 � � � � ��� � ����� � ��� ���

A = d2/dx2 ��� �
���
	������ ��� � � � � ���	��� � � � � � � � � � ��� � � �

2
�
3
�  
�	�

0 >

〈

d2Xk

dx2
, Xk

〉

= λk〈Xk, Xk〉. Z 2 [ 3 [D\K¦Q]
� � � ��� � � 	 � � � ��� � ����� Xk, Xn

�!��������� � � � � � � � � 	 � � � � � 
 � �
λk 6= λn

��� � ������� � 	 ��� �����
∫ l

0

Xk(x)Xn(x) dx = 0. Z 2 [ 3 [d\ � ]
� XS=_;K;K=@��UdLyl�WkBdBDWj�C`¤l�JbWYE Z 2 [ 3 [ *k] LV:~RjL
〈AXk, Xn〉 = 〈Xk, AXn〉 ⇒ λk〈Xk, Xn〉 = λn〈Xk, Xn〉 ⇒
(λk − λn) 〈Xk, Xn〉 = 0 ⇒ 〈Xk, Xn〉 = 0.
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Solution the Sturm-Liouville problem (2.3.1)�<JbWYE ;KOQPSRTLVUDWYX Z 2 [ 3 [ � ] � ;zok;cL
Xk(x) = Ak e

√
λkx +Bke

−
√

λkx. Z 2 [ 3 [D\�*k]�£P<GS`MLVUdLVP_LbUDX<ogLV:<Ui`�UdXQLVW�Lb:<;�GIWkP<XS=<RYJV¢|aFWYXS=<U LbUdWkXS` Z 2 [ 3 [ � ] ��� ;�ok;cL
{

Ak +Bk = 0,

Ak e
√

λkl +Bke
−
√

λkl = 0.
Z 2 [ 3 [D\ � ]

9&:<;{EfRjLVJbUdu%WYlxLV:SUD`z`M¢_`MLV;KE `V:<WkP<BD=�GI;6=_;Fok;FX<;KJbRTLV;k�CWYJ¡;KBD`V;
Ak = Bk = 0

RYXS=
Xk(x) ≡ 0

� aFWYXQLVJnRY=_Uia�LbUdX<o Z 2 [ 3 [ � ]c[ 9&:QPS`K� λk
`bRjLbUD`Ml�¢zLb:<;y`MW � aKRTBDBd;^=>an:SRYJbRka�LV;KJVUi`�LbUDa;KOQPSRjLbUDWYX

det

[{

1 1

e
√

λkl e−
√

λkl

]

= e−
√

λkl − e
√

λkl = 0. Z 2 [ 3 [D\ /Y]
� L�LV:<;KX�l�WYBDBDW��C`	LV:SRTL

e−
√

λkl = e
√

λkl ⇒ e2
√

λkl = 1. Z 2 [ 3 [D\ � ]9&:<;KJV;Fl�WYJb;Y�
2
√
λkl = 2kπi, k ∈ Z ⇒
√

λk =
kπi

l
⇒ λk = −

(kπ

l

)2

; Z 2 [ 3 [D\ � ]
$�;FJV;�� ;�EfR�¢ RY`b`MPSEx;zLV:SRTL

k ≥ 0.
A�`�WYX<;�E�Udok:kLN:SR^hY;�;cu_�I;KacLV;^=@�

λk ≤ 0.9&:QP~`F�CLb:<;t;KUdok;FX£hjRTBDP<;K`
λk
RYJV;�l�WYPSXS= [  CWj� BD;cLvPS`��SX~=%Lb:<;t;KUdok;FX_l�P<X~a�LVUDWYX~`

Xk(x).
�<WkJ>Lb:<Ui`F�x� ;�LnR�"Y;|UdXQLVW¥RkaFacWkP<XkLtLV:SRTL6`V¢_`�Lb;FE Z 2 [ 3 [d\ � ] Ui`{=_;Fok;FX<;KJbRTLV; [9&:<;FJb;cl�WkJV;k�CUdLb`¡;^OQPSRjLbUdWkXS`¡RTJb;t�<JVWk�IWYJVLVUDWYXSRTB�LbW|WkX<;6RTX<WYLV:<;KJK��RTXS=�UdLz`VP��qac;K`NLbWacWYX~`MUi=_;FJ¤WYX<BD¢6Lb:<;¡�SJb`ML¤WYXS; � Bk = −Ak.

$C;KXSac;k� l�JbWYE Z 2 [ 3 [d\ *Y] RYXS=�UdX h£Ud;K��WYlZ 2 [ 3 [D\ � ] �&� ;�ok;cL �
Xk(x) = Ak(e

kπi
l x − e−

kπi
l x) = Ak2i sin

kπx

l
. Z 2 [ 3 [ � � ]

$C;FJb;�� ;>RT�S�<BdUD;K= Lb:<;!& P<Bd;KJyl�WkJVEHP<BiR
eiϕ − e−iϕ = 2i sinϕ. Z 2 [ 3 [ � \^]�£UDXSac;¤LV:S;¤;KUdok;FX_l�PSXSa�LVUDWkXS`
Xk
RTJb;¤=_;c�SXS;K={P<�tLbWzRNl RYacLVWYJ^��� ;yaFRTXt�SXSRYBdBD¢>`V;cL

Xk(x) = sin
kπx

l
; k = 1, 2, . . . . Z 2 [ 3 [ � � ]

$�;FJV;�� ;>aKRTX5RY`b`MP<E�;vLb:SRjL
k > 0,

`MUDXSaF;vl�WkJ
k = 0

� ;�:SR�hY;
X0(x) ≡ 0.� ����� � � �

λk = −(
kπ

l

2

), Xk(x) = sin
kπx

l
, k = 1, 2, . . . . Z 2 [ 3 [ � ¦k]
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Properties of solutions to the Sturm-Liouville problem

\Y[ Xk(x)
l�WYJbE R|acWkEx�SBd;FLV;{`M¢_`MLV;FE UDX

L2(0, l) Z LV:<Ui`N�SJVWk�I;FJVL ¢ Ui` "QXSW���X%l�JbWYELV:<;�LV:<;KWYJb¢�WYl�Lb:<;t�<WYPSJVUD;FJ�`V;FJbUd;^` ]c[
� [ � JMLb:<WYokWYXSRTBDU L�¢ �

〈Xk, Xn〉 =

l
∫

0

Xk(x)Xn(x) dx = 0 for k 6= n. Z 2 [ 3 [ � � ]
¦S[ A�`V¢QE��_LbWTLbUDaK` � λk ∼ −k2 l�WkJ k → ∞ [ 9&:SRjL�Ui`F�&LV:<;KJV;�;cu_Ui`�Ln`�R6BDUdE�UdL

lim
k→∞

λk

−k2
> 0. Z 2 [ 3 [ � *Y]

Problem 2 [ 3 [D\ .  :S;Ka�" =_UDJV;^a�LVBD¢�Lb:<;�WkJMLb:<WYokWYXSRTBDU L�¢g�SJVWk�I;FJVL ¢ Z 2 [ 3 [ � � ] l�WYJ Xk.� ��� 

��������� �_UdXSaF;
k 6= n
�

l
∫

0

sin
kπx

l
sin

nπx

l
dx =

=
1

2

l
∫

0

[

cos
(kπx

l
− nπx

l

)

− cos
(kπx

l
+
nπx

l

)

]

dx =

=
1

2

[

sin (k−n)πx
l

(k−n)π
l

∣

∣

∣

∣

l

0

− sin (k+n)πx
l

(k+n)π
l

∣

∣

∣

∣

l

0

]

= 0.

Problem 2 [ 3 [ � .
��UDXS=�LV:<;>X<WYJbE WTl

Xk
UdX

L2(0, l).� ��� 

���������

||Xk||2 ≡
l
∫

0

X2
k(x) dx =

l
∫

0

sin2 kπx

l
dx =

=

l
∫

0

1 − cos 2kπx
l

2
dx =

l
∫

0

1

2
dx− sin 2kπx

l

2 2kπ
l

∣

∣

∣

∣

l

0

=
l

2
. Z 2 [ 3 [ � � ]

Problem 2 [ 3 [ ¦ . � BdWYLyLb:<;�okJbRY�<: WYl Xk(x).� ��� 

���������
Problem 2 [ 3 [ � . �£WYBDhY; LV:<; �QLbP<JbE � w UDWYP<h£UDBDBd;��<JbWYG<BD;FE��^LV:SRTL@UD`K�^�SX~=CLb:<; ;FUDoY;KX_l�P<XSa�LbUdWkXS`WTl}LV:<;zWY�I;KJbRTLVWYJ

A ≡ d2

dx2

WYX�Lb:<;zUdXQLV;FJbhjRYB
[0, l]
G<P_L�RTL¤LV:<;�=_U � ;FJb;FXQL	GIWkP<XS=<RYJV¢acWYX~=_U LbUdWkXS` �

Xk(0) = X ′
k(l) = 0, Z 2 [ 3 [ � /T]

X ′
k(0) = Xk(l) = 0, Z 2 [ 3 [ � � ]

X ′
k(0) = X ′

k(l) = 0. Z 2 [ 3 [ � � ]
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Problem 2 [ 3 [0* . �SWYJv;KRkab:�WTl�LV:<;6GIWYP<X~=<RTJb¢%acWkXS=_UdLVUDWYXS` Z 2 [ 3 [ � /T] � Z 2 [ 3 [ � � ] Jb;F�I;KRTLLV:<;>BDRk`�LyLb:<JV;K;�;cu_;FJnacUi`M;^` [
� ����� � � �
�<WkJ Z 2 [ 3 [ � /Y] ��`V;F;>��Udo [ � [ ¦<[

λk = −
( (k + 1

2 )π

l

)2

,

Xk(x) = sin
(k + 1

2 )πx

l
,

k = 0, 1, 2, . . . .

� UDoYPSJV; � [ ¦S�

��UDoYP<Jb; � [ � �

�SWYJ Z 2 [ 3 [ � � ] ��`M;K;���UDo [ � [ � [
λk = −

( (k + 1
2 )π

l

)2

,

Xk(x) = cos
(k + 1

2 )πx

l
,

k = 0, 1, 2, . . . .
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�<WkJ Z 2 [ 3 [ � � ] ��`V;F;>��UDo [ � [0*_�
λk = −(

kπ

l
)2,

Xk(x) = cos
kπx

l
,

k = 0, 1, 2, . . . .

� UDoYPSJV; � [ *<�
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� X<;>aFRYX%RYBD`VWgacWYX~`MUi=_;FJ�RYJVGSU LbJbRYJV¢gGIWYPSXS=<RTJb¢|aFWYXS=_UdLVUDWYX~`	WYl�Lb:<;zl�WkJVE
α0X

′
k(0) + β0Xk(0) = 0;

α1X
′
k(l) + β1Xk(l) = 0, Z 2 [ 3 [ ¦ � ]��:<;FJb;

α0,1
RYXS=

β0,1
RYJV;xJV;KRYB�X£P<EHGI;FJn`�`VPSan:vLV:SRTL

α2
0 +β2

0 6= 0
RYXS=

α2
1 +β2

1 6= 0 [
Problem 2 [ 3 [ � . � JVWjhY;�LV:~RjL{Lb:<; Wk�I;FJnRjLVWkJ d2

dx2

��UdLV:pLb:<;�GIWYP<XS=<RYJV¢eacWYXS=<U LbUdWkXS`
Z 2 [ 3 [ ¦ � ] Ui`�`V¢£ExE�;FLVJbUDa [
Remark 2 [ 3 [ � .

9&:<;�;FUDoY;KX_l�P<XSacLVUDWYXS`CRTXS=¤Lb:<;};FUDoY;FX£hjRYBdP<;^` WTl LV:S;��<JbWYGSBd;KE�` Z 2 [ 3 [ � /T] �Z 2 [ 3 [ � � ] �IWk`b`M;^`V`�RYBdB�Lb:<;t�<JbWY�I;FJVLVUD;K` \ � � � ¦ WYlx�<JbWYG<BD;FE Z 2 [ 3 [D\^]>Z acWkE��<Bd;FLV;KX<;K`b`F�WYJVLV:<WkoYWYXSRTBDUdL ¢k��Lb:<;¤Rk`M¢£E��_LbWTLVUiaF`�WTl&Lb:<;q;KUdok;FX£hjRTBDP<;K` ]�[ �£;F;v� ��BDRk�T�<� �NU)" / �_� � ;cLn� \ ��_���Y�S��9C�_�k��� [
Multidimentional problem on the eigenvalues

w ;cLHPS`�aFWYXS`VUD=<;FJ�RTXtRYJVG<UdLVJnRTJb¢NGIWYP<X~=_;K=�Jb;FokUdWkX Ω ⊂ R
��UdLb:tRN`ME�W£WYLV:�GIWkP<XS=<RYJV¢

∂Ω
RYXS=�Lb:<;��<JbWYG<BD;FE WTlf�SX~=_UdXSo Lb:<;�;KUdok;FX_l�P<XSacLVUDWYXS`zWTlqLV:<; w RT�<BiRYaF;{Wk�~;KJbRTLVWkJUdX

Ω
��UdLV:%LV:<;t��UDJbUDan:<BD;cLNG~WkP<XS=<RYJV¢ acWYX~=_U LbUdWkXS` �

4Xk(x) = λkXk(x), x ∈ Ω, Z 2 [ 3 [ ¦S\^]
Xk

∣

∣

∣

∂Ω
= 0 Z 2 [ 3 [ ¦ � ]

� LvLbP<JbXS`vWYP_LvLb:SRjL�U Ln`v;FUDoY;KX_l�P<XSa�LbUDWYXS`¡Lb:SRjL�aFWYJbJV;^`M�IWYXS=%LbW�=<U � ;FJb;FXkL λk
RTJb;RTBi`MW�WYJVLV:SWYoYWkXSRTB�UDX

L2(Ω)
����:<UDBd;>U Ln`y;KUdok;FXQhTRTBDP<;K`

λk
RYJV;zX<;KokRjLbUdhY; [

Problem 2 [ 3 [ / . � JVWjhY;vLb:SRjL �
\k[ 9&:<; w RT�SBDRkac;CWk�I;FJnRjLbWYJ ��UdLV:qLb:<;�GIWYPSXS=<RTJb¢�acWYX~=_U LbUdWkXS` Z 2 [ 3 [ ¦ � ] UD` `M¢£E�E�;cLbJVUiaRTXS=�X<;KokRjLbUdhY;k�&RYXS=

� [ � lrUDXS`�Lb;KRk= WYl Z 2 [ 3 [ ¦ � ] WYXS;zPS`V;K`	Lb:<;  �;F��EfRTX<X5G~WkP<XS=<RYJV¢ acWYX~=_U LbUdWkXS`K�
∂Xk

∂n

∣

∣

∣

∂Ω
= 0 Z 2 [ 3 [ ¦Y¦Q]

Z :<;KJV; n UD` LV:S;�X<WYJbEfRTBSLVW ∂Ω ] �<Lb:<;FXqLb:<; w RT�<BiRYac;�WY�I;KJbRTLVWYJ UD` `V¢QE�E�;cLbJVUia�RYXS=X<WYX�� �IWk`VUdLVUDhY; � λ = 0
UD`�LV:<;¤;FUDoY;KXQhjRYBdPS;qacWYJbJb;K`V�IWTX~=_UdXSoyLVWNLV:S;q;KUdok;FX_l�P<X~a�LVUDWYX

X0(x) ≡ 1.

2 8 4 Decomposition over the eigenvalues of the Sturm-Liouville problemA�`y� ;>RTBDJV;^RY=_¢��IWYUDXkLb;K=�WkP_LK� Lb:<;>;FUDoY;FX<l�P<XSa�LbUdWkXS`
sin kπx

l , k = 1, 2, . . .
l�WkJVE RacWYE��<BD;cLb;¡`M¢_`MLV;FE UDX

L2(0, l) [ 9&:S;FJb;cl�WYJb;	Lb:<;F¢�EfR�"Y;�P<�|RYXgWYJVLb:<WYoYWkXSRTB&GSRY`VUD`fUdX
L2(0, l)

RTXS=@� acWYXS`V;KOQP<;KXkLbBd¢k� RYXQ¢>l�P<XSa�LbUdWkX
ϕ(x) ∈ L2(0, l)

aFWYP<Bi={GI;�=_;^acWYE��IWQ`M;^=W�hY;KJ	LV:<Ui`yG~RY`VUD` �
ϕ(x) =

∞
∑

1

ϕkXk(x). Z 2 [ 4 [d\�]
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w ;cLxPS`H�SXS=tLb:<;¤l�WkJVEHP<BiRNl�WkJHLV:<;�acW£; �faFUd;KXkLn` ϕk.
9&:SUD`rUi`xRYaFaFWYE��<BDUD`V:<;K=t��UdLV:LV:<;fRTUi=¡WTl LV:S;xWYJVLV:SWYoYWkXSRTBdUdL�¢�acWkXS=_UdLVUDWYXS` Z 2 [ 3 [ � � ]�� � ;xEHP<BdLVUD�<BD¢ Z 2 [ 4 [d\�] GQ¢ Xk(x)RTXS=�UDXkLV;KoYJnRjLb;vl�JVWkE

0
LbW

l [ 9&:<;FX%� ;�oY;FL
l
∫

0

ϕ(x)Xn(x) dx =

∞
∑

k=1

ϕk

l
∫

0

Xk(x)Xn(x) dx = ϕn

l
∫

0

X2
n(x) dx, Z 2 [ 4 [ � ]

`MUDXSac;%RTBDBqLV:S;|Lb;FJbEf`{UdX+LV:S;�`VP<E�EfRjLbUdWkXpUDX Z 2 [ 4 [ � ] ��U Lb:*XQP<EHGI;KJb` k 6= n
RYJV;;KOQPSRTB�LbW (F;KJVW �r9 ;FJbEH��UD`V;vUdXQLV;FokJbRTLVUDWYX|WTl}Lb:<;�`M;KJVUD;K`qUDX Z 2 [ 4 [ � ] Ui` #�P~`�LbU �S;^=�`MUDXSaF;LV:<;y`V;FJbUd;^`�UdX Z 2 [ 4 [D\^] acWkXQhY;KJVok;K`}UDX L2(0, l)

� ��:<UDBD;qLV:S;	`baFRYBDRYJ��<JbW_=_P~a�LrUdX
L2(0, l)UD`�aFWYXQLVUDXQP<WkPS`yUdX%;^RYan:�WYl�Lb:<;zL�� W�RYJVokP<Ex;KXkLn` [��UDXSRTBDBd¢k��Bd;FLNPS`	LnR�"Y;�UDXkLbW�RkaFaFWYP<XQL Z 2 [ 3 [ � � ]c[ 9&:S;FX%l�JVWkE Z 2 [ 4 [ � ] � ;�ok;cLyLb:<;=_;K`VUdJb;K=�;cu_�<Jb;K`b`MUDWYX �

ϕn =

l
∫

0

ϕ(x)Xn(x) dx

l
∫

0

X2
n(x) dx

=
2

l

l
∫

0

ϕ(x)Xn(x) dx. Z 2 [ 4 [ ¦Q]

Problem 2 [ 4 [d\ . ��UDXS=zLV:<;qacWkXS=_UdLVUDWYXS`�WkXzLV:<;�l�P<XSacLVUDWYX ϕ(x)
`MWyLV:SRTL�Lb:<;�l�WYBDBdWj��UDX<oUD`	LbJbP<; �

\k[ �£;FJbUD;K` Z 2 [ 4 [D\^] aFWYX£hY;FJboY;K`¤P<XSU l�WkJVE�BD¢|WYX�LV:<;>UDXkLV;KJVhTRTB [0, l] �
� [ �£;FJbUD;K` Z 2 [ 4 [D\^] Ui`	Lb;FJbEH��UD`V;�=<U � ;FJb;FXkLbUiRTG<BD;zL�� W�LVUDEx;^` [

� ��� 

��������� \�] � L�Ui`�`VP��qacUD;FXkL Z GSP_LNX<WYL�X<;KaF;K`b`VRYJV¢ ] Lb:SRjL
∞
∑

1

|ϕk| <∞. Z 2 [ 4 [ � ]
�SWYJ	Lb:<Ui`yUDX<;KOQPSRYBDU L�¢�LVWg:SWYBi=@�&UdLN`VP��qac;K`	LbWgJV;^OQP<UdJb;vLV:SRTL

ϕ(x) ∈ C1[0, l]; ϕ(0) = ϕ(l) = 0. Z 2 [ 4 [0*Y]
w ;cL�PS`N=_;FJbUdhY; Z 2 [ 4 [ � ] l�JVWkE Z 2 [ 4 [0*Y]c[ � XQLV;KoYJnRjLVUDX<o�GQ¢ �SRTJVLb`K�&� ;�oY;FL �

ϕk =
2

l

l
∫

0

ϕ(x) sin
kπx

l
dx =

2

l

l
∫

0

ϕ(x)
(− cos kπx

l )′

kπ
l

dx = Z 2 [ 4 [ � ]

2

kπ



−ϕ(x) cos
kπx

l

∣

∣

∣

l

0
+

l
∫

0

ϕ′(x) cos
kπx

l
dx



 . Z 2 [ 4 [ /T]
ACGIWjhY;Y�@Lb:<;xGIWkP<XS=<RYJV¢yLb;FJbE�UD`�;^OkP~RTB LbW (F;FJbWy=_P<;rLbW¤Lb:<;xGIWYPSXS=<RTJb¢NacWkXS=_UdLVUDWYXS`�UdX
Z 2 [ 4 [0*Y]c[ 9&:<;KJV;Fl�WYJb; ϕk = 2

kπϕ
′
k,
��:<;KJV;

ϕ′
k =

l
∫

0

ϕ′(x) cos kπx
l dx.

% P_L {cos kπx
l }
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UD`�LV:S;�WYJVLV:SWYoYWkXSRTBx`V¢_`�Lb;FE UDX
L2(0, l),

RYXS= l
∫

0

cos2 kπx
l dx = l

2 ,
:<;FXSaF;Y�r=_P<;gLbW

LV:<; % ;K`b`M;KB�UDX<;KOQPSRYBdUdL ¢k�
∞
∑

1

|ϕ′
k|

2 ≤ 2

l

l
∫

0

|ϕ′(x)|2 dx <∞. Z 2 [ 4 [ � ]
9&:<;KJV;Fl�WYJb;Y� l�JVWkE LV:S;  RYPSab:£¢ � % P<XQ¢QR�"YW�h_` "£¢gUdXS;KOQPSRTBDUdL ¢k�&� ;�oY;FL �

∞
∑

1

|ϕk| ≤
(

∞
∑

1

∣

∣

∣

∣

2

kπ

∣

∣

∣

∣

2
)

1
2
(

∞
∑

1

|ϕ′
k|

2
)

1
2

<∞; Z 2 [ 4 [ � ]
� ] �<WkJy`V;FJbUd;^` Z 2 [ 4 [D\^] LVW�GI;vL���UDaF;�=_U��I;KJV;KXkLVUiRTGSBd;k� UdL�`VP��qac;^`qLb:SRjLyLV:<;>`M;KJVUD;K`ql�WkJ
ϕ′′(x)

LVWgGI;>aFWYX£hY;FJboY;FXQL	P<XSU l�WkJVEH¢|UDX
x [ 9&:<Ui`F�&UDX�LbP<JVX �&Ui`�`VRTLVUi`M�S;K= Udl

∞
∑

1

k2|ϕk| <∞. Z 2 [ 4 [D\ � ]
�<WkJ	LV:SUD`K�&� ;�JV;^OQP<UdJb;vLV:SRTL�UDX5RY=S=_U LbUdWkX LbW Z 2 [ 4 [0*Y] � ;>RTBi`VW6:SR�hY;

ϕ(x) ∈ C3[0, l] and ϕ′′(0) = ϕ′′(l) = 0. Z 2 [ 4 [D\Y\^]
w ;FL>PS`�=<;FJVUDhY; Z 2 [ 4 [D\ � ] l�JbWYE Z 2 [ 4 [D\Y\^] � Z 2 [ 4 [0*Y]c[ �SWYJzLb:<UD`K��� ;�Jb;FEfRTJVLvLb:SRjL^�=_P<;zLbW Z 2 [ 4 [0*Y] � Z 4.5′ ]

ϕk =
2l

(kπ)2

l
∫

0

ϕ′′(x)
(cos kπx

l )
′

kπ
l

dx =

=
2l2

(kπ)3



ϕ′′(x) cos
kπx

l

∣

∣

∣

∣

l

0

−
l
∫

0

ϕ′′′(x) cos
kπx

l
dx



 . Z 2 [ 4 [D\ � ]
9&:S;pGIWYP<XS=SRTJb¢ LV;FJbE hTRTX<Ui`V:<;K`�=_P<;pLVW�LV:S;pGIWYPSXS=<RTJb¢ acWkXS=_UdLVUDWYXS` Z 2 [ 4 [d\k\^]�[9&:<;FJb;cl�WkJV;

ϕk = −2l2

(kπ)3ϕ
′′′
k

����:S;FJb;
ϕ′′′

k =
l
∫

0

ϕ′′′(x) cos kπx
l dx

% P<L
ϕ′′′ ∈ L2(0, l)

�
LV:QP~` Z `M;K; Z 2 [ 4 [ � ]V]��

∞
∑

1

|ϕ′′′
k |2 ≤ 2

l

l
∫

0

|ϕ′′′(x)|2 dx <∞, Z 2 [ 4 [D\K¦k]
RTXS=@�C`MUDE�UdBiRTJbBD¢gLVW Z 4.6′ ] �

∞
∑

1

k2|ϕk| ≤
2l2

π3

∞
∑

1

1

|k| |ϕ
′′′
k | <∞ Z 2 [ 4 [D\ � ]
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Problem 2 [ 4 [ � .
�SWYJNR{l�PSXSa�LbUdWkX

ϕ(x) ∈ C(N)[0, l]
LV:S;�;K`MLVUDEfRjLb;K`

|ϕk| ≤
C

|k|N
, k = 1, 2, . . . Z 2 [ 4 [d\ *Y]

RTJb;�`VRTLVUi`��S;^= UdlxRTX~= WkX<Bd¢|Udl
ϕ(0) = ϕ(l) = 0; ϕ′′(0) = ϕ′′(l) = 0, . . . ;ϕ2n(0) = ϕ2n(l) = 0 Z 2 [ 4 [D\ � ]l�WYJNRTBDB

2n ≤ N − 2, n = 0, 1, 2, . . . [w ;cLtPS`>�IWYUDXkLtWYP<L�Lb:SRjL>Lb:<;�GIWYP<X~=<RTJb¢�aFWYXS=<U LbUdWkXS` Z 4.10′ ] RTJb;g`bRjLbUi`��S;^=@��UdX�SRTJVLVUiacP<BiRTJ^�¡l�WYJ�RYBdB�LV:<;p;FUDoY;FX<l�P<XSa�LbUdWkXS`
sin kπx

l . � X LV:S;eWTLb:<;FJ5:SRYXS=@��P<XS=_;FJacWYX~=_U LbUdWkX Z 2 [ 4 [D\�*k] `M;KJVUD;K` Z 2 [ 4 [D\^] UD`yacWkXQhY;FJboY;KXkL¤WYX|Lb:<;zUdXQLV;KJVhjRYB [0, l] P<X<Udl�WYJbExBD¢LVWYok;cLb:<;FJt��UdLV:pUdLb`{=_;KJVUDhjRTLVUDhY;K`�PS�3LbW5Lb:<;|WYJn=_;FJ
N − 2 [ 9&:<;FJb;cl�WkJV;k�H`VUdX~ac;gLb:<;:<WYE�WYok;FX<;KWYPS`xGIWYPSXS=<RTJb¢6acWYXS=<U LbUdWkXS` Z 4.10′ ] RTJb;�`bRjLbUD`M�S;K=6l�WkJ�LV:<;N;KUdok;FX_l�P<X~a�LVUDWYX~`

sin kπx
l

��UdLvl�WYBDBdWj�C`�Lb:SRjLvLV:S;6`bRTE�;{GIWYP<XS=SRTJb¢%acWkXS=_UdLVUDWYXS`vRYJV;{RYBD`VW `VRTLVUi`M�S;K=5l�WYJLV:<;�`VP<E$WTl�`V;FJbUd;^` Z 2 [ 4 [D\^]c[ 9&:<Ui`x�<JVWjhY;K`�Lb:<;yX<;KaF;K`b`MUdL ¢tWTl�acWkXS=_UdLVUDWYXS` (2.4.16)
l�WYJ

Z 2 [ 4 [D\�*k]�[
Remark 2 [ 4 [d\ . �£UdE�UDBDRYJVBD¢k�rBD;cL6P~`6acWYX~`MUi=_;FJtLb:<;�=_;^acWYE��IWQ`MUdLVUDWYXpWTl�LV:<;|l�PSXSa�LbUdWkX
ϕ(x)
WjhY;FJgR `M¢_`MLV;KE WTl¡;KUdok;FX_l�PSXSa�LbUdWkXS`

Xk(x)
Lb:SRjL�aFWYJbJV;^`M�IWYXS=<`tLVWe=_U � ;FJb;FXQLGIWYP<XS=SRTJb¢zaFWYXS=_UdLVUDWYX~` ZMZ 2 [ 3 [ � /T] �@Z 2 [ 3 [ � � ]M]c[ �<WYJH;^`�LbUdEfRTLV; Z 2 [ 4 [d\ *Y] l�WYJ�LV:S;	�<WkP<JVUD;FJacW£; �faFUd;KXkLn`

ϕk
WTl¤LV:<Ui`>=_;^acWkEx�IWQ`MUdLVUDWYX¥LVW5GI;�LVJbP<;Y��UdL>Ui`zXS;Kac;^`V`bRTJb¢%LV:~RjL

ϕ(x)`VRTLVUi`��S;^`>LV:S;�`bRTE�;|:<WkExWkoY;KX<;FWYP~`>GIWYP<XS=SRTJb¢3acWYX~=_U LbUdWkXS`6RY`>Lb:<; ;KUdok;FX_l�P<X~a�LVUDWYX~`
Xk(x)

RTXS=3LV:<;KUdJ6=_;FJbUDhjRjLbUdhk;K`�P<�eLVW�LV:<; WYJn=_;FJ
N − 2 [ �|:<;KX ϕ ∈ C(N)[0, l]

�U L�UD`{;KRk`M¢¥LbW¥an:<;Ka�" LV:~RjL{LV:S;K`V; aFWYXS=<U LbUdWkXS`{RYJV;|X<WTL6WYXSBd¢3X<;KaF;K`b`VRYJV¢¥GSP_L�RYBD`VW`MP��qaFUd;KXkL�l�WYJ Z 2 [ 4 [D\�*k]�[
Problem 2 [ 4 [ ¦ . �£WYBDhY;�LV:<; �<Jb;Fh£UDWYPS`t�<JVWkG<BD;FE l�WkJtLV:<;�=<;KacWkE��~WQ`MUdLbUdWkXeW�hY;KJ>LV:S;;FUDoY;FX<l�P<XSa�LbUdWkXS`qWYl�LV:<;��QLbP<JVE � w UDWYP<h£UDBdBD;¡�<JVWkG<BD;FE2��UdLV:|LV:<;vGIWkP<XS=<RTJb¢gacWYX~=_U LbUdWkXS`Z 2 [ 3 [ � /Y] � Z 2 [ 3 [ � � ]c[
Problems 2 [ 4 [d\ . ��;KaFWYE��IWk`V;CWjhY;FJ Lb:<;�`V¢_`�Lb;FE sin kπx

l , k = 1, 2, . . .
LV:<;�l�WYBDBDW���UDX<ol�P<XSa�LbUdWkXS` �

\Y[ ϕ(x) ≡ 1, 0 < x < l.

��UDoYP<Jb; � [ � �
� � � 

���������

ϕk =
2

l

l
∫

0

sin
kπx

l
dx = −2

l

cos kπx
l

kπ
l

∣

∣

∣

∣

l

0
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=
2

kπ

[

1 − (−1)
k]
. Z 2 [ 4 [D\ /Y]

w ;cL>PS`��IWYUDXkL>WkP_LzLb:SRjL>X<Wj� acWkXS=_UdLVUDWYX Z 2 [ 4 [ � ] Ui`�X<WTLt`VRTLVUi`��S;^= [ 9&:<Ui`�UD`GI;KaFRYPS`V;
ϕ(x) ≡ 1

Ui`|XSWTL�;KOQPSRTBNLbW (K;FJbW+RjL LV:<;¥;KXS=<` WTl�Lb:<;¥UdXQLV;KJVhTRTB
Z ��UDo [ � [ � ]�[

� [ ϕ(x) ≡ x, 0 < x < l.

��UDoYP<Jb; � [0/_�
� � � 

���������

ϕk =
2

l

l
∫

0

x sin
kπx

l
dx =

2

l

l
∫

0

x
(− cos kπx

l )
′

kπ
l

dx = . . . = − 2

kπ
l(−1)

k
.

Z 2 [ 4 [D\ � ]
$C;KJV; |ϕk| ∼ 1

k

GI;KaKRTPS`V;
ϕ(l) 6= 0 Z `V;F; Z 2 [ 4 [d\ *Y] �@Z 4.10′ ] RYXS=%� UDo [ � [ /T]c[

¦<[ ϕ(x) = x(l − x) [ � `3UdLeLVJbP<;7Lb:SRjL
ϕk = O( 1

k )
� WYJ

O( 1
k2 )
� WYJ

O( 1
k3 ), . . . �

��UDoYP<Jb; � [ � �
Problem 2 [ 4 [ � . ��;KaFWYE��IWk`V; Lb:<;%l PSXSa�LbUdWkXS` ϕ(x) = 1, x, x2, x(l − x)

WjhY;FJ6LV:S;;FUDoY;FX<l�P<XSa�LbUdWkXS`zWYlqLV:<;|�QLbP<JbE � w UDWYPShQUDBDBd;��<JbWYG<BD;FE Z 2 [ 3 [ � /T]�� Z 2 [ 3 [ � � ]c[ � X ;^RYan:¥WYlLV:<;^`M;>aKRY`V;K`K� �SXS=�LV:<;tRY`V¢£Ex�_LbWTLbUDaK` �
ϕk = O

(1

k

)

, O
( 1

k2

)

, . . .? Z 2 [ 4 [D\ � ]
� ��� � � � `V; ��;FEfRYJ " 2 [ 4 [d\k[
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2 8 5 The Fourier method for solving mixed problem (2.2.3) for the heat equation�£WS�qBD;cLgPS`�`MWkBdhY;��<JbWYG<BD;FE Z 2 [ 2 [ ¦Q]�[ �<WYJ�`MUDE��<BDUDaFU L�¢Y�¤Bd;FLgPS`6�SJn`MLgRk`V`VP<E�; Lb:SRjL
f(x, t) ≡ 0 [ 9&:<;FX�Lb:<;��SJVWkG<Bd;KE LbR�"k;K`¤Lb:<;�l�WYJbE

∂u

∂t
= a2 ∂

2u

∂x2
, u(0, t) = u(l, t) = 0, t > 0, Z 2 [ 5 [D\^]
u(x, 0) = ϕ(x), 0 < x < l. Z 2 [ 5 [ � ]9&:<;�oY;KX<;FJnRTB�aFRk`M;

f(x, t) 6≡ 0
Ui`�aFWYXS`VUD=<;FJb;K= UdX��_;Ka�LbUdWkX

2 [ 7 GI;FBDW�� [w ;cL�PS`xBdW_W+"�l�WYJxLV:<;�`VWYBDP_LbUdWkXtLbWz�SJVWkG<Bd;KE Z 2 [ 5 [d\�] �@Z 2 [ 5 [ � ] UdX6Lb:<;	l�WYJbE$WTlCLb:<;`M;KJVUD;K`
u(x, t) =

∞
∑

1

Tk(t)Xk(x); Xk(x) = sin
kπx

l
. Z 2 [ 5 [ ¦k]

� X<;�aFRYX ��JbUdLV;zUDX Lb:<UD`	l�WkJVE RTXQ¢�l�P<XSa�LbUdWkX u(x, t) Rk`¤BDWYXSo�RY` u(x, t) ∈ L2(0, l)l�WYJq;^RYan:g�<u_;K=
t [ 9&:<;vaFWYE��<BD;cLV;KX<;K`b`f�<JbWY�I;KJML�¢6WTl�Lb:<;¡;KUdok;FX_l�P<XSacLVUDWYXS` sin kπx

l

UdX
L2(0, l)

Ui`NUDE��IWYJVLbRTXQL¡:<;FJb; [ 9&:<;{an:<WYUiac;tWTlxLV:S;tG~RY`VUD` {sin kπx
l } UD`v=_;cLb;FJVE�UDX<;K=GQ¢�GIWkP<XS=<RYJV¢�acWkXS=_UdLVUDWYXS` LV:SRTL%;FXQLV;FJ Z 2 [ 5 [d\�]�[  �RYEx;KBd¢k�N;^RYan: LV;KJVE WYl{`V;FJVUD;K`

Z 2 [ 5 [ ¦k] `bRjLVUi`M�S;K`rLV:<;^`M;�GIWYP<X~=<RTJb¢taFWYXS=_UdLVUDWYX~`�`MUDXSac; sin kπx
l

`bRjLVUi`Ml�¢>LV:S;yGIWkP<XS=<RYJV¢acWYX~=_U LbUdWkXS`yUdX Z 2 [ 3 [ � ]�[9 W>�SXS=gLb:<;v`VWYBDP_LbUdWkX
u(x, t)

� U L¤Jb;FEfRYUdXS`�LbW{=_;FLV;KJVE�UDX<;v`MW � aKRTBDBd;^=!,�LV;KE��IWYJnRTB.-l�P<XSa�LbUdWkXS`
Tk(t) Z ��:SUdBD; sin kπx

l

RYJV;�aKRTBDBd;^=eLV:<;5`V�SRjLbUDRYBql�P<XSacLVUDWYXS` ]�[ Tk(t)
RTJb;l�WYP<XS=5`MPSGS`�LbU LbP_LVUDX<o|`M;KJVUD;K` Z 2 [ 5 [ ¦k] UDXkLbWg;KOQPSRTLVUDWYXS` Z 2 [ 5 [D\^] RYXS= Z 2 [ 5 [ � ]c[

Remark 2 [ 5 [d\ . & OQPSRTBDUdLVUD;K` Z 2 [ 5 [d\�] l�WYJ5Lb:<;el�P<XSacLVUDWYX u(x, t)
l�JbWYE Z 2 [ 5 [ ¦Q] RTJb;l�WYJbE�RYBdBD¢4`VRTLVUi`��S;^=�`VUDXSac;�Lb:<;F¢�RTJb;�`bRjLbUD`M�S;K=4l�WYJ ;KRkab:�LV;KJVE WTlt`V;FJbUd;^` Z 2 [ 5 [ ¦k]c[�zJbUdLVUDX<o3LV:<;�`VWYBDP_LVUDWYX7UDX7Lb:<;%l�WkJVE Rk`�UDX Z 2 [ 5 [ ¦Q] ;Fu£�SBDRYUdXS`�LV:S;5XSRYEx;5WYl¡Lb:<;Ex;FLV:<W<=�WTl ,M`V;F�SRYJbRTLVUDWYX WTlrhjRYJVUiRTG<BD;K` - Z RYXS=%RTBi`VW��c;FUDoY;KX_l�P<XSa�LbUDWYXS`�� ]c[

Determining the temporal functionsA [ ��;>`VP<GS`MLVUdLVP_Lb;t`M;FJbUD;K` Z 2 [ 5 [ ¦Q] UDXkLbWg;KOQPSRjLbUdWkX Z 2 [ 5 [D\^]c� �<WkJ t > 0
�

∞
∑

1

T ′
k(t) sin

kπx

l
= −a2

∞
∑

1

Tk(t)
(kπ

l

)2

sin
kπx

l
, 0 < x < l. Z 2 [ 5 [ � ]

$C;FJb;>� ;>UdXQLV;FJnan:SRTX<ok;K= LV:<;tWY�I;FJnRjLbWYJn`¤WTl�=_U��I;KJV;KXkLVUiRTLVUDWYX�� ∂
∂t

RTXS= ∂2

∂x2

��UdLV:%Lb:<;`MP<E�EfRjLbUdWkX WTl�LV:<;*`M;KJVUD;K` [ �z;+��UdBDBtJb;cLVPSJVX GI;FBDWj� LVW�=_UD`bacP~`V`VUdXSo4��:£¢�LV:<Ui`UdXQLV;FJnan:SRTX<ok;vUi`�RTBDBdWj� ;K= [ � L�Ui`¤Lb:<;�hjRYBdUi=_UdL ¢|WTl�Lb:<Ui`yUdXQLV;KJban:SRTX<ok;¡Lb:SRjLN`V;FJbhY;K`qLb:<;#�PS`�LbU �IaFRjLbUdWkX%WTlHLV:S;>�SWYP<JbUd;KJyE�;cLV:SW_= [
� X Z 2 [ 5 [ � ] � ;>RYBD`VW�PS`V;K= LV:<;>Ui=_;FXQLVUdL ¢

∂2

∂x2
sin

kπx

l
= −
(kπ

l

)2

sin
kπx

l
Z 2 [ 5 [0*Y]l�WYJ6LV:<;%;FUDoY;FX<l PSXSa�LbUdWkXS`{LV:<;��QLVPSJVE � w UdWkP<h£UDBdBD; �<JbWYG<BD;FE Z 2 [ 3 [D\�] � Z 2 [ 3 [ � ]�[pw ;FL�PS`�IWYUDXkL�WkP_L}Lb:SRjL�LV:<;qGIWYP<X~=<RTJb¢vacWkXS=_UdLVUDWYXS`�l�WkJ�Lb:<;	�QLVP<JbE � w UdWkP<h£UdBDBD;��<JbWYG<BD;FE�:~R^hY;RTBDJV;^RY=_¢�GI;F;KX%PS`V;K= Z `V;F; ��;KE�RYJ " 2 [ 5 [D\^]�[
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�SP<JMLb:<;FJ^�	UdlzLb:<;�`V;FJbUD;K`gUDX Z 2 [ 5 [ � ] acWkXQhY;FJboY;%UDX L2(0, l)
�	LV:<;KX =_PS;5LVWeLb:<;WYJVLV:<WkoYWYXSRTBDUdL ¢>WTl�LV:<;�GSRY`VUi` {sin kπx

l } � ;yoY;cLxLb:<;y;^OkP~RTBDU L�¢tWTl�LV:<;NacW£; �qacUD;FXkLn`xWTlLV:<;^`M;>`V;FJbUD;K` �
T ′

k(t) = −a2
(kπ

l

)2

Tk(t) = −
(akπ

l

)2

Tk(t), t > 0, k = 1, 2, . . . . Z 2 [ 5 [ � ]
9&:<Ui` Ui` R}:<WkExWkoY;KX<;FWYP~` BdUDX<;KRYJ =_U��I;KJV;KXkLVUiRYBS;KOQPSRjLbUDWYX���U Lb:qacWkXS`MLbRTXQL aFW£; �qacUD;FXQLb` [w ;cLNPS`y��JbU Lb;�U Ln`�an:SRTJnRYacLV;FJbUi`�LbUDa¡;^OQPSRjLbUdWkX �

λ = −(
akπ

l
)
2 Z 2 [ 5 [ /T]

LV:<;KX�Lb:<;�ok;FX<;KJbRYB�`VWYBDP_LVUDWYX%UD`
Tk(t) = Cke

−( akπ
l )

2
t Z 2 [ 5 [ � ]

�£P<GS`MLVUdLVP_LbUDX<o�UdXQLVW Z 2 [ 5 [ ¦Q] ��� ;�ok;cL
u(x, t) =

∞
∑

1

Cke
−( akπ

l )
2
t sin

kπx

l
Z 2 [ 5 [ � ]

% [ 9&:<;+P<X "£X<Wj��XmaFWYXS`MLbRYXkLb` Ck
UDX Z 2 [ 5 [ � ] RTJb;3l�WYP<X~=�l�JVWkE LV:S;pUDX<UdLVUiRTBacWYX~=_U LbUdWkXS` Z 2 [ 5 [ � ]c[  �RTE�;FBD¢k��`MP<G~`�LbU LbP_LVUDX<o|`M;KJVUD;K` Z 2 [ 5 [ ¦Q] UDXkLbW Z 2 [ 5 [ � ] �&� ;z�SXS= �

∞
∑

1

Tk(0) sin
kπx

l
= ϕ(x), 0 < x < l. Z 2 [ 5 [d\ � ]

$C;FX~ac;Y�
Tk(0)

acWYUDXSacUi=_;{��U Lb:�LV:S;6�<WkP<JbUd;KJ¡aFW£; �qacUD;FXQLb`¡WTl�LV:<;�=_;KaFWYE��IWk`VU LbUdWkX5WYlLV:<;�l�P<XSa�LbUDWYX
ϕ(x)
W�hY;KJ	LV:<;t`M¢_`MLV;KE

sin kπx
l Z `V;F; Z 2 [ 4 [ ¦Q]M]c�

Tk(0) = ϕk ≡ 2

l

l
∫

0

ϕ(x) sin
kπx

l
dx Z 2 [ 5 [D\Y\�]

�£P<G~`�LbU LbP_LVUDX<o�:<;KJV; Z 2 [ 5 [ � ] ��� ;z�SXS=
Ck = ϕk. Z 2 [ 5 [D\ � ]

9&:QP~`F�&l�JVWkE Z 2 [ 5 [ � ] � ;�oY;FL
u(x, t) =

∞
∑

1

ϕke
−( akπ

l )
2
t sin

kπx

l
. Z 2 [ 5 [D\K¦Q]
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Checking validity of solution (2.5.13)

� `�`M;KJVUD;K` Z 2 [ 5 [d\^¦k] UDXS=_;F;^= Lb:<;zLbW�LV:<;>�<JbWYG<BD;FE Z 2 [ 5 [D\�] � Z 2 [ 5 [ � ] �A [ �SWYJ t > 0
� `V;FJbUd;^` Z 2 [ 5 [D\K¦k] aFWYXQhY;KJVok;yl�WYJ¤;KRkab: x ∈ [0, l].

�SWYJ¤;cu<RTE��<BD;Y� Bd;FL
ϕ(x) ∈ L2(0, l). Z 2 [ 5 [D\ � ]9&:<;FX3`M;KJVUD;K` Z 2 [ 5 [D\ � ] acWkXQhY;KJVok;tUDX�Lb:<;g`VRYE�;6`V�SRkac; L2(0, l). � XS=<;F;K=@��l�JVWkE Lb:<; RTPSan:Q¢ � % PSXQ¢kR�"YWjh£` "Q¢gUDX<;KOQPSRYBDU L�¢Y�

|ϕk| ≤
2

l

l
∫

0

|ϕ(x)| dx ≤ 2

l

(

l
∫

0

dx
)

1
2
(

l
∫

0

ϕ2(x) dx
)

1
2 ≤ const. Z 2 [ 5 [d\ *Y]

9&:<;KJV;Fl�WYJb;Y� `V;FJbUd;^` Z 2 [ 5 [D\K¦k] l�WkJ	;^RYan:|�<u_;K= t > 0
Ui`y=_WYE�UDXSRjLb;K= GQ¢�LV:<;>`M;KJVUD;K`

const ·
∞
∑

1

e−( akπ
l )

2
t = const ·

∞
∑

1

e−εk2

, Z 2 [ 5 [D\ � ]
��:<;FJb;

ε = (aπ
l )

2
t > 0,

��:<Uiab:faFWYXQhY;KJVok; l RY`ML [ $C;KXSac;k�<RYaFaFWYJn=_UDX<o�LVW�LV:<;C��;FUD;FJn`�LbJbRk`V`LV:<;KWYJb;FE�� l�P<XSacLVUDWYXSRYBC`V;FJbUD;K` Z 2 [ 5 [D\K¦k] acWYX£hY;FJboY;K`xP<X<Udl�WYJbE�Bd¢6WYX [0, l]
l�WkJ ∀t > 0

LVWR{l�P<X~a�LVUDWYX%LV:~RjL�Ui`�aFWYXkLbUdX£P<WYP~`	UDX
x [

� ��� ���������	�
2 � 5 ����� � � ���������

2
�
5
� %�� � � ��� � ��� ��� �������	��

�����������	�������������������

2
�
2
��� � �

% [ �£;KJVUD;K` Z 2 [ 5 [d\^¦k] Ui`�R*=_U � ;FJb;FXQLVUiRTG<BD;�l�P<X~a�LVUDWYX UDX x ∈ [0, l]
l WkJ ∀t > 0 [

� XS=_;F;^=@�¤RYaKacWkJb=_UDX<o�LVW LV:S;�LV:<;KWYJb;FE"RTGIWkP_L6LV:S;�LV;KJVEH��Ui`M;5=_U��I;KJV;KXkLVUiRjLbUdWkX*WYlvR`M;KJVUD;K`K� l�WYJ ∀t > 0
�
∂u

∂x
(x, t) =

∞
∑

1

ϕke
−( akπ

l )
2
t
(

− cos
kπx

l

)kπ

l
, Z 2 [ 5 [D\ /Y]

U l�LV:<;	`M;KJVUD;K`}UDX>Lb:<;qJbUDoY:kL � :~RTXS=>`VUD=_;¤aFWYXQhk;FJboY;K`�P<XSU l�WkJVE�BD¢zUdX
x
WkX

[0, l].
% P_L�Lb:<;BDRk`�LracWkXS=_UdLVUDWYXtUi`H`VRTLVUi`��~;K=>`VUdX~ac;¤`V;FJbUd;^` Z 2 [ 5 [D\ /Y] Ui`H=_WkE�UdXSRTLV;^=�G£¢vLb:<;	acWYX£hY;FJboY;KXkL`M;KJVUD;K`

const · π
l

∞
∑

1

ke−εk2

<∞. Z 2 [ 5 [D\ � ]
 [ �_;FJbUd;^` Z 2 [ 5 [D\K¦Q] :~RY`�=<;FJbUdhTRjLVUDhY;K`zUDX x RTX~=¥UDX t WYl	RYBdB�WYJn=_;FJn`¡l�WkJ t > 09&:<UD`�UD`y�SJVWjhY;K=�`VUdE�UDBDRYJVBD¢gLbW % [

� ��� ���������	�
2 � 5 � � � � � ��� � � � �!� � � ��� � � � � � ������������� � � � � � ������� ��� �

2
�
5
� ��� ��� ����
 ����� � �	���

��� ����� � � ����� ���
2
�
5
� %�� � � ��� � ��� ��� ����� ������� �
� 
 ��������� �

2
�
1
� %
� �

��UDXSRTBDBd¢k��l�WYJ
t = 0

`M;KJVUD;K` Z 2 [ 5 [D\K¦Q] `VRTLVUi`��~;K`vLV:<;gUDX<UdLVUiRTBfacWkXS=_UdLVUDWYX Z 2 [ 2 [d\�] UDXhQUD;F��WTl Z 2 [ 5 [D\ � ] � Z 2 [ 5 [D\Y\^] UDX�LV:S;zl�WYBDBDW���UDX<og`V;FXS`V; Z �<JbW�hY;vLb:<Ui` � ]��
||u(t, x) − ϕ(x)||L2(0,l) → 0 for t→ 0 + . Z 2 [ 5 [d\ � ]
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Remark 2 [ 5 [ � .
 WkXS=_UdLVUDWYX Z 2 [ 5 [D\ � ] RYBdBDWj�C`�Lb:SRjLzLV:<;6l�P<XSacLVUDWYX ϕ(x)

:SRY`z=_Ui`VaFWYX��LVUDXQP<UdLVUD;K` � �<WkJ¡;Fu_RYE��<Bd;k��Bd;FL ϕ(x) ≡ 0
l�WkJ

x < l
2 , u(x) ≡ 1

l�WYJ
x < l

2 .
9&:<;FXLV:<;|l�P<XSacLVUDWYX

u(x, 0) = ϕ(x)
��UDBdB¤GI;�=_UD`bacWkXkLVUDX£P<WYPS` [ A L{Lb:<;�`VRYE�;gLbUdE�;k�rLV:<;`MWkBdP_LbUDWYX

u(x, t)
l�WkJ ∀t > 0

��UdBDB GI;yRv`ME�W£WYLV:tl�P<XSa�LbUdWkX6WYX
[0, l]

� � LxUi`r`bRTUi=>LV:SRTLK�LV:<;>:<;KRTL�;KOQPSRTLVUDWYX Z 2 [ 1 [d\�] ,V`ME�W£WYLV:<;KXS` -¡Lb:<;�UDX<UdLVUiRTB�=<RjLnR [
Problem 2 [ 5 [D\ . ��UDXS=�LV:<;t`MWkBdP<LVUDWYX LbW�LV:<;>ExUdu_;K=��SJVWkG<Bd;KE







∂u
∂t = 9∂2u

∂x2 (x, t), 0 < x < 5, t > 0,
u(0, t) = u(5, t) = 0,
u(x, 0) = 1.

� � � 

��������� A�aFaFWYJn=_UDX<o6LVW Z 2 [ 5 [d\^¦k] �
u(x, t) =

∞
∑

1

ϕke
−( 3kπ

5 )
2
t sin

kπx

5
, Z 2 [ 5 [ � � ]

��:<;FJb;
ϕk
RYJV;vl�WkP<XS=�PS`VUDX<o Z 2 [ 5 [D\Y\^]c�

ϕk =
2

5

5
∫

0

sin
kπx

5
dx =

2

kπ

[

1 − (−1)
k]
. Z 2 [ 5 [ � \�]

Problem 2 [ 5 [ � .
��UDXS=�LV:<;>BdUDE�U LNWYlr`VWYBDP_LbUdWkX Z 2 [ 5 [ � � ] l�WkJ t→ ∞.

� � � 

���������

lim
t→+∞

u(x, t) = lim
t→+∞

∞
∑

1

ϕke
−( 3kπ

5 )
2
t sin

kπx

5
=

=

∞
∑

1

ϕk lim
t→+∞

e−( 3kπ
5 )

2
t sin

kπx

5
=

∞
∑

1

0 = 0. Z 2 [ 5 [ � � ]

Problem 2 [ 5 [ ¦ . �kPS`MLVUdl�¢�LV:<;xUdXQLV;KJban:SRTXSoY;HWYl LnR�"£UDX<oqLb:<;xBdUDE�U L���UdLV:vLV:S;x`VP<E�EfRjLbUdWkXUdX Z 2 [ 5 [ � � ]c[
Problem 2 [ 5 [ � . ��UDXS=�LV:<;t`MWkBdP<LVUDWYX LbW�LV:<;>ExUdu_;K=��SJVWkG<Bd;KE







ut(x, t) = 4uxx(x, t), 0 < x < 3, t > 0,
u(0, t) = 0, ux(3, t) = 0,
u(x, 0) = x.

Z 2 [ 5 [ � ¦Q]
� � � 

��������� $C;KJV;¤LV:<;�`MWkBdP_LbUDWYX6`M:SWYP<Bi=tGI;y=_;KaFWYE��IWk`V;K=tWjhY;FJHLV:<;y;FUDoY;FX_l�PSXSa�LbUdWkXS`rWTlLV:<;{�QLVPSJVE � w UDWYP<h£UDBdBD;z�<JbWYG<BD;FE Z 2 [ 3 [ � /T]zZ `M;F;>��UDo [ � [ ¦Q]��

u(x, t) =

∞
∑

0

Tk(t) sin
(k + 1

2 )πx

3
. Z 2 [ 5 [ � � ]
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�£P<GS`MLVUdLVP_LbUdXSogLV:<Ui`N`M;KJVUD;K`	UDXkLbW Z 2 [ 5 [ � ¦Q] �&� ;�WkG_LbRYUdX
∞
∑

0

T ′
k(t) sin

(k + 1
2 )πx

3
= 4

∞
∑

0

−
( (k + 1

2 )π

3

)2

Tk(t) sin
(k + 1

2 )πx

3
. Z 2 [ 5 [ � *k]

�<JbWYE LV:SUD`�JV;KBDRTLVUDWYX � l�WYJ ∀k = 0, 1, 2, . . .
�

T ′
k(t) = −

(2(k + 1
2 )π

3

)2

Tk(t) ⇒ Tk(t) = Cke
−
(

2(k+ 1
2
)π

3

)2

t
. Z 2 [ 5 [ � � ]�£P<G~`�LbU LbP_LVUDX<o Z 2 [ 5 [ � � ] UDXkLbWNLb:<;¤UdX<UdLVUiRTB aFWYXS=_UdLVUDWYXtWYl&�SJVWkG<Bd;KE Z 2 [ 5 [ � ¦Q] ��� ;¤oY;FL

∞
∑

0

Tk(0) sin
(k + 1

2 )πx

3
= x =⇒

Tk(0) =
2

3

3
∫

0

x sin
(k + 1

2 )πx

3
dx =

=
2

3
x
− cos

(k+ 1
2 )πx

3
(k+ 1

2 )π

3

∣

∣

∣

∣

∣

3

0

+
2

3

3
∫

0

cos
(k+ 1

2 )πx

3
(k+ 1

2 )π

3

dx = 0 +
2

3

sin
(k+ 1

2 )πx

3
(

(k+ 1
2 )π

3

)2

∣

∣

∣

∣

∣

3

0

=

=
2
3 sin(k + 1

2 )π
(

(k+ 1
2 )π

3

)2 =
2

3

(−1)
k
9

(k + 1
2 )

2
π2

=
6(−1)

k

(k + 1
2 )

2
π2
.

�£UdXSaF;
Ck = Tk(0),

UDX Z 2 [ 5 [ � � ] ��`VP<GS`MLVUdLVP<LVUDX<o Tk(t)
UDXkLbW Z 2 [ 5 [ � � ] �&� ;z�SX~=

u(x, t) =

∞
∑

0

6(−1)
k

(k + 1
2 )2π2

e−
4π2(k+ 1

2
)2t

9 sin
(k + 1

2 )πx

3
. Z 2 [ 5 [ � /Y]

Problem 2 [ 5 [0* . ��UDXS=�LV:<;t`MWkBdP<LVUDWYX LbW�LV:<;>ExUdu_;K=��SJVWkG<Bd;KE






ut(x, t) = 16uxx(x, t), 0 < x < 3, t > 0,
ux(0, t) = ux(3, t) = 0,
u(x, 0) = x.

Problem 2 [ 5 [ � . ��UDXS=>LV:<;¤BdUDE�U L t→ ∞ WYl&LV:<;	`MWkBdP_LbUdWkX>WTl&LV:S;q�<Jb;Fh£UDWYPS`}�<JbWYGSBd;KE [
� ����� � � �

lim
t→∞

u = ϕ0 ≡ 1
3

3
∫

0

x dx = 1
3

9
2 = 3

2 .

2 8 6 Mixed problem for the d’Alembert equation

w ;cLNPS`�`VWYBDhY;vLV:<;>E�U u_;^=��<JVWkG<BD;FE
utt(x, t) = a2uxx(x, t), 0 < x < l, t > 0, Z 2 [ 6 [D\^]
u(0, t) = 0, u(l, t) = 0, Z 2 [ 6 [ � ]
u(x, 0) = ϕ(x), ut(x, 0) = ψ(x). Z 2 [ 6 [ ¦Q]
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�£UDE�UdBiRTJbBD¢gLbW Z 2 [ 2 [ ¦k] �&UdL�Ui`y��JbU LVLV;KX%UdX%LV:<;>WY�I;FJnRjLbWYJ¤l�WYJbE RY`
{

∂2û
∂t2 (t) = a2Aû(t), t > 0,
û(0) = ϕ, ∂û

∂t (0) = ψ.
Z 2 [ 6 [ � ]

Solution to the problem (2.6.1)–(2.6.3)�z;>��UdBDB}BdW£W "gl�WYJyLV:S;>`VWYBDP_LVUDWYX%UdX�Lb:<;�l�WYJbE WTlx`M;KJVUD;K` Z 2 [ 5 [ ¦Q]��
u(x, t) =

∞
∑

1

Tk(t) sin
kπx

l
. Z 2 [ 6 [0*Y]

A [ �£PSGS`�LbU LbP_LVUDX<o Z 2 [ 6 [0*Y] UDXkLbW Z 2 [ 6 [D\^] ��� ;zl�WYJbE�RYBDBd¢�ok;cL
∞
∑

1

T ′′
k (t) sin

kπx

l
= a2

∞
∑

1

−
(kπ

l

)2

Tk(t) sin
kπx

l
. Z 2 [ 6 [ � ]

�<JbWYE :<;KJV;k� Udl�LV:S;K`V;¡`M;KJVUD;K`faFWYXQhY;KJVok;yUdX
L2(0, l),

� ;��SXS=gLV:<;¡;KOQPSRjLbUdWkXS`xl�WkJ�Lb:<;LV;FE��IWkJbRYB�l�P<XSacLVUDWYXS` Z aFWYE��SRTJb;z��U Lb: Z 2 [ 5 [ � ]M]c�
T ′′

k (t) = −
(akπ

l

)2

Tk(t), ∀k = 1, 2, . . . . Z 2 [ 6 [ /T]9&:<;�oY;KX<;FJnRTB�`VWYBDP_LVUDWYX�Ui` Z acWYE��SRYJV;z��UdLV: Z 2 [ 5 [ � ]V]��
Tk(t) = Ak cos

akπ

l
t+Bk sin

akπ

l
t. Z 2 [ 6 [ � ]

% [ 9&:<;�P<X "£X<Wj��XyaFWYXS`MLbRYXkLn` Ak
RTX~=

Bk
RYJV;�l�WYPSXS=¤l�JVWkE+LV:<;�UDX<UdLVUiRTB acWYXS=<U LbUdWkXS`

Z 2 [ 6 [ ¦k]c�






u(x, 0) =
∑∞

1 Tk(0) sin kπx
l = ϕ(x) ⇒ Tk(0) = ϕk (see(2.5.11)),

ut(x, 0) =
∑∞

1 T ′
k(0) sin kπx

l = ψ(x) ⇒ T ′
k(0) = ψk ≡ 2

l

l
∫

0

ψk(x) sin kπx
l dx.

�£P<G~`�LbU LbP_LVUDX<o Z 2 [ 6 [ � ] UDX�LV:S;>RTGIWjhY;zJb;FBiRjLVUDWYX � � ;z�SXS= �
Tk(0) = Ak = ϕk,

T ′
k(0) = Bk

akπ

l
= ψk ⇒ Bk =

ψk

(akπ
l )

. Z 2 [ 6 [ � ]
9&:S;FJb;cl�WYJb;Y�&RkaFacWkJb=<UdX<o{LbW Z 2 [ 6 [ � ] �

Tk(t) = ϕk cos
akπ

l
t+

ψk

(akπ
l )

sin
akπ

l
t. Z 2 [ 6 [D\ � ]

� UDXSRYBdBD¢Y�C`MP<G~`�LbU LbP_LVUDX<o Z 2 [ 6 [ � ] UdXQLVW Z 2 [ 6 [ *k] ��� ;�oY;FL
u(x, t) =

∞
∑

1

(

ϕk cos
akπ

l
t+

ψk

(akπ
l )

sin
akπ

l
t
)

sin
kπx

l
t. Z 2 [ 6 [D\Y\�]

� 
 � ����������� �|:<UdBD;6=_;FJbUdh£UDX<o Z 2 [ 6 [0/Y] � ;{RToQRTUDX%UDXkLV;KJban:SRYX<oY;^=%=<U � ;FJb;FXkLbUiRjLVUDWYX�UDX xRTXS=
t
��U Lb:�Lb:<;>`VP<E�EfRjLbUdWkX [ � `	LV:SUD` #�PS`MLVUd�S;K= �
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Checking the validity of solution (2.6.11)A [ ��W_;K`�`V;FJVUD;K` Z 2 [ 6 [D\Y\^] aFWYXQhY;KJVok; � � L�Ui`�=_WkE�UdXSRTLV;^= G£¢�Lb:<;>`V;FJbUD;K`
const ·

∞
∑

1

(

|ϕk| +
|ψk|
k

)

. Z 2 [ 6 [D\ � ]
�SWYJ	Lb:<;tacWYX£hY;FJboY;KXSac;vWTlHLb:<UD`N`V;FJbUd;^`F� UdLN`VP��qac;^`	LV:SRTL

{

ϕ(x) ∈ C1[0, l], ϕ(0) = ϕ(l) = 0;
ψ(x) ∈ C[0, l].

Z 2 [ 6 [D\K¦Q]
9&:<UD`�UD`y�SJVWjhY;K=�`VUdE�UDBDRYJVBD¢gLbW�LV:<;t=_;FJbUdhTRjLbUdWkX WYl Z 2 [ 4 [ � ] l�JbWYE Z 2 [ 4 [ *k]�[% [ �z;qXS;F;K=�LV:~RjLr`V;FJVUD;K` Z 2 [ 6 [ *k] aFWYP<Bi=�GI;¤=_U��I;KJV;KXkLbUDRTLV;K=�L���UDaF;qUdX x RTX~=�WYX~ac;UdX
t [ �SWYJ	Lb:<Ui`F�&LV:<;tacWkXQhY;KJVok;FXSac;vWYlHLV:<;�l�WYBDBdWj��UdXSog`M;KJVUD;K`y`VP��qac;^` �

∞
∑

1

(

k2|ψk| + k|ϕk|
)

<∞. Z 2 [ 6 [D\ � ]
�SWYJ	Lb:<;tacWYX£hY;FJboY;KXSac;vWTlHLb:<UD`N`V;FJbUd;^`F� UdL�Ui`�`VP��qacUD;FXQLyLb:SRjL
{

ϕ(x) ∈ C3[0, l], ϕ(0) = ϕ(l) = 0, ϕ′′(0) = ϕ′′(l) = 0;
ψ(x) ∈ C2[0, l], ψ(0) = ψ(l) = 0.

Z 2 [ 6 [D\�*k]
9&:<Ui`yUi`y�<JbW�hY;^=�RTXSRTBDWkoYWYPS`MBD¢�LbW�LV:<;t=_;FJbUdhTRjLbUdWkX WYl Z 2 [ 4 [d\ � ] l�JbWYE Z 2 [ 4 [d\k\^]�[

� ����� � 
 ������� � �£;FJbUD;K` Z 2 [ 6 [D\Y\�] UD`6R�`MWkBdP_LbUDWYXeWYl��<JVWkG<BD;FE Z 2 [ 6 [d\�] � Z 2 [ 6 [ ¦k] �xUdlyLb:<;l�P<XSa�LbUdWkXS`
ϕ
RTXS=

ψ
`bRjLbUD`Ml�¢ acWkXS=_UdLVUDWYXS` Z 2 [ 6 [D\�*k]�[

Remark 2 [ 6 [d\ . �NWYJb;t�<JV;^acUi`M; Z Bd;^`V`¡Jb;K`MLVJbUDacLVUDhY; ] acWkXS=_UdLVUDWYXS`¡WYX ϕ, ψ
RTJb;>okUdhY;KXUdX6LV;KJVEf`xWTlCLb:<;N�£WkGIWYBD;Fht`V�SRYac;^` Z `V;F;z� �NU)" / �_� � BD; / �^� � RYXS=6RTBi`VWvUDXg�_;Ka�LbUdWkX 2 [ 7 ]c[

Problem 2 [ 6 [D\ . ��UDXS=�LV:<;t`MWkBdP<LVUDWYX�WYl�Lb:<;�E�Udu_;K=��<JbWYG<BD;FE
ut = 9uxx(x, t), 0 < x < 4, t > 0, Z 2 [ 6 [D\ � ]
ux(0, t) = 0, u(4, t) = 0, Z 2 [ 6 [D\ /Y]
u(x, 0) = 0, ut(x, 0) = 16 − x2. Z 2 [ 6 [D\ � ]

� ��� 

��������� � X<;gX<;F;^=<`zLbW5=_;^acWkEx�IWQ`M;6Lb:<;�`VWYBDP_LVUDWYX3W�hY;KJvLb:<;g;KUdok;FX_l�P<X~a�LVUDWYX~`�WTlLV:<;{�QLVPSJVE � w UDWYP<h£UDBdBD;z�<JbWYG<BD;FE Z 2 [ 3 [ � � ]zZ `M;K;>� UDo [ � [ � ]��
u(x, t) =

∞
∑

0

Tk(t) cos
(k + 1

2 )πx

4
. Z 2 [ 6 [D\ � ]

�£P<GS`MLVUdLVP_LbUdWkX5UdXQLVW Z 2 [ 6 [D\ � ] oYUDhY;^`F�&`VUDExUDBiRTJbBd¢�LVW Z 2 [ 6 [ /T] �
T ′′

k (t) = −9
( (k + 1

2 )π

4

)2

Tk(t). Z 2 [ 6 [ � � ]



�Y� ���������
	�����
�������������������	����
2 � 7

9&:<;�UDX<U LbUDRYB}aFWYXS=_UdLbUdWkXS` Z 2 [ 6 [D\ � ] okUdhY;
Tk(0) = ϕk = 0,

T ′
k(0) = ψk ≡ 2

4

4
∫

0

(16 − x2) cos
(k + 1

2 )πx

4
dx =

43(−1)
k

(k + 1
2 )3π3

. Z 2 [ 6 [ � \�]
w ;cLvPS`¡�IWYUDXkLvWkP_L¡LV:SRTLv:<;FJb; ϕk ≡ 0

����:<UDBd;
ψ(x)
`bRjLbUD`M�S;^`¡acWYX~=_U LbUdWkXS`¡`VUDExUDBiRTJLVW Z 2 [ 6 [D\�*Y]c� ψ(x) ≡ 16 − x2 ∈ C2[0, 4]; ψ′(0) = ψ(4) = 0

�¡LV:SRTL%Ui`K�
ψ(x)`VRTLVUi`��~;K`>LV:S;�`bRTE�;|:<WkExWkoY;KX<;FWkPS`>GIWYP<XS=SRTJb¢3acWYX~=_U LbUdWkXS`{Rk`>Lb:<; ;KUdok;FX_l�P<X~a�LVUDWYX~`

Xk(x) = cos
(k+ 1

2 )πx

4

=<WS�xRTXS=
ψk ≤ C/k3,

=_P<;�LVW ��;FEfRYJ "
2 [ 4 [D\Y[ 9&:<;KJV;Fl�WYJb;;K`MLVUDEfRjLV; Z 2 [ 6 [d\ � ] LbR+"Y;K`y�<BDRkac; [9&:<;KJV;Fl�WYJb;¤l�JbWYE Z 2 [ 6 [ � � ] �@Z 2 [ 6 [ � \^] � ;y�SXS=�� `VUDExUDBiRTJbBd¢>LbW Z 2 [ 6 [ � ] �@Z 2 [ 6 [ � ] � LV:SRTL

Tk(t) =
ψk sin

3(k+ 1
2 )πt

4
3(k+ 1

2 )π

4

. Z 2 [ 6 [ � � ]
� ����� � � �

u(x, t) =

∞
∑

1

256(−1)
k

3
(

(k + 1
2 )π
)4 sin

3(k + 1
2 )πt

4
cos

(k + 1
2 )πx

4
. Z 2 [ 6 [ � ¦Q]

2 8 7 Generalization of the Fourier method for nonhomogeneous equations

The heat equationA [�w ;cL¡P~`¡acWYX~`MUi=_;FJ�LV:S;tE�U u_;^=%�<JbWYGSBd;KE l�WkJ�LV:S;tX<WYXS:<WYE�WYok;FX<;KWYPS`y:<;KRTL¡;KOQPSR �LVUDWYX���UdLV:�LV:S;y:SWYE�WYok;FX<;KWYPS`rG~WkP<XS=<RYJV¢{acWkXS=_UdLVUDWYXS` Z X<WYX<:<WkE�WYoY;KX<;FWkPS`rG~WkP<XS=<RYJV¢acWYX~=_U LbUdWkXS`y��UdBDB�GI;�LV:<;>X<;cu£LN`MLb;F�%UDX5=_;FhY;KBdWk�<UDX<o6LV:<;t�SWYP<JbUd;KJyEx;FLV:<W<= ]��






∂u
∂t = a2 ∂2u

∂x2 + f(x, t), 0 < x < l,
u(0, t) = 0, u(l, t) = 0,
u(x, 0) = ϕ(x).

Z 2 [ 7 [D\^]
A�okRTUDX��&� ;�BDW£W+"�l�WYJN`MWkBdP_LbUdWkX�WYl�LV:SUD`��<JbWYG<BD;FE UDX�LV:S;zl�WkJVE Z 2 [ 5 [ ¦Q] � Z 2 [ 6 [0*Y]c�

u(x, t) =
∞
∑

1

Tk(t) sin
kπx

l
. Z 2 [ 7 [ � ]

9&:<;¤X<;K�+`MLV;K�{��UdBDB GI;qLb:<;	=_;^acWkEx�IWQ`MUdLVUDWYXtWTl
f(x, t)

WjhY;FJ�LV:S;¤;FUDoY;KX_l�P<XSacLVUDWYXS`WTlHLV:<;{�QLVPSJVE � w UDWYP<h£UDBdBD;z�<JbWYGSBd;KE �
f(x, t) =

∞
∑

1

fk(t) sin
kπx

l
; fk(t) =

2

l

l
∫

0

f(x, t) sin
kπx

l
dx. Z 2 [ 7 [ ¦k]
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9&:<UD` =_;^acWkEx�IWQ`MUdLVUDWYX�UD`|�IWk`b`VUdG<BD;�=_W£;5LbWeLb:<;¥acWkEx�SBd;FLV;FXS;K`b`�WTlzLb:<;�l RTE�UDBd¢4WTl;FUDoY;FX<l�P<XSa�LbUdWkXS`
sin kπx

l

UDX¥LV:<;�`M�SRkac;
L2(0, l)

RY`zBdWkX<o%RY`
f(x, t) ∈ L2(0, l)

l�WkJ;KRYan: �Su£;^=
t > 0 [% [ �<WkJr�SXS=_UDX<ozLV:S;	LV;KEx�IWkJbRYB l�P<XSa�LbUdWkXS` Tk(t)

� ;�`VP<GS`MLVUdLVP_Lb;�=_;^acWkEx�IWQ`MUdLVUDWYX~`
Z 2 [ 7 [ � ] � Z 2 [ 7 [ ¦Q] UDXkLbW Z 2 [ 7 [D\^]c�

∞
∑

1

T ′
k(t) sin

kπx

l
= −a2

∞
∑

1

(kπ

l

)2

Tk(t) sin
kπx

l
+

∞
∑

1

fk(t) sin
kπx

l
. Z 2 [ 7 [ � ]

�<JbWYE�:<;FJb;Y�&=_P<;¡LbW{LV:<;zWYJVLV:<WkoYWYXSRTBDUdL ¢�WTl}LV:<;vl RTE�UdBD¢�WTl};KUdok;FX_l�PSXSa�LbUdWkXS`F� � ;voY;FL
T ′

k(t) = −
(akπ

l

)2

Tk(t) + fk(t), t > 0, k = 1, 2, . . . . Z 2 [ 7 [0*Y]
9&:£PS`F��Lb:<;	=_U�� ;FJb;FXkLbUDRYB ;^OkP~RjLVUDWYX>l�WkJ�Lb:<;qLb;FE��IWYJnRTB l�P<XSa�LbUdWkXS`rUD`HWkG_LbRYUdX<;^= [ 9 W=_;cLb;FJbExUDX<;fLV:<;K`V;�l�PSXSa�LbUdWkXS`�P<X<UiOkPS;FBD¢Y��WYX<;fX<;F;^=<`�LbW�LbR+"Y;�UDXkLbW¡RkaFacWkP<XkL}LV:S;fUDX<UdLVUiRTBacWYX~=_U LbUdWkX l�JbWYE Z 2 [ 7 [D\^]��

∞
∑

1

Tk(0) sin
kπx

l
= ϕ(x) ⇒ Tk(0) =

2

l

l
∫

0

ϕ(x) sin
kπx

l
dx. Z 2 [ 7 [ � ]

w ;cL�PS`��~WkUDXkL�WkP_L�LV:SRTL�Lb:<;rGIWkP<XS=<RYJV¢�aFWYXS=_UdLVUDWkXS`�UDX Z 2 [ 7 [d\�] RTJb;rRTP_LbWYEfRjLbUDaKRTBDBD¢`VRTLVUi`��S;^=�=_PS; LVW =_;^acWYE��IWQ`MUdLVUDWYX Z 2 [ 7 [ � ] Z `VUDXSac; Lb:<;F¢�RTJb;�`VRTLVUi`M�S;K= l�WkJpLb:<;;FUDoY;FX<l�P<XSa�LbUdWkXS`
sin kπx

l ] Udl Tk(t) = O
(

1
k2

)

.
 [Cw ;cLNPS`�RT�S�<Bd¢|LV:<Ui`�`ban:<;FE�;zl�WYJN`VWYBDhQUDX<o��<JbWYG<BD;FEf` [

Problem 2 [ 7 [D\ . �_WYBDhY;vLb:<;�E�Udu_;K=��<JbWYG<BD;FE






ut = 16uxx + 2, 0 < x < 7, t > 0,
ux(0, t) = u(7, t) = 0,
u(x, 0) = 0.

Z 2 [ 7 [ /T]
� ��� 

��������� A�`Nl�WYBDBDW��C`Nl�JbWYE Lb:<;6GIWYP<XS=<RYJV¢5acWkXS=_UdLVUDWYXS`K��LV:<;�`VWYBDP_LVUDWYX¥`M:<WkP<Bi=5GI;=_;KaFWYE��IWk`V;K=|WjhY;FJ	LV:<;�;FUDoY;KX_l�P<XSacLVUDWYXS`yWTl�Lb:<;t�QLVP<JbE � w UdWkP<h£UdBDBD;v�<JbWYGSBd;KE Z 2 [ 3 [ � � ]Z `V;F;>��Udo [ � [ � ]c�

u(x, t) =

∞
∑

0

Tk(t) cos
(k + 1

2 )πx

7
. Z 2 [ 7 [ � ]

�£P<G~`�LbU LbP_LVUDX<o�LV:SUD`�`M;KJVUD;K`�UdXQLVW Z 2 [ 7 [0/Y] � � ;�oY;FL�Lb:<;�;KOQPSRTLVUDWYX�`VUdE�UDBDRYJ�LVW Z 2 [ 7 [0*Y]c�
T ′

k(t) = −
(4(k + 1

2 )π

7

)

2

Tk + fk, t > 0, k = 1, 2, . . . . Z 2 [ 7 [ � ]
��:<;FJb;

fk ≡ 2

7

7
∫

0

2 cos
(k + 1

2 )πx

7
dx =

4

7

sin
(k+ 1

2 )πx

7
( (k+ 1

2 )π

7

)

∣

∣

∣

∣

∣

7

0

= 4
(−1)

k

(k + 1
2 )π

. Z 2 [ 7 [D\ � ]
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A�`	l�WkBdBDWj�C`¤l�JbWYE Lb:<;�UDX<UdLVUiRTB�acWYX~=_U LbUdWkX�WYl�Lb:<;>�<JVWkG<BD;FE��
Tk(0) = 0. Z 2 [ 7 [D\Y\^]

w ;FL�PS`C`MWkBdhY;�Lb:<;}�<JVWkG<BD;FE Z 2 [ 7 [ � ] � Z 2 [ 7 [D\Y\�]�[ 9&:<;�ok;FX<;FJnRTB@`VWYBDP_LVUDWYX	LVW�;KOQPSRTLVUDWYXZ 2 [ 7 [ � ] :SRY`	LV:<;�l�WYBDBDW���UDX<o6l�WYJbE �
Tk(t) = T 0

k (t) + T p
k (t), Z 2 [ 7 [D\ � ]

��:<;FJb;
T 0

k

UD`yLV:<;>oY;KX<;FJnRTB�`MWkBdP<LVUDWYX LbW�LV:<;>:<WYE�WYok;FX<;KWYPS`	;KOQPSRjLbUdWkX �
T 0

k (t) = Cke
−
(

4(k+ 1
2
)π

7

)2
t Z 2 [ 7 [D\K¦Q]

9&:<;¥�SRYJMLbUDaFP<BiRTJ�`MWkBdP_LbUdWkX UD`�R*acWkXS`�LnRTXQL � T p
k (t) = Ak [ �£P<G~`�LbU LbP_LVUDX<o7UDXkLVWZ 2 [ 7 [ � ] �&� ;�oY;cL

0 = −
(4(k + 1

2 )π

7

)2

Ak + fk =⇒

Ak =
49fk

16
(

(k + 1
2 )π
)2 =

49(−1)k

4
(

(k + 1
2 )π
)3 . Z 2 [ 7 [D\ � ]

�_P<GS`MLVUdLVP_LbUdX<o Z 2 [ 7 [D\K¦Q] RYXS= Z 2 [ 7 [D\ � ] UDXkLbW Z 2 [ 7 [D\ � ] �&� ;�oY;cL
Tk(t) = Cke

−
(

4(k+ 1
2
)π

7

)2
t +

49(−1)
k

4
(

(k + 1
2 )π
)3 . Z 2 [ 7 [D\�*k]

 CWj� � ;�XS;F;K= LbW�LbR+"Y;zUDXkLbW�RYaKacWYP<XQL Z 2 [ 7 [D\Y\^]c�
0 = Ck +

49(−1)
k

4
(

(k + 1
2 )π
)3 ⇒ Ck = − 49(−1)

k

4
(

(k + 1
2 )π
)3 . Z 2 [ 7 [D\ � ]

� UDXSRYBdBD¢Y�C`MP<G~`�LbU LbP_LVUDX<o Z 2 [ 7 [D\�*k] UDXkLbW Z 2 [ 7 [ � ] ��� ;�oY;FL
u(x, t) =

∞
∑

0

(−1)
k 49

4
(

(k + 1
2 )π
)3

[

−e−(
4(k+ 1

2
π

7 )2t + 1

]

cos
(k + 1

2 )πx

7
. Z 2 [ 7 [D\ /Y]

Problem 2 [ 7 [ � .
� UDXS=�LV:<;NBdUDE�U LqWYl�Lb:<;N`VWYBDP_LVUDWYX6LbW>�<JVWkG<BD;FE Z 2 [ 7 [ /T] RY` t→ +∞.

� � � 

��������� 9�R+"QUDX<o%LV:<;|BdUDE�U L
t → ∞ UDXe;KRYan: LV;KJVE UDXp`V;FJbUd;^` Z 2 [ 7 [d\�/T] ��� ;�oY;FLZ #�PS`MLVUdl�¢ � ]

u∞(x) ≡ lim
t→+∞

u(x, t) =

∞
∑

0

49(−1)
k

4
(

(k + 1
2 )π
)3 cos

(k + 1
2 )πx

7
. Z 2 [ 7 [D\ � ]
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w ;cLNPS`�aFWYE��<P_Lb;zLV:<;t`MPSE WYl�Lb:<Ui`�`V;FJbUd;^` [ �<WYJyLV:SUD`K�&� ;�X<WTLbUDaF;zLV:SRTL
u′∞(x) = −

∞
∑

0

7

4

(−1)
k

(

(k + 1
2 )π
)2 sin

(k + 1
2 )πx

7
, Z 2 [ 7 [D\ � ]

u′′∞(x) = −
∞
∑

0

(−1)
k

4(k + 1
2 )π

cos
(k + 1

2 )πx

7
= −1

8
Z 2 [ 7 [ � � ]

��:<;FJb;vLb:<;�BiRY`ML�;KOQPSRTBDUdL ¢�l�WkBdBDW��C`	l�JVWkE =_;KaFWYE��IWk`VUdLVUDWYX Z `V;F; Z 2 [ 7 [d\ � ]V]
2 =

∞
∑

0

4(−1)
k

(k + 1
2 )π

cos
(k + 1

2 )πx

7
. Z 2 [ 7 [ � \�]

� XkLV;KoYJnRjLbUdX<o6L���UDaF;�Ui=_;FXQLVUdL ¢ Z 2 [ 7 [ � � ] �&� ;�ok;cL
u∞(x) =

1

16
(−x2 + C1x+ C2). Z 2 [ 7 [ � � ]

9 W��SXS=
C1
RYXS=

C2
�&� ;�XSWTLVUiac;zLb:SRjL¡=_P<;zLbW Z 2 [ 7 [D\ � ] RTXS= Z 2 [ 7 [D\ � ]

u∞(7) = 0, u′∞(0) = 0. Z 2 [ 7 [ � ¦k]�£P<GS`MLVUdLVP_LbUdXSo�:<;FJb; Z 2 [ 7 [ � � ] �&� ;z�SXS= C1 = 0, C2 = 49 :

u∞(x) =
1

16
(49 − x2). Z 2 [ 7 [ � � ]

Remark 2 [ 7 [d\ . ��;tacWYPSBD=%WYG_LnRTUDX u∞ =_UDJb;Ka�LbBd¢|l�JbWYE Z 2 [ 7 [ /T] ����UdLV:SWYP_LNP~`MUDX<o�Lb:<;X<WYXS`MLbRTLVUDWYXSRYJV¢z`MWkBdP_LbUdWkX Z 2 [ 7 [D\ /Y] � `VP<GS`MLVUdLVP_LbUdX<o ut
GQ¢

0
RYXS=>`VWYBDh£UDX<oyLb:<;q�SJVWkG<Bd;KE

{

0 = 16u′′∞(x) + 2, 0 < x < 7,
u′∞(0) = 0, u∞(7) = 0.

Z 2 [ 7 [ � *k]
Remark 2 [ 7 [ � .

9&:<;Nl�PSXS=<RTE�;KXkLbRYB��<JbWY�I;KJML�¢6WYl�LV:S;v:<;KRjL	;KOQPSRTLVUDWYX|UD`qLb:SRjL	P<XS=<;FJ`�LnRjLbUdWkXSRTJb¢�;Fu£LV;FJbXSRYB}acWkXS=_UdLVUDWYXS` Z LV:SRTL¡UD`K�C��:<;FX%Lb:<;tX<WYXS:<WYE�WYok;FX<;KWYPS`¤Lb;FJbE�`NWTlLV:<;g;KOQPSRjLbUdWkX RTXS=�LV:<;gGIWYP<XS=<RYJV¢�acWYXS=<U LbUdWkXS`z=_W%X<WYL>=_;F�I;FX~=¥;cu_�<BDUDaFU LbBd¢�WYX
t ] �LV:<;t`MWkBdP<LVUDWYX

u(x, t)
`MLnRTG<UDBdU)(F;^`yRk`

t→ +∞ :

u(x, t) → u∞(x), t→ +∞. Z 2 [ 7 [ � � ]9&:<;NBDUdE�UdLfl�PSXSa�LbUdWkX
u∞(x)

Ui`�LV:<;¡`VWYBDP_LbUdWkX6LbW�Lb:<;¡aFWYJbJV;^`M�IWYXS=<UdX<o>`�LnRjLbUdWkXSRTJb¢�<JVWkG<BD;FE [
Problem 2 [ 7 [ ¦ . ��UDXS= LV:S; BdUDE�U L�RY` t → +∞ WYl>LV:S;3`MWkBdP<LVUDWYX LVW*LV:<; E�Udu_;K=�<JVWkG<BD;FE







ut = 25uxx(x, t) + 3x2, 0 < x < 6,
u(0, t) = 0, u′(6, t) = 1,
u(x, 0) = sinx.

Z 2 [ 7 [ � /Y]
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��������� A�`�� ;q`bRTUi=>RTGIWjhY;Y� � ;qoY;cL�l�JVWkE Z 2 [ 7 [ � /T] � Z 7.25′ ] Lb:<;qGIWYPSXS=<RTJb¢vhjRTBDP<;�<JVWkG<BD;FE l�WYJ
u∞(x) = limt→∞ u(x, t)

{

0 = 25u′′∞(x) + 3x2, 0 < x < 6,
u∞(0) = 0; u′∞(6) = 1.

� XkLV;KoYJnRjLbUdX<o�Lb:<Ui` ;KOQPSRjLbUdWkX��_� ;�oY;cL u∞(x) = − x4

100 +C1x+C2.
�SJbWYE LV:S;CGIWkP<XS=<RYJV¢acWYX~=_U LbUdWkXS`y� ;�oY;FL

C2 = 0, − 63

25 + C1 = 1.
� ����� � � �

u∞(x) = − x4

100 + 241
25 x.

The wave equation

w ;cLNPS`�aFWYXS`VUD=_;KJ	LV:S;�X<WkX<:<WYE�WkoY;FXS;FWYPS`¤�&R^hY;�;KOQPSRjLbUdWkX [
Problem 2 [ 7 [ � . �_WYBDhY;vLb:<;�E�Udu_;K=��<JbWYG<BD;FE (ω > 0) �







utt(x, t) = 25uxx + sin(ωt)x(3 − x), 0 < x < 3, t > 0,
u(0, t) = u(3, t) = 0,
u(x, 0) = 0, ut(x, 0) = 0.

Z 2 [ 7 [ � � ]
� � � 

��������� A [ � X|h£UD;F� WTl�Lb:<;vGIWYP<XS=SRTJb¢�acWkXS=_UdLVUDWYXS`qUDX Z 2 [ 7 [ � � ] � � ;vRYJV;NBDW£W "QUDX<ol�WYJ¡LV:S;6`VWYBDP_LVUDWYX

u
UdX�l�WYJbE WTl�Lb:<;6=<;KacWkE��IWk`VU LbUdWkX�W�hY;KJNLV:<;6;FUDoY;KX_l�P<XSacLVUDWYXS`vWTlLV:<;{�QLVPSJVE � w UDWYP<h£UDBdBD;z�<JbWYG<BD;FE Z 2 [ 3 [D\^]��

u(x, t) =
∞
∑

1

Tk(t) sin
kπx

3
. Z 2 [ 7 [ � � ]

�<WkJ}Lb:<UD`K��LV:<;ql�P<XSa�LbUdWkX
sin(ωt)x(3−x) UDXt;KOQPSRTLVUDWYX Z 2 [ 7 [ � � ] Ui`HRTBi`VWN=<;KacWkE��IWk`V;K=UdX%LV:<;t`M;KJVUD;K`	WjhY;FJ	Lb:<;>`V¢_`�Lb;FE

sin kπx
3 :

sin(ωt)x(3 − x) = sin(ωt)
∞
∑

1

gk sin
kπx

3
, Z 2 [ 7 [ ¦ � ]

��:<;FJb;
gk = 2

3

3
∫

0

x(3 − x) sin kπx
3 dx = 36

(kπ)3

(

1 − (−1)
k)
.

% [ ��UdX~=_UdXSo4LV:<;eLV;FE��IWYJnRTB�l PSXSa�LbUdWkXS` Tk(t) [ �£P<GS`MLVUdLVP_LbUDX<o�=_;KacWkE��IWk`VU LbUdWkXZ 2 [ 7 [ � � ] RTXS= Z 2 [ 7 [ ¦ � ] UDXkLbW%;KOQPSRTLVUDWYX Z 2 [ 7 [ � � ] RYXS=¥PS`VUdXSo Lb:<;gWYJVLV:<WkoYWYX~RTBdUdL ¢5WYlLV:<;�l RTE�UDBd¢
sin kπx

3 ,
� ;�oY;cL^��`VUdE�UDBDRYJVBD¢gLbW Z 2 [ 6 [ /T] �
T ′′

k (t) = −
(5kπ

3

)2

Tk(t) + gk sin(ωt). Z 2 [ 7 [ ¦<\^]
�£P<GS`MLVUdLVP_LbUDX<o¡`M;KJVUD;K` Z 2 [ 7 [ � � ] UdXQLVWyLV:S;�UDX<U LbUDRYB aFWYXS=_UdLVUDWYX~` Z 2 [ 7 [ � � ] � � ;�oY;cL^� acBD;KRYJVBD¢Y�

Tk(0) = 0, T ′
k(0) = 0. Z 2 [ 7 [ ¦ � ]9&:<;  RTP~ab:£¢m�<JVWkG<BD;FE Z 2 [ 7 [ ¦<\�] �@Z 2 [ 7 [ ¦ � ] PSX<UDOQP<;KBd¢$=_;cLb;FJbE�UdX<;^`¥LV:S;*Lb;FE��IWYJnRTBl�P<XSa�LbUdWkXS`

Tk(t).
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� LNUD` "£X<Wj��X Lb:SRjL�LV:<;>oY;KX<;FJnRTB�`VWYBDP_LVUDWYX LbWg;KOQPSRTLVUDWYX Z 2 [ 7 [ ¦S\^] :SRY`	Lb:<;zl�WkJVE
Tk(t) = T 0

k (t) + T p
k (t), Z 2 [ 7 [ ¦Y¦Q]��:<;FJb;

T 0
k (t)
Ui` LV:S;�oY;KX<;FJnRTB `VWYBDP_LVUDWYX¤WYl�Lb:<;}acWYJbJb;K`M�IWYX~=_UdXSo�:SWYE�WYok;FX<;FWkPS` ;KOQPSRTLVUDWYX

T 0
k (t) = Ak cos

(5kπ

3
t
)

+Bk sin
(5kπ

3
t
)

, Z 2 [ 7 [ ¦ � ]
��:<UdBD;

T p
k (t)
Ui`}R��SRTJVLVUiacPSBDRYJ}`VWYBDP_LVUDWYXzLbWyLb:<;fX<WYXS:<WYE�WYok;FX<;KWYPS`�;KOQPSRTLVUDWYX Z 2 [ 7 [ ¦S\^]�[�|:<;KX��SXS=<UdX<o>LV:<;N�SRTJVLVUiacP<BiRTJf`VWYBDP_LVUDWYX�� WYXS;yX<;K;K=<`xLbW>=<UD`MLVUDX<oYPSUD`V:�L � WtaKRY`V;K` �XSRTE�;FBD¢k� LV:<;>JV;^`MWkXSRTXQLyRYXS=�X<WYX�� JV;^`MWkXSRTXkL�aFRk`M;^` [% ������� � � ��� ��� ��� � ��� � � � �SWYJ�RYBdB k ∈ N

�
ω 6= 5kπ

3
. Z 2 [ 7 [ ¦ *k]

9&:<;FX
T p

k (t)
RTJb;vLVWgGI;�BDW£W+"Y;^=�l�WkJyUDX�Lb:<;zl�WkJVE

T p
k (t) = A sin(ωt). Z 2 [ 7 [ ¦ � ]�£P<GS`MLVUdLVP_LbUdWkX5UdXQLVW Z 2 [ 7 [ ¦<\^] oYUDhY;^`

−ω2A sin(ωt) = −
(5kπ

3

)2

A sin(ωt) + gk sin(ωt), Z 2 [ 7 [ ¦�/T]
l�JVWkE ��:<;FJb;Y�&UDX%h£Ud;K� WYl Z 2 [ 7 [ ¦ *Y] �

A =
gk

(

5kπ
3

)2 − ω2
. Z 2 [ 7 [ ¦ � ]

9&:<;FX Z 2 [ 7 [ ¦Y¦k] LnR�"Y;K`	LV:<;�l�WYJbE
Tk(t) = Ak cos

(5kπ

3
t
)

+Bk sin
(5kπ

3
t
)

+
gk sin(ωt)
(

5kπ
3

)2 − ω2
. Z 2 [ 7 [ ¦ � ]

��UDXSRTBDBd¢k� LV:S;�UDX<UdLVUiRTB�acWYX~=_U LbUdWkXS` Z 2 [ 7 [ ¦ � ] ¢£UD;FBi=
Ak = 0, Bk

5kπ

3
+

gkω

( 5kπ
3 )2 − ω2

= 0 ⇒ Bk = − gkω
5kπ
3

(

( 5kπ
3 )2 − ω2

) .

Z 2 [ 7 [ �k� ]9&:£PS`F��UdX�Lb:<;>aKRY`V;v��:S;FX Z 2 [ 7 [ ¦ *k] Ui`�`bRjLVUi`M�S;K=|l�WkJ�RYBdB k = 1, 2, . . . ,
� ;�:SR�hY;

u(x, t) =
∞
∑

1

gk
(

5kπ
3

2)− ω2

(

− ω

( 5kπ
3 )

sin
(5kπ

3
t
)

+ sin(ωt)
)

sin
kπx

3
. Z 2 [ 7 [ � \�]

� ��� ��� ��� ��� � ��� � � � �SWYJ�`VWYE�; m ∈ N
�

ω =
5mπ

3
. Z 2 [ 7 [ � � ]
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� X�LV:<Ui`NaFRY`V;Y�
T p

m(t) = t(A cosωt+B sinωt). Z 2 [ 7 [ � ¦Q]9 R+"£UdX<o
k = m

RYXS=%`MP<GS`MLbU LbP_LVUDX<o�UdXQLVW Z 2 [ 7 [ ¦S\^] �&� ;�oY;FL
2
(

−Aω sin(ωt) +Bω cos(ωt)
)

+ t
(

−Aω2 cos(ωt) −Bω2 sin(ωt)
)

=

= −
(5mπ

3

)2
t
(

A cos(ωt) +B sin(ωt)
)

+ gm sin(ωt). Z 2 [ 7 [ �Y� ]
$�;FJV;�UDX�LV:S;�BD;cl L � :SRYXS=%`VUD=_;�� ;�PS`M;^= LV:<; w ;KUdG<XSU (zl�WkJVEHPSBDR6l�WYJNacWYE��<P<LVUDX<o

d2

dt2

[

t
(

A cos(ωt) +B sin(ωt)
)

]

. Z 2 [ 7 [ � *k]
9�R�"£UDX<o>UDXkLbW6RYaFaFWYP<XQL Z 2 [ 7 [ � � ] RYXS=�aFWYBDBd;^a�LVUDX<o>Lb:<;NLV;KJVEf`qUdX Z 2 [ 7 [ �k� ] � � ;¡oY;cL

2
(

−Aω sin(ωt) +Bω cos(ωt)
)

+ gm sin(ωt). Z 2 [ 7 [ �k� ]��;�acWYE��SRYJV;{Lb:<;�acW£; �faFUd;KXkLn`�RjL
cos(ωt)

RTXS=
sin(ωt)

WkX¥LV:<;gBD;cl LtRYXS=¥WYXLV:<;>JVUDoY:QL �
2Bω = 0, −2Aω = gm. Z 2 [ 7 [ � /Y]�£UdX~ac;

ω > 0
�

B = 0, A = −gm

2ω
. Z 2 [ 7 [ �k� ]9&:QP~`F�

T p
m(t) = −tgm

2ω
cos(ωt). Z 2 [ 7 [ �k� ]9&:<;FJb;cl�WkJV;

Tm(t) = Am cos
(5kπ

3
t
)

+Bm sin
(5kπ

3
t
)

− t
gm

2ω
cos(ωt). Z 2 [ 7 [0* � ]

�£P<GS`MLVUdLVP_LbUDX<o�UdXQLVW�Lb:<;>UdX<UdLVUiRTB�acWkXS=_UdLVUDWYXS` Z 2 [ 7 [ ¦ � ] �&� ;�oY;cL
Am = 0; Bm

5mπ

3
− gm

2ω
= 0 =⇒ Bm =

3gm

10mπω
. Z 2 [ 7 [0*_\�]

9&:<;FJb;cl�WkJV;k�
T p

m(t) =
3gm

10mπω
sin
(5kπ

3
t
)

− t
gm

3
cos(ωt). Z 2 [ 7 [0* � ]9&:QP~`F�&U l�l�WkJy`VWYE�;

m ∈ N
acWkXS=_UdLVUDWYX Z 2 [ 7 [ � � ] Ui`y`VRTLVUi`��S;^=@� � ;zoY;FL Z acWkEx�SRYJV;��U Lb: Z 2 [ 7 [ � \^]M]c�

u(x, t) =
∞
∑

k=1
k 6=m

gk

( 5kπ
3 )2 − ω2

(

− ω

( 5kπ
3 )

sin
(5kπ

3
t
)

+ sin(ωt)
)

sin
kπx

3
+

+
( 3gm

10mπω
sin
(5mπ

3
t
)

− t
gm

2ω
cos(ωt)

)

sin
mπx

3
. Z 2 [ 7 [0*T¦Q]
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Remark 2 [ 7 [ ¦ . � X5LV:<;{X<WkX�� Jb;K`VWYX~RTXkLNaKRY`V;Y��RYBdB}Lb:<;>Lb;FJbEf`NUdX¥`M;KJVUD;K` Z 2 [ 7 [ � \^] RYJV;GIWYP<XS=<;K= l�P<X~a�LVUDWYX~`>WYl
x
�
t
�H��:<UDBD;�UDX3Lb:<;�Jb;K`VWYX~RTXkLtaKRY`V; Z 2 [ 7 [ � � ] WYX<;�WTl	Lb:<;LV;FJbEf`vUDX Z 2 [ 7 [0*T¦Q] Ui`vPSXQGIWYP<X~=_;K=¥��:<;KX t → +∞ [ 9&:<;KJV;cl�WkJV;k��l�WYJzBiRTJboY; t ��Lb:<;`MWkBdP_LbUDWYX���UDBdBxGI;6Jb;F�<Jb;K`V;FXQLV;^=�E�RYUdXSBd¢5G£¢5LV:<;�BDRk`�LvLb;FJbE UDX Z 2 [ 7 [0*T¦Q]�[ �<WkJvhY;FJb¢BDRYJVok;

t
��LV:<;6`VWYBDP_LbUdWkX���UdBDBHGI;KaFWYE�;{aFWYXS`VUD=<;FJnRTG<BD¢ BiRTJboY; [ � lfUdLv� ;KJV;{R `�LbJVUDX<oS��UdL��UdBDB�ok;cLqLbWYJbX [ A�`¤LV:<;vEfRTLMLV;KJ¤WYl�l Rka�LK� ��:<;KX�Lb:<;z`VWYBDP_LVUDWYX|GI;^acWYE�;^`qBDRYJVok;Y� UdL	Ui`X<W{BdWkX<oY;KJq=<;K`bacJbUdGI;K=�GQ¢�LV:<;vBDUdX<;^RTJ¤� R^hk;N;KOQPSRTLVUDWYX�� RYXS=gl�WYJbEHP<BiR Z 2 [ 7 [0*T¦Q] UD`¤X<WBdWkX<oY;KJ	hTRTBDUD= [

Problem 2 [ 7 [0* . ��UDXS=�LV:<;t`MWkBdP<LVUDWYX LbW�LV:<;>ExUdu_;K=��SJVWkG<Bd;KE






utt(x, t) = 16uxx + sin 7πx
10 , 0 < x < 5, t > 0,

u(0, t) = 0, ux(5, t) = 0,
u(0, x) = 0, ut(0, x) = 0.

2 8 8 Generalization of the Fourier method to the case of non-homogeneous

boundary conditions

� ��LVW4X<Wj�}�v� ;3� ;FJb; P~`MUDX<o7LV:<;p�SWYP<JbUd;KJ%E�;cLV:SW_= WYXSBd¢�l�WkJ%�SJVWkG<Bd;KEf`���UdLV::<WYE�WYok;FX<;KWYPS`pGIWYPSXS=<RTJb¢2acWkXS=_U LbUDWYXS` � L*LbP<JbXS`+WkP_L*LV:SRTL*LV:<; �SJVWkG<Bd;KE ��UdLV:X<WYX�� :<WkExWkoY;KX<;FWYPS`�GIWkP<XS=<RYJV¢5acWYXS=<U LbUdWkXS`¡UD`v;KRY`VUDBd¢%JV;^=_PSac;^=5LVW�R|�<JbWYG<BD;FE ��UdLV::<WYE�WYok;FX<;KWYPS`	G~WkP<XS=<RYJV¢ acWYX~=_U LbUdWkXS` [
The heat equation

Problem 2 [ 8 [D\ . ��UDXS=�LV:<;t`MWkBdP<LVUDWYX LbW�LV:<;>ExUdu_;K=��SJVWkG<Bd;KE






ut = 9uxx, 0 < x < 4, t > 0,
u(0, t) = f(t), u(4, t) = g(t),
u(x, 0) = 0.

Z 2 [ 8 [D\^]
� ��� 

��������� w ;FLtPS`>�SXS=pRTXpRTP_u_UDBDUDRYJV¢�l�P<XSacLVUDWYX v(x, t) Lb:SRjL6`VRTLVUi`��~;K`zLb:<;|oYUDhY;FXGIWYP<XS=SRTJb¢|acWkXS=_UdLVUDWYXS` �

v(0, t) = f(t), v(4, t) = g(t), t > 0. Z 2 [ 8 [ � ]�£PSan:>R	l�P<XSacLVUDWYXtaFRYXz;^RY`VUdBD¢NGI;�l�WYP<XS=�� l�WYJ};cu<RYEx�SBd;k� PS`VUdX<oNRyBDUdX<;^RTJ}UdXQLV;FJb�IWYBiRjLbUDWYX
v(x, t) =

x

4
g(t) +

4 − x

4
f(t). Z 2 [ 8 [ ¦k]

��;FX<WYLV;
w = u−w [ 9&:S;FX w `bRjLbUi`��S;^`�LV:<;r:<WYE�WYok;FX<;KWYPS`�GIWkP<XS=<RYJV¢yaFWYXS=_UdLVUDWYX~`

w(0, t) = 0, w(4, t) = 0, t > 0. Z 2 [ 8 [ � ]
� 
 � ����������� �|:SRjL%;KOQPSRjLbUdWkX RYXS=�GIWkP<XS=<RYJV¢4aFWYXS=_UdLVUDWYX~` =_W£;K`|LV:<;�l�PSXSa�LbUdWkX

w`VRTLVUi`�l�¢ �
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� ����� � � � ��;>`VP<GS`MLVUdLVP<LV;
u = w + v

UDXkLVW Z 2 [ 8 [D\^] � Lb:<;FX
{

wt + vt = 9(wxx + vxx),
w(x, 0) + v(x, 0) = 0.

Z 2 [ 8 [0*Y]
9&:<;FX

{

wt = 9wxx + 9(vxx − vt),
w(x, 0) = −v(x, 0). Z 2 [ 8 [ � ]

9&:QP~`F�CP<X<BDU "k;
u
�
w
`bRjLbUD`M�S;K`yLV:<;tX<WYX<:SWYE�WYok;FX<;KWYPS`	:<;^RjLN;KOQPSRTLVUDWYX � % P_L�Lb:<;GIWYP<XS=SRTJb¢6acWkXS=_U LbUDWYXS` Z 2 [ 8 [ � ] RTJb;�X<Wj�4:<WYE�WkoY;FXS;FWYP~`F� :<;KXSac; w aFWYP<XS=gGI;�l�WkP<XS=PS`MUDX<o{LV:<;zEx;FLV:<W<=�WYlH�£;^a�LbUdWkX

2 [ 7 � Lb:<;FX u = w+ v
Ui`qLV:<;�`MWkBdP_LbUdWkX�LVW6�<JbWYG<BD;FE

Z 2 [ 8 [D\^]c[ 9&:QPS`K�r� ; `M;KXkLtLb:<;|X<WkX<:<WYE�WkoY;FXS;FUdL ¢�l�JVWkE LV:<; GIWYP<XS=SRTJb¢¥aFWYXS=<U LbUdWkXS`UdXQLVW�Lb:<;>=<U � ;FJb;FXQLVUiRTB�;^OkP~RjLVUDWkX Z 2 [ 8 [D\^] RTXS=�UdXQLVW�Lb:<;>UdX<UdLVUiRTB�acWkXS=_UdLVUDWYX [
The wave equation

Problem 2 [ 8 [ � .
�_WYBDhY;vLb:<;�E�Udu_;K=��<JbWYG<BD;FE






utt = 16uxx, 0 < x < 5, t > 0,
u(0, t) = 0, ux(5, t) = sin(ωt),
u(x, 0) = 0 ut(x, 0) = 0.

Z 2 [ 8 [ /T]
� � � 

��������� A [ 9&:<;>RTP<u£UDBDUDRYJV¢gl�P<XSacLVUDWYX

v(x, t) = x sin(ωt) Z 2 [ 8 [ � ]`VRTLVUi`��~;K`¤Lb:<;�Jb;KOQP<UDJV;^= GIWYP<XS=<RYJV¢ acWYX~=_U LbUdWkXS` [ �SWYJ w ≡ u− v
� ;�:SR�hY;







utt = 16uxx + ω2x sin(ωt), 0 < x < 5, t > 0,
w(0, t) = 0, wx(5, t) = 0,
w(x, 0) = −v(x, 0) = 0 wt(x, 0) = −vt(x, 0) = −xω.

Z 2 [ 8 [ � ]
% [ �<WYBDBDW���UDX<o�Lb:<;¤E�;cLb:<W_=>WYl��£;KacLVUDWYX 2 [ 7 ��� ;¤RTJb;fBDW£W+"£UDX<o�l�WYJ w UdXtLV:<;ql�WkJVE

w(x, t) =
∞
∑

0

Tk(t) sin
(k + 1

2 )πx

5
. Z 2 [ 8 [D\ � ]

�<WkJ	LV:SUD`K�&� ;�;cu_�SRYXS=|Lb:<;�JbUDoY:kL � :~RTXS=�`VUD=_;�WYlH;^OQPSRjLbUdWkX Z 2 [ 8 [ � ]c�
ω2x sin(ωt) = ω2 sin(ωt) ·

∞
∑

0

xk sin
(k + 1

2 )πx

5
, Z 2 [ 8 [D\Y\�]

��:<;KJV;
xk =

2

5

5
∫

0

x sin
(k + 1

2 )πx

5
dx = −2

5

5

(k + 1
2 )π

∫

0

5x d cos
(k + 1

2 )πx

5
=



����� ����	
����
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	 � �
2 � 9 �k�

= − 5

(k + 1
2 )π

[

x cos
(k + 1

2 )πx

5

∣

∣

∣

5

0
−

5
∫

0

cos
(k + 1

2 )πx

5
dx
]

=

=
2 · 5

(

(k + 1
2 )π
)2 sin

(k + 1
2 )πx

5

∣

∣

∣

5

0
=

10
(

(k + 1
2 )π
)2 · (−1)

k
. Z 2 [ 8 [D\ � ]

� [ �£P<GS`MLVUdLVP<LVUDX<o Z 2 [ 8 [D\ � ]�� Z 2 [ 8 [d\ � ]�� ;KOQPSRTLVUDWYX Z 2 [ 8 [ � ] � � ;f�~XS=>LV:S;¤;KOQPSRjLbUDWYXS`l�WYJyLV:<;�LV;KEx�IWkJbRYB�l�P<XSacLVUDWYXS`
Tk(t) �

T ′′
k (t) = −16

( (k + 1
2 )π

5

)2

Tk(t) + ω2 sin(ωt) · xk, k = 0, 1, 2, . . . . Z 2 [ 8 [d\^¦k]
�<JbWYE UDX<UdLVUiRTBxacWkXS=_UdLVUDWYXS` Z 2 [ 8 [ � ] � ;t�SXS= Tk(0) = 0

��RTXS=���LbR+"£UdX<o UDXkLVW%RYaKacWYP<XQL
Z 2 [ 8 [D\ � ] �&� ;�ok;cL �

T ′
k(0) = −ω 2

5

5
∫

0

x sin
(k + 1

2 )πx

5
dx = −ω 10 · (−1)

k

(

(k + 1
2 )π
)2 . Z 2 [ 8 [D\ � ]

9&:<;&�<JbWYG<BD;FE Z 2 [ 8 [d\^¦k] �@Z 2 [ 8 [D\ � ] aFWYP<Bi=rGI;�`MWkBdhY;^=HUdXrLb:<;�`bRTE�; �&R^¢HRY` UdXf�_;Ka�LbUdWkX 2 [ 7 �ACokRYUDX�� L�� W�aKRY`V;K`yRTJb;z�IWk`b`MUDG<BD; � JV;^`MWkXSRTXQLyRYXS=�X<WYX�� Jb;K`VWYXSRTXQL [ WkEx�SBd;FLV;zLV:S;>`VWYBDP_LVUDWYX%WTlr�<JVWkG<BD;FE Z 2 [ 8 [D\^] RTXS=���JbU Lb;vLb:<;tRTXS`V� ;FJ [
Remark 2 [ 8 [D\ . �SWYJr�<JbWYG<BD;FEf` Z 2 [ 8 [ � ] LV:<;yaFWYXS=_UdLVUDWYX6RYXSRTBDWYokWYPS`�LVW Z 2 [ 6 [d\ *Y] Ui`HX<WYL`VRTLVUi`��S;^= [ �£LVUDBdB �HLb:<;�XS;F� l�P<XSacLVUDWYX w(x, t)

`bRjLbUD`M�S;K`�LV:<;|UDX<UdLVUiRTB¤RTXS=3GIWkP<XS=<RTJb¢acWYX~=_U LbUdWkXS`�UDX LV:S;gP~`MPSRYBf`M;KXS`V; [�� L>Ui`�WkX<Bd¢�LV:<;g�SJn`�L>;^OQPSRjLbUdWkX Z 2 [ 8 [ � ] Lb:SRjLtUD``VRTLVUi`��S;^= UDX�LV:S;>`V;FXS`V;zWYl�Lb:<;�LV:<;KWYJb¢�WYlr=_Ui`MLVJbUdG<P<LVUDWYXS` Z `M;K;  :SRT�_Lb;FJ ¦k]c[
Problem 2 [ 8 [ ¦ . ��UDXS=�LV:<;>JV;^`MWkXSRTXSaF;zacWkXS=_UdLVUDWYX%UdX5�<JVWkG<BD;FE Z 2 [ 8 [ /T]c[
� ����� � � � �SWYJN`MWkEx;

m = 0, 1, 2, . . .
�

ω =
4(m+ 1

2 )πx

5
Z 2 [ 8 [D\�*k]

2 8 9 The Fourier method for the Laplace equation

Boundary value problems in a rectangleA [Tw ;cL P~` acWYXS`VUi=_;FJ LV:S; GIWYP<X~=<RTJb¢�hjRTBDP<; �<JbWYGSBd;KE�UDXHLV:<;&JV;^a�LbRYX<oYBD; Ω = [0, a]×[0, b] �






4u(x, y) ≡ ∂2u
∂x2 + ∂2u

∂y2 = 0 0 < x < a, 0 < y < b;

u(0, y) = 0, u(a, y) = 0;
u(x, 0) = f(x), u(x, b) = g(x).

Z 2 [ 9 [D\^]
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��UDoYP<Jb; � [ � �

9&:<Ui` Ui` Lb:<;�GIWYP<XS=<RYJV¢�hjRYBdP<;��<JbWYG<BD;FE��SWYJ
����������������� � � � ��� ��� � � � �I��:S;FX¤Lb:<;�l�P<XSa�LbUdWkX

uUi`CoYUDhY;FXNRjLCLV:<;�GIWkP<XS=<RYJV¢¤WTl LV:<;HaFWYXS`VUD=<;FJV;^=Jb;FokUdWkX [� ��� 

� ����� � � JVWkG<Bd;KE Z 2 [ 9 [d\�] aFRYX¥GI;�`MWkBdhY;^=G£¢�Lb:<;vE�;cLb:<W_=|WTlH�_;Ka�LbUdWkX
2 [ 7 � ��:<;KJV;NLb:<;JbWYBD;|WTlyLb:<; hjRYJVUiRTGSBd;

t
UD`{X<Wj���<BiR^¢Y;^=eGQ¢Lb:<;phjRYJVUiRTG<BD;

y
�>Rk`5aFWYP<Bi=�GI;p`V;F;KX l�JbWYEaFWYE��SRYJVUDX<o3�<JbWYG<BD;FEf` Z 2 [ 9 [D\^] RTX~= Z 2 [ 7 [D\^]c[��;¥RTJb;5BdW£W "£UdX<o3l�WYJ�LV:S;�`VWYBDP_LVUDWYX�UdX4Lb:<;l�WkBdBDWj��UdX<o�l�WYJbE �

u(x, y) =

∞
∑

1

Yk(y) sin
kπx

a
. Z 2 [ 9 [ � ]

9&:<;FXNLV:S;HGIWYP<XS=SRTJb¢	aFWYXS=_UdLVUDWYX~`�RjL
x = 0

RTXS=
x = a

UDX Z 2 [ 9 [D\^] RTJb;�RYP_LVWkEfRjLVUiaFRYBdBD¢`VRTLVUi`��~;K= [ ��;g`VP<GS`MLVUdLVP<LV; Z 2 [ 9 [ � ] UDXkLVW5;KOQPSRjLbUdWkX Z 2 [ 9 [d\�]�[ 9&:<Ui`zoYUDhY;K`z;KOQPSRjLbUDWYXS`l�WYJ
Yk(y) �

−
(kπ

a

)2

Yk(y) + Y ′′
k (y) = 0, 0 < y < b. Z 2 [ 9 [ ¦k]�£P<GS`MLVUdLVP_LbUDWYX5UdXQLVWgGIWkP<XS=<RYJV¢|aFWYXS=<U LbUdWkXS` Z 2 [ 9 [D\^] RTL y = 0

RYXS=
y = b

¢£UD;FBi=<`














Yk(0) = fk ≡ 2
a

a
∫

0

f(x) sin kπx
a dx,

Yk(b) = gk ≡ 2
a

a
∫

0

g(x) sin kπx
a dx.

Z 2 [ 9 [ � ]
9&:<;�oY;KX<;FJnRTB�`VWYBDP_LVUDWYX LbWg;KOQPSRTLVUDWYX Z 2 [ 9 [ ¦Q] :SRk`¤Lb:<;zl�WkJVE

Yk(y) = Ake
kπ
a y +Bke

− kπ
a y. Z 2 [ 9 [0*Y]9&:<;>acWkXS`MLbRTXQLb`

Ak
RYXS=

Bk
RTJb;vl�WYP<XS=�l�JVWkE GIWYP<X~=<RTJb¢|acWkXS=_UdLVUDWYXS` Z 2 [ 9 [ � ]��

Ak +Bk = fk, Ake
kπ
a b +Bke

− kπ
a b = gk. Z 2 [ 9 [ � ]�£WYBDh£UdXSo6LV:<Ui`�`V¢_`�Lb;FE��&� ;z�~XS=







Ak = 1

e
kπ
a

b−e− kπ
a

b
(gk − fke

− kπ
a b),

Bk = 1

e
kπ
a

b−e− kπ
a

b
(fke

kπ
a b − gk).

Z 2 [ 9 [ /T]
9&:QPS`K� Lb:<;>`VWYBDP_LbUdWkX�WTlr�<JbWYG<BD;FE Z 2 [ 9 [d\�] Ui`yoYUDhY;FX%GQ¢ Z 2 [ 9 [ � ] � Z 2 [ 9 [ *k] � Z 2 [ 9 [ /T]c[w ;FL�PS`|ab:S;Ka "+LV:<;�hjRYBdUi=_UdL�¢+WTl�`MWkBdP<LVUDWYX Z 2 [ 9 [ � ]�[ ��;5XS;F;K=7LVW #�PS`MLVUdl�¢+Lb:<;�IWk`b`MUDG<UDBdUdL�¢�WTl�Lb:<;zLV;KJVEH��Ui`V;�=_U � ;FJb;FXQLVUiRjLbUdWkX�WTlr`V;FJbUd;^` Z 2 [ 9 [ � ]�[ � l f(x)

RYXS=
g(x)RTJb;�`MP<E�EfRTG<BD;zl�P<XSacLVUDWYXS`K�&LV:<;KX

f(x)
RTXS=

g(x)
RTJb;zGIWYPSXS=_;K= �

|fk| ≤
2

a

a
∫

0

|f(x)| dx, |gk| ≤
2

a

a
∫

0

|g(x)| dx.
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% P<LyLb:<;FX%l�JVWkE Z 2 [ 9 [ /T] � ;>`M;K;vLb:SRjL
|Ak| ≤

c

e
kπ
a b
, |Bk| ≤ const.

9&:<;FJb;cl�WkJV;k� UdL�l�WYBDBdWj�C`¤l�JbWYE Z 2 [ 9 [0*Y] Lb:SRjL
|Yk(y)| ≤ ce−

kπ
a (b−y) + ce−

kπ
a y.A�`�RgacWkXS`V;KOQP<;FX~ac;Y� l�WYJ

0 < ε < y < b− ε

|Yk(y)| ≤ ce−
kπ
a ε,RTXS=6`M;KJVUD;K` Z 2 [ 9 [ � ] l�WkJHLV:S;K`V;	hjRTBDP<;^`HWTl y UD`x=_WkE�UdXSRTLV;^=tG£¢�Lb:<;yacWkXQhY;KJVok;FXkLx`M;KJVUD;K`

∞
∑

1

ce−
kπ
a ε.

� L�Ui`y;KRY`V¢gLVW�`M;K;vLV:SRTLyLV:<;t=_;FJbUdhTRjLVUDhY;^`¤WTl�Lb:<;>`V;KacWkXS= WYJn=_;FJyUdX x RYXS= UDX yWTlx`M;KJVUD;K` Z 2 [ 9 [ � ] RYJV;�=_WkE�UdXSRTLV;^= G£¢�Lb:<;>`V;FJbUD;K`
∞
∑

1

ck2e−
kπ
a ε, Z 2 [ 9 [ � ]

��:<UDan:6Ui`rRYBD`VWvaFWYX£hY;FJboY;FXQL [ � XtLb:<;y`bRTE�;¤� R�¢�WkX<;¤�<JbW_ac;K;K=<`H��UdLV:{Lb:<;y=_;FJbUDhjRjLbUdhY;^`WTlxRTXQ¢|WkJb=<;FJyUdX
x
RYXS=

y [
� ����� � 
 ������� � �£WkBdP_LbUdWkX�WTl�LV:<;6��UDJVUiab:SBd;FLv�<JbWYG<BD;FE Z 2 [ 9 [D\^] Ui`¡R `ME�W£WYLV:5l�P<XSa�LbUDWYXUdXS`VUi=_;�Lb:<; JV;^a�LbRYX<oYBD;

Ω [2w ;FL�PS`%RY`b`VP<E�;�Lb:SRjL^�¡Rk`|UDX Z 2 [ 4 [0*Y] � f(x), g(x) ∈
C2

0 [0, a] [ 9&:<;FX �yRYXSRTBDWYokWYPS`MBD¢eLVW Z 2 [ 4 [ � ] � fk, gk = O( 1
k2 )
RTXS=@��acWYX~`M;^OkPS;FXkLbBd¢k�

|Yk(y)| ≤ c
k2 , y ∈ [0, b].

9&:S;FJb;cl�WYJb;Y�&`V;FJbUD;K` Z 2 [ 9 [ � ] aFWYXQhY;KJVok;K`¤P<XSU l�WkJVE�BD¢|UDX�LV:S;JV;^a�LbRYX<oYBD;
Ω = [0, a] × [0, b]

��RTXS=5UdLb`v`VP<E UD`vRgl�P<XSacLVUDWYX�LV:SRTLvUD`vacWYXQLVUDXQP<WkPS`NUDXLV:<Ui`�JV;KacLbRYX<oYBD;�RTXS=%`VRTLVUi`��~;K`	GIWkP<XS=<RYJV¢|aFWYXS=_UdLbUdWkXS`	UDX Z 2 [ 9 [d\�]�[% [ �NWYJb;|ok;FX<;KJbRYBqGIWYP<XS=SRTJb¢ hTRTBDP<; �<JbWYG<BD;FE WYl�Lb:<;%��UDJbUDan:<BD;cL6L�¢Q�I;�UDXpLb:<;JV;^a�LbRYX<oYBD;






4u(x, y) = 0, 0 < x < a, 0 < y < b;
u(0, y) = ϕ(y), u(a, y) = ψ(y);
u(x, 0) = f(x), u(x, b) = g(x).

Z 2 [ 9 [ � ]
acWYPSBD=�GI;>`VWYBDhY;K= GQ¢�=_;^acWYE��IWk`VUDX<o{Lb:<;t`MWkBdP_LbUDWYX

u
UdXQLVW�L�� W�Lb;FJbE�` �

u = u1 + u2. Z 2 [ 9 [D\ � ]
$C;FJb;

u1
`VWYBDhY;K`	�<JbWYGSBd;KE Z 2 [ 9 [D\^] ����:<UDBD; u2

`VWYBDhY;K`¤Lb:<;��SJVWkG<Bd;KE






4u2 = 0, 0 < x < a, 0 < y < b;
u2(0, y) = ϕ(y), u2(a, y) = ψ(y);
u2(x, 0) = 0, u2(x, b) = 0.

Z 2 [ 9 [D\Y\�]
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9&:<Ui`N�SJVWkG<Bd;KE LnR�"Y;K`�Lb:<;6`VRYE�;�l�WkJVE RY` Z 2 [ 9 [d\�] UdlfWYX<;tUDXkLb;FJnab:SRYX<oY;^` x RYXS=
y [ 9&:<;FJb;cl�WYJb; u2

`V:<WkP<BD=�GI;zLbJVUD;K=�UDX�LV:<;�l�WYJbE Z aFWYE��SRTJb;z��UdLV: Z 2 [ 9 [ � ]M]c�
u2(x, y) =

∞
∑

1

Xk(x) sin
kπy

b
. Z 2 [ 9 [D\ � ]

� l f, g ∈ C2
0 [0, a]
����:SUdBD;

ϕ, ψ ∈ C2
0 [0, b]
�}Lb:<;FX��rRYaKacWYJn=_UDX<o LVW��&:~RjL>� ;`VRYUD=�RTGIWjhY;Y�

u1
RTXS=

u2
��RTX~=@��acWYX~`M;^OkPS;FXkLbBd¢k�

u
RYJV;taFWYXkLbUdX£P<WYP~`�l�P<XSa�LbUdWkXS`¡UdX

ΩRTXS=%`bRjLVUi`M�S;K`¤Lb:<;>JV;^OkPSUdJb;K= GIWYP<X~=<RTJb¢|acWkXS=_UdLVUDWYXS` [
� X�LV:S;�ok;FX<;FJnRTB¡aFRk`M;k�¤l�WkJ�Lb:<;¥aFWYXkLbUDXQP<UdL ¢4WYl u(x, y) UdX Ω

�yLV:S;�l�WYBDBDW���UDX<oacWYE��SRTLVUDG<UDBdUdL�¢ acWkXS=_UdLVUDWYXS`�RTJb;zWYG£h£UdWkPS`MBD¢�Jb;KOQP<UDJV;^= �
f(0) = ϕ(0), ϕ(b) = g(0), g(a) = ψ(b), ψ(0) = f(a). Z 2 [ 9 [D\K¦Q]

Problem 2 [ 9 [D\ . � JbWjhY;¡Lb:SRjL��<JVWkG<BD;FE Z 2 [ 9 [ � ] :SRY`yR�`MWkBDP_LVUDWYX|Lb:SRjL�Ui`yacWkXkLVUDXQPSWYPS`UdX
Ω
U l
f, g ∈ C2[0, a]

�
ϕ, ψ ∈ C2[0, b]

�rRTXS= LV:<; acWYE��SRTLVUDG<UDBdUdL�¢ acWYX~=_U LbUdWkX
Z 2 [ 9 [D\K¦Q] Ui`�`bRjLbUD`M�S;K= [
� ��� � � 9 Jb¢�LVW��SXS= Lb:<;>`VWYBDP_LVUDWkX|LbWg;KOQPSRjLbUdWkX 4v = 0

UDX
Ω
Lb:SRjL¡acWYUDXSacUi=_;���U Lb:LV:<;yGIWYPSXS=<RTJb¢�hTRTBDP<;K`roYUDhY;FX6GQ¢>l�P<XSa�LbUDWYXS`

f, g, ϕ
RTXS=

ψ
RjLrLV:S;yaFWYJbX<;FJr�IWYUDXkLn`rWYlLV:<;�Jb;FokUdWkX

Ω [ 9&:<;KX6Lb:<;N=_U��I;FJb;FX~ac; u− v
acWkP<Bi=6GI;	l�WkP<XS=�PS`VUdX<o>=<;KacWkE��IWk`VU LbUdWkX

Z 2 [ 9 [D\ � ] =<;K`bacJbUdGI;^=�RTGIWjhY; [
 [  WYXS`VUi=_;FJ�Lb:<;HX<WYXS:<WYE�WYok;FX<;KWYPS` w RT�<BiRYaF;};KOQPSRTLVUDWYX Z LV:<; ��WYUi`b`MWkX�;KOQPSRTLVUDWYX ]c[

Problem 2 [ 9 [ � .
�_WYBDhY;vLb:<;�GIWkP<XS=<RYJV¢�hTRTBDP<;z�<JbWYGSBd;KE






4u(x, y) = x2y, 0 < x < a, 0 < y < b;
u(0, y) = 0, u(a, y) = 0;
u(x, 0) = 0, ∂u

∂y (x, b) = 0.
Z 2 [ 9 [D\ � ]

w ;FL�PS`6�IWkUdXQL�WYP_L6Lb:SRjL�:<;KJV;%RjL x = 0, x = a
RYXS=

y = 0
WYX<;�:SRY`{LV:<;GIWYP<XS=SRTJb¢ghTRTBDP<;zWTl�Lb:<;>��UDJbUDan:<BD;cLyL�¢£�~;k�&��:<UDBD;�RTL

y = b
WkX<;z:SRk`¤LV:<;�GIWkP<XS=<RYJV¢hjRTBDP<;HWTl Lb:<;  �;FP<EfRYX<XNL�¢Q�I; Z LV:SRTL�Ui`K�@WYX<;HUD`�okUdhY;KX�LV:S;r=_;FJbUDhjRjLbUdhk;}WYl Lb:<;r`VWYBDP_LVUDWYXUdX%LV:<;>X<WYJbEfRTB�=_UDJV;^a�LbUdWkX ]�[� � � 

��������� $CWkExWkoY;KX<;FWkPS`NGIWkP<XS=<RYJV¢�acWkXS=_UdLVUDWYXS`�RjL

x = 0,
RTX~=

x = a
RYBdBDWj�mLVW��JVUdLV;{Lb:<;g`MWkBdP<LVUDWYX�UDX¥LV:<;6l�WYJbE WYlfLV:<;g`V;FJbUd;^`¡WjhY;FJ¡Lb:<;6;KUdok;FX_l�PSXSa�LbUdWkXS`vWYl�Lb:<;acWYJbJb;K`V�IWYXS=_UdXSo��£LVP<JbE � w UdWkP<h£UdBDBD;z�<JbWYG<BD;FE �

u(x, y) =
∞
∑

1

Yk(x) sin
kπy

a
. Z 2 [ 9 [D\�*k]

��;>RYBD`VWg=_;KaFWYE��IWk`V;zW�hY;KJ	LV:<;K`V;zl�P<X~a�LVUDWYX~`	Lb:<;�JbUDoY:kL � :~RTXS=�`VUD=_; �
x2y = y ·

∞
∑

1

gk sin
kπy

a
, gk =

2

a

a
∫

0

x2 sin
kπy

a
dx. Z 2 [ 9 [D\ � ]
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�£P<GS`MLVUdLVP_LbUdXSogLV:<;^`M;t=_;KacWkE��IWk`VU LbUdWkXS`	UdXQLVW Z 2 [ 9 [d\ � ] �&� ;�oY;FLyl�WYJ ∀k = 1, 2, . . .

−
(kπ

a

)2

Yk(y) + Y ′′
k (y) = ygk, 0 < y < b; Yk(0) = Y ′

k(b) = 0. Z 2 [ 9 [D\ /T]9&:<;FX
Yk(y) = Ake

kπx
a +Bke

− kπx
a +

ygk

−(kπ
a )

2 . Z 2 [ 9 [D\ � ]
9&:<; aFWYXS`MLbRYXkLn`

Ak
RYXS=

Bk
acWYPSBD=eGI;|l�WYP<XS=+RTl LV;FJ�`MP<G~`�LbU LbP_LVUDX<o�LV:SUD`6`VWYBDP_LVUDWYXUdXQLVW�Lb:<;�GIWkP<XS=<RYJV¢|aFWYXS=<U LbUdWkXS`yUdX Z 2 [ 9 [d\�/T]c�

{

Ak +Bk = 0,

Ak
kπ
a e

kπ
a b +Bk(−kπ

a )e−
kπ
a b + gk

−( kπ
a )2

= 0.
Z 2 [ 9 [D\ � ]

�£WkBdh£UDX<o6Lb:<UD`NRTBDoY;KG<JnRTUia¡`V¢_`�Lb;FE��&� ;z�SX~=
Ak
RTXS=

Bk [� ����� � � � `VWYBDP_LbUdWkX�UD`�oYUDhY;FX�G£¢�l�WkJVEHP<BiRY` Z 2 [ 9 [D\�*Y] � Z 2 [ 9 [D\ � ]�[
Boundary value problems in the annulus and in the discA [Hw ;cL{PS`t`VWYBDhY;�Lb:<;|GIWYP<X~=<RTJb¢�hTRTBDP<;��<JVWkG<BD;FE WYl	LV:<; ��UdJbUiab:<BD;cLtL�¢£�I;�UDX3Lb:<;RTX<X£P<BdP~`yGI;cL�� ;F;KX�LV:S;>aFUdJnacBD;K`	WYlHJnRY=<UdU

r1
RYXS=

r2 �






4u(x, y) = 0, r21 < x2 + y2 < r22;
u|x2+y2=r2

1
= f1(ϕ), 0 < ϕ < 2π;

u|x2+y2=r2
2

= f2(ϕ), 0 < ϕ < 2π.
Z 2 [ 9 [ � � ]

$C;FJb;
f1
RTX~=

f2
RTJb;zoYUDhY;FX l�P<XSaFUdWkXS`yWYl�Lb:<;tRTX<okP<BDRYJ	hTRTJbUDRYG<Bd;

ϕ [� ��� 

��������� w ;cLNPS`�acWkXQhY;KJML	LbWg�IWYBiRTJ�acW£WkJb=<UdXSRTLV;^` r, ϕ �
r =
√

x2 + y2; tanϕ = y/x. Z 2 [ 9 [ � \^]
Problem 2 [ 9 [ ¦ . � JbWjhY;�LV:SRTL6UDXpLV:<;^`M;�acW_WYJn=_UdX~RjLV;^`>�<JbWYG<BD;FE Z 2 [ 9 [ � � ] LnR�"Y;^`>LV:<;l�WYJbE







4u = ∂2u
∂r2 + 1

r
∂u
∂r + 1

r2
∂2u
∂ϕ2 = 0, r1 < r < r2;

u|r=r1
= f1(ϕ), 0 ≤ ϕ ≤ 2π;

u|r=r2
= f2(ϕ).

Z 2 [ 9 [ � � ]

��UDoYP<Jb; � [d\ � �

9&:<Ui` Ui`mR �SJVWkG<Bd;KE UdX R JV;^a�LnRTX<okBd;
[0, 2π]× [r1, r2] Z ��Udo [ � [D\ � ]�[ 9&:<;xGIWYP<XS=SRTJb¢acWYX~=_U LbUdWkXS`xRTJb;qokUdhY;KX{UDX{LV:<;yBdWj� ;KJxRTXS=tLV:<;P<�<�I;FJ¡`MUi=_;K`yWYl�Lb:<;�Jb;KacLbRYX<oYBD; [� 
 � ����������� ACJb;�LV:<;KJV;�Lb:<;|GIWkP<XS=<RYJV¢ aFWYX��=_U LbUDWYXS`�RjLyLV:<;�BD;cl L¡RTXS=�JVUDoY:QL�`MUi=_;^`	WTlHLV:<;JV;^a�LbRYX<oYBD; �� ����� � � � � ;K`K�kU L�Ui`�Lb:<; �I;FJbUdW<=_UDaFU L�¢�acWkXS=_UdLVUDWYXUdX�Lb:<;>hjRTJbUiRTG<BD;

ϕ
{

u(0, r) = u(2π, r),
∂u
∂ϕ (0, r) = ∂u

∂ϕ (2π, r).
Z 2 [ 9 [ � ¦Q]
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LV:SRTL�l�WYBDBdWj�C`{l�JVWkE Jb;F�<Jb;K`V;FXQLVUDX<o�Lb:<;%�IWYUDXkLn`6WYlNLV:<;
(x, y)

� �<BiRTX<;�UDX*LV:<;%�IWkBDRYJacW£WkJb=_UDXSRTLV;K`
(0, r)

RYXS=
(2π, r) [ ACX~RTBDWYoYWkPS`{�I;KJVUDW_=_UiacUdL�¢pacWkXS=_UdLVUDWYXS`�UDX ϕ RTBi`MW:<WYBi= l�WYJ ∂u

∂r ,
∂2u
∂r2 ,

∂3u
∂r3 , . . . �

l�WYJNRTBDB�LV:S;>=_;KJVUDhjRTLVUDhY;K`	WTl
u
UdX

r
RTXS=

ϕ [
Problem 2 [ 9 [ � . �£:<Wj� LV:SRTL¥aFWYXS=_UdLVUDWYX~` Z 2 [ 9 [ � ¦k] LVWYok;cLb:<;FJ���UdLV:mLV:<;+;KOQPSRjLbUdWkXZ 2 [ 9 [ � � ] oYPSRYJbRYXkLV;K;vLb:<;t�I;FJbUdW_=<UDaFU L�¢ UdX ϕ WYlxRYBdB}LV:<;{=_;KJVUDhjRTLVUDhY;K`yWTl u UDX r RTX~=
ϕ
�&Udl

u(ϕ, r)
Ui`�Rg`ME�W£WYLV: l�PSXSa�LbUdWkX%UDX�LV:<;>Jb;Ka�LnRTX<okBd;

[0, 2π] × [r1, r2].9&:<;N�£LVP<JbE � w UDWYPShQUDBDBd;y�<JVWkG<BD;FE LV:SRTLfaFWYJbJV;^`M�IWYXS=<`�LbW�:<WYE�WYok;FX<;KWYPS`rG~WkP<XS=<RYJV¢acWYX~=_U LbUdWkXS` Z 2 [ 9 [ � ¦Q] :~RY`	LV:<;�l�WYJbE
{

∂2Φ(ϕ)
∂ϕ2 = λΦ(ϕ), 0 < ϕ < 2π,

Φ(0) = Φ(2π), Φ′(0) = Φ′(2π).
Z 2 [ 9 [ � � ]

�£WYBDh£UdXSo6LV:<Ui`y�SJVWkG<Bd;KE�� � ;z�SXS= �
λk = −k2, k = 0, 1, 2, . . . Φk(ϕ) = Ak cos(kϕ) +Bk sin(kϕ). Z 2 [ 9 [ � *Y]9&:<;KJV;Fl�WYJb;Y�_l�WYJ ;^RYan:

k 6= 0
LV:S;FJb;�RTJb;CL�� WrBDUdX<;^RTJbBd¢�UDXS=_;F�I;KXS=_;FXQL&;KUdok;FX_l�P<X~a�LVUDWYX~` �

cos(kϕ)
RTXS=

sin(kϕ)
�Q��:SUdBD; l�WkJ

k = 0
Lb:<;FJb; Ui`�WkX<BD¢}WYX<; ;KUdok;FX_l�PSXSa�LVUDWkX � Φ0(ϕ) ≡ 1.A�`yUi` "QXSW���X�l�JVWkE LV:<;t�<WkP<JVUD;FJ�`V;FJbUD;K`¤LV:S;FWYJb¢k� LV:S;K`V;�;FUDoY;FX<l PSXSa�LbUdWkXS`	l�WYJbE RacWYE��<BD;cLb;>`M¢_`MLV;KE UdX

L2(0, 2π)
�CRYXS=�RYJV;zEHP_LbPSRTBDBD¢|WkJMLb:<WYokWYXSRTB �















2π
∫

0

Φ2
0(ϕ) dϕ =

2π
∫

0

dϕ = 2π,

2π
∫

0

cos2(kϕ) dϕ =
2π
∫

0

sin2(kϕ) dϕ = π, k 6= 0.

Z 2 [ 9 [ � � ]
9&:<;x�<WkP<JVUD;FJ�Ex;FLV:<W<=�l�WYJ��SJVWkG<Bd;KE Z 2 [ 9 [ � � ] UDXNLV:S;xRTX<X£P<BdPS`�acWkXS`VUD`MLb`�UdX¡�SXS=_UDX<oLV:<;H`MWkBdP_LbUDWYXyUDXyLV:<;}l�WYJbE*WYl Rf`M;KJVUD;K`&WjhY;FJ&LV:S;};FUDoY;KX_l�P<XSacLVUDWYXS`�WYl��<JbWYG<BD;FE Z 2 [ 9 [ � � ]��

u(ϕ, r) =

∞
∑

0

Rk(r) cos(kϕ) +

∞
∑

1

Sk(r) sin2(kϕ). Z 2 [ 9 [ � /Y]
�£P<GS`MLVUdLVP_LbUDX<ovLV:<Ui`r`V;FJbUD;K`�UdXQLVWv;^OkP~RjLVUDWYX Z 2 [ 9 [ � � ] ��� ;qok;cLHLV:<;¤l�WYBDBDW���UDX<o¡;KOQPSRTLVUDWYXS`l�WYJyLV:<; ,�JnRY=<UDRYB -¡l�P<XSa�LbUdWkXS`

Rk(r) �
R′′

k +
1

r
R′

k +
1

r2
Rk(−k2) = 0, r1 < r < r2, k = 0, 1, 2, . . . Z 2 [ 9 [ � � ]

RTXS= LV:S;>`bRTE�;z;^OkP~RjLVUDWYX~`¤l�WYJ
Sk �

S′′
k +

1

r
S′

k +
1

r2
Sk(−k2) = 0, r1 < r < r2, k = 0, 1, 2, . . . Z 2 [ 9 [ � � ]

w ;FLfPS`q`MWkBdhk;	LV:<;N; � � ������� ;KOQPSRjLbUdWkXS` Z 2 [ 9 [ � � ]��yZ 2 [ 9 [ � � ]�[ 9&:<;^`M;NRYJV;	Lb:<; & P<Bd;KJ;KOQPSRjLbUDWYXS` Z `M;K;g� � :SU / �j� ]c[ �£P<GS`MLVUdLVP_LbUdXSo�UdXQLVW Z 2 [ 9 [ � � ] Rk = r2
��� ;�oY;FL

λ(λ− 1)rλ−2 + λrλ−2 − k2rλ−2 = 0, Z 2 [ 9 [ ¦ � ]
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RTXS= LV:S;zl�WYBDBDW���UDX<ogan:SRTJnRYacLV;KJVUi`�LbUDa¡;^OQPSRjLbUdWkX l�WYBDBdWj�C` �
λ2 − k2 = 0 ⇔ λ = ±k. Z 2 [ 9 [ ¦S\^]

� l k 6= 0
�}Lb:<;FX3Lb:<;gJbW£WYLb`�RTJb;g`VUdE��<BD;Y�HRYXS=¥LV:S;gok;FX<;KJbRYBx`VWYBDP_LbUdWkX Z 2 [ 9 [ � � ] :SRk`LV:<;�l�WYJbE �

Rk = Akr
k +Bkr

−k, k = 1, 2, 3, . . . Z 2 [ 9 [ ¦ � ]A�XSRTBDWYokWYPS`VBd¢k� l�WYJ Z 2 [ 9 [ � � ]��
Sk = Ckr

k +Dkr
−k, k = 1, 2, 3, . . . Z 2 [ 9 [ ¦k¦k]�SWYJ

k = 0
� Lb:<;>JVW£WYLyWTlHLV:<;>;KOQPSRTLVUDWYX

λ = 0
:~RY`yEHP<B LbUD�<BdUiacUdL�¢

2
�&:S;FXSaF;

⇒ R0 = A0 +B0 ln r. Z 2 [ 9 [ ¦ � ]�£P<G~`�LbU LbP_LVUDX<o Z 2 [ 9 [ ¦ � ]��yZ 2 [ 9 [ ¦ � ] UDXkLVW Z 2 [ 9 [ � /T] ��� ;�ok;cLzLV:<;goY;KX<;FJnRTBx`MWkBdP<LVUDWYXWTlxR6:SWYE�WYok;FX<;FWkPS` w RT�<BiRYaF;v;^OQPSRjLbUdWkX�UdX%LV:<;tRTX<X£P<BdP~` �
u(ϕ, r) = A0 + B0 ln r +

∞
∑

1

(Akr
k +Bkr

−k) cos(kϕ)

+

∞
∑

1

(Ckr
k +Dkr

−k) sin(kϕ). Z 2 [ 9 [ ¦ *Y]
Remark 2 [ 9 [D\ . 9&:<Ui`�Ui`fR�ok;FX<;KJbRYB l�WkJVE WTl�R�:SRYJVE�WkX<UDa	l�P<XSa�LbUdWkX�UdXgLV:<;¡RYX<XQP<BDPS` [A�JVG<UdLVJnRTJb¢HacWYX~`�LnRTXkLn` UDX Z 2 [ 9 [ ¦ *k] RYJV; l�WkP<XS=rl�JbWYE GIWYPSXS=<RTJb¢HacWkXS=_UdLVUDWYXS` Z 2 [ 9 [ � � ]��















A0 +B0 ln r1 +
∑∞

1 (Akr
k
1 +Bkr

−k
1 ) cos(kϕ)+

+
∑∞

1 (Ckr
k
1 +Dkr

−k
1 ) sin(kϕ) = f1(ϕ), 0 ≤ ϕ ≤ 2π;

A0 +B0 ln r2 +
∑∞

1 (Akr
k
2 +Bkr

−k
2 ) cos(kϕ)+

+
∑∞

1 (Ckr
k
2 +Dkr

−k
2 ) sin(kϕ) = f2(ϕ), 0 ≤ ϕ ≤ 2π.

Z 2 [ 9 [ ¦ � ]
9 R+"£UdX<o�X<Wj��UDXkLVW�RkaFaFWYP<XQL5LV:<;+WYJVLV:<WkoYWYX~RjBDUdL ¢�WTl6Lb:<;p;KUdok;FX_l�PSXSa�LbUdWkXS`�WTl6Lb:<;�QLVP<JbE � w UdWkP<h£UdBDBD;z�<JbWYG<BD;FE Z 2 [ 9 [ � � ] RTX~= Jb;FBiRjLbUdWkXS` Z 2 [ 9 [ � � ] �&� ;�ok;cL















A0 +B0 ln r1 = 1
2π

2π
∫

0

f1(ϕ) dϕ,

A0 +B0 ln r2 = 1
2π

2π
∫

0

f2(ϕ) dϕ,

Z 2 [ 9 [ ¦ /Y]
RTXS=@�C`MUDE�UdBiRTJbBD¢Y� l�WkJ ∀k = 1, 2, 3, . . . ,















Akr
k
1 +Bkr

−k
1 = 1

π

2π
∫

0

f1(ϕ) cos(kϕ) dϕ,

Akr
k
2 +Bkr

−k
2 = 1

π

2π
∫

0

f2(ϕ) cos(kϕ) dϕ;

Z 2 [ 9 [ ¦ � ]
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













Ckr
k
1 +Dkr

−k
1 = 1

π

2π
∫

0

f1(ϕ) sin(kϕ) dϕ,

Ckr
k
2 +Dkr

−k
2 = 1

π

2π
∫

0

f2(ϕ) sin(kϕ) dϕ.

Z 2 [ 9 [ ¦ � ]
�z;��SXS=

A
RTXS=

B
l�JVWkE `M¢_`MLV;KE Z 2 [ 9 [ ¦ /Y] RYXS= Ak

�
Bk
l�JbWYE Z 2 [ 9 [ ¦ � ]�[ Ck

RYXS=
Dk
RTJb;vl�WYP<X~= l�JVWkE Z 2 [ 9 [ ¦ � ]�[ � JVWkG<Bd;KE Z 2 [ 9 [ � � ] UD`N`MWkBdhY;^= [

Problem 2 [ 9 [0* . � JVWjhY;tLb:SRjL�`VWYBDP_LbUdWkX Z 2 [ 9 [ ¦ *k] WYlf�<JbWYGSBd;KE Z 2 [ 9 [ � � ] Ui`¡UDX_�SXSU Lb;FBD¢=_U � ;FJb;FXQLVUiRTG<BD;�UDX�LV:S;�UDXkLb;FJbUdWkJyWTlHLV:<;tRTX<X£P<BDPS` [
Problem 2 [ 9 [ � . �_WYBDhY;vLb:<;>��UDJVUiab:<BD;cLN�<JbWYG<BD;FE UDX�Lb:<;>RYX<XQP<BDPS`

{

4u(x, y) = 0, 4 < x2 + y2 < 9;
u|x2+y2=4 = x, u|x2+y2=9 = y.

Z 2 [ 9 [ �k� ]
� � � 

��������� $�;FJb;

r1 = 2, r2 = 3
��`VW6Lb:SRjL

f1(ϕ) = 2 cosϕ, f2(ϕ) = 3 sinϕ. Z 2 [ 9 [ � \^]9&:<;FJb;cl�WkJV;rLb:<;fJVUDoY:QL � :SRTXS=�`MUi=_;K`}UdX Z 2 [ 9 [ ¦ /Y] RTJb;x;KOQPSRYB LVW (F;FJbW�RYXS= A0 = B0 = 0 [ACXSRYBdWkoYWkPS`MBD¢Y� Lb:<;zJVUDoY:QL � :SRTXS=|`VUi=_;K`¤WYlH`M¢_`MLV;KE�` Z 2 [ 9 [ ¦ � ] RYXS= Z 2 [ 9 [ ¦ � ] RTJb;¡;KOQPSRYBLVW (F;KJVW6l�WkJ�RYBdB
k 6= 1 [ 9&:<;KJV;Fl�WYJb;Y�
Ak = Bk = 0, Ck = Dk = 0 for k 6= 1. Z 2 [ 9 [ � � ]

$C;FX~ac;Y�C`V;FJbUd;^` Z 2 [ 9 [ ¦ *Y] aFWYXkLnRTUDXS`yWYX<BD¢�L � W�LV;FJbEf` �
u = (A1r +B1r

−1) cosϕ+ (C1r +D1r
−1) sinϕ. Z 2 [ 9 [ � ¦k]9&:<;�Jb;FEfRYUdX<UDX<ogaFW£; �qacUD;FXQLb`�RTJb;zWYG_LnRTUDX<;K= l�JVWkE LV:S;>`V¢£`MLV;KEf`	WYlH;^OQPSRjLbUdWkXS`

{

A12 +B1
1
2 = 2,

A13 +B1
1
3 = 0,

{

C12 +D1
1
2 = 0,

C13 +D1
1
3 = 3,

Z 2 [ 9 [ �Y� ]
LV:SRTL�RYJV;�=_;KJVUDhY;K= =_UDJV;^a�LVBD¢*l�JbWYE Z 2 [ 9 [ � \�]�[  �RTE�;KBd¢k� Z 2 [ 9 [ �Y� ] Ui`|WkG_LbRYUdX<;^=4G£¢`MP<G~`�LbU LbP_LVUDX<o Z 2 [ 9 [ � \^] UDXkLbW Z 2 [ 9 [ ¦ � ] RTX~=5acWkE��SRTJbUdXSo�LV:<;6�<WkP<JVUD;FJ¡acW_; �qacUD;FXQLb`NUdXGIWTLV:>`MUi=_;K`�WYl LV:<;�Jb;FBiRjLVUDWYX~`F�@UDXS`MLV;^RY=vWTl ;FhTRTBDPSRjLbUdXSo	UdXQLV;FokJbRYBD`�UDX Z 2 [ 9 [ ¦ � ]�� Z 2 [ 9 [ ¦ � ]�[�<JbWYE Z 2 [ 9 [ �k� ] � ;z�SXS=

{

B1 = 36
5 ,

A1 = − 4
5 ,

{

D1 = − 36
5 ,

C1 = 9
5 .

Z 2 [ 9 [ � *k]
��UDXSRTBDBD¢Y� l�JbWYE Z 2 [ 9 [ � ¦k] RYXS= Z 2 [ 9 [ � *Y] � ;z�~XS= Lb:<;>RYXS`V� ;FJ �

u =
(

−4

5
r +

36

5
r−1
)

cosϕ+
(9

5
r − 36

5
r−1
)

sinϕ. Z 2 [ 9 [ �k� ]
% [  �W���Bd;FL�PS`NacWYX~`MUi=_;FJ	Lb:<;t��UDJVUian:<Bd;FL��<JbWYGSBd;KE UDX�Lb:<;>=<UD`bazWTlrJbRk=_UDPS` R2 �

{

4u(x, y) = 0, x2 + y2 < R2;
u|x2+y2=R2 = f(ϕ), 0 < ϕ < 2π.

Z 2 [ 9 [ � /Y]
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�£WkBdP<LVUDWYX WTl|Lb:<Ui`3�<JbWYG<BD;FE RYBD`VW�:SRY` LV:<;4l�WYJbE Z 2 [ 9 [ ¦ *k] ��`MUDXSac;7Lb:<;�=_Ui`ba
x2 + y2 < R2 aFWYXkLnRTUDXS`�Lb:<; Z =_;KoY;KX<;FJnRjLb; ] RTX<X£P<BDPS` 0 < x2 + y2 < R2 [ % P_L¡Lb:<;=_UD`ba�RTBi`VW�aFWYXQLbRTUDXS`	LV:<;>�IWYUDXkL

(0, 0)
����:<;KJV;zLV:<;t`VWYBDP_LVUDWYX�:~RY`	LVWgGI;z�SXSU Lb; �

|u(0, 0)| <∞. Z 2 [ 9 [ �Q� ]
� LvaKRTX5GI;t`V:<Wj��Xe� 9C�_�k����Lb:SRjL Z 2 [ 9 [ �Q� ] :SWYBi=<`�UdlfRTXS=%WkX<Bd¢�Udl�RYBdB}LV:<;>Lb;FJbEf`LV:SRTL¤:SR^hY;�Lb:<;v`MUDX<oYPSBDRYJVUdL�¢6RjL

(0, 0)
WTl�Lb:<;Nl�WYJbE

ln r
RTXS=

r−k RTJb;NRYGS`V;FXkLql JbWYEZ 2 [ 9 [ ¦ *k]�[ 9&:SUD`�E�;KRTX~`�LV:SRTL B0 = Bk = Dk = 0, k = 1, 2, 3, . . . .
9&:QPS`K� Z 2 [ 9 [ ¦ *Y]LbR�"k;K`¤Lb:<;�l�WYJbE

u(x, y) = A0 +

∞
∑

1

rk(Ak cos(kϕ) + Ck sin(kϕ)). Z 2 [ 9 [ �Q� ]
9&:<UD`�UD`	Lb:<;tRTXSRYBdWko6WTlHLV:<;t9�R^¢£BDWYJy`V;FJbUD;K`¤l�WYJNR�:SRTJbE�WYX<Uia¡l�P<XSa�LbUdWkX%UDX5Rg=_Ui`Va [9&:<;vacW£; �faFUd;KXkLn`fWTl}`M;KJVUD;K` Z 2 [ 9 [ �k� ] RTJb;yl�WYP<XS=gl�JVWkE Lb:<;NGIWkP<XS=<RYJV¢�acWYX~=_U LbUDWYXWTlr�<JVWkG<BD;FE Z 2 [ 9 [ � /T]�[
Problem 2 [ 9 [ / . w ;cLNPS`�`VWYBDhY;vLV:<;t��UDJbUDan:<BD;cL��SJVWkG<Bd;KE UdX%LV:<;t=_Ui`Va

{

4u(x, y) = 0, x2 + y2 < 4;
u|x2+y2=4 = x2.

Z 2 [ 9 [0* � ]
� ��� 

��������� ��;vRYJV;NBDW£W+"£UDX<o�l�WYJqLV:<;z`MWkBdP_LbUdWkX

u
UDX�LV:<;¡l�WYJbE�RY`fUDX Z 2 [ 9 [ �k� ]�[ 9&:<;`MP<G~`�LbU LbP_LVUDWYX5WTlHLV:<Ui`N`M;KJVUD;K`	UDXkLbW�LV:<;>GIWYPSXS=<RTJb¢|acWkXS=_UdLVUDWYX%oYUDhY;K` �

A0 +

∞
∑

1

2k(Ak cos(kϕ) + Ck sin(kϕ)) = 2 + 2 cos(2ϕ), Z 2 [ 9 [0*_\�]
`MUDXSac;

x2
∣

∣

r=2
= (2 cosϕ)

2
= 4 cos2 ϕ = 4

1 + cos(2ϕ)

2
= 2 + 2 cos(2ϕ). Z 2 [ 9 [ * � ]

 WYE��SRTJbUDX<oxLV:<;H�SWYP<JbUd;KJCacW_; �qacUD;FXQLb`�UDXyLb:<;�Bd;Fl L � RYXS=yJVUDoY:QL � :SRTXS=�`MUi=_;K`CWTl Z 2 [ 9 [ *<\^] �� ;>`V;F;zLV:SRTLNRTBDB
Ak
RYXS=

Ck
��U Lb:

k 6= 0
RTXS=

k 6= 2
RYJV;z;KOQPSRYB�LbW (F;KJVW~�&RTXS=

{

A0 = 2
4A2 = 2, C2 = 0.

Z 2 [ 9 [0*T¦Q]
9&:<UD`�oYUDhY;K`

A2 = 1
2

�CRTXS= l�WYJbEHP<BiR Z 2 [ 9 [ �k� ] ¢£Ud;KBD=<`	Lb:<;>RYXS`V� ;FJ �
u = 2 + r2

1

2
cos(2ϕ) = 2 +

r2

2
(cos2 ϕ− sin2 ϕ) = 2 +

x2 − y2

2
. Z 2 [ 9 [0* � ]

Problem 2 [ 9 [ � . �_WYBDhY;vLb:<;>��UdJbUiab:<BD;cLN�<JbWYG<BD;FE UDX�LV:S;>RYX<XQP<BDPS`
{

4u(x, y) = x2, 9 < x2 + y2 < 16;
u|x2+y2=9 = 0, u|x2+y2=16 = 0.

Z 2 [ 9 [0*+*k]



\ �Y� ���������
	�����
 ����������� � ����	����
2 � 9

� ��� � � $�;FJb;}Lb:<;x`MWkBdP<LVUDWYX�Lb:SRjL�� ;rRYJV;�BDW£W "QUDX<ofl�WYJ�RYXS=�LV:<;rJbUdok:kL � :SRTX~=N`MUi=_;HWYl Lb:<;;KOQPSRjLbUDWYXzRYJV;rLVW�G~;f=_;^acWYE��IWQ`M;^=¡UdXQLVWyLV:<;f`V;FJbUD;K`�WYl l�WYJbE Z 2 [ 9 [ � /T]c[ & OQPSRjLbUDWYXS`�l�WkJLV:<;¤JnRY=_UiRTB l�PSXSa�LVUDWkXS`
Rk
RYXS=

Sk
��UDBdB GI;fLb:<;¤X<WYX<:SWYE�WYok;FX<;FWkPS` & PSBd;KJH;^OQPSRjLbUdWkXS` [

Problem 2 [ 9 [ � . �_WYBDhY;vLb:<;  �;FP<EfRTXSX%�<JbWYG<BD;FE UDX�LV:S;>=_Ui`Va
{

4u(x, y) = 0, x2 + y2 < 9;
∂u
∂n |x2+y2=9 = y.

Z 2 [ 9 [0* � ]
� ��� � � �£WkBdP_LbUdWkX5UD`yLbW�GI;>BDW£W+"Y;^=|l�WkJNUdX5LV:<;>l�WYJbE WTl�`V;FJbUd;^` Z 2 [ 9 [ �k� ] � E�WYJb;FWjhY;FJK�UdX%LV:<;>�IWYBiRTJ�acW£WkJb=<UdXSRTLV;^`¤WYX<;�:SRk` ∂u

∂n = ∂u
∂r .

� ����� � 
 ������� � 9&:S;�:<;KRTL�;^OQPSRjLbUdWkX��@Lb:<;��&R^hY;x;^OkP~RjLVUDWYX � RYXS=¡Lb:<; w RT�<BiRYaF;r;^OkP~RjLVUDWkX�IWk`b`M;^`V` =_U��I;KJV;KXkL��<JbWY�I;FJVLVUD;K` [ A�` l�WYBDBdWj�C` l�JbWYE+LV:<;�Jb;K`MPSB Ln` WYl  :SRT�_Lb;FJ � �I`MWkBdP<LVUDWYXS`WTlvLb:<;�:<WkExWkoY;FXS;FWYP~` w RT�<BiRYaF;%;KOQPSRTLVUDWYX�RTXS=7LV:<;�:S;KRjL|;KOQPSRTLVUDWYX�RTJb;5`VExW_WTLb:UdXS`VUi=_;�Lb:<;fJb;FokUdWkXS`���:<;FJb;xLb:<;F¢�RTJb;faFWYXS`VUD=_;KJV;^=@� ;KhY;FX>U l&LV:<;qGIWkP<XS=<RTJb¢¡hTRTBDP<;K`�RTJb;=_UD`bacWkXkLbUdX£P<WYPS` [ A L�LV:<;r`bRTE�;�LbUdE�;Y� `MWkBdP_LbUdWkXS`�WYl LV:<;H:<WkExWkoY;KX<;FWYP~`&� R�hY;};^OkP~RjLVUDWkXacWYPSBD=*GI;�=_Ui`VaFWYXkLbUdX£P<WYP~`�U l��¤l�WYJg;cu<RYEx�SBd;k�fLV:<;5UDX<UdLVUiRTBN=<RTLbR3RTJb;%=_Ui`bacWYXQLVUDXQP<WkPS`l�P<XSa�LbUdWkXS` [



� �������	��
 �

� ��(6#��%�&� ��#%�&��'"( � ' #%,-� ����'-� )
� ������' � (
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�"����� �&��� ( � ' !�' ��' # ����� !2�

3 8 1 Different ways of defining a function

 WYXkLbUdX£P<WYP~`Hl�P<XSa�LbUDWYXS`
u(x) ∈ C(R)

acWYP<Bi={GI;y=<;c�SX<;^={P~`MUDX<ovLV:<;	l�WkBdBDW���UDX<ovLV:<Jb;F;� R^¢_` [\k[ 9&:S;>acWkXkLVUDXQPSWYPS`	l�P<XSacLVUDWYX�acWkP<BD=�GI;�P<X<UiOQP<;FBD¢�=_;c�SXS;K=�G£¢|UdLb`�hjRYBdP<;^`
{u(x)}, x ∈ R. Z 3 [ 1 [D\^]

� [ � LyaFWYP<Bi=|G~;�=_;c�SXS;K=|P~`MUDX<o6U Ln`	�SWYP<JbUd;KJ	acW£; �qacUD;FXkLn` Z Udl�UdL	Ui` 2π
� �I;FJbUdW<=_UDa ]��

u(x) =
∑

k∈Z

uke
ikx. Z 3 [ 1 [ � ]

$C;FJb;
uk =

1

2π

2π
∫

0

e−ikx u(x) dx. Z 3 [ 1 [ ¦Q]

��UDoYP<Jb; ¦S[d\k�

9&:<;>`V;KOQP<;KXSac;
{uk k ∈ Z}, Z 3 [ 1 [ � ]P<X<UiOkPS;FBD¢+=_;F�SX<;K`�R3acWYXQLVUDXQP<WkPS` Z �I;FJbUDW_=_Uia ]l�P<XSa�LbUdWkX%G£¢�l�WkJVEHP<BiR Z 3 [ 1 [ � ]�[¦S[ w ;cL7PS`*UDXkLbJVW_=_P~ac; LV:S;�`M�SRkac;�WTl`MW � aKRTBDBd;^=3Lb;K`ML�l PSXSa�LbUdWkXS` [7w ;cL C∞

0 (R)
GI;LV:<;�`V�SRkac;|WTl¡`ME�W£WYLV:el�P<XSacLVUDWYXS`{��UdLb:pLV:<;acWYE��SRka�LN`MPS�<�IWYJVLK� LV:SRTL�Ui`F�
\ �Y�



\Y\ � ���������
	�����
 ����������� � ����	����
3 � 1

\k[ ϕ(x) ∈ C∞(R) �

� [ ϕ(x) ≡ 0
l�WkJ |x| ≥ A,

�&��:<;KJV;
A ≥ 0

=_;F�I;KXS=<`�WYX
ϕ Z ��Udo [�¦S[d\�]�[�SWYJ RTXQ¢HaFWYXQLVUDXQP<WkPS`�l�P<XSacLVUDWYX

u(x)
=_;c�~X<; Lb:<;C`VaKRTBiRTJ �<JVW_=<PSa�L ��UdLV:

ϕ ∈ C∞(R) �
〈u(x), ϕ(x)〉 ≡

∞
∫

−∞

u(x)ϕ(x) dx. Z 3 [ 1 [0*Y]
9&:<UD`�UdXQLV;FokJbRYB�acWkXQhY;KJVok;K`F�&`MUDXSac;

ϕ(x) ≡ 0
l�WYJ |x| ≥ A �

〈u(x), ϕ(x)〉 =

A
∫

−A

u(x)ϕ(x) dx. Z 3 [ 1 [ � ]
�SWYJ�R��SRYJMLbUDaFP<BDRYJyaFWYXQLVUDXQP<WkPS`	l�P<XSa�LbUdWkX

u(x)
aFWYXS`VUi=_;FJ	Lb:<;>`V;cL�WYlrhjRTBDP<;K`

{〈u, ϕ〉, ϕ ∈ C∞
0 (R)}. Z 3 [ 1 [0/Y]

� 
 � ����������� � `	LV:S;zl�P<X~a�LVUDWYX u(x) P<X<UiOQP<;FBD¢�=_;c�SX<;^=�G£¢�Lb:<UD`N`V;cL�WYlHhTRTBDP<;K` �
� ����� � � � � ;^` [NZ � JbWjhY;vLb:<UD` � ]
� 
 � �����������  RYX�Lb:<;vl WkJVEHPSBDR{GI;v��JVUdLVLV;FX|l�WkJ	JV;^`�LbWYJbUdX<o>Lb:<;�acWYXQLVUDXQP<WkPS`ql�P<XSacLVUDWYX
u(x)
l�JVWkE LV:<;t`V;cL�WTlrhjRYBdPS;K` Z 3 [ 1 [0/Y] �

� ����� � � � � ;^` �
u(x) = lim

ε→0

1

ε

∞
∫

−∞

ϕ(
x− y

ε
)u(y) dx = lim

ε→0
〈ϕx

ε (y), u(y)〉. Z 3 [ 1 [ � ]

��UDoYP<Jb; ¦S[ � �

$�;FJb;
ϕx

ε (y) = 1
εϕ(x−y

ε ) ∈ C∞
0 (R) [9&:<;*l�P<XSacLVUDWYX

ϕ ∈ C∞
0 (R)

`VRTLVUi`��~;K`Lb:<;zl�WkBdBDW���UDX<ogaFWYXS=<U LbUdWkXS` �
\Y[ ϕ(y) ≡ 0

l�WkJ |y| ≥ 1,

� [ 1
∫

−1

ϕ(y) dy = 1 Z ��UDo [C¦<[ � ]�[

w ;FLtPS`>�<JbWjhY; Z 3 [ 1 [ � ]�[ �z; ab:~RTX<ok;�LV:<;|hjRTJbUiRTG<BD;�WTlyUdXQLV;KoYJnRjLVUDWYX � x−y
ε = z [9&:<;FX Z 3 [ 1 [ � ] LnR�"Y;^`¤LV:S;zl�WkJVE

u(x) = lim
ε→0

1
∫

−1

ϕ(z)u(x− εz) dz. Z 3 [ 1 [ � ]



����������	
����
 ��� � � ��� �����
	 � �
3 � 1 \k\Y\

� X�LV:<Ui`yl�WYJbEy� Lb:<Ui`	l�WkJVEHP<BiR{l�WkBdBDWj�C`¤l�JVWkE LV:S;>aFWYXkLbUdX£P<UdL ¢ WTl u RjLyLb:<;��IWkUdXQL x �
lim
ε→0

1
∫

−1

ϕ(z)u(x− εz) dz =

1
∫

−1

ϕ(z) lim
ε→0

u(x− εz) dz =

=

1
∫

−1

ϕ(z)u(x) dz = u(x)

1
∫

−1

ϕ(z) dz = u(x).

� 
 � ����������� �|:SRTL�UD`vLV:S;6;^`V`V;FXQLVUiRTBx=_U�� ;FJb;FXSaF;6WTlfLb:<;6LV:SJV;K;6� R�¢_`¡WYl¤=_;c�SXSUdX<o5Rl�P<XSa�LbUdWkX
u(x)
��:SUDan:%� ;>=_;^`VaFJVUDGI;K=%RTGIWjhY; �

� ����� � � �
\k[ 9&:S;¡`V;cL¤WYl�XQP<EHGI;KJb` {u(x), x ∈ R} acWkP<Bi=gGI;¡E�WYJb;�WkJqBd;^`V`¤RTJbG<UdLVJnRTJV¢ � RjLRTXQ¢��~X<U Lb;t`M;FL�WTlr�IWYUDXkLn`

xk ∈ R
LV:S;�hTRTBDP<;K`

u(xk)
acWkP<BD=�GI;>RYJVG<UdLVJnRTJb¢ [

� [ 9&:<;�`V;cL>WTl¤X£P<EHGI;FJn` {uk, k ∈ Z} acWYPSBD=¥GI;�RYJVG<UdLVJnRTJb¢Y��Rk`zBdWkX<o5RY` |uk|=_;KaKR^¢�l�WYJ |k| → ∞ `MW�LV:SRTLK�&l�WYJ�;cu<RTE��<BD;Y�
∞
∑

−∞
|uk|∞. Z 3 [ 1 [D\ � ]

¦S[ 9&:<;{hjRYBdP<;^` {〈u, ϕ〉, ϕ ∈ C∞
0 (R)} RTJb;tX<WTLzRTJbG<UdLVJnRTJb¢ � A�`zacWYP<Bi=5GI;6`V;F;KXl�JVWkE Z 3 [ 1 [0*Y] � Lb:<;F¢�RTJb;�acWkX<X<;KacLV;^= G£¢ RYBdok;FG<JnRTUia¡JV;KBDRTLVUDWYXS`

〈u, ϕ1 + ϕ2〉 = 〈u, ϕ1〉 + 〈u, ϕ2〉, Z 3 [ 1 [D\Y\�]l�WYJNRTBDB
ϕ1, ϕ2 ∈ C∞

0 (R)
� ����� � 
 ������� � �SWYJqLb:<;zRTG~`�LbJbRka�L¤`V;cL	WTl�XQP<EHGI;KJb` {lϕϕ ∈ C∞

0 (R)}, LbW6aFWYJbJV;^`M�IWYXS=LVW�`VWYE�;vl�P<X~a�LVUDWYX
u(x) ∈ C(R)

`VPSan: Lb:SRjL
lϕ = 〈u, ϕ〉,∀ϕ ∈ C∞

0 (R), Z 3 [ 1 [D\ � ]U LNUi`yX<;KaF;K`b`VRYJV¢gLV:SRTLyLV:SUD`N`M;FLN`bRjLVUi`M�S;K`¤Lb:<;tacWYE��SRTLVUDG<UDBdUdL ¢�acWkXS=_UdLVUDWYXS` Z 3 [ 1 [D\Y\�]��
lϕ1+ϕ2

= lϕ1
+ lϕ2

, ∀ϕ1, ϕ2 ∈ C∞
0 (R) Z 3 [ 1 [D\K¦k]

���������
	��
�
�
3 � 1 �
�
� 9&:<;tacWYX£hY;FJboY;KXSac; ϕn

C∞
0−→

n→∞
ϕ
Ex;^RTXS`	Lb:<;zl�WkBdBDWj��UdX<o �

\k[ ϕn(x)
acWkXQhY;KJVok;K`�LVW

ϕ(x)
P<X<Udl�WYJbE�Bd¢gUDX

x ∈ R
�&RYXS=gLb:<;z`bRTE�;¡Ui`qLVJbP<;¡l�WYJ=_;FJbUDhjRjLbUdhY;^`¤WYlrRYXQ¢|WkJb=_;KJ � ∀k = 0, 1, 2, . . .

ϕ(k)
n (x)

−→−→ϕ(k)(x), x ∈ R as n→ ∞. Z 3 [ 1 [d\ � ]



\Y\ � ���������
	�����
 ����������� � ����	����
3 � 1

� [ ACBDB ϕn
,M:SR^hY;�LV:S;�acWkExE�WkX¤`VP<�<�IWkJML -

[−A,A] : ∃ A ≥ 0, ∀n = 1, 2, 3, . . .

ϕn(x) ≡ 0 for |x| ≥ A. Z 3 [ 1 [d\ *Y]
� 
 � ����������� A�JV;�LV:<;raFWYE��SRjLbUdGSUdBDUdL ¢�aFWYXS=_UdLVUDWYX~` Z 3 [ 1 [D\K¦Q] `VP��qacUD;FXkL�l�WYJCLb:<;H;cu_Ui`�Lb;FXSaF;WTlqRgl�PSXSa�LVUDWkX

u(x) ∈ C(R)
LV:~RjLzaFWYJbJV;^`M�IWYXS=�LbW|LV:<;�`V;cL {lϕ} UDX�LV:S;6`V;FXS`V;{WTlUD=_;KXkLbU L�¢ Z 3 [ 1 [d\ � ] �

� ����� � � �  �WS� Lb:<;F¢�RTJb;zX<WTL [ � X<;>RYBD`VW�X<;F;K=S`	LV:<;tacWkXkLbUdX£P<U L�¢�acWkXS=_UdLVUDWYXS` �
〈u, ϕn〉 −→

n→∞
〈u, ϕ〉, if ϕn

C∞
0−→ϕ for n→ ∞. Z 3 [ 1 [D\ � ]

� XS=_;FJfLb:<;¡aFWYXS=_UdLVUDWYX~` Z 3 [ 1 [d\ � ] ��Z 3 [ 1 [D\�*k] � aFWYXQhY;KJVok;FXSaF; Z 3 [ 1 [d\ � ] l�WYBDBdWj�C`xl�JbWYELV:<;�LV:<;KWYJb;FE RTGIWkP_LyLV:<;>UdXQLV;KJban:SRTX<okUDX<o{Lb:<;>UdXQLV;FokJbRTLVUDWYX%RTXS= LnR�"£UdXSo6LV:<;>BDUdE�UdL �
〈u, ϕn〉 ≡

A
∫

−A

u(x)ϕn(x) dx −→
n→∞

A
∫

−A

u(x)ϕ(x) dx = 〈u, ϕ〉, Z 3 [ 1 [d\�/T]
`MUDXSac;

u(x)ϕn(x)
−→−→u(x)ϕ(x)

RY`
x ∈ [−A,A], n→ ∞.9&:QP~`F��l�WkJ�LV:S;�;cu_Ui`�Lb;FXSaF;gWYlyR�l�PSXSa�LVUDWkX

u(x) ∈ C(R)
Lb:SRjL6acWYJbJb;K`V�IWTX~=<`vLVWLV:<;�`V;cL {lϕ} UdXpLb:<;�`M;KXS`M;|WYl Z 3 [ 1 [D\ � ] �rLV:<;|l�WkBdBDWj��UdX<o¥acWkXS=_UdLVUDWYXpUi`{X<;Kac;^`V`bRTJb¢Z GI;K`VUi=_;K` Z 3 [ 1 [D\K¦k]c�

lϕn
→ lϕ as ϕn

C∞
0−→ϕ Z 3 [ 1 [D\ � ]

� 
 � ����������� ACJb;|acWkXS=_UdLVUDWYXS` Z 3 [ 1 [D\K¦k] RTXS= Z 3 [ 1 [D\ � ] `MP��qaF;gl�WYJtLV:<;|;Fu_UD`MLV;KXSac;�WYl
u(x) ∈ C(R)

LV:SRTL�okUdhY;^`	Jb;F�<Jb;K`V;FXkLnRjLbUdWkX Z 3 [ 1 [D\ � ] �
� ����� � � �  �W [
Problem 3 [ 1 [d\ . � UDhY;%Lb:<;�;cu<RTE��<BD;5WTlvLb:<;�`M;FL {lϕ}

LV:SRTL `VRTLVUi`��S;^`gaFWYXS=<U LbUdWkXS`
Z 3 [ 1 [D\K¦Q] RTXS= Z 3 [ 1 [D\ � ] �tG<P<L3`MPSan:mLV:~RjL�Lb:<;FJb;+UD`¥X<W acWYJbJb;K`V�IWYXS=_UDX<o4l�P<XSa�LbUdWkX
u(x) ∈ C(R) Z `V;F;g� ��BiRY� \ �&� [ � / � ]�[
� ����� � � �

lϕ = ϕ(0), ∀ϕ ∈ C∞
0 (R) Z 3 [ 1 [D\ � ]

� ����� � 
 ������� � 9&:<;�`V;cL�WTl�hTRTBDP<;K` {lϕ} =_;F�SX<;K`�R¡l�PSXSa�LbUdWkX u(x) ∈ C(R)
`VRTLVUi`�l�¢£UDX<oUD=_;KXkLbU L�¢ Z 3 [ 1 [d\ � ] P<X<UiOQP<;FBD¢gWYX<BD¢�U lH`MP~ab:�l�P<XSacLVUDWYX u(x) ;cu_Ui`�Ln`F� RTBdLV:SWYP<ok:�U L	EfR^¢X<WTL�;cu_Ui`�Lrl�WkJrLV:<;�`V;cL {lϕ} [  WYXS=<U LbUdWkXS` Z 3 [ 1 [D\K¦Q] � Z 3 [ 1 [d\ � ] RYJV;¤XS;Kac;^`V`bRTJb¢zl�WYJrLb:<;;cu_Ui`�Lb;FXSac;�WYlrRgacWkXkLVUDXQPSWYPS`	l�P<XSacLVUDWYX

U(x)
�&G<P<L�XSWTLN`VP��qacUD;FXkL [
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3 8 2 Distributions

���������
	��
�
�
3 � 2 �
�
� Ap=<UD`MLVJbUdGSP_LVUDWYX�UD`}Ry`V;cL l = {lϕ, ϕ ∈ C∞

0 (R)} LV:SRTL�`bRjLVUi`M�S;K`acWYX~=_U LbUdWkXS` Z 3 [ 1 [D\K¦Q] RYXS= Z 3 [ 1 [D\ � ]�[
�SWYJyGSJV;KhQUdL�¢Y�&� ;>=_;KX<WTLb;

D = D(R) = C∞
0 (R). Z 3 [ 2 [D\^]

Remark 3 [ 2 [d\ . �SJVWkE-Lb:<;��SP<XSa�LbUdWkXSRTB¡A�XSRTBD¢_`MUi`g�IWkUdXQL|WTl�hQUD;F�}�y9&:S;�`M;FL {lϕ}`VRTLVUi`�l�¢£UDX<o�aFWYXS=_UdLbUdWkXS` Z 3 [ 1 [D\K¦Q] � Z 3 [ 1 [D\ � ]xZ LV:~RjL�UD`K��R�=_UD`MLVJbUDG<P_LVUDWYX ] Ui`}R�aFWYXkLbUdX£P<WYP~`BdUDX<;KRYJ	l�P<X~a�LVUDWYX~RTB�WkX
D(R)
� Lb:SRjLNUD`K� Lb:<;�;KBd;KE�;FXkLNWTlHLV:S;>=_PSRYB}`V�SRYaF;

D′(R) �
l = {lϕ} ∈ D′(R); l(ϕ) ≡ lϕ, ∀ϕ ∈ D(R) Z 3 [ 2 [ � ]

9&:£PS`F�
D′(R)

Ui`	LV:<;t`V�SRYac;�WTlx=_Ui`�LbJVUDG<P_LbUdWkXS` [
� � 	 � 	������

3 � 2 �
�
� �<WkJyR�=_Ui`MLVJbUdGSP_LVUDWYX {lϕ}
LV:S;zhTRTBDP<; {lϕ WTl�LV:<;>=_Ui`MLVJbUdG<P<LVUDWYX lWYX�RvLV;^`�Lfl�P<XSa�LbUdWkX

ϕ
��UDBdBCGI;N=_;FX<WYLV;^=6G£¢{GIWTLb:

l(ϕ)
RTXS= 〈l(x), ϕ(x)〉 � RYXS=6��UDBDBGI;taFRYBDBd;^= Lb:<;{`VaFRYBiRTJy�SJVW_=<PSa�LNWTlrLb:<;{=_UD`MLVJbUDG<P_LVUDWkX

l(x)
��U Lb:%Lb:<;>LV;K`MLNl�P<XSa�LbUdWkX

ϕ(x) �
lϕ = l(ϕ) = 〈l, ϕ〉 = 〈l(x), ϕ(x)〉 Z 3 [ 2 [ ¦k]

w ;cL�PS`x�IWYUDXkL�WYP<LrLb:SRjL l(x) UD`xX<WTLxLb:<;yhjRYBdP<;	WYlCLV:S;	l�P<XSa�LbUdWkX l RTLrLV:S;y�IWYUDXkL
x
�&G<P_LNE�;FJb;FBD¢ R�`V¢£EHGIWYB [

��� ��� ��� � � ��Ui`�LbJVUDG<P_LbUdWkX Z 3 [ 1 [D\ � ] UD`�aKRTBDBd;^=|Lb:<;>��UDJbRka δ � l�P<XSa�LbUdWkX �
δϕ = δ(ϕ) = 〈δ(x), ϕ(x)〉 = ϕ(0), ∀ϕ ∈ D(R). Z 3 [ 2 [ � ]

Remark 3 [ 2 [ � .
�<WkJVEHP<BiR Z 3 [ 1 [ *k] RY`b`MUDoYXS` R�=_Ui`�LbJbUdG<P_LbUDWYXrLbW�;KRkab:�acWkXkLVUDXQPSWYPS`�l�P<X~a�LVUDWYX

u(x) ∈ C(R) �
u(x) 7→ {〈u(x), ϕ(x)〉, ϕ ∈ D(R)}. Z 3 [ 2 [ *k]A&aKacWYJn=_UDX<o6LVW Z 3 [ 1 [ � ] �&LV:<Ui`�EfRT�<�<UDX<ogUD`�UdX�#�;^a�LVUDhY; �

C(R) ⊂ D′(R). Z 3 [ 2 [ � ]
% P<LeX<WYLe;FhY;FJb¢ =_Ui`�LbJVUDG<P_LbUdWkX2acWYPSBD= GI;4JV;K�<JV;^`M;KXkLb;K=$GQ¢ Z 3 [ 1 [0*Y] PS`VUDX<o `VWYE�;acWYXQLVUDXQP<WkPS`�l�PSXSa�LbUdWkX Z l�WkJ};Fu_RYE��<Bd;k� δ(x) acWkP<BD=�X<WTL�GI;fJV;K�<Jb;K`M;KXkLb;K=zUdX�LV:SUD`}�&R^¢ ]�[
w ;cL�PS`NacWYX~`MUi=_;FJy;Fu<RTE��<BD;K`	WYlr=<UD`MLVJbUDG<P_LVUDWYXS` [

1. 〈δk(x), ϕ(x)〉 = ϕ(k)(0), ∀ϕ ∈ D(R) Z 3 [ 2 [0/Y]
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��UDoYP<Jb; ¦S[ ¦S�

 :<;Ka�" LV:SRTL
δk(x) ∈ D′(R) Z LV:~RjL3Ui`F�an:<;^a " aFWYXS=<U LbUdWkXS` Z 3 [ 1 [D\K¦k] � Z 3 [ 1 [D\ � ]M]c[ � [9&:S; $C;^R^h£Ui`MUi=_;vl�PSXSa�LbUdWkX Z � UDo [C¦<[ ¦k]c[

Θ(x) =

{

1, x > 0,
0, x < 0 :

Z 3 [ 2 [ � ]

〈Θ(x), ϕ(x)〉 ≡
∞
∫

−∞

Θ(x), ϕ(x) dx =

∞
∫

0

ϕ(x) dx.

Z 3 [ 2 [ � ] :<;Ka�"�Lb:SRjL
Θ(x) ∈ D′(R).

3 8 3 Operations on distributions

Addition of distributions

w ;cLNPS`	�SJn`MLyX<WYLVUiac;zLb:SRjL�l�WYJyLV:<;tacWkXkLVUDXQP<WkPS`	l�P<XSacLVUDWYXS` u1(x)
�
u2(x)

RYXS= LV:<;KUdJ`MP<E
u1(x) + u2(x)

� ;�:SR�hY;Y��=_P<;�LVW Z 3 [ 1 [d\ *Y] �
〈u1(x) + u2(x), ϕ(x)〉 = 〈u1, ϕ〉 + 〈u2, ϕ〉, ∀ϕ ∈ D(R) Z 3 [ 3 [d\�]

���������
	������
3 � 3 �
�
� �SWYJ l1, l2 ∈ D′(R)

� ;>`V;cL
(l1 + l2)ϕ = l1ϕ + l2ϕ, ∀ϕ ∈ D(R). Z 3 [ 3 [ � ]

Remark 3 [ 3 [D\ . � X~=_;FJ `MPSan:�=_;c�~X<U LbUdWkX��¤LV:<;�Rk=<=_UdLVUDWYX4WTl�acWkXkLVUDXQPSWYPS`�l�P<XSacLVUDWYXS`
u1(x)
�
u2(x)

acWkUdXSaFUD=<;K`y��UdLV:%Lb:<;tRk=<=_UdLVUDWYX%WYlHLb:<;taFWYJbJV;^`M�IWYXS=_UDX<og=_Ui`�LbJVUDG<P_LbUdWkXS` [9&:<UD`�UD`�`V;F;KX l�JbWYE Z 3 [ 3 [D\^] RYXS= Z 3 [ 3 [ � ]c[
Problem 3 [ 3 [D\ .  :S;Ka�"�LV:SRTL

l1 + l2 ∈ D′(R) [
Multiplication of a distribution by a scalar

w ;cLNPS`yX<WYLVUiac;zLV:~RjLyl�WkJ u(x) ∈ C(R)
RTXS=

α ∈ R
��=_PS;zLVW Z 3 [ 1 [ *k] ��� ;�:SR�hY;

〈αu(x), ϕ〉 = α〈u, ϕ〉, ∀ϕ ∈ D(R) Z 3 [ 3 [ ¦Q]
���������
	������

3 � 3 � � � �SWYJ l(x) ∈ D′(R)
RTXS=

α ∈ R
� ;>`M;FL

〈αl(x), ϕ〉 = α〈l, ϕ〉, ∀ϕ ∈ D(R). Z 3 [ 3 [ � ]
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Multiplication of a distribution by a smooth function9 R+"Y;
g(x) ∈ C∞(R) [ � l u(x) ∈ C(R)

�&LV:S;FX��CRk`y`V;F;FX�l�JbWYE Z 3 [ 1 [ *k] �
〈g(x)u(x), ϕ〉 = 〈u g(x)ϕ(x)〉, ∀ϕ ∈ D(R) Z 3 [ 3 [0*Y]

���������
	��
�
�
3 � 3 ��� � �SWYJ l(x) ∈ D′(R)

��� ;>`M;FL
〈g(x)l(x), ϕ〉 = 〈l, g(x)ϕ(x)〉, ∀ϕ ∈ D(R) Z 3 [ 3 [ � ]

Remark 3 [ 3 [ � .
9&:<;�JbUdok:kL � :SRYXS=�`MUi=_;�WYl Z 3 [ 3 [ � ] EfR�"Y;^`y`V;FXS`V;Y��`VUdX~ac;

g(x)ϕ(x) ∈ D(R)! Z 3 [ 3 [ /T]
Problems 3 [ 3 [d\ . \k[ � ;FJbU l�¢|LV:~RjL g(x)l(x) ∈ D′(R)

� [  WYE��<P_Lb; xδ(x) [
¦S[ � JbW�hY;vLb:SRjL

g(x)δ(x) = g(0)δ(x). Z 3 [ 3 [ � ]
“Shift” of the distributions�<WkJ

u(x) ∈ C(R)
RYXS=

a ∈ (R)
�

∫

u(x− a)ϕ(x) dx =

∫

u(y)ϕ(y + a) dy, ∀ϕ ∈ D(R). Z 3 [ 3 [ � ]
���������
	��
�
�

3 � 3 ����� �SWYJ l(x) ∈ D′(R)
��� ;>`M;FL

〈l(x− a), ϕ(x)〉 = 〈l(y), ϕ(y + a)〉. Z 3 [ 3 [D\ � ]
��� ��� ��� � �

〈δ(x− a), ϕ(x)〉 = 〈δ(y), ϕ(y + a)〉 = ϕ(a). Z 3 [ 3 [d\k\^]

“Change of scale” in the argument of the distributions�<WkJ
u(x) ∈ C(R)

RYXS=
k 6= 0

+∞
∫

−∞

u(kx)ϕ(x) dx =
1

|k|

+∞
∫

−∞

u(y)ϕ
(y

k

)

dy. Z 3 [ 3 [D\ � ]
���������
	��
�
�

3 � 3 ��� � �SWYJ f(x) ∈ D(R)
� ;>`V;cL�l�WYJ

k 6= 0

〈f(kx), ϕ(x)〉 =
1

|k|
〈

f(y), ϕ
(y

k

)

〉

. Z 3 [ 3 [D\K¦Q]
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Problem 3 [ 3 [ � .
� JVWjhY;vLb:SRjL

δ(kx) =
1

|k|δ(x), k 6= 0 Z 3 [ 3 [d\ � ]
� X%�SRTJVLVUiacPSBDRYJK� �<JbW�hY;vLb:SRjL δ Ui`y;KhY;FX �

δ(−x) = δ(x). Z 3 [ 3 [d\ *Y]
Remark 3 [ 3 [ ¦ . �<JbWYE =_;F�SX<UdLVUDWYX Z 3 [ 3 [D\Y\^] � ;>oY;cL �

〈δ(y − x), ϕ(y)〉 = ϕ(x). Z 3 [ 3 [D\ � ]9&:<UD`fE�;KRTXS`xLb:SRjL
δ(y− x)

Ui`xLV:S;�UDXkLb;FoYJnRTB "k;FJbX<;FB�WTl�LV:<;NP<X<UdLqWY�I;FJnRjLbWYJ
Iϕ = ϕ [

� X Lb:<;eBDUdXS;KRTJ�RYBdok;FG<JnRpLb:<;eEfRjLbJVUdu�WYl{LV:S;eP<X<UdL�Wk�I;FJnRjLVWkJ�Ui`%LV:<; � JbWYXS;Ka "k;FJ
δ
� `V¢£EHGIWYB �

δij [ � LqUi`q=_P<;NLVW>Lb:<Ui`qRYXSRTBDWYokP<;	Lb:SRjL	��UDJbRka�aKRTBDBd;^=6l�P<X~a�LVUDWYX~RTB Z 3 [ 2 [ � ]LV:<;
δ
� l�PSXSa�LVUDWkX [

Problem 3 [ 3 [ ¦ . ��JVUdLV;yLV:<;yl�WkJVEHP<BiRzWTl�RzoY;KX<;FJnRTB&an:SRTX<ok;	WYl�hjRTJbUiRTG<BD; x = g(y)
UDXR�=_Ui`MLVJbUdGSP_LVUDWYX�����:<;FJb;

g : R → R
UD`NR�`VE�W£WTLb:%=_U��I;KWYE�WYJb�<:<Ui`ME [

Convergence of distributions
���������
	������

3 � 3 ��� � ��Ui`MLVJbUdGSP_LVUDWYXS` un(x) ∈ D′(R)
acWkXQhY;KJVok; Z � ;^R�"£Bd¢ ] LVW u(x) ∈

D′(R)
��:<;KX

n→ ∞ U lrl�WYJ ∀ϕ(x) ∈ C∞
0 (R) ≡ D(R)

〈un, ϕ〉 → 〈u, ϕ〉 when n→ ∞ Z 3 [ 3 [d\�/T]
9&:<;FJb;zUi`	LV:S;zl�WkBdBDW���UDX<o�XSWTLbRTLVUDWYX � un(x)

D′(R)
⇁ u(x)

RY`
n→ ∞ [

& u<RYEx�SBd;^`yWTlxacWYX£hY;FJboY;KXkL�`M;KJVUD;K`	WYlr=_Ui`MLVJbUdGSP_LVUDWYXS` �
\k[ � l un(x) ∈ C(R)

RTXS=
Un(x)

−→−→u(x)
RY`
n→ ∞ �@LV:<;KX un

D′(R)
⇁ u
RY`
n→ ∞ [Z � JbWjhY;vLb:<UD` � ]

� [ � l un(x) ∈ L2(R)
RTXS=

un → u
UDX

L2(R)
RY`

n → ∞ �	LV:<;KX un
D′(R)
⇁ u [Z � JbWjhY; � ]

¦S[ sin kxD′(R)
⇁ 0
RY`

k → ∞ [ � XS=_;K;K=@��UDXkLV;KoYJnRjLbUdX<o�G£¢|�SRYJMLn`F�&� ;�WYG<LbRTUDX �
〈sin kx, ϕ(x)〉 =

∫

cos kx

k
ϕ′(x) dx −→ 0 as k → ∞ Z 3 [ 3 [d\ � ]

� [ ACXSRYBdWkoYWkPS`MBD¢Y� k2 sin kx
D′(R)
⇁ 0
Rk`

k → ∞ [
Remark 3 [ 3 [ � . �£;KOQP<;FX~ac;K` WTl l�P<XSa�LbUdWkXS` sin kx RTXS= k2 sin kx

=_WrX<WYL�acWYX£hY;FJboY;X<;FUdLV:<;KJ�UdXNLb:<;r`V�SRYac;
C(R)
�@X<WkJ�UdXNLV:S;r`M�~RYac;

L2(R)
�@G<P_L�LV:S;F¢�=_W	acWkXQhY;FJboY;UdX

D′(R) [
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*_[ , δ � BDU "k;�-z`V;KOQP<;FX~ac;K` [  WYXS`VUD=<;FJN�QLb;�"£BdWjh `MLV;F��� l�P<XSacLVUDWYXS`
un(x) =

{

n, x ∈ [0, 1
n ],

0, x 6∈ [0, 1
n ], n ∈ N.

Z 3 [ 3 [D\ � ]
� GQh£UdWkPS`VBd¢k� +∞

∫

−∞
un(x) dx = 1, ∀n = 1, 2, 3, . . . .

Problem 3 [ 3 [ � . � JVWjhY;vLb:SRjL
un(x)

D′(R)
⇁ δ(x) as n→ ∞ Z 3 [ 3 [ � � ]

� ��� � � AC�<�SBd¢|Lb:<;�E�;KRYX%hjRTBDP<;zLV:<;FWkJV;KE LVW�LV:S;�UDXkLb;FoYJnRTB +∞
∫

−∞
un(x)ϕ(x) dx [A�XSRTBDWYokWYPS`VBd¢k� Lb:<; � RYPS`V`�=_Ui`�LbJVUDG<P_LbUdWkXS`

e−
x2

2σ√
2πσ

D′(R)
⇁ δ(x) as σ → 0+ Z 3 [ 3 [ � \^]

acWYX£hY;FJboY;v� ;^R�"£BD¢ [�Z � JbW�hY;zLV:SUD` � ]
Differentiation of distributions�<WkJ

u(x) ∈ C1(R)
��UDXkLV;KoYJnRjLbUdX<o�G£¢|�SRYJMLn`F�&� ;�ok;cL Z ϕ(x) ≡ 0

l�WkJ |x| ≥ A ]��
+∞
∫

−∞

u′(x)ϕ(x) dx = uϕ
∣

∣

A

−A
−

A
∫

−A

u(x)ϕ′(x) dx = −
+∞
∫

−∞

u(x)ϕ′(x) dx, Z 3 [ 3 [ � � ]
`MUDXSac;

ϕ(A) = ϕ(−A) = 0
�C`MW�LV:SRTLyLb:<;�GIWkP<XS=<RYJV¢gLb;FJbE Ui`y;KOQPSRYB�LbW (F;KJVW [

���������
	��
�
�
3 � 3 ��� � �SWYJ u(x) ∈ D′(R)

� ;>`V;cL
〈u′(x), ϕ(x)〉 = −〈u(x), ϕ′(x)〉, ∀ϕ ∈ D(R). Z 3 [ 3 [ � ¦k]

Problem 3 [ 3 [0* . � JVWjhY;vLb:SRjL u′(x) ∈ D′(R) [
� � 
 �
� ��� � ��� ��� ����� 

� ����� � � � � � � ��� � ����� ��� � � �
���	� � � ��� � � � ��� ��� ����� 

� ����� �	� ��� �

��� ������� � ��� � ����� ��� ��� � ��� � ��� � � �����
w ;cL�PS`NacWYX~`MUi=_;FJy;Fu<RTE��<BD;K`	WYlr=<;FJbUdhTRjLVUDhY;K`	WYlr=_Ui`MLVJbUdG<P<LVUDWYXS` [
\Y[ (sinx)′ = cosx.

� [�w ;FL}PS`��SXS= Θ′(x) Z `M;K; Z 3 [ 2 [ � ] �yZ 3 [ 2 [ � ]M]c[ A�aFaFWYJn=_UdXSo	LVWN=_;F�SX<UdLVUDWYX Z 3 [ 3 [ � ¦Q] �
〈Θ(x), ϕ(x)〉 = −〈Θ(x), ϕ′(x)〉 =

+∞
∫

0

ϕ′(x) dx =

= −ϕ(x)
∣

∣

+∞
0

= ϕ(0) = 〈δ(x), ϕ(x)〉. Z 3 [ 3 [ � � ]�<JbWYE :<;FJb;Y�&� ;t`M;K;vLb:SRjL
Θ′(x) = δ(x) [
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Continuity of the differentiation with respect to convergence of distributions
� ����� �

3 � 3 ����� � � ��� ��� � ��� ��� d
dx : D′(R) → D′(R)

� � ����� ����� 
 ��
 � �

! � � � � � w ;FL un(x)
D′(R)
⇁ u(x) [ 9&:<;KX�l�WYJ ∀ϕ ∈ D(R)

〈u′n(x), ϕ(x)〉 ≡ −〈un(x), ϕ′(x)〉 −→
n→∞

− 〈u(x), ϕ′(x)〉 ≡ −〈u′(x), ϕ(x)〉 Z 3 [ 3 [ � *Y]
 WYXS`V;KOQP<;KXkLVBD¢k�

u′n(x)
D′(R)
⇁ u′(x)

RYaKacWYJn=_UDX<o{LVW�=_;F�SX<UdLVUDWYX Z 3 [ 3 [D\ /T]c[
Problem 3 [ 3 [ � . � JVWjhY;vLb:SRjL�l�WYJ ∀u(x) ∈ D′(R)

u(x+ ε) − u(x)

ε

D′(R)
⇁ u′(x) as ε→ 0. Z 3 [ 3 [ � � ]

3 8 4 Differentiation of piecewise smooth functions and the product rule

Differentiation of piecewise smooth functions
� ����� �

3 � 4 �
�
� 
 � � u(x) ∈ C1 � ���
x < a

��� � � ���
x > a

� � �
� � � ��� ��� � ������� �
x = a

��� � � � ��� � ��� � �	��� � ��� 

��� � � � � � � � ��� � ��� ��� � ��� ��� � � � ��� ������� � ����� ��� � � � �����
u(a± 0)

� � ��� ��� � � � ��� �����	� � � ������
 � � �������
u′(a± 0)

��� � � � � � ��� � � � �	� � � 	 � � � � �

��UdokP<JV; ¦<[ � �
� ��� � ����� � ��� � � �!��� 	 � ��� � 
 � � � � ����� ��� �

u′(x) = {u′(x)} + h · δ(x− a); h = u(a+ 0) − u(a− 0). Z 3 [ 4 [D\^]9&:<;�l�P<XSacLVUDWYX
u′(x)
UDX¤LV:<;�BD;cl L � :SRYXS=	`VUD=_;�WTl Z 3 [ 4 [D\^] Ui` RroY;KX<;FJnRTBDU (K;K=q=_;FJbUDhjRjLbUDhY;WTlxLV:S;{=_Ui`MLVJbUdGSP_LVUDWYX

u(x)
����:<UDBd; {u′(x)} UdX�LV:S;tJbUDoY:kL � :SRYXS=5`VUD=<;tUD`vRgl�P<XSa�LbUdWkXacWYXQLVUDXQP<WkPS`fl�WkJ

x 6= a
� ��:<Uiab: Ui`q;^OQPSRTBCLbW6R6=_;FJbUdhTRjLVUDhY;NWYl�Lb:<;¡l�P<XSacLVUDWYX

u(x)
RjLLV:<;¤�IWkUdXQLb`H��:<;FJb;fLb:<UD`x=_;FJbUdhTRjLVUDhY;q;cu_UD`MLb` [ 9&:<;	=_Ui`�LbJVUDG<P_LbUdWkXtokUdhY;KX>l�WYJ {u′(x)} G£¢l�WYJbEHP<BDR Z 3 [ 1 [ *k] UD`¤aFRYBdBD;K=�Lb:<;¡Jb;FoYPSBDRYJ��SRYJMLqWYl�LV:S;¡oY;FXS;FJnRTBDU (K;K=g=_;FJbUdhTRjLbUdhY; u′(x) [

��� ��� ��� � � �<WkJ
u(x) = Θ(x)

� � ;z:SR^hY; � a = 0, {Θ′(x)} ≡ 0
�&`MUDXSac;

Θ′(x) = 0
l�WkJ

x 6= 0, h = Θ(0+) − Θ(0−) = 1.
9&:<;FJb;cl�WkJV;Y� l�WkJVEHPSBDR Z 3 [ 4 [D\^] okUdhY;^`

Θ′(x) = δ(x), Z 3 [ 4 [ � ]UdX�RToYJb;F;KEx;KXkLy��UdLV: Z 3 [ 3 [ � � ]c[
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Problem 3 [ 4 [D\ .  WkE��<P_LV; |x|′′ [� ��� 

��������� A�aKacWYJn=_UDX<o6LVW�l�WYJbEHP<BiR Z 3 [ 4 [d\�] �
|x|′ = {|x|′} + 0 · δ(x) = sgnx ≡

{

1, x > 0,
−1, x < 0.

Z 3 [ 4 [ ¦k]
ACokRYUDX�� P~`MUDX<o�LV:<;t`VRYE�;vl�WYJbEHP<BiR<�

|x|′′ = (sgnx)′ = { ′
sgnx} + 2 · δ(x) = 2δ(x). Z 3 [ 4 [ � ]

� ����� � � � |x|′′ = 2δ(x).

Problem 3 [ 4 [ � .
� JVWjhY;vl�WkJVEHP<BiR Z 3 [ 4 [d\�]�[� ��� 

��������� �SWYJ
ϕ ∈ C∞

0 (R)
�

〈u′, ϕ〉 = −〈u, ϕ′〉 = −
a
∫

−∞

uϕ′ dx−
+∞
∫

a

uϕ′ dx = −uϕ
∣

∣

a−0

−∞−uϕ
∣

∣

∞
a+0

+

+

∫

x6=a

u′ϕdx = −u(a)ϕ(a− 0) + u(a)ϕ(a+ 0) + 〈{u′}, ϕ〉,

��:<UDan:%Ui`y;KOQP<UDhjRYBd;KXkLyLVW Z 3 [ 4 [D\^]c[
Product rule�<WkJ

g(x) ∈ C∞(R)
RYXS=

u(x) ∈ D′(R)
��LV:S;��<JVW<=_PSa�L

g(x)u(x)
UD`�=_;F�SX<;K= Z `V;F;=_;c�SXSU LbUdWkX Z 3 [ 3 [ � ]V]�[ � LqLbP<JVX~`fWkP_LqLV:SRTLqLV:<;¡l�WYBDBdWj��UDX<o{acWYE�E�WYXgl�WkJVEHP<BiR>Ui`fhTRTBDUD= �

(

g(x)u(x)
)′

= g′(x)u(x) + g(x)u′(x). Z 3 [ 4 [0*Y]
Problem 3 [ 4 [ ¦ . � JVWjhY;vl�WkJVEHP<BiR Z 3 [ 4 [ *k]�[
Problem 3 [ 4 [ � . � `VUdX<o�l�WYJbEHP<BiR Z 3 [ 4 [ *k] �CacWkEx�SP_LV;zLb:<;zl�WkBdBDWj��UdXSo �

( d

dx
+ λ
)

(

Θ(x)e−λx
)

. Z 3 [ 4 [ � ]
� ��� 

��������� A�aKacWYJn=_UDX<o6LVW�l�WYJbEHP<BiRY` Z 3 [ 4 [0*Y] RYXS= Z 3 [ 3 [ � ] �

d

dx
(e−λxΘ(x)) = −λe−λxΘ(x) + e−λxΘ′(x) =

= −λe−λxΘ(x) + δ(x). Z 3 [ 4 [0/Y]A&=<=_UDX<o
λΘ(x)e−λx LVWgGIWTLb:5`MUi=_;^`F�&� ;>`V;F;zLV:~RjL Z 3 [ 4 [ � ] Ui`y;KOQPSRYB�LVW δ(x) �

( d

dx
+ λ
)

(

Θ(x)e−λx
)

= δ(x). Z 3 [ 4 [ � ]
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Problem 3 [ 4 [0* .  WkE��<P_LV; Z l�WYJ ω 6= 0 ]c�
( d2

dx2
+ ω2

)

(

Θ(x)
sinωx

ω

)

=? Z 3 [ 4 [ � ]
� � � 

��������� A�aFaFWYJn=_UDX<o6LVW�l�WYJbEHP<BiRT; Z 3 [ 4 [0*Y] RYXS= Z 3 [ 3 [ � ] �
d

dx

( sinωx

ω
· Θ(x)

)

= cosωx · Θ(x) +
sinωx

ω
· Θ′(x) = cosωx · Θ(x). Z 3 [ 4 [D\ � ]

� `VUdXSo6Lb:<;>`bRTE�;zl�WYJbEHP<BDRY;Y�&� ;�oY;FL
d2

dx2

( sinωx

ω
· Θ(x)

)

=
d

dx
(cosωx · Θ(x)) = −ω sinωx · Θ(x) +

+cosωx · Θ′(x) = −ω sinωx · Θ(x) + δ(x). Z 3 [ 4 [D\Y\^]�_P<GS`MLVUdLVP_LbUdX<o
ω2Θ(x) sin ωx

ω

��� ;�oY;FL
δ(x) �

( d2

dx2
+ ω2

)

(

Θ(x)
sinωx

ω

)

= δ(x). Z 3 [ 4 [D\ � ]
Problem 3 [ 4 [ � . � JVWjhY; Z 3 [ 4 [ � ] RTXS= Z 3 [ 4 [d\ � ] PS`VUDX<o l�WYJbEHP<BDR Z 3 [ 4 [D\�] UDXS`MLV;KRk=*WTlZ 3 [ 4 [0*Y]c[� � � 

���������

��UDoYP<Jb; ¦S[ *<�

w ;cL$P~` �<JbW�hY; Z 3 [ 4 [ � ]�[ �z; �<BDWTL
Θ(x)e−λx Z ��UDo [x¦S[ *k]�[ A�aFacWkJb=<UdX<o�LVWl�WkJVEHP<BiR Z 3 [ 4 [d\�] (a = 0

RTXS=
h = 1)

�
d

dx
(Θ(x)e−λx) = Θ(x)(−λ)e−λx+δ(x).Z 3 [ 4 [D\K¦k]A�=<=_UDX<o

λΘ(x)e−λx ��� ;�ok;cL Z 3 [ 4 [ � ]c[

w ;FL+PS`+�<JbW�hY; Z 3 [ 4 [D\ � ]�[ 9&:<;��<BdWYL
Θ(x) sin ωx

ω

Ui`yWYX5��Udo [�¦<[ � [A�aFacWkJb=_UDX<o6LbW�l�WYJbEHP<BiR Z 3 [ 4 [D\^]�Z a = 0RTXS=
h = 0 ] �

d

dx

(

Θ(x)
sinωx

ω

)

= Θ(x) cosωx.Z 3 [ 4 [d\ � ] ��UDoYP<Jb; ¦S[ � �



����������	
����
 ��� � � ��� �����
	 � �
3 � 5 \ � \

��UDoYP<Jb; ¦S[0/_�

9&:<;voYJnRT�S:�WTl
Θ(x) cosωx

Ui`q�<BDWTLVLV;^=WkX|��Udo [ ¦<[ /£[ �z;vPS`V;�l�WkJVEHP<BiR Z 3 [ 4 [D\^]Z a = 0
RTXS=

h = 1 ]��
d2

dx2
(Θ(x)

sinωx

ω
) =

d

dx
(Θ(x) cosωx) =

= Θ(x)(sinωx)(−ω) + δ(x). Z 3 [ 4 [d\ *Y]A�=<=_UDX<o
ω2Θ(x) sin ωx

ω

�T� ; oY;FL Z 3 [ 4 [D\ � ]�[

Remark 3 [ 4 [d\ . ��;f:~R^hY;f;KOQPSRTBDUdL ¢ Z 3 [ 4 [ � ] `MUDXSaF;xLb:<;�l�PSXSa�LbUdWkX Θ(x)e−λx l�WkJ x 6= 0`VRTLVUi`��S;^`¤Lb:<;�:SWYE�WYok;FX<;FWkPS`¤;^OkP~RjLVUDWYX
( d

dx
+ λ
)

(

Θ(x)e−λx
)

= 0 for x 6= 0, Z 3 [ 4 [d\ � ]
��:<UdBD;�UdLb` #�P<E��eUi`

h = 1 [ ACXSRYBdWkoYWkPS`MBD¢k��� ;�:SR�hY;g;KOQPSRTBDUdL ¢ Z 3 [ 4 [D\ � ] `VUdXSaF;�Lb:<;l�P<XSa�LbUdWkX
y(x) = Θ(x) sin ωx

ω

l�WkJ
x 6= 0

`VRTLVUi`��S;^`¤LV:S;�:<WkE�WYoY;KX<;FWkPS`¤;KOQPSRTLVUDWYX
( d2

dx2
+ ω2

)(

Θ(x)
sinωx

ω

)

= 0 for x 6= 0. Z 3 [ 4 [d\�/T]
% ;^`MUi=_;^`F��LV:<;{l�P<XSacLVUDWYX

y(x)
UD`vaFWYXQLVUDXQP<WkPS`vRjL

x = 0
����:<UDBd;6U Ln`N�~Jb`MLz=_;FJbUDhjRjLbUdhY;

y′(x) = Θ(x) cosωx
:SRk`�R #�P<E��5;KOQPSRYB�LVW

1 �
{

y(0−) = y(0+),
y′(0+) = y′(0−) + 1.

Z 3 [ 4 [D\ � ]
9&:£PS`F� LV:S;vJV;KoYP<BiRTJq�SRYJMLn`qUdX Z 3 [ 4 [ � ] RTX~= Z 3 [ 4 [D\ � ] aKRTXSaF;FB�WYP_Ly=_P<;¡LbW{Ui=_;KXkLVUdLVUD;K`Z 3 [ 4 [D\ � ] RYXS= Z 3 [ 4 [D\ /Y] �&Jb;K`V�I;Ka�LbUdhk;FBD¢ [

3 8 5 Fundamental solutions of ordinary differential equations

Fundamental solutions of ordinary equations

w ;cL¥PS`�aFWYXS`VUD=<;FJ�R�BDUdX<;^RTJ¥=_U � ;FJb;FXQLVUiRTB{WY�I;FJnRjLbWYJ5WTlgWYJn=_;KJ m ��U Lb: aFWYXS`MLbRYXkLacW£; �faFUd;KXkLn` �
A = A

( d

dx

)

=

m
∑

k=0

ak
dk

dxk
, am 6= 0. Z 3 [ 5 [D\^]

� `MUDX<o�LV:<;tab:~RTUDX�JbP<BD;Y�&� ;�ok;cL �
dk

dxk
(u(x− y)) = u(k)(x− y), x ∈ R. Z 3 [ 5 [ � ]

9&:<;KJV;Fl�WYJb;Y�
A
( d

dx

)

(u(x− y)) = (Au)(x− y), x ∈ R. Z 3 [ 5 [ ¦Q]
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� 9&:S;yl�P<XS=<RYEx;KXkLnRTB�`MWkBdP_LbUDWYX�WTl�LV:S;�WY�I;KJbRTLVWYJ A UD`fRzl�P<XSa�LbUdWkXZ =_Ui`MLVJbUdG<P<LVUDWYX ] ε(x) x ∈ D′(R)

`VPSan:�LV:SRTL
A
( d

dx

)

e(x) = δ(x), x ∈ R, Z 3 [ 5 [ � ]��:<;FJb;vLb:<;>=<;FJbUdhTRjLVUDhY;K`yRYJV;zP<XS=<;FJn`�LbW£W_= UdX�Lb:<;t`M;KXS`M;�WTlx=_Ui`�LbJVUDG<P_LbUdWkXS` [
Remark 3 [ 5 [d\ . A�`yl�WYBDBdWj�C`¤l�JbWYE Z 3 [ 5 [ ¦Q] �

A
( d

dx

)

e(x− y) = δ(x− y), x ∈ R. Z 3 [ 5 [0*Y]
��� ��� ��� � � �

\k[ A = d
dx : e(x) = Θ(x) (see (3.4.2)).

� [ A = d2

dx2 : e(x) = 1
2 |x| (see (3.4.4)).

¦S[ A = d
dx + λ : e(x) = Θ(x)e−λx (see (3.4.8)).� [ A = d2

dx2 + ω2 : e(x) = Θ(x) sin ωx
ω (see (3.4.12)).

w ;FLtPS`>�IWYUDXkLtWkP_L�Lb:SRjL>l�WkJtR��Su£;^= Wk�I;FJnRjLbWYJ A Lb:<;FJb;�aFWYP<Bi= GI;�UDX_�SX<UdLV;KBd¢E�RYXQ¢�l�PSXS=<RTE�;FXQLbRYB�`MWkBdP_LbUdWkXS` [� 
 � ����������� �|:Q¢�=<W£;K`yWYX<;�X<;F;^= l�P<XS=<RYE�;FXkLnRTB�`VWYBDP_LVUDWYXS` �� ����� � � � 9 W�`MWkBdhY;zX<WkX<:<WkExWkoY;FXS;FWYP~`¤;KOQPSRjLbUdWkXS`
A
( d

dx

)

u(x) = f(x), x ∈ R. Z 3 [ 5 [ � ]
Am�SRTJVLVUiacP<BiRTJ�`VWYBDP_LVUDWYX%aFWYP<Bi=�GI;zl�WYP<X~=�PS`VUdX<o�Lb:<;zl�WkJVEHP<BiR
u(x) =

+∞
∫

−∞

e(x− y)f(y) dy ≡ (e ∗ f)(x) =

+∞
∫

−∞

e(y)f(x− y) dy, Z 3 [ 5 [ /T]
U l
f(x) = 0

l�WkJ |x| ≥ const
��RYXS=

f(x) ∈ C(R) Z Lb:<;6Wk�I;FJnRjLbUdWkX ∗ UDX Z 3 [ 5 [ /T] Ui`aFRTBDBD;K=�RgacWkXQhYWkBdP_LbUDWYX�WTl
e
��U Lb:

f ]�[
� � ��� � �	��� ����� � l�WYJvLb:<;gaKRY`V;

f(x) ∈ Cm(R) � �SWYJvl�P<X~a�LVUDWYX Z 3 [ 5 [ /T] � ;�oY;FLvl�JbWYEZ 3 [ 5 [ � ] � l�WkJ x ∈ R �
A
( d

dx

)

u(x) =

+∞
∫

−∞

e(y)A
( d

dx

)

f(x− y) dy =
〈

e(y), A
(

− d

dy

)

f(x− y)
〉

=

=
〈

A
( d

dy

)

e(y), f(x− y)
〉

=
〈

δ(y), f(x− y)
〉

= f(x). Z 3 [ 5 [ � ]
��� ��� ��� � � �
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\Y[ �<WkJ	Lb:<;�;^OkP~RjLVUDWYX
d

dx
u(x) = f(x), x ∈ R Z 3 [ 5 [ � ]l�WYJbEHP<BiR Z 3 [ 5 [ /T] oYUDhY;K`yR��SRYJMLbUDaFP<BDRYJy`VWYBDP_LbUdWkX

u(x) =

+∞
∫

−∞

Θ(x− y)f(y) dy =

x
∫

−∞

f(y) dy, x ∈ R Z 3 [ 5 [d\ � ]
��:<Uiab:%Ui`y� ;KBdB � "QXSW���X l�JbWYE  RYBDaFP<BdP~` [

� [ �<WkJ	Lb:<;�;^OkP~RjLVUDWYX
d2

dx2
u(x) = f(x), x ∈ R Z 3 [ 5 [D\Y\�]l�WYJbEHP<BiR Z 3 [ 5 [ /T] oYUDhY;K`yR��SRYJMLbUDaFP<BDRYJy`VWYBDP_LbUdWkX

u(x) =

+∞
∫

−∞

1

2
|x− y|f(y) dy, x ∈ R Z 3 [ 5 [D\ � ]

��:<Uiab:%Ui`�RTX~RTBDWYoYWYP~`qLVW�LV:<;  RTP~ab:£¢�l�WYJbEHP<BDR6l�WYJN=_WYP<GSBd;�UDXkLb;FoYJnRTBi` [

The method of construction of the fundamental solutions for an arbitrary operator

A( d

dx
) of form (3.5.1)

w ;cL�PS`6aFWYXS`VUi=_;FJtLb:<; l�P<XSa�LbUdWkX u0(x)
l�WkJ

x ≥ 0
����:<Uiab:+Ui`6R¥`VWYBDP_LVUDWYXpLVW�LV:S;

 RTPSan:Q¢|�<JbWYGSBd;KE


























A
(

d
dx

)

u0(x) = 0, x > 0,
u0(0) = 0,
. . .

u
(m−2)
0 (0) = 0,

u
(m−1)
0 (0) = 1

am
.

Z 3 [ 5 [D\K¦Q]

9&:<;KX�LV:<;�l�P<XSacLVUDWYX
e =

{

u0(x), x > 0,
0, x < 0.

Z 3 [ 5 [D\ � ]
UD`	Lb:<;zl�PSXS=<RTE�;FXQLbRYB�`MWkBdP_LbUdWkX�WTlHLV:S;�Wk�I;FJnRjLVWkJ

A [
Problem 3 [ 5 [D\ . � JVWjhY; Z 3 [ 5 [ � ] l�WYJyl�P<XSacLVUDWYX Z 3 [ 5 [D\ � ] PS`MUDX<o�l�WYJbEHP<BiR Z 3 [ 4 [D\^]c[
Problem 3 [ 5 [ � .

��UDXS=�LV:<;t`MWkBdP<LVUDWYX LbW�LV:<;>;KOQPSRjLbUDWYX
3u′′(x) − u′(x) = δ(x), x ∈ R Z 3 [ 5 [D\ *Y]
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3λ2 − λ = 0 ⇐⇒ λ1 = 0, λ2 = 1

3 ⇒

u0(x) = c1 + c2e
x
3 . Z 3 [ 5 [D\ � ]

9&:<;�UDX<U LbUDRYB}aFWYXS=_UdLbUdWkXS` Z 3 [ 5 [D\K¦k] ¢£UD;FBi=
{

c1 + c2 = 0
1
3c2 = 1

3

⇒
{

c2 = 1
c1 = −1

Z 3 [ 5 [D\ /Y]
� ����� � � �

u(x) = Θ(x)(e
x
3 − 1). Z 3 [ 5 [D\ � ]

Problem 3 [ 5 [ ¦ . ��UDXS=�LV:<;�l�WYJbEHP<BiR{l�WYJyLV:S;��SRYJMLbUDaFP<BDRYJ�`MWkBdP_LbUdWkX LVW�Lb:<;�;^OQPSRjLbUdWkX
u′′(x) − 3u′(x) + 2u(x) = f(x), x ∈ R Z 3 [ 5 [D\ � ]

��:<;FJb;
f(x) ∈ C(R), f(x) = 0

l�WYJ |x| = const [
� � � 

��������� w ;cLNPS`	�SXS=�LV:<;�l�P<XS=<RYE�;FXkLnRTB�`VWYBDP_LVUDWYX �

e ′′(x) − 3e ′(x) + 2e(x) = δ(x). Z 3 [ 5 [ � � ]
�<WkJ	LV:SUD`K�&� ;z�SXS=�LV:<;>JVW_WTLb`	WTlHLV:S;>an:SRTJnRYacLV;FJbUi`�LbUDa¡;^OkP~RjLVUDWkX

λ2 − 2λ+ 2 = 0 ⇐⇒ λ1 = 1, λ2 = 2 ⇒ Z 3 [ 5 [ � \�]
e(x) = Θ(x)(c1e

x + c2e
2x). Z 3 [ 5 [ � � ]

� X<U LbUiRTB}aFWYXS=_UdLbUdWkXS` Z 3 [ 5 [d\^¦k] ¢£UD;FBi=
{

c1 + c2 = 0,
c1 + 2c2 = 1,

⇒
{

c2 = 1,
c1 = −1,

Z 3 [ 5 [ � ¦Q]
� ����� � � � A�aFaFWYJn=_UdXSo6LVW�l�WYJbEHP<BiR Z 3 [ 5 [ /T] �

u(x) = ε ∗ f(x) =

+∞
∫

−∞

Θ(x− y)(e2(x−y) − ex−y)f(y) dy =

=

x
∫

−∞

(e2(x−y) − ex−y)f(y) dy. Z 3 [ 5 [ � � ]
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3 8 6 The Green function for the boundary value problems on an interval

The Green function

w ;cLNPS`	�SX~= LV:S;>`VWYBDP_LVUDWYX�LVW�LV:S;�GIWYPSXS=<RTJb¢�hTRTBDP<;z�<JbWYG<BD;FE (ω 6= 0)

{

u′′(x) − ω2u(x) = f(x), 0 < x < l,
u(0) = u(l) = 0.

Z 3 [ 6 [D\^]
9&:<; � Jb;F;FX6l�P<XSa�LbUdWkX�WYlCLb:<UD`�GIWYP<X~=<RTJb¢>hjRYBdP<;y�<JVWkG<BD;FE$UD`�Rvl�P<XSacLVUDWYX

G(x, y)
WkX

[0, l] × [0, l]
�C`ME�W£WYLV: l�WkJ

x 6= y
RYXS=�`bRjLbUi`�l�¢£UDX<o6LV:<;>;KOQPSRTLVUDWYXS`

{

( d2

dx2 − ω2)G(x, y) = δ(x− y), 0 < x < l,
G(0, y) = G(l, y) = 0.

Z 3 [ 6 [ � ]
$�;FJb;

y
�<BiR^¢_`�Lb:<;�JbWYBD;%WYl�Re�SRTJnRTE�;cLb;FJ^�

y ∈ (0, l) [ �z;�aFWYP<Bi=4`bR�¢pLV:SRTLLV:<; � Jb;F;FX5l�P<XSacLVUDWYX�Ui`�LV:<;tl�P<XS=SRTE�;FXQLbRTBr`VWYBDP_LbUdWkX%LV:~RjLz`VRTLVUi`��S;^`yLb:<;tGIWkP<XS=<RYJV¢acWYX~=_U LbUdWkXS` [$�R^h£UDX<o Lb:<; � JV;K;FX¥l�P<XSacLVUDWYX���WYXS;gaFRTX¥�SXS=¥Lb:<;�`MWkBdP_LbUDWYX�LbW�Lb:<;�GIWkP<XS=<RYJV¢hjRTBDP<;��<JVWkG<BD;FE Z 3 [ 6 [D\^] PS`VUdX<o�LV:S;zl�WkJVEHP<BiR

u(x) =

l
∫

0

G(x, y)f(y) dy. Z 3 [ 6 [ ¦k]
� � ��� � ����� ����� � 9&:<;�GIWYPSXS=<RTJb¢facWkXS=_UdLVUDWYXS` Z 3 [ 6 [D\^] l�WYBDBdWj�|l�JVWkE+GIWYP<XS=<RYJV¢faFWYXS=<U LbUdWkXS`Z 3 [ 6 [ � ]c� A L x = 0

�
u(0) =

l
∫

0

G(0, l)f(y) dy = 0 Z 3 [ 6 [ � ]
RTXS=%`VUdE�UDBDRYJVBD¢|RTL

x = l [ & OkP~RjLVUDWYX Z 3 [ 6 [d\�] acWkP<Bi= GI;>an:<;^a "Y;^=|l�WkJVEfRTBDBD¢ �
( d2

dx2
− ω2

)

u(x) =

l
∫

0

( d2

dx2
− ω2

)

G(x, y)f(y) dy =

l
∫

0

δ(x− y)f(y) dy = f(x).

Z 3 [ 6 [0*Y]
Remark 3 [ 6 [D\ . �<WkJVEHP<BiR Z 3 [ 6 [ ¦k] E�;KRYXS`fLb:SRjL¤Lb:<; � Jb;F;FX�l�PSXSa�LbUdWkX G(x, y)

Ui`fLb:<;UdXQLV;FokJbRYB "Y;KJVX<;KB WYl LV:<;fWY�I;KJbRTLVWYJ
G
Lb:SRjL�Ui`�UdX£hY;FJn`M;xLVWyLb:<;�Wk�I;FJnRjLbWYJ

A = d2

dx2 −ω2WTlHLV:<;>GIWYP<X~=<RTJb¢�hjRYBdPS;z�<JbWYG<BD;FE Z 3 [ 6 [d\�]��
A =

d2

dx2
− ω2 : C2

0 [0, l] → C[0, l] Z 3 [ 6 [ � ]
$C;FJb;

C2
0 [0, l]
UD`CLV:<;r`V�SRYaF;}WTl l�P<X~a�LVUDWYX~`

u(x) ∈ C2[0, l]
LV:SRTL�`bRjLbUD`Ml�¢¤Lb:<;�GIWkP<XS=<RYJV¢acWYX~=_U LbUdWkXS`

u(0) = u(l) = 0.
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Remark 3 [ 6 [ � . � �I;FJnRjLbWYJ Z 3 [ 6 [ � ] Ui`�`V¢£ExE�;FLVJbUDa�UDX L2(0, l)
��Rk`�UD`�`V:<W���X¡UDX Z 2 [ 3 [ /T]c[$C;FX~ac;Y��Lb:<;tWY�I;KJbRTLVWYJ

G = A−1 Ui`NRYBD`VW�`V¢QE�E�;cLbJVUia�UdX L2(0, l) [ � L¡Ui`�:<;KJV;�LV:~RjLLV:<;>UdE��IWkJMLnRTXkLN`V¢QE�E�;cLbJV¢|�SJVWk�~;KJML�¢�WYl�Lb:<; � Jb;F;KX l�P<X~a�LVUDWYX5Ui`�acWYE�UDX<o6l�JbWYE �
G(x, y) = G(y, x), ∀x, y ∈ [0, l]. Z 3 [ 6 [0/Y]

The method of constructing the Green function for the boundary value problems

on an interval9&:<;	=_U��I;FJb;FXQLVUiRTB ;^OkP~RjLVUDWYX Z 3 [ 6 [ � ] UD`H:<WkE�WYoY;KX<;FWkPS`�l�WYJ x 6= y
� `VUdX~ac;

δ(x− y) = 0l�WYJ
x− y 6= 0 [ 9&:<;FJb;cl�WkJV;k�&RTXSRYBdWkoYWYPS`MBD¢�LbW Z 3 [ 4 [D\ /T] �

( d2

dx2
− ω2

)

G(x, y) = 0 forx 6= y. Z 3 [ 6 [ � ]9&:<;FJb;cl�WkJV;k�
G(x, y) =

{

Aeωx +Be−ωx, x < y,
Ceωx +De−ωx, x > y.

Z 3 [ 6 [ � ]

��UDoYP<Jb; ¦S[ � �

�SWYJ =_;cLb;FJbExUDX<UDX<o�Lb:<;�aFWYXS`MLbRYXkLn`
A
�
B
�
C
�RTXS=

D
� � ;	:SR^hY;qL � WvGIWYP<XS=<RYJV¢>acWYX~=_U LbUdWkXS`

Z 3 [ 6 [ � ] RTXS=4L � WpEfRTLban:<UdXSo+aFWYXS=_UdLbUdWkXS`|RTL
x = y Z `V;F;x��Udo [I¦S[ � ]�[ �_UdE�UDBDRYJVBD¢	LbW Z 3 [ 4 [d\ � ] �
{

G(y − 0, y) = G(y + 0, y),
G′

x(y + 0, y) = G′
x(y − 0, y) + 1.Z 3 [ 6 [D\ � ]9&:<;K`V;ql�WkP<Jr;^OQPSRjLbUdWkXS`r=_;cLb;FJbE�UdX<;

A
�
B
�
C
�RTXS=

D
P<X<UiOQP<;FBD¢ [

Problem 3 [ 6 [D\ . ��;FJbUDhY; Z 3 [ 6 [ � ] l�JbWYE Z 3 [ 6 [ � ]RTXS= Z 3 [ 6 [D\ � ]�[
� ��� � � AC�<�SBd¢|l�WkJVEHP<BiR Z 3 [ 4 [d\�]zZ L ��Uiac; ] l�WYJNacWYE��<P<LVUDX<o d2

dx2G(x, y) [��;z�IWYUDXkLyWYP_L	LV:~RjLyWYXS;zacWYPSBD=�LnR�"Y;vUDXkLbW�RkaFacWkP<XkL¤Lb:<;zGIWYP<X~=<RTJb¢�acWYXS=<U LbUdWkXS`
Z 3 [ 6 [ � ] BdW£W "£UdX<o6l�WYJyLV:S; � Jb;F;FX�l�P<XSacLVUDWYX5UdX�Lb:<;�l�WYJbE

G(x, y) =

{

A shωx, x < y,
B shω(x− l), x > y.

Z 3 [ 6 [D\Y\�]
9&:<;KX Z 3 [ 6 [ � ] UD`¡RTBi`VW�`bRjLVUi`M�S;K= [ � L¡JV;KEfRTUDXS`yLVWgLnR�"Y;>UDXkLbW|RkaFaFWYP<XQLNE�RTLban:<UDX<oacWYX~=_U LbUdWkXS` Z 3 [ 6 [D\ � ]��

{

A shωy = B shω(y − l),
Bω chω(y − l) = Aω chωy + 1.

Z 3 [ 6 [D\ � ]
�£WkBdh£UDX<o6Lb:<UD`N`V¢£`MLV;KE��&� ;z�SXS=

{

A = sh ω(y−l)
ω sh ωl ,

B = sh ωy
ω sh ωl .

Z 3 [ 6 [D\K¦Q]
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��UDXSRTBDBd¢k� l�JbWYE Z 3 [ 6 [d\k\^] � ;z�SXS=�LV:S; � Jb;F;FX�l�P<XSacLVUDWYX%l�WYJ��<JVWkG<BD;FE Z 3 [ 6 [D\^]c�
G(x, y) =

{

sh ω(y−l) sh ωx
ω sh ωl , x < y,

sh ωy sh ω(x−l)
ω sh ωl , x > y.

Z 3 [ 6 [D\ � ]
�£P<G~`�LbU LbP_LVUDX<o7UDXkLbW Z 3 [ 6 [ ¦k] �N� ;��SXS=�Lb:<;3`MWkBdP_LbUDWYX WYl�Lb:<;¥GIWkP<XS=<RYJV¢4hjRTBDP<;�<JVWkG<BD;FE Z 3 [ 6 [D\^]c�
u(x) =

x
∫

0

shωy shω(x− l)

ω shωl
f(y) dy +

l
∫

x

shω(y − l) shωx

ω shωl
f(y) dy. Z 3 [ 6 [D\�*Y]

9&:<; � Jb;F;KXpl�P<X~a�LVUDWYX Z 3 [ 6 [D\ � ] Ui`�`V¢£ExE�;FLVJbUDa UdX7aFWYE��<BD;cLb;%RToYJb;F;KEx;KXkL6��UdLV:
��;FEfRTJ "

3 [ 6 [ �
Problem 3 [ 6 [ � . w ;cL ω 6= 0 [ ��UDXS=�LV:<;z`VWYBDP_LVUDWYX�LVWtLb:<;¡GIWkP<XS=<RYJV¢�hjRTBDP<;¡�<JbWYG<BD;FE

{

u′′(x) + ω2u(x) = f(x), 0 < x < l,
u(0) = u(l) = 0.

Z 3 [ 6 [D\ � ]
� ��� 

��������� ��;��SXS= Lb:<; � JV;K;FX l�PSXSa�LbUdWkX

G(x, y)
l�WYJ ∀y ∈ [0, l] �

{

( d2

dx2 + ω2)G(x, y) = δ(x− y), 0 < x < l,
G(0, y) = G(l, y) = 0.

Z 3 [ 6 [D\ /Y]
�£P<GS`MLVUdLVP_LbUdXSo¡UdX Z 3 [ 6 [ � ] LV:S;q`MUDokX ”−”

G£¢
”+”
� ;foY;FLK��RTX~RTBDWYoYWYPS`VBD¢yLbW Z 3 [ 6 [D\Y\�] �LV:<;�l�WYBDBdWj��UDX<o �

G(x, y) =

{

A sinωx, x < y,
B sinω(x− l), x > y.

Z 3 [ 6 [D\ � ]
�£P<GS`MLVUdLVP_LbUdXSo

G
UDXkLVW�LV:<;�EfRjLban:<UDX<o>acWkXS=_UdLVUDWYXS` Z 3 [ 6 [D\ � ] � � ;yoY;FLK� RYXSRTBDWYokWYPS`MBD¢zLbWZ 3 [ 6 [D\K¦Q] � LV:~RjL�l WkJ sinωl 6= 0

{

A = sin ω(y−l)
ω sin ωl ,

B = sin ωy
ω sin ωl .

Z 3 [ 6 [D\ � ]
�<JbWYE :<;KJV;k�&`VUDExUDBiRTJbBd¢�LVW Z 3 [ 6 [D\ � ] �

G(x, y) =

{

sin ω(y−l) sin ωx
ω sin ωl , x < y,

sin ωy sin ω(x−l)
ω sin ωl , x > y.

Z 3 [ 6 [ � � ]
� UDXSRYBdBD¢Y��� ;�oY;FL	Lb:<;t`MWkBdP_LbUdWkX LVWg�SJVWkG<Bd;KE Z 3 [ 6 [D\ � ]��
u(x) =

x
∫

0

sinωy sinω(x− l)

ω sinωl
f(y) dy +

l
∫

x

sinω(y − l) sinωx

ω sinωl
f(y) dy. Z 3 [ 6 [ � \^]

w ;cL�PS`��IWYUDXkL�WkP_LyLV:~RjL � Jb;F;KX�? `¤l�P<X~a�LVUDWYX Z 3 [ 6 [ � � ] UD`�RYBD`VWg`M¢£E�E�;cLbJVUia [
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Problem 3 [ 6 [ ¦ . ��UDXS=�LV:<;t`MWkBdP<LVUDWYX LbW
{

u′′(x) − ω2u(x) = f(x), 0 < x < l,
u(x) = u′(l) = 0.

Z 3 [ 6 [ � � ]
Problem 3 [ 6 [ � . ��UDXS=�LV:<;t`MWkBdP<LVUDWYX LbW

{

u′′(x) + ω2u(x) = f(x), 0 < x < l,
u′(x) = u(l) = 0.

Z 3 [ 6 [ � ¦Q]
Problems 3 [ 6 [D\ .  WkXS`MLVJbPSa�LCLV:<; � JV;K;FXyl�P<X~a�LVUDWYX~`�RTX~=y��JbU Lb;�Lb:<;H`VWYBDP_LbUdWkXyl�WYJbEHP<BDRk`l�WYJyLV:<;�l�WYBDBDW���UDX<o�GIWYPSXS=<RTJb¢�hjRYBDP<;z�<JbWYG<BD;FEf` �
\k[ u′′(x) = f(x)

�
0 < x < 1; u′(0) = u(0), u′(1) = −u(1) [

� [ u′′(x) + u(x) = f(x)
�

0 < x < 1; u′(0) = u(0), u′(1) = 3u(1) [
¦S[ x2u′′(x) + 2xu′(x) = f(x)

�
1 < x < 2; u′(1) = 0, u(2) + 5u′(2) = 0 [� [ (3 + x2)u′′(x) + 2xu′(x) = f(x), 0 < x < 1; u′(0) = u(0), u(1) = 0 [

3 8 7 Well-posedness of the boundary value problems

w ;cL¡PS`��IWkUdXQLNWkP_L�Lb:SRjLNl�WYJbEHP<BiR Z 3 [ 6 [ � \^] l�WYJ�Lb:<;t`VWYBDP_LbUdWkX%WTlx�<JbWYGSBd;KE Z 3 [ 6 [D\ � ]RTXS=3LV:<; � Jb;F;KX3l�P<XSa�LbUdWkX Z 3 [ 6 [ � � ] =_W�X<WTL{EfR�"Y;|`V;FXS`V;gl�WkJ ωl = kπ, k ∈ Z
�`MUDXSac;zLb:<;FX

sinωl = 0 [� 
 � �����������  WYPSBD=�� ;zl�WkJb`V;F;vLV:SUD`���U Lb:<WYP<LN`VWYBDh£UdX<o��<JbWYG<BD;FE Z 3 [ 6 [d\ � ] �
� ����� � � � � ;K` [ 9&:<;%Lb:<UdXSoeUi`�LV:~RjL|��:<;FX ωl = kπ

�	�<JbWYG<BD;FE Z 3 [ 6 [D\ � ] :SRk`�RX<WYX (K;FJbW�`VWYBDP_LbUdWkX
u0(x)

l�WYJ
f(x) ≡ 0 � u0(x) = sin kπx

l

�
{

( d2

dx2 + ω2)u0(x) = 0, 0 < x < l,
u0(0) = u0(l) = 0.

Z 3 [ 7 [D\^]
9&:<;KJV;Fl�WYJb;Y� LV:<;>WY�I;KJbRTLVWkJ

A ≡ d2

dx2 + ω2 : C2
0 [0, l] → C[0, l]

Ui`yX<WYL�UdX£hY;FJVLVUDG<BD; �9&:<;FJb;cl�WkJV;�Lb:<; Z Bd;FliL ] UDXQhY;FJn`V; G =_W£;^`NX<WTLv;Fu£Ui`MLK��RYXS=5X<;KU Lb:<;FJz=_W_;K`NUdLb`¡UDXkLb;FoYJnRTB"Y;FJbX<;FB
G(x, y) [��;q�IWYUDXkLrWYP_L^� LV:<WkP<oY:�� LV:~RjL�Lb:<;¤RYGS`M;KXS`V;�WYl Lb:<;qUDXQhY;KJb`V;fWY�I;FJnRjLbWYJ�LVW

A
=_W_;K`X<WTL�E�;^RTX�LV:SRTL��<JbWYG<BD;FE Z 3 [ 6 [d\ � ] =_W£;^`	X<WYL�:SR�hY;�`VWYBDP_LVUDWYX~`¤l�WYJNRg`MUDX<oYBD; f(x)

�

� 
 � ����������� � X~=_;FJ&��:<Uian:	aFWYXS=<U LbUdWkXS` WkX f(x)
=_W_;K` �SJVWkG<Bd;KE Z 3 [ 6 [d\ � ] :SR�hY;�`MWkBdP<LVUDWYX

u(x)
��RYXS=�:<W�� acWkP<BD= LV:SUD`N`MWkBdP<LVUDWYX�GI;zl�WkP<XS= �9 WqRYXS`V� ;FJ�Lb:<UD`�OQP<;K`MLVUDWYX �I� ;�X<;F;^=yLVWfLnR�"Y;HRf=_;FLVWkP<J�UdXQLVWfLb:<; w UdXS;KRTJ�A�BDoY;FG<JnR [9&:<;zLV:SUdX<o�UD`K� Lb:<;>`VUDExUDBiRTJ�OQP<;^`�LbUdWkX%RTJbUi`M;^`¤��:<;KX5`MWkBdh£UDX<o6LV:<;t`V¢£`MLV;KE

Au = f, Z 3 [ 7 [ � ]��:<;FJb;
A
UD`6RTX

n × n
EfRjLbJbU ueRYXS=

f ∈ Rn [ �£¢_`�Lb;FE Z 3 [ 7 [ � ] :SRY`6R Z P<X<UiOQP<; ]`MWkBdP_LbUDWYX
u = A−1f

Udl
detA 6= 0 [ � lyUdX~`�Lb;KRY= detA = 0

��LV:<;KXp`V¢£`MLV;KE Z 3 [ 7 [ � ]E�R�¢|X<WYL�:SR�hY;�`VWYBDP_LVUDWYXS` [
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9&:<;NXS;Kac;^`V`bRTJb¢{RYXS=g`VP��qacUD;FXQL¤aFWYXS=_UdLVUDWYX�WYX
f
`MW>LV:SRTL¤`V¢£`MLV;KE Z 3 [ 7 [ � ] :SRY`qR`MWkBdP_LbUDWYX�Ui`	LV:<;�l�WYBDBDW���UDX<o�WkJMLb:<WYokWYXSRTBDU L�¢�aFWYXS=_UdLVUDWYX Z `V;F;g�  $ *Y¦ � ]��

f ⊥ KerA∗ Z 3 [ 7 [ ¦k]
$�;FJb;

KerA∗ Ui`�LV:<;|`VP<GS`V�SRkac;gUdX � Rn Lb:SRjL{aFWYXS`VUD`MLb`�WYly`VWYBDP_LVUDWYXS`zLbW%Lb:<;RY= #�WkUdXQL�:<WYE�WkoY;FXS;FWYPS`y`M¢_`MLV;FE �
h ∈ KerA∗ ⇐⇒ A∗h = 0 Z 3 [ 7 [ � ]9&:£PS`F� Z 3 [ 7 [ ¦k] Ex;^RTXS`	Lb:SRjL
〈f, h〉 = 0, ∀h ∈ KerA∗ Z 3 [ 7 [0*Y]

w ;cL>PS`z�SJVWjhY;{LV:S;gX<;Kac;^`V`VUdL ¢�WTl	acWkXS=_UdLVUDWYXS` Z 3 [ 7 [ ¦k] � Z 3 [ 7 [0*Y]c[ � lql�WkJ>R�oYUDhY;FXhY;Ka�LbWYJ
f ∈ Rn LV:<;KJV;>Ui`�R�`MWkBDP_LVUDWYX u LVW|`M¢_`MLV;KE Z 3 [ 7 [ � ] ��Lb:<;FX%l�WkJ�;^RYan:%hY;Ka�LbWYJ

h ∈ KerA∗

〈f, h〉 = 〈Au, h〉 = 〈u,A∗h〉 = 〈u, 0〉 = 0. Z 3 [ 7 [ � ]
Problem 3 [ 7 [d\ . � JbW�hY;¥LV:S;3`VP��qacUD;FXSaF¢�WYl{aFWYXS=<U LbUdWkXS` Z 3 [ 7 [ ¦k] � Z 3 [ 7 [0*Y] l�WkJ�LV:<;� ;FBDB � �IWk`V;K=<X<;K`b`¤WYlx`M¢_`MLV;FE Z 3 [ 7 [ � ]�[��P<;pLbW LV:<;+l WkJVE WYl�aFWYXS=_UdLVUDWYX Z 3 [ 7 [ ¦k] � ;*`VR�¢�LV:~RjL `V¢_`�Lb;FE Z 3 [ 7 [ � ] UD`,�X<WkJVEfRYBdBD¢ -¡� ;KBdB � �IWQ`M;^= [

� LrLVP<JbXS`HWkP_LHLb:SRjLrl�WYJHLV:<;	� ;KBdB � �~WQ`M;^=_X<;^`V`�WTlC�<JbWYG<BD;FE Z 3 [ 6 [D\ � ] Lb:<;	X<;Kac;^`V`bRTJb¢RTXS=6`VP��qacUD;FXkLfaFWYXS=_UdLVUDWYX6Ui`HLV:S;	WkX<;	WTlCl�WYJbE Z 3 [ 7 [ ¦Q] �H��;y��UdBDB&�<JVWjhY;qLV:SUD`xGI;FBDWj� [w ;cLzPS`N�SX~= KerA∗ l WkJ¡LV:<;6Wk�I;FJnRjLbWYJNWTlf�SJVWkG<Bd;KE Z 3 [ 6 [D\ � ]�[ �_UdXSaF; A∗ = AZ `V;F; w ;KE�E�R 2 [ 3 [D\^] l�JbWYE �_;Ka�LbUdWkX 2 [ 3 ] �
KerA∗ = KerA. Z 3 [ 7 [0/Y]9&:<UD`{E�;KRYXS`>LV:~RjL

KerA∗ acWkUdXSaFUD=<;K`t��UdLV:pLV:<;�`V�SRkac;�WYlN`MWkBdP<LVUDWYXS`tWTl��SJVWkG<Bd;KEZ 3 [ 7 [D\^] � Lb:SRjLNUD`K�
KerA∗ = {C sin

kπx

l
, C ∈ R}. Z 3 [ 7 [ � ]9&:£PS`F�&LV:<;>WYJVLV:<WkoYWkXSRTBdUdL�¢�acWkXS=_UdLVUDWYX Z 3 [ 7 [ � ] LbR�"k;K`¤Lb:<;�l�WYBDBdWj��UdXSo6l�WYJbE �

〈f(x), sin
kπx

l
〉 =

l
∫

0

f(x) sin
kπx

l
dx = 0. Z 3 [ 7 [ � ]

Problem 3 [ 7 [ � .
� JbW�hY;¤Lb:<;yX<;^ac;K`b`MUdL�¢>WYl�acWkXS=_UdLVUDWYX Z 3 [ 7 [ � ] l�WYJrLb:<;y� ;KBdB � �IWk`V;K=_X<;^`V`WTlr�<JVWkG<BD;FE Z 3 [ 6 [D\ � ] ��:<;FX ω = kπ

l .� ��� 

��������� A�XSRTBDWkoYWYPS`VBD¢�LbW Z 3 [ 7 [ � ] RYXS=�UdX%h£UD;F��WTl Z 2 [ 3 [ /T] �&� ;>:SR^hY; �
〈

f(x), sin
kπx

l

〉

=
〈

( d2

dx2
+ ω2

)

u(x), sin
kπx

l

〉

=

=
〈

u(x),
( d2

dx2
+ ω2

)

sin
kπx

l

〉

= 〈u(x), 0〉 = 0. Z 3 [ 7 [d\ � ]
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Problem 3 [ 7 [ ¦ . � JVWjhY;vLb:<;>`VP��qacUD;FXSaF¢|WYlraFWYXS=_UdLVUDWYX Z 3 [ 7 [ � ]c[
� � � 

��������� w ;cLgPS`6LnR�"Y; ω → kπ

l

�qG<P_L
ω 6= kπ

l [ 9&:<;FX7�<JbWYG<BD;FE Z 3 [ 6 [D\ � ] :SRk``MWkBdP_LbUDWYX Z 3 [ 6 [ � \�]�[ � L�LVPSJVXS`�WkP_L�LV:~RjLK� �SJn`�LbBd¢k� l�P<XSa�LbUdWkX Z 3 [ 6 [ � \^] P<XS=_;KJqacWYX~=_U LbUdWkXZ 3 [ 7 [ � ] :~RY`zR�BdUDE�UdL>Rk` ω → kπ
l

��RTXS=��}`M;^acWkXS=_BD¢Y��LV:<Ui`zBDUdE�UdL>UD`vLb:<;g`VWYBDP_LVUDWYX�LbW�<JVWkG<BD;FE Z 3 [ 6 [D\ � ]�[w ;FL�PS`��<JVWjhY;vLV:<;��SJn`�LN`MLbRTLV;FE�;KXkL [ % ¢�l�WYJbEHP<BiR Z 3 [ 6 [ � \^] �

u(x) =
1

ω sinωl

[

x
∫

0

sinωy sinω(x− l)f(y) dy +

l
∫

x

sinω(y − l) sinωxf(y) dy
]

.

Z 3 [ 7 [D\Y\�]�|:<;FX
ω = kπ

l

� LV:<;yUDXkLb;FoYJnRTX~=<`HUDX6GIWYLV:6UDXkLb;FokJbRYBD`H:~R^hY;¤LV:S;y`bRTE�;¤l�WYJbE [ ��;yPS`V;LV:<;>UD=<;FXkLbU LbUd;^`
{

sinωy · sinω(x− l) = sinωy · sin(ωx− kπ) = (−1)
k
sinωy · sinωx,

sinω(y − l) · sinωx = sin(ωy − kπ) · sinωx = (−1)
k
sinωy · sinωx.Z 3 [ 7 [D\ � ]9&:<;FX�Lb:<;>;cu_�<JV;^`V`VUDWYX UDX�LV:S;>`bOQPSRTJb;vG<JnRYa�"Y;cLn`	UdX Z 3 [ 7 [D\Y\^] LnR�"Y;^`¤LV:S;zl�WkJVE

(−1)
k
sinωx

l
∫

0

sinωyf(y) dy. Z 3 [ 7 [d\^¦k]
% P_Lq��:<;FX

ω = kπ
l

UDXkLb;FokJbRYB Z 3 [ 7 [d\^¦k] Ui`f;KOQPSRTB&LbW (K;FJbW>=_P<;�LVW>LV:<;NWkJMLb:<WYokWYXSRTBDU L�¢acWYX~=_U LbUdWkX Z 3 [ 7 [ � ] �*9&:<;FJb;cl�WYJb;Y����:<;KX ω → kπ
l

�fGIWYLV:+Lb:<;%XQP<E�;FJnRjLbWYJ�RTX~=eLb:<;=_;FX<WkE�UdXSRTLVWkJzWYl¤;cu_�<Jb;K`b`MUDWYX Z 3 [ 7 [D\Y\�] Lb;FXS=¥LbW 0
��RYXS=¥� ;gWkG_LbRYUdX3RYX UdXS=<;c�SX<UdLV;;cu_�<Jb;K`b`MUDWYX WYl�Lb:<;�l�WYJbE 0

0 [
Problem 3 [ 7 [ � . ��UdX~= LV:<;>BdUDE�U LNWTlr;cu_�<Jb;K`b`MUDWYX Z 3 [ 7 [D\k\^] Rk` ω → kπ

l [NZ A��<�<Bd¢|Lb:<;B ? $CWQ`M�SU LnRTB ��P<BD; [ ]
� ����� � � �

u(x) =
1

ωl sin kπ

{

x
∫

0

[

y cosωy sinω(x− l) + sinωy (x− l) cosω(x− l)
]

f(y) dy +

+

l
∫

x

[(y − l) cosω(y − l) sinωx+ sinω(y − l)x cosωx]f(y) dy

}

. Z 3 [ 7 [D\ � ]

Problem 3 [ 7 [0* . � JbW�hY;yLb:SRjLfl�P<X~a�LVUDWYX Z 3 [ 7 [D\ � ] Ui`qR>`VWYBDP_LVUDWYX�LbW>�<JbWYGSBd;KE Z 3 [ 6 [d\ � ]Z l�WYJ ω = kπ
l

RTXS=�P<XS=<;FJNacWkXS=_UdLVUDWYX Z 3 [ 7 [ � ] � ]c[
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 � ����������� 9&:S;}`MWkBdP<LVUDWYX¤LbW��<JVWkG<BD;FE Z 3 [ 6 [D\ � ] l�WYJ ω = kπ
l

Ui`&X<WYLC=_;F�SX<;K=yP<X<UiOkPS;FBD¢Y�`MUDXSac;gWYX<;gacWkP<BD= Rk=<=�LVW%UdL
C · sin kπx

l

��UdLV:eRTXQ¢�hjRTBDP<;�WTl
C [ $�W�� =_W£;^`¡Lb:<;`MWkBdP_LbUDWYX�okUdhY;KX�GQ¢|l�WYJbEHP<BiR Z 3 [ 7 [D\ � ] `�LnRTXS=�WYP_LNWTlxRTBDB�WTLV:S;FJ�`VWYBDP_LbUdWkXS` �

� ����� � � � �<WkJVEHPSBDR Z 3 [ 7 [d\ � ] oYUDhY;K`	R�`MWkBdP_LbUdWkX|LVW��<JbWYG<BD;FE Z 3 [ 6 [d\ � ] LV:SRTL�`VRTLVUi`M�S;K`LV:<;tacWkXS=_UdLVUDWYX
〈

u(x), sin
kπx

l

〉

= 0. Z 3 [ 7 [D\�*Y]
Problem 3 [ 7 [ � . ��UDXS=3Lb:<;|� ;KBdB � �IWQ`M;^=_X<;K`b`>aFWYXS=_UdLVUDWYXpRYXS= Lb:<; `VWYBDP_LVUDWYX3l�WYJbEHP<BiRl�WYJ��<JbWYG<BD;FE Z 3 [ 6 [ � ¦Q] ��U Lb: ω =

(k+ 1
2 )π

l , k = 0, 1, 2, . . . [
3 8 8 Sobolev functional spaces

w ;cL Ω
GI;t`MWkEx;�JV;KoYUDWYX�UdX

Rn ��RTX~= s = 0, 1, 2, . . . [
���������
	��
�
�

3 � 8 ����� 9&:<;�`V�SRYaF; Hs(Ω)
acWkXS`VUD`MLb`vWTl¤RTBDBHl�P<XSacLVUDWYXS`

u(x) ∈ L2(Ω)
�LV:SRTLN`bRjLbUD`Ml�¢

∂α
x u(x) ∈ L2(Ω), for |α| ≤ s, Z 3 [ 8 [D\�]��:<;FJb;vLb:<;>=<;FJbUdhTRjLVUDhY;K`yRYJV;zP<XS=<;FJb`MLbW£W_= UdX�Lb:<;t`M;KXS`M;�WTlx=_Ui`�LbJVUDG<P_LbUdWkXS` [9&:<;t�_WYGIWYBD;Fh|X<WYJbE ‖u‖s
UdX%LV:<;t`M�~RYac;

Hs(Ω)
Ui`�=_;c�~X<;K=%GQ¢

‖u‖2
s ≡
∑

|α|≤s

‖∂α
x u(x)‖2

L2(Ω) =
∑

|α|≤s

∫

Ω

|∂α
x u(x)|2 dx Z 3 [ 8 [ � ]

Remark 3 [ 8 [D\ . H0(Ω) ≡ L2(Ω)
��RYXS=@�&WkGQh£UDWYPS`VBd¢k�

C∞
0 (Ω) ⊂ Hs(Ω).

���������
	��
�
�
3 � 8 � � � H0

s (Ω)
Ui`	LV:<;tacBDWk`VP<Jb;vWYl

C∞
0 (Ω)

UdX�Lb:<;>`V�SRkac;
Hs(Ω) [

w ;cL�PS`�BdUi`�L�LV:<;>E�Wk`ML�UdE��IWYJVLbRYXkL��<JbWY�I;FJVLVUD;K`	WYl�Lb:<;t�£WkGIWYBD;Fh `M�SRkac;^` [
��[ Hs(Ω)

UD`{Lb:<;%aFWYE��<BD;cLb; $�UdBDGI;FJVLg`V�SRYaF; [ew RTLV;KJ6� ;���UDBdByRYBD� R^¢_`6RY`b`MP<E�;LV:SRTL
Ω
UD`fRvGIWkP<XS=_;^=6JV;KoYUDWYX{UDX

Rn Z ��U Lb:�RzaFWYE��SRYacL�aFBdWQ`MPSJV; ] RTXS={LV:S;�`VExW_WTLV:GIWYP<XS=SRTJb¢
∂Ω [ w ;cL�PS`5l�WYJbEHP<BiRjLV;3Lb:<;pExWQ`�L¥`MUDoYX<Ud�~aFRYXkL � � �	� � � � � � ���	� ����� 	

��� �	��� � � � [
� ��[ Hs(Ω) ⊂ C(Ω̄)

l�WkJ
s > n

2 [
� � ��[ �SWYJ s1 > s2

� Lb:<;>UdXSaFBdP~`MUDWYX
Hs1

(Ω) ⊂ Hs2
(Ω)
UD`�RgacWkE��SRYacLyEfRT�<�SUdX<o [

� JbW£WYl `tWTl��SJVWk�I;FJVLVUD;K` � � � � � RYJV;|UDX�� �NU)" / �_� � Bd; / �_� ��;FLb� \ �x�_���Y�T� [ w ;cL6PS`acWYX~`MUi=_;FJ�;cu<RTE��<BD;K`zWTlqLb:<;|�£WYGIWYBD;Fh�`V�SRYaF;K` [6w ;cL n = 1
RTXS=

Ω = (0, l),
��:S;FJV;

l > 0 [ 9&:S;FX\k[ H0((0, l)) = L2(0, l)
� RTXS=@� =_;KaFWYE��IWk`VUDX<o

u(x) ∈ L2(0, l)
UDXkLbW�Lb:<;¡�<WkP<JVUD;FJ`M;KJVUD;K`

u(x) =
∑∞

1 uk sin kπx
l

RYXS=%RT�<�<BD¢£UdXSo6LV:S; % ;K`b`M;KB�Ui=_;FXQLVUdL�¢Y��� ;�ok;cL �
‖u‖2

0 =
l

2

∞
∑

1

|uk|2 Z 3 [ 8 [ ¦k]
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� [ 9&:S;>`M�~RYac; H1(0, l)
acWkXS`VUD`MLb`	WYlHl�P<XSa�LbUdWkXS`

u(x) ∈ L2(0, l)
Lb:SRjL¡`VRTLVUi`�l�¢

‖u‖2
1 ≡

l
∫

0

u2(x) dx+

l
∫

0

|u′(x)|2 dx <∞ Z 3 [ 8 [ � ]

¦<[ 9&:<;f`V�SRYac; H0
1 ((0, l))

aFWYXS`VUi`�Ln`�WTl l�P<XSa�LbUdWkXS`
u(x) ∈ C[0, l]

`VPSan:vLb:SRjL�X<WYJbE
Z 3 [ 8 [ � ] UD`	�~X<U Lb;Y�CRYXS=@�&E�WYJb;FWjhY;FJ^� u(0) = u(l) = 0 [NZ � JbWjhY;vLb:<UD` � ]
Problem 3 [ 8 [D\ . � JVWjhY;vLb:SRjL^��RYXSRTBDWYokWYPS`MBD¢�LVW Z 3 [ 8 [ ¦Q] �&l�WYJ u ∈ H0

1 ((0, l))

‖u‖2
1 =

l

2

∞
∑

1

|uk|2 +
π2

2l

∞
∑

1

k2|uk|2. Z 3 [ 8 [0*Y]
� ��� � � ��UdJn`�L��<JbWjhY; Z 3 [ 8 [0*Y] l�WkJ u(x) ∈ C∞

0 (0, l) [
� ��� ���������	�

3 � 8 ����� � ��� u ∈ H0
1 ((0, l))

����� � ��� � ‖u‖2
1

� � ��� 

� � � � � � � �!�����

|‖u‖|21 ≡
∞
∑

1

k2|uk|21 Z 3 [ 8 [ � ]
Problem 3 [ 8 [ � .

� JbW�hY;xLb:SRjL Z 3 [ 8 [0*Y] UD`}X<WYL�hjRTBDUi=vl�WYJ u(x) ∈ H1((0, l))\H0
1 ((0, l)) [

Problem 3 [ 8 [ ¦ . � JVWjhY;vLb:<;>�SJVUD;K=<JVUiab:~`	UDX<;KOQPSRTBDUdL ¢ � �SWYJ u(x) ∈ H0
1 ((0, l))

�
l
∫

0

u2(x) dx ≤ C

l
∫

0

|u′(x)|2 dx, Z 3 [ 8 [ /T]
��:<;FJb;

c > 0
=_W£;K`yX<WTL¡=_;F�I;FX~=�WYX

u [
� ��� � � & u£�SJV;^`V`�LV:<;|UDXkLb;FoYJnRTBi`�UdX Z 3 [ 8 [ /T] h£UDR%LV:S;|�SWYP<JbUD;FJtacW_; �qacUD;FXQLb` uk

��UdLV:JV;^`M�I;^a�L	LbW�LV:<;>GSRk`MUi` {sin kπx
l } [

Problem 3 [ 8 [ � . � JVWjhY;tLb:SRjLzLb:<;FJb;6Ui`vXSW%acWkXS`�LnRTXQL C > 0
`MP~ab:�Lb:SRjL�UDX<;KOQPSRYBdUdL�¢

Z 3 [ 8 [ /T] :<WYBi=<`	l�WYJNRTBDB u ∈ H1((0, l)) [
Problem 3 [ 8 [0* . � JbWjhY; LV:SRTL H0

1 ((0, l)) ⊂ C[0, l]
�qP~`MUDX<o LV:7�SX<UdLV;FXS;K`b`�WTlvX<WkJVE

Z 3 [ 8 [0*Y] RTXS=%=_;KaFWYE��IWk`VUdLVUDWYX�WTl u(x) UdXQLVW�Lb:<;t�<WYPSJVUD;FJ�`V;FJbUd;^` [
Problem 3 [ 8 [ � . � JVWjhY;�Lb:<;¤aFWYE��SRYacLVX<;^`V`}WYl Lb:<;¤;FEHGI;K=<=<UdX<o H0

1 (0, l) ⊂ H0((0, l))
�PS`MUDX<o Z 3 [ 8 [0*Y] RTXS= Z 3 [ 8 [ ¦Q]�[

Problem 3 [ 8 [ / . w ;cL Ω
GI;>R�GSRYBdB |x| < 1 � Rn [ �<WkJy��:<Uian: α ∈ R

|x|α ∈ H1(Ω)? (sin |x|)α ∈ H1(Ω)? (ln |x|)α ∈ H1(Ω)? Z 3 [ 8 [ � ]
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3 8 9 Well-posedness of the mixed problem for the wave equation in Sobolev

spaces

 WYXS`VUD=<;FJ>LV:<;|�SJVWkG<Bd;KE Z 2 [ 6 [d\�] �@Z 2 [ 6 [ ¦k] l JbWYE  :SRY�_LV;KJ � RYXS= l�WYJbEHP<BiR Z 2 [ 6 [D\Y\^]l�WYJ�U Ln`�`VWYBDP_LbUdWkX [ A�`V`VP<E�;zLb:SRjL
ϕ(x) ∈ H0

1 ((0, l)) and ψ(x) ∈ H0((0, l)) ≡ L2(0, l) Z 3 [ 9 [D\^]
w ;cL PS`�hY;KJVUdl�¢ Lb:SRjL¥l�WYJbEHP<BiR Z 2 [ 6 [d\k\^] okUdhk;K`�R�`VWYBDP_LbUdWkX LbW LV:<;*�<JbWYGSBd;KEZ 2 [ 6 [D\^]�� Z 2 [ 6 [ ¦Q] P<XS=_;FJ¡acWYX~=_U LbUdWkXS` Z 3 [ 9 [D\^]c[

Problems 3 [ 9 [d\ . \k[ � JbW�hY;vLV:~RjL�;KOQPSRTLVUDWYX Z 2 [ 6 [D\^] UD`�`VRTLVUi`��~;K= UDX Lb:<;>`V;FXS`V;zWTl=_Ui`�LbJVUDG<P_LbUdWkXS`F�
D′((0, l) × R).

� [ � JbW�hY;vLb:SRjL�l�WYJ ∀t ∈ R

u(x, t) ∈ H0
1 ≡ H0

1 ((0, l)) and u̇(x, t) ∈ H0 ≡ H0((0, l)) Z 3 [ 9 [ � ]
¦S[ � JbW�hY;�LV:SRTL�Lb:<;rEfRT�<�<UDX<o t 7→ u(x, t)

UD`�acWYXQLVUDXQP<WkPS`Cl�JbWYE
R
UdXQLVW

H0
1 ((0, l))

���:<UDBd;
t 7→ u̇(x, t)

Ui`6aFWYXkLbUdX£P<WYPS`{l�JVWkE
R
LbW

H0((0, l))
�qRTXS=���ExWkJV;KW�hY;KJK�LV:SRTL

u(·, t) H0
1−→ϕ(·) and u̇(·, t) H0−→ψ(·) as t→ 0. Z 3 [ 9 [ ¦Q]

� [ � JbW�hY;�LV:<;¥P<X<UiOQP<;FX<;^`V`|WYl�LV:<; `MWkBDP_LVUDWYX4LbWpLV:S;��<JbWYGSBd;KE Z 2 [ 6 [D\^] �@Z 2 [ 6 [ ¦k]UdX�Lb:<;gacBiRY`b`¡WTlfl�P<XSa�LbUdWkXS`
u(x, t)

LV:SRTLz�IWk`b`M;^`V`¡�<JbWY�I;FJVLVUD;K`Nl�WYJbEHP<BiRjLb;K=�UDX
� JbWYG<BD;FEf` \ �_¦<[�<WkJ

t ∈ R
��=_;KX<WTLb;�GQ¢

St
LV:<;>EfRT�<�<UDX<o
ϕ,ψ 7→ (u(·, t), u̇(·, t)) Z 3 [ 9 [ � ]RYaKacWYJn=_UDX<otLVW6l�WkJVEHP<BiR Z 2 [ 6 [D\Y\^]c[ A&aKacWYJn=_UDX<o{LVW6Lb:<;�`MLnRjLV;KE�;FXkL�WTl � JbWYG<BD;FE

� ��Lb:<;fEfRT�<�<UDX<o
St
EfRY�S`�LV:S;f`V�SRkac;

E ≡ H0
1 ((0, l))×H0((0, l))

UDXkLVWNU Ln`M;KB l [
*<[ � JbW�hY;vLb:SRjL�l�WYJNRTBDB t ∈ R

Lb:<;�EfRY�<�<UDX<o
St : E → E

Ui`�acWkXkLVUDXQPSWYPS` [� [ � JbW�hY;¥LV:~RjL%Lb:<;3EfRT�<�<UDX<oQ` St
=_;c�SX<;^=�RTGIWjhY;�l�WkJVE R*okJVWkP<� � StSτ =

St+τ , ∀t, τ ∈ R [
/_[ � JbW�hY;vLb:<;>;FX<;KJVok¢|acWYX~`M;KJVhTRjLVUDWYX|l�WYJN`VWYBDP_LVUDWYX Z 2 [ 6 [d\k\^]c�

H ≡
∫

[|u̇(x, t)|2 + |u′(x, t)|2] dx = const, t ∈ R.

Remark 3 [ 9 [D\ . 9&:<;q`VWYBDP_LbUdWkXS`���JbU LVLV;KX>UdX Z 2 [ 6 [D\Y\�] P<XS=_;KJHRk`V`VP<E��_LVUDWYXS` Z 3 [ 9 [D\^] RTJb;�<JV;^acUi`M;KBd¢fLb:<;��SX<UdLV;�;FX<;KJVok¢q`VWYBDP_LVUDWYX~` [ � LCUi` l�WkJ #�PS`MLVUd�~aFRTLVUDWYX�WTl Lb:<;}� ;FBDB � �IWQ`M;^=_X<;K`b`WTl��<JVWkG<BD;FEf` WTl@LV:<;�l�WYJbE Z 2 [ 6 [D\^]�� Z 2 [ 6 [ ¦k] UDXfLV:<;�acBiRY`b` WTl@LV:<;��SX<U Lb;�;FX<;FJboY¢Hl�P<X~a�LVUDWYX~`LV:SRTL¡� [ w [ �£WYGIWkBd;Kh�UDXkLbJVW_=<PSac;^=|Lb:<;zl�P<X~a�LVUDWYX~RTB}`V�SRkac;K` Hs [
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4 8 1 Fundamental solutions of the Laplace operator in Rn

��Ui`�LbJbUdG<P_LbUDWYXS`tWYl�`V;FhY;FJnRTBfhjRTJbUiRTG<BD;K`
x1, . . . , xn

RTX~=3Wk�I;FJbRTLVUDWYX~`���U Lb:eLV:<;KE RTJb;=_;c�SXS;K=%`VUDExUDBiRTJbBd¢�LVW�LV:<;taFRk`M;
n = 1 Z `V;F;t�£;KacLVUDWYXS` 3 [ 2 � 3 [ 3 ]c[ �SWYJ�;cu<RTE��<BD;Y�

〈δ(n)(x), ϕ(x)〉 ≡ ϕ(0), ∀ϕ ∈ C∞
0 (Rn); Z 4 [ 1 [D\^]l�WYJ�;KRkab:%=<UD`MLVJbUdGSP_LVUDWYX

u(x) ∈ D′(Rn)

〈 ∂u
∂x2

, ϕ(x)〉 ≡ −〈u, ∂ϕ
∂x2

〉, ∀ϕ ∈ C∞
0 (Rn). Z 4 [ 1 [ � ]

��;KX<WTLb;
4n =

∂2

∂x2
1

+ . . .+
∂2

∂x2
n

Z 4 [ 1 [ ¦k]
� `VPSRTBDBD¢ 4n

Ui`�`VUdE��<BD¢ =_;KX<WTLb;K=�GQ¢ 4 [
Problem 4 [ 1 [d\ . � UDXS=¥Lb:<;�l�P<XS=<RYE�;FXkLnRTBf`VWYBDP_LbUdWkX¥WYlqLV:<;gWk�I;FJnRjLbWYJ 43

��Lb:SRjL>Ui`F�LV:<;�l�P<XSacLVUDWYX
e(x) ∈ D′(R3)

`VPSab:�Lb:SRjL
43e(x) = δ(3)(x), x ∈ R3 Z 4 [ 1 [ � ]�<WkJ�LV:<Ui`F� � ;¤RY�<�<JVW�u_UDE�RTLV;
δ(3)

� l�P<XSacLVUDWYX{GQ¢zLb:<;	`MLV;F��� l�P<X~a�LVUDWYX~`
δρ(x)
� RTX~RTBDWYoYWYP~`LVW�Lb:<;t�QLb;�"£BDW�h `MLV;K��� l�P<X~a�LVUDWYX~` Z 3 [ 3 [D\ � ]��

δρ(x) =

{ 1
Ωρ

for |x| < ρ,

0 for |x| > ρ,
Z 4 [ 1 [0*Y]

��:<;FJb;
Ωρ = 4

3πρ
3 Ui`	Lb:<;�hYWkBdPSEx;�WTlxR�GSRTBDB�WTlrJnRY=_UDPS` ρ > 0 [

\K¦ *
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Problem 4 [ 1 [ � .
� JVWjhY;vLb:SRjL Z RTX~RTBDWYoYWkPS`MBD¢�LVW Z 3 [ 3 [ � � ]V]

δρ(x)
D′(R3)−→ δ(3)(x) as ρ→ 0 + . Z 4 [ 1 [ � ]

��;��SX~=	LV:S;�`VWYBDP_LVUDWYX	LbWf;KOQPSRjLbUDWYX Z 4 [ 1 [ � ] RY`&LV:<;�BdUDE�UdL�Rk` ρ→ 0+
WTl `VWYBDP_LbUdWkXS`

eρ
LVW�LV:S;�;KOQPSRTLVUDWYX

43eρ(x) = δρ(x), x ∈ R3. Z 4 [ 1 [ /T]
� L Ui` XSRjLbP<JbRYBSLVWrBDW£W+"rl�WkJ Lb:<;�`VWYBDP_LVUDWYXfLbW�Lb:<Ui` ;KOQPSRTLVUDWYXqUDXqLV:<;�l�WYJbE eρ(x) ≡ Eρ(r)

���:<;FJb;
r = |x| [ 9 W>RYaKacWkEx�SBdUi`M:6LV:SUD`K� � ;�UDXkLVJbW_=_P~ac;	Lb:<;N`M�S:<;FJbUDaKRTB�acW_WYJn=_UdXSRTLV;^`HUDXZ 4 [ 1 [ /T]c[

Problem 4 [ 1 [ ¦ . � JVWjhY;vLb:SRjL
43Eρ(r) =

∂2Eρ

∂r2
+

2

r

∂Eρ

∂r
=

1

r

∂2

∂r2
(Eρ · r). Z 4 [ 1 [ � ]

� ��� ���������	�
4 � 1 ����� � � � ��� � � � � ��� ��� ��� 
 ��� ����� �

4
�
1
�$�(� �

1

r
(Eρr)

′′
rr = δρ(r) for r > 0, Z 4 [ 1 [ � ]

� ��� � �

δ(ρ)(r) ≡
{ 1

|Ωρ| for 0 < r < ρ,

0 for r > ρ.

� � � � ��� 
 ��� ����� � � � ��� ��� � � � ��� ���	� � � ��� � �
	�� ������� 	 � �!����� �

Eρ · r =

{

r3

6
1

Ωρ
+ C1 + C2r for 0 < r < ρ

C3 + C4r for r > ρ.
Z 4 [ 1 [D\ � ]

� � � � � ������� � � � � � �	������� ��� ���
C1, . . . , C4

�
��;�LnR�"Y;>UdXQLVW|RkaFaFWYP<XQLyLb:SRjL^��RYaFaFWYJn=_UDX<o6LVW Z 4 [ 1 [ � ] � r · Eρ

RTXS=
(r · Eρ)

′ RTJb;acWYXQLVUDXQP<WkPS`�RjL
ρ = r Z Lb:<UD`yl�WkBdBDWj�C`¤l�JbWYE l�WYJbEHP<BiR Z 3 [ 4 [d\�]M]c�

{

ρ3

6
1

Ωρ
+ C1 + C2ρ = C3 + C4ρ,

ρ2

2
1

Ωρ
+ C2 = C4.

Z 4 [ 1 [D\Y\�]
9&:<;NacWkXS`�LnRTXQL

C4
UD`fRTJbG<UdLVJnRTJV¢k� `VUDXSac;yWkX<;�aFRYX�Rk=<=�RYX�RYJVGSU LbJbRYJV¢tacWYX~`�LnRTXkLxLbWR�`VWYBDP_LbUdWkX�WTlr;KOQPSRTLVUDWYX Z 4 [ 1 [0/Y]zZ RYXS= Z 4 [ 1 [ � ]M]�[ �_W�BD;cLNPS`�`V;cL C4 = 0 [9&:<;KX%� ;�WYG<LbRTUDX�l JbWYE Z 4 [ 1 [D\Y\�] Lb:SRjL C2 = − ρ2

2Ωρ
= − 3

8πρ ,
RTXS=

C3 =
1

8π
+ C1 −

3

8π
= C1 −

1

4π
. Z 4 [ 1 [D\ � ]

�z;�an:<W£WQ`M;
C1
`VW�LV:SRTL

Eρ(0) < ∞ ��Lb:SRjL>Ui`F� C1 = 0 [ 9&:<;FX C3 = − 1
4π

��RYXS=RYaFaFWYJn=_UDX<o{LVW�l�WYJbEHP<BiRY` Z 4 [ 1 [D\Y\^] � ;>oY;cL
Eρ(r) =

{

r2

8ρ3 − 3
8ρ for 0 < r < ρ,

− 1
4πr for r > ρ.

Z 4 [ 1 [D\K¦Q]
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Remark 4 [ 1 [d\ . 9&:<;�acWkXS=_UdLVUDWYX Eρ(0) <∞ Bd;^=	LVW eρ(x) ≡ Eρ(|x|)
GI;FUDX<oqR�`ME�W£WYLV:l�P<XSa�LbUdWkX%UDX�Lb:<;�G~RTBDB |x| < ρ �

eρ(x) =

{

x2
1+x2

2+x2
3

8ρ3 − 3
8ρ for |x| < ρ,

− 1
4π|x| for |x| > ρ.

Z 4 [ 1 [D\ � ]
9&:QPS`K��UdLt`bRjLbUD`M�S;K`�;KOQPSRTLVUDWYX Z 4 [ 1 [0/Y] X<WYL>WYXSBd¢�l�WkJ x ∈ R3 \ 0

�HRY`zl�WYBDBdWj�C`vl�JbWYE
Z 4 [ 1 [ � ] � GSP_L¤RTBi`VWzUDX|RTXgWY�I;FXgX<;KUdok:QGIWkJV:<W£W<={WTl�LV:<;N�IWkUdXQL x = 0

� RYXS=�:<;FXSaF;yl�WkJRTBDB
x ∈ R3 [

Problem 4 [ 1 [ � . � JbW�hY;rLb:SRjL^� UdXzLb:<;f`V;FX~`M;�WTl Z � ;^R�" ] acWYX£hY;FJboY;KXSac;rWYl =_Ui`�LbJbUdG<P_LbUDWYXS`UdX
D′(R3)

�
ερ(x)

D′(R3)−→ − 1

4π|x| as ρ→ 0 + . Z 4 [ 1 [d\ *Y]�£;F;>��UDo [ � [d\k[
� ��� ���������	�

4 � 1 � � � � � � ��� � � � � ��� ��� �
4
�
1
� %�� �	�

4(− 1

4π|x| ) = δ(3)(x), x ∈ R3. Z 4 [ 1 [D\ � ]

��UDoYP<Jb;z� [d\k�

� XS=_;K;K=@� l�JVWkE Z 4 [ 1 [d\ *Y] � =<P<;qLbW¡LV:<;yaFWYX��LVUDXQP<UdL�¢%WTlrLb:<;tWY�I;KJbRTLVWYJ 4 � D′(R3) Z `M;K;w ;FE�EfR 3 [ 3 [d\�] �
4eρ(x)

D′(R3)
⇁ 4 (− 1

4π|x| ) as ρ→ 0 + .

Z 4 [ 1 [D\ /Y]% P_L^�CWkX%LV:<;tWYLV:<;KJN:SRTX~=@��l�JbWYE Z 4 [ 1 [ /T]RTXS= Z 4 [ 1 [ � ] � ;>RYBD`VWg`M;F;zLb:SRjL
4eρ(x) = δρ(x)

D′(R3)
⇁ δ(3)(x) as ρ→ 0+.Z 4 [ 1 [D\ � ]

��;FBiRjLbUdWkX Z 4 [ 1 [D\ � ] l�WYBDBDW��C` l�JbWYE Z 4 [ 1 [D\�/T] RYXS=Z 4 [ 1 [D\ � ]�[9&:£PS`F�zLb:<;el�P<XS=<RYEx;KXkLnRTB{`MWkBdP<LVUDWYX l�WkJ 43
UD`�R4`VW � aFRYBdBD;K= ,  WYPSBdWkEHG�- Z WYJ,  �;F�&LVWkX�- ] �IWYLV;KXkLVUiRTB

e(x) =
1

4π|x| . Z 4 [ 1 [D\ � ]
� ����� � � �

e(x) =
1

2π
ln |x|, x ∈ R2. Z 4 [ 1 [ � � ]

Problem 4 [ 1 [0* . � JVWjhY;�LV:~RjL¤Udl C1 6= 0
UdX Z 4 [ 1 [d\ � ] � Lb:<;FX|LV:<;¡l�P<XSa�LbUdWkX Eρ(|x|)

UD`X<WTLNRg`VWYBDP_LVUDWYX LbWg;KOQPSRTLVUDWYX Z 4 [ 1 [0/Y]�[
� ��� � � � `V; Z 4 [ 1 [D\ � ]�[
Problem 4 [ 1 [ � . ��UDXS=�LV:<;�l�P<XS=<RYEx;KXkLnRTB�`MWkBDP_LVUDWYXS`	l�WYJyLV:<;>WY�I;KJbRTLVWYJ 42 [
Problem 4 [ 1 [ / . ��UdXS=>LV:<;fl�P<XS=SRTE�;FXQLbRTB `MWkBdP<LVUDWYXS`�l�WYJ�LV:<;qWk�I;FJnRjLVWkJb` 4n, n > 3 �l�WYJ 43 ± k2 ����:<;FJb; k > 0 [
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4 8 2 Potentials and their properties

Volume potentials

� XSac;¡WYXS; "QXSW��C`fLV:<;¡l�P<X~=<RTE�;FXQLbRTB�`MWkBdP_LbUdWkXS`fLVWtLb:<; w RT�SBDRkac;N;^OkP~RjLVUDWYX Z 4 [ 1 [D\ � ]RTXS= Z 4 [ 1 [ � � ] �fWYXS;%aFRYX*RYBD`VW��~XS=7`MWkBdP<LVUDWYXS`{LVW LV:<;%XSWYX<:<WkE�WYoY;KX<;FWkPS` w RT�<BiRYaF;;KOQPSRjLbUDWYX7UDX
Rn l�WYJ n = 2

RTXS=
n = 3 [ �<WkJg;cu<RYEx�<BD;Y�qLb:<;�`VWYBDP_LbUdWkX*LVW3LV:S;;KOQPSRjLbUDWYX

42u(x) = f(x), x ∈ R2 Z 4 [ 2 [D\^]UD`	Lb:<;�l�P<XSa�LbUdWkX
u(x) =

1

2π

∫

R2

ln |x− y|f(y) dy, Z 4 [ 2 [ � ]
U l
f(x) ∈ C(R2), f(x) = 0

l�WYJ |x| > const [�� X�Lb:<;g`VRYEx;{l RY`VUDWYX���R�`VWYBDP_LVUDWYXLVW�LV:S;�;^OkP~RjLVUDWYX
43u(x) = f(x), x ∈ R3 Z 4 [ 2 [ ¦k]UD`yokUdhY;KX�G£¢

u(x) = − 1

4π

∫

R3

1

|x− y|f(y) dy. Z 4 [ 2 [ � ]
Remark 4 [ 2 [d\ . � XkLb;FoYJnRTBi`	WYlHl�WkJVE Z 4 [ 2 [ � ] RTJb;�aKRTBDBd;^= LV:<; � ��
 � ��� � Z WYJ � � �!� ��� ]
� � � 
 � � �IWTLb;FXkLbUDRYBD` [ A�`¡Lb:<;6E�RTLMLb;FJvWYl�l RYa�L^��UdX & BD;KacLVJbWk`MLbRjLbUDaK`F��UdXQLV;KoYJnRTB Z 4 [ 2 [ � ]P<�5LVW R�`baFRYBDRYJyl RYa�LbWYJ Z LV:SRTLv=_;K�I;FXS=<`¡WYX%Lb:<;{an:<WYUiac;tWTlxPSX<U Ln` ] RTX~=%P<�5LbWgLb:<;`MUDoYX�Jb;F�<Jb;K`V;FXQLb`gLV:<;¥�IWTLV;KXkLbUDRYBNWYlzLb:<;�;FBD;KacLVJbUDa%�~;FBi=�WTlzLb:<;¥an:SRTJboY;5��UdLV:�Lb:<;hYWYBDP<E�;�=_;KXS`VU L�¢

f(x) [ & OQPSRTLVUDWYX Z 4 [ 2 [ ¦k] l�WYJ�LV:<;N;FBD;Ka�LbJVUiay�IWTLV;KXkLbUDRYB�UD`faKRTBDBd;^={Lb:<;
��WkUD`b`MWkX6;^OkP~RjLVUDWYX [ � L�LnR�"Y;^`rl�WYJbE Z 4 [ 2 [d\�] UdX�Rz�SRYJMLbUDaFP<BiRTJ�aKRY`V;	��:<;KX6Lb:<;Nan:SRTJboY;=_UD`MLbJVUDG<P_LbUdWkX

f(x)
=_W_;K`NX<WTLv=<;F�I;FXS=�WYX5LV:S;{aFW£WYJn=_UDXSRjLb;

x3 [ �<WkJN;Fu<RTE��<BD;Y��Lb:<;�IWTLV;KXkLbUDRYB�WTlxR6PSX<U l�WkJVE�BD¢ an:SRTJboY;^= `MLVJnRTUDoY:kLyUDX_�SXSU Lb;>��UdJb;�`bRjLbUD`M�S;K` Z 4 [ 2 [D\^]c[
� L%l�WkBdBDWj�C` LV:SRTL%LV:S; l�P<XS=SRTE�;FXkLnRTBt`VWYBDP_LVUDWYX − 1

4π
1
|x|
l�JbWYE Z 4 [ 1 [d\ � ] UD`�Lb:<;�IWTLV;KXkLbUDRYB&WYl�Rz�IWYUDXkLqab:SRYJVok;

+1
BDW_aFRTLV;K=�RjLxLb:<;��IWYUDXkL

x = 0
� `VUDXSac;yUDX�LV:<Ui`faFRk`M;LV:<;tab:~RTJboY;z=<UD`MLVJbUdGSP_LVUDWYX%Ui`yoYUDhY;FX%GQ¢�Lb:<;t��UDJbRkaz=_;KB LnR � l�P<XSacLVUDWYX��

f(x) = δ(x) [
Problem 4 [ 2 [D\ .  WYE��<P_LV;gLV:<;��IWTLb;FXQLVUiRTB�WYl	R%P<X<Udl�WYJbE =<UD`MLVJbUdGSP_LVUDWYX3WYl	an:SRTJboY;^`��U Lb:�Lb:<;>=_;KXS`VU L�¢

ρ
UdX�R�`V�<:<;KJVUiaFRYB�BDR�¢Y;FJ

R1 < |x| < R2 [� � � 

��������� 9&:S;��IWTLb;FXkLbUDRYB�� ;>RYJV;zBDW£W+"£UDX<o{l�WkJ�aFWYP<Bi=�GI;>acWkXQhY;FJVLV;^=|LVW�R6l�WYJbE

u(x) = − 1

4π

∫

R1<|y|<R2

ρ dy

|x− y| =

R2
∫

R1

ur(x) dr. Z 4 [ 2 [ *k]
$�;FJV;

ur(x)
Ui`tLb:<;��IWTLV;KXkLbUDRYB¤WTl�Lb:<;%`bRTE�;�l�WkJVE-RY`{UDX Z 4 [ 2 [d\^¦k] �xWkG_LbRYUdX<;^=RYaFaFWYJn=_UDX<o{LVW�l�WYJbEHP<BiR Z 4 [ 2 [d\ *Y]zZ `V;F;>`V;FBDWj� ]��

ur(x) = − 1

4π

∫

|y|=r

ρ dS(y)

|x− y| =

{

−ρr, |x| < r,

−ρr2

|x| , |x| > r.
Z 4 [ 2 [ � ]
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��;>aFWYXS`VUD=<;FJ	LV:S;zLb:<JV;K;>aFRY`V;K` �
1) |x| < R1 =⇒ u(x) =

R2
∫

R1

(−ρr) dr = −ρ
(R2

2

2
− R2

1

2

)

; Z 4 [ 2 [ /T]

2) R1 < |x| < R2 =⇒ u(x) =

|x|
∫

R1

(−ρr
2

|x| ) dr +

R2
∫

|x|

(−ρr) dr = Z 4 [ 2 [ � ]
= − ρ

|x|
( |x|3

3
− R3

1

3

)

− ρ
(R2

2

2
− |x|2

2

)

; Z 4 [ 2 [ � ]
3) |x| > R2 =⇒ u(x) =

R2
∫

R1

(

−ρr
2

|x|
)

dr = − ρ

|x|
(R3

2

3
− R3

1

3

)

. Z 4 [ 2 [D\ � ]

��UdokP<JV;�� [ � �
9&:<;�okJbRY�<:�WTlr�IWTLV;KXkLbUDRYB Z 4 [ 2 [0*Y] UD`��<BdWYLMLb;K=�WkX%��UDo [ � [ � [

Remark 4 [ 2 [ � .
�SWYJ |x| > R2

�IWTLV;KXkLbUDRYB Z 4 [ 2 [D\ � ] UD` ;KOQPSRYB~LbWHLb:<;  WYP<BDWYEHG¤�IWYLV;KXkLVUiRTBWTlyR%�IWYUDXkL{an:SRTJboY;k��WYl¤LV:<;�hjRYBDP<;�;^OQPSRTBxLbW%LV:S;�LbWTLnRTBfan:SRYJVok;6WYl¤LV:<;|`V�<:<;FJbUiaFRTBBDR�¢Y;FJ �
u(x) = − 1

4π

4
3πR

3
2 − 4

3πR
3
1

|x| Z 4 [ 2 [D\Y\�]
The surface potentialsA [ 9&:<; ��� � � � � � � ��� � � ����� � � ����� � UD`¤Rt�IWTLb;FXkLbUDRYB�WTl�LV:<;zab:SRYJVok;N=_Ui`�LbJVUDG<P_Lb;K=�WjhY;FJ¤R`MP<JVl RYaF; �

u(x) = − 1

4π

∫

S

1

|x− y|σ(y) dS(y). Z 4 [ 2 [d\ � ]
$C;FJb;

S
UD`¡R|`VE�W£WTLb:�acWkEx�~RYa�Lv`VP<JMl Rkac;>UDX

R3 RTXS= σ(y)
Ui`�Lb:<;6`MP<JVl RYaF;tab:~RTJboY;=_;FXS`VUdL ¢ [
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Problem 4 [ 2 [ � .
 WYE��<P_LV;>LV:<;>�IWYLV;KXkLVUiRTB}WYlHLb:<;>P<X<Udl�WYJbE =_Ui`MLVJbUdGSP_LVUDWYX5WTl�ab:SRYJVok;WYX5R�`V�<:<;KJV; |x| = R
�&��UdLV:%LV:<;t`VP<JMl Rkac;�=_;KXS`MUdL�¢

σ [� � � 

���������

u(x) = − 1

4π

∫

|y|=R

σ dS

|x− y| = − 1

4π

π
∫

0

2π
∫

0

σR2 sin ΘdΘdϕ
√

R2 + |x|2 − 2R|x| cos Θ
. Z 4 [ 2 [D\K¦Q]

��UDoYP<Jb;z� [ ¦S�

A�G~WjhY;Y�
Θ, ϕ
RTJb;zLV:S;t`V�<:<;KJVUiaFRYB}acW_WYJn=_U �XSRjLb;K`{WYlyLb:<;��IWYUDXkL

y
�facWkP<XkLb;K=el�JbWYE LV:<;hY;Ka�LbWYJ

x
�{��U Lb:

ϕ
GI;FUDX<o LV:S;+BDWYX<oYLVUdLVPS=<;RTXS=

Θ
GI;KUdXSozLV:<;NRTBdLVUdLbPS=_; [ % ¢>Lb:<;  Wk`VUdX<;LV:<;KWYJb;FE��

|x− y|2 = |x|2 + |y|2 − 2|x| · |y| · cos Θ =

= |x|2 +R2 − 2|x|R cosΘ.

� XkLb;FokJbRYB Z 4 [ 2 [D\K¦Q] Ui`yJb;KRk=_UdBD¢�;KhjRTBDPSRTLV;K= �
u(x) = −σR

2

4π
2π

π
∫

0

−d cos Θ
√

R2 + |x|2 − 2R|x| cosϕ
=

= −σR
2

2

−1
∫

1

−dt
√

R2 + |x|2 − 2R|x|t
=
σR2

2
2

√

R2 + |x|2 − 2R|x|t
−2R|x|

∣

∣

∣

∣

−1

1

=

= − σR

2|x|
(

√

R2 + |x|2 + 2R|x| −
√

R2 + |x|2 − 2R|x|
)

=

= − σR

2|x|
(

|R+ |x|| − |R− |x||
)

=

{

−σR, |x| ≤ R,

−σR2

|x| |x| > R.
Z 4 [ 2 [D\ � ]

w ;FL�PS`��IWYUDXkL>WYP_L�LV:SRTLzl�WkJ |x| > R
�IWYLV;FXQLVUiRTB Z 4 [ 2 [D\�*Y] aFWYUDXSacUi=_;^`v��UdLV: LV:S; WYP<BDWYEHG��IWTLb;FXkLbUiRTB

uQ
WYl�LV:<;6�IWYUDXkL�an:SRTJboY;tWTlfEfRTokX<UdLVPS=_;

Q = 4πR2σ
;KOQPSRYBLVW�LV:S;>an:SRTJboY;zWTlHLV:<;t`V�<:<;FJb; �

uQ(x) = − 1

4π

Q

|x| = −−1

4π

4πR2σ

2|x| = − σR

2|x| . Z 4 [ 2 [D\ � ]
Remark 4 [ 2 [ ¦ . 9&:<;	`VUDEx�SBd; � BiR^¢Y;KJH�IWTLb;FXkLbUDRYB Z 4 [ 2 [d\ *Y] Ui`raFWYXQLVUDXQP<WkPS`HWYXtLb:<;y`M�<:S;FJb;
|x| = R

�&��:SUdBD;�UdLb`�X<WYJbEfRTB�=_;KJVUDhjRTLVUDhY;vUi`�=_Ui`bacWYXQLVUDXQP<WkPS`F�&��UdLV:
∂u

∂n

∣

∣

∣

∣

|x|=R+0

−∂u
∂n

∣

∣

∣

∣

|x|=R−0

=
σR2

|x|2
∣

∣

∣

∣

|x|=R

= σ. Z 4 [ 2 [D\ /T]
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u(x) =

{

−σR, |x| ≤ R,

−σR2

|x| , |x| > R.Z 4 [ 2 [d\ *Y]�£;F;�LV:<;>�<BDWTL�WYX5��Udo [ � [ � [ ��UDoYP<Jb;z� [ � �
% ;K`VUi=_;K`K� WkX<;�aKRTX%;KRk`MUDBd¢ `M;K;vl�JbWYE Z 4 [ 2 [D\�*Y] Lb:SRjL

4u(x) = 0 for |x| 6= R. Z 4 [ 2 [D\ � ]
� LCLbP<JbXS`�WkP_LCLV:SRTLCLV:<;^`M;��<JbWY�I;KJMLbUd;^`&WYl�LV:<;r`MUDE��<Bd; � BiR�¢Y;FJ��IWYLV;FXQLVUiRTB RTJb;�acWYE�E�WYXl�WYJ�UdXQLV;KoYJnRTBi`¤WYl�l�WkJVE Z 4 [ 2 [D\ � ]c[
! � � ��� ������� � WYl�Lb:<; ��� � ��� � � � ��� � � �IWYLV;FXQLVUiRTB �\�] � l σ(y)

UD`�RfaFWYXkLbUDXQP<WYP~`&l�P<X~a�LVUDWYX �ILb:<;FX¡`VWfUi`
u(x)
l�WYJ�RTBDB

x ∈ R3 � UDXSaFBdPS=<UdX<o
x ∈ S �

� ] � l σ(y)
:SRY`�RgacWYXQLVUDXQP<WkPS`�=_;FJbUDhjRjLbUdhY;k� LV:<;KX

∂u

∂n
(x+ 0 · n) − ∂u

∂n
(x− 0 · n) = σ(x), Z 4 [ 2 [D\ � ]

��:<;FJb;
n
UD`yLV:<;t=_UDJV;^a�LVUDWYX%WTlHLV:<;>X<WYJbEfRTB�LbW

S
RTLyLV:<;>�IWYUDXkL

x ∈ S �¦Q] �SWYJ x 6∈ S
�&LV:<;>�IWTLb;FXkLbUDRYB�Ui`�R6:~RTJbExWkX<UiaNl�P<X~a�LVUDWYX �

43u(x) = 0 for x ∈ R3 \ S Z 4 [ 2 [ � � ]

��UdokP<Jb;z� [0*_�

% [ 9&:<; ����
 � � � � � ��� � � �IWYLV;FXQLVUiRTB Ui`&RH�IWYLV;FXQLVUiRTB WYlLV:<;¡`MP<JVl RYaF;�=_Ui`�LbJVUDG<P_LbUdWkX�WYl ��� ����� ��� [ �SWYJq`�LnRTJVLV;FJn`K�Bd;FLvPS`vacWkE��<P_LV;tLb:<;{�IWTLb;FXkLbUiRTBHWTlfWYX<;{=<Ud�IWkBd; [ A=_Ud�IWkBd;HUDX & BD;KacLVJbWk`MLbRTLVUiaF`CUi`�Rf�~RTUDJ�WTl �IWkUdXQL�an:SRYJVok;K`
Z =_U � �IWkBd; ] +p

ε

RTXS= −p
ε

RTL|RTX ,�UDX_�SXSU Lb;FBD¢7`MEfRTBDB.-=_UD`MLbRYXSac;
ε
l�JbWYE WkX<;>RTX<WYLV:<;KJ [9&:<;¡OQPSRYXkLVUdL�¢

p Z Lb:<;NhY;^a�LbWYJ p~e � `V;F;¡� UDo [ � [ *k]UD`�aKRTBDBD;K= ��������� � ��� � � ��� � � � [9&:<;>=<Ud�IWkBd;��IWTLb;FXQLVUiRTB�Ui`y;KOQPSRYB�LVW
u(x) = lim

ε→0

(

− 1

4π

( −p
ε

|x− x0|
+

p
ε

|x− x0 − ε~e|
))

=

= − p

4π
lim
ε→0

1

ε

( 1

|x− x0 − ε~e| −
1

|x− x0|
)

=

= − p

4π

d

dε

∣

∣

∣

∣

ε=0

1

|x− x0 − ε~e| = − p

4π

1

|x− x0|2
cos( ̂x− x0, ~e). Z 4 [ 2 [ � \^]
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�£W~�
u(x) = − p

4π

1

|x− x0|2
cos( ̂x− x0, ~e). Z 4 [ 2 [ � � ]

��UdokP<JV;�� [ � �
9&:<;�`MUDoYX4WTl�;cu_�<Jb;K`V`VUDWYX Z 4 [ 2 [ � \�] UD`|=_;cLb;FJbE�UdX<;^=7G£¢7acWYX~`MUi=_;FJbUDX<o¥Lb:<;�aFRk`M;��:<;FX�Lb:<;t=_UdJb;KacLVUDWYXS`yWTlHLV:<;>hY;KacLVWkJb`

x− x0
RTX~=

~e
aFWYUDXSacUi=_; [ �W�� Bd;FLNP~`y�SXS=%LV:<;{=_WkP<G<BD; � BDR�¢Y;FJ��IWTLb;FXkLbUDRYB}WkX�Lb:<;t`VP<JVl RYaF;

S
UdX

R3 ��UdLV:LV:<;�=_UD�IWYBD;y=_;FX~`MUdL�¢
p(y)
� ��UdLV:6LV:S;	E�WkEx;KXkLn`rUDX{Lb:<;y=<UdJb;KacLVUDWYX6WTlCLV:<;yX<WkJVEfRYB

nyLVW�LV:S;>`VP<JVl RYac;�RTL�;FhY;FJb¢
y ∈ S �

u(x) = − 1

4π

∫

S

p(y) cos( ̂x− y, ny) dS(y)

|x− y|2
. Z 4 [ 2 [ � ¦Q]

Remark 4 [ 2 [ � . � WTLb;FXkLbUDRYB Z 4 [ 2 [ � ¦Q] acWkP<BD=�GI;>JV;K�<JV;^`M;KXkLb;K=�Rk`¤Lb:<;t=_;FJbUDhjRjLbUdhY;�UdX εRjL
ε = 0

WYl	LV:<;�`MUDE��<Bd; � BiR�¢Y;FJ>�IWYLV;FXQLVUiRTBqWYXeLV:<; `VP<JVl RYac;
Sε
��U Lb:eLV:<; =<;FXS`VU L�¢

p(x) dS(x)
dSε(x)
[ $C;KJV; Sε

UD`¡Lb:<;�`MPSJMl Rkac;
S
� ,M`V:<UdliLb;K= -6GQ¢

ε
RYBdWkX<o�LV:S;{�S;FBi=�WTl�Lb:<;�S;FBi=�WTlrX<WkJVEfRTBi` Z `V;F;>��UDo [ � [0/Y]�[

Problem 4 [ 2 [ ¦ .  WkE��<P_LV;�LV:<;¥�IWYLV;FXQLVUiRTBvWTl�LV:<; =_WkP<G<BD; � BDR�¢Y;FJ|�IWTLb;FXkLbUDRYBNl�WkJ�R`M�<:S;FJb;z��UdLV:�Lb:<;tacWYX~`�LnRTXkLN=_UD�IWYBD;>=_;FXS`VUdL ¢
p [

��UDoYP<Jb;z� [0/_�

� ��� 

� ����� � ��;pacWYXS`VUi=_;FJ�Lb:<;p`MUDE��<Bd; � BiR�¢Y;FJ�IWYLV;KXkLVUiRTB¤l�WkJ{LV:<;5`M�<:<;KJV;^`{WTlNJnRY=_UDU
R + εRYXS=

R
��UdLV:7LV:<;�ab:~RTJboY;�=<;FXS`VU L�¢ pε

ε

RYXS=
−p

ε

�&Jb;K`V�I;KacLVUDhY;FBD¢ Z � UDo [ � [ � ]c[9&:<;5=_;KXS`MUdL�¢
pε
aFWYP<Bi=*G~;�=_;cLb;FJbExUDX<;^=l�JbWYE�LV:S;�l Rka�L�LV:SRTL�LV:<;fLbWTLbRYB an:SRTJboY;�WTl Lb:<;`V�<:<;KJV;^`	Ui`y;KOQPSRYB�LbW (F;FJbW �

pε

ε
· 4π(R+ ε)2 − p

ε
4πR2 = 0, Z 4 [ 2 [ � � ]`VUDXSac;6Lb:<;�`VP<E/WTl	an:SRYJVok;K`vUdX3;KRkab:3=_UD�IWYBD;;^OQPSRTBi` (K;FJbW � $�;FXSac;k�

pε = p
R2

(R+ ε)
2 . Z 4 [ 2 [ � *k]
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��UdokP<JV;�� [ � �

� `MUDX<o�l�WYJbEHP<BDR Z 4 [ 2 [D\�*k] �&� ;�WkG_LbRYUDX LV:S;>=_;^`MUDJV;^=�=_WkP<G<BD; � BDR�¢Y;FJy�IWTLV;KXkLbUDRYB �
u(x) ≈

{

−pε

ε (R+ ε) + p
εR, |x| < R,

−pε(R+ε)2

ε|x| + pR2

ε|x| , |x| > R+ ε.
Z 4 [ 2 [ � � ]

�SWYJ
ε→ 0

� ;�WYG_LnRTUDX Lb:<;�;Fu<RYa�Lyl�WYJbEHP<BiR

u(x) =















− d
dε

∣

∣

∣

∣

ε=0

(R+ ε)pε, |x| < R,

− 1
|x|

d
dε

∣

∣

∣

∣

ε=0

pε(R+ ε)
2
, |x| > R.

Z 4 [ 2 [ � /Y]

� ����� � � �

u(x) =

{

p, |x| < R,
0, |x| > R.

Z 4 [ 2 [ � � ]
! � � ��� ������� � WYl�Lb:<; ����
 � � � � � ��� � � �IWTLV;KXkLbUDRYB �
\Y[ 9&:<;t=_WkP<G<BD; � BDR�¢Y;FJ��IWTLV;KXkLbUDRYB Z 4 [ 2 [ � ¦Q] UD`NR�l�P<XSacLVUDWYX5LV:SRTLNUi`N=_Ui`VaFWYXQLVUDXQP<WkPS`RjLyLb:<;��IWkUdXQLb`yWYl�Lb:<;>`VP<JVl RYaF;

S �
u(x+ 0 · nx) − u(x− 0 · nx) = −p(x), x ∈ S Z 4 [ 2 [ � � ]

Z UdlHLb:<;�l�P<XSa�LbUdWkX u(x) Ui`�=_U��I;KJV;KXkLbUDRYG<Bd;tRjLyLV:S;��IWYUDXkL x ] �
� [ % ;F¢YWYX~=|LV:<;t`MPSJMl Rkac; S � Lb:<;��IWYLV;KXkLVUiRTB u(x) UD`�R�:SRYJVE�WYXSUDa¡l�P<XSacLVUDWYX �

43u(x) = 0, for x ∈ R3 \ S. Z 4 [ 2 [ ¦ � ]
��� ��� ��� � � � WTLb;FXkLbUDRYB Z 4 [ 2 [ � � ] RYoYJb;F;K`¤��UdLb: Z 4 [ 2 [ � � ] � Z 4 [ 2 [ ¦ � ]c[
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4 8 3 Computing the potentials with the aid of the Ostrogradsky-Gauss formula�£UdX~ac; 4u = div gradu
� Lb:<; ��WkUD`b`VWYX ;^OkP~RjLVUDWYX Z 4 [ 2 [ ¦k] acWkP<Bi=|GI;���JVUdLVLV;FX%UdX�LV:<;l�WYJbE

div gradu(x) = f(x). Z 4 [ 3 [D\^]
� XkLb;FokJbRTLVUDX<ovLV:<Ui`�JV;KBDRTLVUDWYX6W�hY;KJ�RTXgRTJbG<UdLVJnRTJb¢>=_WYEfRYUdX Ω ⊂ R3 � RTXS=6PS`VUdXSovLb:<;

� `�LbJVWkoYJbRY=<` "Q¢ � � RTPS`V`qLb:<;FWkJV;KEy�&� ;�WkG_LbRYUdX �
∫

∂Ω

gradu(x) · nx dS(x) =

∫

Ω

div gradu(x) dx =

∫

Ω

f(x) dx. Z 4 [ 3 [ � ]
� X & BD;KacLVJbWk`MLbRTLVUiaF`K�

gradu(x) = E(x) Z P<��LVWgR6`VUDoYX ] UD`¤Lb:<;�UdXQLV;FXS`VUdL ¢|hY;^a�LVWkJWTl LV:<;f;FBD;KacLVJbUDar�S;KBD=�RTL�LV:<;f�IWYUDXkL
x
� ��:SUdBD;

Q(Ω) =
∫

Ω

f(x) dx
Ui`�LV:<;�LbWTLbRYB ab:SRYJVok;

WTlHLV:<;>JV;KoYUDWYX
Ω [ $C;KXSac;k� Z 4 [ 3 [ � ] aFWYP<Bi= GI;>JV;K��JVUdLMLb;FX�UDX�Lb:<;zl�WkJVE

∫

∂Ω

E(x) · nx dS(x) = Q(Ω). Z 4 [ 3 [ ¦k]
9&:<Ui`yUi=_;FXQLVUdL ¢�UD`�hjRTBDUi=|l�WYJNRTX£¢|JV;KoYUDWYX

Ω ⊂ R3 [w ;FL�PS`gacWkEx�SP_LV;%�IWTLV;KXkLbUDRYB Z 4 [ 2 [D\K¦Q] GQ¢eLV:<; � `MLVJbWYoYJnRT=<` "£¢ � � RTPS`b`tE�;cLV:<W<= [9&:<;zan:SRYJVok;¡=_;KXS`VU L�¢�UdX Z 4 [ 2 [d\^¦k] Ui`	`V�<:<;FJbUiaFRTBDBD¢g`V¢£ExE�;FLVJbUDaY� :<;KXSac;vLV:<;z�IWYLV;FXQLVUiRTB
u(x)
RTBi`MW��IWk`b`V;K`b`M;^`qLV:<Ui`��<JVWk�I;FJVL ¢ [ 9&:<;FJb;cl�WkJV;k�

u(x) = u1(|x|). Z 4 [ 3 [ � ]9&:QP~`F�&LV:<;��S;FBi=
E(x) = gradu(x)

Ui`yJbRk=_UiRTB �
E(x) =

x

|x|u
′
1(|x|). Z 4 [ 3 [ *k]

A��<�<Bd¢£UDX<o{LVW{Lb:<UD`¤�S;FBi=|UD=<;FXkLbU L�¢ Z 4 [ 3 [ ¦Q] l�WYJ¤LV:<;vG~RTBDB {|x| < r} = Ω
� � ;voY;cL �

|E(x)| · 4π|x|2 =

{

0, |x| < R,
4πR2σ, |x| > R.

Z 4 [ 3 [ � ]
A�aFacWkJb=<UdX<o6LbW Z 4 [ 3 [0*Y] � |E(x)| = |u′1(|x|)|

��RYXS=�� ;�oY;FLyl JbWYE Z 4 [ 3 [ � ]��
u′1(r) · 4πr2 =

{

0, r < R,
4πR2σ, r > R.

Z 4 [ 3 [ /T]
$�;FXSac;k�

u′1(r) =

{

0, r < R,
R2σ
r2 , r > R.

Z 4 [ 3 [ � ]
� XkLb;FokJbRTLVUDX<oS� � ;>oY;cL �

u1(r) =

{

C1, r < R,

−R2σ
r + C2, r > R.

Z 4 [ 3 [ � ]
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Problem 4 [ 3 [D\ . ��;FJbUDhY;vl�JbWYE Z 4 [ 3 [ � ] l�WkJVEHP<BiR Z 4 [ 2 [D\�*Y]c[
� ��� � �  WYXS`MLbRYXkLn`

C1
RYXS=

C2
RTJb;	=<;cLV;KJVE�UDX<;K={l�JbWYE Lb:<;�acWkXkLbUdX£P<U L�¢6acWYX~=_U LbUDWYX�RTL

r = R
RYXS= ;^OQPSRTBDUdL ¢

lim
|x|→∞

u(x) = 0, Z 4 [ 3 [d\ � ]
��:<UDan:%WkGQh£UdWkPS`VBd¢gl�WkBdBDWj�C`¤l�JbWYE Z 4 [ 2 [d\^¦k]�[
Problem 4 [ 3 [ � . � `MUDX<o LV:<; � `MLVJbWYoYJbRY=<` "Q¢ � � RTPS`b`5Ex;FLV:<W<=@�{aFWYE��<P_Lb;+�IWTLb;FXQLVUiRTBZ 4 [ 2 [0*Y]c[
4 8 4 Solution of the boundary value problems for the Laplace equation in

three-dimensional domains. Constructing the Green functions by the

method of reflections

9&:<;r��UDJVUiab:SBd;FL��SJVWkG<Bd;KE���UdLV: (F;KJVWqGIWkP<XS=<RYJV¢�acWkXS=_UdLVUDWYXS`�Ui`�`VWYBDhY;K=NGQ¢yLV:S;rEx;FLV:<W_=WTlrW_=S=�Jb;csS;KacLVUDWYXS`K�&��:<UDBd;�Lb:<;  C;KP<EfRTX<X5�<JbWYGSBd;KE Ui`�`VWYBDhY;K=�GQ¢|Lb:<;>E�;cLb:<W_=%WTl;FhY;FX5JV;FsS;KacLVUDWYXS` [ 9&:SUD`�Ui`�RYXSRTBDWYokWYPS`qLbW�LV:S;t`MUdLVPSRTLVUDWYX%��UdLV:%Lb:<;>� R�hY;z;^OkP~RjLVUDWYXZ `V;F;  :SRY�_LV;KJ �M]c[
Solution of the Dirichlet problem in the half-space R3

+ = {x ∈ R3 : x3 > 0}
{

43u(x) = f(x1, x2, x3), x3 > 0,
u(x1, x2, 0) = 0, −∞ < x1, x2 < +∞; u(x) −→

|x|→∞
0. Z 4 [ 4 [D\^]

$C;FJb;
f(x)
Ui`rRNoYUDhY;FX>l�P<XSacLVUDWYX{UDX

R3
+

�
f(x) ∈ C(R̄3

+)
�
f(x) ≡ 0

l�WkJ |x| > const [w ;cLfPS`r�SX~={Lb:<; � JV;K;FX6l�P<XSacLVUDWYX G(x, y)
l�WYJ��SJVWkG<Bd;KE Z 4 [ 4 [D\^]c[ % ¢6=_;c�~X<U LbUdWkXZ acWkE��SRTJb;z��U Lb: Z 3 [ 6 [ � ]M] � G UD`�Rg`VWYBDP_LVUDWYX LbW�LV:<;>�<JbWYG<BD;FE

{

4xG(x, y) = δ(x− y), x3 > 0;
G((x1, x2, 0), y) = 0; G(x, y) → 0 as|x| → ∞,

Z 4 [ 4 [ � ]
`ME�W£WYLV: l�WkJ

x 6= y [$�;FJb;
y
UD`yRTX�RYJVGSU LbJbRYJV¢6�<u_;K= �IWYUDXkL	l�JbWYE

R3
+ [ ��;FX<WYLV;zGQ¢ ȳ = (y1, y2,−y3)LV:<;e�IWYUDXkL�`V¢£E�Ex;FLVJbUDa¥LVW

y
��UdLV: JV;^`M�I;^a�L%LVW7LV:<;eGIWYP<X~=<RTJb¢

x3 = 0
WYltLb:<;:SRTBdl � `V�SRkac;

R3
+ �9&:<;KX�LV:<;t`VWYBDP_LVUDWYX LbWg�<JVWkG<BD;FE Z 4 [ 4 [ � ] Ui`yoYUDhY;FX�G£¢�Lb:<;zl�PSXSa�LbUdWkX

G(x, y) = − 1

4π

1

|x− y| +
1

4π

1

|x− ȳ| . Z 4 [ 4 [ ¦k]
A&aKacWYJn=_UDX<o6LVW Z 4 [ 1 [D\ � ] � 4xG(x, y) = δ(x− y) − δ(x− ȳ) [ 9&:SUD`y¢£UD;FBi=<`¤Lb:<;z�SJn`�L;KOQPSRjLbUdWkX�UDX Z 4 [ 4 [ � ] ��`VUDXSac;

δ(x− ȳ) = 0 for x3 > 0. Z 4 [ 4 [ � ]
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� XS=_;K;K=@� δ(x − ȳ)
UD`�R¥=_Ui`MLVJbUdG<P<LVUDWYX+BDW_aKRjLV;^=pRTL{Lb:<;��IWYUDXkL

ȳ
WTl�Lb:<;�BDW�� ;FJ:SRTBdl � `V�SRkac; �

w ;FL PS` hY;FJbU l�¢}Lb:<;&GIWkP<XS=<RYJV¢HacWYX~=_U LbUdWkXrUDX Z 4 [ 4 [ � ]�� � l x3 = 0
�QLV:S;FXrLb:<;C=_Ui`�LnRTXSac;^`

|x − y| RTXS= |(x − ȳ)| RYJV;6;KOQPSRYB �}RY`vWkX<;�`V;F;^`¡l�JVWkE/� UDo [ � [ � [ 9&:<;KJV;cl�WkJV;{l�JVWkEZ 4 [ 4 [ ¦k] WYX<;>`M;K;K`	LV:SRTL G(x, y) = 0 [ ��UDXSRTBDBD¢Y�&UdL�Ui`yWkGQh£UdWkPS`¤Lb:SRjL G(x, y) −→
|x|→∞

0.�£WkBdP_LbUDWYX Z UdX3LV:<;|`M;KXS`V;�WTly=_Ui`�LbJVUDG<P_LbUdWkXS` ] LbW%LV:<;�GIWYP<XS=SRTJb¢�hjRTBDP<;��SJVWkG<Bd;KEZ 4 [ 4 [D\^] UD`yokUdhY;KX�GQ¢|LV:S;�UDXkLb;FoYJnRTB
u(x) =

∫

R
3
+

G(x, y)f(y) dy = − 1

4π

∫

y3>0

(
1

|x− y| −
1

|x− ȳ| )f(y) dy. Z 4 [ 4 [ *k]
� XS=_;K;K=@�&l�WYJbEfRTBDBD¢Y�

4xu(x) =

∫

R
3
+

4xG(x, y)f(y) dy =

∫

R
3
+

δ(x− y)f(y) dy = f(x). Z 4 [ 4 [ � ]
9&:<;�GIWkP<XS=<RYJV¢ acWYX~=_U LbUdWkX�Ui`yJb;KRY=<UdBD¢�hY;KJVUd�S;K= �

u

∣

∣

∣

∣

x3=0

=

∫

R
3
+

G(x, y)

∣

∣

∣

∣

x3=0

f(y) dy = 0 and u(x) −→
|x|→∞

0. Z 4 [ 4 [ /T]

Electrostatic interpretation of problems (4.4.1), (4.4.2). The method of reflected

charges

� X�LV:<; & BD;KacLVJbWk`MLbRjLbUiaF`K�~LV:<;r`VWYBDP_LVUDWYX u(x) LVWfLV:S;�GIWkP<XS=<RTJb¢¤hTRTBDP<;}�<JbWYGSBd;KE Z 4 [ 4 [D\^] �P<�zLVWNRy`VUDoYX�RYXS=zR	l RYa�LbWYJ�Lb:SRjLH=_;F�I;FX~=<`�WYXzLV:<;fEx;FLVJbUiax`V¢_`�Lb;FE�� Ui`�Lb:<;��IWYLV;KXkLVUiRTBWTl�LV:S;z;KBd;^a�LVJbWk`MLbRTLVUiaN�S;FBi= ok;FX<;KJbRTLV;K=|GQ¢�Lb:<;�an:SRYJVok;v=_;KXS`MUdL�¢
f(x)
UDX Lb:<;�P<�<�I;FJ:SRTBdl � �SBDRYX<;

R3
+

��BdW_aKRjLb;K=NRTGIWjhY;}LV:<;xacWYX~=_PSa�LbUdXSo¤`VP<JVl RYac;
x3 = 0 Z LV:<Ui`�acWYPSBD=NGI;Y� l�WkJ;cu<RTE��<BD;Y� LV:<;N`MP<JVl RYaF;¤WYlCLV:S; & RTJVLV:�WYJrLV:<;ys~RjLxLVUDX�JbW£WTl ]�[ & BD;Ka�LbJVWQ`�LnRjLbUDaKRTBDBd¢k� Lb:<;� JV;K;FX�l�P<XSa�LbUdWkX

G(x, y)
l�JVWkE Z 4 [ 4 [ � ] acWkP<Bi=gGI;vh£Ud;K� ;K=|RY`fLV:S;¡�IWYLV;KXkLVUiRTB�WTl�LV:S;�IWYUDXkL	ab:SRYJVok;yWYl�EfRToYXSU LbPS=_;

+1
� BDW_aFRjLb;K=�RjLfLb:<;¡�IWYUDXkL

y
RYGIW�hY;yLb:<;vacWkXS=_PSa�LbUdXSo�<BDRYX<;

x3 = 0 [ 9&:S;¡�S;KBD= WTl�LV:<;z�IWYUDXkL�an:SRTJboY;¡Jb;K=_Ui`�LbJbUdG<P_Lb;K`qLb:<;�ab:~RTJboY;K`qUDX|Lb:<;
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��UdokP<Jb;z� [D\ � �
�<BDRYX<;

x3 = 0 � � LvRjLVLVJnRYa�Ln`yXS;FokRTLVUDhY;>an:SRYJVok;K`y��:<UdBD;{=_;cLbJbRka�LbUdX<o��IWk`VUdLVUDhY;tab:SRYJVok;K`Z RTX~= LV:<;K¢|okW6LVWgUDX_�SX<UdL�¢ ]c�
� LNUi` "£X<W���X�Lb:SRjL^� Lb:<;FJb;KRTl LV;KJK� Lb:<;z�~;FBi=�BDUdX<;^` Z LV:<;>UDXkLb;FokJbRYB�acPSJVhY;^` ] E(x) =

gradu(x) Z `M;K;H��Udo [ � [D\ � ] RTJb;}WYJVLV:SWYoYWkXSRTB LVWqLV:<;racWkXS=_PSacLVUDX<o¤`MPSJMl Rkac; Z LV:<; & RTJVLV: ] �WYJ ;FBi`V;�Lb:<;�l�Jb;F; ab:~RTJboY;K`�UDX LV:S; acWkXS=_PSacLVWYJ � WYP<Bi= `MLbRYJML E�Wjh£UdX<o*RYBdWkX<oeLb:<;`MP<JVl RYaF; [�� L�l�WYBDBdWj�C`rLV:SRTLxLb:<;N`VP<JMl Rkac;	WYl�R�acWkXS=_PSacLVWYJ�Ui`rLV:S;�Bd;KhY;FB�`VP<JVl RYaF;	WTl�Lb:<;�IWTLV;KXkLbUDRYB
u(x) Z ;^OkPSUd�IWYLV;FXQLVUiRTB�`MP<JVl RYaF;zUdX & BD;Ka�LbJVWQ`�LnRjLbUDaK` ]c[

��UDoYP<Jb;z� [d\k\Y�

� L Ui` Lb:<UD` �<JVWk�I;FJVL ¢xWYl@Lb:<;��S;KBD=¤BdUDX<;K` Lb:SRjLRTBDBdWj�C`�LbW��SXS=eLb:<;|�S;FBi=
E(x) [ �SWYJtLb:<UD`K�Bd;FLzPS`vJb;KaFRYBdB�Lb:<;6�<BDWTLzWYl�LV:S;{�S;FBi=¥acPSJVhY;^`WTl¤LV:S;��~;FBi= WTl¤L�� W5�IWkUdXQLtan:SRTJboY;^`vWYl¤LV:<;`VRYEx;5EfRYoYX<UdLVPS=<;�RTX~=7WY�<�IWQ`MUdLV;�`VUdokX Z `M;K;� UDo [ � [d\k\^]c[ A�`�l�WYBDBdWj�C`�l�JbWYE LV:<;¤`M¢£E�E�;cLVJb¢WTl�LV:<;��S;KBD=�acP<JbhY;K`|��U Lb: Jb;K`V�I;KacL�LbWpLV:<;�<BDRYX<; WYl6`M¢£E�E�;cLVJb¢�WTltLb:<;eab:~RTJboY;K`K��LV:<;�S;FBi= aFP<JVhY;^`¤RTJb;¡WYJVLV:<WkoYWYX~RTB�LVW{Lb:<UD`	�<BiRTX<; [9&:<;FJb;cl�WkJV; Lb:<;e�S;KBD=mRTGIWjhY; Lb:<;p�<BiRTX<;pWTl`M¢£E�E�;cLVJb¢6acWkUdXSaFUD=_;^`x��UdLV:gLV:<;��S;FBi=�� ;NRTJb;BdW£W "£UdXSo{l�WYJ [ 9&:<UD`�¢£Ud;KBD=<`	l�WkJVEHP<BiR Z 4 [ 4 [ ¦k]�[

The Dirichlet problem in the quarter-space9&:<;4OQPSRYJMLb;FJ WTl|LV:<;�`V�SRYac;
R3

++

UD` LV:<;RTX<okP<BDRYJ�=<WYEfRTUDXm��UdLV: LV:<;7RTXSoYBD;pWTl�EfRToYXSU LbPS=_;
90◦ Z `M;K;*��Udo [ � [D\ � ]�[-w ;cL

f(x) ∈ C(R3
++), f(x) ≡ 0

l�WYJ
x > const [  WkXS`VUD=_;KJqLV:<;z��UDJVUiab:SBd;FL	�<JbWYG<BD;FE�UDX

R3
++







4u(x1, x2, x3) = f(x1, x2, x3),
x1 > 0, x2 > 0, x3 ∈ R;

u|x1=0 = 0, u|x2=0 = 0; u(x) → 0 as |x| → ∞.
Z 4 [ 4 [ � ]

��UDoYP<Jb;z� [d\ � �

9&:<; � Jb;F;FX	l�P<X~a�LVUDWYX
G(x, y)

WTl��<JbWYGSBd;KE
Z 4 [ 4 [ � ] G£¢�=_;c�SXSU LbUdWkX¥UD`zR `VWYBDP_LVUDWYX�WTlfLV:<;GIWYP<XS=SRTJb¢�hjRYBdP<;��<JbWYG<BD;FE



\ �k� ���������
	�����
 ����������� � ����	����
4 � 4







4xG(x, y) = δ(x− y), x ∈ R3
++;

G|x1=0 = 0, G|x2=0 = 0;
G(x, y) → 0 as |x| → ∞. Z 4 [ 4 [ � ]$C;FJb;
y ∈ R3

++

Ui`�R6�~RTJnRTE�;cLb;FJ [9&:<Ui` � JV;K;FX�l�P<X~a�LVUDWYX�UD`NRTBi`VW6l�WkP<XS=%GQ¢LV:<;CE�;FLV:<W_=�WYl Z W_=S= ] JV;FsS;KacLVUDWYXS` Z � UDo [ � [d\^¦k]c[

��UdokP<Jb;z� [D\K¦S�
w ;FL ȳ = (y1,−y2, y3)

GI;yLV:<;�Jb;csS;^a�LVUDWYX�WTl�Lb:<;��IWYUDXkL
y
UDX�LV:<;��<BiRTXS;

x2 = 0
�

ỹ = (−y1, y2, y3)
GI;¡Lb;vJb;csS;KacLVUDWYX|UDX|Lb:<;z�<BDRYX<;

x1 = 0,
RYXS=

ŷ = (−y1,−y2, y3)GI;gLV:<; acWYE��IWk`VUdLVUDWYX3WTl¤Lb:<;K`V;�EfRT�S` [ ��;��<P<L>Lb:<;|an:SRTJboY;^`zWTlyE�RYoYX<UdLVP~=_; +1UdXQLVWgLb:<;t�IWYUDXkLb`
y
RTX~=

ŷ
�CRYXS=�LV:<;{an:SRTJboY;^`	WTlxEfRTokX<UdLVPS=_; −1

UDXkLbWgLb:<;>�IWkUdXQLb`
ȳ
RTXS=

ỹ [ 9&:<;KX�LV:<;KUdJ�;KBd;^a�LbJVWQ`�LnRjLVUia¡�S;FBi=�Ui`yJb;F�<Jb;K`V;FXkLb;K= GQ¢|Lb:<;��IWYLV;FXQLVUiRTB
G(x, y) = − 1

4π

1

|x− y| +
1

4π

1

|x− ȳ| +
1

4π

1

|x− ỹ| −
1

4π

1

|x− ŷ| Z 4 [ 4 [D\ � ]
w ;FLqPS`fhY;FJbUdl�¢tLb:SRjLfLb:<UD`fl�P<XSa�LbUDWYX�UDXS=_;K;K=�`VRTLVUi`M�S;K`�;KOQPSRTLVUDWYX Z 4 [ 4 [ � ]�[ ��UDJb`MLfWYlRTBDB � l�WkJ

x ∈ R3
++

�
4xG(x, y) = δ(x− y) − δ(x− ȳ) − δ(x− ỹ) + δ(x− ŷ) = δ(x− y), Z 4 [ 4 [d\k\^]`MUDXSac;

δ(x− ȳ), δ(x− ỹ) RTX~= δ(x− ŷ) RYJV;�;KOQPSRTB@LVW'(K;FJbWrl�WYJ
x ∈ R3

++

�}9&:S;FJb;cl�WYJb;LV:<;��SJn`�L�;KOQPSRTLVUDWYX�UDX Z 4 [ 4 [ � ] Ui`�`VRTLVUi`��~;K= [�SP<JMLb:<;FJ^�rBD;cL6PS`{hY;FJbUdl�¢¥LV:<; GIWkP<XS=<RYJV¢3acWYX~=_U LbUDWYXS`>l�JbWYE Z 4 [ 4 [ � ]�� A ] �|:<;KX
x1 = 0

��Lb:<;��IWkUdXQL
x
Ui`�;^OQP<UD=<UD`MLbRYXkL>l�JbWYE

y
RTXS=

ỹ
�rRTX~=3RTBi`VW�l�JbWYE

ȳ
RTXS=

ŷZ `V;F;|��UDo [ � [D\K¦k]c[ 9&:<;FJb;cl�WkJV;gUDX3Lb:<;|JVUDoY:QL � :SRTXS=3`VUi=_;�WTl Z 4 [ 4 [d\ � ] Lb:<;��SJn`�L{RYXS=LV:<;tLb:<UDJb=5LV;FJbE aFRYXSac;FBHWYP_L^��RTX~=�`MW =_W|LV:<;6`V;KacWkXS=5WYX<;t��UdLV:�Lb:<;tl�WYP<JVLV:�WYX<; �% ] �|:<;KX x2 = 0
� LV:<;v�IWYUDXkL

x
Ui`¤;KOQP<Ui=_Ui`�LnRTXkL¤l�JbWYE

y
RYXS=

ȳ
�&RTXS= RTBi`MW>l�JbWYE

ỹRTXS=
ŷ Z `M;K;v��UDo [ � [D\^¦k]�[ 9&:<;FJb;cl�WkJV;k� UdX|Lb:<;vJbUdok:kL � :SRYXS=�`VUD=<;¡WYl Z 4 [ 4 [D\ � ] Lb:<;¡�SJn`MLRTXS=�Lb:<;�`V;KacWkXS=gLb;FJbEf`	aFRYXSac;KB�WYP_L^�&RTX~= `MW�=_W{Lb:<;vLV:SUdJn= RYXS=�LV:S;vl WkP<JVLV: WkX<;K` [

� L�Ui`�RTBi`VW6WkGQh£UDWYPS`¤Lb:SRjL G(x, y) → 0
Rk` |x| → ∞ [
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9&:£PS`F�&LV:<;>GIWYP<X~=<RTJb¢|acWkXS=_UdLVUDWYXS`yUDX Z 4 [ 4 [ � ] RTJb;�RTBi`MWg`bRjLVUi`M�S;K= [9&:<;KJV;Fl�WYJb;Y�
G(x, y)

l�JbWYE Z 4 [ 4 [d\ � ] UD`>Lb:<; � Jb;F;KX3l�P<XSacLVUDWYX+WTl	Lb:<; ��UDJVUiab:SBd;FL�<JVWkG<BD;FE Z 4 [ 4 [ � ]�[ $�;FXSaF;gLV:<;|`VWYBDP_LVUDWYX3WYl¤LV:<;�BiRjLVLV;KJtacWYPSBD= GI;���JbU LVLV;KX3UDX Lb:<;l�WYJbE
u(x) =

∫

R
3
++

G(x, y)f(y) dy =

= − 1

4π

∫

R
3
++

( 1

|x− y| −
1

|x− ȳ| −
1

|x− ỹ| +
1

|x− ŷ|
)

f(y) dy. Z 4 [ 4 [D\ � ]

Problem 4 [ 4 [D\ . ��UDXS=NLb:<; � JV;K;FXNl�P<X~a�LVUDWYXzRYXS=N��JbU Lb;�Lb:<;Hl�WYJbEHP<BiR�l�WkJ�LV:S;x`MWkBdP_LbUdWkXLVW>Lb:<;NGIWkP<XS=<RYJV¢{hTRTBDP<;��SJVWkG<Bd;KE UdX R>OQPSRk=_JbRYXkLfWYl�Lb:<;v`M�SRkac; Z P<XS=_;KJfLb:<;¡`bRTE�;acWYX~=_U LbUdWkXS`yWYX
f(x)
Rk`	UDX Z 4 [ 4 [ � ]V]��







4u(x) = f(x), x1 > 0, x2 > 0, −∞ < x3 <∞;

u

∣

∣

∣

∣

x1=0

= 0, ∂u
∂x2

∣

∣

∣

∣

x2=0

= 0; u(x) → 0 as |x| → ∞.
Z 4 [ 4 [D\K¦Q]

� ��� � � � X<;	`V:<WYP<Bi=tRY�<�<BD¢zLV:S;¤E�;cLb:<W_=tWTlC;Fhk;FX{JV;FsS;Ka�LbUdWkXtUDX x1
RYXS=�Lb:<;	Ex;FLV:<W_=WTlrW_=<=�JV;FsS;KacLVUDWYX�UDX

x2 [
Problem 4 [ 4 [ � .

��UDXS=NLb:<; � JV;K;FXNl�P<X~a�LVUDX<WyRYXS=N��JbU Lb;�Lb:<;Hl�WYJbEHP<BiR�l�WkJ�LV:S;x`MWkBdP_LbUdWkXLVW�Lb:<;>��UdJbUiab:<BD;cLN�<JbWYG<BD;FE UDX�LV:S;zl�WkBdBDW���UDX<og=_WkEfRTUDXS` �
\k[ � X4LV:S;�RYX<oYP<BiRTJ|=_WYEfRYUdX��y��U Lb:4Lb:<;�RYX<oYBD;5WYlzEfRYoYX<UdLVPS=<; α = π

n , n =
3, 4, 5, . . . Z RYG~WjhY;k� LV:SUD`�� RY`�=_WYXS;vl�WkJ n = 1, 2 ] �

� [ � X�Lb:<;HW_a�LnRTXkL�WYl LV:<;�Lb:<JV;K; � =_UDEx;KXS`MUDWkXSRTB `V�SRkac; � x1 > 0, x2 > 0, x3 > 0;

¦S[ � X�LV:S;eBiR^¢Y;KJ � 0 < x3 < a, −∞ < x1, x2 < +∞ Z UdX£hY;K`MLVUDokRjLb; Lb:<;acWkXQhY;FJboY;KXSac;vWYl�Lb:<;�WkG_LbRYUdXS;K=%`M;FJbUD;K` ] �� [ � X5R ,�:SRYB l -zWTlHLV:S;�BiR^¢Y;KJ � 0 < x3 < a, −∞ < x1 <∞, x2 > 0;

*<[ � X5R ,MOQPSRTJVLb;FJ -vWTlHLV:<;>BiR^¢Y;KJ � 0 < x3 < a, x1 > 0, x2 > 0.

Remark 4 [ 4 [d\ . � X7LV:<;5�<JV;Kh£UdWkPS`6�<JbWYG<BD;FE��fUDXS`MLV;^RY=*WTl¡LV:<;���UDJbUDan:<BD;cL�aFWYXS=_UdLbUdWkX
u
∣

∣

Γ
= 0
WkX<;�aKRTX%aFWYXS`VUi=_;FJ	LV:S;  C;KP<EfRTX<X5aFWYXS=_UdLbUdWkX ∂u

∂n

∣

∣

∣

Γ
= 0
RjLNac;FJVLnRTUDX��SRTJVLb`WTl�LV:<;NGIWYPSXS=<RTJb¢k� RY`�UdX��<JVWkG<BD;FE Z 4 [ 4 [D\^¦k]�[ �<WkJf`VWYBDP_LbUdWkXS`xWYl�`VPSan:g�<JVWkG<BD;FEf`xWkX<;:SRY`	LVWgPS`V;zLV:S;�E�;cLb:<W_=�WYlH;KhY;FX%JV;FsS;KacLVUDWYX%RTLyLV:<;^`M;��SRYJMLn`	WYl�Lb:<;�GIWkP<XS=<RYJV¢ [

Problem 4 [ 4 [ ¦ . � UDXS= LV:S; � Jb;F;KX l PSXSa�LbUdWkX WTl{LV:S;e��UDJVUiab:SBd;FL5�SJVWkG<Bd;KE
UDX LV:S;l�WYBDBdWj��UDX<og=_WYEfRYUdXS` �
\k[ � X¥LV:S;�G~RTBDB |x| < R [ � ��� � � w W_W+"%l�WkJzLV:<; � Jb;F;FX¥l�P<XSacLVUDWYX3UDX¥LV:<;�l�WkJVEWTl�Lb:<;v`VP<E2WTl�Lb:<;Nl�P<XS=<RYE�;FXkLnRTB�`MWkBdP_LbUdWkX − 1

4π
1

|x−y|
RTXS=�Lb:<;¡�IWTLb;FXkLbUiRTB�WTl
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LV:<; ,�Jb;csS;^a�LV;^= -�an:SRTJboY; q
4π

1
|x−y∗|

WTl�ac;FJVLbRYUdX%EfRTokX<UdLVPS=_;
q > 0
��BDW_aFRTLV;K=%RjLLV:<;>�IWYUDXkL

y∗
��,V`M¢£E�E�;cLbJVUia�-vLVW�LV:S;��IWYUDXkL

y
��UdLV:%Jb;K`V�I;KacL	LbWgRg`V�<:<;FJb; �

y∗ =
R2

|y|2
y Z 4 [ 4 [D\ � ]

� [ � X>R�`V;FE�UdG~RTBDB |x| < R, x3 > 0 [ $�UdXQL � � `M;�LV:<;fE�;cLb:<W_=zWYl W_=<=zJb;csS;KacLVUDWYX��U Lb:%Jb;K`V�I;KacL	LVW�Lb:<;��SBDRYX<;
x3
LbW�Jb;K=<PSac;zLV:<;>�<JbWYG<BD;FE LbW�LV:<;>GSRTBDB [

¦S[ � X5R�OQPSRYJMLb;FJyWTlHLV:S;�GSRYBdB |x| < R, x2 > 0, x3 > 0 [
4 8 5 Solution of boundary value problems in two dimensions by the method

of the Green function. Application of conformal mappings

The Dirichlet problem in half-plane R2
+ = {x ∈ R2 : x2 > 0}

��UdokP<Jb;z� [D\ � �






4u(x1, x2) = f(x1, x2), x2 > 0, −∞ < x1 <∞;

u

∣

∣

∣

∣

x2=0

= 0, u(x) → 0 as |x| → ∞,
Z 4 [ 5 [D\^]

where f(x) ∈ C(R̄2
+), f(x) = 0 for |x| > const. Z 4 [ 5 [ � ]9&:<; � JV;F;KX l�P<X~a�LVUDWYX

G(x, y)
WTlHLV:SUD`��<JbWYG<BD;FE `bRjLbUD`M�S;K`	LV:<;>;KOQPSRjLbUDWYX







4xG(x, y) = δ(x− y), x ∈ R2
+;

G

∣

∣

∣

∣

x2=0

= 0, G(x, y) → 0 as |x| → ∞,
Z 4 [ 5 [ ¦k]

��:<;FJb;
y ∈ R2

+ [ �_UdE�UDBDRYJVBD¢{LbW Z 4 [ 4 [ ¦k] � LV:<Ui`fl�P<XSacLVUDWYX|Ui`�l�WkP<XS=�GQ¢6Lb:<;¡E�;cLb:<W_=gWYlW_=<= Jb;csS;^a�LVUDWkX3RY�<�<BDUd;^=¥LVW5LV:<;gl�PSXS=<RTE�;FXQLbRYBq`VWYBDP_LVUDWYX Z 4 [ 1 [ � � ] WYl¤LV:<; w RT�<BiRYaF;WY�I;FJnRjLbWYJ	UDX�LV:<;>�<BiRTX<; �
G(x, y) =

1

2π

(

ln |x− y| − ln |x− ȳ|
)

, where ȳ = (y1,−y2). Z 4 [ 5 [ � ]
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9&:QPS`K� Lb:<;>`VWYBDP_LbUdWkX LVWg�<JbWYGSBd;KE Z 4 [ 5 [D\^] :~RY`	LV:<;�l�WYJbE
u(x) =

∫

R
2
+

G(x, y)f(y) dy =
1

2π

∫

ln
|x− y|
|x− ȳ|f(y) dy. Z 4 [ 5 [ *k]

The Green function for two-dimensional domains

� X<BDU)"Y;�UdXgLV:<;¡aFRY`V;yWTl�LV:SJV;K; � =_UdE�;FX~`MUDWYXSRYB&GIWYP<XS=SRTJb¢thjRYBdP<;��<JVWkG<BD;FEf`F� LV:<; � JV;K;FXl�P<XSa�LbUdWkX>l�WYJ�EfRTX£¢z`VUdE��<BD¢�acWkX<X<;KacLV;^=zL � W � =<UdE�;FX~`MUDWYXSRYB =_WkE�RYUDXS`�acWYP<Bi=�GI;fl WkP<XS=��U Lb:eLb:<;�RTUi=eWTlNaFWYX_l�WYJbEfRTBfEfRY�<�<UDX<ok` [ 9&:SUD`{UD`{GI;KaKRTPS`V;gLb:<; � JV;K;FXel�P<XSacLVUDWYX
G(x, y)

Ui`|:SRYJVE�WYXSUDa5UDX
x
l�WkJ

x 6= y
�y��:SUdBD;�LV:S;¥acWkX_l�WYJbEfRTBNEfRT�<�<UDX<ok`|EfRT�:SRTJbE�WYX<Uia¡l�P<XSa�LbUdWkXS`NRToQRTUDX UDXkLVW�:SRTJbExWkX<UiavWYX<;K` [w ;cL�PS`�UdBDBdP~`�LbJbRTLV;|Lb:<;%JV;KBDRTLVUDWYXpWYlNLV:<; � JV;K;FXpl�PSXSa�LVUDWkXS`{LbW¥LV:<;5acWYX<l�WYJbE�RYBE�RY�<�<UDX<ok`�WkXeR��~RTJVLVUiacP<BiRTJ�;Fu_RYE��<Bd;gWYlqLb:<;�GIWYP<X~=<RTJb¢�hTRTBDP<;��SJVWkG<Bd;KE Z 4 [ 5 [D\^]c[�<WkJ	LV:SUD`K��� ;�JV;K��JVUdLV;vl�WkJVEHPSBDR Z 4 [ 5 [ � ] UdX�Lb:<;zl�WkBdBDWj��UdXSo6l�WYJbE �

G(x, y) =
1

2π
ln
( |x− y|
|x− ȳ|

)

=
1

2π
ln

∣

∣

∣

∣

x− y

x− ȳ

∣

∣

∣

∣

. Z 4 [ 5 [ � ]
Remark 4 [ 5 [d\ . 9&:<;�BiRY`ML6;^OkP~RTBDU L�¢eUdX Z 4 [ 5 [ � ] :<WkBD=<`6P<X~=_;FJ6LV:S;%acWkXS=_UdLVUDWYX+LV:SRTL
x−y
x−ȳ

UD`yPSXS=_;FJn`MLVW£W_= UDX�LV:<;t`V;FXS`V;zWYl�Lb:<;t=_Udh£Ui`MUDWYX%WTlHLV:<;tacWkEx�SBd;Fu XQP<EHGI;KJb` �
x− y

x− ȳ
=
x1 + ix2 − y1 − iy2
x1 + ix2 − y1 + iy2

. Z 4 [ 5 [ /T]
$C;FJb;

ȳ = y1 − iy2
LVPSJVXS`yWkP_LyLbWgGI;zLV:<;tacWkEx�SBd;Fu�acWYX�# PSokRjLb;vLbW

y [
w ;cL�PS`��IWYUDXkL�WkP_LyLV:~RjL\�] �SWYJ�;KRkab:��<u_;K= y ∈ R2

+

LV:S;�EfRT�
x 7→ z = Φy(x) ≡ x− y

x− ȳ
Z 4 [ 5 [ � ]

E�RY�S`	LV:S;�P<�<�I;KJ�:SRTBdl � �<BDRYX<;Y�
x2 > 0

�CacWkX_l�WYJbEfRTBDBd¢�UDXkLbW�LV:<;>P<X<UdL¡=_UD`ba |z| < 1 �
� ] PSXS=_;FJ�LV:<;>EfRT�<�<UDX<o Z 4 [ 5 [ � ] � Lb:<;>�~WkUDXkL y Ui`�`V;FXQLyLVW 0 �

y 7→ Φy(y) = 0. Z 4 [ 5 [ � ]
 �W�� Bd;FL¤PS`¤aFWYXS`VUi=_;FJ¤RtExWkJV;Nok;FX<;KJbRYBCaKRY`V;NWTl�LV:<;z��UDJbUDan:<BD;cL	�<JVWkG<Bd;KE2UdX�Lb:<;s~RjL	`VUDEx�SBd¢�acWYXSX<;Ka�Lb;K=�Jb;FoYUDWYX

Ω ⊂ R2 ��UdLV: Rt�<UD;KaF;F��Ui`M; � `VExW_WTLV:�GIWYP<XS=SRTJb¢ ∂Ω
�LV:SRTLNacWkXkLnRTUDXS`yRTL�Bd;^RY`ML	L�� Wg�IWYUDXkLn` �







4u(x) = f(x), x ∈ Ω;

u

∣

∣

∣

∣

x∈∂Ω

= 0u(x) → 0 |u(x)| → ∞, x ∈ Ω.
Z 4 [ 5 [D\ � ]

��:<;FJb;
f(x) ∈ C(Ω̄), f(x) = 0 |x| > const(y).
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��UdokP<Jb;z� [D\�*<�
9&:<; � Jb;F;FX�l�P<X~a�LVUDWYX WYl�LV:SUD`¤�<JbWYGSBd;KE2GQ¢�=_;F�SX<UdLVUDWYX�`bRjLVUi`M�S;K`fLV:S;zacWYXS=<U LbUdWkXS`







4xG(x, y) = δ(x− y), x ∈ Ω;

u

∣

∣

∣

∣

x∈∂Ω

= 0G(x, y) → 0 |u(x)| → ∞, x ∈ Ω.
Z 4 [ 5 [D\Y\�]

$C;FJb;
y
Ui`NR��SRTJnRTE�;FLV;FJ^�

y ∈ Ω [ � LNUi` "QXSW���X�l�JbWYE LV:S;�LV:<;KWYJb¢|WTlrl�P<XSa�LbUdWkXS`�WYlR{acWYE��<BD;cughTRTJbUDRYG<BD; Z Lb:<; ��UD;FEfRTXSX�LV:<;KWYJb;FE�� `V;F;{� �£:SRk� * � ] Lb:SRjL¤l�WYJ	RYXQ¢g`VUDEx�<BD¢acWYXSX<;KacLV;K=%JV;KoYUDWYX
Ω ⊂ R2 ��U Lb:%LV:<;tGIWYP<XS=SRTJb¢ ∂Ω

Lb:SRjL¡aFWYXQLbRTUDXS`�RTL�BD;KRk`�L�L � W�IWYUDXkLb`fLV:<;KJV;N;cu_Ui`�Ln`qR>aFWYX_l�WkJVEfRTB�EfRT�S�<UdX<otWYl�Lb:<;NJb;FokUdWkX
Ω
WYXQLVW�Lb:<;¡P<X<UdL¤=<UD`ba [

�NWYJb;FWjhY;FJK� RTXQ¢�Rt�<JbUdWkJVUC�<u_;K=|�~WkUDXkL
y
Ui`¤E�RY�<�I;K=�LVW (K;FJbW [xw ;cL Φy(x)

G~;z`VPSan:R6EfRY� Z `M;K;>� UDo [ � [D\ � ]c[

��UdokP<Jb;z� [D\ � �
� L}LbP<JVX~`�WkP_Lq�  $ *T¦ � LV:~RjL}LV:S; � Jb;F;FXzl�PSXSa�LbUdWkX Z 4 [ 5 [D\Y\�] :SRk`�Lb:<;�l�WYJbE Z 4 [ 5 [ � ]c�

G(x, y) =
1

2π
ln |Φy(x)|. Z 4 [ 5 [D\ � ]

9&:<;KX%� ;�oY;FLyLV:<;t`MWkBdP<LVUDWYX LbW�LV:<;t��UDJbUDan:<BD;cL��SJVWkG<Bd;KE Z 4 [ 5 [D\ � ]��
u(x) =

1

2π

∫

Ω

ln |Φy(x)| f(y) dy. Z 4 [ 5 [d\^¦k]
Problem 4 [ 5 [D\ .  :S;Ka�"fLV:SRTL&l�P<XSacLVUDWYX Z 4 [ 5 [d\ � ] UD` Lb:<;}`VWYBDP_LVUDWYX¤LbW��<JVWkG<Bd;KE Z 4 [ 5 [D\Y\^]c[
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� ��� ��� �
A [ ln |Φy(x)| = < ln Φy(x)

Ui`fR�:SRTJbE�WYX<Uia¤l�P<XSacLVUDWYX�U l
Φy(x) 6= 0

� Lb:SRjLqUD`K� l�WkJ
x 6= y �

% [ ln |Φy(x)| RjL x = y
RTBDBdWj�C`¤LV:S;>=_;^acWYE��IWQ`MUdLVUDWYX

ln |Φy(x)| = ln |x− y| +O(1), x→ y; Z 4 [ 5 [D\ � ]
 [ � `V;vLb:<;zLV:S;FWYJb;FE RTGIWYP<L�R6JV;KE�W�hTRTG<BD;z`MUDX<oYPSBDRYJVUdL ¢gLVWg�<JbW�hY;vLV:SRTL O(1)

UdX
Z 4 [ 5 [D\ � ] Ui`�R�:SRTJbE�WYX<Uia¡l�P<XSacLVUDWYX�RjL x = y �

� [ 9&:<;�GIWYPSXS=<RTJb¢|aFWYXS=_UdLVUDWYX G∣∣∣
∣

x∈∂Ω

= 0
Ui`yWkGQh£UdWkPS`VBd¢|`bRjLbUD`M�S;K=��&`VUDXSac;

|Φy(x)

∣

∣

∣

∣

x∈∂Ω

| = 1. Z 4 [ 5 [D\�*Y]
Problem 4 [ 5 [ � . w ;cL�PS`��~XS=yLb:<; � JV;K;FX�l PSXSa�LbUdWkX¡RYXS=yLV:<;�l�WYJbEHP<BiRxl�WkJ�Lb:<;r`MWkBdP_LbUdWkXWTl¡LV:S;5��UDJVUiab:SBd;FLg�<JbWYGSBd;KE-UdX7LV:<;�`MLVJbUd�

Ω Z l�WkJ f(x) ∈ C(Ω̄), f(x) = 0
l�WYJ

|x| > const ]��






4u(x) = f(x), 0 < x2 < a, −∞ < x1 <∞;

u

∣

∣

∣

∣

x2=0,a

= 0, u(x) → 0 when |x| → ∞.
Z 4 [ 5 [D\ � ]

� ��� 

��������� w ;cLNPS`yEfRT�5acWkX_l�WYJbEfRTBDBd¢gLb:<;>`MLVJbUd�%UDXkLVW|R�=_Ui`ba Z `V;F;>��Udo [ � [D\ /Y]�[

��UdokP<Jb;z� [D\ /_�
9&:<;��IWkUdXQL

y
Ui`yEfRT�<�I;^=�UdXQLVW�Lb:<;�WkJVUDokUdX � w = e

πy
a ,

z =
e

πx
a − e

πy
a

e
πx
a − e

πȳ
a

Z 4 [ 5 [D\ /Y]
 �W��}��RkaFacWkJb=<UdX<o{LbW Z 4 [ 5 [D\ � ] �

G(x, y) =
1

2π
ln

∣

∣

∣

∣

e
πx
a − e

πy
a

e
πx
a − e

πȳ
a

∣

∣

∣

∣

Z 4 [ 5 [D\ � ]
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RTXS=�PS`VUdX<o Z 4 [ 5 [d\^¦k] � LV:<;t`MWkBdP<LVUDWYX�WYlH�<JbWYGSBd;KE Z 4 [ 5 [D\ � ] Ui`yoYUDhY;FX%GQ¢

u(x) =
1

2π

+∞
∫

−∞

a
∫

0

ln

∣

∣

∣

∣

e
πx
a − e

πy
a

e
πx
a − e

πȳ
a

∣

∣

∣

∣

f(y) dy2 dy1. Z 4 [ 5 [D\ � ]

w ;FL�PS`�Ex;KXkLbUdWkX�LV:SRTL
e

πx
a = e

π
a (x1+ix2) = e

πx1
a (cos

π

a
x2 + i sin

π

a
x2). Z 4 [ 5 [ � � ]

��UDoYP<Jb;z� [d\ � � � UDoYPSJV;z� [D\ � �
Problem 4 [ 5 [ ¦ . ��UDXS=NLb:<; � JV;K;FXNl�P<XSacLVUDWYXzRYXS=N��JbU Lb;�Lb:<;Hl�WYJbEHP<BiR�l�WkJ�LV:S;x`MWkBdP_LbUDWYXWTlHLV:<;t��UDJbUDan:<BD;cLN�<JVWkG<BD;FE UDX�LV:<;�l�WYBDBdWj��UDX<o�Jb;FoYUDWYX~` �
\k[ ACX<okBd;�WYlHEfRYoYX<UdLVPS=<; α Z `M;K;>��Udo [ � [D\ � ] �

� [ ��Ui`ba � |x| < 1 Z WkX<;�oY;FLb`	LV:<;tacBiRY`b`VUDaKRTB ��WYUi`b`MWkX l�WYJbEHP<BDR ] �
¦S[ $�RYB l�WTl�R{=_Ui`ba � |x| < 1, x2 > 0 Z PS`M;¡Lb:<;vE�;cLV:SW_=�WYl�LV:<;vW<=<=�Jb;csS;KacLVUDWYX��U Lb:%Jb;K`V;KacL	LVW

x2
LVWgJb;K=_PSaF;vLbW � JbWYG<BD;FE � ] �� [ �£;KacLVWYJ�WTlxRg=_UD`ba � |x| < 1, 0 < arg x < α Z `V;F;>��UDo [ � [D\ � ]�[

Remark 4 [ 5 [ � . � LrLbP<JVXS`xWYP_LrLb:SRjL^� "£X<W���UDX<o¡Lb:<; � JV;F;KXtl�PSXSa�LbUdWkX6WYl�Lb:<;y��UDJVUiab:SBd;FL�<JVWkG<BD;FE�UdX¡LV:<;rJV;KoYUDWYX
Ω
��WYX<;raFRYX¡`VWYBDhY;}LV:<;r:<WYE�WYok;FX<;KWYPS`�;^OQPSRjLbUdWkXS` 4u(x) = 0UdX

Ω
��UdLV:pX<WkX�� :<WYE�WYok;FX<;KWYPS`zGIWkP<XS=<RYJV¢ acWkXS=_UdLVUDWYXS`

u

∣

∣

∣

∣

∂Ω

= f(x) � U l ∂Ω
Ui`>WYl

acBiRY`b`
C2 RTXS= f ∈ C2(∂Ω)

�CLb:<;FX Z `M;K;>LV:S;6=_;cLnRTUDBD`¡UdX+� ��BiRY� \ ��� [ � � �j� � � � BD; / �_�� [ �k�j� ]��
u(x) =

∫

∂Ω

∂G(x, y)

∂ny
f(y) dy, Z 4 [ 5 [ � \^]

��:<;FJb; ∂
∂ny

Ui`NLb:<;�=_U � ;FJb;FXQLVUiRjLbUdWkX�UdX�LV:<;�=<UdJb;KacLVUDWYX�WTl�Lb:<;6;cu£LV;KJVXSRYB�XSWYJbE�RYB}LbWLV:<;5GIWYP<X~=<RTJb¢pRjLgLV:<;5�IWYUDXkL
y ∈ ∂Ω [ 9&:<Ui`�:<WkBD=S`6l�WYJ�LV:<;5Jb;FoYUDWYX Ω

WYlzRTXQ¢=_UdE�;KXS`MUDWYX � Ω ⊂ R2, Ω ⊂ R3 �&;FLNac;FLV;FJnR [
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Problem 4 [ 5 [ � . w ;cL5PS`��SXS=�Lb:<; l�WYJbEHP<BiRpl�WkJ�LV:<;e`VWYBDP_LbUdWkX�WYltLV:<;e��UDJVUiab:SBd;FL�<JVWkG<BD;FE UDX�LV:<;>:SRTBdl � �<BDRYX<;
4u(x1, x2) = 0, x2 > 0; u(x1, 0) = f(x1); u(x) −→

|x|→∞
0, Z 4 [ 5 [ � � ]

��:<;FJb;
f(x1) ∈ C(R)

�
f(x1) = 0

l�WYJ |x1| > const [� ��� 

��������� 9&:S; � JV;K;FX�l�P<XSa�LbUdWkX�l�WkJ	Lb:<;>:SRTBdl � �<BiRYX<;zUi`yoYUDhY;FX%GQ¢ Z 4 [ 5 [ � ]c�
G(x, y) =

1

2π
ln

√

(x1 − y1)
2

+ (x2 − y2)
2 − 1

2π
ln

√

(x1 − y1)
2

+ (x2 + y2)
2

=

=
1

4π
ln
(

(x1 − y1)
2

+ (x2 − y2)
2)− 1

4π

(

(x1 − y1)
2

+ (x2 + y2)
2)
.9�R+"QUDX<ogUDXkLVW|RkaFacWkP<XkL�LV:SRTL�LV:S;>;FuQLb;FJbXSRTB�XSWYJbE�RYB

ny
LbW�Lb:<;>:~RTBdl � �<BiRTXS;

x2 > 0UD`yJb;F�SJV;^`M;KXkLV;^= GQ¢|LV:<;>hY;Ka�LbWYJ
(0,−1)

�&� ;�oY;cL �
(∂G(x, y)

∂ny

)

∣

∣

∣

∣

y2=0

= −
( ∂

∂y2
G(x, y)

)

∣

∣

∣

∣

y2=0

=

=
1

4π

2x2

(x1 − y1)
2

+ x2
2

+
1

4π

2x2

(x1 − y1)
2

+ x2
2

=
1

π

x2

(x1 − y1)
2

+ x2
2

.

� ����� � � �

u(x1, x2) =
x2

π

+∞
∫

−∞

f(y1) dy1

(x1 − y1)
2

+ x2
2

. Z 4 [ 5 [ � ¦Q]

4 8 6 Solutions to the hyperbolic equations in the sense of distributions

w ;cL�PS`5Jb;FE�UdX~= Z `M;K;+�£;KacLVUDWYX 1 [ 2 ] ��LV:SRTL5LV:S;p`VWYBDP_LVUDWYX LbW4LV:<;p:<WYE�WYok;FX<;KWYPS`=@? A�BD;FEHGI;FJVL�;^OQPSRjLbUdWkX
∂2u(x, t)

∂t2
= a2 ∂

2u(x, t)

∂x2
Z 4 [ 6 [D\^]aFRTX%GI;���JbU LVLV;KX5RY`	UDX Z 3 [ 2 [ ¦Q]��

u(x, t) = f(x− at) + g(x+ at). Z 4 [ 6 [ � ]
� l�LV:<;Nl�P<XSacLVUDWYXS` f(x)

RTXS=
g(x)
RYJV;

C2 Z :~R^hY;�L�� W{aFWYXkLbUdX£P<WYP~`q=_;FJbUdhTRjLVUDhY;^` ] �LV:<;KX
u(x, t)

l�JbWYE Z 4 [ 6 [ � ] RYBD`VW6�IWk`b`V;K`b`M;^`fLb:<;>`VRYE�;v�SJVWk�I;FJVL ¢ [ � l��&UDXS`�Lb;KRk=@� f(x)WYJ
g(x)
RYJV;	=<UD`bacWkXkLVUDXQPSWYPS`K��LV:S;FX

u(x, t)
Ui`xRTBi`MWvokWYUDX<oNLbWzGI;y=_Ui`VaFWYXQLVUDXQP<WkPS` [rw ;FLPS`�`M:<Wj�pLb:SRjL�UDX{Lb:<Ui`�aFRY`V;qLb:<;	l�P<XSacLVUDWYX
u(x, t)

UdX Z 4 [ 6 [ � ] Ui`x`MLVUDBDB&oYWYUDX<o¡LbWzGI;�R`MWkBdP_LbUDWYX WTlH;KOQPSRTLVUDWYX Z 4 [ 6 [D\^] U lHWkX<;zaFWYXS`VUi=_;FJn`fLb:<;�=_;KJVUDhjRTLVUDhY;K`¤UdX�GIWYLV:%`VUD=_;^`¤WYlZ 4 [ 6 [D\^] UDX�LV:S;6`V;FX~`M;{WTlq=_Ui`MLVJbUdG<P<LVUDWYXS` Z `V;F; ��;KEfRTJ " 1 [ 2 [D\ WTl  :~RT�_Lb;FJ �M]�[ 9&:<Ui`Ex;^RTXS`	Lb:SRjL
〈

∂2u

∂t2
, ϕ(x, t)

〉

= a2

〈

∂2u

∂x2
, ϕ(x, t)

〉

, ∀ϕ ∈ C∞
0 (R2). Z 4 [ 6 [ ¦k]
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9 W{�<JbW�hY;¡UD=<;FXkLbU L�¢ Z 4 [ 6 [ ¦k] � Bd;FL	PS`¤JV;KExUDXS=�LV:SRTLK�&RYaKacWYJn=_UDX<o>LVWtLb:<;z=_;F�SX<UdLVUDWYXWTlHLV:<;t=_;FJbUDhjRjLbUdhY;^`	WTlHLV:<;t=_Ui`�LbJVUDG<P_LbUdWkXS`F�
{

〈∂2u
∂t2 , ϕ〉 = −〈∂u

∂t ,
∂ϕ
∂t 〉 = 〈u, ∂2ϕ

∂t2 〉,
〈∂2u

∂x2 , ϕ〉 = −〈∂u
∂x ,

∂ϕ
∂x 〉 = 〈u, ∂2ϕ

∂x2 〉,
Z 4 [ 6 [ � ]

9&:S;FJb;cl�WYJb;zUD=_;KXkLbU L�¢ Z 4 [ 6 [ ¦Q] Ui`y;KOQP<UDhjRYBd;KXkLyLVW
〈

u,
∂2ϕ

∂t2

〉

= a2

〈

u,
∂2ϕ

∂x2

〉

, Z 4 [ 6 [0*Y]
WYJ

〈

u,
∂2ϕ

∂t2
− a2 ∂

2ϕ

∂x2

〉

= 0. Z 4 [ 6 [ � ]
� =_;KXkLVUdL�¢ Z 4 [ 6 [ � ] UdX�LV:S;�aFW£WYJn=_UDXSRjLb;K` ξ = x− at, η = x+ at

LbR+"Y;K`rLb:<;yl�WYJbE
Z `V;F; Z 1 [ 2 [ � ]M]

+∞
∫

−∞

∫

u(ξ, η)
∂2ϕ

∂ξ∂η
dξ dη = 0. Z 4 [ 6 [0/Y]

��;KacWkE��IWk`VU LbUdWkX Z 4 [ 6 [ � ] Ex;^RTXS`	Lb:SRjL
u(ξ, η) = f(ξ) + g(η). Z 4 [ 6 [ � ]

�£P<G~`�LbU LbP_LVUDX<o Z 4 [ 6 [ � ] UDXkLbW Z 4 [ 6 [ /T] �&� ;�oY;cL
+∞
∫

−∞

f(ξ)
(

+∞
∫

−∞

∂2ϕ

∂ξ∂η
dη
)

dξ +

+∞
∫

−∞

g(η)
(

+∞
∫

−∞

∂2ϕ

∂ξ∂η
dξ
)

dη = 0. Z 4 [ 6 [ � ]
% P_L�LV:<Ui`yUi=_;KXkLVUdL�¢ Ui`yWYGQh£UDWYP~`F�&`VUdX~ac;

+∞
∫

−∞

∂2ϕ

∂ξ∂η
dη =

∂ϕ

∂ξ
(ξ, η)

∣

∣

∣

∣

∣

η=+∞

η=−∞
= 0,

+∞
∫

−∞

∂2ϕ

∂ξ∂η
dξ =

∂ϕ

∂η
(ξ, η)

∣

∣

∣

∣

∣

ξ=+∞

ξ=−∞
= 0 Z 4 [ 6 [D\ � ]

=<P<;zLbW�LV:<;tacWYE��SRka�LN`MPS�<�IWYJVLyWYl
ϕ(ξ, η) [ 9&:QPS`K�&;^OkP~RTBDU L�¢ Z 4 [ 6 [ ¦k] Ui`y�<JVWjhY;K= [
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0 8 1 Appendix: Classification of the second order linear partial differential

equations with constant coefficients

Differential equations with constant coefficients

w ;cLNPS`�aFWYXS`VUD=<;FJ	LV:S;zl�WkBdBDW���UDX<o�;^OkP~RjLVUDWkX�UdX Rn �
n
∑

i,j=1

aij
∂2u

∂xi∂xj
+

n
∑

i

ai
∂u

∂xi
+ a0u(x) = 0, x ∈ Rn; aij = aji. Z 0 [ 1 [D\^]

w ;cLHPS`�G<JbUdX<oNUdL�LbW�Lb:<;¤aFRYX<WYX<UiaFRYB l�WkJVE�� LV:SRTLHUD`K� LbW�Lb:<;fl�WYJbEm`MW�Lb:SRjL aij = 0l�WYJ
i 6= j.

9 W�RYaFaFWYE��<BDUD`V: LV:<Ui`K��aFWYXS`VUi=_;FJ	Lb:<;�BDUDX<;KRTJNab:~RTX<ok;zWTlrhjRYJVUiRTG<BD;K` �






y1 = c11x1 + . . .+ c1nxn,
. . .
yn = cn1x1 + . . .+ cnnxn,

Z 0 [ 1 [ � ]
WYJ^� UDX�LV:<;>hY;KacLVWkJ	l�WYJbEy�

y = Cx. Z 0 [ 1 [ ¦Q]
� X>Lb:<;¤aFW£WYJn=_UDXSRjLb;K` yk

� ;q:SR�hY; ∂u
∂xi

=
∑n

k=1
∂u
∂yk

∂yk

∂xi
=
∑n

1 Cki
∂u
∂yk

,
RTX~=>RYBD`VW

∂2u
∂xi∂xj

=
∑n

k,l=1 CkiClj
∂2u

∂yk∂yl
[ �£P<GS`MLVUdLVP<LVUDX<o�UdXQLVW Z 0 [ 1 [D\^] ��� ;�ok;cL

∑

i,j,k,l

aijCkiClj
∂2u

∂yk∂yl
+ . . . = 0, Z 0 [ 1 [ � ]

��:<;FJb;y=_WTLn`x=_;FX<WYLV;¤Lb;FJbEf`HLV:SRTL�aFWYXQLbRTUDX6BdWj� ;KJrWYJn=_;FJx=<;FJbUdhjRTLVUDhY;K`HWYlCLV:<;	l�P<XSacLVUDWYX
u [ ��;>aKRTX%��JVUdLV; Z 0 [ 1 [ � ] RY`	l�WYBDBdWj�C` �

n
∑

k,l=1

bkl
∂2u

∂yk∂yl
+ . . . = 0, Z 0 [ 1 [ *k]

��:<;FJb;
bkl =

∑

i,j

ai,jCklClj . Z 0 [ 1 [ � ]
� X LV:<;zEfRTLVJbU u�l�WYJbEy� b = CaC∗ � ��:<;KJV; a Ui`¤LV:<;zEfRTLVJbU u (aij)

� ��:<UDBD;
C∗ Ui`LV:<;>LVJnRTXS`V�IWk`V;zWTl

C [ 9&:SUD`yl�WkJVEHPSBDR�Jb;K`V;FEHG<BD;K`yLV:<;>LVJnRTXS`Ml�WYJbEfRjLVUDWYX�BiR^� l�WkJyLb:<;E�RTLVJbUdu|WYl�Lb:<;>OQPSRk=_JnRjLVUia¡l�WYJbE
(aξ, ξ) =

n
∑

i,j=1

aijξiξj . Z 0 [ 1 [ /T]
 �RTE�;FBD¢Y�&UdlrWkX<;zEfR+"Y;K`¤Lb:<;tab:SRYX<oY;zWYlHhTRTJbUDRYG<BD;K`

ξ = dη, d = (dij)i,j=1,...,n, Z 0 [ 1 [ � ]
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LV:<;KX��&LbR+"£UdX<o
d∗ = C

��WYX<;�oY;FLb`
(aξ, ξ) = (a dη, dη) = (d∗a dη, η) = (CaC∗η, η) = (bη, η). Z 0 [ 1 [ � ]9&:<;FJb;cl�WkJV;k�rU l�Lb:<;�an:SRYX<oY;|WYl�hTRTJbUDRYG<Bd;^` Z 0 [ 1 [ � ] G<JVUDX<oQ`>LV:<;%OQPSRY=<JbRTLVUia�l�WkJVE�LbWLV:<;N=_UiRTokWYXSRYB l�WkJVE

(aξ, ξ) =
∑n

1 bkη
2
k Z � ; "QXSW��*l�JVWkE LV:<; w UdX<;^RTJfACBDoY;FGSJbR¡Lb:SRjL`MPSan: R{an:SRYX<oY;¡WTl}hTRTJbUDRYG<Bd;^`�;Fu_UD`MLb` ] � Lb:<;FX|Lb:<;zab:~RTX<oY;¡WTl�hjRTJbUiRTG<BD;K` Z 0 [ 1 [ ¦k] ��UdLV:LV:<;�E�RTLVJbU u

C = d∗
G<JbUdXSok`>LV:S;�=_U � ;FJb;FXQLVUiRTB¤;^OkP~RjLVUDWYX Z 0 [ 1 [d\�] LVW�l�WYJbE Z 0 [ 1 [0*Y]��U Lb:�Lb:<;>`bRTE�;�=<UDRYoYWYX~RTB�E�RTLVJbU u

b �
n
∑

1

bk
∂2u

∂y2
k

+ . . . = 0. Z 0 [ 1 [D\ � ]
A�l Lb;FJ�LV:<Ui`yUi`�RkaFacWkE��<BdUi`V:<;K=@�&WYX<;zLV:S;zl�WkBdBDW���UDX<o�Ui`y�IWk`b`VUdG<BD; �
��[ det a 6= 0 [ 9&:<;FX3;KOQPSRjLbUDWYX Z 0 [ 1 [d\�] Ui`�aFRYBdBD;K=¥X<WYX~=_;FoY;KX<;FJnRTok;Y��RYXS= RTBDB bk UdXZ 0 [ 1 [D\ � ] aFWYP<Bi=�GI;�EfRY=_;�;KOQPSRYB�LbW ±1 [ 9&:<;FX�Lb:<;FJb;>RTJb;vLV:<Jb;F;��IWk`b`VUdG<UDBDU LbUd;^` �A [ ACBDBfLb:<; aFW£; �qacUD;FXQLb` bk RTJb;�WTl	Lb:<; `bRTE�;|`VUdokX Z RYBdB¤RYJV;�;KOQPSRYB�LVW +1

WYJUdX~`�Lb;KRY=�RYBdBtRTJb; ;KOQPSRYBzLVW −1 ] �zLV:<;KX�;^OQPSRjLbUdWkX Z 0 [ 1 [d\ � ] :SRk`�LV:<;3l�WkJVE
∂2u
∂y1

+ . . . + ∂2u
∂y2

n
+ . . . = 0

RYXS=4Ui` aFRYBdBD;K=4;KBdBDUd�<LVUia [ ACX ;Fu<RTE��<BD;�UD`�Lb:<;w RT�SBDRkac;z;KOQPSRTLVUDWYX Z 1 [ 8 [ � � ] �
% [ ACBDB�Lb:<;�acW£; �faFUd;KXkLn` bk G<P_LzWYXS;{RYJV;tWTl�LV:S;6`bRTE�;{`VUdokX���`VW�Lb:SRjL Z 0 [ 1 [D\ � ]LbR+"Y;K`¤Lb:<;�l�WYJbE

∂2u

∂y2
k

+ . . .+
∂2u

∂y2
n−1

− ∂2u

∂y2
n

+ . . . = 0 Z 0 [ 1 [D\Y\^]
RTXS=�Ui`�aFRYBdBD;K=�:Q¢£�I;FJbGIWYBDUDa [ A�X%;cu<RYEx�SBd;�UD`yLV:<;>� R^hY;�;KOQPSRjLbUDWYX Z 1 [ 7 [d\�] �

 [ �£WYE�;zWYl�Lb:<;>acW£; �faFUd;KXkLn` bk Z E�WkJV;vLb:SRTX%WYX<; ] RYJV;z�IWk`VU LbUdhY;k� ��:<UDBD;zWYLV:<;KJb`Z RYBD`VW�E�WYJb;vLV:SRYX%WYX<; ] RTJb;zX<;FoQRjLVUDhY; � LV:<;KX Z 0 [ 1 [d\ � ] :SRY`	Lb:<;zl�WkJVE
∂2u

∂y2
1

+
∂2u

∂y2
2

. . .− ∂2u

∂y2
n−1

− ∂2u

∂y2
n

+ . . . = 0 Z 0 [ 1 [D\ � ]
RTXS=�Ui`�aFRYBdBD;K=�P<B LbJbRY:Q¢£�I;FJbGIWYBDUia [ 9&:<UD`�UD`yWkX<BD¢|�IWk`b`MUDG<BD;zUdl n ≥ 4 [

� ��[ det a = 0 [ 9&:<;FX�;^OQPSRjLbUdWkX Z 0 [ 1 [D\^] Ui`�aKRTBDBd;^=6=_;Fok;FX<;KJbRTLV;k� WYJx�SRYJbRYGIWYBDUDaqUDX6LV:S;oY;FXS;FJnRTB�`M;KXS`M; [ ACX%;Fu<RTE��<BD;zUi`	LV:S;�:<;^RjL�;KOQPSRTLVUDWYX Z 1 [ 8 [D\ � ]c[
Problem 0 [ 1 [d\ . ��UdXS=5Lb:<;6aFRYX<WYX<UiaFRYB�l�WkJVE RTXS=%Lb:<;6an:SRTX<ok;>WYl�hjRYJVUiRTG<BD;K` Z 0 [ 1 [ � ]l�WYJyLV:<;>;KOQPSRTLVUDWYX

∂2u

∂x2
1

+ 4
∂u

∂x1∂x2
− 3

∂2u

∂x2
3

= 0. Z 0 [ 1 [D\K¦Q]
� � � 

���������  WYE��IWk`V;zLV:<;{OQPSRY=_JnRjLbUDavl�WkJVE Z 0 [ 1 [0/Y] RYXS=%G<JVUDX<o�U LNLVWgLb:<;t=<UDRYoYWYX~RTBl�WYJbE �

ξ2 + 4ξ1ξ2 − 3ξ23 = (ξ1 + 2ξ2)
2 − 4ξ22 − 3ξ23 = η2

1 − η2
2 − 3η2

3 . Z 0 [ 1 [D\ � ]
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9&:<;FJb;cl�WkJV;k� ;KOQPSRTLVUDWYX Z 0 [ 1 [d\^¦k] Ui`�WTl�:Q¢£�I;FJbGIWYBDUDaxL�¢£�I;Y� RY`�UdX Z 0 [ 1 [d\k\^]c[ 9&:S;¤ab:SRYX<oY;WTlrhjRTJbUiRTG<BD;K` Z 0 [ 1 [ � ] ��WYJ^� JnRjLb:<;FJ^� LV:S;�UDXQhY;KJb`V;vLVWgUdLK��:SRk`¤Lb:<;zl�WkJVE






η1 = ξ1 + 2ξ2,
η2 = 2ξ2,
η3 = ξ3.

Z 0 [ 1 [D\�*k]
9 WqG<JbUdXSo�Lb:<;K`V;�Jb;FBiRjLVUDWYX~` LbWfLV:S;}l�WkJVE�Rk`�UDX Z 0 [ 1 [ � ] �@WYXS;}X<;K;K=<`CLVW¤`VWYBDhY;};KOQPSRTLVUDWYXS`Z 0 [ 1 [D\�*k]��







ξ2 = η2

2 ,
ξ3 = η3,
ξ1 = η1 − 2ξ2 = η1 − η2.�<JbWYE :<;KJV;�� ;�oY;FLyLV:<;>EfRjLVJbUdu

d �
d =





1 −1 0
0 1

2 0
0 0 1





RTXS=@�CacWYX~`M;^OkPS;FXkLbBd¢k�
C = d∗ =





1 0 0
−1 1

2 0
0 0 1





9&:<;FJb;cl�WkJV;k� `VP<GS`MLVUdLVP<LVUDWYX Z 0 [ 1 [ � ] :SRY`	LV:<;�l�WYJbE






y1 = x1,
y2 = −x1 + 1

2x2,
y3 = x3.

Z 0 [ 1 [D\ � ]
A&aKacWYJn=_UDX<o6LVW Z 0 [ 1 [D\ � ] � LV:<;>aKRTX<WkX<UDaKRTB�l�WYJbE WYlH;KOQPSRTLVUDWYX Z 0 [ 1 [D\K¦Q] Ui`�RY`¤l�WYBDBDW��C` �

∂2u

∂y2
1

− ∂2u

∂y2
2

− 3
∂2u

∂y2
3

= 0. Z 0 [ 1 [D\ /T]
Problem 0 [ 1 [ � .

��UdXS=5Lb:<;6aFRYX<WYX<UiaFRYB�l�WkJVE RTXS=%Lb:<;6an:SRTX<ok;>WYl�hjRYJVUiRTG<BD;K` Z 0 [ 1 [ � ]l�WYJ�;KOQPSRTLVUDWYXS`
∂2u

∂x1∂x2
+

∂2u

∂x2∂x3
+

∂2u

∂x3∂x1
= 0 Z 0 [ 1 [D\ � ]

∂2u

∂x2
1

− ∂2u

∂x1∂x2
+ 6

∂2u

∂x1∂x3
= 0. Z 0 [ 1 [D\ � ]

Equations with variable coefficients
 CWj� � ;>Rk`V`VP<E�;vLb:SRjL�LV:<;tacW£; �faFUd;KXkLn`	UDX Z 0 [ 1 [d\�] RYJV;zhjRYJV¢£UDX<o �

n
∑

i,j=1

aij(x)
∂2u(x)

∂xi∂xj
+ . . . = 0. Z 0 [ 1 [ � � ]
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9&:<;FX�l�WkJ};^RYan:z�<u_;K=
x0 ∈ Rn WkX<;qaFRTXtacWYX~`MUi=_;FJ�Lb:<;q;KOQPSRjLbUdWkX���U Lb:�Lb:<;qaFWYXS`MLbRYXkLacW£; �faFUd;KXkLn`F� WkG_LbRYUdXS;K=�l�JbWYE LV:<;�hjRYJVUiRTGSBd;vaFW£; �qacUD;FXQLb`',�l�JVW (F;KX�-vRjL	Lb:<;��IWYUDXkL

x0 �
n
∑

i,j=1

aij(x0)
∂2u(x)

∂xi∂xj
+ . . . = 0. Z 0 [ 1 [ � \^]

9&:<;�L ¢£�I;>WTlHLb:<Ui`�;KOQPSRjLbUdWkX�Ui`�aKRTBDBD;K= LV:<;�L�¢£�I;�WYlr;KOQPSRTLVUDWYX Z 0 [ 1 [ � � ] RjLyLb:<;�IWYUDXkL
x0 [ 9&:<;�;cu<RYEx�<BD;�UD`	Lb:<;t9 JbUDaFWYE�U�;^OQPSRjLbUdWkX

y
∂2u

∂x2
+
∂2u

∂y2
= 0 Z 0 [ 1 [ � � ]

��:<UDan:%Ui`y;FBDBdUD�_LVUiazUDX�LV:S;�:SRTBdl � �<BDRYX<;
y > 0
�&:£¢£�I;FJbG~WkBDUDavUDX�LV:<;�:~RTBdl � �<BiRTXS;

y < 0
�RTXS=%=_;Fok;FX<;KJbRTLV;zWYX�LV:<;>BDUdX<;

y = 0 [
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