HYPERGEOMETRY
INSPIRED BY IRRATIONALITY QUESTIONS

CHRISTIAN KRATTENTHALER AND WADIM ZUDILIN

ABSTRACT. We report new hypergeometric constructions of rational approxima-
tions to Catalan’s constant, log2, and 72, their connection with already known
ones, and underlying ‘permutation group’ structures. Our principal arithmetic
achievement is a new partial irrationality result for the values of Riemann’s zeta
function at odd integers.

1. INTRODUCTION

Given a real (presumably irrationall) number v, how can one prove that it is
irrational? In certain cases (like for square roots of rationals) this is an easy task.
A more general strategy proceeds by the construction of a sequence of rational
approximations r, = ¢,y — p, # 0 such that d,,q,, d,p, are integers for some positive
integers d,, and 9,7, — 0 as n — oco. This indeed guarantees that 7 is not rational.
Usually, as a bonus, such a construction also allows one to estimate the irrationality
of v in a quantitative form.

Producing such a sequence of rational Diophantine approximations, even with a
weaker requirement on the growth, like r, — 0 as n — oo, is a difficult problem.
For certain specific ‘interesting’ numbers v € R such sequences are constructed as
values of so-called hypergeometric functions; for related definitions of the latter in
the ordinary and basic (¢-) situations we refer the reader to the books [Il, [14] 4].
One of the underlying mechanisms behind the hypergeometric settings is the exis-
tence of numerous transformations of hypergeometric functions, that is, identities
that represent the same numerical (or ¢-) quantity in different looking ways. An
arithmetic significance of such transformations is the production of identities of the
form r,, = r, say, where r,, = ¢, v —p, and r,, = ¢,y —p, forn =0,1,2, ..., while an
analysis of the asymptotic behaviour of r, or 7,, and of the corresponding (a priori
different) denominators d,, or d,, are simpler for one of them than for the other. In
several situations, the machinery can be inverted: the equality r, = 7, is predicted
by computing a number of first approximations, and then established by demon-
strating that both sides satisfy the same linear recursion. Such instances naturally
call for finding purely hypergeometric proofs, which in turn may offer more general
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forms of the approximations. It comes as no surprise that our computations below
have been carried out using the Mathematica packages HYP and HYPQ [7].

The symbiosis of arithmetic and hypergeometry is the main objective of the
present note, with special emphasis on (hypergeometric) rational approximations
to the following three mathematical constants (in order of their appearance below):

0o _1)k .
e Catalan’s constant G' = ;0 ﬁ7 /j\ii
= (1 a
elog2=) ~——F— = and
k=1 o
2 1 a7
cT=@=2m

k=1
which are discussed in Sections 2] 3 and [] respectively. We intentionally personify
these mathematical constants here, to stress their significance in the arithmetic-
hypergeometric context.

The construction in Section 4| indicates a certain cancellation phenomenon, which
we record in Lemmal [l Application of this new ingredient to a general construction
of linear forms in the values of Riemann’s zeta function ((s) at positive odd integers
leads to the following result.

Theorem 1. For any A € R, each of the two collections

22m(22m+2 _ 1)’BQm+2’
227+ — 1)(m + 1)(2m)!

{<(2m+1)—A 7r2m+1:m:1,2,...,19}

and
22m(22m _ 1)’32771’
{Q(Qm D =X G = 1 @m),

contains at least ome irrational number. Here B,,, denotes the 2m-th Bernoulli
number.

7r2m+1:m:1,2,...,21}

We prove this theorem in Section |5l Notice that
22m By | ((2m)
(2m)!  g2m

The only result in the literature we can compare our Theorem [If with is the one
given in [0, Theorems 3 and 4], which implies the irrationality of at least one number
in each collection

{ezm -2

€eQ form=1,2,....

Z00Bonl o 19, 169
m(2m)! ' S

and

22| By 42|
2 1) — N ———=mel p2mAl . — 1.2, 169

where A € R is arbitrary.
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2. CATALAN’S CONSTANT

A long time ago, in joint work with T. Rivoal [I1], the second
author considered very-well-poised hypergeometric series that rep-
resent linear forms in Catalan’s and related constants. The approx-
imations to Catalan’s constant itself were given by

. i(2t+n+ 1>n! [T, (t +n1 —j)Hyzi(tmﬂ)
—0 szo(t+] +3)°
_ VTDBn+2)T(n+3)T(n +1)
4nT(2n + 3)3
3n+1,2+3 n+in+ts,n+3,n+1

XGFFJ{ 3n 1 3 3 3 ;—1
St 2n+5,2n+35,2n+ 5, 2n+ 1

(1)

The approximations possess different hypergeometric forms, for example, as a 3 F5(1)-
series and as a Barnes-type integral as discussed in [17] and [18].

The use of partial-fraction decomposition in [I7] suggests considering a different
family of approximations:

[e%9) 2n—1 .
. :22("“)2(215—1)(2n+1>!nj:° (t—n+j)
n 2n+1 .
— [125 (2t —n— 2+ )
220D (20 4 2)T (n + 3)?
B I'(3n+ 2)?
mtlntd 34534k 348 2+
X L5 1 30 . 7 30,7 3n.,5 sm .5 1|
nty St TR Ty T

This is again a very-well-poised ¢ F5-series, but this time evaluated at 1. In addition,
it is reasonably easy to show that 2*"d3 |7, € Z+7Z G, where dy denotes the least
common multiple of 1,..., N, using an argument similar to the one in [I7].

Amazingly, we have r,, = r,,, which accidentally came out of the recursion satisfied
by r,. Our first result is a general identity, of which the equality is a special case
(namely, c =d = n+ 3).
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Theorem 2. We have
2 3n+1, 3" 5,n+— n+1,¢d ]
ol Lon+ g, LSt 2— e 3nt2—d
C TAn+3)IBn+2—-c)I'Bn+2—-d)I'(4n+3 —c—d)
S TBn+2)TAn+3—c)T(dn+3—-d)T(3n+2 —c—d)

X 6k
0 5[n+%,2n+2—§, M43 mp2-9d o3 d

Proof. We start with Rahman’s quadratic transformation [9, Eq. (7.8),

versed]
20—¢e,1+a—% 1+a—e ¢ d e,
Lta,14+2a—c—e, 1+2a—d—e,1+2a—26,
l+4a—c—d—e+n, —n _1}
—2a4+c+d—n,14+2a—e+n’
(14+2a—c),(1+2a—d),(1+2a—e€),(14+2a—c—d—e),
T (1420, (1+2a—c—d)p,(1+2a—c—e)(1+2a—d—e),
N et
1+a—e,1—|—a—§,%+a—c 1+a—‘21

8F7|:a
2’ 2

X 1159 [

a
2
1
2

in which we let n tend to oo:

2a — e, 1+a—§,§+a e, c,d, e 1
2,2—|—a 1+2a—c—e,1+2a—d—e, 1+ 2a—2¢’
F1+20)T(1+2a—c—d)T(1+2a—c—e)T(1+2a—d—e)
'l4+2a—c)T(1+2a—d)T(1+2a—e)l(1+2a—c—d—e)

c

6F5|:
a —

N,

X 7 F
76|: 1—|—a—e 1+a—§,§+a——1+a—§,§+

wlm

Now set a =2n+ 1 and e = n + 1 to deduce .

The corresponding g-version, which we record here for completeness, reads

e, 14565 545 5 5+% .1}

@, qETE g g, —gs, e, d g2
8¢7 L%é’ ALY s B N Y A }
B (372, "3 e, g3 /d, P72 Jed; q) o
(q4n+3 342 e, 32 /d, 43 [ ed; q) oo
il O e e ]
q y —4q » 4 /¢, q /¢, q /d, q /d a2
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3. LOGARITHM OF 2

Another strange identity is related to the classical rational ap-
proximations to log 2:

— TL—|—1 1)t

_F(n—i—l) n+1,n—|—1__1
T T@2n+2) Y 2n+2 0

1 . nq1 _ \n
:/ (1 —x) 4z
0 (1+$)n+1

The sequence satisfies the recurrence equation (n+1)r,+1 —3(2n+1)r, +nr,—; = 0,
and with the help of the latter we find out that r, = r,, for

S Gt DTG )
n 2n+1 .
— ! T "2t —n—147)

_ T+ 1)T@n+2) o+l 5+ 5+1
T T@3n+3) PP g g3 o7

The finding is a particular case of another general identity.

Theorem 3. We have

x, 2a (20 — z)['(2b — 2a) T, a,a+3
Fil| -1 = i1 2
? 1{%— } T(20)T(20—2a —x) > °| b, b+ 17 2)
Proof. This is a specialisation of a transformation of Whipple [1, Sec. 4.6, Eq. (3)]:
set b = k — a there and reparametrise. O

A companion ¢-version is

¢ _b/q’ \% _bq7 -V _bqa T, —T,a . _i
O\ /=b/q, \/=b]q, —b/x, bjx, —bja, 0,0° T " qa2
(0%, 0*/(a2)* ¢*)e , [2°, @, aq o b?
= (52/a27b2/x2;q2)oo 3¢2 b, bq 4 T a2x2 |’

which follows from [4, Eq. (3.10.4)].

To clarify the arithmetic situation behind the right-hand side of , we notice
that there is a permutation group for it used for producing a sharp irrationality
measure of ((2) in [I0]. As explained in [19, Section 6], a realisation of the group
for a generic hypergeometric function

T(az) T(by — a2) T(az) T(bs — az) . [ay, az, as.
I'(b2) I'(bs) 32 { ba, b3 ’ 1} (3)
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can be given by means of the ten parameters

coo = (ba + b3) — (a1 + as + a3z) — 1,

- a; — 1, for k =1,
B Vb —a; — 1, for k=23,

as follows. If the set of parameters is represented in the matrix form

Coo
11 C2 (O
’ (4)
Co1 Co2 (23
C31 C32 C33

and H (c) denotes the corresponding hypergeometric function in , then the quan-
tity
H(c)
F(Coo -+ 1) F(Cgl + 1) P(C31 -+ 1) F(CQQ —+ 1) F(ng + 1)

(5)

is invariant under the group & (of order 120) generated by the four involutions

a; = (011 021) (012 022) (013 623), az = (021 031) (022 032) (023 033),

b= (612 C13) (022 C23) (032 033), and b= (Coo 022) (011 033) (013 C31).

Notice that the permutations a;, as, and b correspond to the rearrangements a; <>
as, as <> as, and by <> bs, respectively, of the function (3f), so that the invari-
ance of under their action is trivial. It is only the permutation b, underlying
Thomae’s transformation [I, Sec. 3.2, Eq. (1)] and Whipple’s transformation [I]
Sec. 4.4, Eq. (2)], that makes the action of the group on () non-trivial.

With the method in [2, Section 3.3], if

al,ag,bQEZ and ag,b3€Z+% (6)

are chosen such that c;, > —% for all j and k, then the quantity H (¢) representing
satisfies

H(c) € Qlog2+ Q.

It is a tough task to produce a sharp integer D(¢) such that D(¢c)H (c) € Zlog2+Z
in the general case; it can be given in the particular situation where az — a; =
bs — by = j:% with the help of and the known information for the corresponding
o F (1)-series.

Observe that the group & = (ay, ay, b, h) cannot be arithmetically used in its full
force when the parameters of are subject to @ However, apart from the initial
representative , there are five more with the constraint that entries 13, 23, 31
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and 32 are from Z + %, namely

Ca2 C12 C33
C33 Ci2 C31 C11 Cpo C13 Co2 C21 C13
b ) )
€21 Coo C23 €33 C22 C31 C12 C11 Co23
€13 €32 C11 C23 (€32 C21 C31 (€32 Copo (7)
C11 C21
Cop C21 C31 Co2 (33 C13
s and )
Ci12 (€33 C23 Coo C11 C31
C13 C32 C22 C23 C32 C12

and another six which are obtained from and by further action of a;.
Remarkably enough, the choices v = 12n + 1, a = 14n 4+ 1, b = 28n + 2 and
r=14n+1,a=12n+1,b=28n+2 in , which originate from the trivial trans-
formation of the o F}(—1)-side and which correspond to an early (‘pre-Raffacle’ [§])
irrationality measure record [5], [13, [I5] 20], produce B-disjoint collections

1l4n—+1 16n+1
12n+1 8n+1 8n+3 4n+1 Tn+l Tn+3
Tn+1 13n+1 13n+3 and 6n+1 15n+1 15n+3
Tn+3 13n+3 13n+1 6n+3 15n+3 15n+1

on the 3F5(1)-side.

4. ™ SQUARED

Our next hypergeometric entry a priori produces linear forms not
only in 1 and ¢(2) = 72/6 but also in ¢(4) = 7*/90, with rational I
coefficients. It originates from the well-poised hypergeometric series
(

>, 25l (2n) 2 T (E—n+ )

2n .
—1 (4n)! szo(t - % + ])4
T (2n 4 1)° in+1l,n+3,n+3n+5n+3
T OT@n+ 3t Y 342,30+ 3, 30+ 3, 3n+3

Tp =

It is standard to sum the rational function
n 4An—1 .
R (t) = 25mnlt(2n) P TG (t —n + j)
(4n>! H]’ZO(t - % _'_])4

by expanding it into the sum of partial fractions; the well-poised symmetry R, (t) =
R,(2n — 1 —t) (and the residue sum theorem) imply then that

€ Q' +Qm +Q
forn=0,1,2,... . At the same time,

1, 19 , 125 ,
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and the sequence r, satisfies a second order recurrence equation, so that r, =
a7t — b,m? € Qn* + Qn? for all n. This happens because the function R, (t)

vanishes at t = 1,0, —1,...,—n + 2 so that
r= Y Ru(t),
t=—mn+1

and in view of the following result.

Lemma 1. Assume that a rational function

RO =33 7y

i=1 k=0

satisfies R(t) = R(—n —t). Put m = |(n—1)/2]. Then a;,_1 = (—1)'a;) and

[e.9] S o0

SRS S0

t=—m =2 /=1
1 even

S

=) a2 —1)¢(0) +ao € Q+Q* + Qrrt + - + QL2
=2

i even

where

B 0 forn even

a; = aip, fori=2,...,s, and ag=1< , ’

kZ:O S ’ {% R(—m —3), forn odd.

Proof. The property a;,,_ = (—1)%a; is straightforward to see from R(t) = R(—n—t).
Furthermore, we have

S RC-D= D Y et L Y o
t=—m i=1 k=0 t=—m (t +k 2) i=1 k=0 t=k—m (ﬁ 2)
S n o 1
=D D k) (¢ — Ly
=1 k=0 =1 2
s m 0 1 n k—m—1 1
P (Yo ¥ e X w X ey
i=1 k=0  l=k-m (€~3) k=m-+1 =1 (€=3)
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with the constant term equal to

S S )

k=0 l=k—m k=m+1 /=1
m 0 1 n k—m—1 1
=z<—1>z(zam-k > e D e X o)
i=1 k=0 t=k—m 2 k=m+1 =1 2

(take k' =n — k)

k'=n—m f=n—m—k’' k'=0 /=1
If n is odd, then n —m =m+ 1 and
s n 0 m m—k'
Qg Z(—1)2< Z i ! Z (¢ _1 1yi - Z ik (¢ _1 l)z)
i=1 kE'=m+1 f=m+1—k’ 2 k=0 =1 2
m 0 1
N (D S e S Sy
k'=m+1 2 k'=0 {=k"—m+1 2
s n —m—1 n 1
- z—: (k’Zm:—I—l - ; % ’ k”z’m:-i-l o (k' —m—3)
1 “ 1
— i - ik
> Z T S )
:—a0+zz G “““’__)z —ag + R(—m — §).
i=1 k'=

Similarly, if n is even, then n—m=m+ 2 and

sy SRR - -
aD:Z(_l)Z< _Z Qg Z_ (g_l)i_zai,kz’ z_: (g—%)z)

i=1 k'=m+2 l=m~+2—Fk’ 2 k'=0 =1
s n k' —m—1 1 m—+1 0 1
= Qg k' - — Qg k'
> 2 Tt e T
i=1 “k'=m+2 /=1 2 k'=0 I=k'—m 2
s n k' —m—1 m 0
> > ey :
= Qi - Qi k!
(g _ l)z (g _ l)z
i=1 “k'=m+1 =1 2 k'=0 l=k'—m 2
= —Aayp.
This implies the required formula for ay. 0

The characteristic polynomial of the recursion for 7,, as above is A> =123\ +1, and
its zeroes are quite recognisable: ((14+/5)/2)'0. After performing some experiments,
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it turns out that

Tp =

72 (2n )1 2n+1, 2n + 1, 2n—|—1‘1
(4n+1)12°" 2 n+2,4n+2 7|

where the latter is a ‘rarified’” sequence of the Apéry approximations to ((2). This
follows as a consequence of the hypergeometric identity

['(4n +2)*T(2n + 1)2 in+1l,n+in+in+3,n+i
TBn+23)t 7' 3n+33n+3,3n+2 3n+3

B 2n+1,2n+1,2n+1
_3F2[ 4n +2, 4n + 2 ’1]’ (8)

which is in turn the particular case where a = b = ¢ = 2n+1 of the following general
transformation.

Theorem 4. We have

F{ a, b, c }_F(—g+b+c+ ST(—% +204c+1)
2| ot e, —atbr2e | T TCatbter I a+2b+c+§)
XF(—a,+b+2c) (—=3a +2b+2¢)I'(—2a + 2b+ 2¢) I'(—2a + 4b + 2c¢)
[(—32 4+ b+ 2c) (=52 4 2 + 2¢) F(—a +2b+ 2¢) T'(—3a + 4b + 2¢)
—2a+2b+2c—1,¢c— 3, — —{—b+c,g,b——
3—;+2b+c,—g+b+c,— +2b+2c— b+ 2

X 5Fs [_ (9)

Proof. We start with the transformation formula (cf. [4 Eq. (3.5.10), ¢ — 1, re-
versed)

2 a, b, c 1| = ['2d)T(2d —2b—a)T(d—b+c)I'(d—a+c)

2d, d—b+c 7| T D2d—20)T(2d—a)T(d+c)T(d—b—a+c)

d— %g“rl =5 b 5 5+, —§1+d+§ d;1:|‘ 10)
+32, —b+d+3, —2+d+3,d-% £+4

2

X 7 Fg [d
2

To the very-well-poised 7 Fg-series on the right-hand side we apply the transformation
formula (cf. [II, Sec. 7.5, Eq. (2)])

76 {2

S+1,b,¢,d,e, f 1]
2

a—>b+1, a—c—|—1 a—d+1,a—e+1, a—f+1’

B IFla—c+1)I'(a—d+1)T(a—e+1)T(a— f+1)

T Te+D)IB)TRe—b—c—d—e+2)T(2a—b—c—d— f+2)

'Ba—2b—c—d—e—f+3)T2a—b—c—d—e— f+2)
'2a—b—c—e—f+2)T(2a—b—d—e— f+2)
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3a—2b—c—d—e—f+2,% —p-<—4_<c_ L2 q-b—c+]1,
32“—b—§—§—§——+1 2a —b—d—e— f+2,
a—b—d+1,a—b—e—+1,
2a—b—c—e—f+2,2a—b—c—d— f+2,
a—b—f+1,2a—-b—c—d—e—f+2
20—b—c—d—e+2,a—b+1 '

X 7Fg

Thus, we obtain

3F2Lz g’b’bc ;1}_ F2d)I(d—4)T(—¢+d+5)D(=b+d+3)T(5+9)
,d—b+c T(d+3)T(2d —a)T(2d — 2b) T( — £) T(c + d)
D(—a—2b+2d)T(—b+c+d)I(—a—b+ 243041
T —btetd)I(—% —btetdt HT(—a—brg+3yD
—5—st5+4T -1 —5—btctd+gz —a-b+35+5+3,

—a—btc+d —b+i+44L 24+ dql
§+g+2,—a+c+d,—§—b+c+d Tl

Next we apply the transformation formula (cf. [1l Sec. 7.5, Eq. (1)])

7F6|: 5+1,b,cde, f 1]

5,a—b+1, a—c—l—l a—d+1,a—e+1, a—f~|—1’
Fa—e+DI'(a—f+1)'(2a—b—c—d+2)T'(2a—b—c—d—e— f+2)
Fa+DT(a—e—f+1)T(2a—b—c—d—e+2)T(2a—b—c—d— f+2)

" F{Qa—b—c—d%—l a— ——5—3—1—5 a—c—d+1l,a—b—d+1,
746 b c d
a—§—§—§+ ,a—b—i—l CL—C+].
a—b—c+1,e f q
a—d+1,2a—b—c—d—e+2,2a—b—c—d— f+2’

(12)
We arrive at
nl abe PRI - )T+ 9 D(—a — 20+ 2d)
P2d,d=b+e | T T(d+ 3)T(2d —a)T(2d — 2b) T(c + d)
F(—a+c+d)D(=b+c+d)T(—2—b+5+3+1)
D(—4+5+4 - OI(—4—b+c+d+HD(—a—b+s+3 4+ 1)
—2_p4+ 54+ o b My —g+0+d+§,—§+g+
X7F6 a b c d b d a b d
—§f-s i+ T brd+g S -bto+dty,
%+§,—§—b+d—|—§,—b+§+§+§
—a—b+s+¥ 4+ c4d4 L 24443

X

l\')l»—l
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Now we apply again . As a result, we obtain

al abe CTERAOT(—§+d+3)T(5+ 4+ 3)T(—a—2b+2d)
U, d—b+ce | T(d+ 1) T(2d — a)T(2d — 2b) T(c + d)
F(—a+c+d)D(=b+c+d)T(—%—b+ £+ 3

D4+ ¢+4+ DT (-4 -b+c+d)(—a—b+ £+ 3

X7F6[—g—b+§+%d—1,—bg—g+3§+ff+l —b+i+4 —¢-b+d,
st A5 5+,
$5-%5-$+5+5-3

—a—b+i+3 2 _byce+d —b+d+ 3

X

;1. (13)

Here, we equate the second upper parameter and the last lower parameter in the
7Fg-series, that is,

a b c 3d 1 _ 1
—Z—§+Z+z+§——b+d+§,

or, equivalently, d = ¢ + 2b — a. If we make this substitution in , then the ;Fg-
series reduces to a 5Fy-series. The corresponding transformation formula is @ 0

g-Analogues of , @D, and can be obtained by going through the analogous
computations when using the g¢r-transformation formula [4, Eq. (3.5.10)] instead of
(0], the g¢7-transformation formula [4, Appendix (I11.24)] instead of (11]), and the
s¢7-transformation formula [4, Eq. (2.10.1)] instead of (12). The g-analogue of
obtained in this way is

—cd/q,iv/cdq, —iv/cdq, b, —b, ¢, —c,a d2
801 L\/cd/q, —iy/cd/q, —cd /b, cd/b d d, cd/a’q’
_ (d%q,cdq/a, cd®[a®b?, Pd? | ab?; ¢*) o (d? /0%, d? [ a, cd, —cd, cd /ab, —cd [ ab; q)
~(c2d?/a?b?, cdq, d2q/a, cd3/ab?; ¢%) o (d2, d2/ab?, cd/a, —cd/a, cd/b, —cd/b; @) s
cd? /ab*q?, \/cd3 2/ab?, —\/cd3q?[ab?, cd/V?, d? [ab? a,d/c,cd]aq. cdq
X 801 { VB a2, —\/cd a2, d? fa, cd, cd® [a?b?, A2 Jab?, d2q /b2 T Ta

(14)

Similarly to before, we equate the second upper parameter and the last lower pa-
rameter in the g¢r-series on the right-hand side, that is,

or, equivalently, d = cb?/a. If we substitute this in , then we obtain

—b2c 2/aqubc\/_/\/a —Zbc\/a/\/_ b, — —C,Q q E
zbc/\/_\/_ —ibc/\/ay/q, —bc* [a,bc? /a, bﬂc/a bQC/a 0?2 /a? T
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(b*2q/a?, BP2q /a2, b*cH Jad, b2t [aP: ¢) oo
(B2 /a%, b22q ) a, b c2q ) a®, bt b ) o
(bic?/a®,b%c? Ja, —b*c? [a, bc? /a?, —bc? [a?; @) oo
(b*c?/a?,b%c? /a3, —b%c?/a?,bc? [a, —bc? [ a; q) oo
|
—b*c?Ja*q,b*c?/a’, b c? Ja, b et [a®, bt a a2

2n+1

a g-analogue of @ Setting all of a, b, c equal to ¢ , we arrive at a g-analogue of

, namely

6n+2 ;,.3n+2 - 3n+2 2n+1 2n—+1
8¢7 —q , g , —Uq )
r3n+1 s 3n+1
y y —q »q

tq tq
B <q6n+3, qé’vn—i-?)7 _q6n—|-37 _q2n+1; q

T (8n+4 An+2 4An+2 4dn+2. in+2 L6n+4 6n+4 48n+4. 42
(gBnt4, —gint2 gint2 —gin+2; ) o (g2, gbntd, gbntd gBntds g2)

X6¢5{

—q q2n—§—17

_q2n+1 2n+1
)
An+2 _  4An+2

9 »q

In+2
)

4

) . 2n+1
An+2 q q4n+2 14,4 ]

)oo (q§3n—i-57 q4n+37 qﬁn—l—?)7 q6n+3; q2)oo

2n+1

4

2n+1

4

4
6n+3

»d
6n+3

4
6n+3

8n+2 An—+3
q y —q

2n+1 2n+1
»d .2 4n+3
An+1 .
—q » q

’q6n+3 4,4

5. ZETA VALUES

In this section we prove Theorem [I]

Proof of Theorem [I| Fix an even integer s > 8 and define the rational functions
_ nls=60 . 212t (¢ 4 1) Hj’il(t —n— % +7)?
[Tt + ) ’
s— n TT3 ;
S nlo=6. 2 [T (E—n — 3 + j)°
[T ot +5)° ’

both vanishing together with their derivatives at ¢t = u—n—i—% forv=0,1,...,3n—1.
Then Lemma (1| and the results from [21l Section 2] apply, and we obtain the linear
forms

o0 S

e =2 Ralv=3) = > a2 = 1)) + ao
=1 o
=\ dR, > i .
== S =) = D a2 - i+ ),
=1 o
?n = ZRH(U - %) = Z dl(QZ - 1)C<Z)7
v=1 1=2
[eS) an s A Z
Pom S Sy = 3 (@ - ¢+ 1) + o,
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with the following inclusions available:

da;, d*'a; €7 fori=2,3,...,s, and diag, d°May € Z.

n

Here d,, denotes the least common multiple of 1,...,n. Its asymptotic behaviour

di™ = e as n — oo follows from the prime number theorem.
The standard asymptotic machinery [16, Section 2] implies that

nh_{glo |rn|1/n = nh_{go |?n|1/n = g(wo)
and

i 7" = lim 7" = gla),
where

212(x + 3)5(x + 1)®
g(z) = " 7
(x +2)
and xg, z{, are the real zeroes of the polynomial
(x4 2)° — (v +3)*(x + 1)°

on the intervals x > 0 and —1 < x < 0, respectively. It can also be observed
numerically for each choice of even s that 0 < g(z[) < g(x¢), so that

lim |r, — pr! |V = lim |7, — i
n—00 n—00

1/n _ g ( xo)
for any real p and fi. Theorem [1| follows from taking p = A\/7 for the first collection,
i1 = 4w for the second one, and noticing that, when s = 40, we obtain

g(zg) = exp(—40.54232882...) and g(r;) = exp(—40.54234026. . .),
while for s = 42 we get

g(z0) = exp(—43.31492040...) and g(z;) = exp(—43.31492612...). O

Finally, we remark that further variations on Theorem [1| are possible by combining
the two hypergeometric constructions from this section and [21] (see also related
applications in [3] and [12]). As the corresponding results remain similar in spirit
to the theorem, we do not pursue this line here.
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