1. Show that, if p1,ps,...,p, are polynomials of the form p;(x) = a;2? ! + lower terms,
then

det (p;(X;)) =araz---ay H (X; — X5).

1<i,j<n -
1<i<j<n

(V)
1<i,5<n )

Afterthought: Can you find a combinatorial proof of the determinant evaluation?

3. Show that

2. Evaluate

det <(Xz + An)(Xi + Ap1) - (Xi + A1) (X + By)(Xi + Bjo1) -+ (Xi + BQ))

= I xi-Xx) [ Bi-4).

1<i<j<n 2<i<j<n

4. Let C, = 15 (") be the n-th Catalan number. Show that

2n +1i+j
det  (Coying)= ]I ———
0<i,j<n—1 J<icicm_1 +J

(Hint: Write C,, = (—1)"227+! (ifl) )
5. Show that

b/x;; " (abg’; q)i— —b

det 7, (/53 0)s =11 (abg’s )i1 ( ) [ (@ —=),
1<i,j<n (azj;q): i1 awl’Q)” 1<i<j<n

where the ¢-shifted factorials are defined by

() == (1 - a)(1—ag)-- (1 —ag"™})

if k is a positive integer, and (a;q)o := 1. (This is from “Lecture Hall Tableauz” by Sylvie
Corteel and Jang Soo Kim.)

6. Define the g-binomial coefficient [z\]\;] by
q

[N } _ (¢:9)
M|, (@am(@a)N-um
For a lattice path P above the z-axis, let A(P) denote the area between P and the z-axis.

Show that
Z A(p) |:CL + b:|
q
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where the sum is over all lattice paths P from (0,0) to (a,b).

ot ger (geitn [ ate
}:q q (et {q a—it ,
™ q
where the sum is over all plane partitions contained in the a x b x ¢ box.

8. Show that

7. Show that

i+j+k—1

—a(*}’ ja—ity) | atc 1-g
: (2)13%3217((1 a—1+7 . HHHl_qz+g+k2

1=175=1k=1

9. Show that

det ( 1 ) - H1§i<j§n(Xi - X;)(Y; = Yj)
1<ij<n \ X; +Y; H1gi,jgn(Xi + ;)

Some exercises on Pfaffians

The Pfaffian of a skew-symmetric matrix A = (A; j)1<i j<on is defined as

PfA= Z sgnm H Ai g,

m perfect matching of {1,...,2n} {i,j}em

where the product is over all pairs {i,j} with ¢ < j in the matching m, and sgnm =
(—1)#crossings of m - with a crossing being a quadruple (i,7,k,1) with i < j < k < [ and
{i,k} and {j,1}) being pairs in the matching m. For example,

0 Ao Az Aig
—Aip 0 Az Aoy
—Ai3 —Az3 0 Az 4
—Ayy —Ass —Aszs O

pf = A1 0A34 — A13A24 + A1 4 A2 3.

It is a fact that
(Pf A)® = det A,

so that computing a Pfaffian is, up to sign, equivalent to a determinant evaluation. (See
the article of Stembridge listed on the website

http://www.mat.univie.ac.at/ “kratt/bedlewo

of the course.)
The significance of Pfaffians in enumeration is (at least) two-fold:

(1) The number (generating function) of non-intersecting lattice paths with fixed star-
ting points but end points varying in some given set can be expressed in terms of
a Pfaffian. (One may even fix some of the end points and let the others be chosen

2



from the set.) This follows from the minor summation formula of Ishikawa and
Wakayama in Exercise 11.

(2) The number of perfect matchings of a planar graph can be expressed as the Pfaf-
fian of the adjacency matrix in which the sign of some entries has been changed
according to a certain rule. This is a theorem due to Kasteleyn, and is explained
in Section 2 of the article by Tesler on the website of the course.

10. Show that Pf(E) = 1, where E is the 2n x 2n skew-symmetric matrix with all 1s above
the main diagonal.

11. Let m, n, p be integers such that n+m is even and 0 < n—m < p. Let M bean n xp
matrix, H an n x m matrix, and A = (a;j)1<s,j<p @ skew-symmetric matrix. Show that

; Pt (AK) det (Mg * H) = (—1)(2) Pr (M_";%t 1(&)1) .

where the sum is over all subsets K of {1,2,...,p} of cardinality n — m, A¥ is the skew-
symmetric matrix obtained from A by selecting the rows and columns indexed by K, and
M is the submatrix of M which consists of the columns indexed by K.

(Hint: Show that left-hand and right-hand side of the identity are linear in the columns
of H. Use this observation to reduce the claim to m = 0. Then show that the two sides
of the remaining identity are both linear in the rows of M. Use this second observation to
conclude the proof.)

12. Let A be a 2n x 2n skew-symmetric matrix. Show that

1 n
Pf(A) = on | Z SgnUHAa(2i—1),a(2i)-
) i=1

oc€San,
13. Let A and B be n X n matrices. Show that

Pf (_‘ét ﬁ) = (-1)(5) det B.



