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LECTURE HALL TABLEAUX

SYLVIE CORTEEL AND JANG SOO KIM

ABSTRACT. We introduce lecture hall tableaux, which are fillings of a skew Young diagram
satisfying certain conditions. Lecture hall tableaux generalize both lecture hall partitions and
anti-lecture hall compositions, and also contain reverse semistandard Young tableaux as a limit
case. We show that the coefficients in the Schur expansion of multivariate little g-Jacobi poly-
nomials are generating functions for lecture hall tableaux. Using a Selberg-type integral we
show that moments of multivariate little g-Jacobi polynomials, which are equal to generating
functions for lecture hall tableaux of a Young diagram, have a product formula. We also explore
various combinatorial properties of lecture hall tableaux.

1. INTRODUCTION

Lecture hall partitions are partitions satisfying certain conditions introduced by Bousquet-
Mélou and Eriksson [2| B]. Anti-lecture hall compositions are compositions satisfying similar
conditions. Lecture hall partitions and anti-lecture hall compositions have been studied extensively
in the last two decades. See the recent survey written by Savage [25]. In this paper we show that
these objects are closely related to the little g-Jacobi polynomials p%(z; a, b; q).

For monic univariate orthogonal polynomials p,,(x) with linear functional £, the mized moment
tn ik and the (normalized) moment w, are defined by

_ L(="pr(2)) L(z")

Hn, ke = _C(pk($)2) ’ Hn = Hn,0 = ﬁ(l) .
See for example [4] 29} BI] for surveys on moments of orthogonal polynomials. Note that p, j is
the coefficient [pg(z)]z™ of px(z) in 2. We define the dual mized moments vy, j by the coefficient
[2¥]pn(z) of ¥ in p,(z). In other words, the mixed moments ji, ; and the dual mixed moments
U, 1 satisfy

n n
"= Z,un,kpk(x)v pn(x) = Z Vn,kxk-
k=0 k=0

In this paper we show that the mixed moments and the dual mixed moments of the little
g-Jacobi polynomials are generating functions for anti-lecture hall compositions and lecture hall
partitions respectively. We then extend this result to the multivariate little g-Jacobi polynomials.

A partition is a sequence A = (A1,...,A,) of nonnegative integers Ay > Ao > --- > A, > 0. If
Ai > 0, we say that A; is a part of A\. The number of parts of A is denoted by £(X). If £(\) = k,
we use the convention that A; = 0 for all ¢ > k. Let P,, denote the set of partitions with at most

n parts. For any sequence a = (aq, ..., ay) of integers, we denote |a] = a3 + -+ + ap.
In many cases, a family {p,(z)},>0 of univariate orthogonal polynomials generalizes naturally
to a family {px(21,...,2n)}rep, of multivariate orthogonal polynomials via
det (p)‘j+n*j(z’i)):;j:1
(1) p}\(l'l,...,l'n) = A(ZE) 9
where

1<i<j<n
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See for example [27]. Note that the Schur function sy(x) is also constructed in this way using the

basis {2"},,>0:
n

det (x;\J +n_j)

A(z)
Suppose that py(z1,...,z,) are multivariate orthogonal polynomials given by () with orthog-
onality

ij=1

salzi, ... xn) =

’Sn(pk(xlv cee ,.In>p#(171, s ,In)) = 5>\#K)\(n)7

where £, is a linear functional on the space of multivariate polynomials in variables z1,...,x,
and K (n) is some quantity depending on A and n. Considering sy (z1,...,%,) as a multivariate
analog of z*, we define the mized moment M) ,(n) of {pr(z1,...,2n)}rep, by

Ln(sa(@r, .. zn)pu(zr, ..., 20))
Lnlpu(e, ... 2n)?) ’
and the moment My(n) of {px(z1,...,2,)}rep, by

Lh(sa(@1,...,xp))
£,(1)
When the univariate orthogonal polynomials are the Askey-Wilson polynomials, the corresponding
multivariate polynomials are the Koornwinder polynomials with ¢ = ¢. In this case the moments
appear naturally in connection with exclusion processes [5] [§].
Similarly to the univariate case, the mixed moment My ,(n) is the coefficient of p, in the
expansion of sy:

Mk,u(n) =

Mx(n) := My p(n) =

a1, .. xn) = Z My (n)pu(ze, ..., xy).
HEPy

We define the dual mized moment Ny ,(n) by

oAz, ..., xn) = Z Ny p(n)su(xr, ..., xn).
HEPn

The multivariate little g-Jacobi polynomials p%(z1, ..., x,; a,b; q) are defined by the equation ()
using pZ(z;a, b; ). It is known that pk(x1,...,2,;a, b;¢) are multivariate orthogonal polynomials
with explicit linear functional £ related to the g-Selberg integral. Therefore, we can consider
their mixed moments Miu(n; a,b) and the dual mixed moments Nﬁﬂ(n; a,b). In this paper we
give a combinatorial interpretation for these quantities using new combinatorial objects called
lecture hall tableaux.

We introduce four families of lecture hall tableaux, which are fillings of a skew Young diagram
satisfying certain conditions. They generalize lecture hall partitions and anti-lecture hall compo-
sitions to a 2-dimensional array, and contain reverse semistandard Young tableaux as a limit case.
Here, we define two of the four families.

For a cell (4,7) in A, the content c(i, j) is defined by ¢(i,j) = j — 4. The notation p C X means
the Young diagram containment.

Definition 1.1. For an integer n and partitions A and p with g C X and ¢(\) < n, a lecture hall
tableau of shape A/ and of type (n,>,>) is a filling T of the cells in the Young diagram A/u
with nonnegative integers satisfying the following conditions:
T(ig) . _T(ij+1) T(ij) _ _T(i+1,)
ntc(i,j) " n+elj+1)" n4c(ij) T on+e(i+1,4)
We denote by LHT(;, > ~)(\/p) the set of such fillings and by LHT(,, < <)(\/p) the set of fillings
where the inequalities are changed to < and < respectively.

See Figure [Tl for an example of a lecture hall tableau. If A\/u has only one row (resp. column),
the lecture hall tableaux in LHT(,, > ~)(A/p) become anti-lecture hall compositions (resp. lecture
hall partitions). Lecture hall tableaux also generalize reverse semistandard Young tableaux in the
sense that if n — oo, lecture hall tableaux of type (n,>,>) become reverse semistandard Young
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FIGURE 1. On the left is a lecture hall tableau 7' € LHT(,, > ~)(A/u) for n = 5,
A = (6,6,4,3) and p = (3,1). The diagram on the right shows the number
T(i,7)/(n+ c(i,5)) for each entry (i,5) € \/p.

tableaux. Moreover, the lecture hall tableaux in LHT(,, > +)()A) whose entries are at most n are
exactly the reverse semistandard Young tableaux of shape A whose entrles are at most n.

Consider a sequence x = (zg, 21, ...) of variables. For T in LS;%Z LS;/L: <) , the weight
wt(T) is defined by

wt(T) = H xT(S)uLT(s)/(n-i-c(s))JUO(LT(S)/(n—i-c(s))J)7
SEN/ 1

where o(m) is 1 if m is odd and 0 otherwise. For example, if T is the lecture hall tableau in
Figure[l its weight is
wt(T) = zirdardaiaivsverou’v®.

We define the lecture hall Schur functions of shape A\/u and of types (n, >, >) and (n, <, <) by

LS§\7;M> >)(x U ’U) Z Wt(T),
TELHT (5, >,5)(M\ /1)
T S

TELHT (, <, <y (M 1)
These lecture hall Schur functions become the usual Schur functions when n — oo:

n,>, : n,<,<
lim LS( >)(x u,v) = 8x/,(%), nh_)H;OL;S'g/: )(x;u,v) = sx/w (X),

n—oo

where X is the conjugate of A. We show that they also have Jacobi-Trudi type formulas, see
Theorems [3.8] and

Let q = (1,¢,4¢>,...) be the principal specialization of x = (zg,21,¥2,...). In this paper we
show that the mixed moments M/\L#(n; a, b; q) and the dual mixed moments N/\L)H(n; a, b; q) for the
multivariate little g-Jacobi polynomials pf (z1,...,2n;a,b;q) are generating functions for lecture
hall tableaux.
Theorem 1.2. We have

<<
NE, (n; —uv, —u/v; q) = (1) VHILST <= (g u, v),

Mf)u(n; —uv, —u/v;q) = LS/(\75’>)(q; U, V).

Equivalently,
pR(z1,. .. T —uw, —ufv; q) = Z(—l)'A/“‘LSy/Z;’S)(q; w, )8, (21, ..., Tp),
pnCA
S)\('Ilv sy Z LS(n)>)>) qa U,’U)pﬁ(il?b ceey Ly —UD, —’LL/’U, Q)
pnCA

Note that the moments M¥(n;a,b; q) := MAL(D(n; a,b; q) and the dual moments N¥(n;a,b;q) :=
N /\Lw(n; a,b; q) are the generating functions for lecture hall tableaux of a normal shape A = \/0.
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We prove the following theorem, which shows that the moments and the dual moments have
product formulas. Throughout this paper we use the standard notation for g-series:

(@)n = (a:¢)n = (1 —a)(1 —aq) - (1 —ag" "), [Z] :<qq>(q<+)q>

Theorem 1.3. Given an integer n and a partition A into at most n parts,

AjAn—j _ gAitn—i (0 n—itl.
a q (—uvg SO
s g = ] L0 ] G,
o -1 _ i1 2, 2n—it1. ,
w<ici<n ¢ @ 1 (WP gy,
’ Xj+n—j _ glitn—i I (_U,an—i-l-l. q))\
LS(n,<7§)(q7 ’LL,’U) — qn()\)—n(k ) q . q _ 3 i
’ 1<E<n ¢t =gt };[1 (u2qn=H 12 ) _iqa,
X H (1- u2q2"+)‘i+>‘j*i*j+1),
1<i<j<n

where n(\) = Zf(:)‘l) (1 — 1N

The rest of this paper is organized as follows. In Section 2] we recall lecture hall partitions,
anti-lecture hall compositions and their basic properties. We show that the mixed moments and
the dual mixed moments of the little g-Jacobi polynomials are generating functions for lecture hall
partitions and anti-lecture hall compositions respectively. We also find a connection between the
mixed and dual mixed moments of univariate orthogonal polynomials and those of corresponding
multivariate orthogonal polynomials. In Section Bl we introduce lecture hall tableaux and their
multivariate generating functions called lecture hall Schur functions. Using lattice path models
we prove Jacobi-Trudi type formulas for lecture hall Schur functions. In Section Hl we prove
Theorem using the results in Section Bl In Section Bl we prove Theorem [[3] using a ¢-Selberg
integral for the first identity and determinant evaluations for the second identity. In Section [6]
we consider two other families of lecture hall tableaux and prove similar enumeration results. In
Section [7] we propose open problems and future generalizations.

2. DEFINITIONS AND BASIC RESULTS

In this section we define lecture hall partitions, anti-lecture hall compositions and the little
g-Jacobi polynomials. We present basic results of these objects and multivariate orthogonal poly-
nomials which are used in later sections.

2.1. Lecture hall partitions and anti-lecture hall compositions. A lecture hall partition is

a sequence A = (A1,...,A,) of integers satisfying
My e S Sy
n~ n—1" -1 -

Let L,, denote the set of lecture hall partitions A = (Aq,...,A,) satisfying the above conditions.
Bousquet-Mélou and Eriksson [2] first introduced lecture hall partitions and showed that

DON —

—.
e (¢ ¢*)n

See [25] for the origin of lecture hall partitions and their connections with many other objects.
An anti-lecture hall composition (or a planetarium composition) is a sequence o = (aq, ..., Qp)
of integers satisfying

e
1 = 2 = —n -
Let AL, denote the set of anti-lecture hall compositions o = (a, ..., a,) satisfying the above

condition. Corteel and Savage [6] showed that

a€AL,

Now we consider truncated versions of lecture hall partitions and anti-lecture compositions.
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Definition 2.1. For integers n > k > 0, we define

k 1 2 k
[ 7r . — — >0
n,k {()\17 7)\/6) € n > n 1 > > A 1= }7

Znyk—{()\l,...,)\k)EZklﬁZ A2 Z-~->L>O},

n n—1 “n—k+1
ALy = /e S U B U S
k {(alv ,Oék)e n—k+1_n—/€+2_ =n = )
T aq Q2 (673
AL, = VAR > 2S00,
ok {(al o) € n—k+1 n—k+2> > n - }

Note that each element in L, , or Ln,k is obtained from a lecture hall partition in L, by
truncating the last n — k integers and each element in AL, j or Hn,k is obtained from an anti-
lecture hall composition in AL,, by truncating the first n — k integers. In this paper we will mainly
consider L,, ;, and AL, .

For a sequence S = (s1,. .., sk) of positive integers and a sequence (81, ..., Sk) of nonnegative
integers satisfying
bbby
S1 S92 Sk

we define

o= (G- [5]) = (RHE] - 2)

We denote by o(8) the number of odd parts in 8. If the sequence S is clear from the context,
we will simply write [3] and [3]. For example, if A\ € L, or A € Ly, then [A] = |[A|4 and
AN] =[Ngfor S=(n,n—1,....n—k+1)andif « € AL, ), or « € AL, , then |a] = |a] 4 and
[a]l =[a]lgfor S=(n—-k+1,n—-k+2,...,n).

Now we define the following generating functions:

Ly x(u,v,q) Z w! P ye(AD \>\|
)‘eLnk

Zn,k(u,v,q): Z u‘D‘HUO(D‘])qP\l,
XEL, &

AL"qk(uavaq) = Z u‘LO‘”’UO(LO‘J)qlo“7
Q€EALy i

AL, p(uv,g) = S allllyedeDglel,
aeﬁn,k

Note that the floor function |-] is used for L, x(u,v,q) and AL, x(u,v,q), whereas the ceiling
function [-] is used for Ly, (u,v,q) and AL, x(u,v,q).

In what follows we will see that there is a simple map that gives a bijection between L,, , and
ka and also a bijection between AL, ; and ﬂmk. First observe the following lemma whose
proof is straightforward.

Lemma 2.2. For any integers a,b and v > 1 we have
> 2 zf and only if $F atl > btl,

- if and only if “+1 Zz’ﬂ ,

Z

WH

For a sequence 8 = (i, ..., B) of integers let 8T = (81 +1,..., 8% + 1). Then by Lemma 22
the following proposition is immediate.

—|NI@~

Proposition 2.3. The map X — AT gives a bijection from Ly to Zn,k- The same map o — ot
also gives a bijection from ALy, g to ALy 1. Moreover, |ANt| = |\ +k, [AT] = [AT, |at| = |a]+k
and [at] = |a]T
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By Proposition 2.3 we have
(2) In,k(uv v, q) = (uvq)kLn,k(uv 1/U7 q)u
(3) ﬂn,k(uv v, q) = (UUQ)kALn,k(uv 1/U7 q)

Corteel and Savage [7] found product formulas for L., 1 (u,v, q) and AL, x(u,v,q), see ([B) and
() below. Using ; their formulas together with @) and @), we can obtain product formulas for
Ly, x(u,v,q) and AL, (u,v,q). We summarize these formulas as follows.

Proposition 2.4. We have

o [n —uv n—k+1

(4) Ly i (u,v,9) = q(%) M qW’
_ B N (_ 71qn7k+1)k

(5) Ln,k(“u”a‘]) = ukvkq( )[k]q (u2 2n— k+1) ’

n wvg™ k+1
(6) AL k(u,v,9) = [k] W

_ n] (—uv~tgn k!

@ AL aus0.) = ()] S

q

2.2. Mixed moments and dual mixed moments of univariate orthogonal polynomi-
als. Let {p,(z)}n>0 be a family of monic orthogonal polynomials with linear functional £. The
(normalized) moment p, of the orthogonal polynomials is defined by

L(z"
= (")
L(1)
The mized moment piy i of the orthogonal polynomials is defined by

L")
" Lpk(@)?)
Note that p, = pn,0. Moments of orthogonal polynomials give rise to interesting combinatorics
[4, 29, 31]. Since {pn(x)}n>0 is a basis of the polynomial space, we can write

n
- Z Cn,kPk (JJ)
k=0

Multiplying pg(z) and taking £, we obtain

_— L(="pr(z)) _ -
T L(pk(x)?) -

Thus, the mixed moment fi, 1 is the coefficient [pr(x)]z™ of pi(z) when we expand z™ in terms of
the basis {p,(x)}n>0. We define the dual mized moment v,y of {pn(x)}n>0 to be the coefficient
[¥]pn (2) of 2* in pp(z).

By definition, the mixed moments i, , and the dual mixed moments v, j, satisfy

n

n
Z o kP (@ pn(x) = Z Vn k.
k=0

k=0

Therefore, we have

m m
(8) Z Hm,iVin = Z Um,ilbin = 5m,n'
=0 =0
Equivalently,

-1
(i) im0 = ((05)750)
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2.3. The little ¢g-Jacobi polynomials. The monic little q-Jacobi polynomials p%(z;a,b;q) are
defined by

aq; q)n " abg"t!
(9) Py (x5a,b;q) = _((n) ) 201 (q Z 1 ;q;qx) ,
(—1)nq~ =) (abg+1; q) q

where we use the g-hypergeometric series notation

a1 .- Or, 2| = - (al;Q)n"'(ar;Q)n _\n (721) 1+s—rzn
o (b1="'= nh >_,;)(q;Q)n(bl;q)n---(bs;q)n (( 1" ) :

They satisfy the following three-term recurrence relation:

Pra (@30,b5.9) = (2 = bn)pyy (x50, 0;9) — Aapry_ (w3 0, b3 9),
where b, = A, + C,, \, = A,,_1C,, for

" (1 —ag"")(1 — abg"*!)
(1 — abg?+1)(1 — abg?nt2)’

ag" (1 —q¢")(1 — bg")

(10) An = (1 — abg®)(1 — abg?n+1)’

Cn =

They are orthogonal with respect to the linear functional EaL’f given by

cEa(ra) = 3 PEDk gk pighy,

= (@G

See [13] for more details on the little g-Jacobi polynomials.
The (normalized) moment % (a,b; q) and the mixed moment ”7Lu (@, b; q) of the little g-Jacobi
polynomials are given by

L™

L)

Lo (a"pE (x;0,b;q))
Lo (ph(x;a,b;9)?)
Note that uf o(a,b;q) = p(a,b;q) and pk , (a,b;q) = 0 if n < k. By the g-binomial theorem,

(abg™ "% q) oo
(ag"*1:q) oo

Thus, we have a product formula for the moment u’(a, b; q):

pik(a,bs q) = . pk (e big) =

(11) L") =

L (ag; q)n
pE(abig) = B Dn_
( ) (abg?;q)n

The mixed moments and the dual mixed moments also have product formulas.

Lemma 2.5. We have

n a k+1. B
(12) ksl = || e

k|, (abg®+2;q)p—y’
e k+1. )
13 L b: = (=1 n—=k ( k) n (aq y4)n—k '
(13) Viwlabiq) = (=1)""q 2 k q(abq”+k+1;q)n7k
Proof. By (@) and (), we have
" (a ; —k b k+1
Lyi(a"ph(wia,b;q)) = L} (ag; 9) 201 (q v ;q;qw)
7 "\ =1k G (abgk+1; g, “q
_ (ag; )i (¢ "5 @)ilabg* 5 )i, (abg™ 2 q)o0
= q -
(—~Dkg~ G (abgh+15q), 5 (@ 0)ilagi@)i (ag" 1 q)oo
- (ag; @)r (abg™ 9o <q’“,abq’““,aq”+1. " q>
(~1)*q~ () (abgh+1;q)  (@g™H50)oc ag,abg™t? P
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By the ¢-Saalschiitz summation formula [11], (I1.12)], we obtain

2 —
a®q* (¢" 7 @) (bg; @)k (abg" T2 ) oo
(abg*+1; q)r(ag™ 15 q) oo

(14) LI (a"pk (wa,bq)) =

Since pZ(z;a,b; q) are monic, we have
L, L,
L0k (w50,b;.9)%) = L7 (" pf (w5 0, b3 ).
Thus, by ([[4]), we have

L7 . . —_
L@ py(w5a,0:0)) (¢ @)(abg™ 25 ) oo (ad* 5 @) oo

Lhipb(z;ab:0)2) (@ @0)k(abg®™ 2 ) (g™ ¢) o
which is the same ([[2)). The second identity (I3 follows from the definition ([@)). O

)

The following proposition shows that the mixed moment (resp. the dual mixed moment) of the
little g-Jacobi polynomials is a generating function for anti-lecture hall compositions (resp. lecture
hall partitions).

Proposition 2.6. We have

(15) Mflzl,k(_uvu —U/U;q) = ALn,n—k(uuvuq)v
(16) Vﬁ,k(_uvv —’U,/’U, q) = (_1)n_kLn,n—k(u7 v, q)
Proof. Equation ([[3) follows from (@) and (I2)). Equation (I6]) follows from ) and (I3). O

Remark 2.7. Tt is possible to give a different proof of (I2)) as follows. In [29] Chapter 1, Propo-
sition 17], Viennot showed that the moment uﬁyk(a, b; q) is the sum of weights of certain paths
in the quarter plane from (0,0) to (n, k). This interpretation gives the following recurrence for
uﬁ)k(a,b; q). If n >k,

i g (a,b3q) = bl 4 (a,b3q) + Mgty gy (a,059) + p ) 51 (a,b;q),

where by, and A, are given before (I0). Since p% , (a,b;q) =1 and ,ufl’k(a, b;q) =0 for n < k, (I2)
is obtained by induction. It will be interesting to find a direct combinatorial proof of ([IH), which
is equivalent to (I2]).

By () and Proposition [2.6] we obtain the following corollary.
Corollary 2.8. We have

Z ALm,m—i (u7 v, q)(_l)iinLi,i—n(uu v, Q) = 5m,nu
i=0

Z(_l)m_iLm,m—i(uu v, q)ALi,i—n (uu v, q) = 5m,n'
i=0

There is a simple combinatorial proof of Corollary 2.8 see Proposition

2.4. Multivariate orthogonal polynomials. Suppose that py(z1,...,x,) are multivariate or-
thogonal polynomials with linear functional £,,. The mized moment M} ,(n) and the (normalized)
moment Myx(n) of {px(x1,...,2n)}rep, are defined by

Ln(sa(@r, ... zn)pu(zr, ... x0))

M)\,u(n) = Qn(p#(:zjl,...,ilfn)z) ’

and
En(s,\(:vl, e ,l‘n))
£,(1)

M(n) == M g(n) =
By the orthogonality we have

S)\(Il,---,.fn) = Z M)\,,u(n)p,u(xla"'axn)'
HEPy
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We define the dual mized moment Ny ,(n) by

oa(Z1,. . ) = Z Nap(m)su(ze, ... zn).
HEPy

We need the following well known lemma.

Lemma 2.9. Let {p,(z)}n>0 and {qn(x) }n>0 be families of polynomials with deg p,(x) = deg qn(x) =

n and
n

pn(x) - ch,qu (I)
k=0
Then, for a partition A = (A\1,...,\n), we have

det (px,+n—; (xi))ijl = Z det (c/\ri-"—ivuri-"—j)zg‘:l det (qﬂj"‘"—j(xi)):j:l ’
HCA

where ¢; ; =0 if 1 < j.
Proof. Observe that

n
(o) = (onmin) o (w0,
b= k>0

1<j<n

By the Cauchy-Binet theorem, we have

n

det (pAiJrni({Ej)) = Z det (C)\iJrni”u].Jrnj)

BI=1 > > >0 ig=1

n n

et (en-ie))

i,j=1
Since ¢; ; = 0 for ¢ < j, the summand vanishes unless ¢ C A, which finishes the proof. O

The following proposition gives a connection between the mixed and dual mixed moments of
univariate orthogonal polynomials and those of corresponding multivariate orthogonal polynomi-
als.

Proposition 2.10. Let {p;(x)}i>0 be a family of univariate orthogonal polynomials. Suppose that
{pa(x1,. . xn) }rep, is a family of multivariate orthogonal polynomials defined by ([@l). Then the
mized moments My ,(n) and the dual mized moments Ny ,(n) for {px(x1,...,2n)}rep, can be
expressed in terms of the mized moments i, 1 and the dual mized moments vy, i, for {p;(x)}i>0 as
follows:

n

(17) M)\#(n) = det (:u’)\i“l’n*iyll«j‘i’n*j)i’j:l )

n

(18) N u(n) = det (vx, 4n—iu;+n—j)

In particular, M ,(n) = Nx ,(n) =0 unless p C .

ig=1"

Proof. By Lemma and the fact

n

2" = i ki (@),

k=0
we have
Aj+n—j n n n
det (xi] )ij:l = Z det (M)\i+n—i,uj+n—j)i7j:1 det (puj+n—j($i))i,j:1 :
’ HEX
Dividing both sides by A(x), we obtain (I7). By the same arguments, we obtain (8. O

3. LECTURE HALL TABLEAUX AND LECTURE HALL SCHUR FUNCTIONS

In this section we define lecture hall tableaux and their multivariate generating functions called
lecture hall Schur functions. We then study their combinatorial aspects.
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3.1. Lecture hall tableaux. For a cell (i,7) in A, the content c(i, j) is defined by c(i,5) = j — 1.

Definition 3.1. Let <; and <s be inequalities in {<,<,>,>}. For an integer n and partitions
u C X with £(X) < n, a lecture hall tableau of shape A/ of type (n,<1,<2) is a filling T of the
cells in the Young diagram of \/p with nonnegative integers satisfying the following conditions:
T(i, ) T(i,j+1) T, j) T(i+1,j)
— =1 — ) — =2 - -
n+c(i,j)  n+clij+1) n+c(i,j) T n+ci+1,])
We denote by LHT ,, <, ~,)(A/p) the set of such fillings.

See Figure [l for an example of a lecture hall tableau of type (n, >, >).
For T'€ LHT (;, <, <,)(A/ ), the weight wt(T') is defined by

wt(T) = H xT(S)uLT(S)/(nJrC(S))JUO(LT(S)/(nJrC(S))J).

SEXN/p
Let x = (x0,21,...). For a multivariate function f(x) = f(xo,z1,...) we denote f(q) =
f(1,q,¢% ...). Forasequence a = (a,..., ) of nonnegative integers, we denote X, = g, -+ * To,

Definition 3.2. The complete homogeneous lecture hall function h( " = h(") (x;u,v) is defined by
(x; u, v) ZX ulledslyollels)

where S = (n,n+1,...,n+k — 1) and the sum is over all sequences o = (as, ..., as) of integers
satisfying

M, 2 s S

n _n+17— “n4+k—-17

The elementary lecture hall function e,(cn) = e,(cn) (x;u,v) is defined by

(x: u, v) waw slye(As),

where S = (n,n—1,...,n — k+ 1) and the sum is over all sequences A = (A1, ..., A\x) of integers

satisfying
A A2 Ak
AL o> TF >,
n>n—1> >n—k—|—1_

Note that
B (x4, 0) = S xeulledlyetled) ™ (x;u, v) = > xR,
OteALn+k71,k )\ELn k

Recall the complete homogeneous symmetric functions
hk(x) = Z Liy =« Ty,
1122120
and the elementary symmetric functions
er(x) = Z Ty Ty
41> >0, >0

We have the following connections between these objects.

Proposition 3.3. We have

(19) nler;O h,(c") (x;u,v) = hg(x),
(20) nh_)rrgo e,(c") (x;u,v) = eg(x),
(21) h,(c") (x;0,0) = hg(z0, 21,y Tn-1),
(22) e,(c") (x;0,0) = ex(z0, 1y, Tn—1)
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Proof. We will only prove ([9) and (2I) because (20) and [22) can be proyed similarly.
First, we claim that for integers i, j, N with 0 <4 < N, we have + 2 N+1 1f and only if ¢ > j.
The “if part” of the claim is clear. For the “only if part”, suppose that N > N 7 and ¢ < j. Then

NH > I> 1 which is a contradiction to the assumption i < N.

We now prove (3. By definition,
B (s, ) ZX alledlyolal)

where the sum is over all compositions o = (al, ..., qy) satisfying
aq a2 ag
23 — > > — > 0.
(23) n _n+17 “n+4+k—-17
By the above claim, as n — oo, the condition ([23) is equivalent to oy > -+ > «p > 0, which
implies ([I9).
To prove (2II), observe that since | |a| | = |a1/n] + -+ |ar/(n + k — 1)], we have

h(" (x;0,0) ZXO"

where the sum is over all compositions a = (a1, ..., ak) satisfying
€75

24 1>3 > >..> Y% 5
(24) n_n—i—l “n+k-17

By the claim again, the condition (24) is equivalent to n > a3 > -+ > ai > 0, which implies

&1). O
By definition, we have h,(cn) (q;u,v) = ALpyr—1.%(u,v,q) and e,(cn) (q;u,v) = Ly x(u,v,q). Thus,

we can rewrite Proposition as follows.
Proposition 3.4. We have
e (—uv, = /v q) = ALy e (u,v,q) = B0 (@ u, ),
v (—uv, —u/viq) = (=1)" " Ly i (u,0,0) = (=1)" el (q;u,0).
By (®) and Proposition [3.4]

Zh z+1) (q w, v) (~1) " (1) (s u,v) = Z(—l)m_ie( ™) S, v)h("Jr )(q,u V) = m,n-
=0

The followmg proposition is a multivariate analog of the above equations.

Proposition 3.5. We have

(25) Zh”l)xuv( 1)i"(l) (X5 U, V) = Oy
=0

(26) (=)™ ™ (x;u, 0)h{" T (x50, 0) = G-
i=0

Proof. Let f(m,n) be the left hand side of ([28). If m < n, we have f(m,n) =0. If m > n,

n) =3 3 (-1 gul eIl o(laD+ollA),
=0 a,\

where the second sum is over all sequences « and A of integers such that

.011 >.042 >.”>04mz>0

t+1 e +2 - m

A A Ni—n
s 2 s > 0.
7 i—1 n+1

Moving the first element of A to « or vice versa gives a sign-reversing involution, which shows that
f(m,n) = 0pn. The second identity (28) can be proved similarly. O
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Replacing n by m — n, we can rewrite (23] as
n
Z(—l)lez(-m) (x;u, v)hfﬁi_n—‘_l)(x; U, V) = Op0-
i=0
If m — oo, the above equation becomes the well known identity

n

D (=1 ei(x)hn—i(x) = G 0.

i=0

3.2. Lecture hall Schur functions. For partitions 4 C A with £(A) < n and inequalities <1, <2,

we define the lecture hall Schur function LS;?’:I"Q)(X;u, v) by

LSE\T;SIK”(X; u,v) = Z wt(T).

TGLHT(71,<1,<2)(>‘/:U’)
By definition, we have

n n,>, n n,>,
h,(c )(x;u,v) = LS((k) >)(x;u,v), e,(C )(x;u,v) = LS’((l,C) >)(x;u,v).

Using the same arguments as in the proof of Proposition 3.3} we can prove the following propo-
sition.

Proposition 3.6. Suppose that =1 and »o are any inequalities in {>,>}, and <1 and <3 are
any inequalities in {<, <}. Then for partitions A and p with p C X and £(X) < n,

(27) nlgngo LS§\7}1717>2)(X; u,v) = 5)/,(x),
(28) nhﬂngo LS§\7/Z;;<17-<2)(X;U,’U) = Sy (X),
(29) LS&"’M’M)(X;O,O) = sx(zo, 21, .-, Tn_1).

Remark 3.7. Note that (2Z9) is not true if we use a skew shape A\/u or the other inequalities

<1 and <3. For every lecture hall tableau contributing a nonzero weight in LS’&"’H’H)(X; 0,0),
the entry in the cell (1,1) is the largest. Thus every entry is at most n — 1. On the contrary

LS§\7f1’>2)(x; 0,0) and LS;”"<1’-<2)(X; 0,0) do not have such a property.

There are Jacobi-Trudi type formulas for LS;%Z’>)(X; u,v) and LSS}’:’S)(X; u,v).

Theorem 3.8. Let A and p be partitions with £(A) < n and u C X\. Then

o “

(30) LS§’}5’>)(X;% v) = det (h&i,f:iffj)(x; u,v)>ij:1 ;
e ()

(31) L8377 s, 0) = det (75, 11 G v) ). =1

Theorem 3.9. Let A and p be partitions with £(A) < n and u C \. Then

N (o)
(32) L5§%<’S)(X; u,v) = det (e&fﬂtiﬁj (s, U))i j=1’
o £(\)
n,<,< n4i—\;
(33) LSi/lf )(X; u, ’U) = det (hg\;ﬁugfi)ﬂ (X; u, U))z =1 .

Note that if n — oo in Theorems [3.8] and [3.9] we obtain the usual Jacobi-Trudi formula for
sx/u(x). In the next subsection we prove Theorem 3.8 The proof of Theorem is similar and
thus omitted.
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0

0 1 2 3 4 5 6 7 8 9

FIGURE 2. A path in NW((8,0),(2,00)). This path corresponds to the anti-
lecture hall composition o = (a1,...,a6) = (5,4,5,5,3,3), which satisfy T >
BB F L0

3.3. Lecture hall lattice paths. We define the lecture hall lattice to be the infinite graph G =

(V, E), where
V= {(i—l,‘l),(i,‘l)}
121,520 ’ ’

and two distinct vertices (a,b), (¢,d) € V with a < ¢ are adjacent if one of the following conditions
holds:

ea=c—1land b=d,

e a = c and there is no vertex (a,e) € V withb<e<dord<e<b.
We define the strict lecture hall lattice to be the infinite graph G = (V5, Es), where

) J 1 . J
= U {(-14-3) (1)}
i>1,5>0

and two distinct vertices (a, b), (¢, d) € V, with a < ¢ are adjacent if one of the following conditions
holds:

ea=c—landb=d—1/c?

e a = ¢ and there is no vertex (a,e) with b <e <dor d < e <b.

A north step is a pair (u,v) of adjacent vertices in G or G, of the form u = (a,b) and v = (a, c)
with b < ¢. An east step (resp. west step) is a pair (u,v) of adjacent vertices in G of the form
u = (a,b) and v = (a 4+ 1,b) (resp. v = (a — 1,b)). A northeast step (resp. southwest step)
is a pair (u,v) of adjacent vertices in G4 of the form u = (a,b) and v = (a + 1,b + ﬁ)
(resp. v =(a—1,b— %)).

An NW-path (resp. NE-path) from A to B is a sequence (u1, usg, . . ., uj) of vertices in V' (resp. V)
such that u; = A, ugp = B and (u;, ui+1) is a north step or a west step (resp. a north step, or a
northeast step) for 1 < ¢ < k — 1. For vertices A and B in V (resp. V;), we denote by NW(A, B)
(resp. NE(A, B)) the set of NW-paths (resp. NE-paths) from A to B. If B = (b, 0), we define
NW(A, B) (resp. NE(A, B)) to be the set of infinite sequences (u1, ua, . ..), also called NW-paths
(resp. NE-paths), such that uy = A, limg_, o up = B and (uq,...,u) is an NW-path (resp. NE-
path) for each k.

For 0 < k < n, consider an NW-path p € NW((n,0), (k,00)). For 1 < i < n —k, let w; =
((ai, b;), (a; — 1,b;)) be the ith leftmost west step in p. Define @ = (a1,...,a,—%) to be the
composition given by a; = a;b;. Note that a; can be considered as the number of regions in
the lecture hall lattice below the step w;. It is easy to see that the map p — « is a bijection
from NW((n,0), (k,00)) to the set AL, ,_j of anti-lecture hall compositions & = (aq,...,an_k)
satisfying

aq > Q2 S>> Qp—k
k+1~k+2~ — =n
See Figure [2l for an example of this correspondence.

> 0.
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(0]
2 P ———
| e ————————
) Em————t
., 2 3 4 5 6 7T 8 9

0

FIGURE 3. A path in NE((2,—1/3%),(8,00)). This path corresponds to the lec-
ture hall partition A = (A1,...,X¢) = (15,12,8,5, 3,0) satisfying % > ’\—72 > % >
> 20 20 >0,

For p € NW((n,0), (k,00)), we define

wi(p) = H $ijum Uo(m),
w=((i,5),(i—1,5))

where the product is over all west steps w in p. Note that if « is the anti-lecture hall composition
corresponding to p, we have wt(p) = zoulpollel) We also define

Wi)j e Z wt (p)

pENW((4,0),(j,00))

By the correspondence between NW((¢,0), (j,00)) and AL; ;—;, we have
(34) Wi; = hl(»]:;l)(x; U, V).

Now consider an NE-path p € NE((k, —1/(k + 1)?), (n,00)). For 1 <i <n —k, let ¢; = ((a; —
1,b%), (as, b;)) be the ith rightmost step among all northeast steps in p. Define A = (A1,..., Ap—k)
to be the partition given by A; = a;b;. Note that \; can be considered as the number of regions
in the strict lecture hall lattice below the step e;. Similarly to the NW-path case, one can check
that the map p +— X\ is a bijection from NE((k, —1/(k + 1)?), (n,00)) to the set Ly, ,_j of lecture
hall partitions A = (A1, ..., A,—x) satisfying

A A An—
AL k

n n—1>“'>/€+1

See Figure [3] for an example of this correspondence.
For p € NE((k, —1/(k + 1)?), (n,00)), we define

wt(p) = H xiquJv"(U”,
e=((i—1,5"),(i,5))

where the product is over all east or northeast steps e in p. Note that if A is the lecture hall
partition corresponding to p, we have wt(p) = xyulMv°(lM) We also define

Lij = > wt(p).

PENE((4,—1/(i+1)?),(4,00))

By the correspondence between NE((i, —1/(i + 1)?), (j,00)) and L; j_;, we have

(35) E;, ;= eg-jji(x; u, v).
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0
0 1 2 3 4 5 6 7 8 9 10 11

FIGURE 4. The non-intersecting NW-paths corresponding to the lecture hall
tableau in Figure [l

Lemma 3.10. Let p = (1, i) SA=(A1,..., ). For 1 <i<mn,let A; = (N +n—1i,0)
and B; = (u; +n —i,00). Then

LS = X o) v
(p1,--sPn ) EW

where W is the set of n-tuples (p1,...,pn) of non-intersecting NW-paths with p; € NW(A4;, B;)
for1<i<n.

Proof. We construct a bijection ¢ : LHT(;,, > 5y(A/u) — W as follows. Let T € LHT(,, > 5)(\/ ).
The ith row of T satisfies
Tim-i-'l > Ti#h"i‘? > 0> T;)\i .
wit+n—i+1 " pgi+n—i4+2 " T At+n—i
By the same arguments deriving ([B4]), the ith row T corresponds to the path p; € NW(A;, B;)
whose kth leftmost west step is ((r,s), (r —1,s)), where r = p; +n—i+k and s = T} 4,41/ (s +
n—i+k). Then we define ¢(T) = (p1,...,pn), see Figuredl Since T'€ LHT(,, > ~)(A/p), we have
(p1,-..,pn) € N. It is easy to see that the map ¢ is a bijection and wt(T') = wt(p1) - - - wt(pn).
This completes the proof. O

The following lemma is a dual version of Lemma

Lemma 3.11. Let g = (1, ptn) SA=(A1,...,An) and & = L(N) = Xy, For 1 <@ <V, let
Ai=nm—XN+i—-1,0) and B, = (n — p}, +i—1,00). Then
n,>,
LSg\/M >)(X;u,'y) = Z Wt(p1)Wt(p2/),
(p1,---ppr )EE
where E is the set of n-tuples (p1,...,pe) of non-intersecting NE-paths with p; € NE(A;, B;) for
1<e <.

Proof. This can be proved by the same arguments as in the proof of Lemma [3.10] except that we
make the NE-path p; from the entries of the ith column of 7" € LHT > ~)(\/p), see Figure
We omit the details. (]

Proof of Theorem[Z.8. By Lemma [3.10] and the Lindstrom—Gessel-Viennot lemma, we have

n,>, n
LS,(\/N >)(X§U7U) = det(Wx4n—ip;+n—j)i j=1-

By (B4)), we obtain (30). Similarly, by Lemma Bl we have

o)

=
LSY;# >)(X; u, U) = det(Enfkg+i71,n7u;+jfl)i)j:1 .

By (B3)), we obtain (3. O
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FiGURE 5. The non-intersecting NE-paths corresponding to the lecture hall

tableau in Figure [l

4. MULTIVARIATE LITTLE ¢-JACOBI POLYNOMIALS

In this section we define multivariate little g-Jacobi polynomials and find a combinatorial in-
terpretation for their mixed and dual mixed moments.
For 0 < g < 1, the g-integral is defined by

/ @)= (1-0) S fag"ag",
n=0

/  fa)dge = / ' fl)dge / " fla)dge

Let x = (x1,...,xy,). For f,g € Clz1,...,2,],0<a<1/q,b<1/qand 0 <t <1, we define

ab trn—1
),t / / / Yo(z; a,b, t)dgx
xr1= =0 o= =0 ZETL—O

v(z;a,b,t) = Ax) HIE?M H 33?771(‘1177333'/331')27717

i=1 (gbzi)oo 1<i<j<n

where

a=q%and t=q".
The multivariate little q-Jacobi polynomials {pk(x;a,b;q,t) : X € P,} are defined by the fol-
lowing conditions:

(1) pk(t) =my + 2 < @ (t)my,, where < is the dominance order and my is the monomial
symmetric fllIlCthIl

(2) (P (), mu>L e =0if p <A

It is known [28, Theorem 5.1] that p%(z;a,b;q,t) is obtained as a limit transition from the
Koornwinder polynomial [I4], which is the BC,-type Macdonald polynomial generalizing the
Askey-Wilson polynomial.

In this paper we consider the case ¢t = ¢ of the multivariate little g-Jacobi polynomials, i.e.,

pf(xla"'axn;aab;q) ::pﬁ/(xl,.-.,l'n;a/,b;q,q)-

In this case pf(ml, ..., Tn;a,b;q) is orthogonal with respect to the linear functional EaL’f given the
following formula, see [27, (5.19)]:

(36) S0 = [ J@AeR Lo e =)

L (gbai)oo
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Stokman [27, Proposition 5.9] showed that if ¢ = ¢, the multivariate little g-Jacobi polynomial
can be written as a determinant of little ¢g-Jacobi polynomials:

det (pﬁﬁn,j (z3;a, b; q))
pﬁ/(xla"'axn;a’ab;q): A((E)

n

ij=1

Thus we can consider the mixed moment Miu(n; a, b; ¢) and the dual mixed moment N)ﬁﬂ (n;a,b;q)
of the multivariate little g-Jacobi polynomials p%(z1,...,2n;a,b;q). They satisfy

(37) a1, ..o xn) = ZMiﬂ(n;a,b;q)pﬁ(:vl,...,:vn;a,b;q),
HCA

(38) pf(xla .o 7$n7a7b7Q) = Z N){j#(n,a/,b, Q)Su(iUla e wrn)'
HCA

The following theorem implies that the mixed moments and the dual mixed moments are
generating functions for lecture hall tableaux.

Theorem 4.1. For a partition A with at most n parts, we have
NE L (ns —uv, —ufv;q) = (=) LS() < (g, v),
M, (5 —uv, —u/v; q) = LS{;=7 (qs u,v).

M
Equivalently,
pR(x1,. . s —uv, —ujv;q) = Z(—I)M/MLSS;;’S)(q; U, 0)su(T1, ..., Tn),
HCEA
S)\(xlv s 7:677.) = Z LS§7L2)>)(Q7 ’U,,’U)pﬁ(iﬂl, <oy Ty —UD, —’LL/’U, Q)
HCA

Proof. By [B8), in order to prove the first identity it suffices to show
N/\Lﬂ(n; —uv, —u/v;q) = (—1)M/“|LS§\7’;’9(q; u, ).
By (8], Proposition B4 and Theorem [3.9]
N)ﬁﬂ(n; —uv, —u/v;q) = det (V)\i-‘rn—i,uj-i-n—j(_uva —u/v; Q))ijl

— det ((—1)M—“f—i+je§fizi?+j(q, u, v))

n
i,j=1
= (_1)\A/u|LS/(\7ZL<7§)(q; u,v),
which establishes the first identity. The second identity can be proved similarly. (|
By taking the limit n — oo in Theorem EI] we obtain an infinite variable symmetric function.
Corollary 4.2. There is an infinite variable polynomial pf(:z:l, ...;a,b;q) such that
pX(x1,...5a,b;q) = nlirxgopf(xl, cey T a,b;q)

and

pf(frl, coa,biq) = Z(—l)‘A/ulsx’/u'(l,qviIQ, - -)Su(ﬂfl, o)
HCA

5. MOMENTS AND DUAL MOMENTS OF MULTIVARIATE LITTLE ¢-JACOBI POLYNOMIALS

In this section we prove product formulas for moments and dual moments of the multivariate
little g-Jacobi polynomials.

The moment M¥(n;a,b;q) of the multivariate little g-Jacobi polynomials p¥(z1, ..., zs;a,b;q)
is defined by
OIS

01

M (n;a,b;q) = M{y(n;a,b;q) =

3
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where 25)’5 is given in (30]).
The following is a Selberg-type integral due to Kadell [12], see also [30, Corollary 1.3]:

!
(39) [)o! /[Ollns,\(:vl,...,x) (x1,...,2 2H o=l (g7i3 Oodq:vl...dqxn

n' qﬁxh )OO

)

= qa(;)+2(§) H gt — qkﬁ_n_i ﬁ Fglat+n—i+ X)lg(B+i—1)lg(i+1)

\ijen  OTTE@Th T a+B+2n—i—1+X)
where T'y(2) = (1 — )" %(¢; @)oo/ (4%; @)oo~ We refer the reader to [10] for more information on the
Selberg integral.

Using ([B9) we obtain a product formula for the moment M¥(n;a, b; q).
Theorem 5.1. For a partition A = (A1,...,\,), we have
q)\j-i-n—j _ q>\¢+n—i ﬁ (aqn—i-i-l))\i
g1 L (apgzn=ivt) :

Mf(niabiq)= ]

1<i<j<n
Proof. Let a = ¢ and b = ¢°. By @8) and 39),
Sa Fsa(zr, ..., xn))

qifl _

Linea beo) —
M B5) = o)
7 H it it BT (a4 n— i+ 14+ M) (a4 B+2n—i+ 1)
\<idin gt —gi—1 Pl Fgla+l+n—lyla+p+2n—i+1+XN)
This is the same as the desired identity. O

We note that the connection between the Jacobi polynomials and the Selberg integral has been
observed by Aomoto [I] and further studied by many people, see for example [16, 08| 23| 24 27].

By Theorems [Tl and [5.1], we obtain a product formula for LS (q7 u,v).
Corollary 5.2. For a partition A = (A1,...,A\), we have

10> g = ]

1<i<j<n

Aj+n—j Ai+n—t 1 nfiJrl)

—4q (—uvg i

i—1 _ qul bt (u2q2n7i+1)>\

q

i

Note that by Proposition B.6] if we set © = v = 0 in Corollary £.2] we obtain the well known
identity for the principal specialization of the Schur function:

sx(1,q,...,¢" 1) = H

1<i<j<n

gl —gi-1
We now consider the dual moment N/\L (n;a,b; q) defined by
Ny (n;a,b;q) = N y(n;a,b;q).

Since

pf(l'l, o 7$n7a7b7Q) = Z N)%”u.(nva/ubv q)SH((El, e ,(En),
HCA

the dual moment N¥(n;a,b;q) is the constant term pk(0,...,0;a,b;q) of p¥(z1,...,2n;a,b;q).
We also have a product formula for the dual moment NE(n;a, b;q).

Theorem 5.3. For a partition A = (\1,...,\,), we have

Aj+n—j _ ANi+n—1i
n ’ —_n q J q
NE(m3a,bq) = (-1l ]

1<i<j<n

ﬁ (aqn—i—i-l))\i
¢t =gt (abgn A,

x H (1 _ abq2n+)\i+)\j—i—j+1)7
1<i<j<n
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where n(\) = Zf(:)‘l) (1 — 1)\

Before proving the above theorem, we present its corollary. By Theorems[Z.]and 5.3 we obtain

a product formula for LS;”K’S)(q; u,v).

Corollary 5.4. For a partition A = (A1,...,\n), we have

Aj+n—j _ q>\1+n7'L

n,<,< n(\)—n q
LS\ (qyu,v) = "N T

12[ (—’LL’aniiJrl))\i
2 n—it1+N,
1<i<j<n i (WP

¢t =gt n—it+A;

% H (1 — u2g@rhitr—izitl),
1<i<j<n
In order to prove Theorem 5.3 we need the following lemma.

Lemma 5.5. We have

1 " _p2 _(nt1 [icicj<n(®— aq"twiry) (v — i)

(40) det (7) =(=1)"""gq (s )$1$n == e .
(az;)i(b/x5)i ) ; ju [T (azj)n (g "0 )0
Proof. One can check that [{0) is equivalent to
i—1 n n—1
s . 1—ab z;xi) (T — x;
(41) det j - _ H1§1<g§n(n q ])( J )
(azj)i(qn=tba;)i ) | [[j=1(az)n(bx;)n

We will prove the following identity, which is equivalent to (@I)):
(42) det (3:;—71(aqixj)n,i(b:rj)n,i):jzl = H (1 — abg™ tayzj) (v — i)

1<i<j<n

Let f(x) (resp. g(x)) be the left (resp. right) hand side of (@2). Since f(z) = 0 whenever z; = z;
for i # j, it has [[,c;-;<,(¥; — 2;) as a factor. Moreover, if z; = 1/abg" 'z, one can check

that the ith column is equal to the jth column multiplied by (ab)l’”q*("’l)zx% Thus f(z) is a
multiple of g(z). Since deg f(z) = deg g(z) = 3(}) and their coefficients of 20z} ... 21! are equal

n

to 1, we obtain f(z) = g(z). O
We note that Lemma [5.5 is equivalent to [15, Theorem 27].
Proof of Theorem [5:3. By (I8) and (I3),

NE(n; —uv, —u/v; q) = det (Vfi_i_n_i)m_‘_n_j(—uv, —u/v; q))

n

ij=1

L . n—i+1 ) "
— det ((—1)Aiuji+jq(”£“) [” I )‘J} ( (—uvg )it )
q

Aj =gl (BN i )
4,j=1
Nj—i

— (—1)|/\/#| ﬁ q(( e Qn—itr; (—uvg

( i det < qi(A]‘ ) >"
- (S - - - .
1 (Dx—i( @i (WP ATy (@) (uPgr =), )y

Using Lemma with z; = ¢* 7, we obtain the desired formula. O

nfiJrl)

Remark 5.6. Note that our proofs of Theorem [5.1] and Theorem [E£.3] are different in nature.
We used a Selberg-type integral to prove Theorem [5.1] and a determinant evaluation to prove
Theorem The proof technique of one identity is not obviously applicable to the other identity.
It would be interesting to find another proof of each identity.

Converting M AL (n;a,b; q) as a determinant in Theorem [E.1] we obtain the following determinant
evaluation.

Proposition 5.7. We have

det (LU)/%)Z) = H (abql)(izgcli()ii - H (zj — x3).

(a)i i=1 1<i<j<n
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The above identity is equivalent to

n

(43) det («(b/a)i(aq wj)n—i); _, = [[(abg")ima(zi =0) [T (25 =)

=1 1<i<j<n

Note that [@3]) cannot be shown by just identifying the roots because there are multiple roots for a
and b. If we consider the both sides as polynomials in z;’s, their degrees are n? and (";'1) . Thus the
same method does not work either. It will be interesting to find a direct proof of Proposition 5.7

6. ENUMERATION OF LECTURE HALL TABLEAUX OF OTHER TYPES

In Sections B and Bl we obtained some enumeration results for lecture hall tableaux of types
(n,>,>) and (n, <, <). In this section we prove similar results for lecture hall tableaux of types
(TL, >, 2) and (na Sa <)

Let T € LHT, <, <,)(A/p), where <; and <3 are fixed inequalities. Recall that wt(7") is
defined by

wt(T) = H xT(S)uLT(S)/(nJrC(S))JUO(LT(S)/(nJrC(S))J)_
SEN/ 1
We also define wt(7T') by
wt(T) = H xT(S)UFT(S)/(nJrC(S))]UO(FT(S)/(nJrC(S)ﬂ).
SEXN/

For example, if T is the lecture hall tableau in Figure [,

wt(T) = zirivsaiairvsverouv®,
wt(T) = zpxirsaizizsrerou vt
Recall h,(cn) (x;u,v) and eé") (x;u,v) in Definition B2l where x = (29, 1,...) is a sequence of
variables.

Definition 6.1. We define
hk XU, v) ZX wlledlslyo(lels )

where S = (n,n+1,...,n+k — 1) and the sum is over all sequences & = (ay, ..., ay) of integers
satisfying

a1 [6%) (052

— > > >——— > 0.

n n+1 n+k—1
We define

&™ (x; 4, v) waw slye(As),

where S = (n,n—1,...,n —k+ 1) and the sum is over all sequences A = (A1, ..., \;) of integers

satisfying
/\1 /\2 )\k
s >..>———— > 0.
n _ n—17" _n—k—i—1>

By definition, we have
™ (x5, v) = S xedllellelol E )y = S xul Mo,
Qeﬂn+k71,k )\eLn,k

Observe that the variable xg in x is never used in E,(Cn) (x;u,v) and E,(c") (x;u,v).

For a sequence of variables x = (2o, 21, ... ), we define x* = (z{, 27 ,...), where 7 = ;1. In
fact, xT is the same as (21, Z2,...). However, in order to emphasis that the index of the sequence
begins with 0 we use x™ = (z§,z],...). The following lemma is an immediate consequence of

the map A — AT in Proposition 2.3
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Lemma 6.2. Let x = (xg,x1,...) be a sequence of variables. Then for integers n > k > 0, we
have

E;Cn)(x; u,v) =u Ukh(")( cu, v ),
E,(cn)(x; u,v) = ukvkel(c )(x+; u, v ).

Let <; and <2 be any inequalities in {>,<,>,<}. Recall that lecture hall tableaux in

LHTO; =12) may have entries equal to 0. We define LHT(;;:I"Q) to be the set of lecture hall

tableaux in LHT&? =1:%2) 411 of whose entries are positive. We also define

n,<1,<2)

LS’/\/M (x;u,v) = Z wt(T).

TELHT(7L,<1,<2) ()\/,U,)

Note that

(n)

7 +(n,>,>) (n) 5>

(x;u,v) = LS, (x;u,v), e, (x;u,v) = LSx) (x;u,v).

For any lecture hall tableau T, we define T to be the tableau obtained from T by increasing
every entry by 1. By Lemma[22] the map T — T'T gives a bijection from LHT(;;’E’>) to LHTE{;’;’Z)

and a bijection from LHT gf;f’<) to LHT &’}# <) Therefore we obtain a relation between lecture

hall Schur functions as follows.

Proposition 6.3. Let A and p be partitions with ¢(A) <n and p C A\. Then

LS,\%% 2 (x;u,0) = (uv)‘A/“‘LS(A75>)(X+?u’”71)’

LS;;; <)(X;u,v) = (uv)‘A/“‘LSg\z’;’g)(xﬂu,vil).
Recall that in Theorems 3.8 and 3.9 we have Jacobi-Trudi type formulas for LS (" 2:>) (x;u,v)
and LS " <’—)(x u,v). Comblnlng these results with Lemma [6.2] and Proposition IB:{I, we obtain

Jacobi- Trud1 type formulas for LS/\/M )(x; u,v) and LS;}’M ’<)(x; u,v).

Theorem 6.4. Let A and p be partitions with £(X\) < n and p C X. Then

—(n,>,> . (n—j+14p;) . £(N) (n+_] 1— HJ) ) 1709
LS’)\/H (x,u,v) = det (hk —p—itj (x,u,v))w_ L = det ( it (x,u,v))id:l ,
——(n,<,<) . (n—i+A;) . £ (n+i— N 1) . £N)

LSy, (x5u,v) = det ( iy it (x,u,v))m = = det (h)\/ i (x,u,v))id:l .

In Corollaries[.2and 5.4, we have product formulas for LS("’>’>) (q;u,v) and LS(" %) (q;u,v).
By Proposition [6.3, we obtain product formulas for LS (, >’_)(q; u,v) and LS(n’ ’< (q;u,v).

Theorem 6.5. For a partition X with £(\) < n,

Aj+n—j _ q)\iJrnfi n -1, n—i+1

11 (uv™g" ")
(u2g2n—i+1y,

i1 _ -1
q q i

(44) 57 (qu,0) = (wog [ 2

1<i<j<n

—n,<, n(\)—n
(45) TS5 (asu,v) = (wvg) Mg T

1<i<j<n

g1 — gi1

H (1 _ u2q2n+>\i+Aj7ifj+1)'

A cidi<n

—1 n 1+1)>\_

n
XH u?n z+1+,\) ~
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7. FURTHER STUDY

A lot of natural questions arise from these lecture hall tableaux. We list a few of them in this

section.

(1)

(2)

In this paper, we study the case ¢ = ¢ of the multivariate little g-Jacobi polynomials.
Stokman defined the ( q,t)-analog in [27]. Do we get nice combinatorics if we set t = ¢?
Can we use the t = ¢ version of Warnaar’s ¢-Selberg integral in this setting [30]?

There is a lot of recent activities around the enumeration of skew (semi)-standard Young
tableaux [19]. Naruse [2I] found a subtraction-free formula for the number of standard
Young tableaux of shape A/u. Morales, Pak and Panova [19] proved the following g-analog
of Naruse’s result:

N:—i

2 7q ’
SA/;L(LQﬂQ y .. ) = Z H 1— qh(i,j)’

SeE(N/p) (i,5)EXN\S

where sy/,(1,4q, q?,...) is the principal specialization of the skew Schur function, the el-
ements in £/, are certain subsets of A\/p called excited diagrams and h(i,j) = A\; — i +
A; —j + 1. In our setting, when n — oo, both LS = >)(x u,v) and LS(" < <)(x U, v)
converge to the principal specialization of a skew Schur function. It is therefore natural to
ask whether there exist Naruse-type formulas for LS’/(\75’>) (x;u,v) and Lng/L’;’S)(x; u, V).
The lecture hall tableaux define lecture hall tableau polytopes. When n — oo, these
polytopes are the Gelfand-Tsetlin polytopes, which are known to have nice properties [9].
The lecture hall polytopes were also studied by different authors. For a survey of those
results, see [25]. Do the lecture hall tableau polytopes inherit nice properties of these
families of polytopes?

Given a sequence a = (ay,as,...), an integer n > 0 and a partition A, the a-lecture hall
tableaux can be defined as fillings 7" of the diagram of A such that

Tij o Tigrr o Ty o Ty

- 3 — N
Ap+j—i Un+j+1—i  Ontj—i Ap+j—1—i

Here we study the case a = (1,2, 3,...). Are there natural sequences? In the case of lecture
hall partitions, Bousquet-Mélou and Eriksson [3] showed that, for example, given ¢ > 2,
the sequence with a; = fa;—1 — a;—o for all ¢ gives beautiful generating functions. Savage
and Visontai [20] studied a-Eulerian polynomials coming from a-lecture hall partitions.
Can we build a tableau analog of a-Eulerian polynomials?

In [29] Viennot found a combinatorial interpretation for pu, ¢ = £(z"ppe)

0 in terms of

Motzkin paths. Since

n

n
Z Hn, kpk pn(x) = Z Vn,kxku
k=0

k=0

we have
n+1

:Epk—zykzx ZykzZMn-ﬂf De-
=0

Multiplying both sides by p, and taking £, we obtam
k
Mn kb = Z Vi,iln4i,0-

i=max(n—~¢,0)

Note that jig ¢ = k¢ is the orthogonality of the polynomials, whose general version for
the little g-Jacobi polynomials is proved combinatorially in Proposition Is there any
nice combinatorial interpretation for p, i ¢ for the little g-Jacobi polynomials in terms of
lecture hall partitions? Is there a multivariate analog?
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(6) Last but not least, this phenomena that multivariate (dual) moments give rise to in-
teresting combinatorics seems to be a “universal” phenomena. In [5], a combinatorial
interpretation for the multivariate moments of the Koornwinder polynomials at ¢ = ¢ for
a specific A, which gives a positivity result for the Koornwinder moments. They conjec-
tured that the positivity is true for general A, see [8]. It is also known that Macdonald
polynomials are Schur positive; but no combinatorial model is known to prove this. It
would be great to have a general combinatorics theory for multivariate (dual) moments of
orthogonal polynomials.
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