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Hook length formula forshapes @

-
.

• A=( A , ,
... .de ) is a partition of n

if  i. 7 .  - . > de > 0 and hit . . .tde=n

• Young diagram of x=( 4.3.17 is

¥1*
• A standard Young tableau of shape

11=(4,3/1)is Put. 4517*
-

⇒
• hook length of XEK :

|§¥h#x , =p

THI fX= ¥1
U

hcx )

XER



Hook length formula for shifted

shapes
@

=
• A=( di

,
... he ) is a strict partition of n

if  A ,
> .  . . > de > 0 and hit . . .tde=n

• shifted Young diagram of X=( 8,7
,

5,2 )

'

-7
'

-

¥t#f¥I*HfE:tE¥¥¥¥*
SYT

h(X)= 13

Tim X is a strict partition of n

X n !

⇒

g=tn×,-
XER



Hook length formula for trees �3�
-

•

f) P : tree poset .

/ No The hook length of XEP
A @

is # { yep : yex }
hCX)=6

Thin # linear extensions of P is ×¥phh÷xJ .

5 5 5 5 5

¥

ftp.noodygnoodyfsmgzo.dk1 1
2 3 3 2 1 3 3155 505Its #

8

30%45%440%3the
1 2 2 1 1 2 2 1



• reverse SYTS arelinear extensions
.

�4�

-

•→-•-•µ#µ -

bqt•t→
poset rotated 450

. *Ifk
• •87-648 7 6 4H#e-¥¥:* .

1 a 1

Thin P : poset ( shape ,
shifted shape or tree )

⇒ # linear extensions of P

n !

÷ had

xep

Proctor generalized this to d- complete posets .



P - partitions
�5�

÷. poset .¥
A p -partition is an order - reversing map .

( p :p → NS.trcx ) > Oly ) if xepy )

*

KEE: .pl#?.mzt*EIe.kEtEH
( reverse plane partition )

1593k£
a

⇐ '

10*0*3374 ( shifted RPP )

• The size of o :p→N is 151=-2 OCX )
.

•

GFgCP7=
. ;§→µqm

×e P



Note: This theorem has been proved

Proctor (with Peterson),

Ishikawa and Tagawa, and Nakada.



Proctor proved more general 

colored-hook length formula.



Okada conjectured even more general

hook length formula with Macdonal

weights.


of - Hook length formula @

⇒P : shape ,
shifted shape or tree

GENIE
,µd"=x¥.iq#FActj..E,ayqm=EEEm9I

( I - g) ( tq2 ) . . . ( tqnT

Thin ( Proctor )

p : d- complete poset .

GECMI.IE#8*=xFpKx

Goal : Prove this theorem
.



Outline of Proof �7�
.

• ( Proctor ) Every d- complete poset is a Slant . sum of

irreducible d- complete posets .

• ( Proctor ) There are 15 classes of irr . d. c. P .

• ( Kim
,

Stanton ) GFQCP ) can be written as of
- integrals .

1. show that irr .
d. c. P are enough to consider

.

2
. Express CTFQCP ) for each irr

. d. c. p P as g- integral .

3. Evaluate the g- integral .

( Among 15 integrals ,
2 of them are Known

,

11 of them can be evaluated by computer . )



d- complete poset �8�

÷f- P is d- complete if [ M means [ x. y]

oe.IT#Eiol*et*iasop*ya
,

Det P : d- complete .

The hook length ofKEP is

o

ha ,)={
has '+h' ⇒ ' hcw ) if

(foggy
# YEX otherwise

Mikey; Ef¥Ii¥÷.

'4k¥



IIibdempet_epo.es 90

shifted shapes
.

shapes



@



SIME @

Def P : d- complete .

xep : acyclic if

�1� k is covered by at most one element
,

�2�

ftp..la
,

ttueafymisiidzpacyhcasic elements ,

Def P
, ,

Pz : d- complete . KEPI , yepz ,

k : acyclic
Y : Max of Pz

Slant sum p , "\yPz is

1€•

Ihm( Proctor §
Every d- complete poset is a Slant sum

of irr . d- complete posets .



Semi - irreducible d- complete posts @

÷
= A semi - irreducible d- complete poset is a poset

obtained from an irr .
d. c. P . by adding a chain

below eachacyclic element .

ex '
.

oo

;¥s# → one.EE#r0 %
9%

to

irr
.

semi - irr .

Lein P
,

Q : d- complete .

KEP : acyclic , YEQ : max
.

IQI

GFq(p×\yQ ) = GFQ ( P
'

) GFQCQ ) . Tctgi )
it  I

CIR It  is enough to P '=

Egg ,a ,

consider semi - itr
. d. c. p .



of - integrals Y 130
-

×~y=fcx
,

•

soafcxsdx
- area of oµgµ%%¥%

.lt#=nfiamFeofcxi)cxi.xi+D=ax

rxn . - . Xi No

Def q - integral×i=a9i
( o<q< 1)

foafcx )dqX= Tfzflaqi ) ( aqi - aqit
'

)

fabfcx )dqX= Sobfccydqx - foafcx )dqX

Note
qfiyyfbafcx )dq×= fabfcxidx .

FAI fbaxndax = IIHqt . . . + qntt



Otderpolyo 140

Def P : poset  on { xp . .  . ixn }
.

( naturally labeled )

The order polytope of P is

0 ( p ) ={ ( X , , ... ,xn)E[ 0,1 ]
"

: XIEXJ if XIE pkj }

X
}

914
e×)

p = YIo(p)={ ( x , ,xz,X},X¢)e[ 0,1341
all Kc EXZ

,
XZEX 3 , XzEX4 }

• We can consider g- integrals over OCP )
.

focpyftxlixzixzsixc )dqXidqX2dqX3dqXy

=

got got fmjhtx
" " )

µ2 fcxi.xz.es/X4)dqXidqX2dqX3daX4



q.int#orderpoyope.

150

Thin ( Kim
,

Stanton .

2016
)

p : poset on { Xii .  . - ixn } ( naturally labeled )

fog, ,f( Xi ,
... ,Xn)dqXi

-  '  . dqxn

=p. q )
"  

I fcqot
' '

,
... ,

qotn
'
) ql

"

o :P → N

In particular ,

focp ,
daxl '  '  ' dqXn= Ct 8)

"

GFQCP )

Note : If P is not naturally labeled ,

we have ( Rw ) - partitions .
( The label w is related to

order of integration . )



Attachhgshftedhaps @

attach shifted

Led ( Kim ,
Stanton

,
2016 ) .

P : poset on { ui ,
... ,un }

P

@P§o.gg?7.j.zIyY.aPeXtsk
Q : poset

 on { Vi ,
... .VN } Yi°

y ,
< .

. .< Ujk : chain in P Q
dk = ( k - 1

,
... -1,0 )

( with certain conditions )

So
( a

,fC×n
. . . ikn)dqU' ' - DQVN

= ¥
nfocp

,fc×
' '

.im?.gkYYg#n?kdqui...dqunaxCxi,....xD=det(xYi)iy?=

,
,

( gig)n=f
.g) a- qy . . . ( tqnj



Expressinggtqcpaqhtgrd . 170

Observation : Every semi - irreducible d. e. p is obtained

as follows .

×

I °TIiIIIII±o
O 0

K }
→

0 6

P = × 2
°

°

74

chain Attach µ + 03

t
° - 0 - 6 - o -

6 a  •

°

EE;II
'

to IIIEIIT"
-:[;]I

.

o_O1 ←
• -

a ←

;
- ;-

; , o
. •

o - °
-

o
° to!-! -! Attach Jzd-! Attach Jz

Attach A +53 and a chain above the top .

GFQCP )= focp,dqY,
" ' dqyn ~ f

Aµ+qCX2,×3ix4)Asz(×n×z)As{X},X¢
)

OEXE . . . EXQET . A ,|+d3( X , ,Xz,X } ) dqxl . " dgxn
.



Ittner @

FAI '

g xin .
.  . xnandgx,

. . .dg×n= ¥, ¥1- gait
' . ' + aitc

OEX , E. . .EXnE1

Thus
,

•
¥

... ,
,,ag%uto3(×2'

×3
'

× 4) Asd × "×2)Ao{×3'KDA ,Ho3Cx , ,xz,X} ) dqx ,
. . .

dgxg
can be evaluated by computer !

There are 19 classes of semi - irr
.

d. c. p .

⇒ " 19 g- integrals to evaluate
.

15 of them can he done by computer .

( Took 11 hrs . )

z of the remains
one Known

.

⇒ we need to evaluate 2 g- integrals
.



* Semi - irr
.

d. c. p .
of class 4 . 190

.

Xntl•Xnix.: xz µ^Hi=|
Mitt if i<l

Py =

°xi
µi+ , if iZlGFq(P4)~

f Xnk Anton . ,( Xi , ...

.Xnt)Aµ+gn+
.CH/....Xnti)dqXii.idqXn+ ,

mmm

oexieiiexn " "

=j¥.my#lxMny,thttlaycn+gnCxi,....xn)

= j¥ ,

got ennttlxnmuetht
't

S xnkaxtsmtxi , . .

.ir/n-Dayce4gnCxi;;Xn)oEX.E...EXnEXnt1=neEgolGj+ltxnMy,thttl+ktlNtlmce)1+(ny)+(n
)

d9×' '  '  ' d9×n dqxn.ci

dqxntii Yl
.



GFQ ( Pa ) ~ e¥g
'

Ae Ye
,

( Ae : easy constant ) @

Ye = S Xnk Axton .
,( Xi , . . .

, Xn - Day (e)
+ gnfxi ; XD dqx ,

. - . dqxn
OEX , I . . .  E X

n E Xntl

Ye ~ GFQ ( Qe ) =  ⇒ GE ( QI ) = ⇒ icgtgn
'

xtelue , ÷qnHT

anti.ie#IiEIFaienieEEtIEtEE...
.



The hook length formula is equivalent to the following identity.

This can be obtained by the known partial fraction expansion.

The hook length formula for the remaining semi-irreducible d-complete poset can be proved similarly.

In this case we need the following partial fraction expansion.

20
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