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PeErMuUTATION POSET

A permutation class is a downset in the permutation poset. In
other words, if 7t is in the class € and o < 7, then we must have
oecC.

A class can be specified by the set of minimal permutations not
in the class, called its basis.

The class with basis B is denoted Av(B).
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The permutation 2175346 can be sorted by a stack.
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output I_I input

Not all permutations can be sorted by a stack.

Permutations containing 231 cannot be sorted by a stack. In
fact, the permutations that are stack-sortable are exactly those in
Av(231).
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The permutations that can be generated by a stack are exactly the
inverses of those that can be sorted by a stack.
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GENERATING WITH A STACK
The permutation 2156473 can be generated by a stack.

2156473

output I_I input

(Notice the stack always holds a decreasing subpermutation
when read top to bottom.)

The permutations that can be generated by a stack are exactly the
inverses of those that can be sorted by a stack.

A stack can generate the permutations in Av(23171) = Av(312).
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The stack can be thought of as a container that always holds a
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» push a new maximum entry into the container such that
the container holds a decreasing permutation
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GENERALIZING STACKS

The stack can be thought of as a container that always holds a
decreasing permutation, where at any time we can:

» push a new maximum entry into the container such that
the container holds a decreasing permutation

» pop the leftmost entry out of the container.

2156473
output input

Since the container holds permutations that avoid the pattern
12, we call this the Av(12)-machine.
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GENERALIZING STACKS
We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

12345
output input
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GENERALIZING STACKS
We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

2345
output input
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GENERALIZING STACKS
We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

345
output input
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GENERALIZING STACKS

We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

output input
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GENERALIZING STACKS
We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

31 45
output input
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GENERALIZING STACKS
We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

31 5
output input
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GENERALIZING STACKS
We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

315
output input
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GENERALIZING STACKS
We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

3152
output input
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GENERALIZING STACKS
We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

31524
output input
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GENERALIZING STACKS

We allow a third operation: an entry can bypass the container
and move straight from the input to the output.

In the Av(12)-machine, we didn’t need the bypass because we
could just push and then immediately pop.

31524
output input

The Av(21)-machine generates the class Av(321).
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ExampLE: THE Av(231,132)-MACHINE

1234567
output input

Whenever the machine is nonempty, there are always two places
to push a new entry.
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ExampLE: THE Av(231,132)-MACHINE

234567
output 1 input

Whenever the machine is nonempty, there are always two places
to push a new entry.
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ExampLE: THE Av(231,132)-MACHINE

34567
output 1 2 input

Whenever the machine is nonempty, there are always two places
to push a new entry.
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ExampLE: THE Av(231,132)-MACHINE

3 4567
output 1 2 input

Whenever the machine is nonempty, there are always two places
to push a new entry.
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ExampLE: THE Av(231,132)-MACHINE

4 3 567
output 1 2 input

Whenever the machine is nonempty, there are always two places
to push a new entry.




PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

ExampLE: THE Av(231,132)-MACHINE

41 3 567
output 2 input

Whenever the machine is nonempty, there are always two places
to push a new entry.
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ExampLE: THE Av(231,132)-MACHINE

412 3 567
output input

Whenever the machine is nonempty, there are always two places
to push a new entry.
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ExampLE: THE Av(231,132)-MACHINE

412 3 67
output input

Whenever the machine is nonempty, there are always two places
to push a new entry.
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ExampLE: THE Av(231,132)-MACHINE

4126 3 7
output input

Whenever the machine is nonempty, there are always two places
to push a new entry.




PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

ExampLE: THE Av(231,132)-MACHINE

41267 3
output input

Whenever the machine is nonempty, there are always two places
to push a new entry.




PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

ExampLE: THE Av(231,132)-MACHINE

412675 3
output input

Whenever the machine is nonempty, there are always two places
to push a new entry.




PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

ExampLE: THE Av(231,132)-MACHINE

4126753
output input

Whenever the machine is nonempty, there are always two places
to push a new entry.

The Av(231,132)-machine generates the class Av(4231,4132).
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» The Av(12)-machine generates the class Av(312).
» The Av(21)-machine generates the class Av(321).
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» The Av(231, 132)-machine generates the class
Av(4231,4132).

12)-machine generates the class Av(312).
21)-machine generates the class Av(321).
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Tue Basis THEOREM

» The Av(
» The Av(

» The Av(231, 132)-machine generates the class
Av(4231,4132).

12)-machine generates the class Av(312).
21)-machine generates the class Av(321).

Theorem. The Av(B)-machine generates the class

Av({"B:p €B}),

where *§ is formed by adding a new maximum in front of f.
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Tue Basis THEOREM

» The Av(
» The Av(

» The Av(231, 132)-machine generates the class
Av(4231,4132).

12)-machine generates the class Av(312).
21)-machine generates the class Av(321).

Theorem. The Av(B)-machine generates the class
Av({*B: B € B},

where *§ is formed by adding a new maximum in front of f.

Example:  The Av(123,4132)-machine generates the class
Av(4123,54132).
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WHAT DO YOU GET?

» Structural Descriptions:
Every permutation in € can be formed by ...
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Every permutation in C can be formed by ...

» More efficient counting algorithms
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‘WHAT ELSE?

WHAT DO YOU GET?

v

Structural Descriptions:

Every permutation in C can be formed by ...

v

More efficient counting algorithms

v

Random sampling

v

Bijections
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Av(312): =~ 4"
Av(12): =n



PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

ENUMERATING Av(312) via THE Av(12)-MACHINE

Av(312): =~ 4"
Av(12): =n

Instead of remembering all ~ 4™ permutations of length n in
Av(312) tobuild those of length n 4 1, we only need to remember
the n + 1 possible states of the machine:

[machine has no entries],
[machine has 1 entry],

ceey

[machine has n entries]
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

1234567
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

234567
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

C:’>4567
output input




PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

2 34567
output input

xu
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

21 34567
= —
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

21 4567
= — =
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

21 567
= — 7
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

21 67
= —
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

215 67
e - >
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

215 7
= — L
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

2156 7
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

21564 7
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

21564
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

215647
output input
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

2156473
output input
7

X

States with no entries in the machine are those with no u term.
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Even better, from the Av(12)-machine we can find the generating
function for Av(312).

Let f(x,u) be the generating function for valid states of the
Av(12)-machine where u tracks the number of entries in the
machine and x tracks the number that have been output so far.

2156473
output input
¥/

States with no entries in the machine are those with no u term.

Hence the generating function for these states is f(x, 0).
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Every machine state arises either:
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Every machine state arises either:
» as the start state

» from pushing an entry into a previous state
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Every machine state arises either:
» as the start state
» from pushing an entry into a previous state

» from popping an entry from a nonempty state
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Every machine state arises either:
» as the start state
» from pushing an entry into a previous state

» from popping an entry from a nonempty state

This translates to a functional equation:

fx,u) = 1+ uf(x, 1) + E (f(x,w) — £(x,0))
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Every machine state arises either:
» as the start state
» from pushing an entry into a previous state

» from popping an entry from a nonempty state

This translates to a functional equation:

flx,u) = 14 uf(x,u) + E (f(x, ) — f(x,0))
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Every machine state arises either:
» as the start state
» from pushing an entry into a previous state

» from popping an entry from a nonempty state
This translates to a functional equation:

fx,u) = 1+ uf(x, 1) + E (f(x,w) — £(x,0))
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Every machine state arises either:
» as the start state
» from pushing an entry into a previous state

» from popping an entry from a nonempty state

This translates to a functional equation:

flx,u) =14+ uf(x,u) + E (f(x,w) — f(x,0))
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Every machine state arises either:
» as the start state
» from pushing an entry into a previous state

» from popping an entry from a nonempty state
This translates to a functional equation:

fx,w) = 1+ uf(x,u) + E (f(x, 1) — f(x,0))
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ENUMERATING Av(312) via THE Av(12)-MACHINE

Every machine state arises either:
» as the start state
» from pushing an entry into a previous state

» from popping an entry from a nonempty state
This translates to a functional equation:
£x,10) = 1+ uflw) + 2 (f(x,w) = F(x,0)

1— +v1—4x

The kernel method solves: f(x,0) = ™
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ENUMERATING Av(321) via THE Av(21)-MACHINE

When considering the Av(21)-machine, we have to allow
bypasses.
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bypasses.

If we’re not careful, we’ll overcount: for example, the permuta-
tion 1 could be generated by
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ENUMERATING Av(321) via THE Av(21)-MACHINE

When considering the Av(21)-machine, we have to allow
bypasses.

If we’re not careful, we’ll overcount: for example, the permuta-
tion 1 could be generated by

» a push then a pop, or
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ENUMERATING Av(321) via THE Av(21)-MACHINE

When considering the Av(21)-machine, we have to allow
bypasses.

If we’re not careful, we’ll overcount: for example, the permuta-
tion 1 could be generated by

» a push then a pop, or
» a bypass.
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ENUMERATING Av(321) via THE Av(21)-MACHINE

When considering the Av(21)-machine, we have to allow
bypasses.

If we’re not careful, we’ll overcount: for example, the permuta-
tion 1 could be generated by

» a push then a pop, or
» a bypass.

To ensure uniqueness of generation sequences, we require that
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ENUMERATING Av(321) via THE Av(21)-MACHINE

When considering the Av(21)-machine, we have to allow
bypasses.

If we’re not careful, we’ll overcount: for example, the permuta-
tion 1 could be generated by

» a push then a pop, or
» a bypass.

To ensure uniqueness of generation sequences, we require that

» a bypass is always preferred when possible,
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ENUMERATING Av(321) via THE Av(21)-MACHINE

When considering the Av(21)-machine, we have to allow
bypasses.

If we’re not careful, we’ll overcount: for example, the permuta-
tion 1 could be generated by

» a push then a pop, or
» a bypass.

To ensure uniqueness of generation sequences, we require that
» a bypass is always preferred when possible,
» an entry should be popped as soon as possible.

Equivalently: once you push an entry, you cannot pop any
entries until you have bypassed an entry.



PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

ENUMERATING Av(321) via THE Av(21)-MACHINE

bypass

can pop can’t pop push

start —

popif > 1
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ENUMERATING Av(321) via THE Av(21)-MACHINE

bypass

push

start —| canpop can’t pop

popif > 1

[canpop]: f(x,u) =1+ x(f(x,u) 4+ g(x,u)) + E(f(x,u) —1(x,0)),
[can’t pop]:  g(x,u) = u(f(x,u) + g(x,u)).
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ENUMERATING Av(321) via THE Av(21)-MACHINE

bypass

can pop can’t pop push

start —

popif > 1

[canpop]: f(x,u) =1+ x(f(x,u) 4+ g(x,u)) + E(f(x,u) —1(x,0)),
[can’t pop]:  g(x,u) = u(f(x,u) + g(x,u)).

Solve g(x, u) in terms of f(x, 1) — substitute into f(x, u) — kernel
method — same answer!
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BijecTIioN

The Av(12)-Machine and Av(21)-Machine share the following

property:
There is always exactly one location where a new entry can be pushed.
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BijecTioN

The Av(12)-Machine and Av(21)-Machine share the following

property:
There is always exactly one location where a new entry can be pushed.

This gives a bijection from Av(312) to Av(321). If you use
operation sequence S on the Av(12)-Machine to get m € Av(312),
then use the same operation sequence on the Av(21)-Machine to

get f(m).
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BijecTioN

The Av(12)-Machine and Av(21)-Machine share the following

property:
There is always exactly one location where a new entry can be pushed.

This gives a bijection from Av(312) to Av(321). If you use
operation sequence S on the Av(12)-Machine to get m € Av(312),
then use the same operation sequence on the Av(21)-Machine to

get f(m).

(To make this easier to describe, we tack the bypass back onto
the Av(12)-Machine, even though it makes no difference.)
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BijecTIioN
/ \ 12345
output input
/ \ 12345
output input
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BijecTIioN

z/xﬂ

“output input
1
push
/ \ \ 2345
output input
1
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BijecTIioN

z/xi

output input
12
push
B m L
output input

21
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BijecTIioN

3 Z S 45
output

input
12
bypass
3 Z S 45
output input

21
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BijecTIioN

output input

Lz/xi

pop

Lz\xi

output input
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BijecTIioN

output input
24
push
_ 32 m 5
output input

41
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BijecTIioN

S

315
output input
24
bypass
325 Z S
output input

41
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BijecTIioN

= L7

output input
pop
3254 / \
output input
1
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BijecTIioN

N

31524
output input
pop
32541 / \
output input
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RaNnpoM SAMPLING

Any combinatorial family that can be counted with dynamic
programming can be sampled from uniformly at random.
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RaNnpoM SAMPLING




PermuTaTION CLA

RaNnpoM SAMPLING
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A 2x4 class is a permutation class with two basis elements of
length 4.
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A 2x4 class is a permutation class with two basis elements of
length 4.

» Example: Av(1324,2413) is a 2x4 class.

Up to symmetries of the permutation containment order there
are 56 essentially different 2x4 classes.
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ENUMERATING THE SCHRODER CLASSES

A 2x4 class is a permutation class with two basis elements of
length 4.

» Example: Av(1324,2413) is a 2x4 class.

Up to symmetries of the permutation containment order there
are 56 essentially different 2x4 classes.

Some of these 56 2x4 classes have the same enumeration
despite being non-isomorphic. There are precisely 38 different
enumerations for the 2 x4 classes.
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ENUMERATING THE SCHRODER CLASSES

A 2x4 class is a permutation class with two basis elements of
length 4.

» Example: Av(1324,2413) is a 2x4 class.

Up to symmetries of the permutation containment order there
are 56 essentially different 2x4 classes.

Some of these 56 2x4 classes have the same enumeration
despite being non-isomorphic. There are precisely 38 different
enumerations for the 2 x4 classes.

Of these 38 classes, the exact enumerations are known for 35 of
them. (More on this later!)
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ENUMERATING THE SCHRODER CLASSES

There are ten 2x4 classes that are enumerated by the Schroder
numbers: 1,2,6,22,90, .. ..
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ENUMERATING THE SCHRODER CLASSES

There are ten 2x4 classes that are enumerated by the Schroder
numbers: 1,2,6,22,90, .. ..

Six of them are of the form Av(*fq,%p2) and so they are
generated by C-machines.
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ENUMERATING THE SCHRODER CLASSES

There are ten 2x4 classes that are enumerated by the Schroder
numbers: 1,2,6,22,90, .. ..

Six of them are of the form Av(*fq,%p2) and so they are
generated by C-machines.

» Example: Av(4231,4132) is enumerated by the Schroder
numbers, and is generated by the Av(231,132)
machine.
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ENUMERATING THE SCHRODER CLASSES

There are ten 2x4 classes that are enumerated by the Schroder
numbers: 1,2,6,22,90, .. ..

Six of them are of the form Av(*fq,%p2) and so they are
generated by C-machines.

» Example: Av(4231,4132) is enumerated by the Schroder
numbers, and is generated by the Av(231,132)
machine.

Example: Av(231,132).
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ENUMERATING THE SCHRODER CLASSES

A small adjustment to the earlier functional equations gives:
o) = 14 X(F(x,u) + glx,w) + = (f(x,w) = £(x,0),
g(x,u) = 2u((f(x,u) — f(x,0)) + g(x,u)) + uf(x,0).
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ENUMERATING THE SCHRODER CLASSES

A small adjustment to the earlier functional equations gives:
o) = 14 X(F(x,u) + glx,w) + = (f(x,w) = £(x,0),
g(x,u) = 2u((f(x,u) — f(x,0)) + g(x,u)) + uf(x,0).

An application of the kernel method gives the generating
function for the Schroder numbers.

_3—x—V1—-6x+x?
N 2

f(x,0)
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ENUMERATING THE SCHRODER CLASSES

v e

output input output input

output A\ input output / input
tp N p P / p

/ o\ 12.n N 12--n

output 278l input output TN input
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ENUMERATING THE SCHRODER CLASSES

Wmlz @mm

Son
input output input

/ AN \_12---n / / \_12---mn
output AN input output / input
tp N p P / p

/ 0\ 12m < 12---n
output //. T input output 1 .\\ input

All are enumerated by the Schroder numbers.
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ENUMERATING THE SCHRODER CLASSES

output«fﬂ12 @mm

Son
input output input

/ AN \_12---n / / \_12---mn
output AN input output / input
tp N p P / p

/ 0\ 12m < 12---n
output //. T input output 1 .\\ input

All are enumerated by the Schréder numbers.

Free bijections between every pair of classes.
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2x4 CLASSES

Enumerations are known for all but three:
» Av(4123,4231)
» Av(4123,4312)
» Av(4231,4321)
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‘WHAT ELSE?

2x4 CLASSES

Enumerations are known for all but three:
» Av(4123,4231)
» Av(4123,4312)
» Av(4231,4321)
These three can all be modeled with C-machines.
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Av(4123,4231)

Av(4123,4231) is generated by the Av(123,231)-machine.

The class Av(123,231) is a geometric grid class.
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Av(4123,4231)

Av(4123,4231) is generated by the Av(123,231)-machine.

The class Av(123,231) is a geometric grid class.

AN
AN
AN
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Av(4123,4231)

Av(4123,4231) is generated by the Av(123,231)-machine.

The class Av(123,231) is a geometric grid class.

N
AN

a

The states of the machine can be represented by 4-tuples
(a,b,c,P) where a, b, and ¢ are the number of a, b, ¢ entries,
and P is a boolean representing whether we can or can’t pop.
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Av(4123,4231)

We can describe the state transitions:
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Av(4123,4231)

a a®°

We can describe the state transitions:
» (0,0,0,T) — {(1,0,0,F), (0,0,0,T)}
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Av(4123,4231)

[ ] [ ]
[ ]
a e a e
We can describe the state transitions:
> (0,0,0,T) — {(1,0,0,F), (0,0,0,T)}
» (a,0,0,F) — {(a+1,0,0,F),(a,1,0,F),(a,0,0,T)}
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Av(4123,4231)

[ ] [ ]
[ ]
a e a e
We can describe the state transitions:
> (0,0,0,T) — {(1,0,0,F), (0,0,0,T)}
» (a,0,0,F) — {(a+1,0,0,F),(a,1,0,F),(a,0,0,T)}
» (a,0,0,T) — {(a+1,0,0,F),(a,1,0,F),(a,0,0,T),(a—1,00,T)}
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Av(4123,4231)

[ ] [ ]
[ ]
a e a e
We can describe the state transitions:

> (0,0,0,T) — {(1,0,0,F), (0,0,0,T)}
» (a,0,0,F) — {(a+1,0,0,F),(a,1,0,F),(a,0,0,T)}
» (a,0,0,T) — {(a+1,0,0,F),(a,1,0,F),(a,0,0,T),(a—1,00,T)}
» (a,b,0,F) — {(a,b+1,0,F),(a,b,1,F),(a,b,0,T)}
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Av(4123,4231)

°
a e a e

We can describe the state transitions:

>

vVYyVvyy

(0,0,0,T) — {(1,0,0,F), (0,0,0, T)}

(a,0,0,F) — {(a+1,0,0,F), (a,1,0,F),(a,0,0,T)}

(a,0,0,T) — {(a+1,0,0,F), (a,1,0,F),(a,0,0,T),(a—1,0,0,T)}
(a,b,0,F) — {(a,b +1,0,F), (a,b,1,F),(a,b,0,T)}

(a,b,0,T) — {(a,b +1,0,F),(a,b,1,F),(a,b,0,T), (a—1,b,0,T)},
(a>2)



PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

Av(4123,4231)

a e a e

We can describe the state transitions:

>

vVYyVvyy

(0,0,0,T) — {(1,0,0,F), (0,0,0, T)}

(a,0,0,F) — {(a+1,0,0,F), (a,1,0,F),(a,0,0,T)}

(a,0,0,T) — {(a+1,0,0,F), (a,1,0,F),(a,0,0,T),(a—1,0,0,T)}
(a,b,0,F) — {(a,b +1,0,F), (a,b,1,F),(a,b,0,T)}

(a,b,0,T) — {(a,b +1,0,F),(a,b,1,F),(a,b,0,T), (a—1,b,0,T)},
(a>2)

(1,b,0,T) — {(1,b +1,0,F), (1,b,1,F), (1,b,0,T), (b,0,0, T)}
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Av(4123,4231)

a e a e

We can describe the state transitions:

>

vVYyVvyy

v

(0,0,0,T) — {(1,0,0,F), (0,0,0, T)}
a,0,0,F) — {(a+1,0,0,F),(a,1,0,F),(a,0,0,T)}
a,0,0,T) — {(a+1,0,0,F),(a,1,0,F),(a,0,0,T),(a—1,0,0,T)}
a,b,0,F) f%{(a,b+1,0,FJ,(a,b,l,F),(a,b,O,T)}
(

(
(
(
(a,b,0,T) —{(a,b+1,0,F),(a,b,1,F),(a,b,0,T),(a—1,b,0,T)},
(a>2)

(

(

1,b,0,T) — {(1,b+1,0,F),(1,b,1,F),(1,b,0,T), (b,0,0, T)}
a,b,c,F) —{(a,b,c+1,F),(a,b,c,T)}
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Av(4123,4231)

a e a e

We can describe the state transitions:

>

vVYyVvyy

vy

(0,0,0,T) — {(1,0,0,F), (0,0,0, T)}
a,0,0,F) — {(a+1,0,0,F),(a,1,0,F),(a,0,0,T)}
a,0,0,T) — {(a+1,0,0,F),(a,1,0,F),(a,0,0,T),(a—1,0,0,T)}
a,b,0,F) f%{(a,b+1,0,FJ,(a,b,l,F),(a,b,O,T)}
(

(
(
(
(a,b,0,T) —{(a,b+1,0,F),(a,b,1,F),(a,b,0,T),(a—1,b,0,T)},
(a>2)

(

(

(

1,b,0,T) — {(1,b+1,0,F),(1,b,1,F),(1,b,0,T), (b,0,0, T)}
a,b,c,F) —{(a,b,c+1,F),(a,b,c,T)}
a,b,c, T) — {(a,b,c+1,F),(a,b,c,T),(a,b,c—1,T)}
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Tue Av(123,231)-MACHINE

With a little work, we can translate the state transitions into a set
of functional equations:

Ala,x) =1+ E(A(a,x) —A(0,x)) + aA(a,x) +xB(0,a,x),
Blab,x) = L(Ala,) — A0x)f e +Bla,bx)

2(1 + C)(B(a,b,x) — B(0,b,x)).
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Tue Av(123,231)-MACHINE

With a little work, we can translate the state transitions into a set
of functional equations:

Ala,x) =1+ E(A(a,x) —A(0,x)) + aA(a,x) +xB(0,a,x),
Blab,x) = L(Ala,) — A0x)f e +Bla,bx)

2(1 + C)(B(a,b,x) — B(0,b,x)).

The generating function for the class is A(0, x), but we have no
idea how to solve these equations.
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Tue Av(123,231)-MACHINE

Using the state transitions, dynamic programming, and Amazon
cloud computing, we have computed the first 1000 terms of
Av(4123,4231).
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Tue Av(123,231)-MACHINE

Using the state transitions, dynamic programming, and Amazon
cloud computing, we have computed the first 1000 terms of
Av(4123,4231).

We’ve written software that takes initial terms of a sequence and
tries to produce a conjecture for the actual generating function.
It searches the space of rational, algebraic, D-finite, and D-
algebraic functions.
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Tue Av(123,231)-MACHINE

Using the state transitions, dynamic programming, and Amazon
cloud computing, we have computed the first 1000 terms of
Av(4123,4231).

We’ve written software that takes initial terms of a sequence and
tries to produce a conjecture for the actual generating function.
It searches the space of rational, algebraic, D-finite, and D-
algebraic functions.

Despite having 1000 initial terms of Av(4123,4231), we can’t
guess any generating function!
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TuREE MoORE ExoTic MACHINES

L
. / 600 terms
/ Av(4231,4321)
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‘WHAT ELSE?

TuREE MoORE ExoTic MACHINES

®
. / 600 terms
Av(4231,4321)

\ 1000 terms
b Av(4123,4312)
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TuREE MoORE ExoTic MACHINES

®
. / 600 terms
Av(4231,4321)

1000 terms
Av(4123,4312)

AN
AN
k 5000 terms

\ Av(4123,4231,4312)
a
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STILL...

Even though we don’t have a generating function, we can still:
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» Sample uniformly at random
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STILL...

Even though we don’t have a generating function, we can still:
» Sample uniformly at random

» Use many initial terms to approximate the singularity
structure and asymptotic behavior
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Av(4123,4231)
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Av(4123,4312)
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Av(4231,4321)
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SINGULARITY STRUCTURE — Av(4123,4231,4312)

Dominant singularity at
x = 0.22379330134707544472559413080653078228254418356103196904827043215739850630915030
with critical exponent

—1.0000000000000000000000000000000000000000000000000000000000000000000000000000000001
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SINGULARITY STRUCTURE — Av(4123,4231,4312)

Dominant singularity at

x = 0.22379330134707544472559413080653078228254418356103196904827043215739850630915030

with critical exponent

—1.0000000000000000000000000000000000000000000000000000000000000000000000000000000001

Other singularities:

>

vV VY VY VY VY VvYYy

0.2380637598080281627623423301122200693506416354296582730015127601332...
0.2425743178578198539792244185837648673615631138554928145039424175060...
0.244744854382140527597173051613305433663865887080858073339928...
0.24600369400712937477975290028099807844398...
0.2468170919259163688566314680...

0.2473814067574507777 ...

0.247793229299...

0.2482...
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SINGULARITY STRUCTURE — Av(4123,4231,4312)

Dominant singularity at

x = 0.22379330134707544472559413080653078228254418356103196904827043215739850630915030

with critical exponent

—1.0000000000000000000000000000000000000000000000000000000000000000000000000000000001

Other singularities:

>

vV VY VY VY VY VvYYy

0.2380637598080281627623423301122200693506416354296582730015127601332...
0.2425743178578198539792244185837648673615631138554928145039424175060...
0.244744854382140527597173051613305433663865887080858073339928...
0.24600369400712937477975290028099807844398...
0.2468170919259163688566314680...

0.2473814067574507777 ...

0.247793229299...

0.2482...

—~ C(4.468408..)"
Y 2
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m 4™ permutations — n (1 integer)
@ 5828" — 2" — n (1integer)
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\\ 4977 — n3 (3integers)
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StATE COMPRESSION

m 4™ permutations — n (1 integer)
@ 5828" — 2" — n (1integer)
m 4977% —» n?® (3 integers)

N
N
N
i
u
/|

m 5.892" — 2™ — n3 (3 integers)
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StATE COMPRESSION

m 11.6™(?) — 4n —5 2?22
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StATE COMPRESSION

m 11.6™(?) — 4n —5 2?22
m 8 4N 5 77?
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StATE COMPRESSION

m 11.6™(?) — 4™ —?7?
m 8 — 4™ —?77?
m 9N — 4™ 7
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StATE COMPRESSION

m 11.6™(?) — 4™ —27?
m 8" — 4" —???

m 9 — 4™ 2?7

m o L LN £y (2 integers) !!!




PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

NEsSTED Av(12)-MACHINE

Generates Av(4312)




PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

NEsSTED Av(12)-MACHINE

|_| L 12345

Generates Av(4312)




PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?

NEsSTED Av(12)-MACHINE

|_| L p 12345

Generates Av(4312)




PerMuUTATION CLASSES C-MACHINES Exotic MACHINES ‘WHAT ELSE?
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|_| L p 2345

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

I_I L 2345

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

|_2| L 345

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

|_2| L 345

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

Generates Av(4312)
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NEsSTED Av(12)-MACHINE
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NEsSTED Av(12)-MACHINE
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Generates Av(4312)
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NEsSTED Av(12)-MACHINE

I

35 | 24

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

I

352 |_4| L

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

3524 ]

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

3524 |_| «—

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

3524 I_ll «—

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

3524 | 1

Generates Av(4312)
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NEsSTED Av(12)-MACHINE

) 35241 |_| L

Generates Av(4312)




PermuTaTION CLA

RaNnpoM SAMPLING




PermuTaTION CLA

RaNnpoM SAMPLING
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NEsSTED Av(21)-MACHINE

Generates Av(4321) Free bijection to Av(4312)!




PermuTaTION CLA

RaNnpoM SAMPLING
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WHAT ABOUT Av(4231)?

Nesting doesn’t work.
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WHAT ABOUT Av(4231)?

Nesting doesn’t work.

Some heuristics suggest state compression isn’t possible with a
standard C-Machine.
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WHAT ABOUT Av(4231)?

Nesting doesn’t work.

Some heuristics suggest state compression isn’t possible with a
standard C-Machine.

Perhaps a more complicated machine: second bypass, add a
buffer or a stack, multiple moves at once, ...
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Thanks!



