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Domino tilings of a rectangle

Theorem (KASTELEYN 1961, TEMPERLEY AND FISHER 1961)

Let m and n be positive integers, with m being even. The number
of domino tilings of an m x n-rectangle is given by

m/2 n

. .\ 1/2
mn/2 2 T 2 T
2 HH(COS m+1+cos — .

i=1 j=1
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The Aztec diamo
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Domino tilings of the Aztec diamond
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The Aztec diamond theorem

Theorem (ELKIES, KUPERBERG, LARSEN, PROPP 1992)

The number of domino tilings of the Aztec diamond of size n is

2("29).
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The Arctic Circle Theorem (Jockusch, Propp, Shor 1995)
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A question of Jim Propp

Is it possible to increase the number of tilings by poking
holes?
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We write AD,, for the Aztec diamond of size n.

We let AD.’ denote the region obtained from AD,, by removing
the ith unit square on its southwestern boundary and the jth unit
square on its southeastern boundary (both counted from bottom to
top).

For a region R we write M(R) for the number of domino tilings
of R.
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Main results

Theorem

Forl <i,j < n, we have:

(a). 3
M(ADY) &/ k kK 1
M(AD,) < \i—1)\j—1) 2k

k=0

x
Il

(b).
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e~/ k k 1
What.s;)<i_l><j_l>2k+l?
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Main results

e~/ k k 1
Whatlsz<i_1><j_1>2k+l?
k=0

We compute the bivariate generating function:

=5 () ()em -5 () ()zn

k=0i,j>0

- 1
=3 S (R )
k=0
1 1
T2 G0ty
_ 1
Cl-x—y-—xy
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Main results

e~/ k k 1
Whatlsz<i_1><j_1>2k+l?
k=0

We compute the bivariate generating function:

=5 () ()em -5 () ()zn

k=0i,j>0

=1
sz(HX) (1+y)"
k=0
1 1
T2 G0ty
B 1
l—x—y—xy

This is the generating function of Delannoy numbers!

Mihai Ciucu and Christian Krattenthaler

Boundary dents, the arctic circle and the arctic ellipse



Delannoy paths

Delannoy paths are paths on Z? using only steps (1,0), (0,1) or

(1,1).
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Main results

For1 <i,j < n, we have:

(a).
M(ADIY) &2/ k kY 1
woioy =25 (1) (5

=D(i—1,j-1),

(b).

where D(k, 1) is the Delannoy number, defined to be the number
of paths on Z? from (0,0) to (k, /) using only steps (1,0), (0,1) or
(1,1).

Mihai Ciucu and Christian Krattenthaler Boundary dents, the arctic circle and the arctic ellipse



Main results

Theorem

Let C be the circle inscribed in the unit square. Then as

n,i,j — oo so thati/n— a and j/n— b, where 0 < a,b < 1, we
have

i M(ADY)
m
no0 M(AD,)D(i — 1,j — 1)

1, if the segment [(a,0), (0, b)] is outside C,
0, if the segment [(a,0), (0, b)] crosses C.
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Main results

Theorem

Let C be the circle inscribed in the unit square. Then as
n,i,j — oo so thati/n— a and j/n— b, where 0 < a,b < 1, we
have

i M(ADY)
m
no0 M(AD,)D(i — 1,j — 1)

~ )1, if the segment [(a,0), (0, b)] is outside C,
10, if the segment [(a,0), (0, b)] crosses C.

Remark. The condition “the segment [(a,0), (0, b)] is outside C"
is equivalent to

(1-a)(1—b) >

N~
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Main results

Asn,i,j — oo so thati/n— a, j/n — b, we have

M(AD,)
(a+b+\/m)((a+\/m;:’l(j+\/m)a)n |
2VZmm/ aby/ 2T B2 , i (1—-a)(1-b)>1/2,

1-a)(1-b)(2a?bP(1—a)'=2(1-b)1=2) " |
( a)(47m\)/(?ba(§((1‘:)(1b)) ) , if(1-a)(l1-b)<1/2

’
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Main results

Corollary

Asn,i,j — oo so thati/n— a, j/n — b, we have

where the function f(a, b) is defined by

f(a, b)
b a
Iog<z+\/1—|—l‘j§> <§+ 1+§§> , (1—a)(1-b)>1,
—log 2a?b?(1 — a)172(1 — b)1 75, (1-a)(1-b)< 3.
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Main results

The function f(a, b)
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The simplest proof of the Aztec diamond theorem

By the Lindstrom—Gessel-Viennot theorem on non-intersecting
lattice paths, we obtain

M(AD,) = det (D(i, ))

0<ij<n’
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The simplest proof of the Aztec diamond theorem

By the Lindstrom—Gessel-Viennot theorem on non-intersecting
lattice paths, we obtain

M(AD,) = det (D(i,j))

0<ij<n’

Claim. We have

(D(I7J))0§IJSH = Ln 4 Lfn
2”

with L, = ((jl:))ogiJgn.
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The simplest proof of the Aztec diamond theorem

By the Lindstrom—Gessel-Viennot theorem on non-intersecting
lattice paths, we obtain
M(AD,) = det (D(i,}))

0<ij<n’

Claim. We have

(D(I7J))0§IJSHZ Ln 4 Lfn
2”
with L, = ((J'.))nggn.

The claim is equivalent to D(i, /) = >, (,’() ({;)2’(.
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The Aztec diamond theorem

Theorem (ELKIES, KUPERBERG, LARSEN, PROPP 1992)

The number of domino tilings of the Aztec diamond of size n is

2("29).
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Proof of the first main result
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Proof of the first main result

For1 <i,j < n, we have:

(a).
M(ADY) &2 k\ 1
‘M(AD,)) gﬁ ( ) <J - 1) 2k+1
(b). ;
M(ADY)
M M(AD,) ~ DU Li=1);

where D(k, 1) is the Delannoy number, defined to be the number
of paths on Z? from (0,0) to (k, /) using only steps (1,0), (0,1) or
(1,1).
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Proof of the first main result

For1 <i,j < n, we have:

(a).
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Proof of the first main result
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Proof of the first main result

We must compute the determinant of the Delannoy matrix

det (D(r’ 5))0§r,s§n7 r#£i,s#j

where the ith row and jth column is omitted.
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Proof of the first main result

We must compute the determinant of the Delannoy matrix

det (D(r’ 5))0§r,s§n7 r#i, s#j

where the ith row and jth column is omitted.

However, this is (up to sign) the (j, /)-entry of the inverse matrix

multiplied by the determinant of the complete matrix, that is,
n+1)

2(2
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Proof of the first main result

We must compute the determinant of the Delannoy matrix

det (D(r,5)) o</ sz, ri s
where the ith row and jth column is omitted.

However, this is (up to sign) the (j, /)-entry of the inverse matrix

multiplied by the determinant of the complete matrix, that is,
n+1
2( 2 )

The inverse matrix is easily computed from the factorisation

1

(D(ivj))ogi,jgn = Ln 4 L

with L, = ((j))onggn.
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Proof of the first main result

If everything is put together, we obtain:

Forl <i,j < n, we have:

(a). |
- () D

OM
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Proof of the second main result
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Proof of the second main result

Theorem

Let C be the circle inscribed in the unit square. Then as

n,i,j — oo so that i/n— a and j/n — b, where 0 < a,b < 1, we
have

i M(AD}Y)
m
no0 M(AD)D(i — 1,j — 1)

1, if the segment [(a,0), (0, b)] is outside C,
0, if the segment [(a,0), (0, b)] crosses C.
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Proof of the second main result

Asn,i,j — oo so thati/n— a, j/n — b, we have

M(AD,)
(a+b+\/m)((a+\/m;:’l(j+\/m)a)n |
2VZmm/ aby/ 2T B2 , i (1—-a)(1-b)>1/2,

1-a)(1-b)(2a?bP(1—a)'=2(1-b)1=2) " |
( a)(47m\)/(?ba(§((1‘:)(1b)) ) , if(1-a)(l1-b)<1/2

’
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Proof of the second main result

We must asymptotically estimate the sum

SIARARS

as n — oo so that i/n — aand j/n — b.
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Proof of the second main result

We must asymptotically estimate the sum

SIARARS

as n — oo so that i/n — aand j/n — b.

Let

F(a, b;n, k) = (akn> (:n> 2~ k-1

M?(k+1) o—k-1
F(an+ 1)T(k —an+ 1) T(bn+ 1)T(k — bn+ 1)
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Proof of the second main result

Let

M2(k+1) k1

F(a, by, k) = ?
(8500 0) = e T )Tk —an + 1) F(bn + 1) F(k — bn + 1)

We must asymptotically estimate the sum

n—1

> F(a, b;n, k),

k=0

as n — oo so that i/n — aand j/n— b.
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Proof of the second main result

Let

r2(k+ 1) 2—/(—1
F(an + 1)F(k —an+ 1)T(bn+ DT (k— bn11)

F(a, b;n k) =

We must asymptotically estimate the sum

n—1

> F(a, b;n, k),

k=0
as n — oo so that i/n — aand j/n— b.

We determine the maximum, writing k = nt:

0 r2(nt +1)

—tn—1
- =0.
otT(an+1)I(tn—an+1)T(bn+ 1) (tn— bn+1)
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Proof of the second main result

We determine the maximum, writing kK = nt:

o r(nt+1)
otl(an+1)I(tn—an+ 1) (bn+ 1) (tn — bn+ 1)

271’”71 — 0
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Proof of the second main result

We determine the maximum, writing kK = nt:

o r(nt+1)
otl(an+1)I(tn—an+ 1) (bn+ 1) (tn — bn+ 1)

271’”71 — 0

With v(x) denoting the digamma function I'"(x)/I(x), this leads to

2¢(tn+ 1) — ¢(tn —an+ 1) —p(tn — bn+ 1) — log2 = 0.
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Proof of the second main result

We determine the maximum, writing kK = nt:

o r(nt+1)
otl(an+1)I(tn—an+ 1) (bn+ 1) (tn — bn+ 1)

271’”71 — 0

With v(x) denoting the digamma function I'"(x)/I(x), this leads to
2¢(tn+ 1) — ¢(tn —an+ 1) —p(tn — bn+ 1) — log2 = 0.
We have 9(x) ~ log x as x — oo. Hence, in a first approximation,
2log(tn) — log(tn — an) — log(tn — bn) — log2 =0,

or, equivalently,
t2

C-at—b
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Proof of the second main result

. or, equivalently,

(t—a)(t—b)
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Proof of the second main result

. or, equivalently,

t2
a5

The solutions are t = a + b+ v/a? + b2, the maximum point is
t=a+ b+ va%+ b2
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Proof of the second main result

The maximum point is t = a+ b+ va% + b2.
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Proof of the second main result

The maximum point is t = a+ b+ va% + b2.
We recall that k = nt.
The important question is:

Is to = a+ b+ Va2 + b? smaller than 1 or not?
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Proof of the second main result

The maximum point is t = a+ b+ va% + b2.
We recall that k = nt.

The important question is:

Is tg = a+ b+ Va% + b2 smaller than 1 or not?

It turns out that
a+b+vVat+b<1

is equivalent to

N

(1-a)1-b)>
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Proof of the second main result

Case 1. (1—2a)(1—b) > % By Stirling’s approximation for the
gamma function, we get

1
F(a,b:nntg+1)= ——
( 0+1) 2wv/2abn
d(a.b)n + e(a b)) — Fab) 10 (L
x exp ( d(a, b)n + e(a, . a,b)— 2

where

d(a,b) = —aloga— blog b+ blog (a+ \/a2+7b2)
+ alog (b—i— m>,
JETR
(a+btvErF)
JETR
Va2 + b2 +a+b

e(a,b) = —

f(a,b) =
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Proof of the second main result

Case 1. (1—2a)(1—b) > % By Stirling’s approximation for the
gamma function, we get

1
Fla,b;n,ntg+ 1) = ———
( 0 ) 2mv/2abn

X exp <d(a, b)n + e(a, b)% ~ f(a.b)" o <’3 )) .

We use this approximation in the range |/| < n®/>. It is not difficult
to see that this range provides tthe main contribution to the sum
>, F(a, b;n,ntyg+ 1), and that the other ranges are asymptotically
negligible In other words, we obtain

d(ab) /2
F(a, b; n, k) e —f(a, b
Z " vz 2, Xp( @07 )
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Proof of the second main result

Case 1. (1—a)(1—b)> 3.
. we obtain

ed(ab)n /2
F(a, b; n, k) —f(a,b)— ).
Z Rl 277\/2ab n Z &P ( (.0) n )

<n3/5
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Proof of the second main result

Case 1. (1—a)(1—b)>1

5
. we obtain
ed(ab)n /2
F(a, b; n, k) exp | —f(a,b)— | .
Z 277\/2abn 2/5 p( ( )n>

Rewrite the sum as

2
1/2 ~1/2 _ ~
n E n exp< f(a,b)n>.

|l|<n3/5
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Proof of the second main result

Case 1. (1—a)(1—b)>1

5
. we obtain
ed(ab)n /2
F(a, b; n, k) exp | —f(a,b)— | .
Z 277\/2abn 2/5 p( ( )n>

Rewrite the sum as
/2
nt/? Z n 2 exp <—f(a, b)n> .
|/|<n3/5

The last sum is a Riemann sum for the integral

/Z exp (—f(a, b)x?) dx = f(: b’
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Proof of the second main result

Case 1. (1—a)(1—b)>1

5
. we obtain
ed(ab)n /2
F(a, b; n, k) exp | —f(a,b)— | .
Z 277\/2abn 2/5 p( ( )n>

Rewrite the sum as

2
1/2 ~1/2 _ ~
n E n exp< f(a,b)n>.

|l|<n3/5

The last sum is a Riemann sum for the integral

/Z exp (—f(a, b)x?) dx = f(: b’

v
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Proof of the second main result

Case 2. (1—a)(1—b) < 3. We have

n—1 —
(1) () - S rtw oS rta a1
=0
— F(a,b;n,”—l_l)
:F(a,b;n,n—l) F(ab-nn—l)
1=0 Y
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Proof of the second main result

Case 2. (1—a)(1—b) < 3. We have

n—1 n—1
E%()(:yzkl }:Fabnk }:Fabnn—l—o

. - F(a,b;n,n—l—l)
:F(a,b,n,”_l)g F(a,bin,n—1)

Using again Stirling’s approximation, we get

Flabinn=1-1) _ (1 10g (21 - a)(1 - b))

F(a,b,n,n—1)
I 12\ 2ab—a—»b 3
and " < * ) 20-aa-b ())
/@ —a)(1-b)
F(a,b,n,n—1) = mJ/obn

x (2a%b8(1 - a)2(1 - b)l—b)_" 1+0(=
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Proof of the second main result
Case 2. (1—a)(1—b) < 3.
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Conditional proof of the Arctic Circle Theorem
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Conditional proof of the Arctic Circle Theorem

-
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Epilogue

We have completely analogous results for rhombus tilings of
hexagons.
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