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– Non-Intersecting Lattice Paths

– Theory of Heaps
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Reciprocity Laws

Informally speaking, a (combinatorial) reciprocity law c© refers to
the following:
We are given a sequence (an)n≥0, where an is the number of
certain objects of “size” n. If it is somehow possible to make sense
of an for negative n and it should happen that an for negative n
has also a combinatorial meaning, then we speak of a
(combinatorial) reciprocity law.

c©Richard Stanley

Example: Ehrhart Reciprocity. Given a polytope P in Rd all of
whose vertices have integer coordinates, let i(P, n) := |nP ∩ Zd |
and ī(P, n) := |nPo ∩ Zd |. Then i(P, n) is a polynomial in n and

ī(P, n) = (−1)d i(P,−n).
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ī(P, n) = (−1)d i(P,−n).

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



Reciprocity Laws

Informally speaking, a (combinatorial) reciprocity law c© refers to
the following:
We are given a sequence (an)n≥0, where an is the number of
certain objects of “size” n. If it is somehow possible to make sense
of an for negative n and it should happen that an for negative n
has also a combinatorial meaning, then we speak of a
(combinatorial) reciprocity law.

c©Richard Stanley

Example: Ehrhart Reciprocity. Given a polytope P in Rd all of
whose vertices have integer coordinates, let i(P, n) := |nP ∩ Zd |
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Reciprocity Laws

Let the generating function of the sequence (an)n≥0 be a rational
function of the form

f (x) =
p(x)

q(x)
=
∑
n≥0

anx
n,

where p(x) and q(x) are polynomials with deg(p(x)) < deg(q(x)).
If q(x) =

∑d
i=0 qix

i , then the sequence (an)n≥0 satisfies the
rcurrence

q0an + q1an−1 + · · ·+ qdan−d = 0.

Hence, (an)n≥0 can be extended to negative n.
It is not difficult to see that∑

n≥1

a−nx
n = −f (1/x).
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This is a continuation of my post Number of bounded Dyck paths
with "negative length".

Let  be the number of Dyck paths of semilength  bounded
by  They satisfy a recursion of order 

Let  be the numbers obtained by extending the sequence 
 to negative  using this recursion.

Computations suggest that this extension can also be obtained via
Hankel determinants:

For  this reduces to  This can easily be
verified since the sequence 
satisfies 

For  we get the sequence 
 For example 

 This has been observed by Michael

Somos, cf. OEIS A080937.

Any idea how to prove the general case?

share  cite  improve this question   

Johann Cigler
4,689 18 34

asked Sep 28 at 16:07

These kind of Hankel determinants have a nonintersecting lattice path
interpretation (see Section 3.1.6, Example 4 of
arxiv.org/abs/1409.2562); maybe that could be helpful here. –
 Sam Hopkins Sep 28 at 16:18

Maybe you should update the question to mention the combinatorial
interpretation of  proved by Richard Stanley in the linked
question. – Sam Hopkins Sep 30 at 19:53

1 Answer

2

Here's how I think this can be proved based on what Richard
Stanley already did in your previous question.

If we take the network in Section 3.1.6, Example 4 part (a) of
https://arxiv.org/abs/1409.2562 and remove everything above
height , then the entries of your Hankel determinant count
the paths from sources to sinks for this network, and hence by the
Lindström-Gessel-Viennot lemma, the determinant is the number of
nonintersecting families of paths. These nonintersecting families of
paths in turn correspond to -fans of -bounded Dyck paths of
semilength  (see the explanation/terminology in Ardila). And -
fans of -bounded Dyck paths of semilength  are easily seen to
be the the same thing as -bounded -partitions where  is the 

-element zigzag poset. In his answer to your previous
question, Richard Stanley explained why these -partitions are
enumerated by .

EDIT:

For clarity, here's an example of the kind of network + families of
nonintersecting paths:

This depicts the things counted by . We convert the
nonintersecting lattice paths to the sequences mentioned in
Richard Stanley's answer by stacking the  orange -bounded
Dyck paths on top of one another (they are a fan, i.e., nest, by the
nonintersecting condition), and then reading off  plus the number
of Dyck paths below the "circles" (which form a length 
zigzag poset). In the depicted case we have 

.

This raises an interesting possibility:

Let's let  denote the infinite network where we take a diagonal
slice of width  of the 2D grid, with all edges directed right
and up. The above discussion explains that there is a relationship
(in fact, a "reciprocity" relationship) between counting families of
nonintersecting paths in this network with  source and  sink
(these are what  count), and counting such families with 
sources and  sinks (these are what  count).

Question: Is there a similar "reciprocity" relationship between
counting families of nonintersecting lattice paths in :

when we have  consecutive sources, then a gap of some
size, then  consecutive sinks;

and when we have  consecutive sources, then a
gap of some size, then  consecutive sinks?

Note that when we have  consecutive sources and then a
gap and then  consecutive sinks, there's a unique family of
nonintersecting lattice paths in ; this "agrees" with the fact that
there is a unique such family when we have 0 sources and sinks as
well. In other words, we can say yes to this question when 

.

(UPDATE: I asked this as a separate question - Reciprocity for fans
of bounded Dyck paths - and it got a wonderful positive answer by
Gjergji Zaimi.)

EDIT 2:

I have to mention that this set up bears a lot of similarity to another
context in which reciprocity results are studied: namely, for dimer
coverings (a.k.a. perfect matchings) of linearly growing graphs.
Some papers in that vein are:

On dimer coverings of rectangles of fixed width by Stanley,

A reciprocity theorem for domino tilings by Propp,

A reciprocity sequence for linearly growing graphs by Speyer
(unpublished),

A reciprocity theorem for monomer-dimer coverings by
Anzalone et al.,

et cetera. Dimer coverings are not exactly the same as
nonintersecting paths, but the two can often be related, and so it is
possible the counting problems under consideration here could be
understood in terms of that existing literature.

share  cite  improve this answer   edited Oct 1 at 13:16

Sam Hopkins
13.1k 1 46 101

answered Sep 30 at 21:32

This looks very nice, but I do not see how to place the circles to get
(3,4,1,1,1,2,1) in your figure. – Johann Cigler  Oct 1 at 15:06

If we draw the full staircase of boxes above the Dyck paths, the circles
are the two bottom/largest ranks; they make up a zigzag poset:
en.wikipedia.org/wiki/Fence_(mathematics) – Sam Hopkins Oct 1 at
15:08

@JohannCigler: You should also see my follow-up question for a more
general result (and I think the right context for understanding your
original observation): mathoverflow.net/questions/373030/… –
 Sam Hopkins Oct 1 at 15:12

Sorry, I am confused. I still don't see it. – Johann Cigler  Oct 1 at
15:25

Do you see how the "orange" portions of the 3 nonintersecting lattice
paths become 3 Dyck paths which form a fan, i.e., nest inside of one
another? – Sam Hopkins Oct 1 at 15:29
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Let  denote the number of Dyck paths of semilength 
which are contained in the strip 

They satisfy the recursion  for 

We can extend the sequence to negative  such that this recursion
holds for all 
I am interested in the generating function of the sequence 

It is well known that  if by 

 we denote the Fibonacci polynomials which

satisfy  with initial values

Computations for small  suggest that 

 As mentioned in OEIS A080937

and A038213 for  this result is due to Michael Somos.

These generating functions imply that  satisfies the
recursion for 

But to show that  is the looked for extension we need the
recursion for all . Any idea how to do this?

share  cite  improve this question   

Johann Cigler
4,689 18 34

asked Sep 26 at 8:55

These  are different from the conventional Fibonacci polynomials.
– Max Alekseyev Sep 26 at 14:49

1 Answer

8

If  satisfies a linear recurrence with constant coefficients for all 
 and we set , then 

 (as rational functions). See
Enumerative Combinatorics, vol. 1, second ed., Prop. 4.2.3.

Addendum. Using Exercise 3.66(d) in Enumerative Combinatorics,
vol. 1, second ed., it is not hard to show that  is equal to
the number of sequences  of positive integers
satisfying  and 

.

share  cite  improve this answer   edited Sep 29 at 23:07

Richard Stanley
37.4k 9 130 214

answered Sep 26 at 14:21

Thank you very much. Is there a combinatorial interpretation of the
numbers  related to Dyck paths? – Johann Cigler  Sep 26 at
15:08

1 there seems to be an interpretation in the OEIS, which links to
home.wxs.nl/~lamoen/wiskunde/wave.htm – Martin Rubey Sep 26 at
19:37

For example, the sequence for k=4 is apparently the dissection of
oeis.org/A006358 – Martin Rubey Sep 26 at 19:42

@Martin Rubey:This can be formulated in the following way: Let 
be the matrix with entries  for  such that 

 for  and  else and let  be
the vector with all entries  The claim is that  is the first entry
of .This can be verified for small . The recursions are the
same, but I cannot see how the initial values coincide in the general
case. – Johann Cigler  Sep 27 at 17:13

Your Answer
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policy

Not the answer you're looking for? Browse other questions tagged 
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In fine print:

Let C
(k)
2n denote the number of paths with steps (1, 1) and (1,−1)

starting at (0, 0) and ending at (2n, 0) never passing below the
x-axis and never passing above the horizontal line y = k . The
figure shows one of the 122 such paths for n = 6 and k = 4.
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Let A(k)
n denote the set of alternating sequences

a1 ≤ a2 ≥ a3 ≤ a4 ≥ · · · � an−1� an,

where � =≥ and � =≤ if n is even and � =≤ and � =≥ if n is
odd, in which all ai ’s are integers between 1 and k .
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Cigler conjectures

det
(
C

(2k+1)
2n+2i+2j+2

)
0≤i ,j≤k−1

= C
(2k+1)
−2n .

Stanley observes and provides an argument for the relation

|A(k+1)
2n−1 | = C

(2k+1)
−2n .
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C
(2k+1)
−2n = det

(
C

(2k+1)
2n+2+2i+2j

)
0≤i ,j≤k−1

.

I asked Cigler: “What if we lift the upper bound on the paths? Do
we then also get determinants on the left-hand side?”

Cigler (next day): “Yes. Here is the — conjectured — formula:

det
(
C

(2k+2m−1)
−2n−2i−2j

)
0≤i ,j≤m−1

= det
(
C

(2k+2m−1)
2n+2i+2j+4m−2

)
0≤i ,j≤k−1

.
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Non-intersecting Lattice Paths

A family (P1,P2, . . . ,Pk) of paths Pi is called non-intersecting if
no two paths of the family have a vertex in common.
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Non-intersecting Lattice Paths

Theorem (Karlin–McGregor, Lindström, Gessel–Viennot, Fisher,
John–Sachs, Gronau–Just–Schade–Scheffler–Wojciechowski)

Let G be an acyclic, directed graph, and let A1,A2, . . . ,An and
E1,E2, . . . ,En be vertices in the graph with the property that, for
i < j and k < l , any (directed) path from Ai to El intersects with
any path from Aj to Ek . Then the number of families
(P1,P2, . . . ,Pn) of non-intersecting (directed) paths, where the
i-th path Pi runs from Ai to Ei , i = 1, 2, . . . , n, is given by

det
1≤i ,j≤n

(|P(Aj → Ei )|),
where P(A→ E ) denotes the set of paths from A to E.

Remark

There holds as well a weighted version, in which every edge e is
assigned a weight w(e), and where the weight of a path (family)
P is defined as the product

∏
e∈P w(e), with the product running

over all edges in the path (family).
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Combinatorial interpretation of the determinant

det
(
C

(2k+1)
2n+2+2i+2j

)
0≤i ,j≤k−1

Example for n = 4, k = 4:
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Generating Functions for Bounded Up-Down Paths

Let C
(k)
n (r → s) denote the number of up-down paths from (0, r)

to (n, s) that do not pass below the x-axis and do not pass above
the horizontal line y = k .

Theorem (Folklore/Viennot 1983)

For all non-negative integers r , s, k with 0 ≤ r , s ≤ k, we have

∑
n≥0

C
(k)
n (r → s) xn =


Ur (1/2x)Uk−s(1/2x)

x Uk+1(1/2x)
, if r ≤ s,

Us(1/2x)Uk−r (1/2x)

x Uk+1(1/2x)
, if r ≥ s,

where Um(x) denotes the m-th Chebyshev polynomial of the
second kind.
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Generating Functions for Bounded Up-Down Paths

The m-th Chebyshev polynomial of the second kind, Um(x), is
given by

Um(cos θ) =
sin((m + 1)θ)

sin θ
,

Um(x) =
∑
j≥0

(−1)j
(
m − j

j

)
(2x)m−2j .

They satisfy the two-term recurrence

2xUm(x) = Um+1(x) + Um−1(x),

with initial conditions U0(x) = 1 and U1(x) = 2x .
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Generating Functions for Bounded Up-Down Paths

Let C
(k)
n (r → s) denote the number of up-down paths from (0, r)

to (n, s) that do not pass below the x-axis and do not pass above
the horizontal line y = k .

Theorem (Folklore/Viennot 1983)

For all non-negative integers r , s, k with 0 ≤ r , s ≤ k, we have

∑
n≥0

C
(k)
n (r → s) xn =


Ur (1/2x)Uk−s(1/2x)

x Uk+1(1/2x)
, if r ≤ s,

Us(1/2x)Uk−r (1/2x)

x Uk+1(1/2x)
, if r ≥ s,

where Um(x) denotes the m-th Chebyshev polynomial of the
second kind.

This can be proved by means of the transfer-matrix method or by
means of the theory of heaps.
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Generating Functions for Alternating Sequences

Let A(k)
n (r → s) denote the set of alternating sequences

r ≤ a2 ≥ a3 ≤ a4 ≥ · · · � an−1� s,

where � =≥ and � =≤ if n is even and � =≤ and � =≥ if n is
odd, in which all ai ’s are integers between 1 and k .

Theorem (C., K.)

For all positive integers r , s, k with 1 ≤ r , s ≤ k, we have∑
n≥0

∣∣A(k)
2n+1(r → s)

∣∣x2n

=


(−1)r+s+1 xU2r−2(x/2)U2k+1−2s(x/2)

U2k(x/2)
, if r < s,

1− xU2r−2(x/2)U2k+1−2r (x/2)

U2k(x/2)
, if r = s,

(−1)r+s+1 xU2s−2(x/2)U2k+1−2r (x/2)

U2k(x/2)
, if r > s.

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



Generating Functions for Alternating Sequences

Let A(k)
n (r → s) denote the set of alternating sequences

r ≤ a2 ≥ a3 ≤ a4 ≥ · · · � an−1� s,

where � =≥ and � =≤ if n is even and � =≤ and � =≥ if n is
odd, in which all ai ’s are integers between 1 and k .

Theorem (C., K.)

For all positive integers r , s, k with 1 ≤ r , s ≤ k, we have∑
n≥0

∣∣A(k)
2n+2(r → s)

∣∣x2n+1

=


(−1)r+s+1 xU2r−2(x/2)U2k−2s(x/2)

U2k(x/2)
, if r ≤ s,

(−1)r+s+1 xU2s−1(x/2)U2k−2r+1(x/2)

U2k(x/2)
, if r > s.
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Theory of Heaps

A heap of segments on [1, k] is a pile of segments i−−−j , with
1 ≤ i ≤ j ≤ k , allowing multiple pieces of the same kind.
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Theory of Heaps

A heap of segments on [1, k] is a pile of segments i−−−j , with
1 ≤ i ≤ j ≤ k , allowing multiple pieces of the same kind.
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Theory of Heaps

A heap of segments on [1, k] is a pile of segments i−−−j , with
1 ≤ i ≤ j ≤ k , allowing multiple pieces of the same kind.
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Theory of Heaps

A heap of segments on [1, k] is a pile of segments i−−−j , with
1 ≤ i ≤ j ≤ k , allowing multiple pieces of the same kind.

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

0 1 2 3 4 5 6 7

H1

◦◦
◦

◦◦ ◦ ◦ ◦ ◦◦ ◦ .....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

0 1 2 3 4 5 6 7

H2

◦ ◦◦
◦
◦◦ ◦◦

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



Theory of Heaps

A heap of segments on [1, k] is a pile of segments i−−−j , with
1 ≤ i ≤ j ≤ k , allowing multiple pieces of the same kind.
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Every segment i−−−j is assigned the weight wi ,j . The weight w(H)
of a heap H is by definition the product of all the weights of its
segments.
Thus,

w(H1) = w0,1w
2
0,0w1,3w4,4w5,6w6,6w7,7

and
w(H2) = w1,2w2,3w2,2w3,6w5,5.
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Theory of Heaps

Let Sk denote the set of segments i−−−j with 1 ≤ i ≤ j ≤ k.

Theorem (Cartier, Foata 1969/Viennot 1986)

We have ∑
H heap of segments on [1,k]

w(H) =
1∑

T trivial
segments⊆Sk

(−1)|T |w(T )
,

where |T | denotes the number of segments of T .

Here, a trivial heap is one in which any two of its segments
“commute” with each other.
Example.
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Theory of Heaps

A segment in a heap H is called maximal if it “lies” on top of H
and could be moved up vertically without being blocked by any
other piece.
Example.
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Theory of Heaps

Let Sk denote the set of segments i−−−j with 1 ≤ i ≤ j ≤ k.

Theorem (Viennot 1986)

We have

∑
H heap of segments on [1,k]

maximal segments⊆M

w(H) =

∑
T trivial

segments⊆Sk\M

(−1)|T |w(T )

∑
T trivial

segments⊆Sk

(−1)|T |w(T )
,

where |T | denotes the number of segments of T .

Here, a trivial heap is one in which any two of its segments
“commute” with each other.
Example.
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A Bijection between Alternating Sequences and Heaps

4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6
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A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣

↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣

↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣
↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣
↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣

↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣

↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣
↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣
↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦
Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦

3

4

◦
◦

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦

3

4

◦
◦

◦6

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦

3

4

◦
◦

◦6

4

8

◦

◦

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦

3

4

◦
◦

◦6

4

8

◦

◦

◦

◦

4

7

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦

3

4

◦
◦

◦6

4

8

◦

◦

◦

◦

4

7

2
◦

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦

3

4

◦
◦

◦6

4

8

◦

◦

◦

◦

4

7

2
◦ ◦
◦

2

3

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦

3

4

◦
◦

◦6

4

8

◦

◦

◦

◦

4

7

2
◦ ◦
◦

2

3

◦

◦

2

4

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦

3

4

◦
◦

◦6

4

8

◦

◦

◦

◦

4

7

2
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◦

2

3

◦

◦

2

4
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Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1

◦

◦

3

4

◦
◦

◦6

4

8

◦

◦

◦

◦

4
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◦
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◦

◦

2

4
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6

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1
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1

◦

◦

3
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◦
◦

◦6

4
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Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•
◦
◦
3

2

◦
1

3

1
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Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps
4 ≤ 4 ≥ 3 ≤ 3 ≥ 1 ≤ 1 ≥ 1 ≤ 3 ≥ 2 ≤ 6 ≥ 6 ≤ 8 ≥ 4 ≤ 7 ≥ 4 ≤ 4 ≥ 2

≤ 3 ≥ 2 ≤ 2 ≥ 2 ≤ 5 ≥ 5 ≤ 6 ≥ 3 ≤ 6 ≥ 5 ≤ 8 ≥ 6

↓
3−−−2, 1−−−1, 3−−−1, 4−−−3,

∣∣ 6−−−6,
∣∣ 8−−−4,

∣∣ 7−−−4,
∣∣

2−−−2, 3−−−2, 4−−−2,
∣∣ 5−−−5,

∣∣ 6−−−3,
∣∣ 6−−−5,

∣∣ 8−−−6

↓

1

2

3

4

5

6

7

8

•

•

◦
◦
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◦
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Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



A Bijection between Alternating Sequences and Heaps

Lemma

Let n, k, r , s be non-negative integers with 1 ≤ r ≤ s ≤ k. There is

a bijection between A(k)
2n+1(r → s) and heaps H of n segments on

[1, k] with the following two properties:

1 H has a maximal segment of the form j−−−s.
2 H does not have any maximal segments that are contained in

[1, r − 1] or [s + 1, k].

Define the weight of a segment to be x2 (i.e., wi ,j := x2), and
define the weight of an alternating sequence of length n to be xn.
Then the above bijection is weight-preserving in the sense that the
weight of an alternating sequence equals x times the weight of the
corresponding heap.
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A Bijection between Alternating Sequences and Heaps

Recall:

Theorem (Viennot 1986)

We have

∑
H heap of segments on [1,k]

maximal segments⊆M

w(H) =

∑
T trivial

segments⊆Sk\M

(−1)|T |w(T )

∑
T trivial

segments⊆Sk

(−1)|T |w(T )
,

where |T | denotes the number of segments of T .
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A Bijection between Alternating Sequences and Heaps

Lemma

Let k be a non-negative integer. The generating function∑
T (−1)|T |w(T ), where the sum is over all trivial heaps T of

segments on [1, k], is given by (−1)kU2k(x/2).

Lemma

Let r , s, k be positive integers with 1 ≤ r ≤ s ≤ k. The sum of
generating functions

k∑
j=s

x2
∑

T trivial
T⊆[1,r−1]∪[j+1,k]

(−1)|T |w(T )

is given by

(−1)k+r+s+1xU2r−2(x/2)U2k+1−2s(x/2).
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Theorem (C., K.)

For all positive integers r , s, k with 1 ≤ r , s ≤ k, we have

∑
n≥0

∣∣A(k)
2n+1(r → s)

∣∣x2n =



(−1)r+s+1 xU2r−2(x/2)U2k+1−2s(x/2)

U2k(x/2)
, r < s,

1− xU2r−2(x/2)U2k+1−2r (x/2)

U2k(x/2)
, r = s,

(−1)r+s+1 xU2s−2(x/2)U2k+1−2r (x/2)

U2k(x/2)
, r > s.

and

∑
n≥0

∣∣A(k)
2n+2(r → s)

∣∣x2n+1 =


(−1)r+s+1 xU2r−2(x/2)U2k−2s(x/2)

U2k(x/2)
, r ≤ s,

(−1)r+s+1 xU2s−1(x/2)U2k−2r+1(x/2)

U2k(x/2)
, r > s.
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Reciprocity

Recall:

Theorem (Folklore/Viennot 1983)

For all non-negative integers r , s, k with 0 ≤ r , s ≤ k, we have

∑
n≥0

C
(k)
n (r → s) xn =


Ur (1/2x)Uk−s(1/2x)

x Uk+1(1/2x)
, if r ≤ s,

Us(1/2x)Uk−r (1/2x)

x Uk+1(1/2x)
, if r ≥ s,

where Um(x) denotes the m-th Chebyshev polynomial of the
second kind.

Furthermore, if
f (x) =

p(x)

q(x)
=
∑
n≥0

anx
n

is rational with deg(p(x)) < deg(q(x)), then∑
n≥1

a−nx
n = −f (1/x).
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Reciprocity

Corollary

Let n, k , r , s be positive integers with 1 ≤ r , s ≤ k. The number

(−1)r+sC
(2k−1)
−2n (2r − 2→ 2s − 2) equals |A(k)

2n+1(r → s)|
Furthermore, the number (−1)r+sC

(2k−1)
−2n+1 (2r − 2→ 2s − 1) equals

|A(k)
2n (r → s)|.

Corollary

For positive integers n and k, the number C
(2k−1)
−2n equals |A(k)

2n−1|.
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Reciprocity

Remember:

I asked Cigler: “What if we lift the upper bound on the paths? Do
we then also get determinants on the left-hand side?”

Cigler (next day): “Yes. Here is the — conjectured — formula:

det
(
C

(2k+2m−1)
−2n−2i−2j

)
0≤i ,j≤m−1

= det
(
C

(2k+2m−1)
2n+2i+2j+4m−2

)
0≤i ,j≤k−1

.
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Example for n = 2, k = 4, m = 3:
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Example for n = 2, k = 4, m = 3:
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Example for n = 2, k = 4, m = 3:
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Example for n = 2, k = 4, m = 3:
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Example for n = 2, k = 4, m = 3:
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Example for n = 2, k = 4, m = 3:
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Example for n = 2, k = 4, m = 3:
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Example for n = 2, k = 4, m = 3:
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Apparently:

The number of trapezoidal arrays of integers of the form

a1,2m−1 . . . a1,2n+2m−3

. .
. . . .

am−2,5 . . . . . . . . . . . . . am−2,M−5
am−1,3 am−1,4 am−1,5 . . . . . . . . . . . . . am−1,M−5 am−1,M−4 am−1,M−3

am,1 am,2 am,3 am,4 am,5 . . . . . . . . . . . . . am,M−5 am,M−4 am,M−3 am,M−2 am,M−1

where M = 2n + 4m − 4, in which each row is alternating, that
satisfy

1 ≤ ai ,j ≤ k + m

and
ai+1,2j < ai ,2j+1 > ai+1,2j+2

is equal to

det
(
C

(2k+2m−1)
−2n−2i−2j

)
0≤i ,j≤m−1

.
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Theorem (C., K.)

The number of trapezoidal arrays of integers of the form

a1,2m−1 . . . a1,2n+2m−3

. .
. . . .

am−2,5 . . . . . . . . . . . . . am−2,M−5
am−1,3 am−1,4 am−1,5 . . . . . . . . . . . . . am−1,M−5 am−1,M−4 am−1,M−3

am,1 am,2 am,3 am,4 am,5 . . . . . . . . . . . . . am,M−5 am,M−4 am,M−3 am,M−2 am,M−1

where M = 2n + 4m − 4, in which each row is alternating, that
satisfy

1 ≤ ai ,j ≤ k + m

and
ai+1,2j < ai ,2j+1 > ai+1,2j+2

is equal to

det
(∣∣A(k+m)

2n+2i+2j−1

∣∣)
0≤i ,j≤m−1

.
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Sketch of proof. We use again non-intersecting lattice paths,
however in a different manner. The directed graph that we need
here is of the following form:
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More reciprocity laws

Theorem (C., K.)

For all non-negative integers n, k ,m, we have

det
(
C

(2k+2m−1)
2n+2i+2j+4m−2

)
0≤i ,j≤k−1

= det
(
C

(2k+2m−1)
−2n−2i−2j

)
0≤i ,j≤m−1

.
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More reciprocity laws

Theorem

Let n, k ,m be positive integers, and let r0 < r1 < · · · < rk−1 and
s0 < s1 < · · · < sk−1 be sequences of positive integers with
1 ≤ ri , si ≤ k + m for all i . Then

det
(
C

(2k+2m−1)
2n (2ri − 2→ 2sj − 2)

)
0≤i ,j≤k−1

= (−1)
∑m−1

i=0 (r̄i+s̄i ) det
(
C

(2k+2m−1)
−2n (r̄i → s̄j)

)
0≤i ,j≤m−1

,

where

{r̄0, r̄1, . . . , r̄m−1} = {1, 2, . . . , k} \ {r0, r1, . . . , rk−1},
{s̄0, s̄1, . . . , s̄m−1} = {1, 2, . . . , k} \ {s0, s1, . . . , rk−1}.
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Theorem

Let n, k ,m be positive integers, and let r0 < r1 < · · · < rk−1 and
s0 < s1 < · · · < sk−1 be sequences of positive integers with
1 ≤ ri , si ≤ k + m for all i . The number of rectangular arrays of
integers of the form

a1,1 a1,2 . . . a1,2n+1

a2,1 a2,2 . . . a2,2n+1

am,1 am,2 . . . am,2n+1

where ai ,1 = r̄i and ai ,2n+1 = s̄i for all i , in which each row is
alternating, and in which we have

1 ≤ ai ,j ≤ k + m
and

ai+1,2j < ai ,2j+1 > ai+1,2j+2,
is equal to

det
(∣∣A(k+m)

2n+1 (ri → sj)
∣∣)

0≤i ,j≤m−1
.
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Here,

{r̄0, r̄1, . . . , r̄m−1} = {1, 2, . . . , k + m} \ {r0, r1, . . . , rk−1},
{s̄0, s̄1, . . . , s̄m−1} = {1, 2, . . . , k + m} \ {s0, s1, . . . , rk−1}.
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More reciprocity laws

Theorem

For all non-negative integers n, k ,m, we have

det
(
D

(2k+2m−1)
2n+2j−2i

)
0≤i ,j≤k−1

= (−1)km det
(
D

(2k+2m−1)
−2n−2j+2i−2k−2m

)
0≤i ,j≤m−1

.

Here, D
(k)
2n is short for C

(k)
2n+k(0→ k).
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Theorem

Let n, k ,m be non-negative integers. The number of rhomboidal
arrays of integers of the form

a1,2m−1 . . . . . . . . . a1,M−4 a1,M−3 a1,M−2
a2,2m−3 a2,2m−2 a2,2m−1 . . . a2,M−6 a2,M−5 a2,M−4

a3,2m−5 a3,2m−4 a3,2m−3 . . . . . . . . . a3,M−6

. .
.

. .
.

am,1 am,2 am,3 . . . . . . . . . . . . . am,2n

where M = 2m + 2n, in which each row is alternating, that satisfy

1 ≤ ai ,j ≤ k + m

and
ai+1,2j < ai ,2j+1 > ai+1,2j+2

is equal to

(−1)km det
(
D

(2k+2m−1)
−2n−2i+2j−2k−2m

)
0≤i ,j≤m−1

= det
(∣∣A(k+m)

2n+2i−2j

∣∣)
0≤i ,j≤m−1

.
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What else?

Weighted enumeration

Enumeration results for “alternating tableaux”

Plane partitions of strip shapes

Refinement of a generating function result of Bousquet-Mélou
and Viennot for parallelogram polyominoes

Several further conjectures . . .
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