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Reciprocity Laws

Informally speaking, a (combinatorial) reciprocity law®© refers to
the following:

We are given a sequence (an)n>0, Where a, is the number of
certain objects of “size" n. If it is somehow possible to make sense
of a, for negative n and it should happen that a, for negative n
has also a combinatorial meaning, then we speak of a
(combinatorial) reciprocity law.

©Richard Stanley
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Reciprocity Laws

Informally speaking, a (combinatorial) reciprocity law®© refers to
the following:

We are given a sequence (an)n>0, Where a, is the number of
certain objects of “size" n. If it is somehow possible to make sense
of a, for negative n and it should happen that a, for negative n
has also a combinatorial meaning, then we speak of a
(combinatorial) reciprocity law.

Example: Ehrhart Reciprocity. Given a polytope P in R? all of

whose vertices have integer coordinates, let i(P, n) := [nP N 79|
and i(P, n) := [n"P° N Z9|. Then i(P,n) is a polynomial in n and

i(P,n) = (—=1)4i(P,—n).

©Richard Stanley
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Reciprocity Laws

Let the generating function of the sequence (a,),>0 be a rational
function of the form

f(x) % Zanx

n>0

where p(x) and g(x) are polynomials with deg(p(x)) < deg(q(x)).

If g(x) = Z:'jzo gix', then the sequence (a,)n>0 satisfies the
rcurrence

Goan + qian—1+ -+ qqap—qg = 0.

Hence, (an)n>0 can be extended to negative n.
It is not difficult to see that

Za nx" f(1/x).

n>1
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by 2k + 1. They satisfy a recursion of order 2k + 1.
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C, to negative n using this recursion.
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Hankel determinants:
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1 Answer Active | Oldest | Votes

If f(n) satisfies a linear recurrence with constant coefficients for all
n € Z andwe set F(x) = Y, . f(n)x", then

8 anl f(=n)x" = —F(1/x) (as rational functions). See
Enumerative Combinatorics, vol. 1, second ed., Prop. 4.2.3.

Addendum. Using Exercise 3.66(d) in Enumerative Combinatorics,
¢ vol. 1, second ed., it is not hard to show that c¢(—n, k) is equal to

the number of sequences (a;, ay, ... , ay,_1 ) of positive integers

satisfying 1l < a; < k+ 1 and

ay a2 a3 < ay 2 2 Aoy -

share cite improve this answer follow edited Sep 29 at 23:07

answered Sep 26 at 14:21

Richard Stanley
37.4k ©9 ®130 ®214

Thank you very much. Is there a combinatorial interpretation of the
numbers c¢(—n, k) related to Dyck paths? — Johann Cigler Sep 26 at
.02
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In fine print:

Let C2(:) denote the number of paths with steps (1,1) and (1,—1)

starting at (0,0) and ending at (2n,0) never passing below the
x-axis and never passing above the horizontal line y = k. The
figure shows one of the 122 such paths for n = 6 and k = 4.
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In fine print:

Let C2(:) denote the number of paths with steps (1,1) and (1,—1)
starting at (0,0) and ending at (2n,0) never passing below the
x-axis and never passing above the horizontal line y = k. The
figure shows one of the 122 such paths for n = 6 and k = 4.

Let Ag,k) denote the set of alternating sequences
ay<a>az<ag>--- 0 ap_1lay,

whereo=>and O =< ifnisevenando=<and O =>if nis
odd, in which all a;'s are integers between 1 and k.
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In fine print:

Let C2(:) denote the number of paths with steps (1,1) and (1,—1)
starting at (0,0) and ending at (2n,0) never passing below the
x-axis and never passing above the horizontal line y = k.

Let Ag,k) denote the set of alternating sequences
ag<a>az<as>---0ap1lay,

whereo=>and O =< ifnisevenand o =<and O=>if nis
odd, in which all a;'s are integers between 1 and k.

Cigler conjectures

(2k+1) _ (k1)
det <C2”+2’+2f+2) 0<ij<k—1 Can -
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In fine print:

Let C2( ) denote the number of paths with steps (1,1) and (1, —1)
starting at (0,0) and ending at (2n,0) never passing below the
x-axis and never passing above the horizontal line y = k.

Let Ag,k) denote the set of alternating sequences
ag<a>az<as>---0ap1lay,

whereo=>and O =< ifnisevenand o =<and O=>if nis
odd, in which all a;'s are integers between 1 and k.

Cigler conjectures
(2k+1) _ ~(2k+1)
det <C2n+2i+2j+2 O<ij<ko1 | T2
Stanley observes and provides an argument for the relation

(k+1), 2k+1
‘A2n 11— .
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(2kt1) (2k+1)
Cp 7 =det { Grln i) 0<ij<k—1
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(2kt1) (2k+1)
Cp 7 =det { Grln i) 0<ij<k—1

| asked Cigler: “What if we lift the upper bound on the paths? Do
we then also get determinants on the left-hand side?”

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



(2kt1) (2k+1)
Cp 7 =det { Grln i) 0<ij<k—1

| asked Cigler: “What if we lift the upper bound on the paths? Do
we then also get determinants on the left-hand side?”

Cigler (next day): "Yes. Here is the — conjectured — formula:

— det (C(2k+2m—1)

(2k+2m—1)
det (C—2n—2i—2j 24 2i42j+4m—2

)0§i,j§m71 )ogugkfl '
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Non-intersecting Lattice Paths

A family (P1, Pa, ..., Px) of paths P; is called non-intersecting if
no two paths of the family have a vertex in common.
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Non-intersecting Lattice Paths

Theorem (Karlin-McGregor, Lindstrom, Gessel-Viennot, Fisher,

John—Sachs, Gronau—Just-Schade—Scheffler—Wojciechowski)

Let G be an acyclic, directed graph, and let Ai, Ay, ..., A, and
Ei, Es, ..., E, be vertices in the graph with the property that, for
i <jand k < I, any (directed) path from A; to E; intersects with
any path from A; to E,. Then the number of families

(P1, P2, ..., Py) of non-intersecting (directed) paths, where the
i-th path P; runs from A; to E;, i =1,2,...,n, is given by

det (|P(A; — E)l),

1<ij<n
where P(A — E) denotes the set of paths from A to E.
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Non-intersecting Lattice Paths

Theorem (Karlin-McGregor, Lindstrom, Gessel-Viennot, Fisher,

John—Sachs, Gronau—Just-Schade—Scheffler—Wojciechowski)

Let G be an acyclic, directed graph, and let Ai, Ay, ..., A, and
Ei, Es, ..., E, be vertices in the graph with the property that, for
i <jand k < I, any (directed) path from A; to E; intersects with
any path from A; to E,. Then the number of families
(P1, P2, ..., Py) of non-intersecting (directed) paths, where the
i-th path P; runs from A; to E;, i =1,2,...,n, is given by

et (P(4;— )
where P(A — E) denotes the set of paths from A to E.

Remark

There holds as well a weighted version, in which every edge e is
assigned a weight w(e), and where the weight of a path (family)
P is defined as the product [[..p w(e), with the product running
over all edges in the path (family).
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Combinatorial interpretation of the determinant

(2k+1)
det <C2n+2+2i+2j)0<iJ<k_1
Example for n =4, k = 4: T
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Combinatorial interpretation of the determinant

(2k+1)
det <C2n+2+2i+2j)0<iJ<k_1
Example for n =4, k = 4: T
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Combinatorial interpretation of the determinant

(2k+1)
det <C2n+2+2i+2j)0<iJ<k_1
Example for n =4, k = 4: T
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Combinatorial interpretation of the determinant

(2k+1)
det <C2n+2+2i+2j)0<iJ<k_1
Example for n =4, k = 4: T

!
4<5>2<3>1<4>4
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Combinatorial interpretation of the determinant

(k+1) (2k+1)
‘A2 ‘ = det <C2n+2+2l+2_]>0<i’j<k_1
Example for n =4, k = 4. T
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Combinatorial interpretation of the determinant

(2k+1) (k+1) (2k+1)
< = Az | = det <C2”+2+2’+2J>0<u<k—1
Example for n=4 k= 4. T
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Generating Functions for Bounded Up-Down Paths

Let C,(,k)(r — s) denote the number of up-down paths from (0, r)
to (n,s) that do not pass below the x-axis and do not pass above
the horizontal line y = k.
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Generating Functions for Bounded Up-Down Paths

Let C,(,k)(r — s) denote the number of up-down paths from (0, r)
to (n,s) that do not pass below the x-axis and do not pass above
the horizontal line y = k.

Theorem (Folklore/Viennot 1983)

For all non-negative integers r,s, k with 0 < r,s < k, we have

Ur(1/2x) Ur—s(1/2x)

n;) GOr=9)x"= 1 .1, /gﬁlu(kl_/,z()i)/zx)
- x Uks1(1/2x) 7

, ifr<s,

ifr>s,

where Un(x) denotes the m-th Chebyshev polynomial of the
second kind.
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Generating Functions for Bounded Up-Down Paths

The m-th Chebyshev polynomial of the second kind, Un(x), is

given by
Um(COSQ):W,
_ Cnj(m—J m—2j
Unm(x) = ( 1)J< j >(2x) .

Jj=0
They satisfy the two-term recurrence
2xUpm(x) = Umnta(x) + Un-1(x),

with initial conditions Up(x) =1 and U;i(x) = 2x.
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Generating Functions for Bounded Up-Down Paths

Let C,Sk)(r — s) denote the number of up-down paths from (0, r)
to (n, s) that do not pass below the x-axis and do not pass above
the horizontal line y = k.

Theorem (Folklore/Viennot 1983)

For all non-negative integers r,s, k with 0 < r,s < k, we have

U,(1/2x) Uk_s(1/2x)

ifr<s
(k) n_ x Uk1(1/2x) ’ -7
> GUr—s)x" = Us(1/2x) Uk r(1/2x) .
n>0 , ifr>s,
X Uk+1(1/2X)

where Up(x) denotes the m-th Chebyshev polynomial of the
second kind.

This can be proved by means of the transfer-matrix method or by
means of the theory of heaps.
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Generating Functions for Alternating Sequences

Let Aﬁ,k) r — s) denote the set of alternating sequences
g seq
r<ap>az<as>--- 0 ap1ls,

where o =>and =< ifnisevenando=<and d=>if nis
odd, in which all a;'s are integers between 1 and k.

Theorem (C., K.)
For all positive integers r,s, k with 1 < r;s < k, we have

34 (r = s)[x

n>0
(_1)r+s+1XU2I’*2(X/2)U21<+1*2$(X/2) iFr<s
Uak(x/2) ’ ’
)1 xUzr—2(x/2) Uak1-2,(x/2) iFres
_ U S D ko 2/ |
st XU2s—2(x/2) Uaiey1—2r (X .
(-1) Un(x/2) , ifr>s.

S — R — S — T — S —
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Generating Functions for Alternating Sequences

Let Aﬁ,k) r — s) denote the set of alternating sequences
g seq
r<ap>az<as>--- 0 ap1ls,

where o =>and =< ifnisevenando=<and d=>if nis
odd, in which all a;'s are integers between 1 and k.

Theorem (C., K.)

For all positive integers r,s, k with 1 < r;s < k, we have

Z‘A2n+2 r—s | 2n+1

n>0
Uar—2(x/2) Uak—25(x/2) .
1 r+s+1XY2r-2 , ifr <s,
= Uner 1) e e (/2)
_q)rs 1 X2 1) ok 2k X/ E) e
(=1) Uzk(x/2)
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Theory of Heaps

A heap of segments on [1, k] is a pile of segments i—j, with
1 < i <j <k, allowing multiple pieces of the same kind.

H1 H>
—© P o i D @ D
> D © > © > D i
0 1 2 3 45 6 7 01 2 3 45 6 7
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Theory of Heaps

A heap of segments on [1, k] is a pile of segments i—j, with
1 < i <j <k, allowing multiple pieces of the same kind.

H1 H>
—© P o i D @ D
> D © > © > D i
01 2 3 45 6 7 01 2 3 45 6 7

Every segment i—j is assigned the weight w; ;. The weight w(H)
of a heap H is by definition the product of all the weights of its
segments.
Thus,
w(H1) = Wo1 WG oW1,3Wa 4 Ws 6 We 6 W7 7
and
w(H2) = wiawo 3o o W3 g Ws 5.
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Theory of Heaps

Let Sk denote the set of segments i—j with 1 < <j < k.

Theorem (Cartier, Foata 1969 /Viennot 1986)

We have
1
> w(H) = :
T
H heap of segments on [1,k] Z (_1)| lW( T)
T trivial
segmentsCSy

where | T| denotes the number of segments of T.

Here, a trivial heap is one in which any two of its segments
“commute” with each other.
Example.

01 2 3 45 6 7
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Theory of Heaps

A segment in a heap H is called maximal if it “lies” on top of H
and could be moved up vertically without being blocked by any

other piece.
Example. . S _
o o i i i
© =9 o9
—o o | o
= o  © o
0 1. 2 3 4 5 6 7 8
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Theory of Heaps

A segment in a heap H is called maximal if it “lies” on top of H
and could be moved up vertically without being blocked by any

other piece.

Example. _ S _
O o+ i i
© =9 Oo—F—1T—9
— o | o

2 0 ¢ o
0 1. 2 3 4 5 6 7 8
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Theory of Heaps

Let Sk denote the set of segments i—j with 1 </ < j < k.

Theorem (Viennot 1986)

We have
Y (1Tw(T)
T trivial
Z W(H) _ segmentsCS, \ M -
H heap of segments on [1,k] Z (_1) W( T)
maximal segmentsC M T trivial
segmentsCSy
where | T| denotes the number of segments of T.

Here, a trivial heap is one in which any two of its segments
“commute” with each other.
Example.

P 0 /T | 9
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A Bijection between Alternating Sequences and Heaps
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A Bijection between Alternating Sequences and Heaps

4<4>3<3>1<1>1<3>2<6>6<8>4<7>4<4>2
<3>2<2>2<5>5<6>3<6>5<8>6
!
3-2, 1-1, 3—1, 4-3, | 6-6, | 8—4, | 7—4, |
2—2, 3-2, 4-2, | 5-5, | 6-3, | 65, | 8—6

1
8 8
8 D - D
7 D
6 6 6
6 © D r
5 3
4 5
1@ 4044
3 3 ?i 393
3
2 —2 O
2 2 2
1 ©
11
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A Bijection between Alternating Sequences and Heaps

4<4>3<3>1<1>1<3>2<6>6<8>4<7>4<4>2
<3>2<2>2<5>5<6>3<6>5<8>6

¥

H N W s 01O N
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A Bijection between Alternating Sequences and Heaps

4<4>3<3>1<1>1<3>2<6>6<8>4<T7>4<4>2
<3>2<2>2<5>5<6>3<6>5<8>6

¥

H N W s 01O N
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A Bijection between Alternating Sequences and Heaps

4<4>3<3>1<1>1<3>2<6>6<8>4<T7>4<4>2
<3>2<2>2<5>5<6>3<6>5<8>6

1
3-2, 1-1, 3—1, 4-3, |

H N W s 01O N
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A Bijection between Alternating Sequences and Heaps

4<4>3<3>1<1>21<32>22<626<82>24<7>4<42>2
<3>2<2>2<5>5<6>3<6>5<8>6

1
3-2, 1-1, 3—1, 4-3, |

H N W s 01O N
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A Bijection between Alternating Sequences and Heaps

4<4>3<3>1<1>21<32>22<626<82>24<7>4<42>2
<3>2<2>2<5>5<6>3<6>5<8>6

i}
3-2, 1-1, 3-1, 4-3, | 6-6, |

!
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A Bijection between Alternating Sequences and Heaps

4<4>3<3>1<1>21<32>22<626<8>4<7>4<42>2
<3>2<2>2<5>5<6>3<6>5<8>6

i}
3-2, 1-1, 3-1, 4-3, | 6-6, |

!
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A Bijection between Alternating Sequences and Heaps
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A Bijection between Alternating Sequences and Heaps
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A Bijection between Alternating Sequences and Heaps
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A Bijection between Alternating Sequences and Heaps
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A Bijection between Alternating Sequences and Heaps
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A Bijection between Alternating Sequences and Heaps

Lemma

Let n, k, r,s be non-negative integers with 1 < r < s < k. There is

a bijection between .Ag:,)ﬂ(r — s) and heaps H of n segments on
[1, k] with the following two properties:

@ H has a maximal segment of the form j—s.

@ H does not have any maximal segments that are contained in
[1,r —1] or [s + 1, k].
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A Bijection between Alternating Sequences and Heaps

Lemma

Let n, k, r,s be non-negative integers with 1 < r < s < k. There is
a bijection between Ag:,)Jrl(r — s) and heaps H of n segments on
[1, k] with the following two properties:

@ H has a maximal segment of the form j—s.

@ H does not have any maximal segments that are contained in
[1,r —1] or [s + 1, k].

Define the weight of a segment to be x2 (i.e., w;j := x?), and
define the weight of an alternating sequence of length n to be x".
Then the above bijection is weight-preserving in the sense that the
weight of an alternating sequence equals x times the weight of the
corresponding heap.
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A Bijection between Alternating Sequences and Heaps

Recall:
Theorem (Viennot 1986)
We have
Y DITw(m)
T trivial
Z W(H) _ segmentsCS; \ M -
H heap of segments on [1,k] Z (_1) W( T)
maximal segmentsC M T trivial
segmentsCSy

where | T| denotes the number of segments of T.
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A Bijection between Alternating Sequences and Heaps

Let k be a non-negative integer. The generating function
S+ (=D)ITlw(T), where the sum is over all trivial heaps T of
segments on [1, k], is given by (—1)% U (x/2).
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A Bijection between Alternating Sequences and Heaps

Let k be a non-negative integer. The generating function
S+ (=D)ITlw(T), where the sum is over all trivial heaps T of
segments on [1, k], is given by (—1)% U (x/2).

Lemma

Let r,s, k be positive integers with 1 < r < s < k. The sum of
generating functions

k

> > (TwT)

j=s T trivial
TC[1,r—1)U[j+1,k]

is given by

k+r+s+1
(1) xUar—2(x/2) Unkt1-25(x/2).




Theorem (C., K.)

For all positive integers r,s, k with 1 < r,s < k, we have

(—1)'+S+1XU2”2(X/2)U2k+1—zs(X/2)
Uz (x/2) ’

_ xUszr—2(x/2) U (x/2)

;‘Az"ﬂ L Uzk(jl/(;r)l 2
(— 1)r+s+1XUzs 2(x/2) Ung1—2/(x/2)
. Uak(x/2) )

r

5 r

r

and

(—1)r+str X2/ 22 U/zk)zs(x/ 2)

nil Ui (x/2 ’
%:0 ‘A2n+2 r—s)|x 2041 _ (_1)r+s+1XU251(X7§)U2k_2r+1(X/2) |
Uak(x/2) ’/
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Reciprocity

Recall:
Theorem (Folklore/Viennot 1983)

For all non-negative integers r,s, k with 0 < r,s < k, we have

U (1/2x) Uk—s(1/2x)

> = 5 = ¢y s Ui (12

x Uks1(1/2x) 7

where Un,(x) denotes the m-th Chebyshev polynomial of the
second kind.
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Reciprocity

Recall:
Theorem (Folklore/Viennot 1983)

For all non-negative integers r,s, k with 0 < r,s < k, we have

U (1/2x) Uk—s(1/2x)

ifr<s

“© n_ ) xUa(l/2g 0 ST

20 Cn (r — S)X - Us(1/2X) Uk—r(]-/zx) ifr>s
= x Uk (1/2x) 7 -

where Un,(x) denotes the m-th Chebyshev polynomial of the
second kind.

Furthermore, if f(x) = @ - Z anx"

Za ax" = —f( 1/x)

n>1

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



Let n, k,r,s be positive integers with 1 < r, s < k. The number
(-1 )’+5C(2k_1)(2r 2 — 25 —2) equals |A2n+1(r — s

Furthermore, the number (— 1)r+sC(2k 1)(

A5 (r = 5).

2r —2 — 2s —1) equals

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



Corollary

Let n, k,r,s be positive integers with 1 < r, s < k. The number
(-1 )’+5C(2k_1)(2r 2 — 2s — 2) equals |A2n+1(r — s)|
Furthermore, the number (— 1)r+sC(2k 1)(2r —2—2s—1) equals
AL (r = 5)].

Corollary

For positive integers n and k, the number C£22 2

equals | AL 1|
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Remember:

| asked Cigler: “What if we lift the upper bound on the paths? Do
we then also get determinants on the left-hand side?”

Cigler (next day): “Yes. Here is the — conjectured — formula:

det <C(2k+2m71') — det <C(2k+2m71)

—2n—2i—2j )ogi,jgm—l 2n+2i+2j+4m—2)0§i7j§k_1 :
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Example for n=2, k=4, m=3:
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Example for n=2, k=4, m=3:
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Example for n=2, k=4, m=3:
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Example for n=2, k=4, m=3:
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Example for n=2, k=4, m=3:
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Example for n=2, k=4, m=3:
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Apparently:

The number of trapezoidal arrays of integers of the form

a12m—1 --- @a1.2p+2m—3
Am—2,5 e am—2,M—5
am—1,3 4m—1,4 Am—1,5 e Am—1,M—5 3m—1,M—4 @3m—1,M—3
am,1 3m,2 4m,3  3am,4  dm5 e Am,M—5 am,M—4 am,M—3 3m,M—2 3m,M—1

where M = 2n+ 4m — 4, in which each row is alternating, that

satisfy
1< ajj < k+m
and
Aji+1,2j < @i 2j+1 > di+1,2j+2
is equal to

det (C(2k+2m—1)

—2n=2i-2j >0§i,j§m—1 '
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Theorem (C., K.)

The number of trapezoidal arrays of integers of the form

a,2m—1 --- a12p42m—3
Ep—A3  ovcacoccooaca am—2,M—5
Am—1,3 3m—1,4 3m—1,5 s eeceeeeeaaes Am—1,M—5 @m—1,M—4 3m—1,M—3
am,13m,2 am,3  dAm4  dm5 e am,M—5 am,M—4 am,M—3 3am,M—2 dm,M—1

where M = 2n+ 4m — 4, in which each row is alternating, that

satisfy
1< aj j <k+m
and
Ai+1,2j < 3j2j+1 > dj+1.2j+2
is equal to

2”+2’+2J Wo<ij<m-1

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



Sketch of proof. We use again non-intersecting lattice paths,
however in a different manner. The directed graph that we need
here is of the following form:

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



More reciprocity laws

Theorem (C., K.)

For all non-negative integers n, k, m, we have

2k+2m—1) (2k+2m-1)
det(C( 2m- ) :det<C iy .
2n4-2i4+-2j+4m—2 0<ij<k—1 —2n—2i—2j B il

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



More reciprocity laws

Theorem

Let n, k, m be positive integers, and let rp < rp < --- < rx_1 and
Sp < 51 < --- < sg_1 be sequences of positive integers with
1<r,si<k+mforalli. Then

(2k+2m—1) 1 o )
det (Cf; (@r-2-25-2)

1\ () ( (k+2m-1),= | = )
(—1)%i=0 det ( C25, (fi = 5) o<ii<mt’
where
{Fo, I_‘l, ey Fm—l} = {]_, 2, ey k} \ {ro, Myoooy rk,l},
{50, §1, ce 7§m—1} = {]., 2, ey k} \ {50,51, ey rk_l}.

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences
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Theorem

Let n, k, m be positive integers, and let rp < rp < --- < rx_1 and
Sp < s1 < --- < sx_1 be sequences of positive integers with
1<r,s; < k+ mforall i. The number of rectangular arrays of
integers of the form

41,1 412 ... a12p+1
1 a22 ... ad22p41
dma1 dm,2 --- dm2n+1

where aj1 = F; and aj 2,11 = 5 for all i, in which each row is
alternating, and in which we have

1§a;J§k+m
and

] Aj+1,2j < 3j2j+1 > di4+1,2j+2;
is equal to

det (}Ag;i’ln)(r; — sj)D

0<ij<m—1

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences



Here,

{Fo,Fl,...,Fm,l}:{1,2,...,k+m}\{ro,rl,...,rk_l},
{§0,§1,...,§m,1}:{1,2,...,k+m}\{so,sl,...,rk_l}.
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More reciprocity laws

For all non-negative integers n, k, m, we have

(2k+2m—1) - K (2k+2m—1)
det <D2n+2j—2i >0Si’j§k71 = (—1)"" det <D72n72j+2i72k72m>0§’j _—
Here, Déﬁ) is short for Cé:lk(O — k).
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Let n, k, m be non-negative integers. The number of rhomboidal
arrays of integers of the form

A 2m—1 e a,M—4 3 ,M—3 a,M—2
a2,2m—3 42,2m—2 42,2m—1 co @ M—6 2,M—532,M—4
33,2m—5 43,2m—4 932m—3 - a3,M—6

am,1 @m,2 3m,3 e am,2n
where M = 2m + 2n, in which each row is alternating, that satisfy
1< ajj <k+m

and
Ai+1,2j < @i 2j+1 > dj4+1,2j+2

is equal to

(_1)km det (D(2k+2m71)

. (k+m)
—2n—2i+2j—2k—2m = det (“A2n+2i—2j‘ 0<ij

Johann Cigler and Christian Krattenthaler Dyck paths and alternating sequences

>0§i,j§m—1 <m-1




hann Cigler and Christian Krattenthaler ck paths and alternating sequences



What else?

@ Weighted enumeration
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What else?

@ Weighted enumeration

@ Enumeration results for “alternating tableaux”
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What else?

@ Weighted enumeration
@ Enumeration results for “alternating tableaux”

@ Plane partitions of strip shapes
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What else?

@ Weighted enumeration
@ Enumeration results for “alternating tableaux”
@ Plane partitions of strip shapes

@ Refinement of a generating function result of Bousquet-Mélou
and Viennot for parallelogram polyominoes
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What else?

Weighted enumeration
Enumeration results for “alternating tableaux”

Plane partitions of strip shapes

Refinement of a generating function result of Bousquet-Mélou
and Viennot for parallelogram polyominoes

Several further conjectures . ..
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