
Determinant identities for moments of orthogonal
polynomials

Christian Krattenthaler

Universität Wien

Christian Krattenthaler Determinant identities



Prelude

Let Cn denote the n-th Catalan number 1
n+1

(2n
n

)
. Then

det (Ci+j)
n−1
i ,j=0 = 1

and
det (Ci+j+1)n−1i ,j=0 = 1.

Cvetković, Rajković and Ivković proved

det (Ci+j + Ci+j+1)n−1i ,j=0 = F2n+1

and
det (Ci+j+1 + Ci+j+2)n−1i ,j=0 = F2n+2.
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det (Ci+j + Ci+j+1)n−1i ,j=0 = F2n+1

and
det (Ci+j+1 + Ci+j+2)n−1i ,j=0 = F2n+2.

Christian Krattenthaler Determinant identities



Prelude

Let Cn denote the n-th Catalan number 1
n+1

(2n
n

)
. Then

det (Ci+j)
n−1
i ,j=0 = 1

and
det (Ci+j+1)n−1i ,j=0 = 1.
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Prelude

Dougherty, French, Saderholm and Qian proved

det (Ci+j + 2Ci+j+1 + Ci+j+2)n−1i ,j=0 =
n∑

j=0

F 2
2j+1.

Johann Cigler saw

det
((2i+2j+2

i+j+1

)
+ 2
(2i+2j+4

i+j+2

)
+
(2i+2j+6

i+j+3

))n−1
i ,j=0

2n
=

n∑
j=0

L22j+1

on a Facebook group (without proof).
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Prelude

Dougherty, French, Saderholm and Qian proved that

det (λCi+j + Ci+j+1)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 2,
that

det (λCi+j + µCi+j+1 + Ci+j+2)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 4,
that

det (λCi+j + µCi+j+1 + νCi+j+2 + Ci+j+3)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 8.
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Prelude

More generally, Dougherty, French, Saderholm and Qian
conjectured that

det (λ0Ci+j + λ1Ci+j+1 + · · ·+ λd−1Ci+j+d−1 + Ci+j+d)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 2d .

Cigler decided to search for the general background of this kind of
determinant evaluations.
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A conjecture

He considered Motzkin paths. These are lattice paths consisting of
up-steps (1, 1), horizontal steps (1, 0) and down-steps (1,−1) that
start and end on the x-axis and never run below the x-axis.
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The weight of an up-step is defined to be 1, the weight of a
horizontal step at height h is sh, and the weight of a down-step
which ends at height h is th. By definition, the weight of a
Motzkin path is the product of the weights of its steps. Thus, the
weight of the above Motzkin path is s2t1s1s1t2t1t0 = s21 s2t0t

2
1 t2.

Let mn denote the generating function for Motzkin paths of
length n.
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A conjecture

He considered Motzkin paths, where up-steps have weight 1,
horizontal steps at height h have weight sh, and down-steps which
end at height h have weight th.
Let mn denote the generating function for Motzkin paths of
length n.

Cigler found (experimentally) that

det (αβmi+j + (α + β)mi+j+1 + mi+j+2)n−1i ,j=0

det (mi+j)
n−1
i ,j=0

=
n∑

j=0

fj(α)fj(β)
n−1∏
`=j

t`,

where
fn(α) = (α + sn−1)fn−1(α)− tn−2fn−2(α),

with f0(α) = 1 and f−1(α) = 0.
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A conjecture

Facts.

If s0 = 1, si = 2 for i ≥ 1, and ti = 1 for all i , then mn = Cn.

If si = 2 for all i , t0 = 2, and ti = 1 for i ≥ 1, then mn =
(2n
n

)
.
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Some background on orthogonal polynomials

Why “moments of orthogonal polynomials”?

It is classical that the polynomials pn(x) defined recursively by

pn(x) = (x − sn−1)pn−1(x)− tn−2pn−2(x),

with initial values p−1(x) = 0 and p0(x) = 1 are orthogonal with
respect to the linear functional L defined by L(pn(x)) = δn,0. Their
moments are L(xn), n = 0, 1, . . . . Viennot showed that L(xn)
equals the generating function for Motzkin paths denoted here
by mn.

Remark. (1) pn(x) and fn(x) are related by

fn(x) = (−1)npn(−x).

(2) It is well-known that

det (mi+j)
n−1
i ,j=0 =

n−1∏
i=0

tn−i−1i .
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The formula: proof by non-intersecting lattice paths

He considered Motzkin paths, where up-steps have weight 1,
horizontal steps at height h have weight sh, and down-steps which
end at height h have weight th.
Let mn denote the generating function for Motzkin paths of
length n.

Cigler found (experimentally) that

det (αβmi+j + (α + β)mi+j+1 + mi+j+2)n−1i ,j=0

det (mi+j)
n−1
i ,j=0

=
n∑

j=0

fj(α)fj(β)
n−1∏
`=j

t`,

where
fn(α) = (α + sn−1)fn−1(α)− tn−2fn−2(α),

with f0(α) = 1 and f−1(α) = 0.

We figured out that the above identity can be proved “in one
picture” by using non-intersecting lattice paths.
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An important special case

Facts.

If s0 = 1, si = 2 for i ≥ 1, and ti = 1 for all i , then mn = Cn.

If si = 2 for all i , t0 = 2, and ti = 1 for i ≥ 1, then mn =
(2n
n

)
.

More generally, if si ≡ s and ti ≡ t for i ≥ 1, then

fn(α) = tn/2Un

(
α+s
2
√
t

)
− t(n−1)/2(s − s0)Un−1

(
α+s
2
√
t

)
+ t(n−2)/2(t − t0)Un−2

(
α+s
2
√
t

)
, for n ≥ 1.

where Un(x) is the n-th Chebyshev polynomial of the second kind

Un(x) =
∑
k≥0

(−1)k
(
n − k

k

)
(2x)n−2k .

Recall:

Un(cos θ) =
sin((n + 1)θ)

sin θ
=

e i(n+1)θ − e−i(n+1)θ

e iθ − e−iθ
=

Zn+1 − Z−(n+1)

Z − Z−1
.
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The formula again

He considered Motzkin paths, where up-steps have weight 1,
horizontal steps at height h have weight sh, and down-steps which
end at height h have weight th.
Let mn denote the generating function for Motzkin paths of
length n.

Cigler found (experimentally) that

det (αβmi+j + (α + β)mi+j+1 + mi+j+2)n−1i ,j=0

det (mi+j)
n−1
i ,j=0

=
n∑

j=0

fj(α)fj(β)
n−1∏
`=j

t`,

where
fn(α) = (α + sn−1)fn−1(α)− tn−2fn−2(α),

with f0(α) = 1 and f−1(α) = 0.
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An alternative formula in this special case

Moreover, in that case we have

det (αβmi+j + (α + β)mi+j+1 + mi+j+2)n−1i ,j=0

det (mi+j)
n−1
i ,j=0

=
Num(α, β)

α− β
,

where

Num(α, β) = t
1
2
(2n+1)(Uα − Uβ)

×
(
1− t−1/2(s − s0)U−1α + t−1(t − t0)U−2α

)
×
(
1− t−1/2(s − s0)U−1β + t−1(t − t0)U−2β

)
Un
β ,

with
Un
α ≡ Un

(
α+s
2
√
t

)
,

Un(x) being the n-th Chebyshev polynomial of the second kind,

Un(x) =
∑
k≥0

(−1)k
(
n − k

k

)
(2x)n−2k .
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Interruption: umbral notation

Umbral notation is an elegant short notation that is convenient in
certain situations. Given a sequence (cn)n≥0, one identifies cn with
cn in polynomial expressions in c .
For example,

c2(α+c)(β+c) = c2αβ+c3(α+β) +c4 = c2αβ+c3(α+β) +c4.

Another example: let Bn denote the n-th Bernoulli number. The
Bernoulli numbers satisfy the recursion

Bn =
n∑

k=0

(
n

k

)
Bk ,

or, in umbral notation,

Bn = (B + 1)n.
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Generalisation of that formula, still in that special case

For the case where si ≡ s and ti ≡ t for i ≥ 1, we have

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=
Num(α1, . . . , αd)∏
1≤i<j≤d(αi − αj)

,

where

Num(α1, . . . , αd) = t
1
2(dn+(d2))

∏
1≤i<j≤d

(Uαi − Uαj )

×
d∏

i=1

(
1− t−1/2(s − s0)U−1αi

+ t−1(t − t0)U−2αi

)
Un
αi
,

with
Un
α ≡ Un

(
α+s
2
√
t

)
,

Un(x) being the n-th Chebyshev polynomial of the second kind,

Un(x) =
∑
k≥0

(−1)k
(
n − k

k

)
(2x)n−2k .
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Generalisation of that formula, still in that special case

For the case where si ≡ s and ti ≡ t for i ≥ 1, we have

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=

det
1≤i ,j≤d

(fn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
,

where

fn(α) = tn/2Un

(
α+s
2
√
t

)
− t(n−1)/2(s − s0)Un−1

(
α+s
2
√
t

)
+ t(n−2)/2(t − t0)Un−2

(
α+s
2
√
t

)
, for n ≥ 1.

Maybe this holds without the restriction si ≡ s and ti ≡ t for
i ≥ 1?
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Generalisation of that formula, still in that special case

We have

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=

det
1≤i ,j≤d

(fn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
?

Maybe this holds without the restriction si ≡ s and ti ≡ t for
i ≥ 1?

The computer says “yes”.

This should be known.

−→ Gábor Szegő: Orthogonal Polynomials (1939)
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−→ Gábor Szegő: Orthogonal Polynomials (1939)

Christian Krattenthaler Determinant identities



Generalisation of that formula, still in that special case

We have

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=

det
1≤i ,j≤d

(fn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
?

Maybe this holds without the restriction si ≡ s and ti ≡ t for
i ≥ 1?

The computer says “yes”.

This should be known.

−→ Gábor Szegő: Orthogonal Polynomials (1939)

Christian Krattenthaler Determinant identities
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An equivalent statement

Experimentally, we found
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`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=

det
1≤i ,j≤d

(fn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
.

Equivalently,

det
1≤i ,j≤d

(fn+i−1(αj)) =

( ∏
1≤i<j≤d

(αj−αi )

) det
0≤i ,j≤n−1

(
mi+j

∏d
`=1(α` + m)

)
det

0≤i ,j≤n−1
(mi+j)

.
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If we don’t find it in the literature, maybe we should think about a
proof?

Proposition (Jacobi)

Let A be an N × N matrix. Denote the submatrix of A in which
rows i1, i2, . . . , ik and columns j1, j2, . . . , jk are omitted by
Aj1,j2,...,jk
i1,i2,...,ik

. Then we have

detA · detA1,N
1,N = detA1

1 · detAN
N − detAN

1 · detA1
N .

Jacobi’s condensation formula allows (sometimes) for inductive
proofs of conjectured determinant identities.
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By Jacobi’s condensation formula, the left-hand side satisfies a
certain recurrence formula. If we manage to prove that the
right-hand side satisfies the same recurrence, then we are done.
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Proof by condensation

By Jacobi’s condensation formula, the left-hand side satisfies a
certain recurrence formula. If we manage to prove that the
right-hand side satisfies the same recurrence, then we are done.

If one works it out, then one sees that we need to prove

(αd−α1) det
0≤i ,j≤n−1

(
mi+j

d∏
`=1

(α` + m)

)
det

0≤i ,j≤n

(
mi+j

d−1∏
`=2

(α` + m)

)

= det
0≤i ,j≤n−1

(
mi+j

d−1∏
`=1

(α` + m)

)
det

0≤i ,j≤n

(
mi+j

d∏
`=2

(α` + m)

)

− det
0≤i ,j≤n−1

(
mi+j

d∏
`=2

(α` + m)

)
det

0≤i ,j≤n

(
mi+j

d−1∏
`=1

(α` + m)

)
.

If one looks at this properly, then it turns out that this is another
instance of Jacobi’s condensation formula.
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Great, but . . .

Great! We found a proof, and we have a theorem.

Theorem

We have

det
(
mi+j

∏d
`=1(α` + m)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

=

det
1≤i ,j≤d

(fn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
.

But still, is this really new? Hard to believe . . .

What about “non-classical” sources?

−→
Alain Lascoux:

Symmetric functions &
combinatorial operators on polynomials (2003)
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Alain Lascoux: Symmetric functions and . . . (2003)

����� � ���	��

� ���������	

�������

����� ��
�����������
��! ��"#���$���������%���

"&�� '�(����� 
��! )�

*�+-,/.-0213,547698;:=<

>=?'@'A
BDCFE9GIH�JKH�L�H	MON
GQPRN9S�T�UWV9EYX9Z�B\[OE�J^]
Z_S�GQJKHa`ZbT9ZbUcNYS�E�ZedgfhN�dji/N9fkf5`Z_Z9B
l_lkmonem UpN9S�E�ZedgfhN�dji/N9fkf5`Z7Zc>=Z_TYZrqsB
t;SuN9E9vwZ

xzyr{|{g}Q~7�
�h����{g}|�F�����5�Q�k�-�Q�z�����5�5�h�\�_�^�7���g���-�K�Q���R�=���_�����_���_�^�����-�g�����h�� ;�K����¡��^�'¢h£�£h£k¤e¥h�
¦z§ ¨a§ �5©_�^�7�

ª/«­¬ ��®°¯z������{g}I�-�h��±7²h³o´¶µ;·�¸e³7¹eº�»�¼e½_¾�¼kµu´R¿_À¶Áw²�¿/·ÃÂkÄ
ÅuÆ=Ç �eÈrÉeÉhÊ;ËgÌeÌ�ÊkÈ7³r²k³�µw¹�É_ÍhÄeÍs·Î¼eµw´R¿7ÀQÁ�²�¿/·­ÂhÄ7Ìc³r²

Christian Krattenthaler Determinant identities



Alain Lascoux: Symmetric functions and . . . (2003)

� 
 � ¦  j� ¨ ¥

������� � �!����� �����;� �	� ���%	
>���������

>���������
>���������

>���������
>���������

>���������
>���������

>���������
>���������

>���������
>���������

>���������
>���������

>���������
>���������

>���������
>���������

>���������

��

���������� ���������

# � �j©7��*%*�©o������*^� ��(_�7�I�g�^���7� �h�7�_�&�u�Q�-�Q�k� �g�I�-�;���Y�^���r�Q�g�Q�-� � �o���g�¶��� ����*:* ��� ��¯ �"�7���F}Q� �|�
�-©_��("$h©tK/�a�j©o��*:*��'�k���)* �t(7�g�D�Q��� �Q(_�-���-� �h�D� ���_�I�g���g� �^�7���-���/���h�;�g©_�a� ��� ���h��� §

� �j�e� � �I�g�-�K� ��(_�o�|�g�^���W���=���W��*%/_©o���w�I�,-&�^� � ��(_�7�|�-� �h� �����g©_�7*^�I�j�-�Q�F�EK ©_�^�F©W�^�
�^�e�R���g�K���k�+(_���r���J/w�Q�-�Q(r�F���g�^���3���Y�g©_�
*^�I�g�g���-� ��� - §

 ;©_�;�j�^��/"*^�Q�z�j�e� � �I�g�-�K����(_�o�|�g�^���o�
���g�5�o�¶���N�r� �7�_�M�\�g©7�g�0("$�©B$h�Q�_���-���g�^�"$ ��(_�o�|�g�^���o� §
# � �g©7��*:*s�_���Q(7�g���g©7� �F*K���-�g�^����*��_���-���g�^���7�D���h�O�g�e�'� �Q�g�-�^� ��(7�7�|�-� �h�7�)� ���a�-©_�Q� �Q���c�o�
���0(_���c�^�  �h���r�h�7��*O�P> �a�o�e�h��� 
� "!$# �I� �o�¶�Q��(o�j� � ��K �%*:*s�w���Q��� � ��* �¶���\�^�c�-©_� �Q��(_�F�j� ���
�-©_���g� *^���|�)(_�-�����-©7���TK5�s�_�Q��� �g� �Q���7�g�:�_�Q�Y�g�e� �'�Q�g�-�^� ��(_�7�|�-� �h�7�
��� 	Fyr~��I�q��{F�|�������\�I���7�_���I�
�-©_�Q� K ���-© ��/w�Q�F���g�^���o�D���c���¶�|�-��� �5/7���Q���a����� �-��/7�g�¶�j���h�F���-� �h�7� § ?Ã� �^� � �g����*:*��"(_���r���
�^��/o�k�j��� ��� �g©7���g�¶���r�����h�"(r�5�g©_� �Q����/7�h�|�s�_���-���g�^���7���g©7���IK5�r/_�g�0/o�k�j�j$h�g�¶���)* �'�j�^��/"* � ���
�����7�%/"(�*^���g�^���7�Y���7�g�e�'� �Q�g�-�^����(_�7�|�-� �h�7� § � ���g�K�I�5�g©o���z�F;�/o�h�_�Q�k�F�Y���g� (o�j���a�����T/_�-����(7�|�F�Q�
�����O�g©7���d;�%'�K�I�r���u�Q�-�Q�k�����-��� ; % �k�F;_�I�M/r�IK ©_���'&3�K������*^�Q��$��g© ���_�#� � § � § �K�s�����^�k�g�M$��Q��� §

& 6(� ) 
 �*) &�������� #,+ - % 6 - % � - %*. �����0/ ; % 6 ; % � ; %*. �����0/ . % 6:. % � . %*. �����
���g�'�r���w���g���h� ���-��� ; % �21 % �I�F� §?­�)�Q���g�3���r*^�Q�"$��g©�¥��uK5� �j©o��*:*/�^���r���u�Q�-�Q�k�5*^�LK �-���-� �^���r�K�I�¶� ��� �F;�/w���_���h�F�O�����'�g©_�
�-��� � ��(_�7�I�g�^���7�a�

; % 6 ; % � - % 6 - % �s. % 6 . % �
# �\�_���M� �0/o���-���g�^���7� �h� ��*:/_©7���o�Q�-���7�-©_�#�7�F�j� ���_�\�o��� �"$ �g©_� ���h��®°�Î®���~7�u�-©7��� �^���g©_�

�r�K� ¡����^�h�j(_�7� �h� �-©7���JK/�a�j©o��*:*H�r�Q�_���g�a�e� �43"93> �­�j�:$�� �5 - 6 ��* "6��1 6 �$,0"�6 7 - 9 1 � 6 ��* "�8 ��,�"
 �h�g� ��/w�Q�F���-� �h�7�+K �:*%*��w�a� �k�-�g����(7�Q�M�3�^� �5©o��/r�-�Q�r! §


"�:9;�=< ���>�@?A��?�B"CD�
� K/�����,*^��� �o�I�-�����g�^�"$'�g�M6�(_���7�I� ��� �j�g�-�^�I�5*^� /o�k�j� �g�^��� �,(_�\�w�Q�F� %'6(� E 
 ��E &����������FE
G # �^�����*:* ��� �#�_��{|� ®°�Î®���~ ��	D���7}a~oy ¬ �F}Q{�V ��	D¯ }Q~ �����IH ��% ��6�H��,K ©_���g�1V 6(J %"Jr� 6KE 
 9 ����� 9LEMG §

� �_� ��*^�g�2(7�g���jK/�����,* � �_���I�-���h�j�^�"$��g�M6�(_�Q�o�I����� �7�j�g�¶��� ���z�^�7�Q�g�¶���g� �"$ �h�_�����7����� �g�Q���Q� �-�
�-©_�Q� ���\�h}��I{g}F���F®°~ �#�_��{|� ®°�Î®���~7�F�w�"(r� �g� ©7������*^�a� � �_�h�-�����z� ���g�-�^�Q�����7� � �K�j/_�-�I���Q�F����* �D�-�
�F©_�e�k�j� ��(_���Q���e�����k�g�^��� §

� /7���g�g� �g�^��� %O©o���;�Q$h�-��/_©_�K�Q��*7�-��/_�-���g�Q�k�-���g�^��� �"(_� �-��
7�Q�-�g���-����K ©_�K�F© �K�;�Q��*:*^�M��� �-�
��® � ��{g� ¬ � ���D�K� � �_�^��$��F�������s�56�(7���g�a�w�V;r���r* �Q�°�&/7�h�F���M����E 
 �2E & ����������E G �w�Q�^�"$��-©_�'��(7����w�Q�;���Y�o�V;r���/�^� �-©_�a�4(7���I�¶�g�g� �h� �-�[K�� §z¨ �¶���r�^�"$ �-©_�D�,(_�\�w�Q�;���Y�o�V;r���/�^� �-©_�a�4(7���I�¶�g�g� �h�
�Q��*:(_� �7�Q�o���_�\���r�F���^�7� ���_���-©_�Q�&/7���g�g� �g�^��� %$N K ©_�^�F© �^�=�Q��*:*^�M�3�g©7�7����~M
|y �h���Ã} �7��{|�Î®°� ®���~ §




Christian Krattenthaler Determinant identities



Alain Lascoux: Symmetric functions and . . . (2003)

� 
�� ������� �
����� � �
	�������� �����

¦ (o�j©_�^�"$ � �w�V; �r�[K � $��^���¶�=� �g� ��*%*^�Q�'/7���j�-���-� �h�����"(r�a� �a�^�D�_���D�g�)(_�\�-©7��� � �
$��^���¶�
�E/7��� �;��� �I�h�7�g���F(_�g�^���8/7���g�g� �g�^���7�D� � �

���������������
����� ���������������� � ���g�D�_�����I���o�j�¶�F(r�-� �h���r�w���Q��(7�g�

�-©_�a� ����� ���
�g©_�a�"*K���F���w�V;3�����3�o�
/w�Q�g�����-� �M� � �3�kK/�����-��/7���
� �
�����
���(����(�

+ � �
���������������

+ ���� �
������������

C��Q� & � % �o� �'/o���^������/7���g�g� �g�^���o���4(o�F©O�-©7���s�g©_�r�_�^��$��F�������D& �I�h�h�F���^�7�
�g©7�r�r�K��$��F���
��� % §  ;©_���p�-©_�3�g�I�2�r���w���g���7�I�3��� �g©_� �kK5� �r�K��$��F�����\�^� �Q��*%*^�M�W�c���h} �&��® � ��{g� ¬ �����
�r���_���-�M� &:�
% � �0�"�r�^�"$ �Q��� � ���c�w�V;e�¶�D�g� % ������& �r�e���\�_���O�F©o���"$h� &:�
% § ?­� �j�h� �
/_�-����* ��� ���r���7� ©o���/�g���Q���7�g�:�_�Q�j/7��� �F� � & � % �/�F���g©7�Q�;�g©o���L&:�
% � §

?Ã� &:�
% �Q���k�-��� �o� �_� !,( ! �5(_���q�r�^��$��F��������� �K���I�h�_�_���I�g��� ���-���5/ § &:� % �I�h�k�-���^�7� �7�
�kK/� �o�V;r��� � � �-©_� �-��� � �I�0*%(_� ���
�-��� § �_� �kK/� �o�V;r�¶�D� � �-©_� �-��� ���g�[K �I���-©_�Q��&:�
% �^�
����*:* ��� � {|®�������~ � �g�¶�4/ § �"��{|®�����~7�­��¯Y�F�Î{|® �w�o�g�¶�4/ § �R}Q{|� ®��F��¯��|� {|® �2� §  ;©_�Q�-�a���-�D�j�g�-�:/7�jK ©_�K�F©
���g� �o���g© �����j�-�^����*������ ©7���-��!����k�-��* �k����� ��;_����/"*^�D���g�^�"$�*^�D�o�V; §

���
� �����
����� ���
���������

���
����� �
������� �
���������

� �
���(������(��� �
���(��� �

�g�^�_�w��� ©_�h�g� !Q�h�k�-��*��j�g�-�%/ �h�Q�g�g�K�Q��*u�j�g�-�:/
� /7���g�g� �g�^��� ��� �g©_�O���,/o����¥��
� � / ¥ # �^� �Q��*%*^�M� �.�"����� ����� �^�8�r�Q�7���g��� ����/�� � §  ;©_�

�r�¶�I�h�E/w�h�g� �g�^��� ���s�-©_�2�r�^��$��F�������/�t/7���g�g� �g�^��� % � �k�-� � �-�B�_�^��$����o��*
©_�e���r�,��� § � § ©_�e�h�e�
©7�R�e�^�"$ �g©_��� �a©_�¶��� ��� �g©7���_�^��$����o��* � �K�a�Q��*%*^�M� �g©7�
	�{5�0�F}I~o®°ye�2���¶��}����&% ����� �r�Q�_���g���
� � �
�4� % �;6 ��� 
 �"� & ���������"� � /�� 
 �"� & ����������, � �;��K ©_���g� �e�;�-©_� �,(_�\�w�Q� ��� �w�V;r�����^� �g©_�
�����^�.�r�^��$��h�7��*Î�e�^������*:* ��� �-©_��{g��~�� ���Y�g©_�
/o���g�g� �g�^��� � §

%'6 � ! �5����� � � # 6 � �
� �����
� �������
�����������

$h� �h��� � � �
�4� � ! �4�:�)� � � # �06 �A��¢_¥ / ¢�!�£4� �
@ �^���Q� �a�o�V;��^� �B�r�K��$h�-��� ��� �-�'�)��~7�­}I~o� �^�5� �-���r�^�j�-���7�I� �g�\�g©_�=� ��� �t�r�^��$��h�7��* §  ;©_�

�3("*��-�^�g�I�=��� �I���k�-�Q�k�-�=��*:* �[K��/�-���g�¶�I�������;�g©_�3�r�^��$��F��� �r©_���7�I�a�-©_�B/7���j�-���-� �h� §;¨ ��/"*K���Q� ��$
�¶���F© �o�V; �e�p� �-� �I���k�-�Q�k���/���_� ©7�h�Q�5��������;_����/"*^���5�g©7���$% 6 � ! �4�:�)� � � # ©7�h���I�h�h�-�Q�k�-�
< A < &< & < 
��6
< 
��d
 & A� 
 & A ���

����� �Q(�*��-�^�g�I� � � <w¢ � 
 �2� <H! � & �2� <z¥ � & �_£ A ��¥ A ��! & �7¢ & ��� 
 ��� 
 " §


� �o��*:* � �������D�g©7�'� �h�'���k� � �|�����7� ����� �I���r� � /7���j�-���-� �h� �e� �g©7�EK/����� �h�r�-��� �7�M� �e�

�-���0�r� ��$\�-©_� ����{g�h}I{O���z���F�J�r�K��$��F������£O���h�����3©_���-��!����k�-��*����-��/���¥ ���h��� ���Q�g�g�K�Q��*����-��/ §

%'6 � ! �5����� � � #�+ �w�����r�Q� 6
��� 
��� ��� 
������� � 
��������� �2
�����������

6(� £��g£��Q¥��-£ �-£ �Q¥ �g£��Q¥��-£ ��¥ #
 
���e� ��$O�-�Q�h�Q�F�j�8K5�h�)�7�5����� ��;_�F©7���"$h� ��$'£ ����� ¥D�I�h�g�-���5/o�h���_�5�g�'�F���e� ��$'�Q����¡k("$k���-�

/7���j�-���-� �h�7� § ?­�W� ���|�¶�5��*%* �0/o���-���g�^���7�O��� K5�h�)�7�O�h�p�kK/� *^�I�g�g���-� �^����(7�Q� ��/w�Q�F���g�^���o�O�h�
/7���j�-���-� �h�7�/�g©o���jK5�
*^���R�h� �-�'�g©_�a�-���0�r�Q�/�g©7�
/"* �¶���5(_�-�=�-�2�r�^�-�I���h�Q� §

?Ã� �K����/"/_�-��/7�g�K���-� �-� �Q���7�����-�Q�7���g�.* �Q�j�-�Q�F� ¥3�h� �g©_�.*^�I�°� ��� � �o�h�)�_�Q�2K/�������5�����
*^�I�g�g�Q�F� £ �h� ���F���-�%$h©k� §  ;©_�K� ��� �0(_�k�-� �-� �I�h�7�g�:�r��� �g©o�����-©_�Q/7���j�-���-� �h� �o�'�I���k�F���^�_�M�3�^�
� �g�¶�|�-���"$�(�*^���B/7���g�g� �g�^��� �UP ��K ©_�Q�-�����K� �-©_� �-���F��*/��(7�\�w�Q�'���=£�> �O������V)�g©_� �g���-��*
�,(_�O�o��� ��� ¥0> ��� § �e�^�7�I�'� £ ��¥
K5�h�)�3�K� �5/o�¶�I� �7�M� �e�3���F�r*^�Q��$��g© �����3�g©7�Q/w�h�g���-� �h� ���z�g©_�
£�> ���r���_�D©7�h�/�g©_�D���0*%*^�[K �^�"$3*^�Q� ���'�g©o�������7�D�g©7��*%*��_���M�3�^�.�_�I�g���g� �^�7���k�F��*��O�r�Q�k�g� �g�^��� §

, Z�-.-�N	¥ § ! § ��$ Ç }Q� % 6 � E 
 ��������� E P # S+WfP �-}3� �_��{|� ®°�Î®���~ ����~7�­��®°~u}F� ®°~ �UP��a��~w�& 6 � ) 
 ���������*)�� # �F} ®°� �Q�)��~�
|y �k���­}M� � �_}Q~
��E 
 / ¥���E & / ! � ������� E P / V " ��~w�	� � / V / ¥�34) 
 < ¥ � � / V / ¥ 3') & < ! � ������� � / V / ¥�34)�� < � "

Christian Krattenthaler Determinant identities



Alain Lascoux: Symmetric functions and . . . (2003)

A � 
 � � 	���� � ��� �r��� � �N��� � � � � �

� A 6

�������������

¥Q!'¢E� ¢2! £
£ ¥B!'¢3��¢ !i3
£�£3¥B!O¢E� ¢k3'9 !
¥�¥ ¥ ¥'¥a£�£
£ ¥ ¥ ¥'¥ ¥ £
£�£3¥ ¥'¥ ¥r3
£�£ £3¥'¥ ¥r3'9 ¥

�������������

6 ¢i3'99! � � � 6

�����������������

¥B!'¢3� ¢2!'£ £ £
£3¥B!O¢���¢2!'£ £
£ £3¥
! ¢E��¢2!'£
£ £ £ ¥Q!'¢E��¢2!
¥ ¥ ¥'¥�¥a£ £ £ £
£3¥ ¥'¥�¥ ¥a£ £ £
£ £3¥'¥�¥ ¥ ¥a£ £
£ £ £ ¥�¥ ¥ ¥ ¥a£
£ £ £'£ ¥ ¥ ¥ ¥ ¥

�����������������

6 � �

Æ } ¬ ��{��3?Ã�@; � �I3;3 1�� ������;>P �I3 3 -0��©7�R��� �7$��-�����-���j�D�Q��� � ��� �r� �e�K�j�h� �����5�����r���
V,3 �e�e�g©_��� �-©_�D�4(7���I�¶�g�g� �h���-�Q�����^���r���-�uK �%*:*u�o�'�r�^�e�^�g� ��* � �e� � §  ;©7�^�/�^�E/�* �^���5�g©o��� ��� �-©
�-�Q�����^���r��� �K� ��6�(7��*9�g� � ��("/ �-� � �g����*K�����|�o����� �-©7���=�g©_�'�g�������^���r�Q�F� ����©_�%$h©_�Q� �����r���
���g���,("*:* § �5�h�e���Q�F�g��*^����� � � � �.- � 1 ���K���r�&�u�Q�-�Q�k�/���g�h�	£7�k����� �-©_�8�_�I�g���g� �^�7���k�F� � � � -���1 �
���g�D��*:*9£O����� < � �e�r�g©_���3�g©_�
$h�g�¶���g�¶�����Q��� � ���.�r� �e�K�j�h�;���F; � �I3 3 1 � ������;>P �I3 3 -��
�K�;���N�r��$h�g���sV 3 �'����� ��6�(7��*u�-� � � � -���1 � §

C��Q�&(7� �_���-�^�Q�a�g©o��� �-©_�3�_�I�g���g� �^�7���k� � � � -���1 �O��*K�g� ��(_�g�7�^�g©_���&� ("*^�Q��> ���Q(�*��-�%/"*^�K�Q� �
�-���F�Q�e� § � § �g©_�
/w��*^�e�_��� �K��*K� � # � � ( �4(o�F© �-©7���

� � � -���1 � 6 � # / �43 � - � 9�� ( / �43 � 1�� �
?­���_�Q�M�����Q����*:(7���-� ��$�� � �.-���1 �O� ����("*^� / �I3 ��-�� �Q���7�g�^�j�-� �^� �F©7���"$��^�"$ �g©_��*K���j�D�Q��*:(_� �
�^�k�g� � ; � / � < 
 �I3 3 12��������� ��; � �I3 3 1����g£ ���������g£ # § �,(_�_�g�F���|�-� ��$�3c�g� �g©_�3��*:/_©7���w�I�F�a�^�
�-©_� �7�F��� �
3W¥D�-�[K��Q�r�h�_�'$��I�F�Q�_�h� �E*^�h�����I�0*%(7�'�9�

��; � / � < 
 ��3�1 ��������� ��; � < 
 ��3�12����; � �43 3 1����-£ ������� �g£ #
�-©7��� �K�Q� �j£����������-£ � / �I3%381����-£ ������� �g£ # �/�o�¶�Q��(o�j�3�g©7� ; � ��3�12� ���-� , �g©_� ��*^�Q� �Q�k�-���g�
�g�e�'� �Q�g�-�^� ��(_�7�I�g�^���7� ���a���)��*:/_©7���o�Q� ���a�Q�����r�^�7��*^� ���3� � �����W�g©_���g�Q�����-� ���g� �,("*:* �����
Q�� � §

���[K �g©_� �Q��� �h�|�g�h�;��� / �I3 3 1 �a�^�;�-©_�B�r�Q�g�Q�-� � �o���k�

����������������

; � ��3@3 3 1 � ����� ; � ��3@3)3 12�
§§§ §§§

; < � / & ��3@3)3 12� ����� ; � < � / &4��3@3 3 12�

; � ��3�-�� ����� ; � ��3�-��
§§§ §§§

; P / 
 < � < � ��3�-�� ����� ; � < 
 ��3�-��

����������������
�N;�/7�����r�^�"$ �g©_�K� *K���j� �r�I�-�Q�-� � �7���k�s���Q�Q�����r�^�"$ �g�D�g©7���7�-�j� � 3 ¥ �g�[K��������_� �-���Q��$h�_��!��

�-©7��� � � �^�;��6�(7��*u�-�7; � � - 3 3 3 12�Q�GK � �g© � 6 ��� 3 V 9 � � � < 
��JQ 6 � 3 V 99! �:3 ! §
 � �g�k� � �I�-�g� �F©7���"$h� ��$ -�� 1 �9���7�=�-©_�Q�-�I���h�g�'$h�I�-�

� ¢ § ¥ § � ��� � � -�� 1 � 6-,u; � � < P / � � � ��� �.- < 3 < 12� / �43 ��1 � ,�; � � � ��� � ��� �.1 < 3 < -�� / �I3 ��- � �
K � �g© �g�%$h�7�/�g©7�����4/w���Q�^��* �K���F�jK �:*%*��e�_�[K ©_�[K �-�2K �g� �g� §  ;©7�^������� ��*K�j� �w�
K �g� �j�-�Q�
� ¢ § ¥ § � � � � � -���1 � 6 ,u; � � < P / � � � ��� 	 � � - <!1 �L3�< 12� ,C; � � � ��� � ��� 	 P �.1 <!-+�L32< -0� �

?­� /7���j�-�^��("*^�����+K ©_���)�g©_� �kK5� /w��*^�e�_��� �K��*K� ���-� �g�M*^���g�^���M* �L/7�g�^� ���;�g©7�Q���-©_� *K���j�
�-�Q�����^���r���;�^� ��6�(7��*u�-�O�-©_�a�-���5("*��F���k������� ���7�a©7���/�-©_�a�:�_�Q�k�g� ���

� ¢ § ¥ § ¤�� ¥:6 ; P � ��� � 1 3 - <f3 �
; P � �.1 3 -�� ; P �43 < -�� 9 ; � � ��� � - 3 1 <f3 �

; � � �.- 3 1�� ; � �43 < 12� �Christian Krattenthaler Determinant identities



Alain Lascoux: Symmetric functions and . . . (2003)

A � 
 � � 	���� � ��� �r��� � �N��� � � � � �

� A 6

�������������

¥Q!'¢E� ¢2! £
£ ¥B!'¢3��¢ !i3
£�£3¥B!O¢E� ¢k3'9 !
¥�¥ ¥ ¥'¥a£�£
£ ¥ ¥ ¥'¥ ¥ £
£�£3¥ ¥'¥ ¥r3
£�£ £3¥'¥ ¥r3'9 ¥

�������������

6 ¢i3'99! � � � 6

�����������������

¥B!'¢3� ¢2!'£ £ £
£3¥B!O¢���¢2!'£ £
£ £3¥
! ¢E��¢2!'£
£ £ £ ¥Q!'¢E��¢2!
¥ ¥ ¥'¥�¥a£ £ £ £
£3¥ ¥'¥�¥ ¥a£ £ £
£ £3¥'¥�¥ ¥ ¥a£ £
£ £ £ ¥�¥ ¥ ¥ ¥a£
£ £ £'£ ¥ ¥ ¥ ¥ ¥

�����������������

6 � �

Æ } ¬ ��{��3?Ã�@; � �I3;3 1�� ������;>P �I3 3 -0��©7�R��� �7$��-�����-���j�D�Q��� � ��� �r� �e�K�j�h� �����5�����r���
V,3 �e�e�g©_��� �-©_�D�4(7���I�¶�g�g� �h���-�Q�����^���r���-�uK �%*:*u�o�'�r�^�e�^�g� ��* � �e� � §  ;©7�^�/�^�E/�* �^���5�g©o��� ��� �-©
�-�Q�����^���r��� �K� ��6�(7��*9�g� � ��("/ �-� � �g����*K�����|�o����� �-©7���=�g©_�'�g�������^���r�Q�F� ����©_�%$h©_�Q� �����r���
���g���,("*:* § �5�h�e���Q�F�g��*^����� � � � �.- � 1 ���K���r�&�u�Q�-�Q�k�/���g�h�	£7�k����� �-©_�8�_�I�g���g� �^�7���k�F� � � � -���1 �
���g�D��*:*9£O����� < � �e�r�g©_���3�g©_�
$h�g�¶���g�¶�����Q��� � ���.�r� �e�K�j�h�;���F; � �I3 3 1 � ������;>P �I3 3 -��
�K�;���N�r��$h�g���sV 3 �'����� ��6�(7��*u�-� � � � -���1 � §

C��Q�&(7� �_���-�^�Q�a�g©o��� �-©_�3�_�I�g���g� �^�7���k� � � � -���1 �O��*K�g� ��(_�g�7�^�g©_���&� ("*^�Q��> ���Q(�*��-�%/"*^�K�Q� �
�-���F�Q�e� § � § �g©_�
/w��*^�e�_��� �K��*K� � # � � ( �4(o�F© �-©7���

� � � -���1 � 6 � # / �43 � - � 9�� ( / �43 � 1�� �
?­���_�Q�M�����Q����*:(7���-� ��$�� � �.-���1 �O� ����("*^� / �I3 ��-�� �Q���7�g�^�j�-� �^� �F©7���"$��^�"$ �g©_��*K���j�D�Q��*:(_� �
�^�k�g� � ; � / � < 
 �I3 3 12��������� ��; � �I3 3 1����g£ ���������g£ # § �,(_�_�g�F���|�-� ��$�3c�g� �g©_�3��*:/_©7���w�I�F�a�^�
�-©_� �7�F��� �
3W¥D�-�[K��Q�r�h�_�'$��I�F�Q�_�h� �E*^�h�����I�0*%(7�'�9�

��; � / � < 
 ��3�1 ��������� ��; � < 
 ��3�12����; � �43 3 1����-£ ������� �g£ #
�-©7��� �K�Q� �j£����������-£ � / �I3%381����-£ ������� �g£ # �/�o�¶�Q��(o�j�3�g©7� ; � ��3�12� ���-� , �g©_� ��*^�Q� �Q�k�-���g�
�g�e�'� �Q�g�-�^� ��(_�7�I�g�^���7� ���a���)��*:/_©7���o�Q� ���a�Q�����r�^�7��*^� ���3� � �����W�g©_���g�Q�����-� ���g� �,("*:* �����
Q�� � §

���[K �g©_� �Q��� �h�|�g�h�;��� / �I3 3 1 �a�^�;�-©_�B�r�Q�g�Q�-� � �o���k�

����������������

; � ��3@3 3 1 � ����� ; � ��3@3)3 12�
§§§ §§§

; < � / & ��3@3)3 12� ����� ; � < � / &4��3@3 3 12�

; � ��3�-�� ����� ; � ��3�-��
§§§ §§§

; P / 
 < � < � ��3�-�� ����� ; � < 
 ��3�-��

����������������
�N;�/7�����r�^�"$ �g©_�K� *K���j� �r�I�-�Q�-� � �7���k�s���Q�Q�����r�^�"$ �g�D�g©7���7�-�j� � 3 ¥ �g�[K��������_� �-���Q��$h�_��!��

�-©7��� � � �^�;��6�(7��*u�-�7; � � - 3 3 3 12�Q�GK � �g© � 6 ��� 3 V 9 � � � < 
��JQ 6 � 3 V 99! �:3 ! §
 � �g�k� � �I�-�g� �F©7���"$h� ��$ -�� 1 �9���7�=�-©_�Q�-�I���h�g�'$h�I�-�

� ¢ § ¥ § � ��� � � -�� 1 � 6-,u; � � < P / � � � ��� �.- < 3 < 12� / �43 ��1 � ,�; � � � ��� � ��� �.1 < 3 < -�� / �I3 ��- � �
K � �g© �g�%$h�7�/�g©7�����4/w���Q�^��* �K���F�jK �:*%*��e�_�[K ©_�[K �-�2K �g� �g� §  ;©7�^������� ��*K�j� �w�
K �g� �j�-�Q�
� ¢ § ¥ § � � � � � -���1 � 6 ,u; � � < P / � � � ��� 	 � � - <!1 �L3�< 12� ,C; � � � ��� � ��� 	 P �.1 <!-+�L32< -0� �

?­� /7���j�-�^��("*^�����+K ©_���)�g©_� �kK5� /w��*^�e�_��� �K��*K� ���-� �g�M*^���g�^���M* �L/7�g�^� ���;�g©7�Q���-©_� *K���j�
�-�Q�����^���r���;�^� ��6�(7��*u�-�O�-©_�a�-���5("*��F���k������� ���7�a©7���/�-©_�a�:�_�Q�k�g� ���

� ¢ § ¥ § ¤�� ¥:6 ; P � ��� � 1 3 - <f3 �
; P � �.1 3 -�� ; P �43 < -�� 9 ; � � ��� � - 3 1 <f3 �

; � � �.- 3 1�� ; � �43 < 12� �
Christian Krattenthaler Determinant identities



Alain Lascoux: Symmetric functions and . . . (2003)

� � ��� ) % � �

� � ��� � � � ����� � � � � � ��� � �����

y!"!"!!#!! y!#!$!!#!! y!$!#!!"!! y!"!#!!#!! y!"!"!!"!! y!$!#!!#!! y!#!#!!#!! y!#!"!!$!! y!"!#!!"!! y!#!"!!"!! y!"!#!!$!! y!#!#!!#!! y!#!$!!"!! y!"!"!!#!! y!#!"!!#!! y!#!$!!"!! y!$!#!!#!! y!"!"!!#!!
�'& � &�� 2 2�� * � *4. 065 � * 5�@ . *4= 4 065 5 0 5�C @ =�= 1 2 2&463 �y7 . 3 2 4/*4. 5

) q �+r � �.
+F r F ) D>�%�^G"D r F ��) m sar �PMJD qAr�� G	� q+r � ��� � � -´eàgLD]M��
� � � � eBD#H � HJH q �bD � MJFVt �� s6r D4o s F�-?m � 5)D"G�� q m q�) M � q 
 q+r#� G	! q G�� r6q 5)D � G"H
p
� � � � � � - � ? H � � - ? Á � � - � !�D]m ; �� < x � ? Á � � - ? Á � � - � � d

� FwH � � G"G�M ) F � M�M �aD"HcH s � � F��PM1� � 	-D r 
 q+r G��TD r 5)D r t1M q H � q g � G�
+F�� )�� D���D#t3F r MJD]MJD$FKH �) �6F ) F � t6F ) gLD"G"G + r t � � )Jq-� t6F ) ! q D r M q m�	-D"F%g D r M��6F�� q-q � q m � r t ) F%gnH
eB��H �+F �"e(� q ������ e �Or t�M��6F q+r F q m � }VF$
 �q ��� % >2� �� r F�� �+r m q-) 5 � G"G��ZH s !�! q H_FcM � � M~M �6F ) F)F!�3D#HkMjH �Or � G%!�� � �4FbM � H s �,�TM � � MEM��6F=¸�· �¸3 6©+�f¤ � � Á �4F~M �aF?� q 5�!6G"FbMJF~m s6r �bMID q+r H q m �<e'D � F �� � Á � a Á � �*- x < � ! d
� q g � D"H � G$D r F � ) m s6r �PMJD qAr�� G�e�M � � M;g`F H � � G"G r6q MJF � [ ekgLD$M � 	 � G s FKH�D r H � 5�5)FbM ) D>�m s6r �PMID q+r H%p �

[
p ����� � � - 6� /1032 � � - d

) �6FEG$D r F � ) m s6r �PMJD qAr�� G � �Or �4F�M�� q+s 
��NM � H � o s�� t ),� MJD��Lm q�) 5 q+r M��6FEH ! � �bF q m ! q G����
r6q 5)D � G"H`D r � e � q 5�! � MJD �aG$F|gLD$M � ! )Jq t s �PM/p
� � � � � � - ½ 
 � � - x � � � - ¿ p � �

[

 � � - � � � - � � 
 � � - � � � - x � - d

��H	� q+s G#t#�4F�F��
!9F��PMIFKt(e}M �aF q-) M�� q 
 q+r�� G ! q G�� r6q 5)D � G"HI? Á � � - � ) F � �,� s�) m s6r �PMID q+r H%e
� HLH&� q g r �
�^M �aF~m q G"G q gLD r 
cM �6F q�) F 5 ��O� � ��� ��� � � � � � �0§<�D¨� 6©>ª �� %©R %³´�fºiª�¡ ­�®�ª�¯� %���l±5��®� %©h��®� %³7 <  ���4¤´�
¤5©R·�© �9 6³�· �,º?·�©�¤?�¾ª�©+�f¤
d Á . / 0 2 � � -3¤RQ�º?®=��®�ª��l��®� �·�³´��®�·�©P·�³´¸3ª�¡�­�·'¡ ��©R·'¸h�fª'¡�¤�ª�¤?¤%·9º6�fª'�  ?²n� ·�� [ ª�³7 � � � � � » - ? Á � � - � d Á a Á Â � � À � - x < � ! x � x%d
d%dS��D��®=©P·�³´¸3ª�¡¢� �9ª����f·�©� � � � � � - � a Á Â � � Æ � - x a Á Â � � Æ � - � � d Æ tÁ � � À � - Á aàÅ Á2Æ s�Ç Â � � - a Á Â9Ã�Ä � � -
� ³�·
·,¶6¦ � r � �Or g ) D$MIF�M��6F q-) M�� q 
 q+r�� G$D$M � ) F�G � MJD qAr H � H�� [ ? Á � � - � H � !�e0; � < �
� q g?F 	+F ) e a Á Â � � À � - � H � a Á Â ] H � � x � - �Or t D$MJHlD 5 � 
AF sar t3F ) � [ D#H q �6M � D r FKt �
�
) F !6G � ��D r 
{M��6F	G � HkM�� q G s 5 r�q m ! q g?F ) H q m � �
�!� q 5�!6G"FbMIF~m sar �PMJD qAr H q m �<e'D � F � q+r F � � H�

[ a Á Â ] H � � x � - � a Á Â ] H � �*- d
s�s �

Christian Krattenthaler Determinant identities



Alain Lascoux: Symmetric functions and . . . (2003)

s�s � � �G
�� ����
 ��
�� � � � 
 � �	��
 � ��� �)

) �6D#HLt3F�MIF ) 5)D r#�Or M 	 �Or D#H&�aFVH`m q�) ; � < e*� � 	-D r 
cM�g q D#t3F r MID>� � G � q G s 5 r H � $ q-) F q 	+F ) e� � � � � � - �

[ a Á Â � � Æ � - a Á Â � � Æ � - � �
[ a Á Â � � Æ � - � À � -�Á aàÅ Á2Æ s,Ç Â � � -

� a Á Â ] Á � � - a°Å Á2Æ s,Ç Â � �*- d) �6F r6q M � MID q+r a Á Â � � Æ � -nF r � q t3FKHLM��6F���G � HIHID�� � G't6FbMIF ) 5)D r��Or M � G'F��
! ) FKHIHID q+r H q m q�) �M�� q 
 q+r�� G ! q G�� r6q 5)D � G#HuD r MIF ) 5lH q m 5 q 5)F r MjH/� � @ �cp
a v�v7v � � Æ � - � OOOOOO

a
v � � Æ � - a

w � � Æ � - a
� � � Æ � -

a
t � � Æ � - a

v � � Æ � - a
w � � Æ � -

a
s � � Æ � - a

t � � Æ � - a
v � � Æ � - OOOOOO x

� H a v�v�v � � Æ � - �
OOOOOOOO
a
v � �*- a

w � � - a
� � � - � H b v

a
t � �*- a

v � � - a
w � � - � H b t

a
s � �*- a

t � � - a
v � � - � H b s

a ` � �*- a
s � � - a

t � � - � H

OOOOOOOO
d

� q MID>�bF	M�� � M�M �6F{m s6r �bMID q+r�� G � [ � �+r � G#H q �4F{D r MIF ) ! ) FbMJFVt � H � H�� 515)F�M ) D�}VD r 
 q !9F ) �
� M q�) � i r t3FVFVt(ePg �6F r � D"H q m + r D$MIF � ��) t3D r�� G$D$M � < e4G"FbM��M�4F�M��6F�5 � �3D 5 � G !4F ) 5 s M � MJD qArD r / Á � ) �6F r

\ � s � � � a � � � - x � � ! x � x � x
d%d
dNx
�+r t^M�� s H%e6m q�) �Or ��! q G�� r6q 5)D � G 
 � � -ke qAr F � � H
� � � � � * - �

[

 � � - � 
 � \ s�-
� � d

� D r ��F \�� � � � a � � �*-%e � . 
 euM �6F ) FlD#H r6q t6D�zA� s G]M ��D r F��-MIF r t3D r 
�M �6F�t6F!+ r D$MID q+rxq m� � M q �Or � G%!�� � �4FbM q m D r + r D]MJF�� � ) t3D r�� G"D]M ��e � HED"H r FVFVt3FKtTD r M��6F�M �6F q�) � q m q-) M�� q 
 q+r�� G
! q G�� r6q 5)D � G#H �

�'&��B&�( 1 	 2<* � 7 3 4/. � � 1(2<. 1 5 5
i r H_MIF � t q m � �Or t6G$D r 
 q-) M�� q 
 q+r�� G$D$M � ) F�G � MJD qAr H%e q+r F(� �+r D r M )Iq t s ��F/³7 ¾­R³7·9²TQ�º%�D© ��H" %³ �©P 6¡�¤´eKD � F � m s6r �bMID q+r H�� Á � � x7� - q m-M�g q 	 ��) D � �6G"FVH	� � 	ND r 
uM��6F ! )Jq !4F ) M �nM � � M � [ � Á � � x,� - 
 � � - �
 � � - m q-) � G"G 
 � � - q m t6F$
 ) F�F A < À � D r � �' � ) � qAs �2�k� � ) D#HkM q |}F�G4M �6F q�) F 5 
AD�	AFVH`M��6F	F!�
!6G"D���D]MnF��
! ) FKHIHID q+r�q m'M��6FVHIF �+F )Ir FVG"H
p�O� � ��� ��� � � � � � �(IH %� � x,� ¯? /³�ª�©�H 	n %¡� %¸� %©��
¤?±mª�©R²� � � � � � - � Á � � x,� -lp � � À � -�Á2Æ s a Á Â���Ä � � À � À � -

aàÅ Á2Æ s,Ç Â � � - d
�P®� %©3� Á � � x,� -0�4¤|ªh³7 ¾­R³7·9²TQ�º%�D© ��H" %³´©R %¡�± S��D�D® ³7 6¤�­� ?º%�°� · � [ ±)¶6·�³c­�·'¡ ��©R·'¸h�fª'¡�¤O·,¶k²� K�'³7 ? A < À � ¦ � ·�³7 ?·'¨� %³
� � � � � � - � Á � � x7� - � � À � - Á� aàÅ Á2Æ s�Ç Â � � -�- t ? Á � � - ? Á)Æ s � � - À ? Á � � - ? Á2Æ s � � -� À � d
� ³�·
·,¶6¦ � ) D]MJF"e-m q-)
�+r �$� � !�e � \ � Á � � x,� - � a Á Â���Ä=' \ � � À � � � - � � �6F r � A < À � e q+r F
� � H �

[ �
\ � Á � � x7� - � a Á Â���Ä ' \ � � À � ���*- � � À � - \ a°Å Á2Æ s,Ç � ] Á Â���Ä � � ] \ � �*-

� � À � - Á)Æ s � \ aàÅ Á2Æ s�Ç Â � � -
�+r t^M��6D#H 
+D�	+FKH M��6F ) F ! )Jq t s �bD r 
�! )Jq !4F ) M � �

Christian Krattenthaler Determinant identities



Alain Lascoux: Symmetric functions and . . . (2003)

� � w � �	�����	��� 
���������� ���G�	���)
 s�s
6) �6F � t � q D r M ! q G�� r6q 5)D � G#H �C Á H � MID#H_m �lM �6F�H � 5)F ) F�� s*) HID qAr e�� s M�gLD$M ��D r D]MJD � G � q+r t3D��MJD qAr H �C ` � ! x �Chs � � �� F � � 	+F ! ) Fbm�F ) ) FVt 
+D�	-D r 
lHID%5)D"G ��) F!�
! ) FVHJH_D q+r H M q ? Á �+r t C Á �$� q g`F�	AF ) e qAr F?� �+r

� G"H q g ) D$MIF ? Á � � À � - Á a Á Â ]f` � � x � - �Or t�C Á � � À � - Á a Á Â ] Æ s � � x � q � -�M q � ) F � � s !M��6FlH � 5�5)FbM ) ��D r ? �+r t C � % ���,� �+r 
+D r 
�M �6F ? Á y H �Or t C Á y H+5 q H_MIG���� q+r H_D#HkMjHED r M �6FD r 	 q G s MJD qAr � 6� À �<e � ! � ) M?m )Jq 5 H q 5�F	H �6D$m�MJHLD r D r t3D>�bFKH ��nG"GLm q-) 5 s G � H)H � MID#H +aFKt �
�xM �6F ! q G�� r6q 5)D � G#H ? Á � �Or �4F � t � !3MIFKt�M q M �6F � t � q D r M
! q G�� r6q 5)D � G#H C Á � � r F	HkMJD$G"G � � H � ' � ) � q+s �2�_� � ) D#H_M q |}F�G��AF )Jr F�G°p

C Á � � - C Á2Æ s � � - À C Á � � - C Á)Æ s � � -
� À � � � Á Â���Ä � �*- � Å Á b s,Ç Â���� � � q � q�� - d

{ q-) F!� � 5�!6G"F"e
½ COt � � - C/v � � - À COt � � -=COv � � - ¿ �

� À � � � v7v � � - � w � � q � q�� - d
�LF�� s*) H_D q+r H � � � � � � - � �+r �9F ! s MyD r M q 5 � M ) D �Em q�) 5=e � H(gLD$M � % s G$F ) ) F�� s*) HID q+r H � ��� � � � -àp

� � � ��� � - � �C Á)Æ s �C Á�? Á2Æ s �? Á�� � � ! �� � À M ` � � ! �Ps� � À M s � � ! �+t� � À M t � u%u
u � ! � Á2Æ s� � À M Á2Æ s �
� r F � �+r �IH �6D]m�M?�cM �6F	G"D r F � ) m sar �PMJD qAr�� G � [ �
� � + r D$MIF � G%!*� � �4FbM g eyt3F�+ r D r 


� � � ��� » - � 
 . ����� � � - x � [ ] U 
µp � �
[

 � � - o � � x g - d

� � ) D#HkM q |}F�G q �3M � D r FVtEM �aF � HJH q ��D � MIFKt q-) M�� q 
 q+r�� G�! q G�� r6q 5)D � G"H � � ) F 5 ��) � � �aG$Fvm�F � M s�) F q m
�6D#H ) FKH s G]M9e6HkM � MIFKt�D r M �6FEm q G"G q gLD r 
1! )Jq ! q HID]MJD qAr e-D"H`M�� � MLD$M�� q+rar F��bMJH`M�g q t3F�MIF ) 5)D r��Or MJH
q m t3D$|4F ) F r M q�) t3F ) H � < �Or t � b � - �

� �
����������������� � � � � � � IH %� g � K W s x%d%d
d6x W � N2¦ �P®� 6© ��®� =·�³´��®�·=��·'©Rª'¡H­�·�¡0��©R·�¸��fª�¡¢¤³7 %¡�ª'�
�D¨� /�¾· � [ ] U ª'³7 
? Á ] � � � - � aàÅ Á b � Ç Â � � À g À � - xª'©R²@? Á ] � � � - o � � x g -;�4¤<­R³7·?­�·'³´�
�f·'©Rª'¡�±�Q9­«�¾·;ª0¶6ª�º6�¾·�³h�D©R²�  ­� 6©P²" %©��N·,¶ � ª�©P² g ±|�¾·>��®� 

� � ) D#HkM q |}F�GBt3F�MIF ) 5)D r#�Or M OO ? Á)Æ s bR^ � W \ - OO s!� \f] ^ � � b s xS��D��® W � b skp � � ¦
� ³�·
·,¶6¦ ) �6F 	AF ) D + � � MJD qAr M�� � M ? Á ] � � � -nD#H q-) M�� q 
 q+r�� GhM q � ` x%d%d
d%x � Á2Æ s D"H�M �aFcH � 5)F � HD r M �6F � � HIF q m�? Á � � - �Or t � [ e � ! ��) M�m )Jq 5 �,� �Or 
+D r 
 � D r M q � À g e �Or t�H �6D$m�MID r 
�D r t3D>�bFKH �) �6F�t6FbMIF ) 5)D r��Or M�D#H{t3D�	-D"HID��6G$F!���TM �6F�� �Or t3F ) 5 qAr t3F�� ��g q � - � % 	 � G s�� MID r 
�M �6FD 5 � 
+F q m�M��6F¬o s6q MID"F r M 5 s G$MID !6G$D"FVt �
� � m s6r �bMID q+r�q m � s6r t3F ) � [ ] U D#H�M �6F1H � 5)F � H� q 5�! s MJD r 
�M��6FlD%5 � 
+F q m`M �6FlG � H_M )Iq gOe 5 s G]MJD%!aG$D"FVt �
��M��6F^H � 5)F{m s6r �PMID q+r e s6r t3F ) � [ �) �6F ) F�m q�) FI? Á ] � � � -`D#H q�) M � q 
 qAr�� G � gLD$M � ) FVH !9F��PMuM q � [ ] U -?M q � ` x%d
d%d%x � Á2Æ s e�g �aD$G"F	�9FVD r 

q m}t3F�
 ) F�F < D r � � i M 5 s HkM �4F ! )Jq ! q�) MID q+r#� G-M q aàÅ Á b � Ç Â � � À g À � - � ) �6FnF!�
!6G"D>�bD$MXm � �bM q�)D#HuF!�
!6G � D r FVt �
�^M��6F(� � }�D r m q�) 5 s G � �+r t�D"HuF9o s�� G}M q

p a Å Á2Æ � b s,Ç Â�� / Ã�� � � - u%u
u aàÅ Á2Æ t�Ç Â���Ä � � - a°Å Á2Æ s,Ç Â � �&- d -

Christian Krattenthaler Determinant identities
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“Christoffel’s formula”

Theorem

Let
(
pn(x)

)
n≥0 be orthogonal with respect to the linear functional

given by p(x) 7→
∫
p(u) dµ(u). Then, as polynomials in x = αd ,

the polynomials
det

1≤i ,j≤d
(pn+i−1(αj))

d−1∏
i=1

(αi − αd)

are orthogonal with respect to the linear functional

p(x) 7→
∫

p(u)
d−1∏
`=1

(u − α`) dµ(u).

If mn =
∫
un dµ(u), then the moments of the above functional are∫

un
d−1∏
`=1

(u − α`) dµ(u) = mn
d−1∏
`=1

(m − α`), n = 0, 1, . . . .
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Second proof by theory of orthogonal polynomials

We prove

det
0≤i ,j≤n−1

(
mi+j

∏d
`=1(m − α`)

)
det

0≤i ,j≤n−1
(mi+j)

= (−1)nd
det

1≤i ,j≤d
(pn+i−1(αj))∏

1≤i<j≤d
(αj − αi )

.

Lemma

Let M be a linear functional on polynomials in x with moments νn,
n = 0, 1, . . . . Then the determinants

det
0≤i ,j≤n−1

(νi+j+1 − νi+jx)

are a sequence of orthogonal polynomials with respect to M.
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Second proof by theory of orthogonal polynomials

Proof of the lemma.

det
0≤i ,j≤n−1

(νi+j+1 − νi+jx)

= det


1 0 0 . . . 0
ν0 ν1 − ν0x ν2 − ν1x . . . νn − νn−1x
ν1 ν2 − ν1x ν3 − ν2x . . . νn+1 − νnx

. . . . . . . . . . . . . . . . . . . . . . . . .
νn−1 νn − νn−1x νn+1 − νnx . . . ν2n−1 − ν2n−2x



= det


1 x x2 . . . xn

ν0 ν1 ν2 . . . νn
ν1 ν2 ν3 . . . νn+1

. . . . . . . . . . . . .
νn−1 νn νn+1 . . . ν2n−1

 .
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Second proof by theory of orthogonal polynomials

Using the lemma with νn = mn
∏d−1
`=1 (m − α`), we see that the

determinants in the numerator of the left-hand side of our identity
to be proven,

det
0≤i ,j≤n−1

(
mi+j

d∏
`=1

(m − α`)

)
,

seen as polynomials in αd , are a sequence of orthogonal
polynomials for the linear functional with moments

mn
d−1∏
`=1

(m − α`), n = 0, 1, . . . .
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Second proof by theory of orthogonal polynomials

We are considering a functional with moments

mn
d−1∏
`=1

(m − α`), n = 0, 1, . . . .

In terms of the functional L of orthogonality for the polynomials(
pn(αd)

)
n≥0, this linear functional can be expressed as

p(αd) 7→ L

(
p(αd) ·

d−1∏
`=1

(αd − α`)
)
.

We claim that also the right-hand side,

det
1≤i ,j≤d

(pn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
,

gives a sequence of orthogonal polynomials (in αd) with respect to
this linear functional.
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Second proof by theory of orthogonal polynomials

We consider the linear functional

p(αd) 7→ L

(
p(αd) ·

d−1∏
`=1

(αd − α`)
)
.

We claim that also the right-hand side,

qn(αd) :=

det
1≤i ,j≤d

(pn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
,

gives a sequence of orthogonal polynomials (in αd) with respect to
this linear functional.

Application of the functional to αs
dqn(αd) is proportional (up to

factors that are independent of αd) to

L

(
αs
d det
1≤i ,j≤d

(pn+i−1(αj))

)
.
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Second proof by theory of orthogonal polynomials
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dqn(αd) is proportional (up to

factors that are independent of αd) to

L

(
αs
d det
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(pn+i−1(αj))

)
.

For 0 ≤ s ≤ n − 1, this vanishes.

By symmetry, the same argument can also be made for any α`
with 1 ≤ α` ≤ d − 1.
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Second proof by theory of orthogonal polynomials

Uniqueness of orthogonal polynomials up to scalar factors then
implies

det
0≤i ,j≤n−1

(
mi+j

d∏
`=1

(m − α`)

)
= C

det
1≤i ,j≤d

(pn+i−1(αj))∏
1≤i<j≤d

(αj − αi )
,

where C is independent of the variables α1, α2, . . . , αd .

We look at the highest degree terms (as polynomials in the α`’s)
on both sides. On the left-hand side, this is

det
0≤i ,j≤n−1

(
(−1)dmi+j

d∏
`=1

α`

)
= (−1)nd

d∏
`=1

αn
` det
0≤i ,j≤n−1

(mi+j).

On the right-hand side, this is

C

det
1≤i ,j≤d

(
αn+i−1
j

)
∏

1≤i<j≤d
(αj − αi )

= C
d∏
`=1

αn
` .
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Fine, but still . . .

Our identity:

det
(
mi+j

∏d
`=1(m − α`)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

= (−1)nd
det

1≤i ,j≤d
(pn+i−1(αj))∏

1≤i<j≤d
(αj − αi )

.

I asked Mourad Ismail. His replies seem to indicate that he was
not aware of any source where the identity is stated explicitly.
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We give a general formula for the determinants of a class of Hankel matrices which 
arise in combinatorics theory. We revisit and extend existent results on Hankel deter-
minants involving the sum of consecutive Catalan, Motzkin and Schröder numbers 
and we prove a conjecture of [10] about the recurrence relations satisfied by the 
Hankel transform of linear combinations of Catalans numbers.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Let a = {an}n∈N denote a sequence of numbers. The n × n matrix

Hn (a) = (ai+j)0≤i,j≤n−1 ,

is called Hankel matrix. If hn = det (Hn (a)), then the sequence {hn}n≥0 is referenced as the Hankel 
transform of the sequence a and was widely investigated in numerous papers. Hankel determinants are 
particularly interesting when applied to classical combinatorial sequences arising from the lattice path 
enumerations and have attracted an increasing amount of attention recently [1,2,5,7,23,24]. One of the 
most popular themes in this context is to consider the determinant of the Hankel matrix generated by 
the sequence that is linear combinations of the sequences {an} where an = Cn, Mn and Rn are Catalan, 
Motzkin or Schröder numbers respectively. For instance, Hankel determinant evaluations such as

det
(
(Ci+j)0≤i,j≤n−1

)
= 1,

det
(
(Mi+j)0≤i,j≤n−1

)
= 1,

det
(
(Ri+j)0≤i,j≤n−1

)
= 2

(n
2
)
,

E-mail address: med3elouafi@gmail.com.

http://dx.doi.org/10.1016/j.jmaa.2015.06.034
0022-247X/© 2015 Elsevier Inc. All rights reserved.
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or these involving consecutive terms have been addressed numerous times in the literature. Among the 
method employed to prove such formulae we cite the combinatorial methods based on the Lindström–
Gessel–Viennot lemma on non-intersecting lattice paths and orthogonal polynomials. The reader is referred 
to Krattenthaler papers [16,17].

In this paper, our main focus is an overall generalization of these results. We evaluate det (Hn (b)) for 
b = {bn} of the form

bn =
r∑

k=0
λkan+k,

where λ0, λ1, . . . , λr−1, λr, r ≥ 1, are complex numbers such that λr = 1. We shall assume that 
det
(
(ai+j)0≤i,j≤n−1

)
�= 0 for all n ≥ 0 and we denote by L the linear functional on the vector space 

of all polynomials defined by

L (xn) = an for n = 0, 1, . . .

With {an} we associate the monic orthogonal polynomial sequence {pn (x)}n∈N [6] such that pn is monic 
of degree n and

L (pnpm) = 0 for n �= m.

We remark that bn =
r∑

k=0
λkan+k = L (xnq), where

q (x) = xr + λr−1x
r−1 + . . . + λ0.

The r-kernel K(r)
n,P of P = {pn}n∈N is defined by

K(r)
n,P (x1, x2, . . . , xr) =

det
(
(pn+i−1 (xj))1≤i,j≤r

)

∏

1≤i<j≤r

(xj − xi)

for r ≥ 2 and K(1)
n,P (x) = pn (x). As it will be shown latter, K(r)

n,P (x1, x2, . . . , xr) is a polynomial of the 
variables x1, x2, . . . and xr.

The following theorem constitutes our main result:

Theorem 1. We have

det (Hn (b)) = (−1)nr det (Hn (a)) K(r)
n,P (α1, α2, . . . , αr) , (1.1)

where α1, α2, . . . , αr are the zeros of q.

In most examples considered in the existing literature, bn has a specific pattern. Namely

bn = an+r − can+r−1, with c ∈ C.

Theorem 2. We have for c �= 0:
Christian Krattenthaler Determinant identities



An article by Mohamed Elouafi

M. Elouafi / J. Math. Anal. Appl. 431 (2015) 1253–1274 1257

Lemma 4. If K(r)
n,P (α1, α2, . . . , αr) = 0 then det

(
(bi+j)0≤i,j≤n−1

)
= 0. The converse is true.

Proof. Assume that K(r)
n,P (α1, α2, . . . , αr) = 0. Then, the row vectors of the matrix

⎛
⎜⎜⎜⎜⎝

pn(α1) pn(α2) · · · pn(αr)

pn+1(α1) pn+1(α2)
. . . pn+1(αr)

... . . . ...
pn+r−1(α1) pn+r−1(α2) · · · pn+r−1(αr)

⎞
⎟⎟⎟⎟⎠

,

are linearly dependent, i.e., there exist scalar c1, c2, . . . , cr, not all zero such that

r−1∑

i=0
cipn+i (αk) = 0, for k = 1, 2, . . . , r.

It follows that α1, α2, . . . , αr are zeros of the polynomial g (x) =
r−1∑
i=0

cipn+i (x) and consequently q divides g:

g = qh.

Obviously h is of degree at most n − 1, we can write

h =
n−1∑

j=0
μjpj , with (μ1, . . . , μn) ∈ Cn − {0} ,

and then g =
n−1∑
j=0

μjqpj . We have for k = 0, 1, 2, . . . , n − 1:

L (gpk) =
r−1∑

i=0
ciL (pkpn+i) = 0,

so we obtain

n−1∑

j=0
μjL (pkpjq) = 0 for k = 0, 1, 2, . . . , n − 1,

which implies that the matrix (L (pkpjq))n−1
j,k=0 is singular and so is for (bi+j)0≤i,j≤n−1. �

It follows from the lemmas that (−1)nr K(r)
n,P (α1, α2, . . . , αr) and det (Hn (a))−1 × det

(
(bi+j)0≤i,j≤n−1

)

are monic polynomials of the variable λ0 with degree n, with the same distinct zeros. Consequently, if their 
zeros are all simple then

det (Hn (a))−1 × det
(
(bi+j)0≤i,j≤n−1

)
= (−1)nr K(r)

n,P (α1, α2, . . . , αr) .

Since this relation is an equality between multivariate polynomials then it is still valid for the general case. 
This completes the proof of the theorem.
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Interim summary

Theorem

We have

det
(
mi+j

∏d
`=1(m − α`)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

= (−1)nd
det

1≤i ,j≤d
(pn+i−1(αj))∏

1≤i<j≤d
(αj − αi )

.

This formula exists somehow hidden in the folklore of the theory of
orthogonal polynomials.
It was about time that the formula was stated explicitly and
correctly, and that a complete proof (actually, three different
proofs) was given.
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What can one do with this formula?

Remember:
Dougherty, French, Saderholm and Qian conjectured that

det (λ0Ci+j + λ1Ci+j+1 + · · ·+ λd−1Ci+j+d−1 + Ci+j+d)n−1i ,j=0

satisfies a linear recurrence with constant coefficients of order 2d .

Our formula:

det
(
mi+j

∏d
`=1(m − α`)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

= (−1)nd
det

1≤i ,j≤d
(pn+i−1(αj))∏

1≤i<j≤d
(αj − αi )

.

The above conjecture now becomes trivial.
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What can one do with this formula?

Our formula:
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(
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∏d
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i ,j=0

= (−1)nd
det

1≤i ,j≤d
(pn+i−1(αj))∏

1≤i<j≤d
(αj − αi )

.

Recall that the polynomials pn(x) defined recursively by

pn(x) = (x − sn−1)pn−1(x)− tn−2pn−2(x).

Let us now again assume that si ≡ s and ti ≡ t for i ≥ 1.
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What can one do with this formula?

Recall that the polynomials pn(x) are defined recursively by

pn(x) = (x − sn−1)pn−1(x)− tn−2pn−2(x). (∗)

Let us now again assume that si ≡ s and ti ≡ t for i ≥ 1.

The expansion of the determinant on the right-hand side of the
formula reads

det
1≤i ,j≤d

(pn+i−1(αj)) =
∑
σ∈Sd

sgnσ
d∏

j=1

pn+σ(j)−1(αj).

Each product in the sum satisfies the same linear recurrence with
constant coefficients, namely the d-fold product recurrence of the
recurrence (∗).
Since (∗) has order 2, the d-fold product recurrence has order 2d .
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What can one do with this formula?

We can even be more precise:

Theorem

Within the above setup, let si ≡ s and ti ≡ t for i ≥ 1.
Furthermore, let

Hn = t
−(n−1)
0 t−(n−1

2 ) det
0≤i ,j≤n−1

(
d∑

k=0

λkmi+j+k

)
,

where the λk ’s are some constants and λd = 1. Then the sequence
(Hn)n≥0 of (scaled) Hankel determinants of linear combinations of
moments satisfies a linear recurrence of the form

2d∑
i=0

ciHn−i = 0, for n > 2d ,

for some constants ci , normalised by c0 = 1.
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What can one do with this formula?

Explicitly, these constants can be computed as the coefficients of

the characteristic polynomial (in x)
∑2d

i=0 cix
2d−i of the tensor

product of 2× 2 matrices(
x1 + s t
−1 0

)
⊗
(
x2 + s t
−1 0

)
⊗ · · · ⊗

(
xd + s t
−1 0

)
,

where λk = ed−k(x1, x2, . . . , xd).

Here, the elementary symmetric functions are defined by

ek(x1, x2, . . . , xd) :=
∑

1≤i1<i2<···<ik≤d
xi1xi2 · · · xik .
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A further generalisation

Ismail’s original message:

Dear Christian

I did not do the details but it seems to me that the

right side is what you get from a formula due to

Christoffel. It is in Szego and also in my book, see

Theorem 2.7.1. It is the coefficient of a polynomial

in the expansion of
∏

1≤j≤d(x − xj) times another set

of orthogonal polynomials. The reason I mention this

is because there is a more general formula due to

Ouvarouv, also in my book, which replaces∏
1≤j≤d(x − xj) by a rational function. This is harder

and more recent (1960’s). It will be really nice if

it can be done combinatorially because it involves

the function of the second kind.
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Uvarov’s formula

Theorem

Let
(
pn(x)

)
n≥0 be orthogonal with respect to the linear functional

given by p(x) 7→
∫
p(u) dµ(u). Then, as polynomials in x = α1,

the polynomials

det
1≤i ,j≤k+h

(
pn−k+i−1(αj) 1 ≤ i ≤ h
qn−k+i−h−1(βj) h + 1 ≤ i ≤ k + h

)
h∏
`=2

(α1 − α`)

are orthogonal with respect to the linear functional

p(x) 7→
∫

p(u)

∏h
`=2(u − α`)∏k
`=1(u − β`)

dµ(u).

Here, qn(y) =

∫
pn(u)

y − u
dµ(u).
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Uvarov’s formula

The “function of the second kind” qn(y)

qn(y) =

∫
pn(u)

y − u
dµ(u) =

∞∑
i=0

∫
pn(u)uiy−i−1 dµ(u)

=
∞∑
i=n

∫
pn(u)uiy−i−1 dµ(u)

= y−n−1
∫

pn(u)un dµ(u) + O
(
y−n−2

)
=

H(n + 1)

H(n)
y−n−1 + O

(
y−n−2

)
,

where H(n) := det
0≤i ,j≤n−1

(mi+j).
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Uvarov’s formula

Some more smallprint:
We have the expression

det
1≤i ,j≤k+h

(
pn−k+i−1(αj) 1 ≤ i ≤ h
qn−k+i−h−1(βj) h + 1 ≤ i ≤ k + h

)
h∏
`=2

(α1 − α`)
.

If a < 0 then pa(x) = 0 and qa(y) = y−a−1.
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Uvarov’s formula, k = 0 −→ “Christoffel’s formula”

Theorem

Let
(
pn(x)

)
n≥0 be orthogonal with respect to the linear functional

given by p(x) 7→
∫
p(u) dµ(u). Then, as polynomials in x = α1,

the polynomials
det

1≤i ,j≤h

(
pn+i−1(αj)

)
h∏
`=2

(α1 − α`)

are orthogonal with respect to the linear functional

p(x) 7→
∫

p(u)
h∏
`=2

(u − α`) dµ(u).

We have
∫
un
∏h
`=2(u − α`) dµ(u) = mn

∏h
`=2(m − α`), using

again umbral notation.
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Uvarov’s formula

Theorem

Let
(
pn(x)

)
n≥0 be orthogonal with respect to the linear functional

given by p(x) 7→
∫
p(u) dµ(u). Then, as polynomials in x = α1,

the polynomials

det
1≤i ,j≤k+h

(
pn−k+i−1(αj) 1 ≤ i ≤ h
qn−k+i−h−1(βj) h + 1 ≤ i ≤ k + h

)
h∏
`=2

(α1 − α`)

are orthogonal with respect to the linear functional

p(x) 7→
∫

p(u)

∏h
`=2(u − α`)∏k
`=1(u − β`)

dµ(u).

Here, qn(y) =

∫
pn(u)

y − u
dµ(u).

Is there again an identity hidden behind this formula?
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The determinant identity behind Uvarov’s formula

Theorem

We have

det
0≤i ,j≤n−1

(∫
ui+j

∏h
`=1(u − α`)∏k
`=1(u − β`)

dµ(u)

)
det

0≤i ,j≤n−k−1
(mi+j)

= (−1)n(h−k)+kh

det1≤i ,j≤k+h

(
pn+i−1(αj) 1 ≤ i ≤ h
qn+i−h−1(βj) h + 1 ≤ i ≤ k + h

)
( ∏

1≤i<j≤h
(αj − αi )

)( ∏
1≤i<j≤k

(βi − βj)
) .

If n < k the previous conventions for negatively indexed pa(α) and
qa(β) apply, and in that case the Hankel determinant in the
denominator on the left-hand side has to be interpreted as 1.
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The proof

We had three different proofs for the determinant identity behind
“Christoffel’s formula”:

1 Proof by condensation
2 Proof by the use of classical facts from the theory of

orthogonal polynomials
3 Proof by a vanishing argument

Which of these methods can we apply here?
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The proof

We had three different proofs for the determinant identity behind
“Christoffel’s formula”:

1 Proof by condensation !

Which of these methods can we apply here?
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What can we do with this formula?

For example, if we choose dµ(u) =
√

1− u2 du, the density
corresponding to the Chebyshev polynomials Un(x), then from the
special case k = 1 and h = 0 one can derive

det
0≤i ,j≤n−1

(
Y + 2−2d(i+j)/2e

(
2d(i + j)/2e
d(i + j)/2e

))
= 2−n(n−1)(Yn + 1),

and from the special case k = h = 1 one can derive

det
0≤i ,j≤n−1

(
Y + 2−2d(i+j+1)/2e

(
2d(i + j + 1)/2e
d(i + j + 1)/2e

)))
= (−1)(n2)2−n

2(
2dn/2eY + 1

)
and
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What can we do with this formula?

and from the special case k = m = 1 one can derive

det
0≤i ,j≤n−1

(
Y + 2−2d(i+j+1)/2e

(
2d(i + j + 1)/2e
d(i + j + 1)/2e

)))
= (−1)(n2)2−n

2(
2dn/2eY + 1

)

and

det
0≤i ,j≤n−1

(
Y + 2−2d(i+j)/2e

(
2d(i + j)/2e
d(i + j + 1)/2e

)))

=


2−n(n−1)Y , if n ≡ 0 (mod 3),

−2−n(n−1)(Y (n + 1) + 1), if n ≡ 1 (mod 3),

2−n(n−1)(Yn + 1), if n ≡ 2 (mod 3).
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The determinant identity behind Uvarov’s formula

Theorem

We have
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( ∏
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