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Counting subgroups

We shall be concerned with counting the number of free subgroups
in PSLy(Z).

Let f, denote the number of free subgroups of index 6n in
PSLy(Z).
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Counting subgroups

We shall be concerned with counting the number of free subgroups
in PSLy(Z).
Let f, denote the number of free subgroups of index 6n in
PSL»(Z). The f,'s satisfy the recurrence
n—2
fo=6nfo 1+ Y fuofa-m1, fi=5.

m=1
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fn ]:=f[nN]=6nf[n-17+
sumf [m] f [n-m-1], {m 1, n-2}71; f[1] =5;

Tabl e[f [n], {n, 1, 20}]

{5, 60, 1105, 27120, 828250, 30220800, 1282031525,
61999046 400, 3366961243750, 202903221120000,
13437 880555850250, 970217083619 328000,
75849500508999 712500, 6383483988812 390400000,
575440151532675686278 125,
55318 762960656 722 780 160 000,
5649301494178851172 304968 750,
610768 380520654474629120000 000,
69692599846542 054607 811528918 750,
8370071726919812448859648819200000}
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Counting subgroups

We shall be concerned with counting the number of free subgroups
in PSLy(Z).

Let f, denote the number of free subgroups of index 6n in
PSL»(Z). The f,'s satisfy the recurrence

n—2
fo =06nfr_1 + Z fmfn—m—ly fi =5.

m=1

The recurrence is equivalent to the differential equation
(1—42)F(z) —62°F'(z) — zF*(z) =1 =0
for the generating function F(z) =1+ ) 77, foz".
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Counting subgroups

The generating function F(z) =1+ ) 77, f,z" satisfies
(1—42)F(z) — 62*F'(z) — zF?(z) -1 =0.
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Counting subgroups

The generating function F(z) =1+ ) 77, f,z" satisfies
(1—42)F(z) — 62*F'(z) — zF?(z) -1 =0.

We are going to analyse the sequence (f,)n>1 modulo prime
powers p.

Christian Krattenthaler and Thomas W. Miiller A Riccati differential equation and free subgroup numbers



fn ]:=f[nN]=6nf[n-17+
sumf [m] f [n-m-1], {m 1, n-2}71; f[1] =5;

Tabl e[f [n], {n, 1, 20}]

{5, 60, 1105, 27120, 828250, 30220800, 1282031525,
61999046 400, 3366961243750, 202903221120000,
13437 880555850250, 970217083619 328000,
75849500508999 712500, 6383483988812 390400000,
575440151532675686278 125,
55318 762960656 722 780 160 000,
5649301494178851172 304968 750,
610768 380520654474629120000 000,
69692599846542 054607 811528918 750,
8370071726919812448859648819200000}

Christian Krattenthaler and Thomas W. Miiller A Riccati differential equation and free subgroup numbers



Counting subgroups

The generating function F(z) =1+ ) 77, f,z" satisfies
(1—42)F(2) — 62*F'(z) — zF?(z) — 1 = 0.

We are going to analyse the sequence (f,),>1 modulo prime
powers p“.

For the primes p = 2 and p = 3 there exists a method based on
generating function calculus which is able to solve the problem
modulo any power of 2 and of 3, respectively.
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f, modulo 2 and 3

Theorem

The number f, is odd if and only if n is of the form n = 2K — 1 for
some positive integer k.

Theorem
We have:
@ f, = —1 (mod 3) if, and only if, the 3-adic expansion of n is
an element of {0,2}*1;
@ f, =1 (mod 3) if, and only if, the 3-adic expansion of n is an
element of

| A

{0,2}*100* U {0, 2}*122*;
© for all other n, we have f, =0 (mod 3).

A\
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f, modulo powers of 5
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fn ]:=f[nN]=6nf[n-17+
sumf [m] f [n-m-1], {m 1, n-2}71; f[1] =5;

Tabl e[f [n], {n, 1, 20}]

{5, 60, 1105, 27120, 828250, 30220800, 1282031525,
61999046 400, 3366961243750, 202903221120000,
13437 880555850250, 970217083619 328000,
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610768 380520654474629120000 000,
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f» modulo powers of 5

It is easy to convince oneself that, for fixed «, we have
fn =0 (mod 5%) for large enough n.
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f, modulo powers of 7
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f[n 1:=f[n] =
6nf[n-1] +Sum[f [m f[n-m-1],
{m 1, n-2}]1; f[1] =5;

Tabl e [Mod [f [n], 71, {n, 1, 40}]
{5, 4, 6, 2, 3, 1, 5, 4, 6, 2, 3, 1, 5, 4,
6, 2, 3, 1, 5 4,6, 2, 3,1, 5, 4, 6,
2, 3,1, 5, 4, 6, 2, 3, 1, 5 4, 6, 2}
(L+5z2+4z"2 + N3+2z744+32z7"5) /
(1-z"6)
1+5z2+422+623+22%+32°
1-2z2°

Fact or [%, Modul us -» 7]

1
2 (4+2)

Christian Krattenthaler and Thomas W. Miiller A Riccati differential equation and free subgroup numbers



fn ]:=f[N]=6nf[n-17+
sumif [m] f [n-m-11, {m 1, n-2}]; f[1] =5;
Tabl e[Mod [f [n], 49], {n, 1, 100}]
(5, 11, 27, 23, 3, 1, 33, 11, 20, 23, 24, 8, 19, 39, 13,
37, 45, 15, 5, 18, 6, 2, 17, 22, 40, 46, 48, 16, 38,
29, 26, 25, 41, 30, 10, 36, 12, 4, 34, 44, 31, 43, 47,
32, 27, 9, 3, 1, 33, 11, 20, 23, 24, 8, 19, 39, 13, 37,
45, 15, 5, 18, 6, 2, 17, 22, 40, 46, 48, 16, 38, 29,
26, 25, 41, 30, 10, 36, 12, 4, 34, 44, 31, 43, 47, 32,
27, 9, 3, 1, 33, 11, 20, 23, 24, 8, 19, 39, 13, 37}
1+5z2+11272+272"3+23z"4+2"4
(3z2+2%+332%+112%+202°+232°+2427+82°%+192%+
39070413211 4+3722 44528 4+1521%4+52° 418216,
6z +22%8 41729 4+222204,402%1 +462%%2+482%° +
16 2?4 +382%°+292%%+262%" +252%8+412%° + 30230+
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e
39210413211 4+3722 445234152 +52154+182% 4+

6z +22%8 4172 4+2222°4+402%1 +462%% +482%% 4
16 2% +3822°+292%° 426227 +252284+412%°+302% +
1021 +362%2+122%33+42% +342% +442%6 4+312% 4+
43738 +47 2% +322%+ 272" +92%) / (1-2"42)

1+5z+1122+272%3+232%+
1

1_242
192°+3929+132z1 43722 4+4521%4+152%+52% 4
18216+ 6217 +2218 417 21° 422220440221 + 46 2% +

48 2?2 +162°4 +382%°+292%0 4+ 26 2?7 + 25228 4
412%°4+302%° 410230 +362%24+122%% 4423 4+342%,
44.7%% +31 7% + 43 7% + 47 2% + 32 2%° + 27 2% + 9 2%?)

z4 (32+zz+3323+1124+2025+2326+24z7+828+

(1+92+3522+4223+28Z4+7Z5+726)/(1+22)2
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f, modulo powers of 7

Conjecture

Let a be a positive integer. The sequence (f,)n>1, considered
modulo 7%, is eventually periodic, with period length 6 - 7971,

Moreover, the generating function F(z) =1+, -, fnz", when
coefficients are reduced modulo 7%, equals

Pa(2)
(1+2z)>’

where P,(z) is a polynomial in z over the integers.
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f, modulo powers of 11
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fn ]:=f[N]=6nf[n-17+

sum[f [m] f [n-m-1], {m 1, n-2}]; f[1] =5;
Tabl e[Mod [f [n], 117, {n, 1, 40}]
{5, 5,5 5,5 5 5, 5,5, 5,5, 5, 5
5 5,5 5 5 5,5 5 5,5,5, 5, 5,
Tabl e[Mod [f [n], 1172], {n, 1, 40}]

{5, 60, 16, 16, 5, 82, 104, 27, 49, 82, 115, 27, 60, 93,
5, 38, 71, 104, 16, 49, 82, 115, 27, 60, 93, 5, 38,
71, 104, 16, 49, 82, 115, 27, 60, 93, 5, 38, 71, 104}

7+99z+442%+112%+882°+
99 105
+
(-1+122z)%? -1+12z

5, 5, 5,5, 5,5, 5,
5, 5,5, 5 5,5 5}

112z%+1128%+
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f, modulo powers of 11

Conjecture

Let a be a positive integer. The sequence (f,)n>1, considered
modulo 11%, is eventually periodic, with period length 11471,

Moreover, the generating function F(z) =1+, fnz", when
coefficients are reduced modulo 11%, equals

P.(z)

(1—2z)o’

where P,(z) is a polynomial in z over the integers.
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f, modulo powers of 13
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fn ]:=f[N]=6nf[n-17+

sumif [m] f [n-m-11, {m 1, n-2}]; f[1] =5;
Tabl e[Mod [f [n], 13], {n, 1, 50}]
{5, 8, 0, 2, 7, 12, 8, 5, 0, 11, 6, 1, 5, 8, 0, 2, 7,
12, 8, 5, 0, 11, 6, 1, 5, 8, 0, 2, 7, 12, 8, 5, O,
11, 6, 1, 5, 8, 0, 2, 7, 12, 8, 5, 0, 11, 6, 1, 5, 8}

Factor[
1+ (5z+822+224+7z5+1226+827+528+1121°+
1_212
6z”+212), Modul us—>13]
7 (5+2)

(6+2) (8+2)
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f, modulo powers of 13

Conjecture

Let a be a positive integer. The sequence (f,)n>1, considered
modulo 13%, is eventually periodic, with period length 12 - 13%~1,

Moreover, the generating function F(z) =1+ 3 -, f, 2", when
coefficients are reduced modulo 13%, equals

P.(z)
((1—22)(1+52))"

where P,(z) is a polynomial in z over the integers.
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f, modulo powers of 17
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fn ]:=f[N]=6nf[n-17+
sumif [m] f [n-m-11, {m 1, n-2}]; f[1] =5;

Tabl e[Mod [f [n], 171, {n, 1, 200}]

{6, 9, 0, 5, 10, 2, 2, 7, O, 2, 4, 11, 11, 13, O, 11,
5 1, 1, 12, 0, 1, 2, 14, 14, 15, 0, 14, 11, 9, 9,
6, 0, 9,1, 7, 7, 16, 0, 7, 14, 13, 13, 3, 0, 13, 9,
12, 12, 8, 0, 12, 7, 15, 15, 10, O, 15, 13, 6, 6, 4,
o0, 6, 12, 16, 16, 5, 0, 16, 15, 3, 3, 2, 0, 3, 6, 8,
8, 11, O, 8, 16, 10, 10, 1, O, 10, 3, 4, 4, 14, 0O,
4, 8, 5, 5,9, 0, 5, 10, 2, 2, 7, 0, 2, 4, 11, 11,
13, 0, 11, 5, 1, 1, 12, O, 1, 2, 14, 14, 15, 0, 14,
11, 9, 9,6, 0, 9,1, 7, 7, 16, 0, 7, 14, 13, 13, 3,
o, 13, 9, 12, 12, 8, 0, 12, 7, 15, 15, 10, O, 15,
13, 6, 6, 4, 0, 6, 12, 16, 16, 5, 0, 16, 15, 3, 3,
, 6, 8, 8, 11, 0, 8, 16, 10, 10, 1, O, 10,
14, 0, 4, 8, 5, 5, 9, 0, 5, 10, 2, 2, 7}
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f, modulo powers of 17

In terms of generating functions, this is equivalent to

5412z
F(z)=1 i dulo 17.
(2) 3+1+15z+722 modulo
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f, modulo powers of 17

In terms of generating functions, this is equivalent to
5412z
F(z) =134 —— dulo 17.
(2) +1+152+722 modulo

More generally it seems:

Conjecture

Let « be a positive integer. The generating function
F(z) =1+, f, 2", when coefficients are reduced modulo 17¢,
equals -
Pa(2)
(141524 7z2)>’

where P,(z) is a polynomial in z over the integers.
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How to prove these conjectures?
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How to prove these conjectures?

Conjecture

The generating function F(z) =1+ 3 -, f, z" satisfies

Pa(z)

F&) =Ty

modulo 7¢,

where P,(z) is a polynomial in z over the integers.
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How to prove these conjectures?

Conjecture
The generating function F(z) =1+ ) - f, z" satisfies

Pa(z)

F&) =Ty

modulo 7¢,

where P,(z) is a polynomial in z over the integers.

v

Maybe we make the Ansatz F(z) = P,(z)/(1 + 2z)“, substitute in
the differential equation

(1 —42)F(z) — 62*F'(z) — zF?(z) =1 =0,

and then it becomes clear that P,(z) must be a polynomial, and
which polynomial it is.
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How to prove these conjectures?

Conjecture
The generating function F(z) =1+ )" ., f, z" satisfies

Pa(z)

m modulo 7017
z

F(z) =

where P,(z) is a polynomial in z over the integers.

v

Maybe we make the Ansatz F(z) = P,(z)/(1 + 2z)“, substitute in
the differential equation

(1 —42)F(z) — 62*F'(z) — zF?(z) =1 =0,

and then it becomes clear that P,(z) must be a polynomial, and
which polynomial it is.
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How to prove these conjectures?

Conjecture

The generating function F(z) =1+ 3 -, f, z" satisfies

Pa(z)

F&) =Ty

modulo 7¢,

where P,(z) is a polynomial in z over the integers.

If this does not work . ..,
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How to prove these conjectures?

Conjecture
The generating function F(z) =1+ ) - f, z" satisfies

Pa(z)

F&) =Ty

modulo 7¢,

where P,(z) is a polynomial in z over the integers.

If this does not work ..., we should maybe try a recursive
approach: let us suppose that F,(z) = P,(z)/(1 4 2z)“ solves

(1 —42)F(z) — 62*F'(z) — zF?(z) =1 =0,

modulo 7%. Then make the Ansatz F,+1(z) = Fo(z) + 7*Goy1(2),
substitute in the differential equation, and solve for G,+1(z).
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How to prove these conjectures?

Conjecture

The generating function F(z) =1+ % -, f,z" satisfies

Pa(z)

F&) =Ty

modulo 7¢,

where P,(z) is a polynomial in z over the integers.

If this does not work ..., we should maybe try a recursive
approach: let us suppose that F,(z) = P,(z)/(1 4 2z)“ solves

(1 —42)F(z) — 62*F'(z) — zF?(z) =1 =0,

modulo 7%. Then make the Ansatz F,+1(z) = Fo(z) + 7*Goy1(2),
substitute in the differential equation, and solve for G,+1(z).

This comes very close: in this manner one can prove that

F(z) = P.(2)/(1 + 2z)% modulo 7%, for some integer e,.
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How to prove these conjectures?
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How to prove these conjectures?

New approach: Padé approximants!!
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How to prove these conjectures?

New approach: Padé approximants!!

Apparently, the generating function F(z) is always rational when
reduced modulo 7,11,13,17, ...

On the other hand, over Z, the solution to

(1—42)F(z) —62*F'(z) — zF*(z) =1 =0

is certainly not rational. But we may approximate F(z) by a
rational function, say
Pn(2)

F(z) = 2 (2)

where P,(z) and Qn(z) are polynomials of degree at most n.

+ O(Z2n+1),
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How to prove these conjectures?

So:
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How to prove these conjectures?

So:
substitute F(z) = Pn(2)/Qn(z) + O(z%"*1) in

(1—42)F(z) — 62*F'(z) — zF?(z) =1 =0,

which, after clearing denominators, becomes
(1 — 42)Pu(2)Qu(2) — 62°(P,(2) Qu(2) — Pa(2)@1(2))
— zP}(2) - Q;(2) = O(2*"™),

Christian Krattenthaler and Thomas W. Miiller A Riccati differential equation and free subgroup numbers



How to prove these conjectures?

So:
substitute F(z) = Pn(2)/Qn(z) + O(z%"*1) in

(1—42)F(z) — 62*F'(z) — zF?(z) -1 =0,
which, after clearing denominators, becomes
(1 — 42)Pu(2)Qu(z) — 62°(P,(2) Qu(2) — Pa(2)@1(2))

— zP?(z) — Q?(2) = const(n) x 2>,
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How to prove these conjectures?

So:
substitute F(z) = Pn(2)/Qn(z) + O(z%"*1) in

(1—42)F(z) — 62*F'(z) — zF?(z) -1 =0,
which, after clearing denominators, becomes
(1~ 42)Pn(2)Qn(2) — 62°(P,(2) Qn(2) — Pn(2)@(2))
— zP?(z) — Q?(2) = const(n) x 2>,

and compute the polynomials P,(z) and Q,(z) for n=1,2,3,....
Then stare at these polynomials and try to come up with a guess
for const(n), Pn(z), Qn(2).
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Sol PQ[n_] : = Modul e[{Erg},
P= (Sum[p[i]z”™i, {i, 1, n}]+1);
Q= (Sum[q[i]z”™i, {i, 1, n}]+1);
Erg =Expand[(1-42z) PQ-
6z72 (D[P, z]1 Q-PD[Q z]) - zP"2-Q"2];
Var = Coefficient [Erg, z, 2n+1];
Erg:
Tabl e[Coefficient [Erg, z, 1i] =0, {ii, 0, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i ], {i, 1, n}]111;
{(P/Q) /. Erg[[1]], Factor [Var /. Erg[[1]1]1]}
]

Sol PQ[1]

1-7z
{1 -12z
Sol PQ[2]
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Sol PQ[n_] : = Modul e[{Erg},
P= (Sum[p[i]z”™i, {i, 1, n}]+1);
Q= (Sum[q[i]z”™i, {i, 1, n}]+1);
Erg =Expand[(1-42z) PQ-
6z~2 (D[P, z]1 Q-PDI[Q z])-zP"2-Q"2]7;
Var = Coefficient [Erg, z, 2n+1];
Erg:
Tabl e[Coefficient [Erg, z, 1i] =0, {ii, O, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;
{(P/Q /. Erg[[1]], Factor [Var /. Erg[[1]1]1]}
]

Sol PQ[1]
{ 1-7z

Sol PQ[2]
1-31z+9122

® Q)
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B i e e S S

P= (Sum[p[i]z”™i, {i, 1, n}]+1);
Q= (Sum[qr[i]z”™i, {i, 1, n}]+1);
Erg =Expand[(1-42z) PQ-
6z~2 (D[P, z]1 Q-PDI[Q z]) - zP"2-Q"2]7;
Var = Coefficient [Erg, z, 2n+1];
Erg =
Tabl e[Coefficient [Erg, z, ii] =0, {ii, 0, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}11];
{(P/Q /. Erg[[1]], Factor [Var /. Erg[[1]11]}
1

Sol PQ[1]

Sol PQ[2]
{1—312+91z2
1-367+21172

, -85085}
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e N S L S e S e A e e A

Q= (Sum[q[i]z”™i, {i, 1, n}]+1);

Erg =Expand[(1-42z) PQ-
6z~2 (D[P, z]1 Q-PDI[Q z]) - zP"2-Q"27;

Var = Coefficient [Erg, z, 2n+1];

Erg =

Tabl e[Coefficient [Erg, z, i1i]=0, {ii, 0, 2n}];

Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]111;

{(P/Q) /. Erg[[1]], Factor [Var /. Erg[[11]1]}

1

Sol PQ[1]

Sol PQ[2]
{1—312+9122
1-362z+21122

-85085}
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. < N S S e S e L e e

Erg =Expand[(1-42z) PQ-
6z~2 (D[P, z]1 Q-PDI[Q z]) - zP"2-Q"27;

Var = Coefficient [Erg, z, 2n+1];

Erg =

Tabl e[Coefficient [Erg, z, i1i]=0, {ii, O, 2n}];

Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;

{(P/Q) /. Erg[[1]], Factor [Var /. Erg[[1]]]1}

]

Sol PQ[1]
{ 1-7z

Sol PQ[2]
1-31z+91 22
{1-3ez+211zf

Sol PQ[3]

-85085}
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= e e S N e

6z~2 (D[P, z]1 Q-PDI[Q z]) - zP"2-Q"27;

Var = Coefficient [Erg, z, 2n+1];

Erg =

Tabl e[Coefficient [Erg, z, i1] =0, {(ii, O, 2n}];

Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;

{(P/Q /. Erg[[1]1], Factor [Var /. Erg[[1]111}

]

Sol PQ[1]

Sol PQ[2]
1-31z+9122
{1-362+211zf

Sol PQ[3]
1-672z+9862%2-17297z3

-85085}
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Var = Coefficient [Erg, z, 2n+1];
Erg =
Tabl e[Coefficient [Erg, z, 1i]==0, {ii, O, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;
{(P/Q /. Erg[[1]1], Factor [Var /. Erg[[1]111}
1

Sol PQ[1]

Sol PQ[2]
1-31z+912°
{1—362+21122
Sol PQ[3]
1-672z+9862%2-17297z3
{1—722+128622—494423

, -85085}

, -37182145}
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Erg =
Tabl e[Coefficient [Erg, z, i1] =0, {ii, O, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;
{(P/Q) /. Erg[[1]], Factor [Var /. Erg[[1]11]1}
1

Sol PQ[1]
{ 1-7z

Sol PQ[2]
1-31z+9122
{1_362+2112f

Sol PQ[3]
1-672z+9862%2-17297z3
{1—722+128622—4944z3

9 Q Nt ogo Q 4
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—85085}

, -37182145}




Tabl e[Coefficient [Erg, z, i1] =0, {ii, O, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;
{(P/Q) /. Erg[[1]], Factor [Var /. Erg[[111]}
1

Sol PQ[1]
1-7z
{1 -12z
Sol PQ[2]
1-31z+912°
{1-362+211zf
Sol PQ[3]
1-672z+9862%2-17297z3
{1—722 +1286 z2 - 4944 73
Factorl nt eger [37182145]

, -385}

-85085}

, -37182145}
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Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[qli], {i, 1, n}111;

{(P/Q /. Erg[[1]], Factor [Var /. Erg[[1]1]]1}

1

Sol PQ[1]
1-7z
{1—122
Sol PQ[2]
1-31z+912°
{1—362+21122
Sol PQ[3]
1-672z+9862%2-17297z3
{1—722+128622—4944z3

Factorl nt eger [37182145]
{{5 1}, {7, 1}, ({11, 1},

Christian Krattenthaler and Thomas W. Miiller A Riccati differential equation and free subgroup numbers

, -385}

, —85085}

, -37182145}




Table[q[i], {i, 1, n}111;
{(P/Q) /. Erg[[1]], Factor [Var /. Erg[[1]11]}
1

Sol PQ[1]
1-7z
{1-122’
Sol PQ[2]
1-31z+9122
{1-36z+2112f

Sol PQ[3]
1-67z+9862z2-1729 23
{1—722+128622—4944z3

Factorl nt eger [37182145]
{{5 1}, {7, 1}, ({11, 1},
{13, 1}, {17, 1}, {19, 1}, {23, 1}}

-385}

—85085}

, -37182145}
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So, apparently, there exist polynomials P,(z) and Qn(z) of degree
n such that

(1= 42)Pa(2)Qn(2) = 62°(Py(2)Qn(2) — Pa(2)Q1(2))

— zP%(2) — Q%(z) = —5z*"*1 H(eu )(6¢ +5),
(=1

or, equivalently, R,(z) = Pn(z)/Qn(z) satisfies

(1—-42)R,(z) — 6z2R,’,(z) — zR,z,( ) —
522n+1

B E) H(6e+1)(6£+5)
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Let us pause here for a moment!
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Let us pause here for a moment!

Apparently, there exist polynomials P,(z) and Q,(z) of degree n
such that R,(z) = Pn(z)/Qn(z) satisfies

(1 —42)Ry(z) — 62°Rl(2) — zR3(2) — 1
522n+1

A E) H(M +1)(6¢ + 5).
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Let us pause here for a moment!

Apparently, there exist polynomials P,(z) and Q,(z) of degree n
such that R,(z) = Pn(z)/Qn(z) satisfies

(1 —42)Ry(z) — 62°Rl(2) — zR3(2) — 1

522n+1

A E) H(M +1)(6¢ + 5).

This would prove immediately that, modulo any prime power p®
with p > 5, our generating function F(z) is rational. In particular,
the sequence (f,)n>1 is eventually periodic, if considered modulo a
prime power p® with p > 5!
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So, we know what we have to do:
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So, we know what we have to do:

After having guessed const(n), we must now guess polynomials
P,(z) and Qn(z) of degree n such that

(1~ 42)Pn(2)Qn(2) — 62°(P;(2) Qn(2) — Pa(2)@1(2))

— zP?(z) — Q?(2) = —5z%"*1 f[(6£ + 1)(6¢ + 5).
(=1
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So, we know what we have to do:

After having guessed const(n), we must now guess polynomials
P,(z) and Qn(z) of degree n such that

(1~ 42)Pn(2)Qn(2) — 62°(P;(2) Qn(2) — Pa(2)@1(2))

— zP?(z) — Q?(2) = —5z%"*1 f[(6£ + 1)(6¢ + 5).
(=1

Well: ,,Knapp daneben ist auch vorbei! “
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So, we know what we have to do:

After having guessed const(n), we must now guess polynomials
P,(z) and Qn(z) of degree n such that

(1~ 42)Pn(2)Qn(2) — 62°(P;(2) Qn(2) — Pa(2)@1(2))

— zP?(z) — Q?(2) = —5z%"*1 f[(6€ + 1)(6¢ + 5).
(=1

Well: ,,Knapp daneben ist auch vorbei! “
( “A miss is as good as a milel”)
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Generalise!
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Generalise!

We had:

(1—42)F(z) — 62°F'(z) — zF?(z) =1 =0.

Christian Krattenthaler and Thomas W. Miiller A Riccati differential equation and free subgroup numbers



Generalise!
We had:
(1—42)F(z) — 62°F'(z) — zF?(z) =1 =0.
Let us consider

(1 - Az)F(z) — BZ?F'(z) — CzF?(z) =1 — Dz = 0.
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Generalise!
We had:
(1—42)F(z) — 62°F'(z) — zF?(z) =1 =0.
Let us consider
(1 - Az)F(z) — BZ?F'(z) — CzF?(z) =1 — Dz = 0.

For the Padé approximant F(z) = P,(z)/@n(z) + O(z*"*1), we
then have

(1~ Az)Py(2)Qn(2) — B2*(Pp(2)Qn(2) — Pa(2)Qy(2))
— CzP%(z) — (1 4+ Dz)@2(z) = const(n) x z>™1,
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Sol ABCD[n_] : = Sol ABCD[n] = Mbdul e[{Erg},

P= (Sum[p[i]z”™i, {i, 1, n}] +1);

Q= (Sum[q[i]z”™i, {i, 1, n}]+1);

Erg = Expand[(1-Az) PQ-
Bz~2 (D[P, z] Q-PDI[Q z]) -
CCzpPr2-Q*2-DDz QM27;

Var = Coefficient [Erg, z, 2n+1];

Erg =

Tabl e[Coefficient [Erg, z, 1i] =0, {ii, O, 2n}];

Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;

{(P/Q) /. Erg[[1]], Factor [Var /. Erg[[1]11]}

1

Sol ABCD[1]
{1+ (-B-CC+DD) z
1+ (-A-B-2CC) z’
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Sol ABCD[n_] : = Sol ABCD[n] = Mbdul e[{Erg},
P= (Sum[p[i]z”™i, {i, 1, n}] +1);
Q= (Sum[q[i]lz”"i, {i, 1, n}] +1);
Erg = Expand[(1-Az) PQ-
Bz~2 (D[P, z] Q-PDI[Q z]) -
CCzpPr2-Q*2-DDz QM27;
Var = Coefficient [Erg, z, 2n+1];
Erg =
Tabl e[Coefficient [Erg, z, 1i] =0, {ii, O, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;
{((P/Q /. Erg[[1]1], Factor [Var /. Erg[[1]]1]1}
1
Sol ABCD[1]
1+ (-B-CC+DD) z
{1+(—A—B—2CC)Z’

- (A+CC+DD) (AB+B?+ACC+2BCC+CC*+CCDD)
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e S e "R e S S B

P= (Sum[p[i]z”™i, {i, 1, n}] +1);
Q= (Sum[q[i]z"i, {i, 1, n}]+1);
Erg = Expand[(1-Az) PQ-
Bz~2 (D[P, z] Q-PD[Q z]) -
CCzpPr2-Q*"2-DDz Q*27;
Var = Coefficient [Erg, z, 2n+1];
Erg =
Tabl e[Coefficient [Erg, z, ii] =0, {ii, O, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;
{((P/Q) /. Erg[[1]1], Factor [Var /. Erg[[1]]1]1}
1
Sol ABCD[1]
{1+(—B—CC+DD)Z

1+ (-A-B-2CC) z'
-(A+CC+DD) (AB+B”+ACC+2 BCC+CCZ+OCDD)}
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L T e " B L S e A 2
Q= (Sum[q[i]z"i, {i, 1, n}]+1);
Erg = Expand[(1-Az) PQ-
Bz~2 (D[P, z] Q-PD[Q z]) -
CCzPr2-Q*2-DDz QM27;
Var = Coefficient [Erg, z, 2n+1];
Erg =
Tabl e[Coefficient [Erg, z, 1i] =0, {ii, O, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]1I;
{(P/Q /. Erg[[1]1], Factor [Var /. Erg[[1]111}
]
Sol ABCD[1]
1+ (-B-CC+DD) z
{1+(—A—B—ZCC)Z’

-(A+CC+DD) (AB+B?+ACC+2 BCC+CC2+OCDD)}
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Erg = Expand[(1-Az) PQ-
Bz~2 (D[P, z] Q-PD[Q z]) -
CCzPr2-Q*2-DDz QM27;
Var = Coefficient [Erg, z, 2n+1];
Erg =
Tabl e[Coefficient [Erg, z, ii] =0, {ii, O, 2n}];
Erg = Sol ve[Erg, Join[Table[p[i], {i, 1, n}],
Table[q[i], {i, 1, n}]11];
{((P/Q /. Erg[[1]1], Factor [Var /. Erg[[1]]1]1}
1
Sol ABCD[1]
{1+(—B—CC+DD)Z

1+ (-A-B-2CC) z'
- (A+CC+DD) (AB+B?+ACC+2 BCC+CC2+OCDD)}

Christian Krattenthaler and Thomas W. Miiller
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Sol ABCD[2]
{(1+ (-A-4B-3CC+DD) z +
(2B +3BCC+CC*-ADD-3BDD-3 CCDD) z%) /
(1—2 (A+2B+2CC) z +
(A>+3AB+2B*+3ACC+6BCC+3CC - CCDD) z?),
- (A+CC+DD) (AB+B”+ACC+2BCC+CC*+CCDD)
(2AB+4B*+ACC+4BCC+CC + CCDD) }

Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B*+4 ACC+
22BCC+6 CC° -2 ADD-8BDD-6 CCDD) z° +
(-6B*-11B°CC-6BCC*-CC*+A*>DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD - CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (3A*+15AB+18 B +
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Sol ABCD[2]
{(1+ (-A-4B-3CC+DD) z +
(2B +3BCC+CC*-ADD-3BDD-3CCDD) z%) /
(1—2 (A+2B+2CC) z +
(A>+3AB+2B*+3ACC+6BCC+3CC - CCDD) z?),
-(A+CC+DD) (AB+B*+ACC+2BCC+CC + CCDD)
(2AB+4B°+ACC+4BCC+CC” +CCDD) }

Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B*+4 ACC+
22BCC+6 CC*-2ADD-8BDD-6 CCDD) z° +
(-6B*-11B°CC-6BCC’-CC*+A*>DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD - CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (BA*+15AB+18 B+
10 ACC+30BCC+10 CC?> -2 CCDD) 72 +
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{(1+ (-A-4B-3CC+DD) z +
(2B?+3BCC+CC*-ADD-3BDD-3 CCDD) z%) /
(1—2 (A+2B+2CC) z +
(A>+3AB+2B*+3ACC+6BCC+3CC - CCDD) z?),
-(A+CC+DD) (AB+B*+ACC+2BCC+CC + CCDD)
(2AB+4B°+ACC+4BCC+CC” +CCDD) }

Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B*+4 ACC+
22BCC+6 CC*-2ADD-8BDD-6 CCDD) z° +
(-6B*-11B°CC-6BCC*-CC*+A*>DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD - CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (BA*+15AB+18 B+
10 ACC+30BCC+10 CC* -2 CCDD) z° +

A2 [ A R2 23 4 A2 QA B
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(2B?+3BCC+CC*-ADD-3BDD-3 CCDD) z%) /
(1—2 (A+2B+2CC) z +
(A>+3AB+2B*+3ACC+6BCC+3CC - CCDD) z?),
- (A+CC+DD) (AB+B*+ACC+2BCC+CC + CCDD)
(2AB+4B°+ACC+4BCC+CC” +CCDD) }

Sol ABCD[3]
{(1+ (-2A-9B-5CC+DD) z + (A2+7AB+1882+4ACC+
22BCC+6 CC°-2ADD-8BDD-6 CCDD) z* +
(-6B°-11B°CC-6BCC*-CC*+A*DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD - CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (BA*+15AB+18 B+
10 ACC+30BCC+10 CC* -2 CCDD) z° +
(-A°-6 A°B-11AB°-6B°-4A°CC-18 ABCC-
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12 BZ+SBCC+@—ADD—3BDD—3CCDD5 sz /

(1—2 (A+2B+2CC) z +
(A>+3AB+2B*+3ACC+6BCC+3CC - CCDD) z?),
-(A+CC+DD) (AB+B*+ACC+2BCC+CC + CCDD)
(2AB+4B°+ACC+4BCC+CC” +CCDD) }

Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B*+4 ACC+
22BCC+6 CC*-2ADD-8BDD-6 CCDD) z* +
(-6B*-11B°CC-6BCC’-CC*+A*DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD- CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (BA*+15AB+18 B+
10 ACC+30BCC+10 CC* -2 CCDD) z° +
(-A°-6 A°B-11AB°-6B°-4A°CC-18 ABCC-
22B?>CC-6 ACC*-18BCC? -4 CC +
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(1—2 (A+2B+2CC) z +
(A>+3AB+2B°+3ACC+6BCC+3CC - CCDD) z?),
-(A+CC+DD) (AB+B*+ACC+2BCC+CC + CCDD)
(2AB+4B°+ACC+4BCC+CC” +CCDD) }

Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B*+4 ACC+
22BCC+6 CC*-2ADD-8BDD-6 CCDD) z* +
(-6B*-11B°CC-6BCC*-CC*+A*DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD - CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (3A*+15AB+18 B+
10 ACC+30BCC+10 CC* -2 CCDD) z% +
(-A°-6A*B-11AB*-6B*-4A°CC-18 ABCC-
22B?>CC-6 ACC*-18BCC? -4 CC® +
2 ACCDD+6 BCCDD+4 CC* DD) z°),
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(A2+3AB+2BZ+3ACC+GBCC+3CC2-CCDD) 22),
-(A+CC+DD) (AB+B*+ACC+2BCC+CC + CCDD)
(2AB+4Bz+AOC+4BCC+CC2+CCDD)}

Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B°+4 ACC+
22BCC+6 CC*-2ADD-8BDD-6 CCDD) z* +
(-6B°-11B*CC-6BCC*-CC®+ A DD+6 ABDD+ 11 B
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD- CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (3A*+15AB+18 B+
10 ACC+30BCC+10 CC* -2 CCDD) z% +
(-A°-6A°B-11AB°-6B*-4A°CC-18 ABCC-
22B2CC-6 ACC*-18BCC? -4 CC® +
2 ACCDD+6 BCCDD+4 CC* DD) z°),
-(A+CC+DD) (AB+B?+ACC+2BCC+CC?+CCDD
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—WWD—i-TﬁTWFU_D_WWDD}_L—),i
-(A+CC+DD) (AB+B*+ACC+2BCC+CC + CCDD)
(2AB+4BZ+AOC+4BCC+CC2+CCDD)}

Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B°+4 ACC+
22BCC+6 CC*-2ADD-8BDD-6 CCDD) z* +
(-6B°-11B*CC-6BCC*-CC®+ A DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD - CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (3A*+15AB+18 B+
10 ACC+30BCC+10 CC* -2 CCDD) z% +
(-A*-6A°B-11AB*-6B*-4A°>CC-18 ABCC-
22B2CC-6 ACC*-18BCC?-4CC® +
2 ACCDD+6 BCCDD+4 CC* DD) z°),
- (A+CC+DD) (AB+B”+ACC+2BCC+CC*+CCDD)

D 1 P2 A H=Yal
Christian Krattenthaler and Thomas W. Miiller
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-(A+CC+DD) (AB+B"+ACC+2BCC+ + CCDD
(2AB+4BZ+AOC+4BCC+CCZ+CCDD)}

Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B°+4 ACC+
22BCC+6 CC*-2ADD-8BDD-6 CCDD) z* +
(-6B°-11B*CC-6BCC*-CC®+ A DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD - CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (3A*+15AB+18 B+
10 ACC+30BCC+10 CC* -2 CCDD) z% +
(-A*-6A°B-11AB°-6B*-4A°CC-18 ABCC-
22B2CC-6 ACC*-18BCC?-4CC+
2 ACCDD+6 BCCDD+4 CC* DD) z°),
- (A+CC+DD) (AB+B”+ACC+2BCC+CC*+CCDD)
(2AB+4B°+ACC+4BCC+CC” + CCDD)
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(2AB+4BZ+AOC+4BCC+CC22+CCDD)}

Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B°+4 ACC+
22BCC+6CC*-2ADD-8BDD-6 CCDD) z* +
(-6B°-11B*CC-6BCC*-CC®+ A DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD - CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (3A*+15AB+18 B+
10 ACC+30BCC+10 CC* -2 CCDD) z% +
(-A*-6A°B-11AB°-6B*-4A°CC-18 ABCC-
22B>CC-6 ACC?-18BCC* -4 CC3 +
2 ACCDD+6 BCCDD+4 CC* DD) z°),
- (A+CC+DD) (AB+B”+ACC+2BCC+CC*+CCDD)
(2AB+4B*+ACC+4BCC+CC + CCDD)
(3AB+9B°+ACC+6BCC+CC”+CCDD) }
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Sol ABCD[3]
{(1+(-2A-9B-5CC+DD) z+ (A*+7AB+18B°+4 ACC+
22BCC+6 CC*-2ADD-8BDD-6 CCDD) z* +
(-6B°-11B*CC-6BCC*-CC®+ A DD+6 ABDD+ 11 B?
DD+4 ACCDD+ 18 BCCDD+ 6 CC* DD - CCDD?) z°) /
(1-3 (A+3B+2CC) z+ (3A*+15AB+18 B+
10 ACC+30BCC+10 CC* -2 CCDD) z* +
(-A*-6A*B-11AB°-6B°-4A°CC-18 ABCC-
22B>CC-6 ACC>-18BCC* -4 CC3 +
2 ACCDD+6 BCCDD+4 CC* DD) z°),
- (A+CC+DD) (AB+B”+ACC+2BCC+CC*+CCDD)
(2AB+4B*+ACC+4BCC+CC + CCDD)
(3AB+9B°+ACC+6BCC+CC”+CCDD)}

Christian Krattenthaler and Thomas W. Miiller A Riccati differential equation and free subgroup numbers



So, apparently,
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So, apparently, for every positive integer n, there exist polynomials
Po(z) = 14> 7_1 pnkz" and Qn(z) = 1+ 3°7_; qnkz¥, such that

(1 — A2)Pu(2)@n(2) — BZ*(P1(2)Qn(2) — Pa(2)@1(2))
— CzP%(z) — (1 + D2)Q2(z)
= —z>""Y(A4 C+D) ﬁ(EAB+AC+ CD+#?B*+2(BC + C?).
(=1
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Let Po(z) =1+ %, p,,’kzk and Qn(z) =1+ %, q,,,kzk.
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Let Po(z) =1+ %, p,,’kzk and Qn(z) =1+ %, q,,,kzk.

By staring at the first few polynomials, one is led to conjecture:
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Let Po(z) =1+ %, p,,,kzk and Qn(z) =1+ %, q,,,kzk.

By staring at the first few polynomials, one is led to conjecture:

pn1=—(n—1)A—-n*B—(2n—1)C + D,

Gn1 = —nA — n’B —2nC,

P2 = 5(n—2)(n—1)A% + L(n—2)(n - 1)(2n + 1)AB
+2(n—2)(n—1)AC — (n— 1)AD + 3(n — 1)?n*B?
+(n—1)(2n* —2n—1) BC
—(n—=1)(n+1)BD + (n—1)(2n — 3)C? — 3(n — 1)CD,

Gn2 = 3(n—1)nA% + 1(n— 1)n(2n — 1)AB + (n — 1)(2n — 1)AC
+ %(n —1)?n?B% + (n—1)n(2n — 1)BC
+(n—1)(2n—1)C? — (n—1)CD,
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Pn3 = —l(n—3)(n—2)(n— 1)A® —2(n—3)(n—2)(n* —n—1) A°B

—3)(n—2)(2n = 3)A*C + 3(n—2)(n — 1)A°D
—3)(n—2) (3n* —3n* — n—2) AB?
)
(

D

—3)(n—2)(2n—3)(2n+ 1)ABC
—2)(n+1)(2n — 3)ABD
—3)(n—2)(2n — 3)AC? + (n — 2)(3n — 5)ACD
—2)%(n—1)*n%B3
—2)(2n—3) (3n®> —6n* —n—2) B>C
—-2)(n*—n-2)B°D
—2)(2n—3) (n* —2n—1) BC?
—2)(3n* —2n—3) BCD — L(n—2)(2n - 5)(2n - 3)C?
(n—2)(2n —3)DC? — (n — 2)CD?,

= I\J\n—t Om—t I\)M—t
3

_|_
3

—~ o~~~
3

AM
3

S

+

= o= O
—_~ ~
D 3

S

S

+ o+
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Gn3 = —2(n—2)(n—1)nA® — I(n—2)(n - 1)’nA’B
—(n—2)(n—1)%A%C
—Lh-2)(n—1)n (3n* — 6n +2) AB?
—(n—2)(n—1)n(2n —3)ABC

—(n—2)(n—1)(2n —3)AC? + (n — 2)(n — 1)ACD
~5(n=2(n -1’8

- %(n —2)(n—1)n (3n2 —6n+2) B>C
—(n—=2)(n—1)n(2n — 3)BC? 4 (n — 2)(n — 1)nBCD
—2(n—2)(n—1)(2n - 3)C* +2(n —2)(n — 1)C?D.
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An interim thought

Christian Krattenthaler and Thomas W. Miiller A Riccati differential equation and free subgroup numbers



An interim thought

If we should be able to come up with a guess for P,(z) and Qn(z),
how would we ever be able to prove that this guess is correct?
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An interim thought

If we should be able to come up with a guess for P,(z) and Qn(z),
how would we ever be able to prove that this guess is correct?

If we should be able to prove anything, then this proof must come
from hypergeometrics!
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An interim thought

Hypergeometrics?
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An interim thought
Hypergeometrics?

We are looking at the differential equation:

(1= Az)Py(2)Qn(z) — BZ*(P(2)Qn(2) — Pa(2)Qi(2))
- cng( ) — (14 Dz)Q%(z2)

—22"Y(A+ C+ D) [[(¢AB+AC + CD+ B +2¢0BC + C?).
/=1
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An interim thought
Hypergeometrics?

We are looking at the differential equation:

(1 — Az)Py(2)Qn(2) — B2*(P1(2)Qu(2) — Pa(2)Q1(2))
— cng( ) — (1 + Dz)Q3(2)
n
—2>"(A+ C+D) [[(¢AB+AC+ CD+(?B>+2(BC + C?).
=1
If this wants to be part of the realm of hypergeometrics, then we
should better factor the product on the right-hand side into linear
factors.
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An interim thought

Here is this product:

n

(A+ C+ D) [J(tAB + AC + CD + £*B* + 2(BC + C?).
(=1
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An interim thought

Here is this product:

n

(A+ C+ D) [J(tAB + AC + CD + £*B* + 2(BC + C?).
=1
If we make the substitution E2 = A2 — 4CD, then this becomes

n

(A+ C+ D)H (EB—F A+22C+E) (EB—{— A+22C—E)
/=1

— égrn‘[ (EB + A+22C+E) (EB + A+22CfE) ]
=0
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An interim thought

Here is this product:

n

(A+ C+ D) [J(tAB + AC + CD + £*B* + 2(BC + C?).
=1
If we make the substitution E2 = A2 — 4CD, then this becomes

n

(A+ C+ D)H (EB—F A+22C+E) (EB—{— A+22C—E)

=1
_ %H (EB + A+22C+E) (EB + A+22CfE) )
=0
Let us write
N, =[] (B +22HE) and N_ =[] (¢B+ 2+2=E).
=0 £=0
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Our “new” problem: find polynomials P,(z) and Q,(z) of degree n
with

(1= Az)Py(2)Qn(z) — B2*(Pj(2)Qn(2) — Pa(z )Q’(Z))
— CzP?(z ) (1+ Dz)Q%(z) = — &N n_ 22",
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Our “new” problem: find polynomials P,(z) and Q,(z) of degree n
with

(1 — Az)P(2)Qn(2) — B2*(P}(2) Qn(2) — Palz )Q’(Z))
— CzP%(z ) (1+ Dz)Q%(z) = — &N n_ 22",

Maybe we should “work from the other end”?!

In other words: let us try to come up with guesses for pp ., Gn,n,
Pn,n—1, Qn,n—1, €tc.
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Our “new” problem: find polynomials P,(z) and Q,(z) of degree n
with

(1 — Az)P(2)Qn(2) — B2*(P}(2) Qn(2) — Palz )Q’(Z))
— CzP%(z ) (1+ Dz)Q%(z) = — &N n_ 22",

Maybe we should “work from the other end”?!

In other words: let us try to come up with guesses for pp ., Gn,n,
Pn,n—1, Qn,n—1, €tc.

Comparing coefficients of z2"*1 in our differential equation above,
we obtain

1
_Apn,nqn,n - CPE,,, - in,, = —EI'I+I'I_.
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The equation again:

1

Mnen_.
c

_Apn,nqn,n - Cpin - Dq,217n =

Performing the substitution £2 = A? — 4CD, the left-hand side
factors:

(Conn+ 3(A=E)qnn) (Conn+ 3(A+ E)gnn) = N4 M_.
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The equation again:

1

Mnen_.
c

_Apn,nqn,n - Cpin - Dq,217n =

Performing the substitution £2 = A? — 4CD, the left-hand side
factors:

(Cpn,n + %(A - E)qn,n) (Cpn,n + %(A + E)qn,n) - I'I+I'I_.
Indeed, the computer says:

Cpn,n + %(A - E)qn,n =T,
Cpn,n + %(A + E)qn,n — n+-
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Indeed, the computer says:

Cpn,n + %(A - E)qn,n = |_|_,
Cpn,n + %(A + E)qn,n = |_|+.
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Indeed, the computer says:

Cpn,n + %(A - E)qn,n = |_|_,
Cpn,n + %(A + E)qn,n - |_|+.

Solve for pp , and gp.

(_1)n+1
2CE

An,n = (_El)n(n—&- - I'I_),

Pn,n = ((A—E)I‘I+—(A+E)I'I_),

where |—|+ — Bn+1 (A+2C+E

_ pntl (A+2C—E
2B )n+1 and M_=B""(

2B )n+1 :
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We continue:

Comparing coefficients of z2” in our differential equation, we obtain
Pn,nGQn.n — Apn,nqn,n—l - Apn,n—l An,n — Bpn,nqn,n—l + Bpn,n—l Adn,n
- 2Cpn,n—lpn,n - q%,n - 2an,n—lqn,n =0.

We consider this equation modulo ;. — 1, and modulo
M4 + M_. This yields two linear congruences:

Clpn,n—l + C2qn7n—1 + C3 = 0 (mOd I_I+ — I_I_),
Capnn-1+ Gsqnn-1+ C¢ =0 (mod Ny +T_),

with explicitly known G, Gy, C3, Gy, G, Co. In other words,

Clpn,n—l + C2Qn,n—1 + G = D1(|_|+ — |_|_),
C4p”7n—1 + C5qn,n—1 + G = D2(|_|+ + I_I_)7

for some (unknown) D; and D,.
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(-1

Prn = "5 F (A-—E)Ny —(A+E)N_),
dn,n = (_1)n (n+ - ﬂ,),
( 1)n+1
Prn=1=5C(E — B)E(E + B)
<|_|+(n( E+B)(A—E)+(A+2C—E)(A+B))
~N_((E+B)(A+E)+ (A+2C+E)(A+B))),
_ (=1)"
Inn=1 = (E ) E(E+ B)
( (—E+B)+(A+2C—E))

—n_(n(E+B)+(A+2C+E))),
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B (=1
Prn=2=5C(E — 2B)(E — B)E(E + B)(E + 2B)

><Qu(%M—¢M—E+Bﬂ—E+2BﬂA—E)

(n—1)(-E+2B)(A+2C—E) (A+ 4B - 1E)

+
Nlw

+3(A+2C- EMA+2C—E+QBMA+2@>

—MN_(3n(n—1)(E+B)(E+2B) (A+E)

+3(n—1)(E+2B)(A+2C+E) (A+ 4B+ 1E)

I\)\w

(A+2C+EMA+2C+E+QBMA+2@>>,
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(=1)"
nn=2= (£ —2B)(E — B)E(E + B)(E + 2B)

X (ﬂ+ <%n(n —1)(—E+ B)(—E +2B)

3(n—1)(—E +2B) (A+2C — E)
3
2

(A+2C—E)(A+2C—E+28)>

-n_ <§n(n —1)(E+ B)(E +2B)

3(n—1)(E+2B)(A+2C+E)

g(A+2C+E)(A+2C+E+2B)>>,

A Riccati differential equation and free subgroup numbers
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-1 an—k
Ann—k = ( )

(£ — K)okt
k

X ( (A+§E+E)n+1 Z qn>k=j(” —k+ 1)kfj (_g +J+ 1)k—j (A+%E_E)j
j=0

k
(AEEE) Y gkt Dy (B4 1), <>)
=0
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-1 an—k
Ann—k = ( )

(£ — K)okt
k
X (A+§E+E)n+1 Z qn>k=j(” —k+ 1)kfj (_g +J+ 1)k—j (A+%E_E)j
j=0
k
— (M5575) a2 nk(n = k+ Dy (§ +J + 1), (A5E7E),
j=0

How can we guess the coefficients g, x ;?
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How can we guess the coefficients g, ;?

Let us assume the form of g, x from the previous page, and the
earlier observed polynomiality of g, , in A, B, C, D, and, hence,
alsoin A,B,C,E.

(g — k)ak+1 must divide the expression between parentheses, that
is, this expression must vanish for E = Bs, s = —k,—k +1,..., k.
Let us do the substitution £ = Bs in this expression, and let us
suppose that s > 0.
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How can we guess the coefficients g, ;?

Let us assume the form of g, x from the previous page, and the
earlier observed polynomiality of g, , in A, B, C, D, and, hence,
alsoin A, B,C,E.

(g — k)ak+1 must divide the expression between parentheses, that
is, this expression must vanish for E = Bs, s = —k,—k +1,..., k.
Let us do the substitution £ = Bs in this expression, and let us
suppose that s > 0.

Then we have

(A+2C+E

2CHE) L= (At2ctEs = (At2C+Bs

2B )n+1 = 2B )n+1—s (M +n+ 1)

Comparing with AL2C_E _ (A+2C—Bs
(257 ) i1 = (555 ) i

we infer that (A425=55 + n+ 1) must divide the second sum
over j as a polynomial in n! This provides many non-trivial
vanishing conditions for this sum over j, viewed as polynomial in n,
and this suffices to compute the coefficients g, « ; for a large range
of k's and corresponding j's.
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Voila! Here is our guess for qp n—:

(_1)an—k
(& — K2k

—J , _
(89,2 (1) (10) o a5,

k . .
_ k+j\(n—j .
- (A+§g E)n+1 § :( k ><k—j> (g +J +1)k7j (A%gJFE)J)'

dn,n—k =
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Similarly, here is our guess for p, p—:

Pn,n—k =

£, s Be e
k )
k+j\/n—]J
(A+%g E)n+1z< K )(k )(g +J+1)k—1
Jj=0
(A+2C+E)J (A+ EEB+ erjE)),

Christian Krattenthaler and Thomas W. Miiller
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We have a full-fledged guess:

Conjecture

For every positive integer n, there exist uniquely determined
polynomials Pp(z) =1+ >} _; pnxz* and

Qu(z)=1+>7_, q,,’kzk, where p, x and qn x are homogeneous
polynomials in A, B, C, D of degree k over the integers such that
the rational function R,(z) = Pp(z)/Qn(z) satisfies

(1 — Az)R,(z) — Bz?R/(z) — CzR?(z) — 1 — Dz
Z2n+1 n

- _QT(Z)(AjL C+D) [[(¢AB+AC+CD+(*B>+2(BC+C?).
0 /=1

Moreover, the coefficients py i and q, x are given by the previous
formulae.
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We have a full-fledged guess:

For every positive integer n, there exist uniquely determined
polynomials Pp(z) =1+ >} _; pnxz* and

Qu(z)=1+>7_, q,,’kzk, where p, x and qn x are homogeneous
polynomials in A, B, C, D of degree k over the integers such that
the rational function R,(z) = Pp(z)/Qn(z) satisfies

(1 — Az)R,(z) — Bz?R/(z) — CzR?(z) — 1 — Dz
Z2n+1 n

- _QT(Z)(AjL C+D) [[(¢AB+AC+CD+(*B>+2(BC+C?).
0 /=1

Moreover, the coefficients py i and q, x are given by the previous
formulae.
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So far, we did not prove anything!!
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Here is what we would like to prove:

Theorem?

For every positive integer n, there exist uniquely determined
polynomials Pp(z) =1+ Y} _; pnxz* and

Qu(z)=1+>,_, q,,7kzk, where pp, i and qn x are homogeneous
polynomials in A, B, C, D of degree k over the integers such that
the rational function R,(z) = P,(z)/Qn(z) satisfies

(1 — AZ)R,(z) — Bz’R/(z) — CzR%(z) — 1 — Dz
Z2n+1 i

_ _QT(Z)(A-|— C+D) H(eAB+AC+ CD+/?>B?+2(BC +C?).
n =il

Moreover, the coefficients p, x and q, x are given by the previous
formulae.
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So far, we did not prove anything!!

However, in principle, as soon as the guess for the polynomials

Po(z) =1+ >0 pnkzX and Qn(z) = 1+ Y 7 _; qniz” is written
down, it is already proved!
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So far, we did not prove anything!!

However, in principle, as soon as the guess for the polynomials
Po(z) =1+ >0 pnkz¥ and Qn(z) = 1+ Y 7 _; qniz” is written
down, it is already proved!
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Sketch of proof that P,(z)/Qn(z) satisfies the differential equation

The differential equation:

(1 — Az)Py(2)Qn(2) — Bz*(P}(2)Qn(2) — Pn(2)Q;(2))
— CzP,%(z) —(1+ Dz) Qg(z)
= —Z>"(A+C+D) ﬁ(zAB+Ac+ CD+/*B?+2(BC + C?).
(=1

2n+1

We actually already verified that the coefficients of z match.

(This is how we found the formulae for p, , and gp p.)
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Sketch of proof that P,(z)/Qn(z) satisfies the differential equation

The differential equation:

(1= Az)Pa(2)Qn(2) — BZ*(P1(2) @n(2) — Pa(2) @(2))
— CzP,%(z) —(1+ Dz) Qg(z)

n

= —22""(A+ C+ D) [[(tAB+AC+ CD + (B> +2(BC + C?).
(=1
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Sketch of proof that P,(z)/Qn(z) satisfies the differential equation

The differential equation:

(1 — Az)Py(2)Qn(2) — Bz*(P,(2)Qu(2) — Pa(2)Q;(2))
— CzP%(z) — (1 + D2)Q2(z)
= —22""(A+ C+ D) [[(tAB+AC+ CD + (B> +2(BC + C?).
(=1

Now we divide both sides by z2"*1, then differentiate them with
respect to z, and finally multiply both sides of the resulting
equation by z2"2. In this way, we obtain

Pn(2) (2anP,,(z) —2CZ? P;,(z) —(2n+1)Qn(2) + ZQ;,(Z)

— 2?(A+2Bn — B)Q/(2) + 2AnzQ,(z) + BZ® Qn(2))

+Qn(2) (zPﬂ,(z)—z2(A—2Bn+B)Pf,(z)—Bz3P,'7'(z)

+ (2n 4 1)Qn(2) + 2DnzQ,(z) — 2D2*Ql(2) — 22Q)(2)) = 0.

This is equivalent to the original equation!
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We claim that, in fact,

2CnzP,(z)—2Cz?P!(2)—(2n4+1)Q,(2)+2Q! (z)—z*(A+2Bn—B)Q'(2)
+2AnzQ,(z) + Bz3 Ql(z)=—(2n+1—nAz+ n? Bz)Qn(z)

and

zP!(2)—z*(A—2Bn+B)P.(z)—Bz*P!(2)+(2n+1) Q,(2)+2DnzQ,(z)
—2D2%Q!(z) — 22Q!(2) = (2n + 1 — nAz + n*Bz)P,(z).
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We claim that, in fact,
2CnzP,(z)—2Cz?P!(2)—(2n4+1)Q,(2)+2Q! (z)—z*(A+2Bn—B)Q'(2)
+2AnzQ,(2) + B22Q"(z) = —(2n+ 1 — nAz + n?Bz)Q(2)

and

zP!(2)—z*(A—2Bn+B)P.(z)—Bz*P!(2)+(2n+1) Q,(2)+2DnzQ,(z)
—2D2%Q!(z) — 22Q!(2) = (2n + 1 — nAz + n*Bz)P,(z).

This is not too difficult to prove by comparing coefficients of
powers of z. The Gosper algorithm is used to prove one of the
arising identities.
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Sketch of proof of polynomiality of p, , and g, «
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Sketch of proof of polynomiality of p, , and g, «

Recall:
(_1)anfk
(5 — K)2ks1

—J , _
(89,2 (1) (10) o a5,

k . ;
B k+j\(n—j :
-39, (1) (0) @”“)k—f(W)f)

dn,n—k =
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Sketch of proof of polynomiality of p, , and g, «

Recall:
(_1)anfk
(5 - k)2k+1

o ( (A+2C+E) n+1z <k +J>< j> (-E +j+1)k7j(A+%ng)j
et MZ("“)( )Gy, <>>

dn,n—k =

(g — k)ak+1 must divide the term between parentheses. That is, if
we put E = Bs for s € {—k,—k +1,..., k}, then the term
between parentheses must vanish.
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So, what we have to establish is the identity

k + . _
(55%) na Z < J) < ) (=s+J+ 1) (%)j

k + -
(A+22§3 Bs n+1 Z ( J) <n J) (s+j+1),_ (A+22%+BS)J =0,

forse {—k,—k+1,...,k}.
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So, what we have to establish is the identity

k+j . _
(At2C+E A+2C—B
(557) n+1z< >< )(_5+J+1)k_j( 95 S)j

k+J n—j
A+2C—Bs A+2C+B

forse {—k,—k+1,...,k}.
The old hypergeometric transformation (THOMAE (1879))

ddte—b—ct

£ a,b,c_1 _I(e)f(d+e—a—b—c) a,d—b,d—c
21 die’| T Tle—a)f(dte—b—0c)>?

does the job.
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Back to p=7:

Conjecture

Let o be a positive integer. The sequence (f,)n>1, considered
modulo 7%, is eventually periodic, with period length 6 - 721,

Moreover, the generating function F(z) =1+ ) -, f,z", when
coefficients are reduced modulo 7%, equals

P.(z)
(1+2z2)>’

where P, (z) is a polynomial in z over the integers.
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For the rest of the talk, we shall always talk about the special case
A=4 B=6, C=1, D=0, E =4, corresponding to the
differential equation for the free subgroup numbers for PSL»(Z).
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For the rest of the talk, we shall always talk about the special case
A=4 B=6, C=1, D=0, E =4, corresponding to the
differential equation for the free subgroup numbers for PSL»(Z).

Let p be a prime with p =1 (mod 6). For n = ’%1 (mod p), we
have

Qn(2) = Qp—1)/6(z) modulo p.
Furthermore, the polynomial Q,_1)/6(z) has degree (p—1)/6 in z.
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Let p be a prime with p =1 (mod 6). For n = ”T_l (mod p), we
have

@n(2) = Qp—1)/6(z) modulo p.
Furthermore, the polynomial Q,_1y/6(z) has degree (p—1)/6 in z.
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Let p be a prime with p =1 (mod 6). For n = ”T_l (mod p), we
have

@n(2) = Qp—1)/6(z) modulo p.
Furthermore, the polynomial Q,_1y/6(z) has degree (p—1)/6 in z.

SKETCH OF PROOF. One applies the same 3 F>-transformation
again to the sums over j in the definition of g, ,_x, to obtain

Now elementary (though tedious) p-adic analysis shows that each
summand is divisible by p for n > k + 2% + 1. O
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Theorem

Let o be a positive integer. If p is a prime with p =1 (mod 6),
then the generating function F(z) =1+ ) -, f,z", when
coefficients are reduced modulo p*, equals A;(z)/Q(’;J_l)/6(z),
where A, (z) is a polynomial in z over the integers.

There is a similar statement for p =5 (mod 6).
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PROOF. We concentrate on the case where p =1 (mod 6), and
proceed by induction on .
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PROOF. We concentrate on the case where p =1 (mod 6), and
proceed by induction on .
The start of the induction:

_ Plo-1)/6(2)

Fz)= Qp-1)/6(2)

modulo p,
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PROOF. We concentrate on the case where p =1 (mod 6), and
proceed by induction on .
The start of the induction:

_ Pp-1)/6(2)

Fz)= Qp-1)/6(2)

modulo p,

Induction hypothesis: Suppose that Aa(z)/Q(O;)fl)/Ei(z) solves the
differential equation modulo p® for some integer polynomial A, (z).
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PROOF. We concentrate on the case where p =1 (mod 6), and
proceed by induction on .
The start of the induction:

_ Plo-1)/6(2)

Flz)= Qp-1)/6(2)

modulo p,

Induction hypothesis: Suppose that Aa(Z)/Q(O;,,l)/Ei(Z) solves the
differential equation modulo p® for some integer polynomial A, (z).
Induction step: Choose n = pT_l (mod p) large enough such that
the product over £ on the right-hand side of the
“Padé-approximated” differential equation vanishes modulo p
and thus Pp(z)/Qn(z) solves the differential equation
modulo p®*t. Then

P.(z) _ An(2)
Qn(z) Q(O;Fl)/e(z)

a+1

modulo p®.
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PROOF (CONTINUED).

Then
Pa(z)  Aa(2)

Qn(z) B Q(O;,_l)m(z)

modulo p®.
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PROOF (CONTINUED).

Then
Pa(z)  Aa(2)

Qn(2) B Q(O;,_l)m(z)
Consequently, in the difference
Pn(2) An(z)  Pr(2)Q(_1)/6(2) = Aa(2)@n(2)
Qn(2) B Q(O;J_l)/6(z) B Q(p 1 /6( z)Qn(2) ’
all coefficients of the integer polynomial in the numerator of the

last fraction must be divisible by p®. In other words, there is an
integer polynomial B,(z) such that

P,(z) _ Au(2) o Ba.(2)
Ql(2) ~ Q6@ QG e(2)Ql2)

By the previous lemma, this leads to
Pr(z) _ Aa(z) | o Ba(2)
Qn(z) Q&_l)/ﬁ(z) Q&tll)/ﬁ(z)

modulo p®.

modulo p®*1. O
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Our differential equation for the generating function for the
numbers of free subgroups in PSLy(Z):

(1—42)F(z) — 62°F'(z) — zF?(z) =1 =0.

Theorem

Let « be a positive integer. If p is a prime with p =1 (mod 6),
then the generating function F(z) =1+ % ., f,z", when
coefficients are reduced modulo p*, equals A;(z)/Q(O;)_l)/6(z),
where A,(z) is a polynomial in z over the integers.

There is a similar statement for p =5 (mod 6).
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Our differential equation for the generating function for the
numbers of free subgroups in PSLy(Z):

(1—42)F(z) — 62°F'(z) — zF?(z) =1 =0.

Theorem

Let « be a positive integer. If p is a prime with p =1 (mod 6),
then the generating function F(z) =1+ % ., f,z", when
coefficients are reduced modulo p*, equals Aa(z)/Q(O;)_l)/6(z),
where A,(z) is a polynomial in z over the integers.

There is a similar statement for p =5 (mod 6).

A Mathematica implementation of the algorithm just described
that proves the above theorem is available.
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