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Ramanujan’s mathematical heritage

Ramanujan’s interests include infinite series, integrals, asymptotic
expansions and approximations, gamma function, hypergeometric
and q-hypergeometric functions, continued fractions, theta
functions, class invariants, Diophantine equations, congruences,
magic squares.

@ 3 Notebooks

@ 37 published mathematical papers
(J. Indian Math. Soc., Proc. London Math. Soc., Proc.
Cambridge Philos. Soc., Proc. Cambridge Philos. Soc., Proc.
Royal Soc., Messenger Math., Quart. J. Math.)

@ the “Lost Notebook”
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Ramanujan reaches his hand from his grave to snatch your
theorems from you . ..
(Bill Gosper)
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The Rogers—Ramanujan Identities

q” 1

(600 (90:6°) (9% ¢°)o

and
0 qn(n+1) 1

(a9 (0% 0°) (0% 6°)’

where (o;q)n == (1 —a)(1 —agqg)--- (1 —ag" 1), n>1, and
(o;q)o :=1.
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Partition Congruences
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Partition Congruences

A partition of a positive integer n is a representation of this
number as a sum of (other) positive integers, where the order of
the parts (= summands) is without importance.
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Partition Congruences

A partition of a positive integer n is a representation of this

number as a sum of (other) positive integers, where the order of

the parts (= summands) is without importance.

n=1:1

n=2:21+1

n=3:32+11+1+1

n=443+41,2+224+1+1,141+1+1

n=554+13+23+1+1,24+2+1,2+1+1+1,
1+414+141+1

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

A partition of a positive integer n is a representation of this

number as a sum of (other) positive integers, where the order of

the parts (= summands) is without importance.

n=1:1

n=2:21+1

n=3:32+11+1+1

n=443+41,2+224+1+1,141+1+1

n=554+13+23+1+1,24+2+1,2+1+1+1,
1+414+141+1

Let p(n) denote the number of partitions of n.
For example, p(1) =1, p(2) =2, p(3) =3, p(4) =5, p(5) =7.
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Partition Congruences

p(1)=1  p(2)= p(3)=3,  p(4)=5  p(5)

p(6)=11 p(7)=15  p(8) =22 p(9)=30, p(10)
p(11) =56 p(12) =77, p(13) =101, p(14) =135, p(15)
p(16) = 231 p(17) =297, p(18) =385, p(19) =490, p(20)
By studying MACMAHON's (hand-calculated!!) table of the

partition numbers p(n) for n =1,2,...,200, Ramanujan observed,
and then proved, his famous partition congruences.

7
42
176
627
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Partition Congruences

p(1)=1  p(2)= p(3)=3,  p(4)=5 p(5) =7

p(6) =11  p(7) = 15 p(8) =22,  p(9) =30, p(10) =42
p(11) =56 p(12) =77, p(13) =101, p(14) =135, p(15)= 176

(16) =231 p(17) =297, p(18) =385, p(19) =490, p(20) = 627

By studying MACMAHON's (hand-calculated!!) table of the
partition numbers p(n) for n =1,2,...,200, Ramanujan observed,
and then proved, his famous partition congruences.

Theorem (RAMANUJAN 1919)

For all non-negative integers n,
p(5n+4) =0 (mod 5),

p(7n+5) =0 (mod 7),
p(11n+6) =0 (mod 11).

v
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Partition Congruences

Theorem (RAMANUJAN 1919)

p(5n+4) =0 (mod 5),
p(7Tn+5) =0 (mod 7),
p(11n+6) =0 (mod 11).
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Partition Congruences

Theorem (RAMANUJAN 1919)

p(5n+4) =0 (mod 5),
p(7Tn+5) =0 (mod 7),
p(11n+6) =0 (mod 11).

Moreover, he conjectured
p(5°7°11°n + \) =0 (mod 577°11°),
where 24\ = 1 (mod 527°11°).

“This theorem is supported by all evidence; but | have not yet been
able to find a general proof.”
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Partition Congruences

Moreover, he conjectured
p(577°11°n + X) =0 (mod 577°11°)

for all non-negative integers n, where 24\ = 1 (mod 527°11°).
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Partition Congruences

Moreover, he conjectured
p(577°11°n + X) =0 (mod 577°11°)
for all non-negative integers n, where 24\ = 1 (mod 527°11°).

S. CHOWLA noticed around 1930 (from the extended tables of
H. GupTA) that

p(243) = 133978259344888 # 0 (mod 7°),
but 24 -243 =1 (mod 73).
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Partition Congruences

Moreover, he conjectured
p(577°11°n + X) =0 (mod 577°11°)

for all non-negative integers n, where 24\ = 1 (mod 527°11°).
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Partition Congruences

Moreover, he conjectured
p(577°11°n + X) =0 (mod 577°11°)

for all non-negative integers n, where 24\ = 1 (mod 527°11°).

(Arthur Oliver Lonsdale Atkin)

Theorem (A. O. L. ATKIN 1967)

For all non-negative integers n,

p(5°7°11°n + X) =0 (mod 577°11°),

where 24\ = 1 (mod 577L(0+2)/211¢),
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Partition Congruences

How can one prove such theorems?
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Partition Congruences

How can one prove such theorems?

Theorem (Euler)

1
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Partition Congruences

How can one prove such theorems?

Theorem (Euler)

1
Z” IR [ (RO R
Proof:
1 —
1-9)(1-¢)1-*)(1—g¢*--
1 1 1 1

:1—q.1—q2.1—q3'1—q4
:(1+q1+q1+1+q1+1+1+“.)
.(1+q2+q2+2+q2+2+2+.“)

_(1+q3+q3+3+q3+3+3+._')'__'
"+q3+2+2+2+1+1+'”

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

How can one prove such theorems?

Theorem (Euler)

1
Z” IR [ (RO R
Proof:
1 —
1-9)(1-¢)1-*)(1—g¢*--
1 1 1 1

:1—q.1—q2.1—q3'1—q4
:(1+q1+q1+1+q1+1+1+“.)
.(1+q2+q2+2+q2+2+2+.“)

_(1+q3+q3+3+q3+3+3+._')'__'
"+q3+2+2+2+1+1+'”

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

How can one prove such theorems?

Theorem (Euler)

1
Z” IR [ (RO R
Proof:
1 —
1-9)(1-¢)1-*)(1—g¢*--
1 1 1 1

:1—q.1—q2.1—q3'1—q4
:(1+q1+q1+1+q1+1+1+“.)
.(1+q2+q2+2+q2+2+2+.“)

_(1+q3+q3+3+q3+3+3+._')'__'
"+q3+2+2+2+1+1+'”

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

How can one prove such theorems?

Theorem (Euler)

1
Z” IR [ (RO R
Proof:
1 —
1-9)(1-¢)1-*)(1—g¢*--
1 1 1 1

:1—q.1—q2.1—q3'1—q4
:(1+q1+q1+1+q1+1+1+“.)
.(1+q2+q2+2+q2+2+2+.“)

_(1+q3+q3+3+q3+3+3+._')'__'
"+q3+2+2+2+1+1+'”

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

How can one prove such theorems?

Theorem (Euler)

1
Z” IR [ (RO R
Proof:
1 —
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1 1 1 1
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Partition Congruences

Proof of Ramanujan’s congruence mod 5:

The following auxiliary results can be derived using Jacobis triple
product formula

Let w> =1, w#1. Then

(9 @)oo (Wq; Wq)oo(W? §; W2 q) oo (W3 q; WP G) oo (w? §; W ) o
_ (i)
(q25;q25)oo
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Partition Congruences

Proof of Ramanujan’s congruence mod 5:

(CHS 1 1
9(0%5; ¢%5) o =q R-1-qR™",

where R is a power series in q°.
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Partition Congruences

Proof of Ramanujan’s congruence mod 5:

Lemma

(CHS 1 1
9(0%5; ¢%5) o =q R-1-qR™",

where R is a power series in q°.
o
Lemma

5. ,5\6

—5p5 5p—5 (9 9°)%
g PR —11-g°R 5= 1 1/
Pl )2,
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Partition Congruences

Proof of Ramanujan’s congruence mod 5:

1+ p(1)g+ p(2)a* + p(3)a> + p(4)g* + p(5)q°
+p(6)a° + p(7)q” + p(8)a® + p(9)q° + p(10)q™
+p(11)g* + p(12)q™ + p(13)¢™ + p(14)q™* + ...
4(q25; q25)5 4 4 33 252 -1

—3qgR 14+ 2¢°R? - ¢*R 3+ ¢*R™%)
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Proof of Ramanujan’s congruence mod 5:
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Partition Congruences

Proof of Ramanujan’s congruence mod 5:
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Proof of Ramanujan’s congruence mod 5:
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Partition Congruences

Proof of Ramanujan’s congruence mod 5:

p(4)q*
+p(9)¢°
+ p(14)g™ + ...
Gt .
(9% 4°)%
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Partition Congruences

Proof of Ramanujan’s congruence mod 5:

4(a%;9%)5,

p(4)g" + p(9)g” + p(14)g™* + - = ¢* (F PR
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Partition Congruences

Ramanujan also wrote that “it appears that there are no equally
simple properties for any moduli involving primes other than these
three.”
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Partition Congruences

Ramanujan also wrote that “it appears that there are no equally
simple properties for any moduli involving primes other than these

three.”
ATKIN found in 1969 that

p(206839n 4 2623) =0 (mod 17).

(We have 206839 = 17 - 233.) More congruences were found over
the years.
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Partition Congruences

3
ity

Scott Ahlgren Ken Ono

Theorem (AHLGREN AND ONO 2001)

If M is coprime to 6, then there are infinitely many non-nested
arithmetic progressions An + B for which

p(An+ B)=0 (mod M).
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Partition Congruences

Theorem (AHLGREN AND ONO 2001)

If M is coprime to 6, then there are infinitely many non-nested
arithmetic progressions An + B for which

p(An+B)=0 (mod M).

Examples.
p(48037937n + 1122838) = 0 (mod 17),
p(1977147619n + 815655) = 0 (mod 19),
p(14375n 4 3474) = 0 (mod 23),
p(348104768909n + 43819835) = 0 (mod 29),
p(4063467631n + 30064597) = 0 (mod 31).
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Partition Congruences

Ramanujan also wrote that “it appears that there are no equally
simple properties for any moduli involving primes other than these
three.”
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Partition Congruences

Ramanujan also wrote that “it appears that there are no equally
simple properties for any moduli involving primes other than these
three.”

Scott Ahlgren Matthew Boylan

Theorem (AHLGREN AND BOYLAN 2003)

If ¢ is a prime for which there is a congruence of the form

p({n+b) =0 (mod ¢),

then¢ =5, 7, or 11.
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Partition Congruences

Freeman Dyson, Some guesses in the
theory of partitions, Eureka 8 (1944),
10-15.
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Partition Congruences

Freeman Dyson, Some guesses in the
theory of partitions, Eureka 8 (1944),
10-15.

Professor Littlewood, when he makes use of an algebraic identity,
always saves himself the trouble of proving it; he maintains that an
identity, if true, can be verified in a few lines by anybody obtuse
enough to feel the need of verification. My object in the following
pages is to confute this assertion.

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

Freeman Dyson, Some guesses in the
theory of partitions, Eureka 8 (1944),
10-15.

p(5n+4)=0 (mod 5) - | (4)
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Partition Congruences

Freeman Dyson, Some guesses in the
theory of partitions, Eureka 8 (1944),
10-15.

p(5n+4)=0 (mod 5)

It would be satisfying to have a direct proof of (4). By this | mean,
that although we can prove [...] that the partitions of 5n+ 4 can
be divided into five equally numerous subclasses, it is unsatisfactory
to receive from the proofs no concrete idea of how the division to
be made. We require a proof which will not appeal to generating
functions, but will demonstrate by cross-examination of the
partitions themselves the existence of five exclusive, exhaustive and
equally numerous subclasses. In the following, | shall not give such
a proof, but I shall take the first step towards it.

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

Dyson defines the rank of a partition as the largest part minus the
number of parts of the partition.
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Partition Congruences

Dyson defines the rank of a partition as the largest part minus the
number of parts of the partition.

For example,

rk(4)=4—-1= 3
k(3+1)=3-2= 1
k(2+2)=2-2= 0

k(2+1+1)=2-3=—1
tk(1+1+1+1)=1-4=-3
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Partition Congruences

Dyson defines the rank of a partition as the largest part minus the
number of parts of the partition.

For example,

rk(4)=4—-1= 3
k(3+1)=3-2= 1
k(2+2)=2-2= 0

k(2+1+1)=2-3=—1

k(1+14+141)=1—4=-3

He conjectured that the rank “explains” Ramanujan’s congruences
modulo 5 and 7, in the sense that the partitions of 5n + 4 are
subdivided into 5 subclasses when one considers the rank of these
partitions modulo 5, with an analogous conjecture for the
partitions of 7n + 5.
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Partition Congruences

Dyson defines the rank of a partition as the largest part minus the
number of parts of the partition.

For example,

rk(4) =4—1= 3 =3 (modb5),
rtk(3+1)=3-2= 1=1 (mod5),
rtkQ+2)=2-2= 0=0 (mod 5),
rk(Q4+1+1)=2-3=-1=4 (mod 5),

rk(l+1+1+1)=1—-4=-3=2 (mod 5).

He conjectured that the rank “explains” Ramanujan’s congruences
modulo 5 and 7, in the sense that the partitions of 5n + 4 are
subdivided into 5 subclasses when one considers the rank of these
partitions modulo 5, with an analogous conjecture for the
partitions of 7n + 5.
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Partition Congruences

Freeman Dyson, Some guesses in the
theory of partitions, Eureka 8 (1944),
10-15.

A ‘
After a few preliminaries, | state certain properties which | am
unable to prove: these guesses are then transformed into algebraic
identities which are also unproved, although there is conclusive
numerical evidence in their support; finally, | indulge in some even
vaguer guesses concerning the existence of identities which | am
not only unable to prove but also unable to state. | think that this
should be enough to disillusion anyone who takes Professor
Littlewood'’s innocent view of the difficulties of algebra. Needless
to say, | strongly recommend my readers to supply the missing
proofs, or, even better, the missing identities.

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

Arthur Oliver Lonsdale Atkin Henry Peter Francis Swinnerton-Dyer

Dyson’s rank conjectures for the partitions of 5n+4 and 7n+5
were proved in 1954 by ATKIN and SWINNERTON-DYER.
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Dyson's rank conjectures for the partitions of 5n+4 and 7n+5
were proved in 1954 by ATKIN and SWINNERTON-DYER.
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Partition Congruences

Dyson's rank conjectures for the partitions of 5n+4 and 7n+5
were proved in 1954 by ATKIN and SWINNERTON-DYER.

In the proof, the rank generating function
o0 2

i i N(m,n)wmq" = 9"

n=0 m=—00 n—0 (wa; q)n (w™tqi q)n’

where
N(m, n) := |{partitions of n with rank m}|,

and the theory of modular forms plays a predominant role.
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Partition Congruences

Dyson's rank conjectures for the partitions of 5n+4 and 7n+5
were proved in 1954 by ATKIN and SWINNERTON-DYER.

In the proof, the rank generating function

o0 o (o] n2
m_n __ q
,,Z;)m_z_:oo N(m, n)w™q" = nz;) (g @) (W Tq @)’

where
N(m, n) := |{partitions of n with rank m}|,

and the theory of modular forms plays a predominant role.

On the other hand, already Dyson noticed that his rank fails to
“explain” Ramanujan’s congruence modulo 11. In order to remedy
this, he proposed that there should be a new, but at this point
unknown statistic, the crank, which would do the trick.
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Partition Congruences

Freeman Dyson, Some guesses in the
theory of partitions, Eureka 8 (1944),
10-15.

I hold in fact: That there exists an arithmetical coefficient similar
to, but more recondite than, the rank of a partition; | shall call this
hypothetical coefficient the “crank” of the partition [...] Whether
these guesses are warranted by the evidence, | leave to the reader
to decide. Whatever the final verdict of posteriority may be, |
believe the “crank” is unique among arithmetical functions in
having been named before it was discovered. May it be preserved
from the ignominious fate of the planet Vulcan!

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

George Andrews Frank Garvan
In 1987, GARVAN found the crank. He defined it as follows. Let A
be the partition
AMAd+ A +1+ 41
be a partition with r ones. Then
A if r=0
crank(A) := ¢ 70 I =
o(A)—r, ifr>1,

where o(\) is the number of parts of A that are strictly larger than

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

In 1987, GARVAN found the crank. He defined it as follows. Let A\
be the partition Ay + Ao+ -4+ As+1+---+ 1 with r ones. Then

K(\) A1, if r=0,
cran =
o(A)—r, ifr>1,

where o(\) is the number of parts of A that are strictly larger than

A
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Partition Congruences

In 1987, GARVAN found the crank. He defined it as follows. Let A\
be the partition Ay + Ao+ -4+ As+1+---+ 1 with r ones. Then

K(\) A1, if r=0,
cran =
o(A)—r, ifr>1,

where o(\) is the number of parts of A that are strictly larger than
A

Together with ANDREWS he proved that the crank “explains” all
of Ramanujan’s congruences modulo 5, 7, 11, in the sense that it
divides the corresponding partitions into subclasses of equal sizes.

Christian Krattenthaler Srinivasa Ramanujan



Partition Congruences

Let M(m, N, n) be the number of parti-
tions A\ of n for which

crank(\) = m (mod N).
(Karl Mahlburg)

Theorem (MAHLBURG 2005)

Suppose that £ > 5 is prime and that T and j are positive integers.
Then there are infinitely many non-nested arithmetic progressions
An + B such that

M(m, ¥ ,An+ B)=0 (mod ¢7)

simultaneously for every 0 < m < #/ — 1.

This theorem is a refinement of the earlier result of Ahlgren and
Ono, which it implies.

Christian Krattenthaler Srinivasa Ramanujan
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Mock Theta Functions

“I am extremely sorry for not writing you a single letter up to now
... I discovered very interesting functions recently which I call
Mock 0-functions. Unlike the False O-functions (studied partially
by Prof. Rogers in his interesting paper) they enter into
mathematics as beautifully as the ordinary theta functions. | am
sending you with this letter some examples.”

(Ramanujan in his last letter to Hardy, 1920)
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Mock Theta Functions

“...Suppose there is a function in the Eulerian form and suppose
that all or an infinity of points g = €%™™/" are exponential
singularities and also suppose that at these points the asymptotic
form of the function closes as neatly as in the cases of (A) and
(B). The question is: — is the function taken the sum of two
functions one of which is an ordinary theta function and the other
a (trivial) function which is O(1) at all the points e*™™/"? The
answer is it is not necessarily so. When it is not so I call the
function Mock v-function. | have not proved rigorously that it is
not necessarily so. But | have constructed a number of examples in
which it is inconceivable to construct a ¥-function to cut out the
singularities of the original function.”

(Ramanujan in his last letter to Hardy, 1920)
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Mock theta functions of order 3:
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Mock theta functions of order 5:
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Mock theta functions of order 6:
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Mock theta functions of order 7:
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Mock theta functions of order 7:

oo qnz
F = )
(@ =2 (g,
o qn2+n
Fa(q) = Z

He lists several identities and asymptotic properties which these
functions satisfy. More are later found in the “Lost Notebook”.
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Classical (Jacobi) theta functions:
i)=Y (~1)gl)xr
n=—o00
= (X1 @)oo (9/X: 4)oo (43 G) oo
where g = ™™ and x = €?"Z with z € C and 7 € H (upper half
plane).

They transform well under the modular transformations 7 — 7+ 1
and 7 — —1/7.
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For example, for the “third order mock theta function”

n?

oo
q
—~(—q.9);
Ramanujan claimed that, for an explicitly constructed (essentially)
modular function b(q),

f(q) — (=1)"b(q) = O(1)
as g approaches a primitive 2k-th root of unity (from the interior
of the unit circle).
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Mock Theta Functions

For example, for the “third order mock theta function”
— q
—~(—q.9);

Ramanujan claimed that, for an explicitly constructed (essentially)

modular function b(q),

f(q) — (=1)"b(q) = O(1)
as g approaches a primitive 2k-th root of unity (from the interior
of the unit circle).

n?

Ramanujan’s mock theta functions were intensively studied by
WATSON, ANDREWS, DRAGONETTE, SELBERG, Y.-S. CHOI,
H. CoHEN, F. DYsoN, GARVAN, B. GORDON, HICKERSON,
R. McINTOSH, M. WAKIMOTO, and others.
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Mock Theta Functions

“Ramanujans discovery of the mock theta functions makes it
obvious that his skill and ingenuity did not desert him at the
oncoming of his untimely end. As much as any of his earlier work,
the mock theta functions are an achievement sufficient to cause his
name to be held in lasting remembrance. To his students such
discoveries will be a source of delight and wonder until the time
shall come when we too shall make our journey to that Garden of
Proserpine (a.k.a. Persephone).”

(George N. Watson, 1936)
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Mock Theta Functions

“The mock theta-functions give us tantalizing hints of a grand
synthesis still to be discovered. Somehow it should be possible to
build them into a coherent group-theoretical structure, analogous
to the structure of modular forms which Hecke built around the old
theta-functions of Jacobi. This remains a challenge for the future.
My dream is that | will live to see the day when our young
physicists, struggling to bring the predictions of superstring theory
into correspondence with the facts of nature, will be led to enlarge
their analytic machinery to include mock theta-functions ... But
before this can happen, the purely mathematical exploration of the
mock-modular forms and their mock-symmetries must be carried a
great deal further.

(Freeman Dyson, 1987)
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Mock Theta Functions

(Sander Zwegers)

The breakthrough in the understanding of the “mock theta
functions” came in 2001 with the Ph.D. thesis of ZWEGERS. For
several examples of Ramanujan, he showed that Ramanujan’s
mock theta functions can be written as a sum of a harmonic weak
MaaB form* of weight 1/2 and an explicitly described
non-holomorphic part, its “shadow”.

lintroduced recently by JAN HENDRIK BRUINIER and JENS FUNKE

Christian Krattenthaler Srinivasa Ramanujan



Mock Theta Functions

Kathrin Bringmann Ken Ono Don Zagier

Further work by BRINGMANN and ONO, and by ZAGIER has
developed this into the fascinating theory of mock modular forms,
which are (essentially) holomorphic parts of harmonic weak MaaB3
forms. A mock theta function is then defined as a mock modular
form of weight 1/2.
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Mock Theta Functions

Kathrin Bringmann Ken Ono Don Zagier

Further work by BRINGMANN and ONO, and by ZAGIER has
developed this into the fascinating theory of mock modular forms,
which are (essentially) holomorphic parts of harmonic weak MaaB3
forms. A mock theta function is then defined as a mock modular
form of weight 1/2.

Evidence that this is in the spirit of Ramanujan’s thinking is
strong; for example, frequently the shadows of Ramanujan’'s mock
theta functions of a given order are the same!
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Epilogue: A Ramanujan Hit Parade

George Andrews Bruce Berndt
Your Ramanujan Hit Parade: The Top Ten Most Fascinating

Formulas in Ramanujans Lost Notebook (Notices Amer. Math.
Soc. 55 (2013)).
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Epilogue: A Ramanujan Hit Parade

Your Hit Parade:

The Top Ten Most
Fascinating Formulas in
Ramanujan’s Lost Notebook

George E. Andrews and Bruce C. Berndt

t 7:30 on a Saturday evening in March
1956, the first author sat down in
an easy chair in the living room of
his parents’ farm home ten miles east
of Salem, Oregon, and turned the TV
channel knob to NBC’s Your Hit Parade to find
out the Top Seven Songs of the week, as deter-
mined by a national “survey” and sheet music
sales. Little did this teenager know that almost
exactly twenty years later, he would be at Trinity
ooo doo gver oo of tho higoo

Christian Kratt

Just as the authors anxiously waited for the
identities of the Top Seven Songs of the week years
ago, readers of this article must now be brimming
with unbridled excitement to learn the identities of
the Top Ten Most Fascinating Formulas from Ra-
manujan’s Lost Notebook. The choices for the Top
Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
of the U.S., we have taken an international “sur-
vey” to determine the proper order of fascination
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The Top Ten Most
Fascinating Formulas in
Ramanujan’s Lost Notebook

George E. Andrews and Bruce C. Berndt

t 7:30 on a Saturday evening in March
1956, the first author sat down in
an easy chair in the living room of
his parents’ farm home ten miles east
of Salem, Oregon, and turned the TV
channel knob to NBC’s Your Hit Parade to find
out the Top Seven Songs of the week, as deter-
mined by a national “survey” and sheet music

sales. Little did this teenager know that almost

exactly twenty years later, he would be at Trinity

College, Cambridge, to discover one of the biggest

“hits” in mathematical history, Ramanujan’s Lost

Notebook. Meanwhile, at that same hour on that

same Saturday mght in Stevensvﬂle Mlchlgan
2 0
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Just as the authors anxiously waited for the
identities of the Top Seven Songs of the week years
ago, readers of this article must now be brimming
with unbridled excitement to learn the identities of
the Top Ten Most Fascinating Formulas from Ra-
manujan’s Lost Notebook. The choices for the Top
Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
of the U.S., we have taken an international “sur-
vey” to determine the proper order of fascination
and amazement of these formulas. The survey
panel of 34 renowned experts on Ramanujan’s
work includes Nayandeep Deka Baruah, S. Bhar-
gava, Jonathan Borwein, Peter Borwein, Douglas
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Fascinating Formulas in
Ramanujan’s Lost Notebook

George E. Andrews and Bruce C. Berndt

t 7:30 on a Saturday evening in March

1956, the first author sat down in

an easy chair in the living room of

his parents’ farm home ten miles east

of Salem, Oregon, and turned the TV

channel knob to NBC's Your Hit Parade to find
out the Top Seven Songs of the week, as deter-
mined by a national “survey” and sheet music
sales. Little did this teenager know that almost
exactly twenty years later, he would be at Trinity
College, Cambridge, to discover one of the biggest
“hits” in mathematical history, Ramanujan’s Lost
Notebook. Meanwhile, at that same hour on that
same Saturday night in Stevensville, Michigan,
but at 9:30, the second author sat down in an
overstuffed chair in front of the TV in his par-
ents’ farm home anxiously waiting to learn the
identities of the Top Seven Songs, sung by Your
i ; < Rics ing
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Just as the authors anxiously waited for the
identities of the Top Seven Songs of the week years
ago, readers of this article must now be brimming
withunbridled excitement to learn the identities of
the Top Ten Most Fascinating Formulas from Ra-
manujan’s Lost Notebook. The choices for the Top
Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
of the U.S., we have taken an international “sur-
vey” to determine the proper order of fascination
and amazement of these formulas. The survey
panel of 34 renowned experts on Ramanujan’s
work includes Nayandeep Deka Baruah, S. Bhar-
gava, Jonathan Borwein, Peter Borwein, Douglas
Bowman, David Bradley, Kathrin Bringmann, Song
Heng Chan, Robin Chapman, Youn-Seo Choi, Wen-
chang Chu, Shaun Cooper, Sylvie Corteel, Freeman
Dyson, Ronald Evans, Philippe Flajolet, Christian
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Ramanujan S Lost Notebook

George E. Andrews and Bruce C. Berndt

t 7:30 on a Saturday evening in March

1956, the first author sat down in

an easy chair in the living room of

his parents’ farm home ten miles east

of Salem, Oregon, and turned the TV
channel knob to NBC’s Your Hit Parade to find
out the Top Seven Songs of the week, as deter-
mined by a national “survey” and sheet music
sales. Little did this teenager know that almost
exactly twenty years later, he would be at Trinity
College, Cambridge, to discover one of the biggest
“hits” in mathematical history, Ramanujan’s Lost
Notebook. Meanwhile, at that same hour on that
same Saturday night in Stevensville, Michigan,
but at 9:30, the second author sat down in an
overstuffed chair in front of the TV in his par-
ents’ farm home anxiously waiting to learn the
identities of the Top Seven Songs, sung by Your
Hit Parade singers, Russell Arms, Dorothy Collins
(his favorite singer), Snooky Lanson, and Gisele
MacKenzie. About twenty years later, that author’s
life would begin to be consumed by Ramanujan’s
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Just as the authors anxiously waited for the
identities of the Top Seven Songs of the week years
ago, readers of this article must now be brimming
with unbridled excitement to learn the identities of
the Top Ten Most Fascinating Formulas from Ra-
manujan’s Lost Notebook. The choices for the Top
Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
of the U.S., we have taken an international “sur-
vey” to determine the proper order of fascination
and amazement of these formulas. The survey
panel of 34 renowned experts on Ramanujan’s
work includes Nayandeep Deka Baruah, S. Bhar-
gava, Jonathan Borwein, Peter Borwein, Douglas
Bowman, David Bradley, Kathrin Bringmann, Song
Heng Chan, Robin Chapman, Youn-Seo Choi, Wen-
chang Chu, Shaun Cooper, Sylvie Corteel, Freeman
Dyson, Ronald Evans, Philippe Flajolet, Christian
Krattenthaler, Zhi-Guo Liu, Lisa Lorentzen, Jere-
my Lovejoy, Jimmy McLaughlin, Steve Milne, Ken
Ono, Peter Paule, Mizan Rahman, Anne Schilling,
Michael Schlosser,”Andrew Sills, Jaebum -Sohn,
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George E. Andrews and Bruce C. Berndt

t 7:30 on a Saturday evening in March
1956, the first author sat down in
an easy chair in the living room of
his parents’ farm home ten miles east
of Salem, Oregon, and turned the TV
channel knob to NBC’s Your Hit Parade to find
out the Top Seven Songs of the week, as deter-
mined by a national “survey” and sheet music
sales. Little did this teenager know that almost
exactly twenty years later, he would be at Trinity
College, Cambridge, to discover one of the biggest
“hits” in mathematical history, Ramanujan’s Lost
Notebook. Meanwhile, at that same hour on that
same Saturday night in Stevensville, Michigan,
but at 9:30, the second author sat down in an
overstuffed chair in front of the TV in his par-
ents’ farm home anxiously waiting to learn the
identities of the Top Seven Songs, sung by Your
Hit Parade singers, Russell Arms, Dorothy Collins
(his favorite singer), Snooky Lanson, and Gisele
MacKenzie. About twenty years later, that author’s
life would begin to be consumed by Ramanujan’s
mathematics, but more important than Ramanu-
jan to him this evening was how long his parents
would allow him to stay up to watch Saturday
night wrestling after Your Hit Parade ended.

Christian Krattenthaler
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Just as the authors anxiously waited for the
identities of the Top Seven Songs of the week years
ago, readers of this article must now be brimming
withunbridled excitement to learn the identities of
the Top Ten Most Fascinating Formulas from Ra-
manujan’s Lost Notebook. The choices for the Top
Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
of the U.S., we have taken an international “sur-
vey” to determine the proper order of fascination
and amazement of these formulas. The survey
panel of 34 renowned experts on Ramanujan’s
work includes Nayandeep Deka Baruah, S. Bhar-
gava, Jonathan Borwein, Peter Borwein, Douglas
Bowman, David Bradley, Kathrin Bringmann, Song
Heng Chan, Robin Chapman, Youn-Seo Choi, Wen-
chang Chu, Shaun Cooper, Sylvie Corteel, Freeman
Dyson, Ronald Evans, Philippe Flajolet, Christian
Krattenthaler, Zhi-Guo Liu, Lisa Lorentzen, Jere-
my Lovejoy, Jimmy McLaughlin, Steve Milne, Ken
Ono, Peter Paule, Mizan Rahman, Anne Schilling,
Michael Schlosser, Andrew Sills, Jaebum Sohn,
S. Ole Warnaar, Kenneth Williams, Ae Ja Yee,
Alexandru Zaharescu, and Doron Zeilberger. A
summary of their rankings can be found in the
last section of our paper. Justas the songs changed
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t 7:30 on a Saturday evening in March
1956, the first author sat down in
an easy chair in the living room of
his parents’ farm home ten miles east
of Salem, Oregon, and turned the TV
channel knob to NBC’s Your Hit Parade to find
out the Top Seven Songs of the week, as deter-
mined by a national “survey” and sheet music
sales. Little did this teenager know that almost
exactly twenty years later, he would be at Trinity
College, Cambridge, to discover one of the biggest
“hits” in mathematical history, Ramanujan’s Lost
Notebook. Meanwhile, at that same hour on that
same Saturday night in Stevensville, Michigan,
but at 9:30, the second author sat down in an
overstuffed chair in front of the TV in his par-
ents’ farm home anxiously waiting to learn the
identities of the Top Seven Songs, sung by Your
Hit Parade singers, Russell Arms, Dorothy Collins
(his favorite singer), Snooky Lanson, and Gisele
MacKenzie. About twenty years later, that author’s
life would begin to be consumed by Ramanujan’s
mathematics, but more important than Ramanu-
jan to him this evening was how long his parents
would allow him to stay up to watch Saturday
night wrestling after Your Hit Parade ended.

George E. Andrews is professor of mathematics at Penn-
sylvania State University, University Park. His email ad-
is andrews@math psu.edu.
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Just as the authors anxiously waited for the
identities of the Top Seven Songs of the week years
ago, readers of this article must now be brimming
with unbridled excitement to learn the identities of
the Top Ten Most Fascinating Formulas from Ra-
manujan’s Lost Notebook. The choices for the Top
Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
of the U.S., we have taken an international “sur-
vey” to determine the proper order of fascination
and amazement of these formulas. The survey
panel of 34 renowned experts on Ramanujan’s
work includes Nayandeep Deka Baruah, S. Bhar-
gava, Jonathan Borwein, Peter Borwein, Douglas
Bowman, David Bradley, Kathrin Bringmann, Song
Heng Chan, Robin Chapman, Youn-Seo Choi, Wen-
chang Chu, Shaun Cooper, Sylvie Corteel, Freeman
Dyson, Ronald Evans, Philippe Flajolet, Christian
Krattenthaler, Zhi-Guo Liu, Lisa Lorentzen, Jere-
my Lovejoy, Jimmy McLaughlin, Steve Milne, Ken
Ono, Peter Paule, Mizan Rahman, Anne Schilling,
Michael Schlosser, Andrew Sills, Jaebum Sohn,
S. Ole Warnaar, Kenneth Williams, Ae Ja Yee,
Alexandru Zaharescu, and Doron Zeilberger. A
summary of their rankings can be found in the
last section of our paper. Just as the songs changed
weekly on Your Hit Parade, the choices for the Top
Ten Most Fascinating Formulas also change from
week to week. The reason is simple. There are
so many fascinating'results in the lost notebook
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1956, the first author sat down in
an easy chair in the living room of
his parents’ farm home ten miles east
of Salem, Oregon, and turned the TV
channel knob to NBC’s Your Hit Parade to find
out the Top Seven Songs of the week, as deter-
mined by a national “survey” and sheet music
sales. Little did this teenager know that almost
exactly twenty years later, he would be at Trinity
College, Cambridge, to discover one of the biggest
“hits” in mathematical history, Ramanujan’s Lost
Notebook. Meanwhile, at that same hour on that
same Saturday night in Stevensville, Michigan,
but at 9:30, the second author sat down in an
overstuffed chair in front of the TV in his par-
ents’ farm home anxiously waiting to learn the
identities of the Top Seven Songs, sung by Your
Hit Parade singers, Russell Arms, Dorothy Collins
(his favorite singer), Snooky Lanson, and Gisele
MacKenzie. About twenty years later, that author’s
life would begin to be consumed by Ramanujan’s
mathematics, but more important than Ramanu-
jan to him this evening was how long his parents
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identities of the Top Seven Songs of the week years
ago, readers of this article must now be brimming
with unbridled excitement to learn the identities of
the Top Ten Most Fascinating Formulas from Ra-
manujan’s Lost Notebook. The choices for the Top
Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
of the U.S., we have taken an international “sur-
vey” to determine the proper order of fascination
and amazement of these formulas. The survey
panel of 34 renowned experts on Ramanujan’s
work includes Nayandeep Deka Baruah, S. Bhar-
gava, Jonathan Borwein, Peter Borwein, Douglas
Bowman, David Bradley, Kathrin Bringmann, Song
Heng Chan, Robin Chapman, Youn-Seo Choi, Wen-
chang Chu, Shaun Cooper, Sylvie Corteel, Freeman
Dyson, Ronald Evans, Philippe Flajolet, Christian
Krattenthaler, Zhi-Guo Liu, Lisa Lorentzen, Jere-
my Lovejoy, Jimmy McLaughlin, Steve Milne, Ken
Ono, Peter Paule, Mizan Rahman, Anne Schilling,
Michael Schlosser, Andrew Sills, Jaebum Sohn,
S. Ole Warnaar, Kenneth Williams, Ae Ja Yee,
Alexandru Zaharescu, and Doron Zeilberger. A
summary of their rankings can be found in the
last section of our paper. Just as the songs changed
weekly on Your Hit Parade, the choices for the Top
Ten Most Fascinating Formulas also change from
week to week. The reason is simple. There are
so many fascinating results in the lost notebook
that thinking about a particular formula during
the week will naturally generate increased appre-
ciation for it, if not increased understanding, and
vault it intoithe Top“Ten, meanwhile shovingza not
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t 7:30 on a Saturday evening in March
1956, the first author sat down in
an easy chair in the living room of
his parents’ farm home ten miles east
of Salem, Oregon, and turned the TV
channel knob to NBC’s Your Hit Parade to find
out the Top Seven Songs of the week, as deter-
mined by a national “survey” and sheet music
sales. Little did this teenager know that almost
exactly twenty years later, he would be at Trinity
College, Cambridge, to discover one of the biggest
“hits” in mathematical history, Ramanujan’s Lost
Notebook. Meanwhile, at that same hour on that
same Saturday night in Stevensville, Michigan,
but at 9:30, the second author sat down in an
overstuffed chair in front of the TV in his par-
ents’ farm home anxiously waiting to learn the
identities of the Top Seven Songs, sung by Your
Hit Parade singers, Russell Arms, Dorothy Collins
(his favorite singer), Snooky Lanson, and Gisele
MacKenzie. About twenty years later, that author’s
life would begin to be consumed by Ramanujan’s
mathematics, but more important than Ramanu-
jan to him this evening was how long his parents
would allow him to stay up to watch Saturday
night wrestling after Your Hit Parade ended.
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Just as the authors anxiously waited for the
identities of the Top Seven Songs of the week years
ago, readers of this article must now be brimming
with unbridled excitement to learn the identities of
the Top Ten Most Fascinating Formulas from Ra-
manujan’s Lost Notebook. The choices for the Top
Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
of the U.S., we have taken an international “sur-
vey” to determine the proper order of fascination
and amazement of these formulas. The survey
panel of 34 renowned experts on Ramanujan’s
work includes Nayandeep Deka Baruah, S. Bhar-
gava, Jonathan Borwein, Peter Borwein, Douglas
Bowman, David Bradley, Kathrin Bringmann, Song
Heng Chan, Robin Chapman, Youn-Seo Choi, Wen-
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my Lovejoy, Jimmy McLaughlin, Steve Milne, Ken
Ono, Peter Paule, Mizan Rahman, Anne Schilling,
Michael Schlosser, Andrew Sills, Jaebum Sohn,
S. Ole Warnaar, Kenneth Williams, Ae Ja Yee,
Alexandru Zaharescu, and Doron Zeilberger. A
summary of their rankings can be found in the
last section of our paper. Just as the songs changed
weekly on Your Hit Parade, the choices for the Top
Ten Most Fascinating Formulas also change from
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Just as the authors anxiously waited for the
identities of the Top Seven Songs of the week years
ago, readers of this article must now be brimming
with unbridled excitement to learn the identities of
the Top Ten Most Fascinating Formulas from Ra-
manujan’s Lost Notebook. The choices for the Top
Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
of the U.S., we have taken an international “sur-
vey” to determine the proper order of fascination
and amazement of these formulas. The survey
panel of 34 renowned experts on Ramanujan’s
work includes Nayandeep Deka Baruah, S. Bhar-
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Ten Formulas were made by the authors. However,
motivated by the practice of Your Hit Parade, but
now extending the “survey” outside the boundaries
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panel of 34 renowned experts on Ramanujan’s
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No.3: Cranks
Let o0 2 o0 2+
G(q) = 9" d H=S"9""
(@) n;,(q;q)n’ and Ata) nz:%(q:q)n
Then
(9:9)e = A(G°) —a(¢ + ¢1)*B(q%)

(€q: 9)oc (€103 9)oc
+ %+ (%) — *(C+¢THD(e),
where ( is any primitive fifth root of unity and

A(q) _ (q5; q5)oo Gz(q) B(q) _ (q5; qS)OO G(q),

Hq)
5.5 2
C(q) = (q5; q5)oo H(aq), D(q) = \ ,qG)(O:I)H .
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No.2: Mock Theta Functions

(—9% 0°)o0 (=0 0°)o0 (0°5 G°) o

®o(q) =
o(4) (4210 (6%; 419) o
o q5n2
+1- ,
;} (9:6%)n+1 (g% @%)n
where

do(a) =D a" (—4:¢*)n
n=0

is one of the fifth order mock theta functions.
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No.1: Ranks
Recall the rank generating function

Z Z N(m,n)wmq":Z 9 T q)n

S = (wq;9)n (W™ 1q;q)n

where

N(m, n) := |{partitions of n with rank m}|.
Let ¢ be a primitive fifth root of unity and

¢(q) :—1+Z

:—1+Z

n+1 (g §q5)n

n?

+1(q ®)n
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No.1: Ranks

Let ¢ be a primitive fifth root of unity and

#(q) =—1+Z
:—1+Z

n?

qq)

n?

)+l (q q°)n
Then

o0 n2

q — Al -1 _ 5
nz:% Ca@)n(Craq)n AlG) 6+ ¢ = 2)0(a)
+4B(q°) + ¢*(C + () C(q%)
5
- (066 - (@42 =MD
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