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“Christoffel’s formula”

Notation

Except when otherwise stated, I consider formal orthogonal
polynomials, that is, polynomials pn(x) that satisfy a three-term
recurrence of the form

pn(x) = (x − sn−1)pn−1(x)− tn−2pn−2(x),

with initial values p−1(x) = 0 and p0(x) = 1.

They are orthogonal with respect to the linear functional L defined
by L(pn(x)) = δn,0, that is,

L(pn(x)pm(x)) = ωnδn,m

for some (non-zero) ωn, n = 0, 1, 2, . . . .

The moments mn of the linear functional L are mn = L(xn),
n = 0, 1, . . . .
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“Christoffel’s formula”

The problem

Given a sequence
(
pn(x)

)
n≥0 with functional of orthogonality given

by

L : p(x) 7→
∫

p(u) dµ(u),

find the sequence of orthogonal polynomials for the modified linear
functional

p(x) 7→
∫

p(u)
d−1∏

`=1

(u − α`) dµ(u).

Ideally, express these orthogonal polynomials as linear
combinations in the basis

(
pn(x)

)
n≥0.

Christian Krattenthaler Uvarov’s formula



“Christoffel’s formula”

Theorem

Let
(
pn(x)

)
n≥0 be orthogonal with respect to the linear functional

given by p(x) 7→
∫
p(u) dµ(u). Then, as polynomials in x = αd ,

the polynomials
det

1≤i ,j≤d
(pn+i−1(αj))

d−1∏
i=1

(αi − αd)

are orthogonal with respect to the linear functional

p(x) 7→
∫

p(u)
d−1∏

`=1

(u − α`) dµ(u).
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“Christoffel’s formula”

Umbral notation
Umbral notation is an elegant short notation that is convenient in
certain situations. Given a sequence (cn)n≥0, one identifies cn with
cn in polynomial expressions in c .
For example,

c2(α+c)(β+c) = c2αβ+c3(α+β) +c4 = c2αβ+c3(α+β) +c4.

If mn =
∫
un dµ(u) are the moments of the original linear

functional L, then the moments of the modified functional are

∫
un

d−1∏

`=1

(u − α`) dµ(u) = mn
d−1∏

`=1

(m − α`), n = 0, 1, . . . .
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An identity behind “Christoffel’s formula”

Lemma

Let M be a linear functional on polynomials in x with moments νn,
n = 0, 1, . . . . Then the determinants

det
0≤i ,j≤n−1

(νi+j+1 − νi+jx)

are a sequence of orthogonal polynomials with respect to M.

We use the lemma with νn = mn
∏d−1

`=1 (m − α`), the moments of
our modified functional.
We compute

νi+j+1 − νi+jαd = mi+j+1
d−1∏

`=1

(m − α`)− αdm
i+j

d−1∏

`=1

(m − α`)

= mi+j
d∏

`=1

(m − α`).
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An identity behind “Christoffel’s formula”

We use the lemma with νn = mn
∏d−1

`=1 (m − α`), the moments of
our modified functional.
We compute

νi+j+1 − νi+jαd = mi+j+1
d−1∏

`=1

(m − α`)− αdm
i+j

d−1∏

`=1

(m − α`)

= mi+j
d∏

`=1

(m − α`).

Thus, we have

det
0≤i ,j≤n−1

(νi+j+1 − νi+jαd) = det
0≤i ,j≤n−1

(
mi+j

d∏

`=1

(m − α`).

)
.
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An identity behind “Christoffel’s formula”

Thus, we have

det
0≤i ,j≤n−1

(νi+j+1 − νi+jαd) = det
0≤i ,j≤n−1

(
mi+j

d∏

`=1

(m − α`).

)
.

According to the lemma, these are orthogonal polynomials (in the
variable x = αd) for the modified linear functional

p(x) 7→
∫

p(u)
d−1∏

`=1

(u − α`) dµ(u).

On the other hand, “Christoffel’s formula” provides us with a
formula for these orthogonal polynomials, namely

det
1≤i ,j≤d

(pn+i−1(αj))

d−1∏
i=1

(αi − αd)

.

Hence, the two expressions must be related to each other.
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An identity behind “Christoffel’s formula”

Hence, the two expressions must be related to each other.

Conjecture

We have

det
(
mi+j

∏d
`=1(m − α`)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

= (−1)nd
det

1≤i ,j≤d
(pn+i−1(αj))

∏
1≤i<j≤d

(αj − αi )
.

I did not find this identity in the orthogonal polynomials literature.
So, what about a proof?
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An equivalent statement

Experimentally, we found

det
(
mi+j

∏d
`=1(m − α`)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

= (−1)nd
det

1≤i ,j≤d
(pn+i−1(αj))

∏
1≤i<j≤d

(αj − αi )
.

Equivalently,

det
1≤i ,j≤d

(pn+i−1(αj))

= (−1)nd
( ∏

1≤i<j≤d
(αj − αi )

) det
0≤i ,j≤n−1

(
mi+j

∏d
`=1(m − α`)

)

det
0≤i ,j≤n−1

(mi+j)
.
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An equivalent statement
Equivalently,

det
1≤i ,j≤d

(pn+i−1(αj))

= (−1)nd
( ∏

1≤i<j≤d
(αj − αi )

) det
0≤i ,j≤n−1

(
mi+j

∏d
`=1(m − α`)

)

det
0≤i ,j≤n−1

(mi+j)
.

We prove this identity by the condensation method.†

Proposition (Jacobi)

Let A be an N × N matrix. Denote the submatrix of A in which
rows i1, i2, . . . , ik and columns j1, j2, . . . , jk are omitted by
Aj1,j2,...,jk
i1,i2,...,ik

. Then we have

detA · detA1,N
1,N = detA1

1 · detAN
N − detAN

1 · detA1
N .

Jacobi’s condensation formula allows for inductive proofs.

†This method was a favourite of Charles Lutwidge Dodgson (Lewis Carroll).
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An equivalent statement
Equivalently,

det
1≤i ,j≤d

(pn+i−1(αj))

= (−1)nd
( ∏

1≤i<j≤d
(αj − αi )

) det
0≤i ,j≤n−1

(
mi+j

∏d
`=1(m − α`)

)

det
0≤i ,j≤n−1

(mi+j)
.

By Jacobi’s condensation formula, the left-hand side satisfies a
certain recurrence formula. If we manage to prove that the
right-hand side satisfies the same recurrence, then we are done.
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Proof by condensation

By Jacobi’s condensation formula, the left-hand side satisfies a
certain recurrence formula. If we manage to prove that the
right-hand side satisfies the same recurrence, then we are done.

If one works it out, then one sees that we need to prove

(α1−αd) det
0≤i ,j≤n−1

(
mi+j

d∏

`=1

(m − α`)

)
det

0≤i ,j≤n

(
mi+j

d−1∏

`=2

(m − α`)

)

= det
0≤i ,j≤n−1

(
mi+j

d−1∏

`=1

(m − α`)

)
det

0≤i ,j≤n

(
mi+j

d∏

`=2

(m − α`)

)

− det
0≤i ,j≤n−1

(
mi+j

d∏

`=2

(m − α`)

)
det

0≤i ,j≤n

(
mi+j

d−1∏

`=1

(m − α`)

)
.

If one looks at this properly, then it turns out that this is another
instance of Jacobi’s condensation formula.
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Great, but . . .

Great! We found a proof, and we have a theorem.

Theorem

We have

det
(
mi+j

∏d
`=1(m − α`)

)n−1
i ,j=0

det (mi+j)
n−1
i ,j=0

= (−1)nd
det

1≤i ,j≤d
(pn+i−1(αj))

∏
1≤i<j≤d

(αj − αi )
.

But still, is this really new? Hard to believe . . .

I asked Mourad Ismail. His replies seem to indicate that he was
not aware of any source where the identity is stated explicitly.
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A literature search
I asked Mourad Ismail. His replies seem to indicate that he was
not aware of any source where the identity is stated explicitly.

If you don’t find the identity in the classical orthogonal polynomial
literature, then what about “non-classical” sources?

• A. Lascoux, Symmetric Functions and Combinatorial
Operators on Polynomials, CBMS Series, vol. 99, Amer. Math.
Soc., 2003.
Proof by the use of classical facts from the theory of orthogonal
polynomials (result not quite right).

• M. Elouafi, A unified approach for the Hankel determinants of
classical combinatorial numbers, J. Math. Anal. Appl. 431 (2015),
1253–1274.
Proof by a vanishing argument (has a serious gap).

• E. Brézin and S. Hikami, Characteristic polynomials of random
matrices, Comm. Math. Phys. 214 (2000), 111–135.
Proof by random matrix theory.
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Uvarov’s formula

Ismail’s original message:

Dear Christian

I did not do the details but it seems to me that the

right side is what you get from a formula due to

Christoffel. It is in Szego and also in my book, see

Theorem 2.7.1. It is the coefficient of a polynomial

in the expansion of
∏

1≤j≤d(x − xj) times another set

of orthogonal polynomials. The reason I mention this

is because there is a more general formula due to

Ouvarouv, also in my book, which replaces∏
1≤j≤d(x − xj) by a rational function. This is harder

and more recent (1960’s). It will be really nice if

it can be done combinatorially because it involves

the function of the second kind.
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Uvarov’s formula

Theorem

Let
(
pn(x)

)
n≥0 be orthogonal with respect to the linear functional

given by p(x) 7→
∫
p(u) dµ(u). Then, as polynomials in x = α1,

the polynomials

det
1≤i ,j≤k+h

(
pn−k+i−1(αj) 1 ≤ i ≤ h
qn−k+i−h−1(βj) h + 1 ≤ i ≤ k + h

)

h∏
`=2

(α1 − α`)

are orthogonal with respect to the linear functional

p(x) 7→
∫

p(u)

∏h
`=2(u − α`)∏k
`=1(u − β`)

dµ(u).

Here, qn(y) =

∫
pn(u)

y − u
dµ(u).
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Uvarov’s formula

The “function of the second kind” qn(y)

qn(y) =

∫
pn(u)

y − u
dµ(u) =

∞∑

i=0

∫
pn(u)uiy−i−1 dµ(u)

=
∞∑

i=n

∫
pn(u)uiy−i−1 dµ(u)

= y−n−1
∫

pn(u)un dµ(u) + O
(
y−n−2

)

=
H(n + 1)

H(n)
y−n−1 + O

(
y−n−2

)
,

where H(n) := det
0≤i ,j≤n−1

(mi+j).
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Uvarov’s formula
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Uvarov’s formula

Some more smallprint:

We have the expression

det
1≤i ,j≤k+h

(
pn−k+i−1(αj) 1 ≤ i ≤ h
qn−k+i−h−1(βj) h + 1 ≤ i ≤ k + h

)

h∏
`=2

(α1 − α`)

.

If a < 0 then pa(x) = 0 and qa(y) = y−a−1.
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Uvarov’s formula
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The determinant identity behind Uvarov’s formula

Is there again an identity hidden behind this formula?
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The determinant identity behind Uvarov’s formula

Theorem

We have

det
0≤i ,j≤n−1

(∫
ui+j

∏h
`=1(u − α`)∏k
`=1(u − β`)

dµ(u)

)

det
0≤i ,j≤n−k−1

(mi+j)

= (−1)n(h−k)+kh

det1≤i ,j≤k+h

(
pn+i−1(αj) 1 ≤ i ≤ h
qn+i−h−1(βj) h + 1 ≤ i ≤ k + h

)

( ∏
1≤i<j≤h

(αj − αi )

)( ∏
1≤i<j≤k

(βi − βj)
) .

If n < k the previous conventions for negatively indexed pa(α) and
qa(β) apply, and in that case the Hankel determinant in the
denominator on the left-hand side has to be interpreted as 1.
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The proof

We had four different proofs for the determinant identity behind
“Christoffel’s formula”:

1 Proof by condensation
2 Proof by the use of classical facts from the theory of

orthogonal polynomials
3 Proof by a vanishing argument
4 Proof by random matrix theory

Which of these methods can we apply here?
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The proof

We had four different proofs for the determinant identity behind
“Christoffel’s formula”:

1 Proof by condensation !

Which of these methods can we apply here?
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The proof

We do an induction on h + k . The previous “condensation lemma”
is again needed, as well as the similarly looking one.

Lemma

Let (cn)n≥0 be a given sequence, and α and β be variables. Then,
for all positive integers n, we have

det
0≤i ,j≤n−1

(
αci+j + ci+j+1

)
det

0≤i ,j≤n−1

(
βci+j + ci+j+1

)

= − det
0≤i ,j≤n

(
ci+j

)
det

0≤i ,j≤n−2

(
αβci+j + (α + β)ci+j+1 + ci+j+2

)

+ det
0≤i ,j≤n−1

(
ci+j

)
det

0≤i ,j≤n−1

(
αβci+j + (α + β)ci+j+1 + ci+j+2

)
.
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The determinant identity behind Uvarov’s formula

When I placed the preprint on the arχiv, Arno Kuijlaars pointed
out:

“Your identity is contained in:

J. Baik, P. Deift and E. Strahov, Products and ratios of
characteristic polynomials of random Hermitian matrices, J. Math.
Phys. 44 (2003), 3657–3670.”
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The determinant identity behind Uvarov’s formula

Products and ratios of characteristic polynomials
of random Hermitian matrices

Jinho Baika)

Department of Mathematics, Princeton University, Princeton, New Jersey 08544
and Department of Mathematics, University of Michigan, Ann Arbor, Michigan 48109

Percy Deiftb)

Courant Institute of Mathematical Sciences, New York University,
New York, New York 10012
and School of Mathematics, Institute for Advanced Study,
Princeton, New Jersey 08540

Eugene Strahovc)

Department of Mathematical Sciences, Brunel University,
Uxbridge, UB8 3PH, United Kingdom

~Received 7 April 2003; accepted 9 April 2003!

We present new and streamlined proofs of various formulas for products and ratios
of characteristic polynomials of random Hermitian matrices that have appeared
recently in the literature. ©2003 American Institute of Physics.
@DOI: 10.1063/1.1587875#

I. INTRODUCTION

In random matrix theory, unitary ensembles ofN3N matrices$H% play a central role.15 Such
ensembles are described by a measureda with finite moments*Ruxuk da(x),`, k50,1,2,..., and
the associated distribution function for the eigenvalues$xi5xi(H)% of matricesH in the en-
sembles has the form

dPa,N~x!5
1

ZN
D~x!2 da~x!, ~1.1!

whereda(x)5P i 51
N da(xi), D(x)5PN> i . j >1(xi2xj ) is the Vandermonde determinant for the

xi ’s, and ZN5*¯*D(x)2 da(x) is the normalization constant. The special caseda(x)
5e2x2

dx is known as the Gaussian unitary ensemble~GUE!. For symmetric functionsf (x)
5 f (x1 ,...,xN) of the xi ’s,

^ f &a[
1

ZN
E ¯E f ~x!D~x!2 da~x! ~1.2!

denotes the average off with respect todPa,N .
Recently there has been considerable interest in the averages of products and ratios of the

characteristic polynomialsDN@m,H#5P i 51
N (m2xi(H)) of random matrices with respect to vari-

ous ensembles. Such averages are used, in particular, in making predictions about the moments of
the Riemann-zeta function@see Refs. 12–14~circular ensembles! and 3 ~unitary ensembles!#.
Many other uses are described, for example, in Refs. 1, 12, and 17.

By ~1.2!, for unitary ensembles, such averages have the form

a!Electronic mail: jbaik@math.princeton.edu
b!Electronic mail: deift@cims.nyu.edu
c!Electronic mail: eugene.strahov@brunel.ac.uk

JOURNAL OF MATHEMATICAL PHYSICS VOLUME 44, NUMBER 8 AUGUST 2003

36570022-2488/2003/44(8)/3657/14/$20.00 © 2003 American Institute of Physics
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The determinant identity behind Uvarov’s formula

K )
j 51

M

DN
21@e j ,H#L

a

5~21!M ~M21!/2

)
j 5N2M

N21

g j

D~e! U hN2M~e1! ¯ hN21~e1!

]

hN2M~eM ! ¯ hN21~eM !
U . ~2.24!

Proof: WhenM51, we use the identity~2.21! together with~2.7! and the relation~see, e.g.,
Ref. 18!

gn21522p in
Zn21

Zn
~2.25!

to obtain

^DN
21@e,H#&a5gN21hN21~e!. ~2.26!

We rewrite the average in Eq.~2.24! as follows:

K )
j 51

M

DN
21@e j ,H#L

a

5
ZN

@0,M #

ZN21
@0,M21#

ZN21
@0,M21#

ZN22
@0,M22#

¯

ZN2M
@0,0#

ZN
@0,0#

, ~2.27!

where

ZN
@0,M #5E ¯E D2~x!da@0,M #~x!, ~2.28!

ZN
@0,0#[ZN andda@0,0#(x)5da(x). The following relation can be observed from Eqs.~2.26! and

~2.25!:

ZN2K
@0,m#

ZN2K21
@0,m21#

522p i ~N2K !hN2K21
@0,m21#~em!. ~2.29!

Inserting this relation in~2.27! we find

K )
j 51

M

DN
21@e j ,H#L

a

5)
j 51

M

gN2 jhN2 j
@0,M2 j #~eM2 j 11!. ~2.30!

Our result~2.24! immediately follows from the above equation and formula~2.23!. h

We now repeat the above considerations for the case

da@,,m#~ t !5
~m12t !¯~m,2t !

~e12t !¯~em2t !
da~ t !. ~2.31!

The first result is a Christoffel-type formula for the measure~2.31!, which is due to Uvarov.19

Lemma 2.11: Suppose0<m<n. Then the monic orthogonal polynomialspn
@,,m#(t)’s with

respect to the measure da,,m] (t) have the following representation:

3664 J. Math. Phys., Vol. 44, No. 8, August 2003 Baik, Deift, and Strahov
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The determinant identity behind Uvarov’s formula

K )
j 51

M

DN
21@e j ,H#L

a

5~21!M ~M21!/2

)
j 5N2M

N21

g j

D~e! U hN2M~e1! ¯ hN21~e1!

]

hN2M~eM ! ¯ hN21~eM !
U . ~2.24!

Proof: WhenM51, we use the identity~2.21! together with~2.7! and the relation~see, e.g.,
Ref. 18!

gn21522p in
Zn21

Zn
~2.25!

to obtain

^DN
21@e,H#&a5gN21hN21~e!. ~2.26!

We rewrite the average in Eq.~2.24! as follows:

K )
j 51

M
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21@e j ,H#L
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5
ZN
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K )
j 51

M
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a

5)
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M
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The determinant identity behind Uvarov’s formula

pn
@,,m#~ t !5

1

~ t2m,!¯~ t2m1!

U hn2m~e1! ¯ hn1,~e1!

]

hn2m~em! ¯ hn1,~em!

pn2m~m1! ¯ pn1,~m1!

]

pn2m~m,! ¯ pn1,~m,!

pn2m~ t ! ¯ pn1,~ t !

U
U hn2m~e1! ¯ hn1,~e1!

]

hn2m~em! ¯ hn1,~em!

pn2m~m1! ¯ pn1,~m1!

]

pn2m~m,! ¯ pn1,~m,!

U . ~2.32!

Proof: As in the previous cases we defineqn
@,,m#(t) to be the determinant in the numerator of

~2.32!. Observe that

qn
@,,m#~m1!5¯5qn

@,,m#~m,!50 ~2.33!

and that

E qn
@,,m#~ t !da~ t !

e12t
5¯5E qn

@,,m#~ t !da~ t !

em2t
50. ~2.34!

The next steps are the same as in the proofs of Lemma 2.1 and Lemma 2.5. h

Corollary 2.12:

K )
j 51

K

DN@m j ,H#L
a@0,M #

5
1

D~m!

U hN2M~e1! ¯ hN1K21~e1!

]

hN2M~eM ! ¯ hN1K21~eM !

pN2M~m1! ¯ pN1K21~m1!

]

pN2M~mK! ¯ pN1K21~mK!

U
U hN2M~e1! ¯ hN~e1!

]

hN2M~eM ! ¯ hN~eM !
U . ~2.35!

Proof: Identity ~2.35! follows from Eqs.~2.10! and~2.32! once we note that Eq.~2.32! can be
rewritten in a similar manner as Eq.~2.5!. h

Finally we generalize Theorems 2.3 and 2.10 and obtain a formula for the average of ratios of
characteristic polynomials.

Theorem 2.13:Suppose0<M<N. Then the average of ratios of characteristic polynomials
of N3N Hermitian matrices H is given by the following formula:
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Finally we generalize Theorems 2.3 and 2.10 and obtain a formula for the average of ratios of
characteristic polynomials.

Theorem 2.13:Suppose0<M<N. Then the average of ratios of characteristic polynomials
of N3N Hermitian matrices H is given by the following formula:
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Uvarov’s original article

1 1 

ЖУРНАЛ 
. ВЫЧИСЛИТЕЛЬНОЙ МАТЕМАТИКИ И МАТЕМАТИЧЕСКОЙ ФИЗИКИ . 

Том 9 Ноябрь 1969: Декабрь № 6 

УДК 518:517.864 

О СВЯЗИ СИСТЕМ ПОЛИНОМОВ, ОРТОГОНАЛЬНЫХ 
ОТНОСИТЕЛЬНО РАЗЛИЧНЫХ ФУНКЦИЙ РАСПРЕДЕЛЕНИЯ 

В. В. УВАРОВ 

( Москва ) 

В в е д е н и е 

При вычислении определенных интегралов вида 

\ f(x)dp(x) 
— СО' 

(р (х) — неубывающая функция) часто пользуются квадратурными фор­
мулами типа Гаусса 

ос П 

j f(x)dp(x)={2i: ahf(xk). 
- о о h=l 

Постоянные а& и хк подбираются таким образом, чтобы квадратурная фор­
мула при заданном числе точек была точной для произвольных полиномов 
возможно более высокой степени (степени 2п — 1). Известно, что хк яв­
ляются нулями полинома Рп (х), ортогонального относительно функции 
р (х), т. е. полинома, для которого 

' во 

^ Рп(х)хтdp(x)= 0 при т < п. 
— ОС 

Постоянные аи также легко выражаются через полиномы Рп(х). Если 
•оо 

ск = 5 xh dp(x), 
—ОС ' ' ' 

то Рп (х) = Ъп detjkijll, 1 ^ i, j ^ п -f 1, где а,ц = ci+j-2 при i < п + 1 
и a n+i, j = ! 

При больших п эта формула неудобна. Полиномы Рп(х) с легкостью 
вычисляются лишь для небольшого класса функций распределения р(#) , 
когда известны коэффициенты рекуррентного соотношения для Рп (х) 
(см. § 1). В настоящей работе решается следующий вопрос: как по поли­
номам Рп(х), ортогональным относительно функции распределения р(ж)', 
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О связи систем полиномов 125? 

Так как 

- РГ (-) J х— P i 
dp(x) = О, 

то из (4) получим С п , nQn(&i) -j-Cn-n-iQn-i (Pi) = 0, т. е. Сп,п — 

= BnQn($\)\[Сп,п-\ = —BnQn($\), где Вп — некоторая постоянная. Под­
ставляя эти выражения в (4), получим (3 ) . Лемма доказана. 

С помощью доказанной леммы можно заметить, что в общем случае-
полиномы PVf>l) (х) целесообразно искать в виде 

Здесь 

Л ( х - ъ ) \ 5 « w 

cs 4т $ р " ' l ) <*) п (* - ° i ) ^ (*) (*) • 

Преобразуем выражение для C s следующим образом: 

C s = — J p f ' Z ) ( * ) Р . ( * У , П (x-^)d9kil(x). 
: j = l 

В силу свойств ортогональности полиномов Рп

{к,1){х) коэффициенты^ 
Cs = 0 при s <С п — к, т. е. для Pn

(k'l)(x) при п ^ к справедливо разло­
жение (случай п < к будет рассмотрен особо) 

п+1 

П (x-aj) | 2 
3=1 

(5), 
s=n—k 

Очевидно, что 

п-Н 

2 № ( а , ) = 0 (/ = 1,2, . . , Z ) . jfiy 
s=n—k 

Недостающие для определения коэффициентов разложения к уравне­
ний можно получить из условий ортогональности 

5 Рп'1) (ж) П (ж - р,) dps , i (*) = 0 • (i = l , 2 , . . . , f t ) . . 
— О О ' ! j = l 

Подставляя в эти равенства выражения (5) и (1), получим систему урав^ 
йений 

п+1 

IS C8Qs(Pi)=0 ( . = 1 ,2 , . . . , /с ) . (7> 
s—n—k 
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В результате исключения Cs из (5) —(7), считая Cn+i известным, прихо­
дим к формуле 

П (*-щ) 
L i = i 

Рп. -к ( c t i ) . 

Рп. л Ы . . 
Qn. - f t ( P i ) : . . 0 n + K P l ) 

Qn. • -QnM 
Рп. -ft (*) . . • Pn+,(x) 

(8) 

тгде A<£'1) — Cn+z IД — нормировочный коэффициент, 

Д 

Pn_* Ы . • . P„..I-\ («0 

QnMh)-
: • Pn+i-i Ы 

• < ? n + ; - l ( P l ) 
(9) 

Qn-k фк). 

Нам остается найти связь полиномов Pn

h'l) (х) и Рп{х) для случая, 

жогда п <С к. 

Будем искать р ^ , 1 ) (х) П Р И п <С к в виде, похожем на (8), а именно 

•где 

П (*- «>) 
- 1 

A (a, b,c,P(a),Q(p),P(x)), (ID) 

.A ( a , 6, c, : / > ( q ) , < ? ( P ) , P ( x ) ) = 

a l , 1 . . . %, л-n Л) ( a i ) . . pn+l ( < * l ) 

. ^ r M ( a * ) 
. ( P i ) . . . < ? n + ; ( P i ) 

^ , i . v . Ьл.л-п # o ( M . 
• • Pn+l(x) 

Здесь a, &, с, P ( a ) , ( ? ( P ) , P(x) — матрицы соответствующих размеров, 

Ац'1\, % А, Ьг;ь, cfe — некоторые постоянные. Очевидно, что детерминант 

(10) должен нацело делиться на Д (^ — aj) . Этого можно добиться, если 

положить = с& при любых значениях j . Тогда, пользуясь свойствами 
определителей, формулу (10) можно написать в виде 

i 

Р?•0 (х) = At•!) Д [ 0 , 5 , 0 , P ( a ) f , Q(р),Р(х)] 

тде 52-ft — некоторые новые постоянные. 

П; ( я - а , ) ] " " * , ( И ) . 
' • j = i 
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2.7 Modifications of Measures: Christoffel and Uvarov 39

Theorem 2.7.3 (Uvarov) Let ν be as in (2.7.4) and assume that {Pn(x;m, k)} are
orthogonal with respect to ν. Set

Q̃n(x) :=

∫

R

Pn(y)

x− y
dµ(y). (2.7.7)

Then for n ≥ k we have
[

m∏

i=1

(x− xi)

]
Pn(x;m, k)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Pn−k (x1) Pn−k+1 (x1) · · · Pn+m (x1)
...

...
...

...
Pn−k (xm) Pn−k+1 (xm) · · · Pn+m (xm)

Q̃n−k (y1) Q̃n−k+1 (y1) · · · Q̃n+m (y1)
...

...
...

...
Q̃n−k (yk) Q̃n−k+1 (yk) · · · Q̃n+m (yk)

Pn−k(x) Pn+1(x) · · · Pn+m(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

(2.7.8)

If n < k then
[

m∏

i=1

(x− xi)

]
Pn(x;m, k)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1,1 · · · a1,k−n P0 (x1) · · · Pn+m (x1)
...

...
...

...
am,1 · · · am,k−n P0 (xm) · · · Pn+m (xm)

b1,1 · · · b1,k−n Q̂0 (y1) · · · Q̃n+m (y1)
...

...
...

...
...

...
bk,1 · · · bk,k−n Q̃0 (yk) · · · Q̃n+m (yk)

c1 · · · ck−n P0(x) . . . Pn+m(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

(2.7.9)

where

bij = yj−1
i , 1 ≤ i ≤ k, 1 < j ≤ k − n,

aij = 0; 1 ≤ i ≤ m, 1 ≤ j ≤ k − n, cj = 0.

If an xj (or yl is repeated r times, then the corresponding r rows will contain

Ps (xj) , . . . , P
(r−1)
s (xj) (Q̃s (xj) , . . . , Q̃

(r−1)
s (xj)), respectively.

Uvarov proved this result in a brief announcement (Uvarov, 1959) and later gave
the details in (Uvarov, 1969). The proof given below is a slight modification of
Uvarov’s original proof.

Proof of Theorem 2.7.3 Let πj(x) denote a generic polynomials in x of degree at
most j and denote the determinant on the right-hand side of (2.7.8) by ∆k,m,n(x).
Clearly ∆k,m,n(x) vanishes at the points x = xj , with 1 ≤ j ≤ m so let ∆k,m,n(x)
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Theorem 2.7.3 (Uvarov) Let ν be as in (2.7.4) and assume that {Pn(x;m, k)} are
orthogonal with respect to ν. Set

Q̃n(x) :=

∫

R

Pn(y)

x− y
dµ(y). (2.7.7)

Then for n ≥ k we have
[

m∏

i=1

(x− xi)

]
Pn(x;m, k)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Pn−k (x1) Pn−k+1 (x1) · · · Pn+m (x1)
...

...
...

...
Pn−k (xm) Pn−k+1 (xm) · · · Pn+m (xm)

Q̃n−k (y1) Q̃n−k+1 (y1) · · · Q̃n+m (y1)
...

...
...

...
Q̃n−k (yk) Q̃n−k+1 (yk) · · · Q̃n+m (yk)

Pn−k(x) Pn+1(x) · · · Pn+m(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

(2.7.8)
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[

m∏

i=1

(x− xi)

]
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1,1 · · · a1,k−n P0 (x1) · · · Pn+m (x1)
...

...
...

...
am,1 · · · am,k−n P0 (xm) · · · Pn+m (xm)

b1,1 · · · b1,k−n Q̂0 (y1) · · · Q̃n+m (y1)
...

...
...

...
...

...
bk,1 · · · bk,k−n Q̃0 (yk) · · · Q̃n+m (yk)

c1 · · · ck−n P0(x) . . . Pn+m(x)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1,1 · · · a1,k−n P0 (x1) · · · Pn+m (x1)
...

...
...

...
am,1 · · · am,k−n P0 (xm) · · · Pn+m (xm)
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s (xj)), respectively.

Uvarov proved this result in a brief announcement (Uvarov, 1959) and later gave
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Proof of Theorem 2.7.3 Let πj(x) denote a generic polynomials in x of degree at
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Clearly ∆k,m,n(x) vanishes at the points x = xj , with 1 ≤ j ≤ m so let ∆k,m,n(x)
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be Sn(x)
m∏
i=1

(x− xi) with Sn of degree at most n. Moreover, Sn(x) �≡ 0, so we let

Sn(x) = πn−k(x)
k∏

i=1

(x− yi) + πk−1(x),

and note the partial fraction decomposition

πk−1(x)
k∏

i=1

(x− yi)

=

k∑

j=1

αj

x− yj
.

With ν as in (2.7.4) we have

∫

R

S2
n(x) dν(x) =

∫

R

Sn(x)

m∏

j=1

(x− xj)




πn−k(x) +

πk−1(x)
k∏

i=1

(x− yi)





dµ(x)

=

∫

R

Sn(x)

m∏

j=1

(x− xj)πn−k(x) dµ(x)

+
k∑

j=1

αj

∫

R

∆k,m,n(x)

x− yj
dµ(x).

The term involving the sum in the last equality is zero because the last row in
the integrated determinant coincides with one of the rows containing the Q̃ func-
tions. If the degree of Sn is < n then the first term in the last equality also van-
ishes because now πn−k(x) is πn−k−1(x) and the term we are concerned with is∫
R
∆k,m,n(x)πn−k−1(x) dµ(x), which obviously is zero. Thus Sn has exact degree

n, and ∆ �= 0, where

∆ :=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Pn−k (x1) Pn−k+1 (x1) · · · Pn+m (x1)
...

...
...

...
Pn−k (xm) Pn−k+1 (xm) · · · Pn+m (xm)

Q̃n−k (y1) Q̃n−k+1 (y1) · · · Q̃n+m (y1)
...

...
...

...
Q̃n−k (yk) Q̃n−k+1 (yk) · · · Q̃n+m (yk)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

It is evident that from the determinant representation that Sn(x) is orthogonal to any
polynomial of degree < n with respect to dν.

Similarly, we denote the determinant on the right-hand side of (2.7.9) by ∆k,m,n(x),

and it is divisible by
m∏
j=1

(x− xj), so we set ∆k,m,n(x) = Pn(x;m, k)
m∏
i=1

(x− xi).

To prove that
∫
R
xsPn(x;m, k) dν(x) = 0 for 0 ≤ s < n, it is sufficient to prove that
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From my correspondence with Mourad:

Date: Sun, 28 Feb 2021 18:03:36 +0100 (CET)

From: Christian Krattenthaler

To: Mourad Ismail <mourad.eh.ismail@gmail.com>

Subject: Re: Uvarov

> Dear Christian,In my book I said S n is not

> identically zero.

Right.

> I do not see why right now but I will check it

> and get back to you.

> Sorry but glad you are interested.

Yes, I am very interested to see why.

With best wishes,

Christian
Christian Krattenthaler Uvarov’s formula



Proof of Uvarov’s formula

Let dµ(u) be the density of a positive measure with infinite support
all of whose moments exist. We let dν(u) be the modified density

dν(u) =

∏h
`=2(u − α`)∏k
`=1(u − β`)

dµ(u),

where α2, α3, . . . , αh and β1, β2, . . . , βk are real numbers chosen so
that the modification factor

∏h
`=2(u − α`)∏k
`=1(u − β`)

is positive for all u in the support of the measure µ.

Christian Krattenthaler Uvarov’s formula



Proof of Uvarov’s formula

Theorem

We have

det
0≤i ,j≤n−1

(∫
ui+j

∏h
`=1(u − α`)∏k
`=1(u − β`)

dµ(u)

)

det
0≤i ,j≤n−k−1

(mi+j)

= (−1)n(h−k)+kh

det1≤i ,j≤k+h

(
pn+i−1(αj) 1 ≤ i ≤ h
qn+i−h−1(βj) h + 1 ≤ i ≤ k + h

)

( ∏
1≤i<j≤h

(αj − αi )

)( ∏
1≤i<j≤k

(βi − βj)
) .

If n < k the previous conventions for negatively indexed pa(α) and
qa(β) apply, and in that case the Hankel determinant in the
denominator on the left-hand side has to be interpreted as 1.
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Proof of Uvarov’s formula

If we use the lemma from before with

νn =

∫
un
∏h

`=2(u − α`)∏k
`=1(u − β`)

dµ(u),

Lemma

Let M be a linear functional on polynomials in x with moments νn,
n = 0, 1, . . . . Then the determinants

det
0≤i ,j≤n−1

(νi+j+1 − νi+jx)

are a sequence of orthogonal polynomials with respect to M.
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Proof of Uvarov’s formula

If we use of the lemma from before with

νn =

∫
un
∏h

`=2(u − α`)∏k
`=1(u − β`)

dµ(u),

then we see that (as polynomials in x = α1) the polynomials

det
0≤i ,j≤n−1

(∫
ui+j

∏h
`=1(u − α`)∏k
`=1(u − β`)

dµ(u)

)

are orthogonal with respect to the modified density dν(u).
These are exactly the determinants on the left-hand side of our
identity of the theorem!
By the identity, these determinants are proportional to the
right-hand sides. Hence, the right-hand sides are orthogonal
polynomials with respect to the modified density dν(u), and these
are the determinants that appear in Uvarov’s formula.
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The determinant identity behind Uvarov’s formula

Theorem

We have

det
0≤i ,j≤n−1

(∫
ui+j

∏h
`=1(u − α`)∏k
`=1(u − β`)

dµ(u)
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qn+i−h−1(βj) h + 1 ≤ i ≤ k + h

)

( ∏
1≤i<j≤h

(αj − αi )

)( ∏
1≤i<j≤k

(βi − βj)
) .

If n < k the previous conventions for negatively indexed pa(α) and
qa(β) apply, and in that case the Hankel determinant in the
denominator on the left-hand side has to be interpreted as 1.
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