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“Christoffel’'s formula”

Notation

Except when otherwise stated, | consider formal orthogonal
polynomials, that is, polynomials p,(x) that satisfy a three-term
recurrence of the form

pn(X) = (X - Sn—l)pn—l(x) - tn—2pn—2(X)7

with initial values p_1(x) = 0 and pp(x) = 1.
They are orthogonal with respect to the linear functional L defined
by L(pn(x)) = 0,0, that is,

L(pn(X)pm(X)) = wnén,m

for some (non-zero) wp,, n=0,1,2,....

The moments m, of the linear functional L are m, = L(x"),
n=20,1,....
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“Christoffel’'s formula”

The problem

Given a sequence (pn(x)), -, with functional of orthogonality given
by B

L p(x) o / p(u) dp(u),

find the sequence of orthogonal polynomials for the modified linear
functional

d—1
p(x) — /p(u) H(u — o) dp(u).
=1

Ideally, express these orthogonal polynomials as linear

combinations in the basis (pn(x))n>0.
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“Christoffel’'s formula”

Theorem

Let (p,,(x)) >0 be orthogonal with respect to the linear functional
given by p(x) — [ p(u) du(u). Then, as polynomials in x = oy,
the polynomials

det i—1(a;
lgis'gd (Pnti 1(041))

d—1
IT (@i — aq)
i=1

are orthogonal with respect to the linear functional

d—1
P = [ pw) [J(u - o) din(u).
/=1
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“Christoffel’'s formula”

Umbral notation

Umbral notation is an elegant short notation that is convenient in
certain situations. Given a sequence (c,)n>0, one identifies ¢” with
Cn in polynomial expressions in c.

For example,

A(a+c)(B+c) = af+E(a+p)+c* = waf+a(a+B)+a.

If m, = [ u"dp(u) are the moments of the original linear
functional L, then the moments of the modified functional are

/ HU—OM du(u) = 1:1 m—ay), n=0,1,....
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An identity behind “Christoffel’s formula”

Lemma

Let M be a linear functional on polynomials in x with moments v,
n=20,1,.... Then the determinants

det Vitit1 — VigiX
Ogijgn—l( ISiF/Ris I+J )

are a sequence of orthogonal polynomials with respect to M.

We use the lemma with v, = m" H?;ll(m — ay), the moments of
our modified functional.
We compute

d-1

1
Vigj1 — Vigjog = m 0T H — ag) — agm™ [ (m— )

(=1
I
— it | I — ).
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An identity behind “Christoffel’s formula”

We use the lemma with v, = m" Hg;ll(m — ay), the moments of
our modified functional.
We compute

d—1
1
Vigjr1 = Vigjog = m I+ H — ag) — agm™ [ (m— o)

=1

Thus, we have

det Viyit] — Vipiog) =  det ’J”H m-—a«
ogugn—l( It i+j0) 0<ij<n—1 0)
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An identity behind “Christoffel’s formula”

Thus, we have

det Viiit]l — Viriagd) =  det ’J”H m—a«
ogugn—l( L T VitjOd) 0<ij<n—1 ‘)

According to the lemma, these are orthogonal polynomials (in the
variable x = a4) for the modified linear functional

d-1
X) — /p(u) H(u — ay) dp(u).
=1

On the other hand, “Christoffel's formula” provides us with a
formula for these orthogonal polynomials, namely
det i_1(o
1§i3‘§d (Pt 1(aJ))
d—1

I1 (ai — aqg)

i=1

Hence, the two expressions must be related to each other.
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An identity behind “Christoffel’s formula”

Hence, the two expressions must be related to each other.

We have
n—1
dt( T (m — ) det (i
et (m™ [—;(m— a) =0 :(_1)nd1SiJSd(pn+' 1(a))
1 o
det(miﬂ')?,j:o I (¢j—«j)
1<i<j<d

| did not find this identity in the orthogonal polynomials literature.
So, what about a proof?
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An equivalent statement

Experimentally, we found

n—1

i+ T7d _ > det o
det (m [T7—1(m — ) o (_1)nd1§i3Sd (Pnti-1(c)))
—1 - :
det (mi-&-j),r'tj:o [I (aj—ai)
1<i<j<d
Equivalently,
1<Cf‘3't<d (pn+i—1(af))
(=)
ShLjsn—
:(_1)"d< 11 (O‘J'_O"')> det  (miyj) '
1<i<j<d o<ij<n—1 '
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An equivalent statement

Equivalently,
lggtgd(ﬁ’nw—l(aj))
0< 'd'it 1 (mi+j Hg:l(m a af))
ij<n—
e L W 1 B R
1<i<j<d o<ijen—1' '

We prove this identity by the condensation method. T

Proposition (JACOBI)

Let A be an N x N matrix. Denote the submatrix of A in which

rows iy, ip, . . ., ix and columns ji, jo, ..., jx are omitted by
Aﬁ’{j 4k Then we have

det A- det AP} = det A} - det A — det AY - det A},.

Jacobi's condensation formula allows for inductive proofs.

TThis method was a favourite of Charles Lutwidge Dodgson (Lewis Carroll).
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An equivalent statement

Equivalently,

det 1o
ISiSSd (Pnti 1(aj))

<-d-2t,,, mi+i Hd: (m—ay)
o o) )

1<i<j<d 0<ij<n—1

By Jacobi's condensation formula, the left-hand side satisfies a
certain recurrence formula. If we manage to prove that the
right-hand side satisfies the same recurrence, then we are done.
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Proof by condensation

By Jacobi's condensation formula, the left-hand side satisfies a
certain recurrence formula. If we manage to prove that the
right-hand side satisfies the same recurrence, then we are done.

If one works it out, then one sees that we need to prove

0<ij<n-1 0<ij<n

d
(a1—ayg) det m't H(m —ay)| det |m'™ H — ayp)

= det m'+ H —ag) | det [m't H — oy)
0<iyj<n—-1 0<ij<n

—  det m't H(m —ag) | det | m't H — ay)
0<ij<n—1 L 0<ij<n

If one looks at this properly, then it turns out that this is another
instance of Jacobi's condensation formula. O
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Great, but . ..

Great! We found a proof, and we have a theorem.

We have
n—1
d t( i+ d_ = > det nti—1la;
et (m™ [i—;(m— ) =0 _ (_1)nd1<iJ<d(p yi—1( J))
det (mi+j),r-7,j_:10 [ (oj—«j)
1<i<j<d

But still, is this really new? Hard to believe ...

| asked Mourad Ismail. His replies seem to indicate that he was
not aware of any source where the identity is stated explicitly.
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A literature search

| asked Mourad Ismail. His replies seem to indicate that he was
not aware of any source where the identity is stated explicitly.

If you don't find the identity in the classical orthogonal polynomial
literature, then what about “non-classical” sources?

e A. LAscoux, Symmetric Functions and Combinatorial
Operators on Polynomials, CBMS Series, vol. 99, Amer. Math.
Soc., 2003.

Proof by the use of classical facts from the theory of orthogonal
polynomials (result not quite right).

e M. ELOUAFI, A unified approach for the Hankel determinants of
classical combinatorial numbers, J. Math. Anal. Appl. 431 (2015),
1253-1274.

Proof by a vanishing argument (has a serious gap).

e E. Brézin and S. Hikami, Characteristic polynomials of random
matrices, Comm. Math. Phys. 214 (2000), 111-135.
Proof by random matrix theory.

Christian Krattenthaler Uvarov's formula



Uvarov's formula

Ismail’s original message:

Dear Christian

I did not do the details but it seems to me that the
right side is what you get from a formula due to
Christoffel. It is in Szego and also in my book, see
Theorem 2.7.1. It is the coefficient of a polynomial
in the expamsion of [[;.;.4(x —x;) times another set
of orthogonal polynomials. The reason I mention this
is because there is a more general formula due to
Ouvarouv, also in my book, which replaces

[li<j<4(x —x) by a rational function. This is harder
and more recent (1960’s). It will be really nice if
it can be done combinatorially because it involves
the function of the second kind.
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Uvarov's formula

Theorem

Let (p,,(x)) o be orthogonal with respect to the linear functional
given by p(x »—> [ p(u) du(u). Then, as polynomials in x = as,
the polynom/als

det Pn—k+i-1(c) 1<i<h
1<ij<k+h \Gn—k+i—h-1(Bj) h+1<i<k+h
h
[1 (a1 — o)
(=2

are orthogonal with respect to the linear functional

Hfz“*a/)du
H/ T au— ) H

pn(u)
ere, = d .
Here, qn(y) / U pu(u)
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Uvarov's formula

The “function of the second kind” g,(y)

qn(y) :/S”EUL)I du(u) = Z/Pn(U)U’y "~ dpu(u)
i=0

Hn+1) 1 —n—2
O n
H(n) + ( )7
where H(n) := o<'d'it . (miyj).
ij<n—
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Uvarov's formula

Theorem

Let (p,,(x)) o be orthogonal with respect to the linear functional
given by p(x »—> [ p(u) du(u). Then, as polynomials in x = as,
the polynom/als

det Pn—k+i-1(c) 1<i<h
1<ij<k+h \Gn—k+i—h-1(Bj) h+1<i<k+h
h
[1 (a1 — o)
(=2

are orthogonal with respect to the linear functional

HEZ Oéﬁ)d u
H/ [T (o — o) )

pn(u)
ere, = d .
Here, qn(y) / U pu(u)
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Uvarov's formula

Some more smallprint:

We have the expression

det Pr—k+i—1(c)) 1<i<h
1<ij<k+h \Gn—k+i-n-1(8;) h+1<i<k+h
; .
[T(e1 — )
=2

If a < 0 then p,(x) =0and g,(y) =y %
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Uvarov's formula

Theorem

Let (p,,(x)) o be orthogonal with respect to the linear functional
given by p(x »—> [ p(u) du(u). Then, as polynomials in x = as,
the polynom/als

det Pn—k+i-1(c) 1<i<h
1<ij<k+h \Gn—k+i—h-1(Bj) h+1<i<k+h
h
[1 (a1 — o)
(=2

are orthogonal with respect to the linear functional

HEZ Oéﬁ)d u
H/ [T (o — o) )

pn(u)
ere, = d .
Here, qn(y) / U pu(u)
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The determinant identity behind Uvarov’'s formula

Is there again an identity hidden behind this formula?
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The determinant identity behind Uvarov’'s formula

We have
h
det ( iy = o) du(u))
otz \J I u = )
det Fap
Ogi,jgi—k—l (mi+)

Pn+i-1(c;) 1<i<h
Anti-n-1(Bj)) h+1<i<k+h

(1<i1;[j<h(aj - ai)) <1<il;[j<k(/8i - BJ))

If n < k the previous conventions for negatively indexed p,(c) and
qa.(83) apply, and in that case the Hankel determinant in the
denominator on the left-hand side has to be interpreted as 1.

deti<;j<k+h <

B (_1)n(h—k)+kh
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The proof

We had four different proofs for the determinant identity behind
“Christoffel's formula"”:

@ Proof by condensation

@ Proof by the use of classical facts from the theory of
orthogonal polynomials

© Proof by a vanishing argument

@ Proof by random matrix theory

Which of these methods can we apply here?
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The proof

We had four different proofs for the determinant identity behind
“Christoffel's formula"”:

@ Proof by condensation !

Which of these methods can we apply here?
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The proof

We do an induction on h+ k. The previous “condensation lemma”
is again needed, as well as the similarly looking one.

Lemma

Let (cn)n>0 be a given sequence, and o and [3 be variables. Then,
for all positive integers n, we have

det QCiyi+ Ciij det Civi 4 Cipi
OSiJSn—l( I+ ’+J+1)0§,-J-Sn_1 (5 i-+j I+J+1)

= — det (CiJrJ') det (Ozﬂc,urj + (a TF 5)C,‘+j+1 aF C,'+j+2)

0<ij<n 0<i j<n—2
+  det Citj det afciri+ (a4 B)Ciajr1 + Cirjio).
ogf,jgn—1( '+J)O§i’j§n_1( Beiyj+ (o + B)Cipjr1 + Cigjt2)
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The determinant identity behind Uvarov’'s formula

When | placed the preprint on the aryiv, Arno Kuijlaars pointed
out:
“Your identity is contained in:

J. Baik, P. DEIFT and E. STRAHOV, Products and ratios of
characteristic polynomials of random Hermitian matrices, J. Math.
Phys. 44 (2003), 3657-3670."
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The determinant identity
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We present new and streamlined proofs of various formulas for products and ratios
of characteristic polynomials of random Hermitian matrices that have appeared
recently in the literature. €2003 American Institute of Physics.

[DOI: 10.1063/1.1587875

I. INTRODUCTION

In random matrix theory, unitary ensemblesNok N matrices{H} play a central rolé Such
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The determinant identity behind

3664 J. Math. Phys., Vol. 44, No. 8, August 2003 Baik, Deift, and Strahov
N-1
M JI\TIM i | Pn-mlen) - hyoa(en)
<H D,f,l[ej,H]> :(—1)M‘M*1>/2JA(76) : . (224
=l L
! “ hy-m(em) - hy-1(em)

Proof: WhenM =1, we use the identity2.21) together with(2.7) and the relatior(see, e.g.,
Ref. 18

- Zno1
Yn—1=—2min 7 (2.2

to obtain
(Dp'T&HD) o= Yn-1hn-1(e). (2.2
We rewrite the average in E(R.24 as follows:

M [OM] [OM-1] [0,0]
ZN ZN*] ZN*M
D€ H]) == —c— =, 2.2
<jﬂl nLe ]>u Z[0M=1] Zlom 2] Z100 @27
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The determinant identity behind

3664 J. Math. Phys., Vol. 44, No. 8, August 2003 Baik, Deift, and Strahov
N-1
M \ le_[ w hn-m(er) -+ hy-a(er)
<H Dalm,H]> =(-pMm-v : . (224
=1 £
! “ hy-m(em) - hy-1(em)

Proof: WhenM =1, we use the identity2.21) together with(2.7) and the relatiorisee, e.g.,

Ref. 18
Z,_
Yoo1=—2min =22 (2.29
ZH
to obtain
(DR TeH])a=yu-1hy-a(e). (226
We rewrite the average in E(.24 as follows:
/| M [OM] [OM~-1] [0,0]
- ZN ZN*] ZN*M
IT oy'te ,H]> = e 227
(Loxta ) ~gprm i e
where
ZIMI= | - | AZ(x)dal®M(x), (2.28
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The determinant identity behind Uvarov's formula

N-1
M JllM i | Pn-mlen) - hyoa(er)
<H Dﬁl[flvH]> :(*1)M'M71J/2J7AT : . (229
] /
: “ Nn-mem) Ny-1(em)

Proof: WhenM =1, we use the identity2.21) together with(2.7) and the relatiorisee, e.g.,

Ref. 18
(2.29

Zn-1

Yn—1=—2min

to obtain
(D' LeHD = - 1hy-a(e). (2.26

We rewrite the average in E(R.24) as follows:
Z[O.M] Z[O',M 1] Z[O,io]
N N-1 N—-M (22»

M
Dy'le Hl) ==ov—T Sfons "=rog
(L owtam) = S 56

where
(2.28

ZIoMI= f f A2(x)dal®M(x),

Zi09=7, andda'®%(x)=da(x). The following relation can be observed from E¢&26 and

(2.25:
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The determinant identity behind Uvarov's formula
=1 ONTE T P S Ae) ’ SEe

“ hy-m(em) = hy-1(em)
Proof: WhenM =1, we use the identity2.21) together with(2.7) and the relatiorisee, e.g.,
Ref. 18
Z,_
Yo 1= —2min 22 (.29
ZH
to obtain
(DR'TeHD) o= - 1hn-1(e). (2.26
We rewrite the average in EqR.24) as follows:
M [OM] Z[OM-1]  5[00]
zN ZNfl ZN*M
Dy'le H]) = , (2.27)
(Lot 0] s S S
where
zw:j f A2(x)dal®M(x), (2.28
Zl29=7, anddal®9(x)=da(x). The following relation can be observed from E¢®.26 and
(2.25:
2} o s
Z[o,mfu:*z”'(’\‘*")hk‘m( em)- (2.29
N-K-1
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Ref. 18

- Zna
Yno1=—2mIN (2.29
zﬂ
to obtain
(DR e HD o= yn-1hn-a(e). (226

We rewrite the average in E¢2.24 as follows:

<ﬁ \ Mzt ZRS,
D’l[f,H]> = . L (2.27
o O Ler Bl =2ton=m Zom-a1 " 70
where
Z%?'sz“'fAZ(X)daWM](X), (2.29

Zl09=7, anddal®9(x) =da(x). The following relation can be observed from E¢®.26 and
(2.25:

o,
7

Zlom=1] ~ =27 (N=K)hR (e). (2.29
N-K-1

Inserting this relation in2.27) we find

M M
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The determinant identity behind Uvarov’'s formula

ZH
to obtain
(DR'TeHD) o= n-1hn-1(e). (2.26
We rewrite the average in E¢2.24 as follows:
M [OM] S[OM-1]  5[00]
ZN ZNfl ZNfM
I1 pi'te VH]> EEETEE TR ' (2.27)
<.:1 LT Tz Zom-z {00
where
zlh?vMJ:f f A%(x)dat®M(x), (2.28
Z[09=7, andda!®%(x)=da(x). The following relation can be observed from E¢&26 and
(2.25:
2en
Srom—ay = ~ 2 (N= K)hP M (€. (229
N-K-1
Inserting this relation in2.27) we find
M M
<]H1 Dal[s,,H]> =1 iR ew-js0- 230
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The determinant identity behind

(DR'TeH])a= yn-thn-a(e). (226
We rewrite the average in E(R.24 as follows:

oM oM-1 0,0]
20 2 A0,

M
<11:[1 D,gl[EJ‘H]>

= .. , (2.2
L AT
where
zgﬁ)vMJ:f f A%(x)dal®M(x), (2.28
Z[,\?"”EZN andda!%9(x)=da(x). The following relation can be observed from E¢®.26 and
(2.29:
20
ST~ =2 (N=K)h2m (e, (2.29
N-K-1
Inserting this relation in2.27) we find
| M M
<.:Hl Dal[ej,H]> =1 il ewo0- (2.30
Our result(2.24 immediately follows from the above equation and form(#223. O

We now repeat the above considerations for the case

(1= (pe—t)
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=TI . (2.27
{oM=2]" " 7100]

where

Z M= f fAz(x dal®M(x), (2.28

Z[,\?'D]EZN and damvo](x)zda(x). The following relation can be observed from E(®.26) and
(2.29:

me]
Srom=1y =~ 2mi(N= KR (e (2.29
N-K-1
Inserting this relation in2.27) we find
M M
<]H1 Dﬁe,,H]> =1 il ewjo- 230
Our result(2.24 immediately follows from the above equation and form(#223. O

We now repeat the above considerations for the case

(1=t (pe—1t)

dalt 0 = T 5 en D

da(t). (2.30

The flrst result is a Christoffel-type formula for the meas(mS:D whlch is due to Uva‘ro?zg
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The determinant identity behind Uvarov's formula

where
ZoMI= f f AY(x)dal®M(x), (2.28
7i09=7, andda!®%(x)=da(x). The following relation can be observed from E¢&26 and
(2.25:
Z[OmK]
Jom-y =~ 2m(N= KR (€m). (229
N—-K— 1
Inserting this relation inf2.27) we find
M
<]H1 Dal[s,,H]> H - Y em— ). (230
Our result(2.24 immediately follows from the above equation and form(#223. O

We now repeat the above considerations for the case

(pa=0 " (pe—
[emlpy=-=~ ~* ¢ 7
da (t) (erm t) e da(t) (2.31
The first result is a Christoffel-type formula for the meas(@e1), which is due to Uvaro¥’
Lemma 2.11: Suppose<ms=n. Then the monic orthogonal polynomiaig™(t)’s with
respect to the measuread™(t) have the following representation:
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The determinant identity behind Uvarov’'s formula

J. Math. Phys., Vol. 44, No. 8, August 2003 Polynomials of random Hermitian matrices 3665
Nn-m(e) -+ hpyeler)
Noom(€m) = Pnieem)
To-m(pa) = Toge(pa)
To-m(ie) 0 Tore(pe)
1 Toom(t) o maee(t)
‘n'[n(‘mj(t): n-m n+¢ 232

(t=pe) - (t=pa) | nom(er) - hnie(er)

Noom(em) = Pnge(em)
Toom(p1) 0 Tore(pa)
Tn-m(pe) o Tnge(pe)

Proof: As in the previous cases we defigg"™(t) to be the determinant in the numerator of
(2.32. Observe that

o ™)== M) =0 (233
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The determinant identity behind Uvarov’'s formula

J. Math. Phys., Vol. 44, No. 8, August 2003 Polynomials of random Hermitian matrices 3665
hn—rv(51) o Pe(e)
hnfn;(ém)  hos(em)
Wn—rr"(llq) s ()
Tn r;(/*k) o mne(pe)
A ) e e 2
No-m(em) -+ Do o(em)
"Tn—n[\(l’«l) s e e(pa)
‘”nfm-(l/-zf) s o e(e)

Proof: As in the previous cases we defqu‘"‘l(t) to be the determinant in the numerator of
(2.32. Observe that

ah ™pg)=+=al M) =0 (233

and that

gk ™t da(t) g ™(Oda(t) .
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The determinant identity behind Uvarov's formula

No-m(en) o Nnyeer)

Noom(em) = Pnge(em)

Tonom(p1) = e e(pe)

To-m(pe) 0 Toee(pe)

1 Tn-m(t) = Taee(t)
L6m](4y = nm . 2.3
™o (t=pe) - (t=p) | hpm(e) -+ hyyeler) @32

hn-m(em) hyyelem)

Toom(p1) - Tore(pg)

To-m(pe) = g e(e)

Proof: As in the previous cases we defiqk"”‘l(t) to be the determinant in the numerator of
(2.32. Observe that

o M) =+ =l M) =0 233
and that
Lemlt)da(t Lemlit)da(t)
f Gn " ( ):_._:fqn ()da( o (234
€—t €n—t
The next steps are the same as in the proofs of Lemma 2.1 and Lemma 2.5. O
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The determinant identity behind Uvarov's formula

Toom(ie) 0 Tore(pme)
™ = r::i}m(it;) = rr‘i(e% @32
Bo mem) - Doy eCem)
Toon(ie) o )
To-m(e) = Toee(pe)

Proof: As in the previous cases we definé"“‘(t) to be the determinant in the numerator of
(2.32. Observe that

A ") == ™) =0 233
and that
Leml(t)da(t) Leml(t)da(t
f gn () da( :"':jqn ) ():0. 2.34
€t en—t
The next steps are the same as in the proofs of Lemma 2.1 and Lemma 2.5. O
Corollary 2.12:
hy-m(er) = hyak-a(er)
hn-mlem) - hnyk-1(em)

mn-m(p1) o Tnrkoa(pe)

Christian Krattenthaler Uvarov's formula



Toom(ie) 0 Tore(me)

The determinant identity behind Uvarov's formula

Proof: As in the previous cases we defiqkf""](t) to be the determinant in the numerator of

(2.32. Observe that

o ™) = =gk M) =0

and that

en—t

f gi ™M(da(t) { qL““mda(t)fo

€t

The next steps are the same as in the proofs of Lemma 2.1 and Lemma 2.5.

Corollary 2.12:

hy-m(er) - hysk-i(er)
hy-m(em) = Nysk-a(em)
mn-m(pe) o Tnek-1(p1)
K
1 mn-m(pk) o Tek-1(Mk)
Dl ) H =
<B1 NI, ]>H[W 5 | eew(en Nyt
hn-m(em) o hnlem)

=N o
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Uvarov's original article

1 e 1

: IKYPHAJ
. BBIYHCJUTEJIBHON MATEMATHKHI I/I MATEMATHYECKON ®U3HKHA
Tom 9 ) Honbps 1969; Texabpn Ne 6

VK 518:517.864

0 CBA31 CHCTEM HOJII/IHQMOB, OPTOTOHAJIbHbBIX
OTHOCHITEJIBHO PA3JIVYHBIX (I?YHKI[I/IPI PACHPE[EJEHNA
B. B. VBAPOB
(Mocrsa)

. Bmeneunq

IIpu BRI9UCIEHNE OIpe/ieIeHHEIX HHTETPANOB BUAA
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O cea3u CucTer NOLUHOMOS 1257

Tax rak _
© 1,0)
0
| S do@) =0,
Ce TP
10 w3 (4) moaymM Cp,nQn(P1) +Crin1Qna(f) =0, 1. e Cnn =
= BrQn(B1), Cn,n-1 = —BnQn(p1), rie Bn — nexoropas mocroannas. Ilox-
) CTaBIAA 3TH BEIpaskeHust B (4), moayaum (3). JIeMma Aokasana.
C moMOIIbI0 JOKABAHHON JeMMBI MOMKHO 3aMeTHTh, UTO B O0MEM ciIydae
monuromsl P (z) memecooGpasno mckath B BHfeE

_qntl

o) = [ﬁ =) | 2 Cbola).

=1
3nech
L mn T
Co=—=§ P @I (e =) Pu(z)do ().

—00 j=1

IIpeoGpasyem Boipaskenue fud Cs cleRyomuM 06pasom:

£

Co= o § 2 @2 TT (2= 8o, 1(2).

= a2
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Yy ——Fx—do(z)=0,

Se T B
10 w8 (4) momyamuMm Cp, nQn(B1) + Crnin-1Qni(p1) =0, T. €. Cnn=
= BnQn(B1), Cn, nt = —BnQn(P1), e Bn — HexoTopas mocrosnHad. Ilog-
CTaBIAA 3TH BEIpaskeHust B (4), moxyaum (3). JIemma gokasana.

C mOMOINbI0 [OKA3aHHOM JeMMBI MOYKHO 3aMETHTb, 94T0 B 00meM CiIydae
momuromsl P (z) memecooGpasno mckath B BUAE

: 1n-H
P(k z) [H (1—(11)] \2 Cslzs(z).
3pech ’ B
o
Cs= d1z Sp(h ’ (=) 21 ;(x_aj)PS(x)dp(x).

IIpeoGpasyem Boipaskenue fui Cs cneﬂymmMM oGpasom:

Cs=

z) Py (z) H (z— Bs)don, 1(2).

L=t

d2

B cmry cBoiicTB OpTOrOHANBHOCTH ToXmHOMOB P,*U(z) xosddmumenTsr
Ci;=0npmws<<n—£k,t e pia P,»0(z) mpm n > k cupasejiusBo pasio-
sxenue (cayuait n << k Gymer paccMoTpeH 0co60)

l _y nH
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S s . 7 v

C moMOIIbI0 JOKa3aHHOM JIEMMBI MOJKHO 3aMETHTh, 9YTO B o0meM cClIydae
monuroMsl PUD (z) memecooGpasHo HCKaTh B BUJeE

Mt

(k,l) [];I (1—0!])] 2 CsPs(-’L')

3pecs .

Sp(k )} Z)H ‘x_a])Ps(x)dp(x)

J=1

IIpeoGpasyem Boipaskenue fiud C cnenyfoan oGpasom:

(k’l) z) Ps(z) H (x — B;)dor, 1(x).

L=t

1
Ci= e

B cmiy cBoiicts oproroHambHOCTH —HOAmHOMOB Pr® 0(z)  Koaddmmmentsr
Ci=0mnpms<<n—k, 1 e pgua P, 9(x) npu n = k cupaBefInBo pasio-
senme (cayuail n << k GymeT paccMOTpeH 0c0Go)

» l _y ntl
& @ >—[II. @=w)]" 3 cr. (5)

OueBuiHO; 4TO

ntl
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5

3pecs
1

1 P(k ) (z )H :(x—aj)Ps(x)dp(x)'

2
ds? ¥, e

Co=—
IIpeoGpasyem Beipaskenue g C CJIeJIYIOIIU/[M oGpasom:

(2)Ps(2) I (z — Bj)don, 1(z).

Di=1

Cs=

B cmry cBoiicTs OpTOroHadbHOCTH —TOAmHOMOB P,*0(z)  koapPuumenTsE
Ci=0mnpms<<n—k, 1 e pgua P,®)(z) npu n = k cupasejinBo pasio-

skenme (cyuait n << k Gyger paceMoTpeH 0¢060)

_y ntl
&0 [H e—a)| 3 cr. )
s=n-h
OgeBuHO,; YTO ‘
ntl
2 CPs(a;)=0 Gi=12, ..,0). (6)

s=n-R
Hepocraromue s ompelenerns koaQPuUIuenToB pa3iosKeRHs k ypaBHe-

HHEI MOKHO IIOTYyYUTh U3 YCIOBHIl OPTOTOHAIBHCCTH

20 kR
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hatay w w Y A S e A T A S

£

Cy— d12 § P80 (@) Pu(2) [T (z— B5)don,1(2).

—oc L=t

B cmry cBoiicTs OpTOroHambHOCTH mOAmHOMOB P,*0(z)  koapPuumenTsE
Ci=0mnpms<<n—k, T e gia P,:0(z) mpm n = k cupasepiuBo pasmo-—
sxenne (ciaydait n << k Gymer paccMoTpeH 0co60)

‘ B _y nH
o=l e—w)] 3 cra. )
j=1 s=n-h
OgeBuHO,; 9TO
ntl -
Z CsPs(a;)=0 (=12, ..,10). (6)
s=n-—k

Hepocralomme [y ompenenenns ko3Q@UIAEHTOB Dpa3ioKeRHs k ypaBHe-
HUi MOKHO IIOIYyYUTh U3 YCAOBHI OPTOTOHAIBHCCTH

= R
Sprfh,l) (@) H (z— Bj)don,1(2)=0  (i=1,2, .., k).
—0c0 toj=1

i

IMopcraBnsas B aTi paBencrsa Bepaskenns (5) m (1), momydnmm cmcreMy ypas--
HeHmit :
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Cs =V 1IPpA 6 < It — &, 1. €. A Ln¥ ¥ &) HPWU Tt = i CLHPABCAINBO Pasilo--
skenme (cayuail n << k GymeT paccMOTPeH 0c060)

ntl

. l -1
M@= c—a| 3 cr. )
J=1 s=n-k
OugeBupHO,; 9TO
ntl -
2 CPs(a;) =10 =12, ..,0). (6)
s=n-k

Hepocratomue s onpefenenns KoaduuuenTos pasiokendas k ypaBHe-
HUI MOKHO HOJXYYUTh U3 YCIOBUIl OPTOrOHAIBHCCTH

0

R
R, .
{20 @) [ (@— Bi)don () =0 (i=1,2, .., k).
—00 voj=1
o »
IMopcraBnas B st paBencrsa Beipaskenns (5) m (1), momyumm cmereMy ypas-
HEHUH

ntl

D) CRs(B)=0  (i=1,2,..., k). (7)

s=n-k
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1258 B. B. Yeapos

B pesyasrate nckmiouennsa C; m3 (5)—(7) cantas Cniy M3BECTHBIM, MPHXO-

UM K dopmyite
Pir(0q). . . Pryy(oq)

............

) Pn_k (). . . Ppy ()

PED (z) = A% ”[H (z _a])] Qne(Br). . . Qny(By) (8)

Qnr(Be) . - -Qn+z(ﬁk)

P’r‘LJZ (-T) . e 71+1 (fl)

=1

e AW = Crpy [ A — HOpMHpOBO‘{HHﬁ‘KOBQ)Q)HHHGHT,
Pn_k (@) . . . Ppa(oy)

| Pai(a) . Py (o) .
A On~’< (Bl Qn+l 1 ﬁl (9)

| Qre (Br) . -; ; anm (Br)
p¥h (z) ¥ Pn(z) pan carygas,

)
Hawm ocraercsa maiiTu cBA3b MOJIMHOMOB

wmorma n < k.
Bynem nckars p®: 9 (z) mpu n <k B BHje, HOXOMmREM HA (8), a mmenEoO

n
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Uvarov's formula in Ismail’s book
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Uvarov's formula in Ismail’s book

2.7 Modifications of Measures: Christoffel and Uvarov 39

Theorem 2.7.3 (Uvarov) Let v be as in (2.7.4) and assume that { P, (z;m,k)} are
orthogonal with respect to v. Set

Qn(x / (2.71.7)
R
Then for n > k we have
{H T — T } (x;m, k)
i=1
Pn—k (11) Pn—k+1 (fl) Pn+m (-[1)
Pnfk (‘rm) Pnfk:+l (mm,) e P7L+m (xm) (278)

= Q1z—k(y1) ankﬂ (y1) - Qn+m (y1)]-

Ok 00 G () - O ()
Py (2) Poii(z) o Poym(a)
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Uvarov's formula in Isma’i’'s book

n—k\T

n+1\T e n+m

If n < k then

{H (x = @) | Pa(x;m, k)
i=1

ay1 a1,k—n PO (‘Ll) Pn+m (=Ll)

Am,1 e A k—n PAO (xm) e ITTH»m (Im) (279)
=|bi1 - bik—n Qo) - Quim (Y1),

bii o bkken QoWk) o Quom (Uk)

C1 e Ck—n PO(%‘) s Pn+m(x)

where

bij=yl', 1<i<k, 1<j<k-n,

)

a;; =0;,1<i<m,1<j<k—n,c; =0
If an x; (or y; is repeated r times, then the corresponding r rows will contain
P (zj),..., pr=v () Qs (25), ... ,fo‘l) (x;)), respectively.

Uvarov proved this result in a brief announcement (Uvarov, 1959) and later gave
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Uvarov's formula in Ismail’s book
bk o beken Qo(yk) - Quem (Ur)
€1 o Ck—n Po(z) ... Prim(2)

where
by=yl', 1<i<k, 1<j<k-n,
ai; =0,1<i<m,1<j<k—n,c =0
If an x; (or vy, is repeated r times, then the corresponding r rows will contain

P, (x5),..., Ps(rfl) (x5) (Qs (), QN,(SPU (x5)), respectively.

Uvarov proved this result in a brief announcement (Uvarov, 1959) and later gave
the details in (Uvarov, 1969). The proof given below is a slight modification of
Uvarov’s original proof.

Proof of Theorem 2.7.3 Let ;(x) denote a generic polynomials in x of degree at

most j and denote the determinant on the right-hand side of (2.7.8) by A, ().
Clearly Ay, n,» () vanishes at the points z = x;, with 1 < j < msolet Ay, ()
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Uvarov's formula in Ismail’s book

40 Orthogonal Polynomials

m

be S, (z) [] (z — z;) with S,, of degree at most n. Moreover, S, (x) Z 0, so we let

i=1

k
Su(@) = mk(@) [ [ (@ = vi) + 1 (@),
i=1

and note the partial fraction decomposition

k

The— ] Z Qg
d X —

k ; i
H (T 7?/!) =1 !

With v as in (2.7.4) we have

/52 )dv(z /Sn H T —xj) S Toi(x) + :k_ﬂ dp(z)
=i =

m
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Uvarov's formula in Ismail’s book

40 Orthogonal Polynomials
m
be S, (z) [] (z — z;) with S,, of degree at most n. Moreover, so we let
i=1
k
Sn —7rn k H T —Y; +7rk,1(;13)7
i=1

and note the partial fraction decomposition

k

The— ] Z Qg
d X —

k ; yi
H (x—y;) 71 !

With v as in (2.7.4) we have

/52 )dv(z /Sn H T —xj) S Toi(x) + :k_ﬂ dp(z)
=i =

m
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Uvarov's formula in Ismail’s book

From my correspondence with Mourad:

Date: Sun, 28 Feb 2021 18:03:36 +0100 (CET)
From: Christian Krattenthaler

To: Mourad Ismail <mourad.eh.ismail@gmail.com>
Subject: Re: Uvarov

> Dear Christian,In my book I said S_n is not
> identically zero.

Right.

> I do not see why right now but I will check it
> and get back to you.
> Sorry but glad you are interested.

Yes, I am very interested to see why.
With best wishes,

Christian
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Proof of Uvarov's formula

Let du(u) be the density of a positive measure with infinite support
all of whose moments exist. We let dv(u) be the modified density

dv(u) = M du(u),

~ Tk
[To—1(u—Be)
where a2, as, ..., ap and B1, B2, . .., Bk are real numbers chosen so
that the modification factor
h
[Tr—o(u — o)
k
[Tr—1(u—B)

is positive for all u in the support of the measure p.
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Proof of Uvarov's formula

We have

: .Hh: (u— ay)
d gty Ae=1\" 7E goy
0<iion-1 ( [T (u—Be) /! ))

det ~ (mj))

0<ij<n—k—1
Pn+i-1(c;) 1<i<h )
Gnri—h-1(B)) h+1<i<k-+h

(1<i1;[j<h(aj - ai)) <1<il;[j<k(/8i - BJ))

If n < k the previous conventions for negatively indexed p,(c) and
qa.(83) apply, and in that case the Hankel determinant in the
denominator on the left-hand side has to be interpreted as 1.

deti<;j<k+h <
B (_1)n(h—k)+kh
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Proof of Uvarov's formula

If we use the lemma from before with
h
nllea(u —ar)

u du(u),
(o "

Vp =
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Proof of Uvarov's formula

If we use the lemma from before with
e —
[T (v~ Be)

Vp =

(),

Lemma

Let M be a linear functional on polynomials in x with moments v,
n=20,1,.... Then the determinants

det Vigitl — VieiX
Ogi,jgn—l( I+j+ i+ )

are a sequence of orthogonal polynomials with respect to M.
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Proof of Uvarov's formula

If we use of the lemma from before with

L= He 2( aé)d u
n —He B (),

then we see that (as polynomials in x = ;) the polynomials

e I+JM u
Og’ggt"fl ( Hz 1(u—Be) n )>

are orthogonal with respect to the modified density dv(u).
These are exactly the determinants on the left-hand side of our
identity of the theorem!

By the identity, these determinants are proportional to the
right-hand sides. Hence, the right-hand sides are orthogonal
polynomials with respect to the modified density dv(u), and these
are the determinants that appear in Uvarov's formula. OJ
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The determinant identity behind Uvarov’'s formula

We have
h
det ( iy = o) du(u))
otz \J I u = )
det Fap
Ogi,jgi—k—l (mi+)

Pn+i-1(c;) 1<i<h
Anti-n-1(Bj)) h+1<i<k+h

(1<i1;[j<h(aj - ai)) <1<il;[j<k(/8i - BJ))

If n < k the previous conventions for negatively indexed p,(c) and
qa.(83) apply, and in that case the Hankel determinant in the
denominator on the left-hand side has to be interpreted as 1.

deti<;j<k+h <

B (_1)n(h—k)+kh
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