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This is preliminary english version of the script for my homonymous lecture course
in the Winter Semester 2018. It was translated from the german original using
a pre and post processor (written by myself) for google translate. Due to the
limitations of google translate — see the following article by Douglas Hofstadter
www.theatlantic.com/. .. /551570 — heavy corrections by hand had to be done af-
terwards. However, it is still a rather rough translation which I will try to improve
during the semester.

It consists of selected parts of the much more comprehensive differential geometry
script (in german), which is also available as a PDF file under
http://www.mat.univie.ac.at/~kriegl/Skripten/diffgeom.pdf.

In choosing the content, I followed the curricula, so the following topics should be
considered:

e Levi-Civita connection

o Geodesics

e Completeness

e Hopf-Rhinov theoroem

e Selected further topics from Riemannian geometry.
Prerequisite is the lecture course "Analysis on Manifolds’.
The structure of the script is thus the following:

Chapter I deals with isometries and conformal mappings as well as Riemann sur-
faces - i.e. 2-dimensional Riemannian manifolds - and their relation to complex
analysis.

In Chapter II we look again at differential forms in the context of Riemannian
manifolds, in particular the gradient, divergence, the Hodge star operator, and
most importantly, the Laplace Beltrami operator. As a possible first application, a
section on classical mechanics is included.

In Chapter III we first develop the concept of curvature for plane curves and space
curves, then for hypersurfaces, and finally for Riemannian manifolds. Of course,
we will also treat geodesics, parallel transport and the covariant derivative.

During the semester, I will post a detailed list of the treated sections in
http://www.mat.univie.ac.at/~kriegl/LVA-2018-WS.html.

Of course, the attentive reader will be able to find (typing) errors. I kindly ask to
let me know about them (consider the german saying: shared suffering is half the
suffering). Future generations of students might appreciate it.

Andreas Kriegl, Vienna in July 2018
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I. Conformal structures and Riemannian surfaces

1. Conformal mappings

A RIEMANN METRIC on a smooth manifold M is a 2-fold covariant tensor field
9 € To(M)=C®(M +T*M @T*M) = Lo (3 ) (X(M), £(M); C=(M,R)),

which is pointwise a positive-definite symmetric bilinear form, see [95, 24.1] and
[95, 20.1]. Tt has therefore a representation with respect to local coordinates (u')
of the following form:
g= ng— du’ @ du? .
i

A RIEMANNIAN MANIFOLD (M, g) is a smooth manifold M which is provided with
an distinguished Riemann metric g, see [95, 18.11]. On Riemannian manifolds
(M, g) we can define the LENGTH OF TANGENTIAL VECTORS &, € T, M as |£,] :=
V9z(&x, &) and, in analogy to [82, 6.5.12], the LENGTH OF SMOOTH CURVES c :

[0,1] — M as
L(c) = /0 oo (@ (1), (1)) dt.

1.1 Definition (Parameterization according to arc length).

A parameterization ¢ of a curve is called PARAMETERIZATION BY ARC LENGTH if
| (t)] = 1 for all t. For the length with respect to such parameterizations we thus
have L%(c) = b — a by [87, 2.7].

1.2 Proposition (Parameterization by arc length).

Each curve has a parameterization by arc length. Fach two such parameterizations
of the same curve are equivalent via a parameter change of the form t — +t 4 a.

Proof. Existence: Let ¢ : I — (M, g) be a curve (which we always assume to
be regular, i.e. ¢/(t) # 0 for all t), a a point in the interval I and s(t) := L (c) =
f; |c/(t)| dt the length function s : R D I — R, with derivative s'(t) = |¢/(¢)| > 0.
In particular, s(I) is connected and thus again an interval (see [81, 3.4.3]). The
inverse function ¢ : s(I) — I, s — t(s) is smooth by the Inverse Function Theorem
(see [81, 4.1.10] and [82, 6.3.5]). The parameterization ¢ := c o ¢ is the required
parameterization by arc length, since
dc _dc dt dc 1 dc 1 de 1

ds —dt ds dt 4 dt |d(r)] dt |%|

Uniqueness: If ¢ and c o ¢ are two parameterizations by arc length, then:
L=|(cop) @) = (e®)] - ¢ ()] = l¢'(t)] for all ¢,

since |[(co @) (t)] = 1 = |d(¢(t))]. Hence ¢ = =£1 and thus ¢(t) = ¢(a) +

[1¢/(r)dr = p(a) £ (t — a) = £t + (p(a) F a). O
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1.6 1. CONFORMAL MAPPINGS

On connected Riemannian manifolds (M, g), we obtain a metric dg : M x M — R+
in sense of topology

dy(p.q) =i {L(c) : ¢ € C(R, M); c(0) = p, (1) = a}.
We have shown in [95, 18.12] that this metric d, generates the topology of M.

1.3 Definition (Isometry).

If (M, g) and (N, h) are two Riemannian manifolds and f : M — N is smooth, then
f is called 1ISOMETRY if and only if

Tof : (TaM, go) = (Ty@)N, b))
is a linear isometry for all  (see [87, 1.2]). Note that f is an isometry if and only
if f*h = g is.
Remark.
1. If f is an isometry and ¢ : R — M is smooth, then
Lu(foe)=Lyen(c) = Ly(c) :

Thus we obtain di(f(z), f(y)) < dp-n(x,y) = dg(z,y) for the distance, that is,
the isometry can not increase the distance. If f is a diffeomorphism and an

isometry then d(z,y) = d(f(z), f(y)).

2. If the set of fixed points of an isometry can be parameterized as a smooth curve
¢, then this curve is locally the shortest connection of each of two points: We
will see in that locally the shortest connections exist and are unique. But
since the isometric image of such a curve has the same length, it must agree
with it, that is, must be contained in the fixed point set.

1.4 Theorem of Nash.

Fach abstract and connected m-dimensional Riemannian manifold (M,g) can be

isometrically embedded in R(Zm+1)(6m+14)

Without proof, see [125].

1.5 Proposition (Existence of Riemannian metrics).
Each paracompact smooth manifold admits a complete Riemannian metric, that is,

a Riemannian metric g, whose associated metric d, on M is complete.

Proof. We only need to embed (the connected components of) M into an R™ and
then take the metric induced by the standard metric to obtain a Riemannian metric
on M.

Or we can use charts to find Riemannian metrics locally and glue them to a global
Riemannian metric by using a partition of unity. This works, since “being a Rie-
mann metric” is a convex condition.

The existence of complete Riemannian metrics will be shown in | 13.14 |. O

1.6 Proposition (Lie group of isometries).
Let (M, g) be a connected m-dimensional Riemannian manifold, then
Isom(M) := {f € Diff (M) : f is an isometry}

can be made into a Lie group of dimension at most %m(m +1).
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1. CONFORMAL MAPPINGS 1.9

The group Isom(M) is thus finite-dimensional in contrast to the group Diff (M) of
all diffeomorphisms. For example, both Isom(R™) = O(m) x R™ and Isom(S™) =

O(m + 1) have dimension W +m = %;M .
Without proof. See [78, 2.1.2].
Since one can define angles between vectors by

(z,y)

Vi x)\/ (Y, )

by means of an inner product (_,_), we can measure angles a between tangent
vectors on each Riemannian manifold (M, g) and thus between curves ¢; and ¢y in
their intersection points (say ¢1(0) = ¢2(0)) in the following way:

0,40 |
V(d 0))v/9(c4(0), ¢5(0))

1.7 Definition (Conformal mappings).

cos <(x,y) :=

COS & =

A smooth mapping f : (M, g) — (N, h) is called ANGLE PRESERVING (or CONFOR-
MAL) if Ty f + To M — Tz N is angle preserving for all x € M.

1.8 Theorem (Lie group of conformal diffeomorphisms).

The set of conformal diffeomorphism of an m-dimensional paracompact connected

Riemannian manifold forms a Lie group of dimension at most 5(m + 1)(m + 2).

For example, for M = R"™ this group is the group of similarity maps of dimension
— 2

dim(O(m)) + dim(R™) + 1 = W +m+ 1 = 24mE2 by the Proposition of

Liouville [87, 52.11] (or [1.11]), and for M = $? by its connected connected

component is SL¢(2)/Z2 (the group of Moebius transformations) of dimension 6 =
1

1.3.4,

2

Without proof. See [78, 4.6.1].

1.9 Lemma (Linear conformal mappings).

Let f : R™ — R™ be linear and injective, then the following statements are equiva-
lent:

1. f is angle preserving,
2. IX>0:(f(x), fly)) = Nz,y) forall z,y € R";
3. Iu>0:pufis an isometry.

Proof.

(2]<[3]) is obvious using A p? = 1.

(<:) Let « be the angle between the vectors z and y, and o’ the angle between
the vectors f(x) and f(y). Then

(f(x), f(y) Az, y)

COS Oé = = COS (x.

@ W] VAlzvVAl]
So a = o', and f is angle preserving.
(:>) We implicitly define A(v) > 0 by (f(v), f(v)) =: A(v){v,v).

For vectors v and w, we have v +w L v —w & 0= (v +w,v —w) = |v|> — |w|* &
|v] = |w]|. Since f is conformal, the following holds for vectors with |v| =1 = |w]:

0= (f(v+w), f(v—w)) = (f(v), (v)) = (f(w), f(w)) = A(v) = A(w).
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1.11 1. CONFORMAL MAPPINGS

So A is constant on the unit sphere and thus also on R™\ {0}, because for w = |w|v
with v := Wl‘w € S"~! we have

Aw)(w, w) = (f(w), f(w)) = (f(Jw[v), f(lw]v)) = (Jw] f(v), [w] f(v))
= [w|* (f(v), f(v)) = (w,w) A(v) 1.
Thus, for any two vectors, v and w:

(), Fw)) = 5 (1) + F@)P = 17@) ~ 1)) = L (1f@+w)l? ~ [fo - w)?)

4
i]' 2 2\ _
fz)\(|v+w| f\v7w|>f)\<v,w>. O

1.10 Examples of conformal mappings.
1. The reflection f : R™\ {0} — R™\ {0}, z — 12z along the unit sphere. It

R
is the chart changeing mapping for the stereographic projections with respect to
antipodal points:

The mapping f is conformal since f/(z)(v) = % and thus

(). 1)) = (L2 = w =2l

= ;>4 ((v,w) (z, Z>2 — 4z, 2)(z,v)(z,w) + 4(z, Z><Z,U><z,w>> _ (v, w) '

(z, 2

2. The stereographic projection S™ — R™ (see [91, 2.20]).

1.11 Proposition.

Let f be a smooth (not necessarily reqular) mapping between 2-dimensional Rie-
mannian manifolds. We call it CONFORMAL if T, f is a multiple of an isometry for
each z € U (so T, f might be zero). Then:

1. f:C DU — C is conformal < f or f is holomorphic.
2. f: 82 — C is conformal < f is constant.

3. f#00:C DU — S? is conformal < the chart representation of f or f with
respect to stereographic projection C C S? is meromorphic, i.e. is holomorphic
up to poles.

4. f 8% = S% is conformal < the chart representation of f or f with respect
to the stereographic projection C C S? is rational, i.e. is the quotient of two
polynomials.

5. f:8% = 5% is a conformal diffeomorphism < the chart representation of f or f
with respect to the stereographic projection C C S? is a Mébius transformation,
i.e. is a quotient of form z — (az +b)/(cz + d) with ad — bc # 0.

4 andreas.kriegl@univie.ac.at © January 31, 2019



1. CONFORMAL MAPPINGS 1.11

6. f:R? = R? is a conformal diffeomorphism < f is a similarity map, that is, a
motion composed with a uniform scaling.

Here S? is considered as complex manifold, see [91, 2.18] or , i.e. it is the
1-point compactification C U {oo}, where the chart at oo is given by the inversion
z 1

By analogy with the definition of holomorphy in [87, 30.9] (see [91, 2.3
function f : C D U — C is called ANTIHOLOMORPHIC if f : R? D U — R? is
smooth and f’(z) is conjugate complex-linear, that is f'(z)(iv) = —if’(2)(v) for all
v, z. This is exactly the case if f is holomorphic.

Proof. The implications (<) are easy to verify, see [91, 2.10]. In () this follows,
since the derivative of a holomorphic mapping is given at each point by multipli-
cation with a complex number, hence is conformal. In () this works as follows.
Let f:z — 2% be a Mobius transformation. Then f: C\ {—d/c} — C\ {a/c} is

cz+d
a conformal diffeomorphism, with inverse w — -4%=2 hecause
—cw+a
dw—b
f)=weat+b=(z+dwes z=——.
—cw +a

If ¢ # 0, then we extend it by f(—d/c) := co and f(c0) := a/c to a bijection S? —
S2. This extension is holomorphic at —d/c because z + 1/ f(2) = (cz+d)/(az+b) is
holomorphic on a neighborhood of z = —d/c¢ (note that a(—d/c)+b = —(ad—bc)/c #
0). It is holomorphic at co as well (see [91, 2.18]), because

z f(1/z2) = (a/z+b)/(c/z+d) = (bz 4+ a)/(dz + ¢),

is holomorphic on a neighborhood of 0 (note that d0+ ¢ = ¢ # 0).
If ¢ = 0, then we extend f by f(co) := oco. This extension is holomorphic at oo,
because

1/f(1/z) = (¢/z + d)/(a/z + b) = (dz + ¢)/(bz + a)
(note that a # 0 since ad = ad — bc # 0). So every Mobius transformation f defines
a conformal diffeomorphism S% — S? (see also [91, 2.18])
For the reverse implications (=) we proceed as follows:

() Each linear isometry R? — R? is a rotation (possibly composed with a re-
flection), see [87, 1.2]. So f/(z) or f'(z) = ?/(z) is multiplication by a complex

number by and the Cauchy-Riemann differential equations g—g = :l:g—z and

—g—; = i% are satisfied for f =: u+4v. It remains to show that these signs + (of

the determinant of the Jacobi matrix of f) are independent on z: We obtain

u 0%u 0%v 0%v

o2 T o T i =0,

Jr dy Oxdy = Jydx
i.e. v = Ref is a harmonic mapping. We are looking for some w, s.t. u + itw
is holomorphic, i.e. satisfies the Cauchy-Riemann differential equations. So dw =

% dx + ‘g—:’ dy = —g—;‘ dx + % dy should hold, which we achieve using
® Jw ow
w(z) = —dx + — dy,
2 0T Jy
because of the integrability condition
ou ou 0%u  O%u
a(~ 5 do+ 5t dy) = (55 + 5o ) du Ady =0
Oy x+8x Y 8x2+8y2 vy

the integrand is a closed form. Since u 4+ iw is holomorphic, the points z with
(u+iw)(z) =0 (& du =0 < f'(z) = 0) are isolated, hence the determinant of
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2.1 1. CONFORMAL MAPPINGS

the Jacobi matrix of f has constant sign apart from these points, and thus f or f
is holomorphic.

(2) Let f: $2 = C be conformal. Then the composition C < $% — C with
the stereographic parameterization is also conformal, i.e. holomorphic or antiholo-
morphic by () Since f(S?) is compact, this composition is bounded and hence
constant by the Theorem of Liouville (see [91, 3.42] or [132, S.116)).

() Let f: C 2 U — S? be conformal and zy € U. If f(z) € C C S?, then
f:C — C is locally conformal and hence (anti-)holomorphic by () Otherwise,
f(z0) = oo and thus z — ﬁ is locally conformal by and hence is (anti-

)holomorphic and has zg as an isolated zero. Thus f has zg as isolated singularity
and locally around zj its values are near oo, hence not dense in C and consequently
20 is not an essential singularity by the theorem of Casorati-Weierstrass (see [132,

S. 166]), but instead zq is a pole. So f or f is meromorphic.

() By (), flc : 82 2 C — S?% (or f) is meromorphic and has only finitely
many poles z;, since these are isolated on S2. The Laurent development at the
pole z; is of the form f(z) = Z;O:_nj(z — z;)" fl with some n; € N. So z —
f(z) =302, (2 — z;) " f7, is holomorphic around z;. If also oo is a pole then

. o] 00 Moo [e ol
the Laurent development there is f(1) = Y07 2" f, so f(2) — Y= 2 f25, is
holomorphic at co. So

e f) =S e ), =Y ks
k=1

j k=1
is holomorphic $? — C and constant by ()7 i.e. f is rational.

() By (), = E with relatively prime polynomials p and ¢q. Suppose the degree
of p or ¢ is greater than 1, then h(z) := p(z) — cq(z) (for suitable ¢) has degree

greater than 1. Since f is injective, only one solution z = zg of h(z) = 0 may exist,
that is h(z) = k(z — 29)" for some n > 2 and 0 # k € C. Then p(z0) = cq(20)
and also 0 = h'(z0) = p'(20) — ¢¢'(20) and thus f'(z) = qp/q_zpq, (z0) = 0 yields a
contradiction to the fact that f is a diffeomorphism.

(@) Let f : R?> — R? be a conformal diffeomorphism. W.l.o.g. (replace f by
f if necessary), f is holomorphic by () and satisfies f(0) = 0 (replace f with
f— f(0). Let ¢: z+ 1. Then fi=10for:C\{0} = C\ {0} is a holomorphic
diffeomorphism. Since f is a diffeomorphism at 0 we have that f~! is locally
bounded and hence for each € > 0 a § > 0 exists with |f ™ (w)| < } for all [w| < 1.
Thus, |2 < 8 = [i(2)] > 3 = [f@=)] > L = [F(2)] = (F@=)] < e that s,
f is continuously extendable to a holomorphic function on C with f (0) = 0 (see
(91, 3.31] or [132, S.115]). The same argument holds for the inverse function f~*,
i.e. f can be extended to a conformal diffeomorphism S? — S2. Thus, by (), f
is a Mobius transformation z +— %idb with co — oo, i.e. ¢ = 0, and hence f is a
similarity map. O

2. Riemann surfaces

2.1 Definition (Riemann surface).

A RIEMANN SURFACE is a 2-dimensional Riemannian manifold.

6 andreas.kriegl@univie.ac.at (© January 31, 2019



2. RIEMANN SURFACES 2.5

2.2 Theorem of Korn-Lichtenstein.

On each Riemann surface there are conformal local coordinates (also called ISOTHER-
MAL COORDINATES ).

For a sketch of proof see .

2.3 Definition (Complex manifold).

A COMPLEX MANIFOLD is a smooth manifold with an atlas whose chart changes
are complex differentiable (i.e. holomorphic).

An ORIENTED MANIFOLD is a smooth manifold with an atlas whose chart changes
are orientation-preserving. For a more detailed study of orientability see Section
[95, 27].

2.4 Corollary.

Each oriented Riemann surface is a complexr manifold.

Proof. Choose an atlas according to , whose chart changes are conformal and
orientation-preserving, i.e. holomorphic by [1.11.1 |. O

2.5 Examples of conformal diffeomorphisms.

(1) The S? has as an atlas the stereographic projection from the North and South
Poles. The chart change is the inversion on the unit circle, so it is conformal but
reverses the orientations. We change the orientation of one chart and get a holo-
morphic atlas. This is also called the RIEMANN SPHERE, see also [91, 2.22]. We
now consider the AUTOMORPHISM GROUP of S2. This is the set of all biholomorphic
maps f : S? — 52, where the BIHOLOMORPHIC MAPS are exactly the conformal,
orientation-preserving diffeomorphisms. By , via the stereographic projec-
tion of S? — C, the following description holds:

Aut(SQ):{zHaZ+b :ad—bc:l}.
cz+d

This group of MOBIUS TRANSFORMATIONS can also be identified with the following
matrix group, up to multiplication by +1:

SL¢(2) = {(i Z) :ad—bc:l}.

Thus, the group Aut(S?) is isomorphic to SL¢(2)/Za, where Zy is the discrete
subgroup given by Zs := {id, —id}. Hence Aut(S?) is a Lie group of dimension
4-2—-2=06.

(2) The automorphism group of C consists of those Mébius transformations of

Aut(S?) that leave C C S? or, equivalently, the North Pole £ 50 € C invariant
(see |1.11.6 |): In fact, if f is an automorphism of C, then fo : z — 1/f(1/2)

is holomorphic on the pointed plane. Since f is a diffeomorphism, f,, is contin-
uously extendable by f(0) = 0, so oo is a removable singularity and f can be
extended by f(co) := oo to a holomorphic diffeomorphism S? — S2, i.e. a Mobius

transformation z — Zjis Because of
az+b a+?%
— zZ Z—00
cz+d e+ g ’

andreas.kriegl@univie.ac.at (© January 31, 2019 7



2.6 2. RIEMANN SURFACES

the Mobius transformation z +— Zjig maps o0 to a/c, and thus oo is invariant if

and only if ¢ = 0 and a # 0. The Mdébius transformation then has the form
az+b a b

d PR

Hence

Auwt(C)={z—az+b:a#0, aJ)GC}N{(g l1)> :a#Oa,beC}.

This is also called the “az + b-group”, see [87, 14.2]. It is complex 2-dimensional.
(3) For the open unit disk D, the automorphism group consists of those Mobius

transformations of S? that leave D) invariant, i.e.

Aut(D) = {zn—> Ew—i—f) aa —bb = 1} >~ SU(2,1)/Zs.
bz+a

It is easy to see that any such Mobius transformation leaves D invariant. For the
converse we need

Schwarz’s Lemma.

Let f: D — D be holomorphic with f(0) =0. Then |f'(0)| <1 and |f(2)] < |z]| for

all z. More precisely, one of the following two cases occurs:
o |f(0)] <1 and |f(2)| < |z| for all z # 0;
o f(2)=¢"% for some 6§ € R and all z.

For a proof, see [91, 3.43].

Let f be an automorphism of D with f(0) =: ¢. The map z +— £== is a Mdobius
transformation of the given form. If we compose f with it, 0 is left invariant, so
w.lo.g. f(0) = 0. According to Schwarz’s Lemma, |f'(0)] < 1 and since f is a
diffeomorphism, f/(0) # 0. The same holds for the inverse mapping f~!. Because
of f~' o f =id we have (f~1)/(0) o f/(0) = 1 and thus |f'(0)| = 1, i.e. f(z) =¢e"z
for some # € R by Schwarz’s Lemma. Which is also a M&bius transformation of
the desired form.

The group Aut(D) is 3-dimensional: Let a = ay + ias and b = by + iby. Then
a12 -+ a22 — b12 — 622 =1 and by

(1) T1,1 = a1 + b1 T1,2 ‘= a2 + bg

(2) 7"2,1 = as — b2 7“272 =ai; — b1

an element (747 r43) € SL(2)/Zs is defined. Thus, we obtain an isomorphism
SU(2,1)/Zs = Aut(D) =2 SL(2)/Z2, see Exercise [87, 72.62].

2.6 The hyperbolic disk.

We define another Riemannian metric on D by
1
g ('U, 'LU) = m<v, 'ZU>
This is a conformal equivalent metric, i.e. id : (D, {-,-)) — (D,g) is a conformal
diffeomorphism. Thus
Aut(Da g) = AUt(]D)7 <'7 >)

For f(z) := gzzig, ie. f € Aut(D), we have

[v]? ' (2)(v)?

9:000) = TR = G [ppe - Yol @@,

8 andreas.kriegl@univie.ac.at (© January 31, 2019



2. RIEMANN SURFACES 3.2

because

=[P () =1~ f(2)]*
Therefore Aut(ID, g) = Isom(D, g). This Riemann surface (D, g) is called the HYPER-
BOLIC DISK. Each of its angle-preserving diffeomorphism is thus actually length-
preserving.

3. Riemann mapping theorem and uniformization theorem

3.1 Riemann’s Mapping Theorem.

Each complex 1-dimensional, simply connected manifold is biholomorphic to D, C,
or S2.

This is a generalization of [87, 5.3].

Without proof. See [6, S.158].

The universal covering M of a complex manifold M constructed in [87, 24.31] (see
also [92, 6.29]) is itself a complex manifold and the covering mapping is locally

biholomorphic, which is obvious since the canonical chart change mappings of M
are identical to such of M (see also [92, 6.34]).

Because of , the universal covering map of any connected 2-dimensional, com-
plex manifold is D, C, or S2.
3.2 The universal covering of the punctured plane.

The mapping p : R* xR — RT x S =2 C\ {0}, given by (r,¢) — (r,€?) s rei®, is
obviously a covering map. Since R x R is simply connected, p is also a universal
covering. So p is an isometry with respect to the pull-back Riemann metric on
R* x R, which is given by

(5,02 g) = 7 (. 0) (5, 9)]* = 5 + 12
simce
P (ro)(s,v) = s 52+ (% — 561 4 rpiet®.
The mapping h : RT x R — C, given by
h: (r,p) = In(r) +ip = (In(r), ¢),

is a conformal diffeomorphism: That A is a diffeomorphism is obvious because of
h=Lt: (z,y) — (e*,y). We have

W (r,0)(s,0) = (55,9)
1 (r, @) (5, 0)* = 53+ 0% = (57 +r°0%) = (s, 0)[F, ),
so h is also conformal. Thus
poh™':C =R xR —C\{0}
z=a4iy = (%, y) e - e = T = ¢%,

is the universal covering as Riemann surfaces.

We now want to describe Riemann surfaces M by means of their universal covering
M. For this we will use [87, 24.18]: M = M /G, where G is the group of deck
transformations of the universal covering M — M.
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3.3 The deck transformations of exp : C — C\ {0}.
We want to determine the deck transformations of the universal covering map
exp : C — C\ {0}, z — e*. We already know by that

Aut(C) ={f:C — C: f is biholomorph } = {z = az+b:a,b € C, a # 0}.
Now we define for z1, 29 € C:
21~ 2y & exp(z)) = exp(za) & e™leVt = e™2eW2 & (21 = 12) A (Y1 — Yo € 207).

Each deck transformation g € {h € Aut(C) : h(z) ~ zV 2z} can be written as
z = az+b. Solet az+ b~ z for all z. For z := 0 we conclude b ~ 0 and thus
b € 2inZ. Furthermore, for z := 1, it follows that a+0 ~a+b ~ 1, i.e. Re(a) =1,
and Jm(a) € 27Z. If z := i, we conclude analogously that ai = —Jm(a)+iHRe(a) ~ i,
ie. Jm(a) = 0 = a = Re(a) = 1. Thus we have determined the group G of the
deck transformations for this universal covering map:

G={z—z+2ink: ke Z}.

3.4 Uniformization Theorem.

Let M be a 2-dimensional, connected, oriented Riemannian manifold. Then M
is conformal diffeomorphic to M /G, with M € {S? C,D} and G being a group
of Mébius transformations in Aut(M). Conversely, let G be a group of Mdbius
transformations on My € {S?,C,D}, which acts STRICTLY DISCONTINUOUS, that
is Vo 3U(z) a neighborhood of x with U(x) N g(U(x)) =0 for all g # id, then

1. My/G is a manifold,

2. The quotient mapping My — M, /G is a covering map, and

3. G is the group of deck transformations of it.

Proof. The universal covering M (existing by [87, 24.31], see also [92, (.29]) is
one of the three spaces S?, C, D by the Riemann Mapping Theorem 7 and
M is isomorphic to M /G, where G is the set of deck transformations and hence
a group of Mobius transformations which acts strictly discontinuous on M by [87,

24.18] (see also [92, 6.27]). Conversely, each such group G provides a covering
M — M/G =: M by [87, 24.19] (see also [92, 6.2]). O
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II. Differential forms on Riemannian manifolds

4. Volume form and Hodge-Star operator
4.1 Recap: Musical isomorphisms

In [95, 24.2] we introduced the “musical” isomorphisms § : T,, M = (T, M)* and its
inverse b for Riemannian manifolds M. The basis elements % of T, M are mapped
to #(52) = > gji dul with gj; = g(5%, 52). It follows that TM = T*M in a
canonical manner, and thus the space of vector fields X(M) is canonically isomor-
phic to the space of 1-forms Q! (M). In particular, for functions f € C*°(M,R), the
gradient grad(f) € X(M) is defined by f#(grad f) = df € Q'(M). More generally,
for tensor fields (see [95, 23.1]) we have the natural isomorphisms

T (M) = T, (M) = T3 (M)

p+q

4.2 Recap: Volume form

The determinant function det for oriented Euclidean vector spaces gave us the
volume form voly; € Q7 (M) on oriented Riemannian manifolds (M, g) in

volys () := det € Ly (T, M;R).
Its value on the basis (g; := 2;) of T, M is

= ot
VO](%, e, %) =det(g1,...,9m) = VG with G := det(g;;)i,;-
And we get the following isomorphism:
C>®(M,R) == QUMM AL fs fovoly .

In [95, 28.10] we have considered oriented codimension 1 submanifolds N of (n+1)-
dimensional oriented Riemannian manifolds M. If v, for x € N designates the
uniquely determined vector in T, M for which (v, e1,...,e,) is a positive-oriented
orthonormal basis in T, M for an oriented orthonormal basis (eq,...,e,) of T, N
and is extended to a vector field v on all of M, then

voly = inkl* (¢, (volps)) on N.

This applies in particular to the canonically oriented boundary N = OM of an
oriented Riemannian manifold M with boundary. In this case, the vector v is the
outward-pointing unit normal vector, see [95, 28.9].

4.3 Recap: Extension of the inner product

In Exercise [99, 33], we defined an inner product on the dual space E* of an
oriented Euclidean vector space E, by requiring that the dual basis (e?) in E* of
a positive-oriented orthonormal basis (e;) of F is again an orthonormal basis. On
®k E we define a scalar product by requiring that the basis (e;, ®...®e€;, )iy, i\ 15
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4.4 4. VOLUME FORM AND HODGE-STAR OPERATOR

an orthonormal basis and similarly for A" E and the basis (e;, A ... A €3, )i, <..<iy -
This definition is independent of the bases, because the scalar product on E* is
given by the following formula:

(x*,y*) g+ = (b2*,by*) , because (¢',e/) g = (ei, e;)p = J; ;.
Thus £ and b are isometries by definition.
On ®k FE, the scalar product is analogously given by:

<$C1 Q..0TE, N ®... ®yk>®kE =(@L,Yy)E - Tk Yk)E

On /\k E, the scalar product is analogously given by:
(A Ak A A ) g = det (s 5)8): )
1
= H<$1 ARRRNAY I )1 /\"'/\yk>®kE'

Caution: The restriction of the scalar product of ®k E to the subspace /\k E has
an additional factor k!, because

i A Axp =Elalt(z, @ - @ xy) :Zsign(a)xa(1)®~~®xg(k)
o
and thus
<x1/\~-~/\mk,x1/\-~-/\xk>®kE =

= Zs1gn ) sign(m) (To(1) @+ @ To(r), Tr(1) @+ @ Tr(k)) @k B
= Zﬁgn ) sign(7) (o (1), Tr(1)) - - (To(k)s Tr(k))
= Z sign(o) sign(m 0 0) (To(1), Tr(o(1))) - - - (Lo (k) Tr(o(k)))

= k! Z sign(m) (1, Tr(1)) - - (Ths Tr(r))

:k!<x1/\.../\xk7:r1/\.../\xk>/\kE

4.4 Recap: Hodge star operator

In Exercise [99, 30] we have defined the Hodge star operator  : A" E — A" " E
for oriented m-dimensional Euclidean vector spaces E by the following implicit
equation:

NA (xw) = (n,w) - det for n,w € /\E

In Exercise [99, 31] we checked that * is an isometry and satisfies

k m—k k
* 0k = (—1)k(m_k) :/\E—> /\ E—>/\E

And in Exercise [99, 32] we defined the Hodge star operator * : QF (M) — Q™ F(M)
for oriented Riemannian manifolds (M, g) of dimension m by (xw)(z) = *(w(x))
and showed that

*: C®(M,R) = QM) — Q™(M) is given by f + xf = f -vol and
x: X(M) =2 QY M) — Q™ (M) is given by € — * £ = ig vol.
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4. VOLUME FORM AND HODGE-STAR OPERATOR 5.1

4.5 Recap: Divergence

In Exercise [99, 34] we defined the divergence of a vector field £ € X(M)

Exercise [99, 32]
)) ———(

div & := x(d(ce volps xodoxotf)(f) € C®(M,R)

and showed that div§ - volps = L¢ volpys. Moreover we obtained the local formula
div Z \F{ .
\F out

4.6 Remark

For vector fields £ on Riemannian manifolds M with boundary one has:
incl™(¢e volar) = (€, Vo) - volam,

since for an orthonormal basis (e;); of T,(0M) we get

J€ly ey €m) =

(
(<§7y>u+§ — (& vyveq, .. .,em)

R/—’%/—’

(te volar)(et, ..., em) = volps

e(T ))i T(OM)
=(&v)- VOIM(Vel,...,m)+O
(€, v) -volanr(er,. .., em).

4.7 Green’s Theorem.

Let M be an oriented Riemannian manifold with boundary and let £ € X(M) be of
compact support. Then

/ diV§ . VOlM = <€,V3M> -VOlaM.
M oM

This formula justifies the term SOURCE DENSITY (german: Quelldichte) for div.

Proof. The following holds:

4.5 25.¢
/ div € - volyy / Le¢voly s 2 / (dote+ e od)voly
M M M

:/ d(LgVOlM)—FOM/ incl™(z¢ volar)
M oM

[id]

/ (€, vonm) - volans - O

5. The Laplace Beltrami operator

5.1 Laplace operator.
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5.1 5. THE LAPLACE BELTRAMI OPERATOR

We now generalize the Laplace operator to oriented Riemannian manifolds. For
this, the CODIFFERENTIAL OPERATOR d* is defined by the commuting diagram:

Qr (=1)P d*) Qr-1 O J* Q-1
*J{: Zi* or *l’: :T*
Qm—p 5 Qm—p+1 Qm—p 5 Qm—p+1

d

(71)pm+m+l d

It should be noted that this is not a graded derivation. The sign is chosen so that

d* becomes formally adjoint to d, as we will show in . To show the equivalence
of the two diagrams one calculates as follows:

4.4
dox=xo(—1)Pd" & xo (71)pm+m+1d 0% = %0 (71)pm+m+1 xo(—1)Pd*

_ (_1)(pm+m+1)+p+(p—1)(m—p+1)d* = d*

In particular, for 3-dimensional oriented Riemannian manifolds (and in particular
for M open in R?) we have (compare with [95, 25.11] and [4.5 )):

—d* —d*

03 02—t QP
o Ot 02 03
d d d
!
c*> X X——C™
grad rot div

The mapping A := dd* + d*d : QP — QP is called the LAPLACE BELTRAMI OPER-
ATOR.

In general, for functions f € C*°(M,R) the formula Af = —divgrad f holds,
because

Af =d*df+0= (-1 s dudf

4. 4.5
=—xdxfgrad f == — * d tgrad f VOlir —div(grad f).

Thus the Laplace operator defined here has perhaps an unfamiliar sign, which serves
to make it a positive operator, see .

Sketch of the proof for Theorem of Korn-Lichtenstein.

Using a standard result on PDEs (see [15, p228, §5.4]) there exist locally around

p € M smooth solution u : M — R of Au = 0 with prescribed values u(p) and

du(p) on each Riemannian manifold M. Thus we find local harmonic (i.e. Au® =0

for all i) coordinates (u!,...,u™) by using linear independent initial values du’ (p).
1

For local harmonic coordinates (u',u?) on Riemannian surfaces, we have:

(ul,u?) is conformal & du? = 4 * dul.

(<) Since the Hodge-star operator is an isometry, we have that |du?| = | £ du'| =
|dut| =: ¢ and du? L du® (with respect to the inner product on (7, M)*) because

(du', du®) volps = (du', £ * du') volpyy = du' A (£ * xdu') = Fdu' A du' = 0.
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5. THE LAPLACE BELTRAMI OPERATOR 5.4

Hence pointwise g"J := (du’,du’) = ¢* 7. Since the matrix with entries g; ; :=
<%, %> is inverse to (¢"7); j=1..m by [95, 24.2], we have that g; ; = C%@,j, ie.
(ul,u?) : R? — M is conformal.

(=) Conversely, if (u!,u?) is conformal, then du! 1 du? and have the same length.
By the previous argument * du' is also orthogonal to du' and has the same length,
hence du? = =+ * du'.

So let u! be a local harmonic function with du'(p) # 0. Since 0 = Au! = (dd* +
d*d)ut = d*du! = (—1)'*d*du', we have dxdu' = 0 and hence by Poincare’s lemma

3 u? with du? = xdu'. Moreover u? is also harmonic, since Au? = — xd * du® =
—xd**du' = xd*>u! = 0. And, by what we have show just before, (u',u?) are
conformal (i.e. isothermal) local coordinates on M. O

5.2 Product rules.
For f,g € C°(M,R) and £ € X(M):
grad(f - g) = g - grad(f) + f - grad(g)
div(f-&) = f div(§) +df - & = f-div(§) + (grad(f), &)
A(f-g) = - Alg) + A(f) - g — 2(grad(f), grad(g)),
I

see Exercise [87, 72.69

5.3 Green’s formulas.
Let M be a compact oriented Riemannian manifold with boundary and let f and h

be in C*°(M,R). Then:

(1) / (<grad fogradh) — f - Ah) vol= [ f-{gradh,v) - vol
M OM

(2) /M(f-Ah—h-Af)-Volz—/(C)M(fdh—hdf)(u)-vol

Proof. We have

div(f - grad h) == f - div(grad h) + (grad f,grad h) = — f - Ah + (grad f, grad h)
and thus for £ := f - grad h we obtain

/M(<grad fogradh) — f - Ah) -volps = /M div(f - grad h) - volys =

4.7
:/ din-VOlM/ <£7I/3M>-V013M
M OM
= / (f - erad h,vanr) - volaps = / f - {grad h,vgpr) - volons
oM oM
= / f'dh(UaM) -VO]@M.
oM

If one exchanges f and & in and subtracts the result of , one obtains the
second Green’s formula. O

5.4 Corollary (Subharmonic functions are constant).

Let M be a compact, oriented Riemannian manifold without boundary. Then each
SUBHARMONIC FUNCTION f € C®°(M,R) - i.e. Af <0 - is constant. This holds in
particular for harmonic functions, i.e. the stationary points f of the heat conduction
equation Af = 0.
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5.6 5. THE LAPLACE BELTRAMI OPERATOR

Proof. If we choose the function h constant to 1 in the 2nd Green’s formula ,
we get [, —Af -voly = [, df(v) - vol = 0. Because of Af <0 we have Af =0,

i.e. f is harmonic. By the 1st Green’s formula for h = f we get analogously

[5.3.1]
0 / (|gradf|2ff~ Af)'VOIM:/ | grad f|? - voly,
M \_6’ M
so grad f = 0 and thus f is constant. O

5.5 The Laplace Beltrami operator is symmetric.

What can be said in general about the Laplace Beltrami operator A := dd* +
d*d : Q(M) — Q(M) of a compact oriented Riemannian manifold M? On each

homogeneous part Q2%(M) we have an inner product by :

The operators d and d* are formally adjoint with respect to this inner product,
because

4.4
a N *f3 (a, B) - vol for a, B € QF(M)
and for a € Q=1 and B € QF we calculate as follows:

5.1

((da,ﬂ} - <a,d*,8>) vol 2 (dav, B) vol—<a,(—1)km+m+1 *d*ﬁ> vol

= da Ax0+ (—1)km+ma Axxdx 3
4.4
da A+ + (_1)’W+ma A (_1)(m—k+1)(k—1)d « 8

=danxB+ (-1 Tandxp
= d(a A *p)

- /M<da,ﬁ> volz/M<a,d*B> v01+/Md(a/\>kB).
e

=0
Thus, the Laplace Beltrami operator A = dd* + d*d is symmetric, i.e.
(Aa, B) = (a, AB)

It is also positive, because

(A, @) = ((dd* + d*d)a, o) = (d* o, d*a) + (dav, dar) > 0.
This implies

Aa =04 da=0=d"q, ie. ker(A) = ker(d) Nker(d").
The forms in the kernel of A are also called HARMONIC FORMS.

The operator A is a linear differential operator of degree 2. It can be shown to be
elliptic, see [147, 6.35 S.258], and the following lemmas apply:

5.6 Lemma.

A sequence of k-forms a,, € QF(M), for which both {||a,||? = (an,an) : n € N}
and {||A(an)||? : n € N} are bounded, has a Cauchy subsequence in the normed
(incomplete) space QF(M).

Without proof, see [147, 6.6 S.231] and [147, 6.33 S.258].
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5. THE LAPLACE BELTRAMI OPERATOR 5.8

Bach a € QF(M) defines a continuous linear functional & € L(Q2*(M),R) by
a(p) := (a, p); but not vice versal However:

5.7 Lemma.

Any WEAK SOLUTION « of Aa = v with v € QF(M) is a real solution, that is
from & € L(QF(M),R) with (v, p) = a(A(yp)) for all ¢ € Q¥(M) follows that an
a € QF (M) exists with a(p) = (o, @) for all ¢ € QF(M).

Without proof, see [147, 6.5 S.231] and [147, 6.32 S.253].
Note: Aa=7 & Vo: (y,9) =(Aa,¢) = (o, Ap) = a(Ap).

5.8 Theorem of Hodge.

Let M be a compact oriented Riemannian manifold, then the following holds:
1. dim(ker A) < co.
2. A: (ker A)* —im A is an open mapping.
3. im A = (ker A)*L.

Proof.

Suppose ker A were infinite-dimensional, then there exists an orthonormal se-

quence a, € ker A. This has by a Cauchy subsequence, which is a contradic-
tion to [|an — aml|® = flanl® + lam[* = 2.

Of course, A : (ker A)* — im A is bijective.

Claim: J ¢ V a € (ker At : |laf] < ¢||Aal (so A71 1 im A — (ker A)* is
continuous with respect to the norm).
Suppose indirectly: 3 a,, € (ker A)* with ||y, | = 1 and ||Aay,|| — 0. According

to Lemma , we may assume that «;, is a Cauchy sequence with respect to the
(incomplete) norm. So there exists

a(p) == nli_{r;O(an, ) for each ¢ € QF.

The linear functional & : QF — R is bounded, because |a&(yp)| < sup,, [{an,, p)| <
1-|l¢|l and &lker o = 0, because

a, € (ker A)*

p € ker A = a(p) = lim{ay, p) im0 =0

and furthermore &|im o = 0 (i.e. & is a weak solution of Ad@ = 0), because &(Ayp) =
limy, s o0 {tn, Ap) = limy, oo (A, ) = 0. By Lemma it is a real solution,
ie. 3 a € QO :alp) = (a,9) for all ¢ € QF. Thus a € (ker A)*, because
(a, ) = ap) =0 for all p € ker A, and o # 0, in fact even ||« = lim,, ||a,|| = 1.
But 0 = &(Ayp) = (a, Ap) = (Aa, @) for all ¢ € QF and thus Aa = 0. This is a
contradiction to 0 # a € (ker A)~.

The idea behind the proof of im A = (ker A)* is the equation (kerT)* =
im(7™) for linear mappings T between finite-dimensional vector spaces. In infinite-

dimensions, this is no longer true, but by means of ellipticity we can show it for
T := A now.

(C) im A C (ker A)+ holds, because (A« ) = (a, Ap) = 0 for ¢ € ker A since A
is symmetric.

(2) Let v € (ker A)t. We define a(Ap) = (v,p) for all ¢ € QF. Then a :
im A — R is well-defined, because Ap; = Apy implies p; — o € ker A and thus
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5.12 5. THE LAPLACE BELTRAMI OPERATOR

(7,1 —@2) =0. And & : im A — R is bounded because for the part ¢ of ¢, which
is orthogonal to ker A, we have Ay = Ay and thus by :
|a(Ap)| = |a(AP)| = [(v, V) < Iyl - 19l < e - Iyl - [[A] = e vl - 1 Aell

So @ is extendable to a ||_||-bounded linear functional on Q* by the HAHN-BANACH
THEOREM (see [85, 7.2]). This extension however is a weak solution of Aa = ~,

and thus there exists an a € QF by Lemma with (o, p) = a(y) for all ¢, so
(A, ) = {a, Ap) = a(Agp) = (v, ). Hence v = Aa € im A. O

5.9 Corollary (Orthogonal decomposition of forms).

For compact orientable Riemannian manifolds M we have the following orthogonal
decompositions:

Q=kerA®imA and imA=imd®imd*

Proof. The first direct sum decomposition was shown in . Now for the second:

(D) The linear subspaces imd and im d* are included in im A = (ker A)L because
(da, B = {a,d*B) = {a,0) = 0 and (d*«, ) = (o, dB) = («,0) = 0 for all 8 €
ker A = ker(d) N ker(d*) by .

(C) This is obvious because of A = dd* + d*d.

(®) The sum is orthogonal, because imd is normal to imd* since (do,d*S)

(d*a, B) = (0,8) = 0.

oo

5.10 Definition (Green operator).

Because of |5.8.2 | and [5.8.3], A : (ker A)* — im A = (ker A)™ is an open bijection
and, if we denote the orthonormal projection with H : 2 — ker A, the GREEN
OPERATOR G defined by G := (Alima) Lo HL : Q — (ker A)t — (ker A)L with
H* :=idg —H is the uniquely determined solution operator of A(G(a)) = H+(«)
for all a € 2.

Consequently, G is a bounded operator and - as an inverse to the symmetric elliptic
differential operator A - it is symmetric and compact.

5.11 Corollary.

If T : Q — Q is a linear operator that commutes with A, i.e. To A= AoT, then
it also commutes with G. This holds in particular to d, d* and A.

Proof. From To A = Ao T it follows that ker A = im H and im A = (ker A)+ =
im H' are both T-invariant. Thus 7 commutes with H and H, hence with G =
A~loH": In fact, T(H(z)) € ker A, T(H*(z)) € im A, and T'(H (z))+T(H*(z)) =
T(x) = H(T(z))+H(T(z)), thus T(H(z)) = H(T(z)) and T(H*(z)) = H-(T(z))).

O

5.12 Corollary (Harmonic representatives).

The cohomology H(M) of M is isomorphic to the space ker A of the harmonic
forms. More precisely, in every cohomology class there is exactly one harmonic
representative.

Proof. By we have ) = ker A @ imd ® imd*.

We claim that kerd = ker A @ im d:

(2) By we have ker A = kerd Nkerd* C kerd and imd C kerd because of
d? =0.
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(C) Let w € kerd. By we have w = wy + we + w3 with w1 € ker A, wy € imd
and w3z € imd* and thus 0 = dw = dw; + dws + dws with dw; = 0 = dwy because
of (D), and hence also dwz = 0. Since w3 € im d*, there exists an o with d*a = w3
and thus |lws]|? = ||d*a||? = (d*a,d*a) = (dd*a,a) = (dws,a) = (0,a) = 0. So
w=wi +wy € ker ADimd. O

5.13 Corollary (Finite-dimensional cohomology).

The cohomology of any compact, orientable manifold is finite-dimensional, that is,
all Betti numbers are finite.

Proof. We choose a Riemann metric on M, then H(M) = ker A by and
thus is finite-dimensional by . O

5.14 Definition (Poincaré duality).

For each compact oriented m-dimensional Riemannian manifold (M, g), the map-
ping

Q" k(M) x QF(M) — R given by (a, ) |—>/ anp
M

induces a bilinear mapping H™ (M) x H¥(M) — R, the so-called POINCARE
DUALITY.

This definition makes sense, because as — a1 = da implies as AB—a1 A = daAf =
d(a A B) £ a AdB, where df = 0 since [8] € H¥(M) = kerd/im d. Thus, according
to the Theorem [95, 28.11] of Stokes [,, as A= [,, o1 A .

5.15 Lemma.

The Poincaré duality induces an isomorphism H™~* = (H¥)* i.e. the Betti num-
bers satisfy By = Bm_k-

In [95, 29.22] we have generalized this to an isomorphism H*(M) — H™ k(M)*
for connected oriented (triangulated) manifolds M.

Proof. We first show that the Poincaré duality is not degenerate.

Let 0 # [a] € H™*. Because of we may assume that « is harmonic and
thus also d*a = 0. If we put 8 := *a, then df = d*a = £ xd*a = 0 and
Jyanpg= [, aN*a= [, (aa) vol >0, since a # 0.

Each bilinear non-degenerate map b : £ x F' — R induces an isomorphism b" : E —
F* on finite-dimensional vector spaces:

The induced mapping E > v — b(v, ) € F* is injective, because b(v,w) = 0 for all
w € F implies v = 0. So dim F < dim(F*) = dim F', and for reasons of symmetry
dim £ = dim F. Thus, the induced mapping is an isomorphism. O

Remark.

Since H* is finite-dimensional by , each inner product on H* provides an
isomorphism # : H* — (H*)*, and thus an isomorphism H™ % — (HF)* « H*
by . Using in particular the isomorphism H (M) = ker A C Q(M) and the
inner product of induced by Q(M), the above isomorphism H™~* = H¥ can
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be described as follows:

H™F x HF R H* x H*

zZm—k x 7k Tu i ker A x ker A

Qm—Fk % Ok N Om OF % QOF
Hmfk _ (Hk:)* # Hk

1R

o] ([m >—>/Moz/\,@> & v € ker A,

with /M aAB=4(7)B) = (v,Barun = /M<%5>Ak(M) volys

= /M BAxy = (=1)Fmh) /M *y A B

for all [3] € H*(M), thus [a] = (~=1)*""P[s] or [y] = (~1)F" Pxx 9] = [xal,
i.e. the isomorphism is given on representatives by the Hodge-Star operator. Note
that

A(sy) = (dd* + d*d) %
(71)1+m+m(mfk)d wdxxy+ (71)1+m+m(m7k+1) wd*dxry
(— 1)l R RO R s gy 4 (=) TR S d ey

*((71)m(m7172k)(71)1+m+m(k+1) wddr
+ (_1)m(m—1—2k)(_1)27n(_1)1+m+mkd % d*)'y
= (=1)™m=1=2k) 4 (@*d 4 dd*)y = Ay = %0 =0, for y € ker A,
i.e. * maps harmonic forms to such.

5.16 Corollary.

If M is a compact connected orientable m-dimensional manifold then H™(M) =2 R
i.e. B = 1. The isomorphism is given by integrating the representatives.

7

Compare this with [95, 29.5].
Proof. The Poincaré duality provides the isomorphism H™ = (H°)*, and H° &~ R,
by [95, 26.5.2] because M is connected. The composition of the isomorphisms
H™= (H)* =2 H =Ris [w]— [j,wAl= [, w. O
5.17 Corollary.
If M is compact, orientable and of odd dimension, then the Euler characteristic
X = Dp(—=1)* By vanishes.
Proof. Let dim M = 2n + 1 = m, then

X=Y (DB =D (-1)FB+ > (=1)"Bs

k=0

k=0 k=n+1
n

-y (—1)* Bk + . (1) "Bk =D (=) (B = Bm-r) =0. O
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5.18 Can one hear the shape of a drum? [72].

To get that very vivid problem into a mathematical formulation, let’s imagine a
drum as a bounded surface in R2. If we let it vibrate with the edge held tight, it
has certain natural frequencies that we could hear - at least with absolute pitch.
Now the question arises whether the surface is already completely determined up
to isometries by this spectrum of natural frequencies.

More generally, we can also pose this problem for arbitrary-dimensional, abstract
oriented Riemannian manifolds. Since we only want to bring them a little bit out
of the rest position, it does not matter in which surrounding space the manifold is
isometrically embedded, most easily in M x R. Now let u(z,t) be the distance of
point x € M at time ¢ from its rest position. Then, as in the usual equation of
the vibrating string (see, for example, [83, 9.3.1]), u satisfies the 2nd order partial
differential equation

2
%+Auz0with uloar =0,

where A is the Laplace Beltrami operator of the Riemannian manifold.

The usual solution method uses the separate variable approach (see [83, 9.3.2]), that

isu(zx,t) := ¢(x)-1(t). The equation then translates into %(m) = —%/(t) and thus
both sides must be constant, e.g. equal to A. Thus we are looking for eigenvalues A €

R and eigenfunctions ¢ € C*°(M,R) of the operator A : C*°(M,R) — C>(M,R).

If M is compact, all eigenvalues are real by and the eigenfunctions for different
eigenvalues are orthogonal (since A is symmetric). The eigenvalues are all not
negative (since A is positive) and can be ordered into a monotonically increasing
sequence (), which accumulates only at infinity, because otherwise an associated
orthonormal sequence of eigenfunctions by would have a Cauchy subsequence.
Using an orthonormal sequence of associated eigenfunctions ¢, € C*°(M,R), the
wave equation can be solved by means of Fourier series

u(z,t) = Z(ak cos(v/Ant) + bi sm(\/m)) - ou(),
k=0

the constants a; and by being determined by the initial conditions. The sound wave

of the manifold is then a suitable mean:
oo

s(t) = Z (ak cos(v/ Axt) + B sin(n/ )\kt)).
k=0
And so we can (in some sense) hear the \j.

This sequence (Ay) is called the SPECTRUM OF THE RIEMANNIAN MANIFOLD. For

example, it can be shown that the spectrum of S™ is the sequence (k(k+n—1))32,,
(n+2k—1)!(n+k—2)!
(n—1)k!

where each k > 0 occurs with multiplicity

It was also shown that the following things can be heard, i.e. are are uniquely
determined by the spectrum alone: The dimension, the volume, and the Euler
characteristic, and thus the genus (of a 2-dimensional manifold without boundary)

and the total scalar curvature (see | 14.13 |).

It was furthermore shown that the following Riemannian manifolds with their
canonical metric can be recognized by listening: the spheres S™, the real projective
spaces P2"~1 for n < 3, the flat torus S x S', as well as all compact 3-dimensional
manifolds with constant curvature K > 0.

However, there are ISOSPECTRAL RIEMANNIAN MANIFOLDS that are not isometric.
The first example was found by Milnor in [118] and was two 16-dimensional tori.
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Marie-France Vignéras [145, Théorethe 8, S.31] constructed 2-dimensional exam-
ples obtained as quotients of the hyperbolic half-plane modulo discrete groups of
isometries. That there are even isospectral deformations of Riemannian manifolds
has been shown by Gordon and Wilson [51]. Sunada adapted a method of number
theory in [139, Theorem 1, S.170]: Let M — My be a normal (see [92, 6.25])
Riemann covering map with finite deck transformation group G. If all conjugate
classes of G meet two subgroups G; and G5 in the same number of elements, the
total spaces of the associated coverings M; — My and My — M, are isospectral.
Building on this, Gordon, Webb and Wolpert finally constructed in [50] a surface
M with boundary, composed of 168 = 7 - 24 crosses, and on which the elements
of group SLyz,(3) of order 168 act as fixed-point-free isometries. The respective
subgroups

* % O
—

)
fint
Il
—
o O =
*
——
=
]
o
Q
®)

Il
—N
E
* * O

with 24 = 2-2-6 elements then provide two 24-fold covering maps M — M/G; =: M;
with M7 and M, isospectral but not isometric.

Factorizing the obvious isometric involution 7;
but not isometric regions in R? with corners.

An elementary geometric proof of Sunada’s theorem was provided by Buser in [22]
by constructing an isometry L?(M;) — L?(Ms,) which identifies the eigenspaces
to the same eigenvalue: Consider the following two domains in R? consisting of 7
identical triangles each. The restrictions of some eigenfunction to the triangles on
the left are denoted A, ..., G.
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A
B
Cc
D
E
F G

Now construct an eigenfunction for the domain on the right hand side by taking a
sum of these parts composed with the motion mapping the corresponding triangles
to one another. A minus indicates that one has to use a reflection as well. It is
not hard to see that the obtained function vanishes on the boundary and is at least
C! (by the property that A commutes with motions and reflections), hence a weak
solution of the eigenvalue equation, and by a true solution. This mapping is
easily seen to be injective, and similiarly we get a mapping in the opposite direction.
Hence the eigenspaces of the two domains are isomorphic.

Note, that the necessary combinations are easily determined: Lets start by putting
A on the top triangle. In order that the new function vanishes on the red hy-
pothenuses we have to subtract B. In order that it prolongs C* to the next triangle,
we have to use —A — C there. And when we prolong along the red edge to the third
triangle, we need —B + C' there. This vanishes on the blue vertex, but not on the
green one, so we have to add —D on the third, —F on the second, and —G on the
first triangle. Then the function obtained so far will be C*! on all 3 triangles and
vanish on the outer boundary edges. So we extend to the next triangle, and so on.

An even more geometric argument is given by folding the domain on the left along
the dotted lines, to get some subset of the domain on the right side. The corre-
sponding function will be continuous and vanish on the boundary, but will not be
C'. So we do this in 3 different ways and finally sum up the 3 partial functions
obtained. The resulting combination is exactly the function described above, which
is C'! also on the interior edges as seen before.
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A

B
C $ -B -A

-
-
-
‘5
-C+D -
D -
-
K

£ +E

E G +F +G .

This was also used by Berard in [8] to obtain, among others, the example of [50]
by using instead of the entire triangle an appropriate subset:

For an even simpler example, see [23,/S.3], where one uses instead of a rectangular
triangle one with appropriate;y choosen angles:
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6. Classical mechanics

6.1 Force Law of Newton.

For the force F', the mass m, and the acceleration Z, the following formula holds:
F(x)=m- &,

here and in the following we restrict ourselves to time-independent forces for the

sake of simplicity. We also set m = 1, because a general m can be absorbed in F'.

For now, let the space @ C R"™ of positions x be open. The function F : @ — R"
can then be interpreted as a vector field. Particularly important is the case when
F is a gradient field, that is, a potential U : @ — R exists with F' = — grad U. This
is a local (integrability) condition dF = 0 and a global (cohomologic) condition
HY(Q) =0 at Q, see [95, 26.5.6] and [95, 26.5.7].

Newton’s equation is an ordinary differential equation of second order. Thus can
be rewritten as a (system of) ordinary differential equation(s) of 1st order on TQ =
@ x R™ by using the velocity vector v = & as an additional variable:

T =0
0= F(x).
The simplest invariant of this DG is the Energy
E(z,v) = % + U(z),
because

%E(x, &) = (i,3) + U'(2) - & = (&, — grad(U) (@) + U'(z) - & = 0.

|&

2
mTl is the kinetic and U(z) the potential energy.

6.2 Newton’s law on manifolds.
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As we noted in [95, 14.1], a 1st order ordinary differential equation on a manifold
@ is described by a vector field £ : Q — T'Q, because the first derivative of a curve
z:R — Qis acurve £ : R — TQ with values in the tangent bundle TQ. If
(x',...,2") are local coordinates on @, then the derivations (%, e 82n) form a
basis of the tangent space T,,Q. If (v!,...,v™) are the coordinates with respect to
this basis, then (z!,...,2™; 0!, ... v™) are local coordinates of the tangent bundle

TQ, the foot point map g : T'Q) — @ is given in local coordinates by the assignment

[ L TR T I S L B
and the derivative of the curve t — z(t) € Q is given by
tes (), ..., (t); (1), ..., 2" (t)).

What corresponds to an ordinary differential equation of second order, as it is
represented by the law of force? The second derivative of a curve x : R — @
is a curve & : R — T(TQ) =: T?Q with values in the second tangent bundle of
Q. If (x',...;0',...) are local coordinates on T'Q as above, then the derivatives
(-2 ...;%, ...) form a basis of the tangent space T{, .)(T'Q) to the manifold

61;1 bl
TQ in the point (z,v) € TQ. If (y',...,y";w, ..., w") are the coordinates with
respect to this basis, (z!,...;0t, .. .5yt .. .;w!,...) are local coordinates of the
second tangent bundle T2Q, and the second derivative of the curve t — x(t) € Q
is as follows:

1 1

Z=(x, .., 8N, 2 E 2.

With respect to these coordinates on T2@Q, the foot point map mrq : T°Q —

TQ is given by (x!,...;vl, .. 59t 5wl ) = (zf,...;0h...), whereas the

derivativew Tmg : T?Q — TQ of it is given by (z!,...;0', .. 5yt 5wl ) =
(x',...;y',...). An ordinary differential equation of the second order # = X (x, &)
is therefore given by a map X : TQ — T(T'Q) which has the following appearance

in coordinates:
X(z,v) = (z4,..., 2™ 0b oot 0 X (2 0), L, X (2, 0)).

Or using the basis vector fields we have
X(z,v) = Zvi 6‘21-, + ZXi(m,v) %.
i=1 i=1

The mapping X : TQ — T(TQ) is thus a vector field on T'Q), which additionally
has the property that T'mg o X =id, i.e. the second and third components are the
same. One can also formulate this additional condition by kg o X = X, where kg :
T2Q — T?Q denotes the canonical flip which swaps the two middle components
(this is globally defined!). A vector field X on T'Q with this additional property is
called a spray. So these describe ordinary differential equations of 2nd order on Q.
For the solution curves ¢ : R — T'Q of the corresponding differential equation of
1st order on T'Q) we have therefore

4(rgoc)=TrgoXoc=idoc=c.

6.3 Variation problem.

With the philosophy that nature proceeds in a minimalistic way, one will try to
find a functional in the space of the curves whose critical points are precisely the
solution curves of the differential equation. Let’s look at the case that Q C R™ is
open. The critical points of a function I of the form
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are just the solutions of the Euler-Lagrange equation

L(x,i):%%L(x,i) fori=1,...,n

ox?
of an implicit differential equation of second order.

To see this, note that the functional

b
x s I(z) ::/ L(x(t), &(t)) dt

has exactly x as a critical point when the direction derivative d%|520 I(z + swv)
vanishes for all v (with v(a) =0 = v(b)). We calculate them now:

d ® AL . oL . .
o Iz +sv) = a—x(x(t),x(t)) ~o(t) + %(x(t),x(t)) ~o(t) dt

s=0 a

-/ (L a0y - 4 (G ®.80))) -wto) a

v [ A (P o)
- Lb(?;(x(t),z(t)) - % (gﬁ@(t),:t(t)))) ~o(t) dt + 0.

Since v was arbitrary, all components must therefore be

2L w050 - & (22wt 2 =0

For simplicity, suppose that the variables x and % are separated in L, that is,
L(z,&) = f(x) + g(&), then the Euler-Lagrange equation is:

0 d o0 . 02
527" = a9 9" = 2 iyt

j=

(&) -3 fori=1,...,n.

By comparison with the Newton equation — grad U(z) = F'(z) = &, we obtain as
simplest solution for L the terms

g(z) = @ und f(x) :=-U(x)

and thus the so-called Lagrange function
2
L(z,v) = f(z) +9(v) = '~ ~ U(2).

The time evolution is thus determined by a real-valued function L : TQ — R
instead of the more complicated object of a spray X : TQ — T(TQ). However, the
beautiful explicite second order differential equation (Newton’s law of force) has to
be replaced by an in ccordinates implicite second order differential equation (the
Euler-Lagrange equation), for which we have not developed a theory on manifolds.

6.4 Lagrangian formalism.

Conversely, let us try to obtain the vector field X : TQ — T2Q and the energy
E :TQ — R from a general Lagrangian function L : T¢) — R on a manifold Q.
The Euler-Lagrange equation looks in coordinates again as follows:

o r_d o 1 _ i 9> = 9°
o0 L= & ‘;tz‘L*E:x a;cjag'ciL+§:x o5 957 L
J J

Let’s also write the desired vector field X, in the local coordinates as:

Xp(z,0) = (2h,...;0h . 0l X (2, 0), .., X (2, 0)).
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we obtain the implicit equation

)
BﬂL_dt 8x1L Zx 8181L+ZX]616£1

for the coefficients X by substituting #* = X*(x,#). If the matrix (()8 557 )i j=1 18

invertible, we can calculate the X? by multiplying it by the inverse matrix L**:

Z Lk’i (32'i L— Z i'j 61?28xb ) Z Z Lk lXJ 393?2811 L
i J
- ZXJ 5 =
J

The vector field
X =

(89: L— ZLE OxJ Bx ) vt

defined thereby is then called Lagrange vector field to L. We still have to check if
this definition really defines something independent of coordinates. We will show
that later.

Since we can solve the implicit equation for the Lagrangian vector field only under
additional conditions, we will try to determine the simplest motion invariant, the
energy E directly from L.

2
In the special case where @ C R™ is open and L(z,v) = % — U(z), we try to
obtain the kinetic energy |v|?/2 from L. In coordinates we can do that via

v = 4 L(z,tv) =

d
E|t:1 ( E|t:0 (z,v + tv) Zv Dot L(z,v)

Thus, for a general vector bundle V' — @ and a functlon L : V = R, we define the
so-called fiber derivative dyL : V — V* of L by

drL(E€)(n) = G|,z L(E + ).

If (z!,...;0%,...) are local vector bundle coordinates of V' with basis point coor-
dinates (x!,...,2"), then
oL -
(dsL)(z,v)(z,w) = w(x,v) ~w’.

For a Lagrangian function L : T@Q) — R of a general manifold () we define the action
A:TQ —R

A(&) :==dfL(§) - € that is, A(z,v) Zv 507 L(z,v)

and the Energy ' : TQ — R as

n

E:=A— L that is E(x,v) = Zvi 9 L(x,v) — L(z,v).

ov?
=1

We can easily calculate that the energy is indeed a motion invariant, since

- oL . d 9L oL , oL -
=St S e S (5 )
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because of the Euler-Lagrange equation.

6.5 Mechanics on Riemannian manifolds.

On a (pseudo) Riemannian manifold (@, g), the Lagrangian function with respect
to a potential U : Q — R is defined in analogy by

that is, in local coordinates
v) =% Zg”(a@) vl —U(x).
4,J

The fiber derivative is obviously

dgL(§) -n=g(&n)
and thus the action is A(£) = g(&,€) and the energy is

E(¢) = 39(&,€) + U(n(¢)).

In the case of U = 0, the vector field X, is called geodetic spray. Ther
%Ej,k ag;;’“ vivk and 2L = > gij(z)v7. And thus, the matrix (%) is just
the coefficient matrix (g; ;) of the metric and its inverse (L"7) is usually denoted
(g*7), see [95, 24.2]. Furthermore, we have

A dgis
8a:k oo L= gor ng Jv! = Z Bt v’
J

So the explicit Euler-Lagrange equation (see | 6.4 ) is

_ Z ki | 1 9g;,r ,.j - j 9gi,r
- g 2 oxt G x Oz v"
i

J»r J r

_ § ki g v (1095,  Ogir
- g T (2 Ox? OxI
6,4,

_ ki jar 1l (_0gjr 9gi,r 9gi.j
- Zg Z(E 2 ( ozt + Oz + ox"
Zg )i

I I
| |
M= -
g i
&
EREN

>

This is the differential equation of the geodesics, where the I'; ;. ; are the Christoffel
symbols of 1st type and I";T are that of 2nd type, see . So the integral curves
in Q of the geodetic spray’s X, are just the geodesics, which we have also recognized
as critical points of arc length.

For a general U and an € > U(x) for all z € @, one can define a new (the so-called
Jacobi metric) g. := (¢ — U) - g. It can then be shown that the integral curves c of
X, with energy e = g(¢é(t),¢(t)) for all ¢, are up to reparametrization exactly the
geodesics of the Jacobi metric g. with energy 1.

6.6 Relationship between Lagrange vector field X; and energy FE.

It would be nice if there were a similar relationship between X and F, as it exists
between gradient and potential. In addition, let us recall that the gradient of a
potential U : @) — R with respect to a Riemannian metric g is given on @ by:

9z (grad U(z),n) = dU(x) - n for all n € T,Q,
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where dU denotes the total differential of U. So we are looking for a bilinear form
w, which fullfills

Wew(XL,Y) =dE(z,v)-Y forallY € T, ) (TQ).

Let X be the vector field on T'Q) describing the Euler-Lagrange equation for a
sufficiently regular Lagrange function L. In coordinates, each vector field X7,
which describes an ordinary differential equation of second order, has the following
form by what we have shown in :

n n
_ i 9 i G
va B JrZX (7,v) 507+
i1 i=1

For the energy we have the formula

v) — L(z,v)

according to and for its differential
= Z %E(x, v)da? + Z %E(x, v) dv?

J

= Z (Zv 2oL — ML) da?
—i—Z(amL—ka 2o L 6‘9L> dvi
—z(zvia&m; ) xuz(zvam >W
7 i=1 ]

A general bilinear form w on T'Q, i.e. a 2-fold covariant tensor field on T'Q), is given
with respect to the local coordinates (x!,...;v!,...) by:

W—Zw 895“8:1:7 ) dz’ ®dm3+z 811,81)] ) da* @ duv?

+Z avway ) dv* ®d$]+z 8w,%)dvi®dvj.

4,J

Consequently,

n

% 9 9 i 9 9 _ _
ZU w(axi’w)+ZX W(am’ax]‘) 7w(XL’ d:ci) dE - dacJ -

=1 =1
n
_Z i 9 8 1 0
- U Bad av"'L anL
=1

vaazwaw +2Xl avl’avﬂ)_w(XL’GvJ):dE'%:

n
_ i 8
= vl
=1

From the second equation we obtain by coefficient comparison

o Lol _ 90 0
W335 507) = Fo7 BT L

w((’)v” 31)J) =0.
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If we insert the implicit Euler-Lagrange equation

9 _d 9 _ i 8? j 8
507 L= a amL—E:U aw-faviL+§:X v 907 L

J J

into the first equation, we get

2 : i _
§ :”“axwaw X'w 611“8;&3)_
n
_E, 24 _}: i_ 9%
v’ aa:J av’L am ovi X Ov' OvJ L
1=1

and we are forced to put w(z~, %) =— 81)1 8UJ L and
1%} 1%} o o
w(ami ’ W) dxI vt T 9zt ovd L
In the local coordinates (z!,...;v!,...), wis given by:
_ L J
W= Z <8xj ovi ~ Bxt 81}3) da’ ® dx
,J
2 . . 2 . .
JrZ% dx' @ dv’ fzafigvj dv' ® dx’
4,J 1,J

It can thus be seen that the bilinear form w is skew-symmetric, and thus represents
a 2-form w € Q%(T'Q). Using du’ A du/ := du® @ du? — du? @ du’, it is given in local
coordinates by
w:z% da:i/\dijrz%dzi/\dvj.
2] (2]

It is even exact, because the 1-form

0= 5L dx' € QN (TQ)

has d¥ = —w as outer derivative.

However, we have not yet checked if w and ¢ are really coordinate independent.
We will also do that in .

For each spray X : TQ — T?(Q we have
oL . ] ) o oL .
= ¢ J_— J ) = T
9x = ( o d;v)(% V4 X (@) ) = DR

Globally, the defining implicit equation for the Lagrange vector field X can be
written as

tx w=dF,
where ¢ is the insertion operator (tx w)(Y) := w(X,Y).

Unfortunately, these differential forms depend on L, so we better write wy := w
and 9, := 9.

6.7 Hamilton formalism.

To get rid of this dependence of the differential forms wy and ¥; on the Lagrange
function L, we want to introduce new coordinates. Of course, the partial derivatives
Di = gﬁ suggest themselves. We simply rename the coordinates x* in the basis

manifold to ¢* := .
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The form 97, is then given in the new coordinates by

Do = p;dg’
=1

and its outer derivative —wg := d¥g by

wp 1= zn:dqi A dp;.

i=1

But we have the problem, whether the ¢* and p; really are coordinates of a manifold

(T'Q?). For this we need on the one hand, that the ap RS 8572 5+ form an invertible

matrix and on the other hand we have to determlne the change of coordinates. If
(z!,...,2") are other coordinates on @, then for the basis of TQ we have

8 dx? 9
ozt ozt OxI

J

and for the components v/ with respect to these bases

vl = ggf '
i

Furthermore,

w9 ( xI 7,€) B ozl ook oxI 55— dxI

ovt  ov ozk 4z oxk gvt - L= ozk Tt ot
Thus, for the new coordinates:

F) k
aw L= Z dv° 81} a7 Pk

k

This is not the right transformation behavior for points in the tangent space. But
comparison with the coordinate change in the cotangent bundle T*Q of the com-
ponents (11, . ..,7,) with respect to the basis (dz!,... dz") (see [95, 19.5]):

dx’ —ng dz?  und ﬁjzz%ni,
i

shows that (¢!, ...;p1,...) are just the usual coordinates of a point in the cotangent
bundle T*@Q. The transition from the coordinates (x!,...;v%,...) of the tangent
bundle T'Q to the coordinates (¢*,...;pi,...) of the cotangent bundle T*Q is given

by the fiber derivative dyL : TQQ — T*(Q, which has the representation (dsL); = oL

1701]1
with respect to the basis (%,...,6gw,)and (dzt,... dx") by ,ie
OL
deL]: (2, .. 0t ... L. :( ! ,—,)
[f] (.’B, v, )*_)(qv 3 P1, ) z, (91)1

We now show that the canonical 1-form 9y is really coordinate-independent and
thus also wy = —d¥y:

The two mappings T'nj) : TT*Q — TQ and mr+q : TT*Q — T*(Q given locally
by (¢,p,v,p) = (q,v) and (¢,p,v,p) — (¢,p). Define a mapping (rr-@,T7s) :
TT*Q — T*Q xo TQ = {(,§) : 7" (o) = w(§)}. Combined with the evaluation
map ev : T*Q xo TQ — R, (¢,p;q,v) — >, p;v’ this is exactly the canonical
1-form ¢, because

> piv' = pidg'(q,p,v,p) = Do(g,p, v, p).
i %

andreas.kriegl@univie.ac.at (© January 31, 2019 33



6.7 6. CLASSICAL MECHANICS

We see immediately that

OL
9, = 7- 5o dat = (dsL)’ (§ pida') = (ds L)
and thus also

L — —d?gL = —d(de)*’l?o = —(de)*dﬂo = (de)*wo.

So these forms are also coordinate-independent.

The energy E =), vl gULi — L :TQ — R then corresponds to a so-called Hamilton
function H : T*Q — R, defined by

HodfL:=FE

and the vector field X, now corresponds to the so-called Hamiltonian vector field
X, which is dy L-related to X defined by

XpodsL:=T(dsL)o Xy.

The equation ¢x,wr = dE turns into
txywo = dH that is, wo(Xpy,Y) =dH -Y for all Y.
This can be seen as follows:
txgwo(Tr(drL)E) = wo ((XH)(de)(x), Tx(de)ﬁ)

= wo(TuldrL) X1, Tu(dsL)S) = wi(X2,€)
= (tx,wr)(§) = dE(§) = d(H odsL)(§)
=dH g, 1)(z) - T(ds L) - &,

where T, (d¢L)¢ runs through all tangent vectors in T(fifL)(z)Q.

In terms of the coordinates (¢*,p;) we have Xy = 3, gi 8(?1' D gq}f a%iz We

have wy = Y, dq' Adp; and let Xy =", a’ 8‘2 +>, b’ . Then

aT?idPi H = 1x,wo
= Za t_o(dg’ A dp;) +Zb1 (dg” A dp;)
= Z atdp; — Z bidg’
and a coefficient comparison yields a* = —, and b* = g;{ .

The integral curves t — (q(t),p(t)) of Xy are the solutions of

OH d 5 OH
un P = ——=.
Opi b oq

Since the integral curves of Xy are the derivatives of curves in the basis ) and the
basis coordinates correspond to each other, the base curves for Xz and X, are the
same.

-7

q:
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6. CLASSICAL MECHANICS 6.8

We have A = Vo(Xp)odsL:

Yo(Xu)odsL =evo(ryp«q,Tmg) o Xy odsL =evo(idody L, Trg o T(dyL) o X1,)
=evo(dsL,T(ngodsL)o Xy) =evo(dsL,Tngo Xr)
=evo(dsL,idpg) = A

or for £ € TQ

(Vo(Xu)odsL)(€) = Vola;r-e(Xulasr-e) = Vola,re(T(drL)(XLle))
= (dyL)" (Vo) (X1le) = IL(XLle) = A(§)

We have as advantages of Hamilton mechanics that the object describing the time
evolution is a real-valued function H : T*() — R which at the same time also
represents a motion invariant and the associated (Hamiltonian) vector field Xpg
can be easily calculated from tx,w = dH.

Hamiltonian mechanics on Riemannian manifolds.

Let (_,_) be a Riemannian metric on @ and L : TQ — R the Lagrangian function
given by a potential U : @ — R via L(v) := 1(v,v) — U(w(v)). Then dsL :
TQ — T*Q is the mapping # : w — (w,_) and A(v) = (v,v). So E = A—-L =
1(v,v) + U(n(v)). In particular, if U = 0, then A = 2E = 2L and the Hamilton
function H : T*Q — R is then given by H(n) = %(nb,nb>, i.e. in coordinates by

H(, nidat) = % Zi,j gi’jm'??j-

6.8 Legendre Transformation.

To translate the Hamiltonian formalism on 7@ back into the Lagrange formalism
on T'Q, we need a description of the inverse of the Legendre transformation d¢L :
TQ — T*Q exclusively in terms of the Hamiltonian H function.

The canonical isomorphism is dfH odsL =6 : TQ — T**Q:

To see this let £ € T,Q and n € (T,Q)*. Let & € T,Q be such that d¢L - & =
deL-§+tn e (T,Q), thus & =& and = £|,_ (dL-&+tn) = &|,_ dsL-&.
Then on the one hand

(dyH odsL)(§)(n) =dsH(dsL - €)(n) = i

5| H(dsL-&+tn)

t=0
d d
= G| AL @)= | BE)
d d
= G| (A D6 = 4 drlie) & - L&)

(T(de)(ﬁo) &0+ & +dyL(&) '50) —dsL(%) - &
=T(dsL)(&) - o - o
and on the other hand

d

p (dsL-&)(&) = T(dsL) (&) - o - &o

t=0

5(&)(m) = n() =
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6.9 6. CLASSICAL MECHANICS

Assuming the invertibility of d;H we can thus recover
E = (dgH™Y)"(H),
A= (dyH )*(G) where G := 9o(Xn),
L:=A—-F and
Xp = (dyH™ )" (Xn)

6.9 Symplectic Mechanics.

More generally, instead of T%Q, one considers symplectic manifolds M, that is,
manifolds together with a so-called symplectic form w, i.e. a non-degenerate closed-
2 form w € Q%(M). We have shown in [95, 4.6] that such a manifold must be
even-dimensional, and we will further show in [87, 50.39] that one can always
locally choose coordinates (¢*,...,p1,...) so that w = > | dq* A dp;. The n-fold
wedge product of w defines a volume form

vol, :=wA - Aw

on M. In particular, M is oriented. If H : M — R is a smooth function (a so-called
Hamilton function), then X denotes the so-called Hamiltonian vector field, which
is given by the implicit equation

txyw=dH.
In local coordinates Xy is given by
_ OH 8 oH 8
Xn = _ 9pi O¢° . 9q7 Dp;

? (2

The Hamilton function H is constant along the integral curves of the Hamilton
vector field Xg:

Let t — x(t) be an integral curve, that is  : R — T*Q with &(t) = Xg(x(t)).
Then

(H o z)(t) = dHy1)(2(1)) = tx,wa(e) (E(1))
= w(Xu(x(t), 2(t)) = w(Xu(x(t), Xu(z())) =0,
is H o x constant.

The flow Fl; of the vector field X g is a symplectomorphism, i.e. leaves the symplec-
tic form w invariant, and consequently also the symplectic volume form w™ = vol,,,
ie.

(FltXH) vol,, = vol, .

Because

d * « d . e
%(Flt) w = (FI}) s . (Fly)*w = (FI}) Lxw
= (F)(txydw + dix,w) = (F1)(tx,0 + ddH) = 0,

we have that (Fl;)*w is constantly the same as (Flp)*w = w.

Not every vector field X on M is a Hamiltonian vector field. To be one, a local (in-
tegrability) condition £xw = 0 must be satisfied for X and a global (cohomological)
condition H*(M) = 0 for M, see [87, 50.40].
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ITII. Curvature und geodesics

7. Curvature of curves in the plane

In this section the central concept of curvature for plane curves is studied.

7.1 Definition (curves).

A PARAMETERIZED CURVE in an Euclidean space E is a map ¢ : I — FE, where I
is a (usually) open interval in R and ¢ is sufficiently often differentiable. For the
sake of simplicity, we always assume infinitely differentiable (in short smooth) and
sufficiently regular, i.e. at least ¢/(¢) # 0 for all t € I.

Since we are essentially not interested in the parameterization of the curve, but
more in its geometric form, we give the following definition:

A GEOMETRIC CURVE I is an equivalence class of parameterized curves, where
co : Ip - FE and ¢y : Iy — E are called EQUIVALENT, if a DIFFEOMORPHISM
@ : Iy — I (ie., ¢ is bijective and both ¢ and ¢~! are smooth) exists with

C1 0 = Cp.

Iy z > I

An ORIENTED GEOMETRIC CURVE is an equivalence class of parameterized curves,
where ¢; and ¢y are called EQUIVALENT, if a ¢ exists as above, which additionally
satisfies ¢'(t) > 0 for all ¢ (i.e., is strictly monotonic increasing).

So, an (oriented) geometric curve is determined by specifying a PARAMETERIZA-
TION, i.e. a parameterized curve in its class. Consequently, we can confine ourselves
to developing concepts for parameterized curves, but have always to make sure that
these concepts are truly geometric in nature, i.e. do not depend on the choosen rep-
resentatives(=parameterizations) and are also invariant under motions.

The IMAGE OF A GEOMETRIC CURVE is the image of one (all) of its parameteriza-
tions.

7.2 The tangent.

The TANGENT TO A PARAMETERIZED CURVE c¢ at point ¢ is the affine line ¢(t) +
R-(t).

Lemma.

The tangent is a GEOMETRIC CONCEPT, i.e. reparametrization tnvariant and also

invariant under motions.

Proof. First, we show the invariance under reparametrizations. Let (c,t) and (¢, )
be two representatives of the same point of a geometric curve, and ¢ an associated
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7.5 7. CURVATURE OF CURVES IN THE PLANE

parameter change, i. ¢ = co ¢ and ¢t = ¢(). The tangent of ¢ in ¢ is that of ¢ in ¢,
because

D) +R-&(D) = (cop)(B) + R (cop) (D) =
— c(t) + R ¢ (B) - ¢ (p(D) = e(t) + R- (1)

(useing the chain rule and R - ¢/ () = R).

Now the motion invariance: Let x — A(x) + b be a motion and (¢, t) a point of a
curve. The moved curve is then ¢ : ¢ — A(c(t)) + b. The moved tangent of ¢ in ¢ is
the tangent of the moved curve ¢, because

Ale(t) +R-(t)) +b=A(c(t)) +b+R - A(d(t)) =
— (A(e(t) + D)+ R+ (Ao )(t) = c(t) + R - /(1)
(using the chain rule (see [82, 5.5.2] or [82, (.1.9]) and A’(x)(v) = A(v) by [87,

2.1], since A is linear). O

7.3 Definition (Unit tangential vector).

The UNIT TANGENTIAL VECTOR 7(t) at a point ¢ of a parameterized curve is defined

by 7(¢) := |5E3| For well-definedness we use the regularity of the curve, i.e.
c'(t) # 0. Note that this too represents a geometric concept for oriented geometric
curves, but it should be noted that ¢(t) belongs to the (affine) Euclidean space and

' (t) belongs to the corresponding vector space.

7.4 Definition (Standard normal vector).

The UNIT NORMAL VECTOR v to a parameterized curve c in the point with param-
eter t is v(t) := 7(t)*, where for each vector z # 0 in R? we denote with x* the
uniquely determined vector, which is normal to x, has the same length as x and is
to the left of 2 (i.e. (x,2%) is positively oriented), see [87, 1.3]. So it is obtained

us

from x by a rotation with angle 3:

2\ T (0 -1 2! B 2
22 —{1 o0 22) "\ gt )
Like the tangent vector, the unit normal vector is a geometric concept for ori-

ented curves. The pair (,v) is called the MOVING FRAME of the curve. For each
parameter value ¢, (7(¢),v(t)) is a well-adapted basis for the plane.

7.5 Definition (Curvature).

Since a circle is more curved the smaller the radius r is, we want to use the reciprocal
% as a measure of the CURVATURE K of the circle. We provide it with a sign, which
is positive if the circle is positively oriented i.e. described a left curve, and otherwise
negative. A straight line can be regarded as a limit case of a circle for r — oo, and
the corresponding definition for its curvature as K := é = 0 also agrees with the
notion of non-curved.

We can calculate the midpoint M of a circle from the first few derivatives at point
s of an arc length parameterization k(s) = r(cos £2,sin £2) + M:

r T

38 andreas.kriegl@univie.ac.at (© January 31, 2019



7. CURVATURE OF CURVES IN THE PLANE 7.5

7(s) = k'(s) = £(—sin 3 , COS jE“’) v(s) =T1(s)t = F(cos = s sin i‘5) =

K'(s) = —%(cos £ sin £2) = :I:% v(s)=K-v(s) = [K'(s))=1=+K and
= k(s 7“cosﬁsmjE =k(s)+7r% k' (s) = k(s k//()
k(S)Jr%'I/(S)
v (S)

More generally, let ¢ be a curve parameterized by arc length with ¢”(s) # 0. The
OSCULATING CIRCLE at point s is understood to be the circle k which touches ¢
of order 2 at s, i.e. ¢(s) = k(s), ¢'(s) = k'(s) and ¢’(s) = k”(s). The CURVATURE
K(s) of the curve c at s is the signed curvature of the osculating circle. The center
of the osculating circle is given by the formula from above as

M = k(s) + |k’ji/(< ))|2 — o(s) + — o(s) +

Its radius is r = |c”71(s)‘ This Ansatz proves also its existence. The curve formed

by the centers of the osculating circles (which are well-defined, where |¢”| # 0) is
called EVOLUTE.
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7.5 7. CURVATURE OF CURVES IN THE PLANE

oe o9

For the osculating circle k we have: ¢”(s) = k”(s) = K(s) - v(s) where v(s) is the
unit normal to &k or ¢ and K (s) is the curvature. According to Newton’s law “force
= mass X acceleration”, K(s) measures the (scalar magnitude of the) force needed
to keep the point (with unit mass) moving at scalar velocity |¢/(s)| = 1 along the
curve.

We can therefore interpret K as the coefficient of 7 = ¢/ with respect to the second
vector v of the moving frame (7, v). If we apply a rotation R by 7/2 to this equation
7" = K - v, then we obtain

vV =(Ro7))=Ro7 =Ro(K-v)=K-(Rov)=K-(R*o7)=~-K-.
Together these two equations are the so-called FRENET FORMULAS:

T7=K-v

vV =-K-T,

expressing the derivative of the moving frame in the basis given by the moving
frame.
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7. CURVATURE OF CURVES IN THE PLANE 7.6

With ¢(s) =: (z(s), y(s)) the following explicit formula for the curvature holds

K(s) = (K(s) - v(s)|v(s)) = ('(s) [v(s)) = (T'(s)|T(s)")
= det(7(s), 7'(s)) = det(c(s),¢"(s)),

because

N 1 Y1\ _ . 7 Y ) _ 1
det(z,y) = det (562 y2> =T1Y2 — T2l = < (y2) ‘ ( - > > =(ylz™).

If, more generally, ¢ is not parameterized by arc length, ¢ — s(t) is the arc length
function and ¢ = co s~ ! is the reparametrization by arc length, then we obtain for
the curvature:

Ke(s) = det(¢/(s), &"(s)) = det (¢ (1), (¢"(8) = ¢ (1)s") b )
(s})S det(d'(t),c"(t)) + 0 =

e 11 c 1 '’
= Kl = Kefo(t) = ) LG 0),

where we used ¢ = o s, ¢ = (¢ 05)s’, " = (¢" 05)(s')% + (¢ 05)s".

We now want to show that the osculating circle is invariant under motion. For this
it suffices to show the invariance of its center

=c(s ’(s) =c(s Hlaute)
M(s) =c(s) + (52 (s) + |K(s) - v(s)]?

Let ¢ be parameterized by arc length and let ¢(t) = R(c(t)) 4+ a be the curve moved
by  — Rz + a. The curvature of ¢ is then

Ko(t) = det(¢'(t), 8" () = det (R(c'(t)), R(c" (1))
= det (R(c'(t),c"(t))) = det R - det(c/(t), " (t)) = K.(t),

since det R = +1. Thus, the curvature is invariant and therefore also the center.

7.6 Lemma (Osculating circle as limit).

Let ¢ be a curve parameterized by arc length with ¢’(s) # 0. For every three
different points s1, 82,3, let M(s1,s2,83) be the center of the circle through the
points c(s1),c(s2),c(s3) and M(s) the center of the osculating circle of c.

Then M (s, s2,83) — M(s) for s1, 82,83 — s. The same holds to the radii.

Proof of . The bisector of the line segment between ¢(¢1) and ¢(t2) is given
in normal vector form by

{z:<c(t2)—c(t1) z—w> :o}
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7.6 7. CURVATURE OF CURVES IN THE PLANE

and that between c¢(t2) and c(t3) is in parameter form given by

{C(tz) + c(t3)

. Ny (c(tg)c(t2)>L:/\€R}.

The center M (t1,t2,t3) of the circle through the 3 points c(t1), c(t2) and c(t3) is
thus at the intersection of the two bisectors, i.e. is given by

c(t2) + c(t3)

M(tl,tg,tg) = B

1L
A+ (elts) = clta))
where X is the solution of the equation

0= efta) — cftr) | LA 5 (cpty) o) — LAY

2
that is
L (et —et) [ e(tr) —eltn)
2 det (c(tg) — e(ta), clts) — c(t1)>
i.e.
ty) + c(t C(tg) — C(tl) C(tl) — C(tg) 1
M(tl,tg,tg) = C( 2) 5 C( 3) + < ’ > . (C(tg) — C(tQ)) .
2 det (c(tg,) — e(ta), elts) — c(tl))
c(t1)
Because of
clta) —e(t) _ 1 / oy it — / : _
b=t -t d(t)dt = ; c(t1+s(t2 tl)) ds
c(t1)—c(t2)  c(ts)—c(t2) 1,1
t1—ta t3—ts = / / ' (t2 + Sl(tg — t2) + 8281(t1 — t3)> s1.dsy dss
1 —t3 o Jo
we have

c(ty), c(ta), c(ts) — c(t)
C(tQ) — C(tl) C(tl) — C(tg) C(tg) — C(tg)

’ v Sl
ta —t ty —t3 ts —to
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for tq,to,t3 — t, sO

c(ta) +c(t c(t2) —c(tr) | eltr) — c(ts) 1
M (s ta.t5) = 2 5 o) < | ). (elts) = e(t2))
2 det (c(tg) — e(t), clts) — c(t1)>
_ C(tQ) + C(t3) T
2
c(ta)—c(t1) c(t1)—c(ts)
N < ta—ty ti—ts > . (C(tg,)fc(tg)>L
c(tsz)—c(ta c(te)—c(ty c(ts)—c(ta t3—t2
2det( (zg—tz( )’ (tzitl))‘(t(l_)t?’) - (taitgz))'(t(l—zfa)>
/ / L
ety + I (c’(t)) — o(t) + —— v(t).
det (c’(t), c”(t)) K(t)

7.7 Lemma (Curvature as change of direction).

Let ¢ : I — C be a curve parameterized by arc length with ¢’ : I — S :={z € C :
|z| = 1}. Let s € I and 8 : I — R for s near so be a differentiable solution of
e9) = (s). Then K(s) = 0'(s), i.e. the curvature K measures the infinitesimal
change in the angle of the tangent.

Proof. By differentiating the equation ¢’(s) = ¢(*), one obtains ¢’ (s) = i€’ (s)e?) =
0'(s)ic'(s) = 0'(s)v(s), but this is the implicit equation for the curvature, hence
K(s)=6(s). O
Summary.

The curvature of a curve parameterized by arc length can be understood as:

1. The reciprocal L = |¢’(s)| = |K(s)| of the radius r of the osculating circle, i.e.
of the circle, which best approximates ¢, supplied with the sign, which results
from whether the osculating circle is positively or negatively oriented, see .

2. The scalar value of the acceleration ¢ (s) = K(s)v(s), see | 7.5
3. The infinitesimal change of the angle of the tangent K (s) = 6’(s), according to

Lemma .

7.8 Theorem (Curvature characterizes the curve).

If K : I — R is a smooth mapping, there is, up to motions, exactly one curve which
has an arc length parameterization ¢ for which K.(s) = K(s) holds.

Proof. Let ¢ be an arc length parameterized curve with curvature K, i.e. |d'(s)| =1
for all s and K (s) = 0'(s) by | 7.7], where  is a lift of ¢ (for its existence see [87,
24.5] or [92, 6.11]), i.e. €() = ¢/(s) holds. Thus

0(s) =0(0) + /OS o' (1) dr = 6(0) + /OS K(7)dr and

c(s) = c(0) + /O d(t)dr = ¢(0) + /08 ¢ dr

where ¢(0) is the arbitrary starting point of the curve, and 6(0) is the freely
chooseable angle of the initial direction. Each two such initial datas provide a
motion which maps the associated curves into each other. Let ¢ be as defined
above. Then ¢/(s) = €?(*) that is |¢/(s)| = 1, i.e. ¢ is parameterized by arc length.
Since 6 is the lift, K.(s) = 0'(s) = K(s) holds. O
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8. Curvatures of curves in higher dimensions

8.1 Definition (Curvature and moving frame).

As a measure of the CURVATURE of a curve parameterized by arc length c¢ in the
point ¢ we take |¢’(t)|, but have now no reasonable way to provide this with a sign.

If ¢ (t) # 0, then v(t) := ¢’ (t) is called the MAIN NORMAL VECTOR of ¢ in t.

In R3, we can add the two vectors 7 (see ) and v to a positive oriented or-
thonormal basis {7, v, 8} by defining the BINORMAL VECTOR /3 as 8 := 7 x v. This
basis is called the MOVING FRAME of the curve.

In R™*! we proceed as follows: Let ¢/ (t),c”(t),...,c™(t) be linearly independent.
By the GRAM-SCHMIDT ORTHOGONALIZATION PROCEDURE we can construct an
orthonormal family vy, v1,...,v,—1 from them. (Induction is used to show that for
k linearly independent vectors ai,as,...a, a unique vector v exists in the linear
span of a1, as, . .. ay, which is normal to aj, as, ..., ax—1 and has an angle |a| < 7/2
to ai. We now augment vg, v, ...,V,—1 to a positively oriented orthonormal base
VO, Vs ey Vp1,Vn of RPTL

This orthonormal basis is called the MOVING FRAME of the curve.

8.2 Definition (Curvatures).

We now want to describe the analogue of Frenet’s formulas. For each vector v, we
have v = 377 (v} |vj) vj. So we have to determine the coeffcients (v} |v;) of v]
with respect to the basis vectors v;. We differentiate the equation (v;(s)|v;(s)) =
di; by s and obtain

(vilvi) +{vilv) =0=(vilv;) = —(uilvj).

So the matrix ({¥/|v;) )i ; is skew-symmetric. Since v; € ({¢/,...,c(TD}), we may
represent v; in the following way:

i+1

v = Z aj - )
j=1
i+1
=] = Z <a9 W) 4q;- c(j+1)) € <{c’,c”, e c(i+2)}>
j=1

Because v; is normal to ({v; : 0 < i < j}) = ({c® : 1 < i < j}), we have
that (v)|v;) = 0 for i +2 < j. In addition, obviously, (v]|v;) = 0 for all 4
and hence only immediately above and below the diagonal of the skew-symmetric
matrix ((v|v;));; may be non-zero entries.

For a curve ¢, the term (v} |v;41) =: K;41 is called (¢ + 1)-ST CURVATURE.
0 K 0 ... 0
-K; 0 K,
(Vilvi) = 0 —Ky 0
: . . 0 K,
O ... 0 -K, 0

For a curve ¢ parameterized by arc length in R?, the following holds:

K= (hlm) = (@) | 5

[e”]

) =1 = |K].
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8.3 Frenet-Serre Formulas.
For the moving frame (v;)"_, of a curve ¢ in R" ™ we have:
/
v ==K vio1+ Kiy1 - Viga,

where Ky :=0, K41 :=0, v_1 :=0 and vp41 :=0.

Proof.
n
vi=Y (vilvy) vi=(vilviea) vip + (v |vica) viey O
et e — —_———— ————
g=0 =K; — () N
for |i—j|#1 it1 =(vi_y|vi) = K;

8.4 Lemma.

The moving frame and the curvatures are geometric objects.

Proof. Left to the reader! O

8.5 Remark.

Conversely, the derivatives of a curve parameterized by arc length can be written
as linear combinations of the moving frame as follows:
d =1
" =vy =K —0
" = (K1) = Kin + Kiv) = Kjv, + K1 (Kavs — Kq1p)
= K1 Koy + Klvy — K1 ?v.

According to Taylor’s theorem, a curve ¢ can now be written as follows:

c(t) = ¢(0) + cll(?)t + 0”2(!0 )2 + CH;)(!O) 3+ O(t")
= ¢(0) + v (0)t + Mﬁ
n K1 (0)K>(0)r2(0) 4 Ki(60)1/1(0) — (K1(0))*(0) £+ 0(th)

=c(0) + <t - (Iﬁg)))zt?’) v0(0)

n (K12(0) 24 Ki6(0) t3> v1(0) + <K1(0)6K2(0)t3) v2(0) + O(t")

8.6 Definition (Torsion).

If c : R — R3 is a space curve with 7 := vy, v := 11, B := T X Vv = s, then
K = K; is called the CURVATURE and T := K> is the TORSION of the curve. The
Frenet-Serre formulas are then:

T = +Kv
vV = —-Kr7 +7p
B = ~Tv

The affine plane though ¢(0) spanned by the main normal vector v and the binormal
vector ( by is called the NORMAL PLANE, that spanned by the unit tangential vector
7 and the main normal vector v is called OSCULATING PLANE FOR A SPACE CURVE
and the plane spanned by the unit tangential vector 7 and the binormal vector S
is called the RECTIFYING PLANE.
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If 2,y,z are the coordinates of ¢ with respect to 7,7, at the point ¢(0), then

according to :

K2(0)

z(t) =t - Tts + O(th)
y(t) = @ﬁ + @t?’ +0(th
A1) = wt?’ + oY

We consider the projection of the curve to the planes spenned by the moving frame:

First the projection to the osculating plane c(0) + 3+: We get y = %tz + O,

x =t+ O(t3) and after neglecting the higher-order terms y ~ x
For the projection to the rectifying plane c¢(0) + v+ we get z = t + O(t?), 2

2K
5 -

ELt3 + O(t*) and thus z ~ 2 EL

For the projection to the normal plane c(0) + 7+ we get y = 52 + O(t3), 2
EL43 + O(t*) and thus y® ~ (53

5 -

_ 9K (KT)2t6 ~ 529K
— 27?7 62 ~ < 2T

These projections are drawn in the following 3-dimensional image:

8.7 Lemma.

The curvatures K; (1 = 1,...,n) and the moving frame (vy,..

. Vn) of a curve

parameterized by arc length are uniquely determined by the following conditions:

C(j+1):l/(gj)EK1'...-Kj-I/j

and (v1, ...

Proof.

mod <{I/o,..
K; >0 fori<n

"Vj—1>}7

,Un) 18 a positive oriented orthonormal basis.

(=) We already know (because of [8.5]) that this equation holds for j € {1,2,3}.
Suppose it is satisfied for j, i.e.

j—1

Véj):Kl.___.Kj.yj+zai1/iWithaieR,

=0

46
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8. CURVATURES OF CURVES IN HIGHER DIMENSIONS 8.9

so we have to show the claim for j + 1: For this purpose, we differentiate this
equation and, because of the Frénet-Serre formulas, we obtain

j—1
W = (KoLK V4 (KK v+ Y (ah v )
=0

= (Kl N Kj)(KjJrl *Vj41 — Kj . ijl) mod <{I/(), ey Vj}>
EKl...KjKj+1~Vj+1 mod <{V0,...,l/j}>,
because v for i < j and also K;v;_; are in the linear span of vy, ..., v;.
By construction the angle between v; and cU*D s less than 7/2 for j < n. Thus
0< <l/j|C(j+1)> = <I/j ‘ Kl '-~-'ijj+zaiyi> :Kl'...'Kj<I/j‘l/j>
i< s ——
1<) 1
and hence K; > 0 is for each j < n.

By construction the v; form a positively oriented orthonormal basis.

(<) ro, . yvja}) = (.o, cDY) for 1 < j <mand 0 < (v | cUHD) follows
recursively from

C(jJrl) EKl'...'KjI/j mod <{l/0,...,1/j_1}>

and K; > 0 for j < n. Because of the orthogonality v; is the moving frame.

Furthermore, Ky ----- K is the uniquely determined coefficient of v;, in the devel-
opment of Véj ) with respect to the basis (v, ..., v,) and thus K; the corresponding
curvature. O

8.8 Corollary.

We have KPKY ™' K2 | K, = det(d,...,c™tV) and, in particular, K, has
the same sign as det(c,.. .,c(”+1)), For space curves ¢ : I — R3, the torsion is
thus given by T = det(c/,c”, ")/ K?.

Proof. According to the rules for calculating determinants we obtain
n—1

det(c/,..., D) = det(yo,Klz/l, LKy - K+ Z awi)
i=0

n n—1 2 1
:Kl KQ ---anl Kn det(l/o,...,Vn) O]
—_———
>0 =1 because pos. orientiert

8.9 Theorem (Curvatures characterize the curve).

Let K; : I — R be smooth functions for 1 <i < mn with K;(t) > 0 for i <n and all
t. Then there is a curve in R™TL which is uniquely determined up to motions and
which parameterized by arc length has exactly the K; as curvatures.

The motto is:
“Tell me how you bend and twist, and I'll tell you who you are”!

Proof. W.lo.g. let 0 € I. First we claim: There is exactly one arc-parameterized
curve with the given curvatures and the initial conditions: ¢(0) = 0 and the standard
basis eg, ..., e, as moving frame at 0.

According to Frenet’s equation , 1/]‘ = Kj41 - vj41 — Kj - vj_1 must hold for
j=0,...,n and v;(0) = e¢;. This is a system of (n + 1)? linear homogeneous one-
dimensional differential equations and corresponding initial conditions. For such
a system there exists a unique solution (v, ..., v,) which we will show to be the
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moving frame of a curve. We assert that the v; are orthonormal for all times: We
define g;; := (v;|v;) : I — R. Then g;;(0) = ¢;;. With

gi; = (vilvi) +(vilvi) = Kiy1giv1j — Kigio1j + Kjr19ij+1 — Kjgij
we obtain again a system of (n+1)? linear homogeneous one-dimensional differential

equations and corresponding initial conditions g¢;;(0) = J;;. Again, there must be
a unique solution g;;. On the other hand, we see that d;; is a solution:
Kiv16i415 — Kidi15 + Kj110i 541 — Kjdij1 =
Ki+1_Kj fOT]ZZ+1
= —Ki+Kj+1 forz:j—i-l :0:57/;’1-
0 for |[i — j| #1

So gi; = 0ij, i.e. the v; are orthonormal. They are also positively oriented, be-
cause det(vp,...,v,)(0) = 1 and det(vy,...,v,)(t) = %1 for all ¢; So due to the
intermediate value theorem it follows that det(vg,...,v,)(t) =1 for all ¢t.
There is at most one curve ¢, which has the v; as moving frame and fulfills ¢(0) = 0,
namely: ¢(t) := fot Vo, because ¢’ must be equal to v9. Then || = |1y =1, so ¢
is parameterized by arc length. By differentiating, we obtain c(j+1)(t) = Véj ),
because of the differential equation for v;, we have

I/(()j) =Ky -...-Kjv; mod ({vo,...,vj_1})

for all j < n as shown in the proof of using the Frénet-Serre formulas only.
Thus

and

ATV =Ky - - Kjv; mod ({v,...,v5_ 1})
and hence the K; are the curvatures of ¢ and the v; from the moving frame by .

Finally, any other curve with these curvatures can be transformed by a unique
motion into a curve with (the same curvatures and) the given initial conditions.
The latter is uniquely determined by what has been said so far, so the same holds
for the former. O

9. Curvatures of hypersurfaces

9.1 Definition (Hypersurface).

A HYPERSURFACE M in R"™ is a submanifold of codimension 1, i.e. dimension m :=
n — 1. It can locally be given for example by an equation f : R — R or a
parameterization ¢ : R™ — R™.

Examples.
Surfaces in R?, spheres S™ C R™ and SL(n) C L(n,n).

9.2 The Gauss map.

In each point p € M we have exactly two normalized normal vectors to T, M
in R®. If M is oriented, we can distinguish one of these normal vectors, such
that (vp,e1,...,en) is a positive oriented orthonormal basis of R™, for one (each)
positive oriented orthonormal basis (e1,...,en) of T,M, cf. [95, 28.9]. If M is
given locally by an equation f : R” — R, the gradient grad f is a normal vector,
which we only have to normalize, cf. [95, 27.41]. Thus, there is a local (and for
oriented hypersurfaces even global) smooth mapping M 3 p — v, € §™ C R™ with
v, LTyM,ie. T,M = z/j;. A function v choosen in that way is called GAUSS MAP.
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9.3 Normal curvature.

We now want to define the curvature for hypersur-
faces. Let v, L T}, M be a fixed unit normal vector
and £ € T,M a unit tangent vector. We con-
sider the intersection of M with the affine plane
(t,s) = p+tv+ s through p and directional vec-
tors £ and v.

Let f be a local regular equation of M at p. Without loss of generality, grad,, f is
normalized and has the same orientation as v, i.e. v, = grad,, f. The intersection
of the plane with M is then given by the equation f(p +tv, +s§) =01in (¢,s). In
this implicit equation, we want to solve ¢ in terms of s using the implicit function
theorem [95, 2.2]. This is possible because of

5t limo £ (0 + tvp + 58)|s=0 = f'(P)(vp) = (grad,, flv) = 1 =1 #0.

So, as intersection, we get a local curve ¢ : s — p+t(s)vp+s€ in M with ¢(0) = p and
d(0) =&+ t'(s)vp =&, since ¢(0) € T,M. We may assume that ¢ is parametrized
proportional to arc length. The signed curvature of the plane curve c¢ defined in
, where we choose (v, §) as the positively oriented basis, is called the NORMAL
CURVATURE K (§) := Kp(§) := K.(0) of M at point p and direction £. Note that
(&, —vp) is the moving frame of ¢ in the point p = ¢(0)! A formula of K (§) is obtained
as follows: Due to c(t) € M, ¢/ (t) € ToiyM = vey™ holds, i.e. (/(t), ver)) = 0. By
differentiating at 0, we obtain: (¢’ (0),v,) + (£, T,v - €) = 0. Consequently

K(§) = Kc(0) = (¢"(0), =vp) = (§, Tpv - §)
This formula can also be used as a definition of K (&) for |£| # 1.

9.4 The Weingarten map.
The tangential mapping
L, =Tyw:T,M - T, S™ =v," =T,M

of the Gauss mapping v : M — S™ is called the WEINGARTEN MAP, after Julius
Weingarten, 1836-1910. Thus, the vector L,(£) measures the infinitesimal change
of the surface normal when moving on M from p in direction £ € T,M. By what
has just been shown

K(§) = (& Ly - §).
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9.5 Lemma.

The Weingarten map Ly : T,M — T,M is symmetrical.

First proof. Let & and & be two vector fields on M. We extend both & and v
locally around p to vector fields on R™. Because of ({1,v)|a = 0, we have

= (&,v)(p )(52( ) = (&' (p )(52( ), v(p)) + (&1(p), V' (p)(&2(p)))
= (&/(p)(&(p)), vp) + (&1(D), Lp(&2(p)))-

Thus we get

(&1(p), Lyp(&2(p))) — (&2(p), Lp(&1(p))) =
=(&'(p )(Sl(p)) &' (p)(&(p)), vp) = ([&1,&](p),1p) =0. O
———

€T, M

Second proof. Let ¢ : R™ — M C R™ be a local parameterization centered at p.
With ¢; we denote the i-th partial derivative of ¢. The ¢;(0) form a basis of T, M
fori=1,...,m

<90i(0) p (0 >

li=op(te;), Tpv - ds|s op(se; )>
tl—ow(t ei), 45 ls=ov(w(s€)))

ls=o( G le=op(tei + sej), v(p(se;)))
<dé|s Odt|t op(te +sej), V(‘P(OBJ)»
=0— (¢:,5(0), 1),

and thus is obviously symmetric in (4, j), because ¢’s mixed 2-nd partial derivatives
; ; are symmetric. Since we may assume w.l.o.g. that the ¢;(0) are orthonormal
(compose ¢ from the right with the inverse of the Gram-Schmidt orthonormaliza-
tion), symmetry for L follows. O

(&l
= (%!

4
ds

9.6 The fundamental forms of a surface.

The symmetric bilinear form II,(&1,&2) == (&1, Lp(&2)) on T,M is called the 2ND
FUNDAMENTAL FORM of M. The 1ST FUNDAMENTAL FORM is the Riemann metric,

ie I(&,n) = (&,n). We showed in that K (&) = I(&,€) holds.

9.7 Spektrum of the Weingarten mapping.

We now want to determine the extremal values of the normal curvature. Because
of the homogeneity of L, this task only makes sense if we restrict the mapping K
to the unit sphere S™~ C T, M. Critical point £ € S™~! are those for which the
tangent map T¢K : TeS™™1 — Ris 0, i.e. K'(€)(v) =0 for all v € TeS™ 1 = ¢+,
The following holds:

K'(€)(0) = s (€ + t0, € + tv) == 21(€,v) = 2(LE, v).

So L& € T, M has to be normal to all those v, which are normal to &, i.e. L must
be proportional to £&. This shows the following:

Theorem of Rodriguez.

The critical points £ of the normal curvature are exactly the eigenvectors of the
symmetric linear map L, and the eigenvalue A belonging to £ is given by

A=A, §) = (6,A8) = (&, LE) = I(&,€) = K(§),
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i.e. 1s the mormal curvature of M in direction . In the case of m = 2, the critical
points are also extremal, namely the minimum and maximum of K (&) for || = 1.
For m > 2, the critical points are not necessary extremal.

9.8 Main and Gaussian Curvature.

The eigenvalues of L are called the MAIN CURVATURES and the associated eigen-
vectors are MAIN CURVATURE DIRECTIONS. Since L is symmetric, there are only
real eigenvalues and an orthonormal basis of T}, M of eigenvectors can be choosen
(Use 0 = (Av,w) — (v, Aw) = (A — p){v,w)). Let K; be the main curvatures and
let & be an orthonormal basis of the associated main curvature directions. Then
according to Euler we have for the normal curvature

K(€) = 1(E.8) = LD (6,606, Y _(€.8)8) =
= DG ENE &) = D (6 &)K.

7

The GAUSS CURVATURE K € R at point p is the product of all main curvatures,
that is, the determinant of L.

The MEAN CURVATURE H € R is the arithmetic mean of the main curvatures, that
is - of the trace of L.

A curve cin M is called a CURVATURE LINE if its derivative at each point is a main
curvature direction.

A vector £ # 0 is called ASYMPTOTIC DIRECTION if I(§,£) = K(§) = 0. A curve ¢
in M is called the ASYMPTOTIC LINE if its derivative at each point is an asymptotic
direction.

Finally, two vectors & # 0 and & # 0 are CONJUGATED if (&, &) = 0.

A point p is called UMBILIC POINT (or NAVEL POINT) if all main curvatures are
equal, i.e. L is a multiple of the identity. Then the normal curvature is constantly
equal to the mean curvature.

If all main curvatures are 0, this is called a FLAT POINT.

9.9 Examples.

1. Hyperplane: R™ := e~ C R™. As a normal vector we use ey. The Gaussian
mapping is thus constant ey and the Weingarten mapping L = 0. So the
curvatures defined above are all equal to 0. All points are flat points and all
directions are main curvature directions and asymptotic directions.

2. Sphere: S™ = {z : || = R} C R". Here we can take v, = £ as normal in
the point x € S™. Then the Gaussian mapping is the linear mapping % id and
thus this is also the Weingarten mapping. So all points are umbilic points and
all directions are main curvature vectors with main curvature %. There are
no asymptotic directions. The Gaussian curvature is thus R%n and the mean

curvature is % .

3. Cylinder: M := {(z,t) e R™ xR : |z| = 1} C R". As normal in (x,t) € M we
can use v, = (,0) € R™ x R. The tangent space of M at this point is thus
TizyM = j’t ={(y,s) e R" xR :y L 2} and the Gaussian mapping is the
restriction of the linear mapping id ©0 to 7,,S™ ! x R. The Weingarten map
looks exactly the same. One main curvature is thus 0 with curvature direction
(0,1) and all other main curvatures are 1. The generators {x} x R are the
asymptotic lines. A curve ¢ : s — (z(s),t(s)) is a curvature line if and only if
s+ t(s) or s — x(s) is constant.
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9.10 Lemma [112].
If ¢ is a curve parameterized by arc length on M with ¢(0) = p € M and ¢'(0) =
EeT,M, || =1, the following holds:
1 (voe)(0)=Ly-€,
that is, Ly, - & measures the infinitesimal change of v along c.
2. —(c"(0),1p) =&, &) = (Lp- &, &) = K(§),
that is, the normal component of the acceleration depends only on the velocity
vector, and is the normal curvature in its direction.

m(p
3. We have —Kn(§) = Kc(0)(vm(p),ve(0)) =
K.(0) cosf, where 0 is the angle between the

c(0)=p
surface normal vy (p) and the main normal \
ve(0)/Ke(0)

vector v.(0) (or equivalent of the osculating
plane) of ¢ in p, and K.(0) > 0 is the curva-
ture of the space curve c.

4. The osculating circle to ¢ in p has its center
on the sphere around p— ﬁ(&)”M (p) through

p-
-ym(P/Km(E

Proof. is just the definition of the Weingarten map.
To show this, we differentiate 0 = (¢/(t),vas(c(t))) as in and get
~((0), v (e(0))) = (€(0), (0 )(0)) = (&, L&) =T, &) = K(©).

The result follows from because of

K (§) = (¢"(0). 121 (p) ) == (Ke(0)e0),v1s (1)) = Ke(0){ve(0),vas (0)).

According to , the center of the osculating circle (the higher-dimensional
variant of the osculating circle) is given by ¢(0) + %@VC(O). Now we consider the

triangle with vertices p, p — %I/k[(p) and p + %@VC(O). This has a right angle
at p+ %@VC(O), because by | 3 | we have

(raa(p)e0)) = -1 __Karl®

Kc(0)  Kc(0)

and thus

1 1 1 1 Ku(6) 1
v.(0), v + ———1.(0) ) = — + =0.
(0O T @+ ) =~ Eg g 0 TP
So, the center of osculating circle lies on the circle (or in reality on the sphere) of
Thales with distance from p to p — mVM (p) as diameter. O

9.11 Formulas for parameterized surfaces.

Let ¢ : R™ — M C R™ be a local parameterization of a hypersurface M. For a
point p = ¢(u) € M, a basis of the tangent space T,M = im¢'(u) is given by
(O1p(u), ..., 0mep(u)), where 0;p(u) = a?u‘ ©(u) is the ith partial derivative of ¢ at
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u, we will briefly write ¢;(u) for this. Similarly, ¢; ; will denote the second partial
derivative au?i;ujgo(u). Since ((v o p)(u), @;(u)) = 0 for all 4, we get for the j-th
partial derivative 0 = (L - @;, pi) + (v, i ), i.e. (L-pj, ;) = —(v,@; ;). If the ¢;
were orthonormal, then these are the matrix coefficients of L. In the general case,
L is also determined by all these inner products. To see sthis we need the following
lemma from linear algebra.

9.12 Lemma.

Let (g1,---,9m) be a basis of the Euclidean vector space V and T : V — V a
linear map. Let g; j = (gi, g;) and G = (g;,;) be the associated symmetric positive
definite matriz, [T) := (T}) the matriz of T with respect to the basis (s, ... ,g;),
i.e. Tg; = Zingi, and finally A the matriz with entries A; = (gi,Tgj). Then
[T] = G=1 - A holds.

Proof. By defintion, Tg; =", T]?gi, where j counts the columns and ¢ counts the
rows, and thus

A5 = (9. Tag) = (90 2 Tjor) = D om0 T] = > 00T

So A=G-[T] and thus [T] =G~1- A. O

9.13 Corollary (Matrix representation of the Weingarten map).

The Weingarten map has the following matriz representation

(L] = —(pis o)™ (v, 0i5)- O

with respect to the basis (¢1,...,%0m)

9.14 Formulas for 2-surfaces.

In particular, let now m = 2 (i.e. n = 3) and ¢ : R? — R3, (¢,5) — ©(t,s) be a
local parameterization. Then put

E = g1 = (o, 01), F:i=g12={(pt,0s), G:=goz= (s, ps)
Pt X Ps

vi= loe X @s] = Ve [9s 2 — (1, 95)2 = VEG — F2
|(pt X @s'

€= _<V7 <Pt,t>, f = _<V7 @t,s); g = _<V7 L)Ds,s>-

Here we used that the length of a vector of the form v x w, i.e. the surface area of
the parallelogram spanned by v and w, is given as follows:

v x w| = |v| - |w|-sin£L(v,w) = |v| - |w|- /1= cos? £L(v,w)

(0,0
= bl-lel 41 = G = VIP el - ()2

With respect to the basis (¢4, ¢s), the fundamental forms look like this:

[1]:(? g) and[n]:<; f).
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(F &) ()

7 1 <G —F).<e f>
EG-F2 \-I" FE f g
B 1 (Ge—Ff Gf—Fg)
T EG-F2\Ef-Fe Eg—Ff
The Gaussian curvature is thus
eg — f*)(EG —F?)  eg— f?

(
K = L = =
det (EG — F2)? G-

The Weingarten map is:

2]

as seen from K = det L = det(I""- 1) = det I / det I, and the mean curvature is

1 (GeFf * >_Ge—2Ff+Eg

EG — F? B EG - F?

2H = trace L = . Eg—Ff

The main curvatures K  are obtained as solutions of the characteristic equation

K? —traceL- K +det L =0, ie. K12 =H+VH?-K.

The main curvature directions are the corresponding eigen-vectors £ = a;p; + asps,
ie. L(§) = K;€. Thus they are determined by

0=0-(BG—F?) =det ((2) [LI(})) - (EG—F?)

— det (at (Ge— Ff)ay+ (Gf — Fg)as>
as (Ef —Fe)a,+ (Eg— Ff)as

=a(Ef — Fe)+ atas(Eg — Ge) + as’(Fg — Gf)

(lt2 —QtQg as2
=det| ¢ f e
G F E

9.15 Determinant formulas for the curvature.

We now want to determine which quantities are INTRINSIC, that is, do not change
when we pass to an isometric surface. So these are the quantities that can be rec-
ognized by a being living in the surface, without being aware of the surrounding
space. Of course, they can measure lengths and angles, and hence the 1st funda-
mental form is intrinsic. But not the 2nd fundamental form, since it is defined by
the derivative of the normal vector. So we know from the outset, of none of the
curvatures whether they are intrinsic. If we compare the cylinder and the plane, we
see that both the main curvatures and the mean curvature are not intrinsic. Now
let us show that the Gaussian curvature is nevertheless intrinsic. For this we first
need formulas for e, f and ¢ in which v does not appear:

_ _ Yt X Ps
e=—(v, <Pt,t> = - Wa‘ﬂt,t
1

1
,\/ﬁ@ot X Ps, @t,t> = *\/ﬁ det(g&t7 Ps, th,t)

and f = SR det(ps, ps, r.s) and g = S det(pr, ps, Ps.5)
I Sy L,S I Sy 8,8)"
\/EG_F2 K b g \/EG_F2 k ’
Here we have used |¢; X ps| = VEG — F? from 9.14.
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9. CURVATURES OF HYPERSURFACES 9.15

We now try to represent the Gaussian curvature solely by the coefficients of the
first fundamental form, as well as their partial derivatives. Let D := v FEG — F2.
The following holds:

KD (eg — f2)D? = (—eD)(—gD) — (—fD)2

- det(@tv Psy %;t) : det(‘pta Ps; Lps s) - (Sota Ps, Qat 5)2
= det((pr, 05, 01,t)" - (01, Ps: Ps,s)) — det((@r, s, Prs)™ - (01, @5y Pr,s))
Cipt PiPs  PiPss Cior PiPs  PiPis
=det | wipr  PY5ps  PePss | — PsPt PsPs  PePts
@:,t@t @I,#Ps %Dt tPs,s <Pt sPt ‘Pt s¥Ps ‘P;s@t,s
E F S0t> @s s
= det F G 4;057 (ps 5
<<Pt,t, <Pt> <<Pt,t, 80& <Pt ty Ps, 5
E F <,0t, Pt, s
- det F G <5053 (Pt,s>
(ts:0t) (Pts:0s)  (Pt,s, Pt,s)
E F <90t» ‘Ps,S>
= det F G <(ps7 <ps,8>
<90t,ta <Pt> <<Pt,t, 805> <<Pt,t7 %,s> - <<Pt,sa <Pt,3>
E F (@1, Pt,s)
— det F G (Ps, Pt,5)
<90t,sa <Pt> <<pt,sv L)05> 0
E F Fy — 3G, E F %E
=det | F G %Gs —det | F G 35Gi|,
%Et Fy — %Es Fi s — %(Es,s + Giy) %Es %Gt 0

because of the development formula for determinants and since

E=(pi,0t), G={(ps;0s), F={(p,5)

By =201, 0t),  Ge=2(ps,05),  Fr = (@rt,0s) + (@1, Psyt)
Ey =2pts,01), G5 =20s,5,05),  Fs = (0t,5,05) + (1, 0s.5),
Fs — %Gt = <<Pt,§05,s>, Fy — %Es = <50t,t,<,03>,

%Es,s = (Pt,5,5:Pt) + (Pt.s, Pt,s),

Fis = (Qtt,5,0s) + (Prt:Ps,s) T (Pt,500s,t) + (@1, Ps.t.8),

Fi s — %Es,s = (P15, 0s) + (Pt,t» Ps,s),
3Gt = (st Ps) + Qs Ps,t)s
Fi s — %(Es,s + Git) = (Pr,t, Ps,5) — (Ps,t Psit)-

By expanding the determinants of the above formula for K we obtain:
4(EG — F*?K = E(E,G, — 2F,G, + G4?)
+ F(EyGs — E;Gy — 2E,Fs + AR\ Fs — 2F,Gy)
+ G(E,Gy — 2E,F, + E,?)
—2(BG — F?)(Eys — 2Fys + Gra).
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A more symmetric formula for K is the following:

E E E
1 s 1 E, - F, Gy — F,
K=-——det|F F F, —(as + 0, )
4
4D ¢ ¢ a 2D D D

where again D := v EG — F?2. This can easily be verified by expanding the deter-
minant and differentiating it.

9.16 Theorema Egregium [45].

If two surfaces can be developed into one another, i.e. they are (locally) isometric,
then they have the same Gaussian curvature in corresponding points. The Gaussian
curvature K is thus an intrinsic concept, i.e. it depends only on the metric of the
surface and not on the surrounding space.

For a partial reversal, see | 11.11 |

Proof. Because of the formula in , the Gaussian curvature depends only
on the coefficients of the Riemann metric and its 1st and 2nd partial derivatives.
However, these are the same for two isometric surfaces, because for a local isometry
f and a parameterization ¢ of the range manifold, ) = f o ¢ is a parameterization
of the domain manifold, and thus the basis vector fields are T f related and hence
the coefficients of the Riemannian metric in the corresponding coordinates are the
same. O

9.17 Lemma (Jacobi equation).

If (t,s) are geodesic coordinates on M (i.e. E =1 and F = 0 for the associated
parameterization), the Gaussian curvature satisfies the JACOBI EQUATION:

(3

We will show in ’ 10.9‘ and ’ 10.10‘ that such coordinates always exist. Note that
condition F = 1 tells us that the parameter lines ¢t — (¢, s) are parameterized
by arc length and F' = 0 tells us that the other parameter lines s — ¢(t, s) are
orthogonal thereto.

Proof. The above determinant formula for K yields in this case:

1 0 —3G 1 0 0 1 1
K-G*=det [0 G 3Gs |—det |0 G 3G | =-7GG+ G/’
0 0 —1Gu 0 3G: 0

= K:—\}E@)Qm O

Since we have shown that the Gauf-curvature is intrinsic for surfaces, it suggests
that we may use the determinant formula from resp. the Jacobi identity from

to define a related curvature also for general Riemannian surfaces. For this
we will have to prove its invariance under coordinate changes, and we will do so in

[113)

9.18 Definition (Surface of revolution).
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9. CURVATURES OF HYPERSURFACES 9.18

A SURFACE OF REVOLUTION is the (hyper-)surface
which is created when a curve in the (z, z) plane
is rotated around the z axis. So let ¢ : s —
(r(s), z(s)) be this curve, which we may assume
to be parameterized by arc length. Then, the sur-
face of revolution M generated this way is given
by

M = {(r(s)z,2(s)) ER™ x R:x € S '}

So in particular, if m = 2, we can parameterize S*
by 0 — (cos#,sinf) and get a parametrization

w:(s,0)— (r(s)cosf,r(s)sinb, z(s))
of M.

We want to calculate the Gaussian curvature. The partial derivatives of ¢ are
E=r'(s)+2(s)? =1
F=0

G =r(s)?

Omne can use Dupin’s theorem [87, 52.6] to determine the curvature lines. Let

U(ut,u?) = c(u') + u? v(u') = (r(u') —u? 2/ (uh), 2(u) +u? ' (uh)),

©s(s,0) = (r'(s) cosf,7'(s) sin 0, 2’ (s)) N
©vo(s,0) = (—r(s)sinb,r(s)cosb,0)

be where v denotes the unit normal to ¢. Then
0 (ul,u?) = (ut) +u? V(u') = (1 —u? K(@uh)) 7(u') L v(u') = 0.9 (ut, u?).
Therefore, ® : R? — R3, given by

d(ut,u? u?) =
= ((r(u") = u® 2'(uh)) cos(u?®), (r(u') —u? 2 (u')) sin(u’), z(u') +u? r'(u)),

meets the requirements of Dupin’s Theorem. Thus, both the MERIDIANS s —
®(s,0,0) = p(s,0) and the LATITUDINAL CIRCLES 6 — ®(s,0,0) = ¢(s,60) are
curvature lines.

Main curvature in the direction of the meridians: A meridian is the inter-
section of M with a plane through the z axis. The normal curvature in the direction
¢ of the meridian is thus just the curvature of the meridian or the generating curve
¢ by , provided we use —v,. = (z/, —r’) for vps (see also )

That this is a main curvature can be seen also directly:

The normal vector vj; to the surface in each point of the meridian lies in this plane.
Hence, if we differentiate it in the direction of £ of the meridian, the result L¢ is
again in the plane, so it must be proportional to £. Since c¢ is parameterized by arc
length, according to we have: (r",2") =1 = K. v = K.(—2',7') and thus

7 "

Kii=K@) =K, =15 =2

2/ o
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Main curvature in the direction of the latitudinal circles: The fact that the

circles of fixed latitudes are also curvature lines, follows directly from , because

they are normal to the meridians. Using the Gaussian curvature we obtain for the
K 2 !

second main curvature Ko = K== o Conversely, Meusnier’s Theorem

provides a geometric method to calculate the second main curvature directly
and thus the Gaussian curvature:

The unit normal vy to the surface is just (2/,0, —r'), up to a rotation around the
z axis by the angle . The main normal to the circle of fixed latitude is the equally
rotated vector (—1,0,0). The curvature of the circle of fixed latitude is 1 and the
normal curvature in the direction of its tangent is therefore

9.10.3 1 /
KQ _;<(2/707 _T/)’ (_17030)> = Z?

/
z

Umbilical points: These are given by the equation K7 = Ks, that is, by —TZ—,,, =z,
or equivalent to —r"r = (2')2 = 1 — (r')2. The center of the osculating circle to
the intersection curve with the plane generated by v, and ¢y through the point
©(s,0) lies on the normal v.(s) at a distance 1/K> = . This center is (because of
similar triangles) the point of intersection of the normal with the axis of rotation.
Therefore ¢(s,0) (and thus (s, 0) for all §) is an umbilical point if and only if it
is also the center of osculating circle to the meridian ¢ at the parameter s.

For example, the only umbilical points of an ellipsoid of revolution (which is not a
sphere) are the poles.

Evolute of the ellipse
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Asymptotic directions: ¢ = £y, + €2y is such a direction if and only if
0= K(&) = (& L&) = (€' ps + 00, £ K1y + €2 Kap0)

= (€'’ K1E + (€°)°K2G + €€ (K1 + K2)F
=K1 (€') + G K (€)%

Together with

1= €% = (€', + 200, Eps + E2pp)
= E(£')’ + G(&%)* +2F¢'¢?
= (")’ + G (&%),

this system of linear equations in (£1)? and (£2)? has a unique solution if and only
if

0 # det <K1 GK?) =G (K, — ),
1 G
i.e. when K| # Ko, given by (£1)? := KZIiQKl and (£2)? := -4 KglilKl' Only for

K = K; - K3 <0 exist real solutions (£1,£2).

9.19 Example.

We consider the torus with radius A of the central core and radius a < A of the
meridians. It is generated by rotation of the arc length parameterized curve

c(s) = (r(s), z(s)) == (4,0) +a (cos (i) ,sin (5))

Consequently, K; := % > 0 is the main curvature in the direction of the meridians,
the Gauss curve is
r(s) cos(s/a)/a

K== r(s) - A+ acos(s/a)’

and finally the main curvature in the direction of circles of fixed latitude

-—E: cos(s/a) _ 1
Ky := Ky A+acos(s/a) a+ A/cos(s/a)’

Thus, the Gaussian curvature vanishes at the north and south pole-circles (s/a =
+7/2). It is positive on the OUTER HEMI-TORUS (given by |s/a| < 7/2) and negative
on the inside. There are no asymptomatic directions on the outer hemi-torus. The
POLE-CIRCLES are asymptotic lines. There are exactly two asymptotic directions

&€ =&y, + E2pg with

1
(€)? = Ky a¥AjcosG/a)  _ _acos(s/a)
1 1
K2~ K1 ayessGra o A
(€2)? = 1 K 1

T GK -K, A(A + acos(s/a))

in each point of the inner hemi-torus
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Parameterization of the inner hemi-torus by means of asymptotic lines

9.20 Surfaces of revolution with constant Gaussian curvature.

In order to find surfaces of revolution that have constant Gaussian curvature K =

—TT”(S), we need to solve the system of differential equations

"' (s) + Kr(s) =0
r(s)? + 2 (s)? = 1.

The first equation has, as a second-order linear differential equation, a 2-dimensional
linear solution space.

The case K = 0 is not very interesting, because then r”/ = 0, that is r(s) = as+b
and thus z(s) = v/1 — a? s. So the solution curve is a straight line and the surface
a cone for 0 < a < 1 and in the degenerate cases for a = 0 a cylinder and for a =1

a plane.
For K # 0, one obtains generators for the solution space via the Ansatz r(s) := e**,

resulting in A2 = — K.

First, consider the case K > 0. There s — etiVEs ig 5 complex generating system
of the solutions. The general real solution is 7 : s — acos(vV Ks) + bsin(vVKs). If
we represent (a,b) in polar coordinates, i.e. put

(a,b) =:1g (cos(—\/Eso),sin(—\/Eso))
with r¢g > 0, then
7(s) = ro cos(VEK (s — s0)).

W.lo.g., so = 0 (after a time shift) and rog > 0 (for ro = 0 the map ¢ does not
parametrize a surface). Thus,

2(s) = /05 V1 —r'(0)%do = /05 \/1 — 12K sin?(VK o)do,
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which is a Legendre integral. For 73K = 1 this yields a sphere, for 12K < 1 a
so-called SPINDLE SURFACE and for 73K > 1 a BULDGE SURFACE (german: Wul-
stfliche). These are all locally isometric (see | 11.11 |), but can not be transformed

into one another by a motion.

1
2 _ =
"R
ro lo o
Sphere Spindle surface Buldge surface

Now consider the case K < 0, then r(s) = aeV =% + be~V~K* with any a and b
is the general solution.

If ab = 0, then by mirroring the time parameter s we may assume a = 0. By a time
shift of —In(b)/v/—K we obtain b = 1/4/—K and by a stretch with factor v/—K
and simultaneous reparameterization with factor 1/4/—K the solution is then

r(s) = e °, and thus z(s) = / m do for s > 0.
0

This is the arc length parameterization of the m
traktrix. The associated surface of revolution is
called PSEUDOSPHERE.

We can determine z(s) explicitely:
0 dr ou \2 14u? 2(1 —u?)
/\/l—e 2 ds:/—\/l—r27=/— 1—(1+u2) 50 (1+u2)2du
1 —u?)? 1 4
:/wdu:/f_iudu
u(l 4 u?)? u (14 u?)?

2 1+vV1—1r2
=c+lhu+-——=c+In <H> +1—+1—12
r

14 u?
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1
=c+ 1+ Arcosh <7") —V1-r2
hence (s) = Arcosh  — = 1(
n = Ar — ) - -
ence z(s cos ) (s

In case ab # 0 we may assume a = —b or a = b: In fact, if we replace s with s — ¢,
then 7(s — ¢) = ae V- KeeV=Ks 4 pevV—Kee=V=Es and [ae VK| = [peV~Ke|
with e2vV=Ke .= ||,

The resulting surfaces

r(s) := a sinh(vV—K3s), and thus z(s) := / \/1 + 2K cosh?(vV—Ko) do;
0

r(s) := a cosh(v—Ks), and thus z(s) := / \/1 + 2K sinh®(V—Ko) do
0

are called of CONE TYPE or of THROAT TYPE.

cone type throat type

9.21 Geodesic coordinates of the Poincaré half-plane.

The POINCARE HALF-PLANE M is the upper half-plane {(x,y) € R? : y > 0}
provided with the Riemann metric g : (ds)? = y%((dcc)2 + (dy)?).

We want to find geodesic coordinates for it. In we will learn a method of
constructing them using geodesics. It turns out that the geodesics are the circles
centered on the x axis, i.e. those circles that intersect the x axis at right angles.
The circles through oo are the straight
lines parallel to the y axis. We want to
parametrize the latter according to arc
length. So be ¢(t) := (z,t). Then the
arc length is

s(t):/|c’(t)|c(t) it = %:m(t) //\\

with inverse function t(s) = e®.

As parameterization of M we now use

v (s,z) — (z,€°).

¢ (s ) = (eo é)

and for the coefficients of the metric we obtain:

625

E=g(0s,050) = 75 =1, F=9(0:0,000) =0, G =9(0p,0:0) = e .

The derivative of ¢ is thus
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Therefore by we have

1[0\’ o

The coefficients of the first fundamental form with respect to these coordinates
coincide with (G(s,0) = r(s)? = e~2%) constructed in for the speudo sphere

from , so we obtain an isometry of the subset {(z,y) : y > 1} of the Poincaré
half-plane to the pseudosphere as follows:

Poincare’s half-plane Pseudosphére
(2.9) (coz sine L (in(y)))
l I
(z,e%) 1 (e7*cosf,e *sinb, z(s))

\

(s,z) = (s,0)
Rt xR

This can also be verified by a direct calculation.

9.22 Geodesic coordinates of the hyperbolic disk.

The hyperbolic disk is, according to , the open unit disk D :={z € C: |z| < 1}
provided with the Riemann metric (up to the constant factor 4)

4
 (ds)? = —————((dz)* + (dy)?).
9+ () = e (e )

Again we want to use the method from | 10.10 | to
find geodesic coordinates.

The geodesics are those circles (and lines) which
intersect the unit circle orthogonally. We want to \
N

parametrlze the geodesics through 0 by arc length.

So let ¢(t) := (¢,0). Then the arc length is

2dt 141
/|C c(t)d—/_1n<1_t>

with inverse function #(s) = £=4 = tanh($).

As parameterization of D we use
v:(s,0)— (Q,tanh(g)) — (tanh(g) cos 0,tanh(§) sin 9).

Its derivative is

o (s,0) = cosh™?(%) - 0?52(0) —tanh(5) - sinf
’ cosh™?(%) - SIHQ(Q) tanh(%)

and for the coefficients of the metric we get:

4cosh(£)?

5 sinh?(s)
4 cosh(5)? '

E = g(0sp,0s¢) = 5

=1, F=0, and G =g(0p,dpp)=
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These are just the coefficients of the first fundamental form of a throat-type surface
for a :=1/v/2 =: —b and K := —1 with coordinates

1 s _s—isin s) and z(s) := ’ —1r'(0)2 do
rls) = 55 (€8 = e7%) = s sinb(s) and () /0\/1 (02 d

from . Thus, analogous to and [87, 54.5], we obtain a local isometry

of the hyperbolic disk with an surface of throat type and thus (as we will show in

11.11|) also with the pseudosphere.

9.23 Another description of the hyperbolic disk.

We now want to distort the hyperbolic disk by a diffeomorphism so that the
geodesics become exactly the straight lines.
This diffeomorphism should leave the disk
invariant and fix its center and its bound-
ary pointwise.

In between, we must therefore deform the
circles orthogonal to the boundary so that
they become straight lines through the
same points of intersection with the edges.
The elementary geometric consideration ho T
h(r) : 1 =1:(R+r)and R2+1 =

(R+r)? and thus R = 15:2 shows that

this is achieved in polar coordinates by

hxid: (r,0) = (+35,0).

14720
Our desired diffeomorphism is thus obtained by the following composition:
. 2
(Tve)' hxid (1+:«279)
I kart.Koord.
(v/2? 4 y?,arctan ¥) (1255 cos b, 12 sin 0)
Pol.Koord4‘A|‘
2 2
(.’Ea y) (1+x2x+y2 ) 1+x2y+y2 )
2
Note that the derivative of 7 — 1_?_7;2 is given by r +— ?fi_;g)z) and the inverse function

by f=vi=r= Vrl_’”z i r (the choice of the solution of the quadratic equation results from

2r
r< 1472

To achieve this we would have to parametrize the radial geodesics as in .

). Note, however, that in this way we do not obtain geodesic coordinates.

e
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9.24 Isomorphism of the Poincaré half-plane and hyperbolic disk.

Consider the Mdbius transformation (see [91, 2.16,2.30]) u: z — gjis, which has
the following particular values:

O— —i, +—0, 1l X1, oo+>1.

From these equations we get: d = ib, b = —ia, ¢ = —ia and finally a = d = 1/+/2
and b = ¢ = —i/\/2 because of 1 = ad — bc = 2a?, that is (when we expand with
iV2)

1z +1

z+i

Wz

It maps the upper half-plane onto the unit disk. Their inverse function is given by
w — (w+1)/(iw + 1). If we pull back the hyperbolic metric from on D to
the upper half-plane using p, we obtain the metric:

2[v| [v]

W) )
R TG " i)

This is the metric of the Poincaré half plane from . Thus, the Poincaré half-
plane is isometrically diffeomorphic to the hyperbolic disk, and with and
also the pseudosphere is locally isometric with an surface of throat type.

ol = [ (2)vluee) =

//
B(—1p 156 D(+1)
L— [ ——
Ca) £

9.25 Minimal surfaces of revolution.

We want to determine those surfaces of revolution which fulfill H = 0, i.e. have

1"

locally minimal surface area (see ) Since the two main curvatures are —=

and 27/, we have to solve the system of differential equations r'r = (2')2 = 1— (1')%.
This is equivalent to

2 "
(g) =rr” 4 (r")? = 1 with the general solution 7(s)? = (s + a)? + b

After a time shift we may assume a = 0 and thus 2r(s)r’(s) = 2s. In case b =0 we
have (after mirroring) the solution r(s) = s and z(s) = 0, a plane. The case —b? < 0

can not occur because then r/(s) = ) = 7= > | gives a contradiction.
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For r(s)? = s> 4+ b with b > 0

we get z2(s) = [J/1—1(0)2do =

S 0—2 o S b
Jo 1= Fmdo = ) fommdo
b Arsinh(s/b), that is s = bsinh(z/b) and
r = by/1+sinh®(z/b) = bcosh(z/b). So
this is just the arc length parameteriza-
tion of the catenary r/b = cosh(z/b).

-

=
ORI
RO
ASS

9.26 Definition (Minimal surfaces).

A surface is called a MINIMAL SURFACE if it is (locally, i.e. if we vary it only locally
or on a compact part) a critical point for the surface area. So we do not need to
consider the whole surface (which can be infinite), but only the part that changes.

By [83, 8.1.5], the area of a surface given by a parameterization ¢ : R? O K —
M C R3 with compact J-measurable K is

vol(M) := /K [01p x Daepl],

ie.

vol(M) = / Vi P 020 ] — (@1 0l029)? = / VEG _F?
K K

= / \/det((gi,j)i,j€{1,2})a
K

where g; ; := (gi|g;) are the coefficients of the first fundamental form with g; :=
0;p. More generally, the n — 1-dimensional volume of parameterized hypersurfaces
M C R" is given by

vol(M)Z/K det((gi,j)ij)-

9.27 Proposition, [112].

A surface is a minimal surface if and only if H = 0.

Proof. This variation problem amounts to determining the local minima of the
function M +— vol(M) := [,,volyy € R. Let the surface M be a critical point
of this functional. Each surface near M can (by definition) be represented as
{z + f(z)v(z) : © € M} with a real-valued smooth function f : M — R with
compact support. Thus, %| Ovol(M ) = 0 hast to hold, where M? is the surface
{z 4+t f(z)v(x)}. For this we have to determine %{OvolMt. We choose a local
parameterization ¢ : U — M of M with associated local coordinates (ul,..., u™).
A local parameterization of M" is then ¢’(u) = o(u) + ¢ f(p(u))v(p(u)). Locally

volpe = y/det(gf ;) du' A--- A du™,
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where
gt = (gl gl) with g i= 00" = Do+ L(0i( 0 9) - (Vo) + (fo ) - Bilv o) ).

So

tlogt = (2:F o) o)+ (fop) L)) = 4 v+ - Lig:)

(
o9ty = (o &lo9t) + (ot 95)
£ (01, LOs0)) + (L (919, 03) ) = 2 b,

and

a4\ fet(gl,) = _ det(gs) trace (<gm>1< 4l g;,p)

N | —
Q.
@D
+|| =
—
N
=
<.
N

det(gns) - (7 019) - trace ((51) 1)
=y/det(g; ;) - (foyp)-trace L

=my/det(g; ;) - (o) H.

We used that det’(A)(B) = det A - trace(A~'B). Thus

%‘OvolMt =mjf H voly,

and finally

%‘t:OVOI(Mt) = %‘t:o/ vol e :/ %‘tZOVOIJV[t :m/ f Hwoly,.
M M M

If this vanishes for all variations of the surfaces M, i.e. for all f : M — R, then
H =0 (choose f = H); and vice versa. O

10. Geodesics

We now want to solve the problem of the shortest connection paths on general
hypersurfaces.

10.1 Definition (Geodesic).

A GEODESIC is a curve in M, which is a critical point for arc length.

10.2 Proposition (Characterization of geodesics).

A curve ¢ in a hypersurface M is a geodesic if and only if for some parameterization
of ¢ the following holds: ¢ (t) € ToyM* for all t, i.e. the acceleration only serves
to keep the curve on the manifold. This parameterization is then automatically
proportional to arc length.

Proof. Let c: [a,b] = M be a curve which is w.l.o.g. parametrized by arc length.
It is a critical point for arc length, if for all 1-PARAMETER FAMILIES OF CURVES
(¢®) with s € R, the derivative % o0 L(c®) equals 0, where 1-parameter families
of curves are smooth mappings R? — M, (t,s) ~ c*(t), which satisfy ¢*(a) = c(a),
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c*(b) = ¢(b), Vs and c® = c. Let’s calculate this derivative where we put c(t, s) :=
e (t):

b b
d __ d 4] _ o 0
oo L) = oy [ ettt = [ 2] et de
a a

/VMQVAQwaiw»»ﬁ

2 | 2e(t,0)]
=1
b
:/ (&g et s), Ge(t,0) )at
b
:/ <% %‘3:0 C(t,S),%c(t,0)>dt (part.integr.)
b
= [< Selooclt,s), gc(t,0)>]
t=a
b
2
- [ (B et (800 e

b b
N _/ (n(t), " (t))dt :/ h- (", voc)®— (", ")

<0 (Cauchy-Schwarz)

Where we have chosen 7(t) := % oo C(t, s) for the last equality sign such that

(t) = h() (€ (6) = ("(0), v(e(t)) w(elt) ) € TugyM

with some smooth function A : [a,b] — Ry with h(a) = 0 = h(b). This is possible
because 7 is a vector field on M along ¢, which only needs to satisfy n(a) = 0 = 7(b).

The derivative thus vanishes for all such 7 if and only if equality holds in the
Cauchy-Schwarz inequality: (¢”,¢”) = (¢/,v o0 ¢)?, ie. ¢’(t) || v(c(t)). In other
words, if ¢'(t) € Tc(t)ML for all ¢.

Conversely, let ¢ be a parameterization which satisfies ¢’(t) € T, M*. Then,
in particular, ¢’ (¢) L ¢/(t) and thus {¢/(t), ¢ (t)) is constant, i.e. ¢ is parameterized
proportional to arc length. Thus the calculation for % |s:0 L(¢®) from above applies
to ¢ (with the exception of the last equality sign) and yields 0. O

The above question is of course a variation problem and the standart method for
solving it is that of Euler-Lagrange, see [83, 9.4.16] - [83, 9.4.18].

10.3 Examples.
1. In a hyperplane, the straight lines are obviously the geodesics.

2. Each great circle on the sphere S, i.e. the intersection of a plane through 0
with S™ is a geodesic, because the second derivative of the circle points to the
center, i.e. exactly in the direction of the normal vector to the sphere.

3. More generally, on surfaces of revolution, the meridians are geodesics and also
those latitudinal circles which are critical points for the radius (so-called EQUA-
TORS).

4. On a (hyper-)cylinder, we can also easily specify geodesics in further directions,
namely: t — (c(tcos(p)),tsin(p)), where ¢ is an arc length parameterized
geodesic on the equatorial sphere (circle) and ¢ € R.
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10.4 Proposition of Clairaut.

On each surface of revolution, the product of the distance from the axis of rotation
with the cosine of the angle between a geodesic and the latitudinal circle is constant
along the geodesic:

Radius- cos < (geodesic, latitudinal circle) = const .

Geod.

Breitenkreis

Proof. Let ¢ : t — (z(t);2(t)) € R? x R be a geodesic on M parameterized by
arc-length, i.e. ¢’(t) L T.4yM. Then (x(t)*,0) is tangential to the parallels (i.c.
circles of latitude) through ¢(t) and |¢/(t)| = 1, therefore

!/
( radius - cos <(( geodesic, parallel ) (t) =

jt(u; (1)] - cos < (xé
B %(|x(t)|' <|C/§: ||;:(t) >)

= (0. <x(?l>> + (2 (1), 2/ (1) * > =040,

because ¢ (t) € (T.)yM)* and thus ¢”(t) L (z(t)*,0). Consequently, the claimed
expression is constant. O

We have shown:
A curve c is a geodesic < V t : ¢(t) € Ty M™, i.e. the following differential
equation is fulfilled:

(t) = (" (), Ve )Very = — (€' (1), L (t))veq).-

We want to describe it in local coordinates. For this we develop the second partial
derivatives ; ; of the parameterization ¢ in the basis (¢1, ..., @m; V) of R” formed
by the partial derivatives ; := %cp(u) and the standard normal vector v:

10.5 Analogon of the Frenét equations for surfaces.
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The second partial derivatives ; ; @ u %{;uﬂp(u) of a local parameterization
have the following development in the basis (1, ..., 0m,V):

m
@i (u Z = hi (W) (u),
k=
where h; ;== — (i ;, V) = (pi, L ;) and Fﬁj are the correspondingly chosen coeffi-

cients, these are also called CHRISTOFFEL SYMBOLS OF THE 2ND KIND.

The Christoffelsymbols I‘f’j of the 2nd kind can be calculated from the CHRISTOF-
FELSYMBOLS OF THE 1ST KIND

Cijn = (pijs ox) = 5(059ik + Digrj — Ongij)

as follows:

m

=Y Tijug”™  with (6"%) = (guk) ™" and g1k == (&1, k).

Proof. In order to calculate the coefficients of ¢; ;, we first form the inner product
with v and obtain (p; j,v) = 0— h; ;- 1 for the coefficient of v. By calculating the
inner product with ¢; we get:

m

Liji = pij o) = <Z LY (w)en(u), ¢ > +0= Zrugm

k=1

Multiplying with the inverse matrix (g'?) yields:

m m

m m m
D Tijug?=> > T% ]gklglp—ZFUngzg ’p—zrk 0y =
=1 k=1

=1 k=1

The following holds:
NGij = On(pi, @5) = (Pik, 05) + (#is 05 k)-

By cyclical permutation we obtain:

0i9j.k = (Pj.i> k) + (@05, Phi)
0jGk,i = (Pr.j>Pi) + (Pr, i j)-

The alternating sum of these 3 equations is

20,50 = 2{@k,j, Pi) = Ojgki — 0igjk + OkGij- O

10.6 Remark.

Let M be a surface in R? (or even an abstract Riemann surface) and E, F, G the
coefficients of the 1st fundamental form, that is

g11 g12\ _(E F und 91’1 91’2 _i G -F
g21 922) \F G g>t ¢*?) D2 \-F E )’
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where D := v/ E G — F2. The Christoffel symbols of the 1st order have the following
form:

1

Pige s = 5 (0:(50) + 95(900) = 0n(9)) =
1

Fii1:= 3 Ey
1

Iioq1:= 3 Ey
1

Iaoq1:= 3 (2F> — Gh)
1

F12:= 3 (2F; — Ey)
1

Fi22:= 3 G
1

Iy090:= 3 Ga

And for those of second order we get:

F']Zj c=Tijag" " +Ti 00" =
F%,l t=T111 9" +T11,2 ¢!
LB Gy B oF _ GE-2FRAFE
2 D2 2’ D2 2 D2
F%,g :=T1219"" +T122 ¢
B G G -F GE-FG
2 D2 2 D2 2D?
Fé,g :=Ta21 9" + 1225 g
p GG G F 2GR -GG PG
2’ D? 2 D? 2 D?
F%,l i=T111 9" +T112 9>
_ B\ F . Fa B FE42EF _EF
2 D? ') p2 2 D?
F%,g :=T1219"%+T122 9>
By -F G E -FE+EG
2 D2 2 D2 2 D2
F%,g :=T9219"%+T225 ¢g*?
G, —F Gy E —2FF+FGy+EG,

2t ;T 5D?

= (Fy —

10.7 Local Geodesic Equation The differential equation for geodesics ¢ := pou
with local representation u(t) = (u'(t),...,u™(t)) looks in local coordinates as
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follows:
B dp  du’
o - out dt

c(t) = (pou)(t) = ()

P dut du? Oy d*u
/!

t) = L .

= ) Z ’ outous dt  dt + out  dt?

dut du? d2u®
ey ZFZJ%TZJFT; o +R v, by [10.5].
— | 4=

Z7J
Hence c is a geodesic, i.e. ¢’(t) € T, M*, if and only if
d*u Nk du’ du?
() + ‘Z Tig(u(®) - —- () —=() =0 fork=1,....m.

,j=1

or for short:
i+ TFutid =0,
i,J

where 7% denotes the derivative ¢ — %(t) with respect to time ¢. This system of
ordinary differential equations of 2nd order has locally a unique solution for given

initial data «*(0) and ddi:(O).

10.8 Lemma. The exponential mapping.

For each x € M and & € T, M there exists a unique geodesic c¢ : I — M with
maximal interval I C R of definition, and with constant scalar velocity and initial
conditions c¢(0) =z and c(0) = &.

If one now associates to & € TM the value ce(1) of the geodesic ce with initial
condition &, then the result is called exp(€). The exponential function exp is defined
on an open neighborhood of the zero section M in T M. It is smooth there, has values
in M, and exp,, := exp|r,a : T M — M satisfies exp,(0,) = x and Ty, (exp,) =
idr, vr. The geodesic c¢ with initial value & is then given by c¢(t) = exp(t§).

it
&

The reason for the notation “exp” is that for M := S* € C with TM = {(z,tx") :
lz| =1, t € R} = S x R, the exponential map is given by exp(z,txt) = ze'l.
Proof. The local formula in for the geodesic equation shows the existence and
uniqueness of a maximally defined geodesics c¢, as well as its smooth dependence
from the initial value &, i.e. there is an open neighborhood V of 0 in T, M and a
d >0, s.t. ce(t) exists for all § € V and [t| < 0, and (¢,§) — c¢(t) is smooth.

Another way to see this for hypersurfaces without using local coordinates goes as
follows:
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If ¢ is a geodesic then ¢ (t) = A(t) - v.(y) holds, where
At) = (" (1), w(c(t)) = ((t ) (voc)(t) = —(c, Lod)(t) = —K(c'(2)),

i.e. ¢ is a geodesic & ¢’ = —(,(voc))(voc).

If we choose a local equation f for M, then v = Ingde grad f makes sense not only
on M but also locally in the surrounding R™. Thus, the above geodesic equation is
a 2nd order ordinary differential equation on R™ and hence has, for a given initial
condition for ¢(0) and ¢/(0), a unique solution ¢ : I — R™ which smoothly depends
on the initial data. In particular, there is an open neighborhood V of 0, in TM
and a 0 > 0, s.t. ce(t) exists for all £ € V and [¢| < 4, and is smooth in (¢, ).

It still has to be shown that the curve ¢ stays in M. Since (¢/,voc) = (¢’',voc)+
(¢, (roc)) =0is valid for a solution, (¢, oc) is constant equal to (c¢(0), ve(0)) =
(&,vy) = 0. Thus

(f o 0)'(t) = (grad.q) f,c'(t)) = | grad.q f| - (veq), ' () = 0,
So f ocis constant equal to f(c(0)) = f(z) =0, i.e. c(t) € f71(0) = M.
If c¢ denotes the geodesic with initial value ¢/(0) = &, then for ¢t € R the curve
s + c¢(ts) is the geodesic with initial value %L:O ce(ts) = tcp(0) = t&, ie. the
following homogeneity relation holds:
celts) = cres).

Let now & = dn € U := 6V, then ¢,(8) = cs5y(1) = ce(1) =: exp(§) exists and
is smooth with respect to {. Thus ¢t + exp(t&) = c1¢(1) = ce(t) is the geodesic
with initial value ¢, and furthermore, exp(0;) = ¢, (1) = z and Ty, exp, £ =

Sloexp.(t8) = ], celt) = &. O

10.9 Geodesic polar coordinates.

We can now show the existence of local coordinates ¢ with £ =1 and F' = 0 on
each Riemann surface.

Because of Ty, exp, = idr, p, the mapping exp, is a local diffeomorphism from
T,M to M and so we have a distinguished chart exp, centered at z. In order to
describe it in coordinates, we choose a unit vector v € T, M and one (of the two)
normal vector(s) v+ € T, M and consider polar coordinates

(r,9) + 7 - (cos(d) - v + sin(d) - v1)

=:0(9)

to get a parameterization (for r # 0)
¢ : (r,9) — exp, (rv(¥)) with ¢(0,9) = .

Thus, t — (¢, ) = exp, (tv(1})) is the (according to |v(#)| = 1) arc length param-
eterized geodesic with initial value v(¢) € T,, M, a so-called RADIAL GEODESIC and
we have:
= “pr‘g = |U19|2 =1 = <(pra(pr,19> - 0}
=

Pr,r 1 TM = <<p7*,ra <)0’l9> =0

0
= F.= E«pra <P19> = <<)07',7'3 <P19> + <907-7 9019,T'> =0.

In addition, ¢(0,9) = x and thus ¢y(0,9) = 0, hence F = (@, (r,¥), py(r,9)) =
(pr(0,7),p9(0,9)) = 0. Finally, G = {(py,py) > 0 and locally vanishes only for
r=0.
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Geodesic polar coordinates of Poincaré’s half-plane

The closed curves ¥ — ¢(r,9) are called GEODESIC CIRCLES with radius . These
are of course in general not geodesics!

Examples of geodesic polar coordinates.

10.10 Proposition. Geodesic parallel coordinates.

443343333343333

Sphere

:5 :: Torus

Paraboloid

Hyperbolic paraboloid
One-sheet hyperboloid
Two-sheet hyperboloid

Helicoid
Catenoid

Ennepers surface
pseudosphere
Mobius strip

Plueckers cone

Sherks surface
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The coefficients of a Riemann metric have locally
the form E =1, F =0, and G > 0 if and only if
t— @(t, s) are arc length parameterized geodesics
which intersect curves s — (t,s) orthogonally.
In particular, the length of the segments of these
geodesics from t =ty tot =ty is to —tq, and thus
is independent on s.

For each regular curve ¢ : R — M, unique lo-
cal coordinates ¢ exist having the above properties
and satisfy v(0,s) = c(s).

For a geodesic circle ¢ these are just the geodesic polar coordinates from .

Proof. Existence: For this, we choose a unit vector field £ along ¢, which is
normal to ¢ and define a map ¢ : R* — R? by ¢(t,5) := exp.)(t§(s)). Then
©(0,5) = c(s) and t — @(t,s) is arc length parameterized geodesic with initial
vector £(s). So ¢s(0,s) = /(s) # 0 as well as (0, s) = £(s) and thus ¢ is a local
diffeomorphism.

Since t — ¢(t, s) are geodesics, as shown in the proof of , E=g11={p,p1) =
1 and F; = 0. Because of F(0,s) = g1,2(0,s) = (£(s),c(s)) = 0 we obtain F' = 0.
Conversely, if £ =1 and F = 0, then according to (see also )
GE,—-2FF,+FFE —-FFE1+2FF —FE
I, =-"— LT g nd I3, = s ! 2 —0.

2 D2 2 D2
Thus, curves u!'(t) := t and u? = const satisfy the geodesic equation (see

also )7 are parameterized by arc length because of £ = 1, and due to F' =0
intersect the curves with constant u' orthogonally. O

10.11 Lemma.

If p : R2 D U — M is a parameterization by
geodesic coordinates, then each curve of the form
wou with a curve w in U which connects (t1, 1)
with (ta,s2) is at least as long as each geodesic
t— o(t,s) fort € [t1,t2] and fized s.

See | 13.11 | for the generalization of this to Rie-

mannian manifolds.

This result shows that certain geodesics are mini-
mal among all sufficiently nearby curves. Globally
this is not true, as an arc of a great circle on the
sphere of length greater than 7 shows.

Proof. Let s be fixed, co(t) := (¢, s) and ¢ (1) := ¢(u(7)) with u!(r;) = t; for
i € {1,2}, then

Le) = [ @)+ G dr >

Z»/
T1

dul
@ |dr 2

T2
/ %’de\ = |u'(2) —u' ()| = [t2 = t1] = L(co)

1
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2

and equality holds if and only if u! is monotone and % =0, i.e. u* is constant. [

11. Integral theorem of Gauf3 - Bonnet

The following geometric formulas for the Gaussian curvature hold:

11.1 Theorem (Gaussian curvature as deviation of the measures of cir-
cles).

Let geodesic polar coordinates ¢ be chosen at x € M. With L(r) we denote the
length and with A(r) the area of the interior of the geodesic circle ¥ — o(r,9).
Then

1. K, = 2limo 2rm=L()  Bertrand & Puiseauz 1848

TS
2. K, = 2lime o ZAD  Diguet 1848

The Gaussian curvature thus measures infinitesimally by how much the circumfer-
ence and the area of a geodesic circle, is too small compared to an Fuclidean circle
with same radius.

Proof. Geodesic polar coordinates ¢ are given by by o(r, ) = exp, (rv(1))
with v(19) = cos(d) v+sin(d) v+. We already know the following about v/G := |@y]:
The function G' = |py|? is smooth and vanishes only for r = 0. So also v/G is smooth
for r # 0 but not necessarily for » = 0. However, we have to study the behavior

at 0. For this we use the Jacobi equation Kv/G + (%)2 VG = 0 from . The
Taylor formula of order 1 with integral remainder (see [82, 6.3.11])

f(2) = £(0) + F(0)(a) + / (1= )" (1) (z, )t
gives
o(r,9) = exp, (r o(9))

— exp, (0) + exp’, (0) (r v(9)) +/ (1 — £) expl’ (tr 0(9))(r v(9), r (D)) dt
=z =id 0

=x—|—r1}(19)—|—r2/0 (1 —t)expl(trv(0))(v(I),v(d))dt,

=:g(r,9)

where ¢ is a smooth R™-valued function. By partial differentiation with respect ¢
we obtain:

po(r,9) =7 (1/(19) +r 3%9(7", 19))

and thus for r > 0

VG, 9) = lps(r,d)] = r \/Iv’(ﬁ)\2 +2r (v ()| F59(r,0)) + r2( 5 9(r,0) | 55 9(r, )

is smooth (because of |v/(¢)] = 1) and in particular for the right-sided derivative
at 0 we have

lrco/G(r,0) =0+ 1.
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By taking the limit for r \, 0 in the Jacobi equation we obtain

(%)2 lr=0V/G(r,¥) = —K(2) v/G(0,9) =0 and by differentiating

3
88:,/3@(Ta J) = _[“)(;/TE K-VG %—]:, and furthermore
VG
53 (0,0) = —1K(z) +0
The Taylor formula of order 2 with integral remainder (see [82, 6.3.11]) thus gives
1142583
\@(7‘719) =0+r+0+ / $ Qlt) 88;/36(”,?9) rdt
0 .

. VG(r,9) —r ) L1 -2 93V/Ga
g, P = iy, [ ST )
VG L1 —t)? 1
=3 (0,0)/0 S dt=—K(@) 5.

Thus, because of L(r) = fo% loo(r, )] dY = fo% VG(r,9)do
2m 2 9
K(z) = 3 K(x) 19— tim 3 r-yenv) Vf(r’) a0
r

T Jo 6 r=0+ 1 Jg
3 2rm—L

= — lim ' 3 (r)
T r—0+ T

For the area we obtain, according to the rule of De L’Hospital (see [81, 4.1.18]),

an == [ [T Ve,
27
= A(r)= /o VG(r,9)dd = L(r)

r?m — A(r) I 2rm — L(r)

= lim ——= = lim =

1
r—0+ rd r—0+ 43 4 3

11.2 Christoffel symbols in geodesic coordinates.

We choose a geodesic parameterization ¢ on M, ie. £ = 1 and F = 0, with
associated local coordinates (r,9) = (u!,u?). Then, for the coefficients of the
Riemann metric (see also ) we have:
gi=FE=1 ght=1
Gr2=g20=F=0 g =g =0
g22=G>0 9 =¢.
For the Christoffel symbols of the first kind the result is (see ):
P22 =355
[ipo=Ts10=13%
Tyo1=—3%2

Tijkx=0 for all other ¢, j, k.
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11.4 11. INTEGRAL THEOREM OF (GAUSS - BONNET

For those of the second kind:

F%,Q = _%%
Fiz = F%,l = %%
Fg,Q = %%’Y
Ff,j =0 for all other 1, j, k.

A geodesic must therefore satisfy the following equations (see ):

2,1 2
d +F22du du =0

dt dt
e 2o+ e S =0
By inserting we get:
d2 1

2
d?v? | 1 8G du' 1 3G ( du® _
@ T Gor dt t +2G619 dt =0.

11.3 Geodesic curvature, a special case.

Let (u',u?) = (r,9) be local geodesic coordinates as in . For an arc length pa-
rameterized geodesic t — u(t) = (ul(t),u%(t)) = (r(t),9(t)), let the angle between
it and the radial geodesics u?=constant be denoted by O(t), i.e.

dr(t) o dﬁ(t) a dr(t) _
cos O(t) = —< dt or T —at o9 3r>_ G = apu

Thus we get

cos O(t) = —sin O(t) d%t).

G (du )2 2yl d

1
2°0r \dt Ttz dt

On the other hand, due to |u’|—1—| -, \aﬁ\—\/@and J_égr,

sin O(t) = vol(Z, /(1)) = vol (£, 4l 2 4 d0(t) oy

Finally we get

190G (dv9)? /A dd dO
2°or (E) = —sinO(t) 42 @ = VGG
ie de _ _ VG dy

A or dt’

or if we may reparametrize the geodesic by :

do _ _ oG

a9 — " or -
11.4 Theorema elegantissimum of Gauss.

Let A be a geodesic triangle in M - i.e. its sides are geodesics - with interior angles
«, B, and . Then

/KV01M=a+ﬂ+’y—7T.
A

In particular, for the plane, this gives the proposition that the sum of angles in any
triangle is 180 degrees (i.e. ).
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11. INTEGRAL THEOREM OF (GAUSS - BONNET

Proof.

For the time being we assume that the geodesic
triangle is contained entirely in the image of geo-
desic polar coordinates ¢ around the vertex C.
The edges a and b correspond in polar coordinates
to two straight lines through 0. And we can choose
the 0 direction to be the tangent to b. The edge
c can then be described in polar coordinates by
an equation of the form r = r(¢) with ¢ € [0,7].
Note that ¢ can nowhere be tangent to a radial
geodesic, otherwise it would be one. Let ©(9) be
the angle between % and ¢. Clearly ©(0) = m—«
and ©(y) = 8. Thus

/ K voly :/ ©* (K voly) = by
A =1(A)

= — L NG \/Gdr AdY =

/w(m Ve o
yor@)

:/O O —ONG(r,¥)drdd = by the proof of [11.1], cf. [11.11]
2l

:/O 1— &G (r(9),9) di) = byl 11.3]

:/071+fgw)dﬁzwem)—@(o)=7+ﬁ—(7r—a).

For general geodesic triangles, the result follows, by dividing them into smaller ge-
odesic triangles: If we add up the results for the sub-triangles, we get [ A K voly
on the left side and the sum of all interior angles on the right - i.e. the sum of the
angles at the original vertices plus 7 times the number of remaining vertices on the
boundary plus 27 times the number inner vertices - reduced by 7 times the number
of sub-triangles.

Since every division of an inner edge
divides the two bounding triangles
into 4 triangles, and every division of a
a boundary edge divides the bounding
triangle into two, the following holds:
+2 The sum of the vertices on the bound-
ary (without the original 3 vertices)
plus twice the sum of the interior ver-
tices is the number of triangles minus
1. Thus, this combination of 7’s pre-
cisely gives —m and the formula also
holds in the general case. O

+1

If a, b and ¢ are the lengths of the edges of a geodesic triangle A and &, 8 and 7
are the angles of the Euclidean triangle with the same lengths, then
vol(A)

—dZTK+0(a2+b2+C2)

and analogously for the other angles, see [12, 10.5.5.6 S.387].
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11.5 Corollary. Global version of Gauss-Bonnet.

Let M be a compact oriented Riemann surface. Then

1
—/ K voly = x(M) =2 —2g.
2T M

Proof. We decompose the surface into small geodesic triangles. Then, for the
Euler characteristic according to [95, 26.5.10] we have:
X(M) = #vertices — #edges + #triangles.

Since each triangle is bounded by exactly 3 edges and each edge belongs to exactly
two triangles, we have
3 - #triangles = 2 - #edges
and thus
x(M) = #vertices — % - triangles.

On the other hand

K voly = /Kvol
K vl =3 [ € ol

= Sum of all interiour angles — 7 - #triangles
= 27 - #vertices — 7 - #triangles
=27 x(M).

The second equality x(M) = 2 (1 — g) was shown in [95, 26.5.9], where g denotes
the genus of M. O

If K is constant, then vol(M) = 4r+(1 — g) follows.

11.6 Corollary.
Let M be a compact connected Riemann surface, then:

1. If K > 0 is not constant 0, then x(M) = 2, i.e. M is diffeomorphic to the
sphere S%, or x(M) =1, i.e. M is diffeomorphic to the projective plane P2.

2. If K =0, then x(M) = 0, i.e. M is diffeomorphic to the torus or the Klein
bottle.

3. If K <0 is not constant 0, then x(M) <0, i.e. M is diffeomorphic to a sphere
with at least 2 handles or at least 3 Mobius strips.

Proof. If M is not oriented, then we pass to the orientation covering M°" with
X(Me") = 2x (M) (see [95, 29.5]). We can then read off the Euler characteristic
from and, in particular, there are points p € M with sgn(K (p)) = sgn(x(M)).
The statements now follow from the classification theorem [95, 1.2] for compact
orientable surfaces (i.e. spheres with g > 0 handles, where x(M) = 2 (1 —g) by [95,
26.5.9]), and that for non-orientable surfaces [95, 1.4] (i.e. spheres to which g > 0
Mébius strips are glued, where x (M) = 2 — g by [95, 26.5.9]). O

We now want to generalize the integral formula of Gauss-Bonnet to polygons with
non-geodesic edges.

11.7 Remark.

We choose geodesic coordinates ¢ on M, i.e. E =1 and F' = 0. Thus, e; := ¢,
ey = %@2 is an orthonormal basis. Let ¢ — u(t) be the local representation of an
arc length parameterized curve c. Let 7 be the unit tangent vector and £ a tangent
vector of M which is normal to 7. Finally, let K4(t) := (¢ (t),£(t)) be the geodesic
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11. INTEGRAL THEOREM OF (GAUSS - BONNET 11.9

curvature, cf. [87, 55.3]. Note that K, = 0 holds if and only if ¢’ (t) L T,4)M, i.e.
c is a geodesic.

Lemma.
There is a function © : R — R with

7(t) = cos(O(t)) e (u(t)) + sin(O(t)) e2(u(t)),
unique up to 2wZ, and the following holds:

Ky(t) = O/(t) + 2/G du?

This is a generalization of the corresponding formula K(s) = ©'(s) in for
planar curves and also in for geodesics c.

Proof. Asin [87, 3.9], the existence and uniqueness of the function © holds. Then
§(t) = —sin(O(#)) er(u(t)) + cos(O(t)) e2(u(t))  and
7'(t) = /(1) £(1) + cos O(t) Frea(u(t)) + sin O(t) Fea(u(t))

From (e;,e;) = 6, ; it follovvb that <dt6“63> + (e, %eﬁ = 0. If we now insert the
representations for 7/ = ¢’ and for £ in the formula for the geodesic curvature, we
obtain:

Ky = (1',&) = ©' (£,€) 4 cos® O(Leq, e2) — sin® O(Le, e1)+
+Sln@cos@(<dt62,€2> <;t61a61>)

=0
=0 + <%€1,€2>
and furthermore
1 2
(Lei ey) = <901,1dd% + 1% %¢2>
-1 (r dut T du? 1 9G du® _ VG du?
= 27 Tl VG or di — or df
and thus
VG d
Ky(t) = O/(t) + &G du?, O

11.8 Definition (Turning number)

Let ¢ : [0,27] — R? be a closed regular curve. Then we call U(c) := Wy(c') =
L [ 4z (see [87, 4.2]) the TURNING NUMBER of the curve.

2mi Je z

11.9 Umlaufsatz of Hopf, 1939.
If ¢ is a simply closed curve, then U(c) = £1.
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Proof. Let c: [0, L] — R? be parameterized by arc length.

We consider s
_ c(t) —c(s) ¢ (0
) = o) ’

with domain an open triangle

' —c (0
D:={(t,s):0<s<t<L} ¢ <) elle )
This I' can be continued to the closure D: D
This is obvious on the catheti {(¢,0) : ¢t € , o t
10, L[} and {(L,s) : s €]0, L[}. ¢ (0) ﬁ = 0)

On the hypothenuse {(¢,t) : t € [0, L]}, this is done by the following formula:
[(r,r) = lim T(t,s) =c'(r),

s,t—r

because v : R x R — R? defined by
1
t .
Ats)i= [ s+ (0 9pyp = D=L
0 t—s

is continuous and limg ;. y(t, 5) fo (r+ p(r —r))dp = ¢/ (r). Furthermore,
’Y(t? S) i (t B 5) — ’7(ta S)
y(E,s) - (E=s)]  [v(ts)]

/
thm F(t S) — thm ’Y(iv 5) _ CI(T)
N ot s)l e )]

'(t,s) = sgn(t — s)

For the vertex (L, 0):

lim (¢, 5) 2222 Jim T(L — ¢/, 5) St loperiodisch
t /L t/\o
sN\0 5N0
1 ’Y<_t/a S) ’ ,
= lim F(—t/7 S) = lim ———% Sgn(_t _ S) = ¢ (0)
t',s\0 t',5\0 |’Y( )‘

So we put I'(L,0) := —¢/(0) and obtain a continuous continuation of I' to D.
We consider a straight line parallel to the x-axis, which touches ¢, such that c lies in
the upper half-plane. Let 0 be a parameter for which ¢ touches this line. W.l.o.g.

let ¢/(0) = ((1)) Since I' restricted to the hypothenuse is the curve ¢/, which by
virtue of I" is homotopic to I' restricted to the catheti, it follows that

87, 4.6
U(e) = Wo(c) = Wo(Tlnyposhennse) Tt Wo(Tlcashers)
1 2m
- %((W—OH((HW)— (o+7r))) == =1
since ¢(t) — ¢(0) stays in the upper halfplane. O

The Hopf Umlaufsatz can also be applied to curves with corners, i.e. piecewise C'*°
curves, which have no cusps in the vertices, i.e. the left-hand tangent vector and the
right-hand one are not oppositely oriented: Let ¢ be smooth on the sub-intervals
[ti, ti+1], where t; are the vertices of ¢, then we define the turning number of ¢ by

016) = 3 (Sn(tien) = (1) + o)

K3

and ¢; € |—m,+n[ is the angle between left and

where ~; is a lift from —Cj
1Tl 4.
[tistita]

right tangents at c(t;).
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11. INTEGRAL THEOREM OF (GAUSS - BONNET 11.10

As an example, consider the turning number of a triangle A:

! (37T—(oz—|—ﬁ+’y)) =1.

s

U(B) = 5 ((r—a) + (x ~ B) + (r— )

2T

11.10 Proposition. Gauss-Bonnet for polygons.

Let o : U — M be a chart of M and let P be a polygon in U and «; the outside
angles (i.e. ™ minus interior angle) at the vertices of p(P). Then

KvolM+/ K, + o; = 2.
»(P) ©(0P) ;

Proof. We first assume that all of ¢(P) can be parameterized by geodesic coordi-
nates. Then

1 8*VG 1 5 1 9VG o) ;
K==—J%% =& (# (V& (- %9) + $0) = awe
where £ 1= ¢ 2 + ¢V .2 = (—\%G 85@)% +0-2. So according to Green’s theorem:

4.7
/ K VOlM :/ d1v§ VOIM / <f,V¢(ap)> VOlw(ap)
#(P) ©(P) ©(0P)

= incl™ (¢ volar)
»(0P)

incl* (. 5 o VGdrAdY

= \/égfdﬁ—\/égﬂdr:—/ /G 4.

©(OP) »(OP)

o
o

Using the formula from the lemma in for the geodesic curvature of the bound-
ary curve, we get for each edge I of the polygon:

—/ %dﬁ:/@’(t)dt—/l(g(t)dt.
(1) I I

Because of the Umlaufsatz in the plane, we have in the case of the Euclidean
metric with corresponding angle O:

Z(/I o' (t)dt + ai) = or.
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A general Riemann metric can be connected to the Euclidean metric (i.e. G = 1)
by s — G* := s+ (1 — s)G affinely, and similarly we get the function ©* and the
angles o, and these depend continuously on s. Because of

Z(/,,(Qs)l + af) = Z((@S(maxfi) — ©*(min 1)) + (O°(minI;) — O° (max IH)))

= 0 mod 2,

this expression has to be constant in s, and thus coincides everywhere with its value
2 at s = 1.

If the polygon is not completely inside the chart, we subdivide it finely enough and
apply the result for each of the parts. The sum of the integrals over inner edges
vanishes, since they are traversed exactly twice and with opposite orientation. With
E°, E? and E = E° U E° we denote the sets of vertices inside, on the boundary,
and in total; with K°, K2 and K = K°U K? the sets of the corresponding edges
and with F the set of the subpolygons. For each polygon A € F, let Fa and Ka
be the set of vertices and edges of A. With ﬁjA we denote the interior angle of A
in the vertex j € Ea. This gives us on the other side

Z(Q?T— Z(ﬂ_,@f)) =on|Fl -7 Y |Eal+ Y Y B2

ACF JEEA A€EF AEF jEEA

=27 |F| —7(2|K| — |K?|) + 7 (2|E| — |E?|) — Zai

95, 29.24] )<>J1]
T (|Bl = K|+ |F|) =Yy === Zaz

and thus the general formula, because |Ea| = |Ka|, |[K%| = |E?|,

D |Eal = |Kal =2|K°|+|K? =2|K| - |K?)
AEF A€F
and

> B =m(2|E° + [E?)) fZai:W(2|E|—|E8|)—Zai. O

A€F jEEA

11.11 Theorem of Minding.

Riemann surfaces of constant Gaussian curvature are locally isometric.

Proof. We choose geodesic polar coordinates in points p € M and p € M using

[10.9]. Then (see the proof of ):

G:<901979019>7 G
G(0,9) =0, G(0,9) =0,
lé)

% r=0 \/5(7“, Q9) =1
Both VG(.,9) and VG(.,¥) are solutions 7 of the Jacobi equation
62
a2 (r) = =K - ~(r).
The solution is uniquely determined by specifying

P ~v(0) = 0 and 4/(0) = 1. So the Riemann met-
& rics in geodesic polar coordinates have the same

oM ~ RZ— >

exp | = h
i ks o X v coefficients, and so the surfaces are locally isomet-
M = > M ric. O

R
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We are now trying to give a global version of the above proposition. But in general
this can not be true. For example, the plane and the cylinder are locally but not
globally isometric.

11.12 Definition (Geodesic completeness).

A Riemannian manifold M is called GEODESICALLY COMPLETE if all geodesics are
infinitely long. Since for the length of a geodesic ¢ : [a,b] — M parameterized by

arc length the following holds L(c) = f; |/ (t)]dt = fab 1dt = b — a. So the geodesic
is infinitely long if and only if its parameter interval is all of R.

11.13 Proposition.
Each two abstract simply connected geodesically complete Riemann surfaces with

the same constant Gaussian curvature are isometrically isomorphic.

Proof. Because of the simple connectedness this can be shown using the local

result | 11.11 | together with | 13.12.4 |, see [12, 11.2.1 S.407]. O

11.14 Corollary.

Each simply connected geodesically complete abstract Riemann surface with K =1
is up to isometries the sphere by| 11.13|; Each one with K = —1 s up to isometries
the Poincaré half-plane (or hyperbolic disk) and each one with K = 0 is the plane.

Compare this with the Riemann Mapping Theorem ,

By passing to the universal covering, it follows that each Riemann surface is the or-
bital space of a group of conformal mappings acting discretely on a simply connected
Riemann surface. Compare this with the Uniformisation Theorem .

The only non-trivial discrete group on the sphere is that generated by the antipodal
mapping. So there are only two such surfaces with constant Gaussian curvature
K > 0, namely the sphere and the projective plane. The geometry of the projective
plane is also called elliptic, in it all geodesics are closed.

There are only the following discrete groups acting on the plane:
1. those generated by a translation,

2. those generated by a translation composed with a reflection,
3. those generated by two translations,
4.

those generated by a translation together with a translation composed with a
reflection.

Thus, in the case of K = 0, there is a metric with vanishing Gaussian curvature
only on the cylinder, the Mdbius strip, the torus, and the Klein bottle.

On the other hand, every compact surface of the genus g > 2 has a metric with
constant negative curvature, see [12, 11.2.5 S.409)].

By [32] and [62] (see [75, 6.2.8 S.105]), two isometric surfaces in R® of strictly
positive Gaussian curvature are identical up to a motion.

11.15 Theorem (Surfaces in R? of constant curvature).

Let M be a closed connected surface in R with constant Gaussian curvature K.
1. If K >0, then M is a sphere [110].
2. If K =0, then M is a generalized cylinder [111], [60].
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3. If K <0, then M does not exist [63].
This has been generalized by [38] to: There is no closed surface with a Gaussian
curvature bounded above by a constant k < 0.

Without proof.

11.16 Lemma.

If M is a compact surface in R, then there is a point where the Gaussian curvature
18 positive.

Proof. This is obvious since the surface has positive curvature at each point of
contact with a sphere with minimal radius containing the surface. O

11.17 Corollary.

There is no compact minimal surface. O

12. Parallel transport

Next, we try, while walking along some curve c¢ in a surface, to keep a tangent
vector as parallel as possible, i.e. changing its direction as little as possible.
12.1 Definition (Parallel vector field).

A vector field along a curve c is called PARALLEL if its scalar velocity is pointwise
minimal.

12.2 Lemma (Characterization of parallel vector fields).
A wector field w along a curve ¢ on M is parallel if and only if w'(t) € To(py M+ for
all t.

Proof. From w(t) € T, M it follows that (w(t),v(t)) = 0, with v(t) := v(c(t)). If
we differentiate this equation in t, we get

(w'(t),v(t)) + (w(t),v'(t)) = 0.
In order for
w! ()] = w' () = (W' (), v(#))v(&)[* + [(w'(t), v(t))|?

to be minimal with given normal part (w’(t),v(t)) = —(w(t),v'(t)), the tangential
part w'(t) — (w'(t),v(t)) v(t) must be as small as possible, preferably 0. This is
exactly the case, when w'(t) = (w'(t),v(t))v(t), i.e. w'(t) € Ty M*. O

In particular we have:

12.3 Corollary.

A curve ¢ parameterized proportional to arc length is a geodesic if and only if the
vector field ¢’ is parallel along c.

12.4 Parallel vector fields in local coordinates.
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Let ¢ be a local parameterization of M and ¢ — u(t) the local representation of a
curve ¢ = ¢ o u. The differential equation for parallel vector field ¢ — w(t) along ¢
is determined as follows (compare with ):

w(t) =Y w'(t) - (Dip)(ult) =
=1
= w=) Boor) wg
‘ i

1
dw?

ity Gt (Fﬁj ok + (@i V) V) €

[ i3,k
dw”® i du? pk
€ Z(W +D_w Wrm)@k TR-v
k i,
Hence w is parallel along c if and only if
m
Lt (1) + 7 TF(u(t) - wi(t) - () =0 for k=1,...,m.
i,j=1

or for short
W+ T w' =0 for k=1,...,m.
4,

This system of ordinary linear differential equations has a unique global solution
for given initial data w"(0).

12.5 Lemma (Existence of parallel vector fields).

For each smooth curve ¢ : R — M and initial vector wg € TooyM, there exists a
uniquely determined parallel curve w : R — TM with w(t) € TeyM for all t and
w(0) = wo.

With ptp(c,t)(vg) we denote the parallel curve v along ¢ with initial value vy at
time t. This is also called PARALLEL TRANSPORT along c. It satisfies:

1. ptp(c,t) : TeoyM — TepyM is a linear isometry
2. ptp(c,t)~ = ptp(c(. + 1), —t)

3. ptp(c, g(t)) = ptp(co g,t) o ptp(e, g(0)) for any smooth g : R — R.

Proof.

Clearly, the solution ptp(c,.)(vg) of a linear differential equation is linearly
dependent on the initial value vyg. Moreover,

&mn)' = n+En)=0+0,

holds if ¢ and 7 are parallel vector fields along c, i.e. & 0" € TM*. So (£,7) is
constant and ptp(c,t) is an isometry.

and easily follow from the uniqueness of the solutions of linear differential
equations. O

12.6 Example.

1. In each hyperplane, exactly the constant vector fields are the parallel ones,
since the derivative of a vector field tangent to the plane is again in the plane.
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2. As we will show in , being a parallel vector field is an
intrinsic property, and therefore, on surfaces with everywhere van-
ishing Gaussian curvature, they are just the constant vector fields m

in an unwinding to the plane by | 11.11 |

A RULED SURFACE is a surface which can be parametrized locally by ¢ :
(s,9) = ¢(¥) + s w(¥), i.e. it is spanned by straight lines (called GENERA-
TORS) with (varying) direction vector w along the curve ¢. For ¢ to be regular
one obviously has to assume that p4(s, ) = w(¥) and py(s,d) = ¢/ (¥)+s w' (V)
are linearly independent. If the normal vector along each generator is constant,
one speaks of a DEVELOPABLE SURFACE or TORSE.

By [87, 55.4] the developable surfaces are precisely those ruled surfaces, for
which K =0, i.e. those which are locally isometric to the plane by .

3. Parallel vector fields along closed curves may well have different start and end
values: Start on the north pole of the sphere and transport a vector towards
a meridian to the equator. Then transport this vector, which is normal to
the equator, along the equator to another meridian, and finally transport it
along that other meridian back to the north pole. There, the angle between
the transported vector and the starting vector is that of the two meridians.

z

e

A general possibility for constructing parallel vector fields is the following;:

12.7 Proposition (Parallel fields via Schmiegtorse).

Ifc: R — M is a curve on M that admits a Schmiegtorse, then a vector
field is parallel along ¢ in M if and only if it is parallel along c in the Q )

Schmiegtorse.

Proof. The Schmiegtorse is given locally (¢, s) = c(s) +t&(s) by [87, 55.6], where
£ is a vector field along ¢ which is pointwise linearly independent of ¢’. Clearly, the
tangent space of M in c¢(t) is identical to that of the Schmiegtorse, and thus a vector
field n along c¢ is tangential to M if and only if it is tangential to the Schmiegtorse.
So, the condition “being parallel” looks the same for both surfaces. O

12.8 Definition (Holonomy).

The subgroup
{ptp(c7 27) : ¢ is closed curve through x}
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of the group O(T, M) is called the HOLONOMY GROUP of M (at z). It is a Lie group
and for different x in a connected M these subgroups are conjugated. For example,
the holonomy group of S? is just the S0(2) = S! by ’ 12.6.3‘ and ’ 12.5.1 ‘

We will characterize in | 14.12 | when this group is trivial.

13. Covariant derivative

Unfortunately, the above descriptions for geodesics and for parallel vector fields
make use of the surface normal and thus the surrounding vector space. But these
notions should also make sense for abstract Riemannian manifolds.

Instead of saying that a vector like w’ is normal to the surface, we can also say that
its tangential component, that is, its projection to the tangent space, vanishes. We
try to describe this condition intrinsically.

13.1 Definition (Covariant derivative).

Let w be a vector field along a curve c¢ in a hypersurface M. Then let’s call the
normal projection of the derivative of the vector field to the tangent space the
COVARIANT DERIVATIVE V (pronounced “nabla” or “del”) and let’s denote it by

Vw:t— w/(t) — <w'(t), Vc(t)>Vc(t) € Tc(t)M~

Note, that this does not depend on the choice of v. This measures the infinitesimal
change of w as seen in M and ignores the component normal on M.

The formula for the covariant derivative Vw of a vector field w along a curve
¢ = p o u looks in local coordinates by as follows:

m

m
_ dw” k , idul\ 8 _ E_8
Vw = g (Tt + E I w' g )T‘u’“ where w = E w5
k=1 i,j k

Note that the geodesics are exactly the solutions of equation V¢’ = 0 (where ¢’ is
to be understood as a vector field along ¢) and the vector fields w that are parallel
along a curve c are exactly the solutions of equation Vw = 0.

The following formulas hold for V:

V(E+n)=VE+Vn
V(f-§=f-VE+f-Efor feCF(R,R)
(&m)' = (V& n) + (& V),
because
V(O =(E+FE) —(féE+fEvyv=FfE+fVE-O,
& n) =& m)+&n') =(VE+(E vyvym) + (& Vn+ (1, v)v)
= (V& n) +(, V), since (v,n) =0=({v).

13.2 Gauss equation.
For the covariant derivative, the following holds:
Vw =w"+ (w,Ld)voec.

Proof. The claim immediately follows from (w, v o ¢) = 0 by differentiating.  [J

13.3 Definition.
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Given two vector fields £ and 7 on a hypersurface M, we can define V,§ € X(M)

s (Vyé)(x) = V(£ 0c¢)(0), where ¢ is an integral curve of vector field  with
initial condition ¢(0) = z. This can also be written as follows using the notation
& (z) i=pryoTp€ : T, M — R™

(vnf)m = fl(z) ‘Nz — <5/($) Ny Ve )Va = fl(w) Nz + (§(2), Ly - M)V

13.4 Lemma (Properties of the covariant derivative).

The operator V maps from X(M) x X(M) to X(M) for hypersurfaces M and has
the following properties:

1. 'V is bilinear.

2. V¢ is C°(M,R)-linear in 1.

5. Vo(f€) = FVuf +0(f)€ for f € C(M,R).
4. V& = Ven = [n,€].

5. n (€1, §2) = (Vyé1, &2) + (61, Vo).

Proof. The operator has values in X(M) because T¢ and evaluation are smooth.

and are clear.

Z
(Vo (FO)@) = (&) (@) - mx = (f8)' (@) - melva)va
= f'(@)(n) - €z+f() §'(@) Mo
~ (P @) &+ @) € (@) v Y
n(f)(@) - & + f( ) €(@) me = 0= f(@) - (€ @) - malv)vs
= (n(f) - ©)(@) + J(@) - (V4€)(@)
(1) €+ £ V48 (@)

: Because of the Gauss equation and the symmetry of L we have:

(V€ = Ven)(z)

(&) 1o+ (o Lemedva) = (1 (2) - &0 + s La) )

5}
({7061, &) + (V2. £)) (@) = (€ (@) 0m) — (€1 (@) (02), v )i, o) )

) — (&5 (@) >uw>ux,§1<m>>

= (€1(@) (1), &2(2)) + (€4(2) (02), &1 (2)) —
= (&1, &) (z) - ne = n((&, &) (x). O

We now want to show that there is such a differential operator V also on abstract
Riemannian manifolds, and it is uniquely determined by the above properties.
13.5 Proposition (Levi-Civita derivative).

Let M be an (abstract) Riemannian manifold. Then there is exactly one map V :

X(M) x X(M) — X(M), which satisfies the properties (1) - (5) from , where
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13. COVARIANT DERIVATIVE 13.5

the inner product has been replaced by the Riemann metric in (5). This mapping
is called COVARIANT DERIVATIVE, or LEVI-CIVITA CONNECTION, see [95, 27.19].

(Coordinate-free) Proof. Existence: Because of (5) we have:

§19(&2,83) = 9(Ve,62,83) + 9(82, Ve, &3) (+)
§29(83,61) = 9(Ve,&3,61) + 9(83, Ve, 61) (+)
£39(61,62) = 9(Ve,&1,62) +9(61, Ve, &2) (=)

Hence, by adding the first two and subtracting the third equation using (4) yields:

§19(&2,83) +&29(83,81) — &3 9(61, &) =
= g(V€1€2 + V£2£17§3) + g(V§1€3 - V§3£1,§2) + g(v§2§3 - V£3£27£1)
£ (2966 — 61,6 &) — 9((s. €1], &) + 9([62, €3], &),
And thus

29(Ve, 62,83) = €19(62,83) +629(&3,61) — €39(61,62)
+g([€17£2]7€3> - g([§2363]7€1) +g([£37§1}7£2)~

Since the right side is linear in &3, V¢, & is well defined by this implicit equation,
and since it is also bilinear in (£1,&2), (1) holds.

Now property (2):
29(Vye,§2,83) = 619(62.&3) +&29(&s, f&1) — &3 9(f&1, &2)
+ 9([f&1, &), &) — 9([&2, &), f&) + 9([€3, f&], €2)
2T 61 g0, 63) + [€29(63,6) + £2(N)g(6,61)
— f& 9(61,€) — E(N9(&r, &) + 9(flé1, &) - (N6, &)

— f9([€2, &3], &1) + g(f[f?),fl] + E3(f>51,€2)

= f&19(&,8) + & 9(&3,61) + &(f)9(&3,61)
— f&9(&, &) — &(f)g(&r, &2)
+ £ 9([&1, 62, §3) — E2(f)9(&1,63)
— f9([62,&3], &) + £ 9([€3, 6], §2) + E3(f)g(€1,62)

= £ (&19(62,6) + €29(6.61) — & 9(61, &)
+g([61, €21 &) — 9(162,&],€0) + 9((6s, €11, €2))
= Qfg(v&g%g(?o)

A very similar calculation shows the property (3).

Next property (4):

29(Ve, &2 — Ve, &1,83) =
=&19(82,83) +&29(&3,&1) — €3 9(61,82)
+9([&1,&2],€3) — 9([€2, &3], 61) + 9([€3, 1], €2)
—&29(61,83) — &1 9(&3,62) + 83 9(62,61)
—9([&2,&1],&3) + 9([61, &5, §2) — 9([€3, &2], 61)
=29([&1,82], &3)-
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Finally property (5):

29(Ve, &2,63) +29(&2, Ve, &3) =
=£19(62,&3) +&29(&3,61) — €3 9(61,62)
+ 9([&1, €2l €3) — 9([€2, &3], &1) + 9([€3, 1], €2)
+ &1 9(&3,62) + &3 9(62,61) — &29(&1,63)
+9([€1, &3], §2) — 9([&3, &2], 1) + 9([§2, 611, €3)
=281 9(62,&3)- O

Coordinate proof. Above all, it has to be shown that the local expression for V

from is independent on the chosen coordinates and for this we first determine
the transformation behavior of the Christoffel symbols:

dui P

ou Zauz 8ul

0= (oopw) =G aa)
Dogi = 5 (o 050) + o5 900 — 0 (96))
o ()

(8 (3uj> ouk % 0 (8u> ouwl ouF 9 9 ))
0w \ow ) aur Y+ T 9w aw \our) Y+ T 9w ok om P
( O*ud OuF N ol 0?uF oud uk ou’ 89]-7;@)
ouow Ouk ik

<

I
BNy

0w owoar P 0w ok 20w oui

??‘

Js
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T;; ;;:1( 0 (95.5) + 0 —(gi5) — é,)f(gz,;))

out oul ouk
1 0%ul  OuF ol 0*uF ol OuF ou' dgj
- (]Z<8u18u3 oa P gw owout Pt w onF 4= ou oul )
1) @) pe
+Z( Ol Qut o Oul Ok Oul dut 571”99i7k)
gwou out " gul gwion M out gub L dul D

1 4
(€] (4) R

_Z( 0*w! ) _‘_% o%u’ +% ou’ Zaiuk agj,i))
DuF o aw 7wl gurow P ow w4 gk Oub

4 (2

(3)

(1) (3)
%l out duwl OuF 1,909k  O0gir  0gji
Z duldul a ok g” Z out 9w Ok 2( ow T ow auk)

E : 0w out oul OuF
= —= —— F’L -
6”18’&] auk g] k +7%:k aﬂl a,ay (91]7“ gk
i ol il
& = § ~ _
! — Oyt Out

<3 8u o,
=iJ gt
J - Bul D , denn
== oul ouF
7 j l \J
Z ZZ dul 8u3 Z 0w ouk
J
B ow oul i ‘Lﬁ ou
= : 8u3 a’Z,L] g 9i.k Bui aﬂfc
i,k gl 3
—_———
i
8,
)
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ZF,Jlg

_ (Z ??UJ_7 aiglfg%k_kzau 8’uJ au Fid',k) Lﬂvkaj’al P.q
j 5] Ps

k outdn! Juk oul oul ok q Oup Oud
6211,] 8’& 8’&
72871,1 u] 8’[1,‘1 ZZ uk aup g]kg
‘—/—/
=5k
=51
D,q
* ;} 3ul au] 8uq ZZ auk aup zg,kg
=5k
:F?d

out ol Out o2ul out

_ 22t Z= =

2]: ouwt dui oul W + El: 910w Oul
oal ol

au’ Z ol i

a _
0=——dt
oul

oul  oul 9%
- Z(aui (Qul> out + oul 3@5(’9@5)
ou’ oal 92!
_Z ow Oul <8ul) out Z@ul dutdul
0%l Ouwl Ot o2ul  oul
- Z duiow 0w 0w zl: uiow oul

7 out dul Ol 02ul  oul
.= = 7t 9
5= o7 5w ga D T ; duiou ou

“’*'NI

2,5,

Z 3u-7 8ﬁl l 82’&1 (‘9u1 8uj
ot duwl Oul Y L= ouiduws dut Oud

i,,0 1,]

Now we can give a coordinate definition of Vw for vector fields w : R — T'M along
curves ¢ : R — M: In local coordinates, let

ct) = e(ul(t), ..., u™(t) = p(a'(t),...,a™(t))

w(t) = > wi(t) aiz‘ =D a'(t) a?—ﬁ = > @'(t) Z‘Zi 3(,21

% i B,

and coefficient comparison yields
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For hypersurfaces M the normal projection of the derivative of w to the tangent
space is given in the local coordinates (u!,...,u™) according to by

dw"(t du(t 0
Z( 0 @) dt()> g

7

or in the coordinates (i!,...,a™) by
dﬁ)g(t) 7 3 dafc (t) ) B
Z( a T ;;Fj,;;(u(t))w W= ) 57 =

¢ 7,

Z(dt o () w )+

i ol duF out 0%ut  oud ouF
+Z(Z ij(u(t))au] duk out _Zawauk ol 8uk) .

J.k o Jiki

o oul lt)da’_“(t) 0
l oul dt out

(8 0y
+Z@3hwm$@§$?deﬁiéﬁib-
g,k Jiki J.k
gu;;wl(t)dﬂ;(t)> a?—ﬁ

; oul dul our du* oul
+ T T G v Lo o

ki L,
5f L
our duF ouwl 9w\ 0
_zk:zg:ﬁ dt Zauﬂauk Zaai aul v ) o
duk 5[1'
B Z dw*(t) ](t)duk(t) 0
- - dt ou?

so this expression is also well-defined for an abstract Riemannian manifold. We call
this expression the covariant derivative Vw of a vector field w along a curve c, i.e.

U 0]
Vuw(t) = Z( ZFZ W) dt( )> G (0

For vector fields X and Y on Riemannian manifolds M, we can now define a vector
field VxY by

(VxY),:=V(Yoc)
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asin|13.3], where c is the integral curve of X through z. Thus, V : X(M)xX(M) —
X(M) is a well-defined bilinear mapping given in coordinates by

v . L) 0
VXY:Z( WX +Zr YJX) e O
Kk ik

%

13.6 Local Formulas for V.

If we choose basis vector fields g; := 5.7, g; : 8?“ and g := 3 =2 for &1, & and &3,
we obtain a local formula for the covarlant derivative V:

20(Vg.9js k) =——= 72

ik + gur ki — gargig + 0= 205

For hypersurfaces, this is the formula in for the CHRISTOFFEL SYMBOLS OF
THE 1ST KIND.
Let us denote the coefficients of V,, g; with respect to the basis (g;) with T}

g‘l.g] ZFZ Jgk7

i.j» thus

so we obtain:
Lijk:=9(Vg959x) = 9 (Z T3 591, 9k> =D Tl
1 )

i.e. the Fl are (for hypersurfaces) the CHRISTOFFEL SYMBOLS OF THE 2ND KIND.
Note that from the symmetry of g; ; the following inverse formula for the partial
derivatives of the coeflicients of the Riemann metric follows:

o
9k = Lijk + ik

Because of property |13.4.2|, VxY is tensorial in X, that is, (VxY)(p) depends
only on X, and Y: Namely, if X = 0is local to p and f € C*°(M,R) with f(p) =

2 .
and f- X =0, then 0 = (V;xY)(p) 22 £(p) - (VxY)(p) = (VxY)(p); and if only
Xp =0 is assumed, then

(VxY)(P) = (Vi xguy 2, V)P ‘”ZX

du®

2 Y)(p) =0.

Similarly, VxY is local in YV, since Vx(fY) = fVxY + X(f)Y. Let ¢c: R —> M
be a curve with ¢/(0) = X,,. Then (V. (0)Y)(p) is well defined and is given in local
coordinates by

(VeoY)(p) = VZj 203 00) (). 8 (p) (ZY ’ aui>(p)
(2),(3) d(u? o c) 0
Z dt (©0) (5'uj Y
7,% p
J
T ] v e
i g “lp Wy

dt
d(uw oc) i 0
+ Z T(O) Y'(p) Tlp Tk )
igk

%

= HY' () Ve 8-(1)))

B (P) auz

(0) -
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13. COVARIANT DERIVATIVE 13.8

However, the right side even makes sense if Y is just a vector field along ¢, that is,
Y (t) € ToyM for all t € R, and p = ¢(t), because by the chain rule we have
Z 0 d(u’ o c) d(Ytoec)
oul

j yi B9 = T2,

c(t)

and thus the covariant derivative also exists for a vector field Y along a curve c:

(Vo)) =3 (dyl )+ 3 220 gy ) (e(t)) 0
Gk

dt dt out

c(t)

i

13.7 Remark.

If we express the corresponding differential equations (see )
e 0 =V Y, for parallel vector fields Y along curves ¢, and
e 0= V., for geodesics c,

in local coordinates using , then they are (see ’ 12.4‘ and ’ 10.7 ‘)

0= d;/; (t) + JZ]C %(w Yk(t) szk(c(t)) Vi
2(utoc woc ok o e ,
0= %(“*Zd( 7 )(t> il = )(t) Il (e(t) Vi

gk
Their respective solutions - the parallel transport ptp : C°(R, M) xpy TM —
C*®(R,TM) and the exponential map exp : TM — M - thus also exist for abstract

Riemannian manifolds and have the corresponding properties (see and )
That geodesics, even on abstract Riemannian manifolds, are exactly the solutions

of the corresponding variational problems, will be shown in ’ 15.15.1 ‘ and ’ 15.16 ‘

13.8 Lemma.

The mapping (w,exp) : TM — M x M is a diffeomorphism of a neighborhood U of
the zero-section M C TM onto a neighborhood of the diagonal {(x,x):x € M} C
M x M.

Proof. Note first, that the tangent space of TM at a point 0, of the zero section
is just T, M @® T, M (see [95, 27.18]): The first factor is given by the tangential
vectors to curves in M C TM and the second by velocity vectors of curves in
the fibre T, M C T'M. These two subspaces have a trivial intersection (because
7o ¢ is constant for the latter curves c), and together give the correct dimension
dim(TM) = 2dim(M).

Now we calculate the partial derivatives of (m,exp). On the zero section, (7, exp) :
TM O M — M x M is just the diagonal mapping = — 0, — (x,z), and on the
fiber T, M of m we have that (m,exp) : TM 2> T,M — M x M is the mapping
(konst,, exp, ). So the tangential mapping of (7, exp) to 0, looks like this:

Ty, (r, exp) = (ld 0

id Tpexp,
Because of Ty exp, = idg, ar, the mapping (7, exp) is a local diffeomorphism for
points close to zero cross section.

) ST, M @ Ty M — Ty M @ T, M.

For each x € M, we choose an open neighborhood U, of 0, in TM such that
(7, exp) : Uy — (m,exp)(Uy) is a diffeomorphism and the fibers U, N T, M are balls
around 0,. The union U := |J,c,, Uz is then an open neighborhood of the zero
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section in TM and (m,exp) : U = V := (m,exp)(U) is a local diffeomorphism and
hence its image is open.

Remains to show injectivity: If two tangent vectors have different base points, then
they are separated by the first component 7 : TM — M, and if they have the same
base point x € M, they are separated by the second component of exp,, since they
are contained in balls U, N T, M C T, M (on which exp, is injective), hence are
contained in the larger of the two. O

13.9 Tubular neighborhood.

Let M C N be a submanifold of the Riemannian manifold N. With TM* we denote
the normal bundle of M in N, i.e. the vector bundle over M, which has as fiber
over x € M the orthogonal complement (TQCM)l of TuyM in T, N with respect to the
Riemann metric of N. Then expy s a diffeomorphism from an open neighborhood
of zero section M C TM™' to an open neighborhood of M in N. The images of
sections of constant length intersect the radial geodesics orthogonally.

Proof.

Similar to the proof of Theorem , we may decompose the tangent space of
TM+ C TN|y at a point 0, of the zero section as T, M @& T, M+ =T, N (see [95,
27.18]). And the tangential mapping of expy : TN D TN|yy 2 TM+ — N at 0, is

To, (expy |rare) = idg, ar @Tp expy, |(r,ane = idp,n : ToM & T,M*- — T,N

So expy |rare : TM* — N is a local diffeomorphism near the zero section M C
TM+*, and the global injectivity can also be shown as in the proof of Theorem

[133]

The statement about orthogonality of the sections of constant length follows from

the following Gaussian lemma | 13.10 | and generalizes | 10.10 |. O
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13. COVARIANT DERIVATIVE 13.10

If one chooses M := {z} C N and in T, N an orthonormal basis, these are the so-
called Riemannian normal coordinates, see . Another special case, which is
sometimes considered, is that of a double-point free curve ¢ : R — M parameterized

by arc length, cf. with |10.10 |

In|11.12 |, we have denoted a Riemannian manifold (M, g) as geodesically complete,
if each geodesic has infinite length, or equivalently, is defined on all of R. Proposition
13.12 | will now provide the connection with the completeness in the sense of the

metric, as we used it in Proposition . We need some preparation for that.

13.10 Gaussian lemma of Riemannian geometry.
Let M be a Riemannian manifold and p € M. Let v € T,M and q := exp,(v).
Then

9q(Ty exp,, v, T, exp,, -w) = gp(v,w) Vw € T, M.

This is a generalization of (where v = w is). It tells us, that the ex-
ponential mapping is a “radial isometry”: Note that only for wy; = v we have
9q(Ty exp,, w1, Ty exp,, -wa) = gp (w1, w3).

Proof. We split w into the part w' which is normal to v and the part w' which
is parallel to v.

For the latter, w' = rv for some r € R, and thus

expp(v—i—tw )= expp((1+tr) v)

d
T
Toexp, v =5,

dt

=Tr—

exp,(sv) = r T, exp, v

s=1
Hence

gq (7_'1) epr 'U7 7_'1) expp 'wT) = gq(ﬂ; expp 'Ua r Tv epr 'IU)
=1 gq(Ty, exp,, v, T, exp,, -v)

10.9

Tgp(’l),’l)) = gp(v’ TU) = gp(v’ wT)

For w' we consider the functions f(t,s) :=tv +tsw’ and ¢ := exp,of. Thus
T, exp, v = %’t:l(expp of)(t,0) = d1¢(1,0) and
0
T,exp, w' = o-|  (exp,of)(1.s) = 92p(1,0)
and hence

0 0
9q (Tv exp, v, T, exp, .wL) =g, (a(p(t, ), gap(t, S))

t=1,s=0

For t = 0 we get 5 |S 0?0, 8) = 5; |S 0 €xp,(0) = 0. Since t = exp, (t (v + sw)) =
©(t, s) are geodesics parameterized proportional to arc length, the following holds:

0 Op 0 13.4.5 0 0 0 0
a(5.00) (v, 2| B ) +e(Bva )|
=0
see below (5'90 v, 380) 10 (aﬁ 8790)
ot’ <'° ot/|._, 2 0s ls=o0 ot’ ot

=g(v+sw,v+sw)
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because
do 0 0 e Ok 0
0s ds Oul ot - ot ouk
dp o’ [1843] (0% L o 0
V% ds V%tp( Os auﬂ) Z(atas 5‘uﬂ Os V@gp 0u3)
\“,_/
Dk % Vaik %
Oy oL 0l OpF 0 0
P g, LN 2 v, 2 )=0 O
Voo g ~Vae g 05 ot ( or 0w By auk)

[i 2]
ouk O -

Lemma.

Let ¢ : X =Y be continuous with o(X) closed and U C X with o(U) open. Then
each continuous curve ¢ in'Y', which leaves p(X), meets o(X \ U).

Proof. Suppose, this were not the case, i.e. there is a curve ¢ : [0,1] — Y with
c(0) € p(X), c(1) & p(X), but c(t) & (X \ U) for all ¢.

Consider the inverse images with respect to ¢ of the open disjoint sets p(U) and

Y \ ¢(X). They form a partition of [0, 1] in non-empty open sets, a contradiction

to the connectedness of [0,1]: In fact, 0 € ¢™}(p(X)) = ¢ Hp(U)Up(X \U)) =

cHeU)UD, 1 € (Y \ (X)), and if t ¢ ¢ H(p(U)), ie. c(t) ¢ p(U), then

c(t) ¢ p(U) Up(X\U) = p(X). O

We will apply this lemma in the situation where ¢ is the exponential mapping exp,
of a Riemannian manifold Y for sme p € Y, and U C T,Y is a sufficiently small
open ball and X its closure.

13.11 Corollary.

Let M be a Riemannian manifold, p € M and € > 0 so small that the mapping
exp, : Vi={veT,M:|jv|]| <e} = M is a diffeomorphism onto its image.

Then for each curve c : [a,b] — M with c(a) = exp,(va) and c(b) = exp,(vy)
for vg, vy € V, we have L(c) > |Hvb| , where equality holds if and only if
¢ is a parameterization of a radial geodesic, i.e. ¢(t) = exp,(r(t)v) for all t with

monotonous T and ||v]| = 1.
Hence d(p,exp,(v)) = |[v|| for allv € V and exp,(V) = {qg € M : d(p,q) < €}.

This generalizes | 10.11 |.

Proof. By construction, ¢ — exp,(tv) is a geodesic with scalar speed [[v||, hence
exp,(V) C {q:d(p,q) < e}
For the time being, let ¢ : [a,b] = M be a curve in exp, (V) \ {p}, so exp, ! (c(t)) =:
r(t) v(t) with 0 < r(t) < e and ||v(¢)|| = 1, hence v(t) L v'(¢).
With ~(r,t) := exp,(rv(t)) we have

c(t) =(r(®),t) = ) =0(r(t),t) - r'(t) + Dy (r(t), 1),

where 91y = T, ) exp -v(t) and oy = T, 4y exp 10’ (t), =

17 = g(01y - 7' + 8oy, 01y - 7' + Bay) == "' |*||On7II” + |02

=12+ 107 = 1P

100 andreas.kriegl@univie.ac.at (© January 31, 2019



13. COVARIANT DERIVATIVE 13.12

and equality holds if and only if 05y = 0, i.e. v is constant. Thus

b b b
o= [ 11z [ =[]~
a a a

where equality only holds if r is monotone and v is constant, i.e. ¢ is a radial
geodesic.

=[r(®) = r(a)] = [[lvs]| = val

b

If, on the other hand, c leaves the set exp(V')\ {p}, then its inverse image under exp,,
leaves the set V'\ {0} and thus has as length at least that of the part of the inverse
image which lies in the annulus {v : min{||ve]|, [|vs||} < |Jv]| < max{||va|l, [|vsll}},
i.e. has length > |[||vs|| — [[vall|: W.Lo.g. 0 < |lvall < [[ve]|. Let ¢y := inf{t : ¢(t) €
exp,({v 1 [[v]| = [lvp]}), i-e. c(t) = exp,(v(t)) with [[v(t)| < [lvp|| for all < t;. and
let to := max{t <t : c(t) € exp,({v : |[v]| = [[vall})}. Now consider ¢, ¢,]-

Suppose there is a ¢ € M \ exp, (V') with d(p,q) < €. Let ¢ be a curve in M with
c(0) = p, ¢(1) = g and L(c) < e. For t; := inf{t : ¢(t) € exp,({v : |[v|| = L(c)})}
we have c(t1) = exp,(vy) for some vy, with [lvp|| = L(c). Because of t; < 1, we have
L(c) > L(cljo,t,1) = llvs|| = L(c), a contradiction. O

13.12 Theorem of Hopf-Rinow.

For a Riemannian manifold the following three statements are equivalent:
1. M is geodesically complete.
2. M 1is complete as a metric space, i.e. each Cauchy sequence converges.
3. Each closed set, which is bounded in the metric, is compact.

Furthermore, it follows from these equivalent statements that:

4. Two points in the same connected component can be connected by a geodesic of
minimal length.

Proof. ( = ) This is a general proposition from topology, because according
to Cantor’s theorem (see [80, 3.1.4]), it suffices to prove the principle of nested
intervals: So let A, # 0 be closed and monotonically falling (i.e. 4, 2 Apy1)
with d(A,) := sup{d(z,y) : z,y € A,} — 0. By condition , A, is compact (if
d(Ay) < 00) and thus [, cy An # 0.

( = ) Let ¢ be a geodesic parameterized by arc length and ]a, b[ its maximal
domain. W.lo.g let b < 400 and consider a sequence b, b, then ¢(b,) is a
Cauchy sequence, because

d(c(tr), clta)) < Llelpy 1)) = [t2 = ta-

By | 2 | there exists lim,,—, oo ¢(by,) =: ¢(b). From we know that a neighborhood
U of ¢(b) exists and a p > 0, such that exp,, is defined for all € U and all vectors
of length less than p. Now we choose n so large that b — b, < p and ¢(b,) € U.
Then the geodesic with initial velocity ¢’(b,) € T, )M is defined for all |t| < p,
i.e. ¢ extends beyond b, a contradiction.
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13.12 13. COVARIANT DERIVATIVE

( = ) W.lo.g. r := d(z,y) > 0. We choose 0 < p < r, such that exp, :
B,(0) := {v : g.(v,v) < p*} — M is a diffeomorphism onto its image. Let 0 <
p1 < pand S :=exp,(0B,, (0)). Since S is compact, an z1 € S exists with d(z1,y)
minimal. Let v € T, M be defined by ||v|| =1 and z1 := exp,(p1v).

We claim that exp, (rv) = y, thus ¢ : t — exp,(tv) is a geodesic from z to y with
length r = d(z,y), which is minimal.

Suppose this were not the case. Then
to := inf{t € [pr, ] s d(c(t),y) £ 7~ t} <.

Since the set of ¢ with d(c(¢),y) # r—t is open, equality holds for ¢ := ty. Obviously
to > p1, because every curve from z to y meets the set S and thus the following
holds:

13.11

p1+d(x1,y) = p1+d(c(p1),y).

r = d(z,y) = min(d(z, s) + d(s, y))

Let Sy be a geodesic sphere around c(tg) with radius py < r — tg, where we have
chosen py with d(c(to + po),y) # r — (to + po) so small that exp, on {v € T, M :
[lv]l < 2po} is a diffeomorphism for all z with d(z,c(to)) < po. Let zo be a point
on Sy with minimal distance from y, and let ¢y be the radial geodesic from c(tg) to
xg. As before

d(c(to),y) = d(co(0),y) = EEHSI; (d(co(0),5) + d(s,y)) = po + d(x0,y)

and thus d(zo,y) = d(c(to),y) — po = (r — to) — po. Furthermore,
d(x,x0) > d(z,y) — d(zo,y) =7 — (r = to — po) = to + po,

and the curve ¢ consisting of the geodesic c|jg 4, followed by the geodesic coljg,p)
has length tg + po, thus d(z, zo) = to + po.
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13. COVARIANT DERIVATIVE 13.14

For tog — po <t_ <ty <ty :=tg+ po we have
b=t = L@ ) > d(E(E),o(t4)) > d(,0) — d(, &(t_)) — d(@(t+ ), 7o)
= (to + po) —t— — (po — (t+ —to)) = t4 —t—,
80 ¢[[t_ ¢, is a curve of minimal length and thus, by , is a geodesic and hence
¢l[0,+,] is an extension of c|j 4, and therefore identical to c|j,], a contradiction,

because ¢(to+po) = co(po) = xo and hence r—tg—po = d(zg,y) = d(c(to+po),y) #
r— (to + po).

( = ) Let A C M be closed and bounded, i.e.
sup{d(zo,x1) : o, 11 € A} =17 < 00.
By , A C exp, {B-(0)} =: B for choosen zq € A, and B is compact as a

continuous image of the compact set B,.(0), so also A is compact. O

13.13 Corollary.
Let (M, g) be a complete Riemannian manifold and let & € X(M) be a vector field
bounded with respect to g. Then £ is complete, i.e. has a global flow.

Proof. If [|(z)||y < R for all z € M and c is a solution curve of £, then

Lelias) /|w ) dt = /\m Dllgdt < b—al R

So ¢ stays at finite intervals within a bounded, and because of completeness, com-
pact set. This is a contradiction to [95, 16.3]. O

13.14 Theorem of Nomitzu-Ozeki.

For each Riemann metric, there is always a conformal equivalent one which is
geodesically complete.

Proof. Let (M, g) be a (w.l.o.g. connected) Riemannian manifold, and d the metric
associated to g. Let again B,.(z) :={y € M : d(x,y) < r}. Then we put

r(z) :=sup{p > 0 : B,(x) is compact} € (0, +oc].
The triangle inequality for d implies B,(z2) € B,yd(e,,0,)(71) and thus [r(z;) —
r(x2)| < d(x1,x2), so r is continuous. Note, that if r(z) = 400 for some x, so
also for all other x € M, and thus each closed bounded set is compact, thus M
is complete by |13.12|. We may therefore assume that (M) C R. Now, using a
partition of unity, we choose a smooth function f : M — R with f(z) > le) for all
x € M and consider the conforming equivalent metric § := f2g¢
It remains to show that g is complete. For this it suffices to prove the inclusion
Bf/?)( x) C BY o )/2( x) for all z, because then, due to the proof of (3 =2 = 1) in
13.12 | and the compactness of B} /3( x), each geodesic (starting at x) with respect
to ¢ has at least length % 3, and thus by pasting together has infinite length. Thus
g is complete.
Let y ¢ Bg ( ) and ¢ : [a,b] — M be a smooth curve from x to y, then

=/, IIC (8)lly dt > d(w,y) > "5 and

/ Il ()l dt = / fle@)|Id@)|lydt =  (intermediate value theorem)
4 = f(c(7)) LI(c Lo (c)
T>Lnuwuﬁ—ﬂ<»L<>szﬂy
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13.16 13. COVARIANT DERIVATIVE

Bhecause of |r(z) —r(ce(r))| < d(x,c(r)) < LI(c) we have r(c(1)) < r(x)+ LI(c) and
thus
3, LI(c) LI(c) LI(c) 1
L) = r(c(7)) = r(z)+ LI(c) - 2L9(c)+ L9(c) 3 =

13.15 Example.

Let M :=R?\ {0}. Then M with the Euclidean metric g is not complete (consider

antipodal points) and r from the proof of | 13.13 | is given by z — |z|. The expo-
nential map at one point (e.g., (1,0)) in the conformaly equivalent complete metric
G := f%g with f(z) := 1/|2| looks like follows:

Note that h : R? — R?\ {0}, (¢,s) — e(cos(s),sin(s)) is a local isometry from the
standard metric to the metric g, thus induces an isometry between the cylinder and
(R2\ {0}, ). In fact,

h’*g(t,s) (’U, ’LU) = gh(t,s) (hl(t7 5) * v, h/(t7 S)w) = i <h/(t7 S) * U, h/(ta S)’LU>
— bln
COS
Sln
COS

13.16 Lemma (Divergence via covariant derivative).

Let € be a vector field on an oriented Riemannian manifold M. Then

div§ = trace(n — V,&).

Proof. For the divergence from , which we obtained from the outer derivative
by applying the Hodge-Star operator, and which we have also described by means
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13. COVARIANT DERIVATIVE 14.1

of the Lie derivative of the volume form, the following local formula holds according

o[45}

divé = %i a‘zi (\/@51) = i(g 2G 8u’G+ 6?# )
i=1

For V¢ we have the local formula for £ =3, &'g; with respect to g; : 8‘21:

(5 vgzgj + gz ) m Zm:(gj iri‘i]‘gk + gi(fj)gj)
j=1

134

> ]
Z(Z
For the trace of n — V,{ we get

trace(n — V,§) Z (Z ¢kt ikt 3u1

=1

v

i(iflrmw )

= i=1

Because of G := det((gjx);x) and det’'(A)(B) = det(A) - trace(A~1B) we finally

obtain:
)
0 gl,k) j,k)

uiG = 2GG trace((gj’k)j,k : (%gj7k)j7k> = % trace((z gj’l .
l
ZQM Ligg+Tikt) Z fk=ZF§,i~ O
k k

L
2G

136

13.17 Remark.

The Levi-Civita derivative discussed in this section is the most important special
case of general covariant derivatives, as described in [95, 27.19].

14. Curvatures of Riemannian manifolds

Let two vector fields £ and i on R™ be given. Then, for the usual derivative
of the vector field ¢ in the direction 7, which we want to denote here also by
D¢z — &' () (n(x)) we have:

[De; Dy] := D¢ 0 Dy — Dy 0 D = Die
because
(De o Dy = Dy o De) (¢ ) = (€n(C) = (&), = (6 m1¢ i
= Dig ((Qr=y

14.1 Theorem (Godazzi-Mainardi equation).

Let M be a hypersurface in R™ and let £, n, ¢ be vector fields on R™ which are
tangential to M along M. Then on M one has:

1. GAUSS EQUATION: ([Vg,vn] - V[M})C =(Ln,Q)LE—(LE Q) L,

2. GODAZZI-MAINARDI EQUATION: V¢Ln —V,L¢ = L[¢, 7).
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14.3 14. CURVATURES OF RIEMANNIAN MANIFOLDS

Proof. Because of (¢,v) =0 we have
Vin¢ = DnC = (DyG,v)v = DyC + (¢, Dyv)v = DyC + (¢, Ln)v
(compare with ) and thus because of the preliminary remark
0= [DfaDTI]C - D[{,n]C
= De(V¢ = (L1, Q) = Dy(VeC = (L&) = Die.
= DeVyC —&((Ln, Q))v — (Ln, () Dev
- Dﬂvfc + 77(<L 67 C>)V =+ <L£7 <>D77V
— Die.€
= VeV = (L& VyQr = E((Ln, )y — (Ln, ()L E
=V VeC+ (L, VeQr +n((LE¢))v + (L&, () Ln
= Viem ¢+ (L& n], Q.
The tangential part of this is the Gauss equation:
0=[Ve,Vyl¢ = Vig ¢ = (L, OLE+ (L&, )L
And the normal part is the Godazzi-Mainardi equation:
0=—(VyC, L& —&(Ln,¢) +(Ve(, L) +n(L &, C) + (L €], 0)
= (~VeLm) +Vy(LE +L[&n.C). O

14.2 Definition (Riemann curvature).
The RIEMANN CURVATURE R : X(M) x X(M) — L(%X(M),%(M)) of a Riemannian
manifold is defined by the left side of the Gauss equation | 14.1.1 |

R(&,m) = [Ve, Vil = Vig -

The motivation for this is that for Riemann surfaces, the right hand side of the

Gauss equation | 14.1.1 | applied to ¢ := 7 and taken in the inner product with &
yields for orthonormal vectors & and 7 precisely the Gaussian curvature:

14.3 Lemma (The Riemann curvature is a tensor field).

The Riemann curvature is a 3-fold co-and 1-fold contravariant tensor field on M,
i.e. RET(T"MRT*MQT*M @ TM).

(Coordinate free) proof. For this one only has to show that the map (¢,7,() —
R(&,m)(¢) is in all variables C*°(M,R)-homogeneous, cf. with the proof of [95,
19.10].

[95, 17.2.3]
R(f&m) = [Vie, Vil = Vigeg === [fVe, V] = Ve m—np)e
(fVe)Vy =V (fVe) = Ve +10(f)Ve

= VeV, — [V Ve =0(f)Ve = [V +1(f)Ve
F([Ve: Vil = Vi) +0 = f R(& ).
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14. CURVATURES OF RIEMANNIAN MANIFOLDS

14.3

R(En)(f0) = (Ve Vil = Vie.)) (£O)

13.4.3

fvgvnc + &)Vl +n(f)VeC +En(f))C
= [V VeC = n(f)VeC = E(F)VaC —n(E(f))¢
— Ve € —EM())C+n(E(f))C
= [(VeVy = ViVe = Vien) C= fREMQ). D

Coordinate proof.

R(X,Y)Z =Vx(VyZ) = Vy(VxZ) = Vixy|Z

oz o ivk) 0
(S ) )

%

YA ; A
—vy<z< 55 X +ZF,€ZJX>W>

i

-V Z
) (X ayd Yan)L

du’ du’ oul

Z( oz Yk—i—ZI”kZJYk)

ak

7

v
4 k % ik
+X<Z<Zauky +) T, 2Y ))
i j.k
YA .
S R g
9

YA S
-Y = Xx* e, Zix* :
<Z < - 6uk + jzk j.k > ou’

— Z(Xiay,j - YiaX,j) Voo Z

out out Bud

Vg(anC +0()C) = Vi (fVeC +E(F)C) = [ViemC =

€, ()¢
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14.3 14. CURVATURES OF RIEMANNIAN MANIFOLDS

MZ( Y’“+ZFZ ZJYk> ZXV , 9

oul Qul
0Z 07
+Z(Zx<auk>y 2 g X0
+ZX (T s ZJY"+ZFZ (Z)YF+> T8 ZJX(W)) %
3.k

—Z(Z X’“+ZF’ 71X ) ZYZ alaul
;(;Y(W)X’“r;auk)f x*

+ Z V(T )Z/XF+ 3 T8, Y (Z) X+ r;‘.vkzjy(xk)>
j Jik gk
—z< Y ) (7 g+ )
mZ(Ek:aZ +ZrlkZJY’€> ZXlZF” a _
DMPIT - IEE i SR
+;§Xp JkZJY’“rZF kZXPwY’“
+ZF;’,€ZJZX”W> %
(St o ret) Sy S

-T(zrri

9
ou’

K 07

ouF k| Zakz paup

+ZZYP JkZJXk—i—ZI”,CZY”—X’“
Jk P

5‘

+ZF ZJZYP@M’) ou?
0zt o

_Z( 81/} - ) Z(ZIZFJZ&LP oud @)
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6Z 6 .0
= xXty* X'yhziTi, T —
0%z 9 oYk 9zt o
Xryk — XP
+¢;p Oukour Out Jrizk; our Ouk oui
or 8Z .0
Xryk gi 2k XP Y’“ re
+ 1;;13 oup Buz %:p k oui
8Yk 0
+ ;}p XV —— 27 15, ou’
YA 0 . 0
— Xkyt =~ XkytziTi, TP
i;p aUk o 8’U,p ij; D o a b
2 71 k 7
—ZX’“YP 8kZ 6A_ 0X IL,BZ}C 8‘
o oukouP Out o oup ouk out
81“‘ 0
— Xkyrgi 2k X’“Y” | A—
;;p oup aul %:p Uik g
oxk 0
— yPrZi F’
i;p oup k oui
8
i l ;D
Z , 0Y7 RYANNEG . 8XJ yi YA
.y out Oud Oul .y ou’l ouwl Ou!
i, o 1N
= xXryk zi Xkyr zi
Jzk:p 8u1’ ou? ;;p 8up ou?
+ > X'vhzir, “aap S xktylziTi, Y o
i,7,k,0,p 3,5,k,lp
I A SR (R Ay s
i,k,l,p i,5,k,p Y
077 YA 0
xXryhk = Xkyt ==
+¢§p dur Lk Gul zkzl:p 9t Uit G
8Y’C ' 1o}
XP xi e, —
+ijzkp aup z]zlp 6 ' J} a
oX¥k 8
— P 7 l l
oYk ozt o 48Yj ozt 9
XP - — X - — —
+7% Oup Ouk oul %:z out oul oul
oxk 8zt 9 0XJ . 0Zb 9
N T L
e oup ouk Ou - 8u ouwl Ou
VA VLV ASN
xry* xXFy :
+sz:p OukOup 8u1 Zzzp 8uk8up ou’
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=YY xiyizk i, b Z Tl TP, — T, TV 9
ou’ 6u3 -+ ( Bl l’j) oup

p 4,5,k
- Rf] k
0
i k
Sy, o
P 1,4,k
14.4 Remark.
In local coordinates we have:
(1) R= > R, du®d@du" e 2
W5kl
with Rl = du' (R(52:, %>6%)
= a?u Fl, a?u Fl T Z T ',kré,p - Ff,kré',p)
Respectively, for R(¢,7,¢, x) := (R(£,1)¢, X):
(2) R= " Rijrdu' @dv ®du* @ du'

.5,k

. . o 0y 00
with  R; jxi1 = (R(z%, 357) 50 | 521 ) ZRukgp,

_ 1 a2 o?
-2 <8ui8uk g5 — auiaul 9j.k + aujaul 9i.k — Juiour glvi) +

+ Z ng’q(ruhqrjkl,p —Tjkalisp)

p=1g=1

Proof. We calculate as follows:

9 o o) o ._ o)
Zkaau = R(gur g ) our = ([Va.ava}—v[a 8:|>8u’“
ou’ ou’’ ud

R(

SN
\ 8’_ er)k oul Bi Zrl k oul
(1% 0 7 + ammail)
m
=3 (M + ) )
oud

13.6 | &

Z ( kzrzl{)up + auz(r )ail)
Z( kZF]lauP+0u1(r )Baul>
_ l ! o 1l o]
=D (Z (Fikrm - Fﬁkrj,p) + Lk — L > BT
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Coefficient comparison thus provides:

l _ 9 P 1l P 1l
R i,5,k T But F BuJ k? + Z (Fj,k:FiJI - Fz kFJ»P>

Now we calculate

m

m
R o 8\ 9 .8 Z _ P
Rijki = <R(8ui’ auj)auk aul> < 1,5,k 8up|6ul> - ZRm}kngl
p=1

We have

m m m
Z ]k )gp1 = ii (er,kgpvl> ZF?,kaut Ip,1)

p=1

o
Bu‘ Lk Z I Cipa +Tigp)-
p=1
and thus
m
Rijrr = Z R; 3,kIp;l
p=1
m m
=3 (e - et + S, )
p=1 q=1
m m
= 52 (Tina) = O T2 (Tips +Titp) = 525 (Ciwa) + O T2 (Dips + i)
p=1 ¥ p=1 = ~~

(1) (2) (3) (4)

+ Z(Fg’,kri,q, F KL ja )
=1 —— H(,_/
1) 3)

0 1ol o) 1_0 0 o) ol
(W%l T a9l T ng,k) T 204 (W%l T gurdli — Wgznk)

( pr F le,p)
H/—/

(4) (2)

_ 1 a2 o? o? o?
-2 (8u18uk gij — outoul 9j.k + Oud Oul Gik — Oud Ouk 9 +

m m
+ Z Z g>! (Fi7k7qrj7l,p - Fj,k,qri,hp) . O

p=1g=1

14.5 Lemma (Symmetry of the Riemann curvature).
The Riemann curvature fulfills the following identities:

1. RIX,)Y)Z+R(Y,X)Z=0
(RX,Y)Z, W)+ (R(X,Y)W,Z)=0
(R(X,Y)Z,W)=(R(Z,W)X,Y)
RX,Y)Z+RY,Z)X +R(Z,X)Y =0
(VZzR)(X, Y, W)+ (VxR)(Y,Z,W)+ (VyR)(Z,X,W) = 0.
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The equations and are called 1st and 2nd BIANCHI IDENTITIES.

Proof.

is clear because of the definition R(X,Y) := VxVy — VyVx — Vixy].

is equivalent to (R(X,Y)Z,Z) =0forall X, Y, Z:

(R(X,Y)Z,Z) = (NxVy Z,Z) —(NyVx Z, Z) — (Vix 312, Z)
—_———
X(VyZ,Z) — (VyZ,VxZ)
13.4.5 1 1
X(§Y<Z7 Z>) —(VyZ,VxZ) — Y<§X<Z, Z>> +(VxZ,Vy Z)
- <V[X,Y]Z, Z>

’

D) X,Y](Z,Z> —0—- <V[X,Y]Za Z>

0

By |13.4.4|, VyZ — V ;Y =Y, Z] holds and by applying Vx we obtain:

Lot 1y, 2

VxVyZ =VxVzY =V 51X =Vx[Y,Z] = Viy, 71X
The cyclic expression can now be transformed as follows:

RX,Y)Z+R(Y,Z2)X + R(Z,X)Y =VxVyZ-VyVxZ-Vixy|Z
—_—— —— . ,
1) (2) (3)
+VyVzX —VzVy X — Vi 721X
—_——— —— . ,
(2 (3) (1)
+VzVxY - VxVzY —Viz Y
—_——— — . ,
(3) 1) (2)
—_— Y
1 (2 (3)
=0 (because of the Jacobi identity) .

follows purely algebraically from , and :
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14.5

Consider an octahedron and denote 4 of
its faces (intersecting only in vertices)
with X, Y, Z, W.

The vertex of the octahedron, e.g.
the intersection of the faces X and
Y, will be denoted R(Z,W,X,Y) :=
(R(X,Y)Z,W) provided viewed from
this vertex the faces X, Z, Y, W follow
one another. Because of and , it
does not matter at which of the two ad-
jacent faces X or Y one starts counting.

e

Now note that for each of the triangles
X, Y, Z, W, the sum of its vertices is
zero due to , because when rotated
about an axis through the center of a
triangle, both its vertices and the re-
maining three triangles are cyclic per-
muted.

If one adds these sums for the triangles
Z and W together and subtracts those
for X and Y, one obtains that double
the difference from the corner W N Z
and the corner X NY is zero, i.e.

R(X,Y,Z,W)

ROXW.Y Z) A RIW,Y X,2)

=

RZX,Y W) RZY W, X)

\/

R(Z,W,X.Y)

R(X,Y,Z,W)

R(W,Y,X,Z) R(Z,Y ,W,X)

R(X,W,Y,Z) R(Z,X,Y W)

R(ZW,X,Y)

R(X,Y,ZW)

holds. ROGWY.2) RZ,Y W, X)
In detail this is the following calcula-
tion: RZW.X,Y)
+W) RX,)Y,ZW)+R(Y,Z,X,W)+R(Z,X,Y,W)=0
(1) (2) (3)
(+Z) R(W,X,Y,Z)+R(X,Y,W,Z)+ R(Y,W,X,Z) =0
(4) (1) (5)
(=Y) R(ZW.X,Y)+R(W,X,ZY)+R(X,ZW,Y) = 0
(6) (4) (3)
(2) (6) (5)
= 2RX,)Y,Z,W)-2R(ZW,X,Y)=0
(1) (6)
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To make sense of this point, we need to extend Vz to tensor fields. This is done

by the product rule, i.e.
(VZR)(X,Y,W) :=
-V, (R(X, Y)W) “R(V2X,Y)W — R(X,V,Y)W — R(X,Y)V,W

-V, (R(X, Y)W) +R(Y, V2 X)W — R(X, VyZ - Y, Z})W ~ R(X,Y)V,W.

With chcl. we denote the cyclic sum with respect to the variables X, Y and Z.

Then
D (VZR)(X,Y, W) =

cycl.

=Y v, (R(X, Y)W) +04 3 RX Y, ZDW - 3 R(X,Y)V,W

cycl. cycl. cycl.
-y vz([vx,vy] ~Vixm )W
cycl. — =
Y (1) (4)
+ Z ( [Vx,Viv,z)] = Vix, [yz]])W— Z <[VX7VY]VZ_V[X,Y]VZ)W
cyel. —_—— —— cyel. —_— —
(4) (3) ' () (4)
(3) (1) (2) (4)

—
= —VZ eyer, [X,[Y.2]] W + Z (Vz[VX,Vy} — [Vx,Vy]VZ> W4+ 0

cycl.

[VZ7[VX»VY]:|
=0 , because of the Jacobi identity. O

14.6 Corollary (Polarization formula).
For the Riemann curvature one has:
4'R(X,Y, Z, W) =
= —-R(Z+X,Y+W,Y+W,Z4+X)+ R(Z+ X, Y-W, Y -W, Z+X)
R(Z-X,Y4+W,Y+W,Z-X) - R(Z-X,Y-W,Y-W, Z-X)
R(Z+Y, X+W, X+W,Z+Y) — R(Z+Y, X-W, X-W, Z+Y)
—R(Z-Y, X4+W, X+W,Z-Y)+ R(Z-Y,X-W,X-W,Z-Y)

Proof. We have
1)  RX,Y+Z,Y+Z,X)-RX,Y-Z,Y—Z,X) =
-9 (R(X, Y, Z,X)+ R(X, Z,Y, X))

14.5.1 || 14.5.2
P (R(X, Y,Z,X)+ R(Z, X, X,Y))

14.5.3

AR(X.Y,Z,X)
and
2) R(XAW,Y,Z, X+W) — R(X-W,Y, Z, X—-W) =
=2 (R(X, Y, Z,W)+ R(W,Y, Z, X))
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So
(3) RY,Z,X,W)=

14.5.1 || 14.5.2
RIZY.W.X)
[2] 1
=>mexmam+5(R@+XJHMZ+Xy—Rw—XJnMZ—X0
14521
RX.Y. Z.W)

1
+§(MZ%&YHVYHMZ%D—R@+&Y—WY—WZ+M

—R@;XJqMZYHMZ—Xy+Rw;XJuszqMZ—XD
(4) R(ZX,Y,W)=

14.5.2

_R(ZvXamY)

=]

1
}ﬂKXﬂMZ)—i(MZ+KXJMZ+Yy<MZ—KXﬂMZ—YD

14.5.1 || 14.5.2 | 1
-

1
—g(R@+KX+WLKHMZ+Yy<MZ+KXéWLK4MZ+Y)

—Rw;xx+waHMZ—nymZ—xx;wqquZ—YD
Hence
14.5.4
0 R(X,Y,Z,W)+R(Y, Z,X,W)+R(Z,X,Y,W)

R(X.Y,Z,W)
+ R(X,Y,Z,W)

1
+§(MZ+XY+WWWJMZ+M—R@+XJCJMY—WZ+X)

—R@—XY+WY+WZ—M+Rw—xY—WY—WZ—m)
Y R(X,Y,Z,W)

1
—g@w+xx+mx+mz+m—R@+KX—WX—WZ+W

—R@—xx+mx+mz—m+Rw—xx—mx—mz—m)

and finally

AR(X,Y,Z,W) =
= RZ+X,Y+WY+W,Z+X)+R(Z+X,Y - W,Y - W, Z + X)
YRZ-X,Y+WY+W,Z-X)-R(Z-X,Y -W,Y -W,Z - X)
TRZ+Y,X+W,X+W,Z+Y)-R(Z+Y, X -W,X -W,Z+Y)
~R(Z-Y,X+W,X+W,Z-Y)+R(Z-Y, X -W,X -W,Z-Y) O

14.7 Definition.
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14.8 14. CURVATURES OF RIEMANNIAN MANIFOLDS

Let us now further examine the expressions of the form R(X,Y,Y, X) in the polar-

ization formula . Let

X' =aX+bY a b
Y =¢cX+dY _(c d)'

Because of the skew symmetry ’ 14.5.1 ‘ and ’ 14.5.2 ‘ we have

R(X',Y'Y' X') =det(A) R(X,Y,Y' X') = det(A)? R(X,Y,Y, X).

The term | X|?|Y|? — (X,Y)? has the same transformation behavior, since it mea-
sures the square of the area of the parallelogram generated by X and Y, see .

Consequently, the term
RX,YY X)
XP Y] - (X,1)?

K(F) :=

is independent of the choosen generators for the 2-dimensional subspace F' :=
({X,Y}) of T,M spanned by X and Y. This number is called the SECTIONAL

CURVATURE of F'. The polarization formula shows that the Riemann curva-
ture can be calculated from the sectional curvature.

14.8 Theorem (Gaussian curvature versus sectional curvature).

For each Riemann surface M, the Gaussian curvature is identical to the sectional
curvature (of the entire 2-dimensional tangent space).

Proof.

For hypersurfaces in R? we have shown this in . For abstract Riemann surfaces

M and local coordinates (u!,u?) on M we have

) oy R(gar, 5% a0z gar)
D* - K(T,M):=(EG—F?)- N RTT-RCERT RN 5 = Ri221
|8u2| |8u1| |<6u1’8u2>|
14.4

1 82 82 62 62

5 6u10u2gl 27 Julout 92,2 + Ou20ul 91,2 — ou20u? 911

1

Ti210211 —To01T111) + "% (T122T211 — o221 11)

(
1 (T121T212 —Ta21T112) + 6% (T122T212 — T2020112)

(F10—Gi11+ Fo1 — Es )

2
+ DE <E2E2 (2F, — G1)E1) - % (G1E2 — G2 Ey)
Di (E2G1 (2Fy — G1)(2F) — E2)> + % (G12 —Gy(2F) — Eg))
_ 41E)2 (BsGa — 2F\Gs + G12)
+ 422 (E\G — EsGr — 2E2Fy + 4F\Fy — 2F,G))
+ 4g2 (Er\G1 — 2E1Fy + E5%) — % (E22 —2F1 2+ G1,1)
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Or calculated differently:

05y (L

o o o
Ri,j,k,l — 2 \owour 9L — Buiawt Yik + duioul Yk — Guiger Il

+ > (T2, T — T2, Tiry)

=1

bS]

2 2 9> 2
1 1%} ) [é) 1%}
Ripo1 == 3 <3u13u291,2 Fuioat 92,2 T 3u2ea191.2 ~ a2 91,1)

+ (1 ol210 —T3ol110) + (T oT212 — T3 5T1,12)

10.6

% (Fi2—G11+ Fo1 — Ea9)
ExG—-G1F Ey 2F,G-G1G—-Gy F &

2D? 2 2D? 2
+—E2F—|—G1E ﬁ_—2F2F+G1F+G2E 2F, —Es
2D? 2 2D? 2
E
== ﬁ (EQGQ - 2F1G2 + G12)

F
+ ﬁ (E1G2 — E5sGy — 2E5Fy + 4 Fy — 2F1G1)

1
(Bap —2F1 2+ G11)

G
+ — (E1G1 — 2E\F, + Ey®) — 3

D

== D?K. O

14.9 Definition (Normal coordinates).

RIEMANNIAN NORMAL COORDINATES are defined as the parameterization
m
o (ut . u™) = exp,, (Z uZX,»)
i=1
for an orthonormal basis (X1,..., X,,) of T,M.

14.10 Lemma (Christoffel symbols in normal coordinates).

In Riemannian normal coordinates around p, all Christoffel symbols vanish at p.

Proof. Obviously
gi,j(p) = <%» %XZ’) = <Xi,Xj> = 5i,j~
The radial geodesics ¢ — exp,,(tX) satisfy the geodesic equation
o B m ) .
d°u k du® du! __
) T =0,
ij=1

and for u(t) := tX; (i.e. u*(t) = 65 t) we have T'% ;(u(t)) = 0, so in particular I' ; (p).
For u(t) := t(X; + X;), it follows analogously (I'}; +T§; + %, +T% ,)(p) = 0 and
because I'} ; is symmetric in (, j), we have I'} ;(p) = 0 for all 4, j, k. O

14.11 Lemma.

Let M be a Riemannian manifold and F < T, M a 2-dimensional subspace. Then,
the sectional curvature K (F) is exactly the Gaussian curvature of the surface which
is locally given by exp(F).
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Proof. Because of , it suffices to show that the Riemann curvature Ry of
the surface N := exp(F') coincides with the restriction of the Riemann curvature
Ry of M to N, where N carries the metric induced by M.

For this purpose one chooses Riemannian normal coordinates ¢ : (ul,...,u™)
exp, (3%, u'X;) for an orthonormal basis (X1, ..., Xp,) of the tangent space T, M
such that {X;, Xo} span F' and hence N is parameterized by (t,s) — exp, (tX; +
sX5). With respect to these coordinates, all Christoffel symbols disappear at p by
. Since the coefficient functions g; ; with ¢, 7 < 2 are identical for M and N,
this also holds for

_ 1 5 ? 8 ?
Rijrki=735 (aujaul 9ik T 3oigur 931 — Furgur il — saigardik ) T 0. O

14.12 Theorem (Uncurved spaces).
For a Riemannian manifold are equivalent:
1. R=0.
2. M is locally isometric to Fuclidean space.

3. The parallel transport (see ) is locally path-independent.

The condition is globally not universally valid as the Mobius strip or the cone
with the flat metric shows.

Proof. (é) By using a chart, we may assume that M is an open neighborhood
of 0 in R™, but with a generic Riemannian metric g. We have to find a vector
field X for given initial value Xy, which is parallel along each curve. Because of
, it suffices that Vy, X =0 for all i = 1,...,m. First, we find a vector field
ul — X(u',0,...,0) parallel to the u! axis. For each u! we find along the curve
u? — (ul,u?,0,...,0) a parallel vector field u? — X (u',u2,0,...,0) with initial
value X (u!,0,...,0). And so we get a vector field (u',u?) — X(ul,u2,0,...,0)
along the 2-dimensional surface ¢ : (u!,u?) — (ul,u2,0,...,0). It fulfills V5, X =0
along ¢ and Vg, X = 0 along u! — 9(u',0). Then V5, Vg, X — Vo, Vg X =
R(01,02)X = 0 holds due to [01,02] = 0. Thus, Vy,Vy5 X = 0, i.e. Vo, X is
parallel along u? — (u!,u?). From Vg X = 0 along u' — 1 (u',0) follows
Vo, X =0 along 9. Thus X is parallel along all the curves in the 2-surface .
Now one continues the above iterative process to obtain the desired parallel vector
field X. This shows that the parallel transport is path independent.

(:>) If one chooses the vectors of an orthonormal basis of ToR™ as initial
value, one obtains parallel vector fields X;, which by form an orthonormal
basis everywhere. By (X, X;] = Vx,Xj — Vx,X; = 0 holds. By [95,
17.12], the X; can thus be integrated to obtain a chart ¢ which satisfies 8 = X;.
In this chart, the Riemann metric has coefficients d; ; (by the orthonormality of the
X;), i.e. ¢ is a local isometry between the flat R™ and M.

(:>) Since the covariant derivative and thus the Riemannian curvature is an
intrinsic quantity, i.e. depends only on the Riemann metric, it suffices to calculate
R for the Euclidean space, but there R = 0 because of the preliminary remark to

(where V¢ = D). O

14.13 Definition (Traces of the Riemann curvature).
The RIcCI CURVATURE of a Riemannian manifold is
Ricci(X,Y) := trace(Z — R(Z, X)(Y)) S trace(Z — R(X, Z)(Y))

118 andreas.kriegl@univie.ac.at (© January 31, 2019
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and in local coordinates
Ricci(z X! 6‘;,2}’7— %) -
i J
= > XY Ricei (2, 5 )

Y]
.7 k

k
k,i,j

Z X'y’ Z(%Fi ' a'rﬁ,j + Z(Fﬁjr‘lfz,p - Fz,jrﬁp))
2 k P

Jj T Ul

Note that Ricci: T, M x T, M — R is symmetric because

Ricei( 2 2\ — V™ gk [1442] Re .o gk [1453] Rt bt
1CC1 3 g ) = k,i,j k,i,5,0 9 ki g
k k,l k,l

ou’

S ———— E Riirg” = E Ry ;i = Ricci{ 557,
1k 1

A (pseudo-)Riemannian manifold is called Ricct FLAT if Ricci = 0.
It is called EINSTEIN MANIFOLD if Ricci is proportional to the metric.
The SCALAR CURVATURE is S := tracey({ — (Ricci(¢,-))), ie. the trace of the
mapping
ToM e (ToM)* —5 T, M.

In coordinates this is

S =3 Ricci( g 77 )

ij

_ o Tk a 1k k k

= Z Z(Wri,j — purlky T Z(F]io,jrk,p - Fi,jri,p)) gl.
i, k p

Note that due to the symmetry properties , these are all non-trivial traces
which can be formed from the Riemann curvature.

The completely traceless part of the Riemann curvature (for m > 3) is called WEYL
CURVATURE TENSOR

1 - S
W = R* m(RlCC]*mg) L)

Schouten tensor

=R- %(Ricci—%g) og

m —

a 2m(m—1)g.g

. Here, ke h is the KULKARNI-NOMIZU PRODUCT of two symmetric 2-fold covariant
tensors k and h, namely

(k ® h)(v1,v2,v3,v4) : = k(v1,v3) h(v2,v4) + k(v2,v4) h(v1,v3)
— k(vi,v4) h(va,v3) — k(v2,v3) h(vi, v4)

14.14 Proposition.
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A Riemannian manifold has constant sectional curvature on G(2,T,M) if and only
if for all X,Y,Z € T,M the following holds:

RX,Y)Z =K - (g(Y, 2)X — g(X, Z)Y)

Proof. (<) Let R(X,Y)Z = K - (g(Y, 2)X — g(X, Z)Y) with a constant K € R.
Then
g(R(X, Y)Y, X)
KUEYY) = 03 g7 = g5, 7
B g(K- (g(Y,Y)X — g(X, Y)Y),X) B
g(XaX)g(Y7Y) - g(X7Y)2

(=) Let K be the constant sectional curvature. The expression

g(K - (9(V,2)X = g(X, 2)Y), W) = K - (9(Y, 2)g(X, W) = 9(X, Z)g(Y, W)

has the properties ’ 14.5.1 ‘— ’ 14.54 ‘ and is the same as g(R(X, Y)Y, X) for Z=Y
and W = X. Because of (where we have only used these properties), it
coincides with g(R(X ,Y)Z, W) everywhere. O

14.15 Corollary.

If an m-dimensional Riemannian manifold has constant sectional curvature K, then
the Ricci and the scalar curvature are given by:

Ricci(X,Y)=K-(m—1)-g(X,Y)
S=K-(m—1)-m

In particular, it has to be an Einstein manifold, i.e. Ricci = % g.
Proof.
Ricci(X,Y) = trace (Z — R(Z,X)Y)
trace(Z — K- (9(X,Y)Z — g(
— K- (meg(X.Y) — g(X.Y)) = K - (m— 1)
und S = trace(X — (Ricci(X,))") = trace(X = (K- (m—1)-g(X, ,))b)
=trace(X - K-(m—1)-X)=K-(m—1)-

14.16 Resumee

For plane curves, we interpreted the CURVATURE as the force necessary to hold a
mass point with constant scalar velocity on a curve.

For hypersurfaces in R3, we first got to know the NORMAL CURVATURE of a surface
in direction £ as the curvature of the intersection curve with the plane spanned by
the surface normal and £. This is at the same time the curvature of the geodesic
in direction &, see . The critical points of the normal curvature are the MAIN
CURVATURES, and their product is the GAUSS CURVATURE.

For a general Riemannian manifold, the SECTIONAL CURVATURE can be identified
with the Gaussian curvature of the 2-dimensional surface parameterized by the
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exponential mapping. Finally, the Riemann curvature is the tensor field associated
with the sectional curvature (i.e., the associated 4-linear mapping).

15. Jacobi Fields

15.1 Remark.

Let ¢ : [0,a] — M be a geodesic in a Riemann surface. It can be written as radial
geodesics of the form c¢(t) = exp,(tv), where x := ¢(0) and v := ¢/(0). We want
to discuss neighboring radial geodesics. By there is an neighborhood around
[0,a] x {v} C RxT,M on which exp is well defined. Thus, on the interval [0, a], the
radial geodesics, which start at = in a direction near v, exist. Let us now consider
the variation (¢,w) — exp,(t(v + w)) of ¢ for w L v. For fixed w, the directional
derivative

E(t) = g5 _g ex0a(t(v + sw)) = (Thy exp,) (tw)
at (t,0) € [0,a] x T, M in direction (0,w) defines a vector field £ along c.

w &)

‘ exp, (L.(vV+SW))

V+S.W L

c(t
We now want to show that the vector field ¢ satisfies the so-called JACOBI EQUATION
V2E(t) + K(e(1) £(t) = 0.

Since
:(r,9) — exp, (r(cos(ﬁ)v + sin(ﬁ)w)) for |w| =1 = |v|

are geodesic parallel coordinates, i.e. meet £ = 1, F = 0, G > 0, the Jacobi

equation K = —ﬁ (%)2 VG from applies.

For £(t) : = 5|, exps (t(v + sw))
= 8% ‘19=0 exp, (t cos(¥)v + tsin(I)w) = dap(t,0)
one has [£(t)]? = |0200(t,0)|* = G(t,0).
The vector field £ is normal to ¢’ because the radial geodesics orthogonally intersect
the geodesic spheres (because of F' = 0), so {(t) can be written as A(¢)v(t), where v

is a unit normal field to ¢/ in TM and A = |¢| = v/G. Consequently, " +(Koc)-\ =

A — %(8%)2\/5 - A = 0 holds. Since c is a geodesic, ¢ is a parallel vector field

(see ) along ¢ and the same holds for v. So for the covariant derivative of £
we have:

VE=VOAv)=AVv+Nv=Nv
= V=VWNv)=NVr+Nv=\v
= VE+EKE=Nv+ K =N +K\Nv=0
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15.2 Definition (Jacobi fields).

We call a vector field ¢ along a geodesic ¢ in a Riemann surface a JACOBI FIELD if
it satisfies the JACOBI EQUATION

V2 + (Koc)-€=0

and it is orthogonal to c.

15.3 Lemma.

The Jacobi fields € along a geodesic ¢ with initial condition £(0) = 0 are ezactly
those wvector fields which can be written as §(t) == (Tier(0) €XPe(oy) (tw) with w €

CI(O)J‘ C TC(Q)M,

Proof. We have just shown that vector fields of the form £(t) := (Tt (0) €xPe(o)) (tw)
are Jacobi fields. Now let’s calculate their initial values £(0) and V£(0): Clearly,
§(0) = (Toer (0) €XPe(o)) (Ow) = 0.

With respect to the coordinates (u',u?) — exp,(u' v + u? w), we have ul(t) = t,
u?(t) =0, £1(t) = 0 and &3(¢t) = t. Thus,

- Z(d&k +ZF duﬂ)auk »

— (9_ § ko 4.1.0 — _o_ —
- <8u2 + F2,1 t-1 Buk>‘t20 — ou? lt=0 — w.
k=1

Since any orthognal vector field £ along c is of the form £ = A-v as in , hence
the Jacobi equation translates into the second order linear differential equation
N+ (K oc¢) XA = 0, which has a unique solution for given initial values A(0) and

A'(0). Thus & = (T} (0) €xPe(o)) (tw) for w := VE(0). O

Let M be a complete Riemannian manifold, and let ¢ be an arc length parameterized
geodesic in M. We have seen in that curves, which ly in geodesic parallel
coordinates close to ¢, can not have a shorter arc length. We now investigate the
question of wether we can extend the geodesic polar coordinates around c¢(0) to
coordinates around ¢(t). For this we need the following

15.4 Definition (Conjugated points).

Let ¢ : t > exp,(g)(tc'(0)) be a geodesic in M. A point c(t) is called CONJUGATE to
c(0) if the differential Ty (o)(expe(o)) of the exponential map at tc’(0) € Teo) M is
not an isomorphism from T,oyM = T/ (0)Teo)M to Tey M.

15.5 Theorem (Conjugated points).
Let ¢ be a geodesic in a complete Riemann surface. Then t.f.a.e.:

1. ¢(t) is conjugated to ¢(0);

2. There is a Jacobi vector field £ # 0 along ¢ with £(t) =0 = £(0).
Proof. Let 2 := ¢(0) and v := ¢/(0). By definition, ¢(t) is conjugate to ¢(0) if and
only if Ty, exp, : TpM — Toyp, (10)M is not an isomorphism, i.e. ker(7T3, exp,) #
{0}. Because of (T}, exp,)(v) = /(t) # 0 and (T}, exp,)(w) L (t) for all w L v

by | 13.10 |, we have ker(T}, exp,) C v*: In fact, let w’ = av +w with w L v, then
w’ € ker(Tyy, exp,) = 0 =Ty, exp,(av +w) = ac (t) + Ty exp,(w) = a = 0.
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And, furthermore, £(t) = 0, where £ : s — sTs, exp,(w) is the Jacobi field with
initial condition £(0) = 0 and V£(0) = w € ker(Ty, exp,) C vt by . O

15.6 Corollary.

Let ¢ be a geodesic parameterized by arc length. If ¢ does not contain any conjugate
points inside a parameter interval [t1,ts], then L(c) < L(cy) holds to each ¢; near
c.

The converse is also true, see | 15.16 |.

Proof.

As in , we consider a chart ¢ for geodesic polar coordinates at ¢(0). Because
of[15.5], this mapping is a local diffeomorphism in every point of Jt1, [ x {0}. So,
aside from the boundary points, we have geodesic parallel coordinates along c. By
, the length of each curve near ¢ will then be at least as long as that of c. [

15.7 Comparison lemma of Sturm.

Let p (resp. \) be a solution of the linear differential equation u (t) + a(t) p(t) =
(respectively X' (t) + b(t) A(t) = 0) with initial value p(0) = 0 = A(0) and p'(0)
1 = X(0). Furthermore, let a > b (resp. ¥Vt : a(t) > b(t)). Putt, := min{t > 0 :
p(t) =0} and ty :=min{t > 0: X(t) = 0}. Thent, <ty and for 0 <ty <t; <t,
we have p(t1)A(to) < A(t1)u(to) (or <) and p(t1) < A(t1) (resp. <).

0

Proof. By assumption p(t) > 0 for all 0 < ¢t < t,, (because of p/(0) = 1) and
A(t) > 0 for all 0 < t < ¢y, so N (tx) < 0. Furthermore N (¢y) < 0, otherwise we
would have A = 0 locally at t5. Let a(t) > b(t) for all t. Assume t,, > ty, then

tx

t)\ tA
0= [ b A b ae ) = (X x| [T
0 0

=p(ta) N (tx)<0 <0

0

a contradiction.

Let now 0 < t < t,(< ty). Then

0 :/ N+ X)) =X (1" +a-p) = (M’*A‘M/)I&/ (b—a) A-p< (XN =)
0 0

<0

and thus (logoA)'(t) > (logou)’(t), hence log o% is monotonously increasing and

thus A(t1)u(to) > p(ti)A(to) for all 0 < ty < t; < t,. Because of limy, g fﬁﬂ% =

2:28% =1 it follows that A(t1) > p(t1).
The case a(t) > b(t) for all ¢ is treated quite analogously. O

15.8 Corollary.
Let ¢ be a geodesic parameterized by arc length.

1. If K(c(t)) < Ki holds to all t, then no open interval of length \/LKT contains a
conjugate point.

2. If K(c(t)) > Ko > 0 holds to all t, however, there is one conjugate point in
each closed interval of length %
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Here and in the following let \/LKT = 400 for K1 <0.

Proof. For K1 > 0 and b(t) := K(c(t)) < K1 =: a(t) we have, by ,
for the solution &£(¢t) = A(t) v(t) of the Jacobi equation (see ) and that of
w' () + Ky p(t) =0 (e u(t) = ﬁ sin(ty/K1)) the relationship p(t1) < A(t1), and
thus A\(t) = 0 = tVK; > .

For K1 <0, w.ol.g. K1 = 0, we have analogoulsy A(t) > u(t) =¢ > 0 for all ¢ > 0.

The statement is shown quite analogously. O

15.9 Theorem of Bonnet.

If M is a complete connected Riemann surface and K(x) > Koy > 0 for allx € M,
then the geodesic distance of each pair of points is at most ﬁ In particular, M
is compact.
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Proof. By |13.12.4| there is a geodesic of minimal length for every two points.

If its length is greater than ﬁ7 it contains conjugate points by | 15.8.2 |, and by
the converse of , which we will show in | 15.16 |, this geodesic will not be the

shortest connection, a contradiction. So their endpoints are at most \/}%D away for

X

one another. In particular, the diameter is

d(M) = Sup{d(xth) 1T1,T2 € M} < \/717(70’

and thus M is compact by | 13.12 | O

15.10 Lemma.

Let K(z) < K; forallz € M and p1 < p := \/% Furthermore, let ¢ : [0, p1] = M

be an arc-length parameterized geodesic from x := ¢(0) to y := ¢(p1). Let v :
[s0,81] = B,(0) € T, M be a curve with exp,(v(sg)) = = and exp,(v(s1)) = y.
Then L(exp, ov) > L(c).

Proof. Because of K(z) < K; for all x € M, exp, : B,(0) = M is a local

diffeomorphism by | 15.8.1|. Thus, (exp,)*(g) is a Riemann metric on B,(0) and
exp, is local isometry with respect to it. The polar coordinates on B,(0) thus

induce geodesic polar coordinates (see ) on B,(0) with respect to the metric
(exp,)*(g) and thus the result follows from |10.11 | O

15.11 Proposition.

Let (cs)s be a smooth homotopy relative to {0,1} between two different geodesics
from x to y with L(co) < L(c1). If K(x) < K; for all x € M then there exists an

0 <sg<1with L(cs,) > \/2}% — L(co)
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Note that for K; < 0 (and therefore 27/+/K; := 400) this means that different
geodesics from z to y can not be homotopic.

Proof. Put p:= \/71% Because of | 15.8.1 |, exp, : B,(0) — M is a local diffeomor-
phism, and thus on each smaller open ball, it is a covering map (because the fibers
are finite). W.lo.g. L(cp) < p (otherwise, already L(cg) > j% (co))-

Suppose ¢;s(t) € exp,(B,,(0)) for a p1 < p and —

all s and t. Then a lift (¢,s) — ¢&5(t) would exist. T
But since the lift of the geodesic ¢; must be a / ]

straight line through 0, this is impossible because /
of ¢y # ¢1. Thus, the homotopy comes as close as
possible to the boundary of exp,(B,(0)), i.e. for |

each p; < p there exists an s € [0,1] s.t. the lift |—
s 1 10,1] = B,(0) exists and contains a point vy |
at a distance of p; from 0. By the image of
the closed curve, formed from ¢, followed by the
reverse straight line ¢, has length > 2p; (because
the two parts from 0 to v, have length > p;), so DN
L(cs) > 2p1 — L(co). —

Since p; was arbitrarily close to p, the cont1nu1ty of s = L(cs) 1mphes the existence
of an so with L(cs,) > 2p — L(co) = \/KT (co)- O

15.12 Theorem [58].

The exponential mapping of each complete connected Riemann surface with K <0
is a covering map exp, : IuM — M for each x € M. Thus, if M is even simply
connected, then exp, : TyM — M is a diffeomorphism and for every two points
there is exactly one minimal connecting geodesic.

Proof. Let first M be simply connected. Because of 7 there are no conjugate
points for K < 0, and thus exp,, : T, M — M is everywhere a local diffeomorphism.
By proposition of Hopf-Rinow exp, is surjective. Now for injectivity. Let
exp, (vo) = exp,(v1) =: p € M. Then ¢;(t) := exp,(tv;) are geodesics connecting
x to p. Since M is simply connected, these are homotopic. Because of they
are identical, i.e. vg = v1.

According to , the radial connecting geodesic is of minimal length.

For general M we consider the universal covering p : M — M. According to what
has just been said, exp; : T M — M is a diffeomorphism and thus exp, oTzp =
poexp; : T; M — M is a covering map. Since Tzp : T; M — T,M is a linear
isomorphism, exp,, : T, M — M itself is a covering map. O

15.13 Jacobi fields on general Riemannian manifolds.

Since only exp, (t(v + sw)) for v,w € T, M and ¢, s € R was needed for the descrip-
tion of Jacobi fields, they can be defined on general Riemann manifolds as well,
where (by | 14.11 |) the Gauss curvature K (c(t)) has to be replaced by the sectional

curvature K (({£(¢),c/(t)})) (see ) and K(c(t))&(t) by R((t),c(t)) ' (¢): In

fact, for Riemann surfaces and unit normal field v along ¢ we have
R(v,d)d = (R(v,d), Y + (R(v,d),v)v = R(v,d,c, ) + R(v,d,c/,v)v

.
—-——_.___ 1

R(v,d,d,v)v
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Hence

K(c(t)&(t) = K(c(t)) Mt) v(t) = A1) R(v(t), ¢ () €' (t) = R(&(t), ¢ (1)) € (t).
Thus the JACOBI EQUATION for general Riemannian manifolds looks like follows:

V2 + R(E, ) - =0,

The solutions of the Jacobi equation are again called JACOBI FIELDS and these
are exactly the derivative in direction of the variation parameter of 1-parameter
variations of the geodesic ¢ by geodesics:

In fact, let ¢ : R?2 — M be a variation consisting of geodesics t + ¢(s,t) (i.e.
0= V%—f %ap(s, t)). In the proof of the Gaussian Lemma | 13.10 | we have shown

\ (s, t) = & Lo(s,b).

77)'%@(57t)+v%vﬁa@@(5 t)—l—Val 22157 (s, t)
t (5,£) +0
t) and £(1) := %\s:ogo(s,t) we obtain the Jacobi equation
= R(, ) - ¢ + V3%,

The representation in for Jacobi fields ¢ with £(0) = 0 via the derivative of
exp,(g) holds exactly as in the 2-dimensional case, and the zeros of these Jacobi

fields describe again CONJUGATED points as in .

15.15 Proposition. Variation of energy.

Let (cs)s be a smooth variation with fized endpoints of a curve ¢ : [a,b] — M, i.e.
c: (s,t) = cs(t) is smooth from R X [a,b] = M with s — cs(t) being constant for
t € {a,b}. Let Y(t) := Lcs(t) € T, ;yM and let the energy be

1 1 b
E(cs) = §/ g(Cs,¢5) = 2/ e () (atcs(t),%cs(t)) dt.
Then
d b
W B =- [ oTai)
S s=0 a

and, if co is a geodesic, then %E(CS)|S:0 =0 and
a2

2 2 E(e,

@ (5) B

Proof.
1. Put X (t) := aQ s(t). Then X =Tc- % and thus for YV :=Tec- % we have

= /ab(|VC'DY0|§ — K(({c’o,YoD) ) (‘Yolﬁ _g(éO’YO))>

s=0 M
=R(Y0,¢0,¢0,Y0)

VyX - VxY [X,Y}:Tc'[%,%} =0.
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Consequently,
[13.4.5]
diE(cs):%/aa(XX -/ (Vy X, X)dt
S a

b 3.4.5 b
/ 9(VxY, X) dt-/ oY, X) dt - /g(Y,vXX)dt

b b
V.|~ [ g(rxx)

and, because of Y|ry(a,p} = 0 and Xo(t) := X (0,t) = ¢o(t), we have

d b
=0—/ 9(Yo, Ve, o) dt.
s=0 a

%E(CS)

<d>2E(Cs) B 1/@’) <a> 9(X, X)dt == m 9(Vy X, X) dt

2 Os

)
:/ a—g(VXY,XMt

-13 4.5
9(VyVxY, X) + g(VxY, VYX))
b
-/ (g(vxva, X) = gl([Vx, Ty]Y, X) + (VY. V) e

b
0
=/ (EQ(VYKX) - 9(VyY, VxX)+

~ g(R(X, Y)Y, X) + g(VxY, VxY)) dt

b
=g9(VyY, X)| +

b
+ / (—Q(VyY, VxX)—-R(X,Y)Y, X)+ g(VxY, ny)) dt
and for s = 0, a geodesic ¢g, and Yy(t) := Y (0,t) = %|s:ocs(t) we have:

(jf E(c,)

b
= / (_g(vYOY()vVXUXO) — R(Xo , Yy, Y, Xo) +9(VX0Y0,VX0Y0)>
a — ~ S——

s=0
=0 ¢o Vo Yo

b
=/ (|VéoY0\§—R(C'O,YO,YO,C'o))-

Finally, according to , we have
R(¢o, Yo, Yo, ¢0) = K ({{¢0, Yo})) - (IYol] — 9(co, Y0)?)
O

The Hessian of E at ¢y (i.e. the symmetric bilinear form E”(cy) corresponding to

the quadratic form (%)2 E(cs)| ) is thus given by the so-called INDEX FORM

I(Y,Z) = /ab (g(VéOY, Ve Z) — R, Y, Z, co))

for arbitrary vector fields Y and Z along a geodesic cg.
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We now generalize while showing at the same time its converse.

15.16 Theorem.
Let (M, g) be a Riemannian manifold and c : [a,b] — M be a geodesic. Then the
following statements are equivalent:

1. There are no conjugate points on c.

. ¢ has minimal length among all sufficiently close curves with same end points.

2
3. ¢ has minimal energy among all sufficiently close curves with same end points.
4

. E"(c) is positive semi-definite, i.e. (d%)Q ls=oE(cs) = I(% oo Cs d%cS’

0 for all variations (cs)s of ¢ with fized boundary values.

s:()) Z

Proof. (:>) This is analogous to , but we need a generalization of
Corollary | 13.11 | instead of | 10.11 | Let a = 0. We put z := ¢(0) and v := ¢/(0).

Thus c(t) = exp,(tv) for all 0 < ¢ < b. For each ¢ € [0,b] there exists e, > 0
such that exp, restricted to the ball By, (tv) is a diffeomorphism onto its image.
In particular finitely many of the open intervals (¢ — e¢, ¢ + &) cover [0,b], lets
say for t1,...,tn. Let 2¢ be the minimum of the corresponding e;,,...,&¢y. S0
each t is contained in some interval (f; — e¢,,t; + €,) and thus exp, is injective
on the ball Bs.(tv) C By, (t;v). Take a partition 0 = by < --- < by = b with
bi+1 — b; < € and let ¢ be a curve (with same end points as ¢) so close to ¢ that
&([bi, bix1]) C exp,(B:(b;v)). Thus we have a unique lift exp, Bi(bw) oc of €|y, bis)
into Be(b;v) for each i and these lifts fit together with end points 0 and bv, since
¢(b;41) is the unique inverse image of exp,, on Ba.(b;11v) 2 Be(b;+1v) U B:(b;v).

Let t — r(t) - 9(t) be the polar decomposition of such a lift. We consider the
variation ¢(s,t) := exp, (p-t-(s)) by radial geodesics with p := r(b) = |bv|. Then

elt) = exp, (r(1) (1)) = o (1, 722)
As is the proof of the Gauss lemma
0 (90 00\ _,
ad\ot as)
S0 9(82@78190)(5?” = 9(624)0,81@)(570) = g(p’lj(S),O) =0 and7 as in the pI‘OOf of
13.11 | (with y(r, t) := ¢(t, 7) = exp,(rv(t)), so &(t) = v(r(t),t)), furthermore
@)1 = ' (t)]?
with equality if and only if ¥ is constant. Finally
b b b
L(c) = / |&'(t)] dt > / |7 (t)| dt > / r'(t)dt =r(b) —r(a) = p= L(c)

with equality if and only if ¥ is constant (= v because of r(b) o = bv) and /() > 0,
So € is a reparametrization of c.

(:>) The Cauchy-Schwartz inequality yields

L©=ZﬁﬂMﬁ<([ﬁfm(A%%Wﬁfmzﬂwa%ka
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hence L(c)? < 2(b — a)E(c) and equality holds if and only if ¢ is parameterized
proportional to arc length.

Now, let ¢¢ be locally of minimal length and w.l.o.g. parametrized by arc length.
Let ¢4 be a variation of ¢y then

L(cp)? L(cs)?
2(b—a) ~ 2(b—a)

E(co) = < E(cs),

Hence ¢q is also of minimal energy locally.
(:;) From E(cs) > E(co) for all s > 0 and hence %L:o E(cs) = 0 we deduce
(&) |s=0E(cs) > 0 using |15.15.2 ],

(:>) Suppose ¢(a) and ¢(tg) were conjugate points on c. Let Y # 0 be a Jacobi
field along ¢ with Y'(a) = 0 = Y (to) (and hence VY (tg) # 0). Put V := X[+, ¥ (a
continuous and piecewise smooth vector field) and let W be a smooth vector field
along ¢ with W(tg) = —VY(tp) and W(a) =0 = W (b). Let I; and I5 be the index
forms of ¢|(4,4,) and ¢z, 5. Then for each vector field Z along ¢ with Z(a) = 0:

0= /ato g(VQY +R(Y,é)é, Z) - /:0 (g(VQY, Z) + g(R(Y, ¢)¢, Z))

to d
— [ (5907, 2) - (VY. 2) + g (R(Y. 2. 2)))
a
R(Y,,¢,7)

s

9(VY, Z)

to
a

— (Y, 2).

For Z := W (with W(a) =0 and W (ty) = —VY (t9)) we get
I(V,W) = L(Y,W) + (0, W) = [[(Y, W) = =[VY (to)[} < 0.
and finally for Z := Y (with Y[, 4,3 = 0) we obtain
I(V4+eW,V +eW) = L(Y,Y) +2I(V,W) + 2 [(W, W)
=0 —2e|VY (to)[2 + £ I(W, W) < 0

for all small € > 0. We can approximate V +eW by a smooth vector field X, which
also vanishes at the boundary points and satisfies I(X, X) < 0, a contradiction. [J

15.17 Corollary.
Let ¢ be a geodesic parameterized by arc length.
1. If K(c(t)) <0 holds to all t, then there are no conjugate points.
2. If K(c(t)) > Ko holds for a constant Ko > 0 and all t, conjugate points will be

™

on each closed interval of length T

Proof. Let £ be a Jacobi field along ¢ with £(0) = 0 # V£(0). Then
|§(t)|3 > 0 for all small ¢t >0
and  (L)2[E(1)2 = 24 (6(1), VE®)) = 29(TEW), TEWD) + 29(6(2), V(1))
=2|VE)[5 — 2R(E(1), (1), (1), £(1)) > 0,
So ¢ — |£(t)] is monotonously increasing and thus £(t) # 0 for all ¢ # 0.
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Let v be a parallel unit vector field along ¢ with v(¢) L ¢/(¢) for all ¢ and consider
&(t) :=sin(tv/Ko) v(t) for Ko > 0. Then £(0) = 0 = ¢(n/v/Kp) and

Vv =0 = V*(t) = —Kysin(t ) v(t) = g(g( ) ( )) = —Kgsin(ty/Kp)?
= R(&(t), ¢ (), (t),£(t)) = sin(t\/Ko)* R(v(t),d( ,v(t)) > Kosin(ty/Ko)?
by assumption, and thus (note that dtg(& Vé) = (Vf Vf) + g(&,V29))

b
I1(£,€) :=/ —g(£(), VZE(t)) — R(E(t), €' (1), €' (t),&(1)) dt < 0,
hence there are conjugate points on ¢ because of (ﬁ) in . O

15.18 Remark.

The curvature condition in | 15.17.2 | can also be replaced by:
Ricci(X, X) > Ko (dim(M) — 1) | X|? for a constant Ky > 0 and all X.

Proof. Let ¢ : [0,L] — M with L := 7+ Extend ¢’ to an orthonormal basis

c,v1,...,Um—1 of parallel vector fields along ¢ and consider &;(t) := sin(t+/Kp) v4(t).
Then &;(0) =0 = &;(r/vKo) and

V2&i(t) = —Kosin(t/Ko)v(t) = g(&(t), V2E(t)) = —Kosin(ty/Kp)?

Ricci(d, ') =0+ Z_: R(vi,c,c,v;)
" R, (0.0, &(0) = 3 sin(ty/Ro)2R(vi(t), ¢ (). ¢ (£), (1))
i=1 =1
= sin(t\/Ko)? Ricci(c(t),c (1))
—_—

>K0-(m71)

by assumption and thus

Zf&»&— Z/ (600, V26:(0)) + R(&:(8), ¢ (£), ¢ (£),&:(1)) dt < 0.

Hence at least one summand I(&;, ;) < 0 and thus, as before, there are conjugated

points on ¢ by ((1]=]4]) in . O

15.19 Theorem. [26].

The exponential mapping exp, : ToM — M of complete connected Riemannian
manifold M with sectional curvature K <0 is a covering map for each x € M.
So, if M is in addition simply connected, then exp,, : To M — M is a diffeomorphism
and for each two points there is exactly one minimal connecting geodesic.

Proof. By Theorem | 13.12 | of Hopf-Rinow the mapping exp,, : T, M — M is onto.

Because of K < 0, there are no conjugate points by |15.17.1| and thus exp,, :
T,.M — M is alocal diffeomorphism everywhere. Moreover, exp,, : (T, M, exp’ g) —

(M, g) is a local isometry of complete (because at least the geodesics through 0 in
T, M are infinitely long, see the arguments in | 15.20 |) connected Riemann manifolds

and thus, by the following lemma | 15.20 |, is a covering map.

If, in addition, M is simply connected, each covering map is a diffeomorphism. [J
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15.20 Lemma.

Let (M,g) and (M, g) be connected Riemannian manifolds of equal dimension and
let f: M — M be a local isometry everywhere.

If M is complete, then this also holds for M and, furthermore, f : M — M is a
covering map and is in particular surjective.

Proof. Claim: Geodesics can be lifted (uniquely).

Let ¢ : I — M be a geodesic with ¢(0) = z € f(M) and & € f~'(z) C M. Since M
is complete, a unique geodesic é: R — M exists with &(0) = (T, f)~*(¢/(0)). Since
f is a local isometry, f o ¢ is a geodesic with (f o &)'(0) = ¢/(0), so ¢ = (f 0 &)|s.
In the proof of ( = ) of Theorem of Hopf-Rinow we have shown
that exp,, : T, M — M is surjective provided the radial geodesics starting at = are
infinite long. Consequently, also exp,, o7 f = f oexp; and thus f are onto. By the

proof of ( = ) in | 13.12 | we conclude that every bounded closed set in M is

compact, and hence M is complete.

For each x € M, let B,.(0,) C T.M be a ball chosen so that exp, : B,(0;) —
exp,(Br(0;)) =: U is a diffeomorphism to an open neighborhood U of = and thus
every y € U can be connected with = by a unique (radial) geodesic by .
Claim: U is trivializing for f.

For each Z € f~!(x) we consider the open set Us of all points in M which can be
connected with Z by geodesics in f~1(U). By the previous claim these geodesics
are in bijective correspondance via f, to the geodesics in U starting at  and these
are uniquely determined by their endpoint, so f : Uy — U is bijective and thus a
diffeomorphism.

Let § € f~1(U) be arbitrary. Then there is a unique geodesic ¢ in U which con-
nects x to f(§). So there is a unique geodesic ¢ in f~1(U) which connects § with
f~1(z). Thus, its associated endpoint 7 := &(1) € f~1(x) is uniquely determined
and f~1(U) is the disjoint union ngzeffl(z) Us, i.e. f is a covering map. O

15.22 Theorem [124].

Let M be a complete connected Riemannian manifold with sectional curvature K >
Ko (or Ricci(X, X) > Ko (m —1)|X|? for all X € TM ) for a constant Ko > 0.
Then the geodesic distance of each two points is at most ﬁ In particular, M s

compact and the fundamental group mi (M) is finite.

Proof. By |13.12.4 | there exists a geodesic of minimal length for every two points.
If its length is greater than \/LKT’ it will contain conjugate points by | 15.17.2 | (resp.

15.18 ), and according to | 15.16 |, this geodesic will not be the shortest path, a

contradiction. Hence its endpoints are at most ﬁ away from each other. In
particular, the diameter is

d(M) := sup{d(xl,a:g) 1T, T € M} < \/%7
and thus M is compact by | 13.12 |.

Since the universal covering is, by the same reason, compact as well and since it
has the fundamental group 71 (M) as fibers, this group has to be finite. O

15.23 Sphere theorem. [10], [76] and [18].

Let M be a complete simply connected m-dimensional Riemannian manifold with
sectional curvature 1/4 < K < 1. Then M is diffeomorphic to the sphere S™.
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16. The Cartan method of moving frames

16.1 Definition. Connection form w.

Let (M, g) be an m-dimensional (PSEUDO) RIEMANNIAN MANIFOLD, i.e. g is a (not
necessarily positive) definite metric on the manifold M. A local m-FRAME on an
open set U C M is an m-tuple of vector fields s; on U forming a basis of T, M
pointwise (i.e. for each € U). It is called s = (s1, ..., $») ORTHONORMAL-FRAME
if (s;(x)); is an orthonormal basis of T, M for each z € U, i.e. g(s;,s;) = £, ;.

Locally orthonormal frames exist, because the symmetric definite bilinear form g,

on T, M can be expressed in a basis (e1,...,€,,) as
%(E v'ey, g vjej) = g v'w' — E v'w’,
i j i<p i>p

see [95, 4.5]. And by extending the e; into locally linear independent vector fields
and applying the Gram-Schmidt procedure to them, we get an orthonormal frame.
If s and s are two m-frames on U, then s, = >""" | s; - h! (in short: s’ = s-h) for

. j:1
a unique h = (h})i j=1,..m € C=(U, GL(m)).

Let s = (s1,...,8m) be an m-frame on U and V the Levi-Civita derivative. Then
there are uniquely determined w; € Q(U) with

Vesi = Zsj -wl (€), in short: Ves =s-w(é) or Vs =5 -w
J

?

where w = (Wg)i7j:17,..7m € QY(U, L(m,m)) is called CONNECTION FORM or CON-
NECTION MATRIX of V with respect to s.

16.2 Lemma. Covariant derivative via the connection form.

Letn=73,s; -0 with n? € C*°(U,R) be a vector field on U. Then

VnzZsk-(wamj—i-dnk) =s-(w-n+dn).
k J

Proof.

(Vess - + 55 €0))

V&Tizvs(zsj’nj)

J

Z(Zsk-w}“(é)-nW% .dnj(g)) =Y s (ZWf-n”fd”k)(f) 0
- - k J

16.3 Lemma. Transformation behavior of the connection form.

If s and ' = s - h are two m-frames and w and W' are the associated connection
forms, then
h-w' =dh+w-h.

Proof.

16.1 13.4.3
s~h~w’:5'~w':V5'V(5«h)

= hw=dh+w-h 0O

s-dh+Vs-h s-dh+s-w-h
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16.4 Lemma. Symmetry property of the connection form.

If s is an orthonormal frame, w is the associated connection form and &; :=
g(si, si) € {£1}, then:
Eiw}‘c—kskwfzo.

Proof.

[43]
€:0i; = 9(8i,5;) = 0=d(g(ss,55)) 9(Vsi,s5) + g(si, Vsj)
= Q(ZSk 'Wfﬁj) Jrg(SiaZSk wf)
k

= Sk glon ) + Sk olonmn) = e +eh D
k k

16.5 Lemma. Curvature via curvature form.

Let s be an orthonormal frame and w its associated connection form. We put
R(fﬂl)s = (R(é.vn)si)izl,...,m S COO(UaL(mvm)) Then

R(g?n)s =S (dw FwA OJ)(&, 77)’

where
wAw:= (ZwL /\wf). € Q*(U, L(m,m)).
k

]

Proof.

R(&n)s = VeVys = VyVes = Vie s
= Ve(s-w(n)) = Vy(s- w(§)) — s w([&n])
=5-d(w(®))(§) + Ves - w(n) — s - d(w(§))(n) = Vs - w(§) — s - w([£,n])
)

= s+ (Awm)(©) ~ d@©)n) —w(fga) + - (w(€) - wln) —wln) -« ()

(95, 25.9]

s (dw+wAw)(&,mn). O

16.6 Definition. Curvature form ().

With Q = dw + w Aw € Q?(U, L(m,m)), we denote the CURVATURE FORM or
CURVATURE MATRIX with respect to s.
By the 1. STRUCTURE EQUATION OF CARTAN holds:

R(&,n) Zsk Qk(¢,m), in short: R(s) =s- Q.

16.7 Lemma. Transformation behavior of the curvature form.

Let s and s’ = s - h be two orthonormal frames and Q and € the corresponding
curvature matrices, then:

h-Q' =Q-h.

Proof.
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16.11 16. THE CARTAN METHOD OF MOVING FRAMES

16.6
Lo by = R(s-m)
=h-Q=Q-h O

s-h-Q=5-Q

16.8 Lemma. Symmetry property of the curvature form.

Let s be an orthonormal frame and €; = g(si, s;) € {1} then €; Q) + ¢, Q7 =0.

Proof.

s et T St
&if2; gi dwj + giwy A\ wj —g; dw] — e w; Nwj
k k

j A L 1164 p k. i
= —¢;dw; — g w; N e w; —&; (dwi - E w; /\wk)
k k

= —g; (dwf + Zwi /\wf)

k

16.5

—£; Q. O

16.9 Definition. Co-frame.
Let s = (8i)i=1,....m be an m—frame_z. The dual m-CO-FRAME r = (rj)j:h“’m in
QL (U) is given by ¥ (z)(s;(z)) := 67.

16.10 Lemma. Derivation equation for the co-frame.

Let s be an m-frame, r be the associated m-co-frame, and w be the connection form.
Then the 2. STRUCTURE EQUATION OF CARTAN holds:

drk—i—wa/\rj =0, in short: dr +wAr =0.
J

Proof. Let 7 be a vector field on U. Then n =Y, s; - r'(n).

Ven=Ve(X 51 () > (Vesy 17 (n) + 55 - €07 )

=S s (€)1 (m) + 3 s - €6 ().
ik k

Consequently:

, 5]

3 s (€)1 ) — k) - (6)) +
J.k
(whAr)(£m)
D s (€0H ) = G (©) = (D)
k

drk(&,m)

:Zsk~ <Zw§“/\rj+drk)(§,n) O
- .

J

16.11 Cartan’s Lemma.
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Let vy,...,v, be linearly independent in a vector space E and wy,...,w, € E.
Then Y, vi Aw; = 0 if and only if w; =), a; jv; with a symmetric matriz (a; ;) ;-

Proof. We choose v;41,...,0;, so that (v1,...,0n,Unt1,...,0;) forms a basis
n m . . .
and hence w; = ijl a; ;vj + Zk:n+1 bi kvr, with certain coefficients a; ; and b; .

Therefore
Zvi Nw; = Z (ai,j — am) v; A\ v; + Z bi7k v; N\ V.

i<n i<j<n i<n<k
Since (v; A v;)i<j is a basis of A*(E), this sum is 0 if and only if b;, = 0 and
@ij = Q. O

16.12 Lemma.

For orthonormal frames, the connection form w is uniquely determined by the 2nd

structure equation | 16.10| of Cartan.

Proof. Let r be the co-frame of an orthonormal frame s. From

we deduce for 0 := w’ —w that o A7 =0, ie. o} = Zj a;k -1 with symmetrical a’

by | 16.11 | Because of e;w! + giwi = 0 (with &; := g(s,5:) € {#1}) by and

analogous for w’, the same holds for o. If we put b;)k = sia§)k, then

0= 6]-(7{ + 51-0; = Z(sjaiﬂ. + sia};’j) k= Z(bf” + b};’])

dr+wAr 0 dr+w Ar

k
Jj_ i (R RN A X )
hence bk,i =—by; and bj),C =0} = €y ; = bk,j and thus
i i Jj_ i _ 1k _ 1k _ i
ik — Yk — _bk,i = Yk — bz‘,j - bj,z‘ - _bj,kv
hence b%, =0, i.e. 0 = 0. Therefore w’ = w. O
J,k ’

16.13 Remark. Curvatures via curvature form.

Let (s;); be an orthonormal frame and (r?); the associated co-frame. Then we obtain
the following representations in terms of the curvature matrix for the Riemann
curvature R, the Ricci curvature Ricci and the scalar curvature S by definition

Tiis)
Rij,k =7t (R(si,s]) )

166

(Z sp W (84,85 ) = 0 (si,55)
(Z sp W (84, 85), sl) =&, (s4,55)

R = Z Tl(R(Si;Sj)Sk) r’®1"3 ®T ® s = Z Q SZ,S] i@’l"j ®Tk®sl
——

166

Ri gy = Q(R(Sia 55) Sk, 55)

i,5,k,0 .9,k
=R x
Ricci = E spur(Z»—> R(Z,s;)(s;) ) rer = E E R(sk,s:)s;) ' @r!
— %,_/
0. ok .
=Ricci(s;,s;)=:Ricci;, ; =Ry ;=925 (51,54)

S = ZRiccii’i = Zﬁf(sk, ;)
i ik

16.14 Proposition.
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Let (s;) be an orthonormal-frame. Then (compare this with | 14.15])

RiCCii,i = RiCCi(Si, Si) = g(Si, Si) . ; K(<{Sl, SJ}>)

=&

Conversely, for dim(M) = 3, the sectional curvature can be determined from the
Ricci curvature because the system of equations

ZK<<{S“SJ}>) = ¢; Ricci;; fori € {1,2,3}

J#i

has a unique solution (K(({sl, 82}>)7K(({SQ,83}>),K(<{83,81}>)>,

Proof.
16.13 o [16.13
RiCCi(Si, 87;) ZR?Z - Z o RJ i,4,7 Zg(3j75j) : g(R(Sja8i>sia Sj)
J ey J
[1a7]
0+ 3 glsy5) - K (({s525:1) - (s 5009(s5.57) — sy, 500°)
J#i =0
= g(si, ) > K(({si,5;1). O

J#i

16.15 Examples.

1. The 2-sphere S2.
Let f:(0,27) x (—m 7r) — 52 be the parameterization according to spherical
coordinates, i.e. f 0, cos(¥9) cos (), cos(?) sin(p), sin(d)). Then

= (cos
= —cos(v) sm( ) dp — sin(9) cos(p) dv
= cos(?) cos(ip) dp — sin(d) sin(yp) d
df‘3 = cos(¥) dv

and consequently the metric in the coordinates (¢, d) is given by
3
7 (Z da* ® dxi) = dff @ dfi = cos(9)’ dp © dp + di) © dY
i=1 i

Thus, s1 := 8%’ 89 1= m% is an orthonormal frame with e; = 1 = €5 and
associated orthonormal co-frame r! := dd, r? := cos(¥9) dp.

For this we have dr! = 0 and dr? = —sin(9) dd A dp = — tan(d) r* A 72,

We obtain the connection form w because of | 16.12| from the 2nd structure

equation | 16.10 | of Cartan:

Because ofwe have wl =0 = w? and w? = —w3, so
[16.10]
-d Ll Art +wd A2 =04+04+wi AT
= wy =07 +b(p, ) r?

16.10
——dr twinrt +winrt = —tan(9)rt Ar? —b(p,9)r? Art +0

= b(p,¥) = tan(d¥)

= — w? = wl = tan(?) r? = sin(Y) dyp
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For the curvature form €2 := dw 4+ w A w we thus get
Q1 =02 =0 because of , and
—02 = Qb = dwl +wh Awd +wl Awd = d(sin(ﬂ)d@) F040
= cos(¥) dd A dp =1t A2

The 1st structural equation of Cartan yields the sectional curvature
(=Gaussian curvature) as

K(TPSQ) = g(R(s1,52)82,81) = R1221 €1 Q%(sl, s9) = 1.

2. The Poincaré half-plane.
The metric of the half-plane H, := {(x,y) € R? : y > 0} is given by g =
y%(da:@dx—&—dy@dy). An orthonormal frame is s; :=y a% and s :=y % with
co-frame r! = %dy and r? = %dx. Because of dr! = 0, dr? = —y%dy ANdz =
—r! Ar? the 2nd structural equation | 16.10 | of Cartan yields

1
—0= 1_ 2 _ _ 2
wi=0=w;, wy=—-wj=—-de=r

Y
and consequently

1
Q] =0=03, Q%:—Q%:?daz/\dy:—rl/\r2

The sectional curvature (=Gauss curvature) is thus
K(TpH+) = &1 Q%(Sl, 82) = —1.

3. The 3-sphere S3.
Generalized spherical coordinates are

flp, 9, 7) := (cosT cos®} cos p,cosT cos? sin g, cos T sin ¥, sin 7).
The metric g := f* (2;*:1 dzt ® dxi) = dfi® dfi) is
g = cos(1)? cos(9)? dp @ dip + cos(7)? di) @ di) + dr @ dr
An orthonormal co-frame is
rl=dr, r?:=cos(t)dd, 13 := cos(t)cos(¥)dyp
For the connection form we get (because of dr +w Ar = 0)

0 sin(7)dd  sin(7) cos(?) dp
w= —sin(7) dd 0 sin(¥) de
—sin(7) cos(d) dp —sin(I) de 0
0 tan(r)r?  tan(r)r3
— | —tan(7) 0 72289)) rs

(r)r?
ot -t

—tan

and for the curvature form Q :=dw +w Aw

0 —cosTdy Adr —cosTcosWdp Adr
0= cosTdY Adr 0 —cos? TcosVdp A dV
cosTcosVdp Adr  cos?Tcostdp A dV 0
0 rtAr? rlard
=[r2Ar! 0 r2 A3
rPArt 3 Ar? 0
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So
. [,

irjik Q. (sis5) = (r' ArP)(si,85)
= 0LoF — o7k = 9(9(5]', sk)8i — 9(8i, 58)85, Sl>,

and, by | 14.14 |, the sectional curvature K is constant to 1, and because of

14.15 | furthermore Ricci(X,Y) = K- (m—1)-g(X,Y) = 2¢(X,Y), and finally
the scalar curvature S = K - (m — 1) -m = 6.

4. The hyperbolic space.
The HYPERBOLIC SPACE is Ht := {(z!,22,2%) € R? : 2! > 0} with the metric

1
g= 7@1)2 (d;vl @de' +de? @ da? + da® @ dx3)
An orthonormal co-frame is

1

1
r? = —ldx2, rd = del
x x

1
rl = - da3,
x

For the connection form we get (because of dr + w A r = 0)

0 0  —da? 0 0 —rt
w = O O —711 dx2 = O 0 77:2
I da® Xk da? 0 ror2 0

and for the curvature form Q :=dw + w Aw

0 ﬁ dz? A dz3 ﬁ dz! A dz3
0= —(I%)g dz? A dx3 0 ﬁdazl/\dm2
—ﬁ dat Ndz®  — (z})2 dxt A dx? 0

0 —rtAr?2 —pt A3
=|—r2art 0 Y
—r3 Al —p3 A2 0

As before, it now follows that the sectional curvature is constant to —1, the
Ricci curvature is Ricci = —2 g and the scalar curvature S = —6.

5. Space forms
SPACE FORMS are complete Riemannian manifolds with constant sectional cur-
vature. A joint form of the metric is

1
g=——dp@dp+p (dﬁ@dﬁ+sin2(19)dgo®d<p)
1—kp
where p > 0, kp? < 1, || < m/2 and |p| < 7. The co-frame is
1
rl = pdd, r? = sin(¥)pdp, 1 = ———dp

V1 — kp?

and the connection form (because of dr + w A r = 0)

0 —cos(9) dy V1 —kp?dd
w= cos(V) dy 0 sin(¥)y/1 — kp? dy
—/1=kp2d9 —sin(9)\/1— kp?dp 0

0 _cot(¥) r2 \/m rl
P p

— cot () r2 0 \/ 1=kp? r2
p p

1;l~cp2 o 1;/{p2 r2 0

138
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Furthermore, the curvature form is  := dw + w Aw

0 Kk sin(9)p? dd A dp —\/iprde/\dﬁ
Q= | —rsin(®)p? d9 A dy 0 f% dp A dyp
K k sin(9)
0 rtAar? Al
=K-|r2art 0 r2 Ard
rPArt 3 Ar? 0

Thus, as before, the sectional curvature is constant to x, the Ricci curvature is
Ricci = 2 k g and the scalar curvature S = 6k.

Similar to , it can be shown that each simply connected complete m-
dimensional Riemannian manifold with constant sectional curvature K is iso-
metric isomorphic to R™ with the flat metric in case K = 0, to S™ C R™+! in
case K = 1 and to hyperbolic space Rt x R™! in case K = —1.

6. The Schwarzschild Metric.
The general theory of relativity is described by a LORENTZIAN MANIFOLD (that
is, a pseudo-Riemannian manifold with LORENTZIAN METRIC, i.e. with signa-
ture (—,+,+,+) (or equivalent (4, —,—,—)) for which the EINSTEIN FIELD
EQUATION

1
Ricci—§Sg =T

holds, where ¢ is a Lorentz metric, S is the scalar curvature, and T is the
ENERGY-MOMENTUM TENSOR, which is described by the mass distribution.
For a C'*°-manifold with a given energy-momentum tensor, this is a partial
differential equation for the metric. In the special case T' = 0 one speaks of the
VACUUM EQUATION. Even for the vacuum equation, only a few explicit local
solutions are known. One is the SCHWARZSCHILD METRIC, which results in the
rotation symmetric time-independent case:

1

g=—h(p)dt®dt + 7o)

dp @ dp + p* d¥ @ dI + p*sin(¥)?*de @ dp

with h(p) :==1— % for p > 2M. Here p := 2M is called the SCHWARZSCHILD
RADIUS. This metric can be used in the exterior of slowly rotating isolated
stars or black holes. An orthonormal framework for this metric is thus

1
rli=pdy, 1?:=psin(¥)de, 7= VO dp, r*:=/h(p)dt
P

For the connection form we obatin (because of dr +w A r = 0):

0 cos(¥) de Vhdy 0
—cos(9) dy 0 —Vhsin(¥)de 0

YT Vhdy  Vhsin@)de 0 Mt
0 0 — 2% dt 0
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and for the curvature form Q :=dw +w Aw

0 *% dtAdY

25ixn9 _ 51:)19 Vhsin 9

O=M dyNdy 0 VioZ dpAdyp — s dtN\de
\fp dpAd?d \S‘}f dpAdy 0 p% dtAdp

f dtAdD f;mﬁ dtAdy 7%3 dtAdp 0
0 —2rl A2 rt A ri At
M [ =272 A0t 0 r2 Ard r2 Ard
p? Al 3 A r2 0 —2r3 At

rt Al AP —2rt A3 0

The coefficients of the Riemann metric in the associated orthonormal frame
(sk)r are R};M = Q(sg,s1) by [16.13]. From the form of € it follows that
Rllz,l,j = 0 for j # [, Thus Riccilj =3, R’,j’m = 0. A look at the columns of

Q shows that Riccij; = >, Ry ;= %(—2 +1+1) =0, so the Schwarzschild

metric is Ricci-flat by | 16.13 |, i.e. Ricci = 0.

7. The Friedmann-Robertson-Walker Metric (s).
The FRIEDMANN-ROBERTSON-WALKER METRIC describes an isotropic (that
is, without distinguished directions) homogeneous universe and is given by

- dp@dp+p2-(dﬁ@dﬁ+sin2(19)d<p®d<p))

with orthonormal co-frame

1
g=dt®dt— h(t)2<?p2

Li=at, r* := h(t)pdd, r* := h(t)psin(V) dp, r*

with connection form (because of dr +w A r = 0)

0 —h/pdd —h/psin¥ dy S dp
1—kp2
w— h'pdy 0 —Cosﬂdg@ 1—kp2 do
o h' psm19 dep cos ¥ dep sin¥y/1—kp? de
dp —\/1—kp?2d¥ —sin¥y/1—kp?d 0
\/7 o p? V1-rp?dp
_R(@) 2 _h@ _h@ 4
0 zoll o " ToN
R(#) 2 cot(9¥) 3 M 2
oK 0 norks T
MO s o) 0 N
h(t) (t)p
R'(#) .4 \/ _ /1-kp?
r r 0
h(t) t)p h(t)p

and curvature form Q := dw + w A w

R(t) 1,2 R''(t) 1.3 R 4

0 — Ty T AT — h(t)2r AT ,( )27” IAr
") 2 r—h'(t) 3 k—h'(t)
h(t) r2art 0 OLAR nr 7 (6)2

R7(4) 3.1 r=h' ()2 3, 2 k—h'(t)2 3
wy " AT D)2 reAT 0 (D)2

R a1 k=h ()2 4, 2 r=h/(t)?
A0) AT oL AT ()2

Thus, as before, R, ; = 0 is for [ # j and thus also Ricci;j = 0. The non-
vanishing coefficients of the Riemann’s curvature tensor are (up to symmetries)

0=

riars 0

h(t
R122—R133—R144:_h((t))v
Kk — R (t)2
3233—R244 Rg’4’4_h(t)(2)’
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the Ricci curvature is
3h"

_sh 0 0 0
Ricci = 0 Q(K};h Lok 2 ,9 0
0 () 0

0 0 0 ) _

and the scalar curvature

o Br=K®) _6n'(t)
o h()? h(t)
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angle preserving, 3
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Christoffelsymbols of the 1st kind, 70

codifferential operator, 14

complex manifold, 7

cone type, 62

conformal, 3

conformal smooth mapping, 4
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covariant derivative, 89, 91

curvature form, 133
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curvature matrix, 133

curvature of a curcle, 38

curvature of a curve, 39

curvature of a space curve, 44, 45

developable surface, 88
diffeomorphism, 37

Einstein field equation, 139
Einstein manifold, 119
energy-momentum tensor, 139
equators, 68

equivalent curves, 37

equivalent orientend curves, 37
evolute, 39
exponential mapping, 72

flat point, 51

Frenet formulas, 40

Frenet-Serre Formulas, 45
Friedmann-Robertson-Walker metric, 140

Gauss curvature of a hypersurface, 51

Gauss equation, 89, 105

Gauss map, 48

Gauss-Bonnet for polygons, 83

generators of the ruled surface, 88

geodesic, 67

geodesic circles, 74

Geodesic parallel coordinates, 74

Geodesic polar coordinates, 73

geodesically complete, 85

geometric concept, 37

geometric curve, 37

Global version of Gauss-Bonnet, 80

Godazzi-Mainardi equation, 105

Gram-Schmidt orthogonalization procedure,
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Green operator, 18

Green’s Theorem, 13

Hahn-Banach theorem, 18
harmonic forms, 16
holonomy group, 89
hyperbolic disk, 8, 9
hyperbolic space, 138
hypersurface, 48

image of a geometric curve, 37

index form, 127

intrinsic, 54

isometry of Riemannian manifolds, 2
isospectral Riemannian manifolds, 21
isothermal coordinates, 7

Jacobi equation, 56, 121, 122

Jacobi equation for Riemannian manifolds,
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Jacobi field, 122

Jacobi fields on Riemannian manifolds, 126

Kulkarni-Nomizu product, 119

Laplace Beltrami operator, 14
latitudinal circles, 57
length of smooth curves, 1
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Levi-Civita connection, 91
Lorentzian manifold, 139
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Mobius transformations, 7

main curvature directions, 51
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oriented geometric curve, 37
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orthonormal-frame, 132
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parallel transport, 87

parallel vector field, 86
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parameterization of a curve, 37
parameterized curve, 37
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Ricci curvature, 118

Ricci flat, 119
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Riemann metric, 1

Riemann sphere, 7

Riemann surface, 6

Riemann’s Mapping Theorem, 9
Riemannian manifold, 1
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Schwarzschild metric, 139
Schwarzschild radius, 139
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Space forms, 138

spectrum of the Riemannian manifold, 21
spindle surface, 61

strictly discontinuous group action, 10
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surface of revolution, 57
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ian curvature, 60

tangent to a parameterized curve, 37

Theorem of Bonnet, 124
Theorem of Hopf-Rinow, 101
Theorem of Korn-Lichtenstein, 7
Theorem of Nash, 2

Theorem of Nomitzu-Ozeki, 103
Theorem of Rodriguez, 50
Theorema Egregium, 56
Theorema elegantissimum, 78
throat type, 62

torse, 88

torsion of a space curve, 45
Tubular neighborhood, 98
turning number of a curve, 81

umbilic point, 51

Umlaufsatz of Hopf, 81
Uniformization Theorem, 10

unit normal vector to a curve, 38
unit tangential vector to a curve, 38

vacuum equation, 139

weak solution of a PDE, 17
‘Weingarten map, 49
Weyl curvature tensor, 119
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