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ABSTRACT. We prove that certain topologically mixing two-dimensional
shifts of finite type have a ‘fundamental’ 1-cocycle with the property that
every continuous 1-cocycle on the shift space with values in a discrete
group is continuously cohomologous to a homomorphic image of the
fundamental cocycle. These fundamental cocycles are closely connected
with representations of the shift space by Wang tilings and the tiling
groups of J.H. Conway, J.C. Lagarias and W. Thurston, and they de-
termine the projective fundamental groups of the shift spaces introduced
by W. Geller and J. Propp.

1. INTRODUCTION

Recent investigations of certain classes of expansive and mixing Z%actions
with d > 2 have revealed an intrinsic algebraic structure of higher-dimen-
sional shifts of finite type. One way of realising this structure is by repres-
enting any higher-dimensional shift of finite type (SFT) in terms of Wang
tilings (cf. [2], [23], [32], [8] and Section [4]). Following [5] and [30] one can
then define, for every set T' of Wang tiles (and hence for every SFT), a
finitely presented group, the ‘tiling group’ of T' (cf. Section ; such groups
were originally introduced by J.H. Conway and J.C. Lagarias in [5] as a
way of deciding whether a region in the plane can be tiled by a given set of
polygonal tiles (cf. [30]). Unfortunately, a given SFT can be represented by
many different Wang tilings, and the corresponding tiling groups may differ
considerably. This makes it desirable to determine whether the tiling groups
of representations of the same SF'T by different Wang tilings have anything
in common.

In dimension two W. Geller and J. Propp provided a first answer to this
question in [7] by associating with each two-dimensional SE'T a ‘project-
ive fundamental group’ which is an invariant of topological conjugacy, and
which is not only conceptually, but also — in interesting examples — com-
putationally related to tiling groups.

A different approach to constructing a topological conjugacy invariant
connected with tiling groups is based on work by J. Kammeyer ([10], [11],
[12]) in which she proved that every continuous cocycle on the full 2-dimen-
sional n-shift with values in a finite group G is trivial, i.e. continuously
cohomologous to a homomorphism (see Sections for the relevant defin-
itions). Kammeyer’s result was extended to a more general class of higher-
dimensional SFT’s in [25], where it was also shown that such shifts are
generally quite particular about the discrete groups in which they have non-
trivial first cohomology. The paper [25] also pointed out the connection
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between cohomology and Wang tilings, which is explored further in this pa-
per. From the definition of a tiling group it is clear that every set of Wang
tiles generates not only a group, but also a continuous 1-cocycle for the
shift-action o of Z? on the tiling space (or Wang shift) with values in the
tiling group, the ‘tiling cocycle’ (Section . Every representation of a SF'T
as a Wang shift leads to a corresponding tiling cocycle, and every continuous
1-cocycle for the shift-action of Z? on the SFT is a homomorphic image of
such a tiling cocycle for a suitable representation of the SF'T as a Wang shift
(Theorem. Representations of the SFT as different Wang shifts may, of
course, lead to quite different tiling cocycles. However, in some interesting
examples (such as the domino tilings, the three-coloured chessboards, the
square ice model, or the lozenge tilings) there exists a nontrivial ‘funda-
mental’ cocycle ¢* with the property that every continuous 1-cocycle with
values in a discrete group (and in particular every tiling cocycle) is continu-
ously cohomologous to the composition of ¢* with a group homomorphism
(Theorems and [9.1).

These fundamental cocycles have an immediate interpretation as obstruc-
tions to the ‘patching of holes’ in the spirit of [5] and [30] (cf. Section [5).
Suppose that X C A% is a two-dimensional SFT with (finite) alphabet
A If z € AZQ is an allowed partial configuration, where Q C Z? is a
rectangular ‘hole’ of finite size, then it may not be possible to extend the
configuration z to all of Z2, i.e. to find a point = € X whose projection onto
the coordinates Z? \. Q coincides with z. If we represent X as a Wang shift
Wr and denote by I'(T) the tiling group of Wy (cf. Section [4]), then the
‘word’ in I'(T") obtained by running along the edges of the tiles around the
rectangular hole @) has to be equal to the identity if the tiling corresponding
to z can be extended to an element of X (cf. [5], [30]). However, different
representations of X by Wang shifts may give different answers: for ex-
ample, the tiles represent the SFT X ®) of three-coloured chessboards,
but give no information about the possibility of filling such a hole @ since
the associated tiling cocycle is a homomorphism. In contrast, the represent-
ation of X in terms of the tiles does yield a nontrivial obstruction.
Would one obtain further information by using other sets of Wang tiles to
represent X (3)?

It turns out that any fundamental cocycle expresses the total informa-
tion about the patching of holes that can be extracted from all Wang shifts
representing a SFT X (cf. Proposition : by choosing Wang tiles T' cor-
responding to a sufficiently high n-block representation of X in the sense
of Theorem (cf. 7) we obtain a tiling cocycle cr such that the
fundamental cocycle is a homomorphic image of ¢, and every continuous
cocycle — in particular every tiling cocycle of a Wang shift representing X
— is continuously cohomologous to a homomorphic image of cp. It follows
that none of these cocycles can yield any obstructions beyond those obtained
from cp (or, indeed, from the fundamental cocycle). However, even a fun-
damental cocycle may not provide complete information about the patching
of holes (Example [5.3).

The fundamental cocycles discussed here are also related to the projective
fundamental groups of SE'T’s introduced by W. Geller and J. Propp in [7]
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(cf. Section . If a SFT X is cohomologically trivial in the sense that
every continuous cocycle on X with values in a discrete group is trivial
then the projective fundamental group of X is also trivial (Corollary ;
more generally, if X has a fundamental cocycle ¢*: Z? x X +—— G*, where
G* is some discrete group, then the projective fundamental group of [7] is
(isomorphic to) an explicitly identified subgroup of G* (Theorem ﬂ 5.5| and
the Remarks |5.6) n - . - 8.6/ and [9.2] -

This paper is organised as follows. Section [2| introduces the basic defini-
tions of SFT’s, their cohomology, and the notion of a fundamental cocycle
(Definition . Section [3| discusses a Livshitz-type result about cohomo-
logical triviality needed for the subsequent examples (Proposition and
its corollaries). Section [4| defines Wang tilings and their tiling groups and
tiling cocycles, shows that every continuous cocycle on a SFT X with val-
ues in a discrete group is a homomorphic image of a tiling cocycle of X
(Theorem , and proves that the existence of a fundamental cocycle on
X is equivalent to the statement that all continuous cocycles on X depend
(essentially) only on a fixed range of coordinates (Corollary . Section
investigates the connection of tiling groups, tiling cocycles and fundamental
cocycles with extension problems and the projective fundamental groups of
SFT’s. The Sections[6H9] deal with specific examples. In Section [6] we discuss
domino tilings and prove that the tiling cocycle of a natural representation
of the dominoes by Wang tiles is fundamental in the above sense (Theorem
6.7). This cocycle takes values in the group G' x Z2, where

a(1,1) @(1,2) (1,3)
G= 0 L aes) | :aqg) €7Z,a0,1),0@33) € {1, -1},
0 0 CL<373)

a(1,2), 4(2,3), A(1,1) T @(1,2): 43,3) + a(2,3) € 10, 1}}

As a consequence of Corollary [3.3] we also obtain that the dominoes have no
nontrivial cocycles with values in an abelian group (Theorem. In Section
I we study the SF'T consisting of all colourings of Z? by 3 colours such that
no two adjacent lattice points have the same colour. For these three-coloured
‘chessboards’ we obtain a fundamental cocycle with range Z3 (Theorem;
if one uses more than three colours the first cohomology becomes trivial by
Example 4.4 in [25]. Section [§ deals with the ‘square ice’ model, which is a
three-to-one factor of the three-coloured chessboards and has a fundamental
cocycle with values in Z* (Theorem . Section |§| discusses a subshift of
the square ice model, the lozenge tilings described in [30] and in Example
4.6 in [25]. Again we obtain a fundamental cocycle with values in Z3 which
is, in fact, the restriction to the lozenge tilings of the fundamental cocycle
of the square ice model (Theorem |9.1]). Section (10| gives a simple sufficient
condition for a d-dimensional SFT X to have trivial cohomology with values
in every discrete group (Theorem [10.3) and lists a number of examples of
SFT’s satisfying this triviality condltlon. Theorem [10.3| is closely related
to Theorem 3.2 in [25]. Section [11] deals with SE'T’s which are factors of
SFT’s with trivial cohomology, gives a sufficient condition under which they
have fundamental cocycles (Theorem , and presents some examples.
However, the behaviour of fundamental cocycles under factor maps is not
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well understood in general (Remark . Section (12| investigates a mixing
two-dimensional SFT X (originally introduced by F. Ledrappier) for which
the existence of a fundamental cocycle is not known, although we construct a
continuous cocycle ¢*: Z x X —— G* with values in a discrete group G* such
that every known continuous cocycle of X is continuously cohomologous to a
homomorphic image of ¢* (Theorem[12.4)). In the final section we prove that
no mixing one-dimensional SFT can have a fundamental cocycle (Theorem
13.1J).

The main problem left open in this paper is which higher-dimensional
SFT’s have fundamental cocycles; as general statements about higher-dim-
ensional SFT"s are rather hard to come by one really has to look at additional
examples in order to shed further light on this question. Another open
question is whether there exists a SF'T" X with trivial projective fundamental
group which is cohomologically nontrivial (cf. Corollary .

Finally a remark about exposition. In order to keep the presentation as
simple as possible I have restricted the discussion to continuous cocycles
on SFT’s with values in discrete groups; there are no statements about
Hélder cocycles on general expansive and mixing Z%actions, although such
an extension is possible (cf. Proposition 3.1 in [25] and [14], [15], [26], [28]).
In line with this aim I have also kept the detailed description of Wang tilings
and tiling cocycles to dimension two (with brief comments on the higher-
dimensional case in the Remarks and (2)). Many of the examples
presented in this paper also appear in [25], but I have tried to make their
description reasonably self-contained.

2. SHIFTS OF FINITE TYPE AND THEIR COHOMOLOGY

Let A be a finite set, d > 1, and let AZ" be the set of all maps z: Z% — A,
furnished with the compact product topology. We write a typical point
ze AX as x = (Tm) = (Tm, m € Z%), where 2y, € A denotes the value of
z at m. The shift action o: n +— o® of Z¢ on A% is defined by

(Un(‘/n))m = Tm+n (21)
for every z = (zm) € A%" and n € Z%. A subset X C A% is shift-invariant if

o™(X) = X for every n € Z¢, and a closed, shift-invariant subset X C A% is
a subshift. If X C AZ’ is a subshift we write o = 0% for the restriction of the
shift-action to X. For any subset S C Z? we denote by mg: AL AS
the projection map which restricts every x € A% to S. A subshift X C A
is a shift of finite type (SFT) if there exists a finite set F' C Z? such that

X=A{ze€ AT pp o%(z) € mp(X) for every n € Z%}. (2.2)
A standard re-coding argument allows us to assume that
F={0,1}%cz? (2.3)

in (2.2), by changing the alphabet A, if necessary (cf. [25]; a more restrictive
definition of higher-dimensional SFT"s is considered in [21]-[22]).

If X ¢ A% is a SFT it will sometimes be helpful to specify the shift-
action of Z? explicitly and to write (X, o) instead of X. For example, if

&:n— 6" = o2 is the even shift-action on a SFT X C AZ’ then (X,0)
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can be viewed as a SFT with alphabet A’ = 7p(X) C A¥, where F is
defined in ({2.3)).
Definition 2.1. Let X C AZ” be a SEFT of the form (12.2)—(2.3).

(1) The SF'T X is (topologically) mixing if o is topologically mixing on
X, i.e. if there exists, for any two nonempty open sets 01,0y C X, an
integer N > 0 with

o1 N O'_m(OQ) * O
whenever m = (my,...,my) € Z¢ and ||m| = max;—;
(2) Let E C Z% be a subset. An element z € A is allowed if, for every
n € 74,

TEA(m+F) (2) € TEamer)(X)-

The set of all allowed elements in A” is denoted by IIx(E). The SFT X
has the extension property if there exists an integer 7 > 1 such that

(X)) =1Ix(Q)

for every rectangle Q = H‘le{ai, ...,b;} € Z% with —oco < a; < b; < 00 and
b —a; > 7 fori=1,...,d. In other words, X has the extension property
if every allowed configuration on every sufficiently large rectangle can be
extended to a point in X.

(3) Put, for every r > 1l andi=1,...,d,
B(r) = {m = (mi,...,mg) € Z%: |m| < r},
S(r,i) = B(r) + Ze') = {m + ke”) : m € B(r), k € Z},
X(r,i) = g0 (X) € ASC),
where e = (0,...,0,1,0,...,0) € Z% is the i-th unit vector. We write
Tiriy: X(ryi) — X(r,1)
for the homeomorphism of X (r,4) induced by the shift " ie.

(%)
T(T,i) “TS(ri) = TS(ry) -0° >

and set, for every L > 1,
Px(i,L) = {z € X : o2 () = x},
Px(r,i,L) = {z € X(r,i) : (Tr,5))" () = z}.

If the SF'T" X has the extension property we say that X has the periodic
extension property in the direction 4 if there exist integers 7 > 1, L > 1 with

7s(ri) (Px (i, L)) = Px (r,i, L)

for all » > 7, L > L. If X has the periodic extension property in every
direction ¢ = 1,...,d we say that X has the periodic extension property.

Remarks 2.2. Let d > 1, and let X C A% be a SFT satisfying (2.2)-(2.3).
(1) If d = 1 then X has the periodic extension property.



6 KLAUS SCHMIDT

2) If d > 1 and X has the extension property then (X (r,4), T}, ) is a one-
( b )

dimensional SF'T' of the form (2.2))—(2.3) with alphabet mg, ;) (X) C AB(ri)
for every r > Fand i =1,...,d, where

B(T’,i) = {m = (ml,...,md) € B(T) Tmy = 0}.

For the following discussion we fix a finite alphabet A and a subshift
X C AZ'. Let G be a discrete group with identity element 1. A map
c: 7% x X — G is a continuous cocycle for the shift-action ¢ of Z¢ on X
defined in if ¢(n,-): X — G is continuous for every n € Z¢ and

c(m+n,z) = c¢(m, o (x))c(n, x) (2.4)

for all z € X and m,n € Z¢ The cocycle ¢ is a homomorphism if c(n,-)
is constant for every n € Z¢, and ¢ is a coboundary if there exists a Borel
map b: X —— G such that

c(n,z) = b(o™(z)) *b(x) (2.5)

for allz € X and n € Z?. The map b in is the cobounding function of c.
Two continuous cocycles ¢, ¢’ : Z% x X — G are cohomologous, with a Borel
measurable transfer functionb: X —— G, if c¢(n, z) = b(o™(z)) "¢ (n, 2)b(x)
for all n € Z% and « € X. The cocycles ¢, ¢ : Z% x X — G are continuously
cohomologous if they are cohomologous with a continuous transfer function.
Following [14] and [25] we call a cocycle c: Z¢ x X +— G trivial if it is
continuously cohomologous to a homomorphism.

We write Z1(X, G) for the set of continuous cocycles on X with values in
G, denote by BL(X,G) C ZL(X,G) the subset of coboundaries and write

He(X,G) ={[d: c€ Z:(X,G)}

for the space of cohomology classes
[c] ={c € Z}(X,G): ¢ is cohomologous to c}.

If G is abelian, the set Z!(X,G) is a group under pointwise addition, the
coboundaries B}(X,G) C Z}(X,G) form a subgroup, and the first cohomo-
logy

H}(X,G) = Z,(X,G)/B;(X,G)
is a group.
Definition 2.3. Let A be a finite set, d > 1, and let X C A2 be a SFT. A
continuous cocycle ¢*: Z% x X — G* with values in a discrete group G* is
fundamental if the following is true: for every discrete group G and every

continuous cocycle ¢: Z% x X —— G there exists a group homomorphism
0: G* — G such that c¢ is continuously cohomologous to the cocycle

0-c*:7°x X — G,
defined by 6 - ¢*(n, ) = 0(c*(n,z)) for every n € Z¢ and z € X.
The paper [25] contains examples of two-dimensional SFT’s for which
every continuous cocycle with values in a discrete group is trivial. If X is

such a SF'T, then the homomorphism c: Z? x X +— Z¢ with ¢(n,z) = n for
every n € Z% and x € X is obviously fundamental in the sense of Definition
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[2.3] The existence of nontrivial fundamental cocycles is, of course, more in-

teresting (cf. Theorems and . Note that no one-dimensional,
mixing SFT can have a fundamental cocycle (cf. Theorem [13.1)).

Remark 2.4 (Nonuniqueness of fundamental cocycles). If X is a d-dimensi-

onal SFT with a fundamental cocycle ¢*: Z¢ x X —— G* then the com-

position of ¢* with any group automorphism of G* is again fundamental.

Furthermore, Theorem allows us to write ¢, for every sufficiently large
T

y of the set T)((T) of
X

Wang tiles corresponding to the (2r+1)-block representation of X (cf. (4.7)—
(4.8)), and ¢y is therefore — by definition — again fundamental. This
X

r > 1, as a homomorphic image of the tiling cocycle ¢

indicates that a d-dimensional SFT may have several non-cohomologous
fundamental cocycles.

3. LIVSHITZ' THEOREM

For our investigation of cohomological rigidity we have to introduce the
notion of a (1-)cocycle on an equivalence relation (cf. [6], [14], [25]-]26]). If
R C X x X is an equivalence relation on X we denote by

R(x)={2' € X : (z,2') € R}

the equivalence class of a point x € X. An equivalence relation R C X x X
is Borel if R is a Borel subset of X x X. A Borel map a: R —— G on a
Borel equivalence relation R is a (1-)cocycle if

a(z, 2 )a(x',2") = a(z,2") (3.1)

for every z € X and 2/,2” € R(xz). Two cocycles a,a’: R — G are
cohomologous if there exists a Borel map b: X —— G with

d (z,2") = b(z) La(z, 2)b(x") (3.2)

for every (x,2') € R, and a cocycle a: R — G is a coboundary if it is
cohomologous to the constant cocycle a' = 14.
For every integer r > 0 and ¢ =1,...,d we set

Ax(r,i) ={(z,2') € X x X : xy, # x,, for only

3.3
finitely many n € S(r,7)}, (3:3)

where S(r, i) is defined in Definition[2.2] Then Ax (r, ) is a Borel equivalence
relation on X. If G is a discrete group and h: X —— G a continuous map,
then there exists a smallest integer r = r(h) with

h(z) = h(z) whenever z,2" € X and mg()(x) = g (z), (3.4)

and we can define, for every r > r(h) and i = 1,...,d, cocycles af: Ax(r, 1)
+—— G on the Borel equivalence relation Ax(r,7) on X as follows: for every
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(z,2') € Ax(r,i) and | > 1 we set

-1 -1 -1
(IZ(.Z‘,ZE/)(Z) — (H h(o.ke(’) - ) <H h ke(® / —1)
k=0 k=0

= h(a)~" - (o™ ”e“)(:c)) :
( e<z)

: ')
-1
(, x 1) _ (Hh fke@) ) (ﬁh 7ke(1) / )

_ h(o—*e( >(x)) ,lem (2)
h(o le(“( D h(a—e“ (@)~

Since there exists, for every (z,2') € Ax(r,i), an integer L > 1 with
af (v, x N = a;(m,w’)(L),

a;, (z,2")D = a; (z,2"))

whenever | > L, we obtain well-defined Borel maps af: Ax(r,i) — G by
setting
af (z,2') = lim a;(x,x’)(l),
Foo l (3.6)
ay, (z,2') = lim a;(w,x')()
l—o0
for every (z,2') € Ax(r,1), and (3.5)—(3.6) guarantee that these maps satisfy
the cocycle equations

A, \T, T CL+(L' LU,
@e)af 02" o
h

a, (z,2"),
ay, (

(,2")

ay, (z,2")a, (2',2") =

for all x € X and 2/, 2" € Ax(r,i)(z).

For d = 1 the equivalence relation Ax(0,1) = Ay coincides with the
Gibbs equivalence relation of the SFT X (cf. [25], equation (2.4)). The
following result is essentially due to Livshitz and is valid under more general
assumptions (G only needs to be a complete metric group with a bi-invariant
metric and h: X —— G a function with summable variation).

Proposition 3.1. Let A be a finite set, X C A% a mizing SFT, and G a
discrete group.

(1) Suppose that h: X — G is a continuous map, and that the cocycles
i : Ax +— G in (3.6) are equal. Then there ezists a continuous
functwn b: X — G such that the map

(b-0) thb: z +— b(o(z)) ' h(z)b(z) € G

1s constant on X.
(2) If hj: X — G, i = 1,2, are continuous maps, and if there exists a
Borel map b: X — G with

b(o(2)) " ha(@)b(e) = haa) (3.8)
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for p-a.e. x € X, where p is the measure of maximal entropy on X,
then the map b in (3.8) may be chosen to be continuous.

The proof of Proposition [3.1] is a minor variation of that of Proposition
3.1 in [25] and will be omitted. The assertion (2) of Proposition was
obtained independently by W. Parry (private communication — cf. also [31]
for the abelian case).

Corollary 3.2. Let d > 1, i € {1,...,d}, A a finite set, X C ALY g
mixing SFT with the extension property, G a discrete group, h: X — G a
continuous map, and r > r(h). If the cocycles af: Ax(ryi) — G in
are equal then there exists a continuous function b: X —— G such that the
map (b - Ue(l))_lhb is constant on X.

Proof. Let h = c¢(e®,.): X — G, and let r > max(r(h),1) (cf. (3.4)). By
Remark (X(r,1),T(;4)) is — for sufficiently large 7 — a (one-dimensional)
mixing SFT, X (r,4) coincides with the set of all allowed elements in AS(%),
and

(T8 (ri) X TS(r,i) ) (Ax(7,7)) = Ax(rs)
(cf. Definition . Now apply Proposition U

Corollary 3.3. Letd > 1,i € {1,...,d}, A a finite set, X C AL 4 mATIng
SET with the periodic extension property in the direction i € {1,...,d}, G
a discrete group and c: Z% x X — G a continuous cocycle.

(1) If G is abelian, and if the restriction of o to Px (i, L) is topologically
transitive for infinitely many L > 1, then c is trivial;

(2) If G is finite and the restriction of o to Px(i,L) is topologically
transitive for all sufficiently large L > 1, then c is trivial.

Proof. For every L > 1 and x € Px(i, L) we set
wi(z) = c(Le®, ) = h(eE=Dey . h(z)

and conclude from that wr(c™(x)) is conjugate to wr(z) for every
x € Px (i, L). If o is topologically transitive on Py (i, L), then the continuity
of the map = +— wp (z) implies that the set {wr(z) : * € Px(i,L)} lies in a
single conjugacy class of G whenever L > L, say.

Now suppose that G is abelian and that there exists an increasing sequence
(L, k > 1) such that o is topologically transitive on Px(i, L) for every
k > 1. In particular the map z — wp, () is constant on Px (i, Ly) for every
kE>1.

For the following discussion we fix a sufficiently large r > 1, assume that
(z,2") € Ax(r,i), and put y = 7g(.4)(x), ¥ = Tg(r5)(2"). Then there exists
an integer M > r such that y, = y,, whenever n = (nq,...,nq) € S(r,4) and
|n|| = maxj—;__q|n;| = |ni| > M. As X(r,i) is a mixing SF'T there exists
an integer k > 1 such that Ly > 2M + 4r and periodic points z, 2’ € X(r,1)
with (large) period Ly such that z, = yn = xy and 2z, = y,, = z, for
all n = (n1,...,nq) € S(r,i) with |n;| < M + r, and 2z, = 2z, whenever
M +r <|n;| < Ly — M — r. Finally we use the periodic extension property

to find points z, z’ € Px (i, Lx) with z, = zn, z,, = 2}, for every n € S(r,1).
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We write h': X (r,4) — G for the well-defined map with b’ - wg(,.;) = h.
Then the constancy of the map x — wy, (x) on Px (i, L) guarantees that

a;(w, 7)) = a; (x, x/)(Lk)

= h(@) ™" he PV @) (eI @) - (e
= W(z) 7 B (T @) T (T ) - () (3.9)
(

(ry3)
= h(2) 7+ h(o DY () (o B0 (7)) ()
= a;{(z Z')(Lk) =a, (2,2 )(Lk) = a}:(fv,x')(Lk) = a}:(az,x').

We interrupt the proof of the abelian case for a moment and prove (3.9)
under assumption (2). If z € Px (i, L) with L > Ly, and if m > 1 satisfies
that w1 (Z) = wr(2)™ = 1¢g, then wy, 1 (x) is conjugate — and hence equal
— 0 Wemr (%) = wnr(Z)F = 1¢ for every x € Px(kmL). This allows us to
repeat the calculation (3.9) with Ly = kmL, k > 1, and to conclude that
af (z,2') = a; (z,2') for all (z,2) € Ax(r,i) if either of the conditions (1)
or (2) are satisfied.

According to Proposition this guarantees the existence of a continuous
map b: X —— G for which (b- ae(l))*lhb is constant, and we define a cocycle
d:7%x X — G by

d(n,) = (b-o") " e(n, )b
for every n € Z%.

By construction there exists a g € G with ¢ (e, z) = gq for every = € X.
For any m € Z¢ the map ¢/(m,-): X — G is continuous, and there exists

a finite partition Oy, ..., Os of X into nonempty, open subsets of X on each
of which ¢/(m,-) is constant and equal to g;, 7 = 1,...,s, say. As o is
topologically mixing we can find, for every j = 1,..., s and every sufficiently

large k > 1, an element z € O; N %" (0;) with (ke z) = gk. The
cocycle equation ([2.4]) yields that

d(m, ohet” (a:))c'(ke(i),az) = gjgé€ = glggj = c’(ke(i), o™ (z)) (m, )

for every j = 1,...,s, and hence that gy commutes with ¢/(m, z) for every

k-e(l)

reX. It follows that d(m,-) is invariant under ¢"®" | and the topological

transitivity of o€ @ implies that ¢/(m, -) is constant for every m € Z-. O

4. WANG TILES

Suppose that T' is a nonempty, finite set of distinct, closed 1 x 1 squares
(tiles) with coloured edges such that no horizontal edge has the same col-
our as a vertical edge: such a set T is called a collection of Wang tiles
(cf. [23], [32]). For each 7 € T we denote by r(7),t(),|(r),b(r) the col-
ours of the right, top, left and bottom edges of 7, and we write C(T) =
{r(7),t(7),I(1),b(7) : 7 € T} for the set of colours occurring on the tiles in
T. A Wang tiling w by T is a covering of R? by translates of copies of ele-
ments of T with non-overlapping interiors such that the following conditions
are satisfied:

(i) every corner of every tile in w lies in Z? C R?,
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(ii) two tiles of w are only allowed to touch along edges of the same
colour, i.e. r(7) = I(7') whenever 7, 7" are horizontally adjacent tiles
with 7 to the left of 7/, and t(7) = b(7') if 7, 7’ are vertically adjacent
with 7/ above 7.

We identify each such tiling w with the point
w = (wp) € TZ,

where wy is the unique element of 7" whose translate covers the square
n+[0,12 C R, n € Z2. The set Wy C T% of all Wang tilings by 7T is
obviously a SF'T of the form 7, and is called the Wang shift of T'.
Conversely, if A is a finite set and X C AZ* o SFT of the form (2.2) with
F=1{0,1}2CZ? weset T = mp(X) C A and consider each

_ | o1
T =200 1o |€T (4.1)

as a unit square with the ‘colours’ [#(,0 @0 ] and [Z©1) *a,1) ] along its
bottom and top horizontal edges, and [x(o’l)} and [x(l’l)} along its left

Z(0,0) %(1,0)
and right vertical edges. With this interpretation we obtain a one-to-one
correspondence between the points z = (z,) € X and the Wang tilings
w = (wq) = (7 - 0™(z)) € TZ.

This correspondence allows us to regard each SFT as a Wang shift and
vice versa. However, the correspondence is a bijection only up to topological
conjugacy: if we start with a SFT X C AZ? of the form 7, view it
as the Wang shift Wy C T? with T = mp(X), and then interpret Wp as a
SF'T as above, we do not end up with X, but with the 2-block representation
of X. We simplify terminology by introducing the following definition.

Definition 4.1. Let A be a finite set and X C AZ" a SFT, T a set of
Wang tiles, and Wy the associated Wang shift. We say that W represents
X if the shift-action ¢’ of Z? on the SFT Wy is topologically conjugate to
the shift-action o of Z? on X. Two Wang shifts are equivalent if they are
topologically conjugate as SFT’s.

Let T be a collection of Wang tiles, and let Wy be the Wang shift of T'.
Following [30] we write

N(T) = (D) t(r)(1) =r(T)b(1), 7€ T) (4.2)

for the free group generated by the colours occurring on the edges of elements
in T, together with the relations t(7)I(7) = r(7)b(7), 7 € T". The countable,
discrete group I'(T') is called the tiling group of T' (or of the Wang shift
Wr). From the definition of T'(T') is is clear that the map A\: ['(T) — Z2
given by

A(b(7)) = A(t(r)) = (1,0),  A(I(r)) = A(r(7)) = (0, 1), (4.3)
for every 7 € T is a group homomorphism whose kernel is denoted by

To(T) = ker(\). (4.4)

change
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We view Wy C T% as a SFT and define the tiling cocycle cr: 7?2 x
Wr +—— I(T) of Wr (or, more precisely, for the shift-action o of Z2 on Wr)
by setting

cr((1,0),w) = b(wo), ¢r((0,1), w) = I(wo) (4.5)

for every Wang tiling w € Wp C TZQ, and by using to extend cr to a
map from Z2 x Wr to T'(T) (the relations t(7)I(7) = r(7)b(7), 7 € T, in
are precisely what is needed to allow such an extension). At this level of
generality it is not even clear that the space Wr is nonempty or consists of
more than one point, so that it is not meaningful to ask whether this tiling
cocycle is nontrivial. However, if X is a SF'T then the following observation
shows that every continuous cocycle on X with values in a discrete group is
a homomorphic image of the tiling cocycle of some representation of X as a

Wang shift.

Theorem 4.2. Let A be a finite set, X C AT ¢ SFT, G a discrete group,
and c: 7?2 x X — G a continuous cocycle. Then there exists a set T of
Wang tiles with the following properties.
(1) There exists a shift-commuting homeomorphism 1: Wp — X (i.e.
W represents X);

(2) There exists a group homomorphism ¢ from the tiling group T'(T') of
T to G such that

c(m, p(w)) = ¢ - er(m, w) (4.6)

for every w € Wy and m € Z2.

Proof. We assume without loss in generality that X is of the form ([2.2))—(2.3)
and choose an integer r > 1 such that the functions ¢((1,0), ), ¢((0,1),-): X
+—— G depend only on the coordinates in B(r — 1) (cf. Definition and

B4)). Put

B(r)={-r,...r}*2 c 72,

B(r)p ={-r,...,r} x{=r,...,r =1},
B(r)y={-r,....r =1} x{—=r,... 1}, (4.7)
B(r)y={-r,...,r} x{=r+1,...,1},
B(r)y={-r+1,...;r} x{=r,... 1},

)

and regard each 7 € T)((T = mB(r)(X) as a unit square with the colours

b(T = 71—B(r)b(T)a |(T) = 7TB(1")|(T)7
t(T) = TB(r) (T)7 I’(T) = 71-B(T)r(T)

on the bottom, left, top and right edges of 7 (cf. (4.1)). Our choice of r
implies that

(4.8)

c((1,0),z) = ¢((1,0),2"),

c((0,1),z) = ¢((0,1),27),
¢((1,0),0'%V(2)) = ¢((1,0),0*V ("))
c((0,1), 09 (x)) = ¢((0,1), 6" (a))
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whenever 7g(,)(z) = mg(r)(2), so that we may set
b/(T) = c((l,O),x), |I(T) = C((O7 1)71:)7
t'(r) = e((1,0),6% (2)), /(1) = ¢((0,1), 0" (x))

for every 7 € T)((r ) and = € X with mg(r)(7) = 7. The cocycle equation ([2.4)

shows that
t'(r)(r) =r'(7)b'(7)

for every T € T)((T ). The isomorphism of the shift-actions of Z? on X and

W_ is obvious, since WT(’"> is nothing but the (2r+1)-block representation
X

Tx

of X, and the definition of the tiling group F(T)((r )) implies that the map

t(r) — t'(7), I(r) =1 (7),
r(7) — r'(7), b(t) — b'(7)
induces a group homomorphism ¢: F(T)((T )) — G satisfying (4.6]). O

Remark 4.3 (Higher-dimensional Wang tiles). The definition of Wang tiles
and tiling cocycles given here can be extended very easily to dimension
d > 2. For d > 2 a set T of d-dimensional Wang tiles is a finite set of
d-dimensional unit cubes [0,1]? € R? with coloured faces such that distinct
cubes are coloured differently and the the sets of colours occurring on non-
parallel faces of elements of T are disjoint. A Wang tiling is a covering of R?
by integer translates of (copies of) tiles in 7" whose colours on overlapping
faces coincide, and the Wang shift W of T is the set of all Wang tilings
obtained from T

Define, for each 1-dimensional edge of an element 7 € T', the ‘colour’ of
that edge as the set of colours of all the faces of 7 containing that edge (note
that each of these sets has exactly d — 1 distinct elements). The tiling group
I'(T) is the free group generated by the set of all colours of edges of elements
in T, together with the relations resulting from the condition that, for every
7 € T, every path along edges of 7 leading from the vertex (0, ...,0) € [0,1]%
to the diametrically opposite vertex (1,...,1) € [0, 1]d results in the same
word in I'(T") (with multiplication written from right to left as for d = 2).
With this definition of T'(T') the tiling cocycle cp: 7% x Wy +— I'(T) for the
shift-action o of Z¢ on the Wang shift Wy is defined as in by setting,
for every w € Wp and ¢ = 1,...,d, cT(e(i),fw) equal to the ‘colour’ of the
edge e of the tile wg in w covering [0,1]¢. With this definition one can
easily prove the analogue of Theorem for every d > 2.

Since all explicit examples of Wang tilings in this paper are in dimension
two we leave the details for d > 2 to the reader.

Let d > 1, A a finite set, and let X C AZ" be a SFT. If G is a discrete
group, r > 0 and ¢: Z¢x X — G a continuous cocycle we say that ¢ depends
only on the coordinates in B(r) if the map c¢(e®,.): X — G depends, for
every i = 1,...,d, only on the coordinates in B(r), i.e. if

c(e(i),x) = c(e(i),x’), i1=1,...,d,

4.9
whenever z,2’ € X and mg((z) = () (2'). (4.9)
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The following corollary of Theorem shows that X has a fundamental
cocycle ¢*: Z% x X —— G* if and only if all continuous cocycles ¢ on X
with values in discrete groups depend essentially only on a fixed range of
coordinates.

Corollary 4.4. Let d > 1, A a finite set, and let X C AZ" be a SFT. The
following conditions are equivalent.

(1) There exists a continuous cocycle ¢*: Z% x X —— G* with values in
a discrete group G* which is fundamental in the sense of Definition
@.

(2) There exists an integer r > 0 with the following property: if G is
a discrete group and c: Z% x X — G a continuous cocycle, then c
is continuously cohomologous to a cocycle ¢’ : 74 x X —— G which
depends only on the coordinates in B(r) in the sense of .

Proof. Suppose that there exists a fundamental cocycle ¢*: Z¢ x X — G*.
Since G* is discrete we can find an integer r > 0 such that ¢* only depends
on the coordinates in B(r), and (2) follows from Definition Conversely,
if there exists an r > 0 satisfying (2), then the proof of Theorem and, if
d> 2, Remark show that every continuous cocycle ¢: Z¢x X — G with
values in a discrete group G is continuously cohomologous to a homomorphic
image of the tiling cocycle ¢ 1) 74 x X —s F(T)(ZH)). According to
Definition this means that )ET)({“) is fundamental. O

5. COCYCLES, EXTENSIONS OF CONFIGURATIONS, AND FUNDAMENTAL
GROUPS

As mentioned in the introduction, tiling groups were originally introduced
as obstructions to extending certain partial tilings of R? by polygonal tiles
(cf. [5] and [30]). In order to describe a simple version of this extension
problem for SFT’s we assume that A is a finite set and X C A% is a SFT
satisfying f.

Let E C Z? be a finite set, and let z € I x(Z? \ E) C AZ*NE pe an
allowed element (cf. Definition . How can one tell whether z has an
allowed extension to all of Z2, i.e. whether there exists an element z € X with
mz2 g (x) = 27 A weaker form of this question is whether there exists a finite
set £/ D E and an element = € X with 772 _g/(z) = 772 g/ (2), i.e. whether
z can be extended after possibly ‘correcting’ finitely many coordinates.

For simplicity we call an allowed element z € IIx(Z? \ E) weakly extens-
ible if there exists an € X and a finite set £/ with £ C E' C Z? with
z2 g () = mz2 _g(z), and extensible if we can assume in addition that
E' =F.

We shall concentrate on weak extensibility and may therefore take E C Z?
to be a finite rectangle. In order to avoid certain technical complications we
also assume that X has the extension property (Definition .

Let ¢: Z? x X — G be a continuous cocycle for the shift-action o of Z?
on X with values in a discrete group G and put

Te = max(?“(c((l, 0), ))7 T(C((Ov 1)7 )))
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(cf. (34)). Suppose furthermore that n(®, n® n® n® = nO are the
vertices of a rectangular loop P in Z? with the following properties:

(a) nM —n©® and n® —n® are multiples of (1,0), and n® —n® and
n®) — n(® multiples of (0, 1),

(b) if 7 is the integer appearing in Definition (2), then each edge
nU-1b +t(n(j) —n(j_l)), j=1,...,4, of P has distance > max(r., 7)
from the rectangle Q. In other words,

— mi ; i _nU-1 () _ p-1)
SO8,Q) = min min iy, m =00 10 -0
> max(r¢, T)
with ||k|| = max(|ky], |k2|) for every k = (k1, ko) € Z2.
Under these assumptions the extension property of X guarantees that each
of the values c(n(j) —nU-1), oY (2)),7=1,...,4, is well defined, and we
set
¢(B.2) = c@® —n®, 07 (2))e(@® —n®, " (2))
ce(n® —n®, P (2))e(m™ —n©®, o (2)).

The following proposition is an immediate consequence of the cocycle equa-
tion ([2.4) and the extension property of X.

(5.2)

Lemma 5.1. Let Q C Z? be a finite rectangle, and let z € Ix(Z? \ Q).
For every rectangular loop 3 C 72 satisfying (a)—(b) which does not contain
Q in its interior we have that c¢(P,z) = 1g. If P and P’ are rectangular
loops satisfying (a)—(b) which contain the rectangle Q in their interior, then
(B, z) = c(P', 2). Finally, if z is weakly extensible, then

(B, 2) = 1g. (5.3)
for every rectangular loop B C Z? satisfying (a)—(b).

In view of the the last assertion in Lemma [5.1] we set

(@, 2) = c(B, 2) (5.4)

for any rectangular loop B C Z? which satisfies (a)-(b) and contains @ in its
interior. If ¢ = ¢ is the tiling cocycle of a Wang shift Wr representing X,
then there exists a rectangular hole Q' D @ such that the allowed element
z € Ix(Z? ~ Q) determines uniquely a partial tiling 2’ of R? \ @', and
the value c7 (P, 2) € I'o(T") C I'(T) for any rectangular loop P around the
hole @' is equal to the word in the tiling group formed by the product of
the colours on the edges of the tiles touching @’ in anti-clockwise direction
starting from the bottom left hand corner of @’ (written from right to left,
and with the colours along the top and left edges of )’ inverted — cf. )
This is the form in which the obstruction ¢(Q, z) appears in [5] and [30].
The following statement clarifies the dependence of ¢(Q, z) on the cocycle
c: 7> x X — Q.

Proposition 5.2. Let A be a finite set, X C A% o SFT of the form (|2.2])—
with the extension property, Q C Z? a finite rectangle, z € Ux (Z*\ Q)
an allowed configuration, and c: Z?> x X —— G a continuous cocycle with
values in a discrete group G.

change
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(1) If ¢: Z> x X —— @G is a second continuous cocycle which is con-
tinuously cohomologous to ¢ then c¢(Q,z) = h=1c(Q,2)h for some
heqG;

(2) If c is trivial then ¢(Q, z) = 1G;

(3) If the cocycle c is fundamental (Definition [2.3), and if ¢(Q, z) = 1¢,
then ¢/ (Q, z) = 1g for every continuous cocycle ¢': 72 x X +—— G’
with values in a discrete group G'.

Proof. The assertion (1) is clear from the definition of cohomology, (2) fol-
lows from (1) and triviality, and (3) from (1) and Definition O

By varying the representation of a SFT X as a Wang system Wr we
may obtain different obstructions to the weak extensibility of a given al-
lowed configuration z € Iy (Z% \ Q). If the tiling cocycle cr is trivial, then
cr(PB, z) = 1g, irrespective of whether z is weakly extensible or not: for
example, the tiling leads to a representation of the SFT X®) with a
trivial tiling cocycle, whereas the representation of X®) in terms of
has a nontrivial tiling cocycle. The representations of a SFT X by the
Wang systems WT)((’”’ n>1,in f yields infinitely many different

tiling cocycles, each of which may conceivably give a different obstruction
to our extension problem for elements z € Ix(Z? \ Q). However, if there
exists a fundamental cocycle ¢*: Z? x X —— G*, then ¢* contains all the
available cohomological information about the weak extensibility of z. In
some examples the fundamental cocycle can even be used to find sufficient
conditions for z to be extensible ([5], [30]). In general, however, the co-
homological obstructions discussed here only lead to necessary, but not to
sufficient conditions, as Example below shows.

Example 5.3. Let Wr, be the Wang shift defined by the tiles
Tr={[]Z2[00}

in . From the description of Wz, at the beginning of Section |§| we know

that Wr, C Wr, is the set of all Wang tilings which do not contain a copy

of the tile | |, and Theorem [9.1|shows that Wr, has a fundamental cocycle

c* which is the restriction to Wz, C Wr, of the fundamental cocycle cr, of

the square ice shift Wy, in .

If we can find a rectangle Q C Z? and a partial tiling z € Iy, (Z2\ Q) C

Hw, (Z? \ Q) which is weakly extensible in Wr,, but not in Wr,, then

cr, (B, 2) = e (B, 2) = 1y = lrery)
for every appropriate rectangular loop 8 C Z2, so that the cohomological
information available is insufficient to determine whether z € Iy, (Z2\.Q)
can be extended weakly in Wp,. The following picture describes such a
rectangle Q and a point z € Wy, (Z* \. Q) which can be extended in W,
but not even weakly in Wy, .

Consider the allowed tiling in Figure 1 of the set F = [-3,4]? \ (0,1)% C
R? by the Wang tiles T}, with the open square (0,1)? shaded grey for con-
venience.

We define an allowed tiling z of R? . (
tending the tiling in Figure 1 to R? \ (0,1

1)? with the tiles T, by ex-

0,
)2 by first tiling the rectangles



FUNDAMENTAL COCYCLES 17

FIGURE 1. An allowed tiling of F

[—3,4] x [4,00) and [—3,4] x (—o0, —3] with copies of the top and bottom
rows [ [ [ [ [ [ ] and [[[ ][] 1]in Figure 1, respectively, and
then tiling the rest of R? . (0,1)? with copies of the tile [ ]. A little bit of
thought reveals that, for any finite, open rectangle () with integral vertices
and (0,1)2 C Q C R?, any extension of mpe2._g(2) to a tiling € Wy, has
to contain a copy of the tile | !, so that z cannot be extended weakly to a

point in Wr. 7
We leave the extension problem and turn to the connection between the

cohomology of a SFT X and its projective fundamental group wfroj (X, )
mtroduced in [7]. Let A be a finite set, and let X C A% be a SFT satisfying

—(2.3] For every r > 1 we consider the Wang tiles T ( ) defined in
i (4.8 i

and observe that there exists, for every r > 2, a Well defined,

SUI‘JeCtIVG homomorphism 7™ : (T)((T )) (T)((T 1)) of the corresponding
tiling groups with
U(T) (TrB(T)b (‘T)) = 7.‘-B(T'fl)b(a?% U(T) (WB(T)| (‘T)) = 7-‘-B(7'71)| (13)7
(r) (r) (5:5)
(B, (7)) = TB(r—1),(7), " (mB@m), (2)) = mB(r—1),(7)
and
n) (ep (0, 2)) = cpen (0, 2) (5.6)

for every x € X and n € Z2. The sequence of homomorphisms 7", r > 2,

in (5.5)—(5.6) allows us to define the projective tiling group I'(X) and the
projective tiling cocycle cx: 72 x X — I‘(X) as the projective limits

I'X)= pI‘OJ ImI(Ty’) C HF T(T)
r21 (5.7)
cx(n, z) = projlim ¢ (n, z).
r—00 X

If we furnish I'(X) with the product topology inherited from [, F(T)(g )),

then the cocycle cx: Z? x X +— I'(X) is continuous (note, however, that
I'(X) is not discrete).

Let ¢: Z? x X — G be a continuous cocycle with values in a discrete
group G and set

Te = max(r(c((l, 0)) ))7 T(C((Oa 1)7 )))
as in (3.4). Assume that ¢ = (0 =n®, ... n¥) = 0) is a finite sequence of
points in Z? with
n(]) - n(j_l) € {:l:(lv O)v :I:(Ov 1)} (58)
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for every j = 1,...,k. We fix an element £ € X and an integer s > r. and
choose, for every j = 0,....k, a tile ) ¢ T)(;) such that 70 = +(k) —
mg(r)(Z) and the sequence T = (719, ..., 7()) is consistent with 9 in the
sense that A .

r(T(]—l)) _ |(7-(J)) if n(]) _ n(ﬂ_l) = (1,0),

t(r0=) = b(r0) if n) —nl~Y = (0,1),

A A ' ' (5.9)
I(T(]—l)) — r(T(])) if n(]) — n(-j_l) = —(1,0),
b(rU™Y) = t(¥)) if n@) — b= = —(0,1).

We regard the pair (B, T) as a path in Z° x T)(; ) beginning and ending in
the point (0, mg(s)(Z)), choose elements 2@ e X with 7y (z0)) = 7 for
j=0,...,k, and set
where
Gy _ Je@UtD —nl) 20)) if nG+1) _ p0)
g - C(n(ﬂ) —_ n(j‘i'l)7 l-(j-i-l))—l if n(j+1) . l’l(j)

forj=0,...,k— 1.
Following [7] one can define a natural notion of ‘homotopy’ between paths

in 72 x T)((S) which begin and end in (0, 7g(s)(Z)). As a consequence of that
definition and the cocycle equation ([2.4) one obtains that

(P, %) = (P, T)

whenever (3, %) and (P, T’) are paths in Z? x T)((s ) which are homotopic in
this sense.
By varying (3, %) over the set of all finite paths of arbitrary length in

72 x T)((S) which begin and end in (0, 7g()(Z)) We obtain a subgroup

I () = {e(P.%) : k20, (P,T) = (0D, 79), j=0,....k)
and n® =n® = 0, 7O =7 = T (2)} C G,

and we set
Ta(e) = () T¥(e) c G.
S>Te
The following proposition is an immediate consequence of the definition
of the subgroup I'z(c) C G.

Proposition 5.4. Let A be a finite set, X C A% a SFT of the form (12.2) -
[2.3), andletz € X. Ifc,c': Z? — G are cohomologous continuous cocycles
with values in a discrete group G, then there exists an element h € G with
FQ(C) = h_lfj(c')h.
In particular, if ¢ is trivial, then T'z(c) = {1g}.
If there exists a fundamental cocycle ¢*: Z2x X +—— G* on X, then I'z(c*)

determines not only the group I'z(c) for every continuous cocycle ¢, but also
the projective fundamental group 77" (X,z) of X defined in [7].
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Theorem 5.5. Let A be a finite set, and let X C A% o SFT of the form
—. If there exists a fundamental cocycle ¢*: Z? x X — G* with
values in a discrete group G* then T'z(c) is, for every continuous cocycle
c: 7?2 x X — G with values in a discrete group G and every T € X, a
homomorphic image of T'z(c*), and

7PN (X | T) 2 Ta(ch).

Proof. We fix a point # € X. If ¢: Z?> x X —— G is a continuous cocycle
for the shift-action o of Z? on X then there exists, by definition, a group
homomorphism 7n: G* —— G such that the cocycle 1 - ¢*: Z? x X —— G is
cohomologous to ¢. For every sufficiently large s and every path (B, %) in

Z? x T)(;) of the form (5.8)—(5.9) which begins and ends in (0, 7g(s) (%)),

n(c" (B, T)) = (B, D),
so that

as claimed.

If we apply these observations to the tiling cocycles Cp(r) * 72 x X —
X

F(T)((T )) in ([&.7)-(#.8) we obtain, for every r > 1, a homomorphism (") : G*
— F(T)(g )) such that 6(") . ¢* is cohomologous to Cp(r) and
X
00 (¢*) = Tz(cm)-

(<) (ep()
Conversely, if r is sufficiently large, then (4.6]) yields a group homomorphism
o) T(TY)) +— G* with ¢ - ¢,y = ¢* and

X
¢ (e (B, T)) = ¢ (B, T)
X

for every appropriate loop (B, %) in Z2 x T )((s ) with s sufficiently large, and
hence with

o) (T (cpe)) = Fa(c?).

Finally, if n(: F(T)((r)) — F(T)(g 71)) are the group homomorphisms ap-
pearing in (5.5)—(5.6|), then

n) (ep() (B, 3)) = cpe-n (B, F)
for every appropriate loop (8, %) in Z? x T)((T ), and
(Tale ) = Tz(c ).
n"( :E(CT)({))) I(CT)(( n)
From the definitions of these homomorphisms it is now clear that

[z(c*) = a0 (X, 7). O
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Remark 5.6. Let A be a finite set and X C A% a SFT of the form (12.2)—
(2.3). Then X is projectively connected if there exists, for every r > 1 and
T, 7 € T)((T), a finite ‘path’ (B, T) in Z2 x T)((T) which begins in (n(®,7(0)) =
(0,7), ends in (n®), 7)) = (n®) 7/) and satisfies the conditions f
above (cf. [7]).

Note that every topologically mixing SFT X C A% g projectively con-
nected. If X is projectively connected and c: 7Z? x X — G a continuous
cocycle, then I'z(c), T'z(c*) and 77" (X, Z) do not depend on the specific
point T € X (at least up to isomorphism), so that we can suppress the
reference to z and write T'x(c), T'y(¢*) and 72" (X, ) for these groups.

Definition 5.7. Let d > 2 and A a finite set. A SFT X C AZ? i co-
homologically trivial if every continuous cocycle ¢: Z% x X —— G for the
shift-action ¢ of Z?% with values in a discrete group G is trivial.

Corollary 5.8 (of Proposition and Theorem . Let A be a finite set
and X C A” a mizing SEF'T of the form (2.2)—(2.3). If X is cohomologically
trivial then

T (X) = 77" (X, %) = {1}.

Remarks 5.9. (1) If X is a mixing two-dimensional SF'T with an explicitly
determined fundamental cocycle ¢*: Z? x X —— G* of X, then the calcula-
tion of 7P"(X, ) = I, (¢*) is usually quite straightforward (cf. the Remarks

B30, [75, £ and f3)

(2) For a d-dimensional SFT X C AZ" with d > 2 the definitions of
the projective tiling group I'(X) and the projective tiling cocycle cx : Z¢ x
X +— I'(X) are completely analogous (cf. Remark [4.3). Furthermore, if
c: Z% x X — G is a continuous cocycle for the shift-action ¢ of Z% on
X with values in a discrete group G, then one can again define the group
I'z(c) C G for every € X and obtains exact analogues of Proposition
and Theorem The (obvious) details are left to the reader.

6. DOMINOES
Let Tp be the set of Wang tiles

1O (6.1)
with the colours H,h,V,v on the solid horizontal, broken horizontal, solid
vertical and broken vertical edges. The Wang shift X = W, C T[Z)2 has the
periodic extension property (cf. Section [4 [13], [29], [3], [9] and Example 4.2
n [25]). Every tile in Tp can be viewed als a half-domino, and by deleting
all broken edges one sees that every element of X determines a tiling of the
plane by dominoes — hence the name of this SFT.

Proposition 6.1. Let
I'=I(Tp)= (h,H,v,VIHV = vH,hV = VH,Hv = VH,HV = Vh)  (6.2)
be the tiling group of Tp (cf. Section . Then
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I = M x Z2,
where
aq,1) a(1,2) 4(1,3)
M3 = {( 0 1 a(273)> : CL(173) € Z,a(lyl), a(3’3) S {17 —1}7
0 0 (L(373)
* aa1,2) 4(2,3), 4(1,1) + @(1,2), a3,3) + a2,3) € {0, 1}}

Proof. Let Z be the centre of I". A simple calculation shows that v = V2 €
Z and h? = H? € Z. Denote by C = (h?,v?) the central subgroup of T
generated by h? and v2, put IV = I'/C, and write v/ € I" for the image
under the quotient map I' — I of an element v € I. Then h'* = H? =
v? = V'? = 11, and one can check directly that there exists a surjective

group isomorphism &: IV —— Mj3 with change
wn=(1) e
evy=(00d),  av=(d11).
and -110\ /-111 10 -1
sem) = (g 39) (340) = (857) =€wrev). 69

From (6.2)(6.4) one also obtains that the the group C' = {(W'H)" : n €
Z} Cc TV is normal and that C' = (C") 2 Z. We set I =T"/C" and denote
by h”,H” v, V" the images of h’, H', v/, V/ under the quotient map I' —— T".
Then h” = H”, v/ = V", and the relations occurring in the definition of I’
imply that I = (Z/2Z) x (Z/2Z). Since the same is true for &(I')/&(C")
we conclude that £ is faithful, as claimed.

As the centre of M3 = &£(IV) is trivial, the same is true for I'. Hence

C = Z,and ([#.3)-(4.4) imply that ['g = M3 and I' & M3 x Z2. 0 change

We define the tiling cocycle cry, : Z? x X —— T by (4.5), identify ['o(Tp) change
with M3 (cf. (&4)), and denote by e, = & - ey Z2 x X — M3 =To(Tp)
the composition of ¢z, with the group homomorphism £: I' — M3 in (6.3)).
Then

crp ((1,0),2) = &(b(zo)) x (1,0), 7, ((0,1),2) = &(I(xo)) x (0,1),
ETD((L O)a 1‘) = §(b(330))a ETD((Oa 1)71') = 5('(51;0))3

where b(zg) € {h,H} and I(z¢) € {v,V} are the colours on the bottom and
left edge of the tile xg.

(6.5)

Lemma 6.2. The cocycle ¢, has the property that
ETD(Qm,m)€M§:{<BI)§7(F):mEZ}%Z (6.6)

for every m € Z2.

Proof. An elementary calculation shows that

erp((2,0),2) € M3, er,((0,2),2) € M3
for every x € X, and the proof is completed by applying (2.4). O
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In view of Lemma we define a cocycle v: Z? x X +— Z for the even
shift-action m — 6™ = o?™ of Z2 on X by
10 y(n,z) )

c 2nmz<
o0 =63

for every n € Z? and z € X (cf. (6.6)).
Proposition 6.3. The skew-product action &, of 72 on X x 7, defined by
& (w0, k) = (5™(2),7(m, z) + k)

(6.7)

for everym € Z2, k € Z and x € X, is topologically mixing.

Proof. For every m > 1 and x € X C AZ2, the value ~v((m,0),z) only
depends on the bottom edges of the coordinates (.%(070), . ,a:(gm_m)) of x
(cf. ), and has the following geometrical interpretation: the coordin-
ates (Z(0,0),- - - T(2m—1,0)) determine a tiling of the rectangle R = [0, 2m] x
[0,1] C R? by the half-dominoes , and we complete these half~-dominoes
to dominoes. Denote by e(2m,z) and o(2m,x) the numbers of squares
[0,1)2 + (k,0), 0 < k < 2m — 1 in R with k even or odd, which are covered
by top halves of vertical dominoes. Then

v((m,0),z) = o(2m, x) — e(2m, x).
The following picture illustrates this fact: let m = 4 and
(T©0)-->rro) =TT T TTT1,
complete these half-dominoes to dominoes, and colour the even and odd

unit squares in the rectangle R dark and light grey for better visibility. We
obtain the picture

and observe that v((4,0),z) = o(8,z) —e(8,2z) =0—1= —1.

The value of v((0,m),z), which depends on the coordinates (z(og),. - -,
T(0,2m—1)) of @, is obtained by completing the half-dominoes in the corres-
ponding tiling of the rectangle R' = [0,1] x [0,2m] to dominoes, and by
taking the difference between the numbers of even and odd squares in R’
which form right halves of horizontal dominoes.

In order to prove that &7 is topologically mixing it suffices to show the
following: if 01, O are nonempty cylinder sets in X and k € Z, then

01N ™(Oy) N {z € X :y(m,z) = k} £ @ (6.8)

for all m € Z? with ||m| = max {|m1], |ma|} sufficiently large.

By decreasing the sets O;, if necessary, we may assume that there exists
an integer r > 0 with O; = ng(a(i)) for some a() a® € A% where S =
{=r,...,7 —1}> C Z2. The coordinates al) € A5 determine a half-domino
tiling of S" = [—r,7]> C R?, and we extend these half-dominoes to dominoes
in the usual manner. This partial domino tiling can be extended to an
exact tiling of the square S” = [—2r,2r]? by dominoes (Remark , and
by decreasing O; further we assume that each O; corresponds to an exact
domino tiling of S”.
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We shall prove whenever m = (my,mg) with m; > 12r + 2|k|; the
case where m; is small but mgy is large is dealt with similarly.

Extend the exact domino tiling of S” corresponding to Oy to a tiling of
the vertical strip V = [~2r,2r] x R C R? by filling the rest of the strip with
vertical dominoes, and shift this tiling by 2m to a tiling of the strip V' +2m.
We extend this tiling to a domino tiling of the strip V = [2r,2m; + 2r] x R
by covering the rectangle [2r,2m; — 2r] x R with infinite columns of vertical
dominoes. For each of these columns we have two choices, since the bottom
edges of the dominoes in the strip can be either at even or at odd levels.
By combining this tiling of V with that of S” determined by a(!) we obtain
a tiling of S” UV which, in turn, determines a nonempty subset W of X;
this set W will, of course, depend on the choices we have made in filling
the vertical strip [2r,2m; — 2r] x R with columns of vertical dominoes. If
all the dominoes in these columns have their bottom edges at even levels,
then ~(m,z) is an integer which is independent of m and x € W, and
which depends only on the two cylinder sets O1,Oy. The description of
given above also shows that |y(m, z)| < 4r. Every time we move one of the
columns of dominoes in the strip [2r,2m; — 2r] x R up or down one unit,
the resulting value of v(m, ), x € W, changes by +1, and by adjusting at
most |k| + 4r even or odd columns we can guarantee that v(m,z) = k for
every z in the nonempty set W C 01 Na~™(03). O

Corollary 6.4. The skew-product action T(er,) of Z? on X x Mz, defined
by
O-?ElTD) (:1:7 CL) = (O-m(x)’ CTp (ma ZE)CL)

for every m € Z2, a € M3 and x € X, is topologically transitive, but not
mizing.

Proof. The topological transitivity follows from Proposition and the
definition of er,. As ¢r,(n,z) € M} if and only if m € 272 o“p can-
not be mixing. O

Remark 6.5 (Extending overtilings to exact tilings). The following proof
of the fact that every overtiling of a 2r x 2r square in R? by dominoes
can be extended to an exact tiling of the concentric 4r x 4r square is due
to O. Hryniv (overtiling means that the square is covered by dominoes,
but that some half-dominoes may stick out). Take an overtiling of the
square [—r,7]? C R?, divide the tiling into four disjoint regions by drawing a
polygonal geodesic (shortest connection) along edges of dominoes from the
centre to each of the four vertices of the overtiled square, and extend the
overtiling of [—r,7]? to a partial tiling of [—2r, 2r]? by reflecting each of four
regions of the tiling along the appropriate edge of the square [—r,7]?. The
example of an overtiling of [—4,4]% in the top left picture of Figure 2 may
help to understand what is going on.

As the top right picture in Figure 2 shows, the partial tiling of [—2r, 27]?
obtained by reflection is naturally divided into four regions. In the bottom
left picture of Figure 2 we reflect each of the ‘geodesics’ from the centre to
the four corners of the original square with respect to the appropriate corner,
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FIGURE 2. Extending an overtiling to an exact tiling

thereby obtaining altogether twelve disjoint regions of the square [—2r, 2r]?,
four of which are already tiled. The remaining eight regions can be tiled
exactly by dominoes parallel to the edge of the square [—2r, 2r]?> bounding
the region (cf. the bottom right picture of Figure 2). This gives an exact
tiling of [—2r, 27]%.

The following results show that there are no nontrivial cocycles on X =
Wr, with values in abelian groups, and that the tiling cocycle cr, : Z? x
X —— I'r,, = M3 is essentially the only continuous cocycle on X with values
in a discrete group.

Theorem 6.6. If G is a discrete, abelian group, then every continuous co-
cycle c: 72 x X —— G for the shift-action o of Z? on the domino shift
X = Wr, is trivial.

Theorem 6.7. Let G be a discrete group, and let c: 72 x X — G be a
continuous cocycle for the shift-action o of Z* on the domino shift X =

Wr,. Then there exist a continuous map b: X —— G and a homomorphism
0: T — G such that

b(o® () e(n, 2)b(z) = O(cry, (1, 2))
for every n € Z? and x € X. In other words, the tiling cocycle cry, is
fundamental (cf. Definition [2.3).
For the proof of Theorem we take L > 1 and write
Px(1,2L+1) = {z € X : 6 ®LH10 (1) = 2}

for the set of points with horizontal period 2L+ 1. Then Px(1,2L+1) C X
is invariant under o. Furthermore, if Q = {(0,0),...,(2L,0)} C Z?, then
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(Px(1,2L 4+ 1),0(®Y) is a SFT with alphabet A = mo(Px(1,2L + 1)) C
TQ o T2L+1
D — D '

Lemma 6.8. The SFT (Px(1,2L +1),0Y) in A% is irreducible and has
period 2.

Proof. For every a = {(ag,...,asr)} € A C T we write

u(a) = |{k : 0 < k < 2L, b(ag) = H, I(a) = r(ax) = V}|,

d(a) = {k:0 <k < 2L, t(ay) = H, l(ax) = r(ag) = V}|,
for the number of coordinates in a which are bottom and top halves of
vertical dominoes, respectively. Fix an element a® € A and consider an
allowed string (a{=1,a(®,a(M)) € A3 for the SFT Y (2L+1) with the property
that ™ and o= contain as many horizontal dominoes as possible. Then
d(aM) = u(a®), u(al=V) = d(a?), and we claim that

w(aM) < max(u(a®) —1,0), d(a™Y) < max(d(a®) -1,0).  (6.9)

For the proof of the first inequality in we set m = u(a(?)), denote
by 0 <lp <li <+ < lp-1 < 2L the coordinates with b(a;;) = H and
I(a;;) = r(a;;) =V, and set dj = lj11 (modm) — lj for j = 0,...,m — 1.
According to our choice of a(!), each of the intervals (1 + 1,141 (mod m)] 18
filled with horizontal dominoes if d; is odd, or with horizontal dominoes
and a single bottom half of a vertical domino, if d; is even, and therefore
u(aM) < u(a®). Since ZT:_Ol d; = 2L + 1 is odd, at least one of the d;
must be odd, so that u(a") < min(u(a(®) — 1,0), as claimed. The other
inequality in is proved similarly.

By applying repeatedly we obtain an allowed string (a(_m/), ey
a®, .. a™), m,m' >0, in A7 with d(a")) = u(a™) = 0, and we
can extend (a(="),...,a(™)) to an allowed string (a=™'~2), ..., a(m*D) ¢
AmFTm 4 quch that

u(a=" ) = u(a™t)) = 2L + 1,
ie. a = a2 = (™41 congists entirely of bottom halves of vertical
dominoes. It follows that the SFT Px(1,2L + 1) C A? is irreducible with
period < 2.

Finally, since u(a) + d(a?) (mod 2) = 1 and d(a(tV) = u(a®?) we see
that u(a?) = ula(+?) (mod 2) for every i. This proves that Py (1,2L +1)
has period 2. O

Proof of Theorem [6.6. Apply Lemma and Corollary (1). O

We turn to the proof of Theorem [6.7|and assume from now on that G is a
discrete group and c: Z? x X —— G a continuous cocycle. For the definition

of the cocycle v: Z2 x X —— @G for the even shift-action & of Z? on X we
refer to (6.7)).

Lemma 6.9. There exist a continuous map b: X —— G and commuting
elements hy, ha, h € G such that the cocycle c¢*: Z? x X —— G, defined by

c*(m,z) = b(e™(z)) te(m, z)b(z) (6.10)
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satisfies that
¢*(2m, z) = K p 2Ry () (6.11)

for every m = (my,mz) € Z% and x € X.

Proof. Put r = max(r(c((1,0),-)),r(c((0,1),-)),1) (cf. (3.4)),
Q={-2r...,2r—1}* C 7

and denote by

OcX (6.12)
the cylinder set corresponding to the exact tiling of the rectangle [—2r, 2r]? C
R? by horizontal dominoes. For every L > 0 we set

S(2L) ={0,...,2L — 1} x Z C 72,
B(2L)={z e X :mg-0™(z) € O for every m € {0,2L} x Z},
Y(2L) = ms(21,)(B(2L)),

and denote by T the vertical shift on Y (2L) induced by (%1 = (02 je,

(Ty) (kl ,k2) = y(k’l ,kQ +2)

for every y € Y(2L) ¢ OSCL) and (k,1) € S(2L). In terms of dominoes,
Y (2L) is the set of all exact domino tilings of the infinite vertical strip
[0,2L] x R C R? such that the two strips [0,27] x R and [2L — 2r,2L] x R
are tiled entirely and exactly by horizontal dominoes. Note that (Y (2L),T)

is a SE'T of the form (2.2)—(2.3) with alphabet
A(2L) = mar.2)(B(2L)) € TSR,

where
Q(m,n) =1{0,...,m -1} x{0,...,n— 1} C Z* (6.13)
for every m,n > 0.

The SFT (Y (2L),T) is not transitive. In order to determine the trans-
itive components we set, for every y € Y (2L) and x € B(2L) C X with
7TS(QL) (CC) =Y,

L(y) = (L, 0), z) € Z. (6.14)
One can interpret vz (y) as in the proof of Proposition by viewing y as
a tiling of the rectangle [0,2L] x R by the half—dominoe, and by com-
pleting these half-dominoes to dominoes: if e(y) and o(y) are the numbers
of the even and odd unit squares in the rectangle [0,2L] x [0, 1] which form
top halves of vertical dominoes, then v7(y) = o(y) — e(y).

By using the cocycle equation for the tiling cocycle ¢7,, and element-
ary geometry we see that

YL(Ty) = vL(y)

for every y € Y(2L) and that the restriction of T to each of the closed,
T-invariant subsets

YL, k)={y€ Y QL) :v.(y) =k}, k€ Z,

is an irreducible, aperiodic SFT whenever Y (2L, k) # & (note that Y (2L, k)
may consist of a single fixed point).
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We return to our cocycle c: Z2 x X —— G and define a cocycle ¢: Z? x

X —— G for the even shift-action & of Z? on X by
¢(n,z) = c(2n,x)

for every n € Z2 and x € X. For every y € Y(2L) we choose an x €
B(2L) with mg(ar)(z) = y and observe that, according to our choice of the
integer 7, c((2L,0),2) = &((L,0), 2) and ¢((0, 1), 2) = ¢((0, 1), 0259 (z)) =
¢((0,1),0D(x)), I € Z, are independent of the specific choice of z. In view
of this we set

wr(y) = c((2L,0),z) = ¢((L,0), z)
and note that wr: Y(2L) — G is continuous.

The cocycle equation (2.4) shows that

&((0,1), 2)"&((L, 0), ) = &((0,n), 54 (2))e((L
= &((L,0),6%" (2))e((0

= &((L,0),6*" (2))e((0, 1), )
for every n > 0. Since T is irreducible and aperiodic on Y (2L, k) we conclude
that ¢((0,1),x) commutes with ¢((L,0),z) = wr(y), and that

wi(y) = &((L,0),x) = e((L,0),5"Mz) = wr (T"y)
for every L > 2r, n € Z and y € Y(2L). The topological transitivity of 7' on
Y (2L, k) guarantees that the map wy: Y (2L, k) — G is constant for every
L >r and k € Z with Y(2L, k) # @.
Any two elements y € Y (2L, k), v € Y(2L', k'), can be concatenated to
an element yy' € Y(2L + 2L', k + k') by horizontal juxtaposition, and

wr+r/(yy') = wp (y)wr(y)-
As y'y also lies in Y(2L + 2Lk + k') and w1/ is constant on Y (2L +

2Lk + k') we conclude that the subgroup H of G generated by the set
{wr(y) : L > 2r,y € Y(2L)} is abelian, and is generated by the two elements

(4r+2,0))wr (y(4r,0))71? 4r+2,1))wT (?4(41",0))717

,0),2) = &((L,n), )
n),

Y x)

n

ho = wr1(y = wrpa(y'
where y*70) € Y (4r,0) and 3* 29 ¢ Y (47 4+ 2,0) correspond to exact
tilings of the strips [0, 47] xR and [0, 47 +2] xR in R? by horizontal dominoes,
and y(*"*21) is the unique element in Y (4r + 2,1). For example, if 7 = 1,
then y(*:0), (4r+2.0) and y@r+21) correspond to the tilings

i i i

of the rectangles [0,4] x [0,6] and [0,6] x [0,6], extended vertically with
period 2 to the strips [0,4] x R and [0, 6] x R. With this choice of h{, b} one
checks easily that

e((L,0),2) = wi(y) = by (W~ ) (00
for every L > 0, y € Y(2L), and x € B(2L) with TS(2L) () = y. By setting
h = hyhy ™" we conclude that

E((L,O),x) :;V((L7O)ﬂx) (6'15)
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for every L > 0 and every z € O N5(~L0(0), where O C X is the cylinder
set defined in (6.12]), and where ¥ is the cocycle for & defined by

3(m, z) = hi™ pY(@T) (6.16)

for every m = (my,mp) € Z% and x € X.
In order to apply (6.15]) we have to modify the cocycle ¢ so that ¢((n,0), x)
€ H for every n € Z. First we observe that

é((n,0),x) = &((n,0),2")

for every n € Z whenever 7g(,,1)(x) = mg(1)(2') (for notation we refer to
Definition [2.1). This allows us to regard each ¢((n,0),-) as a map from
X(r,1) = WS(M)(X ) to G. As X has the extension property we may view
X(r,1) as a mixing SFT with respect to the homeomorphism S induced
by the even shift 519 on X (Remark } and define a cocycle u: Z x
X(r,1) = G for S by u(n,7g(1)(z)) = ¢é((n,0),x) for every n € Z and
x € X. Then can be written as

u(m, z) = v(m, z)

for every m € Z and z € O' N S™™( ’) C X(r,1), where O’ = mg(,.1)(0),
ms(r,1) (@) = z and v(m, z) = ¥((m, 0),z) (cf. (6.16)).
)~

For every m > 0 and z € S~ ( U0§k<m S7E(O") we put
V(z) = u(—m, S™z) = u(m, z)~*

On the set
zZ=) S0 cX(r1),
nezZm>n
which satisfies that p(Z) = 1 for the measure of maximal entropy u of

(X(r,1),5), we obtain that
V(S™2) M u(n, 2)0 (2) = u(m(S™z), S™2)u(n, 2)u(—m(z), S™@)z)
= u(m(S"z) +n, S™)z) (6.17)
= o(m(S"z) +n,S™®)2) e H,

where m(z) is the smallest nonnegative integer such that S™*)z € . Pro-
position (2) allows us to conclude from (6.17]) that the p-a.e. defined
map z — w(z) = b (Sz) " tu(l, 2)b/ (z)v(x)~! from X(r,1) to H satisfies that

w(n,z) = w(S"12) - w(z) = 1g

whenever n > 0 and z € ZNO' N S™™(O). According to Theorem 3.9 in
[24] there exists a Borel map b": X (r,1) — H with

w(z) =b"(S2) "W (2)
for p-a.e. z € X(r,1). Hence
V(Sz) tu(l, 2)b' (2) = b"(S2) tu(2)b"(2)
for p-a.e. z € X(r,1), and by setting b* = b'b" ' we see that
(b* - 9) " tu(1, )b =v(1,-)
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p-a.e. on X (r,1). Proposition (2) implies the existence of a continuous
map b: X(r,1) — G such that
(b 8) " u(1, )b = v(1,-),
and by regarding b as a map from X to G we obtain that
2*((m,0),z) = 3((m, 0), z)

for every m € Z and x € X, where ¢* and 7 are defined in ([6.10) and (6.16]),
and where

¢*(m,z) = c*(2m, x)
for every m € Z? and z € X.
We have thus found two cocycles for the topologically mixing Z?-action &
on X, namely 4 and ¢*, which coincide for m = (m,0), m € Z. The cocycle

equation implies that
*((0, 1), (@))3((n,0), 2) = ¥((n,1),5OV (2))e*((0, 1), 2),
3((0,1), 570 (@))3((n, 0), ) = 7((n, 1), 5D (@))7((0, 1), ),
and hence that

(6.18)

t(@" (@) "'4((n, 0), 2)t(z) = 5((n,0), )
for every n € Z and x € X, where t = 5((0,1),)"1¢*((0,1),"): X — G
is continuous. As () is mixing by Proposition we conclude from the
definition of 7 that ¢(x) commutes with h( and h for every x € X, and hence
that there exists an abelian subgroup H' C G with ¢*(m,z) € H' for every
m € Z? and z € X. A look at and yields that ¢* and 7 differ
by a homomorphism, which is precisely the statement of the lemma. O

Proof of Theorem[6.7. Let b: X —— G be the continuous function and hy,

ha,h € G the commuting elements satisfying (6.10))—(6.11)) in Lemma (6.9
and let H C G be the subgroup generated by {hi, ha, h}. Equation (2.4)

shows that
¢*(m, 0?®(z))c*(2n, z) = ¢*(2n, 0™x)c* (m, z) (6.19)

for all m,n € Z?, x € X. From Proposition it is clear that we can
find, for any specific value g of ¢*(m,-) and every cylinder set O C X
with ¢*(m,z) = g for every x € O, an element n € Z? and points z,z’ €
O No~22(0) with v(n,x) = v(n,2’) + 1. For simplicity we assume that O
is determined by the coordinates in B(r) for some r > |m]|| (cf. Definition
. A direct calculation shows that

v, 0™ (y)) = (=1)™ "2y (n, y)
for every y € O N o ™(0), and (6.11) and (6.19) yield that ghg™!' =

p=nmtme By choosing n sufficiently large, but otherwise arbitrary, we
can also find elements z, 2’ € X with the properties that

c*(m,z) = ¢*(m,2) = ¢*(m, azn(m)) = c*(m,02n+m(x’)) =g,
")/(Il, .Z') = '7(117 .’L‘l) =0,

and by substituting this in (6.19)) for every large n we see that gh1g~' = hy,
ghag™" = ha.
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We have proved that H is a normal subgroup of the group G generated
by the values of ¢*. For the quotient group G/H we obtain that
(¢"(m, 0™ (2))H) (¢* (m, 2)H) = 1gx

for every m,n € Z? and € X. For n # 0, o™ is topologically mixing, so
that ¢*(m,)H: X —— G/H must be constant. As ¢*(2m, )H = 1/ and

¢ (m,-)c*(n, YH = " (m, o"(-))c" (n,  )H
=c'(m+n, )H =c"(n, )" (m, )H

for all m,n € Z? we see that G/H a quotient of Z?/2Z? and hence abelian.
Let 2* € X be the fixed point of ¢ with b(z§) = H, and let

g1 ZC*((170)733*)7 g2 :c*((O,l),m*),
g = c*((1,0),6% (z7)), g =c*((0,1), 0@V (a)).
Then one can check that
2
gi=a9", 9192 = 9291, 9195 = 9291, 9292 = ha,
that G is generated by the elements {g1, g2, h1, he, h} with the relations
91 = hi, hag1 = g1ha, h1ga = g2ha,
91 'hgr = g5 thga = h™ 1,
and that there exist elements a,b € H and o, ’, 3,3 € G such that
g1=g1a, g2 = gD,
a=ad, a = h" hy'?, o =hm,
b=pBF, B=hVhPE, §=hm
for some mq, mo, m3,ny,ny,ng € Z.

We increase the group G to a group G by adding, if necessary, elements

va, V'h, Vb with the relations
Ve =a, (Vh)?’=h,  (Vb)?=b,
Va, Vh, Vb, h1, ho commute,
91 Vagi = g5 Vag: = (Va)~,
g1 'Vhg = gy 'Vhgy = (V) !,
91 Vb1 = g5 'Vhga = (VD),
and set
g = (Va) ' (VR)™, g5 = gavb.

A direct calculation shows that there exists a group homomorphism 0: I' —
G with

0(H) = giVh, 6(h) = g1 (V)"
(V) = g3, O(v) =

Since
0(h)0(H) = hhq, 0(V)b(v) = hha,
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(6.11]) implies that the cocycle ¢** = 0 - e, : Z2 x X —— G satisfies that

0-cr,(2m,x) = c*(2m, x)
for every m € Z? and x € X. Fix m € Z? for the moment and apply the
cocycle equation (2.4]) to see that

c*(m,o?(z))c*(2n, z)c*(m,z) ! = *(2n, 0™ (z)) = ¢ (2n, 0™ (z))
= ™ (m, o?(z))c*(2n, z)c™ (m, z) 71,
so that
P(o® (@) e (2n, 1) (x) = ¢*(2n, z)

with

Y(z) = ¢*(m,z) "L (m, z)
for every n € Z? and x € X. As above we use topological mixing to conclude
that 1 (z) commutes with ¢*(2n, ) for every n € Z? and = € X, and that
t is therefore constant. This shows that there exists, for every m € 72, an
element gy, € G with

C*(m> 33) = ng**(ma JJ)

for every z € X, and that gom = 15 for every m € 72, 1f

91 = 901,095 Vh, 9 = 90,09 (Vh) 1,
92 = 9(0,1)92 92 = 90,1195,
one obtains a group homomorphism 6: I' — G with
O(H) = g1, 0(h) = g1,
O(V) = g2, O(v) = g5,
a_nd the cocycle 0 - cTp 72 x X — G coincides with ¢*. Tt follows that
6(I') C G C G. This completes the proof of the theorem. O

Remark 6.10. By using the fundamental cocycle cr, : Z? x X —— T'(Tp) to

calculate the group T'z(crp,) = 72" (X, %) (cf. Theorem |5.5/and Remark
we obtain that

ﬂ_i)roj(X’f) ~ Trll’r"j(X,*) ~ T (ery) 2 Tz(er,) {(ég?) $m e Z} =z

for every z € X (cf. [7]).

7. CHESSBOARDS

Let n > 3, and let X (™ be the set of all colourings of the lattice Z? with
n colours {0,...,n — 1} so that no two horizontally or vertically adjacent
lattice points have the same colour. Equivalently, X can be described as
the set of all colourings of an infinite chessboard with n colours in which
adjacent squares are coloured differently (cf. [1], [19] and Examples 4.3-4.4
in [25]). It is easy to check that X < {0,...,n — 1}Z° has the periodic
extension property. If n > 4, then Example 4.4 in [25] shows that every
continuous cocycle ¢: Z2 x X(™ —— @ for the shift-action ¢ of Z2 on X
with values in a discrete group G is trivial (cf. Example . However,
there are nontrivial cocycles on X©) with values in, say, Z (cf. [25]). In
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order to investigate the continuous cocycles on X ®) we consider the set Tt
of Wang tiles

(I N N OO RO R R SO (7.1)

with the colours

hp= — , hy= ===, ho= . s Vo= |, vi=1, vo=" (7.2)
on the horizontal and vertical edges. The Wang shift WT/C is isomorphic to
X®): an explicit shift-commuting isomorphism is given by identifying the
sets {0,1,2} and {ho, h1,h2}, and by mapping each (77) € Wy, C TZ to
(b(™)) € X®) < {ho, hy, ho}Z*. The tiling group I'(T¢,) is of the form

I‘(Té) = {h;,vi, i =0,1,2|vihg = vahg = h1vyp = havy,
xvoh1 = vophy = havy = hgvi, voha = viha = hova = hiva}.
Since hg = h1 = ho, vg = vi = vo and hgvg = vgho, F(Té) =~ 72, and the
tiling cocycle ey, 72 x Wy, — I(T) in is & homomorphism.
With a different representation of X®) as a Wang shift we obtain a much

more complicated tiling group and a nontrivial tiling cocycle. Let T/ be the
set of Wang tiles

1ol[12][20][10][20][21][01][02][21
01|01 |01 |o2]|02]|02]|10]|10]]|10
(7.3)
ot|[20][21][ot][o2][12]o2][10][12
12 |[12][12]|20|20]|20|[21]|[21/|21
with the colours h;; = [ij] on the horizontal and v} = [?] on the vertical

edges, where 7,75 € {0,1,2} and i # j (cf. (4.1))). The isomorphism between
the Wang shift Wz, and the SFT X () is given by sending each (@) €

Wry, C ngz to the point (an) € {0,1,2}%" with

8 =| ¢ dn €T

an bn

for every n € Z2.
The tiling group I'(T{:) of X0 = Wy, has the generators

{hij, vl 10 < j <2,i# j} (7.4)

and the relations arising from : for example, the first tile in the second
row of leads to the relation hg;vY = vihys.

The group I'(T{:) is nonabelian: if F is the free group on the three gener-
ators 7o, v1, 72 then there exists a surjective group homomorphism ¢: I'(T/)
with

¢(ho1) = B(vp)
¢(h12) = B(vi)
d(hao) = B(v) =

and the homomorphic image ¢ - oy 72 x XG) —

1, ) ( (1)
o, d(ha1) = B(v3) =75 ", (7.5)
3, ) = o(v§

!

3 of the tiling cocycle
cory is easily checked to be nontrivial.

While the Wang tiles lead to a trivial tiling cocycle, the tiles
generate a tiling group which is too big. In order to find a more suitable
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candidate for a fundamental cocycle we set 71 = 72 = 73 in (7.5)) and define
a cocycle ¢: Z2 x X®) — 73 by

((m,z) = (m1, mg,y(m, z)) (7.6)
with
B )1 if b(xg) € {[0o1],[12],[20]},
7((1,0),2) = {—1 otherwise, ’

(7.7)
L if l(zo) € {[5].[3]. [§]}
—1 otherwise

’_7((0> 1)a l’) = {

for every m = (mq,mo) € Z? and z € X®) Since the cocycle 7 is continu-
ously cohomologous to a cocycle taking values in 3Z we have to replace it
by the closely related cocycle 4': Z2 x X3) —— 7 in (79).

Represent X ) ¢ {0,1, 2}22 as the set of allowed colourings of Z? with the
colours {0, 1,2}, where ‘allowed’” means that no two adjacent lattice points
have the same colour, and define a cocycle v: Z2 x X®) —— Z by setting

L if (20,0, 7(1,0)) = (0, 1),
Y((1,0),2) = ¢ =1 if (2(0,0), 2(1,0)) = (1,0),
0 otherwise,
‘ (7.8)
L if (20,0, 700,1)) = (0,1),
7((0,1),z) = { =1 if (z(0,0),%(0,1)) = (1,0),

0 otherwise,

for every x = (zn) € X©®) = Wy, C Tg. Let v': X® — Z be the map

¥e) = {1 if 2o =2,

0 otherwise

and set

7' (m, z) = y(m,z) + b'(z) — V(6™ (2)) (7.9)
for every m € Z? and x € X®). Then the cocycle 7': Z%2 x X®) — 7
satisfies that

7 (m,z) —mp —mg =0 (mod 2) (7.10)

for every m = (my,mp) € Z? and x € X,
Theorem 7.1. Let G be a discrete group, and let c: Z2 x X®) — G be a
continuous cocycle for the shift-action o of Z* on the space X®) of three-

coloured chessboards. Then there exists a continuous map b: X3 — G
and commuting elements h, hi, ho € G such that

b(o™ () e(m, 2)b(w) = by N e m)
for every m = (my,mo) € Z? and = € XG) " In other words, the cocycle
¢ 72 x XB) —— 73, defined by

C*(mv .%') = (WT@%’Y’(HME))’ ma, Vl(ma l’))

for every m = (my,mo) € Z? and x € X is fundamental (cf. Definition

23).
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We begin the proof of Theorem [7.1] with a proposition.

Proposition 7.2. The shift-action o of Z2 on X®) is topologically mizing.
Furthermore, if k € Z and © C X®) is a nonempty open set, then
0ne’) (O)n{z e XB .y ((2m,0),2) = 2k} £ 2,
o) (=2m0) ) (7.11)
ONno’y, 10(0)N{ze XO 4(2m+1,0),2) =2k+1} £ @

whenever |m| is sufficiently large. Finally, if the skew-product action o

of Z% on X©®) X Z is defined as in Proposition by

ag‘,)(m,l) = (6™ (z),7 (m,x) +1)

for everym € 72, z € X and l € Z, then 083())) 1s topologically transitive,
but not mizing.

Proof. Every allowed colouring of a square {—r,...,7}?> C Z? can be ex-
tended to an allowed colouring of a larger square which contains only the
colours 0 and 1 along its boundary (cf. Example 4.3 in [25]). If O;, O2
are nonempty cylinder sets in X®) we may therefore decrease these sets, if
necessary, and assume that there exists an integer r > 0 such that each O;
is determined by a colouring of the square {—7,...,r}? containing only the
colours 0 and 1 along its boundary. Then it is clear that O1 No™™(03) # @
whenever m = (my,mg) € Z? with max(|m1|, |ma|) > 27, which shows that
o is mixing.

In order to prove we fix k € Z and assume that m > 12r + 6|k| + 6.
By colouring each of the columns {j} x Z in the rectangle R = {2r +
2,...,m —2r — 2} x Z with only two appropriately chosen colours we can
construct an allowed colouring of the region

{=2r—1,...,2r+1?URU({m—2r—1,... ,m+2r+1} x{—2r—1,...,2r+1})
such that any € X©®) with this partial colouring satisfies that z € O N
o(=m0)(0y) and

2k if m is even,

! 0’ —
7 (m,0),2) {2k+1 i m s odd.

This proves ([7.11)) and implies that 0((1/3) is topologically transitive. Note

that 08:3) is not mixing by . O
Let L > 1, and let
Px(1,L) = {z € X®) . 6O () = 1}
be the set of points with horizontal period L. Then (Px(1,L),c®V) is a
SFT with alphabet A(L) = mgz1)(Px(1,L)) C {0,1,2}@0 =~ {0,1,2}F
(cf. (6.13)). Put
ye(a) =v'((L, 0), 2) = v((L,0),z)
for every a € A(L) and z € Px(1, L) with 7oz, 1)(z) = a and observe that
vr(a) (mod 2) = v((L,0),z) (mod 2) = L (mod 2),
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'7((L7 0)7‘73) - 7/((L7 0),1’) - 7/((L7 0)70(031)(‘73)) = ’Y((Lv 0)70(031)(‘73))
(cf. and (2.4)). It follows that
PP (1,L) = {z € Px(1,L) : y((L,0),2) = k}

is invariant under ¢(®1) for every L, k, and is a SFT with respect to o(%1)
with alphabet

A(L,k) = 7oy (PY (L, L) = {a € A(L) : y(a) = k)

whenever it is nonempty.

Lemma 7.3. If P (1,1) # @ then the SFT (P (1,L),000) is irredu-

cible and aperiodic.

Proof. Fix k, L with P(k)(l L) # @, write every a € A(L, k) C {0,1,2}9(1)
=~ {0,1,2}* as a = (ag,...,ar_1), and set

);
fm(a) = ~((m,0),z)

foreverym =0,...,Land z € P(k)(l, L) with z(j 0y = aj forj =0,...,L—1
(cf. (7.7)). Then fL a) = 3y (a) for every a € A(L, k).

Call a string (a9, ..., a)) € A(L, k)!*! allowed if there exists an element
S P(k)(l,L) with mg(z, 1)(0(0’j)( )) = aY¥) for j = 0,...,1. Then a pair
(a®,aM) € A(L, k)? is allowed if and only if |fn(a(®) + a(o) fn(aM) —

(1)

ay’ —a| = 1foreverym =0,..., L, where « is the unique integer with o = 0
(mod 3) and \ago) - a(()l) — a) = 1 (this interpretation is due to O. Hryniv).
If we represent a(9) as an L step walk on Z which starts in a(o)
by =1 to the position ao ) 1 fm(a?) at each time m = 1,..., L, then the
possible allowed ‘successors’ V) of a(® correspond to all possible L-step
walks on Z which start either in § = a(()o) +1or 8 = a(()o) — 1, end in
B+ fr(a®) =B+ fr(a?), and whose positions 5 + fm(al )) at each time
m = 0,...,L have distance 1 from the position a —|— fm( ) of the walk
associated with a(?).

By using this observation we can construct, for every a € A(L,k), an
allowed sequence (a(_m/),...,a(o),...a(m)) such that a® = ¢ and ¢ =
a=™) = a(™) is the unique element in A(L, k) with

and moves

m  (mod 2) if 0<m<L-3|kl,
a,, =< m—L+3lk| (mod 3) if L-3lk|<m<L-1and k>0,
—(m—L+3lk]) (mod3) if L-3|k|<m<L—-1and k<0

(note that L — 3|k| must be even by (7.10)). This shows that P(k)(l,L) is
irreducible. The aperiodicity follows from the existence of allowed words in
A(L, k)3 and A(L, k)* beginning and ending in a’.

A second proof of Lemma can be derived from the proof of Lemma

R3l O



36 KLAUS SCHMIDT

Put r = 2max(r(c(1,0),-)),r(c((0,1),-)),1) (cf. (3.4)) and denote by O C
X 3) the cylinder set defined by the unique allowed colouring of the rectangle
Q = {-r,...,r}? with the colours {0, 1} in which the colour of 0 is equal to
0. Let L > 0, and let

Z(L) = {z € Px(1,L) : 6" () € O for every n € Z},
Z(L,k) ={y € Z(L) : 7((L,0),y) = k}
for every k € Z. Then Z(L) and Z(L,k) are invariant under the even
vertical shift 7 = ¢(®?) for every k € Z. Furthermore, if Z(L,k) # &, then
(Z(L,k),T) is a SFT with alphabet
A(L’ k)/ = 7I-Q(L,Q)(Z(La k)) - {0’ 1a O}Q(LQ)
(cf. (3.4)). An insignificant modification of the proof of Lemma yields

the following result.

Lemma 7.4. If Z(L,k) # @ then the SFT (Z(L,k),T) is irreducible and
aperiodic.

(7.12)

Proof of Theorem[7.1 For L > 0 we define Z(L) by (7.12) and deduce
from Lemma [7.4] almost exactly as in the proof of Lemma that the
set {c((L,0),y) : L > 1,y € Z(L)} generates an abelian subgroup H C G
with generators gog; L and g3, where
g1 = 7((27‘ +2, 0)7 y(l))a g2 = 7((27’ +4, 0)7 y(2))7 g3 = '7((2T +3, 0)7 y(S))a
and where

y M e Z(2r +2) = Z(2r +2,0), y? € Z(2r +4,0), y©® € Z(2r +3,1)

are determined by the conditions

) ) @ _J 1 if j is even,
Y1) = Vo3 T V042540 T N0 i 4 is odd,
3) _J 1 if j is even,
Yori) T 2 if 5 is odd.

We increase H to an abelian group H by adding, if necessary, an element
B with B/? = 929, ! Then Lemma and the proof of Lemma imply

that
c((L,0),y) = K" (0w) = p/Epy (2,0)) (7.13)
whenever L > 1 and y € Z(L) # &, where h = ggh’fzrf‘g. Put
y*(m, z) = BT (W) ¢ g (7.14)

for every m € Z? and z € X®). From (7.10)) and (7.13)) it is clear that (7.14])
defines a continuous cocycle v*: Z2 x X©) —— H with
c((L,0),y) = 7*((L7 0),y) € H

whenever L > 1 and y € Z(L). Since H is abelian and X (®) has the periodic
extension property we can apply Theorem 3.9 in [24] and Proposition
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exactly as in the proof of Lemmato obtain a continuous map b: X®) —
H with

¢*(m,z) = b(o™(2)) " e(m, 2)b(z) = 7" (m, z)
whenever 2 € X and m = (m, 0) for some m € Z.

From (7.11))) we obtain as in the proof of Theorem that ¢*((0,1),x)
commutes with h/% = g297 " and g3 for every z € X and that ¢*((0,1), )
and v*((0, 1), -) differ by a constant which commutes with H, i.e. that there
exists an ho € G which commutes with H such that

C*((Oa 1)7 :E) = h27*((0a 1)7 :U)

for every z € X. After replacing h by hh/ and k' by hi we obtain the
statement of the theorem. O

Remark 7.5. The cocycle v: Z2 x X®) — Z in (7.8) is asymmetric in the
symbols {0,1,2}. The symmetric version 7 of v in (7.7) is continuously
cohomologous to 37 (and hence also to 37).

Remark 7.6. By using the fundamental cocycle c*: 72 x X® — 73 in
Theorem [7.1] to calculate the group Tz(c*) = 7#P™(X®) 7) in Remark
we obtain that

el (X @), 7) = Al (XE) ) 2D, (c") 2 Ta(c") 2 Z

for every z € X, in accordance with [7].

8. SQUARE ICE

We continue with a SF'T closely related to the three-coloured chessboards,
the square ice model. Consider the set of Wang tiles 77 of the form

Lol ] (8.1)
with the colours H,h,V,v on the solid horizontal, broken horizontal, solid

vertical and broken vertical edges, let Y = Wr, be the Wang shift of 77,
and observe that Y has the periodic extension property. If we consider the

configurations
% , < | v 0 v
1 T v v )

obtained by drawing arrows orthogonal to the edges of the tiles (8.1f) in such
a way that the edges H,V, h,v are crossed by arrows pointing down, right,
up and left, respectively, then we obtain a shift-commuting isomorphism
between the SFT'Y = Wy, and the ‘square ice’ model, which consists of all
configurations of arrows between horizontally or vertically adjacent points
in (%, %) + 7Z? with the property that each lattice point has exactly two
arrows pointing towards it, and two pointing away from it. Furthermore, if
we represent X ) in the form , then the map of colours

[01],[12],[20] — H, [10]

[ , 1o],[21],[02] — h,
[6]. (31 (81— V. [8].05]

’
8] = v
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induces a continuous, surjective, open, three-to-one, shift-commuting map
¥: X Y (cf. [19], [7] or Example 4.5 in [25]). The tiling group
[(Tr) = (H,h,V,v|[HV = VH, hv =vh, hV = Vh, (8.2)
Hv =vH, hV =vH, Hv = Vh)
is easily checked to be isomorphic to Z3, with generators
H, V., H'h =Vl

We write cr, : Z? xY —— T'(Ty) for the tiling cocycle of Y = Wy, and obtain
the following result.

Theorem 8.1. Let G be a discrete group, and let c: Z?> x Y +—— G be
a continuous cocycle for the shift-action o of Z? on the space Y = Wr,.

Then there exist a continuous map b: Y —— G and a group homomorphism
0: T'(T;) — G such that

b(o™ (2)) ™ e(m, z)b(x) = O(cr, (m, z))

for every m € Z? and x € Y. In other words, the tiling cocycle cr, is

fundamental (cf. Definition .

The proof of Theorem is quite similar to that of Theorem Ac-
cording to (4.5)), the tiling cocycle cr, is given by

C((170)7$) = b(%o) € {ha H}7 C((Oa 1)7‘7:) = |(gj0) € {V7V}7
and we define a second cocycle v: Z? x Y — Z by setting

1 if b(zg) =H,
—1 otherwise,

1 if I(zg) =V,
—1 otherwise

7((170)7‘%) = { '7((07 1)7:6) = {

for every x € Y.

Proposition 8.2. The shift-action o of Z* on' Y = Wr, is topologically
mizing, and the skew-product transformation 08’)0) Y XZ — Y XZ, defined
as in Proposition [6.3], is topologically transitive, but not mixing.

Proof. The first assertion is clear from Proposition and the existence
of the shift-commuting, surjective, three-to-one map ¢: X©) —— Y. The
second assertion is equivalent to an elementary statement about the standard
random walk on Z in which one moves at each step by +1. O

Lemma 8.3. For every L >1 and —L < k < L, put
Pr(1,L)={z eY : B0 (z) =z},
k
PI(1,L) = {y € Py(1,L) : 4((L.0),y) = k}.

Then o©V (PP (1,L)) = PP (1, L), and the SFT (PF(1,L),0OV) is ir-
reducible and aperiodic whenever PS(,k)(l, L)#o.
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Proof. We write A(L) = mou1y(Py(1,L)) ¢ TE = TP™Y for the al-
phabet of the SFT (Py(1,L),c®Y) (cf. (6.13)) and set, for every a =
(ao, --.,ar—1) € A(L),

b(a) = (b(ao), ey b(aL_l)),

N(a)=|{m:0<m<L—1 and b(al))) = H}|.

Then

{b(a) : a € A(L)} = {h,H}",
and we put

A(L,k)={a€ A(L) : yp(a) =k} ={a € A(L) : 2N(a) — L = k}
for every k = —L,..., L, where v1(a) = v((L,0),z) for every a € A(L)
and x € Py(1,L) with 7 1y(7) = a. As in the proof of Lemma
we call a string (a(?,...,a®) € A(L, k)" allowed if there exists a point
yE P)({k)(l,L) with WQ(L71)<J(O’j)(y)) =al) for j=0,...,1
If we fix a € A(L), then we can find elements o’ = (qag,...,a; ), a’ =

(ag,...,a] ) in A(L) such that (a,a’) and (a,a”) are allowed,

l(ap) = 1(ag) = r(af 1) =r(a 1) = v,
t(al,) = b(al,) for every m=0,...,L —1,
ap(a”) < max(N(a),an(a) — 1),
where
ap(b) =max{m:0<m <L -1 and t(b,) =H}
for every b = (bg,...,br—1) € A(L). Similarly we can find elements o =
(G ... b)), b = ( s, 0] 1) in A(L) such that (a,t’) and (a,b”) are
allowed,
(b)) = 1(bg) = r(bf—1) =r(b] 1) =V,
t(b,) = b(b),) for every m=0,...,L —1,

ap(b’) < aX(L*N(a),ah(a)*l),
where
ap(b) =max{m:0<m < L—1 and t(b,) =h}
for every b = (bg,...,br—1) € A(L,k). By applying this observation re-
peatedly we can find, for every a(?) € A(L, k), an allowed string (a(_m,), ey
a® ... a(™) such that
am™) =™ = a* = (af,...,a%5_))
with
b(a*) = (b(ag),...,bla;,_;)) = (H,...,H,h,...h)
and I(a}) =r(a}) =V for every ¢ =0,...,L — 1. Since the string (a*, a*) is
allowed we have proved the lemma. O
As in the proof of Theorem we have to verify an analogue of Lemma
Let r = 2max(r(c(1,0),-)),7(c((0,1),-)),1), and let O C Y be the
cylinder corresponding to the allowed tiling of the square [—r,7]?> C R? in
which we only use the tiles [ | and | |, with the tile [ | covering [0, 1]? (the
set @ C Y is the image under the shift-commuting, open map 1: X® — Y
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described at the beginning of this section of the open subset @ ¢ X
appearing in (7.12))). For every L > 1 and k € Z we set

Z(L) = {xz € Py(1,L) : 0% (2) € O for every n € Z},
Z(L,k) = {z € Z(L) : y((L,0),2) = k} = Z(L) n PP (1, L).
Then

(8.3)

o2 (Z(L, k) = Z(L, k)
for every L, k. The proof of Lemma [8.3] can be modified easily to yield the
following result.

Lemma 8.4. If Z(L,k) # @ then (Z(L ,k‘),a(oz)) is an irreducible and
aperiodic SFT with alphabet 7q (1, 2)(Z(L, k)) (cf. (6.13)).

Proof of Theorem [8.1] A slight adaptation of the proof of Theorem 7.1]shows
that the set

generates an abelian subgroup of G with generators hi, h such that
e((L,0),z) = hEp(E0®)

whenever L > 1 and x € Z(L). Furthermore there exists a continuous map
b: Y —— G and an element he € G such that the group H generated by
h1, ho, h is abelian and

b(e™(x))” c(m,x)b(z) = hi" h'g@h’y(m,m)

1
for every m = (my,mg) € Z? and z € Y. We denote by : I'(T;) — G the
homomorphism with §(H) = hy, (V) = hy and §(H~'h) = h and obtain the
assertion of the theorem. O

Remark 8.5. The factor map ¢: X®) allows us to define a cocycle
c(m, z) = ey, (m, ¥(x))

for the shift-action o of Z% on the three-coloured chessboards with values

in I'(T7) = Z3. According to Theorem there exist elements hi, ho, h €
I'(T7) such that ¢ is continuously cohomologous to the cocycle

d(m,z) = h§m1+m2—7’(mﬂ»‘))/2hglg Y (mz)

for every m = (my,mg) € Z? and 2 € X®), where 7/: Z? x X —— 7
is defined in ((7.9)). A possible choice of hj, ha, h in terms of the generators
H,V,H"th of I'(T}) is

hi = lpy), hi=1lpay), h=Hh%

Remark 8.6. By using the fundamental cocycle c7, : 72 xY — 73 to cal-

culate the group I'y(cr,) = 7r1fr°J(Y, y) in Theorem and Remark we
obtain that

prOJ (Y y) = 7Tlljmj (}/7 *) = F*(CTI) = FZU(CTI) =7
for every y € Y, as in [7].
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9. LOZENGES
Denote by 77, the set of Wang tiles
LI ] (9.1)
and write X = Wy, for the corresponding Wang shift. In Example 4.6 in

[25] it was pointed out that Wy, is isomorphic to the set of lozenge tilings
discussed in [30]: re-draw the tiles (9.1]) as

and delete the broken edges in the corresponding tilings as in the following
picture:
4? /] [ ]
The resulting pattefﬂs correspond to the set of all tilings of the plane by the
tiles
70,
which are, in turn, obtained by shearing the usual lozenges

/TN
v/

A comparison of (9.1) with (8.1)) shows that Wy, C Wy, is the set of all
tilings which do not contain any translate of the tile | |, and that the Wang

shift Wr, is again a SF'T with the periodic extension property. By using the
same colours on the edges as in (8.1)) we obtain the tiling group

F(TL) = <H7h>V7V|HVZVH, hVZVh, HV:VH,
hV = vH, Hv = Vh) = T'(T}) = 73.

(9.2)

The tiling cocycle cr, is the restriction of cp,: 7 x Wy, — T(T}) to
72 x Wr,. With a proof essentially identical to that of Theorem [8.1] we
obtain:

Theorem 9.1. Let G be a discrete group, and let c: Z?> x Y —— G be
a continuous cocycle for the shift-action o of Z* on the space X = Wr, .

Then there exist a continuous map b: X — G and a group homomorphism
0: T'(Ty) — G such that

b(o™ (2))~ e(m, x)b(x) = O(cr, (m, z))

for every m € Z? and x € X. In other words, the tiling cocycle cry, 18

fundamental (cf. Definition [2.3).

Remark 9.2. By using the fundamental cocycle ¢, to calculate the fun-

damental group I'z(cr,) = 72°(X, ) in Theorem [5.5{ and Remark [5.6] we
obtain that

(X, 2) =m0 (X, %) 2 Tuler,) = Taler,) 2 Z

for every z € X (cf. [7]).
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10. EXAMPLES WITH TRIVIAL COHOMOLOGY

Let d > 2, A a finite set and X C AZ" a SFT. A sufficient condition for
cohomological triviality (cf. Definition of X was given in Theorem 3.2
in [25]; here we present a simplified version of this condition which can be
verified quite easily in specific examples.

Definition 10.1. Let d > 2, A a finite set, and let X C A" be a SFT
satisfying f.

(1) The set
Ax ={(z,2') € X x X : xy # 2., for only finitely many n € Z4} ¢ X x X
is the Gibbs equivalence relation of X.

(2) For every m = (my,...,mq) € N? and every r > 0 we set

-----

Q(m) = H{O, ,my C 74,
i=1 (10.1)

n; € {0,...,r}U{m; —r,...,m;}
for some i =1,...,d}.

Form € N% and r > 1 with (m) > r we call an element z € A9Qm)™) gllowed

if Ty r(2) € Ter(X) = 7p(X) for every k € Z¢ with k + F € 0Q(m)(",
where F' = {0,1}¢ ¢ Z9. The SFT X has the box extension property if
there exist integers m* > r* > 0 such that we can find, for every r > 0,
every m € N¢ with (m) > m*, and every allowed element z € 9Q(m)"+7),
an element x € X with 7yq o (x) = ﬂaQ(m)m(z).

Remark 10.2. If a SFT X C AZ” has the box extension property then it
also has the extension property. It follows that X (r,i) = IIx(S(r,i)), and
that (X(r,7),T(,;)) is a mixing SF'T for every » > m* and i € {1,...,d} (cf.
Definition .

The following result is closely related to (and in fact a simplified version
of) Theorem 3.2 in [25]. Its proof is left to the reader.

Theorem 10.3. Let d > 1, A a finite set, and let X C A% be q mATINg
SEFT with the box extension property. Then X is cohomologically trivial (cf.

Definition .

Remark 10.4. For d > 2 the box extension property in Definition is
unnecessarily strong. Indeed, if d > 2, A is a finite set and X C A% a
mixing SF'T of the form f with the extension property, then X is
cohomologically trivial whenever the projection Y = 7y, (X) of X onto
the coordinates in H(r) is, for every r > 1, a two-dimensional SFT with the
box extension property. Here

H(r) ={n=(ny,...,nq) € 2% : |ng| <r for i =3,...,d}.
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We illustrate Theorem [10.3] with a list of examples, most of which are
taken from [25].

Example 10.5 (The full shift). Let d > 2, A a finite set, and let X = AZ*
be the d-dimensional full shift with alphabet A. As X has the box extension
property with m* = 1,7* = 0, every continuous cocycle c: Z¢ x X — G
with values in a discrete group G is trivial by Theorem [10.3 (cf. [10] and
Example 4.1 in [25]).

Example 10.6 (Chessboards with n > 4 colours). We define the n-coloured
chessboards X with n > 3 as in Section If n > 4, then X (") has the
box extension property with m* = 8 and 7* = 0 (cf. Example 4.4 in [25]),
and is therefore cohomologically trivial.

Example 10.7 (The golden mean). The d-dimensional golden mean (call-
ed the d-dimensional hard core model in [4]) is the subshift X c {0,1}%
consisting of all configurations in which the 1’s are isolated. In other words,
X is the set of points # = (z4) € {0,1}%" with Tpiem =0fori=1,...,d
whenever x, = 1. It is clear that X has the box extension property with
r* = 0, so that X is cohomologically trivial whenever d > 1 (cf. Theorem

and Example 4.7 in [25]).

Example 10.8 (The iceberg model). Let M be a positive integer, put A =
{-M,...,M} CZ, and let X C A% be the SFT consisting of all z € AZ?
in which no positive coordinate is adjacent to a negative coordinate (cf. [4]).
In other words, if # € X, n € Z? and 2, > 0 (zn < 0) then zp, > 0
(xm < 0) for all four neighbours m of n. As in the preceding example one
sees immediately that X has the box extension property with »* = 0 and is
therefore cohomologically trivial.

Example 10.9 (Long dominoes). Consider the set of Wang tiles , aug-
mented by the tiles | [ |. The resulting Wang shift X consists of all
coverings of R? by ‘dominoes’ of arbitrary length. The SFT X has the
box extension property with m* = 5 and r* = 2, since we have to remove
or modify some tiles if, for example, the configuration in one of the inner
corners of dQ(m)(") looks like the following picture:

HE L

BE [
By Theorem X is cohomologically trivial. The same conclusion holds
for the set X’ of all tilings of R? by dominoes of length 2 or 3, i.e. by integer
translates of rectangles of the form [0, 2] x [0,1], [0, 3] x [0, 1], [0,1] x [0, 2]
and [0, 1] x [0, 3].

Example 10.10 (Dominoes in three dimensions). Let X be the set of all
tilings of R3 by integer translates of copies of the three-dimensional ‘domin-
oes’ 0,2] x [0,1] x [0, 1], [0,1] x [0,2] x [0,1] and [0, 1] x [0,1] x [0,2] in R3.



44 KLAUS SCHMIDT

1
2
pondence between X and the set of all partitions of Z? into ‘dimers’, where
each dimer is a subset of Z3 consisting of exactly two adjacent lattice points.

We can represent X as a three-dimensional Wang shift of the form (2.2)—
by cutting each of the three ‘dominoes’ into two unit cubes with suit-
ably coloured faces as in dimension 2 (cf. Section |§| and Remark and
obtain that X is a mixing Wang shift with the extension property. Since X
has the two-dimensional box extension property described in Remark
it is cohomologically trivial.

By translating each element of X by (%, ) we obtain a one-to-one corres-

11. FACTORS OF SHIFTS WITH TRIVIAL COHOMOLOGY

Theorem 11.1. Suppose that X and Y are topologically mizing d-dimen-
sional SF'T’s, and that ¢: X — Y is a continuous, surjective, constant-to-
one, open, shift-commuting map. If X is cohomologically trivial (cf. The-
orem then 'Y has a fundamental cocycle (cf. Definition .

Proof. The proof of Corollary 3.5 in [25] yields a finite group G, a subgroup
H C G, and a continuous, nontrivial cocycle ¢: Z% x X —— G such that
the shift-action o of Z% on X is topologically conjugate to the skew-product
action

6?0)(?/79]{) = (5n(y)7c(n7y)gH) (111)
of Z4 on Y x (G/H), where & is the shift-action of Z% on Y. Every continuous
cocycle ¢: 74 x Y +—— G', where G’ is a discrete group, induces a cocycle
@: 7% x X — G by &(n,x) = (n, ¢(x)), and & is trivial by hypothesis.
In particular there exists a continuous map b: Y x (G/H) — G’ and a
homomorphism 7: Z% — G’ with

¢ (n,y) = b(@"(y), c(n, y)gH) " n(n)b(y, gH)
for every n € Z% and (y,gH) € Y x (G/H). Fix an open set O C Y with
b(y,gH) = b(y',gH) for all g € G and y,y’ € O, and modify b by a constant
and n by the appropriate conjugation so that b(y, H) = 1¢ for every y € O.
Since 7, is topologically mixing we can find an integer N > 1 such that
ONne ™"O)N{yeY :c(ny) e gH} #2
for every g € G and every n = (ny,...,nq) € Z% with ||n| = max;—1,. 4 |n
> N. In particular we can find, for every n € Z? with ||n|| > N, every h €G,
and every i € {1,...,d}, elements y € ONg ™(O) and ¢/ € Oﬁ&‘n_em((’))
with ¢(y,n) = ¢(y’,n + e”) = h. By varying g we see that
by, hgH) ™ n(n)b(y, gH),

b(y', hgH) " n(n +eW)b(y', gH)

are constant in g for every h € G. Hence
n(n) by, hgH)b(y, hH) ™ 'n(n) = by, gH)b(y, H) ",
n(n+ )" b(y, hgH)b(y, hH) 'n(n + &)

=n(n+e")"'b(y', hgH)b(y', hH) 'n(n + e)

=b(y', gH)b(y', H)™" = by, gH)b(y, H) ™"
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for every y € O and g,h € G. We conclude that n(n) commutes with
b(y, hgH)b(y, hH)™" for every y € O, g,h € G, n € Z%, and that the map
h s b(y, hgH)b(y, hH)~! from G to G’ is, for any fixed y € O, constant in
h, and equal to 6(g)~! = b(y,gH)b(y, H)~' = b(y,gH), say. The resulting
map 60: G — G’ is a group homomorphism satisfying that

d(n,y) = 0(c(n, y))n(n) = n(n)d(c(n,y))

whenever n € Z% and y € O N o~ ™(0), and by arguing as in the proof of
Lemma we conclude that ¢ is continuously cohomologous to the cocycle

(na y) —0- C(Il, y)n(n) (112)
Put G* = G x Z¢ and define a cocycle ¢*: Z¢ x Y — G* by

¢*(n,y) = (¢(n,y),n)

for every n € Z? and y € Y. Then (11.2) implies that the cocycle ¢* is
fundamental. (]

Remark 11.2. Suppose that the map ¢: X —— Y in Theorem|[11.1}is continu-
ous, surjective, constant-to-one, shift-commuting, but not open (at present
no examples of such maps ¢ are known — cf. [7] for a more detailed dis-
cussion). Then the shift-action o of Z% on X is Borel conjugate to a skew-
product of the form over the shift-action & of Z% on Y, but the cocycle
¢ appearing in (11.1)) is Borel, but not continuous. By repeating the argu-
ment of Theore we obtain the following result. Let ¢': Z¢ x Y — G’
be a continuous cocycle on'Y with values in a discrete group G'. Then there
exist a group homomorphism 0: G — G’ and a Borel map b: Y — G’
such that, for every n € Z% and every fully supported, shift-invariant, er-
godic probability measure p on'Y,

¢ (n,y) = b(a™(y))~0(c(n, y))b(y) for p-ae. yeY.

Does Y have a fundamental cocycle? More generally, let X and Y be
topologically mixing d-dimensional SFT’s, and let ¢: X —— Y be a con-
tinuous, surjective, shift-commuting map. If X possesses a fundamental
cocycle ¢: Z% x X —— @G, is the same true for Y?

Example 11.3 (Factors of the full shift). Let n > 2, A = Z/nZ, X =
(Z/nZ)%, denote by o the shift-action of Z2 on X, and let & C X be
a finite, shift-invariant subgroup of X. Then o induces a continuous Z-
action on Y = X/=, and Example 5.2 (4) and Theorem 3.8 in [27] imply
that (Y, &) can be represented as (or is topologically conjugate to) a SE'T
with some finite alphabet A, and the Theorems [10.3 and [T1.1]imply that YV’
has a fundamental cocycle.

Example 11.4 (Factors of n-coloured chessboards). Let n > 3, and let

XM cqo,...,n—1}"
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be the SFT defined in Section [7] As was described in Example 4.5 in
[25], there exist a SFT Y™ and a continuous, surjective, n-to-one, shift-
commuting, open map ¢: X (™ —— Y (™): let T be the set of Wang tiles

T—{d bl:1<a,bec,d<n—1and a+b=c+d (modn)}

with b(7) = a, r(7) = b, t(7) = ¢ and |(7) = d for every

(&
T=|d b|eT,

a

and define ¢: X — Y™ = W by

¢(n) (x)m =| dm o bm

am

for every = = (zn) € X™ and m = (my,my) € Z?, where

aAm = L(my+1,ma) — L(my,m2) (mOd n),
bm = L(m1+1,me+1) — T(m1+1,ma) (mod n),
Cm = L(mi+1,mo+1) — L(mq,ma+1) (mod n)a

dm = T(my mot1) = T(my,mz) (mod n).
If n =3, Y®) =Y is the ‘square ice’ SFT of Section |8 The SFT Y™ has

a fundamental cocycle by Theorem (if n = 3) or by Theorem (if
n > 4).

Example 11.5 (More factors of full shifts). This variation of Example

is taken from [7]. Let G be a finite group, and let X = GZ* be the full shift
with alphabet G. Put

c

T(G):{ d bl:a,bc,d€ G and cd:ba}

a

with b(7) = a, r(7) = b, t(1) = ¢ and |(7) = d for every

T=|d b eT(G)7

a

and define ¢: X — Y(©) = W) by

Cm

¢(@)m = | dm b

am

for every z = (zn) € X = GZ° and m = (my, my) € Z2, where
-1
Om = x(m1+1,m2)x(ml7m2)7

— -1
bm - x(m1+17m2+1)$(m1+1,m2)’

Cm = x(m1+1,m2+1)$(m17m2+1)7
_ -1
dm = x(m17m2+1)$(m17m2).

The tiling cocycle cp) : 72 x Y& — G of Wre) = Y(©) is fundamental
by Theorem [10.3]

If G is abelian and H C X = GZ” is the shift-invariant subgroup of fixed
points of the shift-action o of Z on X then Y(©) = X/H (cf. Example .
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12. LEDRAPPIER’S EXAMPLE

In this section we consider a two-dimensional SF'T' introduced by F. Le-
drappier in [18]. Consider the closed, shift-invariant subgroup

X = {z = (2a) € (2/22)"" :

Z(nimo) T Lnit+1n2) T L(nynat1) = 0 (mod 2) (12.1)
for every (ni,ns) € Z*},

and denote by o the shift-action (2.1 of Z? on X. Then ¢ is mixing, and
every continuous cocycle ¢: Z? x X — G with values in a discrete, abelian
group X is trivial, but there exist nontrivial cocycles for certain nonabelian,
discrete groups G (Proposition 5.5 in [25]).

Unlike the examples in the preceding sections, this SF'T has a fairly com-
plicated first cohomology. However, all known continuous cocycles on X
with values in discrete groups arise in a particular way, and if this list of
known cocycles is exhaustive (which seems possible), then X possesses a
fundamental cocycle as a consequence of Corollary [£.4]

Denote by R = (Z/2Z)[uF",u3"] the ring of Laurent polynomials in the
commuting variables wuj,us with coefficients in Z/2Z = {0,1}. We write
every f € Ras f =3 yocy(n)u” with cp(n) € Z/27Z and u™ = uj" uy? for
every n = (ny,ng) € Z*, and with c¢¢(n) # 0 for only finitely many n. For
every f € R we define a group homomorphism f(o): X — X by

fo) =" es(m)o™
nez?
and set
Ky =kerf(o)={zr e X : f(o)(x) =0x}. (12.2)
Then f(0): X —— X is surjective if and only if f is not divisible by 14uj+u2
or, equivalently, if f does not lie in the ideal p = (1 + u3 +ug)R; if f € p
then f(0)(X) ={0x} (cf. [I7] and equation (5.9) in [27]).

Lemma 12.1. Let Y C X be a closed, shift-invariant subgroup, and let
ox)y be the 72-action induced by o on XY . The following conditions are
equivalent.

(1) There exists a continuous group isomorphism ¢: XY —— X such
that ¢ - a;‘(/y =o". ¢ for every n € Z?;
= or some [ € R\ p.
2) Y =Ky f feR

Proof. This lemma is essentially contained in [I7] (cf. also Remark 31.4 in
[27]), and we restrict ourselves to a brief outline of the proof. Identify R with

the dual group of (Z/QZ)ZQ by setting, for every f € R and x € (Z/QZ)ZQ’
(f,z) = e (@) @)o — T nez2 cp(0)tn,
Then
Xt={feR:(f,x)=1 forevery z € X} =p,

and hence X = R/p. Furthermore, the automorphism of X = R/p dual to
o™ is multiplication by u® for every n € Z2.
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If Y C X is a closed, shift-invariant subgroup, then ¢ = Y+ Cc R is a
subgroup which is invariant under @Eiplication by monomials, hence an
ideal which strictly contains p, and X/Y = q/p.

Suppose that ¢: X/Y —— X is a group isomorphism satisfying (1). Then
the dual isomorphism ¢: R/p — q/p commutes with multiplication by u™
for every n € Z? and is thus an R-module isomorphism. In particular, if

~

f € R satisfies that f+p =¢(1 +p), then f ¢ p, q= fR+ (1 +u; + u2)R,
and ¢ consists of multiplication by f. By translating this back to X we see
that (1) and (2) are equivalent. O

Lemma 12.2. For every f € R\ p there exists a polynomial
Yr=1+crus+ -+ qu ™t +ul € (Z2/22)[u] C R
with the following properties.
(1) (1) = 1;
(2) K¢f = Ky;
(3) IfZ = {(n,0) : n € Z} C 72, and if W = 1z(Y) C (Z/27)? is the
image of Y under projection onto the coordinates in Z, then
W = ker ¢4 (5) C (Z/22)%,
where & is the shift on (Z/27)% defined by 7(2)(k,0) = Z(k+1,0), and

where

Pi(0) =Y ey, (k,0)6" =idw + 16+ + 16 + 57
keZ
(4) There exists, for every (ag,...,a;_1) € (Z/2Z)!, and for every x €
X, a unique element y € X with
o™ - f(o)(y) = ¥s(o)(y) = = for some m € Z?,
Yoy = ag for k=0,...,0—1.

Proof. Let f € R~ p. After multiplying f by a monomial we may assume
that f is a polynomial, and by replacing each power of uy by the corres-
ponding power of (1 + u1) we obtain a polynomial ¢ € (Z/2Z)[u;] with

YR+p=fR+p. (12.3)

We multiply ¢ by a power of ul_l, if necessary, and assume that in addition
¥(0) = 1. If ¥(1) = 0 the sum of the coefficients of 1 is even, and © is
divisible by a power of 1 + uj. By setting 1 = (1 + u;)'; with 1 not
divisible by 1 + u; we obtain a polynomial ¥y € (Z/2Z)[u1] C R which
satisfies the conditions (1) and (12.3).

As a consequence of (with ¢y replacing 1) we know that Ky, = Kj.

Define W C (Z/27)% as in (3) and observe that there exists, for every
w € W, a unique point y € Ky, = Ky with
TZ (y) = w,
nz(c™y) € W for every m € Z°.
This proves (3).
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Finally, if we regard 1y as an element of Rz, then the definition of 1)y shows
that u™ f —1); € p for some m € Z?, and hence that o™ f(0)(y) = ¥¢(0)(y)
for every y € X. As f(o0) is surjective, the same holds for ¢ (o), and we
choose, for a given z € X, an element y € ¢171({a:}) According to (3) there
exists a unique z € Ky, = Ky with 2z 0) = y,0) for k =0,...,1 -1, and
by replacing y with y — z we have proved (4). O

For every Laurent polynomial f € R~ p with K # {Ox} one can con-
struct a continuous cocycle ¢f) for the shift-action o of Z% on X with values
in a finite group, and all known cocycles of ¢ on X arise in this manner.
In order to describe ¢(f) we define the polynomial ¢y = 1 + cjuq + -+ +
cut™t +ub € (Z)2Z)[u1] € R according to Lemma and set

Y = K; = Ky,.

Lemma (4) implies that there exists, for every z € X and a = (ao,. ..,
ai_1) € (Z/27)!, a unique point y = r(a,z) € X with

Vr(y) =z,

12.4
Yo = ar for k=0,...,0—1. ( )

For a =0=(0,...,0) the map
z = () = K(0,2) (12.5)

is obviously a continuous group homomorphism from X into X. The first
equation in ({12.4) implies that

K -o(z) — o™ K (x) € Ky, = Kj (12.6)
for every n € Z? and x € X. Put
®;={neZ:0"y) =y for every y € K;},
Hy=7%/®;,  Gy=Hjx Ky,
and furnish Gy with the group operation
(M, 2)(,y) = @ Fn,2 + 0™ (y))

for every m,n € Z% and z,y € Ky, where k = k+V; € Hy forevery k € 72
Then the map ¢): 722 x X — Gy, defined by

) =@ - o) — o™ K (x)), (12.7)
is a continuous cocycle for the shift-action o of Z? on X.
Lemma 12.3. For every f € R~ p with Ky # {Ox},
dD((1,0),2) = ((1,0), B¢ (z(0,0)));
dD((0,1),2) = ((0,1), B}(z(00))

for every x € X, where ﬂf,ﬁ}: Z7J27 — Ky are nonzero group homo-
morphisms.
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Proof. A calculation shows that
K o0 (x) = o10) . K (z)
if and only if 2o = 0 (cf. (12.5)—(12.6))), so that
ker(xk' - o0 — g0 Ly = {z e X : 0,0y = 0}.
This shows that ¢(/)((1,0),-) is a function of T(0,0)- Similarly one sees that
oD (z) = & - OV ()
if and only if (g ) = 0, that
ker (k' - o0 _ 501, K)Y={reX: T(0,0) = 0},
and that ¢/)((0,1),-) is a function of T(0,0)- O

Theorem 12.4. There exists a continuous cocycle ¢*: 72 x X —— G* with
values in a discrete group G* such that, for every f € R~ p, the cocycle
AN 72 x X — Gy in is of the form c\f) = Of - c* for some group
homomorphism 0;: G* — Gy.

Proof. According to Lemma :12.3|7 the cocycles ¢\f) all depend only on the
coordinates in B(0) (cf. (4.9)), and the proof of Theorem shows that

each ¢lf) is a homomorphic image of Cr1)- O
X

Problem 12.5. Is the cocycle ¢* fundamental? More generally, does every
higher-dimensional mixing SF'T" possess a fundamental cocycle? The answer
to this question is probably no, but I don’t have an explicit counterexample.
It is, however, not difficult to construct topologically transitive, but nonmix-
ing two-dimensional SFT’s without fundamental cocycles (cf. e.g. Theorem
13.1)).

13. ONE-DIMENSIONAL SHIFTS OF FINITE TYPE

Theorem 13.1. Let A be a finite set and X C A% an aperiodic and mizing
SFT. Then there is no fundamental cocycle for the shift-action o of Z on
X.

Proof. Corollary shows that it suffices to find continuous cocycles on X
which depend essentially on arbitrarily many coordinates.

Assume without loss of generality that A = {0,...,n — 1}, that X is of
the form 7, and that the element 0 € A has two distinct successors
i*,7* (ie. that i* # j* and (1,7%), (1,7%) € 710,13(X)).

Let M, N > 2 be chosen so that there exist allowed strings

(105« ANy« o IM+N—2)5
(jOa" . ajN?' "ajM+N—2)

in AMTN-1 with i0 = jo, in # jn, and IM+N—2 = jM4N—2 =0 (it is clear
that there exist arbitrarily large integers M with this property). Denote by
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G the free abelian group generated by the finite set m(  ar—13(X) C AM
and define a continuous cocycle ¢: Z x X — G by setting

c(l,z) = h(z) = (x0,...,2m-1) € G

for every x € X.
We recall the definition of the Gibbs relation

Ax = {(z,y) € X?: 2, = y, whenever |n| is sufficiently large}
in (3.3) and define a cocycle ap: Ax — G by setting
an(z2) = 3 h(o*(2)) - h(o*(2))
keZ

for every (z,2') € Ax (cf. (3.6)). Note that, if ¢: Z x X — G is continu-
ously cohomologous to ¢ and A’ = ¢/(1,-), then

ah’(zv Z/) = ah(Z7 Z,)

for every (z,2') € Ax.
Choose points z,y,x’,y’ € X with the following properties:
$k=$;g:yk:yllg for k:SO,
zr =y and z) =y for k> M + N — 2,
TMAN-2 = YM+N—2 = Ty N2 = YM+N—2 = 0,
TMyN-1 = YMiN-1 =14 and 953\/1+N—1 = 2/§\4+N—1 =7,
where ¢* and j* are the distinct successors of 0 mentioned at the beginning of

this proof. Since (z,y), (z/,vy') € Ax, an(z,y) and ap(2’,y’) are well defined,
and a direct calculation shows that

an(z,y) # an(z',y'). (13.1)

If ¢ were continuously cohomologous to a cocycle ¢’: Z x X —— G for
which /' = ¢/(1,-) depends only on M — 1 successive coordinates (e.g. the
coordinates 0, ..., M — 2), we would obtain that

ah($, y) = ah/(.%', y) = ap (xla y/) = ah(x/7 y/)a

contrary to (13.1]). As explained above, this shows that there is no funda-
mental cocycle for the shift-action of Z on X. U
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