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Mathematical Logic
Math 114L, Spring Quarter 2008

No, v is not substitutable for vy, since vs is a quantified variable occurring
in the term (namely, v2) to be substituted.

In both parts show by induction on ¢ simultaneously that the given term ¢
is substitutable in o, and %, = . We only do it here for (b). If ¢ is atomic,
t is always substitutable for z in ¢, and if in addition x ¢ free(y), then
x does not occur in ¢, so ¢! = . The inductive steps for ¢ = (—a) and
¢ = (o — () are routine. Suppose now that ¢ = Vya, and x ¢ free(p).
Then by definition, ¢ is substitutable for x in . Moreover, if = y, then
o = ¢. If @ # y, then ¢f = Vy(af); since free(y) = free(a) \ {y} and
x # y, we have x ¢ free(a), so t is substitutable for z in o and of = «,
by inductive hypothesis, hence ¢f = .

(a) Observe that any formula can built up from prime formulas by use of
= and —. To see this, let ® be the set of formulas that can be built
up from the prime formulas by use of = and —. Then ® includes all
atomic formulas (which are prime). @ is closed under quantification
(because Y v; ¢ is prime). And ® is closed under -~ and —. So ®
includes all formulas.

Now suppose we are given any 2 and s, and we define the truth
assignment v as specified. We seek to show that for every formula «

(o) =T iff AEals]. ()

We do this by induction.
Basis: « is prime. Then (x) holds by the definition of v.
Inductive step for —:

U(—~a)=T < T(a)#T Dby definition of T
< A a[s] by the inductive hypothesis
< A E -als] by definition of |

Inductive step for —-:

Hla—0B)=T < Ula)=Forv(B)=T by definition of T
< A als] or A = GB[s] by inductive hypothesis
& A (a— F)[s] by definition of =

Hence by induction, (%) holds for all formulas a.



(b) Assume 2 satisfies every member of I with s. Define the truth as-
signment v as in part (a). By (a), v(y) = T for every 7 in T'. So if
I tautologically implies ¢, then T(p) = T. Now by part (a) again,
A= pls].

Since & and s were arbitrary, we conclude that I' logically implies ¢.

4. We seek a deduction of (V2 ¢ — =V a —¢). This is tautologically equiv-
alent to ~(Vz o AVax—y). Both (Ve — ¢) and (Ve —¢ — —¢p) are
axioms, and they tautologically imply what we want.

Let 7 be the formula:
Vzp =)= [(Vemp—p)—= (Vep—Vrap)
Then 7 is a tautology, having the form
(A—C)—=[B—-C)—(A—=-B).

Then one deduction is the following quintuple of formulas:

where the third and fifth formulas are obtained by modus ponens from
earlier formulas.

5. We want - Py < Vz(x =y — Px). Working backwards, we see that it
suffices to obtain lines 4 and 9 below.

.Fy=2— (Py — Px) equality axiom

hrr=y—oy==x (equality is symmetric, proved in class)

.k Py— (x=y— Px) 1,2; rule T

. PyFrx=y— Px 3; MP

. PyFVa(x =y — Px) 4; generalization theorem

.FPy—>Vz(x=y— Px) 5; deduction theorem

Vz(x=y— Px)Fy=y— Py substitution axiom & MP

Fy=y equality axiom

.Va(x =y — Px)F Py 7,8; MP

10. FVz(x =y — Px) — Py 9; deduction theorem
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11. + Py & Va(z =y — Px) 6,10; rule T



6. We want
F (Vz(= Pz — Qx) = Vy(=Qy — Py)).

By the deduction theorem and the generalization theorem, it suffices to
show that

Vz(—- Pr— Q)+ (mQy — Py).
And that we can do.
1. Va(= Pz — Qz) F (- Py — Qy) substitution axiom, MP
- F(=Py—Qy) — (~Qy — Py) tautology
. Va(=~Pr— Q) F (- Qy — Py) 1,2; MP
. Va(-Pr— Q) - Vy(-Qy — Py) 3: generalization theorem
. F(Vz(= Pz — Qz) = Vy(—Qy — Py)) 4; deduction theorem
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