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Math 430, Fall 2004

1. Which of the following rules are sound (proof or counterexample):

(a)
Γ ϕ1 ψ1

Γ ϕ2 ψ2

Γ (ϕ1 ∨ ϕ2) (ψ1 ∨ ψ2)

(b)
Γ ϕ y

x

Γ ∀xϕ if y 6∈ fr (Γ ∀xϕ)

(c)
Γ ϕ
Γ ∀xϕ

(d)
Γ ∃xϕ
Γ ∀xϕ

2. Let S = {f} where f is a 2-place function symbol. Compute(
(∃v2fv2v2 = v0)

v2
v0

)
fv0v1
v2

.

3. Let S be a symbol set, let x be a variable, and let t be an S-term. Show
that for every S-formula ϕ:

(a) ϕx
x = ϕ;

(b) if x /∈ fr (ϕ), then ϕ t
x = ϕ.

(Proceed by induction on the construction of ϕ.)

4. Using the rules of the sequent calculus, show that the following two rules
are derivable. Here as usual “ϕ→ ψ” is shorthand for “(¬ϕ ∨ ψ)”.

Γ ϕ ψ
Γ ϕ→ ψ

Γ ϕ→ ψ
Γ ϕ ψ

(Please turn.)



5. Let S = {R} where R is a 2-place relation symbol. Proof or counterex-
ample:

(a) ∀y∃xRxy ` ∃x∀yRxy
(b) ∀y∃xRxy ` ¬∃x∀yRxy.

6. (Extra credit.) The rules of the sequent calculus depend on the choice
of a symbol set S. Suppose that R is a 1-place relation symbol not in S
and let Γ ϕ be a sequent over S (i.e., not involving the symbol R). Show:
if Γ ϕ is derivable in the sequent calculus for S ∪ {R}, then Γ ϕ is also
derivable in the sequent calculus for S. (Hint: replace every occurrence of
R in a derivation of Γ ϕ inductively by the equation x = x.)


