DEGREE BOUNDS FOR GROBNER BASES IN ALGEBRAS OF SOLVABLE
TYPE
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ABSTRACT. We establish doubly-exponential degree bounds for Grobner bases in certain
algebras of solvable type over a field (as introduced by Kandri-Rody and Weispfenning).
The class of algebras considered here includes commutative polynomial rings, Weyl alge-
bras, and universal enveloping algebras of finite-dimensional Lie algebras. For the com-
putation of these bounds, we adapt a method due to Dubé based on a generalization of
Stanley decompositions. Our bounds yield doubly-exponential degree bounds for ideal
membership and syzygies, generalizing the classical results of Hermann and Seidenberg
(in the commutative case) and Grigoriev (in the case of Weyl algebras).

INTRODUCTION

The algorithmic aspects of Weyl algebras were first explored by Galligo [11], Takayama
[37] and others in the mid-1980s. They laid out the theory of Grobner bases in this slightly
non-commutative setting. Since then, Grobner bases in Weyl algebras have been widely
used for practical computations in algorithmic D-module theory as promoted in [32]. In
the early 1990s, Kandri-Rody and Weispfenning [17], by isolating the features of Weyl
algebras which permit Grobner basis theory to work, extended this theory to a larger class
of non-comutative algebras, which they termed algebras of solvable type over a given
coefficient field K. This class of algebras includes the universal enveloping algebras of
finite-dimensional Lie algebras over K, by a theorem attributed to Poincaré, Birkhoff and
Witt. (For this reason, algebras of solvable type are sometimes called PBW-algebras; see,
e.g., [5, 31]. Another designation in use is polynomial rings of solvable type.) Working
implementations of these algorithms exist and are in widespread use; see [12, Section 2.6]
and [21]. Similar extensions of Grobner basis theory to non-commutative algebras were
studied by Apel [2] and Mora [28]. See Sections 2 and 3 below for a recapitulation of the
basic definitions, and [5] for a comprehensive introduction to this circle of ideas.

In this paper we are interested in degree bounds for left Grobner bases in algebras of
solvable type. It follows trivially from the case of commutative polynomials (as treated in
[26]) and Section 5.2 below that the degrees of the elements of the reduced Grobner basis
of a left ideal I in an algebra of solvable type may depend doubly-exponentially on the
maximum of the degrees of given generating elements of I. In view of the popularity of
this kind of non-commutative Grobner basis theory, it is surprising that little seems to be
known about upper degree bounds for Grobner bases (and, by extension, about the worst-
case complexity of Buchberger’s algorithm) in this setting. Perhaps it was believed that the
upper degree bound for one-sided Grobner bases, at least in the context of Weyl algebras,
also follows from the commutative polynomial case by passing to the associated graded
algebra for a certain filtration (which turns out to be nothing but a commutative polynomial
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ring over the given coefficient field). If true, the problem would have boiled down to the
doubly-exponential degree bounds for Grobner bases in commutative polynomial rings
over fields found in the 1980s (see, e.g., [27]). However, we would like to emphasize
that we could not find and we do not believe there exists a simple way to establish such
a degree bound by reducing the question to commutative algebra. (See Section 3.6 for
further discussion.)

A general uniform degree bound for left Grobner bases in algebras of solvable type
was established by Kredel and Weispfenning [18] (using parametric Grobner bases). They
showed that, given an admissible ordering < on N¥ | there exists a computable function
(d,m) — B(d, m) with the following property: for every solvable algebra R over some
field, generated by N generators whose commutator relations have degree at most d, every
left ideal of R generated by m elements of R of degree at most d has a Grobner basis (with
respect to <) whose elements have degree at most B(d, m).

In contrast to this, here we are mainly interested in finding explicit, doubly-exponential
degree bounds. We follow a road to establish such bounds paved by Dubé [9], who gave
a self-contained and constructive combinatorial argument for the existence of a doubly-
exponential degree bound for Grobner bases in commutative polynomial rings over a field
of arbitrary characteristic. Earlier proofs of results of this type (as in [27]) proceed by first
homogenizing and then placing the ideal under consideration into generic coordinates.
The drawback of this method is that it seems difficult to adapt it to situations as general
as the ones considered here; for example, it only works smoothly in characteristic zero.
(See also [13] for the delicacies involved in using automorphisms of the Weyl algebra.)
The main new technical tool in [9] are decompositions, called cone decompositions, of
commutative polynomial rings over a field K into a direct sum of finitely many K -linear
subspaces of a certain type. These decompositions generalize the Stanley decompositions
of a given finitely generated commutative graded K -algebra R studied in [36]. A Stanley
decomposition of R encodes a lot of information about R; for example, the Hilbert function
of R can be easily read off from it. It has been noted in several other places in the literature
that Stanley decompositions are ideally suited to avoid the assumption of general position,
and, for example, can also be used to circumvent the use of generic hyperplane sections in
the proof of Gotzmann’s Regularity Theorem [24].

The present paper grew out of an attempt by the authors to better understand Dubé’s
article [9]. We modified the notions of cone decompositions and the argument of [9] to
work for a subclass of the class of algebras of solvable type over an arbitrary coefficient
field K, namely the ones whose commutation relations are given by quadric polynomials.
(This restriction was necessary in order to be able to freely homogenize the algebras and
ideals under consideration.) We refer to Section 2 below for precise definitions, and only
note here that this class of algebras includes commutative polynomial rings, as well as Weyl
algebras and the universal enveloping algebra of a finite-dimensional Lie algebra. Many
more examples of quadric algebras of solvable type can be found in [22, Section L.5]. (E.g.,
Clifford algebras, in particular Grassmann algebras, as well as g-Heisenberg algebras and
the Manin algebra of 2 x 2-quantum matrices.)

Let now K be a field, and let R = K (z) be a quadric K -algebra of solvable type with
respect to x = (21, ..., 2x) and an admissible ordering < of N¥. Our main theorem is:
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Theorem 0.1. Every left ideal of R generated by elements of degree at most d has a
Grobner basis consisting of elements of degree at most

N—-1

b2 (£ )

Theorem 0.1 is deduced from the homogeneous case: we’ll first show that if R is homo-
geneous and fi, ..., f, are homogeneous, then the elements of a reduced Grobner basis of
aleftideal of R generated by elements of degree at most d have degree at most D(N —1, d),
and the obtain the bound in Theorem 0.1 by dehomogenizing. Our theorem also yields
uniform bounds for reduced Grobner bases in the inhomogeneous case. (See [19, 38] for
non-explicit uniform degree bounds for reduced Grobner bases in commutative polyno-
mial rings over fields.) For example, if the admissible ordering < is degree-compatible,
then the reduced Grobner basis of every left ideal of R generated by elements of degree at
most d consists of elements of degree at most D(N, d). (Corollary 5.9.) In the case where
the admissible ordering is not degree-compatible, the issues are somewhat more subtle.
Therefore, we restrict ourselves to admissible orderings which can be represented by ra-
tional weights; this encompasses most admissible orderings used in practice, such as the
lexicographic ordering. (See Section 1 for the definition.)

Corollary 0.2. Suppose that the admissible ordering < can be represented by rational
weights. Then there exists a constant C, which only depends on <, with the following
property: the elements of the reduced Grobner basis with respect to < of every left ideal

of R generated by elements of degree at most d have degree at most (C’ - D(N, d))N+1.

It is routine to deduce from Theorem 0.1:

Corollary 0.3. Suppose the admissible ordering < is degree-compatible. Let f1, ..., fn €
R be of degree at most d, and let f € R. If there are yq, . .. ,y, € R such that

vifi+ ot ynfo =1,
then there are such y; of degree at most deg(f) + D(N,d). Moreover, the left module of
solutions to the linear homogeneous equation
yifit+ynfn=0
is generated by solutions all of whose components have degree at most 3D(N, d).
For R = Klz1,...,xN], this corollary is essentially a classical result due to Hermann
[16] (corrected and extended by Seidenberg [33]). In the case where R is a Weyl algebra,

the first statement in this corollary also partly generalizes a result of Grigoriev [13] who
showed that if a system of linear equations

Yra1j + -+ Ynang = b; (J=1,....m) (%)
with coefficients a;;,b; € R of degree at most d has a solution (y1, ..., ¥,) in R, then this
system admits such a solution with deg(y;) < (md)QO(N) fori = 1,...,n. The methods

of [13] are quite different from ours, and follow the lead of Hermann and Seidenberg. By
arguments as in [3, Corollary 3.4 and Lemma 4.2] one may obtain uniform degree bounds
on solutions to systems of linear equations such as () by reduction to Corollary 0.3 (the
case m = 1); however, this yields bounds of the form d2o(mN>, worse than those obtained
by Grigoriev. (Similarly if one tries to use Nagata’s “idealization” technique as in [1].)
Probably, Corollary 0.3 could be extended from a single linear equation to systems of linear
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equations with our techniques, by considering Grobner bases of submodules of finitely
generated free modules over R; we shall leave this to another occasion.

By virtue of an observation from [5], our main theorem and its Corollary 0.3, although
ostensibly only about one-sided ideals, also have consequences for their two-sided coun-
terparts:

Corollary 0.4. Let f1,..., fn € R be of degree at most d, and let f € R. The two-sided
ideal of R generated by f1, ..., f, has a Grobner basis whose elements have degree at
most D(2N, d). If < is degree-compatible, and the equation

f = ylflzl + +ynfnzn

has a solution (y1,...,Yn, 21, .-, 2n) € R?", then this equation also has such a solution
where

deg(y;), deg(y;) < deg(f) + D(2N,d)  fori=1,...,n.

Weyl algebras are simple (i.e., their only two-sided ideals are the trivial ones). Hence in
this case, the previous corollary is vacuous; however, there do exist many non-commutative
non-simple algebras satisfying the hypotheses stated before Theorem 0.1, for example,
among the universal enveloping algebras of finite-dimensional Lie algebras.

As shown in [29], Grobner basis theory also extends in a straightforward way to certain
K -algebras closely related to Weyl algebras, namely the rings R, (K) of partial differential
operators with rational functions in K (z) = K(z1,...,x,) as coefficients. Here R,,(K)
is the K -algebra generated by K (x) and pairwise distinct symbols 0, ..., d,, subject to
the commutation relations

Oc(x)
53:1-

By [32, Proposition 1.4.13], our main theorem implies the existence of a doubly-expo-
nential degree bound for Grébner bases for left ideals in R, (K): every leftideal of R, (K)
generated by elements of degree at most d has a Grobner basis with respect to a given
admissible ordering < of N” consisting of elements of degree at most D(2n, d). As above,
this result can then be used to prove an analogue of Corollary 0.3 for R,,(K') (also partially
generalizing [13]); we omit the details.

0;0; = 0;0;, 0Oic(x) = c(x)0; + (1<i<j<n, czr) € K(x)).

Assume now that K has characteristic zero, and let R = A,,(K) be the n-th Weyl al-
gebra. A proper left ideal I of R is called holonomic if the Gelfand-Kirillov dimension of
R/I equals n, exactly half of the dimension of R. The Bernstein inequality, versions of
which are also known as the Fundamental Theorems of Algebraic Analysis (see Theorems
1.4.5 and 1.4.6 of [32]), states that n < dim R/I < 2n. Therefore, holonomic ideals
are proper ideals of the minimal possible dimension, which brings up an analogy with
zero-dimensional ideals in the commutative polynomial setting. Now, there is a bound on
the degrees of the elements of a reduced Grobner basis of a zero-dimensional ideal in a
commutative polynomial ring over a field generated in degree at most d that is (single) ex-
ponential. Namely, this is the Bézout bound: d", where n is the number of indeterminates.
(See, e.g., [20].) Holonomic ideals of R are closely related to zero-dimensional left ideals
of the algebra R,,(K) = K (v) ® [, R of differential operators with coefficients in ratio-
nal functions: if I is a holonomic ideal of R, then the left ideal of R,,(K) generated by
I is zero-dimensional, and if conversely J is a zero-dimensional left ideal of R,,(K) then
J N R is a holonomic ideal of R; see [32, Corollary 1.4.14 and Theorem 1.4.15]. It turns
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out that only a weak Bézout bound can be drawn (cf. [14]) for zero-dimensional ideals of
R, (K), which is doubly-exponential.

So far, to our knowledge, a (single) exponential bound for the degrees of elements in
Grobner bases has been produced only for one very special class of holonomic ideals used
in a particular application. These are the GKZ-hypergeometric ideals, with a homogene-
ity assumption (cf. [32, Corollary 4.1.2]). It would be interesting to see if holonomicity
(zero-dimensionality) implies a general exponential bound in the algebras A, (K) (R, (K),
respectively), as well as whether there is a better bound for ideals of minimal possible di-
mension in solvable algebras in general.

Finally, we’d like to mention that although our study is limited to the most frequently
used type of bases, Grobner bases, there are other kinds of “standard bases” for ideals that
may be introduced for algebras of solvable type. For example, [15] explores involutive
bases in the Weyl algebra; for one type of bases, Janet bases, there is a recent complexity
result established in [8].

0.1. Organization of the paper. Sections 1 and 2 mainly have preliminary character, and
deal with monomials and generalities on K -algebras, respectively. In Section 3 we review
the fundamentals of Grobner basis theory for algebras of solvable type. In Section 4 we
adapt Dubé’s method to the non-commutative situation, and in Section 5 we prove the main
theorem and its corollaries.

1. MONOMIALS AND MONOMIAL IDEALS

In this section we collect a few notations and conventions concerning multi-indices,
monomials and monomial ideals.

1.1. Multi-indices. Throughout this note, we let d, m, N and n range over the set N =
{0,1,2,...} of natural numbers, and «, (3, v and \ range over NV. We let N° = {0}
by convention, and identify N» with the subset NV x {0} of N¥*1 in the natural way.
We think of the elements of NV as multi-indices. A semigroup ordering of N% is a total
ordering < of NV such that @ < 8 = o + v < B+ for all a, £, v. An admissible
ordering (of N) is a semigroup ordering of N%V having (0, ..., 0) as its smallest element.
It is well-known that any admissible ordering is a well-ordering. For o = (aq,...,ay)
we put |a| := a; + --+ + ay. An ordering < of N is said to be degree-compatible
if |a] < |8] = a < g for all a, 3. Given total orderings <; of N and < of N2
(where N1, Ny € N), the lexicographic product of <; and <5 is the total ordering < of
NN1+N2 — NM % NM2 defined by

(a1, 1) < (az, f2) = ap < ag,ora; = az and 81 < o,

for ap,ap € N and 3, 3> € N2, Note that the lexicographic product of <; and <,
extends the ordering <; of NV Tt is easy to see that if <;, <5 are semigroup orderings,
then so is the lexicographic product of <; and <5, and similarly with “admissible” in
place of “semigroup.” The N-fold lexicographic product of the usual ordering of N is an
admissible ordering of N”V called the lexicographic ordering of NV, denoted by <jc,.. An
example of a degree-compatible admissible ordering of NV is the degree-lexicographic
ordering < 4cx, defined by

a <dlex O = la| < |8, or |a] = |6] and @ Kjex .

In the rest of this subsection we fix an admissible ordering < of NV,
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Proposition 1.1. There exists a non-singular N x N-matrix A with real entries such that
forall o, (3:

a<p — Aa <jex ALS. (1.1)
Here, on the right-hand side of the equivalence, we view the multi-indices o and 3 as
column vectors, and <\ex denotes the lexicographic ordering of R™.

For a proof see, e.g., [30]. We shall also need the following refinement. (A variant was
stated in [10], with an incorrect proof.)

Lemma 1.2. One can choose A such that, in addition to the property stated in the previous
proposition, all entries of A are non-negative.

ay
: ] be as in the

an

proposition, where a; = (a;1,...,a;Nn) € RN for every ¢. We first note that if 4, [ are

such that a;; # 0 and a;; = 0 for every j with j < [, then a;; > 0 (since our admissible

ordering of N¥ is a well-ordering). We now inductively define by, ...,by € R such that

Proof. In this proof we let ¢, j, k, [ range over {1,...,N}. Let A =

(1) all entries b;; of b; are non-negative;

(2) if by; > 0 for some k£ < 7 then b;; > 0; and

3) if bij = 0 then ajj = 0.
Put by := ay; then clearly (1), (2) and (3) hold for ¢ = 1. Suppose we have already defined
bi,...,bi_1 € RN, forsomei > 1, such that (1), (2) and (3) hold for 1, ..., i — 1 in place
of 7, and for every j. Then set

. a;l
bi:=a; +(1— min bi_1.
( bi—1,1>0 bi—l,l) !
We check that (1), (2) and (3) continue to hold for the index ¢ and every j. If b,_; ; > 0,
then

bij =a;; + (1— mi “ ) by > a; —  mi Lbiy >

= it ( b£r1u’n>0 bi—l,l) Lj = i b£r1111n>0 bi—1, 1i 20
hence (1)—(3) clearly hold. Now suppose b;_1 ; = 0. Then ay; = 0 for every k£ < 7, by (2)
and (3), hence b;; = a;; > 0, so (1) holds; (2) and (3) hold trivially.

by

Clearly (1.1) is satisfied with B = | : ] in place of A, and B is non-singular with

by
non-negative entries. O

We say that an N x N-matrix A with real entries represents < if (1.1) holds for all «,
(. We also say that < can be represented by rational weights if there is a non-singular
N x N-matrix A with rational entries representing <. Note that if < can be represented
by rational weights, then there is an [V x [N-matrix with non-negative integer entries repre-
senting < (by the proof of the lemma above, and after multiplying A by a suitable positive
integer). Many common admissible orderings (for example, the lexicographic and degree-
lexicographic ones) can be represented by rational weights. Although not every admissible
ordering is so representable, every admissible ordering can be “finitely approximated” by
one that is: given a finite set of multi-indices from N”, there exists an N x N-matrix A
with non-negative rational entries (but not necessarily non-singular) such that (1.1) holds
for all a, B € S. (For logicians, this is immediate from the fact that the theory of divisible
ordered abelian groups is model-complete, see [25].)
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Let now A be a non-singular N x /N-matrix with non-negative integer entries a;; rep-
resenting <. For a multi-index « let wtq (@), .. ., wt x («) denote the entries of the column
vector Ao € NV, Note that wt; (o) < ||A|| || fori = 1,..., N, where || A]| is the largest
among the entries of A. Given an integer D > 1 we define a weight function wt = wtp 4
(taking non-negative integer values) on the set N%V by

wt(a) := wty (@) DV 7! 4wty () DN 72 4 - F wty_1(a)D + wty(a).
We have wt(a) = 0 if and only if & = 0. Moreover
DN —1
D-1"
(For the inequality on the right use that ). a;; > 0 for every j, since A is non-singular
and a;; > 0.) The weight function wt represents < for multi-indices with small degree:
D

a<p = wil@)<wid), iffal |9 < 0

o] < wt(a) < [[A]l]e (1.2)

We also have
wt(a + B) = wt(a) + wt(5) for all v, 3.

1.2. Monomials and K -linear spaces. In the rest of this section we fix a positive N, we
let K denote a field, and we let R be a K-linear space. A monomial basis of R is family
{2}, of elements of R, indexed by the multi-indices in NV, which forms a basis of R.
Of course, every K -linear space of countably infinite dimension has a monomial basis, for
every positive NV, but in the applications in the next sections, a specific monomial basis
will always be given to us beforehand. Thus, in the following we assume that a monomial
basis {z“}, of R is fixed. We call a basis element 2% of R a monomial (of R), and we
denote by z° the set of monomials of R. Every element f of R can be uniquely written in
the form

f= Z fax® where f, € K, with f, = 0 for all but finitely many a,

and we define the support of such an f as

supp f = {a% : fo #0}.
We have 2 # 2 whenever a # 3, so every ordering < of N” yields an ordering (also
denoted by <) of z° in a natural way:

<2’ = a< J6] for multi-indices «, .
We make z° into a commutative monoid by defining
2% % P = TP for multi-indices «, 3.

Then the map

a— % NV - 20
is an isomorphism of monoids. A tuple of generators of the monoid x° is given by x =
(71,...,2N) where x; = 2%, with g; = the i-th unit vector in N*V,

There is a unique binary operation on R extending the operation % on z° and making
the K -linear space R into a K-algebra. With this multiplication operation, of course, R
is nothing but the ring K[z] of polynomials in indeterminates x = (z1,...,2y) with
coefficients from K: the unique K-linear bijection K[x] — R which for each multi-
index o sends the monomial z7"* - .-z}~ of KJz] to the basis element ® of R, is an
isomorphism of K-algebras. However, in our applications below, the K-linear space R
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will already come equipped with a binary operation making it into a /-algebra, and this
operation will usually not agree with % on x° (in fact, not even restrict to an operation
on z°). In order to clearly separate the combinatorial objects arising in the study of the
(generally, non-commutative) K -algebras later on, we chose to introduce the extra bit of
terminology concerning monomial bases.

A monomial z® divides a monomial 2° (or z? is divisible by %) if 2% = z® * 27
for some multi-index ; in symbols: x®|x%. If I is an ideal of z°, that is, if 2* € T =
x® « 28 € T for all o, 3, then there exist z®(1) ..., (%) ¢ T such that each monomial in
I is divisible by some 2o, (By Dickson’s Lemma, [17, Lemma 1.1].) Given monomials
x® and 2°, the least common multiple of 2 and z” is the monomial

lem(z%, 2°) = 27 where v; = max{a;,3;} fori =1,..., N.

Let now < be a total ordering of NV, Given a non-zero element f of R, there is a unique
A such that

f=ha*+ ) fax®,  fr#£0.

a<
We call
le(f) = fr. Im(f) =2*, 1(f) = fra*

the leading coefficient, leading monomial, and leading term, respectively, of f with
respect to <. It is convenient to define Im(0) := 0 and extend < to a total ordering on the
set z°U{0} by declaring 0 < 2 for all a. We also declare lc(0) := 1t(0) := 0. We extend
the notation lm to subsets of R by a slight abuse: for S C R put

Im(S) := {Im(f): 0# f € S} Ca°.

1.3. Monomial cones and monomial ideals. By abuse of notation, we write y C x to
indicate that y is a subset of {z1,...,2n}, and for y C x we let y° be the submonoid of
(2, %) generated by y. (So @° = {1}.)

A monomial cone defined by a pair (w,y), where w € z° and y C z, is the K-linear
subspace C(w, y) of R generated by w * y°. Note that C'(w, @) = {0} for every w € z°,
and C(1,z) = R. Also, ify C ¢/ C z then C(w,y) C C(w,y"). We refer to [9, Section 3]
for how to represent monomial cones graphically in the (slightly misleading) case N = 2.
If we identify R with the commutative polynomial ring R = K|x] as explained above,
then C(w, y) is nothing but the K-linear subspace wK[y] of K|x].

We say that a K -linear subspace I of R is a monomial ideal if I is spanned by monomi-
als, and C'(w, ) C I for all monomials w € I. (Hence, if R = K|x], then I is a monomial
ideal of K[z] in the usual sense of the word.) A set of generators for a monomial ideal
I of R is defined to be a set of monomials F' such that I = . C(w,x) (so the set
F x x° generates [ as a K-linear space). A K-linear subspace of R is a monomial ideal if
and only if the set of monomials in I is an ideal of (x°, x). Every monomial subspace of
R has a unique minimal set of generators, which is finite.

Given a monomial ideal I of R and a monomial w we put

I : w) := the K-linear subspace of R generated by {v € z° : w*v € I},
p g y

a monomial ideal of R containing .

Let now M be a K-linear subspace of I? generated by monomials, and let I be a mono-
mial ideal of R. Then the K-linear subspace M N I of M has a natural complement: we
have

M=(MnNI)®nf; (M),

where nf; (M) denotes the K-linear subspace of R generated by the monomials in M \ I.
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2. PRELIMINARIES ON ALGEBRAS OVER FIELDS

In this section we let K be a field (of arbitrary characteristic). All K-algebras will be
assumed to be associative with unit element 1. Given a subset G of a K-algebra R we
denote by (G) the left ideal of R generated by G. We also let < be an admissible ordering
of NV,

2.1. Multi-filtered K -algebras and modules. A multi-filtration on R (indexed by N™V)
is a family { R(<q) },, of K-linear subspaces of R such that:

(1) 1€ R<oy:

2) a <= R<a) C R<p)y

) Ri<a) - B(<p) € Bi<atp)s

4 Uy Riga) =R
A multi-filtered K -algebra is a K -algebra equipped with a multi-filtration. Suppose R is
a multi-filtered K -algebra. A multi-filtration on a left R-module M (indexed by N Nyisa
family { M(<qa) },, of K-linear subspaces of M such that:

(1) a<B= Mo € Mp);

2) Ri<a) - M<p) & M(<atp)s

3 Ua Micay =M
A multi-filtered left R-module is a left R-module equipped with a multi-filtration. Sup-
pose now that in addition M is a multi-filtered left R-module. For every a the set M () :=
Up<a M(<a) is a K-linear subspace of M. Here M) := {0} by convention. For ev-
ery non-zero f € M there exists a unique a with f € M(<,) \ M(<,), and we call
a = deg(f) the degree of f. Given a left R-submodule M’ of M, we always construe
M’ as a multi-filtered left R-module by means of the multi-filtration {M (’ <o) }o given by
M (’ <oy =M "M M) for every v, and we make the quotient M /M’ into a multi-filtered
left R-module by the multi-filtration induced on M /M’ from M by the natural surjection
M — M/M’:

(M/M")(<a) = (M(<ay + M')/M"  for every .

For a two-sided ideal I of R, the induced filtration makes R/I a multi-filtered K -algebra.

2.2. Multi-graded K -algebras and modules. A multi-grading on R (indexed by N*)
is a family {R(a) }a of K-linear subspaces of R such that

(1) R= @a R, (internal direct sum of K-linear subspaces of R);

(2) R - R(g) € R(ap) for all multi-indices «, (3.
A K-algebra equipped with a multi-grading is called a multi-graded K -algebra. Suppose
R is multi-graded. A multi-grading on a left R-module M (indexed by N*V) is a family
{M () }a of K-linear subspaces of M such that

() M =@, My

(2) R(a) . M(B) - M(a+6) for all a, ﬂ
A left R-module equipped with a multi-grading is called a multi-graded left R-module.
Let M be a multi-graded left R-module. We call the K-linear subspace M) of M the
homogeneous component of degree o of M. We always view R as a multi-filtered K-
algebra, and M as a multi-filtered left R-module by means of the natural multi-filtrations

{Ri<a}, and {M(<a) },, given by
Rica) = @ Ry, M<a) = @ Mg for every a.

BLa BLa
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Every f € M has a unique representation in the form f =} f(o) where f(o) € M, for
all o, and f(,) = 0 for all but finitely many «.. We call f(,) the homogeneous component
of degree v of f. Similarly, given a K -linear subspace V of M which is homogeneous
(ie., for f € M we have f € V if and only if f,) € V for each ), the homogeneous
component of degree o of V' is denoted by V() := V N M(,), s0

V= @ Vi (internal direct sum of K -linear subspaces of M).

If M’ is a homogeneous left R-submodule of M, then the M, ('a) furnish M’ with a multi-

grading making M’ a multi-graded left R-module, and we make M /M’ into a multi-graded
left R-module by the multi-grading induced from M:

(M/M") (o) := (Moy +M")/M" for every c.

The multi-filtration of M /M’ associated to this multi-grading agrees with the multi-filtra-
tion of M /M’ induced from the multi-filtered left R-module M. If I is a two-sided ideal
of R, then R/I a multi-graded K -algebra by means of the induced multi-grading.

2.3. The associated multi-graded algebra. Suppose R is multi-filtered, and let M be a
multi-filtered left R-module M. Consider the left R-module

g M =P (er M)y  with (gr M)() = M(<a)/M(<a)
o

with

(f+Rcay)) (9+Mcp) =f 9+ Mcarp
for all o, B, and f € R(<qa), 9 € M(<p). For M = R we obtain a multi-graded K-
algebra gr R, called the multi-graded K -algebra associated to R. In general, gr M is a
multi-graded left gr R-module, the multi-graded left gr R-module associated to M. For
non-zero f € M of degree a we denote by

grf:=f+ M<a € (gr M)

the initial form (or symbol) of f, and we put gr 0 := 0 € gr M. Given a left R-submodule
M’ of M, the inclusion M’ — M induces an embedding gr M’ — gr M of multi-graded
left R-modules, and we identify gr M’ with its image under this embedding.

2.4. The Rees algebra. Suppose R is multi-filtered. The Rees algebra of R is the multi-
graded K -algebra

R* = @ (R*)(a) with (R*)(@) = R(ga).

For a non-zero element f of R of degree o we let f* := f € (R*)(,) be the homoge-
nization of f; by convention 0* := 0. Let I be a two-sided ideal of R. We let I* be the
two-sided ideal of R* generated by all f* with f € I; the ideal I* is homogeneous, and is
called the homogenization of . The natural surjection R — R/ is a morphism of multi-
filtered K -algebras which induces a surjective morphism R* — (R/I)* of multi-graded
K-algebras whose kernel is I*; the induced homomorphism R*/I* — (R/I)* is an iso-
morphism of multi-graded K -algebras. The natural inclusions (R*)) = R(<a) € R
combine to a K-linear map h — h,: R* — R which is a surjective homomorphism of
multi-graded K -algebras satisfying (f*), = f forall f € R. For h € R* the element
h. of R is called the dehomogenization of h. We extend this notation to subsets of R*:
H, :={hy: h € H} for HC R*. If J is a left ideal of R*, then J, is a left ideal of R.
Hence if H C R* then (H). = (H.,).
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2.5. Filtered and graded algebras. By a filtered K-algebra we will mean an multi-
filtered algebra whose filtration is indexed by N, and similarly a multi-graded K -algebra
whose grading is indexed by N is just called a graded K -algebra. Analogous terminology
will be used in the case of left R-modules. (Most of our multi-filtered or multi-graded
objects will actually be filtered, respectively graded; we introduced the more general con-
cepts in order to be able to speak about the associated multi-graded algebra of an algebra
of solvable type with respect to the “fine filtration”; see Corollary 2.5.)

Suppose R = | J,; R(<aq) is a filtered K -algebra. We denote by ¢ the canonical element
of R*, that is, the unit 1 of R, considered as an element of (R*)(l) = R(@). In this case
the graded K -algebra associated to R and the Rees algebra of R are related as follows: the
natural surjections

(B (@) = Bga) = Bi<ay/Ri<a) = (&1 B)(a)
combine to a surjective K -algebra morphism R* — gr R which has kernel R*¢ and hence
induces an isomorphism
R*/R*t = grR 2.1)
of graded K -algebras.

2.6. Homogenization of graded algebras. Suppose now that R = @D, R(y) is a graded
K-algebra. We make the ring R[T| of polynomials in one commuting indeterminate 7'
over R into a graded K -algebra using the grading

R[T)=EPR[Tla  with R[T)4 = @ RuT’.
d i+j=d
The K-linear map R[T] — R* with fT7 — ft/ for all f € R(; and i,j € N is an
isomorphism of graded K -algebras. In the following we always identify the Rees algebra

of a graded K -algebra R with the graded K-algebra R[T']. Then the canonical element of
R* is T, and for non-zero f € R of degree d we have

d
[r= Zf(i)Tdﬂ € (R) ),
i=0

andforh =" (hT' € R*wegeth, =" (h; € R.

2.7. The opposite algebra and the enveloping algebra. The opposite algebra of R is
the K-algebra R°P whose underlying K-linear space is the same as that of R and whose
multiplication operation -°P is given by a-°?b = b-a for a, b € R. The enveloping algebra
of R is the K-algebra R := R ®x R°P. There is a natural one-to-one correspondence
between R-bimodules and left R°"V-modules: every R-bimodule M also has a left R -
module structure given by

(a®b)- f=afb fora € R,b€ R°®,and f € M,
and conversely, every left R®*-module M’ also carries an R-bimodule structure with
af'b=(a®b)f fora € R,be R°®,and f' € M’.
There is a surjective morphism p: R°™ — R of left R°"Y-modules with
ula®@b)=ab  fora € R,be RP.

For every n, acting component by component, 4 induces a surjective morphism ( R*™)" —
R™ of left R°™-modules, which we also denote by pi. Thus for every R-bisubmodule M of
R™ we obtain a left R®-submodule ;2 ~ (M) of (R°™)" containing ker y, and the image
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(M) of aleft R°™-submodule M’ of (R°™)™ with ker  C M’ is an R-bisubmodule of
R™. The kernel of x is generated by

(iol,... . fn®)—(1® f1,...,1® fn) (fi,---, fn € R).

2.8. Non-commutative polynomials. In the following we let X = (X;,...,Xy) be a
tuple of N distinct indeterminates over K and denote by X * the free monoid generated by
{X1,...,Xn}. The free K-algebra K(X) = K(X;,..., Xy) generated by X (that is,
the monoid algebra of X* over K) has a natural grading

K(X) =P KX)@
d

defined by the length of words in X*. Let I be a two-sided ideal of K (X ). The K -algebra
R = K(X)/I is generated by the cosets X;+1 (i = 1,..., N). Let T be an indeterminate
over K distinct from X1,..., Xn. We identify the Rees algebra K (X)* of K(X) with
the graded K-algebra K(X)[T] as explained in the previous subsections; similarly, the
Rees algebra R* of R will be identified with K (X)*/I* = K(X)[T|/I*. For a non-zero
f € K({X) of degree d we define the homogeneous polynomial

d
= Z foT4 e K(X,T). (2.2)

i=0
The two-sided ideal I" of K(X,T) generated by f" for non-zero f € I and the poly-

nomials X;T — TX; (¢ = 1,...,N) is homogeneous, and the natural K-linear map
K(X,T) — K(X)[T] induces an isomorphism

K(X,T)/I" = R* = K(X)[T)/I* (2.3)
of graded K -algebras.

2.9. Affine algebras. In the rest of this section, we let R be a finitely generated K -algebra

andwe fixatuple x = (21, ..., xN) of elements of R. For amulti-index o = («, ..., an)
put x := z{*---z%”. We say that the K-algebra R is affine with respect to x if the
family {x®}, is a monomial basis of the K -linear space R. (Note that then z1,...,zx

generate R as a K-algebra.) Usually, we obtain affine K -algebras by specifying a com-
mutation system in K (X), that is, a family R = (Ry;)1<i<j<n of (§) = N(NV —1)/2
polynomials

Rij :Xin—CinZ‘Xj—PZ'j
where 0 # ¢;; € K and P;; € @KXO‘ forl<i<j<N. (24

Let R = (R;;) be a commutation system and I = I(R) be the two-sided ideal of K (X)
generated by the polynomials R;; (1 < ¢ < j < N), and suppose R = K(X > I with
r; = X;+10@=1,...,N). We say that the finitely presented K -algebra R is defined
by R. We construe K(X) as a filtered K -algebra via filtration by degree of polynomials
in K(X), and we equip R with the filtration induced by the natural surjection K (X) —
K(X)/I = R. We call the filtration of R arising in this way the standard filtration of R
(with respect to x1, ..., x ). If R turns out to be affine, then the generators z1, ...,z N of
the K -algebra R have degree 1.

The proposition below contains a useful criterion, due to Bergman [4], for verifying that
K(X)/I is affine. Before we can state it, we need to introduce some further notation. For
awordw = X;, --- X; € X* withiy,... i, € {1,..., N} we define the misordering
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index i(w) of w as the number of pairs (k,l) with 1 < k < 1 < m and i, > ;. We
define a (strict) ordering of X* by setting v < w if v is of smaller length than w or if v is a
permutation of the symbols of w with i(v) < i(w). Note that < is only a partial ordering
of X* if N > 0. Given elements ¢ and b of a ring, we put [a, b] := ab — ba.

Proposition 2.1. Suppose R = (Rij) is a commutation system with R;; as in (2.4), such
that c;j = 1 for 1 < i < j < N. Then the K-algebra defined by R is affine if and only if
forl <i < j < k< N, the polynomial

(X5, Pjr] + [ X5, [ Xk, Xi]] + [ Xk, Pij]

is a K-linear combination of polynomials of the form vQ,sw where v,w € X* and 1 <

r < s < N such that vX  X,w < Xp X; X,

Affineness of K -algebras may also be shown with Mora’s theory [28] of Grobner bases
for two-sided ideals in K (X), which we won’t discuss here; cf. [17, Theorem 1.11].

Examples 2.2. We mention some prominent examples for K -algebras which can easily be
seen to be affine using Proposition 2.1:

(1) A K-algebra is called semi-commutative if for every pair f, g of its elements
there is a non-zero ¢ € K with fg = cgf. f P,j = 0forl1 < ¢ < j < N
in (2.4), then the K-algebra defined by R is affine and semi-commutative. If in
addition ¢;; = 1 for 1 <7 < j < NV, then the K-algebra defined by R is naturally

isomorphic to the K-algebra K [z] = K|x1, ...,z ] of commutative polynomials
in the tuple of indeterminates x = (x1, ...,z ) with coefficients in K.
(2) The n-th Weyl algebra A, (K) over K is the K-algebra generated by N = 2n
generators x1,...,Ty, 01, ..., 0, subject to the relations
TjT; = L%, ajal = Bﬁj forl <i< j<n,
8]'171':131'8]' forlgz,jgn,z;éj,
Oix; = x;0; + 1 forl <i<n.

Using Proposition 2.1 one sees easily that A, (K) is affine with respect to the
generating tuple (x,0) := (z1,...,%n,01,...,0,). The standard filtration of
A, (K) is also known as the Bernstein filtration of A,, (K).

(3) Let g be a Lie algebra over K of dimension n, and let {z1,...,2y} be a basis of
g. The universal enveloping algebra of g is a K-algebra U(g) which contains g as
K-linear subspace and is generated by 1, ...,z subject to the relations

xjr; = xw; — (x5, 2]y forl <i<j< N,

The fact that U(g) is affine with respect to the tuple (x1, ...,z x) is known as the
Poincaré-Birkhoff-Witt Theorem (cf. [4, Theorem 3.1]).

We say that a commutation system R = (R;;) as above is quadric if every polynomial
P;; has degree < 2, linear if every P;; has degree < 1, and homogeneous if all R;; are
either zero or homogeneous (necessarily of degree 2). All examples of affine K -algebras
given above are defined by linear commutation systems (and the semi-commutative even
by homogeneous ones).

2.10. Algebras of solvable type. The definition below is due to Kandri-Rody and Weis-
pfenning [17]. Recall that < denotes an admissible ordering of N*.
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Definition 2.3. The K-algebra R is said to be of solvable type with respect to the fixed
admissible ordering < of NV and the tuple * = (z1,...,zy) € RN if R is affine with
respect to z, and for 1 < ¢ < j < N there are ¢;; € K, ¢;; # 0, and p;; € R such that

Tjr; = cijxix; +pi; and  lm(p;;) < ;).
(Note that the ¢;; and p;; are then uniquely determined.)
The following fact is proved in [17, Lemma 1.4]:
Lemma 2.4. Suppose R is of solvable type with respect to < and x. Then
Im(f - g) = Im(f) *1m(g) for non-zero f,g € R.
In particular, R is an integral domain.

If R is semi-commutative, then R is of solvable type with respect to = and every
admissible ordering of NV, and each homogeneous component R,y of R has the form
R(o) = Kx“. By the preceding lemma we have:

Corollary 2.5. Suppose R is of solvable type with respect to < and x. Then the family

{Rica}, with
R(ga) = @ K(Eﬁ

BLa
is a multi-filtration of R, and its associated multi-graded K-algebra gr . R is semi-com-
mutative with respect to < and § = (&1, ...,&N), where §; :== gr w; fori=1,...,N. If

cij = 1for1 <i < j< N, thengre R = KI[¢] is commutative.
Here is a way of constructing K -algebras of solvable type [17, Theorem 1.7]:

Proposition 2.6. Let R = (R;;) be a commutation system with R;; as in (2.4), let I =
I(R), and suppose R = K(X)/IT with x; = X; + 1 for1 < i < N. Then R is of
solvable type with respect to the admissible ordering < and the tuple x = (x1,...,xN) of
generators for R if and only if the following two conditions are satisfied:

(1) Im(P;;) < Im(X;X;) for1 <i<j<N,and

2 Ing, KX~ ={0}.

Remark 2.7. Suppose that R is affine with respect to < and z, and let 7: K(X) — R be
the surjective K -algebra homomorphism with X; — z; fori =1,...,N. Let R = (R;;)
be a commutation system as in (2.4) satisfying condition (1) in Proposition 2.6 and with
ker 7 containing I = I(R). Then I = kerm, so R is of solvable type with respect to <
and z. (To see this note that kerm N @, KX = {0} since R is affine; in particular,
IN@®,KX* = {0}, hence K(X) = I @& @, KX* by Proposition 2.6, and thus I =
ker 7.)

Every K-algebra of solvable type arises as described in Proposition 2.6: Suppose R =
K (z) is of solvable type as in Definition 2.3; let 7 be as in Remark 2.7, for1 <i < j < N
let P;; be the unique polynomial in @, KX such that 7(P;;) = p;;, and define the
commutation system R = (R;;) as in (2.4). Then clearly ker 7 contains I = I(R). So
ker m = I by the preceding remark, and 7 induces an isomorphism K(X)/I — R. Hence
we may define properties of a K -algebra of solvable type in terms of the unique commu-
tation system that defines it. For example, we say that a K-algebra of solvable type is
quadric or homogeneous if its defining commutation system is quadric or homogeneous,
respectively.



DEGREE BOUNDS FOR GROBNER BASES IN ALGEBRAS OF SOLVABLE TYPE 15

Condition (1) in the previous proposition automatically holds if P;; € K for 1 < ¢ <
J < N, orif <is degree-compatible and deg P;; < 2 for 1 < i < j < N. Hence the n-th
Weyl algebra A,,(K') over K is of solvable type with respect to the generating tuple (x, 9)
and every admissible ordering of N?”. Similarly, the universal enveloping algebra of an
N-dimensional Lie algebra over K is of solvable type with respect to the generating tuple
x and every admissible ordering of N'V. The only commutative K -algebra of solvable type
with respect to z is the commutative polynomial ring K[x1, . .., 2], which is of solvable
type with respect to every admissible ordering of N*V . All of those examples are quadric.

Lemma 2.8. Suppose that N > 0 and xy is in the center of R. Let S = R/Rx, and for
1=1,..., N — 1let y; be the image of x; under the natural surjection R — S.
(1) If the K-algebra R is affine with respect to x, then S is affine with respect to
Y= (y17 s anyl)'
(2) If R is of solvable type with respect to < and the tuple x, then S is of solvable type
with respect to the restriction of < to NN =1 and y, and if in addition R is quadric
(homogeneous), then S is quadric (homogeneous, respectively).

Proof. Part (1) is clear. For (2), suppose R is of solvable type with respect to < and
xz. Let R = (R;;)1<i<j<n be the commutation system in K (X) defining R. LetY =
(Y1,...,Yn_1) be a tuple of distinct indeterminates over K. The commutation system
S = (Sij)1<i<j<n in K(Y) with S;; := R;;(Y,0) for 1 <14 < j < N satisfies condition
(1) in Proposition 2.6, and I(S) is contained in the kernel of the K -algebra homomorphism
K{Y) - SwithY; — y; fori = 1,...,N — 1. Hence by (1) and Remark 2.7, S
is of solvable type with respect to the restriction of < to NV~=1 and y. If R is quadric
(homogeneous) then S clearly is quadric (homogeneous, respectively). U

In the rest of this section, w: K(X) — R is the K-algebra homomorphism with
m(X;) = a; fori =1,...,N. Wealso let R = (R;;) be a commutation system defining
R = K(x), with R;j as in (2.4), and we assume that R is of solvable type with respect to
<andx = (x1,...,2n). Weput p;j := w(P;;) for1 <i<j < N.

The opposite K-algebra R°P of R is again a K-algebra of solvable type in a natural
way. To see this define the “write oppositely automorphism” of the K-algebra K (X) by
(Xil s XZ‘T)OP = Xi,. v Xil forall¢¢,...,7, € N.

Also set a°? := (ay,...,aq) for every multi-index @ = (ay,...,an) and define the
“opposite ordering” of NV by

a<Pf = o <[  forall multi-indices o, 3.

Then R°P := (R;’]P) is a commutation system defining a K -algebra of solvable type with
respect to <°P and z°P := (xp, ..., 1), which can be naturally identified with R°P.

2.11. The enveloping algebra of an algebra of solvable type. The class of K-algebras
of solvable type is closed under tensor products. More precisely, let <’ be an admissible
ordering of NV’ (where N’ € N), and let R’ = (R} ;) be acommutation system in K(Y) =
K(Yi, ey YN’): with

Ry =Y;Yi— ViV = P (1<i<j< N
where 0 # ¢; € K and Pj; € ., KY®'. (Here and below, o/ ranges over NV'.) Let

R = K(Y)/I(R’), with natural surjection 7’: K(Y) — R/, and let y; := 7'(Y}) for
j=1,...,N"and pj; := 7'(P/;) for 1 <i < j < N’. Suppose that R’ is of solvable type
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with respect to <’ and y = (y1,...,yn). The K-algebra S := R ® ¢ R’ is generated by
the (N + N')-tuple

(r1®1,...,28v® 1,1 Qy1,...,1 Qyn). (2.5)
We have the following (see [31, Proposition 1]):

Proposition 2.9. The K-algebra S = R ®g R’ is of solvable type with respect to the
lexicographic product of the orderings < and <', and the (N + N')-tuple of generators
(2.5). The commutator relations of S are

(z; @) (2 ®@1) =2 @1)(z; 1) +pi; @1 (1<i<j<N)
(zie)(1ey)=1y)z®l) (1<i<N, 1<j<N)
1oy)(leoy)=c;leyu)ley)+1ep,; (1<i<j<N).

Hence if R and R’ are quadric, then so is S.

By the above, R®™ = R ®p R°P is an algebra of solvable type in a natural way,
with respect to the admissible ordering <®*¥ on N2V = NV x N¥ obtained by taking
the lexicographic product of < with itself. For every given n, the kernel of the left R°™-
morphism p: (R*™)™ — R™ introduced in Section 2.7 is generated by the elements

(" @1)— (1@z™))e, (I1<i<N,1<j<n) (2.6)
of (R°™)™. Here
e1 =(1,0,...,0),e0 = (0,1,0,...,0),...,ex = (0,...,0,1) € NV,

and ey, ..., e, are the standard basis elements of the left R**¥-module (R*"V)™. Hence if
M is an R-bisubmodule of R™ generated by

fi:(fil,...,fm)eR" (i:L...,m),

then the corresponding left R°"-submodule p~!(M) of (R®™)™ is generated by the ele-
ments in (2.6) and

(fll®1u"'7f1n®1)7"'7(fm1®17"’7fmn®1>~

2.12. Quadric algebras of solvable type. In the rest of this section, R is assumed to be
quadric. We have lm(7(v)) = lm(7(w)) for all words v, w € (X) which are rearrange-
ments of each other (by Lemma 2.4). This observation is crucial for the proof of the next
lemma, to be used in the following subsection:

Lemma 2.10. For every d we have

R(gd) = @ Kz®.

| <d

Proof. We equip NV+1 = NV x N with the lexicographic product of the given admissible
ordering < of NV and the usual ordering of N. It suffices to show, by induction on pairs
(a,i) € NV x N: every word w € (X) with Im(m(w)) = z® and i(w) = i belongs
to I(R) + @ p<q KX where d = length of w. If i(w) = 0 then w € @54 KX7,
and there is nothing to show; so suppose i(w) > 0 (in particular, d > 0). Then there are
i,j € {1,...,N}and u,v € (X) withi < j, w = uX;X,v and i(u) = 0. We have
uR;;v € I(R) and
w = Cij’U,Xin’U + Upij’l) + ’LLRZ'J"U.
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We also have Im(7(uX;X,v)) = Im(w(w)) and i(uX,;X;v) = i(w) — 1, and moreover
Im(7(uP;;v)) < lm(7(w)) and deg(uP;;v) < d since R is quadric. Thus by inductive
hypothesis, ©uX; X ;v and uP;;v are elements of I(R) + @\ﬁ\gd K XP: hencesoisw. O

2.13. Homogenization and homogeneous algebras of solvable type. Let T be an in-
determinate over K distinct from Xi,..., Xy. In the following we identify the Rees
algebra R* of R with the graded K-algebra K (X,T)/I(R)" via the isomorphism (2.3).
Then the canonical element of R* is t = T + I(R)", and the K-algebra R* is gener-
ated by «7,...,z},t € (R*)(1), where 27 = X; + I(R)" is the homogenization of z;
(t=1,...,N). Letz* := («f,...,z%). By Lemma 2.10, for every d we have

(R*)(d) _ @ K($*>atd_|a‘.

lal<d
In particular, the K -algebra R* is affine with respect to (x*,¢). In fact:

Corollary 2.11. The Rees algebra R* of R is homogeneous of solvable type with respect
to the lexicographic product <* of the admissible ordering < of NV and the usual ordering
of N, and the generating tuple (x*,t).

Proof. We construct a homogeneous commutation system R" in K (X, T) by enlarging
the family (R?j>1§i<j§]\7 by the polynomials X;7"— TX; (i = 1,..., N). (See (2.2) for
the definition of R?j.) One sees easily (by choice of <*) that RP satisfies condition (1) in
Proposition 2.6. Clearly the surjective K-algebra homomorphism K(X,T) — R* with

X; — xf fori = 1,...,N and T~ t sends every polynomial in I(R") to zero, hence
induces an isomorphism K (X,T)/I(R") — R* by Remark 2.7. Thus R* is of solvable
type as claimed. (]

In the following, by abuse of notation, we denote the homogenization z; € R* of
x; € R also justby z;, fori = 1,..., N. So the homogenization of f € R of degree d is

f* — Z‘faxatd—\(ﬂ c (R*)(d)7

and for every multi-index « and i € N the dehomogenization of the monomial z“#* is
given by (zt"), = x*.
Examples 2.12.

(1) The Rees algebra of the commutative polynomial ring K[z1, ...,z y] is the com-
mutative polynomial ring K{z1,...,zy,t] equipped with its usual grading by
(total) degree.

(2) If R = A, (K), then R* is the graded K -algebra generated by 2n + 1 generators

Z1y--y Ty, 01, ..,0n,tsubject to the homogeneous relations
TjTi = TiTj, ajal = 8283 forl <1< _] < n,
6j:ci:xi(9j forlgi,jgn,i;éj,
Ojx; = x;0; + 12 forl <7< n,

Jiit = LL.Z‘,L', 8it = t@i for 1 < ) < n.

The Rees algebra of A,,(K) is known as the homogenized Weyl algebra, cf. [32].
(3) Let g be a Lie algebra over K with basis {by,...,by}. The Rees algebra of
the universal enveloping algebra U(g) of g is the graded K-algebra generated by
x1,...,ZN,t subject to the homogeneous relations
:rjxi:xixj—i—[bj,bi]gig f0r1<i<j<N,
.%‘it:t.’lﬁi fOI‘lS’L'SN.
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The Rees algebra of U(g) is also called the homogenized enveloping algebra of g
in [34].

The elements y1, ..., yn, where y; = gra; € (gr R)() fori = 1,..., N, generate the
K-algebra gr R. Moreover:

Corollary 2.13. The associated graded algebra gr R of R is homogeneous of solvable type
with respect to the given admissible ordering < of NV and the tuple y = (y1,...,yn).
Moreover, if deg Pyj < 2 for 1 < i < j < N then gr R is semi-commutative, and gr R is
commutative if and only if deg P;; < 2 and c;; = 1 for 1 <i < j < N.

Proof. The first statement follows from Lemmas 2.8, (2) and 2.11, using the isomorphism
(2.1). Suppose deg P;; < 2for1 < i < j < N. Then z;x; = ci;x:2; + p;; where
pij € R(<2), and hence y;y; = c;;y:y; ingr R, for 1 < 4 < j < N. Therefore gr R is
semi-commutative, and commutative if and only if ¢;; = 1for1 <4 < j < N. O

In each of the examples in 2.12, the associated graded algebra is commutative. We have
only considered the homogenization of R with respect to the standard filtration of R; for
other types of homogenizations see [5, Section 4.7].

Now assume that R is homogeneous. Then R is a graded K -algebra, equipped with the
grading induced from K (X) by 7: K(X) — R. By Lemma 2.10 we have

R = @ Kz®

|a|=d
for every d. Hence if N > 0 then
N+d-1
dimg Ry = < er ) for every d. 2.7)

Given a homogeneous K -linear subspace V of R, the Hilbert function Hy : N — Nof V/
is defined by

Hy (d) := dimg V(g for each d.

Clearly if a homogeneous K-linear subspace V' of R can be decomposed as a direct sum

V=V

i€l
of a family {V;};c of homogeneous K-linear subspaces of R with V; C V forevery i € I,
then for every d we have

Hy(d) = Hy,(d),

icl
where all but finitely many summands in the sum on the right hand side are zero. In many
important cases, the Hilbert function Hy (d) of V will agree with a polynomial function for
sufficiently large values of d. If there exists a (necessarily unique) polynomial P € Q[T
such that Hy (d) = P(d) for all sufficiently large d, then we will denote this polynomial
by Py, and call it the Hilbert polynomial of V. In this case, the smallest € N such that
Hy (d) = Py(d) for all d > r is called the regularity of the Hilbert function Hy,, which
we denote here by o (V). For example, for V' = R and N > 0 we have

1

==

T+N-1)-(T+N-2)---(T+1)
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by (2.7), with o(R) = 0. In a similar vein, for a finitely generated graded left R-module
M, each of the homogeneous components M) has finite dimension as a K -linear space,
and the function Hj;: N — N defined by

Hyr(d) == dimg Mg for each d

is called the Hilbert function of M; moreover, there exists a polynomial Py, € Q[T
of degree < N such that Hys(d) = Py(d) for d sufficiently large, called the Hilbert
polynomial of R. The degree of Py, is one less than the Gelfand-Kirillov dimension of the
graded left R-module M. (See, e.g., [5, Chapter 7].) In particular, if I is a homogeneous
left ideal of R, then P; exists and has degree < N, and Pg N Pr — Pi(if R/I is
considered as a left R-module). We define the regularity (M) of H); similarly to the
regularity of Hy above.

3. GROBNER BASES IN ALGEBRAS OF SOLVABLE TYPE

In this section we let R = K (x) be a K -algebra of solvable type with respect to a fixed
admissible ordering < of N and a tuple z = (z1,...,zy) € RY.
3.1. Left reduction. Given f, f',g € R, g # 0, we write f — [’ if there exist c € K
and multi-indices «, 3 such that !
Im(z%g) = z® € supp f, le(calq) = fo, f = f—caPy.

We say that an element f of R is reducible by a non-zero element g of R if lm(g) divides
some monomial in the support supp f of f, thatis, if f — f’ for some f' € R. If R is
7

homogeneous, f, f',g € R, g # 0, and f, g are homogeneous with f — f’, then [’ is
g

also homogeneous.

Let G be a subset of R. We say that an element f of R is reducible by G if f is
reducible by some non-zero g € G; otherwise we call f irreducible by G. We write
f - frif f 7 f! for some g € G. The reflexive-transitive closure of the relation -

is denoted by %» We say that fy € R is a G-normal form of f € Rif f %» fo and fy

is irreducible by G. One may show that there is no infinite sequence fy, f1,... in R with
fo— h f2 — o Im ;

hence every element of R has a G-normal form [17, Lemma 3.2]. If R is homogeneous
and G consists entirely of homogeneous elements of R, then every homogeneous element
of R has a homogeneous G-normal form.

3.2. Grobner bases of left ideals in R. Let G be a finite subset of R. Note that if f % b

(f, f' € R), then there exist g1, ..., g, € G and py,...,p, € R such that
f=pgi+-+pmgm+f, Imlpigr),....Im(Pmgm) < Im(f).

In particular, if f % 0 then f is an element of the left ideal (G) of R generated by

G. If f % 0 for every f € (G), then G is called a Grobner basis (with respect to
our admissible ordering <). The following proposition (for a proof of which see [17,
Lemma 3.8]) gives equivalent conditions that help to identify Grobner bases.

Proposition 3.1. The following are equivalent:
(1) G is a Gribner basis.
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(2) Every non-zero element of (G) is reducible by G.
(3) Every element of R has a unique G-normal form.
(4) For every non-zero f € (Q) there is a non-zero g € G with lm(g)| lm(f).

Given a left ideal I of R, we say that a subset G of I which is a Grobner basis and
which generates [ is a Grobner basis of I (with respect to <). Suppose now that G is
a Grobner basis of I = (G). Given f € R, we denote by nfg(f) the unique G-normal
form of f, so f — nfe(f) € I. Moreover, if f, g € R have distinct G-normal forms, then
h :=nfe(f) — nfe(g) is a non-zero element of R which is irreducible by G, so h ¢ I by
the equivalence of (1) and (2) in Proposition 3.1 and thus f — g ¢ I. Hence two elements
f and g of R have the same G-normal form if and only if f — g € I.

Corollary 3.2. Suppose G is a Grobner basis of I. Then the map
fenfa(f): R— R
is K-linear, and its image nf ¢ (R) satisfies
R=1®nfg(R) (internal direct sum of K-linear subspaces of R).

A basis of the K -linear space nf ;(R) is given by the set of all monomials of R not divisible
(in (x°, %)) by some lm(g) with g € G, g # 0.

Proof. Let f,f',g € R, g # 0,andc € K, c # 0. If f — [’ then ¢f — cf’,
g )

and if f € R is G-irreducible, then so is ¢f. This yields nfg(cf) = enfg(f). Also, h :=
nfe(f)+nfe(f')is G-irreducible and h— (f+ f') € I, hence h = nfg(h) = nf(f+f')
by the remark preceding the corollary, and thus nfg(f + f') = nfg(f) + nfg(f’). This
shows K-linearity of f +— nfq/(f). The rest of the corollary is clear. O

By the previous corollary, nfg(R) does not depend on G. In fact, employing the no-
tation introduced in Section 1 we have nfg(R) = nfp/(R) where M is the K-linear
subspace of R generated by

Im(I) = {Im(f) : 0 f € I}.
The decomposition i = I @ nfg(R) of R corresponds to the decomposition gre R =
gre I © gre M of the semi-commutative associated graded algebra gre R = K(§) of
R with respect to the fine multi-filtration. Here gro I = (greIm([7)), so if gre R is
commutative, then gr I a monomial ideal of gr R in the usual sense of the word. The
K-linear subspace gr nfg(R) of gr¢ R is generated by the symbols gr 2® = £ with
x® € nfg(R).

Every left ideal I of R has a Grobner basis. (Since being a Grobner basis includes be-
ing finite, this means in particular that the ring R is left Noetherian.) To see this, note that
Im(7) is an ideal of the commutative monoid of monomials of R (with multiplication ).
Hence there is a finite set G of non-zero elements of I such that for every non-zero f € I
we have Im(g)|lm(f) for some g € G; then G is a Grobner basis of I. This argument
is non-constructive; however, as observed in [17], by an adaptation of Buchberger’s al-
gorithm one can construct a Grobner basis of I from a given finite set of generators of 1
in an effective way (up to computations in the field K and comparisons of multi-indices
in NV by the chosen admissible ordering <). The main ingredient of this algorithm is the
following notion:

Definition 3.3. The S-polynomial of elements f and g of R is defined by
S(f,9) = dle(g) - 2 f — ele(f) - 2,
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where o and (3 are the unique multi-indices such that
2%« Im(f) = 2% * Im(g) = lem (Im(f),1m(g)),
and ¢ = lc(2® f), d = lc(27g).

Now we can add the following equivalent condition to Proposition 3.1 (cf. [17, Theo-
rem 3.11]):

Proposition 3.4.

G is a Grébner basis <~ S(f,g) % Oforall f,g € G.

Starting with a finite subset Go of R, Buchberger’s algorithm successively constructs
finite subsets
GoCG1C---CGpC---
of elements of the left ideal I = (Gy) as follows: Suppose that G}, has been constructed
already. For every pair (f, g) of elements of G}, find a Gj-normal form r(f, g) of S(f, g).
If all of these normal forms are zero, then G := Gy, is a Grobner basis of I, by the previous
proposition, and the algorithm terminates. Otherwise, we put

Gryr = GrU{r(f,9): f.g € Gy}

and iterate the procedure. Dickson’s Lemma guarantees that this construction eventually
stops. (See [17] for details.)

Definition 3.5. One says that G is a reduced Grobner basis of the left ideal I of R if

(1) G is a Grobner basis of I
(2) lc(g) = 1 for every g € G; and
(3) g € nfg\ (g1 (R) forevery g € G.

Every left ideal I of R has a unique reduced Grobner basis (see [17, Section 4]); hence
we can speak of the reduced Grobner basis of I. From a given Grobner basis G, the
reduced Grobner basis of I = (G) can be computed as follows: First, after shrinking G
if necessary, we may assume that 0 ¢ G and that Im(G) is a minimal set of generators of
the monomial ideal generated by lm(7). Multiplying each element g of G by lc(g)~! we
may then further achieve that lc(g) = 1 for every g € G. Suppose G = {g1, ..., gm } With
pairwise distinct g1, ..., gm. Let h; := g; — lm(g;) and put ¢} := lm(g;) + nfe(h;), for
i=1,...,m. Then G’ := {g1,...,9.,} is the reduced Grobner basis of I.

In summary, Grobner bases of left ideals in R share properties similar to Grobner bases
of ideals in the commutative polynomial rings over K, with slight differences; most no-
tably, a collection of monomials in R is not automatically a Grébner basis for the left ideal
it generates [17, p. 17].

3.3. Grobner bases of two-sided ideals in R. It is possible to also define a notion of
Grobner basis for two-sided ideals of R:

Proposition 3.6. Let G be a finite subset of R. The following statements are equivalent:

(1) G is a Gréobner basis, and the two-sided ideal of R generated by G agrees with
the left ideal (G) of R generated by G.

(2) G is a Grébner basis, and gx; € (G) foreveryg € Gandi=1,...,N.

(3) For every non-zero element f of the two-sided ideal of R generated by G there
exists a non-zero g € G with Im(g)| lm(f).
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If a finite subset G of R satisfies one of the equivalent conditions in this proposition
(proved in [17, Theorem 5.4]), then G is called a two-sided Grobner basis (with respect
to <). If I is a two-sided ideal of R, then a subset G of I is called a Grobner basis
of I (with respect to <) if G is a two-sided Grobner basis which also generates the two-
sided ideal I. The following observation (from [31]) allows one to reduce the computation
of two-sided Grobner bases in R to the computation of one-sided Grébner bases in the
enveloping algebra of R:

Proposition 3.7. Let I be a two-sided ideal of R, and let G be a Grobner basis of the left
ideal =1 (I) of R°™. Then 1(G) is a Grébner basis of I.

3.4. Grobner bases in homogeneous algebras of solvable type. In this subsection R
is assumed to be homogeneous. From Buchberger’s algorithm and earlier remarks we
immediately obtain:

Corollary 3.8. The reduced Grobner basis of each homogeneous left ideal of R consists
of homogeneous elements of R.

The following lemma is essentially due to Macaulay. Here and below, the cardinality of
a finite set S is denoted by #.5S.

Lemma 3.9. Suppose V is a homogeneous K -linear subspace of R. Then
Hy(d) = #1m(V(q))  foreveryd.

Proof. Put W := V{4), and for each w € Im(W) choose f,, € W with Im(f,,) = w. We
claim that the f,, form a basis of the K -linear space W. Clearly, the f,, are K-linearly
independent. Let W’ be the K-linear subspace of W generated by the f,,, and suppose
for a contradiction that W' # W. Take f € W \ W’ such that w := lm(f) is minimal,

with respect to our admissible ordering <, and put g := f — (llc(z(f{?)) fw € W'. Then
Im(g) < w, thus g € W' and hence f € W, a contradiction.

Let now I be a homogeneous left ideal of R with Grobner basis G. The K-linear
subspace M := nfg(R) of R is generated by monomials of R, hence is homogeneous,
with R = I & M. Therefore, the Hilbert function of R/I can be expressed as:

Hp/1(d) = Hr(d) — Hr(d) = Hy(d) = #1m(Mq)) for every d.

3.5. Grobner bases and dehomogenization. In this subsection we assume that R is
quadric (so R* is of solvable type as explained in Section 2.13). We collect a few facts
concerning leading terms, reductions, and S-polynomials with respect to dehomogeniza-
tion:

Lemma 3.10. Let f, f', g € R* be homogeneous, g # 0. Then

(1) Im(f.) = (Im ), le(f.) = le(f);

) i f — ' then fu — fi;

g 9=

3) (S(£, 1), = S(fs 12).
Proof. For (1), let a and 3 be multi-indices and i, € N. Then (z°t%), = z and
(xPt)), = 2P, so if deg(x*t!) = deg(zPt?), then (z°t%), = (2Pt?), implies i = 7,
hence

2 < AP = (xo‘ti)* < (:cﬁtj)*.
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This observation immediately yields (1). For (2), suppose f — f’, and let «, 3 be
multi-indices, 7, 7 € N, and ¢ € K such that !
Im(zPtig) = x*t" € supp f, le(caPtig) = fay, f=1r— cxPtlg.
Then (')« = f« — cx”g., and Im(2%g,) = 2% by (1). Since f is homogeneous, we have
(fe)a = f(a,i), 0 x* € supp f, and lc(czPg.) = (fi)a- Thus f, - f~. For (3), let o,
[ be multi-indices and i, j € N such that
2"« Im(f) = 2t/ « Im(f') = lem (Im(f), Im(f")),
and ¢ = le(z*t' f), d = lc(zPt/ f'). Then
U, f) = dle(f') - 2t f — cle(f) -V f,

hence
(S(f.11), = dle(f') -2 fu = cle(f) - 2 fL.
By (1) we also have

2% xIm(f.) = 27 * Im(fL) = lem (Im(f.), Im(f)))
and ¢ = lc(z® f.), d = le(xP f!). This yields (3). O

The following corollary often allows us to reduce questions about arbitrary Grobner
bases to a homogeneous situation:

Corollary 3.11. Let I be a left ideal of R, and let G be a generating set for I. Let J be the
left ideal of R* generated by all g* with g € G, and let H be a Gribner basis of J with
respect to <* consisting of homogeneous elements of R*. Then H, = {h. : h € H} isa
Grobner basis of I with respect to <.

Proof. We have I = J, = (H). = (H.), and by parts (2) and (3) of the previous lemma
S(f,9) HL> 0 forall f,g € H,. Hence H, is a Grobner basis of I. O

Remark 3.12. In the situation of the previous corollary, if H is reduced, then H, is not
necessarily reduced. For example, suppose R = K|[z], the commutative polynomial ring
in a single indeterminate x over K, and G = {22,z + 2%}. Then R* = K |x,t] where t is
an indeterminate distinct from z, and J = (2%, 2t + 2?) = (at,2?). So H = {xt, 2%} is
the reduced Grébner basis of J; but H, = {«, xz} is not reduced.

3.6. Grobner bases and the associated graded algebra. Our algebra R of solvable type
comes equipped with two multi-filtrations: the standard filtration on the one hand, and
the “fine multi-filtration” defined in Corollary 2.5 on the other. In both cases, under mild
assumptions on R, the associated graded algebra of R is an ordinary commutative poly-
nomial ring over K. (Corollaries 2.5 and 2.13.) Thus it might be tempting to try and
deduce Theorem 0.1 from the main result of [9] using “filtered-graded transfer”. Indeed,
the following is proved in [23]:

Proposition 3.13. Suppose < is degree-compatible. Let I be a left ideal of R. If G is a
Grobner basis of I, then

grG:={grg:0+#geG}
is a Grobner basis of the left ideal gr I of gr R consisting of homogeneous elements. Con-

versely, if H is a Grobner basis of gr I consisting of homogeneous elements and G is a
finite subset of I with gr G = H, then G is a Gribner basis of I.
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Proposition 3.13 breaks down if < is not degree-compatible:

Example 3.14. Suppose R = K|z, y] is the commutative polynomial ring in two indeter-
minates = and y over K, and consider the ideal I = (f1, fo, f3) of R, where

fi=zy, fo=x-y% fy=2a"

Then G = {f1, fa, f3} is not a Grobner basis of I with respect to the lexicographic order-
ing of N2 (so y™ < x for every n), since

S(fi, f2) =2y —ylz —y*) = 4°
is irreducible by GG. However, gr G is a Grobner basis of gr I with respect to the degree-

lexicographic ordering of N2. (To see this use Proposition 3.13 and verify that G is a
Grobner basis with respect to this ordering.)

Nevertheless, this proposition does seem to offer an easy way towards Theorem 0.1 in
the special case where < is degree-compatible and gr R is commutative. In this case we
have gr R = K[yi,...,yn]| where y; = gra; fori = 1,..., N. Unfortunately, however,
if the non-zero elements f1,. .., f, of R generate a left ideal I of R, then gr f1,...,gr f,
in general do not generate gr /, as the following example from [23] shows:

Example 3.15. Suppose R = Ay(K) is the second Weyl algebra, and let I = (fy, f2)
where

fi=m3101,  fo=122(01)° — 1.
Then gr fi = gra10y, gr fo = grasgr(d;)? do not generate grI. In fact, {01} is a
Grobner basis for I with respect to the degree-lexicographic ordering of N*.

It seems even less likely to be able to reduce the proof of Theorem 0.1 to the associated
graded algebra gr R of R equipped with the fine multi-filtration, since for every subset ¢
of R, the set gr G = {gr¢ g : 0 # g € G} simply consists of monomials.

3.7. Decomposition of left ideals. In this subsection we let I be a left ideal of R. For
f € R we put

(I:f) ::{gGR:ngI},
a left ideal of R. If R, f and the left ideal I are homogeneous, then so is the left ideal
(I: f)of R.For fi1, fo € Rwealso write (f1 : f2) := ((f1) : fo2).

Lemma 3.16. Let f € R, and let G be a Grébner basis of (I : f). Then
[+(f) = T@nig(R)f.

Proof. Let h € I+ (f). Then we can write h = a + bf witha € T and b € R. Let
c:=nfg(b);thenb —ce (I : f)and

h=(a+(b-0of)+cf,
where the first summand is in I and the second in nfg(R)f. This shows I + (f) =
I + nfg(R) f; moreover, clearly I N nfg(R)f = {0} by construction. O

The previous lemma leads to a decomposition of I into K -linear subspaces of the form
S = nfg(R)f for certain f € R and Grobner bases G as follows: Take f1,..., f, € R,
n > 0, such that I = (fy,..., fn), and for i = 2,...,n let G; be a Grobner basis of

((f1,---5 fi—1) : fi): then
I=(fi) ®nfe,(R)f2® - ®nfg, (R) fo
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Example 3.17. Suppose R = A;(K) is the first Weyl algebra, so R = K({(x,d) with the
relation 0z — 20 = 1, and let I = (f1, f2) where f; = d and fo = x. Then in fact I = R,
and the above decomposition procedure yields

R=(f1)®nfg,(R)fo=(0)® K0 -z ® Klz] -z

Indeed, it is not hard to check that G5 = {9?%, 20 — 1} is the reduced Grébner basis of the
left ideal (f1 : f2) of R, with nfe, (R) = KO @ K|[z]. In particular 0 ¢ (f1 : f2); this is
slightly counterintuitive, since it is always true that (I : f) 2 I in the commutative world.

4. CONES AND CONE DECOMPOSITIONS

In the first subsection we summarize (and, hopefully, somewhat clarify) the algorithmic
core of Dubé’s approach dealing with cone decompositions of monomial ideals. After-
wards, we show how to define and construct cone decompositions of homogeneous left
ideals. Here, we have to adapt Dubé’s ideas to deal with non-commutativity. We only give
proofs selectively, and refer to [9] for complete details.

4.1. Monomial cone decompositions. In this subsection we let R be a K-linear space
and {z*},, be a monomial basis of R. Let M be a K-linear subspace of R spanned by
monomials, and let D be a finite set of pairs (w, y) where w is a monomial in 2° and y is
a subset of . We define the degree of D as

degD := max { degw : (w,y) € D} € NU {oo},
where max & = oo by convention. We also set

Dt :={(w,y) €D:y# }.
We say that D is a cone decomposition of M if C'(w,y) C M for every (w,y) € D and

M = @ C(w? y)a
(w,y)eD
and D is a monomial cone decomposition if D is a cone decomposition of some K -linear
subspace of R. In the literature, “monomial cone decompositions” of finitely generated
commutative graded K -algebras are also known as “Stanley decompositions™ (since they
were first introduced in an article [35] by Stanley). In this paper we stay with the perhaps
more descriptive terminology introduced by Dubé in [9].

Lemma 4.1. Suppose D is a monomial cone decomposition of a monomial ideal I of R.
Let F' be the minimal set of generators of I. Then for each w € F there is some y C x
with (w,y) € D.

Proof. Let w € F. Since D is a monomial cone decomposition of I, there is some
(w',y) € Dwithw € C(w',y), so w = w' x a for some a € y°. Since w’ € I, we
can also write w’ = w” * b forsome w” € Fandb € 2°. Sow = w' *a = w" *b*a,
hence b * a = 1 due to minimality of F', and w = w’ = w”. O

In [36, 24], algorithms are given which, upon input of a finite list of generators of a
monomial ideal I of R, produce a monomial cone decomposition for the natural comple-
ment nf;(R) of I in R. In fact, Dubé specified an algorithm which does much more, as we
describe next. As before, M is a K-linear subspace of R generated by monomials, and
is a monomial ideal of R.

Definition 4.2. We say that a pair of monomial cone decompositions (P, Q) splits M
relative to [ if
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(1) P U Q is a cone decomposition of M,
(2) C(w,y) C I forall (w,y) € P,
3) C(w,y) NI ={0}forall (w,y) € Q.

It is easy to see that if (P, Q) is a pair of monomial cone decompositions which splits
M relative to I, then P is a monomial cone decomposition of M N I and Q is a monomial
cone decomposition of nf;(M).

Algorithm 1 accomplishes a basic task: it gives a procedure for splitting a monomial
cone relative to I. The computation of a generating set F; for the monomial ideal (I :
w* x;) = ((I : w) : x;) in this algorithm is carried out by Algorithm 2: if the monomial

ideal [ is generated by vy, ..., v, € °, then (I : x;) is generated by wy, .. ., w, where
v; if z; does not divide v,
U}j = .
w; =v;/x; otherwise,

where v, /x; denotes the monomial in x° satisfying v; = (v;/x;) * x;.

Input: w € z°, y C x, and a finite set F' of generators for (I : w);
Output: SPLIT(w,y, F') = (P, Q), where (P, Q) splits the monomial cone C(w, y)
relative to the monomial ideal [ of R;

if 1 € F then return ({(w,y)},2);
if ' Ny° = @ then return (&, {(w,y)});

else
choose z C y maximal such that F' N z° = &;

choose i € {1,..., N} suchthatz; € y \ z;

(Po, Qo) == SPLIT(w,y \ {z}, F); )
Fi = QUOTIENT(F, xi);
(P1, Q1) := SPLIT(w * x4, y, F1); (**)
return (Py U Py, Qo U Q1);

end

Algorithm 1: Splitting a monomial cone relative to I.

Input: a finite set F' of generators for a monomial ideal 7 of R, andi € {1,...,N};
Output: QUOTIENT(F,xz;) = F’, where F” is a finite set of generators of the
monomial ideal (I : x;) of R;
F = o,
while ' # & do
choose v € F;
if z;|v then F' := F' U {v/x;};

else
F':=F U{v};
end
F:=F\ {v};
end

Algorithm 2: Computing a a set of generators for (I : z;).

Letw € 2°,y C x, and F be a set of generators for (I : w). One checks:
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Lemma 4.3.

(1) Clw,y) CI<=1€F;
2) Clw,y)NI={0} <= Fny® =02.

Algorithm 1 proceeds by recursively decomposing the cone C'(w,y) as

Clw,y) = Clw,y \{zi}) ® Clwxzi,y)  (2; € y).

The lemma above shows that the base case is handled correctly. We refer to [9, Lemmas 4.3
and 4.4] for a detailed proof of the termination and correctness of Algorithm 1. The output
of Algorithm 1 has a convenient property:

Definition 4.4. We say that a monomial cone decomposition D is d-standard if
(1) deg(w) > dforall (w,y) € DT;
(2) forevery (w,y) € DT and d’ with d < d' < deg(w) there is some (w',y’) € DT
with deg(w’) = d’ and #y’ > #y.

Proposition 4.5. Let (P, Q) = SPLIT(w,y, F'). Then Q is deg(w)-standard.
In the proof of this proposition we use the following lemma:

Lemma 4.6. Let (P, Q) = SPLIT(w,y, F).
(1) Forevery (v',y') € Qwe have FN (y')° =@ andy' C y.
(2) Foreveryy' C ywith F N (y')° = O there exists y"' C y with (w,y") € Q and
#y" > #y'.

Proof. We prove part (1) by induction on the number of recursive calls in Algorithm 1
needed to compute (P, Q). The base case (no recursive calls) is obvious. If (v, y') € Q,
then F N (y)° = @and y' C y\ {x;} C y follows by inductive hypothesis. Suppose
(v',y") € Qy; then by inductive hypothesis we obtain F; N (y')® = @ and ¢y’ C y. By the
way that F} is computed from F' in Algorithm 2, every element of F' is divisible by some
element of F; hence F'N (y')° = @.

We show part (2) by induction on #y — #y’. If ' = y, then the algorithm returns Q =
{(w,y)}, satisfying the condition in (2). Otherwise, we have #z > #y’ by maximality
of z. Hence by inductive hypothesis applied to (Py, Qo) = SPLIT(w,y \ {z;}, F'), there
exists ¥y’ C y \ {z;} such that (w,y") € Qo and #y" > #=. O

We now show Proposition 4.5 by the number of recursions in Algorithm 1 needed to
compute (P, Q). If Q is empty or a singleton, then the conclusion of the proposition holds
trivially. Inductively, assume that Q is deg(w)-standard and Q; is (deg(w) + 1)-standard.
Let (v,y") € QT and d with deg(w) < d < deg(v’) be given; we need to show that there
exists a pair (v”,y"”) € Q with deg(v"") = d and #y”" > #y/'. This is clear by inductive
hypothesis if (v/,y") € Qg orif d > deg(w) + 1. By Lemma 4.6 there exists y”” C y with
(w,y”) € Q and #y"” > #y’, covering the case that d = deg(w). O

Applied to w = 1, y = x, and F' = a set of generators for I, Algorithm 1 produces
a pair (P, Q) consisting of a monomial cone decomposition P of I and a monomial cone
decomposition Q of nf;(R). We now analyze this situation in more detail. In the next
lemma and its corollary, we suppose I # R, we let F’ be a set of generators of I, and let
(P,Q) = SPLIT(l,z, F).

Lemma 4.7. Let Fl,i, C F' be the minimal set of generators for I. Then for every v €
Frnin, the set Q contains a pair (v',y') with deg(v') = deg(v) — 1.
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Proof. Letv € Fpj,. By Lemma 4.1 we have (v,y) € P forsome y C x. Since 1 ¢ F, the
pair (v, y) arrived in P during the computation of SPLIT(1, x, F') by means of a recursive
call of the form SPLIT(v,y, F’) where F” is a set of generators for (I : v). We have v € I,
and thus 1 € F’. This shows that the recursive call must have been made in (**), because
the parameter F' is passed on unchanged by the recursive call in (¥). The call (**) occurred
during the computation of some SPLIT(v’,y, F"') where v’ satisfies v = v * x; for some
i, and F" is a finite set of generators for (I : v). Part (2) of Lemma 4.6 now yields the
existence of ¢y’ C y such that (v/,y') € Q. O

The preceding lemma immediately implies:
Corollary 4.8. The set of all w € F with deg(w) < 1 + deg(Q) generates I.

Remark 4.9. In [24] we find an algorithm which, given a finite list F* of generators for a
monomial ideal I of R, computes a Stanley filtration, that is, a list of pairs

((w(1),y(1)), .., (w(m),y(m))),
each consisting of a monomial w(j) and a subset y(j) of z, such that for, j = 1,...,m,
the set

{(w(1),y(1)),-.., (w(5),y(i))}

is a cone decomposition of nf;(;)(R) where
I(j) =T+ C(w(i+1),2) + -+ C(w(m), ).
It is easy to see (since Algorithm 1 and Algorithm 3.4 in [24] pursue similar “divide and

conquer” strategies) that, for (P, Q) = SPLIT(1, z, F), the pairs in Q can be ordered to
form a Stanley decomposition.

4.2. Cone decompositions of homogeneous ideals. In the rest of this section, we let R
be a K-algebra of solvable type with respect to x = (z1,...,o7x) € R and a fixed
admissible ordering < of N N Note that in general (unless R is commutative), a monomial
ideal of R is not a left ideal of the algebra R. However, let I be a proper left ideal of R; then
the K -linear subspace M of R generated by lm(7) is a monomial ideal of R. Moreover,
let G be a Grobner basis of I; then lm([7) is generated by lm(G), and nf 5 (R) = nf g (R).
The central outcome of the discussion in the previous subsection is:

Theorem 4.10. The homogeneous K -linear subspace nf(R) of R has a standard mono-
mial cone decomposition. More precisely, let (P,Q) = SPLIT(1,z,F) where F =
lm(G). Then Q is a standard monomial cone decomposition of nf(R). Moreover, the
set of all g € G with deg(g) < 1+ deg Q is still a Grobner basis of I = (G).

In this subsection we establish an analogous decomposition result (Corollary 4.18 be-
low) for I in place of nf(R), provided R and I are homogeneous; thus: until the end of
this section we assume that R is homogeneous. We first need to define the type of cones
used in our decompositions: A cone of R is defined by a triple (w,y, h), where w € z°,
y C z,and h € R is homogeneous:

C(w,y,h) :=C(w,y)h = {gh: g € C(w,y)} C R.

Both monomial and general cones are homogeneous K-linear subspaces of R, and a
monomial cone is a special case of a cone: C(w,y) = C(w,y,1). Note, however, that
C(1,y,w) # C(w,y) in general. We introduced this definition of cone in order to be
able to speak about cone decompositions of (not necessarily monomial) ideals in the non-
commutative setting.



DEGREE BOUNDS FOR GROBNER BASES IN ALGEBRAS OF SOLVABLE TYPE 29

A first important observation (immediate from Lemma 3.9) is that the Hilbert function
of C(w,y, h) depends only on the degrees of h and w and the cardinality of y:

Lemma 4.11. Let h € R be non-zero and homogeneous, and w € x°. Then

~JO0 ifd # deg(w) + deg(h),
Hew,o.m(d) = {1 if d = deg(w) + deg(h),

and for non-empty y C x:

0 ifd < deg(w) + deg(h),

(d—deg<“’);;ig§h>+#y—1) if d > deg(w) + deg(h).

HC(w,y,h) (d) = {

Let M be a homogeneous K-linear subspace of R, and let D be a finite set of triples
(w,y, h) where w a monomial in 2°, y is a subset of x, and h is a non-zero homogeneous
element of R. We define the degree of D as

deg D := max { deg(w) + deg(h) : (w,y,h) € D} € NU {0},
where max @ = oo by convention. We also set
Dt :={(w,y,h) €D :y # T}.
We say that D is a cone decomposition of M if C(w,y,h) C M for every (w,y,h) € D

and
M = @ C(w,y, h).
(w,y,h)ED
and D is simply a cone decomposition if D is a cone decomposition of some homogeneous
K-linear subspace of R. By abuse of language we will also say that a cone decomposition
D is monomial if » = 1 forall (w, y, h) € D. Suppose now that D is a cone decomposition
of M. Then for every d we have

H]\/I(d) = Z HC'(w,y,h) (d)
(w,y,h)ED

By Lemma 4.11, the Hilbert polynomial of M exists, and is determined by the cones in
D: for d > deg(D) we have

Hy(d)= > Hewyn(d)

(w,y,h)eDT
d—d —deg(h) + -1
(w,y,h)eD+ Y

and hence for every d > deg(D™):
Hp(d) = Py(d) + #{(w,y,h) € D\ D : deg(w) + deg(h) = d}.
By the above, we have o(M) < deg(D) + 1 for every cone decomposition D of M. (Here
o (M) denotes the regularity of the Hilbert function of M as defined in Section 2.13.)
The following is an adaptation of Definition 4.4:

Definition 4.12. We say that a cone decomposition D is d-standard if
(1) deg(w) + deg(h) > d forall (w,y,h) € DT;
(2) for every (w,y,h) € D and d’ with d < d’ < deg(w) + deg(h) there is some
(w',y', ') € DT with deg(w’) + deg(h’) = d’ and #y' > #y.
We also say that D is standard if D is 0-standard.
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If DT = & then D is d-standard for every d, whereas if D # & and D is d-standard,
then necessarily
d = min { deg(w) + deg(h) : (w,y, h) € D* forsome y C x}.
If D is d-standard for some d, then we let dp denote the smallest d such that D is d-standard
(sodp =0if DT = @).

Examples 4.13. The empty set is a standard cone decomposition of the trivial K-linear
subspace {0} of R. If h € R is non-zero and homogeneous, and y C x, then {(1,y, h)} is
a deg(h)-standard cone decomposition of C'(1,y, h). In particular, {(1,x, 1)} is a standard
cone decomposition of R = C(1, z).

The following properties are straightforward:

Lemma 4.14.

(1) Suppose My and My are homogeneous K -linear subspaces of M with M = M, &
Mo, and let £, £ be cone decompositions of My and M, respectively. Then
E = & U &, is a cone decomposition of M. If 1 and E; are d-standard, then so
is E.

(2) Suppose D is a d-standard cone decomposition of M, and let f € R be non-zero
homogeneous. Then Df := {(w,y,hf) : (w,y,h) € D} isa (d + deg f)-
standard cone decomposition of M f.

The lemma below shows how the degrees of cone decompositions of K -linear subspaces
decomposing the K -linear space R are linked:

Lemma 4.15. Let M,, Ms be K-linear subspaces of R with R = My & M. Fori = 1,2,
let D; be a cone decomposition of M;, which is d;-standard for some d;. Then

max{deg D;,deg Dy} = max{deg D}, deg D }.
Proof. We have

d+N -1
Hag, (d) + Hag, (d) = Hr(d) = < J]“V ' ) for every d 4.2)
and thus TN 1
_|_ —
P Py, = . 4.
s+ Par, ( e ) (43)

For d > max{deg Dy, deg Dy } and i = 1,2, we have
Hp, (d) = Py, (d) + #{(w,y, h) € D; \ D} : deg(w) + deg(h) = d}.

Hence, by (4.2) and (4.3), neither Dy nor D contains a triple (w, y, h) with y = & and
deg(w) + deg(h) > max { deg(D"), deg(D3)}. It follows that for i = 1,2 we have

deg(D;) < max { deg(D; \ D), deg(D;")} < max { deg(Dy"), deg(D3 )}
as required. (]
Given w € x° as well as y C z and a non-zero homogeneous h € R, define
C(w,y,h) = {(w,@,h)} U {(w*xi,yﬁ {z;:j> z'},h) cx; € y}

It is easy to check that C(w, y, h) is a (14 deg h)-standard cone decomposition of the cone
Clw,y,h).

Lemma 4.16. If M has a d-standard cone decomposition, then M has a d’'-standard cone
decomposition for every d' > d.
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Proof. 1f D is a d-standard cone decomposition of M with DT = &, then D is d’-standard
for all d’. Therefore, suppose D is a d-standard cone decomposition of M with DT # @;
it is enough to show that then M has a (d 4 1)-standard cone decomposition. Put

& :={(w,y,h) € D: deg(w) + deg(h) = d}.
Then trivially £ is d-standard and, since D is d-standard, D \ € is (d + 1)-standard. Now
put
&= U C(w,y,h).
(w,y,h)EE

Then £’ is a (d + 1)-standard cone decomposition of the homogeneous K-linear subspace
D (wynyce C(w,y,h) © M of R. Hence, &' U (D \ €) is a (d + 1)-standard cone
decomposition of M. (|

Corollary 4.17. Let My, ..., M, C M be homogeneous K-linear subspaces of R with
M =M &---@® M,. Ifeach M; has a d;-standard cone decomposition, then M has a
d-standard cone decomposition where d = max{dy,...,d,}.

Combining Theorem 4.10 with Corollary 4.17 we obtain:

Corollary 4.18. Let I = (f1,..., fn) be a left ideal of R where f1,...,f, € R are
non-zero and homogeneous, and suppose n > 0. Let d; = deg(f;) fori =1,...,n, and
d = max{dy,...,d,}. Then there is a K-linear subspace M of I with I = (f1) & M,
which admits a d-standard cone decomposition D. (Hence {(1, z, f1)}UD is a d-standard
cone decomposition of 1.)

Proof. Fori=2,...,nlet G; be a Grobner basis of ((f1,..., fi—1) : fi). Then
I'=(fi)eM  for M :=nfg,(R)f2 & - Snfq,(R)fn,

as in the remark after Lemma 3.16. The principal left ideal (f1) has a d;-standard cone
decomposition {(1,z, f1)} (Example 4.13). For each ¢ = 2,...,n let D; be a standard
monomial cone decomposition of nf¢, (R) guaranteed by Theorem 4.10; then

Dl‘f‘ = {(w7yafl) : (way) € Dt}
is a d;-standard cone decomposition of nfg, (R) f; by Lemma 4.14, (2). The claim now

follows from Corollary 4.17. |

4.3. Macaulay constants and exact cone decompositions. What is stated in this subsec-
tion generalizes the corresponding concepts in Section 6 of [9].
Let D be a cone decomposition which is d-standard for some d. For every ¢ we define
the cone decomposition
D; = {(w,y,h) € D: #y >i}.
Then we have
D=Dy2D"=D; 22Dy 2 Dny1 =2.
We define the Macaulay constants by, . .., by 1 of D as follows:
dp ifD;, =2
b; == min{dp,1 +degD,; = .
{ P & } {1 + degD; otherwise.

From the definition it follows that by > ... > by41 = dp. The integer by is an upper
bound for the regularity o (M) of Hp;. The name of the constants is due to the fact that
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Macaulay proved that if R is commutative and I a homogeneous ideal of R, then for d > by

we have N
d—2b + N d—b;+i—1
s = () = ()

i=1

for certain integers by > --- > by1 = 0, which turn out to be the Macaulay constants of
a special type of monomial cone decomposition of nf (R) (for an arbitrary Grobner basis
G of I), which we now define in general:

Definition 4.19. A cone decomposition D is called exact if D is d-standard for some d and
for every degree d’, D contains at most one triple (w, y, h) with deg(w) + deg(h) = d'.

Exact cone compositions have a strong rigidity property:

Lemma 4.20. Let D be an exact cone decomposition with Macaulay constants b;. Then
foreachi=1,..., N and each d with b; 11 < d < b; there is exactly one (w,y,h) € DT
such that deg(w) + deg(h) = d, and for this triple we have #y = i.

Proof. Suppose i € {1,...,N} and d satisfy b;11 < d < b;. Let (w',y’,h') € D be
such that #y’ > i and deg(w’) + deg(h’) = b; — 1. Then, since D is dp-standard, there
exists (w,y, h) € D with deg(w) + deg(h) = d and #y > #y' > i. We have #y = 1,
since otherwise (w,y,h) € D;41 with deg(w) + deg(h) = d > bjp1 > degDiy1,
contradicting the definition of b;, 1. By exactness of D, (w,y, h) is the only triple in DT
with deg(w) + deg(h) = d. O

The next lemma allows one to split triples in cone decompositions in order to achieve
exactness:

Lemma 4.21. Let D be a d-standard cone decomposition of the K-linear subspace M of
R, and let (w,y, h), (v, z,g) € D such that

deg(w) + deg(h) = deg(v) + deg(g), #z > #y > 0.
Let x; € y be arbitrary. Then
D = (D\ {(w,y, h)}) U {(w,y \ Az}, h), (w* x4, y, h)}
is also a d-standard cone decomposition of M.
Proof. We have
C(w,y,h) = Clw,y\ {z;},h) ® C(w * x4,y h).

Therefore D’ remains a cone decomposition of M, and it is easy to check that D’ is d-
standard. ([

By a straightforward adaptation of Algorithms SHIFT and EXACT in [9], and using
Lemma 4.21 above in place of Lemma 6.2 of [9] in the verification of their correctness,
one obtains:

Theorem 4.22. There exists an algorithm that, given a d-standard cone decomposition D
of a K-linear subspace M of R, produces an exact d-standard decomposition D' of M,
whose Macaulay constant by satisfies by > 1 + deg(D).

Let now D be an exact cone decomposition of a K-linear subspace M of R. Then by
(4.1) and Lemma 4.20 we have

=y 3 (TN,

1=1 j=b;4+1
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One may show that this sum can be converted to

N .
T —bysi + N T—b;+i—1
N G I o G|

i=1
and once by 1 has been fixed, the coefficients by, . . ., by uniquely determine the polyno-
mial Pyy; see [9, p. 768-769]; also, by is the smallest r > by such that Hys(d) = Pas(d)
for all d > r. In particular, the Macaulay constants by > b1 > - -+ > b1 = 0 of an exact
standard cone decomposition D of M do not depend on our choice of D, and the Hilbert
function of M is uniquely determined by by, . ..,by. Since every K-linear subspace M
which admits a standard cone decomposition also has an exact standard cone decomposi-
tion (by the previous theorem), we may, in this case, simply talk of the Macaulay con-
stants b, ..., by of M. All this applies to M = nfg(R) where G is a Grobner basis of a
left ideal of R; hence, by Theorems 4.10 and 4.22 we obtain:

Corollary 4.23. Let G be the reduced Grobner basis of a left ideal of R, and let by, . . . by
be the Macaulay constants of nf g (R). Then deg(g) < bg for every g € G.

5. PROOF OF THEOREM 0.1 AND ITS COROLLARIES

Let R be a K -algebra of solvable type with respect to = (x1,...,2y) and an admis-
sible ordering < of N¥,

5.1. Degree bounds for Grobner bases. Let I be a left ideal of R generated by non-

zero elements f1,..., f, € R, where n > 0, and let d be the maximum of the degree of
f1,- -+, fn. The central result of this section is:
Proposition 5.1. Suppose the algebra R and the generators f1,. .., f, of I are homoge-

neous. Then the elements of the reduced Grobner basis of I have degree at most

d2 2N—2
D(N—l,d):2<2+d> .
Proof. We let t range over N. Let D be a standard exact cone decomposition of nfs(R)
with Macaulay constants by > --- > by11 = 0, where G is the reduced Grobner basis
of I. After reordering the fi,..., f, we may assume that f; has degree d. Let £ be a d-
standard exact cone decomposition of a K -linear subspace M of I suchthat [ = (f1)® M
(by Corollary 4.18 and Theorem 4.22), with Macaulay coefficients ag > --- 2> ay41 = d.
The computations in [9, Section 8] show that

a; +b; < D(N —j,d) forj=1,...,N—2.

In particular a1 + by < D := D(N — 1,d). The d-standard cone decomposition £ U
{(1, 2, f1)} of I has the same Macaulay constants a; as £. Hence by Lemma 4.15 (applied
to My = nfg(R), M2 = I) we have

max{ag, bp} = max{a,b1} < D.
Corollary 4.23 now yields the proposition. (]

Remark 5.2. Suppose the hypothesis of the previous proposition holds. Implicit in the
proof above, there is a uniform bound for the regularity of the Hilbert function of the left
R-module R/I:

o(R/I) < D(N —1,d).
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A similar doubly-exponential bound for o (R/I) was obtained in [8]. In the case where R
is a commutative polynomial ring, the regularity of the Hilbert function o (M) of a finitely
generated R-module M is closely related to the Castelnuovo-Mumford regularity reg (M)
of M. For example (see [7, 2.1]), in this case we have

o(R/I) <reg(R/I) =reg(l) — 1.

There does exist a doubly-exponential bound on reg(/) in terms of N and d, valid inde-
pendently of the characteristic of K (see [6]):

reg(I) < (2d)

It would be interesting to see whether this bound can also be deduced using the methods
of the present paper.

2N—2

We next address the inhomogeneous case:

Corollary 5.3. Suppose R is quadric. Then there exists a Grobner basis G of I with the
Sfollowing property: for every g € G we can write

g = yg,lfl +- 4+ yg,nfn
where y, ; € R with

2N—1

2
deg(yg,ifi) < D(N,d) =2 (dQ +d> fori=1,...,n.

Proof. By the proposition above, the reduced Grobner basis H with respect to <* of the
left ideal of R* generated by f;, ..., f consists of homogeneous elements of degree at
most D(N,d). Moreover, for every h € H there are homogeneous zj,1,...,2nn, € R
such that
h=znifi+ -+ znnfn
and
deg(zn,i f]) < deg(h) < D(N,d) fori=1,...,n.
Corollary 3.11 shows that G := H, is a Grobner basis of I with respect to <, and for every
h € H we have
he =yn 1fi+ +Yn.nfn
with y, ;i := (25,:) and

deg(yn, ifi) < deg(zpn,ifi) < D(n,d) fori=1,...,n,
as required. (]
The previous corollary yields Theorem 0.1. Next we show the first part of Corollary 0.4:

Corollary 5.4. Suppose R is quadric. Every two-sided ideal of R generated by elements
of degree at most d has a two-sided Grobner basis consisting of elements of degree at most
D(2N,d).

Proof. We may assume that d > 0. Suppose J is the two-sided ideal of R generated by
fis---y fn. Let u: R°™ — R be as in Section 2.7. By the discussion in Section 2.11, the
left ideal ;2= 1(.J) of R®™ is generated by the elements

Al .. fa®l,2°®1-12°,..., 2V Q1 —-1®aN,

each of which has degree at most d. Hence by the previous corollary, 2~ (.J) has a Grobner
basis G (with respect to <) consisting of elements of R°™ of degree at most D(2N, d).
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By Proposition 3.7, u(G) is a Grébner basis of J whose elements obey the same degree
bound. O

Before we are able to compute a degree bound for reduced Grobner bases which is
also valid in the inhomogeneous situation, we need to study the complexity of reduction
sequences.

5.2. Degree bounds for normal forms. Let A be a non-singular N x N-matrix with
non-negative integer entries, D > 1 an integer, and wt = wtp 4. For non-zero f € R we
set

wt(f) ;= max wt(a),
a€supp(f)
and we let w(0) := 0. Then for all f,g € R we have
DN —1
deg(f) < wt(f) < [|Al[ deg(f) D1 (S.1)
by (1.2). Also
wt(f + g) < max { wt(f),wt(g)}, wt(cf) = wt(f) for non-zero c € K.
Suppose now that A represents <. Then
. D
wt(f) = wt (Im(f)) ifdeg(f) < Al (5.2)

We will need a variant of Lemma 2.4 (with an analogous proof). In the lemma below,
we assume that the commutator relations between x; and z; in R are expressed as in
Definition 2.3.

Lemma 5.5. Suppose that wt(p;;) < wt(z,x;) for 1 <i < j < N. Then for all o, 3 we
have

2P = cx®tP 4o where ¢ € K, ¢ # 0, and wt(r) < wt(z*7),
in particular wt(z® - 2%) = wt(z®) + wt(2P).

Proof. We proceed by induction on the non-negative integer w = wt(z*+7). If w = 0,
then o« = 3 = 0, and there is nothing to show. So assume that w > 0, and we have shown
the claim for all c, 3 with wt(x*+#) < w. Note that this implies wt(fg) < wt(f)+wt(g)
for all f, g € R with wt(f), wt(g) < w. Suppose a, 3 satisfy wt(z*+#) = w. Put

M :=min {n : x, |z}, Ng = max {n : x,|z"},

and similarly we define mg and ng. If n, < mg, then clearly 228 = z*8 and we are
done. Hence assume now that n, > mg. We distinguish three cases:

Case 1: my, < mg. Write 2% = x,, z® where wt(z®) < wt(z®). Then 2zt =
Zm, 2 TP, By inductive hypothesis there is a non-zero ¢ € K such that 2 27 =
a0 1 with wt (') < wt(a’) + wt(3). Thus

Z‘a.’L‘ﬂ = T, (Cll‘a/+6 + T/) = c’xmaxa/+ﬁ + l‘mar, = C/xa+[3 + xmarl
where wt(x,,, 1’) < w.
Case 2: n,, < ng. This is treated similarly to Case 1, writing 7 = xﬁlxnﬁ.

Case 3: my > mg and n, > ng. Puti := mg, j := n,, and write 2% = x"‘/xi and
2# = 2,27, Then we have

’ ’

! ! ’ ! ’ !
1°2? = 2% zjwia" = 2% (cijminy + piy)a’ = cja® wiwa” + 2 pa”
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By assumption we have wt(p;;) < wt(x;) + wt(z;), and so by inductive hypothesis
w(z® Dij 27"} < w. Moreover, the inductive hypothesis also yields

’ ’ ’

¥ x; =z xx+ 0, za = 'xjxx® +0"
where wt(r’) < wt(a/) + wt(xl) and wt (") < Wt(:cj) + wt(6’). By assumption in this
case, we have % x T; = ximo‘ and x; * 28 = af x;. Hence
2wz = (dwiz® —I—r')( P g 4 ")
1 1

= (x;z” "2 x])+c( ) +c”r'( o)+ 1"

where the last three summands have weight smaller than w. By inductive hypothesis again,
we write

2 2% = dx® P 4 s
where d € K is non-zero and wt(s) < wt(a’) + wt(8’). This yields

’ ’ ’ ’
(™ 2 xy) = d(xix® TP xy) + sy = 'd - 2P 4 pysa

where wt(x;s2;) < w by inductive hypothesis. O

We can now show:

Lemma 5.6. Under the same hypothesis as the previous lemma, let G be a subset of R
each of whose elements has degree less than ﬁ, andlet f,h € R. If f % h, then there

are gi,...,gm € Gand py,...,pm € Rwith
f—h=pig1+- -+ Pmgm
and
wt(p1g1)s .-+, WH(Pmgm) < wt(f).

Proof. We let g range over G. We proceed on Noetherian induction on the well-founded
relation < Suppose f — f’ % h. Then there exists ¢ € K and «a, 3 such that
g

lm(a7g) = 2% € supp f, le(ca’g) = fo, f'=[f—caly

Now by the previous lemma and (5.2) applied to g, we have

wt(czPg) < wt(2?) + wt(g) = wt(z?) + wt (Im(g)) = wt(z®) < wt(f)

and thus wt(f’) < wt(f). By inductive hypothesis, there are ¢},...,g, € G and
Py, ...,pl, € Rwith

f—h= Zpggi and  wt(pig) < wt(f’) for every i.

=1

Hence
n+1

f=h=(f=1)+ szgz

where p; :=pj, g; =g, fori =1,...,nand p,y1 := cxﬂ, gnt1 = g satisfy wt(p;g;) <
wt(f) for every 4, as required. O
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Corollary 5.7. Suppose D > 2||A|| and D > deg(p;;) for 1 < i < j < N, and let G be
a subset of R each of whose elements has degree less than ﬁ, and f,h e R.If f % h,

then there are g1, . ..,g9m € G and p1,...,pm € R with

f—=h=pig1+ - +DPngm

and
DN -1
deg(pr91); ., deg(pmgm), deg(h) < ||A]] deg(f) —5—
Proof. Since D > 2||A|| and D > deg(p;;), we have wt(p;;) < wt(z;z;), for1 < i <
7 < N, by (5.2). The claim now follows from the previous lemma and (5.1) [l

If < is degree-compatible, then the estimate in the corollary above can be improved,
and the additional assumptions on R and G removed: Let GG be a subset of R, f,h € R; if
f %» h, then Noetherian induction as in the proof of Corollary 5.7 yields easily that there

are gi,...,9m € G and p1,...,pm € R such that

f=h=pig1+ - +Pmgm
and
Im(p1g1), - -, Im(Pmgm), Im(h) < Im(f).

Since our admissible ordering is degree-compatible, we have
deg(p1g1), .- -, deg(pmgm), deg(h) < deg(f).

5.3. Degree bounds for reduced Grobner bases. In the rest of this section we assume
that R is quadric. The auxiliary results from the previous subsection allow us to show
Corollary 0.2:

Corollary 5.8. Suppose that the admissible ordering < can be represented by rational
weights. Then there is a constant C, which only depends on <, with the following property:
the reduced Grobner basis of every left ideal of R generated by elements of degree at most

d consists of elements of degree at most (C - D(N, d))N+1.

Proof. We may assume d > 0. Put D := 2||A|| [D(N,d)]. Let I be a left ideal of R
generated by elements of degree at most d. Choose a Grobner basis G = {g1, ..., gm} of
I with deg(g;) < D(N,d) fori = 1,...,m. (Corollary 5.3.) After pruning G, we may
assume that Im(G) is a minimal set of generators for the monomial ideal of R generated
by lm([), and after normalizing each g;, that 1c(g;) = 1 for every i. Set h; := g; — lm(g;)
for every ¢. By Corollary 5.7 we have

DN —1 DN —1

degnfg(hi) < ||A]| deg(g: <D < DN
egnfc(hi) < ||Al| deg(gi) —5—— < D —5—

for every 4. Then G’ := {gi,...,g,,} where ¢g; := lm(g;) + nfg(h;) for every i is a
reduced Grébner basis of I with deg g/ < D! for every i. U

For degree-compatible admissible orderings one obtains in a similar way:

Corollary 5.9. Suppose that the admissible ordering < is degree-compatible. Then the
reduced Grobner basis of every left ideal of R generated by elements of degree at most d
consists of elements of degree at most D(N, d).



38 MATTHIAS ASCHENBRENNER AND ANTON LEYKIN

5.4. Ideal membership. Now we turn to degree bounds for solutions to linear equations.
In particular, we’ll show Corollary 0.3.

Proposition 5.10. Suppose < can be represented by rational weights. Then there is a
constant C, only depending on < which satisfies the following: if f € I = (f1,..., fn)
where f1,...,fn € R are of degree at most d, then there there are vy, ...,y, € R of
degree at most deg(f) - (C' - D(N, d))N with

f=unfi+ -+ ynfn

Proof. We may assume d > 0. Put D := 2||A|| [D(N,d)]. Let fi,...,fn € R have
degree at most d, and choose a Grébner basis G of I = (f,..., f,) with the property
stated in Corollary 5.3. Let f € I. Then by Corollary 5.7 there are g1, ...,9,, € G and
D1, ---,Pm € R such that

f=pg+-+DPmIm

and
N _1

D
deg(p191), - .-, deg(pmgm) < ||Al] deg(f) —5—

Write each g; as
gi =Yirlr+ -+ Yinfn
where y; ; € R satisfies deg(y; ; f;) < D(N,d). Then
f=nfit+-+ynfn
where each y; := >, p;y; ; has degree at most
DN —1
d A D
ce()- (1141 55— + ).

and this yields the claim. (]

In a similar way we obtain:

Proposition 5.11. Suppose < is degree-compatible, let f1,..., f, € R be of degree at
most d, and f € R. If

f=ufit+-+uynfn

for some y1,...,y, € R, there are such y1,...,yn € R of degree at most deg(f) +
D(N,d).

In the rest of this section, we restrict ourselves to the case that the admissible ordering
< is degree-compatible. The next corollary is the second part of Corollary 0.4:

Corollary 5.12. Let f1,..., fn € R be of degree at most d, and let f € R. If the equation
f=wnhfizr++ynfuz,

has a solution (yy,...,Yn,21,...,2n) € R?", then this equation also has such a solution
where

deg(y;), deg(z;) < deg(f) + D(2N,d) fori=1,...,n.
Proof. Apply the previous proposition to R*"V and
AL .. fa®1, 21 —-1x,..., 2" ®1 -1 aN
in place of R and f1, ..., f,, respectively. (See Section 2.11.) (Il
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5.5. Generators for syzygy modules. Below, the left R-module of left syzygies of a tuple
f="(f1,-.., fn) € R™isdenoted by Syz(f) (a submodule of the free left R-module R™).

Suppose G = {g1,...,9m} is a Grobner basis in R. For 1 < i < j < m let o;; and
B;; be the unique multi-indices such that

2% % lm(g;) = 2P « Im(g;) = lem (lm(gi), lm(gj))
and
cij = le(z%i g;), dij = lc(x% g;).

By Proposition 3.4, each S-polynomial

S(9i- 95) = dijlc(g;) a9 g; — ci1c(gi) ™ g,

admits a representation of the form
m
S(9i,9;) = Zpijkgka Im(pijrgr) < 1m S(gi, g;) (pijr € R).
k=1

Now consider the vectors

sij = dijle(gy)ae; — cijle(g)z™e; =Y pyrer (1< <j<m)
k

in R™. Here eq, ..., e, denotes the standard basis of the free left R-module R™. Each s;
is a left syzygy of (g1, ..., gm); in fact (see [17, Theorem 3.15]):

Theorem 5.13. The syzygies s;; (where 1 < i < j < m) generate the left R-module
Syz(gh R agm)

We denote the set of m x n-matrices with entries in R by R™*". The n x n-identity
matrix is denoted by I,,. The following transformation rule for left syzygies is easy to
verify:

Lemma 5.14. Let f = (f1,...,fo)® € R and g = (g1,...,9m)" € R™, and suppose
A e R™*™ B € R"™™ suchthat g = Af and f = Bg. Let M be a matrix whose rows
generate Syz(g). Then the rows of the matrix

MA
I, — BA

generate Syz(f).
We now use these facts in the proof of:

Proposition 5.15. Let f = (f1,..., fn)"™ € R™ be of degree at most d. Then Syz(f) can
be generated by elements of degree at most 3D (N, d).

Proof. Letg = (g1,...,9m)" € R™besuchthat G = {g1,...,gm} is a Grobner basis of
the left ideal of R generated by fi, ..., f, asin Corollary 5.3. Then there are A € R™*" of
degree at most D(N, d) and B € R™*™ of degree at most d such that g = Af and f = Bg.
Now each S-polynomial S(g;, g;) has degree at most 2D (N, d); hence there exists a matrix
M of degree at most D (N, d) whose rows generate Syz(g). Since deg(M A) < 3D(N,d)
and deg(AB) < D(N,d) + d < 3D(N,d), the claim now follows from the previous
lemma. (]
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