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1. Differential rings and fields; linear differential operators.

A differential ring is aringK (here: always commutative and containinp
Q) equipped with alerivation D, i.e., a mapD: K — K satisfying

D(f+g)=D(f)+D(g), D(fg)=fD(g)+9gD(f) (f,g9¢€K).

Usually write, forf € K:
f'=D(f), f" = D*(f), ..., [ =D"(f),n>0.

A differential field is a differential ringK’ whose underlying ring is a

field. Inthiscase&” = Cx = {f € K : f' =0} forms a subfield of<,
called theconstant fieldof K.

For a nonzero elemeritof a differential field put

fla=f/f (thelogarithmic derivative of f).



Let K be a differential field. We put
K|D] = the ring of linear differential operators ovA.

Formally, K| D] is a ring with1 containingK as a subring (with the same
1), with a distinguished elemeii?, such thatx'| D], as a left-module over
K, is free with basis

DY DY D? ..., with D° =1, D! = D, D™ # D™ for m # n,

and such thabDa = aD + o' foralla € K.

Every A € K|D] can be written as
A=ay+a1D+---+a, D" (ag,...,an € K).
If a,, # 0, then we say thatl hasorder n. Putorder(0) := —oc. Then

order(AB) = order(A) + order(B) forall A, B € K[D].




Let R be a differential ring extension df. With A as above we obtain a
C-linear operator

y— A(y) = aoy + a1y’ + -+ ay™: R — R.

Multiplication in K|D] «—— composition ofC-linear operators:
(AB)(y) = A(B(y)) for A, B e K[D]andy € R.

One callsA of positive ordeiirreducible if there are ndd;, A, € K[D]
of positive order withA = A, As.

The kernel ofA € K|D] acting a_-linear operator ori,
ker A :={ye K : A(y) =0},

Is aC'-linear subspace dk of dimension< n if 0 < order A < n.




Division with remainder. For A, B € K[D|, B # 0, there exist unique
Q,R € K|D]with A = @B + R andorder R < order B.

As a consequence we obtalret A € K[D] be of ordern > 0, and
u' = a € K withu # 0 from some differential field extension&t Then

A=B-(D —a) forsomeB € K|D|] <= A(u)=0,

Proof. Write A= B - (D —a)+b, B € K[D],and noted(u) = bu. O

Here is another useful fact about zeros of differential afmes:

Suppose thak is real closed, and: is a nonzero element in a differential
field extension of((7), i> = —1, such that." € K (). Then

B(u) =0 for someB € K|D] of order2.




2. Differential valuations.

Let K be a differential field, and let

fro(f)=vf: K =K\{0} =T

be a (Krull) valuation off{, extended tad< by v(0) := co > I". We put

O:={feK:vf >0} (thevaluationring ob),
m:={fe K:vf >0} (the maximalideal 0©).

Definition (Rosenlicht) The valuatiorw is called adifferential
valuation of K (and the paif K, v) adifferential-valued field) if

(1) forall f,g € K* withvf,vg # 0: vf <wvg <= v(f") <wv(g);

(2) vistrivialonC, andO = C' + m.




Example. Supposéy is an H-field. The valuation with valuation ring
O = the convex hull o' in K, is a differential valuation of<.

Example.Let C be a field of characteristic zero. Equip

K = C[[z*]] = the field of Laurent series in' overC

with the derivationD = %, with constant field”. For f € K written as

f=ax" +ar_12" +-- (ap,ar_1, - €C,a, #0,r €Z)
putvf := —r. Thenv: K* — 7 is a differential valuation of<.
Fact. (Rosenlicht.)If K is a differential-valued field, then so is the

algebraic closurei® of K (with the unigue extension @ to a
derivation of K* and any extension efto a valuation ofi?).




Let K be a differential-valued field. Sometimes it is useful to kvaith
thedominance relations<, <, =, ... on K associated to, rather than
with v directly:

fxg <= vf=>uvg (g dominates f)

f<g9g = wvf>vg  (fcanbeneglectedwith respect tq)

f=<g <<= vf=uvg (f andg areasymptotic).
Terminology:
f<1: fisinfinitesimal
f>=1: fisinfinite
f<1: fisfinite(or bounded.

Axiom (2) readsic < 1 forall c € C*, and for everyf < 1in K there
existsc € C'with f — ¢ < 1.




By Axiom (1), for all f € K* with v f # 0, the valuev(f") depends only
onvf. So the derivation of induces a function

BT =T\{0} =T, 9(f) = o(f1) = v(f) = o(f).

The pair(I', ¢) is called theasymptotic coupleof K. (Rosenlicht.)

We say that the asymptotic couglg, v) of K is of H-type if
0<a<pf=yva) =) forall o, 3 €T
The asymptotic couple of aH-field is of H-type.
We say thatK preserves infinitesimalgf
f<1=f"<1 forall f ¢ K.

(Can always achieved by replacifgby a D for suitablea € K*.)




Other (less obvious) consequences of Axiom (1):

e forall f,g e K* withovf,vg > 0:
Y(uf) <v(g') = (d+¢)(vg);

e there is at mostong € I" with 5 ¢ (id +v)(I'™*);
o if (I',%) is of H-type, then

Bel\ (id+y)(I") < ¥ < 3 < (id+¢) (), or 3 = max .

Here
U= {¢(y):y e}

Example. SupposeX = C|[z%]]. Then¥ = {—vz}.







3. Linear differential operators over differential-valued fields.
Let K be a differential-valued field whose asymptotic coufilei)) is of
H-type, withT" # {0}. Let

A=ay+a1D+---+a,D" € K|D], ag,...,a, € K, a,#0.

We write

v(A) ;= minv(a;) (the Gauss valuation of)

(A) == min {i: v(a;) = v(4)}.

Fact. For eachy € K*, v(Ay) andu(Ay) only depend omy.
Hence we get induced functions

vy —va(vy) == v(Ay): I =T,
vy — pa(vy) == p(Ay): T —{0,...,n}.




Some basic facts abouly and 4:
Theorem.

e Themap,: I' — I' Is an order-preserving bijection.

e Suppose tha¥ has a supremum ifi. Thenu 4(+) = 0 for all but
finitely manyy; infact, > pa(y) <n.

Note also that foyy € K we have

Ay:A(y)_|_(...)D_|_(...)DQ_|_..._|_anD”7

henceva (vy) = v(A(y)) <= pa(vy) = 0. Put

E(A):={y €T :pualy)>0}.

Note: A(y) = 0 = vy € &(A), sodimg ker A < |£(A)|.

Ingredients in the proofNewton diagramsndRiccati polynomials.




Newton diagrams.SupposeP(Z) = ag + a1 Z + - - -+ a, 2" € K[Z]is
an ordinary polynomial ovek’, a,, # 0. TheNewton diagramof P is

N(P) :={(i,v(a;)) :0<i<n,a;, 20} CZxT.

An approximate zeroof P is an element € K such that
P(2) < a;2" for all <.
Studying how\ (P) changes when passing froR(Z) to
P(Z + ¢) = Pyy(2),

whereg is an approximate zero @, one obtains a piecewise uniform
description of: — v(P(z)) in terms of functions of the form

z—v(z—0), 0ec K,

provided K is henseliams valued field.




Riccati polynomials. For everyn there existR,,(Z) € Q{Z} such that

()
= — = R,(2) fory e K*, 2=y

Y
ExamplesRy(Z) =1, R\(Z) = Z,Ry(Z2) = Z*> + 7', ...
We associate tdl its Riccati polynomial
RiAd:=ayRo+a1R1+ -+ a,R, € K{Z}
and itsNewton diagram N (A) := N (P) where

P(Z):=ay+a1Z+---+a, 2" € K|Z].




We have, fory ¢ K*, z = y':
o A(y)/y = (RiA)(2);
e Ri(Ay) = yRi(A4)+:;
o v(A) = v(Ri(A)).
An elementz of K is anapproximate zeroof Ri A if
(RiA)(z) < a; R;(2) for all s.
Fact. For z = 1, we have:

z IS an approximate zero dti A <= z is an approximate zero d?.

This leads to a piecewise uniform descriptionzof> v((RiA4)4.) in
terms of functions of the form

z—v(z—0), 0e K.




4. Factorization theorems for linear differential operators.
Let K be a differential-valued field. We say that

e K is1-maximal if K is henselian, and whenevds f) = g with
A € K[D] oforderl, g € K, andf in an immediate
differential-valued field extension df, thenf € K;

e forn > 2, K is said to bex-maximal if K is (n — 1)-maximal, and
wheneverA(f) = O with A € K|D] of ordern and f in an
Immediate differential-valued field extension®&f thenf € K;

e K Isoco-maximal if K is n-maximal for alln > 0.

By Zorn, K has an immediate differential-valued field extenslowhich
has no proper immediate differential-valued field extemssnich anl is
oco-maximal. In particular, maximally valued- co-maximal; e.g.R[[z?]]
andC[[z%]] areco-maximal.

The differential-valued subfiel®{{z%}} of R[[z%]] is not 1-maximal.




From now on assume that the asymptotic couplg)) of K is of
H-type, withT" # {0}.

Theorem. SupposéX is algebraically closed and-maximal,n > 0,
and V¥ has a supremum ifi. Then eachd € K|D] of ordern is a product
A=A, ---A,withall A; € K|D] of order1, and

dimg ker A = dimg K/A(K).

Main problem in the proof. We do not know whetheK has an
Immediate differential-valued field extension that is nmaxily valued.

Corollary. SupposeX is real closed, its algebraic closure ismaximal,
n > 0, andW¥ has a supremum ifi. Then eachd € K|[D] of ordern is a
productA4; --- A, with all A; € K|D] irreducible of orderl or order 2.




5. Complete solution ofA(y) = g.

Let K be a differential-valued field whose asymptotic coufiley)) is of
H-type,I" # {0}, andsup ¥ = 0. Then there is ng € K with 3/ = 1.
However, we can adjoin a solution of this equatiorkto

Let K (x) be a field extension df” with = transcendental ovek. There
IS a unique pair consisting of a derivation &f(x) and a valuation ring
of K (x) that makedx (x) a differential-valued field extension &f such
thatz’ =1 andx > 1.

Suppose now thak is algebraically closed ansb-maximal, and let
A € K[D] have ordemn > 0.

Theorem. There exists &-linear operatorA—!: K[x] — K|[z] such
that for all h € K|x]:

A(A7Y(R)) = h, deg, A'(h) <deg, h+ > pa(y).

v




As to solving the homogeneous equatid(y) = 0 in K|x|, we have:

Theorem. Leta; > --- > Ozr be the distinct elements 6f(A). Then
there areh;; € K|x|forl <i < rand0 < j < pa(a;) such that

0, v(hij)=c;i+j-ve, deg,hy <> pa(y)
v

Each such familyh;;) is a basis of th&’-linear space
ker, A:={h € K[z] : A(h) = 0}.

In particular

Z“A = palay) + -+ pa(a,) = dime ker, A.




Let
&L ={y' 1y KX} (aQ-linear subspace df)

and letQ) be aQ-linear subspacé® of K such thatk' = . & (). Let
g e(q): Q = e(Q)

be a multiplicatively written copy of), and let

N = {2" :n e N} C K(x).

Equip

U:=K|[e(Q)-z"]

with the unique derivation extending the one Bihz| and satisfying
e(q) = qe(q) forall g € Q. (Think ofe(q) asexp( [ q).)

Proposition. There areC-linearly independent, ..., h, € U with

A(hz):(), degxhq;<n fore=1,...,n.




6. Examples.

Let K be a differential-valued field with asymptotic couplemftype.

Corollary (to the factorization theorem)Supposdx is a directed union
of maximally valued differential-valued subfieldisvhoseV - has a
supremum il .

e If K is algebraically closed, then every ¢ K|D] of degreen > 0 is
aproductd = A, --- A, with all A; € K[D] of degreel.

e If K isreal closed, then evert € K|D] of positive degree is a
productA = A, --- A, with all A; € K|[D] of degreel or degree2.

In particular, forK = R[[z*]]"*, we obtain: everyd ¢ K[D] of positive
degreeis a product = A, --- A, with all A; € K[D] of degreel or
degree2. TheR-linear mapy — A(y): K — K is surjective.




The following differential-valued fields are-maximal:

R[[z%]]“F, as well as its algebraic closulg[z*]]%* (i);

the real closur@(R) of R[[z%]] (= the field of Puiseux series i
with real coefficients);

the algebraic closurB(C) of C[[z%]] (= the field of Puiseux series in
z~! with complex coefficients);

every existentially closed/ -field.

(If K is henselian, an& has a differential-valued field extension,
algebraic over, which isn-maximal,n > 0, thenK is n-maximal.)




7. Unigueness questions.

Let K be a differential-valued field with asymptotic coupl& /) of
H-type,T" # {0}, andsup ¥ = 0.

Question. Letn > 0. Is there an immediate differential-valued field
extensionV/ of K which isn-maximal, and such that for every immediatg
n-maximal differential-valued field extensi@anof K there exists an
embedding/ — L which is the identity o ?

The answer is “no” even fat = 1:

Example. Supposek” = the real closure of thél -subfieldR (e, e¢”) of
R[[z®]]VE. Thena’ — e¢” = 1 forall a € K. For everyl-maximal
differential-valued field extensiof/ of K there exists an immediate
1-maximal differential-valued field extensidnof X such that there iBo
embedding\/ — L which is the identity onk.




We say thatK is closed under logarithmic integrationif for all s € K
there isy € K> with y" = s. Forn > 0, we say thafX is strongly
n-maximal if the algebraic closure ok is n-maximal.

Suppose thatup ¥ = 0, and K is equipped with an ordering making it a
real closedH -field, with algebraic closuré (i), i = —1.

Theorem. Supposenax ¥ = 0. There exists ait/-field extension\/ of
K with the following properties:

(1) maxW¥,, =0andC,, = C;

(2) M is real closed, strongly-maximal, and closed under logarithmic
Integration;

(3) no proper real closed{-subfield ofA/ containsK and is strongly
1-maximal and closed under logarithmic integration.

For eachM with these properties and each existentially clogédield
extension®' of K there is an embeddinyf — FE that is the identity on.




The theorem remains true if “stronglymaximal” is replaced by
“1-maximal’, and “existentially closed” by “Liouville closg’

The H-field K is stronglyl-maximal if and only if
(1) for eaches < 11in K there arey, z < 1 in K with

y =&, (14 2)T =¢;

(2) forall e < 1in K there arey,,y, < 1 in K with

(1 + Y1 + yg’i)T =5

(think ofy; = —1 + cos [ € andy, = sin [ ¢);
(3) for everyg € K thereisa € K witha' — g < 1;

(4) for everyA € K?[D] of degreel with &(A) = ) and everyy € K
there existsf € K> with A(f) = g.

Also: K 2-maximal=- K stronglyl-maximal=- K 1-maximal.




