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A diagram of actions of diffeomorphism groups.

Diff(M racts Imm(M, N) Facts Diff 4 (

r-acts
needs g

Diff(M,)  Met(M)

m

M
Vol’, (M) S

M compact , N pssibly non-compact manifold
Met(N) = (52 T N)

g

Diff(M)

Diff 4(N), A € {H*®,S,c}

Imm(M, N)

B;j(M, N) = Imm /Diff(M)

Vol (M) C T(vol(M))

(LDDMM)

l-acts
Diff(M (LDDMM)

r-acts

MetA(N)

space of all Riemann metrics on N
one Riemann metric on N
Lie group of all diffeos on compact mf M

Lie group of diffeos of decay A to Idy
mf of all immersions M — N

shape space

space of positive smooth probability densities



Diff(S5?) rracts Imm(5?, R?) Facts Diff 4 (R?)

(LDDMM)
‘ r-acts l-acts
r-acts
¢ needs g Diff(S?) (LDDMM)

VO|+(51) Met(sl) B,(Sl,R2) r-acts
Diff(S*)
needs g
Vol (1) Jfdo R = Met(S1) M 2
. . et(R
Diff(ST) = >0 [ Jgdo Diff(Sh) (R?)
DifF(Sl) Lie group of all diffeos on compact mf st
DifFA(]RZ), A€ {B,H>,S,c} Lie group of diffeos of decay A to Idpo
Imm(Sl, Rz) mf of all immersions ST — R2
B,'(Sl, ]Rz) = Imm/DifF(Sl) shape space
Vol+($1) = {f do : f C°°(51, R>0)} space of positive smooth probability densities

Met(Sl) = {g do? g€ C°°(51,1R>0)} space of metrics on S!



The manifold of immersions

Let M be either St or [0, 27].
Imm(M,R?) := {c € C>®°(M,R?): () # 0} C C>(M,R?).

The tangent space of Imm(M,R?) at a curve c is the set of all
vector fields along c:

TRR?

Tolmm(M,R?) =< h: /iﬂ >~ (he C®°(M,R?)}

M — -~ R2
Some Notation:

= <) n(@) = iv s = |’ = 71
V(e) - ’C/(9)|7 ( ) (0)? d ‘ (9)’d97 DS |C/((9)|80




Inducing a metric on shape space

Imm(M, N)
B; := Imm(M, N/ Diff(M)

Every Diff(M)-invariant metric "above" induces a unique metric
"below" such that 7 is a Riemannian submersion.



Inner versus Quter
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The vertical and horizontal bundle

» T Imm = Vert @ Hor.
» The vertical bundle is

Vert :=ker Tmr C T Imm..
» The horizontal bundle is
Hor := (ker Tm)Y¢ < TImm.

It might not be a complement - sometimes one has to go to
the completion of (T¢Imm, Gf) in order to get a complement.



The vertical and horizontal bundle

u}



Definition of a Riemannian metric

Imm(M, N) 1. Define a Diff(M)-invariant metric G
on Imm.
" 2. If the horizontal space is a
Bi(M, N) complement, then T restricted to
‘ ‘ the horizontal space yields an
O Q O Ny isomorphism
\ Q \ (L N e /
RN N |
R B3R (ker Tem)™¢ = Tor) By
\ Sk “\\ \ /ﬁ} fd
AN ’ﬂ// Otherwise one has to induce the

quotient metric, or use the
completion.
3. This gives a metric on B; such that
7 lmm — B; is a Riemannian
— 53— submersion.




Riemannian submersions

Imm(M, N)
B; := Imm(M, N)/ Diff(M)
» Horizontal geodesics on Imm(M, N) project down to geodesics
in shape space.

» O'Neill's formula connects sectional curvature on Imm(M, N)

and on B;.

[Micheli, M, Mumford, lzvestija 2013]



L2 metric

0 = S.
GO(h, k) = /M (h(0), k(9))d

Problem: The induced geodesic distance vanishes.

Diff(S1) rracts Imm(SY, R?) Facts Diff . (R?)
(LDDMM)
l-acts
& A Diff(51) (LDDMM)

Met(S?) B;(St, R?)

Movies about vanishing: Diff(S')  Imm(St, R?)

[MichorMumford2005a,2005b], [BauerBruverisHarmsMichor2011,2012]



The simplest (L2-) metric on Imm(S!, R?)

0 = S = C
Gc(h,k)_/51<h,k>d /51<h,k>| 0| o

Geodesic equation

Ctt = <Ct97 C6>Ct-

1 5 (|ct|2c(9> 1

_ ; _
2|y <o |col?

A relative of Burger's equation.
Conserved momenta for G° along any geodesic t +— c( ,t):

(v,ce)|col® € 2(SY) reparam. mom.

/ ceds € R? linear moment.
51

/1<JC, c)ds € R angular moment.
S




Horizontal Geodesics for G° on B;(S!, R?)

(ct.cp) =0and c; = an = aJj; for a € C>®(SY,R). We use
functions a, s =

, and &, only holonomic derivatives:

St = —aks, dy = %HQZ,

1 dg dge g Sy
K/t:afiz“r*(i) +7—73
S S/0 S

We may assume s|;—o = 1. Let v(0) = a(0, ), the initial value for
a. Then

St = —ak = =22, so log(sa®); = 0, thus

s(t,0)a(t,0)? = s(0,0)a(0,0)% = v(6)?,

a conserved quantity along the geodesic. We substitute s = "—; and
K = 2% to get



2 6 6 5.2
att—4i_ a 399+a dg Vp _ da~ay —0
a 2v4 vo v4 ’

a(0,0) = v(0),

a nonlinear hyperbolic second order equation. Note that wherever
v = 0 then also a = 0 for all t. So substitute a = vb. The

outcome is

_ v2 3wy,
(b7 ) = —?(b3)99 —2wvy(b3)g — T%

b(0,6) = 1.

b3

This is the codimension 1 version where
Burgers' equation is the codimension 0 version.



Weak Riem. metrics on Emb(M, N) C Imm(M, N).

Metrics on the space of immersions of the form:

GF (h, k) :/ g(P"h, k) vol(f*g)
M
where g is some fixed metric on N, g = f*g is the induced metric
on M, h,k € T(f*TN) are tangent vectors at f to Imm(M, N),
and Pf is a positive, selfadjoint, bijective (scalar) pseudo
differential operator of order 2p depending smoothly on f. Good
example: Pf =1+ A(A#)P, where A8 is the Bochner-Laplacian
on M induced by the metric g = f*g. Also P has to be
Diff(M)-invariant: ¢* o Pr = Pro, 0 @*.



Elastic metrics on plane curves

Here M = S! or [0,17], N = R?. The elastic metrics on
Imm(M, R?) is

27
GP(h, k):/ a*(Dsh, n)(Dsk, n) + b*(Dsh, v)(Dsk, v) ds,
0

with

P2b(h) = — a*(D2h, n)n — b*(D2h, v)v
+ (a® — b*)k((Dsh, v)n + (Dsh, n)v)
+ (82r — 00) (a°(n, Dshyn + b*(v, Dsh)v).



Sobolev type metrics

Advantages of Sobolev type metrics:
1. Positive geodesic distance
2. Geodesic equations are well posed
3. Spaces are geodesically complete for p >

[Bruveris, M, Mumford, 2014] for plane curves. A remark in [Ebin, Marsden, 1970], and [Bruveris, Meyer,

dim(M)
T L

2014] for diffeomorphism groups.
Problems:
1. Analytic solutions to the geodesic equation?
2. Curvature of shape space with respect to these metrics?
3. Numerics are in general computational expensive

wellp.: p=>1/2 act p>1 Lact p>1
Space: Diff(S?) i Imm(S!, R?) i Diff . (R2)
geod. dist.: +:p>%,—:p§% —:p=0,+:p>1 (LDDMM) —:p<%,+:p21
l-acts
r-acts needs Z Diff(s1) (LDDMM)
wellp. P201 plzl )
Space: Met(S+) B;(S*,R?)

geod. dist.: +:p>0 —:p=0,+:p>1



Sobolev type metrics

Advantages of Sobolev type metrics:

1. Positive geodesic distance
2. Geodesic equations are well posed
. dim(M)
3. Spaces are geodesically complete for p > =—— + 1.
[Bruveris, M, Mumford, 2013] for plane curves. A remark in [Ebin, Marsden, 1970], and [Bruveris, Meyer,
2014] for diffeomorphism groups.
Problems:
1. Analytic solutions to the geodesic equation?
2. Curvature of shape space with respect to these metrics?
3. Numerics are in general computational expensive
wellp.: p=1 r-acts p=>1 l-acts p=>1
Space: Diff(M) Imm M, N) D|fF (N)
disti p>1,—p<d —ip= § +P>1 (LDDMM) —p<t 1
l-acts
r-acts needs g Diff(M (LDDMM)
wellp.: p=k,keN p>1
Space: Met(M) B,'(M, N)

dist.: +:p>0 —p=0,+: p>1



Geodesic equation.

The geodesic equation for a Sobolev-type metric G* on
immersions is given by

1
Vol =3P (A(VP)(h. f) - — 2.TF g(PF, V)
— B(Pf, ). Tr¥(5))
— P ((VeP)f + Te% (8(VFe, TF))PF).

The geodesic equation written in terms of the momentum for a
Sobolev-type metric G” on Imm is given by:

p = Pf; @ vol(f*g)
1
Vap = 5 (Adi(VP)(f, )" — 2TF &(Pfe, V)

— B(Pf, £;) T 8(S)) @ vol(f*g)



Wellposedness
Assumption 1: P, VP and Adj(VP)* are smooth sections of the
bundles

L(TImm; Tlmm) L?(TImm; Tlmm) L2(TImm; Tlmm)
Imm Imm Imm,

respectively. Viewed locally in trivializ. of these bundles,

Peh,  (VP)e(h k), (Adj(VP)s(h, k))J‘ are pseudo-differential
operators of order 2p in h, k separately. As mappings in f they are
non-linear, and we assume they are a composition of operators of the
following type:

(a) Local operators of order | < 2p, i.e., nonlinear differential operators
A(F)(x) = A(x, V' (x), VI (x),..., VF(x), f(x))

(b) Linear pseudo-differential operators of degrees /;,

such that the total (top) order of the composition is < 2p.
Assumption 2: For each f € Imm(M, N), the operator Ps is an elliptic
pseudo-differential operator of order 2p for p > 0 which is positive and
symmetric with respect to the H%-metric on Imm, i.e.

/ g(Prh, k)vol(g) = / g(h, Prk) vol(g) for h, k € Telmm.
M M



Theorem [Bauer, Harms, M, 2011] Let p > 1 and k > dim(M)/2 + 1,
and let P satisfy the assumptions.

Then the geodesic equation has unique local solutions in the Sobolev
manifold Imm**2P of Hk+2P_immersions. The solutions depend smoothly
on t and on the initial conditions f(0, . ) and (0, . ). The domain of
existence (in t) is uniform in k and thus this also holds in Imm(M, N).
Moreover, in each Sobolev completion Immk+2p, the Riemannian
exponential mapping exp” exists and is smooth on a neighborhood of the
zero section in the tangent bundle, and (,expP) is a diffeomorphism
from a (smaller) neigbourhood of the zero section to a neighborhood of
the diagonal in Imm*™2P x Imm**2P_ All these neighborhoods are
uniform in k > dim(M)/2 + 1 and can be chosen H**2P-open, for

ko > dim(M)/2 + 1. Thus both properties of the exponential mapping
continue to hold in Imm(M, N).



Sobolev metrics of order > 2 on Imm(S!, R?) are complete

Theorem. [Bruveris, M, Mumford, 2014] Let n > 2 and the metric
G on Imm(St,R?) be given by

Ge(h, k) = /51 Zaj<D£h7D£k> ds,
=0

with a; > 0 and ap, a, # 0. Given initial conditions
(co, up) € T Imm(St,R?) the solution of the geodesic equation

o, (Z(—l)j|c'|D52jct> = _% ¢ Ds ({ce, ce)v)

Jj=0
n 2k—1

+3 Z(—1)k+f% |c'| Ds (D% e, Dic)v) -

k=1 j=1
for the metric G with initial values (cy, up) exists for all time.
Recall: ds = |c|df is arc-length measure, Ds = ﬁ@g is the

derivative with respect to arc-length, v = ¢’/|c’| is the unit length
tangent vector to ¢ and (, ) is the Euclidean inner product on R2.



Thus if G is a Sobolev-type metric of order at least 2, so that
/ (|hP + |D2h2)ds < C Go(h, h),
Sl

then the Riemannian manifold (Imm(S!, R?), G) is geodesically
complete. If the Sobolev-type metric is invariant under the
reparameterization group Diff(S!), also the induced metric on
shape space Imm(St,R?)/ Diff(S') is geodesically complete.

The proof of this theorem is surprisingly difficult.



The elastic metric

27
G2P(h, k):/ a%(Dsh, n)(Dsk, n) + b%(Dsh, v)(Dsk, v) ds,
0

¢t = u € C®(Rso x M,R?)

Pluc) = PG5

1
= 5(d0 - S27) ({Dsu, Dsu)v + 3 (v, Dsu)?v

He(u, u) — Ke(u, u))

— 2(Dsu, v)Dsu — 3(n, Dsu)?v)
+ Dy ((Dsu, Dsuyv + 2 (v, Dsu)?v
— 2(Dsu, v)Dsu — 3(n, Dsu)?v)

Note: Only a metric on Imm/transl.



Representation of the elastic metrics

Aim: Represent the class of elastic metrics as the pullback metric
of a flat metric on C*°(M,R?), i.e.: find a map

R : lmm(M,R?) — C°°(M,R")
such that

G2P(h, k) = R*(h, k)2 = (TcR.h, T.R.k) 2.

[YounesMichorShahMumford2008] [SrivastavaKlassenJoshiJermyn2011]



The R transform on open curves

Theorem
The metric G®? is the pullback of the flat L? metric via the
transform R:

R*P . Imm([0,27],R?) — C°°([0, 27], R%)

we- 12 o) v (3)

The metric G* is flat on open curves, geodesics are the preimages
under the R-transform of geodesics on the flat space im R and the
geodesic distance between c, ¢ € Imm([0, 2], R?)/ trans is given
by the integral over the pointwise distance in the image Im(R).
The curvature on B([0,2r],R?) is non-negative.

[BauerBruverisMarslandMichor2014]



The R transform on open curves |l

Image of R is characterized by the condition:
(46° — a*)(Rf(c) + R3(c)) = a*Rs (c)
Define the flat cone
C*b = {q e R3: (4b® — 3°)(¢? + ¢3) = a°q3, q3 > O}.
Then Im R = C>(S1, C*P). The inverse of R is given by:

R~ :im R — Imm([0, 27], R?)/ trans

- _ L/ q1(0)
RGO =+ 5 [ 10 (245)) ao.



The R transform on closed curves |

Characterize image using the inverse:

- _ I q1(0)
R7Ha)(O) = po+ 5+ O ()] (q;(9)> do.

R=1(q)(0) is closed iff

A basis of the orthogonal complement (Tq%""’b)L is given by the
two gradients g;radL2 Fi(q)



The R transform on closed curves I

Theorem
The image € of the manifold of closed curves under the

R-transform is a codimension 2 submanifold of the flat space

Im(R)open- A basis of the orthogonal complement (Tqﬁa”*b)l is

given by the two vectors

1 2q% + q% 2 0
Ui1(q) = —— g | +=Vabr—2a2( 0 |,
&+ 63 0 ? a
1 q1q2 2 0
U(q)= ——— | +2¢5 | + Va2 -2 0

92+ q3 0 2 %2

[BauerBruverisMarslandMichor2012]



compress and stretch




WA R R R
AR RN
R AR L
R ARV R v



Non-symmetric distances

I =1 lp = 11

[ I # iterations # points distance # iterations # points distance Y%diff
cat cow 28 456 7.339 33 462 8.729 15.9
cat dog 36 475 8.027 102 455 10.060 20.2
cat donkey 73 476 12.620 102 482 12.010 4.8
cow donkey 32 452 7.959 26 511 7.915 0.6
dog donkey 15 457 8.299 10 476 8.901 6.8
shark airplane 63 491 13.741 40 487 13.453 21

WA IR AR
WiIRIR RN



An example of a metric space with strongly
negatively curved regions

Diff(52) rracts Imm (52, R3) bacts Diff . (R?)
(LDDMM)
l-acts
r-acts needs g Diff(S?) (LDDMM)

Met(52) Bi(S%,R3)

GP(h k) = /M (F)(h, k) vol(g)

[BauerHarmsMichor2012]



Non-vanishing geodesic distance

The pathlength metric on shape space induced by G® separates
points if one of the following holds:

» &> G+ G||Tr(S)||? with C1, G > 0 or
» & > G Vol

This leads us to consider ® = ®(Vol, || Tré(S)|?).
Special cases:

> GA-metric: ® =1+ A|Tré(S)|?
» Conformal metrics: ® = ®(Vol)



Geodesic equation on shape space B;(M,R"), with
® = d(Vol, Tr(L))

fr = a.v,
- 1 q) 2 B 1 2 - 1 2
2= 5[5 T~ 3 THL) [ (@19)7 vol(g) — 522A(020)

+2ag71(d(020), da) + (020)| dall3

+(81<D)a/MTr(L).avoI(g) _ %(62d>) TH(12)]



Sectional curvature on B;

Chart for B; centered at 7(fy) so that 7(fp) = 0 in this chart:
ae C®(M) « 7(fy + avP).

For a linear 2-dim. subspace P C T ()B; spanned by a1, a1, the
sectional curvature is defined as:

G®  (R.ry(a1,ar)a1, a
k(P) = — W(fo)( ()21, 22)a1, 22) , where

la1l2lla2]? — G5y (a1, @2)?

Ro(a1, a2, a1, a2) = Gy (Ro(a1, a2)a1, a2) =
1 1
50'2@3)(81,31)(32, a) + Ede(?(aL a)(a1, a1)
— d?G (a1, a2)(a1, a2)

+ G (Fo(a1, a1), To(az, a2)) — G (Fo(ay, a2), To(ar, a2)).



Sectional curvature on B; for ® = Vol

(P) = — Ro(a1, a2, a1, a2)
la1llla2]1? — G (a1, a2)

Ro(a1, a2, a1,a2) = 5 Vol/ ||aiday — agda1||z,,1 vol(g)
M
1 —_—
4VOITr(L)2 (af.ag — a1.322>
1 - J—
2 (a%Tr(L)za% —2ar.a;. Tr(L)?a;.a2 + a%.Tr(L)%%)

3

, Where

+
+

2 Tr(D)ay — 23173 Tr(L)ay. Tr(L)az + %.Tr(L)af)

ol
% daz — 231.3;.Tr8(day.dap) + ;%Trg((dal)z)>

22.Tr(L2) — 2.31.3.a1.3p. Tr(L2) + a2.22. Tr(LZ))



Sectional curvature on B; for & =1+ ATr(L)?

Ro(a1, a2, a1, a2)
l|a1]?]|a2]]? — G:Tb(fo)(alv az)

Ro(a1, a2, a1, a2) = / A(arlay — axAar)? vol(g)
M

k(P)=— , where
—i—/ 2ATr(L aldaz—azdal) (aldag—agdal),s) vol(g)
M
4A2g 1 (d Tr(L), ardap — aday)’
+A41+ATF I: I ( r( ),31 dp — a2 31)

1
- (5 (14 ATr(L)?)? + 242 Tr(L)A(Tr(L)) + 24 Tr(12) Tr(L)2>.
- ||arday — axday||5 1 + (2A* Tr(L)?)||day A da2|\202

+ (8A2 Tr(L))gg(d Tr(L) ® (a1daz — axday), day A daz)] vol(g)



Negative Curvature: A toy example

Movies: Exl: ® =1+ .4Tr(L)> Ex2: ¢ =e" Ex3: ¢ ="



Another toy example

GP(h, k) = Jr28((1+ A)h, k)vol(g) on Imm(T? R3):

-

‘

[BauerBruveris2011]



A Zoo of diffeomorphism groups on R”

For suitable convenient vector space A(R") C C>®(R") let
Diff 4(R") be the group of all diffeomorphisms of R” of the form
Id+f for f € A(R")" with det(/, + df(x)) > ¢ > 0.

Theorem. The sets of diffeomorphisms Diff(R"), Diffs(R"),
Diff yoo (R"), and Diffg(R") are all smooth regular Lie groups. We
have the following smooth injective group homomorphisms

Diff(R") — Diffg(IR") — Diff 1y (R") —> Diff5(R") .

Each group is a normal subgroup in any other in which it is
contained, in particular in Diffg(R"). Similarly for suitable
Denjoy-Carleman spaces of ultradifferentiable functions both of
Roumieu and Beurling type:

Diff pim) (R")HDistm] (R")—Diff yim.» (R™)—Diff 1,4 (R )—Diff gian (R").

We require that the M = (M) is log-convex and has moderate

éM) D C¥ in the Beurling case.

[M,Mumford,2013], partly [B.Walter,2012]; for Denjoy-Carleman ultradifferentiable diffeomorphisms [Kriegl, M,
Rainer 2014].

growth, and that also C



Right invariant Riemannian geometries on
Diffeomorphism groups.

For M = N the space Emb(M, M) equals the diffeomorphism
group of M. An operator P € ['(L(T Emb; T Emb)) that is
invariant under reparametrizations induces a right-invariant
Riemannian metric on this space. Thus one gets the geodesic
equation for right-invariant Sobolev metrics on diffeomorphism
groups and well-posedness of this equation. The geodesic equation
on Diff(M) in terms of the momentum p is given by

p = Pf, ® vol(g),
Vo.p = —Tf.g(Pf, V)" @ vol(g).

Note that this equation is not right-trivialized, in contrast to the
equation given in [Arnold 1966]. The special case of theorem now
reads as follows:



Theorem. [Bauer, Harms, M, 2011] Let p > 1 and k > dimT(M) +1 and
let P satisfy the assumptions.

The initial value problem for the geodesic equation has unique local
solutions in the Sobolev manifold Diff*™2P of Hk+2p -diffeomorphisms.
The solutions depend smoothly on t and on the initial conditions f(0, .)
and (0, . ). The domain of existence (in t) is uniform in k and thus this
also holds in Diff(M).

Moreover, in each Sobolev completion Diffk+2p , the Riemannian
exponential mapping exp” exists and is smooth on a neighborhood of the
zero section in the tangent bundle, and (,expF) is a diffeomorphism
from a (smaller) neigbourhood of the zero section to a neighborhood of
the diagonal in Diff*™2P x Diff**2P_ All these neighborhoods are uniform
in k > dim(M)/2+ 1 and can be chosen H**2P_open, for

ko > dim(M)/2 + 1. Thus both properties of the exponential mapping
continue to hold in Diff(M).



Arnold'’s formula for geodesics on Lie groups: Notation

Let G be a regular convenient Lie group, with Lie algebra g. Let
G x G — G be the group multiplication, uy the left translation

and g the right translation, px(y) = 1 (x) = xy = u(x, y).

Let L, R : g — X(G) be the left- and right-invariant vector field
mappings, given by Lx(g) = Te(pg)-X and Rx = Te(u8).X, resp.
They are related by Lx(g) = Rad(g)x(g)- Their flows are given by

FITX(g) = g. exp(tX) = u®PX)(g),
FIFX () = exp(tX).g = Hexp(ex)(8&)-

The right Maurer—Cartan form x = " € QY(G, g) is given by

R = T ) - €.
The left Maurer-Cartan form ' € QY(G, g) is given by

Fix(€) 1= Tu(px1) - €.



K" satisfies the left Maurer-Cartan equation dk — 3|, K]y =0,
where [ , ]A denotes the wedge product of g-valued forms on G
induced by the Lie bracket. Note that 3[x, 5]A(&,1) = [K(€), &(n)].
r! satisfies the right Maurer-Cartan equation dr + %[Ii, K]y = 0.



Geodesics of a Right-Invariant Metric on a Lie Group

Let v = g x g — R be a positive-definite bounded (weak) inner
product. Then

wl(&m) = (T )& T ) - n) = ~(k(€), K(n))

is a right-invariant (weak) Riemannian metric on G. Denote by
¥ : g — g* the mapping induced by 7, and by (a, X)4 the duality
evaluation between o € g* and X € g.

Let g : [a, b] — G be a smooth curve. The velocity field of g,
viewed in the right trivializations, coincides with the right
logarithmic derivative

5(g) = (k&) - dug = K(drg) = (8°K)(Dr).
The energy of the curve g(t) is given by

1

b b
Ee) =5 [ e &)de =5 [ (@0 (e")(0) o



Thus the curve g(0, t) is critical for the energy if and only if

7(0:(g"%)(9r)) + (ad(grr)(0,) )" ((&7K)(9:)) = 0.

In terms of the right logarithmic derivative v : [a, b] — g of
g :[a,b] = G, given by u(t) := g"w(0) = Ty (8 ) - g'(1),
the geodesic equation has the expression

deu = — 5 ad(u)" (u) (1)

Thus the geodesic equation exists in general if and only if
ad(X)*¥(X) is in the image of ¥ : g — g%, i.e.

ad(X)™(X) € ¥(9g) (2)

for every X € X. Condition (2) then leads to the existence of the
Christoffel symbols. [Arnold 1966] has the more restrictive
condition ad(X)*¥(Y) € ¥ € g. The geodesic equation for the
momentum p = y(u):

pe = —ad(¥"'(p))"p.



A covariant formula for curvature and its relations to
O'Neill's curvature formulas.

Mario Micheli in his 2008 thesis derived the the coordinate version
of the following formula for the sectional curvature expression,
which is valid for closed 1-forms «, 5 on a Riemannian manifold
(M, g), where we view g : TM — T*M and so g~ ! is the dual
inner product on T*M. Here of = g7 1(a).

g(R(aﬁ,Bﬁ)aﬁ,Bﬁ) =

= 30f(I8l5-1) = 3B (llalg) + 3(a*6° + Bat)g ™ (o B)
(Iast line = —aﬁﬁ([aﬁﬁﬁ]) + 5ﬁa([aﬁaﬁﬁ]]))

— 3ld(g ™ (e, B2 + 2& 7 (d(llel2-1). d([18]12-))

+ 3l 51|




Mario’s formula in coordinates

Assume that oo = ajdx’, B = Bidx’ where the coefficients «;, §; are
constants, hence «, 3 are closed.
Then of = g’foz,@j,ﬁﬁ = g"B;i0; and we have:

4g(R(af, B4 B, o)
= (iBk — aufi) - (jB1 — a1 3;)-
o . . o
: <2g’5(gftgﬁ’ )s — 38l gl — 3¢"g g’ gy )




Covariant curvature and O'Neill’s formula, finite dim.

Let p: (E,ge) — (B, gg) be a Riemannian submersion:
For b € B and x € E, := p~1(b) the gg-orthogonal splitting

TxE = TX(Ep(x)) S TX(Ep(x))LgE = TX(EP(X)) S Horx(p)-
Txp : (Horx(p), ge) — (ThB, gB)
is an isometry. A vector field X € X(E) is decomposed as
X = XM 4 XVer into horizontal and vertical parts. Each vector

field £ € X(B) can be uniquely lifted to a smooth horizontal field
ghor € T(Hor(p)) C X(E).



Semilocal version of Mario's formula, force, and stress

Let (M, g) be a robust Riemannian manifold, x € M,
a, € g«(TxM). Assume we are given local smooth vector fields
X and Xg such that:

L Xa(x) = af(x),  Xs(x) = B(x),

2. Then of — X, is zero at x hence has a well defined derivative
Dy (af — X,) lying in Hom(T,,M, T,M). For a vector field Y
we have Dy(af — X,). Y = [Y,af — Xo](x) = Ly (af — Xo)|x-
The same holds for 5.

3. Lx,(a) = Lx,(8) = Lx,(a) = Lx,(B) =0,
4. [Xa, X3l =0.
Locally constant 1-forms and vector fields will do. We then define:
Fla,B) : = 3d(g Hev, B)), a 1-form on M called the force,
D(a, B)(x) : = Dx(ﬁti — Xﬂ).aﬁ(x)
= d(f* — Xp).a*(x), € TM called the stress.
— D(a, B)(x) = D(B, a)(x) = [of, 57](x)



Then in the notation above:

g(R(e, 8%)B*, a*)(x) = Ri1 + Rz + Ro + Rs
Ru = (£, (671)(8.5) — 2Lx. Lx, (g )(@. 5)
+ L5, (g7 () ) (x)

Ri2 = (F(a,a),D(B, B)) + (F(8, B), D(av, )
- (f(a,,@),D(a,B) + D(67a)>

Ro = (IF (e )1 — (Fla, @), F(5,8)) 41 ) (x)
Rs = —3|D(ar, B) — D(B, )2,




Diffeomorphism groups

Let N be a manifold. We consider the following regular Lie groups:

Diff(N), the group of all diffeomorphisms of N if N is compact.
Diff(N), the group of diffeomorphisms with compact support.

If (N, g) is a Riemannian manifold of bounded geometry, we also
may consider:

Diffs(N), the group of all diffeos which fall rapidly to the identity.
Diff yoo (N), the group of all diffeos which are modelled on the
space [ yeo ( TM), the intersection of all Sobolev spaces of vector
fields.

The Lie algebras are the spaces X 4(N) of vector fields, where
A€ {C,S,H®}, with the negative of the usual bracket as Lie
bracket.



Riemann metrics on Diff(N).

The concept of robust Riemannian manifolds, and also the
reproducing Hilbert space approach in Chapter 12 of [Younes 2010]
leads to:

We construct a right invariant weak Riemannian metric by
assuming that we have a Hilbert space H together with two
bounded injective linear mappings

Xs(N) = Ts(TN) 25 H 25 T a(TN) (1)

where ch(TN) is the Banach space of all C? vector fields X on N
which are globally bounded together with V&X and VEVEX with
respect to g, such that jpoj; : [s(TN) — ch(TN) is the
canonical embedding. We also assume that j; has dense image.



Dualizing the Banach spaces in equation (1) and using the
canonical isomorphisms between H and its dual H’ — which we call
L and K, we get the diagram:

Fs(TN) Fs/(T*N)
A
L H/
P 7
rcg(TN) e (T*N)

Here I's/(T*N), the space of I-co-currents, is the dual of the
space of smooth vector fields ['s(TN) = Xs(N). It contains the
space I's(T*N ® vol(N)) of smooth measure valued cotangent
vectors on N, and also the bigger subspace of second derivatives of
finite measure valued 1-forms on N, written as I'y2( T*N) which is
part of the dual of ch(TN). In what follows, we will have many
momentum variables with values in these spaces.



In the case (called the standard case below) that N = R” and that
(X,Y) = / (1 —AAY X, Y) dx

we have

1 .
100) =gy [, &0+ Ae'a)

n

Z(dui\x ® dx) ® (du'|, ® dy)
i=1

where d¢, dx and dy denote Lebesque measure, where (u') are
linear coord. on R”. Here H consists of Sobolev H' vector fields.

"0 0
K(Xv)/): KI(X_)/)Z Oxi ®87y,'7
i=1

1 el (&)
Kil) = Gy /geRn v Ay ™

where K; is given by a classical Bessel function which is C?/.




The geodesic equation on Diff (V)

According to [Arnold 1966], slightly generalized as explained
above: Let ¢ : [a, b] — Diffs(N) be a smooth curve. In terms of
its right logarithmic derivative u: [a, b] — Xs(N),

u(t) = 9" R(De) = Ty (D) - 9/ (2) = & (t) 0 (), the

geodesic equation is

| L) = —ad(u)"L(u) |

Condition for the existence of the geodesic equation:

X v K(ad(X)*L(X))

is bounded quadratic Xs(N) — Xs(N).

The Lie algebra of Diffs(N) is the space Xs(N) of all rapidly
decreasing smooth vector fields with Lie bracket the negative of
the usual Lie bracket adx Y = —[X, Y.



Using Lie derivatives, the computation of ady is especially simple.
Namely, for any section w of T*N ® vol and vector fields
&,n € Xs(N), we have:

J ol = [ et = = [ (et

hence adi(w) = +L¢(w).
Thus the Hamiltonian version of the geodesic equation on the
smooth dual L(Xs(N)) C I'c2(T*N & vol) becomes

8t0z = — ad}(a) o = —EK(Q)OZ,

or, keeping track of everything,

Orp = uop,
oiav = —L o (1)

u=K(a)=af, a=Lu)=".




Landmark space as homogeneus space of solitons

A landmark g = (q1,...,qn) is an N-tuple of distinct points in
R"; so Land" < (R")V is open. Let ¢° = (¢9,...,q%) be a fixed
standard template landmark. Then we have the the surjective
mapping

ev,o : Diff(R") — Land",
@ evo(p) = 0(q°) = (¢(a)), - .-, o(aR))-

The fiber of evo over a landmark g = ©o(q°) is

= o o {p € Diff(R") :
= {¢ € Diff(R") : v(q)

{0 € Diff(R") : p(q°) = q}
¢(q°) = %}
= q} ° o;
The tangent space to the fiber is

{Xowg: X e Xs(R"),X(qi) =0 for all i}.



A tangent vector Y o gg € Ty, Diffs(R") is G5 -perpendicular to
the fiber over q if

/ (LY, X)dx =0 VX with X(q) = 0.

If we require Y to be smooth then Y = 0. So we assume that
LY =), P;.dq;, a distributional vector field with support in g.
Here P; € T4, R". But then

Vi) =L (X Pida) = [ K= 3 Py () dy
= Z K(X - qi)'Pi

Tyo(evgo)(Y owo) = Y(qk)k = Z(K(Qk —qi)-Pi)k

1



Now let us consider a tangent vector P = (Py) € T4 Land". Its
horizontal lift with footpoint ¢q is P"" o ¢o where the vector field
Phor on R” is given as follows: Let K~1(q)x be the inverse of the
(N x N)-matrix K(q);j = K(qi — qj). Then

'Dhor ZKX—q, 1( )UPJ

Phor Z(Sx_ql 1 )UPJ

Note that P"°" is a vector field of class H?/~1.



The Riemannian metric on Land" induced by the gt-metric on
Diffs(R") is

gé(P7 Q) — G(éo(Phor’ Qhor)
:/ <L(Phor),Qhor> dx
Rn
/ <Z§ X = ql 1 )UFZ'7
ZKX*qk “q )kIQ/>
=> Klq ,-,-K ai — a4 )K" (@) (P}, Q)

ij,k,l

g:(P, Q) => K Mq)u(Pi, Q). (1)
kol



The geodesic equation in vector form is:

dn:

1
2

> K H(q)wigrad K(qi — q;)(K(@)in — K(a)jn)
kil

K~(q)j{dk, ar)

+ Z K_l(q)ki< grad K(qi - qn)v qi — qn>qk
k,i




The geodesic equation on T*Land"(R")

The cotangent bundle

T*LandV(R") = Land"(R") x ((R")V)* > (g, ). We shall treat
R" like scalars; ( , ) is always the standard inner product on R".
The metric looks like

(gL)q aﬂ) ZK ij alﬂﬁj

K(q)j = K(qi— q;)-



The energy function
[\—
E(q.0) = 3(g")q (@, 0) = 3 Y K(@)s{ai, o)
isj
and its Hamiltonian vector field (using R"-valued derivatives to
save notation)

N )
05) = Z (K(Qk - Cli)Oéiaiqk
ik=1

0
+ grad K(g; — ai) o, 0u) 5, ).

So the geodesic equation is the flow of this vector field:

qk—ZK i — Qi)

— Zgrad K(qi — qu){ci, o)




Stress and Force

Oéi:ZK(qk*ql )i, Z O‘Ha?; )

i i,k

ZdK qi — qj)(o; —a)<5j, >, the stress.

D(a, B) — (57 a) = ( anﬁﬁ) — DBnOzti = [aﬁ,ﬁﬁ], Lie bracket.
Fila, B) = %Zgrad K(gi — i) (i, Bi) + (Bi, o))

k
Fla,B) = Z<.7:i(0675),dq;> = %dg_l(a,ﬂ) the force.

The geodesic equation on T* Land”(R") then becomes




Curvature via the cotangent bundle

From the semilocal version of Mario’s formula for the sectional
curvature expression for constant 1-forms «, 8 on landmark space,
where ai = > K(qk — qi)aj, we get directly:

gL (R(cf, Bt BF) =
= (D(e, B) + D(B, @), F(, B))
—<D( a), F(B,B)) — (D(B, B), F(av, )

2 <d2 (q: - qj)(ﬁjj 5Jﬁ76ﬁ 6ﬁ)<05,,OéJ>

i
— 2d%K(qi — ¢)) (5 - 5,& aﬁ- - af){Bi, o)
+ d2K(qi — )(af — af.af —af) (5, 3))

— 17 (e B2 +g—1(f(a a) 76 8)-

+ 3o, 84112




Bundle of embeddings over the differentiable Chow variety.

Let M be a compact connected manifold with dim(M) < dim(N).
The smooth manifold Emb(M, N) of all embeddings M — N is the
total space of a smooth principal bundle with structure group
Diff(M) acting freely by composition from the right hand side.

The quotient manifold B(M, N) can be viewed as the space of all
submanifolds of N of diffeomorphism type M; we call it the
differentiable Chow manifold or the non-linear Grassmannian.
B(M, N) is a smooth manifold with charts centered at

F € B(M, N) diffeomorphic to open subsets of the Frechet space
of sections of the normal bundle TF+& C TN|f.

Let ¢ : Diffs(N) x B(M, N) — B(M, N) be the smooth left action.

In the following we will consider just one open Diffs(/N)-orbit
U(Diffs(N), Fo) in B(M, N).



The induced Riemannian cometric on T*B(M, N)

We follow the procedure used for Diffs(N). For any F C N, we
decompose H into:

HE® = j ({X €T(TN) - X(x) € TiF, for all x € F})

H"" = perpendicular complement of 71"

It is then easy to check that we get the diagram:

Ms(TN)—2 = H—2 T (TN)

b
ires l Lres
f f

Fs(Nor(F))— HJ = T 2 (Nor(F)).

Here Nor(F) = TN|g/TF.




As this is an orthogonal decomposition, L and K take H}™ and
H"" into their own duals and, as before we get:

Is(Nor(F)) Is/(Nor*(F))
£j1 j{j
hor Le hory/
iy (Her)
F
J2 i

I'Cg(Nor(F)) I 2 (Nor*(F))

KE is just the restriction of K to this subspace of H’ and is given
by the kernel:

Kr(x1,x2) := image of K(x1,x2) € Nory, (F)®Nory,(F)), xi,x2 € F.

This is a C? section over F x F of prj Nor(F) ® prj Nor(F).



We can identify H7°" as the closure of the image under K¢ of
measure valued 1-forms supported by F and with values in
Nor*(F). A dense set of elements in 7" is given by either taking
the 1-forms with finite support or taking smooth 1-forms. In the
smooth case, fix a volume form k on M and a smooth covector

¢ € Ts(Nor*(F)). Then .k defines a horizontal vector field h like
this:

h(Xl):/EF‘KF(X1>X2)|£(X2)-“(X2)>

The horizontal lift A" of any h € TrB(M, N) is then:

h""(y1) = K(LFh)(y1) = / - |K(y1,%2)|LFh(x2)), y1 € N.

Note that all elements of the cotangent space o € I's/(Nor*(F))
can be pushed up to N by (jg)«, where je: F < N is the
inclusion, and this identifies (jr).« with a 1-co-current on N.



Finally the induced homogeneous weak Riemannian metric on
B(M, N) is given like this:

(h, K)F = /N (P (1), LK™ (1)) = / KAL) (Lek)0m)
yie

_ / (K(y1, y2), (Lrh) (1) ® (LK) (y2))
(y1,y2)ENXN

= / <L,:h(x1)‘K/:(X1,X2)|/-Fh(X2)>
(x1,x1)EFXF

With this metric, the projection from Diffs(N) to B(M, N) is a
submersion.



The inverse co-metric on the smooth cotangent bundle
Lresm,ny T(Nor*(F) @ vol(F)) € T*B(M, N) is much simpler
and easier to handle:

(o, B)F = //FXF<04(X1)‘KF(X1,X2)‘5(X1)>-

It is simply the restriction to the co-metric on the Hilbert
sub-bundle of T* Diffs(N) defined by H’ to the Hilbert sub-bundle
of subspace T*B(M, N) defined by H.



Because they are related by a submersion, the geodesics on

B(M, N) are the horizontal geodesics on Diffs(/N). We have two
variables: a family {F;} of submanifolds in B(M, N) and a time
varying momentum «(t,-) € Nor*(F;) ® vol(F;) which lifts to the
horizontal 1-co-current (jg,)«(a(t,-) on N. Then the horizontal
geodesic on Diffs(N) is given by the same equations as before:

at'(":t) = resNor(Ft)(U(t? ))
u(t,x) = /(  [KGonfatey)) € x5

0t (UF)«(a(t, ) = =Lue) (UF)«(alt, ).

This is a complete description for geodesics on B(M, N) but it is
not very clear how to compute the Lie derivative of (jg,).(a(t,-).
One can unwind this Lie derivative via a torsion-free connection,
but we turn to a different approach which will be essential for
working out the curvature of B(M, N).



Auxiliary tensors on B(M, N)

For X € Xs(N) let Bx be the infinitesimal action on B(M, N)
given by Bx(F) = Tig(¢F)X with its flow FIZX(F) = FIX(F). We
have [Bx, By] = B[X,Y]-

{Bx(F) : X € Xs(N)} equals the tangent space TrB(M, N).

Note that B(M, N) is naturally submanifold of the vector space of
m-currents on N:

B(M, N) — FSI(/\’"T*N), via F — <w — / w) .
F
Any oo € Q™(N) is a linear coordinate on 's/( TN) and this restricts

to the function B, € C*(B(M, N),R) given by B,(F) = fF a.
If = dp for B € Q™"1(N) then

Bu(F) = Bas(F) = [ Jzds = [ diz =0

by Stokes’ theorem.



For a € Q™(N) and X € Xs(N) we can evaluate the vector field
Bx on the function B,:

Bx(Ba)(F) = dBa(Bx)(F) = 0¢|oBa(FIF(F))
= /Fj}f-/lxoz = Bry(a)(F)

as well as = /j,’f—(ixda + dixa) = /j,’f—ixda = Biy(da)(F)
F F

If X € Xs(N) is tangent to F along F then
Bx(Ba)(F) = [¢ Lx|pjFer = 0.

More generally, a pm-form o on N¥ defines a function B&p) on
B(M,N) by BE(F) = [pa



For a € Qm*%(N) we denote by B, the k-form in Q%(B(M, N))
given by the skew-symmetric multi-linear form:

(Ba)F(Bxl(F),...,BXk(F)):/I:j/:*(ixl/\.../\xka).

This is well defined: If one of the X; is tangential to F at a point
x € F then j£* pulls back the resulting m-form to 0 at x.

Note that any smooth cotangent vector a to F € B(M, N) is equal
to B, (F) for some closed (m + 1)-form «. Smooth cotangent
vectors at F are elements of I's(F,Nor*(F) @ A" T*(F)).



Likewise, a 2m + k form a € Q2™*k(N?2) defines a k-form on
B(M, N) as follows: First, for X € Xs(N) let X(2) € £(N?) be
given by

X(Z) 1= (Xny X Ony) + (0ny X Xi,)

(n,m2) "

Then we put

(BO)r (B (). B (F)) = [ e (i, o)

This is just B applied to the submanifold F2 C N? and to the
special vector fields X (2.

Using this for p = 2, we find that for any two m-forms «, 5 on N,
the inner product of B, and Bg is given by:

_ 2
g5 (Ba: Bs) = B2y

We have
iBX BOA = Bixa
dB, = Byo forany a € Q’"+k(N)
EBX BOL = Bﬁxoc



Force and Stress

Moving to curvature, fix F. Then we claim that for any two
smooth co-vectors a, b at F, we can construct not only two closed
(m+ 1)-forms «, 5 on N as above but also two commuting vector
fields X, X3 on N in a neighborhood of F such that:

1. Bo(F) =aand Bg(F) = b,

2. Bx,(F) = a* and Bx,(F) = b*

3. Lx, (o) = Lx,(B) = Lx,(a) = Lx,(B) =0
4. [Xa, X3l =0

The force is
- B (2) _ R
2F (e, B) = d((Ba, Bg)) = d (B<a|K|B>) = Ba((aki5)"

The stress D = Dy on N can be computed as:

D(a, B, F)(x) = (restr. to Nor(F)) (— /yeF ’£X&2)(XaY)K(X7Y)’B(Y)>>



The curvature

Finally, the semilocal Mario formula and some computations lead
to:

(Re(my(BY, BE)BS, BE)(F) = Riy + Rz + Ra + R
Ri1 = é//FXF (<ﬁ’£X((f)£Xc(f)Km> + <&}EX[(32)EX[(32)K‘04>
_2<a‘ﬁxé2)£xgz)K‘ﬂ>>
R12 = /F <<D(Oé,04, F),f(B,ﬁ, F)> + <D(5767 F),]:(Oé,a, F)>

— (D(, B, F) + D(B, 0, F), Fla, 5, F)))
= ||f(0é,5, ||K,: - <f Q, &, F ﬁ 57 >K
Rs = ~3|D(o, 5, F) - D(B, o, F>||LF




Thank you for listening



