SYMPLECTIC STRUCTURES ON THE SPACE OF SPACE CURVES

MARTIN BAUER, SADASHIGE ISHIDA, AND PETER W. MICHOR

ABSTRACT. We present symplectic structures on the shape space of unparameterized space
curves that generalize the classical Marsden-Weinstein structure. Our method integrates the
Liouville 1-form of the Marsden-Weinstein structure with Riemannian structures that have
been introduced in mathematical shape analysis. We also derive Hamiltonian vector fields
for several classical Hamiltonian functions with respect to these new symplectic structures.
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1. INTRODUCTION

Motivation and background: The space of unparametrized space curves as an infinite di-
mensional orbifold is known to have a symplectic structure called the Marsden-Weinstein
structure (MW-structure) [12]. It is thought of as a canonical symplectic structure as it is
formally a Kirillov-Kostant-Souriau form by regarding space curves as linear functionals on
the space of divergence-free vector fields in R3; see eg. [12, Theorem 4.2] and [1, Chapter VI,
Proposition 3.6]. Another incentive for studying the MW symplectic structure can be found
in its appearance in mathematical fluid dynamics: for example, one can interpret vortex
filaments as the MW flow of the kinetic energy of the velocity field induced by vorticity
concentrated on the curve. Via so-called localized induction approximation vortex filaments
reduce to the binormal flow, which is a completely integrable system and is again an MW
flow for the length functional as the Hamiltonian, see eg. [23, Chapter 11] or [11, Chapter 7]
and the references therein.

To the best of the authors’ knowledge, to date no symplectic structures other than the
MW form have been studied on the space of unparametrized space curves. Riemannian
structures on this space, on the other hand, have attracted a significant amount of interest;
primarily due to their relevance to mathematical shape analysis [30, 27, 4]. The arguably
most natural such metric, the reparametrization invariant L?-metric admits a surprising
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degeneracy: the geodesic distance between any pair of curves vanishes on both the space of
parametrized and unparametrized curves [16, 2]. This result renders the L*-metric unsuited
as a basis for mathematical shape analysis and thus started a quest for stronger Riemannian
metrics, which induce a non-degenerate distance function and consequently can be used for
applications in these areas, see eg. [17, 29, 26, 3| and the references therein.

The aforementioned L2-Riemannian metric and the MW symplectic structure are related
via an almost complex structure J, which is induced on shape space Imm(S*, R?)/ Diff (S*)
by the cross-product with the unit tangent vector of the curve ¢, i.e., J.(h) = ‘2—:| X h; here
c:S' — R3is aspace curve and h : St — R3 is a tangent vector to c. Furthermore, the MW
symplectic structure QMW has a Liouville 1-form @MW ie., QMW = —dOMW  which arises
from the L?-metric G and the almost complex structure J via

MW (1) = —%chc(c), h).

[

Main contributions: These relations between Riemannian geometry and symplectic geome-
try on the space of space curves are the starting point of the present article: our principal
goal is to construct new symplectic structures on the space of unparametrized curves by com-
bining the above classical construction with more recent advances in Riemannian geometry
of these spaces, i.e., we construct new presymplectic structures by modifying the Liouville
form of the MW form using different Riemannian metrics from mathematical shape analysis.
This construction automatically leads to a closed 2-form (and thus a presymplectic form) on
the space of parametrized curves. Under certain assumptions on the Riemannian metric this
form then descends to a presymplectic structure on the space of unparametrized space curves
and, for several specific examples, we prove that it is indeed non-degenerate and thus weakly
symplectic. Interestingly, in some cases the presymplectic form still has a nontrivial kernel
on the shape space, but becomes symplectic when the quotient by a further 2-dimensional
foliation is taken.

A seemingly more straightforward approach is to directly construct the symplectic struc-
ture by simply alternating the Riemannian metric via the almost complex structure J (Re-
mark 2.11). This approach, however, turns out to be unsuccessful as the resulting skew-
symmetric 2-form is usually not closed and thus not even presymplectic, which was our
incentive to follow this more complicated procedure.

We also derive formulae for Hamiltonian vector fields of several classical Hamiltonian
functions generated by our new symplectic structures and provide numerical illustrations to
qualitatively show a few simple examples among these new Hamiltonian flows. This study is
further motivated by the recent interest in gradient flows on the space of curves with respect
to Riemannian metrics other then the L? metric, see e.g. [24, 21]. Here we investigate
the symplectic analogon of these constructions. In future work it would be interesting to
investigate the effect of the choice of symplectic structure on the long-time behavior of the
dynamics of these Hamiltonian flows.

Strictly speaking, the MW-structure and the structures we construct are weak-symplectic,
i.e., 2-forms that are closed and weakly non-degenerate (the induced homomorphism from
the tangent bundle to the cotangent bundle is injective but not bijective). In Appendix A,
we provide a short introduction to infinite-dimensional weak symplectic geometry, including
a new assumption that was overlooked in previous research.
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Future directions: In this article, we introduced new (pre)symplectic structures on the shape
space of space curves. Our procedure of modifying the Liouville form of a (pre)symplectic
form and taking the exterior derivative is not limited to such shape spaces. It would be
interesting to apply the same machinery for other infinite-dimensional (weak-)symplectic
manifolds that admit Liouville forms such as the space of complex functions on a domain or
the cotangent bundle of an infinite-dimensional Riemannian manifold.

Structure of the article: In Section 2, we introduce Liouville forms via the modification of
the L2-Riemannian metric, and then compute presymplectic forms by taking the exterior
derivative. In Section 3, we show that, a class of presymplectic structures attained by con-
formal factors on the shape space are indeed weekly symplectic. We also derive Hamiltonian
vector fields with respect to these weak symplectic structures. In Section 4, we describe
more concretely symplectic structures induced by the length function as a special case of
conformal factors and provide several examples of Hamiltonian vector fields. In Section 5,
we discuss the presymplectic structure induced by the curvature-weighted metric, where we
leave the non-degeneracy open for future research. Finally, in Section 6, we numerically
illustrate simple Hamiltonian flows with respect to symplectic structures induced by length
functions.

Acknowledgements: The authors are grateful to Boris Khesin for valuable comments on the
MW symplectic structure and S. Ishida thanks Albert Chern for insightful discussions on
space curves and Chris Wojtan for his continuous support. M. Bauer was partially supported
by NSF grant DMS-1953244 and by the Binational Science Foundation (BSF). S. Ishida
was partially supported by ERC Consolidator Grant 101045083 “CoDiNA” funded by the
European Research Council. Some figures were generated by the software Houdini and its
education license was provided by SideFX.

2. LIOUVILLE STRUCTURES AND (PRE)SYMPLECTIC STRUCTURES

The space of parametrized and unparametrized curves. We consider the space of regular
space curves:

Imm(S", R?) := {c € C*(S",R?) : || #0},

which consists of immersions of S! into R3. The space Imm(S*!,R3) is an open subset of
the vector space C*°(S1, R?) and thus, similar as in finite dimensions, it is a manifold with
tangent space

T.Imm(S', R?) = C>®(S', R?).

On the manifold of immersions we consider the action of the group of orientation-preserving
diffeomorphisms Diff"(S') by composition from the right. This leads us to consider the
quotient (shape) space

B;(S, R?) := Imm(S*, R*)/ Diff (S"),

which is an infinite dimensional orbifold with finite cyclic groups at the orbifold singularities,
see [7] and [15, 7.3]. The tangent space to the vertical fiber through ¢ consist exactly of all
fields h that are tangent to it’s foot point ¢, i.e., h = a.c’ with a € C*°(S?).
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Reparametrization invariant Riemannian metrics on spaces of curves. On the space of
parametrized curves we will consider reparameterization invariant (weak)-Riemannian met-
rics of the form:

Gtnb = [

where L € T'(End(7Tmm(S',R?)) is an operator field, such that for each ¢ € Imm the
operator

(Lo, k|| d6 = / (h, Lok ||dO
1 st

Le : TImm(S', R?) = C>*(S', R?*) — T,Imm(S*, R?) = C=(S*, R?)

is an elliptic pseudo differential operator that is equivariant under the right action of the
diffeomorphism group Diff*(S!) and also under left action of SO(3), and which is also
selfadjoint with respect to the L2-metric, i.e.,

Leos(ho ) = (Lu(h)) o and / (Lo, kyds — / (h, Lok)ds

Remark 2.1 (Sobolev metrics). An important class of such metrics is the class of Sobolev
H™ metrics, where L = (1 — (—=1)"D?™) with D, = ‘C—l,|89 being the arclength derivative.
Using the notation ds = |¢’|df for the arclength measure we obtain for m = 0 the metric
Gl ) = | (lelds = [ (ks
St 51
and for m = 1 the metric

GicdDi(h,k):/ (h,k>+<—D§h,k>ds:/ (h, k) + (Dsh, Dsk)ds.

st st
All these metrics can be written in terms of arc-length derivative D, = ﬁd@ and arc-
length integration ds = |c/|df only. It has been shown that each such metric induces a

corresponding metric on the shape space B;(S!, R?) such that the projection is a Riemannian
submersion [18]. In finite dimension this would follow directly from the invariance of the
metric, but in this infinite dimensional situation one has to show in addition the existence
of the horizontal complement (w.r.t. the Riemannian metric). We will see, however, that
this particular class of metrics will not be suited for the purpose of the present paper, as
the induced symplectic structure will not descend to a symplectic structure on the quotient
space.

The induced Liouville one form. Next we will use the metric G* to define a (Liouville) one-
form on Imm(S!, R?). Therefore we consider for ¢ € Imm(S*,R?) and h € T,.Imm(S*, R?)
the one-form:

OL(h) = GE(c x Dy, h) = /(c X Dyc, L.h)ds = /det(c, Dgec, L.h)ds,
where x denotes the vector cross product on R3. We have the following result concerning
it’s invariance properties:

Lemma 2.2 (Liouville one form). For any inertia operator L, that is equivariant under the
right action of the group of all orientation preserving diffeomorphisms and the left action
of the rotation group SO(3), the induced Liouville one-form ©F is invariant under the right
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action of Diff*(SY) and the left action of SO(3), i.e., for any ¢ € Imm, h € T.Jmm, ¢ €
Diff " (S') and O € SO(3) we have

Of(eo) (O(h 0 ) = O (h).

Proof. We will only show the reparametrization invariance, the invariance under SO(3) is
similar but easier. Using the equivariance of both L and D, we calculate

@fo(p(hogo) = /(cocp X (Dyc)op, (L:h)op)|dople!| df = /(c X Dgc, L.h)ds = @g(h). O

Remark 2.3. If L is equivariant under the left action of not only SO(3) but of the larger
group SL(3) = {M € GL(3,R) | det(M) = 1}, then also ©F is invariant under SL(3). This
is the case for the Marsden-Weinstein structure L = id (see Remark 2.5), but in general not
for the inertia operators we deal with in this article.

The induced (pre)symplectic form on Imm(S!, R?). Once we have defined the one-form ©
we can formally consider the induced symplectic form

QE(h, k) = —dO%(h, k) = =D, Ok (k) + D05 (h) + ©L([h, k),

where d denotes the exterior derivative, D.j; denotes the directional derivative at ¢ €
Imm(S*, R3) in the direction h, and when applied to a function f: Imm(S*, R3) — R, we
have D.,f = Lnf(c). The bracket [h, k] is the Lie-bracket in X(Imm(S*,R?)) defined by
[h, k|lc = Depk — Dejh.

In the following lemma we calculate this 2-form explicitly:

Theorem 2.4 (The (pre)symplectic form QF on parametrized curves). Let ¢ € Imm(S!, R?)
and h,k € T,Imm(S*, R3). We have

OL(h, k) = / ((Dsc, Loh % k4 h x Lok) — (¢, Dyh X Lok + Loh x D,k)
(1)
4 (e % Dyc, (Do Lo)h — (DC,hLC)@)ds.

Furthermore, QF is invariant under the right action of Diff " (S) and under the left action

of SO(3).

Remark 2.5 (Marsden-Weinstein symplectic structure). It is known that for the invariant
L?-metric, i.e., L = id, one obtains three times the Marsden-Weinstein (weak)-symplectic
structure with this procedure (See [28, 22| for example), i.e.,

3OV (h, k) == Q4(h, k) = 3/

S

Its kernel consists exactly of all vector fields along ¢ which are tangent to ¢, so by reduction

it induces a presymplectic structure on shape space Imm(S*, R?)/ Diff " (S!) which is easily
seen to be weakly non-degenerate and thus is a symplectic structure there.

(Dsc x h,k)ds = 3/det(Dsc, h,k)ds.

Proof of Theorem 2.4. To prove the formula for Q¥ we first collect several variational formu-
las, see eg. [17] for a proof:

h
ds = |coldf,  Dopds = |9’ T%e — (Dyh, D,c)ds
Co
1 —(h
Dy = —0, DopD, = L’f”ae — —(D,h, Dyc)D,.
ol |ca)
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Since Imm(S*, R3) is open in C*°(S!, R3), we can choose globally constant h, k i.e., indepen-
dent of the location ¢ on Imm(S*, R?), namely [h, k] = 0 and compute

D.,OL(k) = / (det(h,Dsc, Lok) — (Dyh, Dyc) det(c, Dye, Lok) + det(c, Dyh, Lok)
+det(c, Dye, (DopLe)k) + (Dyh, Dyc) det(c, Dyc, Lck;)) ds
- / (det(h, Dyc, Lok) + det(c, Doh, Lok) + det(c, Dye, (DQth)k))ds
Thus we get for QF:
QF(h, k) = =Den®F (k) + Der®F(h) +0
- / ( — det(h, Dye, Lok) + det(k, Dyc, Loh) — det(c, Doh, Lok) + det(c, Dk, Loh)
— det (¢, Duc, (Dop L)k — (DQkLC)h))ds
- / ((Dsc, Loh Xk +h x Lok) — (¢, Dsh % Lok — Dk % Loh)

— (e x Dye, (DopLe)k — (DQkLC)h))ds,

which yields the desired formula for Q”. The invariance properties of Q¥ follow directly from
the corresponding invariance properties of ©%. U

The induced (pre)symplectic structure on B;(S!,R?). In the previous part we have cal-
culated a (pre)symplectic form on the space of parametrized curves Imm(S*, R3); we are,
however, rather interested to construct symplectic structures on the shape space of geometric
curves B;(S',R?). The following result contains necessary and sufficient conditions for the
forms ©F and QF to descend to this quotient space:

Theorem 2.6 (The (pre)symplectic structure on unparametrized curves). The form QF fac-
tors to a (pre)symplectic form QF on B;(S',R3) if the inertia operator L maps vertical
tangent wvectors to span{c,c'}, i.e., if for all ¢ € Imm(S*,R3) and a € C*(S') we have
L.(a.c) = a1 + agc for some functions a; € C*(S1).

Proof. The Liouville form ©F on Imm(S?, R?) factors to a smooth 1-form ©% on shape space
B; (S, R?) with ©F = 70! if and only if ©F is invariant under under the reparameterization
group Diff (S1) and is horizontal in the sense that it vanishes on each vertical tangent vector
h = a.d for ain C*(S' R).

Since OF is invariant under the reparameterization group Diff *(S?) by construction it only
remains to determine a condition on L such that © vanishes on all vertical h, i.e., we want

0k (ad) = /(c X Dgc, Le(ac'))ds = 0.

From here it is clear that this holds if L.(a.c’) = a;c’ + asc for some functions a; € C°°(S).
In that case also its exterior derivative satisfies

Of = —doFt = —dr*6F = —1*dOF =: *QF
for the presymplectic form QF = —dO% on B;(S', R?). O
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Example 2.7 (Inertia operators with a prescribed horizontal bundle). There are several dif-
ferent examples of operators that satisfy these conditions, including in particular the class
of almost local metrics:

Le(h) = F(c).h for F € C°°(Imm(S*, R?),R.,), for example

2

Note, that the class of Sobolev metrics, as introduced in Remark 2.1 does not satisfy the
conditions of the above theorem. Thus these metrics do not induce a (pre)symplectic form on
the quotient space. By including a projection operator in their definition one can, however,
modify these higher-order metrics to still respect the vertical bundle:

Leh = (pro(1 = (=1 D) pr.+(1 = pro)(1 = (<1 D) (1 = pr,) ).

where pr,h = (D,c, h)Dyc is the L*-orthogonal projection to the vertical bundle. For more
details see [5], where metrics of this form were studied in detail.

Lo(h) = D(L)h,  Lo(h) = ®( / R ash,  Lo(h) = (1+ ARD)h.

Remark 2.8 (Horizontal QF-Hamiltonian vector fields and Q*-Hamiltonian vector fields).
In the following we assume that the inertia operator L € I'(End(7Tmm(S*, R?)) induces a
(weak) symplectic structure on B;(S',R?), i.e., it satisfies the conditions of Theorem 2.6
and is moreover weakly non-degenerate in the sense that QF : TImm — 7*Imm is injective.
Since T o Qf;(c) oT.m = QL this is equivalent to the kernel of QF : T.Imm — T Imm being
equal to the tangent space to the Diff " (S1)-orbit co Diff " (S?) for all ¢. Thus QF restricted
to the Gf-orthogonal complement of T,.(co Diff*(S')) is injective. See [9, Section 48] for
more details.

Assume that H is a Diff " (S1)-invariant smooth function on Imm(S*, R?). Then H induces
a Hamiltonian function H on the quotient space B;(S', R?) with H o = H. Since the 2-form
QF on Imm(S!, R3) is only presymplectic it does not directly define a Hamiltonian vector
field. However, if each dH. lies in the image of Q¥ : TTmm(S*, R3) — T*Imm(S*, R?), then
a unique smooth horizontal Hamiltonian vector field X € X(Imm) is determined by

dH = ixQF = Q¥(X, ) and GX(X,,TcY) =0, VY € X(S")
which we will denote by hgradQL(H ). Obviously we then have
grad® (H)onm = T ohgrad® (H).

Sometimes the kernel of QF will be larger than the tangent spaces to the Diff(S!)-orbits;

then hgradQL(H ) will be chosen G'-perpendicular to the kernel of QF. This will happen in
Theorem 3.2, for example, where L is a function of ¢ such that ©F is also invariant under
scaling. The Hamiltonian H factors to the corresponding space Imm(S*, R?)/ ker QF (which
denotes the quotient by the foliation generated by ker QL) if H is additionally invariant under
each vector in ker QF.

Remark 2.9. For the Marsden-Weinstein structure QMW = —dOs5id we have
hgradQMW H = —Dyc x gradGid H
since

Gid(DsC X ) = QMW(? )
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Remark 2.10 (Momentum mappings). If a Lie group G acts on Imm(S*, R3) and preserves
O©%, the corresponding momentum mapping J can be expressed in terms of ©F and the
fundamental vector field mapping ¢ : g — ¥(Imm(S*,R?)). For Y € g, we have

(J(0),Y) = OF(Cy)e = /(c % Dyc, Lo(Y 0 ¢))ds,

where we denote the duality as ( , ):g* x g — R. Namely,
dO (¢y) = dig, O = L, OF — i, dOF = 0 — i, QF.
Lemma 2.2 asserts that ©F is invariant under the right action of Diff *(S1) and the left
action of SO(3).

Thus for X = a.0p € X(S') = C>(S')0y the reparameterization momentum is given as
follows:

Ca.0,(¢) = Deyacy as derivation at ¢ on C*°(Imm, R)
= a.cp = a.|cg| Dyc € T,Jmm = C°(S* R?)
Leoy(hop) = (Lch)oyp = (DecgcyLle)(h) + Le(a.hg) = a.(Leh)g

(IO (), 0.09) = OF (Cuy(€)) = OF (aucq) = / (e x Dc, Le(a.co))ds

= /(C X DSC7 a~(LcC)6 - (Dc,a.c(;LC)(C»ds‘

For Y € s0(3) the angular momentum is

(J99G) (), Y) =0L(Yoc) = /(c X Dyc, L.(Y oc))ds

= /<C X Dsc,yo Le(c) — (DeyocLe(c))ds.

For a correct interpretation of the angular momentum recall (from [14, 4.31], e.g.) that the
action of Y € R & 50(3) & Ly (R? R?) on R3 is given by X — 2Y x X.
If L is also invariant under translations, then the linear momentum, for y € R3?, is

(T¥(0), ) = OH(y) = / (¢ % Dic, Lo(y))ds

Note that the above also furnishes conserved quantities on B;, if Q¥ is non-degenerate.

Remark 2.11 (Defining a symplectic structure via an almost complex structure). On the
shape space B;(S!,R?), the mapping of 90 degrees rotation formally given by

J: TB;(S",R*) — TB;(S", R?)
[h] — [Dsc x h]
is an almost complex structure, i.e., an isomorphism with J? = —1. For simplicity we will
just write the equivalence class [h] by h and drop the pushforward/pullback notation by
in this remark. It is well-known that the L2-Riemannian metric G'¢, the Marsden-Weinstein

symplectic structure QMW and the almost complex structure J formally define an almost
Kahler structure (also called a compatible triple),
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on Bi(Sl,R3> 1. ~
This observation suggests to define a family of almost symplectic structures QF via
Q7 (h, k) = G (Te(h), F).

If L is non-degenerate then Q%7 is by construction an almost symplectic structure, i.e., QLT
is skew-symmetric and non-degenerate. At a first glance this approach seems promising (and
simpler than our approach above) to define new symplectic structures. To show that the
induced forms are indeed symplectic it suffices to check closedness of Q7. However, Q&7
fails to be closed at least for all Riemannian metric that are conformally equivalent (but not
equal) to the L2-metric. That is, L. is given by the multiplication with a conformal factor:
L. = X(c)id, which we will mainly study in the next section. To see the non-closeness of
QM | we compute formally (by ignoring the m-factor of A and QMW for simplicity),

AN = XdOMWV L dh A OMW — g\ A QMW

The 3-form dAA QMW is not identically zero unless ) is a constant. This statement is actually
true on any symplectic manifold (M, w) of dimension greater than 2 including our case where
the orbifold B;(S',R?) is even infinite-dimensional. To see this let us denote Xy = grad” H
for a given function H: M — R. Then we have,

INAw=0 < 0=iy,(d\Aw)=ix,d\Aw—d\Nix,w=(Lx,\)w—d\AdH VH,

Since the two terms (Lx, \).w'd and dAAdh have different ranks, they are both zero. Namely,
Lx, A must be zero. Since at each point x any tangent vector h € T, M is locally realized as
Xpu(z) by choosing such a Hamiltonian H, A\ must be constant.

While the above discussion is limited to Riemannian metrics that are conformally equiva-
lent to the L2-metric, it seems that a similar phenomenon is also true for more complicated
(higher order) metrics. In particular, we were not able to construct any pair of an almost
complex structure J and a non-conformal operator L on B;(S*, R?) which satisfy the required
invariance conditions and lead to a closed form Q%7

This observation is the main reason why we proceeded to define our symplectic structures
by altering the Liouville form, thereby ensuring closeness of the corresponding two-form. We
may also reach the same approach by solving the non-closeness issue of the other approach
via an almost symplectic structure, e.g. in the conformal case when A is not a constant
and thus Q* is not closed, we could add some W € d=(d\ A Q) so that Q + W is closed.
By doing this, the non-degeneracy property may be lost and thus one needs to check this
property again. Our approach for constructing a symplectic form from the Liouville form
©* amounts to choosing W = —d\ A ©4. We emphasize that there is a large degree of
freedom in d=!(d\ A Q'¢) and our choice is not the unique one that makes the resulting form
symplectic.

3. SYMPLECTIC STRUCTURES INDUCED BY CONFORMAL FACTORS

In this section we consider symplectic structures induced by Riemannian metrics, that are
conformally equivalent to the L?-metric, i.e., we consider the G metric for L, = \(c) where

IThis is not a K&hler structure in the classical sense, which additionally requires a complex structure
i.e., the existence of holomorphic coordinates. Indeed the Marsden-Weinstein symplectic structure does not
admit a complex structure [10]; it has been shown that on the space of isometric mappings of a circle into R3
modulo Euclidean transformations there is indeed a Kéhler structure closely related to the Marsden-Weinstein
structure, but with a more complicated almost complex structure than 7 [19], see also the comments in [20].
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A: Imm(S,R3) — R is invariant under reparametrization. Thus \ factors to a function
A: Bi(S,R?) — Ry by 7*A = \. Moreover, if gradfld A exists (which we assume) it is
pointwise perpendicular to Dgc.

We first study the scale invariance of the corresponding Liouville 1-form, which will be
of importance for the calculation of the induced (pre)symplectic structure. We say OF is
scale-invariant at ¢ € Imm(S*, R?) if £;0F = 0 where I € T'(TTmm(S*,R?)) is the scaling
vector field I, := ¢ with flow FI! (¢) = e’.c. Depending on the context, we use both I and ¢
for scaling as a tangent vector in this article.

Lemma 3.1 (Scale invariance of ©*). Let L. = \(c)id. Then the following are equivalent:

(a) ©* is invariant under scalings.

(b) 3X\(c) + LiA(c) = 3\(¢) + DA =0 for all ¢ € Imm(S*, R?).

(c) M) = A(c/t(c)).b(c)™3 for a smooth function A : {c € Imm : {(c) = 1} — Ry,.
Proof. We have the following equivalences.
(a) <= (b):

Lr0* = L£;(00) = di(AO') +i;d(ANO') = 0 + i;(d\ A O + \dO')
= irdA A O+ 0+ XipdO' = (i;d\)O" — \if QY = (i;d)\ + 3))01.
(b) < (c): Let {(c) = 1.
OA(te) = dhe(c) = Dic A = 1 Diegeh = S2\(tc)
<= O log(A(te)) = =2 <= log(\(tc) = log(A(c)t™®) <= A(tc) = A(c).t7>. O

t

Equipped with the above Lemma we are now ready to calculate the induced symplectic
structure O, where we will distinguish between the scale-invariant and non-invariant case.

Theorem 3.2 (The (pre)symplectic structure Q). Let L. = A(c)id be Diff(SY)-invariant.
Then the induced (pre)symplectic structure on Tmm(S', R?) is given by

(2) Q* = 2\ 4+ 0 A dA.
Furthermore we have
(a) If 3\, + L1\ = 3\(c) + Do A\ # 0 on any open subset of Imm, then Q* induces a
non-degenerate two-form on B;(S*,R3), which is thus symplectic.

(b) Assume in addition, that X = hgradQid A exists and is smooth and that 3\.+Li . = 0
for all c. Denote by F the involutive 2-dimensional vector sub-bundle spanned by
the vector fields I and hgradﬂld A. Then O induces a non-degenerate two-form on
Imm(S*, R3)/(Diff*(S') x F) ~ {¢ € B;(SY,R?) : \; = 1}/spau1r1(gradﬂld \), where
it agrees with a multiple of the Marsden-Weinstein symplectic structure. It is also
non-degenerate on {¢ € B;(S*,R3) : l; =1}/ span(graudﬁldl A).

In case (b), the vector field X := hgrad™ A exists in X(Imm(S*,R®)) if and only if
gradGid A exists and is smooth as we have hgradQid A= hgrad?’QMW A= —%Dsc X gradGid A
This is equivalent to the fact that A\ € C*(B;(S!,R3),R) by A.4. Moreover, the vec-
tor fields I and hgraudQid A= %hgradQMW A) are linearly independent at any ¢ because
Qicd(hgrad?id A 1) = iid\(c) = —3X(c) # 0 by assumption. So the dimension of F is al-
ways 2. We project to the leaf space of the 2-dimensional distribution if it is integrable.
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This is the case, if the flow of gmdQid \ exists; then the flows of I and gradQid A combine to
a 2-dimensional (ax + b)-group acting on Imm(S*, R?). We assume that this is the case; to
prove existence of the flow one has first to specify A and then solve a non-linear PDE.

Proof. The formula directly follows from the product rule applied to d(©*) = d(\©?).

Case (a): We now show the non-degeneracy; if a tangent vector h satisfies h L Dgc
pointwise and Q) h,k) = 0 for any k, then h = 0. First, choosing k¥ = a.c with some
non-zero constant a € R* we get from a.c € ker ©' that,

= ,ac) = ‘ ,ac) + : la.c —U=a + Dee i .
0=Q(h MY 0" (h)igd\ — 0 = a[3)\ + D, \O“(h

With our assumption 3\ + D, A # 0 we see h € ker oid,
Next, we test for h € ker ©'4 and k = a.c with some function a € C*®(S') to see

QXM h,ac) = XQY(h,ac) = 3)\/a<c X Dgc, hyds.

If this vanishes for any function a, we have (¢ x Dyc, h) = 0 everywhere. We now consider
the regions:

(i) The open subset U = {6 € S* : ¢() x D,c(6) # 0},
(i) The closed set ST\ U = {6 € S : ¢(0) x Dyc() = 0}.

Any h satisfying both h L Dgc and h L (¢ X Dye) pointwise is of the form h = b.c+ v with a
function b € C*°(S') supported on U and a vector field v € C*(S?, R?) supported on S'\ U
and v L Dgc (and hence v L ¢ as well). Then we have

Q2 (h, k) = XY, k) + ©'Y(h)ird\ — O (k)ind\
= A (b.c, k) + 0 — O (k)iydN
+ A, k) + 0 — ©'9(k)i,d\

= / ((BX.b+ Dep A+ DeyA)Dye x ¢+ 3X.Dse x v, k)ds.
s1

We assumed that QX (h, k) = 0 for all k, in particular, for ones supported on S*\ U. Hence
we have v = 0. With this we have

QMh, k) = / (3X\.b+ Dy A)(Dye X ¢, k)ds.
U

In order that Q2(h, k) = 0 for any k, we must have 3\.b+ DA = 0 on U. Since D\ € R
is constant, b is constant. Hence we have b(3A+D, .\) = 0 and get b = 0 from our assumption
3X + DA # 0. Thus we obtained h = 0.

Case (b): By assumption X := hgradﬂld A exist; i.e., d\ is in the image of Q' : TImm —
T*Imm and satisfies d\ = ixQ'¢ and (X, Dyc) = 0. Then we see X € ker Qid by direct
computation using the assumed condition 3\, + D, A = 0;

(ix0'Y), = /(c x Dyc, X)ds = 209X, ¢) = Lijd\. = —A(c) by 3.1.

(ix)e = ix, A4+ O A dN), = \c).ix, Q09+ 0 (X,).d)\, —ix.d)\.0Y
= Ae).d\. — Ac).d\. — 0 = 0.
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Note also that the scaling field I, := ¢ with flow FlI](¢) = e’.c is in the kernel of Q) as we
have
i1 = Xi; Q4 + 0" (c)d\ — D N0 = —3\0' + 0 — D, O = 0.
Thus I and X, the 7-related versions of I and X, are in the kernel of Q.
(L1A)(c) = dAc(c) = —3X(c)
£;0Y = i;d0" = —i;Q'¢ = 30
LV = —£;d0Y = —dL;0' = —d(30') = 30
—3d\ = L1d) = L;(ixQ) = (ix L+ i7,x) 0 = 3ix Q< + iy Q4
i x4 = —6d\ = —6ix Q'
Thus ifr, x]+6 XQiii =0, [I, X]+6X is in the kernel of Q4. Their -related version [I, X]+6X is
in the kernel of Q'¢ which is weakly non-degenerate on B;. So [I, X] = —6X and also [I, X] =
—6X. Thus if the Frobenius integrability theorem applies in this situation (equivalently, if the
local flow of X exists), then the fields I and X span an integrable distribution, and the leaf
space exists, probably as an orbifold, which we will denote by Imm(S!, R?)/(Diff(S1) x F).
Now we shall make use of A(¢c) = A(¢/¢.).£;3. The function is defined on the (-unit

sphere {¢ € Imm : {(c) = 1}. To simplify notation, extend it constantly to Imm so that
A(c) = Alg=13(c/¥(c)). Then we have

dro(h) = 0(c) 73 (dAc(h) ~3A(0) / (Dsh, Dsc>ds>

_ dA(Z%)( —le)2. /(Dsh, Dychds.c + é(c)’lh) —3A(E)U) /<D3h, Dyc)ds

QN (h, k) = Me)Q4(h, k) + (09 A d),)(h, k)
= A(c/0(c)).L(c) 2. (h, k) + z(c)—3@;d(h>.(dAC(k) ~3A(0) iy / (D,k, Dsc>ds)

- £(c)‘3(dAc(h) ~3A(0) 7 / (Dsh, Dsc>ds> O(k).
We have diffeomorphisms which are equivariant under scalings
Imm(S*, R?)/ Diff *(S') = Imm(S*, R?) /(Diff *(S') x Rsg) x Rsg
=~ ¢ € Imm(S*, R?)/ Diff 7 (S*) : £(¢) = 1} x Ry
>~ {¢ € Imm(S', R*)/ Diff " (S') : AM(€) = 1} x Ry
1
c <+ (g(—é)é,ﬁ(é)) +— (A(E/L.)%e, 0(2))
and pre-symplectomorphisms
{ceB;: L@ =1},QY) sem F(@) = A@)Y3ce ({ée B; : Me) = 1}, Q')
({ce Bi:0(e) =1}, <& (B, )

%

({c € B;: M) = 1},Q9) <3 (B;, Q") since
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dF (c)(k) = $A(c)*PdA(c) (k).c + A(c) Pk
F(c) %A( ) 2/3dA( )(Dsc). c+A(c)1/3Dsc
(F*YYo(h, k) = Qg (dF(e)(h), dF (c)(k))

k)
- 3/ (M)A (@) (Dye).c + M)/ Dyc) x X (§A(e) AN (e) (h).c + A(e)'/*h),

(%A(@_ZBdAﬁﬁ“ﬁcAFA(dlmk)>ds
— A()Q(h, k) + O (h).dA(c) (k) — ©(k).dA(c) (R)

Since (B;, Q') is weakly symplectic and {¢ € B; : A(¢) = 1} is a codimension 1 sub-orbifold
diffeomorphic to {¢ € B; : {(c ) = 1}, the kernel of (i30) is 1-dimensional, and we have

already found it as X = gradQ A which is tangent to {¢ € B; : A(¢) = 1}. O

Remark 3.3 (Symplectic reduction). Our reduction of the space B;(S!, R?) in the second case
of Theorem 3.2 can be seen as an infinite-dimensional 1nstance of the Marsden-Weinstein-
Meyer symplectic reduction. To see this, let us set X = grad “ X and take the momentum
map J: B;(S*, R?) — R by J(¢) := A(¢), with the corresponding group action being the time-
t flow of X with ¢ as initial data. We have shown that Q" is degenerate on the codimension-1
sub-orbifold J=(1) = {¢ € B;(S*,R?) | A(¢) = 1}, and that it becomes symplectic when
factored onto the codimension-2 sub-orbifold J~1(1)/ grad®” X,

We also remark that the dual product for the momentum map J is just the multiplication
of scalar values as we have

(J(@),t) = -0 (t.X) = t.\(¢)
for ¢ € R such that the time-t flow map of X exists. Here we used the invariance of O
under the flow of X, which is shown by L0 = di 04 +i¢Qld = —d\ + d)\ = 0 mimicking
computatlons in the proof of Theorem 3.2. We may get the same result also usmg ©* and
gradQ \ = T7T(hgraudQ A) (cf. Proposition 3.5) instead of ©'¢ and X = gradQ A

Remark 3.4 (A pseudo-Riemannian metric via QF and J = Dycx +). Using the presymplectic
form QF and the almost complex structure J = Dscx on By(S, R3) we may define a pseudo-
Riemannian metric G such that

J: TBi(S*, R?) — TB;(S', R?)
[h] = [Dyc x h]

is compatible with G and Q. Note that such G is different from the Riemannian metric G*
we used to define the Liouville form ©F.

We here compute G for the conformal factor L. = A(c). In the computation, we identify
the tangent space at [c] of B;(S*, R?) with the space of tangent vectors i in T.Imm(S?, R?),
such that (Dsc, h) = 0.

We then have

Glg(h, k) = Qg (h, Tk) = Mc)Q (h, Tk) + Oc(h)LgiA(c) — Oc(Tk) LaA(c).

By design G| is non-degenerate. The symmetry follows from Q)(JTh, k) = —Q2(h, Tk). Tt
is, however, not clear if G is positive-definite, i.e., if it is a Riemannian metric. We leave this
question open for future research.
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3.1. Hamiltonian vector fields. Now we compute the horizontal Hamiltonian vector field
A A
hgrad®" H for a given reparametrization-invariant Hamiltonian H. We express hgrad®” H
id
in terms of grad®" H since the latter is in general relatively easy to obtain.

Proposition 3.5 (Horizontal Hamiltonian vector fields for Q*). Assume that graudGid A exists.
(a) Consider a Diff ¥ (S')-invariant Hamiltonian H: ITmm(S*, R3) — R3. If 3\.+ L1\ =
3Ac + D. oA # 0 on any open subset of Imm then

1 i
hgrad” H = BTN {Dsc x grad®" H
1 i i
Far o (Erad A Dee x grad™ H)gg o Duc x (Dic x )

—{e, grad®" H)pz (s1yDsc x grachid )\} } .

(b) Consider a Hamiltonian H: Imm(S",R®) — R* invariant under Diff " (S") and the
flows of the scaling vector field I and hgradQMW A= —D,cx graudGld A If3NA LA =
0 for all ¢ then hgrad?A H s the orthonormal projection of

1 i 1 i
XH = —3—>\CDSC X gradfd H = /\—chglradg2d H
to the G'd-orthogonal complement of the kernel of Q*, which is spanned by I, hgradQMw A,
and {a.Dyc | a € C*(S")}, namely
1
3\

where the pair (a.,b.) € R? is given by
Ge) _ <U7U>L2 <U7w>L2 B <U’U>L2
be <U’ w>L2 <w’ w>L2 <uv w>L2 .

QMW

hgrad? H = ( ~ Dye x grad® H + ao.(1 — pr,)I, — b,.Dsc x grad® )\>

with

u=—Dyc X gradGid H = hgrad H
v=(1-pr.)l
w=—Dyc X gradGid A= hgradQMW A

where the matriz appearing here is invertible because v. and w. are linearly indepen-
dent at every ¢ € Imm(S*, R?).

Note that in the scale-invariant case (Case (b)), the flow of the field Y projects to the
Hamiltonian flow of H on {¢ € B;(S*,R3) : Az = 1}/ grad®" X with respect to a multiple of
the Marsden-Weinstein symplectic structure.

Proof. Let us denote for simplicity A = gradGid Aand Xy = hgradm H. We can isolate out
k from Q) Xg, k) by

OMNXp, k) = AP X, k) + 0 Xg) DA — 09(k) D, x 0 A
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= / (3X\.Dye x Xgr — Dy xphc x Dye+ 09X i) A, k)ds.
Sl
Using QN (X, k) = dH(k) = Gi(grad® H, k), we get
0 =Xy, k) —dH(k)
— / (3\.Dyc X Xy — Dexyhc X Dyc+ 04(Xy)A — grad®” H, k)ds.
Sl
This must be satisfied for any k£, namely we have
(3) 3A.Dyc x Xgr — Do x, hc x Dy + 09(Xp)A — grad® H = 0.
Our goal is to solve this for Xy. Applying —D,cx reads

3A Xy — DexyADyc X (Dye x ¢) — ©4(X ) Dye x A+ Dye x grad® H = 0.

Let us set

1
(4) Xy = 3)\DcxgradG H+ K1 Dsc x (Dse x ¢) + KoDge x A,
with some coefficients K7, K5 to be determined.
From

Do xy\ = /(AC,XH)ds, O Xy) = /<c x Dyc, Xp)ds,

we get
= 3AK1.Dgc X (Dsc X ¢) + 3AKs.Dye x A,

—1 i
- /(Ac, aDSC x grad®" H + K Dyc x (Dsc x ¢))ds.Dsc x (Dgc X ¢)

—1 i
- /(AC, ﬁDsc X grade H+ KyDge x Ac)ds.Dge x A,

- [ (3>\ - /(AC, Dac x (Dye c)>ds>

1
3)\

+ [Kg (3)\ + /(Dsc x ¢, Dyc x Ac>ds)

1
C3A

1 ;
(5) [Kl (BA+ Dee) + o / (A, Dyc x grad®” H)ds] Dyc x (Dye % ¢)

(A, Dyc x grad® H)ds]D ¢ X (Dge X ¢)
(Dsc x ¢, Dgc X grad®” H>d$}Dsc X A,

1 i
+ |:K2 (BA+ D cA) — ™ /(Dsc x ¢, Dgc % grade H>ds} Dgc x A,.
In the last step we used
- /(Dsc X (Dge x ¢), Ag)ds = /(Dsc X ¢, Dye x Ac)ds = De1—prjeA = De e

where the last equality is due to the reparametrization-invariance of .
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Case (a): Observe that

1
o= = o | e D (D x s
1 i
K= G T Dova /<D$C x ¢, Dye x grad®" H)ds
1 i i
= (BA+ Do V)3 /(c, gradeH>ds since gradeHJ_Dsc,

satisfy the equality. Substituting K; and K, to (3.1), we obtain the stated formula. Note
that the choice of the pair (K, K3) is unique since —(1 — pr,)I. = Dsc X (Dsc X ¢) and
— hgradQMW A = D,c x A, are linearly independent at least for some 6, namely in a small
neighborhood. This follows from the linear independence of these two tangent vectors on
T.Imm(S!, R?), which is seen by the argument in the comment after Theorem 3.2 (b) with
the reparametrization invariance of Q.

Case (b): By assumption 3A + D. A = 0 we see from (3.1) that,

0= [/(Ac, D,c x grad®” H>ds} Dyc x (Dge X ¢)—

— {/(Dsc x ¢, Dy x gradGid H)ds| Dsc x A..
Using this equality, it is easy to check that
-1 i
Xg = ﬁDsc X grade H
satisfies (3.1). At this point there are up to two degrees of freedom in vector fields that
satisfy (3.1). We can make Xy the unique horizontal lift of grad® H by performing the

G'-orthogonal projection with respect to (1 — pr,)/. and hgrad?MW A, and hence obtain the
stated expression. The resulting vector field Xy is G'9-orthogonal to {a.Dsc | a € C*(S1)},

hgradQMw Aand I.. O

4. SYMPLECTIC STRUCTURES INDUCED BY LENGTH WEIGHTED METRICS

Next we study a special class of symplectic structures induced by conformal factors
introduced in the previous section; namely we consider length-weighted metrics as stud-
ied in [29, 17, 25]. More precisely, we consider operators of the form L. = ®(¢.) where
le = [4]¢/|df denotes the length of the curve ¢ and ® : Ry — Ry is a suitable func-
tion. Using Theorem 3.2 we obtain the following result concerning the induced symplectic
structure Q*©:

Corollary 4.1 (The (pre)symplectic structure Q*®). Let ® € C'(Rsg, R~o). The induced
(pre)symplectic structure of the G*“-metric is given by:

QPO (h, k) = (L) (h, k) — @' (L) ( / (Dsh, Dyc)ds ©' (k) — / (Dsk, Dyc)ds @id(h>)
St St

= ot k) + e ( |

Furthermore, we have:

(h, D*c)ds ©"(k) — /

(k, D?c)ds @id(h)) :

1
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(a) If ®(£) # CL73 then the presymplectic structure Q®©) on B;(S', R3) is non-degenerate
and thus symplectic.

(b) If ®(£) = CL=3, then Q* induces a non-degenerate two-form on Imm(St, R3)/(Diff " (S*) x
F) ~ {¢ € Bi(S",R%) : ¢ = 1}/span(grad™ 0), where it agrees with a multiple of
the Marsden-Weinstein symplectic structure. Here F is the 2-dimensional vector
subbundle spanned by the scaling vector field I and hgradQMW ¢ = Dyc x D?c.

The Liouville form ©° " is invariant under the scaling action ¢ — a.c for a € R., which

is equivalent to £ 107 = (0. Note also that we have a diffeomorphism which is equivariant
under scalings:

Imm(S*, R?)/ Diff*(S') = Imm(S*, R?) /(Diff (S') x Ryg) x Rsg
=~ {¢ € Imm(S', R?)/ Diff*(S) : 4(e) = 1} x Ry
_ r_
¢ <+ (g(—é)c,ﬁ(c))

Proof. To calculate the formula for Q®® we first need to calculate the variation of the length
{.. We have:

Dc,hfc:/ (Dsh, Dgc)ds, D.,®(¢.) :<I>/(£c)/ (Dsh, Dgc)ds .
st st

Applying this to (2.4) using integration by parts, we get

QO (h, k) = / 20(0,)(Dye, h x kY — ®(0,){(c, Dsh x k — Dk x h)ds

Sl

- / (e % Dyc, (Dup®(6))k)ds + / (¢ x Dyc, (Dos®(0))h)ds
St St

— 30(L,) / (D, h x k)ds — ¥(0,) / (D.h, Dac)ds / (e x D, k)ds
St St St

—{—(ID’(EC)/ (Dsk‘,Dsc>ds/ (¢ X Dgc, h)ds
st st

= O(0,)Y(h, k) — D' (L,) / (Dgh, Dyc)ds ©'(k) 4+ ®'(¢,) / (Dk, Dyc)ds ©'(h),

51 St
which proves the first formula for 2. We may directly draw the last expression applying
(3.2) to A = &(¢).

Case (a): It follows from Theorem 3.2 (a) that ker Q®®) = {a.D,c | a € C*(S")}, namely
Q*® induces a symplectic form Q®® on B;(S', R?).

Case (b): By direct computation, we have hgrad®" C¢ = 3CplP~'D,c x D?c, which is
a constant multiple of the Marsden-Weinstein flow hgradQMW ¢ = Dsc x D?c, so these two
vector fields span the same distribution. Now the statements follow directly from Theorem 3.2
(b). O

Now we will compute Hamiltonian vector fields. Therefore we note that the conditions of
Remark 2.8 are satisfied, which allows us to obtain the following result:

Corollary 4.2 (Horizontal Hamiltonian Vector Fields for Q®®)). Consider a Diff " (S')-invariant
Hamiltonian H: Tmm(S', R?) — R3.
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(a) If ®(£) #£ CL3, then:

1 i
(6) hgradQW)(H) _ 3@(66){ Diex gradcd H
o' fc id
+ 3500 _5 <I)>/(€ I [<D§C, D,c x grad® H>Lﬁs(51)DSC X (Dgc X c)

+ <C, gradGid H)Lis(SI)DSC X DEC:| } .

(b) If ®(¢) = CC3, and if the Hamiltonian H: Imm(S', R?) — R® invariant under
Diff*(S') and the flows of I and hgradQMWE = Dyc x D?c, then hgraudiZA H is the
orthonormal projection of

3

XH = —%Dsc X gradGid H

to the G%-orthogonal complement of the kernel of Q*, which is spanned by I and
hgrad®" ¢, and {a.Dyc | a € C=(S1)}.

Proof. The stated formula follows from Proposition 3.5 with grachid ®(l,) = —9'(L.)D?c and
that hgradQMW C'? is a constant multiple of hgradQMW L. 0

(¢

Remark 4.3. From the above Proposition it follows hgradﬂq) "H agrees with hgraudﬂld H up
to a constant scaling if ®(£.) = 0. If ®'(£.) # 0 and (D?c, grad®” H)pz 1y # 0 then it is,
however, genuinely different, i.e., it does not seem realizable as a Hamiltonian vector field for
the Marsden-Weinstein form QMW. To formally prove that a given vector field Xy is never
attained by the Marsden-Weinstein structure one needs to show that Lx, QMW # 0. Using
the closeness of QMW and Cartan’s formula, this can be reduced to show that dix, QMW = 0.
However the necessary computations for this turn out to become extremely cumbersome and
not very insightful. We refrain from providing them here.

Next we will consider several explicit examples, that will further highlight the statement
of the above remark. We acknowledge that many of the Hamiltonian functions we consider
were studied for the Marsden-Weinstein structure in [8].

Example 4.4 (Length function). We start with the arguably simplest Hamiltonian, namely
we assume that H is a function of the total length ¢, i.e., H(c) = f o {(c) for some function
f. In this case we calculate:

AH,(k) = d[f o 0u(k) = Dorf(6) = f'(£) / (D.k, Duc)ds = — /(£,) / (D2, k)ds,
hence
grad® H = —f'(¢.)D2c.
Using Corollary 4.2, we thus have

(L)1,
35((,) (1 3900 + V(1

hgrad®" H = ) D,c x D2c.
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If f'(£.) = 0 for the initial length of the curve £, it is a zero vector field. If f'(¢.) # 0, then

the length ¢, is conserved along the flow as H = f o/ is conserved. Note that hgradm“) H is
a constant multiple of the binormal equation (also known as the vortex filament equation),

hgradQMw ¢ = D,c x D%c

using the Marsden-Weinstein symplectic structure.

Thus we have seen that the Hamiltonian vector field of the the symplectic structure Q®®
is a constant multiple of the Hamiltonian vector field of the Marsden-Weinstein symplectic
structure. Note, that this constant factor, i.e., the relative speed with respect to the standard
binormal equation, depends on the initial length /..

Example 4.5 (Flux of a divergence-free vector field on R? though a Seifert surface). Our next
examples of Hamiltonians are the fluxes of vector fields through Seifert surfaces. We consider
for any divergence-free vector field V' € T'(TR?) the closed 2-form & = iy (dz A dy A dz).
We can then define the corresponding flux by

Brm [ Vosm= [ &
D2 %(D2)

where ¥: D? — R? is a smooth Seifert surface, i.e., an oriented and connected surface with
¥ |gp2= ¢, and n is the unit surface normal.

We remark that Ey is independent of the choice of ¥. To see this, first notice that there is
a unique one form ay, (up to addition of an exact 1-form) such that day = & as Hjp(R?) =0
and H2,(R?) = 0. By Stokes theorem we have,

/ £V :/ E*dOéV :/ ay :/ ay
3(D?) D2 3(0D?) c(S1)

where ¥* denotes the pullback by ¥. For Ey, we have the following formulas from [8,
Theorem 4]:

grad®’ Ey = Dye x (Voo,
hgradQMW Ey=Voec.

We consider Ey for two specific choices of V', where we use an analogous notation as in [8]:
the translation V_; = v by some v € R3 and the rotation V_o(z) = v x z with some unit
v € R? and we denote the corresponding fluxes by H_; = Ey  and H 5 = Ey_,. Next we
compute the horizontal Hamiltonian vector fields. From the computation

(DZc, Dyc x (Dsc X v)) 12(as) = 0,
(¢, Dsc X V) 12(45) = / (Dgc,v X c)ds = / (Dgc, 2 curl(v) o cyds = 2H _1(c),
st st

and

(Dic, Dye x (Dye X (v X ¢))) 2(as) = 0,

(¢, Dyc x (v X €))r2(a5) = /

(Dgc, (v X ¢) X c)ds = / (Dyc,3curl(v x z) o c)ds = 3H_5(c),
S1

Sl
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we obtain for i € {—1, -2},

w; Ci;H;(c)®'(¢.)
3() | 38(0)(30(L) + D' (0)0,)
B Ci;H;(c)®'(¢,)

~39(0) 39(0,)(30((,) + B(0,)0,)
where w_1 = v,w_o =v X cand C_; = 2,C_5 = 3 respectively.

Since all of the three quantities ¢, H_;, and H_, are constants in motion along the fields
hgrad™ H; and hgrad®" ¢ [8, Corollary 1], the coefficients of both terms in (4.5) do not

change along hgradm)(e) H;. Hence the Hamiltonian fields hgradmm H; are weighted sums of
the Marsden-Weinstein Hamiltonian fields of ¢ and H_; (or H_ respectively).

(7)  hgrad®™" H, = D,c x D%

hgradQMW H;, + hgradQMW l

Example 4.6 (Squared curvature). We next compute the Hamiltonian vector field for the
squared curvature

We have according to [8],
i 3 i 3
grad®’ H = D, <D§;c + §I€2DSC> , Dycxgrad® H = D,cx Dic+ 5D x Die.

Then, from

<D§C, DSC X gradGid H>L38(51) = <D§C, DSC X D§C>L§S(Sl) +0= 0,

i 3
(c, grad®’ H)pz (91) = //12 — —k*ds = —H(c),

2
we have
1 3 H'(¢,)
herad®™" H = —D.ex D' —2k2D.c x D% — c D.c x D?
grad 30(0,) s¢ X Dye— ok"Dse x Dye 50(0,) + V(L)1 s¢ X Dic
1 MW H(I)/<€ ) MW
= herad®  H — ¢ herad® ¢} .
3@(50){ sra 30(0,) + &0y, 2 }

Since both H and ¢ are again constants in motion along both hgradQMW ¢ and hgradQMW H
8], hgrad® " H is also realized as a Hamiltonian vector field of Q4.

Example 4.7 (Total torsion). We next consider the total torsion

H(c) = / Tds.
Using the results [8, Theorem 2]
graudGiG1 H = —D,c x D,
Dye x grad®’ H = —D,c x (Dyc x D),
we compute

id 1
(D%c, Dyc x grad® H)pz 51y = —§/Ds/12ds =0

<C, gradGid H>L3s(sl) = <DSC, DSC X D§C>L35(Sl) + <C, D?C X D§C>L§S(Sl) =0+0.
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Then we get

1 1 MW
= D,c x (Dye x D3¢) = hgrad® ™ H
30(0,) ¢ X (Dsc x Dic) 30(0,) gra :

which is a scaled version of the Marsden-Weinstein gradient flow.

hgradmw H

Example 4.8 (Squared scale). Next we consider the squared scale

1
E(c) = §/|c|2ds,

as a Hamiltonian function. This is seen as the total kinetic energy of a moving particle in a
periodic orbit in R3.
We first get by a direct computation that,

i 1 1
grad® E = ¢ — (¢, Dsc)Dgc — §|c|2D§c =(1—pr,)c— §|c|2D§c,
i 1
Dyc x grad®" E = Dye x ¢ — §]c|2Dsc x D?c,
and
(D%c, Dyc x grad®” E)z 51y = —0(D2¢),
id 1
(c, grad® E)Lgs(sl) = || Dsc x C||%35(51) - §<Ca |C|2D§C>Lgs(sl)
= || Dsc x C||%§S(SI) + E(c).
Using them with Corollary 4.2 gives us;

(8)

hgradﬂé(é) E= !

30(L)

1
{ — Dge x c+ §]c]2DSc x D%c

o'(¢e)
30(Le) + /(L)

[— 04 D%c)Dyc x (Dyc x ¢

1
_ (HDSC x el (o — e ’c|2D§c>L§s(51)> Dye % Dic} }

1 1
= M{ — DSC X ¢+ 5’0’2DSC X DEC

(p,(EC) id 2
F3a0 1 o OF (DR~ pr)e

— (||Dsc X c||%3 s E(c)) Dgc x D?c} }

Example 4.9 (Product of length and total squared curvature). Our last example is the Hamil-
tonian given by

H(c) =(l.K.

where K. = [g x°ds. This somewhat unusual Hamiltonian is the only one among our
examples that satisfies the condition required in Corollary 4.2 (b) the scale-invariant case.
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That is, H is invariant under the both flows of I = cand Y = hgradQMW ¢ = Dycx D%c. To
see this, let us compute

LyH=KLyl+ILyK =K -0+/(-0=0

as ¢ is the Hamiltonian of Y and the last equality follows from a direct computation using (5).
This shows the existence of a Hamiltonian vector field horizontal in the sense of Corollary
4.2 (b).

Open Problem 4.10. We know from the above examples that some vector fields are realized
as Hamiltonian vector fields of both QMW and Q®®. We still do not know whether the spaces
of all Hamiltonian vector fields generated by these two symplectic structures coincide, or if
one is contained in the other. More generally, the coverage of Hamiltonian vector fields of
QF for a given operator L is an independent question, which we have not investigated in this
article.

5. PRESYMPLECTIC STRUCTURES INDUCED BY CURVATURE WEIGHTED RIEMANNIAN
METRICS

In this section we will consider the special case of symplectic structures, that are induced
by curvature weighted metrics, i.e., we consider the Riemannian metric

G k) = [ (14 k)b ks,
Sl

where k = k. denotes the curvature of the curve c. Note, that in the notation of the previous

sections, this metric corresponds to the G metric with L = 1 + 2. This metric, which is

sometimes also called the Michor-Mumford metric, has been originally introduced in [17] to

overcome the vanishing distance phenomenon of L*-metric, see also [16].

Remark 5.1 (Relations to the Frenet-Serret formulas). Given ¢ € Imm(S*, R?) we consider
the open subset U = {k > 0} = {D?c # 0} C S'. Note that x = 0 on the boundary U \ U,
and is also 0 on the open complement S\ U which is a union of at most countably many
open intervals in S'; on each of these intervals c is straight line segment since D,c is constant
there. So we may assume that the torsion 7 is defined and 0 on S'\ U. On U the moving
frame and the Frenet-Serret fomulas are given by

T=Dy, N=~x'D?, B=TxN=xr"Dsx D2
D,T = k.N = D?c,
D,N = —DSH./{_Q.DEC + li_ng’C = kT +7.B=—k.Dy+ 1.6 'Dyc x Dgc
D.B = —D,k.k %D, x D’c=—7.N = —1.k ' D¢
This implies the following which are valid on the whole of S* since both sides vanish on
ST\ U:
D3c = (D2, T)T + (D3¢, NYN + (D2c, BYB  valid on U
= (D?c, Dyc)Dyc + v %(D23c, D2c)D2c + k™ %(D3c, Dyc x Dic)Dyc x D?c on S*
= —k2Dyc + Dsli.ko_l.Dgc + 7.Dgc X Dgc valid on U but extends smoothly to S*
— (D3¢, Dyc) = —K*, (D3c,D?c) = Dyk.k, (D3c,D,cx D?*c) =7.k* valid on S'

7 =r (D, Dyc x D?c) valid on S*.
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Remark 5.2. Similarly to Remark 2.10 we obtain again conserved quantities and correspond-
ing momentum mappings. Here we want to specifically highlight the momentum map J5°®):
as an element of R® ~ s0*(3), the angular momentum J%°®) is given by

(JSOB) () Yy — /(1 + 1) (e x Dae, Y oc)ds,

which can be understood as the angular momentum of a thickened curve where the thickness
(or mass) at each point is a function of 1 + x?. Note, that this is in stark contrast to the
previous section, i.e., the length weighted case, where the angular momentum for Q®® is
just the ®(£)-scaled version of the angular momentum for Q¢ = 3QMW,

We have the following result concerning the induced presymplectic structure:

Theorem 5.3 (The presymplectic structure Q'4%°). The induced (pre)symplectic structure of
the GY" -metric is given by:

(9)

QI (b k) = /3(1 + &2 {(Dge, h x kY + (Dyr?){c, h x k) + 4K2(Dsh, Dyc){c x Dye, k)

—2(D?h, D?c){(c x Dyc, k) — 4x2(Dsk, Dyc){(c x Dsc, h) + 2(D?*k, Dc)(c x Dsc, h)ds,

and the vertical vectors {a.Dyc | a € C*°(S1)} C T.Imm is in the kernel.

Proof of Theorem 5.3. To calculate the formula for Q% we first need the variation of K2 =
(D%c, D?¢). Using, that D, ;,Ds = —(Dsh, Dsc) Dy, cf. the proof of Lemma 2.4, we calculate:

D.p(D2c) = (D.p,Dy).Dsc + Dy ((D.yDs)c) + D2h
= —(Dsh, Dyc).D?*c — D, ((Dsh, Dyc)Dyc) + D*h
= —(Dsh, Dyc).D?c — (D4(D,h, Dyc)) Dyc — {Dsh, Dyc)D*c + D?h
= —2(D,h, Dyc).D?*c — (Dy(Dsh, D,c)) Dyc + D?h
Thus we obtain
(10) D.pk* = —4(D,h, Dyc)k* — 0+ 2(D?h, D%c) .

Next we note that

QL (h, k) = QY (h, k) + QF (h, k)
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as the operation L, — OL is linear in L.. Using (2.4), we then calculate
QF (h, k) = /(Dsc, K*h X k + h x £°k) — (¢, Dsh x K’k — Dok x k*h)
— (e X Dye, (Depk®)k — (Do pk?)h)ds,
= /2/{2<Dsc, h x k) — k*{c, Dsh x kY — (K¢, h x Dk)
— Dopk?{c x Dye, k) + D yr?{c X Dyc, h)ds
= /2ﬁ2<Dsc, h x k) — k2{c, Dsh x k)

+ (Dy(K%c), h x k) + x*(c, D;h x k)
— Dthg(c X Dy, k) + Dcﬁkmz (¢ X Dgc, h)ds

_ /3K2<DSC, hox k) + (Dar2) (e, h x k)
— Dopk?{c x Dye, k) + D, pr?{c X Dyc, h)ds.

Hence
QY (h, k) = /3(1 + &%) (Dsc, h x k) + (Dyx2){c, h x k)

— Depk2{c x Dye, k) + Doyr2{c X Dyc, h)ds.

and (5.3) follows by using the variation formula (5) for 2.

That 2 decends to a form on B;(S!, R?) follows again from Theorem 2.6; alternatively we
can also see this directly from the above formula: a straightforward calculation shows that
h = a.Dyc is indeed in the kernel of Q1+, O

Open Problem 5.4. It remains open if the presymplectic structure Q%" on B;(S',R?) is
non-degenerate and thus symplectic. Therefore it remains to show that tangent vectors of
the form aD,c are the whole kernel of Q}:*”Q. It seems natural to employ a similar strategy
as in the previous section for length weighted metrics, i.e., for given h we test with all k& of
the form k = ac for a € C*°(S'). This leads to reducing the degeneracy of O to solving
the equation P.(a) = f for any given f € C*°(S!), where

P.(a) := 2(D?c,c)D?a — 4({D,c, c)rx*.Dsa + (3 + k%)a; .

The existence of periodic solutions for the above equation is, however, non-trivial. Note,
that the coefficient functions are in general degenerate, e.g., (D?c, c) can vanish somewhere.

Open Problem 5.5. We may consider a more general version. Suppose L.: h — f..h where
f. is a positive function for any ¢ and is of form f.(0) = p(c(9), Dsc(0), D?c(9), ..., DNc(0))
with some finite N and a function p: R3 — Rs. We expect that QF is symplectic on
B;(S',R3) if © is not scale-invariant, or on B;(S!, R?)/F with a 2-dimensional distribution
F if ©F is scale-invariant (cf. Theorem 3.2).

6. NUMERICAL ILLUSTRATIONS

In this section we numerically illustrate two Hamiltonian flows with respect to the new
symplectic structures introduced in this article. For interested readers, we share video footage
of the simulations shown in Figure 1 and 2; see https://youtu.be/nu09IwRK-tY.


https://youtu.be/nu09IwRK-tY
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—2
Flow of hgradﬂmc H_,

FIGURE 1. Hamiltonian flow of H_,, the flux of a rotational vector field from
Example 4.5 using ®(¢.) = 10¢;? (top), and the flow only with its binormal
component (bottom). The red, green, and blue axes are the z,y, z axes re-
spectively.

For the numerical simulations, we discretized each curve as an ordered sequence of points in
R3. To approximate terms involving spatial derivatives, such as the binormal vector and the
curvature, we follow the methods of discrete differential geometry, see [6]. We then compute
the time integration of each Hamiltonian vector field using the explicit Runge-Kutta method
of fourth-order in time. We want to emphasize that our numerical examples are only for
illustrative purposes and we do not guarantee any correctness of (even short-time) behaviors
of the curve dynamics.

In our experiments, we use length-weighted presymplectic structures Q®® (and symplectic
structures Q®® for unparametrized curves) as derived in Section 4. That is, we use functions
of the form ®(¢) = C¢? with some C' > 0 and p € R. Note that C' only works as time-scaling
and does not change the orbit under the Hamiltonian flow. This is because in the expression

of the field hgradﬂq)m H, cf. equation ((a)), the coefficient C' appears only in the factor
%@) = ﬁ ﬁq)>+(f1>)/(ﬁ)e = (3fp)£ does not depend on C.
We choose C' to run each simulation with a reasonable discrete timestep, but it essentially
does not affect the dynamics.

We simulate two Hamiltonian flows (Example 4.5 and 4.8) from Section 4. These two
examples involve only up to second-order spatial derivatives. Simulating other Hamiltonian
flows, such as those discussed in Examples 4.6 and 4.7 having third or higher-order deriva-
tives is more challenging as one would have to discretize these higher-order derivatives more
carefully.

shared by all the terms and the factor 3 )
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As for the initial curve, we consider the trefoil
(11) co() = ((2 + cos(260)) cos(360), (2 + cos(26)) sin(30),sin(46)), 6 € S' =R/27Z.
in both of our examples.

Example 6.1 (Flux of a vector field). We first simulate the Hamiltonian flow for the Hamil-
tonian that is defined as the flux of a vector field through a Seifert surface whose boundary is
the curve ¢, cf. Example 4.5. We chose the vector field of a rigid body rotation V' (z) = v x x
with the rotation axis v = \/Lg(l, 1,1) € R®. This amounts to the Hamiltonian H_5 in
Example 4.5.

The horizontal Hamiltonian field (4.5) is a weighted sum of the rotation hgrad® = H_, =

v X ¢ and the binormal field hgradQMW ¢ = D?c x Dyc with time-constant coefficients. Since
these two flows are Poisson commutative, we can simulate the flow by evolving the curves
under the binormal equation and rotating it at each time, i.e., ¢; = exp(zfl13)(211‘/32“’““5‘1 where
0 € 50(3) corresponds v and t;,t, are time ¢t weighted by the coefficients in (4.5). Figure 1

illustrates our simulation using ®(¢.) = 10£;2. The top row is the flow of hgraqu)(Z) H_,
and the bottom row is the flow by only the binormal equation part where the curve moves
toward the z-direction while showing a rotational motion around the z-axis.

Example 6.2 (Total squared scale). Our next example is the squared scale functional E
(Example 4.8). Here we test three different choices of ®(¢) = C¢*. Note again that we vary
C only for computational purposes and this does not change the trajectory. The simulation
results are shown in Figure 2.

We first compute for ®(¢) = 5, which corresponds to (a constant multiple of ) the Marsden-

Weinstein flow hgradQMW E. The curve moves back and forth in the z-direction, but curve
points tend to get stuck once they come closer to the origin as both the term —D,c x ¢ and
the term %|c|2DSc x Dgc decrease as ¢ goes to zero. As a result these parts form a complex
shape around the origin. The next case is ®(¢) = 5=¢~'/1. This shows a behavior similar to
the first case, but points do not get stuck near the origin due to the additional term in (4.8).
While moving back and forth, the curve does not become as entangled as in the previous
case and seems to alternately transform between a trefoil and a trivial knot. The last case
is ®(¢) = 107°¢*. This shows a very different evolution. Unlike the other test cases, the
curve does not globally translate in the z-direction but forms a complex spiral shape while
shrinking slowly. In all three cases, the symmetry of the trefoil, i.e., that rotation of 120

degrees around the z-axis does not change the shape, seems to be preserved in time.

APPENDIX A. INFINITE DIMENSIONAL WEAK SYMPLECTIC MANIFOLDS

An infinite dimensional manifold modeled on convenient vector spaces, as described in [9,
Chapter VI] admits a 2-form w € Q*(M). We can view it as vector bundle homomorphism
w:TM — T*M. In general, this cannot be an isomorphism, but one can require that it
injective: the candidate for a weak symplectic structure. This was the concept used in [9,
Section 48] and in [13, Section 2]. There was a gap in the proof of [9, Theorem 48.8] which
was repeated in [13]: It was assumed that w in a local chart is constant. To remedy this one
has to add a further assumption to the definition of an infinte dimensional weak symplectic
manifold; see A.1: The symplectic gradient of w with respect to itself should exist. For the
convenience of the reader we present here the definition of a weak symplectic manifolds with
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x

Flow of hgradq)(z) E with ®(¢) = %

% ;i/

t=10

Flow of hgrad®® E with ®(f) = 35710
% Z \} %
t=6 t=10 t=14 t=19

t=3 t=06 t=10 t=19

FIGURE 2. Hamiltonian flow of hgraqu)(z) E with different choices of ®(¢). In
each row the initial curve, which is not shown, corresponds to the trefoil (6).
The right-most images are the front-view of the last configurations of curves
showing high symmetry for the 120-degree rotation around the z-axis.

the further assumption and the basics up to A.1 incuding the proof which contains a gap in
[9, Theorem 48.8].

A.1. Infinite dimensional weak symplectic manifolds. Let M be a manifold, infinite dimen-
sional in general, as described in [9, Chapter VI].
A 2-form w € Q%(M) is called a weak symplectic structure on M if the following three
conditions holds:
(1) wis closed, dw = 0.
(2) The associated vector bundle homomorphism w : TM — T*M is injective.
(3) The gradient of w with respect to itself exists and is smooth; this can be expressed
most easily in charts, so let M be open in a convenient vector space E. Then for
x € M and X,Y,Z € T,M = E we have dw(z)(X)(Y,Z) = w(Q(Y,2),X) =
w(Q(X,Y), Z) for smooth Q,Q : M x E x E — E which are bilinear in £ x E.
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A 2-form w € Q*(M) is called a strong symplectic structure on M if it is closed (dw = 0)
and if its associated vector bundle homomorphism & : T'M — T*M is invertible with smooth
inverse. In this case, the vector bundle T'M has reflexive fibers T, M: Let i : T,M — (T, M)"
be the canonical mapping onto the bidual. Skew symmetry of w is equivalent to the fact that
the transposed (w)! = (0)* o1 : T,M — (T, M) satisfies (0)! = —&. Thus, i = —((0) ') 0w
is an isomorphism.

A.2. Cotangent bundles. Every cotangent bundle T*(), viewed as a manifold, carries a
canonical weak symplectic structure wg € Q*(T*Q), which is defined as follows. Note that
this work only with convenient calculus. Let 7, : T*Q) — @ be the projection. Then the
Liouville form g € QY(T*Q) is given by 0o(X) = (m-q(X), T(75)(X)) for X € T(T*Q),
where ( , ) denotes the duality pairing 7*Q x oT'QQ — R. Then the symplectic structure on
T*Q is given by wg = —dfg, which of course in a local chart looks like wg((v, V'), (w,w’)) =
(w',v)g — (v, w)p. The associated mapping @ : Tion (L X E') = Ex E' = E' x E" is
given by (v,v") — (—=v',ig(v)), where ig : E — E” is the embedding into the bidual. So
the canonical symplectic structure on 7% is strong if and only if all model spaces of the
manifold @) are reflexive and Hilbert spaces.

A.3. The w-smooth cotangent space. For a weak symplectic manifold (M,w) let T¥M de-
note the real linear subspace T¥M = &, (T, M) C TiM = L(T,M,R), and let us call it
the w-smooth cotangent space with respect to the symplectic structure w of M at x in view
of the embedding of test functions into distributions. The convenient structure on 7'M is
the one from T, M. These vector spaces fit together to form a subbundle of T*M which is
isomorphic to the tangent bundle TM via @ : TM — T*M C T*M. It is in general not a
splitting subbundle.

Note that only for strong symplectic structures the mapping @, : T,M — T:M is a
diffeomorphism onto T’ M with the structure induces from 7y M.

A 4. w-smooth functions. For a weak symplectic manifold (M,w) let T¥M = T¢M =
O (T M) C TPM = L(T, M, R), called the w-smooth cotangent space. The convenient struc-
ture on T’ M is the one from T, M. These vector spaces fit together to form a subbundle of
T* M which is isomorphic to the tangent bundle TM via w : TM — T“M C T*M. It is in
general not a splitting subbundle.

For strong w the mapping @, : T,M — T:M is a diffeomorphism onto 7’ M with the
structure induced from 7M.

For a weak symplectic manifold (M, w) let

CYX(M,R) Cc C*(M,R)

denote the subalgebra consisting of all smooth functions f : M — R satisfying the following
equivalent (by [9, Lemma 48.6]) conditions: These are exactly those smooth functions on M
which admit a smooth w-gradient grad®” f € X(M).
(1) df : E — E' factors to a smooth mapping F — E“.
(2) f has a smooth w-gradient grad” f € X(F) = C*(E, E) which satisfies df (z)y =
w(grad” f(z),y).

Theorem A.1l. Let (M,w) be a weak symplectic manifold. The Hamiltonian mapping grad® :
CX(M,R) = X(M,w) :={X € X(M) : Lxw = 0}, which is given by

bgrade jw = df  or grad” f = () todf
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s well defined. Also the Poisson bracket
{ , }:CP(M,R)xC(M,R)— C(M,R)
{f. 9} 1= dgraq figraa~ gw = w(grad” g, grad” f) = dg(grad” f) = (grad” f)(g)
is well defined and gives a Lie algebra structure to the space CS°(M,R), which also fulfills
{f.gh} ={f, gth+g{f, n}.
We equip C°(M,R) with the initial structure with respect to the the two following mappings:
C®(M,R) S C=(M,R),  C®(M,R) &5 x(M),

Then the Poisson bracket is bounded bilinear on CS°(M,R).

We have the following long exact sequence of Lie algebras and Lie algebra homomorphisms:

0 — HOM) — C2(M,R) Z255 x(M,w) 2 HL(M) — 0,
where H(M) is the space of locally constant functions, and
{p e C®°(M < T“M) : dp =0}
{df - f € CX(M,R)}

is the first symplectic cohomology space of (M,w), a linear subspace of the De Rham coho-
mology space H'(M).

H, (M) =

Proof. 1t is clear from A.4, that the Hamiltonian mapping grad” is well defined and has
values in X(M,w), since by [9, 34.18.6 |, we have

»Cgrad“’ fw = igrad“’ fdw + digradw fw = ddf =0.

By [9, 34.18.7], the space X(M,w) is a Lie subalgebra of X(M). The Poisson bracket is well
defined as a mapping { , }: CX(M,R) x CX(M,R) — C*(M,R); it only remains to
check that it has values in the subspace C°(M,R).

This is a local question, so we may assume that M is an open subset of a convenient vector
space E equipped with a (non-constant) weak symplectic structure. So let f, g € C°(M,R)
and XY, Z € E then {f, g}(z) = dg(x)(grad” f(z)), and thus

d({f. g})(@)y = d(dg( )y)(z).grad” f(z) + dg(x)(d(grad” f)(z)y)
— d(w(grad g( ),9))(@).grad” f(z) +w(grad® g(x), d(grad® f)(z)y)

We have grad” f € X(M,w) and for any X € X(M,w),Y € X(M),y € E the condition
Lxw = 0 implies, using A.1.3,
0= (Lxw)(Y,y) = (dw(X))(Y,y) — (X, Y] y) — (Y, [X,y])
=w(QX,Y),y) —w([X,Y],y) + w(Y,dX (y2)).
Again by A.1.3 we have

d(w(grad” g, y)(grad” f) =
= dw(grad” f)(grad” g,y) + w(d(grad® g)(grad” f),y)
= w(Q(grad” f,grad” g),y) + w(d(grad” g)(grad® f),y)

Collecting all terms we get

d({f,9})(x)y =
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— d(w(grad” g( ),y))(x). grad® f(x) + w(grad” g(x), d(grad” f)(x)y)
w(ulgrad” f(z), grad” g(2)) + d(grad g)(x) (grad” f(x))
+ [grad® f, grad” f)(z) — Qu(grad® f(z), grad” g(z)),y)
— w(d(grad” g)(x)(grad” f(2)) + [grad” ,grad® f)(), )
So A.4 is satisfied, and thus {f, g} € C=(M,R).

If X € X(M,w) then dixw = Lxw = 0, so [ixw] € H'(M) is well defined, and by
ixw =& oX we even have y(X) := [ixw]| € H.(M), so v is well defined. O
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