GEOMETRY OF INFINITE DIMENSIONAL CARTAN
DEVELOPMENTS

JOHANNA MICHOR AND PETER W. MICHOR

ABSTRACT. The Cartan development takes a Lie algebra valued 1-form sat-
isfying the Maurer-Cartan equation on a simply connected manifold M to a
smooth mapping from M into the Lie group. In this paper this is generalized
to infinite dimensional M for infinite dimensional regular Lie groups. The
Cartan development is viewed as a generalization of the evolution map of a
regular Lie group. The tangent mapping of a Cartan development is identified
as another Cartan development.

1. INTRODUCTION

A regular Lie group G is one where where one can integrate smooth curves
in the Lie algebra g to smooth curves in the Lie group in a smooth way: The
evolution mapping Evol : C®(R,g) — C*(R,G) exists and is smooth; see
below. This notion is relevant for infinite dimensional Lie groups where existence
results for ODEs are not available in general. A stronger version of this notion
is due to Omori et al. [20] 2], 22| 23| 24, 25] and was weakened to this version
for Fréchet Lie groups by Milnor [19]. It was generalized to Lie groups modeled
on convenient vector spaces (i.e., locally convex vector spaces where each Mackey
Cauchy sequence converges) in [I4], see also [I3]. Up to now, no example of a
non-regular Lie group modelled on convenient vector spaces is known. In section [2]
we review regular Lie groups in order to fix notation and to make clear the analogy
to the Cartan-development.

One can extend the notion of regularity to other classes of curves for certain
Lie groups (e.g., modeled on Banach spaces) and ask for the existence of Evol on
Ck(R,g) for k =0,1,2,... or even L'(R, g). Results in these directions are due to
Glockner in [6l [7] and Hanusch in [IT], [0, ©].

In this paper we extend the domain of the evolution mapping: In order to end
up in C*°(M,G) for an infinite dimensional manifold M we consider the spaces
Q.. (M, g) of flat g-valued differential 1-forms on M in and show that the
evolution map exists and is smooth for simply connected pointed M, and we give
an explicit description of its tangent mapping. This is an extension to infinite
dimensions of the Cartan development.
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The results of this paper could be applied in situations where a diffeomorphism
group acts on a space of shapes; the diffeomorphism mapping a template shape to
any shape could be interpreted as a Cartan-development. See also [4].

Infinite dimensional manifolds Lie groups are always modeled on convenient vec-
tor spaces as treated in [I3], see also [18] or [29]

This paper was inspired by the paper [5] on integrable surfaces which was pointed
out to the authors by Oleksandr Sakhnovich. In [5] the term ‘integrable’ just means
that the 1-forms considered there satisfy the Maurer-Cartan formula, and it has
nothing to do with complete integrability: There is no Hamitonian aspect to this,
as was pointed out to us by Boris Khesin.

2. REVIEW OF REGULAR LIE GROUPS

2.1. Notation on Lie groups. Let G be a Lie group which may be infinite di-
mensional with Lie algebra g. Later we will only consider regular Lie groups, see
Let 4 : G x G — G be the multiplication, let u, be left translation and p¥
be right translation, given by u.(y) = p¥(z) = zy = u(x,y). We denote inversion
by v: G — G, v(z) = 7. The tangent mapping Tapyit : ToG x TG — TG is
given by
T(a,b)ﬂ-(Xay YE)) = Ta(ﬂb)u){a + Tb(/‘a)lﬁ)

and T,v : T,G — T,-1G is given by

T,v= _Te(,uail)-Ta(,uafl) = _Te(lu'afl)'Ta(u’a )

Let L, R: g — X(G) be the left and right invariant vector field mappings, given
by Lx(g) = Te(pg).-X and Ry = T.(p?).X, respectively. They are related by
Lx(g) = Rad(g)x(g)- Their flows are given by

FIX (g) = g.exp(tX) = u=PE) (g), FIFX(g) = exp(tX).g = fexp(ix)(9)-

We also need the right Maurer-Cartan form k = " € Q!(G, g), given by £, (£) :=
T, (ufl) - & It satisfies the left Maurer-Cartan equation dx — 3[k, k]x = 0 which
follows by evaluating dx” on right invariant vector fields Rx, Ry for X, Y € g

(ds")(Rx, Ry) = Rx (k" (Ry)) — Ry (k" (Rx)) — " ([Rx, Ry])
=Rx(Y)—Ry(X)+[X,Y]=0-0+[s"(Rx),k"(Ry)],
where [, ]5 denotes the wedge product of g-valued forms on G induced by the Lie
bracket. Note that %[/{,n]/\(g,n) = [k(&), k(n)].

Similarly the left Maurer-Cartan form k' € Q'(G, g) is given by mlg =Ty(pg-1):
T,G — g and it satisfies the right Maurer-Cartan equation drl + % [k, /il]s\ =0. We
have also (V*k")y = —kl, = —Ad(g~ ")k

The (exterior) derivative of the function Ad : G — GL(g) can be expressed by

dAd = Ad .(adok!) = (ador"). Ad,
since , for ¢ : R — G smooth with ¢(0) = e and ¢/(0) = X like exp(tX) if exp exists,
dAd(Tp,.X) = 0o Ad(g.c(t)) = Ad(9)d|o Ad(c(t)) = Ad(g). ad(k' (T4 X)) -



Since we shall need it we also note
d(Adov) = —(adok')(Adov) = —(Adov)(ad o k").

2.2. The right and left logarithmic derivatives. Let M be a manifold and let
f M — G be a smooth mapping into a Lie group G with Lie algebra g. We define
the mapping 6" f : TM — g by the formula

oy —1
6" (&) + =T (ﬂ'f(m) ) Tofba = “;(m)(wa-fw)
= (f"k") (&) for & € T, M.
Then 67 f is a g-valued 1-form on M, §"f € Q'(M;g). We call 6"f the right
logarithmic derivative of f, since for f : R — (R*,.) we have 6" f(x).1 = ];((f)) =
(logo f)'().

Similarly the left logarithmic derivative 8'f € QY(M,g) of a smooth mapping
f+M — G is given by

0'f.€0 = Ty(a) (tes(a)-1) Tuf £o = (F75) (&)
2.3. Theorem. Let f,g: M — G be smooth. Then the Leibniz rule holds:
0" (f.9)(x) = 0" f(x) + Ad(f(x)).0"g(x).

Moreover, the differential form 6" f € QY(M;g) satifies the ‘left Maurer-Cartan
equation’ (left because it stems from the left action of G on itself)

dé" f(&,m) —[0"f(€),0" f()]* =0,
or di"f — %[(Vf,érf]% =0,

where £,m € T, M, and where for p € QP(M;g),v € Q4(M;g) one puts
1
[907 w]g\(gh cee a€p+q) = qu; ZSign(O’)[(p(gah e )7 w(fa(p-‘rl)a s )]g

If h : N = M is a smooth mapping, then 6"(foh) = h*(6"(f)). If p : G — H s
a smooth homomorphism of groups, then 85 (po f) = ¢’ 0d0&(f) where ¢’ = Tep :
g—b.

The left logarithmic derivative the corresponding Leibniz rule is given by

0'(fg)(x) = 8'g(x) + Ad(g(x)1)8' f(x).-

It satisfies the ‘right Maurer Cartan equation’:

4d' + 505, 8713 = 0.

For ‘regular Lie groups’ a converse to this statement holds; see [I3], 40.2. We
shall review this in [2:3] and [2:4] below. This result has a geometric interpretation in
principal bundle geometry for the trivial principal bundle pr; : M x G — M with
right principal action. Then the submanifolds {(z, f(x).g) : * € M} for g € G form
a foliation of M x G whose tangent distribution is complementary to the vertical
bundle M x TG C T(M x G) and is invariant under the principal right G-action.
So it is the horizontal distribution of the principal connection w! € Q'(M x G, g)
which is given by w!(&;,m4) := —0'(f.a) (&) + £ (n,). Thus this principal connection
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has vanishing curvature which translates into the result for the right logarithmic
derivative.

Proof. For the Leibniz rule we compute for &, € T,, M, using

§"(f. g)(éx) Tf(m g(z)( (f(@)-9()) ) T(po(f,9))&
= Tf(.t).g(ac)( (f(@)-9(=) ) TM (T f fx» z9- gz)
= T/ )T ) (T(g(0)) Tog o) + T Tof &)

= T(Nf(x)_ )'T(/Lf(w))' (nd 9! ) Teg.x) JFT(.uf(z)_l)-Txf-gr
= Ad(f(2)).6"9(&) + 6" f(&)-
The Maurer-Cartan equation for 6" f is the pullback of the one for x:
A" f) = d(f*k") = f*(dw") = f (518" w7]5) = K" f7R]G
= %[Wf, 5’“f]§

Finally, 0"(fop) = d(fop)* k" = dp*f*k" = ¢*6"(f). For the left logarithmic
derivative the proof is analogous. O

2.4. The 1-dimensional evolution operator. Let G be a possibly infinite di-
mensional Lie group with Lie algebra g. For a closed interval I C R and for
X € C*(1,g) we consider the ordinary differential equation

Big(t) = To(nM)X (1) = Rx (1 (9(1))  or w7 (Big(1)) = X (1),

for local smooth curves g in G, where tg € I. Then the following results hold; see
[13], 40.2:

(2) Local solution curves g of the differential equation (1) are unique.

(3) If for fixed X the differential equation (1) has a local solution near each
to € I, then it has also a global solution g € C*(I,G).

(4) If for all X € C(1,g) the differential equation (1) has a local solution near
one fized to € I, then it has also a global solution g € C(I,G) for each
X. Moreover, if the local solutions near ty depend smoothly on the vector
fields X then so does the global solution.

(5) If (4) holds, then the curve t + g(t)~1 is the unique local smooth curve h
in G which satifies

h(to) =

Oh(t) = Te(pn(y) (=X (t)) = L_x (1) (h(?))
or kL (9h(t)) = =X (t).

2.5. Regular Lie groups. If for each X € C*°(R, g) there exists g € C*(R,G)
satisfying
9(0) =e,
(1) Big(t) = To(n' )X (1) = Rx 1) (9(1))
or k"(Org(t)) = 6"g(0r) = X (1),



then we write
evoli(X) = evolg(X) := g(1),
Evolg(X)(t) := evolg(s — tX (ts)) = g(¢),

and call it the right evolution of the curve X in G. By [2:4 the solution of the
differential equation (1) is unique, and for global existence it is sufficient that it has
a local solution somewhere. Then

Evolg : C*(R,g9) — {g € C*(R,G) : g(0) = e}
is bijective with inverse the right logarithmic derivative §".

The Lie group G is called a regular Lie group if evol” : C*°(R, g) — G exists and
is smooth.

We also write

evoll,(X) = evolg(X) := h(1),
Evoly, (X)(t) := evol, (s — tX (ts)) = h(t),
if h is the (unique) solution of
h(0)=e
(2) Oeh(t) = Te(pne)) (X (t)) = Lx ) (h(t)),
or k' (0:h(t)) = 6'h(0;) = X (t).

Clearly evol' : > (R,g) — G exists and is also smooth if evol” does, since we have

evol' (X) = evol”"(—X) ! by

Let us collect some easily seen properties of the evolution mappings. If f €
C>*(R,R), then we have

Evol” (X)(£(£)) = Evol’ (f.(X o £))(¢). Evol (X)(£(0)),
Evol! (X)(f(t)) = Evol' (X)(f(0)). Evol' (f'.(X o /))(¢).

If p : G - H is a smooth homomorphism between regular Lie groups then the
diagram

C*(R,g) —> C*(R.b)
evolcl levolH
G ? H
commutes, since ;¢ (g(t)) = To. T (™). X (t) = T(uf M) X (t).

Note that each regular Lie group admits an exponential mapping, namely the
restriction of evol” to the constant curves R — g. A Lie group is regular if and only
if its universal covering group is regular.

No counter-example to the following statement is known: All known Lie groups
modelled on convenient vector spaces are reqular. Any Banach Lie group is regular
since we may consider the time dependent right invariant vector field Rx ) on G
and its integral curve g(t) starting at e, which exists and depends smoothly on (a
further parameter in) X. For diffeomorphism groups the evolution operator is just
integration of time dependent vector fields with compact support.
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3. THE GENERAL EVOLUTION OPERATOR ALIAS THE CARTAN DEVELOPMENT

3.1. The space of flat differential forms. Let G be a regular Lie group with Lie
algebra g. Let (M, () be a simply connected pointed possibly infinite dimensional
manifold. We consider the space

Qo (M, 9) = {€ € Q1 (M, g) : d€ — 5[€, €] = 0}

of g-valued 1-forms on M which are flat in the sense that they obey the left Maurer-
Cartan equation.

The smooth structure on the space of flat differential forms. Q}_, (M, g)
inherits the smooth structure of a Frolicher space (see [I3] Section 23]) from the
convenient vector space Q!'(M, g), generated by all curves ¢ : R — Q} (M, g) which
are smooth into Q!(M, g). This allows us to talk about smooth mappings running
through it.

Moreover, it is a Frolicher space with further structure: its kinematic tangent spaces
are given by Te Q' (M, g) = {n € Q1 (M, g) : dn—[&,n]% = 0}, and the tangent bundle
is again the Frolicher space

The space Qf, (M, g) is a manifold in the sense of [16] [I7] where a cartesian closed
category of manifolds based on smooth curves instead of charts as developed which
up to those whose tangent spaces (proved only for finite dimensional spaces there
- for Banach spaces the same proof applies) consists exactly of the usual ones.

Question: If M is finite dimensional, is Q},,(M,g) a (split) submanifold of
QY (M, g)? Can this be shown by a quasilinear version of Hodge theory?

But we shall see below that Q},, (M, g) is diffeomorphic to C*°((M, xo), (G,€))
and that it gets a Lie group structure via this map, at least in the case when M is
compact.

3.2. The space C*°(M,G). If M is a compact manifold, then C*(M,G) is a
smooth manifold; see [I3, Section 42]. The same is true if M is locally compact
for the space C°(M, @) of smooth mappings which equal the constant e off some
compact subset of M; let us call these smooth mappings with compact support.
But in general, there is no smooth structure admitting an atlas on C*°(M, G), since
the space C°°(M, N) is not locally contractible in its natural topology. Thus we
consider C*°(M, G) as a Frolicher Lie group with pointwise group operations in the
general situation; see [I3, Section 23]: The canonical smooth structure is described
by
o=, q) ), oo r,R) M R

where ¢ € C*°(R, M), where f is in C*°(G,R) or in a generating set of functions,
and where A € C*°(R,R)’. It is a Frolicher space with a natural tangent bundle

TC™®(M,G) = C=(M,TG) T 0% (M, @) x CF(M, g) .

The space C*°(M,G) is a manifold based on smooth curves instead of charts as
developed in [16] [17].
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3.3. Theorem. Let G be a regular Lie group with Lie algebra g. Let (M, xo) be a
simply connected pointed possibly infinite dimensional manifold. In general, there
exists a unique smooth mapping, called evolution operator,
Evol = Evol : Qpor(M, g) — C=(M,G)
which satisfies
0" oEvol =1d and Evol(zg) = e.

Evol is a natural transformation Q}lat( ,Lie()) — C*°(, ) between the two contra-
covariant functors from the category of simply connected smooth manifolds times
the category of Lie groups into the category of Frélicher spaces: For smooth h :
(N,yo) = (M,z0) and ¢ : G — H a smooth homomorphism between reqular Lie
groups with T, = ¢’ : g — b we have

Coo(h (JV[’IO) — (N’?JO) 1 IAWA

, ) o Evol Evolyy 7" 0 Qgoi(h, )5

in detail Evol(h*¢) = Evol(§) o h and ¢ o Evolg(£) = Evolg (¢’ 0€).

If one wants to avoid choosing a point xg in M, then Evol exists and is unique
up to right translations in G. Note that a Lie group G is regular if the theorem
holds for (M, x0) = (R,0). See [I3, 40.2] for the main part of the proof. For finite
dimensional M and Lie groups a proof can be found in [26] 27 28], or in [2| 3] or
[8] (proved with moving frames); see also [1l 5.2].

Proof. See [13, 40.2 using 39.1 and 39.2] with a small gap for the first part. For
completeness’ sake we repeat the proof in the more simple situation here.

If we are given a 1-form ¢ € Q'(M, g) with dé — 1[£,£]% = 0 then we consider
the 1-form wé € QY(M x G, g) given by

W=k — (Adov).&, wf, (Ve Ty X) =X —Ad(g").&(Yz)

Y(z,g9)

for Y, € T,M and X € g. Then w¢ is a principal connection form on M x G, since
it reproduces the generators in g of the fundamental vector fields for the principal
right action, i.e., the left invariant vector fields 0 x L, and w® is G-equivariant:

(1)) oy = 5y gy oLdzar XT(0)) = T(pty1,2).T(1%) — Ad(g ™ h ™).,
= Ad(g™").(sh — Ad(h71).&) = Ad(g™ ") -wl, -
Since the structure group G is regular, for each smooth curve ¢ : R — M, the
smooth lift of ¢ given by
t = (c(t), Evolg (—w (¢, 0))(t).u) = (c(t), g(t)) =: Pt*(c,t,u)
defines a mapping Pt*(c,t, ) : {¢(0)} x G — {c(t)} x G which has all the usual
properties of parallel transport, namely: (1) It is horizontal since

g (t) = 8, Evolly(—ws (¢, 0))(t).u = —Tu?® .wé(¢,0)  by[.5 (1),
= 0+ Ty Ad(g(t)).£(C (1))
W (' (1), g'(8)) = Ad(g(t)1)£(c' (1)) — Ad(g(t)1).£(c' (1)) = 0.
(2) Tt is G-equivariant for the principal right action. (3) For smooth f : R — R

we have Pt*(c, f(t),u) = Pt(co f,t, Pt*(c, £(0),u)). (4) It is smooth as a mapping
Pt¢ : C=(R, M) Xeve,M,prs (R X M x G) — M x G where C*°(R, M) carries the
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Frolicher structure, corresponding to the compact C*-topology. (5) Pt depends
also smoothly on the choice of £ € Qf,, (M, g); this was not checked in [I3, 39.1]. A

smooth curve s — £(s) € Q},, (M, g) leads to a smooth curve s — Pt (¢, t,u) €
M x G by looking at the explicit formulas above.

The connection w¢ is flat since
dw® + 2wt w¢]n = dk! + 3[K! KA — d(Adov) A€ — (Adow).dé
— [k, (Adov).&n + L[(Adov).£, (Adov).£]n
= —(Adov).(d¢ — 3[¢,€]n) = 0.

Since the structure group G is regular, by theorem [I3], 39.2] the horizontal bundle
ker(w®) C T(M x G) is integrable: For each x € M let u: U — E be a chart with
x € U and u(z) = 0 such that w(U) C E is a star-shaped ¢*-open set in F. For
y € U let ¢, : [01] = U be given by ¢,(¢t) = u='(t,u(y)). Then ¢ : U - M x G
given by ¥(y) = Pt*(c,, 1,g) is a smooth section U — M x G through (z, g) which

is horizontal thus an integral submanifold of kerw¢; for the quite lengthy proof of
horizontality see the proof of theorem [I3] 39.2].

The projection pr; : M x G — M, restricted to each horizontal leaf, is a covering.
Thus, it may be inverted over the simply connected manifold M, and the inverse
(Idas, f) : M — M x G is a horizontal section, i.e., T(Idys, f) : TM — ker(w®) is
an isomorphism. Therefore

0= ((Id, f)*'w*)s = (f*#' = f*(AdoD).)s = (0'f)0 — Ad(f(2) )&
(6"f)a = Ad(f(2))(8' f)o = &

for x € M, as required. Moreover, (Idys X f) is unique up to the choice of the branch
of the covering and the choice of the leaf, i.e., f is unique up to a right translation
by an element of G. We may fix f =: Evolg (&) by stipulating f(z) = e. Moreover,
Evolg (£) depends smoothly on ¢ since the parallel transport Pt depends smoothly
on €.

It remains to check that (M, z),G) — EVOI(GM’%) is a natural transformation.
For h: (N,yo) — (M, x¢) we have, using [2.3

8" Evol S ¥ (h*€) = h*€ = h*6" Evol ™20 () = 6" (Evol M:0) (¢) o f) |

thus EvolgN’yO)(h*ﬁ) = Evol(M’z“)(f) o f since both sides agree on yo. If ¢ : G — H
is a smooth homomorphism, then ¢*x}, = ¢’.kf, since

(9" 50)g (Topt? X) = (1)) (Tgip Tep? X) = T D" Tyip Top? X
=T.p.X = go’.Tg,ugfl.Teﬂg.X = ¢ (k) g(Tep? . X),
and obviously ¢, : Qf.. (M, g) — Qf.. (M, ), thus by [2.3 again we get
3" (w0 Evolg (€)) = ¢'.6" Evolg/ (€) = ¢.& = 8" Evolyy (¢'.€)

thus ¢ o EvolY (€) = Evol} (¢.€) since both sides map 2o € M to e € H. O
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3.4. Theorem. For a reqular Lie group G and simply connected (M, xq) we have
for &m € Qp,, (M, g):

Evol(€). Evol(n) = Evol (5 + (Adgo Evol(g)).n),
Evol(¢)~! = Evol ((f Adgovo Evol(g)).g) :

so that Evol : Q.. (M, g) = C®((M,x0),(G,e)) is a bijective smooth homomor-
phism of Frolicher Lie groups, where C™((M,xo),(G,e)) carries the pointwise
group operations and where on Q}lat(M, g) the operations are given by

(& xn)(z) = &(2) + Adg(Evol(€)(z)).n(z),
& Hx) = — Adg(Evol(§)(z) 1) .£(x).

With these operations and with 0 as unit element (leclat(M,g),*) becomes a reg-
ular Frélicher Lie group isomorphic to C*°((M,xo),(G,e)). Its Lie algebra is
T4, (M, g) = {n € Q' (M, g)) : dn = 0} =: Z(M, g) with bracket

[61,&]7 MO = [¢1,d7 &) + [, &)%, &€ Z(M,q),
where
d=":{€ e Q' (M, g) : d§ =0} =: Z(M, g) — C™((M, x0), (g,0))

is the bounded operator of the Poincaré lemma, the inverse of the exterior derivative.

This formula for the Lie bracket fits nicely to the 1-dimensional version derived
in [I3] 38.12].

Proof. We have pu*k" = prj k" 4+ (Ad o pr;) pri " because
(K" (@) (Ear ) = Ky (T-(Earm)) = Koy (Tapt® -Ea + Totta 1)
= Tl (Tul®£0 + Typtams)
= T;ﬂil.T,ubil.T,ub.fa + T,u(f1 .Tulfl Tig-mp
i (§a) + Ad(a).r ().
For &,m € Q},,(M, g) we have therefore
8" (Evol(€). Evol(n)) = (po(Evol(¢), Evol(n))) k"

— (Bvol(€), Bvol(n))*u*n" = (Evol(€), Bvol(n)* (pr} " + (Adopry) prs a7)
= Evol(§)*k" + (Ad o Evol(£)). Evol(n)*k" = £ + Ad(Evol(&))n.

which implies
Evol(§). Evol(n) = Evol(€ #n), Evol(§)™! = Evol(¢71).

Thus, Evol : Qf,,(M,g) — C>*(M,G) is a group isomorphism onto the subgroup
C*((M,x0),(G,e)) :=={f € C°(M,G) : f(xo) = e} with the pointwise product,
which, however, is only a Frolicher space in general, see [I3], 23.1]. If M is compact
then C*°((M,xg), (G, e)) is smooth regular Lie group. If M is finite dimensional,
then one has to refine the topology (control near infinity) to make it into a disjoint
union of regular Lie groups, and then one has to mimick this procedure also on
Qfliat (Ma g) .
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In general, we will just take both groups as Frolicher spaces with special prop-
erties (having a tangent bundle, e.g.).

It follows that the product on Qf,, (M, g) has the properties of a group structure.

A direct proof is fun and needs naturality of Evol in an essential way. As enter-
tainment we compute the following:

¢ x €=~ Adg(Evol(€)™1).£ + Adg (Evol(— Adg(Evol(€))™).£)¢ = 0 since
(Evol(&)™H)*k" = (v o Evol(€))*k" = Evol(&)* v k"
= Evol(&)*(—(Adov)x") = — Ad(Evol(¢) 1) Evol(&)*k"
= — Ad(Evol(¢)™1)¢ implies again the expression for the inverse

Evol(¢)™! = Evol(— Ad(Evol(£)1)¢) .

Now we aim for the Lie bracket. Since 6" : C*°((M, x¢), (G, e)) = Q.. (M, g) C
QOY(M,g) is is a smooth group isomorphism of Frélicher Lie groups, we can just
take its tangent mapping at the constant e which will become a homomorphism
of Lie algebras. As an aside note that 4" is a Lie derivative analogous to the
finite dimensional version in [I2, Chapter IX]. The infinite dimensional version has
been worked out in detail in [I5, 12.2-12.5] for mappings f : M — N; here the only
difference is that the forms are g-valued and that we make use the right trivilization
of TG. So we choose a smooth curve t — f(t) € C°((M,xo), (G,e)) with f(0) =e
and Olof(t) = X € C°(M,g) with X(z9) = 0; then we consider the smooth
mapping f : R x M — G. By the Maurer-Cartan equation for a vector field
Y € X(M) we have

0= d(&"f)((. 0nr). (02, Y) = [(8"F)(Or, 0n1), (8" f) (0, ¥)]*
= 0 (0" F)(0m, ) = Ly (Tu? ™ 0 f) = (87 F)([(3r, 0nr), (0g, V) FEMD)
— [(67 /)0, 0n), (67 ) (0g, V)] -
Choosing t = 0 and using f(0,x) = e this becomes
(T0". X)(Y) = Ly X =dX(Y).

Now we can write down the Lie bracket. Since M is simply connected, its de Rham
cohomology H'(M) = 0, which also holds for g-valued 1-forms and for infinite
dimensional M; see [I3], Section 34]. Let

d™':{e e QN (M, g) : dé =0} =: Z(M,g) — C((M, ), (g,0))

be the bounded (by lemma below) operator of the Poincaré lemma; i.e., the
inverse of exterior derivative. Then for X; € C*°((M, zy), (g,0)) we have

Te(v.[Xl,Xg]g = d[Xl,Xg]g = [Xm,Xg]g + [Xl,dXz]g, thus
(61, 6] M0 = [€1,d7 &) + [d161, &%, for & € Z(M, g). O

3.5. Lemma. For a simply connected manifold M the inverse of the exterior de-
rivative d=1 : Z(M,g) — C°°((M, x0), (g,0)) is a bounded linear operator.

Proof. For a star-shaped c>°-open subset M in a convenient vector space F this fol-
lows from the explicit formula for the Poincaré operator d~1¢(z) = fol tw(tx)(z)dt.
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In general, we cover the simply connected manifold M by open charts u : U —
u(U) C E with xg € U, u(zg) = 0, and u(U) star-shaped in E. Via the diffeomor-
phisms u* the operators d=1 : Z(U, g) — C°°((U, o), (g,0)) are all bounded. Since
C>*((M,xy),(g,0)) and Z(M, g) both carry the initial structure with respect to the
restriction operators to U, the result follows. O

3.6. Theorem. For a regular Lie group and £ € Qﬂat( ,8) we consider f =
Evol(§) : (M, z0) — (G, e). For a mapping h : M — g we consider n := Ad(f)dh €
QY(M,g). Then we have dn — [¢, 7] =

If conversely n € Q'(M,g) satisfies dn — 3[€, )} = 0 then there exists a unique
smooth h : (M, x¢) — (g,0) such that dh = Ad(f~1)n.

Proof. If h: M — g exists then d?h = 0 so that
dn=dAd.Tf Adh+ Ad(f)d*h = (adox".Tf) Ad(f)dh +0
=3l sk = 516 mlf.
Conversely, by this computation dn — %[5 ,m)% = 0 implies that the g-valued 1-form

B := Ad(f~1)n is closed. Since M is simply connected, 8 = dh for h € C>°(M, g)
which is unique up to addition of a constant. [l

3.7. Theorem. Let G be a Lie group. Then via right trivialization (K", 7g) : TG —
g X G the tangent group TG is isomorphic to the semidirect product g X G, where
G acts by Ad : G — Aut(g). So for g,h € G and X,Y € g we have:

(1) paxc((X,g), (Y,h) = (X + Ad(g)Y, gh)
vanc(X,g) = (—Ad(g™H)X,g71),
(X1, Y1), (X2,Y2)]gug = ([Y1,X2] — [Y2, Xiu], [Y1,Y2]),
AdTS YZ) (Ad(g)Y — [Ad(9)Z, X], Ad(g)Z)

If G is a regular Lie group, then so is TG = g x G and Tevolﬂé corresponds to
evolﬂfﬁG, viG

R

(2) TC*(R,g) C*(R,g % g)
T evolné \L % J/GVOIIE wG
TG gxG.

o

In particular, for (Y,X) € C*(R,g x g) = TC*(R, g), where X is the footpoint,
we have

evolf (Y, X) = (Ad(evoﬂg(X)) 1 Ad(Evol® (X)(s)™1).Y (s) ds, evolﬂg(X))

0

1
(3) Tx evol .Y = T (Heyorz, (x))- / Ad(Evolg(X)(s)™1).Y (s) ds,
0

Tx (Evol( )(6).Y = Tty (x)(1): / Ad(Evol%,(X)(s)™1).Y (s) ds.



12 JOHANNA MICHOR AND PETER W. MICHOR

For a pointed simply connected manifold (M, xq) we have

T (M, g) = {(§,1) € Q' (M, g)* : d€ — 5[, €]R = 0 and dn — [, 7]} = 0}
(4) = {(n,€) € Q'(M, g x g) : (dn — &, I}, d¢ — 5[&,¢JR) = (0,0)
:leﬂlat(Mag X g)

and the following diagram commutes:

(5) TQ}Zat(M7g) T EvolM TCOO((M> .%‘0), (GveD
vol¢:
1 i Evolégc o l
Qﬁat(M’ Tg) C ((Mv x0)7(TGa Oe))
i Evol™ i

gxG

Qor(R, g x g) ——— C=((M,z0), (g % G, (0,¢))) .

Proof. The first part may be found in [I3] 38.10]. We repeat the derivation of the
formulas. By [2.1] for g,h € G and X,Y € g, we have

Tigmh-(Rx(9), Ry (h)) = T(u").Rx(9) + T (ng)-Ry ()
= T(u").T(p9).X + T(py) T(u").Y = Rx (gh) + Raa(g)y (gh),
TvRx(g) = —T(u ). T(sy-1).T(1?). X = —Rpa(g-1)x(97").

so that pure and vrg, and the Lie bracket, after right trivialization, are given by

(6) pEE((X, 9), (Y, h) = (X + Ad(9)Y, gh)
TS (VW) = (Ad(9)Y', Tpgh!), ' € ThG

v9(X, g) =
(X, 9)-(Y,h).(X, 9)7"

Ad ( NX.g7h),

Ad(g)Y,gh).(— Ad(g~")X,g7")
+ Ad( )Y — Ad(ghg™") X, ghg™")
d(g)Y" — Ad(e)[Ad(g)n", X], Ad(g)h'])

[
lg', Y] = [lg",h'],0]) — [, X"], [g", W]
Y1, Xo] — [Ya, X3], [Y1, Y2]) .

Ad

(A
(=
= (X
= (X
AT (X, g) (Y, h) = (
ad®' (X7, g") (Y, 1) = (
(X1, Y1), (X27Y2)}gx = (

That diagram (2) commutes and equations (3) hold, has been proven in [I3] 38.10].
Now we prove that diagram (5) commutes. For the bottom square this follows from
theorem We consider a curve t — £(t) € Qf,.(M,g) which is smooth into
QY(M,g). Then 04|o&(t) =: n € Te(0) Qe (M, g) so that dn — [€(0),n] = 0. Asin
the beginning of the proof of theorem we now consider the smooth curve of flat
principal connections

t—wt® =kl — (Adov).£(t)

on M x G, and we let L&) C M x G be the horizontal leaf through (zg, e) for the
connection wé¢® . Recall that

(Ids, Evol¥ (€(1))) = (pry |LED) ™1 - M — LE® ¢ M x G



13

is the horizontal lift. Likewise, writing £ = £(0),
(Tdag, Bvol, (1, €) = (pr, |[L09) 71 s M — L0 € M x (g % G)
where L(7€) is the horizontal leaf through (20,0, e) of the principal connection

w(n,g) — ﬁl,ng _ (AdgNGoygNG)(n,f) .

Claim. 9,|oL¢® is the horizontal leaf L(7€) of the flat principal connection w(7:€(©))
on the principal bundle M x (g x G) — M. This is sufficient to finish the proof.

T(x07e)L5(t) consists of all (Y, X(t)) € T,,M x g such that ws® Y, X(t)) =

(wo,€)

X(t) — £(t)(Y) = 0; since LE® is a horizontal leaf we may fix Y. Then

alowl” (V. X (1) = X'~ p(¥) = 0.
On the other hand w("*}) (Y, (Z, X)) = (Z = n(Y), X — £(Y)) since for (X, g) €
gx G and (X',¢') € Txg x T,G we have

W (Vi (X, X 9,9) = (THES) (X, g') — AdPE (X, 9) ) (n(Y), (V)
(TG g ) (X5 g) — ADPE (= Ad(g™1)X, g~ (n(Y), £(Y))
= (Ad(g™ ") X", Tpg—19')
— (Ad(g)n(Y) = [Ad(g™HE(Y), — Ad(g™ ) X], Ad(g~1)E(Y))
= (Ad(g™HX" = Ad(g "n(Y) — Ad(g~"[E(Y), X], Tpg-1g' — Ad(g~1)E(Y)). O
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