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Chapter 1

Introduction

1.1 An example

We start with an example. Let M be a smooth manifold, or an algebraic variety. Then the bundle
of differential forms generates a bundle of algebras. If w; is a p-form and ws is a ¢-form, then
w1 Aws is a (p+q)-form. Thus we can assemble all differential forms into an algebra, and we obtain
a bundle A(M) of algebras over M. Clearly, for any open set U C M, the sections of A(M) over U
do not form a commutative algebra, but a Zs-graded commutative algebra: if wy is a p-form and wo
is a ¢-form, then w; A we = (—1)P%wy A wy. The algebra of sections of A(M) over U thus naturally
splits into a direct sum of even rank differential forms and odd rank differential forms. In other
words, we have constructed a sheaf Ay, of Zs-graded commutative algebras on M.

In this thesis we will develop the algebraic machinery to deal with spaces that come with sheaves
of Zs-graded commutative algebras. Such algebras we will call superalgebras.

1.2 Motivation

It is well-known that the elementary particles from the standard model come into two kinds: bosons
and fermions. Already a long time ago in 1925, it was noted by Pauli [1] that on the level of
quantum mechanics these fermions have to be treated in a rather unusual way, namely by using
anticommuting variables (be aware, this is a slight twist of history). That is, fermions were to be
described by sections of algebra bundles such that if 7,7’ are two such sections, then nn’ = —n'n.
Since then, many things have changed in physics, but the fermionic variables pursue to exist. Even
more, in modern theories as the minimal supersymmetric standard model, or in super string theory,
or in M-theory, F-theory, ..., the role of fermionic variables has gained increased interest and
importance.

With the venue of mirror symmetry (see [2] for an introduction with a historical overview and
references), varieties with additional noncommuting variables became more and more interesting.
Even from a purely mathematical point of view, the idea of making spaces with noncommuting
coordinates has become popular and seems to make it possible to get deep mathematical results.

We will not even try to give a historical overview of the history of the subject. Partially this is
due to the fact that in the Russian literature anticommuting variables were already used before the
texts were translated in English. Therefore there is some debate on who was first. The interested
reader is referred to [3-7] for historical notes, remarks and lists of references.
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The theory of supermanifolds has already been an object of focus in many publications, for
example, see [5,6,8-14] for a (incomplete) selection of expositions. However, mainly the category
of smooth manifolds was considered. Many authors note that much algebra can be translated to
get a superversion of a theorem of commutative algebra. However, little steps are taken to fully
develop a theory for superalgebras parallel to the theory of commutative algebras. In this thesis we
will be very explicit and present all details: a partial goal is to get an overview of which theorems
still hold, when replacing commutative by Zs-graded commutative. For example, it is already clear
that the theorem of Cartier, which states that in characteristic zero, any commutative Hopf algebra
is reduced, will not hold for a super Hopf algebra.

1.3 Plan

The idea of the thesis was to generalize the Cayley map, which sets up a birational equivalence
between a reductive algebraic group and its Lie algebra, to supermanifolds. Then rather quickly
we stumbled over the question what a supergroup should be, and how we should view its Lie
superalgebra. On the one hand Lie superalgebras are vector spaces over a field with an algebraic
structure, on the other hand, in the literature one views supergroups more in a functorial way.
Therefore, the connection between a supergroup and its Lie superalgebra cannot be simply a kind
of differentiation. The next obstruction was to find enough generalizations of commutative algebra
and algebraic geometry to treat supergroups and supervarieties in a satisfying way. This then turned
out to be most of the work. Many authors already dealt with generalizations of commutative algebra
to the realm of superrings and superalgebras, but mainly on an ad-hoc basis and sometimes even
wrongly or unsatisfactorily. Therefore the plan of the dissertation changed more or less to the
following task: give structure to commutative algebra for superrings.

In chapter two we deal with super vector spaces, which are in fact no more than vector spaces
with a Zs-grading, and shortly discuss Lie superalgebras. In chapter three we give a fast introduction
to the most elementary objects, like superrings and their modules. Prime ideals in superrings are the
focus of chapter four, which will be used extensively when we discuss localization and completion of
superrings in chapter five, where we also shortly discuss superschemes. We return back to modules
of superrings in chapter six and discuss more general notions that can be treated after having
developed the machinery in the preceding chapters. In chapter seven we give a rudimentary scheme
for dimension theory of superrings. These first chapters are an attempt to try to generalize results of
commutative algebra to superrings. We have used and followed the standard works on commutative
algebra as for example [15-19].

In chapter eight we return to the question we started with: the relationship with the Lie super-
algebra of a supergroup. In the ninth chapter we come to discuss representations of supergroups.
For that we need some more knowledge on coalgebras and comodules and their generalizations to
the super case. The presentation in chapters eight and nine closely follows the books [20-22]. In
the final chapter, we get to the starting point of our quest: we define a Cayley map for supergroups.
In order to do so, we first need to address the question what a rational map is for superschemes
and group functors.

1.4 Notation and conventions
A note on notation: We fix a field k for the rest of the paper. We assume that the characteristic

of k is zero, but most of the claims hold for nonzero characteristic as well. We write Zy = Z/27
and denote the elements of Za by 0,1. When z € Zs then (—1)%is 1 if z =0 and —1 if z = 1. We



1.4 Notation and conventions 3

use i, j,... both for indices that take values in Zy as for indices that take values in Z. From the
context it will be clear what kind of index it is. If A and B are two sets, we write A — B for the
set of elements that are in A but not in B. For the concatenation of maps between super vector
spaces we use the convention that the symbol ® (tensor product) binds stronger than the symbol
o (concatenation). The end of an example is indicated by the symbol A. The end of a proof is
indicated by the symbol [.

On nomenclature: When we have defined an object or property and used the prefix super, then
afterwards the prefix super will often be omitted. Important exceptions are superring, superalgebra
and super vector spaces, which will always be denoted superring, superalgebra and super vector
spaces. As an example, the ‘super dimension of a superring’ will often be denoted ‘the dimension of a
superring’. Note that the word ‘commutative ring’ is thus never used to indicate a supercommutative
superring. Giving names to objects in ‘supermathematics’ is for a great deal a matter of taste and we
are not aware of any fix rules. Therefore, some inconsistencies in nomenclature seem unavoidable:
super Hopf algebra on the one hand, but Lie superalgebra on the other hand, superring as one
construction, and super coalgebra as an alternative. When it comes to choosing nomenclature, we
have taken seemingly settled conventions and esthetics as guidance.

On occasion we need Zorn’s lemma. In some cases we have spelled out how to use the lemma,
especially in the first few chapters. In many cases however, we only indicate that the lemma of
Zorn is used and do not give the details. The justification lies in the fact that all applications of
Zorn’s lemma are very similar.

We distinguish betweem homomorphisms and morphisms. Morphisms are the arrows of the
category the objects live in. Hence we will speak of group morphisms instead of group homomor-
phisms. Homomorphisms are only used for super vector spaces and supermodules and need not
preserve the Zs-grading.

We frequently use categorical language and assume the reader has some familiarity with concepts
as initial object, terminal object, universal properties, monomorphism, epimorphism, and so on.
We refer to [23-25| for explanations on these matters in case our explanation is not sufficient or
missing.






Chapter 2

Super vector spaces

In this chapter we define the most basic notions of super mathematics, the super vector spaces.
We will then discuss the category of super vector spaces, come to notions as supermatrices, su-
perdeterminant and supertrace. Then we will introduce Lie superalgebras and briefly discuss some
classification issues of these. In this chapter we restrict to finite-dimensional (super) vector spaces.

2.1 Super vector spaces

A super vector space over k is a Ze-graded vector space over k and we write V = V5 @ V7. The
elements of V5 and V; are called even respectively odd. A homogeneous element is an element that
is even or odd. For a homogeneous element v we write |v| for the parity; if v € Vg (resp. V7) we
have |v| = 0 (resp. 1). A morphism of super vector spaces is a parity preserving map. We write
Hom(V, W) for all k-linear morphisms from V to W. The field k itself is viewed as a super vector
space with zero odd part.

For a super vector space V we say that a linear subspace U C V is a sub super vector space if
U is Z-graded, that is, if U = (UNV5) @ (UNV;). In this case, U itself is a super vector space and
the inclusion U — V is a morphism of super vector spaces. The quotient V/U is then a well-defined
super vector space with the Zs-grading (V/U)g = V;/Us and (V/U)1 = Vi /Ujy.

The category sVec of super vector spaces over k is abelian: Cokernels and kernels are au-
tomatically Zs-graded since the morphisms are Zs-graded. Direct sums and direct products are
constructed as for ordinary vector spaces, but with parity preserving maps. The direct sum V @& W
is Zo-graded as

VeW),=VieoW;, icZy. (2.1)

The direct product V x W is given the Zs-grading (V x W); = V; x W;. Tt is easy to check that
the inclusions V-V W, W — V & W and the projections V& W — V, V& W — W preserve
the Zs-grading. The tensor product V ® W exists and is Zsg-graded with

VeW)= P VieW,, ic,. (2.2)
k=i

The dual of a super vector space V' is denoted V* and has the natural Zs-grading w € (V*); &
lw(v)| = |v] +1i=0.

We have an inner hom-functor: we denote Hom(V, W) the vector space of all k-linear maps from
V to W. The space Hom(V, W) is Zy-graded; the even maps preserve parity, the odd maps change
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parity. The functor (V, W) — Hom(V, W) is an endo-bi-functor on the category of super vector
spaces. We have

Hom(V, W) = V* @ W . (2.3)

We define the functor II : sVec — sVec by putting (IIV)g = V3, (IIV); = V5 and on morphisms
f:V =W we put (IIf) : v — f(v), where we view v as an element of IIV and f(v) as an element
of ITW. The functor II is sometimes called the parity swapping functor. It is easy to see that for
any morphism f : V — W we have KerIlf = IIKer f and CokerIIf = ITCoker f.

Remark 2.1.1. Using the isomorphism in the category sVec given by
VoW —-WeV, v®wn—>(—1)‘””w|w®v, (2.4)

most of multilinear algebra can be treated from a categorical point of view, see for example for a
proof of the Birkhoff-De Witt theorem along these lines in [6].

Let V be a super vector space such that the dimension of V' as a vector space is finite. Then
we define the super dimension of V' to be the pair p|¢ where p is the dimension of Vg over k and ¢
is the dimension of V; over k. We will often say dimension of V', when it is clear that V is a super
vector space to denote the super dimension of V. The super vector space kP17 is the super vector
space with even part kP and odd part k?. Choosing a basis of homogeneous elements in V' we get
an isomorphism V = kPl for some p and q. A standard basis of a super vector space is a basis
of homogeneous elements eq,...,e,, such that in the ordering the even elements precede the odd
elements.

We can write any morphism f : kP9 — k"I5 as a block matrix of the form

<6‘ g) , (2.5)

where A is an r X p-matrix and D an s X g-matrix. Any element of Hom(V, W); can be represented
by a block matrix of the form
0 B
(2 7). 20

where B is an r X g-matrix and C' is an s X p-matrix. The most interesting case, which is also
the one we will need later on, is the case where p = 7 and ¢ = s. We write Mat,,(k) for the
set of all the matrices that represent elements of Hom(k?!?, kP|7). The set Mat, 4 (k) is a vector
space in the obvious way and is Zs-graded in the sense discussed above; that is we decompose each
(p+ q) x (p+ ¢)-matrix as

(6 0),-( ) (@3),-(0) o

where A is a p X p-matrix, B is a p X g-matrix, C is a ¢ X p-matrix and D is a ¢ X ¢g-matrix. Hence
Mat,,,(k) becomes a super vector space.

Remark 2.1.2. The super vector space Mat,,(k) is also an algebra, where multiplication is ordi-
nary matrix multiplication. It is not hard to check that the product of two even matrices is again
even, that the product of an even and an odd matrix is odd and that the product of two odd
matrices is even. Therefore, as we will see later, Mat,,(k) is a superalgebra. However, it is not
supercommutative.
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We define the supertrace as the map str : Mat,,(k) — k given by

A B
str (C D) —trdA —trD, (2.8)

where tr denotes the ordinary trace. The supertrace is independent of the basis chosen since any
two bases are related by an element of Mat, (k). One easily shows that for homogeneous X and

Y in Mat,,(k) we have

str(XY) = (—=1)X W lstr(v X) . (2.9)

The set Mat,,, (k)7 of invertible even elements of Mat,,(k) forms an algebraic group (in particular
it is a variety over k) and we can define a map b : Mat,,(k)§ — k as follows:

A 0 det A

The function b satisfies b(XY) = b(X)b(Y) and is thus a group morphism. It is interesting to note
that the induced map on the tangent spaces is the restriction of str to Mat,|,(k)s. In chapter 3 we
will see that this correspondence can be generalized to the case when the matrix entries take values
in a commutative superring. The map b is then called the Berezinian.

We define the super transpose X 57 of an element X € Matp|q(l<:) as follows. First we write X
with respect to a standard basis in block form as

X = (é g) , (2.11)
with A a p X p-matrix and D a ¢ X g-matrix and then put
AT o7

X5T _ <_BT DT) , (2.12)

where 7' denotes the ordinary transpose. One easily shows that
(XY)ST = (=) XIVIy ST XST sy X597 = str X . (2.13)

Remark 2.1.3. For the remainder of the paper, if we use parity assignments in formulas, we mean
that the formula holds as given for homogeneous elements and is extended to arbitrary elements
by linearity. If we write subscripts 0,1 we mean a decomposition into even and odd parts. Thus
for example, if V' is a super vector space and v € V then we write v = vg + vy, where vy € V5 and
vi € V7. In addition, when we decompose matrices in block form, this will always be done with
respect to a standard basis.

2.2 Lie superalgebras

Definition 2.2.1. A Lie superalgebra is a super vector space g together with an operation [,] :
g® g — g that preserves the Zs-grading and satisfies:

(i) lo,y] + (=1)1W]]y, o] = 0,
(ii) (1)1, y], 2] + (1) y, 2], 2] + (~1)=N[z, 2], ] = 0.
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The requirement (i7) is often called the super Jacobi identity The operation [,] we call the Lie
bracket, although some people prefer the name super Lie bracket. A morphism of Lie superalgebras
is a super vector space morphism that preserves the Lie bracket; if g and h are Lie superalgebras,
a morphism is a linear Zs-grading preserving map f : g — b satisfying [f(x), f(v)] = f([z,y])-

Suppose that g is a Lie superalgebra. Then from the definition it follows that gg is an ordinary
Lie algebra and that g7 is a gg-representation.

Now we discuss some basic examples. In fact, we have already seen some examples of Lie
superalgebras: The super vector space Mat,, (k) can be equipped with a Lie superalgebra structure,
by defining

[X,Y] = XY — (-1)XIMlyXx (2.14)

It is easily checked that this makes Mat,,,(k) into a Lie superalgebra and the obtained Lie superal-
gebra is denoted gl (k). In this case the Lie bracket is also called the super commutator. For any
super vector space V we write gly, for the Lie superalgebra of all linear maps V' — V equipped with
the commutator. Another example is the kernel of the map str : Mat,,(k) — k; if X, Y € Maty,(k)
have super trace zero, then so does XY —(—1)XIV1Y X by eqn.(2.9). Thus with the same Lie bracket
as gl,, we can make the super vector space of all supertrace zero (p + q) x (p + g)-matrices into
a Lie superalgebra, which is denoted by sl, (k). We now give an example, which we haven’t seen

yet. Consider the (p + 2¢) X (p 4+ 2¢)-matrix 2 defined by

(1, O (0 -1,
(5 8) an( )
where for any natural number m, 1,, denotes the m x m identity matrix. We now define the
orthosymplectic Lie superalgebra osp, o, (k) as the super vector space of (p+2q) x (p+2¢)-matrices
X satisfying X57Q 4+ QX = 0 and with the Lie bracket the super commutator of Mat,24(k). The
inclusion osp,, 5, (k) — sl,j24(k) is a Lie superalgebra morphism.

Many notions that are defined for Lie algebras can also be defined for Lie superalgebras and
many well-known results for Lie algebras apply as well to Lie superalgebras. In the next paragraph
we explain the classification of the simple Lie superalgebras. We do not prove any result, but refer
to the literature where the proof can be found.

An ideal in a Lie superalgebra g is a sub super vector space L C g such that [g,L] C L, or
equivalently [L, g] C L. In particular, an ideal is a Lie sub superalgebra. We say a Lie superalgebra
is solvable if the following series terminates in a finite number of steps:

=g, o =[g"d". (2.16)

A Lie superalgebra is called nilpotent if the following series terminates in a finite number of steps:

=g, o' =[00". (2.17)

A Lie superalgebra is called semi-simple if it contains no nontrivial solvable ideals.
There exists a version of Engel’s theorem for Lie superalgebras:

Lemma 2.2.2. Let g be a sub Lie superalgebra of gly, and suppose all elements of g are nilpotent
operators on V', then there is a nonzerov € V with g-v = 0.

By considering homogeneous elements in g, we see that we can take v to be homogeneous. The
proof of lemma 2.2.2 proceeds as in the case for ordinary Lie algebras, see for example [26, 27].

A representation of a Lie superalgebra g is a Lie superalgebra morphism p : g — gly, for some
super vector space V. In that case we call V' a g-module. A g-submodule is a sub super vector space
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W C V such that p(g)W C W. The representation p is completely reducible if for any submodule
W there is a complement to W in V' that is also a submodule. We say a representation is irreducible
if there are no nontrivial submodules. We note that Ado’s theorem holds for Lie superalgebra; any
finite-dimensional Lie superalgebra can be embedded into gly, for some finite-dimensional super
vector space V' when the characteristic of k is not 2 [28].

The adjoint representation is given by x — ad, € gl(g), where ad, is the linear map sending
y € g to [x,y]. We call a Lie superalgebra simple if g is irreducible as g-module with the adjoint
representation. Equivalently, g contains no nontrivial ideals. We present a criterion for simplicity
of a Lie superalgebra:

Lemma 2.2.3. Let g = g5 @ g1 be a simple Lie superalgebra. Then
(i) The representation of gg on g1 s faithful.
(i) [g1.91] = go-
Conversely, if (i) and (ii) hold and the representation of gg in g1 is irreducible, then g is simple.

The proof of lemma 2.2.3 can be found in [29]. There is a variation of Schur’s lemma for Lie
superalgebras, for details see for example [29-31]:

Lemma 2.2.4. Let V = V5 @& Vi be a super vector space over an algebraically closed field, let g be
a simple sub Lie superalgebra of gly, and define C(g) = {a € gly/|[a,2] =0,V z € g}. Then we have

(i) C(g) consists of all multiples of the identity,

(i) and when dimVy = dimV;j then C(g) consists of the subalgebra of gly, generated by the identity
and some linear operator that interchanges Vg and V7.

The Cartan-Killing form is the bilinear form (z,y) — str(ad, oady). In general, it does not hold
that the Cartan—Killing form is nondegenerate for semisimple Lie superalgebras. In the classification
of simple Lie superalgebras, there appear simple Lie superalgebras that have a Cartan—Killing form
that is identically zero. In fact, if g is simple, then either the Cartan—Killing form is nondegenerate,
or is identically zero.

We call a Lie superalgebra g = gg@®gy of classical type if (¢) g is simple and (i) the representation
of gg in g7 is completely reducible. The classical Lie superalgebras are classified by Kac [32] (also see
for example [5,29-31,33-35]). All finite-dimensional simple Lie superalgebras over C are isomorphic
to one of the following;:

(i) A(m,n) = sly41)n41(C), possibly with substraction of the center if m = n.
(ii) B(m,n) = 08Py, 41,20 (C).-
(ii)) C(n) = 05py 00 (T).
(iv) D(m,n) = 08Py, 2, (C), with m > 1.
(v) D(2,1;a) for some o # 0, —1 in C, for a description see [29,31].
(vi) F(4), for a description see [29,31].

(vii) G(3), for a description see [29,31].
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(viii) P(n) for n > 2; this Lie superalgebra is defined as all (n+n) x (n+n)-matrices in Mat,,,,(C)
of the form

<Z Z), with tra=0,0" =b,c! = —cT. (2.18)

(ix) Q(n); this Lie superalgebra is defined as follows. We first define the sub Lie superalgebra
Q(n) of gl,,+1),11(C) formed by (n + 1) x (n + 1)-matrices of the form

a b . _
<b a)’ with tro=0. (2.19)

—_—

Then we put Q(n) = Q(n)/Cl,41.

The Lie superalgebras F(4), G(3) and D(2,1;«) are rather mysterious exceptional Lie super-
algebras. The most remarkable feature of D(2,1;a) is that this is a continuous series of simple
Lie superalgebras, a counterpart of which does not exist in the world of Lie algebras. For the
classification of real simple Lie superalgebras we refer to [36,37].

Remark 2.2.5. Lie superalgebras made their first appearance in mathematics in the works of
Frohlicher & Nijenhuis [38], Gerstenhaber [39,40], Nijenhuis & Richardson [41] and Milnor & Moore
[42] around 1960 in the context of deformation theory, topology and cohomology theories. Hopf
and Steenrod used commutative superalgebras for different algebraic structures in cohomology
groups. A little later around 1970 physicists discovered Lie superalgebras independently in their
investigations on supersymmetry; pioneers were Gol’fand and Likhtman with their important paper
[43], Miyazawa [44], Volkov and Akulov [45], and Wess and Zumino [46,47].
For more historical notes and references, see for example [4,5,48,49].



Chapter 3

Basics of superrings and
supermodules

In this chapter we introduce the concepts of superrings and supermodules. The chapter will serve
as a basis for the following chapters. Since important tools such as localization and completion, but
also important results on prime ideals, will be discussed in the following chapters, some notions are
only shortly discussed and await a further treatment later. Many proofs are similar to the proofs
from ordinary commutative algebra. For completeness and ease of reading, we incorporated them
in the present text.

3.1 Superrings and superalgebras

Definition 3.1.1. A superring A is a Zo-graded ring A = Ag @ Aj such that the product map
A x A — A satisfies A;A; C Ajj. A morphism of superrings is a Zso-grading preserving morphism
of rings. The elements of Ag are called even, the elements of A7 are called odd and an element that
is either even or odd is said to be homogeneous.

We always assume that a superring has a multiplicative unit element 1 and is associative.
Morphisms f : A — B map the unit element of A to the unit element of B. Furthermore we only
consider commutative superrings; we call a superring commutative if

ab— (—1)1*lpg = 0, for all a,b € Ay U A . (3.1)

Note that in particular a®> = 0 if a € A;. We write sRng for the category of superrings that are
associative, unital and commutative.

Lemma 3.1.2. Let A be a (not necessarily commutative or associative) superring with unit element,
then 1 € Ajg.

Proof. Write 1 = eg + eg for the decomposition of 1 into homogeneous components. We have
egl = eg and thus ey = (eg)? + eger, but egeg is odd whereas eg and egeg are even. Hence ege; = 0,
from which it follows that e; = le; = egej + eje; = ejeq. But since e is odd and ejes is even, we
must have e; =0 and 1 = eg € Ajp. O

Lemma 3.1.3. Let A be a superring, then any idempotent lies in Ag.
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Proof. Let eg+ e7 be an idempotent, then (eg)? = e5 and 2ege; = eg. Multiplying the last equation
with eg we get 2(ep)?er = 2ege; = egeq, hence e = 2egeq = 0. (|

A sub superring I of A, such that for all a € A and x € I we have za € A and ax € A, is called
an ideal of A. A Zs-graded ideal I of A is a subring of A such that (1) axz € [ forallz € I,a € A
and (2) I = (INAp) ® (I N Az;). Point (2) means that if x lies in I, then also the homogeneous
components. It then follows that for all x € I,a € A we have za € I. Given a Zy-graded ideal I in
A, we define the quotient to be the superring A/I = (Ag/I5)® (A1/I7). If S is a set of homogeneous
elements, we write () for the ideal generated by the elements of S. Thus (S) contains all elements
of the form »  _\/ @ms, with a,, € A and s, € S and M a finite set. If S consists of elements
fi,.oo, fr we write (S) = (f1,-., fr)-

Every superring A comes with a canonical ideal J4, which is defined as the ideal generated by
the odd elements - and is thus automatically Zs-graded. The quotient A/J4 is called the body and
denoted A and the image of a € A under the projection A — A/J4 is denoted a. Any element
x € Ja is a finite sum 2111 a;b; with a; € A and b; € A7. Then 2™+! = 0 and thus J4 consists of
nilpotent elements.

The set of nilpotent elements of A is a Zs-graded ideal; it is an ideal since the sum of two
nilpotents is nilpotent and since the product of any element with a nilpotent is again nilpotent and
it is Zg-graded since all elements of A7 are nilpotent. We denote the ideal of nilpotent elements of A
by Nilrad(A4) and call it the nilradical of A. Clearly we have J4 C Nilrad(A). When x € Nilrad(A),
then 1 — z is invertible with the inverse given by 14z + 2%+ ...+ 2" with n so large that "% = 0.
If a superring A is such that A contains no nilpotents, or equivalently if Nilrad(A) = J4, we call A
reduced. If A is an integral domain, we call A a super domain.

For an element a € A we define Ann(a) to be the ideal of all elements b € A such that ba = 0
and we call Ann(a) the annihilator of a. If a is not Zs-graded, it is not guaranteed that Ann(a)
is a Zs-graded ideal; if a is homogeneous, then Ann(a) is Zs-graded. We therefore avoid the use
of the notation Ann(a) for inhomogeneous a. The elements of Ann(a) are, by the usual abuse of
language, also called annihilators of a.

A zerodivisor is a nonzero element x in A such that there exists a nonzero y € A with zy = 0.
The set of zerodivisors do not form an ideal in general. Let us describe the set D of zerodivisors
in a superring A. It is clear that all odd elements are in D, A; C D. If x is any even element of
D, and 6 is any odd element, then we claim that x + 8 is in D. Indeed, suppose zy = 0 for some
nonzero y. Then we can take y to be homogeneous. If y§ = 0, then y(z +60) =0 and x + 6 € D. If
yO # 0, then yf(x 4+ 0) =0, and again x + 0 € D.

Now let 2+ 6 be any element in D, then (x+ 6)(y +n) = 0 for some nonzero y + 7. Written out
this means xy + 0n = 0 and zn + yf = 0. If Oy = 0, then z € D. If On # 0, then x(fn) = 0 implies
that x € D. Hence, in any case, ¢ € D. Therefore we conclude that the set D of zerodivisors of a
superring A is the set of elements = + 6, with = even and # odd, such that not both x and 6 are
zero and such that when z is nonzero, it is the annihilator of some homogeneous element of A and
0 is arbitrary. If z = 0, then 6 is any nonzero odd element.

Rehearsing the discussion in the preceding paragraph we obtain:

Corollary 3.1.4. The set D of zerodivisors is given by

D= U Ann(z).

z#0 homogeneous

Proof. For any homogeneous element in D we are done. If x 4+ 6 € D is not homogeneous, then
x annihilates an even element z. If 8z = 0, then = + 0 annihilates z, and if 6z # 0, then = + 6
annihilates z6. But both z and z6 are even. |
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Definition 3.1.5. We call an ideal m of a superring A a mazimal ideal if m is not properly contained
in any other ideal and m is properly contained in A.

We have not included the requirement that a maximal ideal is Zg-graded in the definition, since
it follows that any maximal ideal is Zso-graded:

Lemma 3.1.6. Let A be a superring, then any maximal ideal is automatically Zo-graded and
contains Ja.

Proof. Let m be a maximal ideal and a € Aj and consider the ideal m’ generated by a and m. If
a ¢ m, then m is properly contained in m’ and thus m’ = A and it follows that there are m € m
and b € A such that m +ba = 1, but 1 — ba is invertible. Hence m = A, which is a contradiction to
m being a maximal ideal. Hence a maximal ideal contains all odd elements and thus J4. |

As the maximal ideals in a superring contain all the odd elements, the quotient A/m does behave
as if A were a commutative ring:

Lemma 3.1.7. Let A be a superring. An ideal m of A is a mazimal ideal of A if and only if A/m
if a field.

Proof. If A/m is a field, then A7 C m. If m C m’ then every element m’ of m’ —m has an invertible
image in A/m and we may assume m’ to be even. This means am’ +m = 1 for some a € Ay and
m € mg implying m’ = A. On the other hand, if m is maximal and © € A/m is nonzero then choose
an even preimage y of x in A. The ideal generated by y and m equals A and thus there are a € Aj
and m € mg, such that ay +m = 1 and thus « is invertible. [l

We already noted that all elements of the form 1+ y with y € J4 are invertible. The following
lemma characterizes the invertible elements:

Lemma 3.1.8. Let A be a superring, then the following are equivalent: (i) a € A is invertible (has
a left and a right inverse), (i1) ag is invertible in Ag, (iti) a is invertible in A.

Proof. Let a in A be invertible and let y € A be an inverse; ya = ay = 1 (since A is associative, if
an element has a right inverse and a left inverse then they are equal). Then applying the projection
A — A it is clear that a is invertible in A. From ay = 1 we have ajyy + agy; = 0 and agyg = 1 — w,
with w = ajyi. The element w is nilpotent, and hence 1 — w is invertible and the inverse lies in Ag
and thus agyg(1 — w)~! = 1, showing that ag is invertible in Ag. Conversely, consider a € A. If ag
is invertible in Ag, then there is b € Ag such that agb = bag = 1 and thus ab = 1 + w with w = a1b
a nilpotent element and thus 1 + w is invertible. If @ is invertible in A, then there is b € A such
that @b = ba = 1 and thus ab=1— w and ba = 1 — w’ with w,w’ € J4 and thus a has a left and a
right inverse. |

Proposition 3.1.9. Let A be a superring and let m be a Zo-graded ideal in A of the form m =
mg @ Ay. Then m is a mazimal ideal in A if and only if mg is a mazimal ideal in Ag.

Proof. The quotient A/m is a field if and only if Ag/mg is a field, since A/m = Ag/mg. O

We now show that the projection A — A can be seen as a functor and we give an adjoint to
this functor. Let Rng denote the category of commutative, associative rings with unit. Define the
functor S : Rng — sRng on objects as R — S(R), with S(R)5 = R and S(R); = 0. On morphisms
f:R— R weput S(f):r+— f(r). Thus S does nothing more than considering the objects as
superrings with zero odd part.
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On the other hand, there are two obvious ways to make a commutative ring from a superring A;
we can take A and Ag. As we will see, the choice A is the more natural of the two. If f: A — B is
a morphism of superrings then f(Ja) C Jp and hence we can define f : A — B to be the induced
morphism with f(a) = f(a) for all a € A. Thus the diagram below commutes:

A—7T . B
A _— (3.2)
A B

where 14 : A — A and 7p : B — B are the canonical projections. We write B for the functor

B : sRng — Rng that assigns to each superalgebra A the body A and each morphism f the
induced morphism f.

Proposition 3.1.10. The functor S : Rng — sRng is right-adjoint to the functor B : sSRng —
Rng.

Proof. Let A be a superring and R a commutative ring. Then f € Homgrng (A4, S(R)) has to factor
over J4 since all odd elements of A need to be mapped to zero. Thus there is a unique morphism
f: A — R such that f = f on, which we can view as a morphism in Rng. Conversely, given
a morphism in g € Homgrng(B(A), R), then by composition with the projection A — A = B(A)
we obtain a morphism from A to S(R) in sRng. Hence Homgrng(A4, S(R)) = Homgng(B(A), R).
Using the commutativity of diagram (3.2), naturality is obvious. O

Definition 3.1.11. A superalgebra over k is a super vector space over k with a k-bilinear map
A® A — A such that the image of A; ® Aj lies in Ay ;.

A superalgebra over k is thus a superring with the extra structure of being a super vector space
over k with a compatible Zs-grading; that is, the Zs-grading as a superring and as a super vector
space coincide. A morphism of superalgebras is a morphism of superrings that is k-linear. We denote
sAlg the category of superalgebras over k. The notion of a body carries over to superalgebras. We
call a superalgebra commutative if it is commutative as a superring. Unless otherwise specified, all
the superalgebras that we consider are commutative, associative and have a unit element 1. The
tensor product A®y B of superalgebras A and B is as a super vector space defined as in the category
of super vector spaces and equipped with the product a @ b-a’ @ b’ = (—1)'“/”b|aa' ®bb'.

The polynomial superalgebra (over k) in n even variables X;, 1 < i < n, and m odd variables
O4, 1 < a < m, is defined to be the algebra over k generated by the X; and ©, subject to the
relations X;X; = X;X;, X;0, = 0,X; and ©,03 = —030,, for all i,j,«,3. This algebra is
denoted k[X1,...,X,|01,...,0,,]. We have k[X1,...,X,|01,...,0,] 2 Ek[X1,...,X,]

Let V be a super vector space over k and let T(V) = @,~, V®" be its tensor superalgebra. As
a superalgebra T(V) is generated by 1 and all v € V. The multiplication is defined by the tensor
product: the product v - w for v € V™ and w € VO™ is v ® w. We call Iy, the Za-graded ideal
generated by all elements of the form v ® w — (—1)"II”lw ® v, where v, w run over all homogeneous
elements of V. We define the symmetric superalgebra over V' as the quotient S(V) = T'(V)/Iy.
Furthermore, we call k[V] = S(V*) the polynomial superalgebra of V. If V is finite-dimensional,
then there is a noncanonical isomorphism k[V] 2 S(V) and k[V] is a polynomial superalgebra.

We say a superalgebra A is finitely generated if there exist finitely many homogeneous elements
ai,-..,a; such that any element x in A can be expressed as a polynomial

T = Z Ciyoiy @Y - alt (3.3)
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such that only finitely many coefficients c¢;,...;, are nonzero. In other words, a superalgebra A is
finitely generated if and only if there exists a surjective morphism of superalgebras P — A where
P is a polynomial superalgebra.

3.2 Supermodules

On occasion it is convenient to use the notion of Zs-graded abelian groups. We call an abelian
group G a Zg-graded abelian group if G is a direct sum Gy @ Gi. The elements of G are labeled
as even elements whereas the elements of GG are labeled as odd elements.

Definition 3.2.1. Let A be a superring and let M be a Zs-graded abelian group M = @iezg M;.
We call M a left A-module if M is a left A-module in the usual sense with the additional requirement
that the structure morphism | : A x M — M satisfies A; x M; C M; ;.

We almost always write am for [(a,m), except when clearness is at risk. A right A-module is
defined in a similar way; again the only difference from the usual concept of a right A-module is that
the structure morphism r : M x A — M respects the Zs-grading. For a commutative superring A,
every left A-module M with structure morphism [ : Ax M — M admits a canonical right A-module
structure. We define the structure morphism r : M x A — M by

r(m,a) = (=)™ (a,;m), meM,acA. (3.4)

When we define the right action of A as in eqn.(3.4), it commutes with the left action: r(I(a,m),b) =
l(a,r(m,b)) for alla,b € A and m € M. Therefore we can unambiguously write amb for I(a,r(m,b)).
If M is a left A-module equipped with the compatible right action of A just described, we call M an
A-module. A submodule N of an A-module M is a submodule N of M in the usual sense with the
requirement N = (N N M) @ (N N My), that is, if n € N then the homogeneous components of n
also lie in N. If N is a submodule of M, the quotient module M /N is defined by (M/N);, = M;/N;
for i = 0,1 and the right action is given by 7(mmod N, a) = mamod N.

Let M be an A-module. We call a proper submodule N C M a maximal submodule if the only
submodule of M that properly contains N is M itself. A necessary condition that N is a maximal
submodule of M is that either N = Mg or Ny = M7. Hence M/N has either a trivial even part, or
a trivial odd part, which implies that A7 has to act trivially on M/N and thus M/N is in a natural
way a A-module.

We define morphisms of A-modules to be parity-preserving maps that commute with the action
of A. Since a morphism f preserves parity, when f commutes with the right action of A it also
commutes with the left action. (In section 3.7 and in chapter 6 we will also consider odd A-linear
maps; then we define A-linearity as commuting with the right action of A.) We call two A-modules
M and N isomorphic if there are morphisms of A-modules f: M — N and g : N — M such that
fog=1idy and g o f = idjs. One easily checks that a morphism f : M — N is an isomorphism if
and only if Ker f =0 and f(M) = N.

Direct sums and direct products of A-modules are defined in the usual way; for two A-modules
M and N

For the tensor product we have to be a bit more careful. As usual, the tensor product can be defined
by its universal property, see for example [50]. We construct the module M ®4 N as follows: let
M X N be the abelian group generated freely by all pairs m ® n, where m and n run over all
homogeneous elements of M respectively N. Then we put a Zs-grading on this group by saying
that an element m ® n is even if m,n are both even or both odd and m ® n is odd if m is odd
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and n even or m is even and n is odd. Then M XN = (M K N)g® (M K N);. We make M X N
into an A-module by defining the right action r(m ® n,a) = m ® (na). Next we consider the
submodule Ry;,y C M X N generated by all homogeneous elements of the form ma ® n —m ® an,
(m4+m)@n+n)—men—men —m’'@n—m’®n’ where m,n,m’,n’ run over all homogeneous
elements and a over all homogeneous @ € A. The resulting quotient A-module M X N/Rys v we call
M®4 N. One easily verifies that M ® 4 N has the usual universal property (see for example [15,50]).

The body module of an A-module M is defined to be the quotient M = M/J4M and we write
m for the image of m € M in M. The body module is in a natural way an A-module, as the action
of A factors over J4; am = am for a € A,m € M. In particular, the body A is both an A-module
and an A-module.

Lemma 3.2.2. Let A be a superring and M an A-module, then M = A ®4 M, where A is viewed
as an A-module.

Proof. Consider the maps f : A®4 M — M sending @ ® m to @m and g : M — A ®4 M sending
m — 1 ® m. The maps f, g are well-defined morphisms and inverse to each other. [l

Definition 3.2.3. Let A be a superring. We define the parity-swapping functor I1 in the category
of A-modules by (IIM)g = M7 and (IM); = Mg. The action of A on IIM is such that the right
action of A on IIM coincides with the right action of A on M. On morphisms f : M — N we
define ILf as the same morphism from IIM to IIN as abelian groups. Thus I1 exchanges the labels
‘even’ and ‘odd’ for the elements of M.

Definition 3.2.4. Let A be a superring and M an A-module. The module M is finitely generated
if it is generated as a module by a finite number of homogeneous elements. An ideal in A is finitely
generated if it is finitely generated by homogeneous elements as an A-module. If f : A — B is
a morphism of superrings, B becomes an A-module and then we call B an A-superalgebra. We
say that B is finitely generated as an A-superalgebra, if there is a finite number of homogeneous
elements by, ...,b; in B such that each element of B can be written as a polynomial in the b; with
coefficients in A.

Remark 3.2.5. If A is a superring and [ is a Zs-graded ideal that is generated by inhomogeneous
elements x4, ..., x,, then I is also generated by the homogeneous components and thus I is finitely
generated. However, if we define an ideal I to be the ideal generated by inhomogeneous elements,
then it is not guaranteed that I is Zs-graded.

The notion of annihilator of an element of a superring carries over to modules. Let M be any
module over a superring A. For any m € M we define Ann(m) to be the set of all a € A such that
am = 0, that is, the left action of a maps m to zero. If am = 0 we say that a annihilates m. When
m is homogeneous, one easily sees that Ann(m) is a Zy-graded ideal in A. The next example shows
that if m is not homogeneous, then Ann(m) might not be Zo-graded.

Example 3.2.6. Let A = k[X|0©1,02] and consider the A-module A/(X? + ©102). The element
a = X(X + ©2) annihilates m = X — 01 but X? and XO3 do not annihilate m. Hence Ann(m)
need not be Zs-graded if m is not homogeneous. A

For a submodule N C M we write Ann(N) for the Zs-graded ideal of elements a A such that
aN = 0. Equivalently, Ann(N) = N,ecnAnn(n) where the intersection goes over all elements of N.
Indeed, a € A annihilates all homogeneous elements of IV if and only if ¢ annihilates all elements
of N.

Let f: A — B be a morphism of superrings. The map f turns B into an A-module so that B
is an A-superalgebra. If B is a finitely generated as an A-module, we call the morphism f finite.
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Let J4 and Jp be the canonical ideals of A and B respectively. Then f(Ja) C Jp and thus there
is an induced morphism of commutative rings f : A — B. It is obvious that when f is finite, then
so is f. The following lemma states that under mild assumptions the converse holds as well:

Lemma 3.2.7. Let f : A — B be a morphism of superrings such that B is a finitely generated
A-superalgebra and such that the induced morphism of commutative rings f : A — B is finite. Then

f is finite.

Proof. By assumption there are even elements x1,...,z, and odd elements 7;,...,7, in B and a
surjective morphism of superrings

f:AXy,...,X,|H,...,H]— B, (3.6)

with f (X;) = x; and f (H;) = n; and where the X; are even variables and the H; are odd variables.

The assumptions also ensure that the induced morphism [l[Xl, ..., Xp] — B is surjective and
that there is a positive integer N, such that every element b of B is the image of a polynomial
g9(X1,...,Xp) with coefficients in A and degree less than N. We now claim that B is generated
as an A-module by all elements of the form g, gn;, gnji1j,, - -, gMmn2 - - - 1g, where g runs over all
monomials of degree less than N. Since there are only finitely many such monomials, the lemma is
then proved.

Let us denote A[X]n for all polynomials in Xi,...,X, with coefficients in A and degree less

than N. If b is any element in B, then there is an element b € f(A[X]y) such that b—b € Jg.

Thus we can write ~
b—b=> bn;. (3.7)
J

But also for each b; there is an element b; € f(A[X]x) such that b; — b; € Jp. Hence we can write
b=b+Y bin+ Y bknym - (3.8)
J gk

We can repeat the procedure till we reach an expression

b= Z)+ Zl;j’/]j + Zl;jk’/]jﬁk + ...+ 512...,]7]1772 o Tg (39)
J Jik
with all b; € f(A[X]n). This proves the claim. O

3.3 Noetherian superrings

Proposition 3.3.1. Let A be a superring, then the following are equivalent:
(i) Each Za-graded ideal of A is finitely generated.

(i1) Each ascending chain Iy C I1 C Iy C ... of Za-graded ideals in A is stationary, that is, there
is an integer n such that I, = I,41 = 40 = .. ..

(iii) Every nonempty set of Za-graded ideals contains a mazimal element.

Proof. (i) = (i1): Let Iy C I; C I C ... be an ascending chain of Zs-graded ideals in A. Consider
the ideal I = Uy, which is Zs-graded and thus has to be finitely generated. Let m be an integer
such that I,,, contains all the (homogeneous) generators of I. Then [; = I,,, for all I > m.
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(14) = (i44): Let S be a nonempty set of Zy-graded ideals in A that has no maximal elements.
Since S is nonempty we can find Iy in S. Since Iy cannot be maximal we can find I; in S that
properly contains Iy. Repeating the procedure we find a chain Iy C I; C ... of proper inclusions
going on indefinitely, contradicting the assumption that each chain of ideals is stationary.

(151) = (i): Let I be a Zg-graded ideal of A. Let S be the set of finitely generated Zo-graded
ideals of A that are contained in I. Then all the Zy-graded ideals that are generated by finitely
many homogeneous elements of I are in S, and thus S contains at least the zero ideal and is therefore
not empty. Hence S contains a maximal element I,,q,. If I # I,,,4, then there is a homogeneous
element = € I that does not lie in I,;,4,. The ideal generated by I,,,.; and x is finitely generated,
contained in I and properly contains I,,4:, contradictory to the choice of I,,,.. Hence there is no
such x € I — I,42 and I = I, and [ is finitely generated. O

Definition 3.3.2. A superring satisfying any of the three equivalent conditions of proposition 3.5.1
is called a Noetherian superring.

Proposition 3.3.3. Let A and B be superrings and let f : A — B be a surjective morphism. If A
is Noetherian, then so is B.

Proof. For any Zg-graded ideal I of B consider its inverse image f~!(I) in A, which is a Zg-graded
ideal and hence finitely generated. The images of generators of f~1(I) generate I as an ideal. [

By considering the body of a superring as a superring with zero odd part we immediately get:
Corollary 3.3.4. When A is a Noetherian superring, then the body A is a Noetherian ring.

The converse of corollary 3.3.4 is not true. A counter example is given by the superalgebras
considered by DeWitt and Rogers [7,10,51]. Consider the superalgebra A over k defined by A =
E[(0;)icv]- The ideal J4 generated by the odd elements is clearly not finitely generated, whereas
A/ J4 =k is Noetherian.

Proposition 3.3.5. If A is a Noetherian superring and J is the Zs-graded ideal generated by the
odd elements, then there are finitely many odd elements that generate J. Furthermore, if S is a set
of homogeneous elements that generate J, then J is already generated by the odd elements of S.

Proof. Let J be generated by 64, ...,0s, which we may assume to be homogeneous. Assume 6; to
be even, then 6; € (Aj)? and it follows that 6; is a quadratic expression in the 6;: 1 = a + 01b
where a, b are linear combinations of the 6; for ¢ # 1. Reiteration gives

T

0, = Zabk + 6,071, (3.10)

k=1
and since b is nilpotent we see that in fact 6s,..., 6, generate J. Hence we can remove all even
generators of J by this procedure leaving only the odd ones. [l

Proposition 3.3.6. Let A be a Noetherian superring, then Ag is Noetherian.

Proof. Let I be any ideal of Ay, J the Zs-graded ideal in A generated by the odd elements and
I’ the Zs-graded ideal in A generated by I. First, we claim that I’ N Ag = (I') = I. Indeed, for
if z € (I')g, then = > r;f; where f; € I and the r; we may assume to be homogeneous, hence
x € Agl C I. Thus (I')j is contained in I. On the other hand, the inclusion I C (I")g follows from
the definition of I’.

I’ is generated by a finite number of even elements a; and a finite number of odd elements b;. If
x € I, then z is an even element of I’ and hence we have x = Y z;a; + Y y;b;, where y; € A7 C J.
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The Z,-graded ideal J is generated by a finite number of generators 6;, which by proposition 3.3.5
can be taken to lie in A;. But then we see that the set consisting of all elements a; and 0;b; generate
I and lie in (I')g = 1. O

Proposition 3.3.7. Let R be a commutative Noetherian ring. Then the superring
R[Xy,...,X,|01,...,0,] is Noetherian.

Proof. In view of the result for commutative rings of the form R[X,...,X,] (see for example
[15,19,50]) it suffices to show that if A is a Noetherian superring, then A[f] with 6 an odd variable
is a Noetherian superring. Let I be a Zs-graded ideal in A[f] and define

I ={a € A|Fb € Asuch that b+af € I} . (3.11)

It follows that I is a Zs-graded ideal in A. Hence there are homogeneous generators tq,...,t, € A
of I1. For every t; we select homogeneous y; = ¢; + t;0 € I where ¢; € A is homogeneous. Let K be
the Zs-graded ideal in A[f] generated by the elements y1, ..., yx and let

In={a € A|Fb € K such that a +be I} . (3.12)

Then Iy is a Z-graded ideal in A and hence there are homogeneous generators ry,...,r; € A of Iy.
Since K C I we have Iy C I N A. Let J be the ideal in A[f] generated by the y; and the r;. Then
we clearly have J C I. Let u = x4+ y6 € I. Since y € I, there is v’ in K given by v’ =", y;d; for
some d; € A with u — v’ € A. Hence v —u’ € Iy, but then u = (u — ') + v’ is an element of J; we
conclude that I = J. O

An immediate result of propositions 3.3.3 and 3.3.7 is that any superring that is finitely generated
over a commutative ring, is Noetherian.
We call an A-module M Noetherian if one of the following properties holds:

(i) Each Za-graded submodule N of M is finitely generated.
(ii) Each ascending chain My C M7 C Ms C ... of Zg-graded submodules is stationary.

(iii) Every nonempty subset of Zs-graded submodules of M has a maximal element.

The proof that the properties (i)-(iii) are equivalent is the same as in proposition 3.3.1. A superring
is Noetherian if it is Noetherian as a module over itself. If f : M — N is a surjective morphism, then
by the same reasoning as in proposition 3.3.3 the module N is Noetherian when M is Noetherian.
Furthermore, when M is a Noetherian A-module and N is a submodule of M, then N is also a
Noetherian A-module; any submodule of NV is a submodule of M, and thus finitely generated.

Proposition 3.3.8. Let A be a Noetherian superring and M a finitely generated A-module, then
M is a Noetherian A-module.

Proof. Suppose M is generated by mi,...,m,. We use induction on r. For r = 1 the module
M is isomorphic to A/a or II(A/a) for some ideal a in A. Each Zs-graded submodule of M then
corresponds to a Zs-graded ideal in A and hence M is Noetherian. If » > 1 and N a submodule
of M, consider the image N’ of N in M/Am;y, which is a Zs-graded module generated by r — 1
elements. Thus there are elements 1, ...,z in N, such that their images in N’ generate N'. The
A-module Am; is Noetherian and hence we can assume that N N Am; is generated by y1,..., ;.
Take n € N, then there are a; € A such that n — > a;z; goes to zero in N/, and hence n — > a;z;
lies in N N Amq, so that we can write it as an A-linear combination of the y;. It follows that n is
an A-linear combination of the y; and the x;. O

Later in section 6.4 we will have more to say on finitely generated modules of a Noetherian
superring.
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3.4 Artinian superrings

Noetherian modules satisfy the ascending chain condition: any ascending chain of submodules
becomes stationary after a finite number of steps. The descending chain condition requires from a
module that any descending chain of submodules becomes stationary after a finite number of terms.
A module that satisfies the descending chain condition is said to be Artinian. In this section we
present the basics on Artinian modules. When we have dealt with localization and prime ideals we
return to Artinian modules again in section 5.2.

Let A be a superring and let M be an A-module. We say that M is a simple module if M does
not contain any nontrivial submodules, that is, the only submodules are 0 and M itself. There is a
certain duality between maximal submodules and simple modules: if N is a submodule of M, then
M/N is simple if and only if N is maximal.

For superrings, a simple module has the peculiar property that it is either even or odd and
hence Az acts by zero: Ja4M = 0. If we pick an element m € M then A-m C M and hence either
m =0,or A-m = M. Thus M is generated by one element and hence M = A/m or M = IIA/m for
some ideal m, which clearly has to be a maximal ideal. In particular, M is an A-module and since
the image of m in A is a maximal ideal, M is simple as an A-module. Conversely, if M is a simple
A-module, it is of the form A/m for some maximal ideal m. We make M into an A-module through
the canonical projection A — A. Then M is a simple A-module isomorphic to A/m, where m is the
inverse image of m under the canonical projection. We thus have proved the following statement:

Proposition 3.4.1. There is a one-to-one correspondence between the simple A-modules and simple
A-modules.

We call a superring Artinian if it satisfies the descending chain condition on Zs-graded ideals;
in other words, a superring A is Artinian if any sequence

Ipho>ohL DL D..., (313)

stabilizes after a finite number of terms. We call a module over a superring Artinian if it satisfies
the descending chain condition on Zs-graded submodules. Equivalently, each nonempty set of
submodules contains a minimal element. Thus a superring is Artinian if and only of it is Artinian
when considered as a module over itself. If a superring A is Artinian, then so is IIA as an A-module.

Proposition 3.4.2. Let M be an Artinian A-module, then all submodules of M are Artinian and
all quotients of M are Artinian.

Proof. If N C M, then any chain in N is a chain in M, hence stabilizes. If we have a chain in M/N,
we can find a chain of preimages of the projection M — M/N in M. This chain maps surjective
onto the given chain and terminates as M is Artinian. Thus the chain in M/N also terminates. O

Proposition 3.4.3. Let A be a superring. Let M be an A-module, and N a submodule of M. If
N and M/N are Artinian, so is M.

Proof. Let M1 D Ms O ... be any chain of submodules of A. Consider the chain of images of M;
under the projection M — M/N. Then this chain stabilizes. Hence there is an integer k such that
M;mod N = M;mod N for all ¢, > k. Consider the chain M; NN D My NN D .... Then there
is an integer [ such that M; " N = M; N N for all ¢,j > I. This implies that M; = M for all 7, j
greater than or equal to the maximum of k,[. Indeed, let j > i be both larger than the maximum
of k and [, so that M; D M; and suppose m; € M;. Then m; = m; + n for some m; € M; and
n € N. We see that n € M; N N, hence n € M; N N and thus m; € Mj. O
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Corollary 3.4.4. If M and N are two Artinian modules, so is their direct sum M & N.

Proof. Apply proposition 3.4.3 to the modules F = M & N and N; E/N = M is Artinian and N
is Artinian. Hence E is Artinian. O

Corollary 3.4.5. Let A be an Artinian superring and M a finitely generated A-module. Then M
is an Artinian A-module.

Proof. If M is finitely generated, then M is a quotient of a finite direct sum of copies of A and IIA.
Hence the result follows from proposition 3.4.2 and corollary 3.4.4. |

We call a descending chain M = My D M; D ... of submodules in M a composition series
if M;/M;; is a simple module. We define the length of a module to be the minimal length of a
composition series. If there are no finite composition series we say the module has infinite length.
We denote the length of M by I(M).

Lemma 3.4.6. Let M be a A-module and N a proper submodule of M. Then I(N) < I(M).

Proof. We look at the intersections of N with composition series of M. Take any composition series
of M:

M=My>M; D...OM,=0. (3.14)

We have
NN M, gNﬂMi—i—MiH c M;

NNOMiy M Mip1

Hence either the left-hand side is zero, or the left-hand side is simple. In the first case N N M; =2
N N M;y1, and in the second case N N M; + M;1 = M;. In any case we can delete the redundant
terms in the series M NN = MogNN D Mi NN D ... D M, NN to get a composition series of
M N N of length < n. Suppose equality holds, then for all i we have N N M; + M;+1 = M;, so
NN M, = M, implying M, C N. And for n — 1 we see N N M,,_1 + M,, = M, _, and thus also
M, 1 C N. Continuing the process we arrive at My C N, which contradicts the assumption that
N is a proper submodule. Hence any composition series of M gives rise to a shorter composition
series of N. O

(3.15)

Lemma 3.4.7. Let M be a module with length [(M). If we have a chain of submodules M = My D
My D My D...D M, thenr <I(M).

Proof. We use induction on the length of M. If [(M) = 0 then the statement is trivial. For (M) =1
we see that M is simple. Hence any chain of submodules consists of one term. Now suppose {(M) >
1, then we use lemma 3.4.6 and the induction hypothesis to derive that r — 1 < {(M;) <I(M) — 1.
Hence r < I(M) O

Corollary 3.4.8. All composition series of M have the same length [(M).

Proof. By lemma 3.4.7 we see all chains have length smaller or equal I[(M). But by the very
definition of the length of M, (M) is the minimal length of a composition. Hence no composition
series can satisfy the strict inequality. O

Theorem 3.4.9. A module M has a finite composition series if and only if it is Noetherian and
Artinian.
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Proof. Suppose M has length [(M) < oo, then all chains have length less than {(M). This proves
that M is Noetherian and Artinian. Conversely, suppose M is Artinian and Noetherian. Then as
M is Noetherian, we can choose a maximal submodule M;. M itself is also Noetherian and hence
we find a proper maximal submodule M>. We now observe that M/M; is simple, since else M;
would not be maximal. Similarly M; /My is simple. We continue the process to find a composition
series. This composition series is finite since M is assumed to be Artinian. [l

Corollary 3.4.10. If a superalgebra over a field k is finite-dimensional, it is Artinian and Noethe-
7ian.

Proof. In any chain with proper inclusions, the dimension has to change at every step. Thus M
has a finite composition series. ([l

3.5 Split superrings

In this section we discuss some superrings with a particular simple form. Because of their simplicity
they are an easy testing ground for several concepts that will be discussed later. The split superrings
admit a geometric intuition: they can be seen as the ring of functions of an ordinary variety in A™
with some additional noncommutative structure.

Definition 3.5.1. We say a superring A has a split body if there is a morphism of superrings
o: A — A, such that o(x) = x for all x € A; in this definition A is considered a superring with
trivial odd part.

Definition 3.5.1 can be rephrased by saying that the exact sequence 0 — J4 — A — A — 0
splits. We call the morphism o the splitting morphism. From the definition it follows that a
superring A is a split superring if and only if A contains a commutative ring that is isomorphic to
A and that maps surjectively to A under the projection A — A. Hence the following lemma follows
immediately.

Lemma 3.5.2. Let B be a commutative ring and let A be the superring given by A = B0y,...,0,]/1
where the 0; are odd variables and where I is a Za-graded ideal contained in J4. Then A has a split
body.

An example of a superring with a split body is given by the superring associated to the ‘super-
sphere’:

k[X1, Xo, X3|01,605,0
A= [31 = 3|31 2,05] (3.16)
(21:1 Xi ) Zi:l Xiei)

An example of a superring that does not have a split body is given by

k[X|01, 6]

A= ,
(X2 +0109)

(3.17)

where the body is given by k[X]/(X?).

Proposition 3.5.3. Let B be a superring and let A be the superring given by A = B[01,...,0,]/1
where the 0; are odd variables and where I is a Za-graded ideal contained in (01,...,0,). Then if
B has a split body then A has a split body.

Proof. Clearly, (61,...,0,,) C Ja and thus B = A and since B is a subalgebra containing B as a
subalgebra. [l
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Proposition 3.5.4. Let A be a superring with a split body and splitting morphism o : A— A and
suppose [ : A — B is a surjective morphism of superrings with kernel I and denote I the image of
IinA. If o(I) C I, then B has a split body.

Proof. We have an induced surjective ring morphism f : A — B with kernel I. For b € B we
can find @ with f(a) = b. We define 7(b) = f o 0(a); then 7(b) is independent of the choice of
a since o(I) C I. Furthermore 7(b) = foo(a) = fo(a) = f(a) = b and hence 7 is a splitting
morphism. O

3.6 Grassmann envelopes

Given a super vector space V over k and a superalgebra A over k, we can consider V(A4) =V ®j, A.
Then V(A) is an A-module, and although we will define free modules not until section 3.7, it is
not too hard to see that V(A) is a free A-module. One calls V(A4) the Grassmann envelope of the
first kind. The even part of V(A) is an Ag-module and is called the Grassmann envelope of the
second kind. These two constructions play an important role in the theory of Lie superalgebras
associated to algebraic supergroups in chapter 8. The name Grassmann envelop was dubbed by
Felix Berezin [9], one of the pioneers in the area of super mathematics.

If V is a Lie superalgebra, then V ® A is also a Lie superalgebra and (V® A); is a Lie algebra with
an Ag-module structure. Later, in subsection 8.6.4 we loosen up the definition of Lie algebra to be
a module over a commutative ring R together with a Lie bracket [, ], satisfying the usual conditions
of being R-linear, [x,2] = 0 and the Jacobi identity. Then we can say that A — (V ® A)j is a
functor from the category of superalgebras to the category of Lie algebras.

Let C be some category that admits a faithful embedding into the category of super vector
spaces. We take a heuristic approach and use the liberty to specify a posteriori what further
properties we require C to have. To a super vector space V we associate a functor Ty : sAlg — C
as follows: On the objects we put Ty : A — (V ® A)g; we thus need that C is such that it allows
that the objects (V ® A)g are Ag-modules in a functorial way. On morphisms ¢ : A — B the functor
Ty acts on the second factor; Ty (¢) : v ® a — v ® ¢(a). We write Ty @ Ty for the functor that
maps A to (V ®y A)g @4, (W @ A)s and a morphism f : A — B is mapped to the morphism that
sends v ® a ®a;, w®a’ to v ® f(a) ®a; w® f(a’). Note that Tyew # Ty @ Tyw. We remark that
there is an important difference between ® 4, and ®4. Sois 0 ®4 6 = 0 but 6 ® 4, 0 # 0 in general
for odd 6 € A. The definition of @), ; Tv; is immediate for finite sets 1. If V' is a Lie superalgebra,
the objects (V ® A)g are Lie algebras in a natural way and hence we can take C to be the category
LieAlg of Lie algebras, as described above. The following result is due to Deligne and Morgan [6]:

Proposition 3.6.1.

(a) There is a one-to-one correspondence between the natural transformations @
and super vector space morphisms f: Q.. Vi — W.

ier v, — Tw

el

(b) If all objects Ty (A) are functorially Lie algebras over Ag, then the vector space V is a Lie
superalgebra.

Proof. (a) We first do the proof for I = {1}. We use the functoriality and apply the functors to
A=k and A’ = k[f)] to get maps V5 — W5 and V; — Wi. Let f: V — W be the map defined in
this way. Consider now a general superalgebra A and consider the element v ® a € (V ® A)g. If
a is even, we can use the Ag-linearity to obtain v® a =v®1-a — f(v) ® a, and if a is odd we
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consider the morphism k[f] — A given by 6 — a.

Ty (k[0])

Ty (K[0])

(3.18)

Ty (A) Tw(A)

Since Ty — Ty is a natural transformation, the diagram (3.18) we obtain v®0 — v®a — f(v)Ra.
So indeed the natural transformation agrees with the given map f. On the other hand, a morphism
f of super vector spaces induces exactly the same natural transformation.

For more general index sets I the proof is rather similar. Let us first do existence and uniqueness.
Write the natural transformation as ¢(A) for each superalgebra A. If we choose A = k, we get a
map f : &,c; Vio — Ws. To specify a map on the tensor product of V; 5 for i ¢ J and V1 for
i € J for some subset J C I we use A = k[(0;);ecs]. We take v; € V; 5 for i ¢ J and v; € V; 1 for
i € J, we write w; = v; for i ¢ I and w; = v;0; for i € J and determine f from

<p(k:[(9j)jej])(®iwi) = (—1)N(N’1)/2f(®vi)l'[ie]9i, where N = #J. (319)

The expression (3.19) is dictated by the fact that under the morphism 6; — 0 the left-hand side
vanishes, hence also the right-hand side. Therefore the right-hand side is a product of the #; with
i € J. Since the expression (3.19) fixes f, the morphism f is unique and furthermore, given ¢
we define f in this way. Let now f be defined in this way and consider a general superalgebra
A. We have a similar commutative diagram as in part (a). Given an element Qw;, where w; is in
Vo ® Ap for i ¢ J for a subset J C I and w; € V; ® Aj for i € J, we can use Ag-linearity to choose
w; = v; ® 1 = v; with v; € V5 in the first case. For the second case we write w; = v; ® a; and choose
the morphism k[(0;);es] — A given by 6; — a;. The same commutative diagram as for the case
I = {1} concludes the proof of the general case.

(b) The rules that determine the Lie algebra structure are given by maps of the form treated in (a)
satisfying the axioms of a Lie superalgebra. [l

In fact, Deligne and Morgan proved the theorem for a more general case. However, stating the
theorem in the general case is a rather difficult task; in fact, to state the theorem is more difficult
than to prove it. We therefore refer the reader to [6].

3.7 Free modules and supermatrices

We consider a fixed superring A. A free A-module can be characterized as usual by a universal
property: Let S be a set that is a disjoint union of two sets Sz and S1; S = S5U ST and SzN ST = 0.
A free A-module on S is an A-module Fs together with a map u : S — Fg with u(S;) C (Fs); for
i = 0,1 such that if M is any A-module and f: S — M is a map of S to M such that f(S;) C M;,
then there is a unique morphism of A-modules v : Fg — M with f = v o u. From the universal
property it follows that Fs is unique up to isomorphism. The construction of Fj is as follows: for
each © € S5 we take a copy of A and put u(x) to be the unit element in A, for y € S7 we take a
copy of ITA and map y to 1 € ITA. We thus have Fg = (,c5, 4) ® (D, cs, TA) and u(z) =1 in
the corresponding factor of A or ITA; then Fs has the required universal property. We are mainly
interested in the case that S is a finite set.

If |S5| = p and |Si| = ¢ we write Fs = API9 for the free A-module on S. Thus APl =
(B, A) & (PI_, ITA). We call p|q the rank of the module API%. If S is not finite, we say that the
free module on S has infinite rank. By the following lemma the definition of rank makes sense:



3.7 Free modules and supermatrices 25

Lemma 3.7.1. The rank of a free A-module on a finite set is well-defined; that is, if APl = A”ls,
then p=q and r = s.

Proof. Let K = A/m for some maximal ideal m. Then it is easy to see that p|q is the dimension of
the super vector space A1 ® 4 K = KP4, Thus K719 = KI5 but then K? = K" and K92 K*® as
vector spaces, from which the lemma follows. O

Lemma 3.7.2. If M is a free A-module of rank p|q, then M is a free A-module of rank p + q.

Proof. Follows from the isomorphisms A ® 4 A= Aand ITA®4 A = A, which are isomorphism of
A-modules since A-modules don’t have a definite parity. We thus have APl4 @4 A= @I A O

For the rest of this section we assume that A is a superalgebra over k. The goal below is to
define supermatrices with entries in A. We consider maps from A”17 to A"l* that preserve sums
and commute with the right action of A: @(ma) = ¢(m)a for all m € API9. The set of all such
maps we denote Hom 4 (API9, A1), We call an element of Hom , (AP!?, A™*) even if it preserves the
Zy-grading and odd if it reverses the Zy-grading. It is easy to see that then Hom ,(API9, A71%) is a
Zo-graded abelian group.

Since API® = kP4 @, A, any morphism F € Hom 4(AP!9, A"l%) should be an A-linear sum of
(r 4 s5) x (p + q)-matrices with entries in k. For convenience we write M = API4 and N = A"l*.
Assume my, ..., mp4q are generators for M and nq,...,n.4, are generators for V. We can always
arrange the generators in the standard way, by which we mean that m4,...,m, are even and
Mpt1, ..., Mprq are odd. (We thus also arrange that nq,...,n, are even and n,41,...,ny45 are
odd.)

Given any A-linear map F' € Hom 4 (M, N) we define an (r + s) x (p + ¢)-matrix (Fj;) with
entries in A by F(m;) = >, n;Fy;. Let L = A"V be another free A-module with standard basis
li,...,lutr and let G : N — L be an element of Hom 4(N, L) that can be represented by a
(u +v) x (r + s)-matrix with entries in A given by G(n;) = >, lxGy;. It is not too hard to see
that then (G o F)(m;) = Zk,j 1,GrjFji so that (Go F)y; = Zj G; Fji. Note that it is crucial in
this definition that F' and G commute with the right action of A. We can decompose the matrix

(F;;) in block-form as
_ (Foo Fou
F= <F10 F11) , (3.20)

where Fyg is of size r X p, Fpi is of size r X q, F}g is of size s X p and Fi; is of size s X ¢. In the sequel,
when we decompose a matrix into block matrices, we always mean the block-form as in (3.20). If
the map F'is even, then the entries of Fyg and Fj; are even elements of A, whereas the entries of
Fy1 and Fig are odd elements of A. When F' is an odd homomorphism, then all entries have the
opposite parity.

We now focus on the case where M = N. We denote Mat,,(A) the set of (p +¢q) x (p + q)-
matrices with entries in A. From the above discussion there is a one-to-one correspondence between
Hom 4 (M, M) and Mat,,(A). We make Mat,|,(A) into a Zy-graded abelian group by saying that
a matrix (Fj;) is even (resp. odd) when it is even (resp. odd) as an element of Hom 4 (M, M). We
make Mat,,(A) into an A-module by defining for a € A the action (Fj;)a = ((F' o0 a);;), where a is
identified with the morphism m — am. On the basis elements m; we have

(Fa)(mi) = F(mj)a(=1)™ 19 =3 " m; Fjia(—1)mdlel (3.21)

J

We see that (F};)a is given by the matrix with entries Fj;a(—1)I1] where we used the short-hand
li| = |m;|, which we also use below. Using the law of matrix multiplication (FG);; = >, FitGr;
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we make Mat,4(
unit matrix by 1.

Let X € Mat,4(
each entry: in components (X);; = (X;;). Suppose that X is such that X = 0, then for each entry
Xi; there is an integer n;; such that Xi"j” = 0. Thus XV = 0, where N = Zij n;j. From this
observation the proof of the following lemma is easy.

A) into an associative, unital, noncommutative A-superalgebra. We denote the

A), then X is the matrix obtained by applying the projection to the body on

Lemma 3.7.3. A matriz X € Mat
and of the form

(A) is invertible if and only if X is invertible. If X is even

X = <g g) , (3.22)

then X is invertible if and only if A and D are invertible, that is, if and only if det A and det D are
invertible in Ag.

plg

Proof. If X is invertible, there is a matrix Y with XY = Y X = 1, applying the body projection
on both sides, we see X is invertible. If X is invertible, there is Y € Mat,,(4) with XY — 1 =
YX —1 =0. Hence we have YX = 1 — N andXY = 1 — N’, where N and N’ are nilpotent
matrices, so that 1 — N and 1 — N’ are invertible. Thus X has a left- and a right inverse. Since
Mat,,4(A) is associative, the left- and right inverse coincide.

If X is even and of the form as stated, it follows that when X is invertible, then so are A and
D. Using the same argument, we see that also A and D are invertible. Since A and D only contain
even elements, we can apply the determinant rule. [l

Definition 3.7.4. We define the supertrace str of a supermatriz by

A B
str <C D) =trA—trD. (3.23)

Definition 3.7.5. We define the supertranspose X°T of a supermatriz X as follows. For even
supermatrices we define the supertranspose by

A B\®" (AT _cT

C D = BT DT ’ (324)
and for odd supermatrices we define the supertranspose by

A B\®" _ar cr

C D = 7BT DT ’ (325)

where the superscript T denotes the ordinary transpose.

Definition 3.7.5 is compatible with the earlier definition we gave of the supertranspose in equation
(2.12). We observe that if x and y are px ¢- and ¢ x r-matrices respectively with only odd elements as
entries, then (zy)T = —yTzT. Using this observation and the definitions, the proof of the following
lemma can be done by a straightforward calculation:

Lemma 3.7.6. Let X andY be two matrices in Maty,,(A) for some superring A. Then str(XY) =
(—=1)XIWlstr (Y X), (XY)5T = (=1)IXIVIYSTXST gnd strX 5T = strX.
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We give A ® Mat,|,(k) a superalgebra structure in the usual way: if a,b € A and X,Y €
Mat,,(k) then a® X -b®@Y = (—1)*!ltlab® XY. We now give an explicit isomorphism of algebras
A ®p Maty,4(k) — Mat,|4(A). This isomorphism explains why some sign changes can appear when
one passes from A®j Mat,,(k) to Mat,,(A). Some authors wave this sign change away and simply
redefine - for example - the notion of supertransposition. We denote E;; the matrix in Mat,, (k)
that has a 1 on the (4, j)th place and is zero elsewhere. We have |E;;| = |i| + |j|. We write §;; for
the Kronecker delta.

Lemma 3.7.7. Let A be a superalgebra over k. The k-linear map ¢ : A® Maty, (k) — Mat,|,(A)
that sends a ®y E;j to the matriz with entries (p(a @k Eij))mn = (—1)“”“|a6im5jn is an algebra

isomorphism.

Proof. By definition, the map sends sums to sums so we have to check that ¢ preserves products.
We have o
a R Eij bR By = (71)(‘1|+‘j‘)‘b|ab ® 5jkEil R (326)

and applying ¢ we obtain a matrix with (m,n)-entry
(=)l (@b 1) S Bt (3.27)
On the other hand

D (p(a @k Eij))mp(p(b @k Bra))pn = > (=) PP b, 55,6101
P P (3.28)

= (—1)lalli+ 1l b5 6500, -
Clearly, the map ¢ is surjective and injective. [l

We define the functor GL,, from the category of superrings sRng to the category of groups Grp
as follows: to each superring A we assign the group of invertible even elements of Mat,,,(A) and to
each morphism of superrings f : A — B we assign the map that sends a matrix (X;;) € GLy|4(4) to
the matrix (f(Xy;)) € GL,|4(B) - that is, it works on each matrix entry. Since an algebra morphism
maps invertible elements to invertible elements, the matrix (f(Xi;)) € GL,|q(B) is indeed invertible
by lemma 3.7.3.

Definition 3.7.8. For an invertible even supermatriz X we define the superdeterminant Ber X by
the formula

o p)= . (3.29)

A B det (A — BD™1C)
B —
. < > det D

The notation is in honor of Berezin and therefore the superdeterminant is often called the
Berezinian.
It is easy to see that Ber X°7 = Ber X. The following lemma is proved in [9,11]:

Lemma 3.7.9. For two elements X andY of GLy,|,(A) we have Ber (XY) = Ber X BerY'.

p\q(

The lemma states that we have a natural transformation GL,|, — GLyjo.

plg






Chapter 4

Primes and primaries

In this chapter we study the notion of a prime ideal more profoundly. We define primary ideals and
consider primary decompositions.

4.1 Properties of prime ideals

Definition 4.1.1. Let A be a superring. We call an ideal p of A a prime ideal if p is properly
contained in A and pq € p implies that p € p or q € p.

Due to the defining property, a prime ideal is always Zs-graded; if p € p then p; € p since
(p1)? = 0 € p. Hence all prime ideals of A contain J4. In order to check that an ideal is prime, we
only need to check the definition 4.1.1 for the homogeneous elements by the following lemma.

Lemma 4.1.2. Let A be a superring and p be a properly contained ideal of A. Then for p to
be prime it is necessary and sufficient that for all homogeneous elements p,q € A it follows from
pq € A thatp € p or q € p.

Proof. The necessity is clear. To proof the sufficiency, let p,q be arbitrary elements of A with
pq € p. Since p; and ¢ square to zero and 0 € p, we must have p; € p and ¢7 € p. Hence pgqg € p
and thus pg € p or gg € p. Therefore we conclude p € A or q € A. O

We can equivalently define a prime ideal as an ideal p of A such that A/p is an integral domain
with 0 # 1. Tt follows that A is a super domain if and only if Nilrad(A) is a prime ideal.

Proposition 4.1.3. Let ay,...,a, be a set of Zs-graded ideals in a superring A. If p is a prime
ideal of A that contains the product aj - --a,, then p contains at least one of the a;.

Proof. By induction it is sufficient to consider the case r = 2. If p does not contain a;, consider a
homogeneous element a € a; that does not lie in p. Then for each a’ € as the element aa’ lies in p
hence o’ € p and thus as C p. O

A slight variation of proposition 4.1.3 involving the intersection instead of the product is given
in the following lemma.

Lemma 4.1.4. Let ay,...,a, be ideals and let p be a prime ideal such that p = N;a;. Then p = a;
for some 1.
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Proof. Suppose p 2 a; for all i. Then there are homogeneous z; € a; such that z; # p for all i. But
[I; z; lies in the intersection and thus in p; then one of the x; should have been in p already. Thus
we obtain a contradiction. Hence p contains at least one of the a;, say p D a;. Since p = N;a; we
have furthermore that p C a; for all 4, hence a; C p C a;. O

Proposition 4.1.5. Suppose A is a superring and m is a mazximal ideal of A. If for some integer
n > 1 there is a prime ideal p of A that contains m”, then p = m.

Proof. We apply proposition 4.1.3 to the product a; = m? and deduce that m C p. Since m is
maximal, we cannot have a proper inclusion and thus p = m. O

Lemma 4.1.6. Let A and B be superrings and f : A — B a morphism of superrings. If p is a
prime ideal in B, then the inverse image f~1(p) is a prime ideal of B.

Proof. We give two proofs, as the result is of great importance. (i): If p, q are elements such that
f(q) ¢ p and f(pq) € p then f(p) € p and thus p € f=1(p). (4#): It is clear that f~1(p) is a
Zo-graded ideal in A and that the induced morphism A/f~1(p) — B/p is injective. Since B/p is
an integral domain and A/f~!(p) is isomorphic to a subring of B/p, it is an integral domain as
well. [l

Lemma 4.1.7. Let A be a superring and a a Zs-graded ideal in A. Then there is a one-to-one
correspondence between the prime ideals in A that contain a and the prime ideals in A/a. This
correspondence preserves inclusions and hence there is a one-to-one correspondence between the
mazximal ideals in A that contain a and the maximal ideals in A/a.

Proof. Suppose p is a prime ideal in A that contains a. Since the projection m# : A — A/a is
surjective, one easily checks that 7(p) is a prime ideal in A/a. The ideal 7~ !(7(p)) is a prime ideal
by lemma 4.1.6. Suppose z € 7~ (w(p)), then 7(z) = 7(y) for some y € p. Hence z —y € a C p
and therefore = € p. It follows that p = 7= (m(p).

Conversely, suppose b is a prime ideal in A/a. Then by lemma 4.1.6 7=1(b) is a prime ideal in A
and clearly it contains a. Furthermore, we have 7(7~1(b)) = b, so that the correspondence holds.

Clearly, if p C p’ are two prime ideals in A, then 7(p) C m(p’). Thus the correspondence
preserves inclusions. O

An immediate application to the ideal generated by the odd elements gives:

Lemma 4.1.8. Let A be superring, then there is a one-to-one correspondence between the prime
ideals in A and the prime ideals in A/Ja. This correspondence is inclusion preserving and thus
there is a one-to-one correspondence between the maximal ideals in A and the mazimal ideals in

Al Jga.
Proof. We set a = J4 in lemma 4.1.7 and note that all prime ideals contain J 4. O

Lemma 4.1.9. Let A be a superring. Then (1) any prime ideal p is of the form p = pg ® Az,
where pg is a prime ideal of the commutative ring Ag, and (2) any maximal ideal m is of the form
m=mg @ Aj, where mg is a mazimal ideal of the commutative ring Ag.

Proof. Tt is clear that A7 is contained in any prime (resp. maximal) ideal. For any ideal p of A
containing Az, pg is an ideal in Ay containing J4 N Ag = (A47)? and

Alp = A5 /ps - (4.1)

Thus if p is a prime (resp. maximal) ideal of A, then pg is a prime (resp. maximal) ideal of Ag.
Conversely, if pg is a prime (resp. maximal) ideal of Ag, then pg @ Az is a prime (resp. maximal)
ideal of A. O
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Corollary 4.1.10. Let A be a superring, then the intersection of all prime ideals is the nilradical
of A.

Proof. If a € Nilrad(A), then a lies in every prime ideal. Conversely, let I be the intersection of
the prime ideals in A, then I = I mod.J, is the intersection of all prime ideals of A. Thus if a lies
in I, then @ lies in I and there exists an integer n such that @® = 0, and thus o € J4. But then
a™ is nilpotent, hence a is nilpotent. [l

Corollary 4.1.11. Let A be a superring and M an A-module with finite length [(M). Then M has
length l(M) as an Ag-module.

Proof. Let M = My D My D ... D M, with n = [(M) be a decomposition series of M as an
A-module. We know that all decomposition series of an Ag-module with finite length have the
same length - this is the commutative counterpart of corollary 3.4.8. Dropping the Zs-parity, we

have
M;/Miy1 = A/m = Ag/mg, (4.2)

for some maximal ideal m = mg @ A7 in A. By lemma 4.1.9 mg is a maximal ideal in Ag and hence
the series (4.2) is also a composition series of M as an Ag-module. Thus, M has finite length as an
Ag-module and the length is n = I[(M). O

Definition 4.1.12. Let A be a superring and I a Zs-graded ideal in A. The radical of I is the
ideal /I defined by the set of all elements r € A such that v € I for some positive integer n.

Suppose 7 € V1, then r = rg 4+ r; and r™ = Ty + nrgflri. Thus if I is Zo-graded, then 7§ € I.
Hence r5 € V1, so that also r; € v/I. We therefore conclude that the radical ideal of a Zo-graded
ideal is Zs-graded. By lemma 4.1.7 we can equivalently characterize the radical of a Zs-graded
ideal T as follows: a € v/T if and only if amod I € Nilrad(A/T).

Using corollary 4.1.10 and we obtain

Lemma 4.1.13. Let I be a Zso-graded ideal in a superring A. Then the radical of I is the intersection
of all prime ideals in A containing I.

Proof. The nilradical of A/ is given by the intersection of all prime ideals in A/I. The preimage
of the nilradical of A/I under the projection A — A/I is precisely v/I and the preimages of the
prime ideals in A/I are by lemma 4.1.7 the prime ideals in A that contain I. Thus the radical of T
is the intersection of the prime ideals containing I. O

Let X and Y be algebraic sets in A™ for some n and suppose X is described by a finite set of
polynomial equations f; = 0 and Y by a finite set of polynomial equations g; = 0. Let I be the
reduced ideal describing X and let J be the reduced ideal describing Y; I = \/(f;) and J = /(g;).
The union X UY is on the one hand defined by I N J and on the other hand by the equations f;g;,
that is, by IJ. One is thus lead to conclude that at least over an algebraically closed field we have
VI1J =+/InNJ. However, we can prove this in general and even for superrings:

Lemma 4.1.14. Let I, J be ideals in any superring A. Then vI1J =~1NJ.

Proof. Since IJ C I N J, any prime ideal containing I N J also contains IJ. Let p be any prime
ideal containing IJ. Suppose p does not contain I N J, then there is an = lying both in I and in J
but not in p. Then 22 € I.J and thus 22 € p, so we conclude = € p. Thus we obtain a contradiction.
Hence if a prime ideal contains I.J it also contains I NJ. Thus the sets A = {p|p D IJ,p prime} and
B ={p|p D INJ,pprime} are equal and hence also the intersection over the elements of A equals
the intersection over the elements of B. By lemma 4.1.13 it then follows that vIJ =+vINJ. O



32 Primes and primaries

One also uses the term radical ideal for an ideal I satisfying /I = I. Tt follows directly from
the definition of prime ideals that they are radical, although one is also lead to this conclusion by
lemma 4.1.13 as any prime ideal contains itself.

Lemma 4.1.15. Let A be a superring and let I be the intersection Ny max. ideals™ 0f all mazximal
ideals of A. Then x € I if and only if for all a € A the element 1 — ax is invertible.

Proof. If x € I and if 1 — ax is not invertible, then 1 — (ax)g is not invertible. The Zo-graded ideal
(1—(ax)g) is properly contained in A and thus is contained in some maximal ideal m, meaning that
there is m € m such that 1 — (az)g = m, but then 1 € m since (ax)g € m. Conversely, if 1 — ax is
invertible for all @ € A and m is a maximal ideal not containing z, then m does not contain xg. The
Zs-graded ideal (m,x5) equals A, implying that there is @ € A and m € m such that 1 = axg + m.
But as r7 € m we see there exists a € A such that 1 = ax+m for some m € m, and thus 1 —azx = m.
The latter identity implies that m is invertible and thus m = A, which is a contradiction. |

The ideal I = N max. ideaisM 18 called the Jacobson radical of A. Since each nilpotent of A
is contained in any maximal ideal, the Jacobson radical contains all nilpotents. If M is a simple
A-module, then M must be isomorphic to A/m or ITA/m for some maximal ideal m. Hence the
Jacobson radical annihilates any simple module. Conversely, if I is an ideal such that I annihilates
any simple module, then [ is contained in the Jacobson radical. The Jacobson radical is the largest
ideal that annihilates any simple module. One calls an ideal that annihilates a simple module a
primitive ideal. It is easy to see that all primitive ideals are Zs-graded. We conclude that the
Jacobson radical is the intersection of all primitive ideals.

Definition 4.1.16. Let A be a superring. We call a prime ideal p of A minimal if for any prime
ideal q of A the inclusion q C p implies q = p.

Let a be any Zs-graded ideal in A. Then we say that a prime ideal p is minimal over a if p
contains a and for any prime ideal q the inclusion a C q C p implies p = q. Equivalently, a prime
ideal p is minimal over a if and only if the image of p in A/a is a minimal prime. Thus a minimal
prime is a prime ideal minimal over the zero ideal. If a prime ideal ¢ contains a, we also say that g
lies over a.

Lemma 4.1.17. Let A be a superring. A prime ideal p of A is minimal if and only if the prime
ideal p of A is minimal.

Proof. Follows from lemma 4.1.8 as the correspondence between the prime ideals of A and the prime
ideals of A preserves inclusions. O

Proposition 4.1.18. Let A be a Noetherian superring and a an ideal in A, then there are only
finitely many prime ideals over a.

Proof. Suppose the statement fails. Consider the set S of ideals b for which there are not finitely
many minimal prime ideals over b and suppose S # (. Since A is Noetherian, there is a maximal
element b in S. Clearly, b cannot be prime, since then there is only one minimal prime over b,
namely b itself. Hence there are f,g € A — b with fg € b. The ideals b + (g) and b + (f) both
properly contain b and are not equal to A, since b is contained in some maximal ideal m, and thus
fEemor gem. If pis a prime ideal over b, then it contains f or g, say f; then p is a prime ideal
over b+ (f). Therefore p is a minimal prime over b if and only if it is a minimal prime over b+ (g)
or b+ (f). But there are finitely many minimal primes over b + (f) and b + (g), and then also
finitely many minimal primes over b. But that is a contradiction. |

We immediately obtain by taking a = O:
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Corollary 4.1.19. Let A be a Noetherian superring. Then there are only finitely many minimal
primes.

Recall that a super domain is a superring A such that the body A is an integral domain. A
commutative ring is an integral domain if and only if 0 is a prime ideal. In that case, 0 is the only
minimal prime. For superrings the analogue is the following:

Lemma 4.1.20. A superring A is a super domain if and only if Ja is the only minimal prime.

Proof. A superring A is a super domain if and only if J4 is a prime ideal. The ideal J4 is a prime
ideal if and only if J4 is a minimal prime. |

We now define local superrings and give two characterizations. Later we will often use local
superrings and use the different characterizations. As in the commutative case, local superrings
have many favorable properties. When we have discussed localization in chapter 5 we can often
reduce a problem to the case where the superring is local.

Definition 4.1.21. We call a superring a local superring if there is one unique mazximal ideal.

Lemma 4.1.22. A superring A is a local superring if and only if all the non-invertible elements of
A form an ideal.

Proof. If A is a local superring with maximal ideal m and « is not invertible, then xg is not invertible
and x7 lies in m. The ideal generated by g is contained in m by maximality and uniqueness of m;
hence x € m. Thus all non invertible elements lie in m; the invertible elements cannot lie in m. On
the other hand, if all non invertible elements form an ideal I, then this ideal is automatically the
largest ideal since an element outside I is contained only in the trivial ideal A. (|

The lemma gives a way to prove that a superring is local; if we have a candidate for the unique
maximal ideal and we can show that all elements not in that ideal are invertible we are done. In
the sequel we will often use this without mentioning.

Lemma 4.1.23. A superring A is a local superring with mazimal ideal m if and only if A is a local
ring with mazimal ideal m.

Proof. Assume A is a local superring with maximal ideal m. Then m is a maximal ideal of A. If
x € A does not lie in m, then there is an element y € A — m with 4 = . Then y is invertible and
hence z. Conversely, if for a superring A the body A is a local ring with maximal ideal m, then
m = 7~ !(m) is a maximal ideal of A, where 7 : A — A is the canonical projection onto the body.
If £ € A —m, then T lies outside m and thus is invertible, and hence z is invertible. ([l

Lemma 4.1.24. Let A be local superring with maximal ideal m. Then Ay is a local ring with
maximal ideal mg.

Proof. By proposition 3.1.9 there is a one-to-one correspondence between the maximal ideals in Ag
and the maximal ideals in A. Thus A has one unique maximal ideal if and only if Ay has one unique
maximal ideal. O

The following lemmas describe some properties of morphisms between local superrings.

Lemma 4.1.25. Let A, B be local rings with maximal ideals m,n respectively and let p : A — B be
a morphism. Then p~!(n) C m.

Proof. Let x ¢ m, then x is invertible and hence o(z) is invertible and thus ¢(z) ¢ n. O
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Definition 4.1.26. We call a morphism ¢ : A — B between local rings A, B with mazimal ideals
m,n respectively a local morphism if p~1(n) = m, or equivalently m C p~1(n), which is again
equivalent to (m) C n.

Lemma 4.1.27. Let A, B be local rings with mazximal ideals m,n respectively and let ¢ : A — B be
a morphism, then Ker (@) C m.

Proof. Let x ¢ m, then x is invertible and hence ¢(z) is invertible and hence not zero. O

In the commutative setting a well-known theorem due to Cohen [52] states that a ring is Noethe-
rian if and only if all prime ideals are finitely generated. This reduces the problem of checking
whether a ring is Noetherian to proving that all prime ideals are finitely generated. One can prove
the generalization of Cohen’s structure theorem for superrings, as we show in the next proposition:

Proposition 4.1.28. A superring A is Noetherian if and only if all prime ideals are finitely gen-
erated.

Proof. We follow more or less the proof of [19]. The necessity is clear. To prove sufficiency we show
that if the set S of proper Zs-graded ideals that are not finitely generated is nonempty, it contains
a maximal element, which is a prime ideal.

We order S by inclusion. Consider a totally ordered subset P of S. The object Z = Ujcpl is a
Zo-graded proper ideal that is not a finitely generated ideal; if Z were not finitely generated, there
would be an ideal in P that contains all generators and hence is finitely generated. Thus Z is an
upper bound of P. By Zorn’s lemma, S contains a maximal element m € S.

Suppose m were not a prime ideal. Then there are homogeneous a,b € A — m and ab € m.
Consider the ideal m’ generated by m and a and consider the ideal m” of all elements z € A such
that ax € m. Since a is homogeneous, m’ and m” are Zs-graded ideals. Also, a € m’ and b € m”
so that both contain m properly. If m’ = A, then there are x € A and m € m with xza + m =1
but then b = (za + m)b € m, contradicting b ¢ m. Hence m’ is finitely generated. If m” = A then
a = la € m, which is also impossible by assumption and thus m” is finitely generated as well. Let
{ui + avi};<;<, be homogeneous generators for m’ with u; € m and v; € A and let {w;}, ;. be
homogeneous generators for m”. Let x € m, then since m C m’ there are x; € A with

n

T = Z(uZ + avy)xz; = i w;T; + a i VT . (4.3)
i=1 i=1

i=1

Since the sum 3, v;z; lies in m” the set {u;}, ;. U{aw;}, ;. generates m. Hence m ¢ S, which
is a contradiction. Therefore m must be a prime ideal. o O

Theorem 4.1.29. Let A be an Artinian superalgebra, then A is Noetherian and all prime ideals
are mazimal and there are only finitely many mazimal ideals.

Proof. Let S be the set of ideals that are a product of maximal ideals. Since A is Artinian we can
find a minimal element J € S. Since J is minimal we have m O Jm = J for all maximal ideals m.
Hence J is contained in the Jacobson radical. Also J? C J is a product of maximal ideals, hence
J? = J. Suppose J # 0, then we can choose an ideal I that is minimal among the ideals that do
not annihilate J. Then we have (I.J)J = IJ? = I.J # 0 and thus IJ C I and therefore I.J = I.
Since I does not annihilate J, there is a homogeneous = in I with zJ # 0. But then we must have
(x) = I and there must be an j € J with = 27 and hence (1 — j)z = 0. But j is contained the
Jacobson radical and thus 1 — j is invertible. Hence x = 0. But then the assumption J # 0 is false;
thus J = 0.
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We conclude that we can write 0 as a product of maximal ideals, and by Artinianity thus
0 = mymy - - - my for some maximal ideals m;. For each i we have that V; = my---m;/my---m;y; is
a super vector space over A/m; 1. We now wish to show that the dimension of such super vector
spaces is finite. Any chain of subspaces in V; corresponds to a chain of ideals in A containing
myms - - -m;41. The chain in A terminates and hence the chain in V; too; hence the dimension of V;
is finite. Putting the composition series together (really concatenation) we see that A has a finite
length and is Noetherian.

Suppose that p is a prime ideal in A. Then p D 0 = my ---m;. By proposition 4.1.3 p contains
one of the maximal ideals m; and thus m; = p. Hence there are only finitely many prime ideals. O

A superring that has only finitely many maximal ideals is called a semilocal superring - some
people prefer the name quasi-local. Theorem 4.1.29 then states that Artinian superrings are semilo-
cal. We will not go into the theory of semilocal superrings.

4.2 Primary ideals and primary decompositions

Definition 4.2.1. We call an ideal q of A a primary ideal if q is Za-graded, q is properly contained
in A and if v ¢ q and y ¢ q but xy € q then we have " € q and y* € q for some natural numbers
T and s.

Or equivalently

Definition 4.2.2. We call an ideal q of A a primary ideal if q is Zo-graded, and A/q is a nonzero
superring such that all zerodivisors are nilpotent.

We need to impose that a primary ideal is Zs-graded, as the following example shows:

Example 4.2.3. Take A = k[z[9] und q = (2® + 229, 2?). Then A is in fact commutative and we
can safely consider the quotient A’ = A/q, which is a ring (no longer a superring). As k-vector
space we have A’ = k @ kZ ® k¥ + kzV, where a bar denotes the image in A’. We easily see that
a € A’ is either a unit or nilpotent. Hence g is primary in the ordinary sense, but not Zs-graded,
since 22 ¢ q. JAN

Proposition 4.2.4. A Zs-graded ideal q is primary if and only if for all homogeneous x,y € A—q
with xy € q, the images of x and y in A/q are nilpotent.

Proof. Clearly the condition is necessary. To prove sufficiency, let x,y € A — q with zy € q and
suppose q satisfies the condition stated in the proposition. Then since q is Za-graded xgyg + 21y €
g C \/q. Since z7y; € /q we have z5yg € /4, but then (z5)" (y5)" € q and thus 25 and yg are
nilpotent in A/q and thus in /q. But then x5, s, 21, y7 are all in /g and thus also x5 + 7 and
yg + yi. Thus z and y are nilpotent in A/q. Hence q is primary. [l

Proposition 4.2.5. Let q be a primary ideal. Then \/q is the smallest prime ideal containing q.

Proof. Tt suffices to prove that ,/q is a prime ideal. Further note that A; C \/q. It thus suffices
to show that when the product of two even elements x and y lies in /q then so does x or y. So
assume z,y are even and xy € \/q. Then z"y" € q for some integer n. Thus if 2™ ¢ q and y" ¢ q
then y™" and 2™" lie in q for some m. But then z and y are elements of ,/q. O

Lemma 4.2.5 allows us to make the following definition:

Definition 4.2.6. When we write p = \/q for a primary ideal q, we say that q is p-primary.



36 Primes and primaries

The following lemmas are straightforward generalizations of standard results in commutative
algebra. We follow the presentation of [16].

Proposition 4.2.7. Let A be a superring and a an ideal in A such that v/a is a mazimal ideal.
Then a is a primary ideal.

Proof. Let m = y/a and let m be the image of m under the projection A — A/a. Clearly all elements
of m are nilpotent. If ymod a is not in m, then y ¢ m. Hence there is z € A with yz = 1+ m for
some m € m. Thus (ymoda)(zmoda) =1+ v« with u nilpotent. But then xmod a is invertible in
A/a. Therefore, all elements of A/a are either nilpotent or invertible and thus any zerodivisor is
nilpotent. [l

Lemma 4.2.8. Let q; be p-primary ideals for 1 <i < n. Then q = ﬂ?zl qi is also p-primary.

Proof. First we note that /[, 4; = [)i=; v/9i = p. Thus we have to prove that q is a primary
ideal. Suppose z,y are homogeneous elements of A that do not lie in a but zy lies in a. Then
z ¢ qr, y ¢ q for some k,l but zy € q; for all . If k # [ then y lies in \/q; = p and « lies in
Vi =p. If k =1 then x and y lie in \/qx = p. Hence in any case there are positive integers m,n
such that ™ lies in qg; for all ¢ and y” lies all g; for all 4. |

For a Zs-graded ideal a in a superring A and a homogeneous element a € A we write (a : a) for
the ideal consisting of those elements b € A such that ba € a. One easily checks that (a : a) is a
Zs-graded ideal. The elements of (0 : a) are the annihilators of a. Clearly if a € a then (a: a) = A.

Lemma 4.2.9. Let q be a p-primary ideal and x € A homogeneous. (i) If x € q then (q: z) = A.
(i¢) If x ¢ q then (q : x) is p-primary. (iii) If x ¢ p then (q: ) =q.

Proof. (i) is obvious. (i%): Suppose y € (q : «), then 2y € p. As x ¢ q then we must have y € p.
Thus q C (q: ) C p and thus by taking radicals we see \/(q : 2) = p. Now we need to prove that
(q : ) is a primary ideal. Suppose yz are homogeneous, not in (q : ) but yz € (q : ). Then it
follows that xyz € q. By assumption xy ¢ ¢ and 2z ¢ q, so that we must have y € p and z € p. (i)
If « ¢ p, then zy = 0 has no solutions in A/q other than y = 0. Thus (q: ) = q in this case. O

4.3 Primary decompositions

In this section all superrings are assumed to be Noetherian. An ideal a in A is said to be irreducible
if for any decomposition a = b N ¢, where all three are Zs-graded, it follows that a = b or a = ¢.
Using the assumption that the superring is Noetherian we obtain:

Lemma 4.3.1. FEvery Zs-graded ideal is a finite intersection of irreducible Zs-graded ideals.

Proof. Suppose the set S of Zs-graded ideals that are not an intersection of irreducible Z,-graded
ideals is nonempty. Since A is Noetherian, S has a maximal element a. But a cannot be irreducible,
hence a = b N ¢ where b and ¢ properly contain a and are Zs-graded. Hence b and ¢ are finite
intersections of irreducible Zs-graded ideals, and hence also a, contradicting a € S. Thus the
assumption S # () is false. O

Lemma 4.3.2. Fvery irreducible Zs-graded ideal is a primary ideal.

Proof. Let q be an irreducible Z,-graded ideal. We claim that we only need to prove that if the
zero ideal in A’ = A/q is irreducible, it is primary. To prove the claim: Since q is irreducible, the
zero ideal in A’ is irreducible. If z,y are in A, but not in ¢, such that zy lies in g, then z and y are
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nilpotent in A’ as the zero ideal in A’ is primary. Thus q is primary. So we proceed to prove that
if the zero ideal is irreducible, it is primary.

Let 2y = 0 and suppose that y # 0 and x,y are homogeneous (this we can do using corollary
3.1.4). Then consider the chain Ann(z) C Ann(z?) C .... This chain becomes stationary and thus
there is an n such that Ann(z") = Ann(z"*!) = .... We claim that then (2™) N (y) = 0: if a € (y)
then ax = 0 and if furthermore a = bz™ then bz"*! = 0. But then b € Ann(z"*!) = Ann(z") and
thus a = 0. Since 0 is assumed to be irreducible and y # 0, we must have £=0. This shows that
the zero ideal is primary. O

Let a be a Zs-graded ideal in A. Then we call a primary decomposition of a a decomposition
a=gqiN...Nqg, where the q; are primary ideals.

Corollary 4.3.3. Every Zs-graded ideal has a primary decomposition.

Proof. From the above two lemmas we see that any ideal is a finite intersection of irreducible ideals,
and thus a finite intersection of primary ideals. [l

We now ask whether a primary decomposition is unique in a certain sense. Of course, we then
should require that for all ¢ we have q 2 M;x;q,. Furthermore, if some of the g; have the same
radical ideal p, then their intersection is also a p-primary ideal. Hence, we are led to the following
definition of a minimal decomposition:

Definition 4.3.4. Let a be an ideal. We call a decomposition a = q1 N ... N q, minimal if all the
radicals \/q; are distinct and for all i we have q 2 Nix;d;.

Our first result about uniqueness is captured in the following proposition:

Proposition 4.3.5. Let a =q1N...Nq, be a minimal primary decomposition and write p; = \/q;.
Then the p; are independent of the decomposition.

Proof. Let x € A be homogeneous, then (a: z) = (N;q; : ) = N;(q; : ). Hence by lemma 4.2.9 we
have v/a:x = Nj\/qi : T = Niwzq,Pi- Since the decomposition is minimal, we can find for all ¢ an
homogeneous x such that x # q; but = € q; for all j # i. Then /a: x = p;. So suppose v/a : x is
any prime ideal p, then p = N;.z2q, ;. Using lemma 4.1.4 we find that p is one of the p;. Hence the
p; in any minimal primary decomposition are the prime ideals occurring in the set

{\/a cxlx € A, xhomogeneous} ,
which proves the claim. [l

Corollary 4.3.6. The prime ideals occurring as the radicals of the primary ideals in a primary
decomposition of a are precisely the prime ideals that occur as annihilators of homogeneous elements
of A/a.

Proof. Let x in A be homogeneous. Consider Z the image of x in A/a. Then the annihilator of
is (a : ). But the prime ideals of the primary decomposition in a are precisely the prime ideals p
for which there exists a homogeneous = € A with p = (a: z). O

Definition 4.3.7. Let a be a Zs-graded ideal in A and let a = q1 N ...Nq, be a minimal primary
decomposition of a. Then the prime ideals \/q; are called the primes associated to a. The minimal
primes along the \/q; (that is, \/q; is minimal if it is not contained in another \/q;) are called the
minimal or isolated primes belonging to a. Those that are not minimal are called the embedded
prime ideals.
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Remark 4.3.8. The names isolated, minimal and embedded come from algebraic geometry: an
ideal a gives rise to a variety X. The primary ideals in a primary decomposition of a describe the
irreducible components and their subvarieties. Thus the minimal primes are then the radical ideals
describing the maximal irreducible subvarieties, i.e., the irreducible components of X.

Proposition 4.3.9. Let a be any Zs-graded ideal in A. Then any prime ideal p containing a also
contains a minimal prime associated to a. Hence the minimal primes associated to a are precisely
the minimal ones among the prime ideals containing a.

Proof. Let p be a prime ideal containing a. Then \/p = p D /a = Np;, where the p; are the prime
ideals associated to a. In fact, the intersection only goes over the minimal primes associated to a.
By the same reasoning as in the proof of lemma 4.1.4 we see p must contain one of the minimal
p;. Since a C v/a = N{p|pis a minimal prime associated toa}. Hence a is contained in all of its
minimal primes. This proves the claim. O

We already characterized the radical ideal of an ideal a as the intersection of all prime ideals
containing a in lemma 4.1.13. The intersection only needs to be taken over those prime ideals
containing a that are minimal over a, which are only finitely many in Noetherian superrings. The
following corollary to proposition 4.3.9 relates this to the minimal primes associated to a:

Corollary 4.3.10. The radical ideal of an ideal a is the intersection of the minimal primes asso-
ciated to a.

Remark 4.3.11. Thus we have another proof of the fact that any Zs-graded ideal in a Noetherian
superring only has a finite number of minimal primes among the primes containing it. Taking the
ideal to be the zero ideal, we see that a Noetherian superring only has finitely many minimal prime
ideals. The geometric statement is that any affine variety only has a finite number of irreducible
components.

Proposition 4.3.12. Let a = q1N...Nq, be a primary decomposition of a and let p; = \/q; be the
primes associated to a. Then the union of all these prime ideals is given by

Uip; = {x € Ahomogeneous |(a : ) # a} . (4.4)

Proof. The set D of zerodivisors of a superring is given by (see 3.1.4)

D= U Ann(x),

x7#0 homogeneous

hence D = /D = U,0/Ann(z). The annihilator of an element x is given by Ann(z) = (0 : z).
The set E of elements that form the zerodivisors modulo a is thus

E =Uggqv/(a:x).

From lemma 4.2.9 it follows that /(a : x) is the intersection of the prime ideals p; such that = ¢ ;.
Thus for = ¢ a we see that the ideal (a: x) is contained in some p;. Hence E C U;p;. On the other
hand, each p; is of the form 4/(a: x), and thus p; is contained in E. O

Corollary 4.3.13. The set of zerodivisors of A is the union of the prime ideals associated to 0.



Chapter 5

Localization and completion

In this chapter we discuss two important notions that will be used frequently in the sequel: com-
pletion and localization. The two constructions do not differ much from their counterparts in
commutative algebra. The purpose of this chapter is then to see which properties of localizations
and completions that are familiar for commutative rings do hold for superrings as well. In section
5.2 we apply the knowledge of completions to say more on Artinian superrings and in section 5.3
we specialize to a class of superrings, namely, to quotients of Grassmann algebras. In section 5.4 we
start with a rudimentary version of the theory of superschemes. In the sections starting from 5.5
we discuss completions of superrings. In order to introduce and to work with completions we have
to know some properties of filtered superrings and associated graded superrings. As an application
of the results on filtrations and graded superrings, we discuss the Artin—Rees lemma for superrings
in section 5.7. In section 5.12 we discuss the structure theorem of Cohen for superrings.

5.1 Localization

Let A be a superring. A multiplicative set in A is a set S C A such that 1 € S and for all a,b € §
the product ab also lies in S. As in general Zs-graded rings, to have a suitable notion of localization
we need a multiplicative set that consists of homogeneous elements only. However, in superrings
the odd elements square to zero and when 0 € S the localized rings are zero. We therefore consider
only those multiplicative sets of a superring A that lie in the even part Ag.

Let A be a superring and let S be a multiplicative set in Ag. We define a superring S—'A4,
called the localization of A at S, as follows: as a set S~!A is defined to be quotient S x A/ ~, with
(s,a) ~ (s',a’) if and only if there exists z € S with z(as’ — a’s) = 0. We write a/s or 2 for the
equivalence class of (s,a). The multiplication is defined by a/s - a'/s’ = aa’/ss’ and addition by

a a as' +a's
+ == P (5.1)
where it is easily verified that the right-hand side is independent of the chosen representatives. The
unit element is 1/1 and the Zs-grading is given by a/s € (S7'A); if and only if a € 4;, so that
(S71A)g N (S71A); = 0 and hence (S71A) = (S71A)y & (S71A);. Note that 0 € S if and only if
S=1A = 0. We denote ig the canonical morphism A — S~'A that maps a € A to a/1. If S is the
set {f™}, >, for some f € Aj then we write S™1A = Ay,

Proposition 5.1.1. Let A be a superring and S a multiplicative set in Ag with canonical morphism
is : A — STYA. The localization of A at S has the following universal property: The morphism
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is : A — S7'A maps elements of S to invertible elements in ST'A and if f : A — B is any
morphism of superrings such that the elements of f(S) are invertible in B, then there exists a
unique morphism of superrings f': ST'A — B with f' oig = f.

Proof. That all elements in i5(S) are invertible is obvious. Suppose we are given a map [ :
A — B. For any s € S we have 1 = f'(s/s) = f'(s/1)f'(1/s) = f'(is(s))f(1/s) = f(s)f'(1/s)
so that f’(l/s = f( )L We conclude that f’ is uniquely determined and given by f’(a/s) =

f'(is(a)f(s)~" = fla)f(s)™! -

Hence S~! A has the usual universal property; the pair (ig, S~ A) with the properties announced
in proposition 5.1.1 is therefore determined up to isomorphism. The following two propositions are
straightforward and only rely on the universal property. Also see [18] for the commutative case.

Proposition 5.1.2. Let A and B be superrings and let S be a multiplicative set in Ag and T a
multiplicative set in Bg. Let f: A — B be a morphism with f(S) C T. Then there exists a unique
morphism f': ST'A — T~'B such that the following diagram commutes:

A ' . B

S_lA T’ T_lB

where the vertical arrows represent the canonical morphisms. If furthermore we have f(S) = T,
then f' is injective (resp. surjective) when f' is injective (resp. surjective).

Proof. Applying the universal property of proposition 5.1.1 to the composite A — B — T~ !B
gives a morphism f’': S™'A — T~1B such that diagram (5.2) commutes. The morphism f’ maps
a/s to f(a)/f(s). Suppose f(S) =T and f(a/s) = 0, then since f(S) = T there is s’ € S with
f(s")f(a) =0 but then a/s is already zero. Surjectivity is clear. O

Proposition 5.1.3. Let A be a superring, and let S and T be two multiplicative sets in Ag. Let
is: A — STLA be the canonical morphism and let T' = i(T), then we have a canonical isomorphism
(ST)"tA = (T")"Y(StA).

Proof. If f : A — B is a morphism such that the set f(ST) consists of invertible elements in B,
then also the set f(S) consists of invertible elements and hence there exists a unique morphism
f':S7'A — B with f' oig = f. The elements f'(T') are invertible in B and hence there exists
a unique morphism f” : T'~1(S71A) — B with f” cip = f’, where ip» : ST1A — T'71(S71A) is
the canonical morphism. We put ¢ = i7v o ig, so that f = f” o4. Clearly if g is such that f = g o1,
then (g oig/) oig = f and hence g oip: = f’. It follows that g = f”. Hence T"~1(S~1A) has the
same universal property as (ST)~!A and therefore (ST) 1A = T'~1(S~1A) O

Localizing commutes with going to the body of a superalgebra in the following sense:

Proposition 5.1.4. Let A be a superring, S a multzplzcatwe set in Ag and let S be the image of S
under the projection A — A. Then S—1A = S~ 1A.

Proof. The Zj-graded ideal in S~ A generated by the odd elements of S™'A is J4 - S™'A. Con-
sider the canonical morphism p : S™'A — S—1A4 and the morphism g : S—1A4 — S~1A given by
a/smodJs - ST1A +— a/5. Clearly, the morphism g is surjective. Suppose that a/smod Js - S™1A
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is mapped to zero by g, then there is s’ € S such that §a = 0. Therefore s'a € J4, which implies
a/s =as'/ss’ € Ja - STTA. Alternatively, one can argue using lemma 5.1.2: we take f : A — B to
be the projection 7 : A — A and T' = 7(S). The kernel of 7’ : S™1A — S~1A is then found to be
the Zy-graded ideal generated by the nilpotent elements of S~!A. O

We now investigate the relation between the Zsy-graded ideals of S~ A and the Zg-graded ideals
of A. We use this to prove that the localizations of Noetherian rings are Noetherian.

Lemma 5.1.5. Let A be a superring, S a multiplicative set in Ay and i: S — S™1A the canonical
morphism. If I is a Zo-graded ideal in S™A, then i=1(I)-S™1A = 1.

Proof. Clearly i~ 1(I)-S™*A C I. Conversely, if a/s € I then a € i~'(I) and thus it follows that
a/s €i~Y(I) - STLA. O

Using lemma 5.1.5 the proof of the following corollary is trivial:

Corollary 5.1.6. The map V : I — i~1(I) is an injective map from the set of Z-graded ideals in
STLA to the set of Zo-graded ideals in A. Furthermore the map U preserves inclusions.

Corollary 5.1.7. Let A be a Noetherian superring and S a multiplicative set in Ag. Then S™1A
is Noetherian.

Proof. If I is a Zs-graded ideal in S71A, then I =i~ 1(I)-S~ 1A and i~!(I) is finitely generated. [

Proposition 5.1.8. Let A be a superring, S a multiplicative set in Ay and i : A — S™LA the
canonical morphism. There is a one-to-one inclusion preserving correspondence between the prime
ideals in ST1A and the prime ideals in A not meeting S.

Proof. By lemma 4.1.6, if p is a prime ideal in S™'A then i~!(p) is a prime ideal in A. For a
Zo-graded ideal I in A let I’ denote the Zs-graded ideal generated by i(I) in S~tA. Let p be a
prime ideal in A not meeting S and suppose that p’ is not proper - that is p’ = S™'A. Then there
exists p € p and s € S with p/s = 1 and thus there exists s’ € S with s'(p — s) = 0, which is

/

impossible since pN S = . If ¢, 2 ¢ §-1A with 2& ¢ p’, then there is p € p and z € S with

s ss’

Z?: = £ and hence there is 2’ € S with aa’z2" € p and hence a or @’ in p. Hence p’ is a prime ideal.
If p is a prime ideal in A not meeting S then p C i=!(p’). If z € i~1(p’) then z/1 € p’ and hence
there is p € p and s € S with p/s = z/1 and thus there is s’ € S with s'p = s'sx and thus « € p.
Thus p = i~ 1(p’) and by lemma 5.1.5 for any prime ideal q in S™*A we have (i71(q))’. It is clear
that the correspondence between the prime ideals in S™'A and the prime ideals in A not meeting

S is inclusion preserving. O

For any prime ideal p in a superring A, the set S = A — p is multiplicative. In this case we use
the notation S™'A = A,.

Proposition 5.1.9. Let A be a superring and p o prime ideal in A, then A, is a local ring with
mazimal ideal the Za-graded ideal generated by the image of p in A,.

Proof. Denote p’ the Zy-graded ideal in A, generated by the image p in A,. Any element not in p’
is invertible and p’ # A,. O

Proposition 5.1.10. Let A be a superring, p a prime ideal in A. Denote p the image of p in A,
then A, = (A);

Proof. Immediate from proposition 5.1.4. |
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Consider a prime ideal p C A. There is a relation between the localizations Ay, where f runs
over the homogeneous elements that are not contained in p, and the localization A,. In order to see
this relation we need to define a direct system. Suppose that f € \/@ for some even f,g € A, then
f™ = ag for some integer n and some even a. Hence we have an induced morphism ¢4 5 : Ay — Ay
given by g 5 : b/g° — ba®/ f™*. The induced morphism does not depend on the choice of n and a.

One checks, that if f € \/(g) and g € \/(f), then the maps 1y, : Ay — Ay and ¥, 7 : Ay — Ay
are each others inverse. We define the direct system (g : Ay — Ap f € \/(g_))f’gﬁg to be
the category of all localizations Ay, where f ¢ p and f € Ap, and with morphisms the maps
g5 Ag — Ay, whenever f € \/@ We define the (direct) limit of this direct system as the direct
product superring ][ Fép A; modded out by the following equivalence relation: we call a/f € Ay

equivalent to a’/f’ € Ay if there is an element g € A —p with g € /(f) N v/(f’) such that
Yrg(a/f) =g g(a’/f') in Ay. One easily checks that this defines a superring, which we denote
Fév Ay. Furthermore, there are canonical insertions iy : Ay — A,, which send a/f in Ay to the

equivalence class of a/f in lim fé Ay. The insertions iy are morphisms of A-modules.

lim
—

Lemma 5.1.11. Let A be a superring, p a prime ideal. The superring h_n}l Ay is characterized

fép

uniquely by the following universal property: The canonical insertionsiy : Ay — h_n)l . Ay commute

fé
with the maps Yy q: Ay — Ay, for g € \/(f), that is, igovs e =if. If Z is any A-module together
with morphisms of A-modules j¢: Ay — Z with jo 04 = j¢, then there is a unique morphism of
A-modules 1) : h—n>1f¢p Ay — Z such that the following diagram commutes for all even f,g € A —p
with g € \/(f):

A A
f Vg g

if if

h_H)lAf f . (5.3)
fép
»
vy
A

Proof. That for all even f,g € A —p with g € \/(f) we have iy 0y, = i is obvious. To get the
morphism from h_n)l fan Ay to Z we note that the image of any equivalence class of a/ f is completely

determined by the image of a/f under j; in Z. When we denote [a/f] for the equivalence class of
a/f in li_n)lf%p Ay we thus have ¥([a/f]) = jr(a/f). As the j; commute with the maps ¢y, the

morphism 9 is well-defined. O
Proposition 5.1.12. We have the following isomorphism of A-modules:

hi>nAf =A,. (5.4)
fép

where the limit goes over all even f € A that are not in p.

Proof. The isomorphism is given by the map ¢ that sends the equivalence class of a/f" in lim Fé Ay

to the element a/f" in A,. The map ¢ is clearly surjective, so we show injectivity. Suppose a/f"
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is in the kernel of ¢, then there is some even g € A — p such that ga = 0. In particular, f"¢g"a = 0.
But then the element ag”/f"¢g" = 0 as an element of Ay,, which shows that a/f" is equivalent to
fép As- H

For a given superring A, we denote S4 the set of elements a in A such that a # 0, where a
denotes the image of a in the body A. The set S4 is a multiplicative set if and only if Jy4 is a prime
ideal. In that case we define Frac(A) to be S;'A = A, and call it the superring of fractions of A.

zero in lim
—

The superring Frac(A) is a local superring and Frac(A) is isomorphic to the field of fractions of the
integral domain A. In particular, the body of Frac(A) is a field.

Let A be a superring and let M be an A-module. For a multiplicative set .S in A we construct
an A-module S~ M as follows: we consider on the product S x M the equivalence relation (s, m) ~
(s',m') if and only if there is z € S with z(sm — s'm) = 0 in M. We let m/s or " denote the
equivalence class of (s, m) and define addition by

! !
%+E:L+ms, (5.5)

ss’

where the right-hand side is independent of the choice of representatives. The action of A is defined
by a-m/s = (am)/s. We denote js : M — S~1M the canonical morphism sending m to m/1. We
call S~1M the localization of M at S.

Lemma 5.1.13. Let A be a superring, S a multiplicative set in Ag and M an A-module. Then
ST1A®A M = S™IM as A-modules.

Proof. Define f : ST'A®s M — S™'M and g: S™'M — S~ 1A®4 M by

1
f:g®mr—>@, g:ﬂr—>—®m. (5.6)
s s s s

Then fog =idg-1p) and go f = idg-14g,r- Clearly f and g preserve the parity and commute
with the (left and right) action of A. O

The module S~'M also has a universal property:

Proposition 5.1.14. Let M be an A-module, S a multiplicative set in Ay and js : M — S™1M
the canonical morphism. Then the A-module S™'M has the following universal property: For all
s € S the A-linear map ly : ST'M — S™'M given by I, : x — sz is invertible. For any A-module
N such that for all s € S the linear map ls is invertible and f : M — N a morphism of A-modules,
there exists a unique morphism f': S™'M — N such that f' o js = f.

Proof. Suppose we are given a module N such that for all s € S the A-linear map [, is invertible
and a morphism f : M — N. Existence of the morphism f’: S~!M — N follows when we define
f'(m/s) = (Is)~1 f(m) and uniqueness follows from f(m) = f'(js(m)) = f'(s-m/s) = s- f'(m/s) =
Ls(f'(m/s)). O

The linear map I, : S™'M — S~'M given by I, : © — sz is called the linear homothety along
s, also see [18]. Using proposition 5.1.14 we immediately obtain:

Corollary 5.1.15. Let A be a superring, M an A-module and S a multiplicative set in Ag such
that I, : m — sm is invertible for all s € S, then S™'M = M. In particular, when we denote
is: A— ST1A the canonical morphism, then if S’ C is(S) we have S'~1(S71A) = S~1A.

We also have the analogue of proposition 5.1.3:
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Proposition 5.1.16. Let A be a superring and S and T multiplicative sets in Ag. Denote T' =
is(T) the image of T in S~YA. For any A-module M we have (ST)~*M = T'~1(S~1M).

Proof. The proof is exactly the same as the proof of proposition 5.1.3. O
Proposition 5.1.17. Let A be a superring and let M', M, M" be A-modules. The sequence of

A-modules
f

0 - M’ M L .M -0 (5.7)
with morphisms f and g is exact if and only if the sequence
0 ey VA Ly VA Ly Y () (5.8)

is exact for all multiplicative sets S in Ag, where [’ and g’ are the induced morphisms as in
proposition 5.1.2.

Proof. For the ‘if’-part, put S = {1}. To prove the ‘only if’-part: Suppose that for m’ € M’,
f/(m'/s) = 0, then there is s’ € S with f(s'm’) = s’ f(m’) = 0 and thus s'm’ = 0 and m’/s = 0.
Therefore f’ is injective. Clearly g’ o f' = 0 and ¢’ is surjective. If for m € M, g’(m/s) = 0 there
is ¢ € S with s'm = f(m') for some m’ € M’. But then m/s = f(m’)/ss’. This proves that
Im(f") = Ker(g'). O

Corollary 5.1.18. If N is an A-submodule of M, then we can identify S™'N with an A-submodule
of STM and STY(M/N) with ST*M/S™'N. Furthermore, if f : M — N is a morphism of A-
modules and f' : SN — S™'M the induced morphism, then Ker f' = S~'Kerf and Coker f' =
S~1Coker f.

If p is a prime ideal in a superring A, then for any A-module M we write M, for S™'M, where
S=A-p.

Lemma 5.1.19. Let A be a superring and let m and m' be mazimal ideals in A, then (A/m)y is
the zero-module if m #m' and is isomorphic to A/m if m =w'. In particular, A/m = Ay /my,.

Proof. If m = m/ then all elements in A — m are invertible modulo m. Hence the first part follows
from corollary 5.1.15. If m # m’, then there is an even m € m not lying in m’. Consider the
morphism that sends a/s € Ap to ma/ms in my,. This map is injective and surjective. But then
it follows that my = Ay, Thus (A/m)y & Ay /My = 0. The final statement then follows from
localizing the exact sequence 0 - m — A — A/m — 0 at A —m. |

Proposition 5.1.20. Let A be a Noetherian reduced superring, that is, A contains no nilpotent
elements. Then there is a localization S™'A of A such that S—1A is an integral domain.

Proof. Since A is Noetherian, there are only finitely many minimal primes. Let pq,...,p, be the
set of minimal primes of A, and let py, ..., P, bet the corresponding set of minimal primes in A/J.
If n =1, then p; D J and p; is the nilradical, which contains all nilpotents. Since A/.J is reduced,
all nilpotents lie in J and hence p; = J. So A/J has a unique minimal prime ideal 0 and thus A/J
is an integral domain. Indeed, p; is the nilradical ideal of A. But then p; = 0 and A is an integral
domain.

Now let n > 1. By assumption, we have Ni_ p; = J. It follows that if x € p; but = ¢ p; for
1 # j, then £ # 0. By minimality of the p;, for each ¢ > 1 we can find an even x; in p;, with
x; ¢ p1 and thus Z; # 0. The product * = xox3- -, lies in the intersection N;~1p;, but not in
p1 (hence not nilpotent) and it is even. But then by proposition 5.1.8 A, is a superring with a
unique minimal prime ideal p; A,. Thus if J’ is the Zo-graded ideal generated by the odd elements
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of A, then A,/J" has a unique minimal prime, which is the nilradical of A,/J’. By proposition
5.14 A, /J = (A/J)z. Suppose a/z° € (A/J)z is nilpotent; then there are integers m,n such that
Z™a" = 0in A/J and hence Z™a is nilpotent, but since A/.J is reduced Z™a = 0 and thus a/z* = 0.
Hence 0 = Nilrad(A,/J’) is the unique minimal prime and thus A, /J is an integral domain. O

We end this section with a useful lemma that tells us that two modules are isomorphic if all
localizations at maximal ideals are isomorphic.

Lemma 5.1.21. A morphism ¢ : M — N is injective (resp. surjective) if and only if all induced
morphisms o : My — Ny, are injective (resp. surjective), where m ranges over all the maximal

ideals of A.

Proof. First, suppose m goes to zero in My, for all maximal ideals m. When m goes to zero in M,
both its homogeneous parts go to zero and we may assume that m is homogeneous. The annihilator
of m is contained in no maximal ideal and hence equals A and thus m = 0. We obtain that M =0
if and only if M, for all maximal ideals m.

We have Ker (¢m) = (Kery)m, hence if Ker (¢n) = 0 for all maximal ideals m then Kery = 0.
We also have (Cokerpn) = (Cokerp)n. Hence Cokery = 0 if and only if (Cokery), = 0 for all
maximal ideals m. |

5.2 Application to Artinian superrings

We now apply the results of the previous section to get more insight into Artinian superrings.

Proposition 5.2.1. If M is an R-module of finite length {(M) = n and m and n are different
mazimal ideals in R, then (My)n =0

Proof. We take a composition series of M and localize at m:
Mu = (Mo)m O (M1)m D ... D (My)m =0. (5.9)

We know that the quotients M;/M; 1 are simple, and hence by lemma 5.1.19 after localizing with
respect to m some terms become equal: if m # Ann(M;/M; 1) then (M;)m = (M;4+1)m. Hence we
get a composition series for My = Mj D M{... D M/ =0 and r < n by deleting the redundant
and for all ¢ we have Ann(M;/M/, ) = m. If we localize this series with respect to n we get a
composition series for (My), with all quotients zero; all terms in eqn.(5.9) are equal and thus
Z€ro. (|

Using proposition 5.2.1 we immediately obtain:

Corollary 5.2.2. The length of My, is the number of times that R/m or II(R/m) appears in any
composition series of M; hence the number of times R/m or II(R/m) appears in a composition
series is independent of the composition series.

Corollary 5.2.3. If M has finite length the maps M — My, for a mazximal ideal m in A make
together an isomorphism
M = Dm max.ideale . (510)

Proof. By lemma 5.1.21 it is sufficient to check that My = (Bm max.idealMm )n for all maximal ideals
n. But M has finite length and thus (My), & My, if m = n and zero otherwise. But then each
morphism My, — (Dmmax.idealMm)n = M, is the identity, and thus an isomorphism. ([l
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Corollary 5.2.4. Any Artinian superring A is a finite direct product of local Artinian rings.

Proof. As A-modules we have A = @ Ay where the sum is over all maximal ideals and by theorem
4.1.29 there are only finitely many summands. The direct product algebra []  An is as A-module
just the direct sum. All maps A — Ay, are superring morphisms, and hence the map A — [[,, Am
is a superring morphism.

Lemr_na 5.2.5. Let A be a superring with canonical ideal Ja. If Ja is Artinian as an A-module
and A is an Artinian algebra, then A is an Artinian superring.

Proof. Since Ais an Artinian algebra, A is an Artinian A-module, where the action of a € A on
b € A is given by (a,b) — ab. Given a composition series of A and J4 we can concatenate them to
get a composition series of A. [l

Proposition 5.2.6. If A is a superalgebra that is a finite-dimensional super vector space over k,
then A is a finite product of local superalgebras A; and the elements of the maximal ideals of the A;
are nilpotent.

Proof. Since A is finite-dimensional, it is Artinian and by theorem 4.1.29 there are only finitely
many maximal ideals my,...,m,. By corollary 5.2.4 A is a direct product of local superalgebras.
For every maximal ideal m; of A we have a component A; and the maximal ideal of A; is the
restriction of m; to A;. Hence every prime ideal in A; coincides with the maximal ideal in A;. But
the nilradical is the intersection of the prime ideals, hence the maximal ideal in A; coincides with
the nilradical. ([l

5.3 Geometric superalgebras

We consider superalgebras over a fixed field k. We call a superalgebra A properly geometric if
A=k If Ais afield, then A is an extension of k and in case A is a proper extension of k, we call
A geometric.

Note that all properly geometric superalgebras over k& have split bodies. All superrings that
have a trivial odd part have a split body. If A is a superring with a split body, then A has a
sub superring isomorphic to A, since the splitting morphism is injective. Thus a geometric split
superalgebra A is a quotient of A[f;;i € I] for some index set 1.

Lemma 5.3.1. Let A be a finitely generated superalgebra over k. If A is geometric, then A is an
algebraic extension of k.

Proof. A is a finitely generated k-algebra and it is a field. Thus we are in the situation of the weak
Nullstellensatz, which states that A is algebraic over k (see for example [16,17,53]). O

The Grassmann algebras over k are defined by A, = k[f1,...,60,], where §; are odd variables.
The Grassmann algebras have a few remarkable properties: (i) A, has only one prime ideal J,,
which is the Zs-graded ideal generated by the odd elements. (i7) Ay, = A,. (i) A, is properly
geometric. (iv) A, is finitely generated. (v) A, has a split body. (vi) A, is finite-dimensional. If a
superalgebra satisfies the properties (ii¢) and (v), then it is a quotient of a Grassmann algebra by
the following lemma:;:

Lemma 5.3.2. Let A be a finitely generated properly geometric superalgebra over k. Then A is a
quotient of a Grassmann algebra.
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Proof. The body of A is isomorphic to the field &, which is Artinian. Since A is finitely generated,

there are a finite number of odd generators ny,...,n,. Given x € A, then x —Z = > r;n; and
T — T = > TNy, Tij — Tij = ».TijkMk and so on. The process terminates since there are finitely
many 7;. Hence x can be expressed in terms of the n; with k-coefficients. O

Corollary 5.3.3. If A is an Artinian properly geometric superalgebra, then A is a quotient of
a Grassmann algebra. In particular, any finite-dimensional properly geometric superalgebra is a
quotient of a Grassmann algebra.

We note that if a superalgebra A is geometric, there is only one prime ideal, namely J4. The
elements of J4 are nilpotent so that any element not in Jy4 is invertible. Hence localizing A at Ja
gives Ay, = A.

Lemma 5.3.4. Let A be a finite-dimensional superalgebra over k and suppose A = k x --- x k,
then A is a direct product of quotients of Grassmann algebras.

Proof. By proposition 5.2.6 we know that A is a product algebra of the localizations at different
maximal ideals of A; A = Ay x --- x A,. The A; are local and the elements of the maximal ideals
in A; are nilpotent. Taking the body gives A = A} x --- x A, = k x --- x k and assume there
are s copies of k. The projection to the body preserves idempotents, and hence the unit element
e; of A; is a sum of the basis idempotents f;. But then » < s. On the other hand, A; x - x A,
contains 7 independent idempotents, hence 7 > s and thus r = s. Clearly, k C A; for all i, and if
A, is contained in a product k X - - - x k, then A; must be contained in one of the factors; otherwise
the 1 of A; cannot be a zerodivisor of the 1’s of the all the other A;, j # i. O

Proposition 5.3.5. Let A be a Noetherian geometric superring and let M be a finitely generated
A-module. Then M is a finite-dimensional super vector space over A, say of dimension plg, and if
€ls...,Eptq 15 a standard basis of M, then the preimages of the e; in M generate M.

Note that with a standard basis we mean that for 1 < ¢ < p the e; are even and for p+1 < j <
p + ¢ the e; are odd.

Proof. We denote the preimages of the e; in M by the same symbol. For x € M we can find
a; € A such that z — Zl ae; € JM. Call N the submodule of M generated by the e;, so that
M = N+ JaM. Then it follows that J4(M/N) = M/N. Since each element of J4 is nilpotent and
J 4 is finitely generated, there exists an integer s such that (J4)° = 0. Combining these observations
we conclude that M/N = (Ja)*M/N = 0. O

5.4 Superschemes

5.4.1 The affine superscheme

Let A = Ag® Az be a superring. We know there is an inclusion preserving one-to-one correspondence
between the prime ideals in A and the prime ideals in A. Now consider Aj as a commutative ring. It
has an ideal A%, which is contained in all prime ideals. Furthermore, we have A 2 Ag /A% so that we
conclude that there is an inclusion preserving one-to-one correspondence between the prime ideals
of Az and A. We use this fact to associate a topological space to each superring. This topological
space we equip with a sheaf of superrings. The result is called an affine superscheme and a general
superscheme has to look locally like an affine superscheme. The presentation below is very similar
to the usual expositions of the construction of the spectrum of a commutative ring. Therefore the
discussion will be rather short and some proofs are omitted. All omitted proofs for the commutative
case can be found in the textbooks [54,55] and can be copied almost literally for the super case.
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The topological space

For any commutative ring R, we denote Spec(R) the topological space of prime ideals. The topology
is defined by prescribing the closed sets. The closed sets of Spec(R) are the sets

V(a)={p € Spec(R) | p D a}, (5.11)

where a is any ideal in R. If a is generated by a single element f € R, we also write V(f) for V' (a).
One easily checks that V(a) UV (b) = V(ab) = V(anb) and V(3_,a;) =), V(a;), so that the
closed sets V(a) indeed define a topology. For any f € R we define the principal open set D(f) by

D(f) = {p € Spec(R) | f ¢ p} . (5.12)

Equivalently, we can define D(f) as the complement of V'(f). If J is any ideal in R that is contained
in the nilradical of R, then the projection 7 : R — R/J induces a continuous map

7’ : Spec(R/J) — Spec(R), ' (p)=7n""(p). (5.13)

As J is contained in the nilradical, the map 7’ is a bijection and one easily checks that its in-
verse, which sends q € Spec(R) to qmodJ € Spec(R/J), is continuous. Hence 7’ is in fact a
homeomorphism. Thus for any superring A there is a homeomorphism of topological spaces:

Spec(A) = Spec(Ap), (5.14)
induced by the projection Ay — A = Ag /A% To any superring A we now associate the topological
space Spec(Ag) and call it the spectrum of A. For convenience, we mostly work with the description
of the spectrum of A as the topological space of prime ideals of Ag, although describing the spectrum
as the prime ideals of A is equivalent. The following lemma gives some properties of the principal
open sets on Spec(A4g):

Lemma 5.4.1. Let A be a superring, then we have:

(i) If F = {fi | i €I} is a set of elements of Ag, then |J,c; D(fi) = Spec(Ap) if and only if the
ideal generated by the f; is A. Thus, the principal open sets D(f;) cover Spec(Ag) if and
only if there are finitely many fi,,..., fi, in F and finitely many ai,...,ar € A such that

k
1= E]:l ajfij'

(ii) D(a) C D(b) if and only if V(b) C V(a) if and only if /a C v/b. In particular, D(f) C D(g)
if and only if f € \/9g.

(iii) D(f)ND(g) = D(fg).
(iv) 1f D(f) = D(g), then A; = A,.
(v) The principal open sets form a basis of the topology.

Proof. (i): The functions f; generate Ay in Ay if and only if they generate A in A. Hence we are
back in the commutative case. (i7): The first equivalence is trivial. For the second; V(b) C V (a) if
and only if any prime ideal that contains b also contains a. But /a is the intersection of the prime
ideals that contain a. (4i7): A prime ideal p does not contain f and g if and only if it does not
contain fg. (iv): By (i) there are a,b € A and integers m,n such that /™ = ag and g™ = bf. We
have a natural morphism A; — A, that maps ¢/f° to ¢b®/¢g™° and a natural morphism A, — Ay
that maps d/g* to da®/f™. Since f™" = a™bf and ab™g = g™, these maps are isomorphisms. (v):
Any open set U is the complement of a set V(a) for some Zo-graded ideal in A. This complement
is not empty if there exists an even a € a that is not contained in some prime ideal p. Then
D(a) CU. O
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The sheaf

We now equip the topological space Spec(Ag) with a sheaf O of superrings, such that the stalks
are local rings. In this way, Spec(Ag) becomes a locally superringed space. First we describe some
properties that we want the sheaf to have. Then we define the sheaf and state as a proposition that
the sheaf indeed has the desired properties.

The stalk at p of the sheaf O is defined as the inductive limit li_n)lpeU O(U), denoted O, and

we want it to be A,. This is in analogy with the case for commutative rings. Also, if we have a
morphism of superrings 1) : A — B, then for any prime ideal q of B, the preimage ¢~ !(p) is a prime
ideal of A and we have an induced morphism ¥y : Ay-1(,) — By.

On the principal open sets D(f) we want that O(D(f)) = Ay. We thus only allow even f for
the principal open sets. If D(f) C D(g) then f™ = ag for some a € A, from which we conclude
that there is a natural morphism A, — A¢ given by

b a™b

(5.15)

The map A, — Ay is well-defined and does not depend on the choice of the exponent n and the
element a. If we have inclusions D(f) C D(g) C D(h), then one easily checks that the following
diagram commutes:

Ap - Ay
(5.16)

Ay

Furthermore, if D(f) = D(g), then by lemma 5.4.1 we have Ay = A,. The assignment D(f) —
Ay therefore defines a presheaf on the principal open sets. The following lemma shows that the
assignment in fact gives a sheaf on the principal open sets:

Lemma 5.4.2. Suppose D(f) = D(f1)U...UD(fx).
(i) If s € Ay goes to zero for all maps Ay — Ay,, then s =0 in Ay.

(i) If a set of elements s; € Ay, is given, such that s; and s; have the same image in Ay, g, for
all 1 <1, <k, then there is an element s € Ay that has image s; in Ay, for all 7.

Proof. As D(f) = Spec(Ay) it is sufficient to prove the lemma for f = 1. For (¢): s goes to zero in
Ay, if and only if there is an integer N such that f¥s =0 for all i. But as the D(f;) form a cover,
there is a relation 1 = fia; + ...+ frar. But then s = 1s = (fia1 + ... + frax)V¥s = 0. For (ii):
We can write s; = a;/f* for some n and some a; € A. That the images of s; and s; agree in Ay, £
means that a; f]'/(fif;)" = a; f'/(fif;)". But then there is an integer m such that

(fif,)™ (aifjn - ajfi") =0, foralli,j. (5.17)

We define b; = a;f™ and write s; = b;/f™. Then eqn.(5.17) reads bif;”m = b; f{*™. From
Spec(Ag) = UD(fi) = UD(f**™) we infer that there is a relation 1 = Y, ¢; f*™ for some even c;.
Define s = ), ¢;b;, then as sfi"+m = b; we see that the image of s in Ay, is s;. O

With these preliminaries we can give the general definition of the sheaf on Spec(4g). To check
that it is really a sheaf is then further an exercise in dealing with sheaves and can be found in the
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textbooks [55] and [54]. On an arbitrary open set U C Spec(A4g) we define O(U) as follows: O(U)
is the superring of all functions s : U — HpeU Ap, s:p— sp, such that s, € Ay and for all p in U
there exists an open neighborhood V' of p and elements a € A and f € Ag, with f ¢ g for allq € V,
such that sq equals the image of a/f in A4 for all ¢ € V. As the principal sets form a basis of the
topology, we may in fact always assume that V' = D(f). We call the sheaf O associated to A the
structure sheaf of Spec(A4). We now state that the given definition of the structure sheaf O has the
required properties:

Proposition 5.4.3. Let A be a superring and let O be the sheaf of superrings on Spec(Ag) defined
above. Then

(i) On the principal open sets we have O(D(f)) = Ay.
(i1) The stalk at p is A,.

Proof. We only indicate the proof and refer for the details to [54,55]. (¢) is proved in 5.4.2(i7). For
(i1): the principal open sets are a basis for the topology and hence in calculating the inductive limit

h_n}lpg] O(U) we can take the limit over the principal open sets. If f € /g, we have a morphism

Ay — Ay, which we use to construct the direct system (A — Ay : f,g ¢ p, and f € |/g); the limit
of this direct system is then the stalk at p. But the map

p:limAr — Ay, gngAp, (5.18)
févp f !
is an isomorphism of superrings by proposition 5.1.12. |

From proposition 5.4.3 we see that the stalks are local rings, and the global sections are the
elements of A.

If p is a prime ideal in A and s is a section that is defined in some open neighborhood U of p,
then we write s, for the image of s in A,. The ‘function value’ of s in p is defined as the image
of sy in Ay /my, and is denoted s(p). All odd sections thus have zero value at any point, but as
sections they are not zero.

5.4.2 The general superscheme

To define the category of superschemes is then done in a similar way as the category of schemes is
constructed. We define a locally superringed space to be a pair (X, Ox), where X is a topological
space and Ox is a sheaf of superrings on X such that the stalks Ox , are local superrings for
all z € X. A morphism of locally superringed spaces (X,0x) — (Y,Oy) is a pair (p,1) with
¢ : X — Y a continuous map and ¢ a set of morphisms ¢y : Oy (U) — Ox (¢~ 1(U)) for all open
sets U C Y satisfying the following two conditions: (i) The vy are compatible with restrictions,
that is, for all inclusions V' C U C Y the following diagram commutes

YU

Oy (U) Ox(p~'(U))

(5.19)

v

Oy (V) Ox (™' (V)

In diagram (5.19) the vertical arrows are the restriction maps. (i¢): Because of the compatibility
of the morphisms ¢, there is an induced morphism on the stalks 9, : Oy ,(») — Ox 2, which we
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require to be a local morphism. That is, if m,,) is the maximal ideal of Oy ,(,) and m, is the
maximal ideal of Ox , then 1, (my () C Mg, or equivalently, ¢z (Mmg) = My(y).

Definition 5.4.4. Let X be a topological space with a sheaf Ox of local superrings. We say that
(X,0x) is a superscheme if for each point x € X there is an open neighborhood U of = such
that the topological space U equipped with the restriction of the sheaf Ox to U is isomorphic as a
locally superringed space to an affine superscheme Spec(Ag) with its sheaf of superrings. If (X, Ox)
and (Y,Oy) are two superschemes then a morphism of superschemes is a morphism f = (o, %) :
(X,0x) — (Y,0Oy) of locally superringed spaces.

It follows from the definition that for a superring A, the topological space X = Spec(4g)
equipped with the sheaf of superrings O : D(f) — A; defines a superscheme. We denote Ssch the
category of superschemes. For a superring A, we also write Spec(A) for the superscheme constructed
from A.

Proposition 5.4.5. Let (X,Ox) be a superscheme and let A be a superring. Denote (Y, Oy) the
superscheme associated to the spectrum of A. Then the natural morphism

I: Hoisch((X; Ox>, (Y, Oy)) — HOIIlsRng (A, OX (X)) (520)
that sends a morphism of superschemes f = (p, 1) to the morphism of superrings ¥y : A — Ox(X),
s a bijection.

Proof. First we show that T is injective. Let f = (¢, ) be a morphism and let T'(f) : A — Ox(X)
be the map on global sections. For any z € X the image o(z) is recovered by

p(x) = {a € Al ape) € My
={a€ Al ts(ayum) € my} (5.21)
={a€ Al (Wx(a))s € ms} .
Indeed, the first equality follows from the fact that for any prime ideal p C A the kernel of the
map A — A, — A,/m, is precisely p. The second equality follows from the fact that ¢, is a local

morphism. The third equality follows since 1 is compatible with restrictions to any open subset in
X, so that the following diagram commutes

Px

A=0y(Y) Ox(X)

(5.22)

Ap@) = Oy f(a) Ox .z

ta

Thus the continuous map ¢ : X — Y is uniquely determined by ¢»x = I'(f). To show that the
maps Yy for open sets U C Y are uniquely determined by 1 x as well, we only need to check this
on a basis of the topology, which is given by the principal open sets D(g), for an even element g of
A. Consider the following diagram:

A= 0y (Y) vx

Ox(X)
(5.23)

A9 =Ov.p(g) ~=------- > Ox.o=1(D(9))
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The map vp(g) is the unique morphism A, — Ox (¢~ '(D(g))) that makes the diagram com-
mutative. Indeed, the image of the elements in the multiplicative set generated by ¢ under the
composition 4 — Ox(X) — Ox(¢~1(D(g))) is contained in the set of invertible elements of
Ox(¢7'(D(g))). But then there is one unique morphism A, — Ox (o~ *(D(g))) such that the
diagram commutes by the universal property of the localized superring A, (see proposition 5.1.1).
Thus the map I' is injective.

To prove surjectivity of T', we first assume X = Spec(B) for some superring B and that a
morphism of superrings x : A — B is given. As alluded before, this induces a morphism x; :
Ay-1(py — By for any prime ideal p C B. By the above, we know that there is only one possible
continuous map ¢ : X — Y, which is easily seen to be ¢(p) = x~!(p) for any prime ideal p C B.
The map ¢ is then continuous since for any principal open subset D(g) C Y we have

¢~ (D(g9)) = {p C B,prime ideal | g ¢ x " (p) }
= {p C B,prime ideal | x(g) ¢ p} (5.24)
=D(x(9))-

As the D(g) are a basis, ¢ is continuous. Since ¢~(D(g)) = D(x(g)) we immediately see that on
the principal open subsets we can define ¢p(4) by the morphism

Upg) = Xg: Ag = Byg)s (5.25)

The map v¥p(y) is then compatible with restrictions: Let D(h) C D(g), then A" = vg for some
v € Ag and x(h)” = x(v)x(g9). Thus we have maps A, — Aj, sending a/¢g” to av” /A" and
By(g) = By(n) sending b/x(g)" to bx(v)"/x(h)"". Then the following diagram commutes:

¥D(q)
Ag Bx(g)

(5.26)

A YD (h) BX(h)

For any prime ideal p in B, we then consider the compositions A, — B,(,) — By, where g runs
over all the even elements of A with x(g) ¢ p. As the diagram (5.26) commutes, there is a unique
morphism A, -1(,) — By, which is the induced morphism on the stalks ¢,. We see that 1, maps a /g
to x(a)/x(g) for any g ¢ ¢~ '(p). Thus ¢ coincides with the natural morphism xy, : Ay-1¢,) — By
and we see that 1), is local. The maps 1y for open U C Y thus combine with ¢ to give a morphism
f = (p, ) of superschemes and on the global sections we see that ¥x = x.

Assuming surjectivity of I' for affine superschemes, let (X, Ox) be any superscheme. We can
cover X by affine superscheme (X,,Ox_ ), where Ox_ is the restriction of Ox to X,. For any
X : A — Ox(X) define y, as the composition of x with the restriction morphism Ox(X) —
Ox,.(Xa) = Ox(X,). Then there are morphisms f, = (Y, Vo) With ¥, (Xa) = Xo- The following
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diagram commutes due to the definition of y,:

A Xo Ox(X,)
P To e
Xp Ox(X) : (5.27)
B
Ox (Xp) o Ox(XaNXp)

where 74, 78, Ta,ap and rg s are the restriction morphisms. Hence, we have two morphisms of
superschemes f,, fg from (Xo N Xp, Ox, nx,) to (Spec(A), Ogpec(a)) that give the same morphism
of superrings A — Ox (X, N X3). But the map T is injective and therefore on the intersections
Xqo N X the morphisms f, agree. We can thus glue the f, together to form a morphism f :
(X,Ox)H(Y,Oy). O

The following two corollaries are immediate:
Corollary 5.4.6. The object Spec(Z) is terminal in the category of superschemes.

Corollary 5.4.7. The category of affine superschemes is contravariant equivalent to the category
of superrings.

An important example of an affine superscheme is the space AZ‘W, which is defined as Spec( A, |,)
where Ay, = k[21,..., 2001, ., U]
Another way of formulating proposition 5.4.5 is as follows:

Theorem 5.4.8. Let (X, Ox) be any affine superscheme and let A be a superring. Any morphism
of superschemes X — Spec(A) factors over Spec(Ox(X)):

X Spec(A)

(5.28)

Spec(Ox (X))

Remark 5.4.9. Having developed the notion of superschemes so far, one can go on and define
closed sub superschemes, closed immersions, open sub superschemes, and so on. We do not follow
this route, since this is merely scheme- or sheaf-theoretic and has less to do with special properties
of superrings. We refer to [54-56] for the development of these scheme-theoretic notions in the
usual algebro-geometric setting. We content ourselves with indicating that fibred products exist in
the category of superschemes. The scheme-theoretic notions that we will need are defined on the
way. We follow [55].

Definition 5.4.10. Let S = (Z,0yz) be a superscheme. We say a superscheme T = (X,0x) is a
superscheme over S if there is a morphism of superschemes f : T — S. We call f the structural
morphism. If T = (Y,Oy) is another superscheme over S with structural morphism f': T — S,
we define a morphism as a morphism of superschemes g : T — T’ such that f'og = f.
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Note that the superschemes over a fixed superscheme S form a category. We want to prove the
existence of the fibred product in this category, which is defined as follows:

Definition 5.4.11. Let T = (X,0x) and T’ = (Y,Oy) be superschemes over S with structural
morphisms f : T — S and ' : T' — S, then the fibred product of T and T’ over S is a superscheme
W over S with structural morphism g : W — S and morphisms p: W — T and p' : W — T’ such
that the following diagram commutes

w P T

o g 5, (5.29)

T’ - S

and if Z is any superscheme over S with maps q: Z — T and q¢' : Z — T’ such that foq= f'oq,
then there is a unique morphism h : Z — W such that poh = q and p’ oh =¢'. We call p and p'
the projections on to X and X' respectively.

Remark 5.4.12. If T = (X, Ox) is a superscheme over S with structural morphism f: T — S,
we will often simply write X for T' and omit the mention of the structural morphism. If X,Y are
superschemes over S, we write X X g Y for the fibred product of X and Y over S.

If U is an open subspace of X, then the restriction of the structure sheaf of X to U makes
U in a superscheme, such that for all u € U the stalk of Oy at u is the same as the stalk of
Ox at u. We call U an open sub superscheme. The inclusion of U in X defines a morphism of
superschemes, which, as one easily verifies, is a monomorphism in the category of superschemes.
Note that by a monomorphism is meant a morphism A : X — Y such that if f,¢g: W — X are two
morphisms such that ho f = hog then f = g. A word on notation: if f : X — Y is a morphism of
superschemes and V is an open subset of Y, then with f~!(V) we mean the superscheme defined
by the topological space f~(V) with the structure sheaf given by the restriction of the structure
sheaf of X to f=1(V).

Lemma 5.4.13. If X = Spec(A) and Y = Spec(B) are superschemes over S = Spec(C) then the
fibred product X xgY exists and is isomorphic to Spec(A ®¢ B).

Proof. This follows from the (dual) universal property of the tensor product in the category of
C-modules and theorem 5.4.8. O

If U is an open sub superscheme of a superscheme X over S, then U is also a superscheme over
S, where the structural morphism U — S is the restriction of the structural morphism X — S to
U.

Lemma 5.4.14. Suppose that the fibred product X xgY exists and write p: X xgY — X for the
projection to X. If U is an open subset of X, then p~(U) is isomorphic to U xg Y.

Proof. The proof is purely diagram manipulating: Writez : X — Sandy : Y — S for the structural
morphisms, the restriction of x to U we also denote by z. Suppose f : Z - U and g: Z — Y
are morphisms such that x o f = y o ¢g. Then there is a unique morphism h : Z — X xg Y, such
that po h = f. Hence h(Z) C p~*(U), the morphism h factors over ' : Z — p~1(U) as h =1ioh/,
where i : p~1(U) — X xg Y is the canonical injection. As i is a monomorphism, the morphism A’
is unique. Hence p~1(U) has the required universal property of the fibred product. O
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Lemma 5.4.15. Let X and Y be superschemes over S. Let {X;} be a set of open sub superschemes
of X such that the X; cover X. If all fibred products X; xgY ewist, then X XgY exists.

Proof. Denote p; : X; xsY — X, the projection to X;. Write U;; = pi_l(Xi N X;), then U;; and
Uj; are by the previous lemma 5.4.14 the fibred product isomorphic to (X; N X;) xsY. Hence we
have an isomorphism U;; = Uj; and we write ¢;; : U;; — Uj; for the isomorphism. By the same
reasoning, the open sub superschemes p{l(XiﬁXj NXk), p}l(Xi NX;NXy) and plzl(Xi NX;NXy)
are isomorphic. It follows by the uniqueness of the isomorphisms that the restrictions of ¢;; and of
@i © ¢i; to Uy N Uy, are the same. Hence we can glue the X; xg Y together to a superscheme W
(see for example [56, Corollary 1.14]). We have morphisms ¢ : W — Y and p : W — X by gluing
the projections X; xgY — Y and X; xgY — X, together.

Now suppose f: Z — X and g : Z — Y are morphisms such that zo f = yog, wherexz : X — §
and y : Y — S are the structural morphisms. We write Z; = f~1(X;) and find unique morphisms
h; : Z; — X; xg Y. By construction of W, the h; glue together to a morphism h : Z — W. The
morphism A is uniquely determined by the h;. Hence W has the required universal property. [

Theorem 5.4.16. Let X and Y be superschemes over S. Then the fibred product X xXgY exists.

Proof. Let {X;} and {Y,} be affine coverings of X and Y respectively. If S is affine, we can apply
lemma 5.4.15 to conclude that X xg Y, exists, and thus we apply lemma 5.4.15 again to conclude
that X xg Y exists.

Now suppose S is arbitrary. Cover S by open affine sub superschemes {S;}. Let X; = 271(S;)
and Y; = y~1(S;) where z : X — S and y : Y — S are the structural morphisms. We know that
the fibred products X; xg, Y; exist. One easily sees that X; xg, ¥; =2 X, xg Y. Applying again
lemma 5.4.15 proves the theorem. [l

5.4.3 The underlying scheme

Let X be a superscheme with structure sheaf Ox. We define the underlying scheme X of X to
have the same underlying topological space as X, but with the sheaf such that the stalk at z € X
is Ox , = Ox 5. Consider the presheaf defined by the assignment U +— Ox (U) for each open set
U. This is indeed a presheaf: By the commutativity of diagram (3.2) of section 3.1 we have for
each open inclusion U C V' C X a unique induced restriction res’ : Ox (V) — Ox (U) such that the
following diagram commutes

Tes

Ox(V)

Ox(U)

; (5.30)

Ox(V) Ox(U)

’
Tes

where the horizontal arrows are the restrictions and the vertical arrows are the projections to the
body. Thus we have a presheaf and the stalk at € X of this presheaf is indeed Ox ;. If the sheaf
Ox , consists of split superrings, one easily verifies that this presheaf is a sheaf. In the general
case, we define the sheaf Oy to be the sheafification of this presheaf. By construction we have a
morphism X — X that ‘embeds’ the underlying scheme into the superscheme X.

Theorem 5.4.17. Let f : X — Y be a morphism of superschemes and let X and ?_ be the
underlying schemes of X and 'Y respectively. Then there is a unique morphism of schemes f : X —
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Y such that the following diagram commutes

X Y

(5.31)

X - Y
f

Proof. Let f : X — Y denote the morphism of topological spaces and let ¢y : Oy (U) —
Ox(f~1(U)) be the morphism on sections over U for any open U C Y. Then we have an in-
duced morphism on the stalks ¢, : Oy fu) — Ox . We define f as follows: as a morphism of
topological spaces, we take the same as f. On the sections we define ¢y via the stalks. For each
r € X and a € Oy p(,) we define ¢,(a) = ¢,(a). This is required by the commutativity of 5.31
and fixes the morphisms ¢y : Oy (U) — Ox(f~H(U)). Indeed, if 7 € Oy (U) for some open set
U C Y, we need to define ¢y (7) as the function that sends p € f=1(U) to @, (7¢(p)). In this way we
automatically have compatibility with restrictions and thus we have a morphism of ringed spaces.
Now let m; and my(,) be the maximal ideals of Ox , and Oy, () respectively, then by definition
of @, we have @, (ms(y)) C my. O

5.4.4 Projective superschemes

We say a superring A is a Z-graded superring if A is a direct sum A = @,., A; of abelian groups
such that (4;); = Ag N Ai, (4:)1 = A7 N A; and the multiplication map satisfies 4;4; C A;4;.
We say an element a of A is homogeneous if it lies in some A; 5 or A; 7. We call an element Z-
homogeneous if it lies in some A;. We write deg(a) for the Z-degree of a Z-homogeneous element
of A. An ideal a C A is called homogeneous if for any element a € a also all its homogeneous
components a;5 € A;5 and a;7 € A;1 lie in a. Intersection, sum and product of homogeneous
ideals are again homogeneous and an ideal is homogeneous if and only if it can be generated by
homogeneous elements. A homogeneous ideal p is prime if and only if for any homogeneous a,a’ € A
that are not in p also aa’ ¢ p. We denote A, the homogeneous ideal given by Ay = @,~; Ai.

We want to associate a topological space to a Z-graded superring. Following for example [55]
we define Proj(A) to be the set of homogeneous prime ideals in A that do not contain A,. We
give Proj(A) the topology defined by the closed sets V(a) = {p € Proj(A) | p D a}, where a is any
homogeneous ideal in A. As in the affine case, one easily checks that this indeed defines a topology.
For any even homogeneous f € A, we define the principal open subset D (f) to be the subset of
Proj(A) of the homogeneous prime ideals p that do not contain f. As in the affine case, the set
D4 (f) is the complement of V(f) and the set of all Dy (f), where f runs over all homogeneous
even elements of A, forms a basis of the topology. Indeed, if V(a) is a closed subset, we choose
a € agN Ay, then D4 (a) lies in the complement of V(a).

Let {fi € AL NAg|i€ I} be a set of even Z-homogeneous elements in A} such that the f;
generate A, . Then we have Proj(A) = |J;c; D+ (fi), since if p is a homogeneous prime ideal not in
the union, it contains all the f; and thus A, which is impossible. The converse need not hold. A
counterexample is provided by the commutative Z-graded ring A = k[x,y]/(y?), where Ag = k and
the Z-degrees of x and y are both 1. Then Proj(A) contains only the element p = (y): Suppose a
homogeneous prime ideal p contains f = ™ + Az™ 1y for some )\ € k. Since y € p it follows that
™ € p. But then we need that z € p and it follows that Ay = (x,y) C p, which is impossible by the
definition of Proj(A). But then D, (z) is an open subset of Proj(A) that covers Proj(A). However,
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x does not generate A, . The following lemma does give a sufficient and necessary condition for a
set of even Z-homogeneous elements to give rise to a covering of Proj(A):

Lemma 5.4.18. Let {f; | i € I} be a set of even Z-homogeneous elements in A,.. Then J;c; Dy (f:)
Proj(A) if and only if the radical ideal of the ideal (f; :i € I) contains Ay.

Proof. Suppose that the radical ideal of (f; : ¢ € I) contains A;. Then any homogeneous prime
ideal p not contained in the union J;c; D4 (f;) must contain (f; : i € I) and therefore also the
radical of (f; : @ € I). But then p D A4, and thus p does not correspond to a point in Proj(A).
For the converse, suppose that the radical ideal of (f; : ¢ € I) does not contain A;. Then there is
a homogeneous a such that no power of a lies in (f; : ¢ € I). Consider the set Q of homogeneous
ideals that contain (f; : ¢ € I) but do not contain any power of a. Then  is not empty as
(fi 1€ I) e Q and Q can be partially ordered by inclusion. If {I,} is some totally ordered
subset of Q, then J, I, is homogeneous, contains (f; : ¢ € I) and does not contain any power
of a. By Zorn, there is a maximal element m € . Suppose, that there are xz,y ¢ m that are
homogeneous and that zy € m. Then the homogeneous ideals (m,z) and (m,y) both properly
contain m and thus contain some power of a. There are thus r,s,r’,s’ € A and m,m’ € m such
that a* = (rz + sm) and o' = (r'y + s'm’) for some positive integers k,l. It follows then that
a**7 = (rz+sm)(r'y + s'm’) € m, which is a contradiction; hence no such x and y exist. Therefore
m is a prime ideal. Since a ¢ m, m does not contain A;. But then m corresponds to a point in
Proj(A) not contained in the union (J,.; D+ (fi). Hence the D (f;) do not cover Proj(A). O

If S is a multiplicative set in A that only contains even Z-homogeneous elements, then the
localization S~™!'A has a natural Z-grading and is again a superring: For homogeneous a we define
the Z-grading of a/s to be the Z-degree of a minus the Z-degree of s and we call a/s even (resp.
odd) if a is even (resp. odd). The sub superring of all elements of Z-degree zero we denote (S~1A)o.
This is again a superring and all elements are of the form a/s for some Z-homogeneous a € A with
Z-degree equal to the Z-degree of s. In the case where S C Ao, one easily sees that (S71A)g is
naturally isomorphic to the superring obtained by localizing Ay with respect to S. If S is the
multiplicative set generated by an even Z-homogeneous element f, then we write As for (S “L1A),.

Lemma 5.4.19. Let S be a multiplicative set of A that only contains even Z-homogeneous elements.
Let T be a multiplicative set inside (S~'A)qg that only contains even elements. Consider the set T
of even elements t € A such that t/s € T' for some s € S. Then T is a multiplicative set inside A
that only contains even Z-homogeneous elements and

(T~ Y (S™TA)o = ((T'S)*A) . (5.32)

Proof. We denote the elements of (T")~1(S71A)g by (a/s,t/z), where a/s € (S~1A)g and t/z € T".
All elements of (T")~1(S~1A)q are of the form (a/s,t/z), with deg(a) = deg(s), deg(z) = deg(z)
andt € T.

We define a map ¢ : (T")"H(S71A)g — ((T'S)"tA)o by

p:(a/s,t/z) — g . (5.33)
It is easily checked that ¢ is a well-defined map and preserves the Zs-grading. Furthermore, we
see that ¢(z) + ¢(y) = ¢(x +y) and p(zy) = p(x)e(y) for all z,y € (T")"1(S71A)g. Therefore
¢ is a morphism of superrings. Suppose ¢((a/s,t/z)) = 0, then there are s’ € S and ¢’ € T so
that s't’az = 0 in A. But (a/s,t/z) is zero in (T")"1(S71A)o if and only if there are s” and t”
in S and T respectively, such that s”t"a = 0. It follows that Ker(¢) = 0. To prove surjectivity,
let £ € ((ST)"'(A))o be given with s € S and ¢ € T. It follows that deg(a) = deg(s) + deg(t).
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As t € T, there is an s’ with deg(s’) = deg(t) such that s/t € T'. The element (a/ss’,t/s’) of
(T")~1(S71A)g is thus well-defined and

as’ a

~—. 5.34
tss’ st ( )

¢ :(a/ss' t)s") —
O

Lemma 5.4.20. Let f be an even Z-homogeneous element of nonzero Z-degree. Then the map
¢ : Dy (f) — Spec(A(y)) given by o(p) = (pAy)o is a homeomorphism.

Proof. We define an inverse morphism as follows: suppose q is a prime ideal in Ay, define 1(q)
as the set of all elements that are sums of Z-homogeneous elements y for which there exist integers
m,n with ™/ f™ € q. Then v(q) is by construction homogeneous, does not contain f and contains
all odd elements. We thus need to show that ¢(q) is an ideal and is prime. Suppose z,y € ¥(q)
and x,y are homogeneous. If x,y do not have the same Z-degree, then by definition x + y lies in
¥(q). If z and y have the same Z-degree and the integers a, b, ¢, d are such that z/f° and y°/f¢
lie in g, then it follows that ad = bc. Thus z%¢/f% € q and y*¢/f* € q, from which we deduce
(z+1y)22¢/ ¢ € g so that = +y € ¥(q). If a € A is homogeneous and x is a homogeneous element
in ¥(q) with 2™/f™ € q, then (rz)mdee(f)/fndee(") ¢ q from which we conclude that rz € 1(q).
Now suppose z,y € A are homogeneous such that zy € 1(q), so that there are positive integers
m,n with z = 2"y"/f™ € q. Then ndeg(x) +ndeg(y) = mdeg(f) and raising z to the power deg(f)
gives

gndes(f) yndeg(f)

fndeg(ac) fndeg(y) €4q, (535)

from which we conclude that v (q) is a prime ideal. It is furthermore straightforward to check that
¥(p(p)) = p for any homogeneous prime ideal p in D (f) and that ¢((q)) = q for any prime ideal
q in A(f)

One easily verifies that p € D, (f) contains the homogeneous even element g € A if and only
if p(p) contains h = gdeeld)/fdeel) e A ;). Thus o(V(g) N Dy(f)) C V(h) and ¢~ (V(h)) C
V(g) N D4 (f). But then we must have equalities and thus ¢ is continuous and sends open sets to
open sets. Since we already proved ¢ is a bijection, ¢ is a homeomorphism. O

Corollary 5.4.21. Let f be an even Z-homogeneous element of nonzero Z-degree. There is a
one-to-one correspondence between the homogeneous prime ideals of Ay and the prime ideals of

Acp)-

Proof. There is a one-to-one correspondence between the prime ideals in A not containing f and
the prime ideals in Ay. It is easily seen that this correspondence preserves the Z-grading. [l

For any prime ideal p not containing Ay, consider the multiplicative set S of all even Z-
homogeneous elements of A that are not in p. Then the localization S~!A is a Z-graded superring
and contains a sub superring of elements of Z-degree zero. We define A, to be this sub superring
of elements of Z-degree zero. It is easily seen that this again defines a superring. We then obtain a
sheaf O on Proj(A) as follows: for any open set U C Proj(A) we define O(U) to be the superring
of all functions s : U — A, such that the image s, of p € U under s lies in A(,) and such that for
all p € U there is an open neighborhood V' C U containing p for which there are Z-homogeneous
a € Aand f € Ap of the same Z-degree and f ¢ q for all ¢ € V, such that sq coincides with the
image of a/f in A(q) for all g € V. We call O the structure sheaf of Proj(A4). We use the notation
(O, Proj(A)) for the topological space Proj(A) equipped with the sheaf of superrings O that we
just defined.
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Lemma 5.4.22. Let p € Proj(A), then the stalk of the sheaf O at p is Ay).

Proof. The stalk can be constructed as follows: Consider the set of all pairs (s,U), where U is an
open neighborhood of p and s € O(U). We define the pairs (s,U) and (¢,V) to be equivalent if
there is an open subset W contained in U and V such that the restrictions of s and t to W are
equivalent as elements in O(W). The equivalence classes of the pairs (s,U) can then be equipped
with the structure of a superring and the superring obtained in this way is the stalk O,.

By the very definition of the sheaf O on Spec(A) we can assume that for any element (s, U) € O,
the open set U is so large that s is given by a/g for some g ¢ p and a € A with equal degree. Then
there is an obvious morphism O, — A(,) that sends (a/g,U) to the element a/g in A(,y. This
implies that the map is well-defined. Clearly, it is surjective. To check injectivity, we assume (s, U)
is mapped to zero. We may then assume s = a/g for some g ¢ p. By assumption there is an even
element h € p such that ha = 0. But then the section s vanishes on U N D4 (h) and hence (s,U) is
zero in Oy. O

Proposition 5.4.23. Let f be an even homogeneous element of Ay. Then the restriction of the
structure sheaf O of A to D4 (f) makes D(f) into an affine superscheme, which is isomorphic to

Spec(A(yy).

Proof. By lemma 5.4.20 the topological spaces D, (f) and Spec(Ays)) are homeomorphic with the
homeomorphism ¢ : D1 (f) — Spec(A(y)) defined by o(p) = (pAy)o. From the proof of the same
lemma we know that (D4 (f) N D (g)) = D(gdel))/ fdesla)),

Call (X, Ox) the superringed space D, (f) with the sheaf Op,j4)[p, () and (Y, Oy) the super-
scheme of Spec(A(y)). Call S the multiplicative set of even Z-homogeneous in Ay not contained in
pAy for some homogeneous prime ideal p in D (f). By lemma 5.4.19 we have Oy, ) = (S™1Ay)o,
which is again isomorphic to A, since f € S. Therefore Ox , = Oy, ,(p) as superrings. But since
the stalks are local rings, the isomorphism must be a local morphism. Explicitly, the morphism is
given by xp : Oy,up) — Oxp, Xp 2 (a/ 7,9/ f") = aft/gf".

A principal open set D(g/f*) C Y is the spectrum of A, and thus we have an induced
morphism xp(g/ft) : Oy (D(g/f")) = Ox(D4(g9) N Dy (f)) given by (a/f",g/f") — af'/gf". But
then there is only one way to extend this to a morphism of sheaves. Suppose U is an open set of
Y and s is a section over U. Then we define yy(s) to be the morphism that sends p € ¢~ 1(U) to
Xp(84(p))- Then xp(s) is indeed a section of Ox (U) since if on V' C U the section s is given by
sq = (a/f",g/f") € Oy,q then we have xy(s) : p — aft/gf" € Ox, for all p € =1 (U). It is then
easily seen that the maps yy are compatible with restrictions and that the induced morphism on
the stalks is precisely the local morphism x,. As X, is an isomorphism, we have an isomorphism
of sheaves Ox = Oy and the proposition is proved. O

Corollary 5.4.24. For any Z-graded superring, Proj(A), together with its structure sheaf O of
superrings, s a superscheme.

We define the projective superspace ]P’Zlm to be Proj(A,41jm), where Ay, 41, = k[zo, ..., 2y |
91,...,9m]. The elements x; and ¥, we give Z-degree 1. The elements zg,...,z, define an
ideal whose radical is A4, and thus the subsets Dy (x;) provide a cover. One easily sees that

Dy (w;) 2 Spec(Ayjm) = Ap™.
5.5 Completion

Let A be a superring. We define a filtration of A to be a set of Zo-graded ideals F' = {ax}, >, with

F: A=ayDa;DazDdagDd---, (5.36)
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with a;a; C a;4;. The F-associated graded superring is given by
ng(A):A/a1®a1/a2®a2/a3®~~ . (537)

Addition is done componentwise and the rule for multiplication is given as follows: consider the two
elements z = 2’ mod a;41 € A /dmy1 and y = ¢y’ mod ag41 € ag/dags1 in grp(A), then we put zy =
'y’ mod a4 541- Since the a; are assumed to be Zs-graded, so is the A-module a; and hence also
aj/ax+1; this induces a componentwise Zo-grading on grp(A): grp(A); = (A/a1); ®(a1/as2); ® - - -,
where i € Zy. A particular example of a filtration of A is obtained by taking a; = a’ for some fixed
Zo-graded ideal a. We then call the filtration given by

A=ad"2>ada*D>a®* D, (5.38)

the a-adic filtration. The associated graded superring is then denoted gr,(A).

We define an inverse system of A-modules to be a set of A-modules M;, where i runs over some
directed partially ordered index set I, together with morphisms of A-modules f;; : M; — M; for
i > j satisfying f;r o fi; = fir and f;; = idps,. Recall that a partially ordered index set I is directed
if for any two 4, j € I thereis k € I with i, > k. We write (f;; : M; — M;); for the inverse system.
If T is clear from the context it will be omitted. To an inverse system X = (f;; : M; — M;); we
associate a category of cones. A cone over X is defined as an A-module C, called the apex of the
cone, together with maps ¢; : C' — M; for all j € I satisfying fij oc; = ¢; for all 4,5 € I. We
then write (C,¢;); for the cone with apex C' and morphisms ¢; : C' — M;. A morphism of cones
(Cyei)r — (D,d;)r is a morphism of A-modules g : C' — D such that ¢;0g = d;. We write Cone(X)
for the category of cones associated to X. See the figure in equation (5.39) for a sketch of the
situation:

Mj fij

M;

(5.39)

D

We call the terminal object in the category of cones associated to X the (inverse) limit of the
inverse system X. The terminal object consists of an A-module X, and a set of morphisms
T; » Xoo — M;. We write X, = liLDMi and we call the morphisms x; the projections from the
limit to the inverse system. The object X, is thus characterized by the following universal property:
there are morphisms x; : Xoo — M; satisfying fi; o z; = 2; and if C' is an A-module together with
morphisms ¢; : C — M; satisfying fi; o ¢; = ¢;, then there is a unique morphism of A-modules
h: X — C such that ¢; = x; o h. By the universal property, or equivalently by being a terminal
object in some category, the A-module X, is determined up to isomorphism.

A filtration F = {ai},~, in a superring A gives rise to an inverse system Xp := (4/a; —
Afa; : i > j): we have natural morphisms A/a; — A/a; if ¢ > j and if ¢ > j > k, then the
composite of A/a; — A/a; and A/a; — A/ai equals the morphism A/a;, — A/a,. The limit of
this inverse system is called the completion of A with respect to F' and is denoted A= @A/ a;.

If the filtration of F' is clear from the context, we simply call A the completion. An explicit
construction of A is as follows: We take the subset of [],(A/a;) that contains all the elements
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(a;mod a;); = (a1 moda;,azmodas,...) such that a; = ajmoda; for all ¢ > j. We can turn this
subset into a superring by defining the addition and the multiplication pointwise and the Zs-grading
we define by the rule that (a; moda;); is even (resp. odd) when all a; mod a; are even (resp. odd)
elements in A/a;. The superring obtained in this way has the universal property of A. Often when
we write (a; mod a;); we refer to this description of the completion A.

Proposition 5.5.1. Let A be a superring and F' = {ax};~ a filtration of A. Write A= lim A/ay.

Write py for the projections py : A — A/ay and denote ay, be the kernel of pi- Then A has a
filtration F': A = ag D a; D dg D ---. We have (1) a/ar41 = a/dr1, (2) A/ar = A/ay, (3)
grp(A) 2 grp(A), and (4) lim A/ay, = A.

Proof. Most is standard and can be found in for example [15,16]. We have morphisms of A-modules
Yk ¢ G — 0/0k41 sending x € ag to (xmod a;); mod ag41, which are surjective and with kernel
ag+1. The induced maps fi : ag/ar+1 — Gr/ar+1 are thus isomorphisms and can be combined
to form a morphism 1 : grp(A) — grp (/i), one easily checks that for homogeneous x and y we
have ¢ (xy) = 1 (x)¥(y). This proves (1) and (3). Assertion (2) can be seen by using the explicit
construction given above. To prove (4) we note that by (3) the systems (A4/a; — A/a; : j <i) and
(/i/ﬁi — A/a; : j <1i) are isomorphic, and hence the categories of cones are isomorphic. Then the
terminal objects are isomorphic too. O

Lemma 5.5.2. Let A be a superring and suppose A is filtered by a filtration F' = {a;},5, and by
a filtration G = {nj}j>0. If for all a; there is an n; with n; C a; and for all ny there is a; with
a; C ny then @A/ai = liLnA/nj.

Proof. Any cone (Z, f; : Z — A/a;) over the inverse system X := (A/a; — A/a;,i > j) gives rise to
a cone over Y := (A/n; — A/n;,i > j) and vice versa. Thus we get functors Cone(X) — Cone(Y)

and Cone(Y') — Cone(X) and these functors are inverse to each other. Hence Cone(X) and Cone(Y)
are isomorphic and thus the terminal objects are the isomorphic. O

A particular case, which will be of interest later when we prove the Cohen structure theorem in
section 5.12, is treated in the following theorem:

Theorem 5.5.3. Let A be a complete superring with respect to the p-adic filtration, where p is a
prime ideal. Then Ay is complete with respect to the pg-adic filtration.

Proof. Clearly we have (liLnA/pi)@ = lim Ag/ (p')g. But the right-hand side is isomorphic to
lim A5/ (pg)" since (p*)g C (pp)* and (pg)" C (p")g- O
Theorem 5.5.4. Let A be a Noetherian superring and F = {ar} .~ a filtration of A with aj, = Ik
for some Zy-graded ideal I. Then grp(A) is Noetherian. -

Proof. Since A is Noetherian I is finitely generated and A/T is Noetherian. But then if z1,..., 2,
are homogeneous generators of I, then the z; mod I generate grp(A) as an A/I-algebra and hence
grp(A) is Noetherian. O

If A is a superring with a filtration F' = {a} r>0 and completion A we have a canonical morphism
j:A— A mapping a € A to the element (amoda;,amodas,...) = (amoda;);. We call j the
canonical insertion of the completion with respect to F.

Lemma 5.5.5. Let A be a superring with filtration F = {ak}kzo and let A be the completion

/ih: lim A/ay, with the induced filtration F= {ak}yso and let j: A — A be the canonical insertion.
Then:
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(i) j(ax) C ay,
(i) j='(ar) = ax,
(iii) Ker(j) =Ny k-

Proof. By construction the morphism that sends a € A to amod a; in /Al/ﬁz- is surjective by 5.5.1.
This proves (i) and (i7). For (ii7): if a € Ker(j) then amod a; = 0 for all ¢, which means a € a; for
all 4. 0

Definition 5.5.6. Let A be a superring with filtration F' = {ay},~, and let A be the completion
A= lim A/ay, with the induced filtration F= {ak}pso and let j: A — A be the canonical insertion.
We say a superring is Hausdorff if Ker () = 0. We call a superring F-complete, or complete with
respect to F' if j : A — A is an isomorphism.

Corollary 5.5.7. Let A be a superring with a filtration F' = {a)} and let A be the completion with
respect to F'. Then A is complete and Hausdorff. A complete superring is Hausdorff.

Proof. The second statement follows from lemma 5.5.5 and the observation that (), a; = 0. By
5.5.1 we know that A is isomorphic to the limit of the inverse system (A/a; — A/a; : i > 7).
Denote ¢; : A — A/a; the canonical projection and p; : A = @A /a; the morphisms from the limit
into the inverse system. Omne checks that p; o j = ¢; and thus by the universal property, there is
a unique morphism k : QA/ a; — A such that ¢; o k = p;. Now we apply the universal property

again to conclude that j o k is the identity on @A/ a; and k o j is the identity on A. O

Proposition 5.5.8. Let A be a ring and suppose {ay},~, is a filtration with aj = m” for some

mazimal ideal m in A. Then A = lim A/ay is a local ring with mazimal ideal m.

Proof. Let x = (x;); ¢ m, then z1 # 0. But then no z; is zero. Then thus z; ¢ m- A/m’, but A/m’
is easily seen to be a local ring with maximal ideal m - A/m? (see the lemma 5.5.9 below) and thus
each x; is a unit. We write thus y; for the inverse of z; in A/m’, then from z; = z; modm’ for j <
follows that y; = y; mod m’ for j <i. [l

Lemma 5.5.9. Let A be a superring with mazimal ideal m and let n be a Zy-graded ideal such that
mP C n Cm for some integer k. Then A/n is a local ring with mazimal ideal m - A/n

Proof. Let x ¢ m- A/n, then x = amodn for some a ¢ m. Since m is maximal, there is b € A such
that ab = 1 — m for some m € m. Thus ab(1 +m +m? + ... +mF) = 1 4+ w for some w € m*. But
then b(1 +m +m? + ... +m¥*)modn is an inverse to x. O

Proposition 5.5.10. Let A be a superring and m a mazximal ideal. Then first localizing A with
respect to m and then completing with respect to the mazximal ideal mAy, of A yields a result
isomorphic to completing A directly with respect to m.

Proof. Follows at once from the assertion that A/m* 2 (4/m*),, for all positive integers k. The
assertion follows since all elements of A—m act as invertible maps on A/m*. That is, all homotheties
ls: A/mF — A/m* along s € A —m are invertible maps. Then the assertion follows from corollary
5.1.15. 0

Lemma 5.5.11. Let A, B be local rings with mazximal ideals m,n respectively and let ¢ : A — B be
a surjective morphism. If A is complete with respect to the m-adic filtration then m C ¢~ !(n).
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Proof. Choose s ¢ n and assume s € ¢(m). Then ¢(z) = s for some x € m. Since s is invertible,
there is t € B with st = 1 and since ¢ is surjective there is a y € A with ¢(y) = t. Hence p(zy) =1
and thus zy = 1+ 7 for some n € Ker(p) C m. But since A is complete, the element 1+ 7 is
invertible. Thus « is invertible, contradicting € m. Hence if s ¢ n, then s ¢ ¢(m). Thus p(m) C n,
which implies m C ¢~ 1(n). O

Hence we have proved:

Proposition 5.5.12. Let A, B be local rings with mazimal ideals m,n respectively and assume A is
complete with respect to the m-adic filtration. Then every surjective morphism ¢ : A — B is local.

See definition 4.1.26 for the definition of a local morphism.

Corollary 5.5.13. Let A, B be local rings with mazimal ideals m,n respectively and assume A
is complete with respect to the m-adic filtration. For a surjective morphism f : A — B we have

J(m) =n.

5.6 Complete rings and convergence

In this section we fix the following notation: A is a complete ring with respect to the filtration
F = {ak};>o, A is the completion A = lim A/ay with the induced filtration F' = {ax},, and
jiA— A is the canonical insertion, which is thus an isomorphism.

Lemma 5.6.1. We have j(ax) = ax and (,~q ax = 0.

Proof. Follows from lemma 5.5.5 and the fact that j is an isomorphism. O

Definition 5.6.2. Let {a;},~, be a sequence of elements of A. We say that the a; converge to
a € A if for all integers n there is an integer i, such that a — a; € a,, whenever [ > i,. We call the
sequence {a;},~, a Cauchy sequence if for each integer n there is an integer i, such that ar,—a; € a,
whenever k,l > iy,.

Lemma 5.6.3. Let {a;},~, be a sequence and suppose it converges to a and to b, then a = b.
Proof. The sequence {0 = a; — a;},~, converges to a —b, hence a—b € (), ar = 0. Hencea =b. O

Due to the lemma we call the unique element of A to which {a;},~, converges the limit and we
write lim; a; for the limit. A sequence that has a limit is called a converging sequence.

Lemma 5.6.4. Let {a;},~, and {b;},~, be sequences converging to a and b respectively. Then the
sequences {a; + b;},~q and {a;b;},~, are also converging and have limits a + b and ab respectively.

Proof. The proof follows directly from the identities: (a + b) — (a; + b;) = (a — a;) + (b — b;) and
ab—a;b; = (a—ai)bi +a(b—bi). O

Proposition 5.6.5. A sequence {a;};~ is converging if and only if it is a Cauchy sequence.

Proof. If a sequence converges then it is a Cauchy sequence since a; — a; = (a — a;) — (a — a;).
Conversely, let {a;},-, be a Cauchy sequence in A. Each a; is (represented by) a sequence a; =
((ai)k)x with (a;)x € A/ag. Let for each integer n be 4, such that a; — a; € a,, for all 4,5 > i,.
Then the limit of the sequence can be represented by the element ((a;, )1, (aiy)2,. . .). O

Corollary 5.6.6. Suppose {a;};~, is a sequence such that a; € a;, then with b; = ZZ:O a; we

obtain a converging sequence {bj}jzo.
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Proof. Indeed b; — by, € a; for k > j. O
Definition 5.6.7. With the premises of corollary 5.6.6, we call Y.~ a; = lim; b;.

An easy application of the above is the following result involving the geometric series in complete
superrings:

Lemma 5.6.8. Let a be an element of a1, then 1 — a is invertible in A.

Proof. The inverse is given by Y .2 a‘, which is a converging sum as a’ € a* C a;. O

5.7 Stable filtrations and the Artin—Rees lemma

This section is devoted to prove the Artin—Rees lemma. To state and prove the result, we don’t
need completions, but knowledge of filtrations and associated graded superrings. The Artin—Rees
lemma is used in section 5.11 to prove that the completion functor, which sends an A-module M
to the lim A/a’-module lim M/a’M, is exact.

Definition 5.7.1. Let A be a superring, a a Zs-graded ideal in A and F': M = My D My D M D
- a filtered A-module. We say F is a a-filtration if aM,, C M,+1. We say that F is a-stable if
there is an integer N such that aMy, = My41 for all k > N.

Let M be an A-module with an a-filtration F. As in section 5.5 we define an associated graded
module grp(M) by
gI‘F(M):M/Ml@Ml/MQEB... . (540)

The action of gr,(A) on grp(M) is defined as follows: a homogeneous element a mod a’™! in the
a’/a**! summand of gr,(A) sends the homogeneous element m mod M, in the M; /M, 1-summand
of grp(M) to the element ammod M4 11 in the M;4;/M;+ y1-summand of grp(M). This turns
grp(M) in a natural way into a gr,(A)-module.

Proposition 5.7.2. Let a be a Zso-graded ideal of the superring A and let F' be an a-stable filtration
of the A-module M ; F = {My},~, such that all the M, are finitely generated. Then grp(M) is a
finitely generated gr,(A)-module.

Proof. Suppose aM; = M;yq for all i > N, then a/a®(M;/M;y1) = M;11/M;i o for all i > N.
We can map the generators of M; into the M,;/M; 1-summand: taking all these images of the
generators of M; for j < N we obtain a set of generators for gry(M). O

Definition 5.7.3. Let A be a superring, a a Zso-graded ideal. Then we call the blow-up superalgebra
of A at a the superalgebra By A, where

BA=A®ada®d... =2 Alta] C A[t]. (5.41)

The addition and Zs-grading of B, A are defined componentwise and the multiplication is defined
as follows: for a,b in the a’-, respectively o’ -summand we define ab to be equal to element that is
ab in the a*ti-summand and zero in any other summand. For an A-module we define the blow-up
module in a to be the By A-module

BiM=MoSaM & a*M ... . (5.42)

The action of BaA on BoM is given by: an element a in the a*-summand of By A maps the element
m of the a/ M-summand of BaM to am in the o't M-summand of BaM. The Zy-grading and
addition are defined pointwise.
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Lemma 5.7.4. If A is Noetherian and a a Zs-graded ideal then By A is Noetherian.

Proof. Let z1,...,x, be a set of homogeneous generators of a, then 1 € A and z; € a generate B, A
as an A-algebra. Hence By A is Noetherian. O

Note that BqA/aBgA = gr (A).

Lemma 5.7.5. Let A be a superring, a a Zo-graded ideal and M a finitely-generated A-module. Let
F: MyD> My D--- be an a-filtration of M of with all My finitely generated. Then, F is a-stable
if and only if the BqA-module BoM := My & M, & ... is finitely generated.

Proof. Define N,, = @', M; and Mn =N, ®aM, ® a®>M,, ® ---. Each N, is finitely generated
over A and hence for each n, M, is a finitely generated B, A. Since By M is the union of all the
M, BsM is finitely generated if and only if for a certain k we have M), = BM, which happens if
and only if My, = a™ My, for all m > 0. [l

With lemma 5.7.5 it is not difficult to prove the following theorem, which is the Artin—Rees
lemma for superrings:

Theorem 5.7.6. Let A be a Noetherian superring, a a Z-graded ideal, M a finitely generated
A-module and M’ C M a submodule. When F : M = My D My D --- is an a-stable filtration, then
the induced filtration on M’ is a-stable. That is, there is an integer N such that a®*(M' N M;) =
M' N M1y for alli > N.

Proof. Consider the filtration F' = {M/},., with M; = M;N\M’'. Then BprM' = My& M{ & ... C

My ® M, @ ... = BrM seen as BpA-modules. Then By A is a Noetherian ring and F' is a-stable.
Hence BpM is finitely generated by lemma 5.7.5, so that Bp/M’ is finitely generated and hence F’
is a-stable. O

5.8 Completions of Noetherian superrings

Let A be a superring with a filtration F' = {a},~,, and let A = lim A/a; be the completion with
respect to F' of A. In this section we introduce a map A — gr F@ that will enable us to prove
that A is Noetherian when A is Noetherian and aj, = a* for some Zo-graded ideal a C A.

Let f € A be given and assume there is an integer k such that f € a; but f ¢ ag+1. In other
words, k is the smallest integer such that fmodag1 # 0. Then we define in(f) as the element of
grp(A) lying in the aj/ag+1-component given by fmod agy1. If for f no such k exists, or in other
words f € [, a;, then we put in(f) = 0. In this way we have defined a map in: A — grp(A); it is
important to note that this is not a morphism, it is only a map of sets.

We define deg : A — N to be the map that sends f € A to the smallest integer k£ such that
fmodagy1 # 0; if no such smallest integer exists, we put deg(f) = co. For a homogeneous element g
of grp(A) we also use degree to indicate in which summand g lies. We thus have deg(in(f)) = deg(f).

Lemma 5.8.1. Let f,g be elements of A, then (1) deg(f + g) > min(deg(f),deg(g)) and (2)
deg(fg) = deg(f) + deg(g).

Proof. Follows at once from f € a; = deg(f) > k. O

Lemma 5.8.2. If f1,..., fs are elements of A with the same degree theny . in(f;) =0 or)_,in(f) =
in(3_; fi)-

Proof. Let the degree be k, then ), fi € ag, hence in(}, f;) lies in some a;/a;4;-summand of
grp(A) for I > k. If | = k then we have >, in(f) =in(}_, f;) and if I > k then ) in(f) =0. O
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Lemma 5.8.3. If f,g are elements of A then in(f)in(g) = 0 or in(f)in(g) = in(fg).
Proof. Similar as the proof of lemma 5.8.2. |

Proposition 5.8.4. Let A be a superring that is complete with respect to a filtration F' = {ax}; -
Let grp(A) be the associated graded superring to F and let I be a Zo-graded ideal of A and suppose
ai,...,as are elements of I such that in(ay),...,in(as) generate in(I). Then the a; generate I.

Proof. Write I' = (aq,...,as). Since A is Hausdorff, there is an integer d such that none of the a;
is contained in a4. Let f € I and let e be the degree of f. Then in(f) = )" G,in(a;) where we can
take the G; to be homogeneous and of degree e — deg(a;). Choose g; in A such that in(g;) = G;;
then we have } . in(g;)in(a;) = in(3_; gja;), which equals in(f). It follows that f — 3~ g;a; lies
in a.;1 and thus we may repeat the procedure till we arrive at a stage where we find F = f — f’
with f/ € I’ and F € agq11. By the same reasoning we find F' = ) in(g,)in(a,) for some elements
g; in A. The degrees of the g; are positive, and thus g; € a.—4. Thus we get at a first step
F— Zj g§1)aj € de_gir1, and n steps later F' — Z” g§z)aj € Ue_gin with the gj(»l) € Oe_dii1-
Define G} = Dy gy), then the G build a Cauchy sequence for each j, the limit of which we
denote by hj;. Thus F' =) hja; lies in I’ and thus f lies in I’. O

Corollary 5.8.5. Let A be a Noetherian superring with the filtration F = {ay},~, where a; = a”
for some Zs-graded ideal a. Then A= @A/ak is a Noetherian superring.

Proof. Let I be a Zy-graded ideal in A and consider the Zy-graded ideal in(I) in gr s (A) = grp(A).
Since grp(A) is Noetherian, in(7) is finitely generated and we may assume that in(/) is generated

by homogeneous elements of the form in(f). Hence there are finitely many f € A such that in(f)
generate in(I) and thus, by proposition 5.8.4 those f already generate I. O

5.9 Complete filtered pairs

Definition 5.9.1. Let A be a superring and a C A a Zs-graded ideal such that A is complete with
respect to the a-adic filtration. In this situation we call A together with the a-adic filtration {ak}k>0

a complete filtered pair (CFP) and denote it by (A, {ak}k>0). If (A, {ak}k>0) and (B, {bk}k;o)
are two CFP’s, then a morphism of complete filtered pairs is a morphism ¢ : A — B of superrings
such that ¢(a) C b, or equivalently p(a)* C b* for all k.

Proposition 5.9.2. Let ¢ : (A, {mk}k>0) — (B, {nk}k>0) be a morphism of CFP’s, then ¢
preserves limits. - -

Proof. Let {r;},~, be a sequence in A with limit . Then choose integers i, such that r —r; € m"”
if j > iy,. It follows that o(r) — ¢(r;) € n™ whenever j > i,. O
Lemma 5.9.3. Let (A4, {mk}k>0) be a CFP. Let {r;},5, be a Cauchy sequence in A for which there
exists an integer p such that for all i we have r; € mP, then lim; r; € mP.

Proof. There exists an integer N such that (lim;r;) —r; € m? for all j > N. But since r; € m? for

all j, we have lim; r; € mP. O

There exists a useful functor gr from the category of CFP’s to the category of superrings that
we now describe. If (A4, {mk}kzo) and (B, {nk}kzo) are CFP’s and ¢ : A — B is a morphism of
CFP’s then the functor maps the CFP’s to their associated graded superrings, so that

gr: (A, {mk}kzo) oern(A) = A/mom/m?eom?/m* @ ...
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The functor gr maps the morphism ¢ to the map gr(yp) that sends the homogeneous element
rmod mF*+! to (r) mod n*+1. Tt is easily checked that the resulting map gr(y) is a morphism of
superrings.

Proposition 5.9.4. Suppose ¢ : (A, {mk}k>0) — (B, {nk}k>0) is a morphism of CFP’s. If
gr(y) is a monomorphism, then ¢ is a monomorphism. If gr(goy s an epimorphism, then ¢ is an
epimorphism.

Proof. If r € A is nonzero, then there is an integer k such that r € m* but » ¢ m¥*1. Thus in(r) is
nonzero and thus gr(p)(in(r)) is nonzero, which implies () mod m*+1 £ 0.

For the epimorphisms, consider s € B and assume gr(yp) is surjective. Consider in(s) € gr,(B)
and assume it lies in the ith component; in(s) € n’/n**!. Then there is * = ry mod m**! that
maps to in(s). Hence s — p(r1) € n*t1. Then we find ro mod m**? that maps to in(s — ¢(r1)) and
s —@(r1) — ¢(r2) € n"t2. We thus find a Cauchy sequence z,, = > 1, r; and s — p(z,) € n'T".
Hence s = limy, 00 () = p(limy, o0 ) and thus ¢ is surjective. O

Remark 5.9.5. The conclusion of proposition 5.9.4 is more briefly stated by saying that the functor
gr reflects epimorphisms and monomorphisms.

Proposition 5.9.6. Let (A, {mk}k>0) and (B, {nk}k>0) be CFP’s and suppose @ is a morphism
of CFP’s such that o(m*) =n* for all k, then gr(y) is surjective.

Proof. Let s € B and suppose that s € n¥ — n**1. Then there is by assumption r € m* — mF+1

such that p(r) = s. Hence gr(¢)(in(r)) = in(s). O
As a corollary we obtain:

Theorem 5.9.7. Let (A4, {mk}k>0) and (B, {nk}k>0) be CFP’s and suppose p is a morphism of
CFP’s. Then gr(y) is surjective if and only if o(m*) = n* for all k.

Proof. The only thing that is left to prove is that if gr(y) is surjective, then for all s € n*, there
is an 7 € m* such that ¢(r) = s. Using lemma 5.9.3 and the proof of proposition 5.9.4 this is
immediate. O

5.10 Maps from power series rings

Lemma 5.10.1. Let B be a superalgebra over a commutative ring A, and suppose a is a Zo-
graded ideal in B such that B is complete with respect to the a-adic filtration. Given elements
€1,...,6n €ag and 11, ...,Ns € ay, then there exists a unique A-algebra morphism

o Allxr, ..., xnl0, ..., 0] — B,
such that the x; are sent to the e; and the 9, to the n,,.

Proof. Call T the A-algebra A[[z1,...,z,|01,...,9]] and call K the Zs-graded ideal of T' generated
by z1,...,2, and ¥1,...,9. Also, call S the A-algebra Alzi,...,z,|01,...,9s] and L the Zs-
graded ideal of S generated by x1,...,x, and ¥1,...,95. Then T/K* = S/L? for all integers ¢ and
there is a unique A-algebra morphism from S to B/n! sending z; to e; and ¥, to 7. This map
factors over T'/K*. But B is the inverse limit of the B/n® and hence there is a unique morphism from
T to B sending the z; and 9, to the e; and 7, respectively. Since B is complete, the morphism is
well-defined, by which we mean in this case that we can write the image of a sequence as a sequence
of images, which converges as this sequence is a Cauchy sequence and B is complete. |



68 Localization and completion

Lemma 5.10.2. With the preliminaries of lemma 5.10.1, if in addition the induced morphism A —
B/n is an epimorphism and the e;,n, together generate n, then ¢ : Al[x1,...,2n|01,...,9]] — B
is an epimorphism.

Proof. From the assumptions and theorem 5.9.7 it follows that the morphism gr(A) — B, where
A= Al[z1,..., 20|01, .. .,9Ys]], is an epimorphism. But the functor gr reflects epimorphisms. O

Lemma 5.10.3. With the preliminaries of lemma 5.10.1, if in addition the induced morphism

gr(A) — gr(B), with A = Al[z1,...,x,|01,...,94]], is a monomorphism, then ¢ is a monomor-
phism.
Proof. The functor gr reflects monomorphisms by proposition 5.9.4. O

5.11 Exactness of inverse limits

Let A be a Noetherian superring with an a-adic filtration, where a is a Zs-graded ideal, and let
A be the completion of A with respect to the a-adic filtration. For any A-module M we define
M = linM /a'M; thus M is the terminal object in the category of cones over the inverse system

(M/a'M — M/a?M :i > j). An explicit construction of M can be given along the same lines as
in section 5.5.

Suppose f: M — N is a morphism of A-modules and p; : M — M /a*M the projections to the
inverse system (M/a'M — M/a’M :i > j). Then f induces morphisms f; : M/a‘M — N/a‘N
that are defined by f;(mmoda‘M) = f(m)moda‘N. The composites f; o p; : M — N/a‘N form
a cone over the inverse system (N/a‘!N — N/a’N : i > j) with apex M. Thus there is a unique
morphism f : M — N such that the following diagram commutes

. — M/a'M M/a'M —— -
w
Pi Py
M
F : (5.43)
\
N
fi fi
qi q;
. —— N/a'N N/&/N —— ...

and where ¢; : N — N /aiN are the projections from the limit N to the inverse system. We thus
can see completion as a functor that assigns to an A-module M the A-module M and that maps
the morphisms f : M — N to the morphism f that we just described. Below we show that the
completion functor is exact. We follow the exposition of [15].

Proposition 5.11.1. Let A be a Noetherian superring and let a be a Zso-graded ideal. If
0—-M—->N-—->P—0 (5.44)



5.11 Exactness of inverse limits 69

is an exact sequence of finitely generated A-modules, then the induced sequence
0—-M—-N-—-P—0 (5.45)
s ezxact.

Proof. Without loss of generality we may assume that M C N. Call g the morphism N — P.

We first prove surjectivity of g: let (p; moda’P); € P. Choose n; such that g(ni)modaP =
pymodaP. Next we find fi, € N with g(7is) mod a?P = pemoda?P. Then (i — n1) mod aN
maps to (p2 —p1) mod aP = 0. Hence there is as € Ker(g) with ny —ny + az € aN. Then define
ne = fig + az. We have g(na) = g(f2) and ny = nymodaN. We can inductively repeat this
procedure to find for all p; an n; that maps to p; such that n; = n;moda’/N for all j <.

The next step is to prove that M =~ mM/M N a’N. The filtration N D aN D a?N D ...
is a-stable and N is finitely generated; the filtration M D (M NaN) D (M Na®N) D ... is then
a-stable by the Artin—Rees lemma 5.7.6. Hence there is » > 0 such that for all £ > 0 we have

a¥*(M Na"™N) = M Na"t*N and thus M N a"t*N C a¥M for all k > 0. Since in addition the
1nc1u510n a/M C M N a'N holds for all § > 4, we can apply lemma 5.5.2 to conclude the that
= lim M/M N alN.

Cons1der how we defined the morphism f in the diagram of eqn. (5.43); if all f; are 1dent1ca11y
zero, then the zero morphism 0 : M — N makes the diagram commute and by uniqueness, f =0.
Thus the composition M — N — P is the zero morphism from M to P.

Now assume n = (n; mod a’N); goes to zero in P. But then g(n;) € a’N which implies n; €
M+a'N; it follows that n; mod a’ N = m; mod a’ N for some m; € M. The m; fit together to deﬁne
an element in M and we can write n; = m; mod a’N. The element m = (m; mod M Na’N) € M
goeston € N. The injectivity of M — N is obvious: m = (ml mod M Na’N) maps to (m; mod a’N)
in N, hence if m goes to zero, then all m; already lie in a’/N and thus in M Nm’N. |

Proposition 5.11.2. Let A be a Noetherian superring, a a Zo-graded ideal in A, A = @A/ai
the a-adic completion with respect to a. When M is a finitely generated A-module, then the natural
morphism A Q@ M — M := @M/akM is an isomorphism.

Proof. If M = A then the statement is trivially true. If M is a finite direct sum of copies of A it
is also easily seen to be true. If M is any general finitely generated A-module, there are finitely
generated free A-modules G and F' such that the sequence FF — G — A — 0 is exact; since M
is finitely generated, the existence of a surjective morphism G — M, with G a finitely generated
free module, is clear and the kernel of this morphism is again a finitely generated module. By the
preceding proposition 5.11.1 the horizontal lines of the diagram

F - G - M 0

(5.46)

A@AF—>A®AG—>A®AM—>O

are exact and the two first vertical arrows are isomorphisms; hence the right vertical arrow is also
an isomorphism. O

Corollary 5.11.3. Let f : A — B be a surjective morphism of superrings where A is Noetherian
and complete with respect to a-adic filtration, for some Za-graded ideal a. Define b = f(a) to be the
image of a in B, which is a Za-graded ideal in B. Then B is complete with respect to the b-adic
filtration.
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Proof. From corollary 5.5.13 we have b* = f(a¥) and a* - B = b¥. Let I be the kernel of f, then
I= @I/akl ~ A®u I =1 is the kernel of the induced morphism f : A~ A B, which is a
surjective morphism of superrings. Hence B = A/] & /i/f ~ B. O

Corollary 5.11.4. Let A be a Noetherian superring, a a Zz-graded ideal and A the a-adic com-
pletion. Then for any Zo-graded ideal I in A, the map A@41 — A is an injective morphism of
A-modules.

Proof. Let I be any Zs-graded ideal of A. The sequence 0 — I — A — A/I — 0 is exact.
Tensoring with A and using that ] = I ®4 A, we sce that proposition 5.11.1 implies that the
sequence 0 — I — A is exact. This proves the corollary. [l

Remark 5.11.5. In proposition 6.2.8 we will see that the result of corollary 5.11.4 can be restated
as follows: the completion A of a Noetherian superring A is a flat A-module. The notion of flatness
is defined in definition 6.2.1 in chapter 6.

5.12 Cohen’s structure theorem

Proposition 5.12.1. Let A be a superring and suppose L is a field inside A, then there is an
isomorphism w : L — L' of fields where L' C Ag.

Proof. Denote proj : A — Aj the projection that sends ag + aj to ag. The map 7 is given by
restricting proj : A — Ag to L. The field L’ we then take to be the image of 7(L) = L'. O

Proposition 5.12.1 might at first seem unnecessary. However, the next example shows that there
are cases where a superring contains a field that does not lie in the even part.

Example 5.12.2. Let A = k(z)[0] and consider the k-algebra morphism k[Y] — A given by
Y — z + 60, then since the kernel is trivial and the image of a nonzero element is a unit, there is a
unique morphism f : k(Y) — k(z)[6] making the following diagram commute:

kY] —— k(2)[0]

i f . (5.47)
k(Y)
Hence the image is a field in A, not lying in Ag. A

Theorem 5.12.3. Let A be a Noetherian superring that is complete with respect to the m-adic
filtration, where m is a mazimal ideal, and assume that A contains a field. Then A contains a
coefficient field, that is, a field L inside A that is isomorphic to A/m.

Proof. By the proposition 3.3.6, lemma 4.1.24 and theorem 5.5.3 the commutative ring Ag is local,
complete and Noetherian. By proposition 5.12.1 we may assume the field is contained in Ag. Hence
everything can be analyzed in A and we may apply Cohen’s structure theorem [57]; also see for
example [15]. O

Theorem 5.12.4. Let A be a complete local Noetherian superring with mazximal ideal m and residue
class field K. If A contains a field, then A = K[[x1,...,zs|01,...,9]]/I for some s, t and Zo-
graded ideal I.
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Proof. We may assume the field lies in Ag, hence there is a coefficient field L in Az C A. Thus A
is an L-superalgebra. Let aq,...,as,b1,...,bs be homogeneous generators of m with a; even and
b; odd. By lemma 5.10.1 there is a morphism ¢ : K[[z1,...,zs|01,...,9Ys]], mapping x; to a; and
¥ to bg. The morphism ¢ is an epimorphism by lemma 5.10.2. We can take I to be the kernel of
®. |






Chapter 6

Categories of modules

In this chapter we study some generalities of modules of some superring A. In particular, we define
flat, projective and injective modules and give some of their most elementary properties. We give
some generalizations of classical results from commutative algebra such as the Hamilton—Cayley
theorem, Krull’s intersection theorem and Nakayama’s lemma. In the final section of this chapter
we discuss properties of base-change, that is, we relate the two categories of modules of two different
superrings.

6.1 Generalities

In this section we present some general aspects of the category of modules of a fixed superring A.

6.1.1 Internal Hom-functors

We write Hom 4 (M, N) for the set of all maps f : M — N such that f(m + m/) = f(m) + f(m/)
and f(m-a) = f(m)-a for all m,m’ € M and a € A. We refer to the elements of Hom 4(M, N) as
homomorphisms. We equip Hom 4 (M, N) with the Zs-grading

Hom, (M, N); = {f € Hom, (M, N) | f(M;) C Niy;} (6.1)
and with the following action of A:

(a-f)m)=a-(f(m)), (f-a)(m)=(=1)I"f(m) a. (6.2)

With this structure Hom 4 (M, N) becomes an A-module. Furthermore, we have Hom 4 (M, N) =
Hom 4 (M, N) and the even homomorphisms, which are the morphisms in the category of A-modules,
also commute with the left action of A on M and N. We stress that Hom 4 (M, N) contains more
than the ‘arrows’ in the category; hence in commutative diagrams, all maps are assumed to be
morphisms, that is, even homomorphisms, unless otherwise specified.

Proposition 6.1.1. Given two sequences
(S1) 0 -~ N’ N S . N

(52) L L L 0

of A-modules with morphisms f,g,d,e.
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(i) The sequence (S1) is exact if and only if for all A-modules M the sequence

i Hom (M, N) g

(S3) 0 Hom , (M, N') Hom , (M, N")

is exact, where f*(a) = foa and g*(b) = gob.
(ii) The sequence (S2) is exact if and only if for all A-modules M the sequence

€x

(S4) 0 Hom , (L, M) - Hom , (L', M)

Hom 4 (L", M)

is exact, where ex(a) = aoe and d.(b) =bod.
(iii) The sequence (S2) is exact if and only if for all A-modules M the sequence

, id®d id®e

(55) M ®g L —>M®AL—>MA®LN 0

18 exact.

*

Proof. (i): Suppose (S1) is exact, then it is clear that f* is injective and g* o f* = 0. Suppose
b € Kerg*, then g(b(m)) = 0 for all m € M. There exists a unique n € N’ such that b(m) = f(n)
and it is easy to see that the morphism h that assigns to each m € M the unique n € N’ such that
b(m) = f(n) is a homomorphism of A-modules with parity |h| = |b|. Hence b = f o h. Suppose
(53) is exact for all M. Using M = N’ we find go f = g, o fi(idn/) = 0. Taking M = Ker f
and i : Ker f — N’ the canonical injection we get f*(i) = 0 and thus Ker f = 0. When we take
M =Kerg and j : Kerg — N the canonical injection, we get g*(j) = 0 and hence j = f*(h) = foh
for some morphism h, since j preserves parity. Hence Kerg = Imj C Im(f).

(i4): Suppose (S2) is exact. It is cleat that e, is injective and that d. o e, = 0. Suppose
b € Kerd,, then Kere C Kerb. We define a homomorphism ¢ : L — M as follows: for z € L”
there is y € L with e(y) = = and with |z| = |y|, we then put ¢(x) = b(y). The map is a well-defined
morphism since Kere C Kerb. Hence b = c o e. Suppose (S4) is exact for all M. Choose M = L”
and apply to idy~ to find eod = d, o e,(idr~») = 0. When we take M = L” /Ime and the canonical
projection p : L” — L” /Tme we find e,(p) = 0 and hence p = 0, which means L” = Ime. When
we choose M = L/Imd and ¢ : L — L/Imd the canonical projection, then d.(g) = 0 and hence
q = ex(r) = r o e for some morphism r : L — L/Imd. Hence Kere C Kerg = Imd.

(151) When (S5) is exact for all M, take M = A. Conversely, if (52) is exact, then clearly
id®eoid ® d = 0 and id ® e is surjective. To prove Kerid ® e C Imid ® d we let X = Imid ® d
and define a morphism v : M ®4 L — M ®4 L/X as follows: for m®@z in M ® 4 L” we find y € L
with e(y) = z and put v(m ® ) = m ® ymod X. Then v is a well-defined morphism. Denoting by
w the morphism M ®4 L/X — M ®4 L” induced by id ® e, we see that v o w is the identity on
M ®4 L/X. Hence w is injective and thus Kere C X. O

Remark 6.1.2. The proof of proposition 6.1.1 also shows that (S1) is exact if and only if for all
A-modules M the sequence

L Homa(M,N) —~

($3) 0 Hom (M, N') Hom (M, N”)

is exact and that (S2) is exact if and only if for all A-modules M the sequence

.

€x

(S4) 0

Homy4 (L, M)

Homy (L, M)

Homy (L', M)

is exact.
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For a given A-module we write Hom 4 (M, —) for the functor that assigns to each A-module
N the A-module Hom 4 (M, N) and to any morphism f : N — N’ the morphism f* defined in
proposition 6.1.1. Similarly, we define the functor Hom 4 (—, M) that assigns to each A-module N
the A-module Hom 4 (N, M) and to each morphism d : N — N’ the morphism d, as defined in
proposition 6.1.1. And finally, the functor that assigns to each A-module N the A-module M ® 4 N
and to each morphism d : N — N’ the map id ® d we write as M ®4 —. Then the result of
proposition 6.1.1 entails that Hom 4(M,—) and Hom(—, M) are left-exact, whereas M ®4 — is
right-exact. The functor — ® 4 M, being defined in the obvious way, is naturally isomorphic to
M ® 4 —. Some immediate properties of the Hom-functors are:

Hom ,(M & M', N) = Hom 4 (M, N) & Hom ,(M’, N),

6.3
Hom ,(M,N & N') = Hom 4, (M, N) & Hom , (M, N'). (6:3)

Proposition 6.1.3. Let M be an A-module. For all A-modules P and QQ we have an isomorphism
of A-modules acpg : Hom 4 (P, Hom 4 (M, Q)) — Hom(P®a M, Q) and ifz: P’ — P andy: Q — Q'
are two morphisms of A-modules then the diagram

apQ

M_mA(P7MA(M7Q))

Hom(P ®4 M, Q)

(6.4)

O‘P’Q’

Hom 4 (P', Hom , (M, Q")) Hom(P' ®a M, Q")

commutes, where the vertical arrows are induced by the Hom-functors. In other words, the functor
Hom 4 (M, —) is left-adjoint to — @4 M.

Proof. Given A-modules P and @, we show Hom 4 (P, Hom 4, (M, Q)) 2 Hom(P®4 M, Q) for all M.
We define g : Hom (P ©4 M, Q) — Hom 4 (P, Hom 4 (M, Q) by (apqf)(p)(m) = f(p & m) for
all p € P and m € M. Clearly |apg(f)| = |f|- The inverse is Spg : Hom 4 (P,Hom 4 (M, Q)) —
Hom /(P ®4 M, Q) sending g to g(p @ m) = g(p)(m), so that Bpg is an even map. The maps apg
and Bpg are clearly inverse to each other and are morphisms of A-modules; they commute with
right action of A. For naturality, the proof is virtually the same as in the non-super case. Observing
that in the definition of apg and Bpg the order of all symbols stays the same, no signs can enter
the calculation. O

6.1.2 Parity swapping

In definition 3.2.3 we introduced the functor II, mapping an A-module M to an A-module ITM
with reversed parity assignment. We have a canonical morpism M — IIM, mapping m in M to
m”™, which is the same element as m, but then seen as element of IIM; for homogeneous elements
|m™| = |m| + 1. From definition 3.2.3 and the above we immediately have

Lemma 6.1.4. The canonical morphism m +— m™ is an odd homomorphism of A-modules; (ma)™ =
m™a and (am)™ = (—=1)l%a - m"™.

We have a canonical isomorphism Hom 4 (A, M) = M as A-modules, where f : A — M is
mapped to f(1). However, Hom ,(ITA, M) is not canonically isomorphic to IIM since the same
map does not commute with the right action of A; of course they are isomorphic as abelian groups.
If f € Hom,(M, N) has parity |f| then viewing f as a morphism from IIM to IIN, f has the
same parity, and hence Hom 4 (IIM,IIN) = Hom 4 (M, N) as Zs-graded abelian groups, however
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not as A-modules. Furthermore, IITHom 4 (M, N) = Hom 4(IIM, N) = Hom 4(M,IIN) as abelian
groups. Let us briefly show that the isomorphism ITHom 4 (M, N) = Hom 4 (M,IIN) holds in the
category of A-modules; f : M — IIN we map to f : M — N given by f(m) = f(m). Hence
as morphisms of abelian groups, f and f are the same. However, if f is an even element of
Hom , (M, TIN), then f is odd as an element of Hom 4 (M, N); we therefore consider f as an element
of IIHom 4(M, N). The assignment f — f commutes with the right action of A since m(m) =
f-a(m) = (=1)lellmlf(m).a = f-a(m). The same trick does not work for Hom , (ITM, N) as the
same assignment only commutes with the left action of A and not with the right action.

6.1.3 Abelian structure

If f: M — N is a morphism of A-modules, then f is injective if and only if f is a monomorphism
and f is surjective if and only if f is an epimorphism. As usual, the kernel and the cokernel of f are
defined by Ker f = {m € M|f(m) = 0} and Coker f = N/ f(M), which are both Zs-graded modules
since f preserves the degree. The morphism f is injective if and only if Ker f = 0 and f is surjective
if and only if Coker f = 0. The kernel and cokernel have the usual universal properties and can
equivalently be described as the equalizer respectively coequalizer of f and the zero morphism. The
zero morphism is the unique morphism 0 : M — N that sends m € M to 0 € N. The initial object
in the category of A-modules is the zero-module 0, which is also the terminal object and therefore
the zero object of the category. All these statements are nothing new and are trivial to prove. For
more details and an explanation of the category theoretical terms we refer to [23-25].

Lemma 6.1.5. Let A be a superring. Then the category of A-modules is an abelian category.

Proof. The only thing that is to prove is that every monomorphism is the kernel of some morphism
and that every epimorphism is the cokernel of some morphism. Let f : M — N be a monomorphism.
Now consider the A-module N/ f(M) and the projection map p: N — M/ f(M). The kernel of this
morphism is precisely f(M). Now let f : M — N be an epimorphism. Then N = M /Ker f and
thus ¢ : Ker f — M shows that f is the cokernel of 7. O

We have in fact already used that the category of A-modules is abelian, as we have been working
with exact sequences already. On several occasions we have also seen that some functors are exact,
which only makes sense in abelian categories. In abelian categories a quick way to prove that a
certain functor is left- or right-exact is to show the existence of an adjoint functor. This is based on
the following observation (which is no special feature of superrings but for completeness we state
and prove it):

Proposition 6.1.6. Let A and B be abelian categories. Suppose that two functors L : A — B and
R : B — A are adjoint to each other, where L is left-adjoint to R; there is a natural isomorphism
Hompg(L(a),b) = Homa(a, R(b)) for all A-objects a and B-objects b. Then L is right-ezact and R
1s left-exact.

Proof. We prove that L is right-exact. The proof of the statement about R is done by reversing
some arrows.
Suppose
0 a’ a a”’ 0 (6.5)

is an exact sequence. Now we apply L and Homp(—,b) for any B-object b to get a (maybe not
exact) sequence

0

Homg(L(a’),b) — Hompg(L(a),b) — Hompg(L(a"),b) —— 0 . (6.6)
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As L is left-adjoint to R we have a commutative diagram of abelian groups

0

Hompg(L(a"),b) — Homg(L(a),b) — Homg(L(a'),b)

0

Hom 4(a”, R(b)) — Hom(a, R(b)) — Hom (a’, R(b))

where all the vertical arrows are isomorphisms and the bottom row is exact. Therefore the top
row is exact too. But then the sequence (6.6) is exact for all B-objects b. From an analogue of
proposition 6.1.1(i7) (and remark 6.1.2) for the category B it then follows that the sequence

L(d') L(a) L(a")

0 (6.8)
is exact. O

We thus immediately obtain that the functor M — M ®4 N is right-exact, by using propo-
sition 6.1.3. Since for any A-modules M and N there is an isomorphism of abelian groups
Hom (M,IIN) = Hom (IIM, N) the functor II is exact.

6.1.4 Body modules

If M is an A-module, then the body module M = M/J4M is in a natural way an A-module. Given
a morphism of A-modules f: M — M’, then we have f(J4M) C J4N and thus we have a unique

morphism f such that the diagram

f

M N

(6.9)

M N
commutes, where the vertical arrows are the canonical projections (also see diagram (3.2)). Hence
we have a functor from the category of A-modules to the category of A-modules. Clearly, the
functor is not full, since any morphism of A-modules has to preserve the parity.

There is an adjoint to the functor M +— M, which is defined as follows. For any A-module M
we define an A-module M such that as abelian groups we have Mg = M and M7 = 0 and that for
any m € M we have the A-action m - a = m - a. One can now almost literally copy the proof of
proposition 3.1.10 to obtain:

Lemma 6.1.7. The functor M — M Jrom the category of A-modules to the category of A-modules
is left-adjoint to the functor M — M from the category of A-modules to the category of A-modules.

Proof. As indicated one can copy the proof of proposition 3.1.10 or alternatively, one can use the
result of proposition 6.5.3 from section 6.5 by taking f : A — A the projection to the body. O

Lemma 6.1.8. The functor that assigns to each A-module M the A-module M is right-exact.

Proof. We observe that M = M ®4 A as A-modules. A sequence is exact if and only if it is exact as
a sequence of abelian groups and hence the statement follows from proposition 6.1.1. An alternative
proof is to use proposition 6.1.6 in combination with lemma 6.1.7. |



78 Categories of modules

6.2 Flat modules and projective modules

In this section we present the definitions of flat and projective modules for modules of superrings.
The definitions do not differ from their counterparts in commutative algebra. Therefore also most
of the basic properties coincide. We show that if M is a projective respectively flat A-module, then
the body module M is a projective respectively flat A-module.

Definition 6.2.1. Let M be an A-module. If Hom 4 (M, —) is exact, then we call M projective. If
M ®4 — is exact, then we call M flat.

We now first focus on projective modules. The following lemma gives equivalent characteriza-
tions of projective modules.

Lemma 6.2.2. Let P be an A-module. The following are equivalent:
(i) The functor Hom 4 (P, —) is exact.

(i) For each surjective morphism f : M — N and any homomorphism g : P — N, there is a
homomorphism h: P — M such that foh =g.

(iii) Every exact sequence

q

0 - M - N L P 0 (6.10)

splits; that is, there is a morphism s : P — N such that po s =1idp.

(iv) P is a direct summand of a free module, which means that there is a free module F and a
module @ such that F = P & Q.

Proof. (i) < (i4) is just paraphrasing the definition: the sequence Hom(P, M) — Hom(P, N) — 0
is exact for all exact sequences M — N — 0 if and only if P is projective, if and only if the induced
morphism Hom(P, M) — Hom(P, N) is surjective. (ii) = (iii): Apply (ii) to N = P. (iii) = (iv):
Let F be a free module that maps surjectively on to P, which exists, since we can choose a generator
of F for each element of P. We get an exact sequence 0 - K — F — P — 0, with K the kernel
of the map p : F' — P. The sequence splits and hence there exists s : P — F with po s = idyy;.
Any f € F we can write as f —sop(f) +sop(f) and f — sop(f) € Kerp and sop(f) € Ims. If
f €Im(s)NKer f, then f = s(z) for some x € P and 0 = p(f) =  so that KerpNIms = 0 and thus
F = Kerp®Ims. Since s is injective, Ims = P and thus F' = Kerp® P. (iv) = (ii): Let F = P®Q
with F' a free module. Suppose we are given a morphism g : P — N and a surjective morphism
f: M — N, we can extend the morphism g to a morphism ¢’ : F — N by first projecting to P.
Since P is a direct summand we have a morphism s : P — F and a projection p : F — P such that
pos =idy. For each generator x € F, choose an element m, € M such that f(m,) = g o p(z).
Call A/ the unique morphism F' — M that assigns to x the element m, € M. Then the diagram

F L P 0

W g (6.11)

f

M N 0

commutes. The map h = h' o s satisfies the requirements since for all © € P we have foh'os(z) =
gopos(r)=g(x). O
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We immediately obtain from characterization (iv) of lemma 6.2.2 the following class of projective
modules:

Corollary 6.2.3. Any free module is a projective module.
Theorem 6.2.4. If P is a projective A-module, then P is a projective A-module.

Proof. The result follows directly from corollary 6.5.4, which we prove when we discuss base changes,
by taking B = A/J4 and f the projection A — A. We now present an alternative more direct proof:
Let f: M — N be a surjective morphism of A-modules. We can view M and N as A-modules as
follows m - a = m - a. Then f is a surjective morphism of A-modules. Now suppose g : P — N is
any morphism of A-modules. We have a morphism of A-modules P — P — N, by concatenating
the projection 7 : P — P with g. Then we have a morphism of A-modules h : P — M such that
foh=gomn. By proposition 3.1.10 (or by direct arguments) the morphism h factors over P, that
is, there is a morphism h : P — M such that h = ho 7. [l

From the definition and proposition 6.1.1 it follows that the A-module M is flat if and if for any
injective morphism f : N — N’ the induced morphism id® f : M ® 4 N — M ®4 N’ is injective.
This characterization of flatness we use to show the following;:

Proposition 6.2.5. A projective module is flat.

Proof. Let f : M — N be an injective morphism. If F' is a free module on homogeneous generators
(ti)icr then M @4 F = ®;c; M. Clearly the induced morphism ®;c; M — @, N is injective, and
so I is flat. If now P is projective, then there is a free module F' such that P is a direct summand
of F'; that is, there is a surjective morphism p : F' — P and an injective morphism s : P — F
such that pos = idp. Clearly p®idy; : FF @4 M — P ®4 M is surjective and a left inverse to
s®idpr : P4 M — F ®4 M, and hence s ® idy; is injective. The diagram

dr®f

0 FA M —> Fq N

pRidar pRidy (6.12)

PosM 22 po, N
is commutative. Let t; € P and m; € M be such that > ¢; ® f(m;) = 0. We then have > s(t;) ®
f(m;) = 0 so that 3 s(t;) ® m; is in the kernel of F ® 4 M — F ®4 N. Since the upper row of
diagram (6.12) is exact we have >_ s(t;) @ m; = 0, but then > t; ®m; = p(>_ s(t;) ® m;) = 0. Thus
also the map idp ® f is injective. [l

The fact that any module is a quotient of a free module implies that the category of A-modules
has enough projectives. By this we mean that for any A-module M, there is a projective module
P and a surjective morphism P — M. Since any free module is projective, we can take P to be
the free module on a set of homogeneous generators for M. Now let K be the kernel of the map
P — M, then we can find a projective (and even free) A-module P;, such that P; maps surjectively
onto K. Thus the following sequence is exact

P - P M 0 . (6.13)

Applying the same reasoning to the kernel of the composite map P, — P and continuing this
process, one obtains a projective resolution of M:

P, - P P M 0, (6.14)
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which is an exact sequence consisting of all projective A-modules, except for M. When all the P;
are in fact free, one calls the projective resolution a free resolution. Using projective resolutions one
can define left-derived functors (see for example [15,50] for a pedagogical treatment). In section
6.3 we will show that the category of A-modules has enough injectives, which then allows the
construction of right-derived functors. Without proof (which does hardly deviate from the proof in
the commutative case) we mention that as in the commutative case two projective resolutions are
homotopic to each other.

Lemma 6.2.6.
(i) If (M;)icr is a family of flat A-modules, then M = @;e1M; is flat.
(i) If M and M’ are flat A-modules, then M @4 M’ is flat.

Proof. (i): Write M = @,.; M;. Since (P,;c; Mi) ®a N = @,.;(M; ®4 N) and a morphism
idy @ f 2 @ue;(M; ®a N) — @,c;(M; ®a N’) is injective if and only each of the restrictions
fi: M; ®a N — M; ®4 N’ is injective, the first claim is obvious. (ii) Let f : N — N’ be an
injective morphism. Then idy; @ f : M’ ® 4 N — M’ ® 4 N’ is injective. Tensoring with M gives
the result. O

Lemma 6.2.7. Let A be a superring and S a multiplicative set in Ayg. Then S™'A is a flat A-
module.

Proof. This follows immediately from proposition 5.1.17. |
The following lemma gives equivalent characterizations of flat modules, also see [18,50]:
Proposition 6.2.8. Let M be an A-module, then the following are equivalent:
(i) M is a flat A-module.

(ii) For every exact sequence of A-modules N' — N — N" the associated sequence M @ 4 N' —
M®a N — M ®a N" is exact (by convention such a sequence is exact if and only if it is
exact at the middle node).

(i11) For all exact sequences

i p

0 K - L - M -0 (6.15)
and for all A-modules N the associated sequence
0 KoaN 2 Lo, N 2% pg,N 0 (6.16)

18 exact.
(iv) For any Zo-graded ideal a of A the morphism a®4 M — M sending a®m to am, is injective.

Proof. Clearly (i) and (ii) are equivalent by the definition of flatness. (i) = (i7): Assume we have
an exact sequence of A-modules

N’ - N 2L+ N (6.17)

then we have an induced short exact sequence

0 FIN) - N - g(N) -0 (6.18)
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and thus the sequence

0 —— f(N)®@a M

N®@a M

g(N)®@a M — 0 (6.19)

is exact. Now consider the sequence N'®@ 4 M — N4 M — N"® 4 M and suppose = € Ker (g®idy).
Then by the exactness of the sequence (6.19) we see that x € Im (f®id ), that is, x lies in the image
of f. Hence NN@s M — N®a4 M — N"®4 M is exact. (i) < (ii): By proposition 6.1.1 the functor
N — M ®4 M is right-exact. We thus only need to show that if 0 — N — N” is exact, then so is
0> N®sM — N"®4 M. We then take N’ = 0. (¢) = (iv): this is immediate. (i) < (iv): We first
claim that if 0 = N — @, ; A®D, ;1A is exact thensois 0 = NOaM — P,c; M &P, , [IM.
Suppose that some element goes to zero in @, ; M @ ®jeJ IIM, then it already goes to zero in
a finite direct sum, and hence we restrict to exact sequences of the form 0 — N — APl9. We use
an induction argument. Let F; and F5 be two free modules such that Fy @& Fy = APl and we may
assume by (iv) and exactness of II that for all exact sequences 0 — N; — F;, with ¢ = 1,2 the
sequences 0 — N; ® 4 M — F; ® 4 M are exact. Now consider any monomorphism N — APla and
identify N with a submodule of APle, Define Ny = NN F, and Ny = N N Fy. Then the following
diagram is commutative and has exact rows and columns

0 0 0
N1 N NQ - 0 . (620)
0 F1 A;D|q > F2

We tensor with M and obtain the diagram

0 0
N1 @4 M N®a M No@ga M —0 . (6.21)
0 FLoaM MPla Fo@a M

The lower row is exact since (Fy ® Fy) ®4 M = MP!9, that is, the lower row splits. This implies
that the map Fy 4 M — M Pld has a left inverse and thus is injective. The columns of diagram
(6.21) are exact by the assumption on F; and F». Using a diagram-chasing argument one sees that
the morphism of the middle column is injective. This proves the claim.

Any module N is a quotient of a free module F. Thus let 0 - K — ' — N — 0 be a short
exact sequence, with F' free and K the kernel of the surjective map p : ' — N. Now suppose
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j: N’ — N is a monomorphism and call F’ = p~1(N’) C F, then we have a commutative diagram
with exact rows

0 K F » N’ > 0
idg i j , (6.22)
0 K F N 0

where ¢ : F/ — F is the canonical injection. Tensoring with M gives

KoaM —F @4 M — N @M —0
(6.23)

0

KM —-FqM — NRQuM — 0

The first column of diagram (6.23) is the identity map, the second is a monomorphism by the first
claim and the by the same reason the bottom row is exact. A diagram-chasing argument shows that
the kernel of the last column is trivial. This proves that the functor N — N ®4 M is left-exact,
hence exact. And thus M is flat. O

Remark 6.2.9. Note that in the last part of the proof of proposition 6.2.8 no sign of any difference
between commutative rings and superrings was seen. The argument relied only on diagrammatics.
This is a general feature; as soon as one enters the realm of diagrammatics all differences between
commutative rings and superrings disappear.

Proposition 6.2.10. Let E be a flat A-module, then E is a flat A-module.

Proof. Suppose E is not flat, then there is an injection i : M — N of A-modules such that
idp®i: E®; M — E®4 N has a nontrivial kernel. We can view M and N as (even) A-modules,
where J4 acts trivially. Let us denote M™ respectively N* the abelian group M respectively NV
seen as A-module. Similarly we write i* : M* — N* for the induced morphism of A-modules; then
i* is injective. We have a well-defined morphism of abelian groups £ ® 3 M — E ®4 M* given
by € ® 1 m — e ®4 m, which is injective (since it has a left inverse) and surjective and thus an
isomorphism. The diagram

E®AM*ME®AN*

(6.24)

E®z M — E®;N
idg® g1

commutes and the vertical arrows are isomorphisms of abelian groups. But then the upper morphism
idgp ® 4 7* has a nontrivial kernel, contradicting the flatness of F. O
6.3 Injective modules

In this section we prove that the category of A-modules has enough injectives, which allows us to
construct right-derived functors and injective resolutions.
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Definition 6.3.1. Let A be a superring and I an A-module. We call I an injective module if the
functor Hom 4 (—, I) is exact.

There are other characterizations of injective modules as the next lemma shows (see for example
[50]):
Lemma 6.3.2. Let A be a superring and I an A-module. Then I is injective if and only if one of
the two following conditions holds:

(i) For any injective morphism i : M’ — M and morphism f : M' — I, there is a morphism
g: M — I such that goi = f.

(ii) Any exact sequence 0 — I — M — M" — 0 splits.

Proof. The functor Hom 4(—, I) is exact if and only if condition (¢) is satisfied. Now assume that
condition (¢) holds and an exact sequence 0 — I — M — M" — 0 is given. Applying (i) to the
identity morphism id; : I — I we see that there is a morphism g : M — I such that the following
diagram commutes and the top row is exact:

0 1 - M

id; : (6.25)

Thus (é#¢) holds. Now assume condition (i4) holds. Consider an injective morphism ¢ : M’ —
M and a morphism f : M’ — I. Define the module N as N = I & M/K where K is the
submodule of I @ M generated by the elements of the form (f(z),0) — (0,4(x)), where  runs over
all homogeneous elements of M’. Then there are morphisms w: I — N and v : M — N defined by
u(z) = (z,0)mod K and v(y) = (0,y) mod K. One easily checks that the morphism u is injective
so that the following diagram commutes and has exact rows

%

0 M’ M
0 1 N

u

Now we apply condition (i¢) to the bottom row to find a morphism g : N — I, which can be
concatenated with v to get the required map gov: M — I. Hence () holds. O

Recall that an abelian group G is called divisible if for all nonzero integers n the map G — G,
sending g to ng, is surjective. Furthermore, an abelian group is injective (when we view it as a
Z-module) if and only if it is divisible, see for example [15,50].

For two abelian groups G and H we write Homy (G, H) for the morphisms of abelian groups
G — H. If G is an abelian group and A is a superring, which is also an abelian group, we want
to turn Homyz (A, G) into an A-module. As a set of morphisms of abelian groups, Homyz(A4, G) is
already an abelian group. We give Homy(A, G) the following Zs-grading: we call f € Homz(A, G)
even respectively odd if f(A;) = 0 respectively f(A;) = 0. Then we can write Homz(A,G) =
Homy (A4, G); ®@ Homz(A, G); and Homy (A, G) is a Zs-graded abelian group. For any a € A we
define the right action of @ on f € Homgz (A, G) as follows (f - a)(a’) = f(ad’) for all @’ € A. It is
easily checked that this turns Homgz(A, G) into an A-module.
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Lemma 6.3.3. Let M be an A-module and G an abelian group. Then we have an isomorphism of
abelian groups Homyz (M, G) = Hom 4, (M, Homgz(A, G)).

Proof. We define a morphism of abelian groups « : Homz(M,G) — Hom ,(M,Homgz(A, G)) as
follows: Let ¢ : M — G be a morphism of abelian groups and m € M, then a(¢)(m) : a — ¥(ma).
It is easy to verify that a(y) satisfies a(y)(m + m') = a(¥)(m) + a(y)(m’) and a(y)(m) - a =
a(y)(ma) for all m,m’ € M and a € A. Thus a(¢y)) € Hom,(M,Homz(A,G)). We define a
second morphism of abelian groups 3 : Hom 4 (M, Homz(A, G)) — Homgz (M, G) as follows: For any
¢ € Hom 4 (M,Homg(A, G)) we define the morphism 5(¢) : M — G by S(¢) : m — ¢(m)(1), which
clearly satisfies B(p)(m +m’) = B(p)(m) + B(¢)(m’). The morphisms « and 8 are morphisms of
abelian groups and are inverse to each other. O

Lemma 6.3.4. Let D be a divisible abelian group. Then the A-module Homy (A, D) is an injective
A-module.

Proof. Let i : M’ — M be an injective morphism of A-modules. Then the induced sequence of
abelian groups Homy (M, D) — Homgz(M', D) — 0 is exact. Using the isomorphism of lemma 6.3.3
we obtain a commutative diagram

Hom 4 (M, Homgz(A, D)) Hom ,(M',Homz(A, D)) — 0
: (6.27)

0

Homgyz (M, D) » Homgz(M', D)

of which the bottom row is exact and where the horizontal arrows are the maps f +— fo4. But then
the top row is exact as well, proving that the functor M +— Hom , (M, Homy (A, D)) is exact. O

As a consequence, we obtain that the category of A-modules has enough injectives:

Theorem 6.3.5. Let M be an A-module. Then there is an injective A-module I such that M
injects into I.

Proof. Consider the A-module as an abelian group. Since the category of abelian groups has enough
injectives there is monomorphism f : M — D for some divisible group D. Then there is a natural
morphism of A-modules M — Homy(A, D) given by m — f,,, where f,,(a) = f(ma). One easily
checks that frtm' = fin + for and frng = fim - a for all m,m’ € M and a € A. The map m — f,,
is thus a morphism of A-modules. If f,, = f, then in particular f,,(1) = fm/ (1), which implies
m = m’'. Hence m — f,, is an injective morphism. By lemma 6.3.4 the A-module Homg(A, D) is
injective and thus we have shown that any A-module can be injected into an injective module. [

6.4 Finitely generated and Noetherian modules

In this section we rederive some classical results of commutative algebra for finitely generated
modules: we discuss the lemma of Nakayama, the Hamilton—Cayley theorem, the Krull intersection
theorem and we start the discussion with paving the way for a result on generic freeness.

Definition 6.4.1. Let M be an A-module. We say a prime ideal p of A is associated to M, when
there is a homogeneous m € M such that p = Ann(m).
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A prime ideal associated to M that is minimal is called a minimal prime of M and the other prime
ideals associated to M are called embedded primes. The nomenclature for prime ideals associated to
a module is very similar to the nomenclature of prime ideals associated to a primary decomposition
of an Zs-graded ideal. This is not a coincidence and is explained in for instance [15, chapter 3].

Lemma 6.4.2. Let A be a Noetherian superring. If M is a nonzero A-module, then there are
primes associated to M.

Proof. Since M is nonzero, the set of Zs-graded ideals Ann(m), where m runs over the nonzero
homogeneous elements is not empty. Since A is Noetherian, there is a maximal element p. We will
show that p is prime. Suppose p is the annihilator of m € M. Assume there are homogeneous a, b €
A with b ¢ p and ab € p. Then ab-m = 0, and thus a- (bm) = 0 and bm # 0. Clearly, p C Ann(bm)
and by maximality of p the Zs-graded ideal Ann(bm) must equal p, so that a € Ann(bm) =p. O

Theorem 6.4.3. Let A be a Noetherian superring. Let M be a finitely generated A-module. Then
there exists a filtration
M=My>M D>...OM, D> M, =0. (6.28)

of submodules such that M;/M; 1 is isomorphic to either A/p; or ILA/p; for some prime ideal p;.

Proof. Let S be the set of submodules that admit such a decomposition. Then S is not-empty, since
it contains 0. Since M is Noetherian, S contains a maximal element N. If M # N then M/N # 0
and there exists a prime ideal associated to M/N. Hence M/N contains a submodule N’/N that
is isomorphic to either A/p or ILA/p for some prime p. Hence N’ lies in S and properly contains
N. Hence we must have M = N. |

We apply theorem 6.4.3 to show that under suitable circumstances we can make a module M
of a Noetherian superring A free by localizing at some element. The method of Takeuchi [58] only
works for reduced rings, since then we can localize as in proposition 5.1.20 to obtain an integral
domain and in an integral domain 0 is a prime ideal. By theorem 6.4.3 we know that M admits a
decomposition

M=MyD>DM D...O0M, DM, =0, (6.29)

such that M;/M;;q for 0 <i < n is as an A-module isomorphic to A/p; or II(A/p;) where p; is a
prime ideal. If we can regroup a few terms in such a filtration such that M;/M;; is of the form
A/a; (or TI(A/a;)) where a; is either the zero ideal or a Zs-graded ideal such that @; is nonzero,
then we can for each nonzero a; choose an element a; € a; g with a; # 0 and if a; = 0 we put a; = 1.
If A is an integral domain, the multiplicative set generated by a = a; - - - a,, does not contain zero
and (A/a;)q = 0 if a; # 0. Hence

M, = (Ma)o D (Ma)l D...D (Ma,)k-‘,-l =0, (630)

with & <n and (M,);/(Ma)is1 = A, and then M, is free. If A is not an integral domain, we can

first localize A such that A is an integral domain (see proposition 5.1.20). We thus have shown:

Theorem 6.4.4. Let A be a reduced Noetherian superring and M a finitely generated A-module.
Then there exists a nonzero even element a € A such that the localization M, is a free A,-module.

If a superring A is reduced, then the underlying commutative ring has no nilpotents. Then a
localization of A can be done such that A is an integral domain, which implies that Spec(A) is
irreducible as a topological space. If M is a finitely generated module, then there is a sheaf M on
Spec(A) such that on the principal open sets D(f) we have M(D(f)) = M (see for example [54,55]
for this construction). We say M is the sheaf associated to M. Theorem 6.4.4 then implies that
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on an open dense subset the sheaf M is free. In other words, M is a locally free sheaf. More
generally, we call a superscheme (X, Ox) Noetherian if it admits an open cover by affine Noetherian
superschemes. A sheaf of Ox-modules M for which there are affine open sets U; 2 Spec(A;) such
that the restriction of M to U; is isomorphic to the sheaf associated to an A;-module M;, is called
a quasi-coherent sheaf. If all the M; are finitely generated, we call M a coherent sheaf. Theorem
6.4.4 then says that under the condition that the A; are reduced, a coherent sheaf is locally free.

We come to three ‘classics’ of commutative algebra: Nakayama’s lemma, the Hamilton—Cayley
theorem and the Krull intersection theorem. Especially the lemma of Nakayama, with which we
start below, will prove useful in later sections.

Proposition 6.4.5 (Nakayama’s lemma). Let M be a finitely generated A-module. Suppose that
I is a Za-graded ideal contained in the Jacobson radical (see for example section 4.1). Then if
IM = M, then M = 0.

Proof. Let mq,...,m, be a set of homogeneous generators for M. Then m,, € IM and hence we
find a; € I with m,, = Zl a;m;. Since 1 — a,, is invertible by lemma 4.1.15, we can eliminate m,,
from the set of generators, and M is generated by n—1 elements. So we may assume M is generated
by 1 element m. But then m = am for some a € I and then (1 — a)m = 0, hence m = 0. O

Let N be a submodule of a finitely generated A-module M and I a Zs-graded ideal contained
in the Jacobson radical of A. If we can write M as M = IM + N, then it follows that M = N
by applying the Nakayama lemma 6.4.5 to the quotient M/N. When A is a local superring with
maximal ideal m and M is finitely generated, then mM = M implies M = 0. For a local ring, the
Nakayama lemma has an important consequence for projective modules:

Lemma 6.4.6. Let A be a local superring. Then every finitely generated projective A-module is a
free module.

Proof. Let mq,...,m, be a set of homogeneous elements such that their images in M/mM are
a (standard) basis for the super vector space M/mM. We then have a morphism h : API9 — M
for some p and ¢ with p + ¢ = n. Let N be the submodule of M generated by the mq,...,m,.
If m € M, then there are a; € A such that m — )", a;m; goes to zero in M/mM, which means
m — Y .a;m; € mM. We thus conclude that M = N + mAM. The Nakayama lemma implies that
M = N. Thus the map APl — M is surjective. As M is projective we infer that there is a
morphism s : M — AP7 such that the following diagram commutes and the bottom line is exact:

M

y id s . (6.31)

Arla - M 0

Let e; be a homogeneous basis for 1 < ¢ < n of A such that h(e;) = m;. There are elements S;;
of A such that s(m;) =e; +3_;€;Sji. As h(s(m;)) = m; we have ), Sjje; € Kerh. Now suppose
T = ZZ e;x; € Kerh, then 0 = ) . m;x; and since the m; mod m are linearly independent over A/m
we must have z; € m. Furthermore, we have

0=so h(:L') = Zeil'i + ZeiSijzj . (632)

7 17

As the e; are independent we have z; = —S;;2;. But then 2 = — Zij e;Sijr; € mKerh. Hence
Kerh = mKerh and thus by Nakayama’s lemma 6.4.5 we conclude Kerh = 0. |
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Theorem 6.4.7 (Hamilton-Cayley). Let M be a finitely generated A-module. Given a morphism
¢ : M — M with o(M) C IM for some Za-graded ideal I in A. There there exists a monic
polynomial p = XN + a1 XN =1+ .. +an in Ag[X] with p(¢) = 0 and with a; € I* and where Ag[X]
is the polynomial ring in one variable with coefficients in Ag.

Proof. If M is finitely generated so is M. Using the classical version of the Cayley-Hamilton
theorem (see for example [15,50]) we find a polynomial p € A[X] of the form

PX)=X"+rm X", (6.33)

with p(p) = 0 and r; € I'. We can construct an element p € Ag[x] such that under the projection
A — A the polynomial p goes to p. We write

p(X)=X"+0 X" '+ . 4 by, (6.34)
where we can choose the b; € (I5)’. For any m € M we consider p(p)(m). From ¢%(m) = @*(m)
for each integer s, it follows that p(¢)(m) = 0. Hence p(¢)M C JaM. Hence on the generators we
can write

pp)(mi) = jiwmi, ik € Ja. (6.35)

k

Since the j;; are nilpotent, there is a power r such that p(¢)” = 0. The polynomial p(¢)” is monic
and the coefficients a; in

P(X)=pX) =XV +a X" '+ .. +an, (6.36)
are in Ié. [l

Corollary 6.4.8. Let A be a superring, I a Zo-graded ideal in A, M a finitely generated A-module
and suppose a € A is homogeneous with aM C IM. Then there is an integer n > 0 and a
homogeneous element b € I with (a™ + b)M = 0. In particular, when M = IM, there is an even
element b € I with (1 +b)M = 0.

Proof. A direct application of the Hamilton—Cayley theorem 6.4.7 by taking ¢(m) = ma: then we
find that there is a monic polynomial p(X) = """ | X’a,_; in Ag such that ax € I} and p(a) = 0.
Therefore a™ + b acts by zero on M, for some homogeneous b € I. The second statement follows
by taking a = 1. [l

When the Zs-graded ideal I of corollary 6.4.8 lies in the Jacobson radical, then it follows M = 0
and thus we get an alternative way of deducing the lemma of Nakayama. Indeed, if I is the Jacobson
radical, then the element 1 + b is invertible and thus (1 4+ b)M = 0 implies M = 0.

We now turn to the preparation that we will use to prove the Krull intersection theorem for
superrings. The presentation follows the lines of [19].

Lemma 6.4.9. Let A be a Noetherian superring, I a Zso-graded ideal in A. Suppose M 1is a finitely
generated A-module and N C M a Zso-graded submodule. Then there exists a submodule Q C M
and an integer n > 0 such that

(i) QNN =1IN and

(i) I"M C Q.
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Proof. Consider the set S of all submodules N’ C M such that N'NN = IN. Then S # () and there
is thus a maximal element Q. We claim that @) satisfies the properties (7) and (i7) of the lemma.
Clearly Q N N = IN. Since M is finitely generated, to prove (i¢) it suffices to show that for all
homogeneous = € I, there exists an integer r with "M C Q. Take z € I homogeneous and consider
for each integer s > 0 the submodules (Q : 2°) = {m € M | z°m € Q}, then (Q : 2°) C (Q : z5T1).
Since M is Noetherian, there is an r such that for s > r from z°m € Q follows that x™m € Q). We
claim that (2" M + Q)N N = IN. From the inclusion D IN it follows that IN C (z"M +Q)NN.
On the other hand, if m = z"m’ + q for m’ € M, with ¢ € Q, lies in N, then zm € IN. Hence
z"tm/ € Q, and thus we see that m € Q. But then "M + Q C @ by the maximality of Q) so that
we conclude "M C Q. O

Theorem 6.4.10 (Krull’s intersection theorem). Let A be a Noetherian superring, I a Zo-graded
ideal in A and M a finitely generated A-module. Call N = N;>oI'M, then IN = N.

Proof. By lemma 6.4.9 there exists a submodule A of M such that @ N N = IN and an integer n
such that I"M C Q. But then N C I"M C . Hence N =Q NN =1IN. |

We have the following corollaries:

Corollary 6.4.11. Let A be a Noetherian superring, I a Zo-graded ideal in A and M a finitely
generated A-module. Then we have:

(i) There is an even y € I with (1 +y) Ni>o I'M = 0.
(ii) If in addition I is contained in the Jacobson radical then Mi>oI*M = 0.
(iii) If A is local with mazimal ideal m then N;>om' = 0.

Proof. By combining theorem 6.4.10 with the second part of corollary 6.4.8 we obtain (¢). The
second and third part of the corollary are then immediate. O

6.5 Base change

Let A and B be superrings and let f : A — B be a morphism. In this case we say that B is an
A-superalgebra. We will use the map f to get functors that relate the category of A-modules to
the category of B-modules.

We define the functor f, : A-mod — B-mod as follows: For an A-module M we define
f«(M) = M ®4 B, which is canonically a right B-module. For a homomorphism of A-modules
u: M — N we define fi(u) : fu(M) — fo(N) by fi(u) = u®idp. The functor f. is right-exact
by proposition 6.1.1. The functor f, preserves injective morphisms if and only if B is flat as an
A-module, where the action of A on B is the one prescribed by f.

We define a functor f* : B-mod — A-mod for the same f : A — B as follows: For each
B-module M we let f*(M) be the A-module, where the right action of a € A on m € M is defined
by (m,a) — mf(a). For a morphism v : M — N of B-modules we put f*(v)(m) = v(m).

Lemma 6.5.1. Let A, B be superrings, f : A — B a morphism and let M and N be A-modules.
We have fo(M ©a N) = fi(M) @p f(N) and f.(M & N) = fi(M) & f.(N).

Proof. Follows from (M ®4 N) ®4 B =2 (M ®4 B) ®p (N ®4 B) where the isomorphisms are
given by v : m@n®b— (m®1)® (nobd) = (=1)"P(mob) ® (n® 1) and the inverse is
P (m@by) @ (n®by) — (—1)MIlm @ n @ bybs.

For the second part we note that it follows from the definition of the direct sum that (M @
N)®aB=(M®aB)®(N®aB). O
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Lemma 6.5.2. Let A be a local superalgebra with maximal ideal m, and let M and N be two finitely
generated A-modules. Then M ®4 N = 0 if and only if M or N is zero.

Proof. Applying lemma 6.5.1 to the canonical projection f : A — B = A/m we see that (M ®4
B) ®p (N ®4 B) = 0. Both factors are super vector spaces, hence one of them has to vanish.
Suppose M ® 4 A/m =0, then M/mM = 0 and thus M = mM. By Nakayama’s lemma M =0. O

Proposition 6.5.3. Let A and B be superrings and f : A — B a morphism. There is a natural
isomorphism of Za-graded abelian groups Hom , (M, f*(N)) =2 Homg(f«(M), N) for M € A-mod
and N € B-mod. In other words, f. is left-adjoint to f*.

Proof. Note that y € Hom 4 (M, f*(N)) implies that y(ma) = y(m)f(a). We define a morphism of
sets o : Hom g (f (M), N) — Hom 4 (M, f*(N)) by

ax(m)=z(m®1). (6.37)
The inverse to « is given by the morphism (3 : Hom 4 (M, f*(N)) — Hompg(f.(M), N) defined by
By(m @ b) = y(m)b. (6.38)

The maps « and 3 are well-defined and preserve the parity. The naturality is shown by a direct
application of the definitions. O

Corollary 6.5.4. Let A and B be superalgebras and f : A — B a morphism of superalgebras. If P
is a projective A-module, then P ® o B is a projective B-module.

Proof. Suppose ¢ : K — L is a surjective morphism of B-modules and y : P ®4 B — L is a
morphism of B-modules. The induced sequence of A-modules f*(K) — f*(L) — 0 is exact since
f*(x)(k) = z(k); the maps f*(z) and x are the same as morphisms of abelian groups. We have
a morphism f*(y) : P — f*(L) sending p € P to y(p ® 1). Since P is a projective A-module,
there is a morphism h : P — f*(K) such that f*oh = f*(y). We define h,. = fi(h) : P®4 B —
K by h«(p ® b) = h(p)b. Then h, is a well-defined morphism of B-modules. We observe that
zohi(p@b) = z(h(p))b = (f*(x)oh(p))b = (f*(y)(p))b = y(p®1)b = y(p®b) and thus x o h, =y,
which means that P ® 4 B is projective. O

Let B be an A-superalgebra, so that B is an A-module. Let us write ab for the left action
of a € A on b € B; we thus suppress writing explicitly the morphism A — B. If M and N
are A-modules, then Hom 4(M,N) ® 4 B and Homz(M ®4 B, N ®4 B) are B-modules, and we
expect them to be isomorphic. In order to be able to show in theorem 6.5.9 that under suitable
circumstances this is indeed so, we need some preliminaries.

If N is an A-module, we write N?I7 for the A-module N ©4 APl4 = (P?_, N) & (PI_, TIN).
For 1 < k < p + ¢ we have a morphism of A-modules uj, : A — AP19, which maps 1 to the 1 in the
kth summand of AP19. In the remainder of this subsection, we denote e, the image of 1 under wuy;

ex = up(1). Each element n of N?I9 admits a unique decomposition n = Zi:{ npek.

Definition 6.5.5. If M is a finitely generated A-module we have an exact sequence
0 - K F u M -0 (6.39)

where F is a finite free module and K is the kernel of the morphism p : F' — K. If K is finitely
generated, we call M finitely presented. Equivalently, M is finitely presented if and only if there
are finite free modules F' and G such that the sequence

F - G L M 0 (6.40)

is exact. The exact sequence (6.40) is called a short free resolution of M.
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Clearly, the property of being finitely presented is preserved under base extension: if M is a
finitely presented A-module, then M ®4 B is a finitely presented B-module. Some direct conse-
quences of the definition:

Proposition 6.5.6. If A is a Noetherian superring and M is a finitely generated A-module, then
M is finitely presented.

Proof. If p : F — M is a surjective A-module morphism and F' finitely generated, then F' is a
Noetherian A-module, and thus Kerp is finitely generated. O

Proposition 6.5.7. If P is a finitely generated projective A-module, then P is finitely presented.

Proof. If P is projective and finitely generated, then there is a finite free module F' and a surjective
morphism p : F' — P. By lemma 6.2.2 we can write F' = P & Kerp and since Kerp is a quotient of
F' it is finitely generated. [l

For an A-module M there may be several different short free resolutions. The following propo-
sition is not needed to prove theorem 6.5.9 and relates different free resolutions.

Proposition 6.5.8. Let M be finitely presented and let

F T ~a L~ M 0

(6.41)

/ /

F/ q G/ p M 0

be two short free resolutions of M. Then there are A-module morphisms a: F — F' and 3: G — G’
such that the diagram with exact rows

F i ~¢—L M -0
a 8 idas (6.42)
A e SV} 0

commutes. Furthermore, if « is surjective, then so is 3.

Proof. Let = be a generator in G, then p(x) = p'(y) for some y € G'. We define §: G — G’ by
B(x) = y and extend by A-linearity so that p = p’ o 5. If x is a generator in F then p’o fog(z) =0
and hence there is y € F’ with ¢'(y) = B o q(x). We define o : FF — F' by a(x) = y and extend
by A-linearity. Now suppose « is surjective and ¢’ € G’. Then we can find ¢ € G such that

p(g) = p'(¢'), so that B(g) — ¢’ = ¢'(f’) for some f' € F’. Hence 3(g9) — ¢’ = ¢’ o a(f) for some
f € F and thus B(g9) — ¢’ = 80 q(f), which implies ¢’ € Im§3. O

Theorem 6.5.9. Let A and B be superalgebras and let M and N be A-modules. Suppose we have
a superalgebra morphism f: A — B. We have a morphism of B-modules

a: Hom, (M, N)®a B — Homp(f.(M), f«(N)) (6.43)

defined by
(@4 b)(m ) = (=1)"MPlo(m) @4 b0 (6.44)

If B is a flat A-module and M is finitely presented, then the map « is an isomorphism of B-modules.
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Proof. First we show that « is a morphism of B-modules:
oo @ biby)(m @ bs) = (—1)™IUbLI+b2D (1) @ bybobs (6.45)
on the one hand and
(e @ by)) - ba)(m @ bg) = (—1)1P2lUmI+baD o (o @ b)) (m @ bs) - by

6.46
— (71)|m\(\b1\+|b2\)+|b2\\b3|<p(m) ® bibsby, ( )

which equals (6.45). Furthermore, the map « preserves sums and the parity.

Next, we first verify the isomorphism on the module M = A. In this case Hom (A, N) & N,
A®4 B> Band Homg(B,N ®4 B) 2 N ®4 B. It is easy to check that the map « is the identity.
Now we deal with M = APl9. We have an isomorphism of abelian groups Hom ,(AP!9, N) ® 4 B =
NPl4 @4 B and also

Hom (AP @ 4 B,N ®4 B) = Hom (B9, N © 4 B)

‘ ‘ (6.47)
g(N@AB)PQgNPQ(X)AB’

are isomorphisms of abelian groups. The isomorphisms are however not isomorphisms of B-modules,
since the isomorphisms do not commute with the right action of B. The morphism of B-modules
induces a map & : NPI9 ® 4 B — N?|9 @4 B of abelian groups given by

5 ST S AL EM o
J J

where the e; are the images of 1 € A in the jth summand of NPl4 = N @4 APl9, The minus sign
in eqn.(6.48) should not surprise us, since we do not have morphisms of modules. However, we see
that & is an isomorphism of abelian groups, since it squares to the identity and preserves sums.
We already verified that « is a morphism of B-modules, hence also for M = APl the map « is an
isomorphism.

Now we assume that B is a flat A-module and M is finitely presented. Hence there are finite
free A-modules G and F' and connecting maps ¢ and € such that the following sequence

F—2 .6—°" .M - 0 (6.49)
is exact. Applying the functors — ® 4 B and Homgz(—, N ® 4 B) we get an exact sequence
0 Homp (f,(M), f.(N)) — Homp(f.(G), f.(N)) — Homp(f.(F), f.(N)) . (6.50)
Similarly we obtain an exact sequence (using flatness of B)
0 Hom ,(M,N) ® B — Hom,(G,N)® B — Hom,(F,N)® B . (6.51)

Writing ax for the morphism ax : Hom 4 (X, N)®4 B — Hompg(f«(X), f«(N)) as defined in (6.44)
and putting X = F, G, M we get a commutative diagram (where it is needed that ¢ and ¢ are even
in order to ensure commutativity):

0 Hom(M', N') —— Homgz(G', N') —— Homy(F', N')
am ag arp . (6.52)
0 Hom 4 (M,N)® B — Hom,(G,N)® B — Hom ,(F,N) ® B

From the first part of the proof we know that ar and ag are isomorphisms. By a simple diagram-
chasing argument it follows that o is also an isomorphism. [l
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Corollary 6.5.10. Let A be a superalgebra over k and let V1 and Vy be super vector spaces over k
of finite dimensions p1|q1 and pa|qe respectively. Then

Hom,vee (V1,V2) ®) A = Hom 4 (APH19| AP2192) (6.53)

Proof. Since k is a field, A and V5 are free k-modules and hence A is flat and V5 is finitely presented.
It is easy to see that A”l® = k"1* @, A for any r and s. O

We remark that the situation in corollary 6.5.10 is very similar to the situation of lemma 3.7.7,
but there is a difference. Corollary 6.5.10 just states that there is an isomorphism of A-modules.
For the case of super vector spaces, it is not too hard this result directly, which we in fact did in
section 3.7. Lemma 3.7.7 additionally gives an isomorphism of superalgebras.

~J

Corollary 6.5.11. Let A be a superring and p a prime ideal in A. Then we have Hom 4 (M, N),
HO_mA,, (Mp, Np).

Proof. Using the fact that A, is a flat A-module, and that M, = M ®4 A, the result follows
immediately from lemma 6.2.7. (|

Corollary 6.5.12. Let A be a Noetherian superring and M a finitely generated module. Then M
is projective if and only if all localizations M, at prime ideals p are free Ay-modules.

Proof. We claim that if M is projective as an A-module, then M, is a projective Ap-module.
Suppose p : K — L is a surjective morphism of Ay,-modules and f : M, — L any morphism of
Ap-modules. Denote ¢ : M — M, the canonical morphism associated to the localization. Then K
and L can also be viewed as A-modules, where the action of A goes via ¢. We thus find a morphism
¢ : M — K such that po ¢ = foi. For all elements a € A — p the linear homothety [, : K — K
along a is invertible and hence by the universal property of localization (see 5.1.14) there is a unique
morphism 1 : M, — K such that the following diagram commutes:

h

K L 0
¢ ) ! : (6.54)
M M,

This proves that M, is projective. Since A, is local we know by lemma 6.4.6 that M, is a free module.
Conversely, suppose that for all prime ideals p the localized module M, is a free A,-module. If
f+ K — L is asurjective morphism of A-modules, then using the maps ax : Hom 4 (M, K)®4 A, —
Hom , (M, Ky) and ap, : Hom o (M, L) ®4 Ay — Hom, (Mp, Ly) defined in theorem 6.5.9 give rise
to the following commutative diagram:

(fp)”

Hom, (My, Kyp) Homy (My, Ly)

ax o : (6.55)

Hom , (M, K) ®4 Ay —2°

HOInA(j\47 L) ®A Ap

where f, is the induced morphism K, — Ly, f, sends 2®p € Homy(M,K)®4 Ay to £ @ fogp
and (fy)* is given by (fy)*(u) = fy ou for u € Hom, (M,, Ky). The upper row of diagram (6.55)
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Is exact since free modules are projective. The vertical arrows are isomorphisms, as A, is a flat
A-module and M is finitely presented by proposition 6.5.6. Hence the morphism f, is surjective for
all prime ideals. But then by lemma 5.1.21 the sequence

Hom , (M, K) — Hom 4(M, L) 0 (6.56)

is exact. Hence M is projective. O






Chapter 7

Dimension theory of superrings

In this chapter we discuss dimension theory of superrings. First we investigate the dimension of
the Zariski tangent space m/m? for a local superring with maximal ideal m. Then we use Hilbert
functions to give some more general results.

7.1 Dimension parameters

Definition 7.1.1. Let A be a local Noetherian superring with maximal ideal m and with canonical
ideal J = (Az). We call the total dimension of A the minimal numbers of generators for m and
we write T(A) for the total dimension. We call the bare dimension of A the minimal number of
generators of m in A and we denote the bare dimension of A by B(A). We call the odd dimension of
A the minimal number of generators for J and we denote it by O(A). We call the Krull dimension
of A the mazimal chain length of prime ideals in A, which is thus equivalent to the Krull dimension

of A and we denote it by K(A).
An immediate consequence of the definition is:
Lemma 7.1.2. We have K(A) < B(A) and equality if and only if A is regular.

In the present section we try to relate the dimension parameters defined in definition 7.1.1. For
the remainder of the section we write

plg = dim g/ (m/m?). (7.1)

Furthermore we fix a set of even elements {ei,..., ey} and a set of odd elements {n1,...,n,} such
that the images of these elements in m/m? are a basis of m/m? over A/m. Using the lemma of
Nakayama we know that the set {e;,n,} generate m (also see the proof of lemma 6.4.6). We
conclude that p + ¢ = T(A). We now claim that e; mod J # 0; indeed, if e; € J then as the e;
are even, we must have e; € J? C m?. But that is impossible. Furthermore, the images of e; in A
span m; indeed, if x € m, then = ymod J for some y € my. We can write y = >_ \;e;, where no
Na-terms appear as the 7, are in J. Hence z = > \;&;. In other words, we have p > B(A) and we
have proved first half of the lemma:

Lemma 7.1.3. We have B(A) = p.

Proof. Write r = B(A) and assume fi,..., f, are elements such that the images in A generate

m minimally. We may assume f; € mg. Let v € (m/mQ)f and write v = wmodm? for some
0
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w € mg. Then there are \; € A such that @ = >_ \; f;, and we may assume the \; to be even. Then

w— Y A\ fi lies in JNmg. But JN Ay C (47)? € J? C m? and hence (w — > \; f;) modm? = 0.

Hence the f; span (m/mQ) _and thus r > p. O
0

As in the proof of lemma 7.1.3, let f1, ..., f, be even elements such that the images in A generate
m minimally. Further, let &,...,& be a set of homogeneous elements that generate J minimally;
then we have O(A) = ¢. By proposition 3.3.5 we know that the £, are odd. Now let € m, then
we now that there are A\; € A such that z = > \; fi mod J and hence the set {f;,£,} generates m.
It thus follows that r +t < p+ ¢ = T(A), from which we conclude that O(A) > ¢q. However, we
even have:

Lemma 7.1.4. We have O(A) = q.

Proof. Write s = O(A) and assume that 61, ...,60, generate J minimally. We will prove that the
0; mod m? are linearly independent over A/m and hence O(A) = s < ¢ = dim(m/m?)s.

Suppose Y a;6; modm? = 0 for some «; € R/m, which are not all zero. Then there are a; € Ay
such that > a;0; € m? and not all a; are in m. We may assume a; ¢ m and thus a; is invertible. It
follows that 61 + 3 .., bif; € m? N Ay = mgA;. This implies there are \; € mg such that

01 + Z b0; = i: Aib; (72)
1

i>2 i=

and hence we can write
S

(I—A1)br = Zciei ) (7.3)

1=2

for some numbers ¢;. But since A; € m, the element 1 — \; is invertible and we can express 6y in
terms of the other ;, which is contradicting the assumption that the #; are a minimal generating
set. O

Summarizing we have

Theorem 7.1.5. Let A be a local superring with mazimal ideal m and denote plq = dim 4/ (m/m?),
then O(A) =q, B(A) =p and T(A) =p+q.

As an aside, we propose the following definition of smoothness for superrings:

Definition 7.1.6. Let A be a local superring with mazimal ideal m such that A contains a copy of
k= A/m. Let dimym/m? = p|q. Then we call A a regular local superring if the completion A of A
with respect to the m-adic grading is isomorphic to the superring k[[x1,...,Zp|m, - ., Nql]-

An immediate consequence is that A is regular if and only if Ais regular. Some other con-
sequences are that any regular local superring is a super domain and that the body of a regular
local superring is a regular local ring. For a general superring A we say that A is regular if all
localizations at prime ideals are regular local superrings.

The above definition of smoothness was also used by Fioresi [59] to show that affine algebraic
groups are smooth. In other words, any affine algebraic supergroup is a Lie supergroup, see for
example [5,8].
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7.2 Hilbert functions

In this section we define Hilbert functions for superrings. We let A be a Noetherian Z-graded
superring A = @@,~, A;. Call AL = @,., then A, is a finitely generated ideal. Therefore, A is
finitely generated as an Ag-superalgebra. Since Ag = A/A, is a quotient of A, the superring Ay is
also Noetherian. We assume that A is generated as an Ag-superalgebra by the elements of A;.

We consider the category C of finitely generated Z-graded modules. Any such module M is
bounded in degree below, that is, there is an integer d such that M = @, , Mj. We claim that
any summand My of M in C is a finitely generated Ap-module: If A is generated as an Ap-module
by homogeneous generators z1,...,x, and M is generated by homogeneous elements mq, ..., ms,
then My is generated as an Ag-module by all elements m = > a;m;, where a; are monomials in
the x; of Z-degree d — deg(m;). But there are only finitely many such monomials, hence M, is a
finitely generated Ag-module. The morphisms in the category C are those A-module morphisms
that preserve the Z- and the Zs-grading. There is a natural functor 7" in this category that shifts
the Z-degree of each module M in C: (T'M ), = Mg11. We use the notation M|[i] = T M.

Definition 7.2.1. We call additive function, any function on the class of finitely generated of Ag-
modules with values in Z, such that if 0 — M' — M — M" — 0 is an exact sequence of finitely

generated Ag-modules, then \(M') — AN(M) + A\(M") = 0.

Some immediate consequences are: A\(0) = 0 and if M = M’ then A\(M) = A(M'). To see the
first claim: we note that 0 — 0 — 0 — 0 — 0 is exact. Applying A then gives A(0) = 0. If M = M,
then 0 - M — M’ — 0 — 0 is a short exact sequence. Applying A and using A(0) = 0 gives
A(M) = A(M).

Given an additive function A we introduce a formal Laurent series Hy,(t) for each A-module M
in C by the formula

() = ST M, )t (7.4)
HEZL
The power series Hj,(t) is bounded below by the assumptions on M. We call Hj,(t) the Hilbert
function of M with respect to the additive function A. We write K3,(¢) for the function H3,(¢) +
H},/(t). The following lemma gives the most elementary properties of Hilbert functions.

Lemma 7.2.2.
(i) For any M in C we have H]’\\ﬂd] (t) =t=4H,(t).
(ii) Suppose we have a finite exact sequence of finitely generated Ag-modules

f1

0 - M1 > Mk,1 )

M, -0 (7.5)

then we have

(ii) Let M be in C and let ¢ : M[—d] — M be a morphism, then we have
H& (t) - thI>\\/[ (t) = Héoker () (t) - thléer () (t) : (77)

Proof. The proof of (i) is standard and follows directly from the definitions. For (ii) we remark
that for 1 <i < k all sequences

0

Kerfz- Mz > IIIlfZ > 0 (78)
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are exact. But since the sequence (7.5) is exact we have Kerf;, = Im f;_;. Applying A to all
short exact sequences (7.8) and adding up the results we obtain equation (7.6). Then (ii¢) readily
follows. O

We would like to know what the possible Hilbert functions are for a given additive function A
and a given A-module M in C. The following proposition only uses the formal properties of the
functors T" and II to reduce the possible Hilbert function to a rational function with at most three
different poles.

Proposition 7.2.3. Let A be a Noetherian Z-graded superring that is graded as an Ag-superalgebra
by A1 and let M be a finitely generated Z-graded A-module. Then the Hilbert function Hy(t) is of

the form:
Q)

1-t)mQ+t)’

for some polynomial Q(t) € Z[t] and some integers d, m,n, with m,n nonnegative.

Hy (t) =t (7.9)

Proof. We use induction on the number of generators of A as an Ag-superalgebra. If there are zero
generators, the module M is just an Ag-module, and since M is finitely generated, we may assume
that there is an integer e such that M, contains no generators for any p > e. Hence M, = 0 for all
@ > e and thus H3,(t) is polynomial times a power of .

Assume that A is generated by r even elements in A; and s odd elements of A;, and r+ s > 0.
Then we pick one generator = and consider the maps ¢ : M — M][1] given by multiplication
with z; ¢(m) = zm. We write N for the A-module M/xM whose dth graded component is
Ny = My/xMy—1. There are two cases to distinguish; x even or x odd. If = is even we have an
exact sequence

0

Kerp M M1] N[1] 0 . (7.10)

Both the Ker¢ and the cokernel N are finitely generated A/(x)-modules and we may apply the
induction hypothesis to get:

(1= O H (t) = HY(t) — tHe (1) = td% . (7.11)
In the case that = is odd, we get two exact sequences
0 Ker g - 1IM = M[1] N[1] >0
(7.12)
0 Kerp M IMM[1] —— TIN[1] 0
Consequently, we get two equations upon applying A:
0 = A(IIKer p),)) — A((TIM),.) + A(Myii1) = ANt (7.13)
0= A((Kerp),) — A(Mp) + A(IIM) u41) — ACIIN) g1 ) - (7.14)

After multiplying eqns.(7.13,7.14) with t**! and adding up, we can use the induction hypothesis
to obtain:

e @it
t (1t)i21)+t)b = tHy(t) — Ha(t)  a,b,c€Z, a,b>0, (7.15)
oo () = Hapy(t)  mynk €Z, myn>0. (7.16)

A—pmror

Solving the above system of equations finishes the proof. [l
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We have not yet used that a superring is super commutative, and it is this property that ensures
that the Hilbert function is regular at ¢t = —1.

Theorem 7.2.4. Let A be a Noetherian Z-graded superring that is generated as an Ag-superalgebra
by Ay and let M be a finitely generated Z-graded A-module. Then the Hilbert function is a rational
function f(t)/g(t) with f(t) € Z[t] and g(t) = t™(1 —t)™ for some nonnegative integers m,n.

Proof. Assume that A is generated as an Ap-superalgebra by even elements zy,...,2, € A; g and
odd elements 71,...,74 € A; 1. We will do induction on the number p.

Assume first that p = 0, then A = Ag[n1,...,n,] and we have a finite decomposition A =

¢ o A;. Then M is also finitely generated as an Ap-module. Indeed, if M is generated by elements
mi,...,my with Z-degrees dy, . . ., dy respectively, then M is generated over Ag by all products m;u
where u is a monomial in the 7,. Since there are only finitely many of such monomials u - their
number being 27 - we conclude that M, = 0 for all e > max;(d; + ¢). In this case, the Hilbert
function is just a finite sum of powers of ¢ with coefficients in Z.

If p > 0 we proceed as in the proof of proposition 7.2.3. If z is an even generator of A,
consider the morphism I, : M — M given by l,(m) = zm. Then we have an exact sequence
0 —- K - M — MJ[1] — NJ[1] — 0 of finitely generated A-modules, where K = Ker(l,) and
N = M/xzM. We have the following relation between the Hilbert functions:

(1—t)Hp (t) = Hy(t) — tHp(t). (7.17)

Since K and N are finitely generated A/(x)-modules, we can apply the induction and we are
done. |

Corollary 7.2.5. Let A = @, Aq be a Noetherian Z-graded superring that is generated as an
Ag-superalgebra by elements x1,...,x, € Aj g and m1,...,mg € Ay 1. Let M be a finitely generated
Z-graded A-module. Then for any additive function \ on the class of finitely generated Ag-modules,
there is an integer N such that the A(M,,) are given by a polynomial of a degree less than or equal
top for u > N.

Proof. By theorem 7.2.4 the Hilbert function of M with respect to X is given by H3,(t) = %
with n < p and with f(¢) a polynomial with integer coefficients. We have the expansions

() = 3 MM, )t ﬁ = (” o ’f) o (7.18)

WEZ k>0

Let N be the degree of f and write f(t) = Zév fit!, then for i > N we have

N
n—14+N-k
ANMy—m) = ka< Nk ) : (7.19)
k=0
which is obviously polynomial in g and of degree less than or equal to n. [l

Remark 7.2.6. The reason we first proved proposition 7.2.3 and not theorem 7.2.4 right away is
to clarify the role of the super-commutativity. If we change the setting to commutative rings with a
7 X Zo-grading the Hilbert function can get poles at ¢ = —1. Consider for example the commutative
ring R = klz1,...,Zp,y1,...,Yq] over a field k generated by elements x; and y; with 1 < ¢ < p
and 1 < j < ¢g. We give the generators x; the Z x Zs-grading (0,0) and the generators y; the
7 x Ta-grading (0,1). Thus Ry = k, so that the category of Za-graded Rp-modules is the category
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of super vector spaces and we consider the additive function A(V) = dimy(V5). The dimension of

R, 5 is given by the number of different monomials XY with X = 2{' -+ 2;,” and Y = ybr ~ygq
such that a =}, a; and b=3_,b; add up to n and such that 2 divides b. Hence we have

dimg(R,g)= 3 (p - a) (q - 2 + b) . (7.20)

—1
a+b=n,2|b p

It follows that

- N 1 1
;t dimy, (R, 5) = (BT (2(1 — + 2(1+t)q). (7.21)

Another interesting case is obtained when we replace the Zs-grading by a Zs-grading. Consider the
commutative polynomial ring S = klz;, y;, 2] where 1 <i<p, 1 <j<gand1l <k <r. Wegive
all generators Z-degree 1 and the z; we give Zs-degree 0 mod 3, the y; we give Zsz-degree 1mod 3
and the z; we give Zs-degree 2mod 3. Now let w # 1 be a third root of unity, then

Zt”dimk(S Omod3) = ! + !
" (1 —t)yptatr  3(1 —t)P(1 — wt)1(1 — w2t)"
n>0
= (7.22)
N 1
3(1—t)P(1 — w2t)1(1 — wt)”

Example 7.2.7. Let A be k[z1,...,xp|m,...,nq]. Consider the additive function A(M,) =

dimy (M, 5). There are (“;f;l) monomials of the form 27" ---x,"” where Y, m; = p, there are
(“;‘fIQ) () binomials of the form z{™ --- 2”1, where Y, m; = p— 1, and (”;f;g) (%) binomials
of the form 27" - - - " 1o ng where Y, m; = p — 2. Continuing in this way we see that

A+ 14, = 3 <O‘ T 1) (g) . (7.23)

-1
atB=p p
The function K} (t) = HA(t) + H} 4 (t) is thus given by

1+ t)9

KA = L0 7.24
20 = (7.24)
To calculate the dimension of the even part of A, we only should take those monomials with an
even number of 7,’s, hence

A =Y (“ +1;:11— 2j) (qu) : (7.25)

J=0

which is a finite sum as (2qj) is zero if 2j > gq. We then obtain the following formula for the Hilbert

function of A:

(1+8)7+ (1 — 1)
2(1+t)p

HA(t) = A (7.26)

An even element x € Aj is a nonzerodivisor of M if xm = 0 implies m = 0 for all m € M. An
I-tuple (x1,...,2;) in (Ap)! is an even M-regular sequence if z1 is a nonzerodivisor of M and x;
is a nonzerodivisor of M/(x1M + ...+ z;—1 M) for 2 < i < [. We generalize these notions for odd
elements as follows:
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Definition 7.2.8. We call an odd element n € A; an odd M -reqular element if nm = 0 implies
m € nM. We call an n-tuple (n1,...,m,) € (A7)™ an odd M -reqular sequence if 1 is an odd M-
reqular element is and 1; an odd M -reqular element is for 2 < i < n, where M) = M/(mM +
et ni—lM)-

Proposition 7.2.9. Let A be a Noetherian Z-graded superring generated as Ag-superalgebra by Ay
and let M be a finitely generated A-module.

(i) If x € Ay 5 is a nonzerodivisor on M, then (1 —t)Hp (t) = H])Cj/mM(t).
(ii) If n € A, 1 is an odd M-regular element, then Ky (t) = (1 + t)K])\‘MnM(t).

Proof. (i): Under the assumptions the kernel of the morphism ¢ : M — M, p(m) = xm, is zero
and the exact sequence of eqn.(7.10) becomes

0 M M[1] — M/aM[l] —— 0 . (7.27)

Hence A(M,,) — AM(My,11) + M(M/2M),+1) = 0 which gives rise to (1 — t)H3, (t) = HI)Q[/zM(t).
(i4): Under the assumptions the following sequences are exact

0 (nM)n M, e My — (M /nM)ps1 —— 0
0 (IInM),, M, 221 o M, - (M/9M)py1 —— 0
, (7.28)
0 — (77M)n M, L (UHM)n-i-l 0
0 (IInM),, M, == (nM) i1 0

where in all cases the first map is the canonical injection. Applying A, multiplying with ¢"*! and
adding up one obtains

0= tH;;\M(t) — tHp () + Hiypr(t) — H?[(M/ﬂM) (t),
0= tHf;\HM(t) — tHiyp () + Hay(t) — H]/\\4/nM(t) ;

0= tH;;\M (t) — tHpy (t) + H;;\H]M(t) ) (729
0= tH;]\HM(t) — tHip (t) + H’I?M ().
From the last two equations of eqn.(7.29) we obtain
(1 — %) Hpy (8) = tHiip (t) — t* Hyy (1) (7.30)
(1 - t2>H7)7\HM(t> - tHfCI@) - tQHﬁM(t) ) .
from which we get
(1+ ) K (t) = K (t) . (7.31)
From the first two equations of eqn.(7.29) we obtain
(1 =) Hitag () = tHagoar (8) + Hiyoarpmany (£) — tHyag (8) — 2 Hppg (£) (7.32)
(1—¢*)Hypy(t) = tHli\I(]M/n]M) (&) + Hagpoar (t) — tHowaar (8) — 2 Hpa (8) -
and thus we get
(1- t)KIAw(t) = K])\\4/nM(t) - tK7/7\M(t) : (7.33)

Combining the eqns.(7.31,7.33) we get K3, (t) = (1 + t)K])\‘MnM(t). O
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Corollary 7.2.10. Let M, A be as before and suppose that there exists an odd M -regular sequence
(M1, ..., ns) with all m; € A, 1, then K3, (t) has a zero at t = —1 of order at least s. If (z1,..., )
is an even M -reqular sequence, then (1 —t)'Hp,(t) = H]’\\MN(t) for N=x M+ ... +x M.

Proof. We use inductively K7, (t) = (1+t)'K 7, (t) where M = M and M) = M =Y /p; M G—1)
so that for i > 1 we have M) = M/(n M + ...n;_1M). The second statement is trivial. O

7.3 Application to local superrings

Let (A, m) be a Noetherian local superring, let ¢ be m-primary and write k = A/m for the residue
field of A. Let M be a finitely generated A-module with a g-stable filtration M = My D M7 D My D

. (also see section 5.7). The superring A has a natural g-stable filtration A = q° > ¢! D g% D ...
Let gr(4) = @y a'/q' T and gr(M) = @yoq Mi/Mi+1 be the associated graded superring and
associated graded module respectively.

Lemma 7.3.1. Let (A, m) be a Noetherian local superring, and let q be m-primary. Then A/q is
an Artinian superring.

Proof. Since m is finitely generated and q is m-primary, there is an integer [ such that m! C q.
Clearly then m! C q C m. Since

-1
tdimg (m/m'*1) = Z tdimym’ /m**!
=1

where tdim is the total dimension (sum of dimension of even part and of odd part), and each
of the total dimensions on the right-hand side is finite, we see that the vector space m/ml is
finite-dimensional over k& = A/m. Therefore m/q is finite-dimensional over k and tdimy(A/q) =
tdimy (A/m)+tdimgm/q is finite. Thus A/q is a finite-dimensional superring over k, hence Artinian.

O

For a fixed A-module M with a g-stable filtration {M;} we write [,,(M) for the length of
(M/M,)5 when viewed as an (A/q)g-module. For convenience we write B = (A/q)5. We write
Ip(M) for the length of a B-module. Thus (M) = lg(M/M,).

Lemma 7.3.2. Let A be a local superring with maximal ideal m and let q be m-primary. If M is
a finitely generated A-module with a q-stable filtration, then l,,(M) < oo.

Proof. Let B = (A/q)5. Since each M, is a finitely generated A-module and qM,, C M,,+1, each
M, /Mp+1 is a finitely generated A/g-module. Therefore (M, /M, 1) is finitely generated B-
module. Since A is Noetherian, Jy4 is finitely generated and thus M, /M,,+1 is a finitely generated
B-module. Since B is Artinian by lemma 7.3.1, the B-module M,,/M,, 41 is an Artinian module.
Since A/q is Noetherian, so is its even part B by proposition 3.3.6. Hence M,,/M,,+1 has finite
length as an B-module by theorem 3.4.9. In [16] it is shown that the length is additive on the class
of all finite length modules of an Artinian commutative ring. Hence the length {5(M/M,,) is given
by the sum Y. | I5(M;/M;41). This shows that [5(M/N,,) is finite. But (M /M, )g is a submodule
of M/M,, and thus also has finite length. Thus [,,(M) = lg((M/M,)5) is finite. O

The following lemma assures that assigning a finitely generated A/q-module M the value of the
length of Mj as a B-module gives rise to an additive function on the class of finitely generated
A/g-modules.
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Lemma 7.3.3. Let A be a Noetherian and Artinian superring, the function that assigns to each
finitely generated A-module M the length of My as an Ag-module, is additive on the class of finitely
generated A-modules.

Proof. Clearly, as the canonical ideal of A is finitely generated, A is a finite Ag-module. Hence any
finitely generated A-module is finitely generated as an Ag-module. And thus any finitely generated
A-module is an Artinian Ag-module.

Let 0 = M’ — M — M"” — 0 be an exact sequence of A-module maps, with all morphisms
preserving the Z-grading. Then we can restrict to the even parts and thus 0 — Mg — Mg — Mg —
0 is an exact sequence of Ag-modules. Applying proposition 6.9 of [16] gives the required result. O

Lemma 7.3.4. Let M be a finitely generated A-module with a q-stable filtration M = Mgy D M; D
My D .... Then there is a polynomial f(t) € Z[t] such that Ig(M/M,) = f(n) for n large enough.

Proof. The Z-graded superring gr(A) is generated by the elements of Z-degree 1. By corollary 7.2.5
there is a polynomial g(t) € Z[t] such that for large enough n we have

The following sequence is exact

0 M, /Mpy1 ——— M/Mpq M/M, — 0 (7.35)
as a sequence of B-modules. Hence
Ig(M/Mpt1) =1lg(M/M,) +lp(M/M,). (7.36)

By induction we then see that there is a polynomial f(t) such that f(n) =1,(M) for large enough
n. O

Lemma 7.3.5. Let M be a finitely generated A-module with a q-stable filtration M = Mgy D My D
My D .... Let f(t) € Z be such that for large enough n we have f(n) = l,,(M). The degree and the
leading coefficient of f are independent of the q-stable filtration on M.

Proof. Let M = My > M, D M, O ... be another g-stable filtration on M and let f(t) € Z[t] be
such that f(n) = lp(M/M,,) for large enough n. As both filtrations are g-stable, there is an integer
N such that My, = qMj, and M1 = qM;, for all k > N. It follows that My4p = q*My C
q*My € My, and similarly My, C My, for all k > 0. Hence Ig(M/My.1) > lg(M/My) and
Ig(M/My 1) > 1g(M/My) for all k> 0. It follows that

Ig(M/Mny+y) _ 1g(M/May k)
LS00 S (M)

(7.37)

Taking the limit & — oo the right-hand side of eqn.(7.37) goes tends to 1 as [g(M /M) becomes
polynomial in k. Hence also the middle term of eqn.(7.37) tends to 1, which can only happen of
f(t) and f(¢) have the same leading coefficient and the same degree. O

For any finitely generated A-module M with a g-stable filtration M = My D M; D ... we define
the characteristic function x3” (t) € Z[t] to be that polynomial for which x;*(n) = I,(M) for n large
enough. We write x?(t) = xq(t) and XEA(t) = Xq(1).

Lemma 7.3.6. Let A be a local superring with mazimal ideal m and q an m-primary ideal. Then
the degrees of the characteristic functions xm(t) and x4(t) are the same. Similarly, the degrees of
Xq(t) and Xm(t) are the same.
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Proof. We have m” C q C m for some r. Hence m"™ C q" C m” for all n. Then x(n) < xq(n) <
Xm(nr) and similarly Xm(n) < Xq(n) < Xm(nr); taking n — oo proves the lemma. O

Proposition 7.3.7. Let (A, m) be a local regular superring with residue field k. Suppose dimy, (m/m?)
plq and that A contains a field. Then xm(t) has degree p.

Proof. Let A be the completion with respect to the m-adic filtration, and let /m be the maximal
ideal of A. Then by proposition 5.5.1 we have A/m* = A/mF for all k. Hence we may replace A by

A. Since A is regular and contains a field, we have by theorem 5.12.4

gr(A) = klz1,...,zplm, .-, 1], (7.38)

where gr(A) is the associated Z-graded superring to the filtration A = m® > m! > m? > .... By
example 7.2.7 we have

dimy (m! /mi+1); = H;Qb (p o ) (‘bf) . (7.39)

Any summand of eqn.(7.39) is of the form

(@=2))+ ) —2)+2)---((1=2)+p—1)(q\ "' [q
(p—1)! <2j> BRCED] <2j) +0p1(l),  (7.40)

for some j with 0 < 25 < [ and where O,(I) stands for a polynomial in [ of degree less than 7.
Noting that Z2| ; (qu) = 297! we obtain the following expression:

dimg (e = 204 0, () (7.41)
me(m /m 0= (p — 1)' p—1 . .
But then
2a—1p
dimy,(A/m')5 = o +0,(1). (7.42)

O

The proof of proposition 7.3.7 shows that the degree of X (t) also equals p if A is a regular
local ring with dimg(m/m?) = p|g and A contains a field. The odd dimension g can be read off
from the leading term. This is related to the fact that A is as a module over the commutative ring
R = k[z1,...,xp] isomorphic to a free module with 27 copies of R.



Chapter 8

Algebraic supergroups and super
Hopf algebras

The goal of this chapter is to introduce algebraic supergroups and discuss their relation with super
Hopf algebras. The first part of this section is devoted to introduce the notion of a super Hopf
algebra. The discussion is parallel to the presentation in standard textbooks such as [20-22], with
perhaps the main difference that here care is taken that all notions respect the Zs-grading. We
first recall some basics of linear algebra for infinite dimensional super vector spaces over a fixed
base field k. We note that in this chapter not all algebras are commutative, and hence we need to
distinguish on occasion between left and right ideals.

8.1 Linear algebra

With Sgn(a) we mean (—1)%. We fix a ground field k. For two super vector spaces A, B, the set
of k-linear maps A — B forms a super vector space Homv,.. (4, B). If A, B,C, D are super vector
spaces and f: A — C and g : B — D are linear maps, then f® g: A® B — C ® D is given by
f@g(z©y) = Sen(|z(lg]) f(z) @ g(y).

Given a super vector space V' we denote V* = Hom_ vy, (V, k) the dual space, consisting of all
k-linear maps V — k, where k is interpreted as the super vector space k = k'1°. V* is in a natural
way Zo-graded. Since all super vector spaces are free modules, any super vector space is projective.
Any super vector space admits a homogeneous basis, since both the even part and the odd part
admit a (Hamel) basis. If V, W are super vector spaces and V' C W, then since W/V and V admit
a homogeneous basis, there exists a homogeneous basis of W containing a homogeneous basis of
V. This shows that any super vector space is injective, and for any exact sequence of super vector
spaces 0 - U — V — W — 0 the sequence 0 — W* — V* — U* — 0 is exact. Often we will use
an asterisk and write v*, w*, ... for elements of V*.

For a sub super vector space X C V we denote X1 the set of elements w € V* such that
w(z) = 0 for all ¥ € X. If X is Zo-graded,then X~ is Zs-graded. For a sub super vector space
Y C V* we denote Y the set of all vectors v in V such that y(v) =0 for all y € Y. When Y is
Zy-graded, then Y1 is Zo-graded. If X C V is a sub super vector space, then one easily shows that
(V/X)* =2 X+. This observation gives the following lemma:

Lemma 8.1.1. Let V be a super vector space and let X be a sub super vector space. Then X++ = X.
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Proof. Clearly X C X*+. The lemma follows if we can show that if v ¢ X, then v ¢ X+t
Suppose v ¢ X, then vmod X # 0. Hence there exists w € (V/X)* such that w(vmod X) # 0 and
hence composing w with the projection V — V/X defines a nonzero element w’ in X+ such that
w'(v) #0. O

We say a subspace Y C V* is dense if Y+ = 0.

Lemma 8.1.2. Let V' be a super vector space, then the canonical morphism d : V — V** given by
d(v)(v*) = (=D y* (v), for all v € V and v* € V*, is injective and d(V') is dense in V**, that
is, d(V)1 = 0.

Proof. Suppose that d(v) = 0 for some homogeneous v, then v*(v) = 0 for all v* € V*. Let U be
a complement in V to k- v such that V' = k- v ® U (this can always be achieved, since the super
vector space V/k - v admits a basis). Take any nonzero A € k* = (k-v)* and p : V — V/U the
canonical projection. Then we can define v* = Aop € V*. As AM(vmodU) = 0, we need v € U,
which forces v € k- vNU = 0. Hence d is injective.

For the second claim we compute

dV)t ={v* € V* | d(v)(v*) =0, YveV}
=" eV*|v*(v) =0, YweV}
=0. O

Lemma 8.1.3. Let V be a super vector space. Let X be a finite-dimensional sub super vector space
of V*. Then the morphism V — X* induced by the inclusion X — V*, is an epimorphism.

Proof. Let d:V — V** be the inclusion of lemma 8.1.2, 7 : X — V™ be the inclusion of X in V* and
let p : V** — X* be the projection given by p(w)(z) = w(i(z)) for allw € V** z € X. Consider the
composite map ¢ = pod: V — V** — X*. Then ¢(v)(z) = Sgu(|z||v])x(v) forallz € X andv € V.
Decompose X* as X* = ¢(V)® Z. Consider the subspace o(V)+ ={z € X |z(v) =0, Ywe V} C
X. Then i(p(V)1) lies in d(V)+. Hence ¢(V)+ = 0, but dimyp(V)+ = dimiZ. Hence ¢(V) =
X (|

Lemma 8.1.4. Let V and W be super vector spaces, then the morphisme : V*QW* — (V@ W)*
given by e(v* @ w*)(v @ w) = (=) v* (V)w* (w) is injective and the image is dense.

Proof. Suppose u € V*®@W*. Then by definition of the tensor product, u is a finite sum ), v; @ w;
with v} € V* and w; € W* and we may assume that the v and w} are homogeneous.

Take X C V* to be the span of the v] and ¥ C W™ to be the span of the w;. The inclusion
X — V* induces an epimorphism V — X* by lemma 8.1.3. Similarly, we have an epimorphism
W — Y*. Take v € V such that d(v)(vf) = 1 and d(v)(v}) = 0 for ¢ > 1, where d : V — V** is
the inclusion of lemma 8.1.2. Similarly, find w € W such that d'(w)(w7) = 1 and d(w)(w]) = 0 for
i > 1, where d' : W — W** is the inclusion of lemma 8.1.2. Then u(v ® w) = 1, hence e(u) # 0.

For the second claim, suppose z € (e(V* @ W*))+. Write = 3, v; ® w;, which is a finite
sum, and suppose the w; are linearly independent. Call Y the span of the w;, then Y is finite-
dimensional and the inclusion Y — W induces an epimorphism W* — Y*. Thus we can choose
w* € W*, such that w*(wy) = 1 and w*(w;) = 0 for ¢ > 2. But then for all v* € V* we have
v* ® w*(z) = v*(v1) = 0. Hence v; = 0 and choosing different w we see that = 0. O

In the proof of lemma 8.1.4 we have seen some important techniques how to deal with infinite-
dimensional super vector spaces. A corollary to the proof is that if X is a finite-dimensional sub
super vector space in V*, then X* = V/X+.
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Lemma 8.1.5. Let Vi, Vo, Wy, Wo be super vector spaces and f1 : Vi — Wi, fo : Vo — Wy
two homogeneous linear maps, then f1 @ fa : V1 @ Vo — W1 @ Wa given by f1 ® fa(v @ v') =
(=))Wl f1 () ® fa(v') has Zo-grading |f1 ® fo = |fi] + | f2] and Ker(f1 @ f2) = Ker(f1) © Vo +
V1 ®@ Ker (fa).

Proof. The inclusion Ker (f1)®@V2+Vi®@Ker (f2) C Ker(f1® f2) is obvious. For the converse, suppose
> v1,;Qua,; is in the kernel of Ker (f1® f2). We may assume that the images of v1 ; in V3 /Ker (f1) are
linearly independent over k (this perhaps needs some substraction of an element in Ker (f1) ® V3).
Then the elements f(vi;) are linearly independent in Wi and then from )", fi(vi,) ® fa(v2,;) =0
it follows that vy ; € Ker(f2) for all . O

Lemma 8.1.6. Let V, W be super vector spaces and X C V* andY C W* sub super vector spaces
in the dual spaces. Then (X @Y )t =Xt W +VeY™L

Proof. Definer : V — X*and s : W — Y* by r(v)(z) = (=1)I#!I"lz(v) and s(w) (y) = (=1)1¥/1*ly(w).
Then X+ = Ker(r) and Y+ = Ker(s) and since r, s are even maps, the kernels are Zs-graded. The
morphism f: VW — (X ®@Y)* factorsover r@ s : VW — X*®@Y* as f =ior®s, where 4
is the injective map i : X*®@Y* — (X ® Y)*. We have (X ® V) = Ker(f) = Ker(r ® s) and thus
by lemma 8.1.5 we have (X @ V)t = Xt @ W +V @Y. O

8.2 Super coalgebras

A super coalgebra is a super vector space C' over k together with morphisms of super vector spaces
A:C—C®C and €: C — k that satisfy:

id®ReocA=e®ido A =id, (8.1)

where we identify k @ C =2 C ® k =2 C. The map A is called the coproduct, or comultiplication,
and e is called the counit. We always assume that a super coalgebra is co-associative, which means:
A®idoA =id ® Ao A. The properties of ¢ and A required by eqn.(8.1) and the co-associativity,
can be summarized by saying that the following diagrams commute

A id®e

C CecC CeC c 2 ¢

A A®id & 2 . (8.2)

We will often use Sweedler notation, where one writes A(c) = > ¢ ® ¢’, and we will often
omit the summation sign when we use Sweedler notation. It is important to note that the ¢’ and
¢” that appear in A(c) = ¢ ® ¢’ are not unique. In Sweedler notation equation (8.1) reads as:
c=Ce(d") =e(c)”, for all ¢ € C. For more on Sweedler notation we refer to for example [20,22].

Example 8.2.1. Consider the superalgebra A of endomorphisms of kP!9. We can identify A with
the superalgebra of (p+ ¢) x (p+ ¢)-matrices with entries in k, where Ag consists of all matrices of

the form
X 0
(0 Y>, (5.3)
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where X is a p X p-matrix and Y a ¢ x ¢g-matrix. The odd part A; consists of all matrices of the

o ) "

where U is a p X g-matrix and V a ¢ X p-matrix. Consider now the super vector space C' = A* =
Hom ve. (4, k). Then C has a basis of elements X;;, where for any z € A we define X;;(x) to
be the (¢, j)-entry of the matrix of x. The basis element X;; is even when 1 < 4,j < p or when
p+1<i,j7 <p+q and odd otherwise. The matrix multiplication A ® A — A induces a map
A:C — C®C defined by A(a)(x @ y) = a(zy) for all & € C and z,y € A. For the basis elements
X;; one finds
p+q
A X — ZXHC ® X - (8.5)
k=1

Furthermore, we have a map e : C' — k defined e(«) = a(1), which for the basis elements is given
by €(X;;) = 01if i # j and €(X;;) = 1 when ¢ = j. One easily verifies that C is a super coalgebra
with comultiplication A and counit e. A

Definition 8.2.2. Let C be a super coalgebra. We say that a sub super vector space V of C is a if
AV CVRC+CRV and e(V) =0. We call a sub super vector space of C' a sub super coalgebra
if AV C V@V (the counit works automatically).

Remark 8.2.3. For superalgebras the even part is a subalgebra. For super coalgebras this need
not be the case since A(Cj) C C5® C5 + C1; @ C7. On the other hand, every coalgebra can be seen
as a super coalgebra with trivial odd part.

Definition 8.2.4. Let C, D be super coalgebras with comultiplications Ac and Ap respectively and
counits ec and ep respectively. A morphism of super vector spaces f : C — D is a morphism of
super coalgebras if Apof=f® folAc andepo f = ec.

We will often omit the subscripts on the symbols for comultiplication and counit and simply
write A for Ag, € for e, etcetera, when a clear reading is not at risk.

The sum of two sub super coalgebras is again a sub super coalgebra. One easily checks that
with the given definitions, if C is a sub super coalgebra of D, then the inclusion C' — D is a
morphism of super coalgebras. Note that lemma 8.1.5 implies that (CmodV) ® (Cmod V) =
C®Cmod(C®V +V ®C). This observation proves the following lemma:

Lemma 8.2.5. If C is a super coalgebra and V' a coideal, then C/V becomes in a natural way a super
coalgebra with super coalgebra structure maps A and € defined by: A(cmod V) = (Ac)mod (C®V +
Vel)=> cdmodV ®@cd modV and é(cmod V) = e(c). In particular, the projection C — C/V is
a morphism of super coalgebras.

Proposition 8.2.6. Let C' be a super coalgebra. The odd part Ci is a coideal and we can make C
into a coalgebra.

Proof. Note that as super vector spaces Cj = C/C7. Hence the second statement follows from the
first statement and lemma 8.2.5. The first statement follows from the fact that A is a morphism of
super vector spaces (also see remark 8.2.3). (|

The morphism C' — Cj is the super coalgebra equivalent of the projection to the body A — A
of superrings. We therefore write C = C/C;. If f : C'— D is a morphism of super coalgebras, then
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f(C1) C Di and thus there is an induced morphism f : C/C; — D/Dj such that the following
diagram commutes

f

c D

(8.6)

C

wl]

As in the case of superrings we have the following adjointness theorem:

Theorem 8.2.7. Let C denote the category of coalgebras and D the category of super coalgebras.
Let S be the functor S : C — D that assigns to any coalgebra C' the super coalgebra C, but then
viewed as a super coalgebra with trivial odd part and that is the identity on morphisms of coalgebras.
Let B be the functor B : D — C that assigns to each super coalgebra C the coalgebra C and that
assigns to a morphism of super coalgebras f : C' — D the morphism of coalgebras f : C — D defined
by diagram (8.6). Then B is left-adjoint to S.

Proof. Let C be a coalgebra and D a super coalgebra. Any morphism of super coalgebras f : D —
S(C) factors uniquely over f' : D — C(S) as f(Dz) € Ker(f). But f' : D — S(C) can be viewed
as a morphism in the category of coalgebras. Conversely, any morphism f’ : D — C of coalgebras
gives rise to a morphism f : D — S(C) of super coalgebras by composing f’ with the projection
D — D. This establishes Homp,(D,S(C)) = Home (D, C). Using the commutativity of diagram
(8.6), naturality is straightforwardly verified. O

Proposition 8.2.8. If f: C' — D is a morphism of super coalgebra, then the image of f is a sub
super coalgebra of D.

Proof. Let d € f(C), we have to show that there are d; and e; in f(C') such that A(d) = )", d; ®e;.
This is obvious since d = f(c) for some ¢ € C and thus, using Sweedler notation for ¢, Ad =

fo@folle)=faflded)=Ffl)e/f()" O

Proposition 8.2.9. Let f : C — D be a morphism of super coalgebras. Then Ker (f) is a coideal
in C.

Proof. Let ¢ € Ker(f), then 0 = A(f(c)) = f ® f o A(c) and hence A(c) € Ker(f ® f)
Ker(f) ® C 4+ C ® Ker(f), where we used lemma 8.1.5. Clearly, Ker (f) is Zq-graded.

O

Definition 8.2.10. We say a super coalgebra C is cocommutative if T o A = A, where T is the
braiding map T : C @ C — C ® C given by T'(c ® d) = Sgn(|c||d|)d ® c.

Lemma 8.2.11. Let C be a super coalgebra. Then C* is in natural way an associative unital
superalgebra. The product is defined by v - w(c) = Sgn(|w||d|)v()w(c") = mov @ w o A(c) where
m is the multiplication k ® k — k. The unit element of C* is the counit. If C is cocommutative,
then C* is commutative.

Proof. Let p: C* @ C* — C* be the map defined by u(c* ® d*)(c) = ¢* ® d* o A(c), then p is the
multiplication in C*. We have

H(e",e)(0) = ¢ ()e(d”) = ¢ (Ce(e”)) = *(0), (8.7)
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showing that u(c*,e) = ¢*. Similarly one finds u(e, ¢*) = ¢*. Hence C* is a unital superalgebra.
Writing id x for identity map on a super vector space X, we have for any c¢*,d*,e* € C*

Wl uld6)) = m o & @ (d", e*) o A
=moc*®(mod* ®e"oA)o A (8.8)
=moidy ®@moc" ®d*®e*oidc @ Ao A.

Using associativity of m and coassociativity of A one recognizes that the expression on the final
line of eqn.(8.8) equals pu(u(c*,d*),e*). Hence C* is associative. Distributivity is obvious.
The last claim follows from the identity

FRd*oT(c®@d)=T*(c* @d*)(c®d), (8.9)
where T* is the braiding map T* : C* ® C* — C* ® C* sending c¢* ® d* to Sgn(|c*||d*|)d* ® ¢*. O

The converse of lemma 8.2.11 is not true: If A is any associative unital superalgebra, then the
dual need not be a super coalgebra. This problem already shows up for non-Zs-graded coalgebras.
The problem lies in the fact that A* ® A* is a proper subspace of (A® A)* in the infinite-dimensional
case. For finite-dimensional algebras however A*®A* = (A® A)* and the dual of a finite-dimensional
superalgebra is a super coalgebra.

Lemma 8.2.12. Let C be a super coalgebra and D C C a sub super coalgebra, then D+ is a
Zio-graded two-sided ideal in C*.

Proof. We write ¢* - d* for the product in C*. Suppose z € C* and y,z € D+. Then we have for
any d € D:
z-(y+2)(d)=mo(z®@y+z®z)oAlc) =0, (8.10)

where m is the multiplication map k®k — k. Hence D is a left ideal. A similar calculation shows
that It is a right ideal. [l

Lemma 8.2.13. Let C be a super coalgebra and let I be a two-sided Zs-graded ideal in C*, then
I+ is a sub super coalgebra of C.

Proof. Tt is obvious that I+ is closed under taking k-linear sums. We have to show that A(I+) C
I+ ® I'+. Take x € I+ and write A(z) = Y. 2; ® y; and choose the y; homogeneous and linearly
independent. Choose y* € C* with y*(y;) =0 for i # 1 and y*(y1) = 1, then for all ¢* € I we have
¢* - y*(z) = 0 and thus ¢*(x1) = 0. Hence all z; lie in I+ and we have shown that A(z) € I+ ® C*.
In a similar fashion one shows A(z) € C* ® I+ and hence A(z) € It ® C* N C* @ I*+. Using
the fact that one can find a basis of I+ that can be extended to a basis of C, one shows that
(FecHnC eIt) =Tt I a

Corollary 8.2.14. A Zs-graded subspace D C C of a super coalgebra C is a sub super coalgebra if
and only if D& is a Zo-graded two-sided ideal in C*.

Proof. The proof is found by combining lemma 8.2.12, lemma 8.2.13 and lemma 8.1.1. O
The following proposition is the dual statement to corollary 8.2.14:

Proposition 8.2.15. Let C' be a super coalgebra and V a sub super vector space, then V is a
Zio-graded coideal in C' if and only if V* is a sub superalgebra of C*.



8.2 Super coalgebras 111

Proof. If V is a Zo-graded coideal, then A(V) C V ® C + C ® V and thus if ¢* and d* are in V=,
then so is ¢* - d*. Hence V* is a sub superalgebra of C*.

Now suppose A C C* is a sub superalgebra. We have to show that A(A+) C At ®@C+C® A+,
since then lemma 8.1.1 proves the proposition. If ¢ € AL then A(c) € (A® A)*. But by lemma
8.1.6 this equals A+ ® C + C @ AL. Now apply lemma 8.1.1 to A=V, O

Proposition 8.2.16. The intersection of sub super coalgebras is again a sub super coalgebra.

Proof. Let {C;}icr be a set of sub super coalgebras in C. Then C;- is a Zg-graded two-sided ideal
of C*. We have (N;C;)* =3, C;+, which is a Zs-graded two-sided ideal of C*. O

Definition 8.2.17. Let C be a super coalgebra and S a set of homogeneous elements of C'. Then we
call the intersection of all sub super coalgebras of C' that contain S the sub super coalgebra generated
by S.

A notion that we will only use on occasion is that of a left , which is defined as follows: Let C'
be a super coalgebra, then a sub super vector space L is a left coideal if AL C L ® C. Using the
same techniques as to prove corollary 8.2.14 and proposition 8.2.16, one shows

Proposition 8.2.18. Let C be a super coalgebra, then a sub super vector space L C C' is a left
coideal if and only if L* is a right Zo-graded ideal, that is L-C* C L*.

Proposition 8.2.19. Let C be a super coalgebra and let {Ly} be a collection of left coideals. Then
the intersection Ny Ly is also a left .

Proof. Each LY is a Za-graded right ideal in C* and (NaCy)t = > Lt is a Zo-graded right
ideal. O

Let {C;}icr be a collection of super coalgebras with comultiplications A; and counits ¢;. The
direct sum of super coalgebras {C;},.; is as a super vector space the direct sum @ie ;Ci. The
comultiplication and counit of the direct sum are given by the componentwise action: A((z;);) =
(Ai(2:))i CPic; Ci®Ci C Py Ci @D, Ci and €(();) = >, €(x;), where the last summation
makes sense as any element (x;); € @,;c; Ci only has finitely many nonzero components. The
injections C; — P,c; C; are easily seen to be morphisms of super coalgebras. However, the
projections €, ; C; — Cj; are not morphisms of super coalgebras.

Let C and D be super coalgebra with structure maps A¢, ec and Ap, ep respectively. Then

define a linear map A: C®D - C®D®C QD and e: C® D by
A:c®d— ZSgn(|C”||d/|)c/ @dod@d, ecod) =ec(c)ep(d), (8.11)

for all homogeneous ¢ € C and d € D and extend A and e by linearity. We can write A =
Toso Ao ®Ap, where Tz exchanges the second and third factor in the tensor product C® C® D® D
with the appropriate sign. The following lemma is then easily obtained by using the definitions.

Lemma 8.2.20. Let C', D be super coalgebras, then C ® D becomes a super coalgebra with the
structure maps A and € as defined in eqn.(8.11).

We call the super vector space C® D of two super coalgebras, equipped with the comultiplication
and counit from eqn.(8.11), the tensor product super coalgebras of C' and D. The tensor product
of C' and D has the following universal property: Define the projections 7 : C ® D — C and
w2 : C®D — D given by m1 : c®d +— cep(d) and m2(c®d) = ec(c)d. Then for any two morphisms
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of super coalgebras z : E — C and y : £ — D, there is a unique morphism f : £ — C' ® D such
that x = m; o f and y = 73 o f; that is, the following diagram commutes:

T 2

c C®D D

! . (8.12)

E

The morphism f is given explicitly by f(e) =z ® y o A(e).

We close this introduction to super coalgebras by introducing two special kinds of elements in a
super coalgebra, grouplike elements and primitive elements. In chapter 9 we will proceed with the
discussion of the structure of super coalgebras. Then the role of primitive and grouplike elements
will be essential in discussing properties of representations of algebraic supergroups.

Definition 8.2.21. Let C' be a super coalgebra. We say an element g of a super coalgebra C' is
grouplike if Ac = c® c.

It is not too hard to think of an example of an inhomogeneous grouplike element. However,
no odd grouplike elements exist, as is obvious. The even grouplike elements correspond to one-
dimensional sub super coalgebras, which have no odd part. If g is an even grouplike element in C,
we have €(g)g = g and hence either g =0, or e(g) = 1.

Definition 8.2.22. Let C' be a super coalgebra and let g be a nonzero even grouplike element of
C. We call an element h of a super coalgebra C primitive over g if Ah=h® g+ g® h. We write
P,(C) for the set of all primitive elements over g.

The sum of two primitive elements over an even grouplike element ¢ is again primitive over g.
Hence P,(C) is a sub super vector space of C. If h is primitive over g, then e(h)g + €(g)h = h and
thus we have ¢(h) = 0.

8.3 Super bialgebras

When one combines the notion of a superalgebra and that of a super coalgebra, one obtains a super
bialgebra. To give the definition of a super bialgebra, we need the notion of the tensor product
algebra of two superalgebras. For any two superalgebras A, B over a field k, the tensor product
A® B = A®}, B becomes a superalgebra with the multiplication a®b-a’ @ b’ = Sgn(|b||a’|)aa’ @ bY'.

Definition 8.3.1. A super bialgebra is an associative superalgebra B over a field k that is at the
same time a super coalgebra, such that the comultiplication A : B — B® B and the counite : B — k
are superalgebra morphisms: A(zy) = A(x)A(y) and e(xy) = e(x)e(y).

From the requirement that in a super bialgebra B the comultiplication is a morphism of su-
peralgebras it follows that A(1) = 1 ® 1. The zero super vector space {0} cannot be given the
structure of a super bialgebra. As 0 is the unit element of the multiplication in {0}, we need that
€(0) =1, but then €(0) = €(0 4+ 0) = €(0) + €(0) = 2. In contrary, {0} can be given the structure of
a superalgebra, but in {0} we then have 1 = 0 and the map k& — {0} is not injective. Often this
construction is excluded by hand; on the other hand, it is not possible to make {0} into a super
bialgebra.
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Example 8.3.2. Consider the superalgebra A from example 8.2.1 and the dual super coalgebra
C = A*. Now define B as the superalgebra generated by the elements X;; of C, that is, B =
E[C]. Then any element b € B is a polynomial in the X;;. There is only one way to extend the
comultiplication A and € to maps B — B® B and B — k respectively in such a way that B becomes
a super bialgebra. Namely we require for any positive integer s

A(H Xizjz) = HAXiLjL ) 6(]‘_‘[ Xizjz) = HG(Xisz) : (8'13)
1=1 1=1 1=1 =1
One can view the obtained super bialgebra as the super bialgebra of regular functions on the

superalgebra A. A

Definition 8.3.3. Let B be a super bialgebra. A bi-ideal in a B is a super sub vector space I that
is a two-sided Zso-graded ideal of B as a superalgebra and a coideal of B as a super coalgebra.

If B is a super bialgebra and I is a bi-ideal, then one easily verifies that the quotient B/I
becomes a super bialgebra with the obvious multiplication, comultiplication and counit.

Proposition 8.3.4. Let B be a super bialgebra and let g be an even grouplike element of B. Then
P,(B) becomes a Lie superalgebra with the bracket [x,y] = vy — (—1)1l¥lyz.

Proof. The proof is a matter of writing out: Let x,y be in Py(B), then

Alzy) =(2Q9+902)(yRg+9QY). (8.14)

One then easily verifies that
A([z,9]) = A@@)A(y) — (1) WA@Y A(2) = Alr,y]) © 9+ 9 © Alz,y]).- (8.15)
O

We already noted that in a super bialgebra the element 1 is grouplike and even. One then calls
an element of a super bialgebra primitive if it is primitive over 1.

Lemma 8.3.5. Let C be a superalgebra and let T : C @ C — C ® C the swapping map sending
c®d to Sgn(|c||d])d ® ¢, then T is an algebra map: T(c@c -d@d) =T(c®)T(d®d) for all
c,c,d,d eC.

Proof. This is a matter of writing out both sides of T(¢c® ¢ - d®@ d') =T(c® T (d® d'). O

Proposition 8.3.6. Suppose B is a super bialgebra and let C' be a sub super coalgebra of B, which
generates B as a superalgebra. Then if C' is cocommutative, B is cocommutative.

Proof. Any element in B is a sum of monomials ¢; -¢s - - - ¢i. It suffices to show that for all monomials
ToA=A,whereT: B® B — B® B is the map T(b® ) = Sgn(|b||t'|)b’ ® b. One calculates

ToA(ey---cx) =T(Acr) - Aeg) - - Aler)) s (8.16)
which by lemma 8.3.5 and the assumption on C equals A(cy) - A(eg) - - - A(eg). O

Let B and B’ be two super bialgebras. We can turn B ® B’ into a superalgebra with product
bV -h@h' = Sgu(|b'||h|)bh@b’'h'. But on the other hand we can turn B® B’ into a super coalgebra
by defining A®(b® ') = TS A(b) ® A(V), where T3 : BR B B @ B' — B® B'® B® B’ is the
morphism that sends a ® b® ¢’ ® b’ to Sgu(jb||a’)a® ¢’ bR Y, and €(b ® b') = €(b)e(b’). In fact
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these two structures are compatible and B ® B is a super bialgebra. That the counit is a morphism
of superalgebras, is trivial. Hence we need to check that A® is a super-algebra morphism. We
calculate A®(a ®b-c® d):

A®(@®b-c®d) = A®(Sgn(|b||c|)ac @ bd)

= Sen(bl[c))T5;) 0 A @ Alac @ bd)
= Sen(|bllcl) T35’ Alac) @ A(bd) 617
= Sen(|b||c)) TS5 AaAc ® AbAd
= Sen(]b||c) TSP ((a' @ a” - @)@ W @' - d @ d"))
— L a/c/ ® b/d/ ® a//c// ® b//d//
where we defined
L = Sgn([blle] + [a"[|¢'| + [b"]|d"| + (la”| + [") (o] + |d'])) - (8.18)
On the other hand we have:
A®(a®b)A®(c®d) = Sgn(|a”||b'| + |"||d)d’ @b @a”" @b" - @d @ @d’
— R alcl ® b/d/ ® a//C// ® b//d// (8'19)
where we defined
R = Sgn(|a”[[b'] + ["[|d'| + [[[b"| + [[|a”| + [IY'] + |d'[[o"] + |d"||a”] + |"][67]) . (8.20)

After comparing the terms in exponents one concludes R = L and hence A® is a superalgebra
morphism.

8.3.1 The algebra of linear maps

Let B; and Bs be two super bialgebras over a field k. We denote the multiplication map of By by
1, given by p: a ® b+ ab for all a,b € Bs, and the comultiplication of By by A. We consider the
k-linear maps from B to By and we provide this super vector space with a product structure:

frg=pof®gol, fxg(x)=Segn(gllz'])f(z")g(z") (8.21)
We view the map € : By — k as a map to Bs by considering the image of ¢ within Bs. We have
fre(x) = f(2")e(@") = f(2'e(2")) = f(x), (8.22)

and similarly e x f = f, hence € is an identity element with respect to the product x. We denote by
A(B1, Bs) the algebra of linear maps from B; to By with the product * and identity element e.
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The following calculation shows that A(Bj, B2) is an associative algebra:

(fxg)xh=po(frg)®heoA
=po(pof®goA)®@hoA
=pou®idof®g®idoA®idoid® ho A
=pop®idof@g®idoid®ho A®ido A
=pop®idof®g®hoid® Ao A
=poid@puof®@g@hoid®AoA (8.23)
=poid®puoid®g®ho fRidoid® Ao A
=poid®puoid®@g®hoid®@ Ao f®ido A
=poid® (g*h)o f®ido A
=pof®(gxh)oA
=fx(gxh).

We note that:

[fxg(@) = 1f @)+ lg@)] =[£I+ lgl + || + 2" =[]+ 9] + |, (8.24)

from which it follows that |f * g| = |f| + |g| and hence A(B1, B2) is an associative superalgebra
with identity. We call A(B7, B2) the superalgebra of linear maps from B; to Bs.

Remark 8.3.7. The calculation 8.23 is typical for calculations involving super Hopf algebras and
might not be familiar to a broad audience. We therefore have chosen to display all steps. In
the following chapters we will omit some steps in such calculations, but try to be very explicit in
this chapter, which should serve as an introduction. The advantage of manipulating expressions
with maps, such as the comultiplication and the multiplications, instead of dealing with elements
is twofold. Working with tensor products that involve multiple factors becomes readily clumsy.
For super bialgebras the bookkeeping of the signs becomes rather involved; encapsulating the sign-
changes in the linear operators bypasses this difficulty.

8.4 Super Hopf algebras

Definition 8.4.1. A super Hopf algebra is a super bialgebra H together with an even linear map
S: H — H, called the antipode, such that for all x € H we have 2’'S(x") = S(z')z" = e(x).

Let H and H' be two super Hopf algebras with antipodes S and S’, comultiplications A and A’
and counits € and € respectively. A morphism of super Hopf algebras is a morphism of superalgebras
f:+ H — H' that is also a morphism of super coalgebras and that satisfies S’ o f = fo S.

A Hopf ideal is a bi-ideal that is stable under the action of S. If H is super Hopf algebra and
I a Hopf ideal, then AT C I® H+ H® I, ¢(I) = 0 and S(I) C (I). The quotient H/I is again
a super Hopf algebra with the structure maps: A(z) = Azmod (I ® H + H ® I), &%) = () and
5’(97;) = S(z), where we wrote Z = zmod I. Below, in lemma 8.4.2, we will see that the antipode is
unique and hence S is the only choice to make H/I into a super Hopf algebra. If f: H — H'is a
morphism of super Hopf algebras, then the kernel of f is a Hopf ideal.

We now discuss some elementary properties of a super Hopf algebra, which are similar, if not
identical, to the corresponding properties of ordinary Hopf algebras. From subsection 8.3.1 we




116 Algebraic supergroups and super Hopf algebras

conclude that a super bialgebra H is an super Hopf algebra if there is an inverse to the identity
map idy : h — h on H, when viewed as an element in the algebra of linear maps A(H, H);

Sxidy(x) = S(2')z" =e(x), idgxS(x)=2'S(2") =¢€(x). (8.25)

From this observation the following lemma is an easy result, which is often paraphrased by saying
that the antipode is unique:

Lemma 8.4.2. Let H be a super bialgebra. There exists at most one way to make H into a super
Hopf algebra.

Proof. Since A(H, H) is associative, any inverse to idy is uniquely determined. That is, there is at
most one inverse to idy in A(H, H). O

Lemma 8.4.3. The antipode S of a super Hopf algebra H satisfies: S(xy) = Sgn(|z||y|)S(y)S(z),
forall x,y € H.

Proof. We consider the algebra A(H ® H, H) and claim that p: 2 ® y — S(xy) is a left inverse of
p:r®y— xy and that v : @ y — Sgn(|z||y|)S(y)S(z) is a right inverse of u. The claim then
follows from the uniqueness of inverses and equality of left and right inverses.

We have

n, 1

p*p(x ®y) = Sgn(|z"[[y')p(a’ @y )"y
= Sgn(|z"|ly'])S("y")z"y"
=S®id(@ @2 -y @4y") (8.26)
=S ®id (A(zy))
= e(xy),

and, writing A® for the comultiplication in the super bialgebra H @ H, we have

prv(z@y)=popevolA®(z®y)
=Sgn(|z" ||y pop@va @y @a" @y")
= Sgn(|z"[|y'| + 12" [|y" Du(z"y" @ S(y")S ("))

(8.27)
= Sen(|"[[y])a"e(y) S (")
=2'S(2")e(y)
= e(zy),
where we used that |e(y)| = |y|- O

If A is a superalgebra with multiplication map p : A ® A — A, then we define the opposite
superalgebra A°PP to be the same super vector space as A, but with multiplication map u°P? :
A°PP @ A°PP — A°PP given by pu°P? = po T, where T : A A - A® A is the swapping map
T :a®b— Sgn(lal|b))b® a.

Theorem 8.4.4. Let H be a super Hopf algebra. Then the antipode is a morphism of superalgebras
H — H°PP,

Proof. Lemma 8.4.3 shows that S, interpreted as a morphism of superalgebras H — H°PP preserves
the product. The final step is achieved by proving S(1) = 1, which follows from: idgy * S(1) =
1-5(1)=¢(1) =1. O



8.4 Super Hopf algebras 117

An immediate consequence from theorem 8.4.4 is that in a commutative super Hopf algebra H,
the antipode is a superalgebra morphism. It is well-known that there is an intimate relation between
groups and commutative Hopf algebras, see for example [21,22,60]. In the next section we establish
this relation for commutative super Hopf algebras, where commutative means commutative as
superalgebras in the sense of eqn.(3.1). The following results are intimately related to more familiar
properties of groups: proposition 8.4.5 is the super Hopf algebra equivalent of the statement that
the inverse of the unit element of a group is the unit element, proposition 8.4.6 is related to the
fact that in any group G the inverse of the inverse of g € G is g, and theorem 8.4.8 is the super
Hopf algebra version of the statement that (gh)~! = h=1g~! for all g, h in a group G.

Proposition 8.4.5. In a super Hopf algebra the antipode satisfies: e o S = e.

Proof. e(S(x)) = e(S(z'e(2"))) = e(S(a'))e(x”) = e(S(z")a") = e(e(x)) = e(x). O
Proposition 8.4.6. If H is a commutative super Hopf algebra - meaning that it is commutative
as a superalgebra -, then S? =idy.

Proof. We show that in A(H, H) the map S? is also an inverse to S, implying it must be idy. Using
commutativity, we have

S x S?%(x) = S(2')S%(2") = S(2'S(z")) = S(e(x)) = e(x)S(1) = e(x), (8.28)
and similarly S? * S = e. O
Lemma 8.4.7. Let x be an element of a super bialgebra, then we have the identity:
@) ® @) & () © @) =2 @ (@) @ (")) @ (") (329)
Proof. The equality follows from applying the identity
ARAA=A®RidRido=1d®A®idoid® Ao A, (8.30)
tox e H. |

Theorem 8.4.8. Let H be a super Hopf algebra, then for all x € H we have:

A(S(x) =Y ()" @ S(a'). (8.31)

Proof. We consider A(H,H ® H) and claim that p = Ao S is a left inverse to A and that v =
S®SoT oA is aleft inverse to A, where T : © ® y — Sgn(|z||y|)y ® . The theorem then follows.
Multiplication and counit in H ® H will also be denoted p and € respectively.

We have:

P A@) = p(a')AE") = ASE@)AE") = AS@)a") = Ale(@) = e(z).  (832)
On the other hand, using lemma 8.4.7 we have
Axv(z) = Al )v(x")
= Sgn(|(=")'[I(=")"NA")S((=")") @ S((=")')
= Sgu(|@")lI(z")"uoid2 ® S ® S ((2') ® (2)") @ (a")" & (")’

= po(idy® S® ) o Ty ((¢') ® () ® (2") ® (2)")

= po(idy® S @ 8) o Ty (2 @ ((2")) @ ((2"))" ® (")) (8.33)
= Sen(|(@")"||(="))2"S((")") @ (")) S(((+")')")

= Sen((")" Il Da’S((@")") © (@)

= ' S(e((2"))(=")")

=2'S(2") = e(x),
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) is the swapping map
Téi):z®y®z®wr—>Sgn(|z||w|)z®y®w®z. O

where we used ids to denote the identity map on H ® H and the map Téi

8.5 Affine algebraic supergroups

This section gives the basic definitions of affine algebraic supergroups and gives some of their
elementary properties. In chapter 9, when we discuss comodules of super coalgebras, we can say
more on representations of affine algebraic supergroups.

In this section the following notational convention for natural transformations is in use: Let
F,G : A — B be two functors from the category A to the category B and suppose ¢ : FF — G is a
natural transformation. Then ¢ is a collection of B-morphisms ¢ : F(A) — G(A) for all objects
A in A. In this section all superalgebras will be commutative, unless otherwise stated.

Let sAlg denote the category of commutative (as in the sense of eqn.(3.1) superalgebras over
a fixed ground field £ and Sets the category of sets. We call a functor G : sAlg — Sets a
group functor if G factors over the category of groups, by which we mean that G(A) is a group
for all superalgebras A and any morphism of superalgebras A — B induces a group morphism
G(A) — G(B). Another way of saying this, is that G is a group functor if there are natural
transformations p : G x G — G, + : G — G and v : E — G with F : sAlg — Grp given by
E(A) = {14}. Thus E is the functor that assigns to each superalgebra A the identity element of
the group G(A). The natural transformations have to satisfy the following commutative diagrams:

pxid

GxGx@G GxG
idxp “w
GxG # G
G (id,e) Gx@ (¢,id) G
i (8.34)
E “ G “ E
GxE dxu - GxG uxid ExG
"
proj, Projo
G

We call u the identity transformation, u the multiplication transformation and ¢ the inverse trans-
formation. If G is a group functor, then a subfunctor H is a subgroup functor is a subfunctor such
that for all commutative superalgebras H(A) is a subgroup of G(A). Recall that H a subfunctor
of G if for all commutative superalgebras we have H(A) C G(A) and if f : A — B is a morphism
of superalgebras, then H(f) : H(A) — H(DB) is the restriction of G(f) to H(A).

For any superalgebra A we have a functor F4 : sAlg — Sets, given by Fu(B) = Homgaig (4, B).
We say a functor is F' representable if there is an object A such that there is a natural isomorphism
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F(B) = F4(B) for all B. One then says that A represents the functor F'. The object that repre-
sents a representable functor is unique up to isomorphism by the lemma of Yoneda. We call a group
functor G an affine algebraic supergroup if G is a representable group functor and the representing
superalgebra is finitely generated. The following theorem relates affine algebraic supergroups to
super Hopf algebras.

Theorem 8.5.1. Let G : sAlg — Sets be a representable group functor and suppose k[G] repre-
sents G. Then k[G] is a commutative super Hopf algebra. Conversely, if A is a super Hopf algebra,
then the functor B — Homgaig (A, B) defines a representable group functor.

Proof. Let G be a representable group functor, represented by k[G]. The functor E : A — {14} is
representable by k. The functor G x G is representable by k[G] ® k[G]. By the lemma of Yoneda,
the natural transformation u : E — G corresponds to a superalgebra morphism ¢ : k[G] — k and
the natural transformation u : G x G — G corresponds to a superalgebra morphism A : k[G] —
k[G] ® k[G]. The natural transformation ¢ corresponds likewise to a morphism of superalgebras
S : k[G] — k[G]. The diagrams (8.34) commute if and only if A, € and S satisfy the conditions
that make them a comultiplication, a counit and an antipode respectively. ([l

The isomorphism between the functors defined by A — Homgaig (k[G], A) x Homsaig (kK[G], A)
and A — Homgaig (k]G] ® k[G], A) is given by
i : Hom(k[G], A) x Hom(k[G], A) — Hom(k[G] ® k[G], A),

i(z,y) :p®q— z(p)y(q), forall z,y € Hom(k[G], A), (8.35)

with the inverse
j :Hom(k[G] ® k[G], A) — Hom(k[G], A) x Hom(k[G], A),
7 X = (1(X),52(X)), 1(X)(p) = X(pe1), 52(X)(@) =X(1®q).
We now briefly make the group structure alluded in theorem 8.5.1 explicit. Let H be a super

Hopf algebra and suppose A is a superalgebra. Write g : A® A — A for the multiplication in A.
Then the multiplication in Homgaig (H, A) is given by

(8.36)

z-y(h) =pa-z®yoA(h), x,y€ Homsaig(H,A), he H. (8.37)
The inverse of © € Homgaig (H, A) is given by
' h)=x08(h), heH. (8.38)

The unit element in Homgaig (H, A) is given by composing € with the inclusion &k — A.

Let G and H be two group functors from sAlg to Sets. We define a morphism of group
functors ¢ : G — H to be a natural transformation from G to H that respects the group structure.
To respect the group structure means that for any superalgebra A, the map ¢* : G(A) — H(A)
is a group morphism. The following lemma then shows that for affine algebraic supergroups the
morphisms of group functors are in one-to-one correspondence with super Hopf algebra morphisms:

Lemma 8.5.2. Let G and H be affine algebraic supergroups represented by k[G] and k[H) respec-
tively. Suppose that ¢ : G — H is a morphism of group functors, then there is a morphism of super
Hopf algebras 1 : k[H] — k[G] such that ¢* : G(A) — H(A) is given by ¢ (x) = xo1). Conversely,
any super Hopf algebra morphism o : k[H| — k[G] induces a morphism of group functors G — H,
by composing with 1.
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Proof. By the lemma of Yoneda, there exists a morphism of superalgebras ¢ : k[H] — k[G] such
that ¢* : G(A) — H(A) is given by ¢*(z) = z o). We need to check that 9 is a morphism of
super Hopf algebras. Let u“ : G x G — G and p' : H x H — H be the group multiplication
transformations of G and H. Let A® and A¥ be the comultiplication of G and H respectively.
From ¢4 o u@ = pu o (¢ x ¢) we see that the following diagram has to commute

Hom (k[G] ® k[G], A) — 2%

Hom(k[H]  k[H], A)
N N . (8.39)

Hom(k[G], A)

Hom(k[H], A)
Applying the diagram to A = k[G] ® k[G] and on the element idyg)gr(c), We immediately obtain
pRpo A = AC oy, (8.40)

Let u® : E — G and v : E — H denote the identity transformations of G' and H respectively.
Preserving the identity elements requires that the diagram

Hom(k, A) — Hom(k[G], A)
(8.41)

Hom(k[H], A)

commutes. Applying to A = k and the element 1 — 1 of Hom(k, k) (as superalgebra morphisms)
gives
9ot =ell, (8.42)

Let (% and ¢ be the inverse transformations of G and H respectively. Preservation of the inverse
requires that /" o ¢ = ¢ 0%, or in terms of diagrams: the following diagram has to commute for
all superalgebras A

Hom(k[G], A) ——¥+ Hom(k[H], A)

08¢ o5H . (8.43)

Hom(k[G], A) ——¥—+ Hom(k[H], A)
Putting A = k[G] and applying to the identity map on k[G], we get

SC ot =1poSH, (8.44)

Conversely, using the explicit description in eqns.(8.37,8.38) of the group structure on G(A) and
H(A) for any superalgebra A, it is not hard to show that any morphism of super Hopf algebras
induces a morphism ¢ : G — H of group functors by composition o (z) — x o . O

Corollary 8.5.3. Let H, H' be commutative super Hopf algebras, with comultiplications A and A’
respectively, and let f : H — H' be a morphism of superalgebras satisfying f @ foA = A’o f. Then
f is a morphism of super Hopf algebras.
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Proof. Let € and € be the counits of H and H' respectively and let S and S’ be the antipodes of
H and H' respectively. We have to show that ¢’ o f = € and that S’ o f = f o S. This follows from
the fact that ¢ : G — G’ is a morphism of groups if and only p(ab) = p(a)p(b) for all a,b € G.
Indeed, if p(ab) = @(a)p(b) for all a,b € G, then it follows that ¢ preserves the identity and
ola) ™t = p(a™t) for alla € G.

Let G be the group functor represented by H and G’ be the group functor represented by H’ and
let ¢ : G' — G be the natural transformation induced by f: H — H’. Then from f® foA = A’o f
it follows that ¢4 : G’(A) — G(A) is a morphism of groups for all superalgebras A. Indeed, write
w4 for the multiplication in A and let z,y € G'(A) and h € H, then

e (@ y)(h) = pacz®@yoAof(h)=pao(zof)@(yof)oAlh) = (z) ¢ y)(h). (8.45)

But then ¢ preserves the identity element for all A. Take A = k, then ¢ € G’(k) and € € G(k)
are the identity elements. Hence we have p*(¢’) = ¢ o f = ¢. Now take A = H’, then S’ € G'(H')
by 8.4.4 as H' is commutative. But S’ is the inverse to idgs and is mapped to S’ o f, where idg
is mapped to f. We conclude that in the group G(H'), the element S o f is the inverse of f. Thus
we have ppr o (8" o f) ® f o A =e. On the other hand, since f is k-linear and preserves products,
we have for all h € H

e(h) = f(pg o S®idg o A(h)) = pgr o (foS)® foA(h), (8.46)
which shows that f o S is an inverse to f. Hence we conclude that S’ o f = fo S. |

Let G be an affine algebraic supergroup represented by k[G]. Write X = Spec(k[G]) and let Ox
be the structure sheaf on X. In the category of affine superschemes over k, the product X x; X
is represented by Spec(k[G] ® k[G]). Since for commutative super Hopf algebras, the antipode
S : k[G] — k[G], the comultiplication A : k[G] — k[G] ® k[G] and the counit € : k[G] — 1 are all
morphism of superalgebras, we can conclude that X is a group superscheme. In other words, X is
a group object in the category of superschemes over k. We therefore will use the name affine group
superscheme for affine algebraic supergroups.

Let G be an affine algebraic supergroup with representing super Hopf algebra k[G]. Suppose a
is a Hopf ideal. Then k[G]/a is again a super Hopf algebra and thus defines an affine group super-
scheme. Let H be the affine algebraic supergroup defined by k[G]/a. We have for all superalgebras
A

H(A)={g € G(A) |g(a) =0}, (8.47)

and thus H can be viewed as a subgroup of GG. This leads us to define the following:

Definition 8.5.4. Let G and H be two affine algebraic supergroups with representing super Hopf
algebras k[G)] and k[H| respectively. We call a morphism i : H — G a closed embedding if k[H]| =
k[G]/a for some Hopf ideal a and i is induced by the projection k|G] — k[G]/a. In this case we call
H a closed subgroup of G.

The group defined by E : A — {14} is a closed subgroup of any affine algebraic supergroup G.
The morphism E — G is defined by the counit € : k[G] — k of G. We have k[E] = k = Ker(e).
The ideal Ker (e) is called the augmentation ideal of G and one easily checks that it is a Hopf ideal.

Proposition 8.5.5. Let f: G — H be a morphism of affine algebraic supergroups. Let k|G| and
k[H] be the super Hopf algebras representing G and H respectively. The kernel of f is a closed
subgroup of G and Ker (f) is represented by the super Hopf algebra k[G]/a, where a is the Za-graded
ideal in k[G] generated by the image of the augmentation ideal of k[H).
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Proof. We need the fibred product in this proof; also see the discussion after definition 5.4.11: The
kernel of f is the fibred product of G and E over H. Thus we have a commutative diagram

Ker(f) - FE

, (8.48)

G 7 H

and Ker(f) has the appropriate universal property. Let k[H] and k[G] be the super Hopf algebras
for H and G respectively and suppose that f is induced by a morphism of super Hopf algebras
¢ : k[H] — k[G]. Then the dual picture in terms of super Hopf algebras is given by

k

® . (8.49)

The tensor product gives the required universal property and hence the kernel is represented by the
super Hopf algebra k[G] ®y g k. The map p : k[G] — k[G] @m) k, given by a +— a ® 1, defines the
embedding of the kernel as a subgroup in G. As p is surjective and the kernel of p is an ideal, we
have shown that the kernel of f is a closed subgroup of G.

Define the ideal a = ¢(Iy) - k[G], where Iy is the augmentation ideal of H, and let ¢ : k[G] —
k[G]/a be the canonical projection. One easily checks that k[G]/a makes the diagram

€

k[H) k
o i (8.50)

G k[G]/a

q

commute, where 7 : k& — k[G]/a is the inclusion x +— x - 1. Suppose A is any superalgebra over k
and that g : k[G] — A is a morphism of superalgebras such that go f = i o e. Then g maps a to
zero and g factors over k[G]/a. Hence k[G]/a has the same universal property as k[G] ®x) k and
thus a 2 Ker (p). Furthermore, using that Iy is a Hopf ideal in k[H], one easily checks that a is a
Hopf ideal. O

It can be quite tedious to check whether a given Zs-graded ideal in a super Hopf algebra is a
Hopf ideal. In order to facilitate the recognition of closed subgroups, we state the following lemma:

Lemma 8.5.6. Let G be an affine algebraic supergroup represented by the super Hopf algebra k[G]
and let H be a group subfunctor. If a is a Za-graded ideal in k[G] such that

H(A)={g € G(4) [ g(a) =0}, (8.51)

for all superalgebras A, then H is a closed subgroup and a is a Hopf ideal.
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Proof. Since H is a subgroup functor, the identity of GG is the identity of H. Since € is the unit of
G(k), it follows that a € Kere. Now take A = k[G]/a, then the canonical projection 7 : k[G] — A
is an element of H(A), hence also its inverse, as H is a subgroup functor. Therefore 77! = 70 S
annihilates a. Consider now the map ¢ : k[G] — A®Agivenby g :  — w(z)®1 and h : k[G] - A®RA
given by h: & — 1 ® n(x). Then g,h € H(A ® A) and thus also their product, which is the map
7 @moA. Hence Aa C Ker(r ® m) = a ® k[G] + k[G] ® a. Thus a is indeed a Hopf ideal and
H(B) = Homgalg (k[G]/a, B) for any superalgebra B. O

Remark 8.5.7. There is a slight generalization to lemma 8.5.6: H(A) needs only be a subgroup
for finitely generated commutative superalgebras A. And in fact, H(A) only needs to be a group
for A=k, A= Ek[G]a and A = k[G]/a ® k[G]/a, as they were the only ones we needed to conclude
that a is Hopf ideal.

Definition 8.5.8. Let G be an affine algebraic supergroup represented by the super Hopf algebra
k[G]. A closed subgroup H C G is called a normal subgroup if for all superalgebras A the subgroup
H(A) is a normal subgroup of G(A).

In section 9.1.1 we will say more on normal subgroups and give a characterization on the level
of super Hopf algebras. Notice that if f : G — H is a morphism of affine algebraic supergroups, the
kernel of f is a normal subgroup. We say a morphism of group functors f : G — H is surjective if
the morphism f4 : G(A) — H(A) is surjective for all superalgebras A.

Proposition 8.5.9. Let G and H be affine algebraic supergroups represented by super Hopf algebras
k[G] and k[H] respectively. Then a morphism f: G — H is surjective if and only if the morphism
of super Hopf algebras ¢ : k[H] — k|G| that induces f, has a left inverse as a morphism of
superalgebras. In particular, if f is surjective, then ¢ is injective.

Proof. If f is surjective, which by definition means that f4 : G(A) — H(A) is surjective, there is
a morphism of superalgebras x : k[G] — k[H] such that f(x) = x o ¢ = idgg]. Then x is a left
inverse to ¢. This implies that ¢ is injective.

Conversely, suppose that ¢ has a left inverse x o ¢ = idyy). Let A be any superalgebra and
suppose h € H(A) = Homgaig (k[H],A) is given. Then A’ = h o x € Homgaie (k[G], A) and
f(R) =N op=f. O

Definition 8.5.10. Let G be an affine algebraic group. We call G an abelian group if for each
superalgebra A, the group G(A) is abelian.

Lemma 8.5.11. Let G be an affine algebraic group represented by the super Hopf algebra k|G].
Then G is an abelian group superscheme if and only if k[G] is cocommutative.

Proof. Let 7 : G x G — G x G be the morphism of groups that interchanges the two factors. Then
7 is induced by the morphism T : k[G] ® k[G] — k[G] ® k[G] given by a ® b — Sgn(|a||b])b ® a.
Let 4 : G® G — G be the multiplication transformation, then p is induced by the comultiplication
A : k[G] — E[G] @ k[G] of k[G]. The group G is commutative if and only if the diagram

GxG r G

(8.52)

GxG
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commutes, which means that the diagram obtained by application to a superalgebra A must com-
mute for all A. If the corresponding diagram

k[G] x k[G] k|G

(8.53)

k[G] x k[G]

commutes, then surely G is commutative. Conversely, if diagram (8.52) commutes, then in partic-
ular, the diagram applied to k[G] ® k[G] commutes. That is, for all morphisms g : k[G] ® k[G] —
k[G] ® k[G] we have goT o A = go A. Taking g = idyg)ek[c) shows that diagram (8.53) com-
mutes. |

An example of an abelian algebraic supergroup is given by the affine algebraic supergroup T,
which is the affine group superscheme defined by the super Hopf algebra A' = k[x,2~!] with
comultiplication A(x) = x ® x, antipode S(z) = 27! and counit €(z) = 1. We give Al the Zo-
grading where (A!); = 0. We call the affine algebraic supergroup defined by A! the one-dimensional
torus and denote it by T'. Let G be an affine algebraic supergroup. A torus in G is an abelian
subgroup in G isomorphic to a direct product of several copies of T!. We write (7)™ = T™ for the
n-fold fibred product of T over k. We call T* C G an n-torus in G.

Lemma 8.5.12. Let G be an affine algebraic supergroup with representing super Hopf algebra k[G].
Then the body A = k[G] is a commutative Hopf algebra over k.

Proof. Let J be the ideal in k[G] generated by the odd elements. Then clearly we have e(J) = 0
and S(J) C J. Since A(k[G]1) C k[G]1 ® k[G]g + kG5 ® k[G]1 we conclude that A(J) C J@k[G]+
O

kE[G] ® J. Hence J is a Hopf ideal and A = k[G] = k[G]/J is a Hopf algebra.

Definition 8.5.13. Let G be an affine algebraic supergroup represented by the super Hopf algebra
k[G]. The affine algebraic group defined by the body of k|G| is called the underlying algebraic group
of G.

The morphism k[G] — k[G] defines a subgroup of G. Hence the underlying algebraic group of
G is a closed subgroup of GG. In general, it is not a normal subgroup. The commutative diagram
(3.2) from section 3.1 applies to give the following statement:

Lemma 8.5.14. Let G, H be two affine algebraic supergroups and f : G — H be a morphism of
group functors. If G' and H' are the underlying algebraic groups of G and H respectively, then
there is a morphism f': G' — H' such that the following diagram commutes

f/

G’ H'

; (8.54)

G 7 H

where the vertical arrows are the injections of the underlying algebraic groups into the algebraic
SUpergroups.
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If T™ is a torus inside G for some number n, then there is also a 7™ inside the underlying algebraic
group of G. This can be seen as follows. Suppose a is a Hopf ideal in k[G] such that k[G]/a =
Elz1, 27", ..., zn, 2, ). Then, by definition of a torus, all the z; are even in k[zy, 27", . .., z,, z; ']
and are not nilpotent. Thus the ideal a has to contain J and there is a projection p : k[G]/J —
k[G]/a, where J is the ideal in k[G] generated by the odd elements. But then p realizes the
torus 1" as a closed subgroup in the underlying algebraic group of G. Conversely, let T™ be
a torus in the underlying algebraic group G’ of G. Then there is an ideal b C k[G] such that
Elz1, 27t ... xn, 2] = E[G]. Consider the projection 7 : k[G] — k[G] and take the preimage

a = 7 1(b). Then a contains J and k[G]/a = k[G]/b and hence the torus T™ is also a closed
subgroup of G. All in all we have proved the following lemma:

Lemma 8.5.15. Let k[G] be a super Hopf algebra representing an affine algebraic supergroup G.
There is a one-to-one correspondence between the n-tori in G and the n-tori in the underlying affine

algebraic group represented by k[G|.

Example 8.5.16. Consider the group functor GLy|, : A — GLy4(
section 3.7. For the moment, fix a commutative superalgebra A over k. Any element g € GL
can be written in matrix form as

A), which was already defined in
(4)

plg

g= (aOO a°1> : (8.55)

aio aim

where agg is a p X p-matrix with entries in Ag, a9 and ag1 are g x p-, respectively p x g-matrices
with entries in A7 and where a1; is a g X g-matrix with entries in Ag. However, not all matrices with
this prescribed form are elements of GL,|4(A); g has to be invertible as well. From lemma 3.7.3 it
follows that ¢ is invertible if and only if det (ago) and det (a11) are invertible elements in Ag. We
will now show that any g € GL,|,(A) determines a morphism of superalgebras from a superalgebra
E[GL,)4] to A.

Let A be the free superalgebra over k generated by the even elements x;;, yog, A and p and
by the odd elements &;, and 7,; where 1 <4, < pand 1 <, < ¢q. Let X be the p x p-matrix
with entries X;; = x;; and let Y be the ¢ x g-matrix with entries Y,3 = yog. For any superalgebra
A, any morphism ¢ : A — A is completely determined by choosing for each generator of A an
element in A with the same Zs-grading. All morphisms ¢ : .4 — A such that det(X) and det (V)
are invertible elements in Ag can be described as those morphisms that satisfy ¢(det (X))o(A) =1
and ¢(det (Y))o(u) = 1. Let us call I the Zo-graded ideal in A generated by det (X)X — 1 and
det (Y)u — 1. Then any morphism g : A/I — A maps det (X)mod I and det (Y) mod I to invertible
elements in A. But that means that the matrix

(g(%’j) Q(Em)) 7 (8.56)

plg

9(Mai)  9(Yab)

is an element of GL,|4(
A/I — A and the elements of the group GL

A). Hence there is a one-to-one correspondence between the morphisms
(A). We have thus shown

plg

GLyq(A) = Homsarg (A/1, A) (8.57)

for all superalgebras A. If f : A — B is a morphism of superalgebras, then there is a natural
morphism GLyp,(A) — GL,4(B) by applying f componentwise to each invertible matrix g €
GLyp|4(A). But if ¢ is the morphism ¢ : A/I — A corresponding to g, then the element of GLy,4(B)
obtained by applying f componentwise to g is precisely that element of GL,|,(B) representing the
morphism fo¢ : A/I — A. Hence, the functor GL,, is isomorphic to the functor Homgaig (A/I, —),
and GL = A/I. Since GL,,(A) is a group for each

plg

plq 18 Tepresentable by the superalgebra k[GLy,] plal



126 Algebraic supergroups and super Hopf algebras

A, it is guaranteed that E[GL,,] is a super Hopf algebra. For a calculational verification and
explicit expressions of the antipode we refer to [61]. It is clear by the group structure, which is
matrix multiplication, and by example 8.2.1 that the comultiplication on the generators z;; is given
by
Azij = Z Tik & Tij + Zém ® Nay - (8.58)
k «

The tori inside GL,, are well-studied, see for instance [62,63]. A

plg

Example 8.5.17. Let Q be the (p + 2¢) X (p + 2¢)-matrix defined by

(1, O (0 -1,
(i 5 o)
where for any natural number m, 1,, denotes the m x m identity matrix. Define the group functor

Ospp|2q by o
O8Dyj04(A) = {X € GLyjoe(4) | X¥TQX = Q} | (8.60)

which is a group subfunctor of GLyj2,. If f: A — B is a morphism of superalgebras over k, then
by applying f to each matrix entry we obtain a morphism of groups Osp,ja,(A4) — Ospyjoe(B).
To show that Osp,,, is representable is straightforward: The equations in eqn.(8.60) define a Zs-
graded ideal in k[GL,|24], which one can check (but there is no need to) to be a Hopf ideal. Hence
Ospy|a, is a closed subgroup of GLyj2,- VAN

8.6 Lie algebras to algebraic supergroups

In this section we associate to any affine algebraic supergroup G a super vector space, called the
Lie superalgebra of G. Later we will define a functor for an affine algebraic supergroup that asso-
ciates a Lie algebra to each superalgebra. We first consider tangent spaces to affine superschemes,
derivations and differentials.

8.6.1 Differentials

Let R be a superring and let A be an R-superalgebra. We may assume without loss of generality
that R is a sub superring of A. For any A-module M we define a derivation of A into M to be an
R-linear map D : A — M such that for all a,b € A and all r € R we have

D(ab) = D(a)b+ (=D)1"'D(b)a,  D(ar +b) = D(a)r + D(b). (8.61)

The sum of two derivations of A into M is again a derivation of A into M and if D is a derivation
of A into M and a € A, then aD is also an derivation of A into M. We can thus also define Da
to be the derivation (Da)(a’) = (—1)ell¢'l(Da’)a. We call a derivation D : A — M of A into M
even (resp. odd) if D(Az) C Mz (vesp. D(Az) C Mz41) for T € Zy. Hence, in a natural way, the
derivations of A into M make up an A-module. We denote the module of derivations of A into M
by Derg(A, M).

We define the A-module Uy, to be the free right A-module generated by the elements da where
a runs over all elements of A and where d is just an abstract symbol. Consider the submodule N in
Ua,r generated by all elements of the form d(ab) — (da)b — (—1)*/1*/(db)a and all elements of the
form d(ar + b) — (da)r — db, where a, b run over all elements of A and r runs over all elements of R.
We define the A-module of Kéhler differentials relative to R to be the A-module Q4/,r = Ua/g/N.
We have a canonical map d : A — Q4 /g given by a +— da, which we call the canonical derivation.
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Lemma 8.6.1. Let A be an R-superalgebra and Q 4, be the module of Kdhler differentials relative
to R. Then Q4/r has the following universal property: The map d : A — Q4R is a derivation
of A into Qa/p and if D € Derr(A, M) is any derivation of A into M, then there is a unique
homomorphism of A-modules f:Q/r — M such that the following diagram commutes

A D . M

(8.62)

Qa/r
In other words, Hom 4(Q4/r, M) = Derr(A, M) holds as an isomorphism of right A-modules.

Proof. The first assertion is obvious: by construction d is a derivation of A into {24,r. Suppose
D € Derg(A, M) is an even derivation of A into M, then we define f(da) = Da. Then because D is
a derivation of A into M, f is well-defined and defines a homomorphism of A-modules. Uniqueness
is clear as f(da) = Da is the only possibility.

Now suppose that D is an odd derivation of A into M, we replace M by IIM and then D is
an even derivation of A into IIM. For general D we decompose D into its homogeneous parts
D = Dy + Di. We can use the isomorphism of right A-modules ITHom 4 (M, N) = Hom 4, (M,IIN)
from section 6.1.2 to conclude Derg (A, M) = Hom 4(24,r, M). O

Example 8.6.2. Let R = k and A = k[z1,...,7p[n1,...,7,], then Q4 is the free A-module on
the generators dz; and dn,. The generators dx; are even and the generators dn, are odd. A

Now we specialize to superschemes over a field k. For a superalgebra A over k we write Q4 for
the module of Kéhler differentials € ,,,. If A and B are two superalgebras over k and f: A — B
is a morphism of superalgebras over k, we obtain an induced morphism 7' f : Q4 — Qp as follows:
Let dga: A — Q4 and dg : B — Qp be the canonical derivations, then dg o f is easily seen to be a
derivation of A into B. Hence by lemma 8.6.1 we obtain a morphism of A-modules T'f : Q4 — Qp
such that Tfodas = fodp.

Let f : A — B be a morphism of superalgebras over k. We define the super vector space of
derivations of A into B over f as the super vector space Deri(A, B), where we view B as an A-
module via f. When the morphism f is clear, we sometimes simply write Dery (4, B). Of particular
interest to us will be those morphisms f that factor over k. More specifically, let X be a superscheme
over k. Then a k-point on X is a closed point such that the residue field of the structure sheaf
on X is k. If k is algebraically closed and there is a covering of X by open affine superschemes
Spec(A), with each such A being a finitely generated k-superalgebra, then all closed points are in
fact k-points. A k-point x € X defines a morphism 7 : Ox , — k given by 7(a) = a mod m,, where
m, is the maximal ideal of Ox ,.

Definition 8.6.3. If x € X is a k-point and 7 : Ox , — k the projection to the residue field at x,
then we define the tangent space of X at x to be the super vector space Derf(Ox 5, k). We denote
the tangent space of X at x by T, X.

Let x € X be a k-point of X and m, the maximal ideal of Ox ,, then by lemma 8.6.1 we have
T,X = Ho_mOX,I(QoXYm, k), where k becomes an Ox ;-module via the map Ox , — Ox ,/m, = k.
Since Ox ., is a k-superalgebra, we identify the residue field at « with k. Since the action of Ox ,
factors over k, describing T, X as an Ox ;-module or as a super vector space makes no difference.
The next lemma formalizes this:
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Lemma 8.6.4. Let X be a superscheme over k and let x be a k-point of X. If m, is the mazimal
ideal in the local superring Ox 5 then there is an isomorphism of super vector spaces

T, X = Homyee (My/m2, k) . (8.63)

Proof. Write A = Ox 5, m = m, and write 7 for the canonical projection A — A/m = k, where we
use that we identify the residue field at « with k. The superring A is a superalgebra over k and
writing @ € A as a — w(a) + 7(a) gives a decomposition A = k @ m. Let a derivation D € T, X =
Der (A, k) over m be given, then we can associate to D the super vector space homomorphism
ép : amodm? — D(a), which is well-defined as D(m?) = 0. Conversely, if ¢ : m/m? — k is a super
vector space homomorphism, then we can assign to ¢ the derivation Dy : a — ¢(a — 7(a)) mod m?.
Then Dy is indeed a derivation since

Dy(ab) =¢((ab — 7(ab)) mod m?) = ¢(((a — 7(a))7(b) + 7(a)(b — (b)) mod m?) (8.64)

=Dy(a)m(b) + m(a)Dy(b) . '
Clearly, the assignments D — ¢p and ¢ — Dy are k-linear, preserve the Zj-grading and are inverse
to each other. O

We can thus identify the tangent space of X at x with the dual of the super vector space m, /m2.
For this reason, we call m,/m2 the cotangent space of X at x.

For any superalgebra A write AT for the augmented superalgebra A™ = A[z]/(z?), where we
define = to be an even element of A*. If f : A — B is a morphism of superalgebras, there is a
natural map f* : AT — BT namely, fT(a+a'z) = f(a)+ f(a')z. If pa : AT — A is the projection
pa:a+ax—aandig: A— AT is the inclusion i : @ — a, then for any morphism f: A — B we
have fToig =igo fand pgo fT = fopa.

Definition 8.6.5. We call the functor T4 : B — Homgaig (A, BT) the total tangent bundle functor
associated to the representable functor B — Homgaig (A, B). For the action of the total tangent
bundle functor on morphisms f : B — C, we define Ta(f) : Homgaig (4, BY) — Homgaig (4,CT)
by Ta(f)(g) = fTog.

Lemma 8.6.6. Let A and B be superalgebras over k and let the augmented superalgebra of B
be defined by BT = Blz]/(z?), where x is given the Za-grading |z| = 0. Then Homsaig (4, BT)
consists of all tuples (p, D), where ¢ € Homgsaig (A, B) and D is an even derivation of A into B
over .

Proof. Let f : A — BT be a morphism of superalgebras, then we write f as a sum f(a) =
f'(a)+ f"(a)z. Then f(ab) = f(a)f(b) = f'(a)f (b) + f'(a)f"(b)x+ f"(a)f'(b)x, which shows that
f' € Homgaig (A, B) and that f” € Der{ (A, B)g, where B carries the A-module structure defined
by f’. Conversely, if f € Homgaig (A, B) and D is an even derivation of A into B over f, then
a+ f(a)+ D(a)z defines an element of Homgaig (A, B™). O

Remark 8.6.7. In the previous lemma 8.6.6 one can also incorporate the odd derivations as follows:
One defines for any superalgebra B the superalgebra BT = B[z, 7]/(22, 1), where x is Zs-even and
n is Zs-odd. Tt is easily verified that Homgaig (A, BY) consists off all triples (f, D1, D_) where
f+ A — B is a morphism of superalgebras, D; : A — B is an even derivation of A into B over f
and where D_ is an odd derivation of A into B over f.
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8.6.2 Derivations on super Hopf algebras

An affine algebraic supergroup G over k has a distinguished k-point, the identity element, which
is defined by the counit on the super Hopf algebra k[G] representing G. The tangent space at this
point will play the role of the Lie superalgebra. All affine algebraic supergroups are superschemes
over a fixed ground field k.

Definition 8.6.8. Let A be a super Hopf algebra over k, and let M be an A-module. Let € be the
counit of A. We call a derivation of A into M over € any k-linear map D : A — M such that
D(ab) = D(a)e(b) + (—1)14lPID(b)e(a).

If M is a module over a super Hopf algebra A, then M admits a second A-module structure,
namely m - a = me(a). The derivations of A into M over e are the derivations of A into M
with respect to this alternative A-module structure. We write Der}, (A4, M) for the A-module of
derivations of A into M over €. The proof of lemma 8.6.4 can be repeated to show the following
lemma:

Lemma 8.6.9. Suppose A is a super Hopf algebra and M is an A-module. Let mg be the augmenta-
tion ideal of A and write T : A — mp/m3% for the projection that sends a € A to (a—e(a)) mod m%.
Then the map Homg v, (mp/m3%, M) — Derf, (A, M) that sends ¢ to ¢ o m, is an isomorphism of
super vector spaces.

The following proposition shows that the new object Der}, (A4, M) is actually not that new.

Proposition 8.6.10. Let A be a commutative super Hopf algebra and let M be an A-module. Then
we have an isomorphism of super vector spaces Dery (A, M) = Dery, (A, M).

Proof. Let m : M ® A — M be the multiplication from the right of A on M, p: A® A — A be the
multiplication of A, A: A — A® A be the comultiplication and S : A — A be the comultiplication
of A. We have the identity

mom®idg =moidy @ p. (8.65)

We define a map f : Dery (A4, M) — Dery (A, M) as follows
f(D)y=moD®SoA, f(D)a)=D()-S("). (8.66)
Clearly, f(D) is k-linear and for a,b € A we have

f(D)(ab) = Sgn(la”||V'|) D(a'") - S(a"b")
= D(a’) - (S(a")V'S(b")) + Sgn(|al[t') DY) - (a’S(a")S(b")) (8.67)
= f(D)(a)e(b) + Sgn(|al|b]) f(D)(b)e(a) ,

which proves that f(D) € Derj, (A, M). We define a map ¢ : Derj,(A, M) — Dery(A, M) as follows
g(d)=mod®idaoA, g(§)(a)=245(a")-(a"). (8.68)
To show that g(d) is an element of Dery (A, M) we calculate

mod®idao Aab) = (=11 s’y - (a”'b")
(a’) - (a”e®)") + (=1)!*1P15(0") - (v"e(a’)a") (8.69)
(6)(a) - b+ (=1)"1lg(6) - a.

)
9
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Furthermore, if § € Derj,(A, M) then we have

f(g(6)) =mog(d)®SoA
=mom®idgod®idgy ®idg o A®idgoidy ® So A
=moidy Quod®idy ®idgoidsg ®idga @ Soidg @ Ao A
=mod®idgoidg ® (noidg ® SoA)o A
=mod®eoA
-,

(8.70)

where we used eqn.(8.66) and elementary properties of super Hopf algebras. The proof that for any
D € Dery (A, M) we have go f(D) = D is similar. O

Lemma 8.6.11. Let A be a super Hopf algebra over a field k. Write mpg for the augmentation
ideal of A. The module of Kdihler differentials relative to k is given by Q4 = mp/m% ® A, where
the tensor product is over k. The canonical derivation d : A — Q4 is given by m ® ida o A, where
7 A — mpg/m% is the projection 7 : a — (a — ¢(a)) mod m%,.

Proof. We show that the A-module mg/m% ® A has the required universal property.

Suppose D : A — M is any k-linear derivation of A into M. By proposition 8.6.10 there is a
unique ¢ € Dery,(A, M) such that D =mod ®idy o A, where m : M ® A — M is the right action
of A on M. By lemma 8.6.9 ¢ is given by § = f o7 for a unique f € Homgy,. (mg/m%, M). Hence
we find that D = mo f ® id4 o d. Define fp = mo f ® id4, then fp makes the following diagram

commute

A D M

) . (8.71)

mp/m%, ® A

For uniqueness of fp, we note that we have an isomorphism of super vector spaces Hom 4 (mg/m% ®
A, M) = Hom v, (Mg/m%, M), as any homomorphism ¢ : mg/m% ® A — M is completely deter-
mined by its action on the elements of the form =z ® 1, with x € mg /m% The isomorphism thus
sends g € Hom 4 (mp/m% @ A, M) to the map mo g ®ids € Hom ,(mg/m% ® A, M). Hence fp is
uniquely determined by f, which was uniquely determined by D. [l

Definition 8.6.12. Let A be a super Hopf algebra over k with comultiplication A. We call a
k-linear map L : A — A left-invariant if idg @ Lo A = Ao L.

We write X4 for the super vector space of left-invariant derivations from A into A. As to be
expected from the experience of left-invariant vector fields on Lie groups, we expect that a left-
invariant derivation of A into A is completely determined by its “value at the origin”. For super
Hopf algebras, to be determined by the value at the origin, means that a left-invariant derivation
D : A— Ais completely determined by eo D.

Lemma 8.6.13. Let A be a super Hopf algebra over k and write X% for the super vector space of
left-invariant derivations of A into A. Then the map o : X4 — Der{, (A, k) that sends D € X% to
e€o D is an isomorphism of super vector spaces.
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Proof. The proof is similar to the proof of proposition 8.6.10. The inverse of ¢ is given by
ol Derf(Ak) — X5, o7'(0)=ida®Fo0 A, (8.72)
where we identify A ® k=2 A. Indeed, we have for D € X%

ida®(eoD)oA=idyg®eoidg @ Do A
=ida®€ecoAoD (8.73)
=idgoD=D.

For the converse, again identifying A ® k = A we have for any ¢ € Dery,(A, k)
coidg®doA=00e®idgoA=4. (8.74)
([l

Theorem 8.6.14. Let A be a Noetherian super Hopf algebra over a field k, X5 the super vector
space of left-invariant derivations of A into A, B : A — k any superalgebra morphism and let mg
be the augmentation ideal of A. Then we have isomorphisms

mp/m%)* = X4 = Der{ (A, k) = Der? (A, k 8.75
k

Proof. Since A is Noetherian, the super vector space mg/m% is finite-dimensional and for finite-
dimensional super vector spaces Homgvo (V, W) = W ® V*. Taking this into account, the proof
follows from lemmas 8.6.11, 8.6.13 and proposition 8.6.10. O

Another variation of theorem 8.6.14 is the following theorem:

Theorem 8.6.15. Let A be a Noetherian super Hopf algebra over k, mp the augmentation ideal
of A, € the counit of A and Q4 the module of Kdhler differentials of A relative to k. Suppose B is
a superalgebra over k and that we are given a morphism A — B, by which we can view B as an
A-module. Then we have isomorphisms of super vector spaces

Hom (4, B) = Derg (A4, B) 2 Derj.(A, B) = Homye (mp/mi, B) = B® (mp/mp)”  (8.76)

Proof. The proof follows immediately from lemmas 8.6.11, 8.6.13 and proposition 8.6.10 together
from the observation that mg/m% is a finite-dimensional super vector space over k. O

8.6.3 Lie superalgebras of supergroups
In this section we fix a ground field £ and all superalgebras are over this ground field k.

Definition 8.6.16. Let G be an affine algebraic supergroup with representing super Hopf algebra
k[G]. We define the Lie superalgebra of G to be the super vector space Dery,(k[G), k). The Lie
bracket is given as follows: for homogeneous x,y € Dery (k[G], k) we define [x,y] = mo (z @y —
(=D)l#Wly @ ) o A, where m is the multiplication k @ k — k.

One easily sees that the Lie bracket on Derj (k[G], k) makes Derf, (k[G], k) into a Lie superalgebra.
The Lie bracket on the left-invariant derivations is given by a similar formula: If D, D’ € X% are left-
invariant derivations, then [D, D'] = po (D@D’ —(1)IPIP'1D'@ D)o A, where i is the multiplication
map p: A® A — A. If 3 : k[G] — k is a morphism of superalgebras, then /3 defines the k-point
x3 = Ker(8). The tangent space at zg is then by theorem 8.6.14 isomorphic to the tangent space
at the counit and carries an isomorphic Lie superalgebra structure. An easy consequence of the
definition of the Lie bracket is the following lemma:
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Lemma 8.6.17. Let G be an abelian affine algebraic supergroup, then the Lie superalgebra of G is
abelian.

Proposition 8.6.18. Let G and H be affine algebraic supergroups with Lie superalgebras g and b
respectively. If ¢ : G — H is a morphism of supergroups, then we have an induced natural morphism
of Lie superalgebras d¢ : g — . In particular, if G is a closed subgroup of H, then g is a Lie sub
superalgebra of h.

Proof. Suppose that ¢ : k[H] — k[G] is the morphism of super Hopf algebras that induces ¢, then
we define the map d¢ : Derj,(k[G], k) — Dery,(k[H], k) by

dp(D) = Doy, D e Der(k[H]E). (8.77)

It follows from the properties of ¢ that d¢ is linear and preserves the Z,-grading. Writing m :
k ® k — k for the multiplication map of k we have for z,y € Derg (k[H], k)

dglz,yl =mo(z@y— (- Ply@a)onoy
=mo(z@y— (-1 Wyer)op@poA (8.78)
= [do(z), do(y)] -

Hence d¢ is a morphism of Lie superalgebras. For the last claim we note that, if G is a closed
subgroup of H, then ¢ is a surjective map and for that reason the map d¢ is injective. [l

Combining the last results, one sees that the Lie superalgebra of a torus in an affine algebraic
supergroup G is an abelian Lie sub superalgebra of the Lie superalgebra of G. For an affine
algebraic supergroup G, the underlying affine algebraic group G is a closed subgroup. Therefore from
proposition 8.6.18 we conclude that the Lie algebra of G is a Lie subalgebra of the Lie superalgebra
of G. The following proposition singles out which Lie algebra.

Proposition 8.6.19. Let G be an affine algebraic supergroup with representing super Hopf algebra
kG| and with Lie superalgebra g = g5 @ g1. Then the Lie algebra of the underlying affine algebraic
group G, represented by the Hopf algebra k|G|, has Lie algebra g = gg.

Proof. Tt suffices to show that Der} (k[G], k)5 = Der},(k[G], k) as super vector spaces. Since k[G] =
k[Glo/(k[G]7)? this is obvious: any even derivation D : k[G] — k is zero on (k[G]7)* and hence

descends to a derivation D : k[G] — k. Conversely, any derivation D : k[G] — k can be lifted for
the same reason to a derivation D : k[G] — k that is zero on the odd part, hence is even. O

Suppose G, H are affine algebraic supergroups with underlying affine algebraic groups G, H and
with Lie superalgebras g, h respectively. If f : G — H is a morphism of groups, then we have an
induced morphism of underlying groups f : G — H and by commutativity of the diagram (3.2) we
have a commutative diagram

G G

(8.79)

H -

If g and h are the Lie superalgebras of G and H respectively, the morphism df : g — b of Lie
superalgebras maps gg into bg.
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Remark 8.6.20. Let A be a superalgebra and let 8 : A — k be an morphism of superalgebras. It
is tempting to think that Derf(A, k)g = Derf (Ag, k). Clearly, we have the inclusion Derf (A, k)5 C
Derf (Ag, k). But in general the inclusion is proper: Consider A = k[n;,n92] and 8 : A — k given by
B(m) = B(n2) = 0. Then Ay = k[z]/(2?) and the k-linear map D : ax+bmod 2% — a is a derivation
of Ag that cannot be lifted to an even derivation of A, as D(mn2) = B(m)D(n2) + D(n1)B(n2) = 0.
Intuitively, the derivations of Ay don’t see that (A7)? C Ag.

Proposition 8.6.21. Let G1, G2 and G3 be affine algebraic supergroups and suppose f : G — Go
and g : Go — G35 are morphisms of affine super groupschemes. Then d(go f) =dgodf.

Proof. Let A1, As and Ag be the super Hopf algebras representing G1, G2 and G3 respectively and
write p : Ao — Aj and x : A3 — A, for the super Hopf algebra morphisms that induces f and g.
Then if D € Derj,(A41,k), we have d(g o f)(D) = Dopox = (Do) ox =dg(df(D)). O

Lemma 8.6.22. Let f : G — H be a morphism of affine algebraic supergroups and let g and b be
the Lie superalgebras of G and H respectively. Then the Lie superalgebra of the kernel of f is the
kernel of df.

Proof. Let A, B be the super Hopf algebras representing H and G respectively and let m4 and
mp denote the augmentation ideal of A and B respectively. Furthermore, let ¢ : A — B be the
morphism of super Hopf algebras inducing f. The kernel of f is by proposition 8.5.5 represented
by the super Hopf algebra C' = B/my4 - B. Since p(m4) C mp the augmentation ideal of C, which
we denote mc, is given by the image of mp under the projection 7 : B — B/my - B. We conclude
that
mo/ms Zmp/(my +my - B). (8.80)
The morphisms ¢ and 7 induce morphisms of super vector spaces p* : ma/m% — mp/m% and
7 : mp/m% — me/mZ. The map 7* is clearly surjective and 7* o ¢* = 0. We claim that the
sequence . .
ma/my 2> mp/m% = me/mi —— 0 (8.81)
is exact. To prove the claim, we only need to verify that the kernel of 7* is contained in the
image of ¢*. Let b € mp be such that 7*(bmodm%) = 0, then b € m% + m4 - B, and thus there
are a; € my and b; € B such that b = > ¢(a;)b;modm%. Using that ¢(a;) € mp we see that
o(ai)bi = ¢(a;)e(b;) mod m%, where € is the counit of B, and we conclude that b € m% + ¢(m4).
This proves the claim. The lemma then follows by dualizing the exact sequence (8.81) and noting
that the kernel of a morphism of Lie superalgebras is a Lie sub superalgebra. O

Proposition 8.6.23. Let E — G' — G — G" — FE be an exact sequence of affine algebraic
supergroups with E the trivial group and where exact means that for all superalgebras A the sequence
1—G'(A) = G(A) = G"(A) — 1 is exact. Let g, g, and g’ denote the Lie superalgebras of G', G
and G" respectively. Then we have an exact sequence of super vector spaces 0 — g’ — g — g’ — 0.

Proof. Since G’ is the kernel of the morphism G — G”, G’ is a closed subgroup of G and by lemma,
8.6.22 the sequence 0 — g’ — g — g is exact. We thus only need to prove that df : g — g” is
surjective if f : G — G” is surjective. Let A and B be the super Hopf algebras representing G”
and G respectively and let ¢ : A — B be the morphism of super Hopf algebras inducing f. From
proposition 8.5.9 it follows that ¢ has a left inverse x : B — A. Let D’ be a derivation of A into
k over the counit, then D = D’ oy : B — k is a derivation of B into k over €4 o x, where €4 is
the counit of A. Denote m : k ® B — k the map that sends 1 ® b to e4(x(b)) and write S for the
antipode of B and A for the comultiplication of B. Then from proposition 8.6.10 we know that
D=moD®S oA is a derivation of B to k over the counit of B. A short calculation shows that
df(D) = Do = D’ and thus df is surjective. O
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Example 8.6.24. Let G = GL,|, be the general linear supergroup introduced in example 8.5.16.
We write k[G] = k[X;;, A\, 1] /I, where I is the ideal generated by det (Xgo)A — 1 and det (X11)p—1
and where Xoo = (X;)1<i,j<p and X11 = (Xij)p+1<i,j<p+q; also see example 8.5.16. The comulti-
plication in k[G] is determined by A(X;;) = Y Xix ® Xi;-

Any derivation on k[G] is uniquely determined by its values on the X;;. Denote 6%” the
derivation from k[G] to k sending Xj; to 1 if k = i,5 = [ and zero otherwise. Thus the parity of
8%1-]‘ is |i| + |7]-

Any element of gl,,

map ¢ : Mat,,(k) — gl,, that sends any matrix M = (M;;) to the derivation ¢(M) given by

= Dery,(k[G], k) can be expanded in terms of the a%ij. We consider the

(M) = (1)1 a)(z _ (8.82)

ij K

For all M, N € Mat,,(k) the map ¢ satisfies (M) * o(N) = ¢(MN), where * is the product
introduced in section 8.3.1 and M N is the matrix product of M and N. Hence the map ¢ sets
up an isomorphism of Lie superalgebras gl,, = Mat, (k). (We introduced the Lie superalgebra
structure on Mat,,(k) in section 2.2.)

Now we consider the Lie algebra functor to G. It is easy to see that any derivation D €
gl,4(A) = Derj (k[G], A)g can be written as

)
D= ZJ DijaTij : (8.83)

where D;; € Ag if 1 < 4,5 <porwhenp+1<4,j <p+gqand D;; € A7 in the other cases.
When we consider the map that sends the derivation D to the matrix D = (D;;) € Maty,(A)g, we
obtain an isomorphism of Ag-modules g, ,(4) = Mat,|,(A)g. In fact, this is an isomorphism of Lie
algebras over Ag since the Lie bracket in gl

pla(
(A) is given by

plq
(D1, Do) =Y [Dy Dg]i‘i => [D DQ](X,)i (8.84)
’ — ’ J aX” = ’ J 8X” ’

and

(D1, D)(Xij) = > Di(Xix) Da(Xks) — Da(Xik) Do(Xp;j) - (8.85)
k

Thus, upon the identification of gl,,(A) with Mat,,(A)g, the Lie bracket of gl ,(A) becomes the
Lie bracket of Mat,|4(A)g. A

8.6.4 Lie algebra functors

As we defined affine algebraic supergroups as representable functors, it turns out to be convenient
to have a functorial definition of Lie algebras of affine algebraic supergroups as well. In order to do
so, we need to broaden the concept of a Lie algebra to a Lie algebra over some ring.

Let R be a commutative ring. A Lie algebra over a ring R is an A-module L together with an
R-bilinear map [,] : L x L — L satisfying [z, y] = —[y, 2] and [z, [y, 2]] + [y, [2, 2]] + [z, [z, y]] = O for
all z,y, z € L. The only thing different from ordinary Lie algebras is that the vector space structure
relative to some field is replaced by the module structure with respect to some ring and that we
do not require [z,z] = 0 but the more stringent condition [z,y] = —[y,z]. If L is a Lie algebra
over the ring R and L' is a Lie algebra over the ring R’, then we define a morphism of Lie algebras
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f:L— L to be a pair of (f,¢) where ¢ : R — R’ is a morphism of rings and where f: L — L' is
a morphism of abelian groups satisfying f(rz) = ¢(r)f(x) for all r € R and = € L and satisfying
f([z,y]) = [f (), f(y)] for all z,y € L.

Definition 8.6.25. Let G be an affine algebraic supergroup represented by a super Hopf algebra
k[G]. We define the Lie algebra functor of G to be the functor Lg : sAlg — sVec that associates
to a superalgebra B over k the super vector space Dery,(k[G], B)g and that associates to a morphism

f: B — C the morphism Lg(f) : Dery,(k[G], B)g — Dery,(k[G], C)g given by La(f) : D— foD.

Let A be a super Hopf algebra with comultiplication A and B a superalgebra with multiplication
map i : B® B — B. The Lie algebra structure on Derj,(A, B)g is the following: For Dy, D, €
Derj, (A, B) we put [Dy, D3] = pro (D1 ® Dy — Dy ® D1) o A. Then Derj, (A, B)j is a Lie algebra over
Bg. We now briefly explore the relation with the total tangent bundle functor and the definition of
Fioresi and Lledo [64] of the Lie algebra to an affine algebraic supergroup.

Lemma 8.6.26. Let G be an affine algebraic supergroup represented by a super Hopf algebra k[G].
Write TG for the total tangent bundle functor TG(A) = Homsaig (k[G], AT). Then there is a
natural isomorphism TG(A) = G(A) x Lg(A).

Proof. The proof is essentially the same as the proof of proposition 8.6.10. By lemma 8.6.6 an
element of Homgaig (k[G], BT) is a pair (f, D) with f € Homgaig (k[G], B) and D € Deri(k[G], B).
Let up be the multiplication in B, A the comultiplication of k[G] and S the antipode of k[G]. Then
define a map op : Homsaig (k[G], BT) — G(B) x Lg(B) as follows

op:(f,D)— (fupoD®(foS)oA). (8.86)

To show that up o D ® (f 0.S) o A is an element of Der}, (A4, B) is practically the same calculation
as is done in proposition 8.6.10. The inverse to op is given by

o5t (f,0) = (fiupod® foA). (8.87)

Suppose we have a morphism of superalgebras x : B — C, then there is an induced morphism x* :
Homgaig (k[G], BY) — Homgaug (k[G], C) sending (f, D) € Homgaig (k[G], BY) to (x o f,x o D).
Similarly, we have an induced morphism x# : G(B) x Lg(B) — G(C) x Lg(C) sending (f,§) €
G(B) x Lg(B) to (x o f,x 0d). One easily sees that oc o x* = x* o o, proving naturality. O

Geometrically, the last lemma says that the tangent bundle of an affine algebraic supergroup is
trivial. Let G be an affine algebraic supergroup represented by a Noetherian super Hopf algebra
k[G] and let g be the Lie superalgebra of G. By theorem 8.6.15 we have Dery,(k[G], B) = (g ® B)j.
In fact, it is not hard to see that the isomorphism is natural in the second variable, so that any
morphism of superalgebras ¢ : B — C induces the map ¢* : (g ® B)j — (g ® C)5 given by
©* 12 ®b— x® @(b). We thus have

Lemma 8.6.27. Let G be an affine algebraic supergroup represented by a Noetherian super Hopf
algebra k[G] and with Lie superalgebra g. Then the Lie algebra functor L is isomorphic to the
functor that assigns to each superalgebra B the Lie algebra (g ® B)g.

The Lie algebra structure on (g ® B)g is in fact more transparent. If z ® b and y ® b’ are
elements of (g ® B)g, then we have [z ® b,y @ b'] = (=1)I¥[1P[2, 4] @ bl'. Thus Lg(B) and (g ® B)g
are isomorphic as Lie algebras over the ring By. We will therefore often write g for the functor L¢
if no confusion is possible.

Let G and H be affine algebraic supergroups with Lie superalgebras g and . We have seen
above that a morphism f : G — H of group functors induces a morphism of Lie superalgebras
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df : g — bh. However, there is also an induced natural transformation Lg — L, given by
composition with f. One easily checks that for any superalgebra B this natural transformation is
given by df ®idp : (g® B)j — (h® B)g. By the theorem of Deligne and Morgan 3.6.1 these are the
only natural transformations Lp — L that respect the Lie algebra structure. In fact, the theorem
provides an alternative proof that shows that the natural transformation Ls — Ly induced by f
is in fact of the form h®idp : (g ® B)g — (h ® B)g for all superalgebras B and for some morphism
of Lie superalgebras i : g — b.

The morphism f : G — H induces a natural transformation Tf : TG — TH between the
total tangent bundle functors. If A is any superalgebra, then o € TG(A) = Homgaig (k[G], AT) we
define T'f(«) = a0 ¢ : Homgaug (k[G], AT) — Homgaig (k[H], A1), where ¢ : k[H] — k[G] is the
morphism of super Hopf algebras that induces f. Evaluating T'f at the counit of G we obtain a
morphism Lg — Ly, which is the derived transformation df:

Lemma 8.6.28. Let G and H be affine algebraic supergroups represented by super Hopf algebras
k[G] and k[H| respectively and let g and h be their Lie algebra functors. Suppose we have a morphism
f:G— H, thenif Tf:TG — TH 1is the induced morphism between total tangent bundle functors,
then the differential df : g — b is given by

(e,df(D)) =Tf(e, D). (8.88)

Proof. The proof follows immediately from the definition of the total tangent bundle functor and
of the way we constructed T'f. O

When B is a superalgebra over k, then we have maps pgp : BT — B and iz : B — BT,
see subsection 8.6.1. Then if A is a super Hopf algebra, we have a morphism of groups pp :
Homgaig (A, BY) — Homgalg (4, B). In [64] the Lie algebra of an affine algebraic supergroup is
defined as the functor that assigns to B the kernel of pp. Remembering that Homgaig (A, BT)
consisted of all pairs (f, D) with f € Homgaig (A, B) and D an even derivation of A into B over f,
we easily see that Ker(pp) = Derj,(A, B)g. Therefore, our definition of a Lie algebra of an affine
algebraic supergroup coincides with the definition of Fioresi and Lledé. For the case of an algebraic
group scheme the use of the total tangent bundle functor was used and developed extensively in for
example [65,66].

Example 8.6.29. Consider the group functor SL,, that is defined as the functor that assigns to

pla
any superalgebra A the set of all elements M of GL,4(A) with Ber(A/) = 1. One calls SL,, the
special linear supergroup. Writing M € GL,|,(A) in block-matrices as
M= <m00 m‘“) , (8.89)
mio Mi1
we can rewrite Ber(M) =1 as
det (moo — mmmﬁlmlo) = det (mll) . (890)

We conclude that SL,, is a closed subgroup of GL,,. We use the notation of example 8.5.16
and introduce the matrices Xoo = (2i5), Xo1 = (Tia); X10 = (Z4i) and X171 = (z4p). To obtain
the Lie superalgebra Der} (k[SLy,], k) we note that Derj (k[SLy,], k) consists of all derivations
of k[GL,|] to k over the counit e that vanish on the Zj-graded ideal in k[GL,|,] generated by
det (Xoo — Xo1X1;' X10) —det (X11) € k[GL,|,]. Noting that any matrix element of Xo1X;;' X10 lies
in (Kere)?, and using example 8.6.24 we see that the Lie superalgebra slp|q consists of all elements
in Mat,|,(k) with zero supertrace:

sly, = {IN € Mat,, (k) | str(N) =0} . (8.91)
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For the Lie algebra functor sl,, : A+ sl,, = Dery (k[SLy,], A)s we then get

plg plg

5[p|q(14) = {Y S Matp|q(A)() | str(Y) = 0} . (8.92)

The Lie bracket is the same as in gl ,,, see for example 8.6.24. A

plg

Example 8.6.30. Let  be the (p 4+ 2¢q) X (p + 2¢)-matrix defined in eqn.(8.59). Then for any
superalgebra A, the group Osp,o,(A) is given by all (p +2¢) x (p + 2¢)-matrices M that satisfy

MSTQM = Q. (8.93)

It follows that each M € Osp,s,(A) is invertible and hence is a subgroup of GL;j2,(A4). Writing
M € GL,|,(A) in block-matrices as

plg

M = (mOO mm) : (8.94)

mipo M1

we see that M € Osp,5,(A) if and only if we have

T T T T T T
MyoMoo — Migdmio =1, mygmor — migJmir =0, myymoer +mi;Jmir = J. (8.95)

The equations MSTQM — Q = 0 clearly define a Zj-graded ideal in E[GLy|24) and thus Ospy)2q
is a closed subgroup of GLy3,. We can now proceed as in the case of SL, to calculate the Lie
superalgebra 0sp,, 5, and the Lie algebra functor. Using the explicit isomorphism gl,, 5, = Mat,, (k)
constructed in example 8.6.24 one finds

05Pp|2q = { (a Z) € Matyoq(k) | +a=b+c"J=d"J+Jd= 0} ) (8.96)

c

which is the super vector space of all matrices M € Mat,|o,(k) satisfying MSTQ + QM = 0.

Hence we see that osp,,|5, is indeed isomorphic to the orthosymplectic Lie superalgebra osp, 5, (k)

defined in section 2.2. Note that when we write an element D € o0sp,, 5, as > Dij%
ij

(D;;) satisfies DTQ + QD = 0 as a super vector space, where D% stands for ((D5T)5T)5T. The
appearance of DT is due to the asymmetry between the supertranspose for odd and even elements.

Taking A any superalgebra, tensoring 08P, |2, With A, and using lemma 3.7.7 and example 8.6.24
one finds that we have a further isomorphism

the matrix

Uﬁpp‘gq(A) = {Y S Matp‘gq(A)() | ysTQ + QY = O} . (897)

Computing Derj, (k[Osp,o,], A) directly also gives the result of eqn.(8.97). The Lie bracket is the
same as for gl,o,. We remark that osp,o, C sl A

Remark 8.6.31. In the previous example we have seen there is an asymmetry between the signs in
the definition of the Lie superalgebra and in the definition of the Lie algebra functor. Most authors
seem to notice this asymmetry, but solve the problem by simply redefining the supertranspose (see
for example [5]).






Chapter 9

Representations and comodules

In this chapter we will study some aspects of representations of affine algebraic supergroups. This
will give insight into the structure of affine algebraic supergroups. To discuss representations of
supergroups, we will need to develop a little bit of machinery to deal with comodules of super
coalgebras and we will need to know more about the structure of super coalgebras. Because of the
duality between superalgebras and super coalgebras, we are forced to consider not only commutative
superalgebras. Therefore, in this chapter, a superalgebra will not be commutative unless otherwise
mentioned.

The first section 9.1 will be devoted to define representations of affine algebraic supergroups and
to establish the link between comodules of super coalgebras and representations of affine algebraic
supergroups. In section 9.2 we study the structure of super coalgebras and comodules. In section
9.3 this will be used to derive some properties of representations and to show that all affine algebraic
supergroups are closed subgroups of the general linear supergroup GL,, for some p and ¢g. Then
we end this chapter with a section on the representations of the Lie algebra of an affine algebraic
supergroup and on the adjoint representation of the supergroup in its Lie algebra. We work over a
fixed field k of characteristic zero.

9.1 Representations versus comodules

Let V be a super vector space over k. The super vector space can be viewed as the functor that
assigns to any commutative superalgebra A the Grassmann envelop V(4) = (V®A)g. We define the
group functor GLy : sAlg — Sets to be the functor that assigns to each commutative superalgebra
A the even invertible elements of Enda(V ® A). If V is finite-dimensional and if we fix a basis of
V, we have an isomorphism V = kP19 for some p and ¢, which induces an isomorphism of group
functors GLy = GL,,|,. Therefore, GLy is an affine algebraic supergroup for finite-dimensional V.
The action of GLy (A4) on (V ® A)j is easily seen to be a natural transformation GLy x V. — V.

Definition 9.1.1. Let G be a group functor and V' a super vector space, viewed as a functor. A
linear representation of G in V is a morphism of group functors G — GLy . FEquivalently, a linear
representation of G in 'V is a natural transformation G x V. — V that factors over GLy xV — V.

Often we will omit the adjective linear and just write representation. If G is an affine algebraic
supergroup represented by k[G], then for finite-dimensional V' a representation is equivalently de-
scribed by a morphism of super Hopf algebras ¢ : k[GLy] — k[G]. If G has a linear representation
in V, we call V a G-module. If W C V is a sub super vector space, we call W a submodule of
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V if the action of G on V restricts to an action on W. In other words, for each commutative
superalgebra A, the image of W(A) under the map G(A) x V(A4) — V(A) lies in W(A). If W is a
submodule of V, then there is a natural representation of G in V/W.

Let V and V' be super vector spaces. By the theorem of Deligne and Morgan 3.6.1 there is a
one-to-one correspondence between the natural transformation from V to V', when we view the
super vector spaces as functors, and the super vector space morphisms from V to V’. Suppose
that G has a representation in V' and in V’. We call a super vector space morphism f : V — V' a
morphism of G-modules if for all commutative superalgebras the diagram

G(A) x V(A) V(A)
idx fa fa (9.1)
G(A) x V'(4) V'(A)

commutes, where the horizontal rows are the actions of G on V and V', and where f4 is the induced
morphism f®ida : (V® A)g — (V' ® A)g. Note that an action of G on V can easily be extended
to an representation on V @ IIV by using the embedding (V ® A)g — V ® A for each commutative
superalgebra A. Indeed, GLy (A) naturally acts on V ® A.

We want to relate representations of the affine algebraic supergroup G to comodules of k[G],
which we will now define.

Definition 9.1.2. Let C' be a super coalgebra with comultiplication map A and counit €. A left
comodule over C is a super vector space V together with a morphism of super vector spaces v : V —
V @ C such that Y @ idg o) =idy ® Aoy and idy ® e oy = idy, where we identified V @ k =2 V.

The conditions on the morphisms 1, A and € can be compactly formulated by requiring the
commutativity of the following diagrams:

o~ P

Vv Vek Vv Vel
id®e
y ¥ deA . (9.2)
Vel Vel void Velel

A right comodule is defined in a similar way as a left comodule, replacing ¢ : V — V ® C by
Y:V — C®YV and so on.

Let V be a left comodule over a super coalgebra C' with the structure map ¢ : V -V C. If
W is a sub super vector space in V' such that (W) C W ® C, then we call W a sub comodule of
V. One easily verifies that W is indeed a left comodule over C' with structure map the restriction
of ¥ to W. If V' is a second comodule over C with structure map ¢’ : V! — V' ® C, then we call
a super vector space morphism f : V' — V’ a morphism of comodules if ¢’ o f = f ® id¢ 0. The
image f(V) is easily seen to be a sub comodule of V', and the kernel of f is a sub comodule of V.
For a submodule W C V| there is an induced comodule structure on the quotient V/W and one
easily checks that the projection 7 : V' — V/W is a morphism of comodules.

Theorem 9.1.3. Let G be an affine algebraic supergroup represented by the super Hopf algebra
k[G]. Then a linear representation ® : G — GLy on V' corresponds to a unique k-linear map
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p:V =V QK[G] such that the following diagrams commute:

1% L V @ K[G] 1% P V @ k[G]
Q idy ®¢ p p®idya) - (9.3)
Vok V ® k[G] WER LV @ k[G] ® K[G]

Conversely, given a map p:V — V ® k[G] such that the above diagrams commute, then p defines
a representation. In other words, there is a one-to-one correspondence between G-modules and left

k[G]-comodules.

Proof. The proof is actually no more than Yoneda’s lemma. We follow the approach of [60]. We
extend for each commutative superalgebra A the action of GLy (A) on V(A) to an action on V ® A.

We write X = k[G] and define for each v € V a k-linear map p(v) = ¥ (idyx)(v ® 1). Let A be
any commutative superalgebra and g € G(A) = Homgaig (X, A), then the action of g is determined
by p as the commutative diagram shows:

V(X) il V(X)
idy®g idy®g . (94)
V(A) YO Ly

We indeed have for any v®a € V® A

4 (g)(v®a) =D (g)(ve )a
= &4 (g)(idy ® g)(v® 1)a
=idy ® go ®* (idx)(v ® 1)a
= (idy ® g o p(v))a.

(9.5)

Requiring 4 (e) = idy (4), where e is the identity element of the group G(A) and is the composition
of the counit with the inclusion k — A, we obtain immediately the first commutative diagram. To
see what happens when we require ®4(gh) = ®4(g)®“(h) we first write out the action of ®4(gh):

A (gh)(v® 1) =idy @ paoidy ® g ® hoidy ® A o p(v) (9.6)
where pg4 : A® A — A is the multiplication map of A. The action of @A(g)(I)A (h) is given by
D)2 (h)(v®1) =idy @ paoidy ® g@ ho p@idx o p(v). (9.7)

If the second diagram in (9.3) commutes the actions of ®4(g)®“(h) and ®4(gh) are the same. For
the converse, we take A = X ® X and g and h the superalgebra morphisms ¢ : ¢ — a ® 1 and
h:a— 1®a. Then ppog®h: X® X ® X ® X is the identity map on X ® X. Therefore the second
diagram in (9.3) commutes if and only if ®*(g)®*(h) = ®4(gh) for all A and for all g, h € G(A).
On the other hand, if we have an even k-linear map p : V' — V ® X such that the diagrams (9.3)
commute, we get a natural transformation G — End(V) by putting ®4(g)(v®a) = idy ® go p(v)a.
We only need to check that the image lies in GLy,, which is obvious since ®4(g~1)®4(g) = idy (4)-
This completes the proof. [l
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Proposition 9.1.4. Let G be an affine algebraic supergroup represented by the super Hopf algebra
k[G] and let V and V' be two G-modules. A morphism f:V — V' is a morphism of G-modules if
and only if f is a morphism of left k|G]-comodules.

Proof. Let b : V — V®k[G] and ¢’ : V! — V' ® k[G] be the structure maps that induce the repre-
sentations of G in V and V’ respectively. Clearly, if f is a morphism of left k[G]-comodules, then
the diagram (9.1) commutes. Conversely, suppose that diagram (9.1) commutes for all commutative
superalgebras A. Then extending the action of G(A) to V ® A, the diagram still commutes. Now
take A = k[G], idyjq) € G(k[G]) and consider v @ 1 € V ® k[G], then the commutativity of diagram
(9.1) implies that

idy ®idgq) 0¥ (f(v) = f @ idyg o ¥(v). (9.8)

As v was arbitrary, we conclude that f is a morphism of left k[G]-comodules. O

An immediate consequence is that if W C V is a submodule of V', then W is a sub comodule
as well. Even more, by proposition 9.1.4 there is an equivalence of categories of G-modules and
k[G]-comodules. Due to its importance, we state this as a corollary:

Corollary 9.1.5. Let G be an affine algebraic supergroup represented by a super Hopf algebra k[G].
There is an equivalence of categories between G-modules and k[G]-comodules. In particular, if V' is
a G module, and W C V is a sub super vector space, then W is a G-submodule if and only if W is
a k[G]-subcomodule.

Consider a finite-dimensional super vector space V of dimension p|q and equip V' with a standard
homogeneous basis {e;}i<i<ptq. Then we may identify k[GLy] with k[X;;, A, u]/I, where I is the
ideal generated by det(Xoo)A — 1 and det (X11)p — 1 and where Xoo = (Xij)1<ij<p and X171 =
(Xij)p+i<i,j<p+q; also see example 8.5.16. We write ® : GLy x V — V for the natural action of
GLy on V. For the comodule structure map ¢ : V. — V ® k[GLy] we then find

dlei) = OMVI(idy o, )) (e @ 1) = ¢; @ X, (9.9)

since the identity map on k[GLy/] is given by Xj; — Xj; and is therefore represented by the matrix
(Xk1). Now we consider any affine algebraic supergroup G. If we have a linear representation of
G on V, then that corresponds to a morphism of super Hopf algebras ¢ : k[GLy] — k[G]. Let us
denote by a;; the image of the X;; under the morphism ¢. If A is the comultiplication of k[G],
then since ¢ commutes with comultiplication, we have Aa;; = >, aix ® ar;. If g € G(A) for some
commutative superalgebra A, then the image of g in GLy (A) is represented by the matrix with
entries g(a;;).

An important representation of an affine group superscheme is given by the regular represen-
tation, where the vector space is the super Hopf algebra k[G] and the comodule map % is the
comultiplication A. Tt is easy to see that the map A : k[G] — k[G] ® k|G] indeed makes the
diagrams (9.3) commute. Although k[G] is in general not finite-dimensional, we will see later that
each element in k[G] is contained in a finite-dimensional submodule inside k[G]. In other words,
k[G] is as a comodule the sum of its finite-dimensional sub comodules.

If V and W are G-modules, then V & W can also be equipped with the structure of a G-
module. If ¢y : G — GLy and ¢w : G — GLy are the natural transformations defining the
representations, we define ¢ : G — GLygw by mapping g € G(A) to the linear transformation
that maps (v,w) € V@& W to (¢it(g9)(v), i3 (9)(w)) for all commutative superalgebras A. Let
Yy V=V QE[G] and Yy : W — W ® k[G] be the comodule structure maps corresponding to
oy and ¢y respectively. One easily checks that the comodule structure map corresponding to ¢ is

given by ¢ : (v, w) = (v (v), bw (w)).



9.1 Representations versus comodules 143

Given super vector space V and W, then to V@ W corresponds the functor A — (VW ® A);.
We have isomorphisms

r:(VRoA)sa(VeA) -VeaWeA,
r((v®@a)®a(w@b) =vewe (—1)*leh,  and

s:VeaWeA—- (VoA oas (Ve A,
sRwea)=1vel)Qs (wRa).

(9.10)

Given representations ¢; and ¢2 of G on V and W respectively, then for a representation ¢g on
V ® W we require

oA vewel) =r(s9re1) 86w el)), (9.11)

for any commutative superalgebra A and g € G(A). The corresponding comodule map ¥%® :
VoW —VeWEk[G] is calculated to be

W) =r(h ® b ew), (9.12)

where 1, and 1, are the comodule maps corresponding to ¢; and ¢ respectively. Using the
isomorphisms r and s it is an easy matter to verify that 1)® makes the diagrams (9.3) commute,
and therefore defines a representation.

Proposition 9.1.6. Let G be an affine algebraic supergroup and let V' be a G-module. If U is a
sub super vector space of V', the subfunctors Stabg :sAlg — Sets and GU : sAlg — Sets defined

by

Stab%(A) = {g € G(A) | g(U(A)) c U(A)} ,

g | - (9.13)
G'(A)={geGA)|g-url=u®l, YueU},

for all commutative superalgebras A, are closed subgroups of G.

Proof. Clearly, for all commutative superalgebras A, GY(A) is a subgroup of G(A). To show that
Stab%(A) is also a subgroup, we first remark that clearly, the identity of G(A) is in StabZ(A) and
for any pair g, g’ € StabZ(A) also g-¢’ € StabZ(A). From g € Stab%(A) it follows that U c g~ *(U)
and we obtain a chain of Ag modules U C g~ 'U(A) C g 2U(A)---. If Ay is a finitely generated
superalgebra and V is finite-dimensional, then V' (A) is a Noetherian Ag-module and thus the chain
has to become stable. Let N be such that g VU (A) = g~V ~1U(A). Then for any u € U we have
g u®1)=gN(g VN (u®1) = gNg Nu' =’ for some v/ € U(A). Hence g~* € StabZ(A). Thus
for all finitely generated A, Stab%(A) is a subgroup of G(A).

Let {u;}; be a homogeneous basis for U in V and choose any complement W C V such that
W @ U = V. Choose a homogeneous basis {w, }, of W and write k[G] for the super Hopf algebra
representing G. There are 0;, € k[G] and 7;; € k[G] such that the comodule morphism ¢ : V —
V ®@k[G] satisfies (u;) = >, wa®0ia+ ), u;j @75 Then g € Stab?(A) if and only if g vanishes on
the Zy-graded ideal generated by the oy,. Further, g € GY(A) if and only if g vanishes on the Z-
graded ideal generated by the elements o4, 735 —0;;, where d;; is 1 if ¢ = j and zero otherwise. Hence
by lemma 8.5.6 and remark 8.5.7 these ideals are Hopf ideals and the proposition is proved. [l
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9.1.1 Application to normal subgroups

Let G be an affine algebraic supergroup with representing super Hopf algebra k[G]. Write A :
k[G] — k[G] ® k[G] for the comultiplication, p : k[G] ® k[G] — k[G] for the multiplication and
S : k[G] — E[G] for the antipode. We have a natural transformation C' : G x G — G given
by C4 : (g,h) — ghg™' for any superalgebra A and g,h € G(A). For any superalgebra A and
g, h € G(A), the morphism C(g, h) : k[G] — A is given by

C(g,h) =paopa®idaog®@h®(goS)oA®idyg oA

9.14
:qug®hoidk[G]®Toidk[G]®idk[G]®SOA®idk[G]OA, ( )

where 14 : A® A — A is the multiplication in A and T': k[G]® k[G] — k[G]® k[G] is the map given
by T: 2 ®y — (—1)#ly @ 2. Hence we find that the corresponding morphism of superalgebras
¢ : k[G] — k[G] ® k[G] is given by

c=p®idyg) o idyg) @ T o idyg) @ idyig ® S 0 A ®idgg o A. (9.15)

Now let H be a closed subgroup of G with representing super Hopf algebra k[H| = k[G]/a for some
Hopf ideal a. We say H is a normal subgroup if C restricts to a map C : G x H — H. That is,
if i : H — G is the closed embedding induced by the projection 7 : k[G] — k[H]|, we require the
existence of a map C’ : G x H — H such that the following diagram commutes

Gx H Co(idg,i)

%

On the level of super Hopf algebras we thus need that there is a map ¢’ : k[H] — k[G] ® k[H] such
that the following diagram commutes

G

(9.16)

idgg)®moc

k[G] ® k[H

] G
\ / . (9.17)
k[H]

In other words, we require that ¢’ : k[H] — E[G]®@k[H] defined ¢’(z mod a) = idjjg ®@7oc(x) is well-
defined and turns k[H] into a left k£[G]-comodule. In particular, we need that a C Ker (i ®7oc).
Using lemma 8.1.5 we conclude that c has to satisfy c(a) C Ker (idyjg) ® 7) = k[G] ® a. Conversely,
if ¢(a) C k[G] ® a, then ¢ is well-defined. One calls a Zs-graded Hopf ideal a of k[G] with the
property c¢(a) C k[G] ® a a normal Hopf ideal. The preceding discussion thus establishes a one-to-
one correspondence between normal Hopf ideals and closed normal subgroups.

Let f : G — H be a morphism of affine algebraic supergroups. Then the kernel of f is a normal
closed subgroup of G. Indeed, for each superalgebra A, the kernel of f4 : G(A) — H(A) is a normal
subgroup. In proposition 8.5.5 we showed that the kernel of f is a closed subgroup. If follows that
the Hopf ideal defining the kernel must be a normal Hopf ideal, but we will show this now using
(super) Hopf techniques and following [21].
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Let k[G] and k[H] be the super Hopf algebras representing G and H respectively. Suppose
¢ : k[H] — E[G] is the morphism of super Hopf algebras that induces the group morphism f. By
proposition 8.5.5 the kernel is a closed subgroup of G defined by the Hopf ideal ¢(I)k[G], where
Iy is the augmentation ideal of k[H].

Let a be the kernel of ¢ and let furthermore Ag, Sg, e¢ and A, Sy, ey be the comultiplication,
antipode and counit of k[G] respectively k[H]|. Since ey = ego @, Sco¢p = oSy and Ago¢p =
¢ ¢oAp, we conclude that ey (a) =0, Sy(a) C a and A(a) C Ker(¢p®¢) = a@ k[H] +k[H| @ a.
Hence a is a Hopf ideal and defines a closed subgroup of H. Since the kernel of f is defined by the
ideal generated by the image under ¢ of the augmentation ideal of k[H] and since the augmentation
ideal of k[H] contains a, we may replace k[H| by k[H]/a. (One can think of the affine algebraic
supergroup defined by k[H]/a as the image of G.) We thus think of k[H] as being a sub super Hopf
algebra of k[G].

Under the assumption that k[H] is a sub super Hopf algebra of k[G] with augmentation ideal
Iy, we now show that Iy - k[G] is a normal Hopf ideal. Let ¢ : k[G] — k[G] ® k[G] be the morphism
defined in eqn.(9.15) and let a € Iy, then writing A ® idyg 0 A =) a; ® b; ® ¢; gives

idye) @ eoc(a) =Y (=) lela;S(c;)e(by) . (9.18)

Using coassociativity, commutativity and the identity idy(q) = idxq) ® € 0 A, one obtains

> (=1)lelleda; S (ei)e(by) = poidye) ® S o Afa) = e(a) =0. (9.19)
Therefore c(15) C Ker (idyjg)®¢€) = k[G]® I, where I is the augmentation ideal of k[G]. However,
since k[H] is a sub super Hopf algebra, we have c(k[H|) C k[H]®k[H] and thus ¢(Iy) C k[H]|® Ix.

But then
c(Iy - k[GQ]) C (k[H] ® In)(k[G] @ k[G]) C k[G] ® (Ix - k[G]), (9.20)

which shows that Iy - k[G] is a normal Hopf algebra.

9.2 Structure of comodules and super coalgebras

In this section we will introduce some notions to study the structure of super coalgebras. As
guidelines for this section served the references [21,22]. Having studied the structure of super
coalgebras, we can say more on the form of the representations of affine algebraic supergroups in
section 9.3.

9.2.1 Rational modules

Let C be a super coalgebra and suppose M is a left comodule over C' with structure map v : M —
M ® C. We can make M into a left C*-module by the following action:

py(c* @m) = Z(—l)lmiucilc*(q)mi ,  where (m)= Zmi ® ¢ . (9.21)
Our first task is to consider which left C*-modules arise in this way.

Proposition 9.2.1. Let 1 be any even linear map M — M ® C and define p, as above. Then
(M, %)) is a right C-comodule if and only if (M, py) is a left C*-module.
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Proof. Suppose ¢ : M — M ® C makes M into a left C-comodule. Recall that the 1 of C* is the
counit map. For all m € M we have py(e @ m) = idp ® e(m) = m. Let a,b € C*, then

py(ab@m) =idy @ abop(m) =idy @ a @ boidy @ Aoh(m), (9.22)
where we identify M ® k ® kK =2 M. On the other hand, we have
pyp(a®pyp(b@m)) =idy ®a®boy ®ide o, (9.23)

using the same identification M ® k ® k = M. Using the definition of a comodule, we see that
py(a® py(b®@m)). Thus M is a C*-module with structure map py : C* @ M — M.

Conversely, if p, makes M into a left C*-module, then acting on M with € we see that idy; ®
eoyy(m) =m for all m € M. If for all a,b € C* we have py(a ® py(b ®m)), then for all a,b € C*
we have

idy ®a®bo (idy ® Aot — Y ®idc o)) =0, (9.24)

as linear map M — M @ k ® k = M. Take m € M and expand (idys ® Aoy — ¢ ® idg o p)(m) =
> m;®c;®d; with m; € M and ¢;,d; € C. Then the sum is in fact finite and we may assume the m;
are linearly independent. This implies that for each ¢ and for all a,b € C* we have a®b(c; ®d;) = 0.
Thus for all 4, ¢; ® d; is in (C* ® C*)*. But by lemma 8.1.4 the image of C* @ C* in (C ® C)* is
dense. Hence for all i, we have ¢; ® d; = 0. ([l

Consider the natural inclusions M @ C — M ® C** — Hom vy (C*, M). We consider M @ C as
a subspace in Hom(C*, M) and the action of m ® ¢ on ¢* is given by m ® c(c¢*) = (=1)l°ll¢" Imc*(c).
Suppose that the map p : C* ® M — M makes M into a left C"*-module, then we have a map
y : M — Homgy (C*, M) defined by

Yo(m)(e*) = (=)™ p(e" @ m) . (9-25)

Definition 9.2.2. Let C be a super coalgebra and M a left C*-module with structure map p : C* ®
M — M. We say that M 1is a rational C*-module if the associated map 1, : M — Hom (C*, M)

has image in M ® C, where we view M & C' as a subspace of Hom y.. (C*, M).

sVec

Proposition 9.2.3. If M is a rational C*-module with structure map p : C* ® M — M, then
the associated map vV, : M — M ® C determines a comodule structure on C. Furthermore, the
C*-module structure derived from 1, is again p.

Proof. By proposition 9.2.1 the associated map v, : M — M ® C makes M into a left C'-comodule.
By construction, the C*-action on M derived from 1, is given by:

¢ @mi—idy ® c*otp,(m), (9.26)
but by definition, the right-hand side coincides with p(c* ® m). O

Proposition 9.2.4. Let M be a rational C*-module, then any submodule or quotient of M is also
a rational C*-module.

Proof. Let p : C* @ M — M be the multiplication map and let o : M — Homy,. (C*, M) be
the map o(m)(c*) = (=1)I¢"II™lp(¢* @ m). By assumption, o(M) lies in the image of M ® C' in
Hom_y,. (C*, M). Therefore, if N is a submodule, then so lies ¢(NN) in the image of M ® C in
Hom v (C*, M). Since in addition p(C*® N) C N, it follows that o(NN) lies in the image of N @ C
in Homgyse. (C*, M). Writing ¢’ : M/N +— Homgy,. (C*, M/N) for the morphism determined by
o'(mmod N)(¢*) = o(m)(c*) mod N, then ¢’ is well-defined and can be written as ¢/ = 7 ®idg oo
and thus has image in M/N @ C. O
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Proposition 9.2.5. Let M, N be rational C*-modules and f : M — N a linear even map, then f
is a morphism of modules if and only if f is a morphism of comodules.

Proof. Let v : M — M ® C and ¢/ : N — N ® C be the associated comodule structure maps.
We simply write ¢* - m for the action of ¢* on m. Let m € M and write ¢)(m) = Y m; ® ¢; and

1/)/(f(7n)) = an ® dj- Then
flet-m) =3 (=lemlet @) fma), (9.27)

and on the other hand
- flm) = Z(—l)ldm”ﬂc*(di)ni. (9.28)

If f is a comodule map, then clearly eqns.(9.27,9.28) coincide. For the converse, we observe that if
f is a module map, then the element = = )" f(m;) ® ¢; — Y n; ® d; is annihilated by all elements
idy ® ¢*. A basis argument then shows that x = 0. O

Proposition 9.2.6. Let M be a rational C*-module, then any submodule that is generated by a
finite number of elements is finite-dimensional.

Proof. Tt suffices to show that a single element m € M lies in a finite submodule. Let ¢ : M —
M ® C be the associated comodule morphism, and write ¢)(m) = >, m; ® ¢;. Then the sum is
finite and the super vector space V, defined as the span of the m;, is finite-dimensional. Since
idys ® €0 ¢p(m) = m, we have m € V and therefore C* -m C V. O

From the correspondence between the rational modules and the comodules (propositions 9.2.3
and 9.2.1) it follows that each comodule is the sum of its finite-dimensional sub comodules. Applying
proposition 9.2.6 to the regular representation of an affine algebraic supergroup on its representing
super Hopf algebra, shows that the super Hopf algebra is the sum of its finite-dimensional sub
comodules.

Corollary 9.2.7. Let G be an affine algebraic supergroup with representing super Hopf algebra
k[G]. Then the regular representation of G on k[G] is locally finite, that is, each element a € k[G]
is contained in a finite-dimensional submodule.

We now move one step further to show that not only comodules are locally finite, but super
coalgebras as well. Recall that we defined the sub super coalgebra generated by a set S as the
intersection of all sub super coalgebras containing S, see for example proposition 8.2.16.

Theorem 9.2.8. Let C be a super coalgebra and S a finite set of homogeneous elements of C, then
the sub super coalgebra of C' generated by S is finite-dimensional.

Proof. We proof that any element ¢ € C generates a finite-dimensional sub super coalgebra. The
theorem then follows, since if Dy, Dy C C are finite-dimensional sub super coalgebras, then so is
D1+ Ds.

With respect to the comultiplication A : C' — C® C, C is a left C-comodule. We write ¢* - ¢ for
the associated action of ¢* € C* on ¢ € C. Thus ¢* - ¢ =id¢ ® ¢* 0 A(c). Then C' is a rational left
C*-module. Hence for any ¢ € C, the submodule X = C* - ¢ is finite-dimensional. The action of
C* on X induces a map f : C* — Endy(X) and since End;(X) is a finite-dimensional superalgebra
over k, the kernel of f is a two-sided Zs-graded ideal such that C*/Ker(f) is finite-dimensional.
Therefore Ker (f)* is a finite-dimensional sub super coalgebra of C. For any y € Ker(f) we have
€(y - ¢) = 0, which equals ¢ ® y o A(c) = y(c). Hence ¢ € Ker(f)* and thus c is contained in a
finite-dimensional sub super coalgebra. [l
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9.2.2 Simplicity and irreducibility

One defines an algebra to be simple if it has no nontrivial two-sided ideals. We say a superalgebra
is simple if it has no nontrivial two-sided Zs-graded ideals. A commutative simple superalgebra is
easily seen to be a commutative simple algebra, as the ideal generated by the odd part must be
Zero.

Definition 9.2.9. We say a super coalgebra is irreducible if any two nonzero sub super coalge-
bras have a nonzero intersection. We call a super coalgebra C simple, if it contains no sub super
coalgebras except 0 and C' itself.

By Zorn’s lemma, any super coalgebra contains a simple sub super coalgebra. Let now C' be
an irreducible super coalgebra. Then the intersection of all sub super coalgebras is nonempty and
hence C contains a unique sub super coalgebra, which necessarily is simple. Conversely, suppose
C contains a unique simple sub super coalgebra D. Then the intersection of two arbitrary sub
super coalgebras C7,Cy C C cannot be empty, since C; and C5 both contain a simple sub super
coalgebra. Hence we have shown that a super coalgebra is irreducible if and only if there is a unique
simple sub super coalgebra.

Lemma 9.2.10. Let C' be a super coalgebra.

(i) C is irreducible if and only if all its sub super coalgebras are irreducible.

(i) If D, E are nonzero simple sub super coalgebras then either END =0 or E = D.
(iii) Any simple super coalgebra is finite-dimensional.

Proof. The third claim follows from theorem 9.2.8. The second claim is obvious as the intersection
of two sub super coalgebras is a sub super coalgebra. For the first claim, if all sub super coalgebras
are irreducible, then so C. For the converse, if D is a sub super coalgebra and Ei, F» are two
nonzero sub super coalgebras of D, then they are two nonzero sub super coalgebras of C' and thus
have nonempty intersection. [l

Proposition 9.2.11. Let C be a super coalgebra. The map that sends any sub super vector space
D C C to D+ C C* sets up a one-to-one correspondence between the simple sub super coalgebras
of C' and the non-dense mazimal Za-graded two-sided ideals of C*.

Proof. Let D be a simple sub super coalgebra of C'. Then D is finite-dimensional and D* is a
finite-dimensional algebra. Suppose that I is a two-sided Zj-graded ideal in D*, then I~ C D
is by corollary 8.2.14 a sub super coalgebra of D and hence I = 0 or I+ = D. Since D is
finite-dimensional, I+ = 0 implies I = D* and I+ = D implies I = 0. Therefore D* is a simple
superalgebra.

If I is a two-sided Z-graded ideal of C* containing D+, then I mod D= is an ideal in C*/D*,
which is isomorphic to D*. Hence I mod D+ = 0 or Imod D'+ = C*mod D+; in the first case,
D+ =TI and in the second case C*/I = (C*mod D+)/(I mod D) = 0. Hence D' is a maximal
Zs-graded two-sided ideal in C*. As (D+)% = D by lemma 8.1.1 is nonzero, D= is not dense.

Is m is a non-dense maximal Zy-graded two-sided ideal of C*, then m* is a sub super coalgebra
of C. If D is a nonzero simple sub super coalgebra of m*, then D is a non-dense maximal Zo-
graded two-sided ideal of C* and contains m*+. Since m*+ O m we must have m*+ = m = D+
and thus D = D+ = m'. Hence m* is a simple sub super coalgebra.

If D is any sub super coalgebra, we have D+ = D by lemma 8.1.1. If m is a two-sided non-
dense Zj-graded maximal ideal of C*, then m* is a nonzero sub super coalgebra, and thus m*+ is
not dense, as m*++ equals m* by lemma 8.1.1. But m*+ is Z,-graded and two-sided. Therefore
mt+ = m. Hence we indeed have a bijection. [l
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An easy consequence of proposition 9.2.11 is that if C' is an irreducible super coalgebra, then
C* has only one non-dense two-sided Zs-graded maximal ideal. In the finite-dimensional case, this
implies that C* is an Artinian local superalgebra.

Lemma 9.2.12. IfC is a super coalgebra and C is irreducible as a coalgebra, then C is irreducible.

Proof. Let D, E be sub super coalgebras of C'. Since it is not possible that D N Cz = 0 or that
ENCj, we conclude that D and E are both nonzero. Hence they have a nonzero intersection. Since
as super vector spaces C' = Cy, E and D contain an element e = eg+e7 and d = dy+ dj respectively
with eg = dg. But since D and E are sub super coalgebras, we have e € E and dj € D. O

Remark 9.2.13. Consider the finite-dimensional superalgebra A of (1+1) x (1 + 1)-supermatrices
with entries in k. Then A is a simple superalgebra. As in the proof of proposition 9.2.11 we conclude
that A* is a simple super coalgebra. However, A* is not simple, as it consists of two copies of the
unique one-dimensional super coalgebra. Also, as these two copies are disjoint, the converse of
lemma 9.2.12 is false in general.

On the other hand, consider the super vector space C spanned by elements g, 0, n, where we
define g to be even and 6 and 7 to be odd. Define a comultiplication and counit by A(g) = g ® g,
AO)=0R0g+9gR0, A(n) =g@n+n®g, e(g) =1 and €¢(n) = €(#) = 0. Then C is a super
coalgebra and is not simple, since ¢ and 7 span a sub super coalgebra. On the other hand, C is
one-dimensional and thus simple.

We conclude that C' being simple does not imply that C is simple, and conversely, that simplicity
of C' does not guarantee that C' is simple.

Definition 9.2.14. We call a super coalgebra C' pointed if all simple sub super coalgebras of C are
one-dimensional.

Any even grouplike element defines a simple one-dimensional sub super coalgebra, and thus if a
super coalgebra is pointed and irreducible, there is only one grouplike element.

Proposition 9.2.15. Let C be a super coalgebra and suppose we can write C as a sum C =3 Cy,
where C,, are sub super coalgebra.

(i) Any simple sub super coalgebra of C lies in one of the C.,.
(ii) C is irreducible if and only if each Cy, is irreducible and N, Cy # 0.
(iii) C is pointed if and only if each Cq is pointed.
(iv) C is pointed irreducible if and only if all Cy, are pointed irreducible and Ny,Cq # 0.

Proof. (i): If D is simple, then D is finite-dimensional and is contained in finitely many C,.
Therefore it suffices to consider D C Cy + Cs. If d € D, we may assume d to be homogeneous, and
we write d = dy +ds, with d; € C;. As D is simple, we have DN C7; = DNCy = 0. Hence the image
of D under the projection C' — C/C5 is nonzero and we can view D as a sub super vector space
in C/Cy. Hence the induced morphism (C/Cs)* — D* is surjective. It follows that we can find ¢*
in C* such that ¢*|p is the counit of D and such that ¢*|c, = 0. But then d = id¢ ® ¢* o A(d)
lies in Dy, where A is the comultiplication of C. (i¢): Lemma 9.2.10(:) shows that all C, are
irreducible and that N,C, is not empty if C is irreducible. Conversely, if all C, are irreducible
and R = N,C, # 0, then any simple sub super coalgebra lies in R and hence is unique. (#ii): If
C is pointed, then clearly, all C, must be pointed. Conversely, if all ', are pointed and D C C'is
simple, then (¢) shows that D C Cjs for some § and hence D is one-dimensional. (iv) follows from
(4t) and (4i1). O
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If C is a super coalgebra and {D,} is a set of irreducible sub super coalgebras with nonempty
intersection, then the sum ) D, is again irreducible by the previous proposition 9.2.15. Hence
by Zorn’s lemma, if D C C' is an irreducible sub super coalgebra, their exists a maximal irreducible
sub super coalgebra of C' containing C.

Definition 9.2.16. A sub super coalgebra D of C is an irreducible component of C if it is a
mazimal irreducible sub super coalgebra. D is a pointed irreducible component if in addition the
unique simple sub super coalgebra of D is one-dimensional.

Theorem 9.2.17. Let C' be any super coalgebra.
(i) Any irreducible sub super coalgebra lies in an irreducible component.
(i) The sum of irreducible components of C' is direct.
(i11) If C is cocommutative, then C is the direct sum of its irreducible components.

Proof. (i): Is proved in the paragraph above definition 9.2.16. (éi): If Cq,Cy are two irreducible
components having a nonzero intersection, then C1+Cs is irreducible and contains Cy and Cs. (iii):
As the sum of irreducible components is direct, it suffices to show that C' is the sum of its irreducible
components and we have to show that any element is contained in an a sum of irreducible sub super
coalgebra. If ¢ is in C', then by theorem 9.2.8 there is a finite-dimensional sub super coalgebra D
containing c. It will be sufficient to show that D contains some irreducible sub super coalgebras
that contain ¢. Since D is finite-dimensional and commutative, D* is an Artinian commutative
superalgebra and by corollary 5.2.3 D* is a direct sum of local Artinian superalgebras. Thus we
write D* = @, A;, where the A; are local, from which it follows that D =~ @' ;| A as super
vector spaces. But in fact, one easily verifies that the A; are Zs-graded ideals in D* and thus the
A7 are sub super coalgebras and since the A; are local, the A} are irreducible. O

Corollary 9.2.18. Let C be any super coalgebra.
(i) The sum of distinct simple sub super coalgebras is direct.
(i) C is irreducible of and only if any element of C lies in an irreducible sub super coalgebra.

(i11) C is pointed irreducible if and only if any element of C lies in a pointed irreducible sub super
coalgebra.

(iv) A pointed cocommutative super coalgebra is the direct sum of its pointed irreducible compo-
nents.

Proof. (i): Since distinct simple sub super coalgebras lie in distinct irreducible components, this
follows from theorem 9.2.17(i7). (i3): This follows immediately from proposition 9.2.15(i4). (¢i7):
Follows from (i¢) and proposition 9.2.15(iv). (iv): This follows from theorem 9.2.17(i4i) and propo-
sition 9.2.15(4i%). O

If C is a super bialgebra, then C contains the simple sub super coalgebra 1. Hence if a super
bialgebra is irreducible, it is automatically pointed. Even more, using the same techniques as
in [22] one shows that an irreducible super bialgebra always has an antipode and is thus a super
Hopf algebra. We close this exhibition on irreducibility and simplicity by the following theorem:

Theorem 9.2.19. Let C' be an irreducible super coalgebra, R its unique simple sub super coalgebra
and f : C — E a super coalgebra epimorphism.
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(i) If F is a nonzero sub super coalgebra of E, then F N f(R) is nonzero.
(i) The image f(R) contains all the simple sub super coalgebras of E.
(iii) E is irreducible if and only if f(R) is irreducible.
() If R is cocommutative, then E is irreducible with unique simple sub super coalgebra f(R).
(v) The homomorphic image of a pointed irreducible super coalgebra is pointed irreducible.

Proof. (i): For each x € F, there is a y € C with f(y) = x. We can replace C by a finite-
dimensional sub super coalgebra containing y, since this sub super coalgebra automatically contains
R and f(C)N F is a sub super coalgebra of F containing xz. Hence we assume that C and F are
finite-dimensional. It follows that C* is a local ring with Zs-graded two-sided maximal ideal R+
- it is two-sided as it is the kernel of the surjective map C* — R*. We note that we can use the
proofs of lemmas 4.1.15 and 6.4.5 for Zs-graded anticommutative superalgebras as well and thus we
conclude that if M is a finitely generated module over C* with R-M = M, then M = 0. Since R+
is finite-dimensional, there must be a positive integer such that (R+)" = 0. But then m = E* N R+
is an ideal in E*, which we can view as a subalgebra of C' as C' — F is surjective, so that £* — C*
is injective. Thus m is a nilpotent ideal in E* and is thus contained in any Zs-graded maximal
ideal in E*. We conclude that m* is a sub super coalgebra of E containing all simple sub super
coalgebras of E. Viewing E* as a sub superalgebra of C* and thus E as a quotient of C' shows that
mt = f(R), and since any simple sub super coalgebra of F is contained in m=, this proves (i). (i7):
This we proved on the way in proving (¢). (¢i%): Follows from (). (iv): As R is finite-dimensional,
cocommutative and simple, R* is a simple, finite-dimensional commutative k-superalgebra, and
thus a simple finite-dimensional commutative k-algebra, and hence a finite field extension of k.
Thus all subalgebras of R* are also simple, and thus all quotients of R are simple. Hence f(R) is
simple and in particular irreducible, hence E is irreducible. (v): Follows from (ii7). O

9.3 Properties of group representations

Proposition 9.3.1. Let G be an affine algebraic supergroup. Then every finite-dimensional repre-
sentation of G is isomorphic to a submodule of a finite number of copies of the regular representation.

Proof. The proof follows the presentation of [60]. Let V be a finite-dimensional G-module and
let ¢ : V — V ® k[G] be the corresponding k[G]-module structure map, where k[G] is the super
Hopf algebra representing G. Consider the super vector space W = V ® k[G] and equip W with
the comodule structure defined by the map ¢’ = idy ® A : W — W ® k[G], where A is the
comultiplication of k[G]. As a G-module, W consists of a finite number of copies of k[G]. Since V
is a k[G]-comodule, we have idy ® A 09 = 1) ® idg(g] © ¥, which now reads ¢’ 0 9 = ¢ ® idyg) © ¢.
But the last equality says that ¢ : V' — W is a morphism of k[G]-comodules, and thus a morphism
of G-modules. As idy ® € 0 = idy, where € is the counit of k[G], it follows that ¢ is an injective
map. Hence, we can identify V' with a sub G-module of W. O

The previous proposition 9.3.1 says that in order to study representations of G, it suffices to
study k[G]-subcomodules of the regular representation. For ordinary affine algebraic groups, one
can proceed to construct all representations by taking submodules, direct sums and tensor products
of the regular representation. It would be interesting to extend this technique for affine algebraic
supergroups, but here a difficulty arises. Consider the super Hopf algebra of GL,,: we can write it
as k[X;;,1/det (Xoo)], 1/det (X11), where Xop is the matrix (X;;) where 1 <4, j < p and where X,
is the matrix (X;;) for p+1 < 4,5 < p+¢. In contrast to the case for affine algebraic groups, the
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elements 1/det (Xgp) and 1/det(X11) do not define one-dimensional comodules. However, Ber(X),
where X is the matrix (X;;) with 1 <4,j < p+ ¢, does define a one-dimensional comodule.

The following theorem says that as for the ordinary non-super case, any affine algebraic super-
group is a closed subgroup of GL,, for some positive integers p and ¢q. The key ingredient for its
proof lies again in the regular representation.

Theorem 9.3.2. Let G be an affine algebraic supergroup. Then there are positive integers p and q
such that G'is a closed subgroup of GLy,-

Proof. Since the super Hopf algebra representing G is finitely generated there exists by corollary
9.2.7 a finite-dimensional k[G]-subcomodule V' in k[G] containing all generators. Thus V is a finite-
dimensional G-module inside the regular representation, say dimV = p|g. This means that we have
a morphism of super Hopf algebras f : k[GL,|,] — k[G]. Let {e;}1<i<p+q be a homogeneous basis of
V. The comodule structure map ¢ : V' — V ® k[G] is the comultiplication A : k[G] — k[G] ® k[G]
restricted to V. We can write 1(e;) = > ,€; ® aj; and the a;; are the images of the elements
Xij of k[GL,|,] under the morphism f (see example 8.6.24 and the discussion around eqn.(9.9) for
the conventions on GLy,). In particular, the a;; are contained in f(k[GL,|4]). Now consider the
identity

e; = 1dk[G] ®ReolAle;) =€e® idk[G] oA(e;) = Z e(ej)aji , (9.29)

J

from which we conclude that all e; are in the image of f. But then f : E[GL,,] — K[G] is a
surjective morphism and thus k[G] = k[GLy,]/a for some Hopf ideal a, which shows that G is a

closed subgroup of GL,4- |

Let G be an affine algebraic supergroup and let V' be a G-module. We call the representation of
G in V irreducible if there is no nontrivial submodule. If the representation is not irreducible, we
call it reducible. If V' is a representation, such that for all submodules W, there exists a submodule
W' C V such that W @ W’ = V, we call V completely reducible. We call a representation in V'
diagonalizable if V' splits as a sum of one-dimensional submodules. For a comodule over a super
coalgebra we use the same nomenclature, so for example, a comodule is irreducible if it contains no
nontrivial sub comodules. And in fact, we use the same nomenclature for modules of superalgebras.
The justification for this overall use of the same names is due to corollary 9.1.5, and propositions
9.2.5 and 9.2.1, the last two of which state that the category of rational C*-modules is equivalent
to the category of C-comodules.

Remark 9.3.3. For superalgebras there are two equivalent definitions of complete reducibility: A
module is completely reducible if (1) it is a sum of irreducible submodules, or (2) it is a direct sum
of irreducible submodules. We omit the proof, which can be found in for example [50, XVII§2] and
requiring that all submodules are Zs-graded and all elements homogeneous. Similarly, for the proof
of the claim that any submodule of a completely irreducible module is again completely irreducible,
we refer to [50, XVII§2].

Let C be a super coalgebra and let V' be a left C-comodule, with structure map ¢ : V — V® B.
Then V is a rational left C*-module. If C' is even a super bialgebra, so that 1 € C, then we define
a vector v € V to be invariant if ¢(v) = v ® 1. It follows, that the sub super vector space V"
spanned by the invariant vectors is Zs-graded.

Theorem 9.3.4. Let C be a super bialgebra with its dual superalgebra C* and assume V is a
rational left C*-algebra. Denote ¥ : V — V ® C the corresponding comodule structure map. Then:

{veVlf-vo=FfQw, VfelC't={veViw) =v®1}. (9.30)
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Proof. By the definition of the action of C* on V| it is clear that the right-hand side is contained in
the left-hand side. Suppose that v is homogeneous and that f -v = f(1)v for all f € C* and write
P() = > v; ® ¢;. We may assume the ¢; are linearly independent. Then we can choose f € C*
such that f(c;) =1 and f(¢;) =0 for i # 1. It follows that v; is a multiple of v, and similarly, each
v; is a multiple of v, so that we can write ¥ (v) = v ® ¢ for some ¢ € C. By the assumption on v it
follows that f(c—1) =0 for all f € C*, hence ¢ = 1. O

We call a comodule V' of a super bialgebra trivial if for all v € V| the comodule structure map
is given by 9 : v +— v ® 1. If G is an affine algebraic supergroup, we say that a representation in V'
is trivial if V' is a trivial comodule of the super Hopf algebra representing G.

Definition 9.3.5. Let C' be a super coalgebra and let V' be a comodule over C with structure map
YV =V ®C. We call the support of V' the smallest sub super coalgebra D of C' such that
Y(V)CcV®D. We write C(V) for the support of V.

Lemma 9.3.6. Let C be a super coalgebra and let V' be a left comodule over C with structure map
V:V —=>V&C. Let {v;}; be a homogeneous basis of V', then the support of V is given by

cV) = Span{cz- e Cly(v) = Zvi ®ci, Yo e V} . (9.31)

Proof. Clearly, the right-hand side of eqn.(9.31) is contained in the left-hand side of eqn.(9.31), so
it suffices to show that the right-hand side of eqn.(9.31) is a sub super coalgebra. But the identity
P ®ide oy = idy ® A o, where A is the comultiplication of C, just tells us that the right-hand
side of eqn.(9.31) is indeed a sub super coalgebra. In particular, the right-hand side of eqn.(9.31)
is independent of the choice of the basis. [l

The properties of the support that are important for us, are summarized in the following lemma:
Lemma 9.3.7. Let C be a super coalgebra and let V' be a left comodule over C. Then:
(i) If V is one-dimensional, then so is C(V').
(i) If V is a sub comodule of W, then C'(V) C C(W).
(i) If V.=Vi + Va, then C(V) = C(V1) + C(V2).
() If V is an irreducible comodule, then C(V') is a simple sub super coalgebra of C.

(v) If D is a simple sub super coalgebra of C, then there exists an irreducible left C'-comodule W,
such that C(W) = D.

Proof. (i): This is obvious. (i¢): Choose a basis of V' and then extend it to a basis of W, then use
lemma 9.3.6. (ii7): Clearly, C(V1)+ C(Vz) C C(V). Choose a basis for V4 and a basis for Va2, then
the union of the basis spans V, and we can delete some elements to obtain a basis for V. Since
any v € V can be written as v = v + v2 with v; € V;, lemma 9.3.6 proves the claim. (iv): We
fix a homogeneous basis {v;} of V, and write ¢(v;) = >, v; ® ¢j;. Then C(V) is spanned by the
cji. We write ¢* - v for the action of C* on V defined by ¢* - v = idy ® ¢* o ¢(v). Then V is a
rational left C*-module and the two-sided Zs-graded ideal I of all elements ¢* € C* that annihilate
V consists precisely of those elements ¢* € C* such that ¢*(c;) = 0 for all k,I. Hence C(V) C I+.
Since V is irreducible and V' 2 C*/I, we conclude that I is a maximal two-sided Zs-graded ideal,
and since C'(V) C I, I is not dense. Hence proposition 9.2.11 says that I+ is a simple sub super
coalgebra of C. Since C(V) C It and C(V) # 0, we conclude that C(V) = I+ and C(V) is simple.
(v): The claim follows if we can show that D has a minimal left coideal (see proposition 8.2.18 and
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the preceding paragraph). By proposition 8.2.19 the arbitrary intersection of left coideals is again
a left coideal. But then a standard application of Zorn’s lemma, shows that minimal left coideals
exist,. 0

We now come to study the relations between certain properties of super coalgebras, like simplic-
ity and irreducibility, and properties of comodules, such as irreducibility and complete reducibility.

Corollary 9.3.8. Let C be a super coalgebra. Then the following are equivalent:
(i) All rational left C*-modules that are irreducible, are one-dimensional.
(i) All minimal left coideals of C are one-dimensional.

(i11) C is a pointed super coalgebra.

Proof. (i) = (ii): Let V be a minimal left coideal, then V is a rational left C*-module and
irreducible. Therefore, V is one-dimensional. (ii) = (i#4): If D is a simple sub super coalgebra
of C, then D is in particular a left coideal, and hence one-dimensional. (iii) = (¢): Let V be an
irreducible rational left C*-module. Then V is an irreducible left C-comodule. By lemma 9.3.7
the support of V' is a simple sub super coalgebra of C. Hence C(V') is one-dimensional. Using the
identity idy ® e ot = idy,, we see that this implies that for any v € V, the comodule structure map
¥ :V = V®C is given by ¥(v) = Av® g, where g spans C(V) and A € k. Thus each homogeneous
vector in V defines a sub comodule, and thus, as V is supposed to be irreducible, V has to be
one-dimensional. |

Let C be a super coalgebra. We define the coradical of C' to be the sum of all simple sub
super coalgebras. By corollary 9.2.18 the sum is direct. The coradical plays a role, similar to the
nilradical of a superalgebra. In fact, proposition 9.2.11 shows that if R is the coradical of C, then R+
is the intersection of all non-dense Zs-graded two-sided maximal ideals of C*. For noncommutative
superalgebras, we define the nilradical to be the intersection of all Zs-graded maximal left ideals.
Thus R* is contained in the nilradical of C*. We call a superalgebra semi-simple if the nilradical
is zero. Note that a noncommutative superalgebra is simply a noncommutative algebra with the
additional structure of a Zs-grading. Therefore, if the intersection of all maximal Zs-graded left
ideals is zero, then so is the intersection of all maximal left ideals. Hence if a superalgebra is
semi-simple, then it is also semi-simple as an algebra.

Proposition 9.3.9. Let C be a super coalgebra and let R be its coradical.
(i) C is the sum of all supports C(V') where V ranges over all finite-dimensional left C-comodules.
(i) R is the sum of all supports C(V'), where V ranges over all irreducible sub super coalgebras.

Proof. (i): By theorem 9.2.8 every element is contained in a finite-dimensional sub super coalgebra.
Thus for every homogeneous element ¢ € C, there is a finite-dimensional sub super coalgebra D,
with ¢ € D. The comultiplication makes D into a left C-comodule, and clearly C(D) = D. (ii) By
lemma 9.3.7(v) each simple sub super coalgebra is the support of some irreducible comodule. By
lemma 9.3.7(iv) each C(V) is simple whenever V is an irreducible left comodule. |

Theorem 9.3.10. Let C' be a super coalgebra, then the following are equivalent:
(i) All left C-comodules are completely reducible.

(i) C equals its coradical.
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Proof. (i) = (i#i): As a C*-module, C' itself has to be a direct sum of irreducible submodules.
Hence C is the direct sum of its simple sub super coalgebras, hence equals its coradical. (ii) = (i):
Any C-comodule is the sum of its finite-dimensional sub comodules by proposition 9.2.6. Hence by
remark 9.3.3 it suffices to prove that any finite-dimensional comodule V is completely reducible.
Let V be a finite-dimensional comodule over C. One easily sees that then the support of V' is a
finite-dimensional sub super coalgebra D’ C C. Hence D’ is contained in a finite direct sum of
simple sub super coalgebras, and we write D for this direct sum. Then D* is a semi-simple finite-
dimensional superalgebra. Thus V is a finite-dimensional D*-module and is thus by lemma 9.3.11
below, which is a slightly adapted version of a theorem of Wedderburn, completely reducible. But
the action of C* on V' factors over the action of D* on V’, hence V' is completely reducible as a
C*-module. |

Lemma 9.3.11. Let A be a finite-dimensional semisimple superalgebra. Then any left module over
A is completely reducible.

Proof. As the intersection of all Zy-graded maximal left ideals is zero and as A is finite-dimensional,
we can choose finitely many Z,-graded maximal left ideals m; such that N;m; = 0. Say, we choose n
of them. Then the canonical morphism of left A-modules A — @, A/m; is injective. Each A/m;
is irreducible and hence @?:1 A/m; is completely reducible. Thus A is a completely reducible left
A-module. For a general left A-module M, let f: F' — M be a surjective left A-module morphism.
Then F is completely reducible as it is a sum of copies of A. Hence F = ker(f) & N for some
submodule N. But N 2 M, and since N is a submodule of F', N is also completely reducible. [

Theorem 9.3.12. Let G be an affine algebraic group, represented by a Hopf algebra H. Then we
have:

(i) Any representation of G is completely reducible if and only if k[G] equals its coradical.

(1) Any irreducible representation of G is one-dimensional, if and only if k|G| is pointed.
(iii) Any representation of G is diagonalizable if and only if k[G] is pointed and equals its coradical.
(iv) Any irreducible representation of G is trivial if and only if k[|G] is irreducible.

Proof. Due to corollary 9.1.5 all four claims can be reduced to properties of the comodules of
k[G]. (i): By theorem 9.3.10 any representation is completely irreducible if and only if C' equals
its nilradical. (i7): Corollary 9.3.8 claims that all irreducible comodules are one-dimensional if
and only if k[G] is pointed. (i3i): In order that a representation be diagonalizable, it suffices and
is necessary that all representations are completely reducible and all irreducible representations
are one-dimensional. Hence this follows from (i) and (éi). (iv): If k[G] is irreducible, it contains
only one simple sub super coalgebra, which is 1. Hence by (i¢) all irreducible representations are
one-dimensional. Thus if V' is a one-dimensional representation, then also the support C(V) is
automatically one-dimensional, hence C(V) = k- 1. Hence V is a trivial representation. If all
irreducible representations are trivial, they are all one-dimensional and hence k[G] is pointed. Thus
the only simple sub super coalgebras are those of the grouplike elements. If g is a grouplike element,
then Ag = g ® g, which, by triviality, must equal g ® 1. Hence g = 1 and k[G] is irreducible. O

For ordinary algebraic groups, one calls a group all of whose representations are completely
reducible a linearly reductive group. Nagata classified the linearly reductive algebraic groups for
arbitrary characteristic [67]. We are not aware of any such classification for affine algebraic super-
groups.
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Remark 9.3.13. We have restricted to finitely generated super Hopf algebras. This is in fact
not a severe restriction for most results. The techniques as for example displayed in [60] apply
equally well to conclude that a super Hopf algebra is a directed union of its finitely generated sub
super Hopf algebras. Thus, any representable group functor is an inverse limit of affine algebraic
supergroups.

Remark 9.3.14. We have focussed on linear actions of affine algebraic supergroups. Most of the
arguments apply as well to make statements on actions of affine algebraic supergroups on affine
superschemes. We briefly sketch the situation.

Let G = Spec(k[G]) be an affine algebraic supergroup and let X = Spec(k[X]) be an affine
superscheme. Then an action of G on X is a natural transformation p : G x X — X satisfying
p(g,p(h,z) = p(g - h,x) and p(e,x) = x, where e is the identity element.

Since in the affine case, any natural transformation Spec(k[G]) x Spec(k[X]) — Spec(k[X]) is
equivalent to a morphism of superalgebras p* : k[X] — k[X]® k[G], the same conclusion of theorem
9.1.3 applies and thus k[X] is a comodule over k[G]. We call the invariant sub superalgebra of k[X]
under G the sub superalgebra consisting of the elements a € k[X] such that p*(a) = a ® 1 and we
denote it k[X]“. We define the natural quotient to be the morphism p : Spec(k[X]) — Spec(k[X]%)
induced by the inclusion k[X]¢ — k[X].

Let k[X] be finitely generated, say by homogeneous elements ay, .. ., axn. Then the sub comodule
generated by the a; is finite-dimensional. If we write V' for the sub comodule generated by the a;,
we have linearized the action of G: the inclusion of V' in k[X] is a morphism of comodules and
induces a G-equivariant morphism of superschemes Spec(k[X]) — Spec(k[V]). Hence the restriction
to linear representations is not a severe restriction when one only considers affine superschemes.

9.4 Lie superalgebras and representations

9.4.1 The adjoint representation

Let G be an affine algebraic supergroup with representing super Hopf algebra k[G] and with Lie
superalgebra g = Dery, (k[G], k). Then as g is a super vector space, we can view it as a functor
g: A (g® A)g = Dery,(k[G], A)j for any commutative superalgebra A. To define the adjoint rep-
resentation of the group G with module g, we first note that the usual approach does not work: We
cannot fix an element g € G(A), and then differentiate ghg~! with respect to h, since we have to be
able to change A in a functorial way. In [64] they then used a trick to get something that is close to
differentiating functorially. We will present an equivalent approach that gives a simple and equiv-
alent formula in the end. Recall the total tangent bundle functor, TG : A — Homgaig (K[G], AT),
where AT was the augmented superalgebra obtained by adding one even variable to A and requiring
that it squares to zero: AT = A[z]/(2?). By lemma 8.6.6, TG(A) consists of all pairs (g, D) with
g € G(A) and D : k[G] — A is a derivation over g. Hence we have a natural inclusion G — TG,
sending g to (g,0). Similarly, we can embed the Lie algebra in TG, as follows: to any derivation
D : k[G] — A over the counit €, we assign (¢, D) € TG(A). Now let C': G x G — G be the natural
transformation defined by C(g,h) = ghg™! for any g, h € G(A) for any commutative superalgebra
A. The natural transformation C' is already defined in eqn.(9.14) and the associated morphism
¢ : k[G] — k[|G] ® k|G| was given in eqn.(9.15). We can now define the adjoint action of G on g.

Definition 9.4.1. Let G be an affine algebraic supergroup G with representing super Hopf algebra
E[G] and with Lie superalgebra g = Der},(k[G], k), which we view as a Lie algebra functor. The
adjoint action AdY : G x g — g is defined as follows: Fir a commutative superalgebra A for each
g € G(A) and D € Dery(k[G], A) and consider their images (g,0) and (e, D) in TG(A). One then
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easily shows using the explicit formulae that

C((g,()), (GaD)) = (g,()) ’ (G,D) : (g,()) (9'32)

is again of the form (e, D') € TG(A) for some D € Der(k[G],A). We then define Ad?(D) =
Ad%(g,D) = D' so that we have

C((9,0), (e, D)) = (e, Adg (D). (9.33)

We remark that if * denotes the product in the algebra of linear map Hom v (k¥[G], A) given
by zxy = paox®yoA (also see section 8.3.1), where p4 is the multiplication in A, then in TG(A)
we have

(9, D) (9", D)= (g9-g',9%« D'+ Dxg). (9.34)

Using the explicit expressions for the conjugation morphism C', we immediately obtain the following
lemma that provides an explicit formula for the adjoint representation:

Lemma 9.4.2. Let G be an affine algebraic supergroup with representing super Hopf algebra k|G|
and Lie superalgebra g = Dery, (k[G], k). Let ¢ : k|G] — Ek[G] ® k[G] be the morphism defined by
eqn.(9.15). Then for any commutative superalgebra A, g € G(A) and D € Dery,(k[G], A) we have

AdS(D)=paog® Doc, (9.35)
where py : A® A — A is the multiplication in A. In particular, Ad is a natural transformation.

Proof. Using the explicit multiplication in TG(A) for any commutative superalgebra A, one finds
that
Ad?(D) =paopa®idaog®D®(goS)o A®idyg oA, (9.36)

where A : k[G] — E[G] ® k[G] is the comultiplication of k[G] and S : k[G] — k[G] the antipode
of k[G]. Using eqn.(9.15) one finds eqn.(9.35). For any morphism of superalgebras f : A — B we
have ppo f ® f = f o pua, where ua and up are the multiplication maps of A and B respectively,
that Ad?og (foD)=fo Ad?(D). This proves that Ad“ is a natural transformation. O

Lemma 9.4.3. Let G be an affine algebraic supergroup. For any commutative superalgebra A and
for any g,h € G(A) we have Ad?h(D) = Ad? o Ad¢.

Proof. Let g be the Lie algebra functor of G and fix a commutative superalgebra A. Write 4 for
the multiplication in A and let k[G] be the super Hopf algebra representing G. We first remark
that it follows from theorem 8.4.8 that for g,h € G(A) we have (g-h)oS =(hoS)-(go.S), where
S is the antipode and where we wrote a dot for multiplication in the group G(A). Using this and
the explicit formula eqn.(9.36) one finds for g,h € G(A) and D € g(A) that

AdS, (D) =M og@h®@D® (hoS)®(g08)o AW, (9.37)
where
p = paop@idgops ®ida ®idg o ps ®idg ®idy ® idg ® ida (9.38)
and
AW = A @ idyg ® idkje) @ idkig) © A ® idyig) @ idgg 0 A @ idyg 0 A (9.39)
But we also have
Ad?(Adg(D)) = piaopa®idaog®AdY ® (goS)oA® idgig 0 A, (9.40)

and expanding Adg(D) in this equation gives again eqn.(9.37). O
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Lemma 9.4.4. Let ¢ : G — H be a morphism of supergroups. Suppose g and by are the Lie algebra
functors of G and H respectively. The induced map d¢ : g — b satisfies

d¢(Adg (D)) = Ady(dé(D)). (9.41)
Proof. This follows from the fact that if ¢ : k[H] — k[G] is the morphism of super Hopf algebras
that induces ¢, then the we have ¢ ® poc = co . O

The result of lemma 9.4.4 is of great importance. With the notation as in the lemma, it says
that the following diagram commutes:

G
G x g Ad - g
(#,d9) d . (9.42)
Hxh — b

When no confusion is clear, we will write Ad instead of Ad®. One should however not forget
that Ad is always defined with respect to a certain group structure.

Example 9.4.5. Let G = GL
introduced in example 8.6.24.
If g € GL,|4(A), we can write g in a matrix form g = (gs5), where g;; = g(X;;). When we write

and consider its Lie algebra functor gl We use the notation

plg plg-

g~ ! for the inverse of g, then g~! has the matrix representation gigl = g(5(Xi;)), where S is the
antipode of k[G]. Using the explicit expressions from lemma 9.4.2 one obtains:

0
-1
We can thus identify Ad, with a matrix (Z;;mn(g)) given by
0
(D) = Z DijZij,mn(g)aX—mn ; (9.44)

where

Zijmn(g) = (—1)lgllomilg ;gL (9.45)
Let us write W for the super vector space Derj (k[G], k), then W is spanned by the 55— and any

element 2 in GLy (A) can be written as a matrix (2i),mn) accordmg to

6XU ;men m. (9.46)

n

Then we can proceed as in example 8.5.16 to write k[GLw] as a quotient of k[Z;; mn, S, t], where
s and t are even variables, and are used to impose the invertibility constraint (we do not write
out the details here, which are cumbersome, since the procedure is clear; the interested reader
can for example figure out when Z;; .., is even or odd). Tracing back the steps, which amounts
to taking A = k[GL,,] and g = idkigr, ] In eqn.(9.45), we find that the adjoint representation
Ad : GL,|; — GLw is given by the morphism of super Hopf algebras ¢ : k[GLw] — k[GL,,] that
is uniquely determined by

¢(Zijmn) = (—1)1FilXmil X59(X ) (9.47)
A
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The importance of the previous example 9.4.5 lies in the fact that every affine algebraic su-
pergroup is isomorphic to a closed subgroup of GL,|, for some p and g. Therefore also the Lie
algebra is isomorphic to a Lie subalgebra of gly, by proposition 8.6.18. Let G be a closed sub-
group of GL,4, and suppose the embedding i : G — GL,, is induced by the morphism of super
Hopf algebras 7 : k[GL,,] — E[G]. Then, using the notation of example 9.4.5, the adjoint ac-
tion of G is determined by the morphism of super Hopf algebras ¢ : k[GLw] — k[G] given by
V1 Zimn — (—1) Xl Xmil (X0 m(S(X)jn). By lemma 9.4.4 we have di o Ady = Ad,(y) o di and

thus G acts on its Lie algebra by restriction of the adjoint action of GL,,-

9.4.2 Derived representations

Consider a finite-dimensional Lie superalgebra g and view g as a functor g : sAlg — Sets defined by
g(A) = (g®A)5. Then g(A) is a Lie algebra for each commutative superalgebra A. For a super vector
space V the Lie superalgebra gl can in a natural way be seen as a functor: gly,(4) = End((V ®
A)g) = Homa-moa(V®A,V®A). Note that gly,(A) is a Lie algebra (also see section 2.2, section 3.7
and the discussion around lemma 3.7.7) with Lie bracket [X,Y] = X oY —Y o X. Note that the form
of the Lie bracket is very similar to the Lie bracket of a Lie algebra related to an affine algebraic
group. By the Deligne-Morgan theorem 3.6.1, there is a one-to-one correspondence between the
representations of Lie superalgebra in a super vector space V and the natural transformations
g — gly,. We will therefore not distinguish the two. The representations of Lie superalgebras
are quite well-known, see for example 29,31, 33,68-74], which is by no means a complete list of
references but can be used to trace more references.

Given a representation ¢ : G — GLy of the supergroup G in V, induced by a morphism of super
Hopf algebras ¢ : k[GLy] — k[G] we have a comodule map ¢ : V — V ® k[G]. Let d¢ : g — gly,
be the morphism of Lie superalgebras d¢ : D +— D o ¢ for any D € Der(k[G], k). In proposition
8.6.18 it was proved that d¢ is a morphism of Lie superalgebras. We will call this representation the
derived representation associated to ¢. If we fix a basis homogeneous v; of V, then as in eqn.(9.9),
we know that the comodule structure map is given by ¥ (v;) = >, vk ® p(Xi), where X;; € k[GLy|
are as in examples 8.6.24 and 9.4.5. If g € G(A), then the action of g on V(A) is determined by
g ®1) =3, v ® g(¢(Xki)). Thus, if D is an element of the Lie algebra Derj,(k[G], A), then
d¢(D) is the derivation that acts on v; ® 1 by d¢(D)(v; ® 1) = >, vk ® D(p(Xg;)). This follows
since, as in example 9.4.5, d¢(D) is identified with the matrix (D(¢(X;;))). We summarize:

Proposition 9.4.6. Let G be an affine algebraic supergroup with representing super Hopf algebra
k[G] and with Lie algebra functor g. If V is a G-module, with comodule morphism ) : V — V Qk[G]

and with natural transformation ¢ : G — GLy, then the associated derived representation is given
by the formula:

dop(D):v®1l—1®Doy(v), wveV, Deg(A)=Dery(k[G],A), (9.48)
for any commutative superalgebra A.
We get an immediate corollary:

Corollary 9.4.7. Let G,G' be affine algebraic supergroups with Lie algebra functors g and g’
respectively. Suppose we have natural transformations ® : G xV —V and ® : G' x W — W that
define linear representations, a super vector space morphism f:V — W and a morphism of groups
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¢ : G — H such that the following diagram commutes:

P

GxV Vv
(®.5) I (9.49)
G xW - w
®
Then also the following diagram commutes

gxV a® -V
(®.5) ro (9.50)

I

g xWw Py w

where d® : g x V — V and d® : g’ x W — W are the derived representations.

Proof. Let ¢ : V — V @ k[G] and ¢ : W — E[G’] be the associated comodule morphisms and
¢ : k[G'] — E|G] the morphism of super Hopf algebras that induces ¢. The commutativity of the
first diagram (9.49) is equivalent to the identity f®idygjo = idw ®@po1)’o f; the identity is clearly
sufficient, that it is necessary follows from applying the diagram to the commutative superalgebra
k[G] and the group element g = idjg). Using this identity and proposition 9.4.6 one easily verifies
that the second diagram (9.50) commutes for all commutative superalgebras A. |

Remark 9.4.8. Let G, G’ be affine algebraic supergroups and ¢ : G — G’ a morphism of groups.
The adjoint representation of G and G’ on their Lie algebras g and g’ respectively, and the morphism
f =d¢ : g — g’ satisfy the premises of corollary 9.4.7.

Proposition 9.4.9. Let G be an affine algebraic group, represented by the super Hopf algebra
E[G], and let g be the Lie algebra functor g : A — Deri(k[G],A)s. Write C : G x G — G for
the conjugation morphism C : (g,h) — ghg™t and TC : TG x TG — TG for the associated
morphism between total tangent bundle functors. Then for any fized commutative superalgebra A

and D1, D5 € Derz(k‘[G], A)(j
TC4((e,D1), (€,Dy)) = [Dy, D3] = Dy % Dy — Dy % Dy . (9.51)

Proof. If S is the antipode of k[G], then for any derivation D : k[G] — A over the counit, we have
D oS =—D. Then inserting the definitions in the formulae proves the proposition. O

Let G be an affine algebraic supergroup with Lie algebra functor g. Then g admits a natural
Lie algebra representation on itself ad : g — gl defined by ad(Dy)(Dy) = [Dy, D] for any
commutative superalgebra A and Dy, Dy € Derj, (k[G], A) = g(A). The previous proposition 9.4.9

and lemma 8.6.28 suggest that we have the identity dAd = ad. We first check this for G = GL,,-

Example 9.4.10. We use the same notation as in example 9.4.5. The adjoint representation

Ad : GLp), — GLw is induced by the morphism of super Hopf algebras ¢ : k[GLw] — k[GLy,]

G Zijomn — (1)Kl Xmil X 5(X5,) . (9.52)
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See example 9.4.5 for a description of the Z;; ., and W. Let then D = Zij Dij% be any even

derivation from k[GL,|,] to A, for some commutative superalgebra A. Then d¢(D) € gl (A) is
identified with the matrix (D(¢(Zijmn))). Using D oS = —D we find that

AO(D)(Zijn) = D11 X,0,8(X ) = ()X Dy = Djudis) . (9.53)

This means that if £ =5~ EmnaXL € gl 4(A) is a second even derivation, we have

A6(D)(E) = 3 (DB EmD)% (9.54)

which equals [D, E]. A

Corollary 9.4.11. Let G be an affine algebraic supergroup with Lie superalgebra g. For any
commutative superalgebra A and D1, Do € g(A) = Dery, (k[G], A)g we have

dAle (Dg) = [Dl, DQ] = ad(Dl)(Dg) . (955)

Proof. Since any affine algebraic supergroup is isomorphic to a closed subgroup of GL,, for some
p and ¢, we can reduce the problem to showing the claim for closed subgroups of GL,,. Let
i : G — GL,|, be a closed embedding and write di : g — gl,, for the induced embedding of Lie
algebra functors. By lemma 9.4.4 the adjoint representation satisfies the premises of corollary 9.4.7.
Hence we have

di(dAd® (D1)(Ds)) = dAdCT»la (di(D1))(di(Ds)) = [di(Dy),d(D2)] = di([D1,Ds]).  (9.56)

As di is injective, the claim follows. O






Chapter 10

Rational supergeometry

In this section we scratch the surface of the theory of rational geometry of superschemes. Most
notions of rational geometry carry over without problems to superschemes. This task will be
initiated in the second section, after having said something on the different pictures of superschemes.
In the third section we apply the results from the first section to give a sensible definition of Cayley
supergroups and give an example of a family of Cayley supergroups.

10.1 A note on pictures

In the previous two chapters 8 and 9 we have treated superrings as certain representable functors.
In section 5.4 we have treated superrings as locally ringed spaces. By proposition 5.4.5 these are
the same things: Any morphism of superrings f : A — B corresponds uniquely with a morphism
of superschemes ¢ : Spec(A) — Spec(B) and, by the Yoneda lemma, corresponds uniquely with
a natural transformation ¢ : Homgsgng (B, —) — Homgsrng (4, —). Furthermore, any superscheme
X gives rise to a functor hx : sSRng — Sets by putting hx(A) = Homgscn (Spec(A), X). Thus
superrings can be viewed as different objects, as a covariant and a contravariant representable
functor from sRng to Sets, as topological spaces and as superrings of course. These different
pictures are in a certain, not to be specified, sense equivalent. It is not always clear how to go from
one picture to the other and what the relations between the different pictures are. For example: Let
X, Y be two superschemes, not necessarily affine ones, and consider the functors fx, fy : sSRng —
Sets defined by fx(A) = Homgscn (Spec(A), X) and fy (A) = Homgsen (Spec(A),Y). Now suppose
we have a surjective morphism ¢ : X — Y, in the sense that the continuous map of topological
spaces X — Y is surjective. Is it then also true that for all superrings A, the induced morphism
¢pa: [x(A) — fy(A) is surjective? We are not aware of conclusive answers in this direction.

In this chapter we think of superrings as the space of prime ideals together with a sheaf, that is,
as affine superschemes. When possible we try to relate to the other pictures. The functor picture
is commonly used for algebraic groups, see for example [60, 66, 75] or the more recent [76].

10.2 Rational functions and rational maps

We call a superscheme X integral, if X is connected and if there exists an affine open covering
X = UX;, with X; = Spec(4;) such that all A; are super domains. Recall that a superring B
is a super domain if the body B is an integral domain. Thus equivalently, a superscheme X is
integral if the underlying scheme X is integral. But X is integral if and only if any open affine
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subscheme is the spectrum of an integral domain if and only if X is irreducible and the open affine
sub superschemes are the spectra of reduced rings.

Recall that a superring A is a super domain if and only if the Zs-graded ideal J 4 generated by the
odd elements, is a prime ideal. In that case we can build the superring of fractions Frac(A) = A;,,
see section 5.1. It follows from proposition 5.1.3 that if A is a super domain and S is a multiplicative
set in Ag, then Frac(S™'A) = Frac(A). For an integral superscheme X we can define a sheaf of
rational functions by putting for all affine U = Spec(A) K : U — Frac(A4). However, as the next
lemma shows, this is not really an exciting sheaf:

Lemma 10.2.1. Let X be an integral superscheme. Suppose U = Spec(A) and V = Spec(B) are
affine open sub superschemes of X. Then K(U) = K(V).

Proof. We note that by proposition 5.1.12 we can write the superring of fractions of A as an
inductive limit over localizations A, with a even and a # 0. Furthermore, any two open affine sub
superschemes intersect in an open dense subset. We write U, = Spec(A4,) C U for any even a € A
with @ # 0 and similarly V;, = Spec(B;) C V whenever b € B is even and b # 0. Then for any
such U,, there is a V}, contained in U, and there is a U, contained in V}. The inclusions U, — U,,
Uy — V, and Vp, — U, induce a commutative triangle:

Ay A,

(10.1)

By

Hence we conclude as in lemma 5.5.2 that the category of cones over the direct system (A, — Ay :
a' € y/(a)) is equivalent to the category of cones over the direct system (B — By : b € 1/()).
Hence the limits are isomorphic. O

Remark 10.2.2. On occasion it is useful to know the isomorphism K(U) — K(V) from lemma
10.2.1. We use the same notation as in lemma 10.2.1 and its proof. For a/s € K(U) there is t € B
with V3 C Us, and hence there is a morphism x : A; — B; induced by the inclusion V; C Us. Thus
we can map x(a/s) into (V') and one easily checks that this is the sought for isomorphism.

The sheaf K is thus rather uninteresting on an integral superscheme. In particular, when X is
affine, the sheaf K is a constant sheaf. For non-affine but integral X, we define the superring of
rational functions on X to be not the sheaf IC, but to be the superring K(X) = K(U) for any affine
sub superscheme U.

Definition 10.2.3. Let X be an integral superscheme. We say a point & € X is a generic point if
the closure of £ is the whole of X.

Lemma 10.2.4. If X is an integral superscheme, there is precisely one generic point.

Proof. First we proof existence. Let U = Spec(A) be an open affine sub superscheme of X. Then the
Zo-graded ideal J4 C A is a prime ideal and is contained in all prime ideals of A. Hence m =U
in U. But {J4} is a closed subset in X containing an open dense subset, hence {Ja} = X.
Now for uniqueness, let & and & be two generic points inside U = Spec(A), then & C {&) =
V(&) and thus & C & . Exchanging & and & we get £ = &. Now suppose & and &» are generic
points in X, then &; is contained in an open affine sub superscheme U; and & is contained in an
open affine sub superscheme. The intersection U; NUs also contains an open affine sub superscheme
and by the existence part contains a generic point £5. But then &; and &3 are generic points in U
and hence & = &3. Similarly, &, = &3 and thus & = &s. [l
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The notion of a generic point provides an alternative definition of the superring of rational
functions. If X is an integral superscheme with generic point £, then we define K£(X) to be the
local superring Ox ¢. This is indeed equivalent to the previous definition: the generic point £ can
be seen in any chart U = Spec(A) where it equals the prime ideal J4.

Suppose f : X — Y is a morphism of superschemes and X and Y are integral. Then take
any open affine sub superscheme U = Spec(A) of Y and consider an affine open sub superscheme
V = Spec(B) € f~Y(U). We have an induced morphism f : V — U, which induces a morphism
¢ : A — B. We want to extend ¢ to a morphism ¢ : Frac(A4) — Frac(B), which is only possible if
a ¢ Ja, where J4 is the Zs-graded ideal in A generated by the odd elements, implies ¢(a) ¢ Jp. This
is equivalent to requiring that the induced morphism ¢ : A — B be injective, which is equivalent to
Ker(¢) C Jg. This in turn means that the image of V in U is dense in U, and hence dense in Y.

Definition 10.2.5. Let X and Y be integral superschemes. We call a morphism f : X — Y
dominant if the image of X is dense in Y.

Now suppose X and Y are integral superschemes and f : X — Y is a dominant morphism.
Then we can choose an open dense affine sub superscheme U = Spec(A4) C Y and an affine open
sub superscheme V 2 Spec(B) C f~}(U) and obtain an extension

ox : K(Y) 2 Frac(A) — Frac(B) 2 K(X). (10.2)

Using lemma 10.2.1 and remark 10.2.2 one easily checks that this is independent of the choices
made. Alternatively, one uses the next lemma:

Lemma 10.2.6. Let X and Y be integral superschemes with generic points & and n respectively.
If f: X =Y is a dominant morphism, then f(§) =n.

Proof. Let V = Spec(A) be an open affine sub superscheme of Y, then Y contains & and takes the
form J4. Now take any open affine sub superscheme U = Spec(B) in f~1(V). Then the restriction
of f to U induces a morphism ¢ : A — B. As f is dominant, the morphism ¢ : A — B is injective.
In any way, we have ¢(J4) C Jp, so that ¢~1(Jp) contains J4, but if a € A does not lie in a, then
#(a) # 0 and thus ¢(a) ¢ Jg. Hence ¢~1(Jp) = Ja, which means f(¢) = n. O

It follows from lemma 10.2.6 that if f : X — Y is a dominant morphism between integral
superschemes with generic points { € X and € Y we have an induced morphism ¢¢ : Oy, — Ox¢.
The induced morphism is precisely the morphism ¢ : K(Y) — K(X) of equation (10.2).

Definition 10.2.7. We call two integral superschemes X andY birational if K(X) =2 K(U).

We have seen that a dominant morphism f : X — Y induces a morphism K(X) — K(Y), but
there are more ways to get such morphisms:

Definition 10.2.8. Let X and Y be integral superschemes. We define a rational map to be a
dominant morphism from an open dense sub superscheme U C X to Y.

By the same procedure as above, a rational map induces a morphism (X)) = K(U) — K(Y).
If X is an integral superscheme, the body of the superring of rational functions is a field. If
furthermore X is birational to Y, then (X) = K(Y), and thus:

Lemma 10.2.9. Let X and Y be two integral superschemes. If X andY are birational, then X
and Y are birational in the sense of ordinary schemes.
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Remark 10.2.10. Now that we have introduced rational maps, we can in fact go further and define
Cartier divisors on superschemes. We will however not do so in this thesis, but leave this for future
research.

We close this section by introducing some terminology that can be useful when discussing
rational maps between affine superschemes. Let f : X = Spec(A) — Y = Spec(B) be a rational map
between X and Y. We say f is a principal rational map if f is defined on a principal open subset of
X. Thus, there is an even element a € A such that f is a dominant morphism Spec(A,) — Spec(B).
Let X and Y be two representable functors from the category of superalgebras over a field k
represented by k[X] and k[Y] respectively. We call a rational transformation between X and
Y any natural transformation Homgaie (U, —) — Homgaig (k[Y],—) = Y, where U is an open
set of Spec(k[X]). We call such a rational transformation fine, if there is a multiplicative set
S € k[X]p such that U = Spec(S~1k[X]). We call a fine rational transformation a principal
rational transformation if S = (s) is the multiplicative set of powers of a single element of k[X]j.

10.3 Cayley maps

Let G be an affine algebraic supergroup with representing super Hopf algebra k[G] and Lie algebra
functor g. We can view G as an affine superscheme by writing G = Spec(k[G]). When the underlying
group Spec(k[G]) is irreducible, then G is an integral superscheme. It is natural to ask, whether
we can also view the Lie algebra functor as a superscheme. In other words, is there a superscheme
X, such that for all superalgebras A over k we have g(A) = Homgsen (Spec(4), X)? If X would
be affine with representing superalgebra k[X], then we would have g(A) = Homgsaig (k[X], A). But
then it is obvious what X should be, as the functor g is of the form A — (V' ® A)g for a finite-
dimensional super vector space V. And for any such super vector space and any superalgebra A
we have

(V ® A)j = Homgvec (V*, A) = Homsalg (k[V], A) . (103)

Thus the superscheme representing the Lie algebra functor is a rather simple object; if Der}, (k[G], k)
has dimension p|q, then g is represented by the superscheme Spec(k[p|q]), where

klplgl = k[X1, ..., Xplm, .o, 1mq] - (10.4)

We will on occasion write k[g] for the affine superscheme representing g. When viewing g as a
superscheme, one loses the Lie algebra structure: The Lie algebra structure can be enforced in the
linear part of k[g], but there seems to be no canonical way to enlarge the Lie algebra structure to
the whole of k[g]. However, viewing g as a superscheme makes it possible to study rational maps
of a certain kind.

Definition 10.3.1. Let G be an integral affine algebraic supergroup with representing super Hopf
algebra k[G] and with Lie algebra functor g. A Cayley map is a rational map transformation

® : G — g such that for all superalgebras A and all g, h € G(A) we have ®*(ghg™1) = Ad,(®*(h)).

If an integral affine algebraic supergroup admits a Cayley map, then its superring of rational
functions is of a very simple kind: it is isomorphic to Frac(k[p|qg]) for some positive integers p and
q. We call an integral affine algebraic supergroup that admits a Cayley map a Cayley supergroup.
The following theorem shows that they exist:

Theorem 10.3.2. For any positive integers the integral affine algebraic supergroup Osp,o,NSL
is a Cayley supergroup.

p|2q
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Proof. Let us recall the definitions and properties of the affine algebraic supergroup Osp,|,, from
example 8.6.30. For any fixed superalgebra the group Ospp‘gq(A) corresponds to all matrices X €
Mat,|24(A)p satisfying

X9TQx =Q, (10.5)

where Q is defined in eqn.(8.59). The Lie algebra functor assigns to A all even elements Y €
Mat,|o4(A) such that

Y3TQ 4+ QY =0. (10.6)

It is clear that the underlying algebraic group of Osp,|y, is the direct product of Oy, x Spy,. This
is not an irreducible variety, and hence Ospppq is not integral as a superscheme. However, the
intersection Osp,|g, M SLy|2, has underlying variety SO, X Sp,,, which is an irreducible variety and
hence Osp,|o, N SLy2, is an integral superscheme. For a fixed superalgebra A, we now define the

map ¢4 : Ospp‘Qq(A) — Deri(k[Ospp‘Qq], A)g by
P4 X - (1-X)1+X)L, (10.7)

where 1 denotes the (p + 2q) x (p + 2¢) identity matrix. Clearly, when ®4 is defined, then ®4 o
®4(M) = M for any M € Mat,s,(A)5. Furthermore, when X satisfies eqn.(10.5) then ®(X)
satisfies eqn.(10.6) and vice versa. The whole construction is functorial in the superalgebra A
and thus ® defines a rational transformation. As ®4(X) is only not defined when (1 + X) is
not invertible, ® is a principal rational transformation. We conclude that ® sets up a birational
equivalence between a principal open subset of Spec(k[Osp,|o,]) and a principal open subset of

Spec(k[5p(p — 1) + ¢(2q + 1)|2pq]).
It remains to check the Ad-equivariance. This is straightforward as the adjoint action from the
group Ospp‘Qq(A) on the Lie algebra is given by matrix conjugation and we easily verify that

PAMNM Y)Y =M1 —-N)M 1+ MNM~—H)!

AN (10.8)
=M1 —N)1+N)"'M~t = Ady (4(N)),

for any M, N € Osp,o,(4). O

From the defining equation of Osp,,, one easily sees that if X € Ospp‘gq(A) for some super-
algebra A, then Ber(X) = +1; indeed, Ber(X°TQX) = (Ber(X))?Ber(Q2), which should equal
Ber(Q) = £1, hence dividing by Ber(Q2) gives the statement. We now apply the Cayley map to
prove the following property of Ospp‘Qq:

Lemma 10.3.3. If X € Osp,5,(A) for some superalgebra A and Ber(X) = —1, then 1+ X is not
wnvertible.

Proof. If X were invertible, then X = ®4(Y") for some Y € 05P,(24(A) and thus

Ber(X) = Ber(1-Y) BerQ7(1 —Y)Q
~ Ber(1+Y)  Ber(1+Y) (10.9)
_Ber(l-Y) '
Ber(1+Y) ’

where we used that Q57Q = 1, (Q57)5T = Q and that Y satisfies Y57Q 4+ QY = 0, whence
Q°TY Q) = —Y. Thus if 1 + X is invertible, then the Berezinian is positive. [l
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Remark 10.3.4. The Cayley map is named after Arthur Cayley who was the first to introduce
such a map for the orthogonal groups [77]. In [78] the Cayley map was defined slightly differently,
however, one can also extend their definition and show that the natural transformation from theorem
10.3.2 makes Osp,,, into a Cayley group in their sense. However, the definition of [78] is not
functorial and hence not well-suited for affine algebraic supergroups. In [79] all simple reductive
algebraic groups that are Cayley were classified.

We have not succeeded in classifying all affine algebraic supergroups that admit a Cayley map.
But, the following result at least gives a first test:

Proposition 10.3.5. Let G be an irreducible affine algebraic supergroup that admits a Cayley map.
Then the underlying affine algebraic group is a Cayley group.

Proof. We apply the rational transformation ® : G — g to the field k, which we then view as a
superalgebra. Then we get a rational map between varieties, that satisfies the definition of a Cayley
map in the sense of [79]. O
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Abstract

This thesis is concerned with extending the theory of commutative rings to a theory of superrings.
The goal is to develop enough machinery to do algebraic geometry with superrings. Special attention
is given to a suitable definition of algebraic supergroups and their basic properties.

A superring A is an associative ring with unit that admits a Zs-decomposition A = A5® A7 such
that for two homogeneous elements a € A, and b € Ag, with «, 3 € Zy we have ab = (—1)*’ba. In
particular, a general superring is not commutative and any odd element is nilpotent. That the odd
elements are nilpotent, guarantees that many theorems of commutative algebra can be extended to
superrings. The goal of this thesis is to carry out the programm of extending as much commutative
algebra theorems as possible to superrings, to find a suitable setting to do algebraic geometry based
on the set of prime ideals of a superring and to define and discuss algebraic supergroups.

The motivation to study superrings and to develop a framework to do supergeometry mainly
comes from physics. Mirror symmetry and supersymmetry play an important role in modern
theoretical physics and are promising research areas when it comes to fundamental deep results in
string theory, or more general particle physics, and in mathematics. Both concepts use algebraic
varieties with additional ‘anticommuting coordinates’, that is, the local coordinates are elements
of superrings. Another motivation comes from the trend in mathematics to try to construct a
framework for noncommutative geometry, a quest which is also based on modern particle physics.

In the first few chapters of the thesis, the foundations for the theory of superrings are spelled out.
In particular, prime ideals are discussed and studied, which leads to the notion of a superscheme.
A superscheme is a locally ringed space with a sheaf of superrings. We also define projective
superschemes and show that they are examples of superschemes. We define fibred products and
show that arbitrary fibred products exist in the category of superschemes. There is a functor from
the category of superschemes to the category of schemes, which does not change the topological
space, but only the sheaf. One chapter is devoted to study the concept of dimension of a superring.
Since the Krull dimension, which is defined by means of chains of prime ideals, does not give a
reasonable concept of dimension for superrings, we first define dimension for local superrings. We
show that the dimension of a local regular superring can be read off from its Hilbert function.

After having given the rudiments of a theory of superring, we turn to algebraic supergroups. By
restricting ourselves to affine algebraic supergroups, we can reduce the problem of studying algebraic
supergroups to the study of super Hopf algebras. We extend the theory of Hopf algebras to super
Hopf algebras and deduce elementary properties of affine algebraic supergroups. A fundamental
result is that any affine algebraic supergroup is a closed subgroup of the general linear supergroup.
The relation between an affine algebraic supergroup and its Lie algebra, which we define as a
functor, is extensively studied.

In the last chapter we briefly discuss some aspects of rational supergeometry. As an application
we show that the Cayley map, which is a birational morphism between an affine algebraic supergroup
and its Lie algebra and that is equivariant with respect to conjugation, exists for the supergroups

OSpp|2q.






Zusammenfassung

Diese Dissertation beschéftigt sich mit der Erweiterung der Theorie der kommutativen Ringe zu
einer Theorie der Superringe. Das Ziel ist ausreichend viel Theorie der Superringe aufzubauen so,
dass mit dieser Theorie algebraische Geometrie basierend auf Superringen entwickelt werden kann.
Einer geeigneten Definition algebraischer Supergruppen und ihren elementaren Eigenschaften wird
im besonderen Aufmerksamkeit gegeben.

Ein Superring A ist ein assoziativer Ring mit Eins, der eine Zs-Zerlegung zuldsst A = Ag® Aj so,
dass fiir je zwei homogene Elemente a € A, und b € Ag, mit o, B € Zo, gilt, dass ab = (—1)*’ba. Im
Besonderen sind Superringe generell nicht kommutativ und jedes ungerade Element ist nilpotent.
Die Nilpotenz der ungeraden Elemente garantiert, dass sich viele Theoreme aus der kommutativen
Algebra zu Superringen erweitern lassen. Das Ziel dieser Dissertation ist es, das Programm des
Erweiterns von moglichst vielen Theoremen aus der kommutativen Algebra durchzufiihren, einen
Rahmen fiir algebraische Geometrie basierend auf der Menge der Primideale eines Superringes zu
finden und algebraische Supergruppen zu definieren und zu besprechen.

Die Motivation Superringe zu studieren und einen Rahmen fiir Supergeometrie zu entwickeln
kommt hauptséchlich aus der Physik. Spiegelsymmetrie und Supersymmetrie spielen eine wichti-
ge Rolle in der modernen theoretischen Physik und sind vielversprechende Forschungsgebiete, was
das Finden tiefer Ergebnisse in Stringtheorie, oder allgemeiner in der Teilchenphysik, und in der
Mathematik betrifft. Beide Konzepte beniitzen algebraische Varietdten mit zusétzlichen ‘antikom-
mutierenden Koordinaten’, das heiftt, die lokalen Koordinaten sind Elemente eines Superringes. Eine
andere Motivation ist die Bestrebung in der Mathematik, einen Rahmen fiir nichtkommutative Geo-
metrie zu entwickeln, eine Bestrebung, die wieder ihre Wurzeln in der modernen Quantenfeldtheorie
findet.

In den ersten Kapiteln der Dissertation werden die Grundlagen der Theorie der Superringe
genau ausgearbeitet. Im Besonderen werden Primideale besprochen und ihre elementaren Eigen-
schaften untersucht, was zu dem Begriff der Superschemata fiihrt. Ein Superschema ist ein lokal
geringter Raum mit einer Garbe von Superringen. Wir definieren auch projektive Superschemata
und zeigen, dass diese Beispiele von Superschemata sind. Weiter definieren wir gefaserte Produkte
und zeigen, dass in der Kategorie der Superschemata beliebige gefaserte Produkte existieren. Es
gibt einen Funktor von der Kategorie der Superschemata in die Kategorie der Schemata, sodass der
topologische Raum erhalten bleibt und nur die Garbe gedndert wird. Ein Kapitel ist dem Begriff
der Dimension eines Superringes gewidmet. Weil die Krulldimension, die mittels Ketten von Prim-
idealen definiert ist, sich nicht zu einem aussagekréftigen Begriff fiir Superringe erweitern lésst,
definieren wir zunéchst die Dimension fiir lokale Superringe. Wir zeigen dass die Dimension eines
lokalen reguléren Superringes aus der zugehorigen Hilbertschen Funktion abgelesen werden kann.

Nachdem wir die Grundlagen einer Theorie der Superringe prasentiert haben, widmen wir uns
den algebraischen Supergruppen. Dadurch, dass wir uns auf affine algebraische Supergruppen ein-
schranken, reduziert sich das Problem algebraische Supergruppen zu studieren, auf die Untersu-
chung von Superhopfalgebren. Wir erweitern die Theorie der Hopfalgebren zu Superhopfalgebren
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und leiten elementare Eigenschaften affiner algebraischer Gruppen her. Ein fundamentales Resultat
besagt, dass jede affine algebraische Supergruppe eine abgeschlossene Untergruppe der allgemeinen
linearen Supergruppe ist. Der Zusammenhang zwischen einer affinen algebraischen Supergruppe
und ihrer Lie Algebra, die wir als einen Funktor definieren, ist griindlich untersucht.

Im letzten Kapitel besprechen wir kurz einige Aspekte der rationalen Supergeometrie. Als eine
Anwendung zeigen wir, dass die Cayley Abbildung, die ein birationaler Morphismus zwischen einer
affinen algebraischen Supergruppe und ihrer Lie Algebra ist und &quivariant beziiglich Konjugation
in der Gruppe ist, fiir die Supergruppen Ospppq existiert.
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