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Preface

Gauge theory is one of the fundamental underlying structures of modern field theories of physics.
Mathematically, the language of principal fiber bundles and connections not only provides a uni-
fying perspective on much of differential geometry but also can be used to formalize gauge theory.
In these lecture notes we mostly follow Hamilton’s book [19] in introducing the gauge-theoretic
building blocks of the standard model of particle physics. Concerning prerequisites, we suppose
familiarity with the theory of Lie groups and principal fiber bundles to the extent laid out in
[24,25]. The aim of this course is to provide a mathematical understanding of the fundamentals
of gauge theory as employed in particle physics, but naturally we are aware that in the best case
we can only provide a bridge to physics, where these tools are actually put to use. Nonetheless,
there is an appendix giving an outlook on how quantum field theory builds on the foundations
developed in the main part of the text.

Giinther Héormann and Michael Kunzinger, winter term 2020
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CHAPTER 1

Clifford algebras and Spin groups

Throughout this chapter, K will denote any of the fields R or C, V is a finite dimensional vector
space over K with GL(V) denoting the general linear group of invertible linear maps V' — V', and
Q:V xV = Kis a symmetric bilinear form on V. We will always assume that dim V' > 1.

1.1. Review of pseudo-orthogonal groups

Recall that the symmetric bilinear form @ on V' is non-degenerate, if for each v € V with v # 0
we can find some w € V such that Q(v,w) # 0, and in the real case, Q is positive (or negative)
definite, if Q(v,v) >0 (or Q(v,v) <0) for all v € V'\ {0}.

1.1.1. DEFINITION. Let @ be non-degenerate, then the pseudo-orthogonal group O(V, Q) is defined
as the group of @Q-automorphisms on V| i.e.,

OV, Q) :=={f € GL(V) [ Vv,w, e V: Q(f(v), f(w)) = Q(v,w)}.

In case K = R and @ being positive definite, O(V, Q) is the orthogonal group of the Euclidean
vector space (V, Q) (for negative definite (), we may consider the Euclidean space (V, —@Q) and the
relation O(V, Q) = O(V, —@Q) holds).

1.1.2. EXaAMPLE (The standard non-degenerate symmetric bilinear forms on R™). Let n € N,
s,t € Ny such that n = s + ¢ and denote by e1,...,es++ the standard basis of R™. We specify a
symmetric bilinear form 7 with signature (s, ) by assigning values to the basis vectors:

o If s=0 (hencet =n>1), nlej,e;) :=—1(j=1,...,n) and n(ej,e;) :==0 (j #1).
o If t =0 (hence s=n>1), n(ej,e;):=1(j=1,...,n) and n(e;,e;) :=0 (j #1).
e In case 1 < s,t, < n we define

n(ej e;) =1 (j=1,....5),

niej,e;):=—1 (j=s+1,...,s+1),

n(ej, e) =0 (j #1).

Upon bilinear extension we obtain a symmetric bilinear form 7 that is also non-degenerate (since
its matrix with respect to the standard basis is non-singular). We will henceforth denote (R**¢,n)
simply by R*?, so that R*? is the standard Euclidean space, while R'"»~1 or R* 1! are two
versions of the Minkowski spacetime known from special relativity. For general s and ¢, the form
n defining R** provides an example of a so-called semi-Riemannian metric (cf. [29]).

Any real n-dimensional vector space V with a non-degenerate symmetric bilinear form @ of sig-
nature (s,t) possesses a basis vy, ..., vs, w1, ..., w; with the property

Qj,u) =01, Qwj,wy) ==, Qvj,w) =0,

which is called an orthonormal basis with respect to @ (see, e.g., [29, Chapter 2, Lemma 24]).
Considering then the unique linear map with v; — e; and w; — esy;, we obtain an isomorphism
of (V,Q) with R®*.
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1.1.3. DEFINITION. Let s,t € Ny with n := s+t > 0 and denote by 7 the standard form defining
R%*. Then we write O(s, t) in place of O(R™, ). For s, > 1 the pseudo-orthogonal groups O(1, )
and O(s, 1) are called Lorentz groups. In the cases s = 0 or t = 0 we obtain the orthogonal group
O(n,R) and write O(n) in place of O(0,t) and O(s, 0).

1.1.4. EXAMPLE (The standard non-degenerate symmetric bilinear form on C"). Let the symmetric
non-degenerate C-bilinear form ¢: C* x C* — C be defined by ¢(y,z) := >_;"; yizi. (Note the
difference to the standard Hermitian form defining a unitary space; instead, here we are considering C-
bilinear rather than sesquilinear forms.) It can be shown (see [20, Theorem 2.46] or [33, Theorem
11.23]) that any n-dimensional complex vector space V' with a non-degenerate symmetric C-bilinear
form @) possesses a basis u1,...,u, which is Q-orthonormal, i.e., Q(uj,u;) = 05 (1 < 4,1 < n).
Therefore, (V, Q) is isomorphic to (C™,q). (Recall that the notion of signature is not meaningful for
complex symmetric bilinear forms, since any basis vector v with Q(v,v) = 1 could be replaced by w := iv
giving Q(w,w) = —1 instead.) Clearly, the standard basis ey, ..., e, of C" is g-orthonormal:

qlejer) =0 (1 <j,0<n).

1.1.5. UseruL FAcTs (Basic properties of O(s,t)). Let n € N, s,t € Ny be such that s+¢ =n and
7 be the standard form defining R**. Let M denote the symmetric matrix giving n(x,y) = 27 My
for all x,y € R™, then M is diagonal with s entries of 1 followed by ¢ entries equal to —1.

(a) For any A € O(s,t), det(A) € {-1,1}.

PROOF. We know that A € O(s,t) means 27 (AT MA)y = (Az)T M (Ay) = n(Ax, Ay) = n(z,y) =
2T My for all z,y € R", so that ATM A = M. Therefore, (det A)?det M = det M, which implies
(det A)? = 1, since M is invertible (by the non-degeneracy of M). O

(b) A real n x n-matrix A belongs to O(s,t), if and only if the column vectors of A constitute an
n-orthonormal basis.

PROOF. Let the column vectors of A be vy,...,v5,wy,...,wy € R", so that v; = Ae; and
w; = Aejys. The equation ATM A = M mentioned in the previous proof is a characterization of
pseudo-orthogonality of A. In terms of matrix components the equation reads

n(Ae;, Aey) = vval =01, n(Aejis, Aerys) = ijMwl = —0j;, n(Aej, Aerys) = vaMwl =0.
O

(¢) O(s,t) is a (matrix) Lie group.

PROOF. Clearly, O(s,t) C GL(n,R) is a subgroup. Thanks to Cartan’s theorem ([24, Theorem

21.7]), it suffices to show that O(s,t) is closed in GL(n,R). The latter follows from the fact that

#(A) := AT M A defines a continuous map from GL(n,R) into the set of all n x n-matrices and

O(s,t) = ¢~ ({M}). O
(d) The Lie groups O(s,t) and O(t, s) are isomorphic.

PROOF. Let 7} denote the standard form defining R%* and define the linear map R: R® — R" by
linear extension from e; — e;y; (1 < j <s), esqr = e (1 <1 <t). We obtain R € GL(n,R) and
ii(Rz, Ry) = —n(z,y) for all z,y € R™. Therefore, as subsets of GL(n,R), we have RO(s,t)R™! =
O(t,s) and A+ RAR™! is an isomorphism of Lie groups. O

(e) If s #£ 0 and t # 0, then O(s,t) is not compact.

PROOF. In a first step, we show that O(1,1) is not compact: Observe that the (symmetric) matrix

h(7) sinh(7 :
L(7) := (E?ﬁhéﬂ) josh((Tg) belongs to O(1,1) for every 7 € R, since L(7)T (§ %) L(7) = (§ °1).
The set {L(7) | 7 € R} C O(1,1) cannot be bounded as a subset of the 4-dimensional vector space
of 2 X 2-matrices with respect to any of the equivalent norms, since it has matrix entries that are

unbounded as |7]| — co.
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In the second step, let s > 1 and ¢ > 1. We can map O(1,1) into O(s,t) by assigning to any
A= (%) €0(1,1) the n x n-matrix

0 1 0 0
¢(A):: S o
o0 --- 1 0
c 0 d

In fact, ¢(A)TM®(A) = M follows from AT (§ %) A = (§ %), thus ¢(A) € O(s,t). Now we
obtain an unbounded subset of O(s,t) by considering {¢p(L(7)) | 7 € R}. O

(f) We have the following isomorphism of complex Lie algebras
0(s,t) g C = o(s+t) ®g C.

(The Lie bracket [.,.]c on the complexification g ®r C of a real Lie algebra g is defined in such a way that
[X®ANY ®ulc =[X,Y]®Au holds on splitting tensors. If g is a Lie subalgebra of the real n x n-matrices
with the commutator as Lie bracket, then the Lie bracket [.,.]Jc on gc corresponds to the commutator of
complex n X n-matrices, as can be shown by a boring calculation using the identification of a complex
n X n-matrix B with (Re B) ® 1 + (Im B) ® i.)

SKETCH OF A PROOF: The characterizing property for a real n x n-matrix C to belong to o(s, t)
is n-skew-adjointness in the sense that n(Cz,y) + n(z, Cy) = 0 for all 2,y € R™. (This follows upon
evaluating the T-derivative of the relation n(exp(7C)z, exp(7C)y)) = n(z,y) at 7 = 0.) The extension n¢
of  to a symmetric non-degenerate C-bilinear form on C" = R" ®g C satisfies nc(z @ N,y @ ) =
Apn(z,y). It turns out that the elements of o(s,t) ®g C act on C" =2 R" @ C as nc-skew-adjoint
linear maps: Any element of o(s,t) ®r C is of the form A® 1+ B ® ¢ with A, B € o(s,t) and
testing on splitting tensors gives

ne((A®1+B@i)(z@A),y@pu) =nc(A@ 1) (z @A),y @pu) +nc((BRi)(z@A),y®p
=nc(Az @A,y @ p) + nc(Bx @ Ai,y @ p) = Aun(Az,y) + Xipn(Bz,y)
= —Aun(z, Ay) = Aipn(z,By) = ... = —nc(z @A\, (A® 1+ B®i)(y @ p)).
On the other hand, every nc-skew-adjoint linear map L belongs to o(s,t) ®g C: From the assump-
tion, nc(L(z®1),y®1) = —nc(z® 1, Ly ® 1)) holds for all 2,y € R™. With real matrices R and

S such that L = R® 1+ S ® ¢ (corresponding to the real and imaginary parts of L), we obtain
(with a calculation similarly as above)

n(Rz,y) + in(Sz,y)=...=nc((RR1+S®i)(z®1),y®1)
=-nceL,(Rel+Sei(yel)=...=-n(z, Ry) —in(z, Sy),

therefore, R, S € o(s,t).

As mentioned in Example 1.1.4, (C™, n¢) is isomorphic to the standard space (C”, ¢), which induces
an isomorphism (as vector spaces) between the n¢-skew-adjoint matrices, i.e., 0(s,t) ®g C and the
g-skew-adjoint matrices o(s + t) ®g C. Since the Lie bracket is the commutator in all the cases
considered here, the sketch of the proof is complete. O

(g) dim O(s, ) = dim O(s + ¢) = EHEHZD _ nnl),

PROOF. Recalling dimO(n) = n(n — 1)/2 (|24, Example 18.6(ii)]), only the first equality needs
to be justified. An application of (f) gives 2dim O(s,t) = 2dimo(s,t) = dimo(s,t) Qg C =
dimo(s +1t) ®r C = 2dimo(s +¢) = 2dim O(s + t). O
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Definition and description of SOV (s,t). Recall (e.g., from [24, Proposition 2.4]) that
the connected component of the identity G, in a Lie group G is an open, closed, and normal
subgroup and that every connected component is a coset of G.. For a description of the connected
component of the idenity in O(s,t), properties of the corresponding transformations of R*! on
subspaces where 7 is positive or negative definite turn out to be crucial. In the notation of 1.1.5,

we have n(x,y) = 27 My with
I, 0
M = <0 —It> ’

where I; denotes the d X d-identity matrix and the indicated zero blocks have size s X t in the
upper right and size ¢ X s in the lower left. This block decomposition of M corresponds to the
subspaces V := span{ey,...,es} and V_ :=span{es1,...€e51¢}, so that R®* =V, ¢ V_ and 7 is
positive definite on V. and negative definite on V_. A linear tranformation of R%* corresponding
(with respect to the standard basis) to an (s+1t) x (s +t)-matrix A belongs to O(s, ), if and only
if ATMA = M, and we may write A with four submatrices S of size s x s, B of size s x t, C' of
size t X s, and T of size t x t according to the above direct sum decomposition in the form

(1.1) A= (g ?) .

1.1.6. DEFINITION. We call SO(s,t) := {4 € O(s,t) | det A = 1} the special pseudo-orthogonal
group. Furthermore, based on the representation (1.1) of elements in O(s,t) in terms of subma-
trices, we consider also the following two subgroups: The orthochronous pseudo-orthogonal group
Ot (s,t) == {4 € O(s,t) | det S > 0} and the proper orthochronous pseudo-orthogonal group
SO (s,t) := SO(s,t) N O*(s,t) = {A € O(s,t) | det A=1 and det S > 0}.

For the signatures (s,1) and (1,t) with s,¢,> 1 the above names for the subgroups are often used
with ‘pseudo-orthogonal’ replaced by ‘Lorentz’.

In case t = 0 (positive definite 1) we clearly have O (s,0) = SO(s,0) = SO™ (s,0) and analogously
for s = 0 (negative definite 7), so that we summarize both with a slight abuse of notation in

O*(n) = SO(n) = SO™(n).

1.1.7. REMARK. The property det S > 0 for a matrix A as in (1.1) can be interpreted in terms
of preservation of orientation as a map Vi — A(V4). More generally (cf. [19, Lemma 6.1.13]),
the latter implies that (i) A preserves orientation on any maximally positive definite subspace
of R®t. Under the additional condition (ii) det A = 1, i.e., A preserves orientation overall on
R** (i) in turn can be shown to be equivalent to property (iii), namely, A preserves orientation
on any maximally negative definite subspace. Moreover, any two of the properties (i), (ii), (iii)
imply the third. In particular, referring to the represention (1.1) for any A € O(s,t), we have
SO (s,t) = {A € O(s,t) | det A = 1 and detT > 0} = {A € O(s,t) | det S > 0 and detT > 0}.
(Cf. [19, Section 6.1] or [29, Pages 237-238]; beware of an opposite sign convention for the signature
and different notation in [29].) In the context of physics in Minkowski space, elements of SO (1, 3)
are exactly those Lorentz transforms that respect time-orientation and space-orientation.

The following statement gives a full description of the connected components of O(s,t) and is
proved in detail in [29, Lemma 6 and Corollary 7 in Chapter 9, pages 237-238].

1.1.8. PROPOSITION. The subgroup SOT (s,t) is the connected component of the identity in O(s,t).
If s,t > 1, then O(s,t) has four connected components and these can be characterized in terms of
the representation (1.1) for any A € O(s,t) by the following cases: (++) det A =1 and det S > 0,
(+-) det A=1 and det S <0, (—+) det A = —1 and detS > 0, (——) det A = —1 and det S < 0.
If s = 0 ort = 0, then O(n) has two connected components, namely SO™(n) and the coset
SO (n) :={4A€0(n) | det A = —1}.
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Reflections as generators of O(s,t). Recall from linear algebra that a reflection R at a
hyperplane H in the standard n-dimensional Euclidean space (R™,(.|.)) is given by a unit vector
v € R" with H = {v}* in the form Rz = 2 — 2(z|v)v. Moreover, if B is an extension of {v} to
an orthonormal basis, then the matrix of R with respect to B is simply diag(—1,1,...,1), since
Rv = —v while Rx = x for any x € H.

To study the analog for the more general case of (R*!, ) let vy be a vector such that n(vg, vg) # 0.
Then v := vg/|n(vo, vo)|'/? satisfies n(v,v) = n(vo,vo)/|n(ve, vo)| = £1 and the formula

L m)
(1.2) Roimo =250 (v € R

defines a linear map R*? — R*? with the following properties:

(i) n(Ra, Ry) = n(,y) — 288 (v, y) — 288280 (x, v) + 41L2UE0 0 (0, 0) = (z, y),

(ii) Rv = —v,

(iii) Rz = x for every x € {v}* = {y € R®! | n(y,v) = 0}.

Note that by non-degeneracy of n, the map R® — R, x — n(z,v) has rank one, which implies
that the subspace {v}* has dimension n — 1, thus is a hyperplane. We therefore obtain that
R € O(s,t) and due to (ii), (iii) call it a reflection at the hyperplane H = {v}*, where v € R®?
satisfies n(v,v) € {—1,1}. Note that we also have (as it should be with a reflection)

(iv) det R = —1,

because it has a diagonal matrix representation with respect to any n-orthonormal basis including
v with exactly one time —1, otherwise +1, along the diagonal.

We have seen above how to obtain reflections at hyperplanes defined by vectors belonging to one of
the following special hyperquadrics (cf. [29, Chapter 4, Definition 23]), namely the pseudosphere

(1.3) S, =={veR" | n(v,v) =1}
and the pseudohyperbolic space
(1.4) S_ = {veR" |n(v,v) = —1}.

Note that S_ NS, =0, so that a statement of the form v € S_ U S, means that v is either in S_
or in Sy and not in both.

We will now prove that all of O(s,t) is generated from products of reflections of the form (1.2).
In our statement and proof of this fact we follow [16, Section 11.7, Lemma I]. As a preparation,
observe that {v}* is isomorphic to R*~% if v € S, and to R*!~! if v € S_, which follows
directly upon extending v to an n-orthonormal basis of R®*. Any reflection R; defined in {v}+
(in the sense of the previous isomorphisms) can be extended uniquely to a reflection Ry in Rt by
setting Riv:=v, Riz = Rz for z € {v}* and using linear extension.

1.1.9. THEOREM (Cartan—-Dieudonné). Ewvery element of O(s,t) can be written as the product of
at most n + 1 reflections at hyperplanes of the form {v}*+ withv € S_ orv € S,.

PROOF. We will show below that if a,b € R®* satisfy n(a,a) = n(b,b) # 0, then one can find a
reflection R such that Ra = +b. Assuming this to be true for the moment, we obtain a proof by
induction on the dimension n of R**.

In the basic case n = 1 the only orthogonal linear maps are = +— +x, which either is the reflection
x +— —x or the square of these.

Suppose now that the statement is true for dimension n — 1 and let A € O(s,t). Choose some
a € R®* with n(a,a) # 0 and set b := Aa; we may suppose that n(a,a) = £1. From n(b,b) = n(a,a)
and by the claim made at the beginning of the proof, there is some reflection R such that Ra = +b.
The orthogonal transformation Ry := R~'A has a as an eigenvector, since Rpa = R™'b = =+a.
Thus, Ry leaves {a}* invariant and defines an orthogonal transformation R; of R*~* or of R*:!~1.
By induction hypothesis, R; is the product of at most n reflections. Each of these reflections
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extends uniquely to a reflection in R*?!, hence Ry is the product of at most n reflections, which
gives at most n + 1 reflections as factors for A = RRy.

It remains to prove the following
claim: If a,b € R®*? with n(a,a) = n(b,b) # 0, then there is a reflection R such that Ra = +b.
We have

n(a+b,a+0b)+n(a—>b,a—>b)=n(a,a)+2n(a,b) +n(b,b) + n(a,a) — 2n(a,b) + n(b,b)
= 2n(a,a) + 2n(b,b) = 4n(a,a) # 0,
so that n(a + b,a +b) # 0 or n(a — b,a — b) # 0. Consider first the case n(a — b,a — b) # 0:
Setting v := (a — b)/|n(a — b,a — b)|*/? we have v € S_ or v € S, and define the reflection

Rz =z — 22%231} according to (1.2). Observing n(a,v) = —n(b,v) we obtain

n(avv) 7 n(bvv) . 277(‘17”)

M) = e ba— B2~ nla—b,a= B2

and therefore deduce

Ra:a—2n(a’v>v:a— (b—a)=h.
(v, v)
If n(a—b,a —b) =0, then n(a+ b,a + b) # 0 and the above applies with —b in place of b. O

A reflection R necessarily has det R = —1, which implies that any two representations of an
element A € O(s,t) as product of reflections must have both an even or both an odd number of
factors. This observation proves already the first part of the following statement.

1.1.10. COROLLARY. Let A € O(s,t) and for any v € S_ U S, denote by R, the corresponding
reflection at the hyperplane {v}+ in Rt
(i) We have A € SO(s,t), if and only if A is represented as an even number of reflections.

(ii) We have A € SO™ (s,t), if and only if A is represented by a product R, --- R
number of vectors v; from S_ and an even number of vectors v; from S,.

with an even

V2m

SKETCH OF A PROOF: (i) is clear from the discussion prior to the statement of the corollary.

(i)): The image of any maximally positive definite subspace of R*! under a pseudo-orthogonal
transformation is maximally positive definite and the analogous statement holds with negative
definiteness. As indicated in Remark 1.1.7, A € SO(s,t) belongs to SO (s,t), if and only if it
preserves orientation of both maximally positive and maximally negative definite subspaces.

A vector v € S defines a one-dimensional subspace on which 7 is positive definite and we have
R,v = —v. One can then show that the reflection R, flips the orientation in every maximally
positive definite subspace, while it preserves the orientation in any negative definite subspace.
Thus, having an even number of factors R, with v; € S, in the product representation of A is
equivalent to A respecting orientation on maximally positive definite subspaces. Similarly, v € S_
defines a reflection R, flipping orientation on maximally negative definite subspaces and preserving
it on positive definite subspaces. Thus, an even number of factors R, with v; € S_ means that A
respects also maximally negative definite subspaces. (For more aspects about the notions used in
this reasoning see the references mentioned in 1.1.7 and [20, Definition 4.48 and Lemma 4.54].) O

1.2. Clifford algebras

Recall that an associative K-algebra with unit 1 is a K-vector space A with an additional product
AxA— A (a,b) — a-b that is bilinear, associative, and 1-a = a-1 = a holds for all a € A.
In the context of this course, it suffices to consider finite-dimensional algebras. If A and B are
associative K-algebras with unit, then we also have natural associative products on the direct
sum A @ B, by setting (a,b) - (a’,b") := (a-a’,b- V), and on the tensor product A ® B, namely
upon bilinear extension of (a ® b) - (¢’ @ b') := (a-a’) ® (b-b'); we then have the unit elements
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(1,1) ¢ A®B and 1®1 € A® B. For a homomorphism ¢: A — B we require K-linearity, ¢(1) = 1,
and ¢(ag - az) = ¢(a1) - p(az) for all aj,as € A; if ¢ is bijective it is said to be an isomorphism, or
also algebra automorphism in case A = B.

For any K-vector space W, the space L(W) of all linear maps W — W is an associative K-algebra
with unit element idy, which we often denote simply by 1, and the product given by composition
of maps. It is not commutative, if dim W > 1.

1.2.1. DEFINITION. A representation of an associative K-algebra A with unit on a K-vector space
W is a homomorphism p: A — L(W). It is called faithful if p is injective.

For the purpose of this course, we will need only finite-dimensional representations, i.e., homomor-
phisms p: A — L(W) with W finite-dimensional. We will often consider complex representations
of a real algbebra A, in which case we mean an R-algebra homomorphism p: A — L(W), where
W is a complex vector space and L(W) is the space of C-linear maps W — W. In this case, we
have in addition the representation pc: A ®g C — L(W) of the complexified algebra satisfying
pcla® ) = Ap(a).

As known from pairs of operators in L(W'), we consider the notions of commutator [a,b] and of
anticommutator {a,b} in the abstract setting for any a,b in an associative K-algebra A:

(1.5) [a,b] :=a-b—b-a, {a,b}:=a-b+b-a.

As is common with many product notations, we might occasionally get tired of the ‘-’ and often
write the algebra products simply in the form ab in place of a - b.

We now come back to considering (V, @), where V is a finite-dimensional K-vector space and @
is a symmetric bilinear form on V' (here not required to be non-degenerate). Let A be a (finite-
dimensional) K-algebra with unit 1.

1.2.2. DEFINITION. A Clifford map or Clifford relation over (V, Q) (in the algebra A) is a K-linear
map v: V — A which satisfies

(1.6) Yo,weV: {vw),v(w)} = —2Q(v,w) 1.

In the special case v = w we have {7(v),v(v)} = 2y(v)y(v) = 2v(v)? and obtain
(1.7) YweV: 4w)?=-Qv,v)l.

In turn, the relation (1.6) follows from (1.7), since symmetry of {y(v), y(w)} allows for the standard
v)

polarization formula {7(v),v(w)} = ({v(v+w),v(v+w)} —{¥(v),7(v)} = {¥(w), ¥(w)})/2, which
then implies {v(v),y(w)} = —(Q(v + w,v + w) — Q(v,v) — Q(w,w)) 1 = =2Q(v,w) 1.

1.2.3. REMARK. A first version of the Clifford relations (1.6) or (1.7) appeared in a 1928 paper by
Dirac on “The quantum theory of the electron” (see [22, Page 59] and [36, Pages 56-59] for the
historical context with physics). They arose in an attempt to find a first-order Schrodinger-type
equation replacing the Klein-Gordon equation on Minkowski space R'3. The task amounted to
finding a sort of “square root” of the second-order partial differential operator O = —9? + 02 +
02 +07, the d’Alembertian, known from the principal part in the standard wave equation. We may
consider O to be the “n-Laplacian” for Minkowski space, defining A more generally on (R** ) by
A== " nlej,ex)0;0p = — Y _n;07, where n; :=1n(ej,e;) (1< j <n).
Gok=1 j=1
We formally try to find a first-order differential operator D such that D? = Do D = A and make

the ansatz
n

D= Z’yjaj, where the v; (1 < j < n) are “coefficients of an appropriate nature”.
j=1



8 1. CLIFFORD ALGEBRAS AND SPIN GROUPS

Using the symmetry 9;0, = 0x0;, which is valid at least when acting on C? functions, we obtain

n

n | n 1
~D o =A=D= 3 w0tk =5 D (v + )00k
j=1 j,k=1 k=1

and conclude that
Vivk +wY; =0=—=2n(ej ex), if j £k and ~F = —n; = —n(ej, €5).
Upon interpreting v, := y(e;) (j =1,...,n) these are just Clifford relations over (R%*, 7).

1.2.4. DEFINITION. A Clifford algebra over (V,Q) is an associative K-algebra ClI(V, Q) with unit
1 together with a Clifford map v: V' — CI(V, Q) such that the following universal property holds:
For every associative K-algebra A with Clifford map §: V' — A there exists a unique algebra
homomorphism ¢: CI(V,Q) — A such that ¢(y(v)) = §(v) holds for all v € V, i.e, the following

diagram commutes:
V —=Cl(V.Q)

N

A

The universal property in the definition of a Clifford algebra ensures its uniqueness in the sense
of the following statement. The existence of Clifford algebras will be proven below.

1.2.5. LEMMA. Let (CI(V,Q),~) be a Clifford algebra over (V,Q).
(i) As an algebra, C1(V, Q) is generated by the subspace v(V).

(ii) If (CY(V,Q),7") is also a Clifford algebra over (V,Q), then there is a unique isomorphism
¢: CI(V, Q) — CI'(V,Q)) such that o~y ="'

PROOF. (i): Let A be the subalgebra of C1(V, Q) generated from (V') and denote by 4 the map ~

considered with target space A. Thanks to the universal property, there is a unique homomorphism

¢: CI(V,Q) — A such that ¢ oy = 4. If ¢ is the inclusion map A — CI(V,Q), then
y=tof=10(poy)=(tod)or.

Note that ¢ o ¢ is an algebra homomorphism Cl(V,Q) — CI(V,Q) and the above relation means
that it provides us with the commutative diagram

vV —=Cl(V,Q)

N

ClI(v,Q)

But id: CI(V, Q) — Cl(V, Q) is another such algebra homomorphism, hence the universal property
requires that ¢ o ¢ = id, which implies that ¢ is surjective.

(ii): Employing the universal property for (CI(V,Q),v) with A = Cl'(V,Q) and 6 = 7 defines
a unique homomorphism ¢: CI(V,Q) — CI'(V,Q)) such that ¢ oy = 4. Reversing the roles of
(CI(V,Q),~) and (CI'(V,Q),~’), we also obtain a unique homomorphism ¢’: CI'(V, Q) — CI(V, Q))
such that ¢’ o+’ = . Combining these properties, we have

(@op)oy=¢ 0oy =~ and (po¢)ory =¢oy=17"

Thus, the homomorphisms ¢’ o ¢ and ¢ o ¢’ coincide with the identity on (V') and on ~/'(V),
respectively, and the claim follows by (i). O
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1.2.6. REMARK (Clifford relations and reflections). An immediate consequence of the Clifford
relations is that y(v) is invertible in CI(V, @) for any v € V with Q(v, v) # 0, since it follows from
(1.7) that y(v) - (—y(v)/Q(v,v)) =1 = (=v(v)/Q(v,v)) - v(v). By (1.6) we have then for every
reV,

AR = G 0) = g (0.9} ) - )
=202, ) - 0)

Let Q(v,v) = %1, then vy(v) ™! = Fv(v) and we obtain Fy(v)y(z)y(v) = £2Q(v, x)y(v) — y(x), or
Ey()r(@)v(v) = ~(2) F 2Q(v, 2)7(v).

If x L v, then the right-hand side gives y(z), while for any x = Av with A € K we obtain
V() F2Q(v, 2)v(v) = Ay(v) F 2AQ(v,v)y(v) = Ay(v) — 2My(v) = =Ay(v) = —7(2), in summary,

) . o) = fy(x), if x LU,
+y(v)7(2)y(v) {—7(95)7 if 2 € span{v}.

Note that = — £7y(v)y(z)vy(v) is K-linear and, in case Q is non-degenerate, we can write any
@ € V uniquely as © = x1 + o with z, € {v}* and 2| € span{v}. Therefore, we may express
the effect of +v(v)y(z)7y(v) by the reflection R, at the hyperplane {v}+ on z before applying the
Clifford map v, i.e., for any v € V with Q(v,v) = £1, we have

(18) Ve Vi £wr@r() = 1(Ru).

(Recall that the & appearing on the left-hand side is simply representing the sign of Q(v,v).)

1.2.7. LEMMA. A Clifford algebra (CL(V,Q),~) exists.

PROOF. For k € N denote by T*(V) the k-fold tensor product V ® ---® V and set T°(V) := K.
We consider the tensor algebra (V) := @y, T*(V), the two-sided ideal I(Q) in T(V) generated
by the subset

{v@v+Q,v)1|veV}CT(V),
and define

CUV, Q) :=T(V)/1(Q).

Thus, the product of classes [a], [b] € CL(V, Q) with a,b € T(V) is given by [a] - [b] = [a ® b] and
the class [1] is the unit element, which we will also denote by 1.

Letm: T(V) — T(V)/I(Q) = CI(V, Q) be the canonical surjection, ¢: V' — T(V') be the embedding
v+ (0,0,0,0,...), and define the linear map v: V — Cl(V,Q) by v := 7 o t. We have for every
veV,

1()? = v @] = [-Q(v,v) 1] = —Q(v,v)[1] = —Q(v,v) 1,
hence ~y satisfies (1.7). As we have already observed (via polarization), this relation suffices to
show that v is a Clifford map.

Since T'(V) is generated as an algebra by ¢(V'), we know that v(V) = w(.(V)) generates CI(V, Q),
which is a crucial detail for the uniqueness aspect in the following construction showing the
universal property for (CI(V,Q),~).

Let A be an associative K-algebra with unit and let §: V' — A be a Clifford map. By the universal
property of the tensor algebra ([16, Section 3.3]), there is a (unique) homomorphism A: T(V) — A
such that Ao = 4.

We claim that I(Q) C ker A: It suffices to show that A vanishes on the elements v ® v + Q(v,v) 1
generating I(Q). Based on the property A o. = ¢ and using that ¢ is a Clifford map, we obtain

Av@v+Q(v,v)1) = Alv®v) + Q(v,v)A(1) = A (1(v)?) + Q(v,v) 1
= A()?+Q(v,v)1 =6(v)* + Q(v,v)1 = 0.
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Since I(Q) C ker A, the homomorphism A factors over I(Q) to a homomorphism ¢: Cl(V, Q) =
T(V)/1(Q) — A such that ¢ om = A. We may illustrate the whole construction in the following
commutative diagram

Vv Cl(V,Q)

(V)

where the commutativity for the outermost arrows is justified by ¢poy = pomror = Aor = 4. Note
that ¢ is uniquely determined on (V') by the relation ¢ oy = 4. Since (V') generates Cl(V, @),
we obtain uniqueness of ¢ as algebra homomorphism. O

¢

We collect the results from Lemma 1.2.5 and Lemma 1.2.7 directly into the following statement.

1.2.8. THEOREM. Let (V,Q) be a finite-dimensional vector space with symmetric bilinear form. A
Clifford algebra (CL(V, Q),~) with Clifford map v: V — CUV, Q) exists and is unique in the sense
of Lemma 1.2.5(ii). Moreover, the image v(V') generates the algebra CI(V, Q).

1.2.9. EXAMPLE. (i) Let @ = 0 and consider the construction of CI(V,0) as quotient of the tensor
algebra T'(V). We have to factor out the ideal I(0) generated from {v ® v | v € V'}, which means
that we obtain as quotient the space of antisymmetric tensors A(V) and the Clifford product
agrees with the exterior product (a,b) — a A b.

(ii) Let V = R with Q(z, y) = xy, i.e., we consider here R%?. We claim that CI(R, Q) = C with the
usual multiplication of complex numbers. Define v: R — C by v(z) := iz, then y(z)? = —2? =
—Q(z,x) and we see that ~ is a Clifford map. We have to show that (C, ) satisfies the universal
property: Let §: R — A be another Clifford map and denote the unit in the associative algebra
A by e. We need to find a homomorphism ¢: C — A with ¢ oy = §. We obtain the condition
§(z) = ¢(v(x)) = ¢(ix) for every x € R, which already forces ¢(i) := 6(1). The value ¢(1) :=e is
determined by the requirement that ¢ maps the unit of C into the unit of A. Using R-linearity,
¢ is thus necessarily given by ¢(x + iy) = xe + yd(1) for every z + iy € C and it is easy to check
that this does indeed define an algebra homomorphism C — A.

Recall that for any finite-dimensional vector space V', we may identify V' canonically with V** :=
(V*)*. Setting W := V*, this leads to a further identification of the exterior algebra A(V)
with A(WW*). The latter interpretation has the advantage of being recognizable as antisymmetric
multilinear forms on W (or differential forms over some point of W). In this context, for any
X € W, we have the insertion operator or contraction ix which maps a (k + 1)-form w into the
k-form ixw, given by ixw(Xy,..., Xk) := w(X, X1,..., Xg) for all X, X;,..., X € W (see, e.g.,
[1, Definition 6.4.7]). The symmetric bilinear form @ on V provides us with the canonical linear
map Q": V — V* = W, where Q°(v)(u) := Q(v,u) for all v,u € V. We can now define the
contraction for any v € V and w € A**1(V) by

VIW = Gy ()W € AR (V)
If u € V =AY V), we obtain vau = Q(v,u). The following antiderivation property then follows
immediately from a corresponding one in [1, Theorem 6.4.8(i)]:
(1.9) va(pAw) = (vop) Aw+ (1) uA (vow)
forv eV, ue A¥(V), and w € AL(V).

We have seen above that in case Q = 0 the Clifford algebra is isomorphic to the exterior algebra.
As the following result shows, in the general case we still have an isomorphism of the vector space
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structures. Moreover, the Clifford multiplication can be described as a kind of distortion of the
exterior product by the contraction that is defined via ) as above.

1.2.10. THEOREM. There is a canonical vector space isomorphism o: CL(V,Q) — A(V), called the
symbol map, with the property that for allv e V, u € Cl(V,Q),

o(v(v) - u) =vAo(u) —vio(u).
In particular, dim C1(V, Q) = dim A(V) =27, if dimV =n.

PROOF. We consider the map §: V — L(A(V)), where §(v) for any v € V is defined by
vw:=vAw—viw (weAlV)).
Linearity of d is clear and we will show that it is a Clifford map. For any v,w € V and o € A*+2(V),

we have vo (waa)(Xy,. .., Xk) = a(Q°(w),Q"(v), X1, ..., Xp) = —a(Q"(v), Q"(w), X1, ..., Xx)
—wa(vaa)(Xy,...,Xg) for all Xq,..., X, € V* ie,

(1.10) va(woa) = —wa(vaa)

(and for & € K = A°(V) or a € V = A*(V) both sides are 0). Employing the antisymmetry of the
exterior product, (1.9), and (1.10), we obtain

{6(v),d(w)}a = d(v)d(w)a + (w)d(v)a = (V) (w A —waa) + d(w)(v Ao —vaia)
=vA(wAa—wia)—vas(wAa—wia)+wAVAa—via) —wi(VAa—viw)
=vAwAa—vA(wia)—vi(wAa)+vi(wia)FwAvAa—wA (via)

—wi(vAa)+wi(via)
=(wAwAa+wAvAa)— (va(wAa)+wA (var))
— (A (woa) +wa(vA @)+ (va(woa) + wa(vaa))
=0— ((vow)Aa) = ((wav) Ae) +0 = —Q(v, w)a — Q(w,v)a = —2Q (v, w)av.
Varying «, this means

{6(v), 3(w)} = ~2Q(v, w) 1.

By the universal property of (Cl(V,Q),7), there is a unique homomorphism ¢: CI(V,Q) —
L(A(V)) such that ¢ oy = 6. We define the linear map o: CI(V,Q) — A(V) by o(u) := ¢(u)(1)
for every u € CI(V, Q) (note that here 1 € A°(V) C A(V)). By construction, we immediately have
for any v € V and u € CI(V, @),

o((v) -u) = o(v(v) - u)(1) = ¢(7(v))P(u)(1) = d(v)o(u) = v Ao(u) —vio(u).

It remains to show that o is bijective.

Surjectivity of o: We will show inductively that for any orthogonal® set of vectors v1,...,v, € V,
we have
(1.11) o(y(w1) - y(vm)) =v1 Ao A v,

Once this is shown, surjectivity follows upon choosing for v; vectors from subsets of some fixed
orthogonal basis of V, since linear combinations of the right-hand side then generate A(V'). The
base case is o(y(v1)) = ¢(y(v1))(1) = 6(v1)(1) =vi Al—wv131 = v —0 = vy. Suppose the relation
has been shown up to m and let vy, ..., vy4+1 be orthogonal. Then we have

o(y(v1)y(v2) -+ Y (vm1)) = d(Y(01)7(v2) -+ - Y(vm11)) (1) = G(y(v1)) d(V(v2) - - Y (V1)) (1)
=d(v1)o(y(va) - Y (Vmt1)) = (V1) (Va A. . AVp11) = V1AV AL AVp1 — 0103 (Vs AL AUm41),
where the last term vanishes, because by (an inductive version of) the antiderivation property

(1.9), it is a sum of terms with factors Q(vi,v;) (j =2,...m+ 1) that are all 0.

INote that we do not require them to be orthonormal, because for a degenerate form @, we can still find a
basis of V' consisting of orthogonal vectors, but not an orthonormal one.
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Injectivity of o: If vy,..., v, is a basis of V, then the Clifford algebra CI1(V, Q) is generated by
linear combinations of 1 and all products of the form vy(vj,)---v(v;,,) with m € Nand 1 < j; <n.
We may choose the basis to be orthogonal, in which case the Clifford relations show that any
two different factors in such a product anticommute. Thus, adjusting signs we need only consider
ordered products, e.g., by increasing index from left to right. Then, since v(v;)? = —Q(v;,v;) is
scalar, any factors appearing more than once can be reduced until there are only different factors
in each product. To summarize, C1(V, Q) is the linear span of the subset consisting of 1 and all
ordered products y(vj,)---v(vj,,) with 1 <m <n, 1 <ji <...< jm < n. Since this generating
set has 2™ elements, the dimension of C1(V, Q) is at most 2" = dim A(V'). Therefore, the surjective
linear map o: CI(V, Q) — A(V) has to be injective as well. O

We extract the information from the injectivity part of the previous proof and combine it with
the result about the dimension of C1(V, @), which immediately yields the following statement.

1.2.11. COROLLARY. Ifwvy,..., v, is a basis of V such that Q(v;,v;) =0 (j # 1), i.e, an orthogonal
basis of V, then

{1U{v(vj,) () [1<m<n,1<ji <...<jm<n}

is a basis of CI(V, Q) as a vector space. In particular, the Clifford map v: V- — Cl(V, Q) is injective
and Y(v1),...,v(vn) is a basis for (V).

1.2.12. REMARK. Based on the results above, we have a practical way to establish isomorphisms
of C1(V, Q) with associative algebras A in the following way:

Step 1. Find a Clifford map §: V' — A and apply the universal property to obtain an algebra
homomorphism ¢: CI(V, Q) — A with po~y = 4.

Step 2. Choose a @Q-orthogonal basis vy, ...,v, of V and show that the linear span of ¢(1) = 1
and of all products 6(vj,)---6(v;,,) is equal to A. Then we know that ¢ is surjective.

Step 3. If dim A = dim C1(V, Q) = 2™, then ¢ is an isomorphism.

The technique described in the previous remark will be applied repeatedly in this chapter. Here,
we apply it already to establish the following two statements.

1.2.13. LEMMaA. If (V' Q') is a finite-dimensional vector space with symmetric bilinear form Q'
and R is an orthogonal isomorphism of (V, Q) with (V', Q") in the sense that R: V — V' is linear,
bijective, and Q'(Rv, Rw) = Q(v,w) for all v,w € V, then CI(V', Q") = CI(V, Q).

PROOF. Denote by +' the Clifford embedding of V' into C1(V’, Q') and consider 6: V — CI(V’,Q’),
given by 6(v) := 4/ (Rv) for all v € V. The relation §(v)? = +'(Rv)? = —Q'(Rv, Rv) = —Q(v,v)
shows that ¢ is a Clifford map. Let ¢: C(V,Q) — Cl(V’,Q’) be the unique homomorphism
according to the universal property of (C1(V,@),~). Since R is an isomorphism, §(V) = ~/(V’)
and hence 6(V) is a generating subset for Cl(V’/,Q’), which shows that ¢ is surjective. Finally,
dimV = dim V"’ implies that dim Cl(V,Q) = dim CI(V’,Q’) by Corollary 1.2.11, thus ¢ is an
isomorphism. O

1.2.14. LEMMA. There is a unique automorphism a: CL(V,Q) — ClV,Q) with a(y(v)) = v(—v)
for allv € V. It satisfies a® = id and is called the parity automorphism.

PROOF. Consider the Clifford map 6: V — CI(V, @), 0(v) := v(—v) for all v € V. By the universal
property, there is a unique homomorphism a: Cl(V,Q) — Cl(V, Q) such that a(y(v)) = §(v) =
v(—=v) for all v € V. If v1,...,v, is any Q-orthogonal basis of V', then the linear span of 1 and
all products 0(vj, ) ---6(vj,,) coincides with CI(V,Q), hence « is surjective and, for dimensional
reasons, also injective. For any v € V, o?(y(v)) = a(a(y(v))) = a(y(-v)) = y(v), which shows
that o2 acts as the identity on (V). Since this set generates C1(V, Q) as an algebra and « is a
homomorphism, we have established that o? = id. O
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As an application of the parity automorphism «, we will use its spectral decomposition to define
the so-called even and odd part of the Clifford algebra Cl(V, Q).

In a preliminary step, let us show that we cannot have o = ¢-id with ¢ € K: The relation a? = id
yields ¢ = 1 and thus o = +id. The option a = id is ruled out by a(y(v)) = —y(v) with
some v # 0 (recall that we always assume dimV > 1). And o = —id is impossible, because then
—1=a(l)=a(1?))=a(1)? =1.

We now know that « is a linear operator on the finite-dimensional vector space Cl(V, Q) satisfying
the quadratic polynomial operator identity a? —id = 0 and none of degree 1, since a # ¢ -id. We
deduce that p(\) = A2 — 1 is the minimal polynomial of o and note that p(A) = (A — 1)(\ + 1)
is the product of two distinct linear factors. Hence « is diagonalizable ([33, Theorem 8.11]) and
Cl(V,Q) = E1 & E_, where F; denotes the eigenspace for the eigenvalue j € {—1,1}.

Note that 1 € Eq, since o(1l) = 1, and a product (v, )---v(v;, ) belongs to Eq, if and only

if the number m of factors is even, because a(y(vj,)---v(v),.)) = a(y(vy)) - a(v(v;,)) =
(=1)™y(vj,) - - v(v,.). At the same time we see that (v, )---v(vj,,) belongs to E_; precisely
when m is odd. If the vectors are chosen from a fixed orthogonal basis vy,...,v, of V in the

way specified in Corollary 1.2.11, then 1 together with the products of an even number of fac-
tors constitute a basis for F7, while the products with an odd number of factors define a basis
of E_y. Counting 1 as a product of 0 factors, the identity 0 = (14 (=1))" = > (})(=1)" =
> (272) -3 (2,:;1) shows that we have equal numbers of basis elements in F; and E_;, thus

dim E_; = dim B, = dim CI(V, Q)/2 = 271,

1.2.15. DEFINITION. Let E; denote the eigenspace for the eigenvalue j € {—1,1} of the parity
automorphism a: CI(V, Q) — CI(V, @), then we call C1°(V, Q) := E, the even part of the Clifford
algebra and C1'(V, Q) := E_, the odd part. The even part C1°(V, Q) is a subalgebra of C1(V, Q)
with unit and is generated by 1 and all products of an even number of factors y(v1) - - v(vam)
with v; € V. We have dim C1°(V;, Q) = dim CI'(V, Q) = dim CI(V, Q) /2.

The Clifford algebras over the standard spaces (R**,7) and (C", q). We will hence-
forth consider only the standard spaces with symmetric bilinear forms and use the notation
Cl(s,t) := CI(R**,n), Cl(n) := Cl(n,0), Cl(n):= CI(C",q),

for the real Clifford algebras over (R**,7), 0 < s,t < n, n = s+t, which is the standard Euclidean
space if t = 0, and for the complex Clifford algebra over (C", ¢). Recall that the standard
symmetric bilinear forms are all non-degenerate.

In 1.1.5(f) we already made use of the complexification (C", n¢) of (R**t,n) with nc(v@ A\, w@u) =
Apn(v,w). As noted in Example 1.1.4 we have (C",n¢) = (C",q), which implies CI(C",n¢) =
Cl(n) by Lemma 1.2.13. We will now show that the Clifford algebra of the complexification is the
complexification of the Clifford algebra.

1.2.16. LEMMA. We have the following isomorphism of complex associative algebras with unit:
Cl(s,t) ®r C = Cl(s + t).

Any complex representation of Cl(s,t) can be obtained as a representation of Cl(s +1t).

PROOF. Consider the complexification of v: R* — Cl(s, ), i.e., the map §: C* = R*! @ C —
Cl(s,t) ®gr C, defined on splitting tensors by §(v ® A) := v(v) ® \. We have

SN2 =y @M\ = v, 12\ = -Xnv,v)1el=—nvelva\)1lal,

which shows that § is a Clifford map for (C™,nc). Let 4 denote the Clifford embedding of C™ into
CI(C™,n¢) and let ¢: CI(C™,nc) — Cl(s,t) ®r C be the unique complex algebra homomorphism
with ¢ o5 = 4. Surjectivity of ¢ follows from 6(C") = span{y(v) ® A | v € R X\ € C},
since (the union of {1} and) the latter gives a generating subset for the algebra Cl(s,t) ®g C.
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Finally, observing dim¢ Cl(s,t) ®g C = dimg Cl(s,t) = dimc C1(C™,nc) we may conclude that
Cl(s,t) @r C = CI(C™, nc) = Cl(n). O

In the sequel, we will often simplify notation by dropping the reference to the standard embedding
~v: C" — Cl(n) and consider z € C™ directly as the element corresponding to y(x) in Cl(n), and
similarly for the real cases.

We will now show how to obtain a specifically simple model for the even parts of complex standard
Clifford algebras. For the following formula, in case n = 1, we define Cl(n — 1) = C1(0) := C.
Note that C1°(1) = C, since there are no products with an even number of factors consisting of
different basis vectors, which leaves 1 as the only generator for C1°(1) as a C-algebra.

1.2.17. LEmMA. C1°(n) =2 Cl(n — 1).

PROOF. For any = (x1,...,2,_1) € C" L let 2’ := (z1,...,2,_1,0) € C". Let q, ¢’ denote
the standard symmetric form on C"~!, C", respectively, then we note that ¢'(2’,e,) = 0 and
¢ (z',2') = q(x,z). Consider §: C"~! — C1°(n), given by §(z) := 2’ - e,. This defines a Clifford
map for (C"~1,q), since

§(z)* = («

/ /

cen)=12"(en-7') en =2 (—2" e, —2¢(2',en)) - en

=—a' -2’ en-en = —(=d'(2',2"))(—qlen, en)) = —q(=, 7).
(In case n = 1, we have § = 0 and ¢ = 0.) Let ¢: Cl(n—1) — CI°(n) be the unique homomorphism
from the universal property of Cl(n — 1), or ¢ := id¢ in case n = 1. Note that the image of §

contains all elements e; e, (1 < j < n) and therefore (C"~1) = C1°(n), i.e., ¢ is surjective. Since
dim Cl(n — 1) = 2"~ = dim Cl(n)/2 = dim C°(n), we conclude that ¢ is an isomorphism. O

ep) - (x

Recall that Cl(s,t) and Cl(n) are generated as an algebra by (1 and) the embeddings of the
standard orthonormal basis vectors v(e,) (a =1,...,n) of (R®*,n) and (C",q), respectively. The
images of these generators in any real (K = R) or complex (K = C) representation of Cl(s,t) on
some KV determine the representation and deserve a special name. We denote by Nap := n(ea, ep)
(1 < a,b,<n) the matrix elements of n with respect to the standard basis; thus, (7a5)1<a,b<n iS
the diagonal matrix with s-times 1 followed by ¢-times —1 along the diagonal.

1.2.18. DEFINITION. Let p: Cl(s,t) — L(K") be a (real or complex) representation, then we define
the gamma matrices (of p) by

Ya = p(y(€a)) (a=1,...,n).

According to the Clifford relations we have the anticommutator relations

{7117 ’Yb} = 7277abIN7

where Iy denotes the unit N x N-matrix. For the commutators of gamma matrices we introduce
the notation

1 1
Yab 1= 5[vas 1] = 5 (Va7 = 17a)-
Let us admit here that we will henceforth regularly adopt this abuse of language in the above
definition and call elements of L(K”) also matrices, although we mean, in fact, the matrix of the
corresponding linear operator on K™ with respect to the standard basis.

1.2.19. REMARK. In the physics literature, the Gamma matrices are often called Dirac matrices
and the convention about scalar factors typically differ from the above definition (and vary among
a spectrum of sources, as does the convention about the signature of the Minkowski metric etc.).
To keep track of some alternative in a parallel development, [19] introduces what he calls the
physical gamma matrices by I'y := —iv,, which then satisfy the anticommutator relations

{Fa7 Fb} == 277abIN7
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which seems to fit nicely, e.g., with Equation (10.66) in [35] (where also the signature of the
Minkowski metric matches with Hamilton’s choice). Furthermore, additional “raising or lowering
of indices”, with (7%)1<4p<n denoting the inverse of (1ap)1<a.p<n, as in ¥* = Yoy %y, or
v = n*~, with the Einstein summation convention, may be involved and has to be taken care
of, if one wants to compare the precise forms of basic relations across the scientific communities.

We single out some conventions for the physical gamma matrices that will be used down the line

e — nacl—\c’ Fbc _ %[Fb71—\c] _ %(I‘bl“c _ FCFb).
Let us determine the images of the Clifford products (dropping ) e;-ej11--- e, (1 < j < n) under
the (vector space) isomorphism o: Cl(s,t) — A(R™), the symbol map, according to Theorem
1.2.10: For any ! € {1,...,n}, we have from the construction in that proof, o(e;) = d(e;)(1) = e; A
1—e;01 = ¢;; the basic relation established in the theorem, namely o(y(v)-u) = vAo(u)—vio(u),
then yields o(e; - ex) = e; Ao(eg) —ejao(er) = e Nep —ejuep = e ANeg for any I,k € {1,...,n}
with [ # k, and we proceed inductively to obtain

olej-ejyi---en) =€ ANo(ejr1---en) —ejao(ejr1--en) =€ A...ANep (1 <5< n),

in particular, o(e;---e,) = e1 A ... A e, gives the standard volume form on R™, which can also
be used to choose an orientation on R™. The above reasoning about the images under o is still
true if we change to another n-orthonormal basis €], ..., e}, that is of the same orientation as the
standard basis, i.e, €] A... A€, =e1 A...Ae,. We thus obtain also in the Clifford algebra,

ei-el =0 el AN Ae) =0 et A Nep) =er ey,

1.2.20. DEFINITION. For any A € C, an element
wy:=(e1---ep) @A € Cl(s,t) @r C

is called a chirality element. We simply write wy = Aej---e, and we have seen above that wy
does not depend on the choice of oriented n-orthonormal basis of R**.

1.2.21. LEMMA. Let n be even, say n = 2k with k € N, and wy with A € C be a chirality element
for Cl(s,t) with s+t =n. Then the following hold:

(i) {wx,ea} =0 and [wyr,eq - €] =0 (1, < a,b<n),

(ii) if A2 = (=1)**, then w? = 1.

PROOF. (i): Applying the Clifford relations repeatedly, we obtain wy €, = Aej- e, - €, =
A=1)""%q1 - -eq-eq - ey, while eq - wy = A(=1)2"Le;---eq - €4+ - €, and, since n is even,
(—=1)"~* and (—1)®~! have opposite sign, thus the anticommutator relation follows.

We may now apply the anticommutator relations to obtain

[Wrs€a-€p] =wWx-€q-€p—eq-ep-wr=(—€q-wyr) e —eq-(—wy-ep) =0.

(ii): In wf\ = M- e, €1 -e, we repeatedly anticommute some e; with ex (j > k), say m
times, to arrive at

wi _ (—1)m)\2(61)2 . (en)2 _ (_1)m)\2(_1)s _ (_1)m+k+s+t _ (_1)m+k

(because s +t = n = 2k) and it remains to determine m: First, we have to anticommute e;
from the middle part n — 1 times through the subproduct es---e, to the second place from
the left, then e; is moved from the middle part to the left of the subproduct es---e, by n — 2
anticommutations; we proceed in this way until the last required anticommutation of e,,_; with e,;
thus, m = (n—1)+(n—2)+...+2+1 = (n—1)n/2 = (2k—1)k. We obtain m+k = 2k>—k+k = 2k
and therefore, w? = (—1)™tk = (=1)2¥" = 1. O
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1.2.22. DEFINITION. Let dimR*! be even, i.e., n = s +t and n = 2k for some k € N.
(i) We choose the chirality element for Cl(s,t) to be
wi=—i*Tte e, € Cl(s,t) ®g C.
(We see that in case k + t even, w € Cl(s, t).)

(ii) If 41, ..., are the gamma matrices of a complex representation p: Cl(s,t) — L(C"), then

Vg1 = =iy -y, € L(CY)

is called the (mathematical) chirality operator for the representation p. The physical chirality
operator is defined analogously by I',, ; := —i*+'T'; ---T,,, and we also set I = —k+1...Tn,
Using Remark 1.2.19 and Lemma 1.2.21 we obtain:

(1.12) {r™tt r*}y =0, [T =0, ~"=-I"

Note that due to Lemma 1.2.21, w? = 1 and w anticommutes with all elements in C" = v(R*!) @g
C C Cl(s,t) ®r C = Cl(n).

1.2.23. REMARK. For even n and according to (ii) in the previous lemma, we have 'yi+1 = Iy, ie.,
0=9211—In = (Vn+1 — IN)(Yn41 + In). Note that with N > 1 we cannot have y,41 = 1,
since (i) in the above lemma leads to 0 = {yn+1, Yo} = T(INVa+YalN) = £274, hence v, = 0, but
the Clifford relation requires v2 = —n4oIny = FIx # 0. We conclude that the minimal polynomial
of Ynt1 is p(A) = A2 — 1 (compare with a similar argument for the parity automorphism «a earlier),
hence 7,41 is diagonalizable with eigenvalues —1 and 1 and we have the eigenspace decomposition
CN =E,®E_y, where E1; = {¢p € CN | v, 110 = &9}

We claim that dim Fy = dim F_1, in particular, NV has to be even. Pick any standard basis vector
eq and recall that e, is invertible in Cl(s,t), hence p(e,) = 74 € GL(n,C). We show that p(e,)
maps Fq into E_; and E_; into E;, which yields F; &£ E_;. Let ¢ € FE4q, then applying the
anticommutator property in Lemma 1.2.21(i), or rather its proof with wy := e - - e,, we obtain

Tnr1plea)p = =iy - nplea)p = =i pler - en)plea)p = =i p(wr - €q)t)
— (e )b = —plea)(—FFp(wn)) = —pleakTnsi®h = —plea) (1) = Folea)t

and conclude that ¢ € F1; implies p(eq)y) € E+;.

1.2.24. ExaMPLE (Clifford algebras for the one-dimensional standard spaces). (i) We have seen
already in Example 1.2.9(ii) that CI(1,0) = Cl(1) = C (as a real 2-dimensional algebra) with
y(x) =iz for all z € RY and the usual multiplication of complex numbers.

(ii) We know that dimCl(0,1) = 2 and Cl(0,1) is the linear span of I and ~(e;), where we
temporarily use I to denote the unit in C1(0,1). The Clifford relation v(e;)? = I implies (y(e1) +
I)-(y(e1)—1I) = 0, hence it will be convenient to use uy := (y(e1)+1)/2 and u_ := —(y(e1)—1)/2
as basis and write any element of C1(0, 1) uniquely in the form zu; +yu_ with z,y € R. Observing
uru— =0 = u_uy and i = (y(er) + I)(v(e1) + I)/4 = (2y(e1) + 2I)/4 = uy and, similarly,

u? = u_, the multiplication then reads

(zus +yu_) - (2uy +y'us) = 22'u? + zy'upus +ya'u_uy +yy'u® = za’uy +yy'u_.

Therefore, usr — (1,0) and u_ +— (0,1) and linear extension yields an isomorphism of CI1(0,1)
with the direct sum algebra R & R.

(iii) From (ii) we may deduce directly that Cl(1) = Cl(0,1) g C = (R® R) g C =2 C @ C with
multiplication in each component separately.
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Before proceeding with further examples of Clifford algebras for standard spaces, it is useful to
recall the complex Hermitian and traceless (2 x 2)-matrices, known as Pauli matrices,

(1.13) o1 = (? é) o9 1= (? _OZ> o5 1= ((1) _01>.

They satisfy the following relations for any cyclic permutation (4, k,1) of (1,2, 3)

(1.14) O'JQ- =1, and oo, = —0or0o; =10y,

which imply

(1.15) (0,01 = 2i0;  (if (4, k,1) is a cyclic permutation of (1,2, 3))
and
(116) {O’j70'k}:2(5j7k IQ (]. S],ké?))

1.2.25. ExaMpLE (Clifford algebras for the 2-dimensional standard spaces). (i) We know that
dim C1(2,0) = 4 and observe that the (2 x 2)-matrices 71 := io; and 2 := io9 satisfy the Clifford
relations

Mi=-L=7 and {y,72}=0

Therefore, we may interpret v; = j(e;) (j = 1,2) with the linear map 7: R?*Y — L(C?) obtained
by linear extension. The Clifford algebra Cl(2,0) is isomorphic to the 4-dimensional real vector
subspace W of L(C?) which is the R-linear span of {I2,71,v2,7172} and we may consider 7 with
target space W 2 4(R??) (instead of L(C?)) as the corresponding Clifford map. Note that W is
isomorphic to the algebra of quaternions H, since for any a,b,c,d € R,

oLy + bt 4 cvetdvims = (@ O) 4 (O D) (0 ey (~di O)_(a-di c+bi
etbmteptdnr={, , bi 0 —c 0 0 di) \—c+bi a+di

and H can be realized as complex (2 x 2)-matrices of the form (2 _XH) with A\, € C (cf. [19,
Example 1.1.23]).

(ii) In case of CI(1,1) it is convenient to consider v; := ioy and 2 := o2 to obtain the Clifford
relations

i=-I, v=1I, {m.}=0

A model of CI(1,1) is then given as W’ :=R-span{ls, 71,72, 7172} € L(C?). Using instead the
basis (I2 — v172)/2, (71 — 72)/2i, (v1 +72) /24, (I2 + y172) /2 of W', we see that W' = L(R?).

(iii) It is easy to see that C1(0,2) = L(R?) with Clifford map v: R%? — L(R?), (z1,22) — (52 "2, )
We verify the Clifford property

xro —X

2
= (572 ) =@ e = w0ty

and note that with v := y(1,0) = (§ %), 72 :== 7(0,1) = (9 §) we have y172 = ( % §), so that
span{ls, 71, 72,7172} = L(R?) and dim L(R?) = dim C1(0, 2).

(iv) We claim that C1(2) = L(C?): The complex dimensions fit and (z1,22) = z1io1 + 22102
defines a Clifford map C? — L(C?), since (1.14) and (1.16) imply

Y(2)? = (21901 + 20009)? = —2707 — 2129(0109 + 0901) — 2505 = — (2] + 23) L.

The matrices Iy, i01,i09 together with (ioq)(iocy) = —o1092 = —io3 are linearly independent and
generate L(C?).
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1.2.26. REMARK (Clifford algebras for the 3-dimensional standard spaces). With a bit of theory,
e.g., about how to produce Clifford algebras for higher dimensional standard spaces as tensor
products of those over lower dimensions (cf. [26, Chapter I, Theorems 4.1 and 4.3]), the following
isomomorphisms for the 8-dimensional Clifford algebras can be established ([26, Chapter I, Section
4, Tables I and I1)): C1(3,0) = He H, C1(2,1) = L(C?) (as real algebra), C1(1,2) = L(R?) & L(R?),
C1(0,3) = L(C?) (as real algebra), and C1(3) = L(C?) ® L(C?) (as complex algebra).

1.2.27. ExampLE (Clifford algebras for the 4-dimensional standard spaces). Only a few aspects of
the 16-dimensional Clifford algebras are illustrated, but we give references for further details.

(i) Let us start with the complex case Cl(4), where we consider v: C* — L(C*), given by C-linear
extension from the assignment ~v(e,) := 7, of the following complex (4 x 4)-matrices ~,, defined
by (2 x 2)-blocks, to the standard basis vectors e, (a = 1,2,3,4) of C*:

L 0 Ok o L 0 ZIQ
Vi = (_Ukr O) (k_172a3)7 V4 = <212 O)

We have to verify the Clifford relations
{’7a77b} = _26abI4 (1 < a>b < 4)
For 1 < j,k < 3 we may employ (1.16) to deduce

. . 0 0j 0 Ok 0 Ok 0 75
{ij’yk} - <_Uj O) (_Uk 0) + (_Uk O) <_Uj O)

_ [—ojo 0 —00; 0 _ {oj,01} 0 o5
< 0 —ajak>+< 0 —okaj) ( 0 {oj,on}) 20714

From 474 = —1I4 we get {74,714} = —2I4, and for 1 < k < 3 we calculate y5y4 = (iok o ) and

0 —iog
—iO‘k 0

VaVE = ( 0" iy ), hence {7k, v4} = 0 and all Clifford relations hold.

By Corollary 1.2.11, the model of Cl(4) generated from (C*) C L(C*) possesses the basis
(1.17)
Bi={ls,71,72, 7374 U{ran [ 1 S a <b <4} U{vamre [ 1 < a <b<c<4fU{mreysmnl

which consists of 5+6+4+1 = 16 elements and thus spans all of L(C*). Therefore, Cl(4) = L(C*).

(ii) To study Cl1(4,0) we may essentially copy the Clifford map from (i), meaning v: R* — L(C*)
with 7, = v(eq) (@ =1,2,3,4) defined in the exact same way, but using R-linear extension. Now
the model of Cl(4,0) is given by R-span B, where B is the basis given in (1.17). It can be shown
that C1(4,0) is isomorphic to the algebra of quaternionic (2 x 2)-matrices L(H?), which may also
be realized as H ®g L(R?) (cf. [26, Chapter I, Section 4, Table II] and [16, Section 10.20]).

(iii) The Clifford algebra Cl(1, 3) over Minkowski space R!3 can be constructed from the Clifford
map v: R — L(C*) via the generators v(eq) := va—1 (@ = 1,2,3,4), where

(0 il . 0 10 _
Yo = (’LIQ 0)7 Ve = (’I:O'k 0 ) (k_172a3)

Indeed, we obtain by direct calculations very similar to those in (i) that
’Y(%:*I4; 7]3:]'4 (k:1a273)? {’Ya»’Yb}:O(()ﬁ%bSSaa?éb)

and the real linear hull of the analog of the set B in (1.17) gives Cl(1,3) as real 16-dimensional
subalgebra of L(C*). It can be shown by other means, establishing C1(0,2) ® CI(1,1) = CI(1, 3),
that C1(1,3) = L(R?) ® L(R?) = L(R*) (|26, Chapter I, Section 4, Theorem 4.1 and Table II]).

(iv) With the gamma matrices from (iii), we now set 7}, := iy, (k = 1,2,3), 4 := #70, and obtain
the Clifford relations for generators of a model of the algebra CI(3, 1) as real subalgebra of L(C*),

71/92 = 714 (k = 15 273)7 74/2 = I47 {’Y;?’Yé} =0 (1 S avb S 450‘ 7é b)
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One can prove by other methods that C1(2,0) ® CI(1,1) = CI(3,1), hence C1(3,1) = Hog L(R?) =
L(H?) ([26, Chapter I, Section 4, Theorem 4.1 and Table II}).

(v) For the remaining cases we do not give explicit constructions of isomorphisms and instead refer
to [26, Chapter I, Section 4] for the proofs. The results are C1(2,2) = L(R*) and C1(0,4) = L(H?).

We will not discuss the classification of the real Clifford algebras Cl(s, t), which shows a surprising
periodicity with respect to s — ¢t modulo 8 in terms of the basic structure as real subalgebra of a
real, complex, or quaternionic matrix algebra of growing dimension depending on s + t. We refer
to [20] or [26] for more details on this.

In the context of applications in physics, the emphasis is on complex representations of the real
Clifford algebras and these can always be naturally extended to become representations of the
complexified Clifford algebra. Recall the simple complexification result Cl(s,t) ®g C = Cl(s + t)
from Lemma 1.2.16. It will therefore be sufficient for our purposes to understand the basic structure
of the complex Clifford algebras Cl(n) (n > 1). Furthermore, this will automatically provide us
also with a classification of the complex even Clifford subalgebras, since C1°(n) = Cl(n — 1) holds
thanks to Lemma 1.2.17. So far we know that Cl(0) := C by convention, Cl(1) =2 C & C and
Cl1(2) = L(C?) as seen in examples above, CI(3) 2 L(C?) @ L(C?) as mentioned in a remark, and
Cl(4) = L(C*) as described in the first of the 4-dimensional examples above. We will show that
these alternating basic patterns for odd and even dimensions are systematic.

1.2.28. LEMMA. For all n € Ny we have Cl(n 4 2) = Cl(n) ® C1(2).

PROOF. Let w denote the chirality element for Cl(2) = C1(2,0) ®g C and observe C"*2 = C" & C2.
We consider the linear map §: C" & C? — Cl(n) ® C1(2), (z,y) = ¥ ® w + 1 ® y and show that it
is a Clifford map: Since w anticommutes with every element in C C Cl(2) and w? = 1,

5(z,9) = (z@w+10y) (zRw+10yY)
=224+ Wy) +r(yw) +1ey =21l +z{wy} +10y>
=2’ @1+10y* = —(¢(z,2) +q(y,9)) 1@ 1 = —q((z,y), (z,9)) 1 @1,
where we abused notation in writing ¢ for the standard bilinear forms on C”, C?, and C"*+2.

Let us relabel the standard basis in C? by €n+1;€nt2, then w = —ie, 116,492 and the images of the
standard basis vectors are d(e,,0) = e, Qw = —ie, ®ep_16n42 (a=1,...,n) and §(0,ep) = 1R ey
(b =mn+ 1,n + 2). Taking products of these produces d(eq,0)? = -1 ® 1, §(eq,0) - (0, €p11) =
—ie,®(ent1Eni26ni1) = iea®(e%+1en+2) = —ie,®€nta, 0(€q,0)-0(0,en42) = —iea®(en+1ei+2) =
teq ®ent1, and 6(0,e,41)-6(0,ep42) = 1R (ept1€nt2) = il @ w. Now we see that we can produce
also e, ®1 from the product —id(eq, 0)-0(0, €41)-6(0, €n42). Proceeding in this way, we are able to
obtain all elements of a basis for Cl(n) ® Cl(2) as images under the unique algebra homomorphism
¢: Cl(n+2) — Cl(n) ®Cl(2) extending the Clifford map ¢ according to the universal property, i.e.,
¢ is surjective. Since dim Cl(n + 2) = 2"*2 =27 . 22 = dim Cl(n) - dim C1(2) = dim Cl(n) @ C1(2),
¢ is an isomorphism. O

We will apply the previous result combined with the property L(C!) ® L(C™) = L(C! ® C™) (see
[16, Corollary IIT in Section 1.16] for a more general result with proof), which upon identification
of C! ® C™ with C'™ results in L(C!) ® L(C™) = L(C!™).

1.2.29. THEOREM (Structure of complex Clifford algebras). Let k € Ny.

(i) If n = 2k, then Cl(n) = L(C2").

(i) If n = 2k + 1, then Cl(n) = L(C2") & L(C%") and C1°(n) = L(C?").

(iii) If n = 2k + 2, then CI°(n) = L(C2") & L(C2").
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PROOF. Since Cl°(n) = Cl(n — 1), the assertions about C1°(n) follow from those about Cl(n).

(i): We use induction on k and start with C1(0) = C 2 L(C!) = L((CQO). If we already know that
C1(2k — 2) = C1(2(k — 1)) 2 L(C2""), then Lemma 1.2.28 and CI(2) = L(C?) imply

CI(2k) = C1(2k — 2) ® C1(2) 2 L(C?" ) ® L(C?) 2 L(C¥" '?) = L(C?").

(ii): We use again induction on k, where the base case now is Cl(1) = Ca C = L((Czo) & L((C2O).
If we already know that Cl1(2k — 1) = CL(2(k — 1) + 1) 2 L(C2" ") @ L(C2"") holds, then we may
apply Lemma 1.2.28, C1(2) = L(C?), and the “distributive law” for tensor products to deduce

21971

Ci2k+1) 2 CI2k - 1) e CI) = (LEC ) o L)) e L(C?)

o~ (L(<c2’“) ® L(CQ)) @ (L(@“) ® L(c2)) >~ 1,22y @ L(C?'2) = L(C?) & L(C?).
O

1.3. Spinor representations

The structure theorem for the complex Clifford algebras reduces representation theory for these
to a classification of representations of matrix algebras of the form L(CY) or L(CY) @ L(CV).
Recall that a representation p: A — L(W) is said to be reducible, if W can be decomposed as
a non-trivial direct sum W = Wy & Ws of p-invariant subspaces Wy, Wy C W. We then obtain
the subrepresentations p;: A — L(W;), pj(a) := p(a)|w,, and may write p = p; @ pp. If such
a non-trivial decomposition is not possible, i.e., if there are no non-trivial p-invariant subspaces
of W then p is called irreducible. An algebra representation is completely reducible, if it can be
decomposed into a direct sum of irreducible subrepresentations. In case of Clifford algebras, it
can be shown? that every finite-dimensional representation is completely reducible. Thus, for the
complex Clifford algebras Cl(n) it remains to determine the irreducible representations, which
needs to be done only up to equivalence in the following sense: Two representations p: A — L(W)
and m: A — L(X) of A are called equivalent, if there is a vector space isomorphism f: W — X,
called an intertwiner, such that for all a € A, we have w(a) = f o p(a) o f~1, or in terms of a
commutative diagram,

w2y

I f

X——X

7(a)

Note that the kernel of an algebra homomorphism is a two-sided ideal. An algebra A of the form
A = L(U), where U is a finite-dimensional K-vector space, is always simple, i.e., has no proper
nonzero ideals ([33, Theorem 18.3]). Therefore, every representation of L(CY) is faithful.

The so-called natural or standard representation py of a matrix algebra L(K”) is given by the
natural action on KV, ie., po: L(KY) — L(KY), where po(M)z := Mz for M € L(KY) and
x € K. It turns out that up to equivalence, py is the only irreducible K-representation of L(K)
([20, Theorem 8.11]). In view of the structure theorem for complex Clifford algebras, this result
settles the matter of representation theory for Cl(n) in case of even dimension n > 0, and for the
even subalgebras C1°(n) in case of odd dimension n > 1.

It remains to clarify the representation theory of the complex algebra A := L(CV) @ L(C™N).
Consider the following two representations p1, pa: A — L(CY), defined by p1(S,T) := po(S) and
02(S,T) := po(T) for S,T € L(CV). Both are irreducible, since any subspace of CV invariant
under p; or ps is also pg-invariant. The representations p; and ps cannot be equivalent, because
an intertwiner F' € GL(N,C) would have to satisfy T = FSF~! for all S,T € L(CY), which

2essentially, because they are the group algebras of finite groups (cf. [26, Chapter I, Proposition 5.4 and the
discussion after Proposition 5.15.])
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becomes absurd upon setting 7' = 0 and S = Iy. Note that the algebra L(CY) @ L(C") is not
simple and that ker p; = {(0,7) | T € L(CM)} 2 L(CY) is a two-sided ideal, similarly for ker ps.

We claim that p; and ps describe the only two equivalence classes of irreducible representations
of A = L(CY) @ L(CY). Suppose p: A — L(W) is an irreducible representation on a finite-
dimensional complex vector space W. Note that we have A = B ® L(C") with the commutative
C-algebra B := C®C and we may apply [16, Theorem 11.19.1] to obtain a representation 6: B —
L(U) and an intertwiner f: U ® C¥ — W such that the following holds

V(M) € BVS € LICYN): fo(6(A\ 1) ® po(S)) = p((A 1) ®S)o f,

i.e., p is equivalent to § ® pg, where pg is the standard representation of L(CY). Any d-invariant
subspace U; C U implies that U; ® CV is a p-invariant subspace, thus § has to be irreducible.
Therefore, U is one-dimensional, since all operators in the commutative subalgebra §(B) C L(U)
can be diagonalized simultaneously and every joint eigenvector is d-invariant. This leaves only
the option of § being a multiplicative linear functional B = C & C — C, hence there are a,b € C
such that §(\, u) = aX + bu for all A, u € C and the condition of multiplicativity then is easily
seen to force either « = 1 and b = 0, i.e., §(A\,u) = 61(A\,u) := A, or a = 0 and b = 1, ie,
(A, 1) = 62(A, i) := p. In summary, we have that p is equivalent either to d; ® pg, which is in
turn equivalent to pi, or to d2 ® pg, which is in the class of ps.

In view of the structure theorem for complex Clifford algebras, we now know also the representation
theory for Cl(n) in case of odd dimension n > 1, and for the even subalgebras Cl°(n) in case of
even dimension n > 2.

1.3.1. DEFINITION. Let n € Ny, then the spinor representation m,: Cl(n) — L(A,,) is defined as
follows:

(i) If n is even, then A,, := C?"* and m, corresponds to the unique irreducible representation pg
of L(A,) (pre-)composed with the isomorphism Cl(n) = L(A,,) from the structure theorem.

(ii) If n is odd, then A, := c2" " and 7, corresponds to the irreducible representation p; of
L(A,)®L(A,) (pre-)composed with the structure theorem isomorphism Cl(n) = L(A,,) ® L(A,,).

In both cases, A,, is called the space of Dirac spinors.

In case of even n, the spinor representation is the unique irreducible representation of Cl(n) given
in (i). In case of odd n, there are two classes of irreducible representations of Cl(n), one is the
spinor representation given in (ii) and the other one corresponds to the choice of py there.

The spinor representation induces actions of vectors from R* or of forms from A(R®?) as linear
operators on spinors, based on applying m, after a linear map into the Clifford algebra, which
was tacitly extended to the complex case by Cl(s,t) < Cl(n): One stems from the embedding
v: Rt — Cl(s,t) and the other one can be considered a generalization of the first and uses the
inverse of the symbol map o: Cl(s,t) — A(R*") according to Theorem 1.2.10.

1.3.2. DEFINITION. The Clifford multiplication R®t x A,, — A, is given by (X,9) — X -9 =
7 (V(X))Y and the Clifford multiplication of spinors with forms A(RS?) x A,, — A, is defined
by the assignment (w, ) +— 7, (0~ (w)).

In particular, for a standard basis vector e, € R** the notation e, - 1) means the spinor v,1, if v,
denotes the corresponding gamma matrix for m,, i.e., v, = mp(eq).

1.3.3. PROPOSITION. Let n = 2k with k € N and v,4+1 be the chirality operator for the spinor
representation m,: Cl(n) — L(A,).

(i) We have the decomposition A, = At @& A, , where AX is the eigenspace of Yni1 for the
eigenvalue £1 and dim AF = dim A,, /2.
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(ii) Both A and A, are invariant under the action of the even Clifford subalgebra m,(C1°(n)),
while every element of the odd part m,(Cl}(n)) maps A} into A, and A, into A}. We obtain

the isomorphism Cl°(n) 2 L(A}) @ L(A,)) as complex algebras and the vector space isomorphism
Cli(n) = L(AL, A7) @ L(AT, AL).

PROOF. (i) follows directly from Remark 1.2.23.

(ii): Lemma 1.2.21(i) implies [yn+1,7a] = 0, which shows that the eigenspaces of 7,41 are
invariant under the action of C1°(n). By the same lemma, we have the anticommutator relation
{Yns1,7a}t = 0, which shows that every 7, maps AF into AT and we deduce that the same is
true of m,(u) for every u € Cl'(n). Therefore, the isomorphism Cl(n) = L(A,) together with
A, = A} @ A, allows for a block decomposition for any element of 7, (Cl(n)) in the form

A B A 0 0 B _ _ _
(C D)(O D)+(C 0>,WhereAGL(A:),DGL(An),B:An%A:,C:Az%An,

where (4 9) € m,(C1°(n)) and (2 ) € m,(Cl*(n)) provide us with the claimed isomorphisms. [

1.3.4. COROLLARY. Letn € N and 70 denote the restriction of the spinor representation , to the
even subalgebra C1°(n).

(i) If n is odd, then 70: C1°(n) — L(A,,) is an irreducible algebra representation.

(ii) If n is even, then w0 is the sum of two irreducible subrepresentations 7= : Cl°(n) — L(AL),
where AL is the eigenspace of the chirality operator for the eigenvalue £1 and dim A* = dim A,, /2.

PROOF. (i): We have dim C1°(n) = dimCl(n)/2 = 2"~ ! = (dim A,,)? = dimL(A,,) and claim that
70 is injective. This implies (i), since by dimensionality reasons it is also surjective and thus the
image is all of L(A,,), which acts irreducibly on A,,. As for the faithfulness of the representation
79 we only have to note that by the structure theorem, C1°(n) = L(C2"~""*) as an algebra, thus

Cl1°(n) is simple and so the kernel of 70 has to be trivial.
The claim in (ii) follows immediately from Proposition 1.3.3. O

The spaces A} and A, are sometimes called the spaces of left-handed and right-handed Weyl
spinors, but note that the identification with eigenspaces depends on the sign convention used for
the chirality operator.

1.3.5. REMARK. For the decomposition into eigenspaces of the chirality operator it does not matter
which form of w is chosen (cf. Definition 1.2.22): 7,41 and I';,4; only differ by a constant factor,
hence have the same eigenspaces. Moreover, IV = 777 I'; (no sum), so also I'"*! is proportional to
I'y+1 and therefore has the same eigenspaces.

1.4. Spin groups
As in any ring with unit, the subset of invertible elements in Cl(s,t) is defined by
Cl*(s,t) :={z € Cl(s,t) | Jy € Cl(s,t): 2y = 1 = ya}
and is a multiplicative group. For n = s + t the analogous statement is true of
Cl*(n):={z€Cl(n) | Iw € Cl(n): zw =1 = wz}
and it is easy to see that
Cl*(s,t) = CI*(n) N Cl(s, t).
[In fact, the inclusion C1*(s,t) C C1*(n)N Cl(s,t) is obvious and for the reverse inclusion let z = 1 ® 1 +
z2 ®1 with z; € Cl(s,t) be a member of the right-hand side; then 22 = 0 and there is some y1 ® 1 +y2 ®

with y; € Cl(s,t) such that z1y1 ® 1 + z1y2 ® i = 1 = y121 ® 1 + y122 ® ¢, hence z1y1 = 1 = y1x1, which
shows that z1 € C1*(s,¢), i.e., z =21 ® 1 € C1*(s,¢) ® 1.]
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Since Cl(s,t) and Cl(n) are finite-dimensional algebras over the real numbers, there is a natural
(real) Lie group structure on C1*(s,t) and C1*(n), which follows from a more general statement
that we repeat here from [14, Page 17].

1.4.1. LEMMA. Let A be a finite-dimensional real associative algebra with unit element and let
G := A* be the group of invertible elements in A. Then G is a Lie group with Lie algebra g = A,
where the Lie bracket is given by the commutator in the algebra sense and the exponential map is
given by the usual power series.

PROOF. Most of the statement is covered by [8, 16.9.3]. The required arguments are very similar
to those for the special case of GL(IV,R) treated as a subset of L(RY), for example, along the
lines of [24, Examples 4.6.(iii) and 8.4]. O

1.4.2. COROLLARY. C1*(s,t) and C1*(n) are Lie groups.

Recall the definition of the pseudosphere S, and of the pseudohyperbolic space S_ in (R%* n) by
the equations n(v,v) = 1 in (1.3) and n(v,v) = —1 in (1.4), respectively. We have already noticed
earlier that any element v € V' C Cl(s,t) with n(v,v) # 0 is invertible thanks to the Clifford
relation v?2 = —n(v,v). In particular, products of elements from S_ U S, are always invertible
and these are the basic building blocks for the subgroups of C1*(s,t), which we define now. By
convention, let an “empty product” vy --- v, with r = 0 be equal to 1.

1.4.3. DEFINITION. The pin group is defined as
Pin(s,t) :={v1-- v, | r € No,v1,...,v, € S_U S}
and the spin group is
Spin(s, t) := Pin(s,t) N C1°(s,t) = {vy - -~ v, | 7 € No,v1,..., 02, € S_US, }.

The orthochronous spin group Spin™ (s, t) is the subgroup of Spin(s,t) consisting of all products

vy - - V2p, Where r € Ny and the number of factors v; from S_ and S are both even.
We will also use the notation Pin(n) for Pin(n,0) and Spin(n) for Spin(n, 0) = Spin™ (n, 0).
It is easy to see that the subsets of C1” (s, t) defined above are subgroups. By endowing them with

the trace topology of Cl(s,t) they become topological groups. We will see later in this section that
they are indeed Lie groups.

We observe that any element of Pin(s,t) belongs either to C1°(s, ) or to Cl'(s,t), so that we may
define the map

0, ifue Cls,t),
1.18 deg: Pin(s,t) = Zy, d =
( ) eg 11’1(5 ) 2 eg(u) {]_, ifue Cll(sat)a

which satisfies deg(uw) = deg(u) +deg(w). Thus, deg is a group homomorphism with kernel equal
to Spin(s, t).
1.4.4. LEMMA. (i) For u € Pin(s,t) and x € R*" C Cl(s,t) define the element

R(u,z) = (—1)3e8®) gz,

of the Clifford algebra. Then R(u,z) € R®'. We obtain the map R: Pin(s,t) x Rt — R*¢,
(u,z) = R(u,x) =: Ry (x).

(it) If v € S_ U Sy, then the linear map R,: R®" — R z — R(v,z) = R,(x), is the reflection
at the hyperplane {v}*+. In particular, R, € O(s,t).

(iii) The map X\: Pin(s,t) — O(s,t), u— Ry, is a continuous group homomorphism.
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PROOF. (i) and (ii): Let w = vy - - - v, with (v, v;) = 1, then deg(u) equals r modulo 2 and

(*) R(u,z) = (=1)"vy---vpx(vy - v) "t = (=1)"v1 - -vpo, t ot

=(-1)"" vy v, R(vp, vt ooyt =0 = R(vi, R(va, ... R(vp_1, R(vy, ) -+ ),

thus it suffices to show that R(v,z) € Rt if n(v,v) = +1. But this follows already from Equation
(1.8) in Remark 1.2.6 upon adaptation to the current notation. The same equation also implies
(ii).

(ili): Rereading (*) tells that R,,...,, = Ry, ---R,, for any v; € S_ U S, and this implies then
AMuw) = Ryy = RyRy = Mu)A(w) for all u,w € Pin(s,t). The topology on Pin(s,t) is the
trace of the topology in the topological group C1*(s,t), whose topology in turn is inherited from
the Euclidean vector space topology of Cl(s,t) 2 R®!. Thus, the formula for R(u,z) shows
continuity of the map R, and in particular also of the map u — R,z = A(u)z for every z € R%*.
Inserting standard basis vectors for = implies that each column of the matrix R, € O(s,t) depends
continuously on u € Pin(s, ), thus we have continuity of A. O

Recall, e.g., directly from formula (1.2), that —v and v generate the same reflection, i.e., R_, = R,
for every v € R®! with n(v,v) = %1, so that X is not injective. Thanks to the Cartan-Dieudonné
Theorem 1.1.9, we obtain surjectivity of A, since every element 7" € O(s,t) is the product of
reflections given in the form R, with v; € S_ U Sy, so that the corresponding product of the
vectors v; in Pin(s,t) defines an element u € Pin(s,t) such that A(u) = T. Moreover, Corollary
1.1.10 informs us that, for any u € Pin(s, t),

(1.19) M) € SO(s,t) < u € Spin(s,t) and A(u) € SOT(s,t) < u € Spin™ (s, ).

These facts provide already proofs for several aspects in the following statement.

1.4.5. THEOREM. We consider the continuous group homomorphism \: Pin(s,t) — O(s, t) defined
in the previous lemma.

(i) A is surjective, open, and has kernel {—1,1}.

(i1) We have Spin(s,t) = A"1(SO(s,t)) and Spin™ (s,t) = A" (SO (s,t)) and both are open sub-
groups of Pin(s,t).

(i4i) The restrictions of A to Spin(s,t) and to Spin™ (s,t) both have kernel {—1,1} and map sur-
jectively onto SO(s,t) and SO™ (s,t), respectively.

(iv) If s > 2 ort > 2, then Spin™ (s,t) is connected.

PROOF. (i): Surjectivity of A was shown in the discussion preceding the theorem and that A
is an open map follows from a variant of the open mapping principle for topological groups (cf.
[7, Theorem 4.2.10] or [9, 12.16.13 and 12.12.7]).

We determine the kernel of A\. Suppose that v € Pin(s,t) and A(u) = R, = I in O(s,t). Since
det R, = —1 for all v € S_ U S, u has to be a product of an even number of factors. Thus,
deg(u) = 0 and # = R,z = uzu~! for every z € R*!. In particular, we obtain the following
equation, which is linear with respect to u:

ue; =eju (j=1,...,n).

Since u € Clo(s7 t) and this subalgebra is the linear span of 1 and all products of an even number
of distinct basis vectors, we may3 write u = ug + eju1, where ug is even, u; is odd, and both ug
and u; are generated from es,...,e,. Then e; commutes with uy and anticommutes with u; and
we obtain

e1ug + e%ul = e1U = uey] = Uge] + e1uie] = ejug — e%ul.

3This idea is from [34, Proof of Lemma 5.2.1].



1.4. SPIN GROUPS 25

This implies 0 = e%ul = —n(e1, e1)u; and hence u; = 0. Proceeding in the same way with eq etc,
we obtain inductively that u = wug, where ug is generated by 1. Thus, u = ¢ -1 with ¢ € R, but
u € Pin(s,t) now forces ¢ = +1 (The only scalars in Pin(s,t) are £1, cf. (iii) below).

(ii): Follows from (1.19) and the continuity of A, since SO(s,t) and SO (s, ) are open subgroups
of O(s,t) due to Proposition 1.1.8. (The proposition said that SO (s, t) is the connected component of
the identity in O(s, t); hence it is open; furthermore, SO(s, t) is the union of SOV (s,t) with the connected
component described by the case (+—) in that same proposition.)

(iii): The assertion about the kernel follows from (i), since +1 € Spin™(s,t). (Clearly, 1 €
Spint(s,t). If s > 0 we have Spin't(s,t) > v* = —n(v,v) = —1 for any v € S4; if s = 0 we have
Spin™(0,n) = Spin(0,n) and +e; € S_, hence SpinT(0,n) > (—e1)er = —eF = n(er,e1) = —1.)

Finally, \(Spin(s,t)) = SO(s,t) and A(Spin™(s,t)) = SOT(s,t) follow from the facts that X is
surjective Pin(s,t) — O(s,t) and that Corollary 1.1.10 characterizes the subsets SO(s,t) and
SO (s,t) within O(s,t) as images of Spin(s,¢) and Spin™ (s, t), respectively.

(iv): We have that ker A = {—1,1} is a closed normal subgroup of Spin™ (s, t) and the corresponding
factor map A: Spin™(s,t)/ker A\ — SO™ (s, 1) is an isomorphism of groups, which is continuous by
definition of the quotient topology. Moreover, again appealing to [9, 12.16.13] or [7, Theorem
4.2.10], )\ is a homeomorphism. Recalling that SO (s,t) is connected (Proposition 1.1.8), it is
even path-wise connected, since it is a manifold ([23, Corollary 2.3.5] or [28, Proposition 1.11(b)]),
and we deduce that Spin™(s,t)/{—1,1} is path-wise connected as well. Let g¢: Spin™(s,t) —
Spin™ (s,t)/{—1,1} denote the canonical surjective homomorphism.

Now we are ready to show that Spin™ (s, t) is path-wise connected. Let u,v € Spin™ (s,t). Their
images ¢(u) and ¢(v) in the quotient Spin™(s,t)/{—1,1} can be joined by a continuous curve, say
a: [0,1] — Spin™(s,t)/{—1,1} with a(0) = ¢(u) and a(1) = ¢(v). Considering instead the curve
ap defined by ag(7) := q(u™!)a(r) we have ap(0) = g(u"tu) = 1 and ap(1) = g(u"tv). We now
note that the quotient map ¢ is in fact a covering (as we shall prove in the following result, Lemma
1.4.6). Consequently (cf., e.g., [21, Page 60]), there is a continuous lift By: [0,1] — Spin™ (s, 1)
of ag starting at 1, i.e., go By = ap and Bo(0) = 1. In particular, ¢(Bo(1)) = ap(1) = g(u~tv).
Defining now the path 8 by 8(7) := uf(7) gives £(0) = v and ¢(8(1)) = q(u)q(Bo(1)) = ¢(v), i.e.,
B(1) = v or B(1) = —v. Therefore, it remains to show that we can always connect —v to v by a
continuous path inside Spin™ (s, #). It suffices to show this for —1 and 1, since then multiplication
of the path by v adjusts it to —v and v.

So, finally, we show that —1 and 1 can be joined by a continuous curve in Spin*(s,#): By the
hypothesis of s > 2 or ¢t > 2, we can find two vectors y;,y2 € R*! such that n(y;,y2) = 0 and
+1 = n(y1,y1) = 7(y2, y2). Consider the continuous path 6: [0,7/2] — Spin™(s,t), where

0(1) := j:( cos(T)y1 + SiH(T)yQ)(COS(T)yl — Sin(7)y2).

For every 7, both factors belong to Sy and thus 6(7) € SpinT(s,t). We have §(0) = +3? =
Fny1,y1) = —1 and 0(7/2) = Fy3 = £n(y2,72) = 1. U

We will now state an intermediate topological result that will allow us later to identify a Lie group
structure on the pin and spin groups.

1.4.6. LEMMA. The homomorphism A defines topological double coverings

Pin(s,t) — O(s,t), Spin(s,t) — SO(s,t), Spin™(s,t) — SO (s,1).

PROOF. By Theorem 1.4.5, X is continuous, open, and surjective with kernel {—1,1} in each of
the three situations. In each case, the corresponding factor homomorphism A, starting from the
quotient by {—1, 1} and mapping into the respective target spaces, is an isomorphism of topological
groups (cf. [9, 12.16.13] or [7, Theorem 4.2.10], as in the beginning of the proof of part (iv) in
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Theorem 1.4.5). We illustrate the situation by a commutative diagram in case of Pin(s, t), for the
other two cases this is analogous:

Pin(s,t) . O(s,t)

T I

Pin(s,t)/{-1,1}

Thanks to the isomorphism A, the map A is a double covering, if and only if the canonical surjection
q is a double covering. The latter is indeed true, as can be seen from the fact that the kernel is
discrete, either by using [27, Proposition 12.15] (together with the additional investigation that
connectedness of the domain of ¢, built into the definition of covering maps there, is not required)
or along the lines of a similar statements for Lie groups in [24, Theorem 22.4(iii)], which we will
outline here. It is clear that the number of sheets in the above situation is 2, since the pre-image
under ¢ of any point consists of two elements. So it suffices to show the following: If G is a
topological group with a discrete normal subgroup H, then the canonical surjection ¢: G — G/H
is a (topological) covering map.

Choose a neighborhood U of the neutral element e € G such that U N H = {e}. Choose an open
subset V with V.= V= and V-V C U (cf. [24, Remark 2.3]) and let V, := V - g, the right
translation of V' by g € G. Note that Vj is a neighborhood of g in G and ¢(V}) is a neighborhood
of ¢(g) in the quotient G/H, since ¢ is an open map.

Claim: vih1 = vahy with vj € V, hj cH implies v1 = v2 and h; = hs.

This follows, since vy 'v; = hohi ! belongs to both U and H, thus equals e.

Based on this observation, one can prove the following two facts:

(a) For all g € G and h € H the map ¢ induces a homeomorphism V, - h — ¢(V,),

(b) if hl, h2 € H with hl 7é hg, then (Vg . hl) N (Vg . hg) = @

Proof of (a): we have surjectivity from ¢(Vj - h) = q(Vj), injectivity, since g(vigh) = q(vagh) for
V1,02 €V impliesU DV - V=V .V"13 fulvz_l = (v19)(v2g)~! € H and then vlvgl = ¢, and so
q is a bijective, continuous, open map, thus, a homeomorphism.

To prove (b), suppose (V- h1) N (Vg - he) # 0 and choose v1,v2 € V' with v1gh1 = vaghs. Then
V.-V> vz_lvl = g(hghl_l)g_1 € gHg™!' = H, which first implies v1v2_1 = e and then h; = hs.

Note that ¢~ (q(Vy)) = ¢ 2 (¢(Vy - h)) 2 V, - h for all h € H and that ¢’ € ¢~ *(¢(V,)) means
g'H € VyH, ie., g € Vyh' for some h' € H. From (a), (b) we now obtain that for every g € G,
g *(q(Vy)) is the disjoint union, with h varying in H, of the sets V, - h, which are all homeomorphic
to q(Vy). Therefore, ¢ is a covering map. O

Now we are in a position to identify the above topological covering even as a covering of Lie groups.

1.4.7. COROLLARY. On each of the three groups Pin(s,t), Spin(s,t), Spin'(s,t), we can define a
unique Lie group structure such that A gives smooth double coverings of Lie groups

Pin(s,t) — O(s,t), Spin(s,t) — SO(s,t), SpinT(s,t) — SO (s,1).

PROOF. In each case we may declare the factor map isomorphism Xa diffeomorphism, since O(s, t),
SO(s,t), SOT(s,t) are Lie groups. In this way, we obtain a Lie group structure on the respective
quotient groups. The canonical surjection ¢ is a covering map, thus a local homeomorphism,
and may be used to induce a smooth structure on the pin and spin groups stemming from the
quotients. With these smooth structures, clearly ¢ is a smooth map. Moreover, the pin and spin
groups are then Lie groups, which we will check below in some detail for Pin(s,t) (and the proof
below obviously works generally for any covering construction as above). For the moment, let us
observe that, as a consequence, the covering map A then automatically becomes a covering of Lie
groups by construction.
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Let g1,g92 € Pin(s,t) and choose first a neighborhood W of g1g- in Pin(s,t) such that ¢|w is a
diffeomorphism, then neighborhoods Vj of g; (j = 1,2) such that q|y, are diffeomorphisms and
that the group multiplication p: Pin(s,t) x Pin(s,t) — Pin(s,¢) maps V; x V; into W. With the
notation N := ker A = {—1,1} we have for all (¢’,¢"”) € Vi x Vo that ¢(u(¢’,9")) = ¢'¢"N =
('N)(g"N) = q(g")q(g”) = o (g xq)(¢g,g"), where ji denotes the smooth multiplication in the
quotient group Pin(s,t)/N. We have identified g o pu as the composition of smooth maps, hence it
is smooth. Since ¢ is a local diffeomorphism, we have shown that p is smooth. O

1.4.8. REMARK. (i) Since the pin group is a Lie group when equipped with the trace topology
of C1*(s,t), [24, Theorem 21.10] shows that it is a closed subgroup of C1*(s,t) and thereby a
Lie subgroup according to Cartan’s theorem ([24, Theorem 21.7]). Indeed there are alternative
approaches to the pin group (cf. [34, Equations (5.2.10) and (5.2.1)]), which allow one to obtain it
directly as a closed subgroup of the Lie group C1* (s, t). The resulting smooth structure necessarily
agrees with the one we constructed due to [24, Remark 21.12].

(ii) Based on the classification of coverings in terms of properties of the fundamental group, some
of the double coverings with Spin™(s,¢) established above can be proven to be universal (cf.
[3, Abschnitt 1.2]). For example, for n > 3,

Spin(n) — SO(n) and Spin't(1,n) — SOT(1,n)

are the universal coverings.

1.4.9. EXAMPLE (Spin groups in dimensions n < 2). (i) In R»® we have S_ =0, S, = {—ey,e1}
and obtain Spin(1,0) = {—1,1} & Zs. It covers SO(1) = {1} via the map k ~ k2.

(i) In R%Y we have S_ = () and S, is the unit circle S, so we may parametrize vectors v € S,
in the form v = cos(a)e; + sin(a)ey with o € R. Note that Spin™(2) € C1°(2) = R-span{1, e;es}
and a quick calculation with v; = cos(c;)e; +sin(c;)es (and basic trigonometric formulae) shows
v1ve = (cos(ay)er + sin(aq)es)(cos(as)er + sin(asg)es) = —cos(a — an)l — sin(ag — as)ejes.
Upon setting here 0 := 7 + (a1 — a2), we obtain the educated guess that
Spin™(2) = {cos(#)1 + sin(f)eres | 0 € R},

where the calculation showed already that Spin™(2) contains this subset. Since any element in
Spin™ (2) is generated from products of pairs as above, we only need to check the result of a product
of two vectors cos(;)1 + sin(f;)eres (j = 1,2). Using ejezejes = —efe3 = —1 and trigonometric
formulae, we have

(cos(f1)1 + sin(61)erez)(cos(62)1 + sin(fa)eres) = cos(61 + 02)1 + sin(fy + O2)eqes.
By the same observation, we see that cos(6)1 + sin(f)ejes + € induces a group isomorphism
with U(1), thus we have shown that
Spin(2) 2 U(1).

The covering map A onto SO(2) can be constructed (or guessed) from identifying v = cos(«)e; +
sin(a)eq with the reflection R, at {v}+ = span{—sin(a)e; +cos(a)es} corresponding to the matrix
( —cos(2a) — sin(2a)

_sin(2a) cos(2a) ) Calculating R, R,, with v; and vy as above, then identifying vivy again as

cos(6)1 + sin(f)e; ez, one can deduce that A is given by e? (:f’;gg)) ;Z;r(‘éf)g)) ), or, upon noting

that also U(1) = SO(2), we may interpret A as the map U(1) — U(1), z = 2.

(iii) In R we have S_ = {(z1,72) € R? | 23 = 1 + 23} and S} = {(z1,22) € R? | 23 =
1 + 23} as typical hyperbolae, where S_ has its branches above and below the horizontal z;-
axis, S; left and right to the vertical xs-axis. We may parametrize vectors in S_ in the form
+(sinh(7)e; + cosh(7)ez) and those in S; by £(cosh(7)e; + sinh(7)ez) with 7 € R. With a little
effort by calculations similar to those in (ii), one can derive that

Spin™(1,1) = {e(cosh(7)1 +sinh(7)ejes) | 7 € R,e € {—1,1}}
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with the multiplication formula
e1(cosh(7y)1 + sinh(7 )ejeq) - e2(cosh(mz)1 + sinh(72)e;ez)
= eg1e9(cosh(ry + 72)1 + sinh(m + 72)ejes).
We observe that we may construct an isomorphism with a subgroup of SL(2, R) via the assignment
g(cosh(7)1 + sinh(7)ejes) — & (607 .2+ ) and obtain
Spint(1,1) = {£ (¢ %) [7eR}}={(% %) [T €R}U {(‘gT _eo,,) | 7 € R} C SL(2,R),

which also shows that Spin‘"(l7 1) has two connected components.

1.4.10. REMARK. Before focussing on Minkowski space in the example to follow, we mention a
few other low dimensional examples without going into details. One can show that Spin™(1,2) =2
SL(2,R), Spin(3) = SU(2), and Spin(4) = SU(2) x SU(2) (cf. [26, Chapter I, Section 8]).

1.4.11. EXAMPLE (The orthochronous spin group for Minkowski space). (i) We will sketch below
in (ii) how to prove by means of Lie group covering maps that we have the isomorphism

Spin™(1,3) = SL(2,C).

Here, we will instead show this by “brave matrix calculations” based on what we learned about
CI(1, 3) in Example 1.2.27(iii). We had the Clifford map ~: R13 — L(C*) with generators v(e,) :=
Ya—1 (a = 17 27374) given by

(0 il (0 ok,
Yo = (ZIQ 0 > y k= (-iO'k 0 ) (k_ 172a3)
and satisfying

732—[4, ’y,§:I4 (k=1,2,3), {7V, %} =0(0<a,b<3,a#b).

We then obtained CI(1,3) as the real 16-dimensional subalgebra of L(C*) which is the real linear
hull of the basis set B := {14, 70, 71,72, Y3} U {7V | 0 <a <b <3} U{7amYc | 0<a<b<c<
3}U{70717273}. Recall that Spin™(1,3) is contained in the even subalgebra C1°(1,3) which is the
real linear span of the following subset of B with 8 elements:

By = {Li} U{vam |0 <a<b<3}U {77273}

Elementary calculations using the Pauli matrix relations give all elements of By explicitly by

_ [(ok 0 . _fioz3 O
YoVYk = < 0 _Jk> (k - 17273)v Y172 = < 0 ’iO’3> 5
_ (0103 0 ith o 0 -1 o iO’l 0
Y173 = 0 0103 W1 0103 = 1 0 ’ Y2773 = 0 ,1:0_1 )
(il 0 (L 0
YoV1Y2Ys = < 0 _i12> I, = (O Ig) .

As can be seen from the above, C1°(1,3) C Ly := L(C?) & L(C?), since the linear combinations
of the elements in By are all block matrices(4 %) with A, B € L(C?). We also see that the basis
elements Iy, v0v1, 7073, 7173 are real matrices, while g2, v1y2, Y273, Yoy17Y27y3 are all of the form
i times a real matrix. Consider linear combinations with coefficients built up bijectively from
a,b,...,g,h € R in the form

_a+d b+c a—d c—b g—1f e—h
U:= > I+ 5 0N T 5B N TS 02t 5N
a b 0 0 e f O 0
g+ f e+h e d 0 0 g B 0 0
+ 9 Y2y3 + 5 NMNB= g o g e Trlo o —n g |
00 b a 00 f -—e
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which after some playing around can be recognized to have the structure

U=(7 %) withz= (" *2) e and 2= 22 1),
0 Z 221 222 —Z12 211
Observe that det Z = det Z and hence det U = | det Z|?, so that U is invertible if and only if Z is.

Thus far, we have learned that an element S € Spin™(1,3) has to be of the form S = (g %) with

Z € GL(2,C). We also see that in this case, Z = det Z - (Z1)~!, where Z := Z". Let us check
in more detail the particular case S = ~(x)y(y) with  and y both in S_ or both in Sy, i.e.,
n(z,z) =n(y,y) = £1. A simple calculation shows

5 0 0 i(l‘o +x3)  ix1+ X2
_ _ 0 0 ixy —xo  i(xo—x3) | 0 iM(x)
v(z) = Zox“% T (o —w3) —imy — 22 0 0 " \UN(2) 0
= —ixl -|—£C2 Z(l’o +.T3) 0 0

and then

S =7(2)(y) =" (N(()x) Mé@) (N(()y) Méy)> B <_M(%)N(y) -N (agM (y)) '

Note that

To+T3 T —IT
(1.20) det M (x) = det (mlo+ Z;’Q xlo _ xj) = (2§ — 23) — (27 + 23) = n(z,2)

and the same holds for N(z) = ("% ~#1t%2) Therefore, we obtain that

—x1—ir2 To+T3
det(—M (2)N(y)) = (=1)*n(z,2)n(y,y) = n(z,2)* =1 and det(~N(z)M(y)) = 1.

g ) with det Z = 1 and

We learned that v(z)v(y) with z,y € S_ or x,y € S; is of the form ( %
1

thus Z =det Z - (z1)~' = (z)~1.
A general element S in Spin™(1,3) is a product of pairs v(x)y(y) as above. Since

<%1 (ZIO)”) (ff (Zgo)‘1> - (21022 ((ZlZg)T)l)

and the determinant ist multiplicative, we see that such a product is in general of the form

Z 0 .
S = (0 (ZT)I) with Z € SL(2, C).

(ii) As a complement to (i), let us give a construction of the double covering map
A: SL(2,C) — SO™(1,3),
which could also be used for an alternative proof of the ismorphism Spin™(1,3) = SL(2, C).

In the course of the calculations in (i) we had introduced a map from R'3 to the real 4-dimensional
vector space of complex Hermitian (2 x 2)-matrices H(2,C), given by

. 3
L o + I3 Tr1 — 1x2 _
x> M(x) = (xl tize o — (L’g) = xols + ;J?k()’ka

which has the property det M (x) = n(z, x) as seen in Equation (1.20). Obviously, M is linear and
injective, hence a vector space isomorphism R13 = H (2, C), since the dimensions match.

For any S € SL(2,C), the assignment N — SN ST is easily seen to give an R-linear bijective map
po(S): H(2,C) — H(2,C) with the property det(po(S)N) = det N. Furthermore, S — pg(S) de-
fines a group representation pg: SL(2,C) — GL(H(2,C)), since po(S1S2)N = (5152)N(S152)t =
S1(SoNSHST = po(S1)po(S2)N. Intertwining py with the ismomorphism M: R — H(2,C)
induces the group representation p: SL(2,C) — GL(R?), i.e.,

p(S)x = M~ tpy(S)M(x) VS € SL(2,C),z € RS,
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We claim that p(S) € SOT(1,3) for every S € SL(2,C).
To first prove that p(S) belongs to O(1, 3), we calculate (recalling 7(y, y) = det M (y))

H(P(S), p(S)2) = (M~ po(S)M (), M~ po(S)M(x)) = det(po(S)M(x)) = det(SM(2)S")
= det S det M (x) det ST = n(z, z)

and note that n(p(S)z, p(S)y) = n(x,y) follows then by polarization. Moreover, the map S —
p(S) could be expressed in terms of coordinates via rational functions, thus is smooth and then
connectedness of SI,(2,C) ([19, Theorem 1.2.22,2.]) implies that p(SL(2,C)) C SO*(1,3).

We define \ via p considered as group homomorphism into SO™ (1, 3) (this preserves smoothness of
A, since SO (1,3) is an embedded submanifold) and finally claim that

(a) ker A\ = {—1I5, 5} and

(b) X is a surjective covering map.

(a): Let S € SL(2,C) such that A(S) = I,. This implies that SNST = N for all N € H(2,C).
Setting N = I we obtain SST = I, thus S € SU(2) and we deduce that

YN € H(2,C): SN = NS.

Since every complex (2 X 2)-matrix is a complex linear combination of elements N € H(2,C), we
derive that S = al, with some a € C. But then 1 = det .S = a? implies a = —1 or a = 1.

(b): The result follows from [24, Theorem 22.4(iii)] once we have shown that A\, = T A: s1(2,C) —
507 (1, 3) is bijective. Recall from 1.1.5(g) that dimso™(1,3) = dimo(1,3) = (4-3)/2 = 6 and that
dimsl(2,C) =2-4 -2 =6 ([19, Theorem 1.2.17,1.]), hence it suffices to check injectivity of A..
Let X € sl(2,C) such that A.(X) = 0. Then the curve c: ¢t — A(exp(tX)) is constant in
SO*(1,3), since /() = LA (exp(tX)) = & |_oA(exp((t+35)X)) = L] ,_oA(exp(tX))A(exp(sX)) =
TeLx(exp(tx)) A+ (X) = 0, where L, denotes multiplication by g from the left. From ¢(0) = I4, we
deduce that exp(tX) € ker A = {—1Is, o} for all t € R. Differentiation of the matrix-valued
function ¢ — exp(tX) then gives 0 = % |,_o(exp(tX)) = X.

We summarize a few insights from the previous extensive example in the following statement.

1.4.12. COROLLARY. For Minkowski space RY3, the orthochronous spin group Spin™ (1,3) is iso-
morphic to SL(2,C). The double covering map X\: Spin™(1,3) — SO™(1,3) is induced by the real
vector space isomorphism of RY3 with the space H(2,C) of Hermitian (2 x 2)-matrices, given by
3
x> M(x):=xola + Zxkak, satisfying det M(x) = n(z, x),
k=1
in combination with the action
SL(2,C) x H(2,C) — H(2,C), (S,N)+ SNST.

In the standard representation of C1(1,3) on C*, described in Examples 1.2.27(iii) and 1.4.11(3),
we obtain the realization

Spin*(1,3) = {(ﬁ (STO)—1> | S € SL(2,C)}.

Recall that the spinor representation 7,: Cl(n) — L(
sentation of the real subalgebra Cl(s,t) of Cl(s,t) Qg
Spin™ (s, t) € C1%(s,t) and clearly have m,(Spin™ (s, t)) C

A,,) induces certainly a complex repre-
C = Cl(n), which we may restrict to
GL(A,).

1.4.13. DEFINITION. We consider the restriction of the spinor representation m,, to Spin™ (s, ) with
target space GL(A,) and obtain the group representation

Kn: SpinT(s,t) — GL(A,),

which we call the spinor representation of Spin™ (s,t) (and often drop the index n in &,,).
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The following proposition gives the relation between the Clifford multiplication R®! x A, —
Apn, -t = m,(2), the covering homomorphism A: Spin™(s,t) — SOT(s,t), and the spinor
representation x = ,, of Spin™ (s, t).

1.4.14. PROPOSITION. For all g € Spin™ (s,t), z € RS, ¢ € A,,, we have

r(g)(z - ¥) = (Mg)z) - (k(9)Y)-

PROOF. By straightforward application of definitions and basic properties,

K(9) (1) = mp(g) (M (2)0) = Tn(92) = T (gzg™ )0 (9)th = T (A (g)x)K(9)1 = (M(g)x)-(K(9)1).
0

Lemma 1.4.1 provided us with the Lie group structure of C1*(s,t) and the Lie algebra of C1* (s, t)
as isomorphic to Cl(s,t) with the algebra commutator as Lie bracket. Therefore, we may identify
the Lie algebra of Spin™ (s, ¢) with a Lie subalgebra of Cl(s,t).

1.4.15. LEMMA. Let n = s+t and M(s,t) := spanf{ejer | 1 < j <k <n} C Cl(s,t). Then M(s,t)
is a Lie subalgebra of Cl(s,t) and dim M (s,t) = n(n —1)/2.

PROOF. We know that the set {ejer | 1 < j < k < n} is linearly independent in Cl(s,t), thus
M{(s,t) is a vector subspace of dimension (n—1)+ (n—2)+...+2+1 =n(n —1)/2. It remains
to show that M (s,t) is closed under the Lie bracket. Let j < k and [ < m, then we have (using
short-hand notation like 1, = n(e;, ex) etc)

[ej€r, elem] = €jereien, — elemejer = €jereien, + e1e€jemer + 2Njmeiey
= ejereiem + (—ejer — 2m ) (—ekem — 2Nmk) + 20imerex
= ejepeilm + ejeegen + 2(mjerem + Nmrejer) + 40Nmk + 21jmeek
= ejereiem + ej(—exer — 2mg)em + 2(Mjexem + Nmrejer + Nimeiex) + 40 Mmk
= 2(—mnejem + Mjerem + Nmrejer + Nimerer + 200 mik)-

In case j # | or k # m, the last term vanishes and hence [ejey, €e,,] € M(s,t). In case j =1 and
k =m, we clearly have [e;ey, ejer] =0 € M(s,t). O

1.4.16. REMARK. As a vector space, M (s,t) is obviously isomorphic to A%2(R™). As a Lie algebra,
M (s,t) is isomorphic to o(s,t) as we will show in the following proposition (see also [34, Equation
(5.2.28)]).

1.4.17. PROPOSITION. The Lie algebra spin™ (s,t) of Spin™ (s, t) is equal to M(s,t).

PROOF. We show that every basis element eje;, (j < k) of M(s,t) occurs as the tangent vec-
tor of some curve in Spin™(s,t) at the identity. Since we know by local diffeomorphism that
dim Spin™ (s, t) = dim SO™ (s,t) = n(n—1)/2 (see also 1.1.5(g)), this will then complete the proof.

Case 1j; = Ngx: We consider a(7) := cos(7)1+sin(7)e;e for 7 € R. We have a(7) € Spin™ (s, t) for
every T € R, since a(7) = €;(—n;; cos(T)e; +sin(r)ex) =: e;jv and n(ej, e;) = n;; = 77J2-]- cos?(T)n;j+
sin®(7)nr = n(v,v). Clearly, a(0) = 1 and &(0) = e;ex.

Case 1j; = —nki: Consider a(7) := cosh(7)1+sinh(7)e e, = e;(—n;; cosh(r)e;+sinh(7)ey) =: e;v
for 7 € R. Then n(e;,e;) = n;; = 1j;(cosh?(1) — sinh?(7)) = n:; cosh?(7)n;; + sinh?(7)nex =
n(v,v), which shows that a(7) € Spin™ (s, ) for every 7 € R. The values a(0) = 1 and &(0) = e;ex
are again obvious. O

Recall from Lemma 1.4.4 and (1.18) that for u € Spin™ (s, t), the action of A(u) on a vector z € R®*
is given as the unique vector in R*! corresponding to the element uzu=! in y(R**) C Cl(s,t).
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Let )\, := Ty \ (the derivative of A at 1) and z € T;Spin™ (s,t) = spin™ (s,t). The formula for the
action of A implies that for every x € R*?,

M2 = - (Aexp(72))2) [r=0 = = (exp(r2)e exp(—72)) lr=o = 20 — 22 = [2,1],

which a priori looks only like some element in Cl(s, t), but may be identified with a unique vector

. R . . o . _ ) ) _ _
in R** in the following way: Writing z = > ,_; zjrejer and z = 7, me;, we have [z,2] =
Zj<k,l zjkxilejer, e and

[ejek, el = ejerel — ejejer, = ejepe; + ejeiey + 2n e = ejepe; — ejepe; — 2npie; + 2nj ey

= 277j16k — 277klej € ’}/(Rs’t).

In particular, the final expression can be rewritten as > (21i0km — 20k10jm)em =: Y, Amiem,
from which we may read off the entries of the matrix A = (Ami)1<m,i<n Of Ai(e;e) with respect to
the standard basis (upon inserting 7;; = 1;;0;; and N = M) a8 Ami = 21;j0mr051— 2MkkOm; Okl
or A = 2n;;Ey; — 20w Ej, with Ep, denoting the (n X n)-matrix with entry 1 at row p, column g,
and 0 elsewhere. We collect the formulae thus obtained:

(1.21) Ai(ejer)er = 2njier, — 2npe;  and the matrix of M. (ejex) is 20, Erj — 2nkkEj.
Since A is a local diffeomorphism, A, is an isomorphism of Lie algebras and we should therefore
be able to recover any z € spin(s,t) from knowing . (z). Indeed, there is an explicit formula

for A1, which we will now derive employing the basis expansion z = <k Zik€5Chk; which gives
Ael(2) = D2, zikAs(ejer). Let 1 <1 <m < n and calculate using (1.21) (and n; = n;;4d;; etc)

N (2)enem) = > zin(Aalejer)en em) = Y zpn(2njiex — 20k€;, €m)

j<k j<k
=2 2k (e em — Meaim) = 2> 25055k 015 0mb — 2 D 2k Mk 15501k 0m
i<k j<k j<k

where the second sum vanishes, since we have j < k and [ < m, and the first sum collapes to j =
and k = m. Therefore, we obtain n(A«(z)er, €m) = 22imMuNmm, which (upon relabeling [ as j and
m as k for later convenience) yields z;i = n;;m66n (A< (2)e;, ex)/2 and finally gives

1
z= szkejek =3 anjnkkn()\*(z)ej, ek)ejer,
i<k j<k

by which z € spin™(s,t) is determined from \,(z) =: A € so*(s,t). In other words, we have the
following explicit formula for z = A\ 1(A):

_ 1
(1.22) AA) =5 > n(Aej, ex)n;minesex.
i<k

To summarize, we have shown the following results.

1.4.18. COROLLARY. Let \,: spin®(s,t) — sot(s,t) be the Lie algebra isomorphism induced by
the covering homomorphism X: Spin™ (s,t) — SOT (s,t). For any z € spin™(s,t) and © € R>?,
we have [z,z] € y(R*!) and the action of \i(2) can be determined from A\.(2)x = [z,z]. For
1 < j < k < n, the matriz corresponding to A.(ejer) € s0™ (s,t) is given by (1.21). The inverse
A Lis0T (s, t) — spint (s,t) is given by formula (1.22) for all A € sot(s,t).

1.5. Majorana spinors

1.5.1. DEFINITION. Let V be a complex vector space, G a Lie group and p : G — GL(V) a
representation of G.

(i) A real structure on V is a complex antilinear (i.e., conjugate linear) G-equivariant map
o:V =V (ie, a(p(g)v) = p(g)o(v)) with o2 = id.
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(ii) A quaternionic structure on V is a complex antilinear G-equivariant map J : V. — V
with J? = —id.

1.5.2. PROPOSITION. Let o be a real structure on the complex G-representation space V. and set
Ve i={veV]o()=uv}

Then V. =V @iV, providing a decomposition of elements of V' into real and imaginary parts.
Moreover, the representation on V induces real representations of G on V7 and on iV that are
isomorphic.

PROOF. Let V'? := {v € V | o(v) = —v}. Then both V7 and V’7 are real subspaces of V and for
any v € V we have the decomposition

1 1
v = 5(U + 0'(’1))) + 5(“ - U(U))7

which shows that V' = V7 @ V'?. Moreover, by complex antilinearity, o(iv) = —io(v), so v €
VO s ive V', ie, VIO = iVe.

To see that the representation restricts to V7, note that by G-equivariance we have, for v € V7
and g € G: o(g-v) = g-o(v) = g-v, and similarly for V'?. Finally, the map v — iv is G-equivariant
because the representation is complex linear, and provides a real isomorphism between V? and
v'e. O

The name ‘quaternionic structure’ finds its explanation in the following result. In its formula-
tion, we will make use of some basic properties of quaternions H (cf. [19, Section 1.1.1]). By a
quaternionic vector space we mean a vector space that is a (left or right) H-module.

1.5.3. PROPOSITION. Let J be a quaternionic structure and p a complex representation of G on
V. Let

I1:V >V

V1.

Then I,J and K := IJ define the structure of a G-equivariant quaternionic vector space on V.

PROOF. I(p(v)) = ip(v) = p(iv) = p(Iv), so I is G-equivariant. The same is true of J by
assumption, and consequently also of K = I.J. Furthermore, I? = —id = J?, and JI(v) = J(iv) =
—iJ(v) = —1J(v), so I,J, K satisfy the quaternionic identitites. The desired module structure
then follows by extending ¢ - v = I(v), j-v:= J(v), k-v:= K(v) R-linearly to Hx V - V. O

1.5.4. DEFINITION. As in Definition 1.4.13, let x: Spin™ (s,t) — GL(A) denote the complex spinor
representation of the orthochronous spin group.

(i) The spinor representation is called Majorana if it admits a real structure o. Then by
Proposition 1.5.2 there exists a real subspace

A% ={seAlo(s)=s}

of A with dimrp A? = %dimRA = dimc A and k induces a real representation of
Spin™(s,t) on A?. The elements of A% are called Majorana spinors. Any ¢ € A
can be uniquely decomposed as ¥ = ¢1 + i¢po with Majorana spinors ¢1, ¢2. Picking a
real basis aq, ..., ax of A% we have o(a;) = ; for i =1,...,k

(ii) The spinor representation A is called symplectic Majorana if it admits a quaternionic
structure J. Then Proposition 1.5.3 implies that A possesses a Spin™ (s, t)-equivariant
structure I,.JJ, K = IJ of a quaternionic vector space. The elements of A are called
symplectic Majorana spinors.
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1.5.5. REMARK. (i) Given a symplectic Majorana representation A, pick any x; # 0 in A and set
A1 :=J(x1). Then {x1, A} is linearly independent since applying J to J(x1) = a1 would imply
—x1 = aJ(x1) = |a|®x1, a contradiction. If there exists some yo & span(xi, A1), we set Ay :=
J(x2). Then A2 & span(xi, A1, Xx2), since applying J to Aa = axe + fv (with v € span(x1, A\1))
would imply

—X2 = 5[)\2 —+ w

for some w € span(xi, 1), and re-inserting for Ay from above then gives (=1 — |a|?)x2 €
span(x1, A1), which is absurd. Continuing in this way, we obtain a basis A1,..., Ak, X1,--- Xk
of A such that

In terms of this basis, J is therefore represented by the standard symplectic matrix ( OI %),
— 1

which explains the terminology in the previous definition.

(ii) For concrete calculations it is useful to adopt the following conventions from the physics
literature: Given a spinor ¢ € A, we write ¢ = o (1)) or ¢ = J(v)), depending on whether A is
endowed with a real structure o or a quaternionic structure .J. Then the spinor ¢ is called the
charge conjugate of 1. Once a complex basis in A has been chosen we may identify A with CV,
and in this picture real or quaternionic structures can be expressed via a matrix B:

(1.23) ¢ = By,

with ¢* denoting the complex conjugate of ¢ (which is required due to the anti-linearity of o
resp. J). The conditions 02 =id resp. J? = —id translate to B*B = Iy resp. B*B = —Iy, while
Spin™ (s, t)-equivariance (o (k(g)w) = k(g)o(¥)) takes the form

k(9)* = Br(g)B™" Vg € SpinT (s, ).

Recall from Proposition 1.3.3 the direct sum decomosition A = Ay @A _ of complex Weyl spinors,
and let 74 : A — A, be the projection along A_.

1.5.6. DEFINITION. Let s : Spin™(s,t) — GL(A) be the complex spinor representation over an
even-dimensional vector space A = A,,.

(i) A is called Majorana- Weyl if it admits a real structure o that commutes with 7. Then
o induces real structures on both Weyl spinor spaces AL. The elements of

Ti={se€e Ay |o(s)=s}
are called left-handed and right-handed Majorana-Weyl spinors, respectively.

(ii) A is called symplectic Majorana-Weyl if it possesses a quaternionic structure J that
commutes with 7. Then I, J, K = IJ induce quaternionic vector space structures on
both A, and A_. Elements of Ay are called left-handed or right-handed symplectic
Majorana-Weyl spinors.

Depending on the dimension n and the signature (s,t) the above types of spinors may or may not
exist. E.g., in Minkowski spacetime of dimension 4 there are both Weyl and Majorana spinors,
but no Majorana-Weyl spinors (and therefore any Majorana spinor in this case has components
in both A} and A_). There is a complete classification for the existence of these additional
structures, cf. [19, Section 6.6] and the references given there.
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1.6. Spin invariant scalar products

1.6.1. DEFINITION. Let A = A,, be the complex spinor representation of Cl(s,t) and fix constants

u,v = +1. A non-degenerate complex bilinear form (., .) : A x A — C is called a Majorana form
if

(i) (X -9, 9) = p(h, X - ¢) for all X € R*! and all ¥, ¢ € A.
(i) (10,6) = v(6,0) for all 6,1 € A,

Concrete calculations are best carried out in coordinates:

1.6.2. LEMMA. Given a Majorana form (., .) and a complex basis {xa} of A, let C be the matrix

with entries Cop = (Xa, Xg)- Let ¢,1) € A with basis expansion 1 =Y YaXa and ¢ =3 daXas
then

(1.24) (¥,¢) =47 C9.

Furthermore, properties (i) and (ii) from Definition 1.6.1 can equivalently be expressed in terms
of v-matrices as

(i) 7' = uC~,C~1 fora=1,...,s+t.
(i) O = vC.

(The first equation also holds with physical gamma matrices T, instead of v,.)

PROOF. Since (1.24) is immediate from the definitions, it remains to show (i) and (ii).
(i) By Definition 1.3.2, (i) from Definition 1.6.1 is equivalent to having, for all ¢, 1)

VX (X4, 0) = (ma(v(X))Y, ) = (), mn (7(X))$) & Va: (mn(V(€a))¥; 8) = (), mn(V(€a)) @)
SVa: (Yo, 0) = w70 ¢) & Va: (1a9) Co = " Cragp
&Va: yIC = pCy, & Va: v = pCry, 071

(ii) By (1.24), (ii) in Definition 1.6.1 is equivalent to
Vo, 9T Cop=vopTCp =T CT ¢ & C =v0T = CT =vC.

In the physics literature, the matrix C' is called the charge conjugation matriz.
1.6.3. LEMMA. Every Majorana form is invariant under the action of Spin™ (s, t).

PROOF. By 1.6.1 and the definition of Clifford multiplication we have

(1.25) (X, X - 0) = p(, (X - X) - 8) = —un(X, X)(,6) VX € R

By Definition 1.4.3, any g € Spin™(s,t) is of the form g = Z; - -+ Zap 124, with 2p of the Z; from
S_,say Zi,,...,Zi,,, and 2q of the Z; from Sy, say Z;,,...,Z;, . Applying (1.25) iteratively we

obtain
2q

2p
(90.99) = (=2 [ n(Zi,. Z:) [ [ 1(Zi,. Z3) (@, 6) = (. ).
k=1 =1
O

Depending on n = s + ¢, only certain choices of y and v are permissible to obtain a Majorana
form. Again, a complete list of possible values is available, cf. [19, Section 6.7] and the references
given there.
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1.6.4. DEFINITION. For any spinor ¢ € A, its Majorana conjugate is the linear functional ) € A*
defined by

ane a basis {x,} for A is chosen, then in terms of the charge conjugation matrix C' we have
P(¢) = (¥, ¢) = T Coh, s0 b =P C.
1.7. Dirac forms

1.7.1. DEFINITION. Let A = A,, be the complex spinor representation of Cl(s, t) and fix a constant
§ = £1. A non-degenerate R-bilinear form (., .) : A x A — C is called a Dirac form if

(i) (X -4, ¢) =5(1p, X - ¢) for all X € RS and all ¢, ¢ € A.

(i) (1, ¢) = (¢, ) for all ¢, ¥ € A.
(ili) (¥, co) = c(, d) = (e, @) for all ¢, € A and all ¢ € C.

Note that we do not require a Dirac form to be positive definite. In complete analogy to Lemma
1.6.2 (and with analogous proof), we have the following local characterization of Dirac forms:

1.7.2. LEMMA. Given a Dirac form (., .) and a complez basis {xa} of A, let A be the matriz with

entries Aag = (Xa,Xp). Let ¢, € A with basis expansion 1 = Y YaXxa and ¢ = Y daXa,
then

(1.26) (¥, ¢) = T Ag.
Furthermore, properties (i) and (ii) from Definition 1.7.1 can equivalently be expressed in terms
of v-matrices as

(i) v = 0Av, A7 (equivalently, Tt = —§AT A7) fora=1,...,s+t.
(i) AT = A.

Moreover, the analogue of Lemma 1.6.3 (again with almost identical proof) reads:
1.7.3. LEMMA. Every Dirac form is invariant under the action of Spin™ (s, t).

1.7.4. DEFINITION. A complex representation of the Clifford algebra Cl(s, t) is called basis unitary
if all corresponding gamma matrices 7, are unitary (equivalently, if all ', are unitary).

1.7.5. LEMMA. The complex spinor representation A of the Clifford algebra Cl(s,t) can be chosen
basis unitary.

PROOF. Let {e,} be an orthonormal basis and let G be the multiplicative group in Cl(s,t)
generated by {e,}. Using the Clifford relations it immediately follows that G is finite. Pick any
Hermitian scalar product (., .) on A and set, for ¢, € A,

(6,9) =Y (96, 9%).

geG
This defines a new Hermitian scalar product on A, and for any a = 1,...,n and ¢,% € A we have
(adrea-1) =Y (9(ea- ), g(ea 1)) = Y _((gea)), (gea))) = Y _ (90, 98) = (6, ).
geG geG geG

Hence with respect to this Hermitian product, all e, are unitary maps, and so the corresponding
gamma matrices are unitary as well. O

Unless otherwise stated we shall henceforth always choose a Hermitian scalar product on the spinor
space such that the spinor representation is basis unitary.
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Recall from Remark 1.2.19 the identity {T'q, Ty} = 21451, for the physical gamma matrices. This
implies I'; ' = n(eq, €4)T, and since T, is unitary we get

(1.27) rN=r,'=T, Va=1,...,s
(1.28) IN=r,'=-T, Ya=s+1,...,s+1

The following result introduces some standard local expressions for Dirac forms:

1.7.6. PROPOSITION. Given a basis unitary spinor representation of Cl(s,t), suppose that one of
the following choices has been made

(1) 6 = (=1)!*1, e € {1,i} such that & = (—1)"HD/2e . A =cTy - Ty, or
(i) 6 = (=1)%, e € {1,i} such that & = (—1)*6=D/2¢, A = €Ty - T,.

Then A is unitary and satisfies (i) and (i1) from Lemma 1.7.2, hence defines a Dirac form for the
spinor representation.

PROOF. We show this in the case (i) with e = 1, the other possibilities are treated analogously.
Since I',)T'y = —T'W)I'y, fora=1,...sand b=s+1,...,s+t we have

ATq =Top1-- Doy = (-1)'T,A (1.27) LA,

if we set 0 := (—=1)'T!. Fora=s+1,...,s+t we get

AT, = (=1)% 5 gyy - Tyl - Ty = (=)0, A e —0TT A,

so (i) from Lemma 1.7.2 follows. Concerning property (ii) in that same lemma, we have

Al = 5Ti+t . "FZH i E(—1)'Tyyy - Dyyr = (—1)HED/2(Cyt(—1)tE=D/2D T, = A

Finally, since each I'y is unitary, so is A. ]

1.7.7. DEFINITION. The Dirac conjugate 1) of a spinor ¢ € A with respect to a Dirac form is

b= (y,.) €A
In terms of a basis {xa} for A, with ¥ = >~ ¥4 Xxa, With respect to the dual basis of A*, we have
(ct. (1.26))

P =ylA
Again by (1.26) we can write the Dirac scalar product of spinors 1, ¢ as

Let us now study the relationship between invariant forms and Majorana spinors. To this end,
let A = A,, be the complex spinor representation of Cl(s,t) and fix a Majorana form (., .) and a
Dirac form (., .) described by matrices C, A with (cf. Lemma 1.6.2))

'’ —ucr,c=' Va=1,...,s+t
ct =vC

and (cf. Lemma 1.7.2)
Il = AT, A" Va=1,...,s+1
Al = A

1.7.8. LEMMA. There exists a complex antilinear map 7 : A — A such that

(1, 0) = (7(¥),0) V,¢ € A.

With respect to a basis {xa} as above, T = 1 — B~Y* with B = (C1)"*A. Here, ¥* denotes
the component-wise complex conjugate (to avoid confusion with the Dirac conjugate).
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PROOF. Any non-degenerate bilinear form induces an isomorphism between the vector space on
which it is defined and its dual. Since the Dirac form is non-degenerate and ¢ — (1, @) lies in A*,
the existence of some 7(¢)) as above follows, and anti-linearity of 7 is a consequence of the anti-
linearity of (., .) in the first factor. The remaining claim follows because setting B = (CT)~1A
the map 7 = ¢ — B~ 19* indeed satisfies
(r(¥),0) = 7(¥)TAp = (B7'¢") Ap = (A7 CTy") T A9 = pTC(AT) Ap = 4T Co = (1, 9).
O

As an immediate consequence we obtain:

1.7.9. COROLLARY. For a spinor ¢ € A the Majorana conjugate equals its Dirac conjugate, i.e.,

Y =1 if and only if () = or, equivalently, if By = *.

It can be shown (cf. [19, Sec. 6.7]) that this happens for ¢ # 0 if an only if B defines a real
structure and 1 is a Majorana spinor.

1.7.10. LEMMA. The map T satisfies
7(X -9) = uéX -7(¢p) Vi € A, X € RS
or, in terms of the matrix B,
I = —uéBT,B™" Va=1...,s+1.

PROOF. Using the definitions of 7, (., .) and (., .) we calculate:

Since the Dirac form is non-degenerate, this implies the first claim. Furthermore, setting X = e,
we have

Tea ) = poear(®) G B ea ) = pbeq - (BTH7) & BTIi0" = pbva BTN
& Byl = pév, B~ & BTH(il,)" = péil B~ < I, = —ué B, B~
0

1.7.11. EXAMPLE. Let us flesh out some of these constructions in the case of four-dimensional
Minkowski space R!:3. In this case, there exist both Weyl and Majorana spinors, but no Majorana-
Weyl spinors. Recall from Example 1.2.27 that the physical gamma matrices for C1(1, 3) are given
by

Lo=(7%) Te=(2 %) k=123,
with o) the Pauli matrices (see (1.13)). This is a basis unitary representation of the Clifford
algebra, called the Weyl representation. By Definition 1.2.22 with £ = 2 and ¢ = 3, the physical

chirality operator is given by
s = —ilol Tl = iMT'T°T% = (¢ 9)).

Consequently, the eigenspaces of the chirality operator corresponding to the eigenvalue +1 and —1
are C? x {0} and {0} x C2, respectively. In other words (cf. Corollary 1.3.4), the decomposition
of any given Weyl spinor 1) = (x,&) € C? @ C? into left- and right-handed Weyl spinors is given
simply by (x,0) + (0,¢). Fixing the choice (ii) in Proposition 1.7.6 (and noting that here we start
counting at 0 instead of 1), we have

A= FO)
with § = —1 and € = 1. Then Lemma 1.7.2 (i) reads

Il =T,y (a=0,1,2,3),

and according to Definition 1.7.7 the Dirac conjugate of a spinor v is ¢ = 1Ty, with Hermitian
scalar product

(1, ¢) = ¥ = ¢ Ty
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Here, by Definition 1.7.1 we have
<X¢7¢> :_<¢5X¢> VXGRLS
Again writing ¢ = (x,&)T and inserting 'y from above, we arrive at
(¥, 9) =Py = xT€+ €M
This Hermitian scalar product is not positive definite. Indeed, both the subspaces of left-handed
and right-handed Weyl spinors are null.

For the charge conjugation matrix C' defining the Majorana form we make the choice
C:=1illy =il?I% = (742,20 ).

i0'2
One then checks that
r’—-_cr,c=' va=0,1,2,3
ct = —C,

so the defining properties from Lemma 1.6.2 are satisfied with 4 = v = —1. The matrix C is
unitary and 7 = v + B~ 14)*, where

B=CA=(C"'A=—ily,

verifying the condition from Lemma 1.7.8. Also, B~! = B = B* = —iI['y; = iI'?, and so the charge
conjugate of a Dirac spinor ¢ is given by (cf. (1.23))

,(/}C _ B_l’(/)* _ Zr2w*
In accordance with the remark following Corollary 1.7.9 we have B*B = B? = I, so the map
o : 1 — By* defines a real structure on A = C*. By Definition 1.5.4, ¢ is a Majorana spinor if
and only if o (1)) = 9, i.e., if and only if 1»* = Bt. In terms of the decomposition ¥ = (x, &)7 this
condition means £ = io9x ™, hence
X
Y= (ia2x* ) :

1.7.12. REMARK. The observation that both the subspaces of left-handed and right-handed Weyl
spinors are null for the Dirac form is not confined to the particular example of four-dimensional
Minkowski space. Indeed, suppose that A is of even dimension n = 2k and that 1 has Lorentzian
signature (n — 1,1) or (I,n —1). Then A = A} & A, and choosing a basis for A adapted to
this splitting it follows that the standard Hermitian product of elements of A} with those of A
vanishes. Moreover, each of the choices for A from Proposition 1.7.6 gives A (up to a pre-factor)
as a product of an odd number of gamma matrices, and thereby as an element of Cl'(n). By
Proposition 1.3.3 (ii) therefore, A maps A* to AF. It follows that if ¢,7» € A} then inserting
them in the Dirac form gives (1, ¢) = ¥T A¢, which is a Hermitian scalar product of 1) € A} with
A¢ € A, hence vanishes (and analogously for ¢, ¢ € A).






CHAPTER 2

Spin structures and Spinor bundles

Having introduced the relevant algebraic structures in the previous chapter, we now turn to a
synthesis of these algebraic foundations with the theory of principal fiber bundles (cf., e.g., [25]).

2.1. Spin structures

Let (M, g) be a pseudo-Riemannian manifold with metric g of signature (s,t). Then the orthonor-
mal frame bundle (O(M, g),m, M,0(s,t)) is an O(s, t)-principal fiber bundle with fiber over x € M
given by

0 9). = {1 = On-ooov) € GLON, |l = ()}

(Cf. [25, Example 2.2.13], and note the different convention for the signature here.)

2.1.1. REMARK. (i) By [25, Example 4.4.6 (ii)], (M, g) is orientable if and only if its holonomy
group is contained in SO(s,t). By [25, Theorem 4.2.4], applied to the connection form AL¢ in-
duced on O(M, g) by the Levi-Civita connection on M, O(s,t) reduces to its holonomy group.
Consequently (cf. [25, Theorem 2.5.2]), (M, g) is orientable if and only if the orthonormal frame
bundle reduces to an SO(s, t)-bundle. Of course, this is just a more sophisticated way of express-
ing the fact that orientability means the existence of an atlas such that all transition functions
have positive determinant of the Jacobian, or equivalently that there exists a covering of M and
corresponding local orthonormal frames that transform via matrices with determinant +1.

(i) (M,g) is called time-orientable if the frame bundle can be reduced to a principal O™ (s,t)-
bundle under the embedding O" (s,t) < O(s,t). It is called orientable and time-orientable if the
frame bundle can be reduced to an SO (s, t)-bundle. If any of the above reductions exist we call
(M, g) itself orientable, time-orientable, or orientable and time-orientable, respectively. A choice
of (time-)orientation (i.e., of one covering by frames with the desired transformation behavior)
leads to a (time-)oriented manifold.
Suppose now that (M, g) is oriented and time oriented. Then we write
TSSO - SO+(M) — M

for the SO™ (s, t)-frame bundle. Recall from Lemma 1.4.6 the double covering of Lie groups

A : SpinT(s,t) — SO (s,t).

Using this, we define:

2.1.2. DEFINITION. A spin structure on M is a Spin™ (s, t)-principal fiber bundle
Tspin ¢ Spin® (M) — M,
together with a smooth double covering
A : Spin™ (M) — SO (M)

41
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such that the following diagram commutes:
Spin™ (M) x Spin™(s,t) —— Spin™ (M)

- o~

AXA A M

TSO
SOt (M) x SOt (s,t) —— SOT(M)

Here, the - in the horizontal lines denotes the standard right action of the structure group on the
respective principal bundle.

In the sense of [25, Definition 2.2.3], a spin structure therefore is a A-equivariant bundle morphism
A : SpinT (M) — SO (M), i.e., a A-reduction of SO (M) (cf. [25, Sec. 2.5]).

2.1.3. DEFINITION. Two spin structures A : Spin™ (M) — SOT(M) and A’ : Spint(M) —
SOT(M) are called isomorphic if there exists a Spin™(s,t)-equivariant bundle isomomorphism
F : Spin™ (M) — Spin* (M)’ such that the following diagram commutes:

Spin™ (M) £ Spin™ (M)’

SOt (M)

2.1.4. REMARK. (i) In the same way as we did above for the tangent bundle T'M, one may define
spin structures for any principal SO (s, t)-bundle.

(ii) Existence of spin structures: While for trivial SO™ (s, t)-bundles there always exist spin struc-
tures, in general there are topological obstructions that may prevent such existence results. These
obstructions may be characterized in terms of characteristic classes (Stiefel-Whitney classes), but
we will not pursue this here (see [19, Section 6.9] for precise results and references). A manifold is
called spin if it possesses a spin structure. This is true, e.g., for all manifolds with trivial tangent
bundle, all spheres, or also all orientable two-dimensional manifolds. Moreover, any R*! possesses
a unique spin structure.

(iii) Any tensor bundle on a manifold M is associated to the frame bundle GL(M) by [25, Example
2.4.6]. If (M,g) is a pseudo-Riemannian manifold of signature (s,t), then GL(M) reduces to
O(M), hence any tensor bundle is associated to O(M) in this case by [25, Theorem 2.5.8]. If M
is, moreover oriented and time-oriented then O(M) reduces to SOT(M). In particular we then
have that TM = SOt (M) x e, R** (for pso the standard representation of SO (s,t) on R*?).
By the same reasoning, if M in addition is spin, then all tensor bundles on M are associated to
Spin™ (M). There may also exist further vector bundles associated to Spin* (M) on M that do
not stem from the reduction of SO* (M) to Spin™ (M).

We now want to look at the relation between sections of SO (M) and Spin™ (M).

2.1.5. DEFINITION. A local section e = (ey,...,e,) of SOT (M) is called an n-bein or vielbein. In
case n = 4 it is also called a tetrad.

2.1.6. LEMMA. If M is equipped with a spin structure, then for any vielbein e on a contractible
open set U C M there exist precisely two local sections e+ of Spin™ (M) over U with Aoey = e.

PROOF. The image U’ := e(U) C SO (M) is diffeomorphic to U, hence is in particular contractible
as well. Consequently,
A‘A—l(U/) : Ail(U/) - U’
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is a trivial two-sheeted covering (cf., e.g., [29, Appendix A, Cor. 14]). It therefore possesses

precisely two sections
s+ : U — A1 (U') C Spint (M),
so we necessarily have e4 = sy oe. O

2.2. Spinor bundles

2.2.1. DEFINITION. Given a spin structure Spin* (M) — M on M, let & : Spin™ (s,t) — GL(A) be
the spinor representation from Definition 1.4.13. Then the (Dirac) spinor bundle is the associated

vector bundle
S = SpinT (M) x, A
over M (cf. [25, Remark 2.4.5]). Sections of S are called spinor fields or spinors.

2.2.2. PROPOSITION. Let S — M be the spinor bundle associated to a spin structure Spin™ (M) —
M.
(i) There exists a smooth Clifford multiplication
TM®S— S
(X, 0)—» X U
(with @ denoting the Whitney sum of vector bundles over the same base manifold, cf.
[25, Rem. 2.4.3 (i)]) such that for each p € M its restriction to T,M x S, — S, is

bilinear. This map also induces a Clifford-multiplication of forms (elements of AT M )*
with spinors.

(ii) If n = dim(M) is even then S splits into a direct sum of complex Weyl spinor bundles
S=5,®S5_, where
Sy :=SpinT (M) x, A*.
In this case, Clifford multiplication by a vector maps S+ to S+.

PROOF. (i) Recall from Remark 2.1.4 (iii) that TM = SOT (M) x o, R®?, where pso denotes the
standard representation of SO (s, #) on R®*. Now for any ¢ € Spin™ (M) we have A(g) € SO (M)
and we define Clifford multiplication TM & S — S by

(SO (M) x s R®') @ (Spin™ (M) x,, A) — (Spin™ (M) x,; A)
([A(E%J}], [57’(/}]) = [8,$ : 1/)]’
where z - 1 is the Clifford multiplication between x € R*! and 1 € A from Definition 1.3.2. Let
us verify that this map is well defined. First, note that any element of [v,y] € SOT (M) x 55, R®?
with the same footpoint p in M as ¢ can be written in the form [A(e), z]. Indeed, since SO (s,t)
acts transitively on the fibers of SO™ (M) there exists some A € SO (s,t) with v = A(g) - A, so
[v,y] = [A(e), A - y]. Now writing [¢,v] = [e - C,k(C1) - 9] with C' € Spin™(s,t) and
[A(e), 2] = [A()N(C), M(C)~"a] = [A(eC), \(C )],
we indeed obtain

([A(C), MC™H)al, [eC,K(CTY) - ¥]) = [eC, (M(CTa) - (k(CT1)0)]
= [eC,w(CTN)(z-¥)] = [e,z - ).

1.4.14
To show smoothness, pick bundle charts as in [25, Theorem 2.3.1]

oy : SOT (M) = U x SOT(s,t), v (7(v),ov(v))
v : Spin (M) — U x Spin* (s,t), &+ (7(2),pu(9)).
Then by [25, (2.3.3)] we obtain corresponding charts of SQ+(M) X pso R®* and Spin™ (M) x,, A
of the form wgl(p, x) = [(b(}l(p, I),z] and wljl(p,w) = [(ﬁl}l(p, I),%)], respectively. Since both

IThese are not differential forms (elements of AT*M), but what is sometimes called multivectors.
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p > ¢ (p,I) and p A(QZN)L_,l(p, I)) are local sections of SOT (M), by [25, (3.1.7)] there exists
a smooth map p — A(p) € SOT(s,t) such that ¢;'(p,I) = Aoy (p,I)) - A(p), and thereby
(05" (0, I), 2] = [A(¢5" (p, I)), A(p) - z]. Smoothness now follows because

g x ") (), (,0)) = (65" (0, 1), 2], [0 (0, 1), ¥)])
= (M S5 (. 1)), Ap) - ), [¢5 (0, 1), )
is mapped by the Clifford multiplication defined above to
[65 (0 1), (Alp) - z) -],
and then by further applying ¢y ends up in (p, (A(p) - z) - ¢), which altogether gives a smooth
map.

Turning now to the case of multivectors, recall first that A¥T'M = SOT(M) x,, A*R*!, where
Pk is the k-fold exterior product of pso (cf. [24, 23.3 (v)]). Again using Definition 1.3.2, we then
define

(SOT (M) x,, A*R*") @ (Spin™ (M) x,, A) — (Spin™ (M) x,, A)
([A(e),wl, [, 9]) = [e, (o™ (w))].
As in the previous case, let us verify that this is well defined. To do this, by linearity it suffices
to assume w = vy A --- A v, where the v; are orthonormal. Letting C' € Spin+(s,t), we have
[A(g),w] = [A()NC), pr(AMCT1))w] = [A(eC), pr.(A(C~1))w], and by the above definition we get
(22)  ([AEO), prACT )] [C, K(CT) - ]) = [eC, (0™ (pr(MCT))w)) (K(CT )]
Here, pr(MC71))w = (AM(C) " tvr) A+ A (MC)~tog). By (1.11), therefore,
o (oA CTH)w) = y(MCTHor) - A (ACTwp).
Now note that by Proposition 1.4.14 we have
T (YNCT i) ) (K(C™HY) = (MCT™H ) (K(C™ 1) = w(C7H) (v - )
for all i. Applying this iteratively, we get
T (0 (o A(CTH)w)) = T (YAC ™)) 0+ 0 (v(MC™ k) ) (8(C™ 1))
= T (YA(CTHv1)) 0 - 0 mu (YA(C ™ ur—1)) (6(C™1) (vk - ¥))
Hw))).

= =K(CT) (1 v ) = K(CTH) (T (0™
Inserting this in (2.2) we see that
([AEC), peNCTH))w], [C,(CTH) - ¢]) = [eC, K(CTH) (n (0™ (W)Y)] = [, T (0™ (w)],

as required. Smoothness follows as in the vector case.

(ii) As was noted in Definitions 1.2.20 and 1.2.22, the chirality element w = —i**fe; - ¢, does
not depend on the choice of vielbein, and from (i) it follows that multiplication of w with spinors
is well defined. The claim therefore follows from a fiber-wise application of Corollary 1.3.4. O

2.2.3. REMARK. (i) To obtain a local description of spinors, let e be a local vielbein on an open
contractible set U C M and let e4 be the local sections of the spin structure bundle associated to
e according to Lemma 2.1.6. Let ¥ : U — S = Spin* (M) x, A be a local section of the spinor
bundle. Then (applying the fiber diffeomorphisms corresponding to e+, cf. [25, (2.3.7)]) there
exist two smooth maps 1 : U — A such that ¥ = [eL,¢4]. Since both €, and e_ are local
sections of Spin™ (M), there exists a smooth map C : U — Spin™ (s,t) such that e, =e_ - C (cf.
[25, (3.1.7)]). Combining this with (2.1) we obtain

e=Aer)=Ale--C)=A(e_)AC) =e- AO),

implying that C'(z) € ker(\) = {xI} for each € U (cf. Theorem 1.4.5). Since e4 # e_ it
follows that C' = —I, so e = —e_ and a fortiori )1+ = —~. Fixing a choice of ¢ and ¥
we can write ¥ = [g,9]. Then for example physical Clifford multiplication with a basis vector
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takes the form e, - ¥ = [¢,[',9] (independently of the choice of ). Indeed, as an element of
TM = SO1 (M) Xy R®, €, = [e,uq] = [A(€),u,), Where u, is the a-th standard unit vector in
R#t. Thus by Definition 2.2.2,

ea U =[Ae),uq] - [g,9] = [e,uq - ] = [g,Ta?].

Clearly one may proceed analogously for other operations as long as they are linear in .

(ii) Further structures on spinor bundles: In sections 1.5, 1.6 and 1.7 we studied additional struc-
tures on the spinor representation space A, namely real and quaternionic structures as well as
Majorana and Dirac forms. All of these can be transferred to the spinor bundle. In the case of
a real structure o on A, given [a, ] € S = Spint (M) x, A we set o5([a,?]) := [a, o (3)]. This
gives a well defined operation because for any C' € Spin™ (s, t) we have
05(10C.0~4)) = [aC.0(C~'0)] = (0.0 o()] = [a,0()].

A similar argument applies to a quaternionic structure J on A, and clearly the resulting bundle
operations og, Jg are smooth. They can in turn be used to define (symplectic) Majorana or
(symplectic) Majorana-Weyl sections of S.

If (.,.) is a Majorana form (or (., .) is a Dirac form) on A, then by Lemma 1.6.3 (or Lemma
1.7.3) it is invariant under the action of Spin™ (s, t). It therefore induces a bundle metric on S due
to [25, Theorem 2.4.10], called a Majorana (or Dirac) bundle metric.

2.3. Spin covariant derivative and Dirac operator

In this section we shall see that given a spin structure on a pseudo-Riemannian manifold (M, g),
the Levi-Civita connection on T'M induces a unique compatible covariant derivative on the spinor
bundle S, the so-called spin covariant derivative. Throughout, let (M, g) be an oriented and time-

oriented pseudo-Riemannian manifold with g of signature (s,t) and Levi-Civita connection V on
TM.

Let e = (e1,...,e,) be a vielbein on an open set U C M. Then (recalling the definition of the
standard bilinear form 7 from Example 1.1.2 and Remark 1.2.19) there are uniquely determined
real-valued one-forms wgy, on U such that

(23) v‘ea = Wabnbc X ec
and we define
(24) Weab = wab(eC)'

2.3.1. LEMMA. The one-forms wqp are anti-symmetric in a,b:
Waph = —Wha (a,b=1,...,n).

Consequently, Weap = —Weba -

PROOF. Writing (., .) for g we calculate:

bs = was(ed)'

On the other hand, (e,, e5) being constant we have V., (€4, €s) =0, s0 (V¢ €q,€5) = —(€q, Ve €5),
which as above is seen to equal —wsq(eq), giving the claim. O

(Vey€ares) = Wap(€a)n (ecs es) = wap(ea)n*Nes = wap(€a)d

2.3.2. DEFINITION. The anholonomy coefficients 4, of a local vielbein e are defined by
[eru 6},] = Qabcem

where the left hand side denotes the usual Lie bracket (commutator) of smooth vector fields.

2.3.3. LEMMA. Setting Qape = Qapnae we have

1

Weab = Wab(ec) = i(Qcab — Qape + cha)-



46 2. SPIN STRUCTURES AND SPINOR BUNDLES

PROOF. Due to V., e, = wap(eq)n®e. we have
Qab'f‘nrses = Qabses = [ea, eb] = Veaeb — vebea
= wbr(ea)nrses - wm‘(eb)nrses = (wabr - wbar)nTses;
S0 Qabr = Wabr — Whar- Therefore,
Qeab — Qabe + Qbca = Weab — Wach — (wabc - wbac) + Whea — Weba 2?1 Acab-
U

Recall from Remark 2.1.4 (iii) that TM = SOT(M) x s, R®!. Hence by [25, Corollary 3.1.13]
(more precisely, by its obvious modification replacing O(s,t) by SO (s,t)) the Levi-Civita con-
nection V induces a connection one-form Ago € Q'(SOT(M),s0™ (s,t)) such that

VvV = vAso,

Let us recall the explicit relation between Ago and V from [25, Example 3.1.10]: e here corresponds
to s there and we write A, for A, = e*Ago = Ago o Te. Then [25, (3.1.15),(3.1.16)] imply that
given a local vector field with expansion ¥ = y®e, in terms of the vielbein e,

(2.5) VxY =Vx(y®eq) = X(y*)eq + y*ASo(X)ec = (Lxy® + ASo(X)ay®)ec

for any local vector field X. It remains to calculate the local connection coefficients Ay (. )%.
We have

o (X be ¢ = Vxe, = (L 67’0 AS Xca(sar c:Ae XCT ¢
o (Xfec = Vixer = (Ex(572) + ASo(X)%ad Jee = ASo(X)re

so that
(2.6) So(X) = wap(X)n* VX €T,M, pcU.

We have seen in Lemma 1.4.6 that the Lie group homomorphism \ : Spin™ (s, t) — SO™ (s, 1) is a
covering map. In particular, \, : spin®(s,¢) — soT(s,t) is a linear isomomorphism. We use this
map to define a connection form on Spin™ (M):

2.3.4. PROPOSITION. Let A : Spin™ (M) — SO* (M) be the covering map from Definition 2.1.2.
Then

Aspin 1= (\) ™ 0 (A*Aso) € QX (Spin™ (M), spin™ (s, 1))

is a connection one-form on the principal fiber bundle Spin™ (M) — M, called the spin connection.

PROOF. We have to verify the defining properties of a connection one-form, cf. [25, Definition
3.1.3].

(i) Let g € Spin™(s,t) and Y € T'Spin™ (M). Then
R;Aspin(Y) = ()\*)_1 o Aso(TA o TRgY) (2:1) ()\*)_1 o Aso (TR)\(Q) o TA(Y))
= ()\*)71 OAd)\(g)71 o Aso(TA(Y)) = (/\*)71 o Ad)\(g)—l o A*Aso(Y)
= ()\*)_1 o Ad)\(g)—l P e ASpin(Y)7

where we used [25, Definition 3.1.3] (i) for Aso and the definition of Agp;,. Together with the
observation that

Ady(g)-1 0 A = Ady(g)-1 0 Ted = Te(conjyg)-1 0 A) = Te(A o conjy—1) = Ay 0 Ady—

this shows that Rj Aspin(Y) = Adg-1 0 Agpin(Y'), as required.
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(ii) Let X € spin™(s,t) and € € Spin™ (M). For the fundamental vector field X (cf. [25, Definition
1.2.1]) corresponding to X we have (with exp = expSpin+)

Aspin(X2) = Aspin (%‘0(5 : exp(tX))> — (\) Lo Aso (TA(%‘O(E : exp(tX))))

d
_ -1 ) .
= (A) ™ 0 4so (| (Ale - exp(tx)))).
Since A : Spin™ (s, t) — SO™ (s,t) is a Lie group homomorphism, by [24, Theorem 8.8] we have
Ale - expP (£ X)) = A() - Mexp®P™ " (¢X)) = A(e) - expSOT (A, (£X))

= Ae) - exp®O7 (EAL(X)).

Altogether, we arrive at

~ d o
Aspin(Xe) = (A) ™ e Aso (| (A(9) - exp™ 7 (1A.(0))) = (1) ™! 0 Aso (MX)w)) = X,
where we used [25, Definition 3.1.3] (ii) for Ago in the last step. O

Now that we have a spin connection, by [25, Definition 3.4.8] there is also a corresponding covariant
derivative:

2.3.5. DEFINITION. The covariant derivative VAsrin on the spinor bundle S is called the spin
covariant derivative. We will simply denote it by V = VAsvin,

It is immediate from the definition of Agpiy in Proposition 2.3.4 that the spin covariant derivative is
completely determined by the Levi-Civita connection on M. Our next aim is to derive an explicit
local description for it. So suppose that U C M is open and contractible, let e be a vielbein on
U and let e+ be the associated local sections of Spint (M) defined in Lemma 2.1.6. Pick one of
these and call it e. Then we obtain a corresponding local connection one-form (cf. [25, Definition
3.1.5])

AGpin = " Aspin = Aspin 0 T € Q' (U, spin™ (s, 1)).

Given a local section ¥ € I'(U, S) of the spinor bundle, then by [25, Theorem 3.4.9] there exists
a unique smooth map ¥ : U — A such that ¥ = [¢, 4] and for any X € X(U) we have

(2.7) VxV¥ =g, Vxi],
where
(2.8) Vxtp =TY(X) + fu(AGpin (X))

Notationally, we will henceforth suppress the representation x, of 5pin+(s, t) induced by the spinor

representation £ on A, so we will simply write Vxt = T%(X) + A§;,(X) - ¥.

2.3.6. LEMMA. For any A € so™ (s, t), write its components as A°, =: wapn®. Then the map
kw0 (M) 71 80T (s, 1) —> spint (s, ) — End(A)

is given by

PROOF. We first note that
Wap = Wae*Nap = Aanay = n(A%ueq, ) = n(Aeq, ep).
Also, A € s0™(s,t), hence is skew-symmetric with respect to 7, so

wap = 1(Aeq, ep) = —n(eq, Aep) = —Wpq.
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From (1.22) we know that

_ 1
>‘* ! (A) = 5 Z n(Aetu eb)naanbbeaeb~
a<b

Note now that & is the restriction of the algebra representation 7, : Cl(n) — L(A,,) (cf. Definition
1.3.1). In particular, m, is linear, so also k, = 7, is an algebra homomorphism, and we have
Kx(€aep) = Kx(€q)kx(€p) = Tn(eq)mn(ep) = Yayp. Collecting these observations, we obtain

— 1 1 a 1 a a
re(ATH(4)) = ) Z n(Aea, €)NaanbpVaVo = B Z wapy ™y’ = 1 ( Z wap Yy’ — Z Wab"yY 7b>
a<b a<b

a<b a>b
1 1
=1 Z wap (747" —7*) = 5 Z wapy ™.
a<b a<b
Noting that wy, = 0 and wbafyb“ = wabfy“b now gives the claim. O

Using this we can now establish the desired explict formula:

2.3.7. PROPOSITION. The spin covariant derivative is locally given by

Vi = TU(X) + qan (X7 = TH(X) — 1w (X1,

PROOF. Because of (2.8) we are left with showing that r.(A§;, (X)) = 2wap(X)y?®. Now using

Proposition 2.3.4 and the fact that A o e = e we obtain
ASpin :Aspinoni:)\Il 0AgooTAoTe =\ * oASOoTeZ)\*_loAgo.

Since A&y (X)% = wap(X)n" by (2.6), the claim then follows from Lemma 2.3.6. O

2.3.8. LEMMA. If n = dim(M) is even, then the spin covariant derivative preserves the splitting
of the spinor bundle into the Weyl spinor bundles Sy and S_, i.e.,

VxU eT(8:) VU el(Sy), X € X(M).

PROOF. The fibers of Sy are the eigenspaces of [ *! (cf. Remark 1.3.5) and we know from (1.12)
that [[™+1,T%*] = 0. The explicit formula in Proposition 2.3.7 shows that Vx maps eigenvectors
of T™*! into eigenvectors with the same eigenvalue. O

2.3.9. THEOREM. The spin covariant derivative is compatible with the Levi-Civita connection in
the sense that, for all X, Y € X(M) and all spinors ¥ € T'(S) we have

VxY - ¥)=(VxY) U +Y . -VxU.

PROOF. In order to use the definition of Clifford multiplication given in Proposition 2.2.2 we
apply [25, Theorem 3.4.9] to write Y (z) € TM = SOT(M) X, Rt as Y(z) = [e(z),Y (z)],
where Y : U — R*? is smooth (namely, Y = Y%¢,), and to obtain

VxY(x) = VY = [e(z), ToY + Ao (X)Y].

Also, by the discussion following Definition 2.3.5 we have ¥ = [, 4], and (cf. (2.8)) Vx¥ =
e, Vxv], with Vxtp = T(X)+1wap(X)y*9) due to Proposition 2.3.7. Inserting these expressions
into the Clifford product as defined in Proposition 2.2.2 and keeping in mind that A oe = e, we
obtain

(VxY - 0)(2) = [e(2), (ToY + Ago(X)Y ) - ¢(2)]

(V- Vx0)(@) = [e(0), VLo - Tog(X) + ¥ - (oo (X" (2)]

while

V(Y W) (@) = Vxle, ¥ gl = [, TolV ) + Jwar(X (VLo - ()]
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Now T,(Y - ) = T,Y - ¢(x) + Y|, - Tetb(X) due to the bilinearity of the algebraic Clifford
multiplication, so we are left with showing that (with Y = Y%e,, hence Y = (Y“) = Y%, u, the
a-th standard unit vector in R*?):

(O (VL - 9(2)) £ A5 (X)V]e - 9(@) + Ve - (Jwar(X ()

4
= (A5 (X)°aV " (@) - () + VLo - (Gwan (X (2))

o, @0V @) - 9(a) + T - (Gun(X)y" ().

Since this equation is linear in X and in Y (separately), it suffices to check it for X = e, and
Y = eg, thus wep(X) = weap and Y = 6%4. Inserting this it remains to show that

1 | 1
7wcab7ab7d : w(l‘) = (wcabnblaadul) ' w(l“) + Uq - (7wcab7abw(m))

4 4
1
(2.9) = wean?” MY (@) + ~wearYa Y ()
4
1
= (chwb + chab'}/d'}/ab) ’ 1/)(95)
To verify this we first note that from Definition 1.2.18 it follows that {v*,v} = —26% and
{7%,7%} = —2n?. Using this and the anti-symmetry wepq = —weqp We have:

Weab (V**va — av™®) = %wcab(vavbw = Y*7*va = ¥a7*Y" + 1ar°7*)
= weab(Y*Y*va + 172 — 777" — 1°Va) = Weab(Y*1"Ya — ¥a7*Y")
= Weab(—7*va7" — 20°4 7" + 7 vaY’ 4+ 20%47") = —2weab 0" a Y + 2weabd®q Y
= 20epa 0 a V" + 2weab0”q Y’ = Aweapd®a Y’ = dweapy”.

Inserting this it follows that (2.9) indeed holds. d

2.3.10. THEOREM. Let (., .)s be a Majorana bundle metric and (., .)s be a Dirac bundle metric
on the spinor bundle S, defined by Majorana resp. Dirac forms for the spinor representation (cf.
Remark 2.2.3 (i1)). Then these metrics are compatible with the spin covariant derivative in the
sense that

Lx(®,¥)s = (Vx®,V)s + (2, Vx¥)s
Lx(®,U)s =(Vx®,¥)s+ (P, VxT)g
for all @, € I'(S) and all X € X(M).

PROOF. By construction in Remark 2.2.3 (ii), both bundle metrics stem from Spin™ (s, t)-invariant
scalar products on the representation space A. The claim therefore follows from [25, Theorem
3.4.10]. 0

2.3.11. DEFINITION. The Dirac operator Ip : T'(S) — I'(S) on the spinor bundle S is given by
DY =n"e, -V, U,

where V is the spin covariant derivative, and e = (eq, ..., e,) is a local vielbein, Clifford multipli-

cation is defined as in Proposition 2.2.2, and the summation convention is in force.

As above, let us write ¥ = [¢,4)] and note that since e, = d,%¢; (so that J,° corresponds to the

a-th unit vector u, in R®!) we have e, = [e,uq] = [A(€), u,]. Then

DY = P(le,¥]) = 1" - Ve, ([, ¥]) o 1 [A(€), ua] - €, Ve, ¥

2?2 [8’nab7avebw] = [577bveb¢]
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This means that PV = [e, Py)], where

P =7V =TV = T (TW(ea) — genelea)T*0)
(2.10) >

1
= 0T — w0,
(2.4) ? ( d)(ea) 4wabc ¢)

2.3.12. REMARK. To see that IJ is well defined, i.e., independent of the chosen local vielbein e it
suffices to note that I} can be written as the composition

I'(S) L T(T*"M @ S) - T(TM ® S) - I(S),

where 77 denotes the canonical isomomorphism induced by the pseudo-Riemannian metric g and ~y
is Clifford multiplication: The (musical) isomomorphism between X(M) and Q' (M), X — X*, is
uniquely determined by the requirement X*(Y) = (X,Y) for all Y € X(M), with inverse denoted
by w ~ w”. Then 7 maps any w ® ® € T(T*M ® S) to w’” ® ®. Any X € TM can be written as
X =ner(X)ep, so VU = ner @ V., ¥. Therefore,

’Y(ﬂ(v‘l’)) = ’Y(Wabea & Veb\:[j) = nabea : Vebq/;

as claimed. Thus the Dirac operator is a well defined first order differential operator on S.

We know from Lemma 2.3.8 that for even n the spin covariant derivative V preserves the splitting
S =5, & S5_, whereas we saw in Proposition 2.2.2 that multiplication by a vector interchanges
S+ and S_. Therefore we obtain:

2.3.13. COROLLARY. Ifn = dim(M) is even, then the Dirac operator satisfies Ip : T'(Sy) — I'(S%).

Suppose now that (in arbitrary dimension n), (., .)s is a Dirac bundle metric with § = —1, i.e.,
(X -9,0)g=—(D,X -¥)g VX eTM, Vo,¥ € S.

Then on the space I'o(S) of compactly supported sections of S we introduce an L?-scalar product
of spinors:

(., sz 1 To(S) x Tg(S) — C

<<I)7 \IJ>S,L2 = /<‘I), \I/>5 dVOlg,
M
with vol, the volume element induced by g.

2.3.14. THEOREM. In the setup described above, the Dirac operator I : To(S) — To(S) is formally
self-adjoint:
(D, V)52 = (D, PV)5r2 VP, ¥ e Ty(S).

PROOF. This will follow from the more general Theorem 2.3.21 by applying Remark 2.3.20. O

For applications in the standard model of particle physics it will be important to have available a
so-called twisted version of spinor bundles. The general setup here is that we are given a principal
fiber bundle P — M, a complex representation p : G — GL(V) and the corresponding associated
vector bundle F = P x, V. Also, as above let § — M be the spinor bundle associated to a given
spin structure on M. Using the tensor product of vector bundles (cf. [25, Remark 2.4.3 (ii)]), we
have:

2.3.15. DEFINITION. The vector bundle S ® E is called a twisted spinor bundle or multiplet spinor
bundle.

To obtain a local description, we need an auxiliary construction:
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2.3.16. REMARK. (i) Let (P;,7wp,, M,G;) (i = 1,2) be principal fiber bundles over M. The fiber
product Py X p; Py of P; and P; is the principal G; x Ga-fiber bundle given as a set by {(p1,p2) €

P, X Py | wp,(p1) = 7p,(p2)}, with projection m(p1,p2) = wp, (p1). Given bundle charts (;5;}) :

Py —» U x G, (b;})(pi) = (ﬂpi(pi),gog)(pi)) (i = 1,2), a bundle chart for P; xp; Py over U is
given by ¢y : (p1,p2) — (ﬂ'(pl,pg),gog)(pl) X @5) (p2)), which obviously satisfies the conditions
from [25, Definition 2.2.1]. An alternative description of the fiber product is to first consider the
product bundle P; x P, — M x M with structure group G1 x G5 and denote by A : M — M x M
the diagonal embedding = — (x,2). Then Py X P» is the pullback bundle A*(P; x P;) in the

sense of [25, Theorem 2.1.6].

(ii) If p; : G; — GL(V;) (¢ = 1,2) are representations and E; = P; x,, V; are the corresponding
associated vector bundles, then the tensor product F; ® Fs can be viewed as an associated vector
bundle of the principal fiber bundle P; x5 P> namely as Ey ® Ey = (P1 X P) %, (Vi @ Va),
where p = p1 ® ps is the representation

p: G x Gy — GL(V; @ b))
p(g1, 92)(v1 ® v2) = (p1(g1)v1) @ (p2(g2)v2).

Now let s : U — P be a local gauge (i.e., a local section). Then (cf. [25, Theorem 3.4.9]), any local
section 7 of the associated vector bundle £ = P x,V can be written in the form 7 = [s, v] for some
smooth map v : U — V. Identifying V with C" by the choice of a basis (v,...,v,) we obtain a
local frame 71, ..., 7. of E by setting 7; := [s,v;]. As in the discussion following Definition 2.3.5,
let U be contractible, e a local vielbein, and € : U — Spin™ (M) a corresponding trivialization (so

e = A(e)).

Then any section U € I'(S ® E) can locally be written in the form ¥ = Y7 | U; ® 7; with
U, € T'(U,S). Equivalently, ¥ = [ x 5,9] € (Spin™ (M) xa P) Xxep, (A ®@ V), where ¢ is a
multiplet of the form ¢ = (1,...,9.)T : U — A ® C". This decomposition is unique once a
choice of ¢, s and (vy,...,v,) has been made.

Next, let A be a connection one-form on P.

2.3.17. DEFINITION. The twisted spin covariant derivatz‘ve V4 on the twisted spinor bundle S ® E
is defined by V{ U := [¢ x s, V4 U], where ¥ = [¢ x s, V] € (Spin™ (M) xa P) Xug, (A® V) and

A A 1 A A
VAT = T¥(X) - Zwbc(x)r’w\lf + (pe A (X)W

Here, ¥ : U — A®V, and the matrices I'* act exclusively on the A-part of (i.e., separately on
each 1);), while p, A5 (X) acts exclusively on the V-part of ¢. Concretely, if ¥ = Y"7_, [ex s, 1; Qu;]
with [e,;] € T(U,S), and [s,w;] € T'(U, E) a local basis for T'(U, E),? then we have V4 ¥ =
Soule x s, V(1 @ w;)], with
1

Vi @ wi) = T(: © w)(X) = (Jenec (T ) @ wi + i @ ((p. AL (X))wi)
(2.11) .
= [13(X) = G OT0]| @ wi + s @ [Twn (X) + (9o Ay (X) ]
= (V™) @ wi + 1 @ (Viwy),
where we used Proposition 2.3.7 and [25, Theorem 3.4.9] in the last step. Note that this is a slight
abuse of notation (albeit one that is analogous to (2.7)): we set Viw; := Tw;(X) + (p« As(X))w;

to have V4 [s,w;] = [s, V4w;]. From this representation we can read off that V4 ¥ is independent
of the choice of local sections € and s (because this is true for Vipmwi and V4w;). Moreover,

2As seen above we could even have w; = v; constant, but when changing the representative of [s, v;] using the
equivalence relation in F this property is lost.
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from the Leibnitz rules for the individual covariant derivatives it follows by a straightforward
calculation that the above definition is independent of the choice of local basis [s, w;].

Clifford multiplication of a twisted spinor ¥ = >""_, [ x s, %; @w;] by vectors is defined by natural
extension of the construction in Proposition 2.2.2 as
(2.12)

(SO™ (M) % pe B*) @ ((Spin® (M) a1 P) % sp (A @ V) = (Spin* (M) X1 P) X (A& V)

([A(s),x],Z[s X 8,1; ® wi]) = [e X SaZ(ﬂf 1) @ wi
i=1

i=1
with z - +; the standard Clifford multiplication R* x A — A.

We then have the following analogue of Theorem 2.3.9:

2.3.18. THEOREM. The twisted spin covariant derivative is compatible with the Levi-Civita con-
nection in the sense that, for oll X, Y € X(M) and all spinors ¥ € I'(S ® E) we have

VA(Y - 0) = (VxY) - T +Y - VLT

PROOF. By linearity it suffices to prove this for the case of ¥ = [e x s, ® w] with [e,¢] € T'(U, 9),
[s,w] € T(U, E). Let us write Y = [¢, Y], Y- ¥ =: [e x 5, Y - (y @w)] for the Clifford multiplication
defined above and VxY = [e, VxY], V4V = [¢ x s, V4 () ® w)]. Then Theorem 2.3.9, applied
to [e, 1] says that Vipm(Y ) =VxY - p+Y - Vipmw. Therefore,
VA W ew) = VAT 0 ow) = (T i) ew+ (Ve (Vi)

= (VxYV ) @uw+ (V- V") @ w+ (Y- $) @ (Viw)

= V¥ (p@w)+Y - (V") @ w+ 9@ (Viw),
so that by (2.11) we indeed arrive at V(Y - W) = VxY - U +Y . V4. O

Naturally, there is also a generalization of the Dirac operator to twisted spinor bundles:

2.3.19. DEFINITION. The Dirac operator on a twisted spinor bundle ), : T'(S ® E) — I'(S ® E)
is defined by
DAV =ne, - V30

For U = 37 [e x 8,1); ® w;] as above this means that D, ¥ = >"7_ [e x s, ) 4(¢; ® w;)], where
(using again e, = [e, u,] as above with u, the a-th unit vector)
(2.13) DAl @ wi) =n"uq - VI (1 @ w;) (211) 0N*uq - [(VEP™:) @ wi + s @ (Vi w;)]
2.13 '

= (N7 VEP™Mp;) @ wi + (0™ vathi) ® (V4 ws) = Py @ wi + (e - i) ® (VE w;).
Here, D is the Dirac operator from Definition 2.3.11. The argument from Remark 2.3.12, with SQ E
instead of S and the Clifford multiplication from above instead of v shows that 1D 4 is well defined.
Alternatively, we can also check by a direct calculation that Definition 2.3.19 remains unchanged

if we switch to a different local frame f.: Indeed, we can then express e, as e, = {(€q, fe)n fe, SO
that

n*eq - VLV = n"(ea, fo)ev, fa) 1™ fo - V3,0 = ' fo - V5, 0.
—_—————
=(fe,fa)=nca
Using (2.10), (2.13) can also be written locally in terms of the physical gamma matrices as

. a 1 C
Da(; @ wy) =il [TY;(eq) ® wj — Zwabcrb by @ w; + 15 ® Vi wj]

=4I (T(w]‘ & wj)(ea) - iwabcrbcl[}j Y wj) + il ® ((p*As(ea))wj)

(2.14)
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(with the convention agreed upon after (2.11)), or, using Definition 2.3.17,
(2.15) DAV =il"ViV  (Vel(S®E)).

As in the discussion preceding Theorem 2.3.14 let (., .)s be a Dirac bundle metric with § = —1,
and let (., .)r be a Hermitian bundle metric on E. Then there is an induced bundle metric
(., .)sgr on S ® E and we have the following analogue of Theorem 2.3.10:

(2.16)  Lx(®, W)sor = (V4P, V)ser + (0, VaPV)ser VO,V cT(S® E)VX € X(M).

To verify this, we may again restrict to the case where both ® and ¥ are splitting, so suppose
that ® = [ x s,¢ @ v] and ¥ = [ X s,1 ® w]. Also, by [25, Th. 2.4.10],

(@, V)sep(p) = (d(p)v(p), ¥(p)@w(p)) acy = (6(p), ¥(P))a(v(p), w(p))v = (¢ ¥)s (v, w)E) (D).
Based on this, Theorem 2.3.10 gives
Lx(®,V)sgr = Lx((¢,¥)s(v,w)r) = Lx((¢,¥)s){v,w)r + (¢, ¥)sLx (v,w) g
= ((Vx¢,0)s + (6, Vx¥)s)(v,w) g + (6, 9) s (VR v, w)  + (v, VW) E)
= (Vx¢ 00+ ¢ ® Viv,¥ ®wagy + (6 @0, V¥ @ w+ ¢ ® Viw)agy

(2.11) (V& (0 @), Y @w)agy + (@ v, V(Y @ w))agy

= (V4®, V) sop + (B, VEV)sap.

2.3.20. REMARK. In case F = M x K is trivial, G and A are arbitrary and p : g + idg is the
trivial representation (hence p, = 0), the twisted spinor space I'(S ® FE) reduces to the spinor
space I'(S) (since S ® E = S) and so do all the related notions: Any ¥ € I'(S ® E) can uniquely

be written as ¥ = ¢ ® 1 for ¢ € ['(S), V4T = V3™ by (2.11), and ), = Py by (2.13).

Generalizing the pure spinor case, on the space I'g(S® E) of complex compactly supported sections
of S ® E we introduce an L2-scalar product of twisted spinors by

<., '>S®E,L2 F0(5®E) XF()(S®E) — C

<(I)7\II>S®E,L2 = /<q)7\Ij>S®E dVOlg.
M

Then we have the following generalization of Theorem 2.3.14

2.3.21. THEOREM. The twisted Dirac operator ID 4 : To(S®E) — To(S®E) is formally self-adjoint:
(D@, W)sop12 = (P, D2¥)s0p 12 VO, U elh(S®E).

PROOF. With the vielbein e as above we denote by a? € Q(U) the dual frame of (eq,...,e,), i.e.,
al(e;) = 67;. We define o € QY(M) by

o(X):=(X -9, V)sgr (X € X(M)),
and set o =: o;a’. Then its covariant differential Vo is a (0, 2)-tensor field and its divergence is

given by (cf. [29, p. 84])
(217)  dive = C12(Vo) =Y (em, em)Vo(em, em) = Y (€m, m) Ve, 0(em) = 1" (Ve,0)(er).

By (2.3), (2.4) we have V. ex = wirn"le;. Also, 0 = e;(al(er)) = (Ve,ad)(ex) + a?(Ve,er), so
V., of = (Ve,ad)(ep)ah = —a? (Ve er)ar = —wipna®

Therefore,

(2.18) Ve,o = Ve (0507) = ei(0)d +0,Ve,07 = ei(0)ad — wipe Vo0t
’ = (ei(aj) — wijrn"kak)aj.
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Combining (2.17) and (2.18) we obtain:
(2.19) dive = n' - (e;(07) — wiren™ o).
Using this we calculate:
(Pa®. W) 505 = (1"eVAD Wysar = (VA (0 ) — (Verer) - @), Wsor
o) <77acvfu(€c @), W) ser — (1*nFwacer - @, V)sen
o 1 Callee @ W)sor) —n"(ec- @,V Uysar — 10 wao (er)
= n"eq(0c) — NN Fwacbor — n*lec - @, VA V) sop

(2:9) dive — ,r]ac<6c . q), V? \IJ>S®E s = ) divo + <(I)’ nacec . v? \IJ>S®E
1 a = .

=dive + <(I)71DA\II>S®E~

Integrating this equality over M and noting that | y divo dvol, = 0 by Stokes’ theorem yields the
claim. (]

To conclude this section we also introduce a notion of chirality into the twisted spinor setting. Let
n = dim(M) be even, so that the spinor bundle splits into Weyl spinor bundles S = Sy & S_.
Further, together with the principal fiber bundle P — M we consider two representations pL :
G — GL(V4) of its structure group G on complex vector spaces Vi, and we let Ex := P x,, Vi
be the corresponding associated vector bundles.

2.3.22. DEFINITION. The vector bundle (S® E). = (S @ E4) ® (S_ ® E_) is called a twisted
chiral spinor bundle. Also, we set (S® E)_ = (S- ® E;) ® (S ® E_).

Sections of (S ® E)4 can be written in the form ¢ =t 4+ ¢_, where 1 : M — Sy @ E..

2.3.23. DEFINITION. Let A be a connection one-form on P. The twisted chiral spin covariant
derivative on (S ® E)4 is defined by V4 W := [¢ x s, V4], where
1
Vit 1= TY(X) = 2wne(X)TP + (2 A (X)) + (02 As(X))Y
The discussion following Definition 2.3.17 applies (mutatis mutanis) also in this setup. Further,
the corresponding Dirac operator I 4 : T((S ® E)1) — T'((S ® E)_) is defined locally by

Pty =i (Toh(ea) — ganeT™ 0 + (oA, (X)) + (oA, (X)) ),

again to be interpreted analogously to (2.14). We can decompose D 4 into

lDA:I: : F(Si & Ej:) — F(S;F & Ei>.
A general feature of Dirac operators is that the principal part of their square equals the Laplace-
Beltrami operator on (M, g), recall also Remark 1.2.3 for the flat case. This is indeed also true

for the operators introduced here, as follows from the Lichnerowicz- Weitzenbock formula, cf. [19,
Section 6.12] for references.



CHAPTER 3

The classical Lagrangians of Gauge Theory

Our modest aim in this chapter is to obtain a formal (i.e., mathematical, as opposed to physical)
understanding of each term of the Lagrangian of the standard model of particle physics. In its full
glory, this Yang—Mills- Dirac-Higgs- Yukawa Lagrangian reads

L=Lp[V, A+ Ly[® Al + Ly [V, ®, Ug] + Lya[A]
(3.1)

_ _ 1
=Re(TP,0) + (dg®,ds®)p — V(P) — 29y Re(T T R) — 5<F{V}, i) aacp)-

We will devote a separate section to each individual term here. Throughout this chapter, (M, g)
will denote an n-dimensional oriented pseudo-Riemannian manifold. In physics, the signature of g
will typically be Lorentzian (M modelling the spacetime underlying the model), but we will allow
arbitrary signature.

Although, as stated above, we cannot provide here a deeper physical understanding of £, we
nevertheless will start out with a section devoted to motivating the use of gauge theory and
Lagrangians in field theories of physics, following [4].

3.1. Gauge theory and variational principles

When describing particles in (semiclassical, or “first-quantized”) physics one uses a wave function
(or particle field) ¢ : M — V, where M is the (Lorentzian) spacetime manifold and V' is some
(usually complex) vector space. In V' one chooses some basis corresponding to certain states of
the particle. Moreover, the value of i at some spacetime point x implicitly depends on a choice
of reference frame at z (e.g., coordinate axes or axes of isospin, etc.). Of course the underlying
physics has to be independent of these choices so we need some mathematical machinery to express
the transformation behavior of the quantities used in this description. Let P, denote the set of
reference frames at x € M. Then any two elements of P, will be related by an element of some
group G of transformations (e.g., rotations, Lorentz transformations, etc.). For p € P, and g € G,
let pg denote the transformed frame. Typically, g will also induce a transformation of V', v +— g- v,
such that, if 1(p) is the value of ¢ relative to p € Py, then 9(pg) = g~ !4(p) is the value relative
to pg. From these considerations, it is quite natural to endow the disjoint union P of the P, with
the structure of a principal G-bundle and to observe the automatic occurrence of the associated
vector bundle P x¢ V. The transformation rule ¢(pg) = g~ 4 (p) shows that ¢ € C®(P, V)% (cf.
[25, (2.3.9)]), and by [25, Theorem 2.3.4] we have

C®(P, V)¢ =T(P xgV),

i.e., ¥ can naturally be viewed as a section of the associated vector bundle P xg V. Examples
of such particle fields are the Schrédinger wave function, the Klein-Gordon field, or the Dirac
electron field.

A (smooth) choice of reference frame over some subregion U of the spacetime M is a map sy :
U — P such that sy(x) € P, for each x € U, i.e., sy € T'(U, P) is a section of P over U, and it is
now evident why such a choice is usually termed a local gauge. Using sy we may pull back ¢ to
U C M, obtaining a local wave function vy :== U — V, Yy = v osy. If sy : W — P is another

55



56 3. THE CLASSICAL LAGRANGIANS OF GAUGE THEORY

local gauge then there exists a smooth map gyw : U N W — G such that sy = sy - gyw. Then

bw(y) = V(sw ) = v(suWgow ®) = gow @) - Yuly)  (YeUNW)

gives the transformation behavior of the local wave functions under a change of gauge.

If the principal fiber bundle is endowed with a connection form then this opens the possibility of
‘geometrizing’ the forces of this potential. Let us motivate this point by looking at the dynamics
of point particles in Newtonian physics versus general relativity: The trajectories of two massive
particles in three-dimensional space (say, in the vicinity of planet earth) may be tangential without
coinciding. For example, if one particle is faster than the other at the point of contact of the curves
they describe, it may escape the gravitational pull of the earth, whereas the slower one will fall
to the ground. From the Newtonian point of view this behavior is explained by the action of
the force of gravity. On the other hand, when considered in the framework of general relativity,
i.e., in four-dimensional spacetime, then the worldlines of the particles are not tangential (their
four-velocities differ). Rather, both of them follow geodesics in a four dimensional Lorentzian
manifold, and such geodesics are uniquely determined by initial position and (four-)velocity. In
this sense, adding another dimension allows one to ‘geometrize’ the force of gravity.

Going one step further, assume now that one of the particles is electrically charged while the other
is neutral. Then even if their initial four-velocities coincide, their trajectories in spacetime will
differ. A geometrization of the electrical force between them can be effected by adding yet another
dimension, the “charge dimension”. This results in a five-dimensional space (due to Kaluza and
Klein) which indeed is a principal fiber bundle with structure group U(1). A suitable connection
on this bundle allows one to speak of geodesics in this new space and as in the previous extension of
FEuclidean space to Lorentzian spacetime it gives an equivalent geometric description of gravity and
electromagnetism simultaneously: a unification, but not a grand unification so to say. Indeed there
are many more types of charge (isospin, hypercharge, color, weak charge) whose geometrization
requires further principal fiber bundles with corresponding (non-abelian) structure groups.

Given a connection A on P and a local section sy, the pullback of A under sy is called a gauge
potential. The pullback F*v under sy of the corresponding curvature two-form F = F4 =
DaA € Q%(P,g) (cf. [25, Definition 3.5.1]) is then interpreted as the field strength of the gauge
potential. The fact that F'4 always satisfies the Bianchi identity D4 F# = 0 ([25, Theorem 3.5.3])
in this context corresponds to the homogeneous field equation for the underlying particle field. If
sw = su - guw Iis another local gauge then by [25, (3.5.3)] we have the transformation rule

(3.2) F*% = Ad(ggyy) o F*v.

In particular, for G abelian (so that Ad(g) = idy for all g), the local gauge potentials F*U patch
together to give a well-defined Lie algebra valued two-form on the spacetime M itself.

As in classical mechanics, to describe the dynamics of the particle one relies on a variational
principle. Here, a real-valued function (the so-called action density) is assigned to each particle
field. The corresponding particle then obeys the Euler-Lagrange equation stemming from the first
variation of the action density. In this sense the particle obeys the principle of least action. The
action density itself is closely linked to a function on the space of vector valued one-jets on P, the
Lagrangian. Let us examine this construction in a bit more detail. The space of one-jets of maps
from P to V is defined as

JP,V):={(p,v,0) | pe P, veV, §:T,P— V linear}.

To endow J(P,V) with a manifold structure, let ¢ : P 2 U — RY be a manifold chart of P and
let

¢:J(P,V)|lu = @(U) x V x L(RY, V)
(p,v,0) = (#(p), v, 0 0 (Tp) ™).
Then it is easy to check that this induces a smooth atlas for J(P, V).
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A Lagrangian now is a smooth map L : J(P,V) — R that is invariant under the action of the
structure group in the sense that for each (p,v,6) € J(P,V) and each g € G we have
(33) L(pg,g71~’U,971'QOTRg—l):L(p,U79).

Why precisely this type of invariance? We expect the Lagrangian to induce a well-defined function
depending on p, ¥(p) and T,y (cf. the usual Lagrangians of classical physics). Recall from [25,
Theorem 2.3.4] that an equivalent description of the space of sections of P xg V, i.e., of the space
of particle fields, is

(3.4) L(PxgV)=C*(P,V)? ={p e C®(PV) | d(p-g) =g " -v(p)},

and we shall henceforth use this identification without further notice. The important point to note
now is that any Lagrangian L : J(P,V) — R induces a well-defined function £y : (P, V)¢ —
C>(M) given (for x € M, ¢ € C®°(P,V)% and p € P,) by

To see this, note that ¢ o Ry, = g~' - ¢ implies T,,q¢p o T,Ry = g~ ' - T3, and so

L(pg, ¥(pg), Tpg¥) = L(pg, g~ " -1(p),g~" - Tytp o TRy—1) = L(p,¥(p), Tp1)).

In practical applications it turns out that most Lagrangians are G-invariant in the sense that
(35) L(pagvmga) :L(p,’l),a)

On physical grounds one is interested only in Lagrangians L whose corresponding Lg is gauge
invariant. By this we mean that for any element f € G(P) of the gauge group of P ([25, Definition
3.5.16]) we require that Lo(f*9) = Lo(v0), where f*i) = 9 o f. However, even a G-invariant
Lagrangian L in general does not give rise to a gauge invariant £o: To see this, let f € §(P). By
[25, Lemma 3.5.17], f is of the form f(p) = poy(p) for some oy € C°(P,G)¢. By (3.4) we then
have f*y) = 0)?1 1. To check the gauge invariance (or lack thereof) of Ly we have to calculate
T,(f*). So let X € T,P and let v : R — P be a smooth curve with 7/(0) = X. Then

T, 9)(X) = £| or 6O v00) = S| @) v + 5| o) v

= 04(0)" Tp(X) + 2| oy (1) o5) o (0) )

=a5(p)" Ty (X) + TRoy(p) 0 Tp(o 7 )(X) - oy (0) ™" - 0(p).
Consequently,

Lo(f ) (@) = Lp, (f*¥)(p): Tp(f*¥)p)
= L(p,ar(p)~" - ¢(p),or(p) ™" - Tyt + TRy, () 0 Tp(o7 ) - o (p) " - 9(p))-

Comparing with (3.5) we see that the obstruction against gauge invariance of Lo is the term
TRy, (p) © Tp(aj?l) -of(p)~t - (p). For the practically minded physicist the task therefore is to
find an object which, when incorporated into the definition of £ will cancel this term. An elegant
solution to this problem is the replacement of the standard derivative 7,7 in the definition of
Lo by the absolute differential D 49 with respect to a connection A (which itself then has to be
included as a new variable). In this sense, connections are “forced onto” our hypothetical physicist
(a strategy that is related to what is called minimal coupling in physics). Indeed, we have:

3.1.1. THEOREM. Let L : J(P,V) — R be a G-invariant Lagrangian and let C(P) be the space of
connections on P. Let

L:C%(P, V)Y x C(P) — C*°(M)
LY, A)(x) == L(p,¢(p), Day(p)),

where x € M and p € P,. Then L is well-defined and gauge invariant, i.e., L(f*1, f*A) = L(¢, A)
for any f € G(P). L(v, A) is called the action density of the pair (¢, A).
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PROOF. By [25, Theorem 3.4.4], Dty € QL (P, V)%, so by [25, Definition 3.2.1] we have

(3.6) (Dat)pg o TRy = (R D) (p) = g~ " - Dath(p),
so that
L(pg,¥(pg), (Da)(pg)) = L(pg, g~ " (p), 9" - Dap(p) 0 TpgRy—1) 5 L(p,¥(p), Dab(p)),

verifying that £ is well-defined. To check gauge invariance we note that due to [25, Theorem
3.5.18] we have Dy a(f*¢) = f*(Dav), so

L(f* Y, frA) (@) = L(p,op(p)~" - ¢(p), f(Dat)(p)).

(3.4)
For any X € T,,P we have f*(Da),(X) = Dap(T,f(X)), and since f(p) = p-o¢(p), the product
rule [25, Lemma 1.2.3] gives for any smooth curve v : R — P with 4/(0) = X:
d ~
T,/ (X) = 5] 10) 05 ((0) = TRy, ) (X) + (TLo, -1 0 Top (X)) (F2))

The second term here is a fundamental vector field, hence vertical, so it is annihilated by D s €
(P, V)€ leading to

F(Dav)p(X) = Dat(T, f(X)) = Dav(T Ry ) (X)) = 04(p)"" - Daro(p)(X).

(3.6)

hor

Altogether, we arrive at
L(f*, frA) (@) = L(p, oy (p) " - ¥(p), 04(p) ™" - Datp(p)) iy L 00). Datb(p)) = L(¥, A).
U

Often what we (following [4]) have called action density is simply referred to as Lagrangian, and
we will also no longer insist on the distinction we have made so far.

The map £ is the fundamental object of interest for modelling the dynamics of a physical field
theory. More precisely, the dynamics of the theory is encoded in the following principle of least
action: For any U € M (i.e., U open and relatively compact), let EA = fU A) dvoly,.
Then a particle field ¢ € C°(P, V)% is called stationary relative to LA 1f for each U C M and
each ¢ € C>(P, V)% whose support projects to a subset of U we have

A _
7o L (¢ +tp) = 0.

It can be shown (cf. [4]) that this condition is equivalent to the corresponding Euler-Lagrange
equation, which for the particle field gives the equation of motion (e.g., the Dirac equation for ¥ a
free electron field, etc.). By defining a suitable notion of current one can also derive inhomogeneous
field equations. The actual derivation and analysis of these field equations is a separate topic that
mostly! goes beyond the aims of this lecture course. Instead, we now start our discussion of the
individual terms of the Lagrangian (3.1) of the standard model.

3.2. The Yang—Mills Lagrangian

To begin our tour through the Lagrangian of the standard model we look at pure Yang—Mills
theories (sometimes called gluodynamics). Physically, these correspond to “pure” field theories
without additional matter fields. The basic setup is as follows (cf. also [34, Section 6.1]):

e The theory is implemented on a principal fiber bundle P — M with M an n-dimensional
oriented pseudo-Riemannian manifold and compact structure group G.

e There is a gauge potential (i.e., connection one-form) A on P which mediates the funda-
mental interaction. Its field strength is then given by (cf. Section 3.1) the corresponding
curvature two-form F4.

1See7 however, the derivation of the Maxwell equations on general pseudo-Riemannian manifolds in Section
3.2 below
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e The Lie algebra g of G is endowed with an Ad-invariant scalar product (., .),.
e A (., .)g-orthonormal basis T1,...,T, for g has been chosen.
Recall from [25, Theorem 3.2.3] the isomorphism
Dpor (P, 9)\ S = Q2 (M, Ad(P)),

where Ad(P) = P x¢ g, according to which we may identify the curvature form F4 with an
element Fy} of Q?(M, Ad(P)) via the relation

(3.7) Fip(x)(t1, t2) = [p, FA(p) (X1, X2)]
whenever t; € T,M, p € P, and X; € T,P with Tn(X;) =¢; (i =1,2).

By [25, Theorem 2.4.10], (., .)q induces a bundle metric (., .)aqp) on the associated vector
bundle Ad(P) by setting

<[pv ’U], [pv w]>Ad(P) = <va>9'

3.2.1. REMARK. Recall that g induces a scalar product on k-forms, (., .) : Q¥(M) x QF(M) —

00 . : k : -
C>° (M) as follows: if 2* are local coordinates and w, 7 € Q"(M), with wy, .. 4, = w(Ouys .-+, 0u,),
and raising indices via the metric g (so that w/t - *k =w,, , g"*# ... g"H) we have
<w 7—> — w THL s HE — l w TPl = lw Lk
y T/Qk = By ik =kl W1yl = Rl ot ’
pr <o <pk DLk ’

which is easily seen to be independent of the chosen chart. For vector-valued k-forms F,G €
QF(M, E), with E a vector bundle equipped with a bundle metric (., .)x (in our case E = Ad(P)
with (., .)ad), one defines a corresponding scalar product by choosing any local basis ey,..., e,
for I'(E), expanding F' =37, Fi ® e; and G =3, G; @ ¢; with I, G € QF(M) and then setting

T

(F,G)p =Y (Fi,Gjar(eie)p

ij=1
(cf. [25, Section 5.2]).

3.2.2. DEFINITION. The Yang—Mills Lagrangian is defined by

1
— (i1, Far)ad(p)-

Lynm[A] = 5

Clearly, for fixed A € C(P), Ly p[4] € C°(M,R). Furthermore, the essential criterion of gauge
invariance,

is satisfied by [25, Theorem 5.2.7]. Let us next derive local coordinate expressions for the Yang—
Mills Lagrangian. Given a local gauge s € T'(U, P), the local field strength is given by?

FA =" F4 e QXU g).

Let x* be local coordinates on U, then due to (3.7) we have
Fituw = Fi1(04,0,) = FA(T5(9,), Ts(8,)) = F.' (9, 0) =: Fp,.
Using the orthonormal basis T, of g we obtain local frames T.(x) := [s(x),T,] for Ad(P) and a
corresponding expansion FA = FA*® T, so that
(3.9) Fi, = FAT,,

°In [25] the notation is F'®, A%, etc., but since we already have the superscript A we will synonymously attach
the s as lower index whenever convenient.
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with FA* € Q*(U) and Fi* = F2%(8,,0,) € C®(U). Here and below we always use the
summation convention. For the Lagrangian we get using Remark 3.2.1:

1 1 .
Lym[A] = —§<Fz’éf7Fﬁ>Ad(P) = —§<F5Aa7FsAb>Q2(U)<Ta,Tb>Ad(P)
Nl 1 1
(3 O) — —*FAVaFAb'uV <Ta7Tb>g — —*FiaFfl“/.

=dab

For the local field strength F, we have by the structure equation ([25, Theorem 3.5.3]):

S

1 1 1
FA =" FA = s*dA + 58 (A Al = ds™ A+ S[s"A, 5" A] = dA, + S[A,, A,
and so
1
F:‘V =dA;(0y,0,) + §[A5, A0y, 0,).
Here, 1[A,, Ay](0,,0,) = [A5(,), As(8,)] by [25, Lemma 3.5.2], so that (using [25, (3.4.1)])
Fip = 0,(A5(8,)) = 00(A5(0,)) = As ([0, 00]) + [As(8,), As(8,)]
——
(3.11) 0
=0,A, — 0, A, + AL A
Denote by fape the structure constants determined by [Ty, Ty = >.._; faveTe- Then we have an
expansion A, = AjT,. Also,

[s(x), FA(Ts(0,), Ts(0,))] o Fi1(2)(8,,0,) o) Fi, = Fiu'Ta = [s(x), Fi T,

0 (3.9) becomes Flﬁj =F P’:‘VaTa when F4 is viewed as a g-valued form on P via (3.7). Consequently,

(3.12) Fot = 0,A% — 0,A% + foea AL AS.

3.2.3. LEMMA. The structure constants of g with respect to the orthonormal basis {T,} satisfy
fabc + fbac =0 and fbca + fbac =0, and thereby also fbca = fabc-

PROOF. The first equation follows from the antisymmetry of the Lie bracket. For the second, we
use the Ad-invariance of (., .)4 to calculate:
d

0=l

Adexp(th)(TC)’ Adexp(th)(Ta)>g = <[Tba TC]? Ta>g + <Tca [Tbv Ta]>9‘

Thus (3.12) is equivalent to
Fi* = 0,A% — 0,A% + fancALAC,

pv

so (3.10) becomes

1
LymlA] =~ ZF;ﬁ/aFéqW =

1 u u , ,
(3.13) — Z(aﬂAV — 61/14“)(8”14(1 — AR
1 1

B ifabc(a“Ag - aVAZ)AbHACV - ZfabcfadeAZAIC/AduAeu,

Here, the term in the second line is quadratic in the gauge field and describes free (non-interacting)
gauge bosons. If the structure group is abelian, it is the only remaining term. The terms in the
third line are cubic and quartic in the gauge field. They describe the interaction between gauge
bosons in non-abelian gauge theories. In QCD (quantum chromodynamics) they are called 3-gluon
vertex and 4-gluon vertex, respectively.
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Next we want to look at the principle of least action in the current setup. For convenience, let
us assume that M is closed, i.e., compact without boundary. Then the following definition makes
sense:

3.2.4. DEFINITION. The Yang—Mills action for the principal G-bundle P — M is the map
Sy : G(P) —R
1 1
SymlA] = =5 (Fir, Fil)aap) .12 = —§/<F]f},F]f}>Ad(p) dvoly.
M

A connection A on P is a critical point of the Yang—Mills action if

d
o OSYM[A +ta] =0 VaeQl (Pgt =0l (M, AdP)).
By [25, Theorem 5.2.10] we have:

3.2.5. THEOREM. A connection form A is a critical point of the Yang—Mills action if and only if
it satisfies the Yang—Mills equation d4 F' A“} =0.

Here, the codifferential induced by A is the map d4 : Q¥F1(M, Ad(P)) — QF(M, Ad(P)) defined
by (see [25, Definition 5.2.3])
Sa = (1) dy x

The Yang—Mills equation is a second order partial differential equation for the connection A.

Let us also derive a local expression for the Yang—Mills equation. Since the Hodge operator
is an isomorphism, we need a local representation of the equation d4 * F4 = 0. Here, the
representation of the structure group is p = Ad, so p, = ad. Moreover, [25, (3.4.3)] shows that
dgw = dw + ad(A) A w, and since ad(X)(Y) = [X,Y], [25, (3.4.5),(3.5.5)] give

da(xFA) = d(xF?) + [A, xF4),
Finally, applying s* for a local gauge s gives the local form of the Yang—Mills equation as
d(xF2) + [As, xFA] = 0.

By [25, Theorem 3.5.5], the curvature form automatically satisfies the Bianchi identity d F}; = 0.
It therefore also solves the equation (d4 + 64)?F4 = 0, which is a direct generalization of the
Laplace-Beltrami equation (Ow = (d+§)%w = 0). In this sense, curvature forms that are solutions
of the Yang—Mills equation can be viewed as harmonic forms.

3.2.6. EXAMPLE. (The Maxwell equations) Let G = U(1), which is abelian. By what was said
after (3.2), the local curvature forms Fy therefore are independent of the choice of local gauge s
and define a global 2-form Fy; € Q2(M,u(1)) on the base manifold M. In this case, p = AdY®,
so p, = ad" = 0 since the Lie bracket on u(1) vanishes. Therefore, Dw = dw + ad(A) Aw =
dw + [A, w] = dw for any connection A and any w (cf. [25, (3.4.3)]), so also d4 = d, and the system
consisting of the Bianchi identity and the Yang—Mills equation,

dFy =0

d * FM = 0
is called the Mazwell equations for a source-free electromagnetic field. In particular, for M = R!:3
the Minkowski space we obtain precisely the usual Maxwell equations, cf. [25, Section 5.1]. On

the other hand, one may also generalize the Maxwell equations to any abelian structure group G,
where they are still linear, or even to non-abelian GG, where they become nonlinear PDEs for A.

3.2.7. DEFINITION. A connection that satisfies the Yang-Mills equation is called a Yang—Mills
connection.
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It follows from (3.8), combined with Theorem 3.2.5 that if A is a Yang-Mills connection and
f € G(P) is an element of the gauge group, then also f*A is a Yang-Mills connection. The
quotient of the space of Yang—Mills connections by the gauge group G(P) is called the Yang—Mills
moduli space.

3.2.8. EXAMPLE. (Instantons) Let P — M be a principal fiber bundle with structure group G and
with M an oriented Riemannian 4-manifold. In this case, for the Hodge star operator we have
s+ = id on Q2(M). Connections A whose curvature form Ff; € Q2(M, Ad(P)) satisfy *Fy} = Fi}
or xF A“}I =-F ]\“} are called self-dual or anti-self-dual instantons, respectively. Since any connection
satisfies the Bianchi-identity, it follows that both types of instantons automatically are Yang—Mills
connections. The defining equations for instantons are examples of so-called BPS equations in the
sense that they are first order equations whose solutions necessarily are also solutions of the field
equations. Since Ff™4 = f*F4 = Ad(o;l) o FA for any f € G(P) (see [25, Theorem 3.5.18]),
the gauge group maps the instanton spaces into themselves, and so one can define corresponding
instanton moduli spaces, which play a central role in Donaldson theory.

3.2.9. REMARK. In quantum field theory it turns out that the Yang—Mills Lagrangian

1 1 o y
Lym[A] = —§<FﬁﬁFﬁr>Ad(P) = —ZF:‘V F

describes massless gauge bosons. One then can add (in a local gauge) a mass term

1
(3.14) 5nﬂA;Ag
to Ly ap[A] to describe gauge bosons of mass m. This would suggest to add to Ly ps[A] an invariant
term $m?(Ans, Anr)aacp)- However, Ay is not an element of Q' (M, Ad(P)) (because A is not
horizontal by the very definition of connection forms, only the difference of two connection forms is
of this type, cf. [25, Remark 3.2.2]). Thus adding such a term does not provide a gauge-invariant
Lagrangian. To actually derive a gauge invariant Lagrangian that describes non-zero mass gauge
bosons will require the Higgs mechanism, see Chapter 4.

To conclude this section, we are going to collect some fundamental relations from gauge theory
and compare the formalisms most common in mathematics and physics. As before we assume that
g is equipped with an Ad-invariant scalar product (., .)4, but now denote the orthonormal basis
of g by S1,...,8,. We also fix a so-called coupling constant g > 0.3

Beginning with the conventions mainly used in mathematics, define a new scalar product

which then has the orthonormal basis T, = ¢S, (a = 1,...,r). We can then expand the connection
A € QY(P,g) and its curvature F4 € Q2(P, g) as

A=>"A"®T, F*=) F'®T,
a=1 a=1
with A% € QY(P) and F?® € Q?(P). For s a local gauge and ® € I'(Ad(P)) we can write ® over
Uas ® = [s,¢] with ¢ € C>°(U,g), and by [25, Theorem 3.4.9] then V4® = [s, V4 ¢], where
Vid(z) = To(X,) + ad(As(X,))¢(x). Then given local coordinates z# on U, Vﬁqﬁ = Vf}“(b =
Ou + Apd, with A, := A;(0,) and A,¢ = ad(As(0,))¢ = [A,, ¢]. In this sense,
(3.15) Vi =0,+A,.
Furthermore, we know from (3.11) that the local curvature is given by
Fo, = 0,4, — 0,A, + [Au, A,

3This is slightly at odds with our notation g for the metric on M, but we follow Hamilton’s conventions and
believe that no confusion will ensue.
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Finally (cf. (3.10)), the Yang—Mills Lagrangian is then defined to be

1 1
CyarlA] = —J(F", By = — Fo FL.

In physics, on the other hand, it is more common to pick a Hermitian scalar product (., .);q on
ig associated to (., .)y via the orthonormal basis %Sa (a=1,...,r) on ig. Then we expand the
gauge field B € Q(P,ig) and its curvature H € Q2(P,ig) as

1 - a 1 - a
B:E;B ® S H:Q;H ® Sq.

There are two different sign conventions for the covariant derivative, namely

Vit =0, +igB,,
with corresponding curvatures

H,, =0,B, —0,B, +ig[B,, B,

and Lagrangian

1 1

Lym(B] = = (H", Hu)ig = — 7 Hp, HY”.

An advantage of the physical convention is that the coupling constant is appearing explicitly in
the covariant derivative and the curvature. In the first case, it describes the coupling of the gauge

field to other fields, and in the second case the coupling between gauge bosons in non-abelian
gauge theories.

The relation between these conventions is given by A = +igB and F = +igH . If the representation
of G on a vector space V is unitary, then A, acts as a skew-Hermitian operator and B as a
Hermitian operator. Moreover, V;:‘ = VE, A*=4B* F*=4+H® = FH, = F,. We will mostly
follow the mathematical conventions below.

3.3. Modelling matter fields

Having discussed pure gauge theories in the previous section, let us very briefly consider the general
setup for dealing with matter fields in the framework of gauge theory (cf. [34, Section 7.1]).

One usually considers a spacetime manifold M that is endowed with certain additional structures,
encoded in either the frame bundle GL(M) (cf. [25, Example 2.2.12]) or the spin structure S(M)
(cf. Definition 2.1.2). In what follows (in this section) let @ stand for either GL(M) or S(M),
calling @ the spacetime principal bundle and call its structure group S. If we are given in addition
another, so-called gauge principal bundle P, we form the fiber product @ X P (see Remark
2.3.16), which is a principal S x G bundle over M. The bundle projections will be denoted by ¢
and 7p, and the right actions by R? and R”, respectively. For the induced right action of S x G
on @ X P we will simply write R, and 7 for the projection.

Then a classical matter field model consists of the following building blocks:

(A) The primary underlying space is a tensor product £ = E; ® E;, where Ej is the bundle
of spacetime degrees of freedom and E; is the bundle of internal degrees of freedom. For
FE there are two versions:

— Either Ej is a tensor bundle over M that is associated to the frame bundle GL(M)
(bosonic matter), or

— E; is a spinor bundle associated to the spin structure S(M) (fermionic matter).

In the unified notation introduced above we therefore have F, = @ x,, F,, where F§ is
a finite-dimensional vector space carrying a representation p of .S.

The bundle FE; is associated to the gauge principal bundle P: E; = P X, F;, where
F; also is a finite-dimensional vector space carrying a representation o of the gauge
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group G. In addition to o, F; may be endowed with a further Lie group representation
implementing further degrees of freedom called flavor.

By Remark 2.3.16, F is associated to @ x s P, with typical fiber F = F; ® F; carrying
the tensor product representation p ® o of S x G.

(B) A matter field of spacetime type p and of gauge type o (of type (u,o) for short) is a
section ¥ € T'(E). By [25, Theorem 2.3.4], ¥ can equivalenty be viewed as an element
U € C®(Q xp P, F)5*Y, where

U(z)=[p,U(p)] (pen'(z)).
By the principle of minimal coupling (cf. Section 3.1), the coupling of the matter field
with the gauge potential is encoded in the corresponding covariant derivative. Exactly
as in Definition 2.3.17, connections on ) and P define covariant derivatives on the
associated bundles Fs and F;, which in turn induce a covariant derivativeon F = E,QF;
that realizes the minimal coupling. This covariant derivative distributes over the tensor
product representation, see (2.11).

(C) Let sp and sg be local gauges of P and @, respectively. Then s := sp X sq is a local
gauge for @) x P which induces a local gauge for P x ), @ (also denoted s) via

s:U—=PxyQ
s(z) := (sp(x), 5q(2)).
In this local gauge, the matter field U is represented by s*V¥, and this representation is

compatible with the tensor product structure of F.

(D) The (infinite dimensional) vector space I'(F) is called the matter configuration space.
Gauge transformations of P x s @ act on T'(E) on the left, see (3.17) below.

In the remaining sections of this chapter we will implement this general program for the matter
fields of the standard model.

3.4. The Klein—Gordon and Higgs Lagrangians

We now turn to the case of matter fields that couple to the gauge field, starting out in the present
section with scalar fields. As before, (M, g) is an oriented pseudo-Riemannian manifold.

3.4.1. DEFINITION. A complex scalar field is a smooth map ¢ : M — C. A multiplet of complex
scalar fields is a smooth map ¢ : M — C” for some r > 1.

On C" we consider the standard Hermitian scalar product (v,w) = v! - w. Given a multiplet of
scalar fields ¢, its differential T¢ = d¢ is an element of Q'(M,C"), and as a simple special case of
Remark 3.2.1 we obtain an induced scalar product on this space of vector valued one-forms.

3.4.2. DEFINITION. The free Klein—Gordon Lagrangian for a multiplet of complex scalar fields
¢: M — C” of mass m is given by

LKG[¢] = <d¢a d¢> - ’I’I’L2 <¢7 ¢>
Here, (d¢,d¢) is called the kinetic term and —m? (¢, ¢) is called the Klein—Gordon term.

For fixed ¢, Lxg[p] : M — R is smooth. Writing ¢ = (¢!,...,¢") we have dp = (dp!,. .., d¢") =
Z;=1 d¢'u; (u; the i-th unit vector in C"). In the notation of Remark 3.2.1 we then obtain
(ui, uj)cr = 05, and so
(g, do) = D" (de',d¢ ) = D _(d')"(d¢"),, = (06, Oud)cr = (9", D).
i=1 i=1
More generally, we define:



3.4. THE KLEIN-GORDON AND HIGGS LAGRANGIANS 65

3.4.3. DEFINITION. A potential is a smooth function V : R — R. Then setting V(¢) := V ({9, ¢)),
the Higgs Lagrangian for a multiplet of complex scalar fields ¢ with potential V is

Luld] = (dp,d¢) —V(9).

If V contains terms of order higher than two in the field ¢ then it describes a direct interaction
between particles of the field ¢. As we shall see later, the potential of the Higgs field is a quadratic
polynomial in ¢f¢, hence is of fourth order in ¢.

Turning now to a scalar field coupled to a gauge field, we make the following general assumptions:
e (M,g) is an oriented pseudo-Riemannian manifold.
e P — M is a principal fiber bundle with compact structure group G of dimension r.

e p: G — GL(W) is a complex representation, and we call E = P x, W — M the
associated vector bundle.

e W is equipped with a p-invariant scalar product (., .)w, inducing (via [25, Theorem
2.4.10]) a bundle metric (., .)g on E.

3.4.4. DEFINITION. Let ¢ € I'(E). If dim(W) = 1, ¢ is called a complex scalar field, while if
dim(W) > 1 then ¢ is called a multiplet of complex scalar fields, and W is called a multiplet space.

As in the previous section, in what follows we make use of the covariant differential d 4 : QF (M, F) —
QF1(M, F) induced by the absolute differential Dy : QF (P, W)(©?) — QFHL(P,W)(Er) (cf.
[25, (3.4.6)]).

3.4.5. DEFINITION. The Klein—Gordon Lagrangian for a multiplet ® € T'(E) of complex scalar
fields of mass m coupled to a gauge field A is

La[®, Al = (da®,ds®) g — m* (P, D).

Again, for fixed ® and A, Lkg[P, A] : M — R is smooth. The corresponding action functional
(on a closed manifold M) is

Ske :T(E) x €(P) =R
S [®, A] = / L[, Al dvol,.
M

Since VA = d4|Q°(M, E), Remark 3.2.1 gives the local representation of the kinetic term:

(da®,da®)p = (VD VI®)p.
In terms of a local gauge s € I'(U, P) we have ®|y = [s, ¢] for some ¢ € C°(U, W), and exactly
as in the discussion preceding (3.15) it follows that

Vid =[s,Viel, Vie=0.0+A.0.
The term A,,¢ := p.(A,)¢ is called the minimal coupling.
Let us now identify W with CV (by the choice of a basis) and the scalar product on W with the
standard Hermitian product (v, w) = vfw. By our general assumption (., . )y is G-invariant, i.e.,
p is a unitary representation. By [24, Theorem 23.9], p.(g) therefore acts on W = C” by skew
Hermitian matrices. Since A,, € g, this implies that the matrices A, are skew Hermitian as well:
Al =—-A,.

Combining the above observations we obtain the following local representation of the Lagrangian
with respect to the local gauge s and the local coordinates x*:

(3.16) Lxa[®, A] = (0"9)1(0.0) — m*¢T ¢+ (0"9)T(Au0) — (6T A,)(0,0) — 9TA* A, .
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Here, the first two terms are the Klein-Gordon Lagrangian for a free multiplet of complex scalar
fields of mass m. They are quadratic in ¢. The remaining terms, which are cubic resp. quartic
in (¢, A) and are called the interaction terms, describe the interaction (or coupling) between the
gauge field and the multiplet of scalar fields. In quantum field theory this amounts to an indirect
interaction between particles of the scalar field, mediated by gauge bosons.

3.4.6. REMARK. Here (and also later for the Dirac Lagrangian) we see the following mixing effects
caused by the action p of G in case it does not act diagonally on W = CV:

e p mixes components of the multiplet, so the identification of a section of £ = P x, W
with a map into W depends on the choice of gauge.

e Via the induced representation p, of g on W, the gauge field A mixes different compo-
nents of the multiplet in the interaction terms of the Lagrangian.

3.4.7. DEFINITION. A section ® of the associated bundle E = P x, W with p, : g — L(W, W)
non-trivial is called a charged scalar.

According to Remark 3.4.6, charged scalars have a non-trivial coupling to the gauge field A.

Our next goal is to prove the gauge invariance of the Klein—-Gordon Lagrangian. To do this we
first have to gain a better understanding of the action of the gauge group on associated vector
bundles. Recall from [25, Lemma 3.5.17] that any f € G(P) is of the form f(p) = poy(p) for
some oy € C*®(P,G)¢ (and conversely). The map o can be used to obtain an action of §(P) on
sections of an associated bundle:

3.4.8. LEMMA. Let E = P x, W be associated to P. Then G(P) acts on E wvia vector bundle
isomorphisms given by

S(P)x E—E

(f,[p,v]) = f - Ip,v] == [F(p),v] = [p- of(p), v].

PROOF. The action is obviously fiber linear and f~! induces the inverse transformation, so it only
remains to convince ourselves that the map is well-defined: Let [p,v] = [p/,v'], i.e., p’ = p - g,
v' = p(g)~ v for some g € G. Then

[F(®), 0] = (- 9). plg) " 0] = [£ (D) - g, p(9)~"0] = [£(p), ).
O
This operation then automatically also induces an action of §G(P) on sections of E: For ® € T'(E)
and f € G(P) we define f-® € I'(E) by
(3.17) (f ®)(x) := [ D(x).

In order to give meaning to the problem of gauge invariance of £ g we need to give a definition of
the pullback of ® € T'(E) under f € §(P). Offhand this does not make sense because ® : M — E,
whereas f : P — P. However,

T(E) = Q°(M,E) = QY (P,W)%r) = c=(p,W)¢

hor

(see [25, Theorems 2.3.4, 3.2.3]), and the pullback under f on elements of the right hand side
is well defined. As in [25], for any k we denote the isomorphism QF(M, E) — QF (P, W)(G»)

by w + @ and its inverse by 7 — 7. To transfer the pullback operation from Qﬁor(P, W)(EP) to
QF(M, E) we set, for any w € Q¥(M, E) and f € §(P):

(3.18) ffw = (f*o)".
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Let us work this out explicitly, beginning with the case k = 0, i.e., fora ® € I'(E). By [25, Theorem
2.3.4], the relation between ® and ® is ®(z) = [p, ®(p)] (p € P, arbitrary). Since ® € C>°(P,W)¢
we have (suppressing p)

(f*®)(p)

(f(p) =®(p-os(p)) =0ap(p)~" - D(p).

Therefore,

(F*®)"x) = [p, (f*®)(p)] = [p,op(p) " - ®(p)] = [p- 04(p) ", ®(p)]
fp)~ @) = (f" ®)(x),

(3.17)

(f*®)(z) =
(3.19) _

meaning that pullback under f of elements of I'( E') in the sense of (3.18) is precisely multiplication
by f~1 in the sense of (3.17).

Turning now to general k, let w € Q¥(M,E), f € G(P), x € M, p € Py, t1,...,t, € T,M and
X1,..., Xy € T,P with Tn(X;) = t;. Then (cf. the proof of [25, Theorem 3.2.3])

(f*w)w(th e ﬂtk) = (f*@);c\(th s 7tk) = [pv (f*a))p(Xh s 7Xk)]

= [pa a)f(p) (Tpf(Xl)v <o 7Tpf(Xk‘))] = [pv wp-of(p) (Tpf(Xl)v R anf(ch))]

= [ (B @) (TR (T (X))o TR (T f(X0))]
The last line here was introduced in order to allow us to exploit the fact that @ € QF (P, W)(@»).
Indeed, applying [25, Definition 3.2.1 (ii)] and noting that R;fl o f = idp we arrive at (again
suppressing p)
(ffw)a(ts, ... tk) = [p, O—f(p)ilwp(le Xk =1[p Jf(p)il’@P(le e X))

= f_l ' [pva(Xh s an)] = (f_l : w)z(tla s 7tk)

Thus also in the general case, pullback amounts to multiplication by f~! in the sense of (3.17).
There is, moreover, a simple relation between the case k =0 and k£ > 0:

f_1<w(t1, . ,tk)) = (f_lw)(tl, R ,tk).
Indeed, f~Hw(t1,...,tx)) = f~H([p,@p(X1,..., Xk)]), so this follows immediately from (3.20).

(3.20)

After these preparations we can now prove the desired result on the gauge invariance of £ gq:

3.4.9. THEOREM. The Klein—Gordon Lagrangian of a multiplet of complex scalar fields, coupled to
a gauge field, is gauge invariant:

Lrclf™ @, " Al = Lkc[® Al (f€§(P), 2 €T(E), Ace(P)).

PROOF. We will indeed show that each term in £ is gauge invariant, starting with the kinetic
term (d4®,dsP) . Recall from [25, (3.4.6)] the relation between d4 and the absolute differential
Dy:

QF(M,E) — 5 QF1(M, E)

WHQJ,TTH{— w‘—)@J{TT»—M:

QF_ (P, W)(G0) _Pa, QF (P, W)(Goe)

hor

This, together with (3.18) allows us to transfer the gauge invariance of Dy, i.e., D a(f*w) =
f*(Daw) ([25, Theorem 3.5.18]) to da:

dpoa(f*@) = (Dy-af*®)" = (Dya(f*®))" = (f*Da®)"

_ * 7 H\N\ . px o —1 .
= (f"da®)” = f*(da®) (320) [ da®.

(3.21)

Remark 3.2.1, combined with the G-invariance of (., .)w then yields

(dpea(f5@)dpea(f @) p = (f - da®@, f' - da®)p = (da®,da®)E,
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as claimed. Finally, for the mass term we directly have
—m* (P, OV p = -—m*(fL @, f D) p = —m* (D, D).
O

The Klein—-Gordon Lagrangian contains the connection form in non-dynamic form, meaning that
it does not involve derivatives of A, which therefore figures merely as a fixed background field.
To describe the combined dynamics of the scalar field, the gauge field and their interaction one
considers the Yang—Mills—Klein—Gordon Lagrangian

1
Lral[® Al + Ly m[A] = (da®, da®) g — m* (D, @) — §<FJ(}, Fi1) aap)-

To describe the dynamics of a scalar field with a potential coupled to a gauge field, one uses the
Higgs Lagrangian:

3.4.10. DEFINITION. The Higgs—Lagrangian for a multiplet of complex scalar fields coupled to a
gauge field is

LH[(I), A] = <dA(I>, qu)>E - V(‘I)),
where V is a gauge invariant potential (i.e., V(f~1 - ®) = V(®) for all f € §(P)).

The only type of potential we shall consider is one of the form V(®) = V((®,®)g) with (the
rhs) V : R — R. Gauge invariance is then clear (from the proof of Theorem 3.4.9). The
Higgs—Lagrangian describes the interaction between particles of the scalar field and particles of
the gauge field, and simultaneously the direct interaction between the particles of the scalar field
(in case V contains terms of order greater than 2 in ®).

From the above remarks and the proof of Theorem 3.4.9 we immediately conclude:

3.4.11. THEOREM. The Higgs Lagrangian for a multiplet of complex scalar fields coupled to a gauge
field is gauge invariant:

Lulf~t- @, Al = Ly[®, A (f €G(P),® € T'(E), A € C(P)).

It will come as no surprise that the sum of the Higgs- and the Yang—Mills Lagrangian is called the
Yang—Mills—Higgs Lagrangian:
1

(3.22) LH[(I>,A] + LYM[A] = <dA<I), dA‘I)>E - V(Cb) 5

(Firs Fip)ad(p)-

3.5. The Dirac Lagrangian

Fermions are particles that follow the Fermi-Dirac statistics and have half integer spin. They are
described by spinor fields on spacetime. In this section we make the following general assumptions:

e (M,g) is an n-dimensional oriented and time-oriented pseudo-Riemannian manifold of
signature (s,t).

e There is a spin structure Spin™ (M ), with corresponding spinor bundle S — M.
e (., .)isa(not necessarily positive definite) Dirac form on the Dirac spinor space A = A,,
with associated Dirac bundle metric (., .)s. We also write ¥® for (¥, ®)g.
3.5.1. DEFINITION. The Dirac Lagrangian for a free spinor field ¥ € T'(S) of mass m is
Lp[V] =Re(¥, PU¥)g — m(¥, ¥)g = Re(VPV) — mUY,

where ) : T(S) — T'(S) is the Dirac operator (see Definition 2.3.11), and ¥ refers to the Dirac
conjugate of ¥, cf. Definition 1.7.7. In the above expression, Re(VIPW) is called the kinetic term
and —mWV is called the Dirac mass term.
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3.5.2. REMARK. Taking the real part in the above definition is necessary since Lagrangians have
to be real valued. If the Dirac form (., .)s has § = —1 then the proof of Theorem 2.3.21 (together
with Remark 2.3.20) shows that

(3.23) (U, W) s — (PV, ¥)g)dvol, = div(c)dvol,

for some one-form o on M. Therefore,

Re((¥, P¥)g)dvol, = %(<‘I’7m‘1’>s + <W7¢W>§)dvolg
I %(@JD\P}s + (D, ) 5)dvol,

1
(3.23) (¥, PV)sdvol, — §diV(0)dvolg.

Thus Stokes’ theorem implies that the action defined by (¥, ID¥)g and its real part coincide if ¥
has compact support (and M has no boundary).

Let us now look at the coupling of a spinor field to a scalar field, describing the interaction between
fermions and gauge bosons (e.g., between electrons and photons in quantum electrodynamics
(QED), or between quarks and gluons in quantum chromodynamics (QCD)). Additionally to the
conventions noted at the beginning of this section, we fix

e a principal fiber bundle P — M with compact structure group G of dimension r, and

e a complex representation p : G — GL(V') and the associated vector bundle £ = P X,
V — M, as well as

e a G-invariant Hermitian scalar product (., .)y on V and the corresponding bundle
metric (., .)g (according to [25, Theorem 2.4.10]). This and the Dirac form on the
spinor bundle S induce a Hermitian scalar product (., .)sgr on the twisted spinor
bundle S® E (cf. the discussion around (2.16)). As before, we abbreviate (¥, ®)sgp by
Vo,

Let s : U — P be a local gauge and fix an orthonormal basis vy, ...,vy of V. Then the twisted

spinors W, ® (or actually their pullbacks under s) correspond to multiplets ¥ = (¥q,..., Uy)T,
O = (®y,...,0n)7T, where ®;, ¥; € ['(U, S). The scalar product in S ® E then takes the form

N
Ve = 0,0,
j=1

3.5.3. DEFINITION. The Dirac Lagrangian for a twisted spinor field ¥ € T'(S ® F) of mass m
coupled to a gauge field A on the principal fiber bundle P is

Lp[V, Al = Re(¥, D4 ¥) 595 — m(¥, ¥)sop = Re(VP 4 V) — mUW.

Here, D4 : T'(S ® E) — I'(S ® E) is the twisted Dirac operator from Definition 2.3.19. The
corresponding action (for M a closed manifold) is

Sp:T(S® E) x C(P) — R
Sp[W, A] = /LD[‘LA] dvol,.

M

To obtain a local description, let us additionally pick a local vielbein e for T'M with corresponding
local trivialization ¢ of Spin™ (M) (cf. Lemma 2.1.6). Then from (2.14) and the discusion leading
up to (3.15) we obtain

N 1 N N
(3.24)  Lp[¥,A]=Re ip),T” (a,, - zwpq,.rm“)% =S midg +Re S i, TP (A);.
j=1 j=1

j=1
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Some care has to be taken in interpreting this formula correctly: First, the 1; here correspond
to what was written as 1; ® w; in (2.14), with the understanding (discussed prior to (2.11)) that
the gamma-matrices only affect the A-part (i.e., the ¢;) and A, affects only the V-part (i.e., the
second factor in the tensor product). Finally, in contrast to (3.15) (where local coordinates were
used instead of a local vielbein), 9, stands for the application of the vector field e, to a scalar
function, and A, := p,As(ep). So in proper longhand notation, (3.24) reads

N N
Lpl¥, 4] =Re) ip;l” (T(wj ® wj)(ep) — iwpqrfqr% ® wj) =2 mbiv;
Jj=1 j=1

(3.25) N

+Re > i TPy @ ((peAs(ep)w)).
j=1
The first two sums in (3.24) constitute the Dirac Lagrangian for a free multiplet of fermions, with
kinetic term Re Zf;l iz/;jfpﬁpz/}j, followed by a coupling term between the spinor field and the
metric encoded in wpqr, and the Dirac mass term. The third sum in (3.24) is cubic in the fields
(i.e., in (¥, A)) and is the interaction term, describing the interaction between the fermions and
the gauge field (and thereby an indirect interaction between the fermions). Note that since the
gauge field A acts by skew Hermitian matrices, the interaction term is automatically real, so taking
the real part in the final term could be omitted.

3.5.4. DEFINITION. If ¥ € T'(S ® E) is a section of a twisted spinor bundle with E = P x, V and
px : @ — V non-trivial, then VU is called a charged fermion.

As can be seen from (3.25), charged fermions have a non-trivial coupling to the gauge field A.

3.5.5. THEOREM. The Dirac Lagrangian for a twisted spinor field is gauge invariant:
Lplf 'V, f*Al = Lp[¥,A] VYV eT(S®E)VAc C(P)Vfcg(P).

PROOF. Let us first clarify what we mean by f~! - WU. Since f is a bundle automorphism of P it
only acts on the E-part of ¥ — more precisely, for a local tensor product ¥ ® w as introduced
before (2.11) we set f~!- (¢ ® w) := 1 @ (f ~'w). Thus for any smooth local vector field X on U
we have (recalling from [25, 3.4.8] that V4 = da|r(p))

VEAT e w) = (VT e () + e e ViAW)
w5 (VX0 @ (e) + e 7 (Viw)
= (V") @w+ ¢ @ Viw) = - Vi@ @ w).
This shows that V4 *(f~1-¥) = f~1. V4V for each ¥ € I'(S ® E).

By Definition 2.3.19 we have P, ¥ = n%e, - Vfb U. Here, according to (2.12), the Clifford multi-
plication only acts on the first component of the local tensor product representation of sections of
I'(S ® E). On the other hand, as we have seen above the action of f~! only involves the second
component. Therefore these operations commute and we get

FH@a%) = 7 (e VET) =0"eq - (f71 VD)
=5 VLAY 0) = Dpea(F710).
Consequently,
U Dpa(f ) sop =10, 1 (DaV)sor = (¥, DaV) soE,
where the last equality follows from the definition of (., .)sggr on splitting tensors and the G-

invariance of (., .)y (as in the proof of Theorem 3.4.9). For the same reason, (f~!- W, f=1.
U)sor = (¥, U)sgr, establishing also the gauge invariance of the mass term. O
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3.5.6. REMARK. It now follows from Remark 2.3.20 that the previous result automatically also
implies gauge invariance of the Lagrangian for a free spinor field.

3.5.7. EXAMPLE. The strong interaction in QCD is modelled using G = SU(3) and V = C3. Tt
has six multiplets W ¢, called quarks, with the flavors u,d, s, c,t,b. The three components of every
multiplet are called colors. The interaction term of the corresponding Lagrangian contains a gauge
field A, with values in su(3) (modelling eight gluons). It mixes different colors of a quark of a

given flavor, but not different flavors (which would require weak interaction). So the Lagrangian
for QCD has the form

LD[\I/,A]Z Z (Re(@fﬁA\IJf)—mf\I'f‘llf).
fef{u,d,s,c,t,b}

3.5.8. REMARK. (The problem of particle masses) By the very form of the mass term —mW¥W¥ in
the Dirac Lagrangian it is clear that each component of the multiplet ¥ has the same mass m.
If one would assign different masses to different components then this would destroy the gauge
invariance of the mass term (recall that the gauge group mixes the components of the multiplet).
This causes problems for the standard model, which aims to describe particles with very different
masses, like electron and electron neutrino as SU(2) x U(1)-doublets, while at the same time
keeping the Lagrangian gauge invariant. In fact, an additional complication is that left-handed
and right-handed fermions transform with respect to different representations of SU(2) x U(1).
This implies that a gauge invariant mass term cannot be defined even if all components of the
multiplet had the same mass. We will return to this question below and in the next chapter, where
a solution to this problem based on the Higgs field will be described.

As before, to make the spinor multiplet ¥ and the gauge field A dynamic we can combine the
Lagrangians into the Yang—Mills—Dirac Lagrangian

- _ 1
Lp[¥, Al + Lyp[A] = Re(TP4¥) — mIT — §<F;}, Firyad(p)-

Our next aim is to describe chiral fermions. To do this, we restrict to M being of even dimension
(as well as oriented and time-oriented), to have Lorentzian signature ((1,n — 1) or (n — 1,1)),
and to be equipped with a spin structure. In the case of the standard model one simply takes
four-dimensional Minkowski space for M.

Recall from Proposition 1.7.6 that for both choices of the matrix A there, A consists of a product
of an odd number of gamma matrices. Therefore, if we decompose the spinor bundle into left- and
right handed Weyl spinors, S = Sp, & Sg, then the Dirac bundle metric is null on both subbundles
S and Sg, see Remark 1.7.12. Thus for ¥, ® € I'(S) we have

(3.26) U = (U, )5 = (Vr, Pr)s + (Vr, )5 = U Op + Updy.

Note that this implies that the decomposition S = Sy, & Sg is not orthogonal with respect to the
Dirac bundle metric.

By the definition of the scalar product on the twisted spinor bundle, (3.26) remains valid also on
SQE=SF®Spr®FE.

In particular, the Dirac Lagrangian for a twisted spinor field ¥ € I'(S ® E) of mass m coupled to
a gauge field A on the principal fiber bundle P (see Definition 3.5.3) under the above assumptions
takes the form

LD[\I/, A] == Re(\i'lﬁA\I/) - m\iJ\If == Re(\i’LlDA\I’L + \IIRlDA\IIR) - ZmRe(‘i/L\I’R)
To conclude this section we want to generalize these observations to the case of twisted chiral

spinor bundles (cf. Definition 2.3.22). So let M be an even dimensional Lorentzian spin manifold
as above and consider a twisted chiral spinor bundle

(SRE)y = (S, ® EL) ® (Sp ® ER),
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where Fr, and ER are complex vector bundles associated to P — M via representations pr, : G —
GL(Vy) and pg : G — GL(Vg). Let us also fix G-invariant Hermitian scalar products on V, and
Vg, which in turn induce Hermitian bundle metrics (., .)g, and (., .)g,.

We then introduce a massless Dirac Lagrangian by
LW, Al : =Re(¥, PaV)ser =Re (Ui, DaVi)ser, + (YR, DaVR)sers)
=Re(VP V) =Re(Wp P4V + UrD4VR).
Keep in mind that the Dirac operator here only affects the S-components. Gauge invariance is

clear from the proof of Theorem 3.5.5.

If we try to add an appropriate mass term to this Lagrangian, a natural choice seems to be
—mU¥ = —2mRe(V;UR).

However, this term is ill-defined as can be seen by trying to write out the scalar product that is to
be used here. It can neither be (U, Up)ser, nor (¥, Vr)sgr, because Uy is a section of the
first bundle whereas W is one of the second, and so there is no scalar product in which to insert
them both.

Instead, one might try to use something like this:

3.5.9. DEFINITION. Let V and Vg be unitary representations of a Lie group G. A mass pairing
is a G-invariant form

k: VL x Vg —=C
that is complex anti-linear in the first argument and complex linear in the second.

As usual, by [25, Theorem 2.4.10] a mass pairing induces a corresponding bundle form & : Ej, @
Er — C, which then can be used to define a gauge invariant Dirac mass term for chiral twisted
spinors. At least in theory, that is: As the following result shows, in many cases there does not
exist a non-trivial mass pairing:

3.5.10. THEOREM. (Triviality of mass pairings) If Vi, and Vg are irreducible, unitary and non-
isomorphic representations of G, then any mass pairing k vanishes identically.

PROOF. The dual V; of the complex conjugate of V;, can be identified with the space {a : Vi, —
C | a is C—antilinear}. The corresponding representation of G is given by (g-a)(vy) := a(g~t-vr)
for g € G and vy, € V. Then the map

F:.V, =V}
v, = (., v0)v,
(with (., )y, the G-invariant Hermitian form on Vi) gives a complex linear G-equivariant iso-
morphism. Indeed,
(9- F(vp))(wr) = F(or) (g™ we) = (g7 wr, vr) = (w, gur) = F(gvr)(we).
Assuming now that there exists some x # 0, the map
G: Vg =V}
vr — k(.,VR)
is also complex linear and G-equivariant. Then F~'o G : Vg — V;, is complex linear and G-

equivariant. It is also non-zero since x # 0. By Schur’s Lemma ([24, Theorem 23.5]) it follows
that Vi, = Vg, a contradiction. O

3.5.11. REMARK. Experimental particle physics requires the existence of twisted chiral fermions
with non-zero mass (since weak interaction is not invariant under parity inversion). Combining
Remarks 3.2.9 and 3.5.8 with this observation, we have now seen the following instances where it
is unclear how to define gauge invariant mass terms:
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e non-zero masses for gauge bosons
e different masses for fermions in the same gauge multiplet
e non-zero masses for twisted chiral fermions

As we shall see in the next chapter, all of these problems can be solved by the introduction of the
Higgs field.

3.6. Yukawa Couplings

Yukawa couplings are a tool in the standard model to define a mass for twisted chiral fermions.
They are trilinear forms taking two twisted chiral spinors and one scalar field as arguments.
The aim is to have the G-representation of the scalar field cancel the difference between the
representations of the twisted chiral spinors so as to obtain an overall gauge invariant expression.
Let (M, g) be an oriented and time-oriented Lorentzian spin manifold of dimension n and with
signature (1,n—1) or (n—1,1). Also, let P — M be a principal fiber bundle with structure group
G.

3.6.1. DEFINITION. Let Vi, Vg, W be unitary representation spaces of the compact Lie group G.
A Yukawa form is a map
T:Vp xW x Vg —C

that is invariant under the action of G, complex anti-linear in V7, real linear in W and complex
linear in Vpg.

3.6.2. DEFINITION. Let 7 be a Yukawa form. Then given a real constant gy, the G-invariant map
(AL®VL) X W x (AR®VR) — R
(AL ® vr, ¢, Ar @ vr) — —2gy Re (ALART(vL, ¢, vR))

is called a Yukawa coupling.*

Here, Az, is the Dirac conjugate of Ay (cf. Definition 1.7.7), so ALAr = (A, Ag) is the Dirac
form evaluated on (Ap,Ag). By Lemma 1.7.3, this expression is invariant under the action of
the representation s of Spin®. Together with the G-invariance of 7 it follows that the Yukawa
coupling is indeed invariant under the action of G (cf. Remark 2.3.16).

On the bundle level, the Yukawa coupling (written simply as Wy ®Wg) therefore gives rise to a
gauge invariant Yukawa—Lagrangian

Ly[\I/L, (P, \I/R} = 72gy Re(\T/L@\IfR) = 7gy(\T/L(I)\IfR) - gy(\i/L(I)\I/R)*,
where ¥y € T'(S;, @ EL), ® € I'(F), and ¥ € T'(Sg ® ERr), and Ep, F, Er are complex vector
bundles associated to the principal G-bundle P via the representations Vi, W, V.

Finally, as announced at the beginning of this chapter, the Lagrangian of the standard model of
particle physics is the sum of all the Lagrangians we have discussed so far, i.e., it is the Yang—
Mills-Dirac-Higgs- Yukawa Lagrangian

L=Lp[V, Al + Ly[®, A + Ly [V, D, Ur] + Ly m[A]

_ _ 1
= Re(UP4V) + (ds®,ds®)p — V(®) — 29y Re(VPTR) — §<Fj§1, Fi)adp)-

To conclude this chapter we want to compare two ways of obtaining mass terms for spinor fields.
Up to now, we have used a Dirac form (., .) and the corresponding bundle form (., .)g to assign
to a spinor field ¥ € I'(S) a mass term

—m(¥, ¥)g = —mUV,

4In the literature sometimes the constant gy is also called a Yukawa coupling
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A second way to do this is to employ a Majorana form:

3.6.3. DEFINITION. Let (., .) be a Majorana form on the spinor space A (as in Definition 1.6.1),
with (., .)s the corresponding bundle form. Then we call

—mRe(¥,¥)g

a Majorana mass term.

By Lemmas 1.7.3 and 1.6.3, both Dirac and Majorana mass terms are invariant under the action
of the spin group.

3.6.4. EXAMPLE. Let us compare the Dirac and Majorana mass terms in the case of M being
the four-dimensional Minkowski space, using the results from Example 1.7.11. The Dirac form is
given by the matrix
01
A=Ty= (12 02)’
while the Majorana form has the matrix representation
C =iloly =il?I% = (7572 ,0 ).

iO’Q
Decomposing a Dirac spinor ¥ into left- and right-handed Weyl spinors ¥ = (¥, ¥g)T, the Dirac
mass term is given by

—m(U, ¥) = —mUT AV = —m (0! Wp + 0L,
while for the Majorana mass term we obtain
—mRe(V, V) = —mRe(V¥) = —mRe(TTCV) = mRe (iV] 02y, — iThoTr).

Here, ¥ = U7C is the Majorana conjugate from Definition 1.6.4. It follows that the Dirac mass
term vanishes for spinors that only have one non-zero Weyl component ¥, or Uy, contrary to the
Majorana mass term.

In the general case there is another substantial difference in the behavior of the Dirac and the
Majorana mass term when they are to be extended to twisted spinor bundles S ® E. As we saw
in the previous section, for the Dirac mass term such an extension is always possible if only we
twist both the left and right handed spinor bundles with the same associated vector bundle E.
The Hermitian scalar product on S ® E then is simply the tensor product of the Dirac form on §
and a Hermitian scalar product on E.

The same cannot be done automatically for the Majorana mass term. Indeed, the complex bilinear
Majorana form on S usually does not combine satisfactorily with a Hermitian scalar product on
E. For this to work for £ = P x, V we would need a G-invariant complex bilinear form on the
vector space V. But even for one dimensional Lie groups such a form need not exist:

3.6.5. LEMMA. Let
pr:U1)—=UQ)
a s aF

be the complex representation of U(1) on C with winding number k. Let B be a pg-invariant
complez bilinear form on C. Then B = 0.

PROOF. By assumption, B(z,z) = B(a*z,a*z) = a?*B(z,2) for any a € U(1) and any z € C.
But then B(z,z) = 0 for each z, so B = 0 by polarization. O

The takeaway from this is that in general there is no obvious way of extending the Majorana mass
term to charged fermions.



CHAPTER 4

The Higgs mechanism

As was pointed out repeatedly in the previous chapter (cf. Remarks 3.2.9, 3.5.8), assigning a gauge
invariant mass term to gauge bosons or fermions is a non-trivial task that goes beyond the methods
we have employed so far. In this chapter we will look at the Higgs mechanism, which rectifies this
situation.

4.1. Symmetry breaking and mass generation

Let (M,g) be a pseudo-Riemannian manifold and P — M a principal bundle with compact
structure group G, the gauge group, of dimension r € N. Suppose p: G — GL(W) is a complex
(or real) representation and let E := P x,WW be the associated complex (or real) vector bundle. We
further assume that W possesses a G-invariant Hermitian (or Euclidean) scalar product (.,.)w
and denote by (.,.)g the associated bundle metric on E (via [25, Theorem 2.4.10]). If W is
complex, then we use the notation ({.,.))w := Re(.,.)w for the corresponding Euclidean scalar
product on the underlying real vector space structure in W.

In the context of the notation and objects specified above, we introduce the following notions.

4.1.1. DEFINITION. A section ® of F is called Higgs field, E is the Higgs bundle, and W is the
Higgs vector space.

Recall from Definition 3.4.7 that the Higgs field is said to be a charged scalar if the induced Lie
algebra representation p,: g — L(W) is non-trivial.

Upon a choice of an orthonormal basis we may assume that W = C™ with standard scalar product
(v, wyw =o' w.

Let V: R — R define a Higgs potential (cf. Definition 3.4.3), so that the Higgs Lagrangian for any
Higgs field @ and connection 1-form (or gauge field) A € Q'(P, g) is given by

ZLu|®, Al = (da®,da®)p — V((®,P)k)

and in combination with the Yang-Mills Lagrangian for the gauge field (cf. Section 3.2) it gives
the Yang-Mills-Higgs Lagrangian

1
Lu(®, Al + Ly m[A] = (da®,da®)p — V((®, Q)E) — §<Fﬁ,Fﬁ>Ad(p).

Note that gauge invariance of the Higgs term V ((®, ®)g) follows from the G-invariance of the
scalar product on W (cf. the proof of Theorem 3.4.9).
4.1.2. DEFINITION. A wvacuum configuration (or vacuum) for the Yang-Mills-Higgs Lagrangian is
a pair (®g, Ap), where @ is a Higgs field and Ay is a connection, such that the following hold:

1) Ap is a flat connection, i.e., F40 = 0.

2) @, is covariantly constant, i.e., da,Po = VAod, = 0.

3) At every point x € M, V((®o(z), Po(z))g) is a minimum value of V.

75
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To simplify the discussion in the sequel, we now suppose in addition that
M is connected and simply connected.

Since on a simply connected base manifold, only a principial bundle isomorphic to a trivial bundle
can possess a flat connection (cf. [25, Theorem 3.5.11]), we further assume that

the principal G-bundle P is trivial (implying that also E is trivial).

4.1.3. DEFINITION. An element wg € W is called a vacuum vector, if V ({wg, wo)w ) is a minimum
value of V. The subset Wy C W of all vacuum vectors will be called the vacuum manifold for the
Higgs potential.

4.1.4. PROPOSITION. Let (®g, Ag) be a vacuum configuration, then there exists a global gauge
So: M — P, called a vacuum gauge, and a vacuum vector wg € W such that

(4.1) AP :=AgoTso=0 and P¢=[sp, wol

Conversely, given a global gauge sqg of the principal bundle P and a vacuum vector wy € W, there
exists a unique vacuum configuration (Pg, Ag) satisfying (4.1).

PROOF. Let (@, Ag) be a vacuum configuration. Since F4° = 0, [25, Theorem 3.5.11] tells that
P is isomorphic to the trivial bundle with the canonical flat connection and then point 1.) in the
proof of [25, Theorem 3.3.9] shows that there exists a global Ag-horizontal section sg of P. As
for any connection 1-form the horizontal subspaces are precisely the kernels, we have A® = 0.
With respect to the global gauge sg, the section ®y of E corresponds to a unique smooth map
¢o: M — W and the covariant derivative translates into the standard derivative of ¢g (insert
A = 0 into [25, (3.4.15)]). Thus, property 2) in Definition 4.1.2 implies that ¢o(xz) = wq for
some fixed vector wg € W. By property 3) in the same definition, wy must be a vacuum vector.

For the proof of the converse, suppose that sy is a global section of P and wy € W is a vacuum
vector. By [25, (2.2.1)], Th : so(x) - g — TRy(Tso(TxM)) defines a smooth distribution on P
with TRg(Th,P) = Thy.5P for each § € G, i.e., a connection. Let Ay be the connection one-form
corresponding to Th according to [25, Theorem 3.1.4]. Then the kernel of Ay is equal to im(7so)
at any so(x), so the first equation in (4.1) is satisfied. Moreover, by [25, Definition 3.1.3 (i)] this
requirement also completely determines kerAg at any point so(z) - g € P. This means that the
first equation in (4.1) uniquely determines a connection form Ay on P. In addition, the second
equation in (4.1) uniquely determines a section @y of F, and as in the first part of the proof it
follows that ®g is covariantly constant. Thus points 2) and 3) of Definition 4.1.2 are satisfied.
Finally, appealing again to point 1.) in the proof of [25, Theorem 3.3.9], we obtain that Ay is flat,
thus also property 1) in Definition 4.1.2 holds. O

Based on this proposition, we assume that, in addition to all specifications so far, we are given

a global vacuum gauge sg: M — P, a vacuum wg € W,

and the corresponding unique vacuum configuration (®g, Ag).

We have the representation p of G on W, which is unitary by the assumptions stated at the
beginning of the current section. Recall from [25, Remark 1.1.6] that for any w € W, the isotropy
group (or stabilizer) of w, defined by G, := {g € G | p(9)w = w} is closed and (either a discrete
or) a Lie subgroup of G.

4.1.5. DEFINITION. The isotropy group H := G, C G of the vacuum vector wy is called the
unbroken subgroup of the vacuum configuration. The gauge theory, i.e., the whole set-up of math-
ematical objects specified in the current section, is said to be spontaneously broken, if H # G. In
any case, H is compact since G is compact.
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We will henceforth impose two further conditions in the context of gauge theory as discussed in
the current section:

The gauge theory is spontaneously broken, i.e., H # G for H := G,,, C G,

and

V: R — R possesses a global minimum, but none is located at 0.

4.1.6. REMARK. In physics, a process like the one causing the Higgs field to change from value 0 to
a non-zero vacuum vector value is called (spontaneous) symmetry breaking (cf., e.g. [10, Sections
8.4 and 15.6]). Since Gy = G and H = G,,, is, by assumption, a proper subgroup of G, this means
that some of the “original” full symmetry has “disappeared” in the state corresponding to wg # 0.
The Higgs field ®q defined by s¢ and wy is called the Higgs condensate and serves as a background
field, with non-zero vacuum (expectation) value, for the dynamics of all other fields or particles.

4.1.7. EXAMPLE. The group and representation used in the standard model of electroweak inter-
action are G = SU(2) x U(1) and W = C? with the action of an element (4, ¢e'®) € SU(2) x U(1)
given in terms of a parameter ny € N by

Yw € C?: p(A, e )w = ™™ Aw.

The Higgs potential is (associated with) the map V: W — R, w — V(|jw]||®), where V: R — R is
the polynomial function

V(t) = —ut+ > (t €R)
with constants A, u > 0. It is an elementary exercise to show that this form of the Higgs potential
as a map V: W — R is determined by the following requirements: It should be a polynomial of
order at most 4 in the components of w, satisfy V(0) = 0, have a minimum value away from 0,

and be invariant under the action of G by the representation p. The model parameters A and u
for the Higgs potential can be determined from experiments (see [19, page 451 and Section 8.3.4]).

Writing V (t) = (VA — ﬁf - g we see that V reaches its (global) minimum at ¢ = 35 and thus
we have for wy € W that

wp is a vacuum vector & |wg| = £,

2\

We obtain that the vacuum manifold Wy is the sphere around 0 in C? with radius \//(2)). The
restriction of p to SU(2) x {1} gives just the standard action of SU(2) on C2, which is transitive
on the unit sphere with SU(2)-isotropy group of e; being SU(1) = {1} ([19, Theorem 3.3.2,4.]),
hence e; has isotropy group isomorphic to U(1) for the full G-action. Therefore G acts transitively
on Wy and the isotropy group G, for any wg € Wy is isomorphic to U(1) (since G awy, = AGuwy A"
for any A € SU(2) and SU(2) - {wo} is the entire sphere of radius ||wol||). Let us choose the specific
vacuum vector

VE)

Wo = )

(Ve

then (A,e'*) € H := G, is determined by the condition " A(9) = (9). Recall that the
matrices in SU(2) can be parameterized in the form (‘; %3) with a,b € C such that |a]? +[b|* = 1.
Putting A = (Z %5), the stabilizer condition reads e?@™v (_EE) = (9) and thus implies b = 0 and

a = €' leaving precisely the free real parameter a. We may rescale this by nya = §/2 and
describe the unbroken subgroup of the vacuum configuration in the form

(4.2) H= {((ez); 60> e ) |5 € R} C G =SU(2) x U(1).
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With respect to the global section sg of P, we may write any Higgs field ® in the form
D =[sg,¢] withop: M - W

and we will also call the map ¢ a Higgs field. The Higgs condensate is the special case with
constant value wq for ¢. In physics, one considers perturbations of the Higgs condensate in the
form

(4.3) ¢ =wo + Ad,

where A¢ is called the shifted Higgs field, and is then interested in a kind of Taylor expansion of
the Higgs potential up to second order in A¢. In case of a polynomial function V' defining the
Higgs potential, as e.g. in the electroweak theory, certainly the full expansion is used and gives
also an explicit form of the so-called self-interaction terms for the Higgs boson in the Lagrangian
(cf. [19, Equation (8.2)]). In the general case, since wy is related to a minimum of the function

V:W =R, we V(|w|?),

the second-order approximation is determined by the Hessian of V. It is defined in abstract terms
(cf. [29, Chapter 3, Definitiona 48 and Lemma 49]) with respect to the underlying Euclidean
structure according to ({.,.))w = Re(.,.)w (with flat Levi-Civita connection) as the symmetric
(0,2)-tensor field mapping a pair (X,Y) of vector fields on W to the function ((Vx grad V,Y))yy.
On each tangent space T,, W = W, we therefore have the self-adjoint linear map v — V,, grad f/(w),
which we denote by

Hess(f/)w: TwW — T, W.
The matrix of Hess(V),, with respect to an orthonormal basis consists of the second order partial
derivatives of V' at w in the corresponding coordinates (recall that we are in the flat case here).

Our goal is to describe the diagonalization of Hess(V),,, at the vacuum.

Consider the orbit Oy, := {p(g)wo € W | g € G} of the vacuum under the gauge group. The
unbroken subgroup H = G, is a compact proper subgroup of G, thus not open in G, and it
follows ([25, Theorem 1.1.7]) that the map f: G/H — W, gH — p(g)wp is an injective immersion
of the quotient manifold G/H into W with image f(G/H) = O,,. Since G is compact, the
quotient G/H is compact as well (as continuous image of a compact topological space) and hence
the continuous bijective map f : G/H — O, induced by f is a homeomorphism. As argued in
(25, Corollary 1.1.8], f gives O, the structure of an immersed submanifold of W diffeomorphic
to G/H and we conclude from the homeomorphism property that O,,, is even an embedded (i.e.,
regular) submanifold of W.

We may now consider the tangent space T, O, € Ty, W and have the orthogonal direct sum
decomposition

W 2 Tye W = To, Oy ® (Trsy Oy )
Note that V is invariant under the unitary representation p of G in W, since V(w) = V (|jw|?).

In particular, V is constant with minimum value on the orbit Oy, and has therefore vanishing
gradient along the orbit, which implies that

V0 € TiyOuwy:  Hess(V) v = 0.

This means that Ty, Oy, < ker Hess(V'),, and trivially implies that Ty, Oy, is an invariant sub-
space for the self-adjoint operator Hess(V),,. Thus it leaves also (Ty,Oy,)" invariant and we
may note that
Hess(V)wo respects the orthogonal splitting T\, O, B (TwOOwO)J‘

Since V has a minimum at wy, all eigenvalues of Hess(f/)wo have to be non-negative (e.g., because
we have a minimum along any curve through wo tangent to an eigenvector). We know from the above
that any orthonormal basis e, ...,eq of T,,Oy, consists of eigenvectors of Hess(V),,, for the
eigenvalue 0. By the invariance of the above orthogonal splitting, any extension of this basis to

an orthonormal basis of W 2 T,,, W consisting of eigenvectors of Hess(V),,, can add only vectors
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fi, f2, ... from (T, Ou, )" which are eigenvectors of Hess(f/)w0 for non-negative eigenvalues. We
summarize this in the following statement.

4.1.8. PROPOSITION. Let dim¢ W = n, so that the real dimension is 2n. There are orthonor-
mal bases e1,...,eq of Tuw,Ow, and fi,..., fon—a of (ToOuw,)* consisting of eigenvectors of

Hess(V)w,. Every e; is an eigenvector for the eigenvalue 0 (j = 1,...,d). For every | =
1,...,2n —d, we can choose m; > 0 such that f; is an eigenvector for the eigenvalue 2ml2.

Note that d = dim O,,, = dimG/H = dim G — dim H = r — dim H.

It seems natural from (4.3) to interpret the shifted Higgs field A¢ to have its values in T,,, W = W.
We may then expand A¢(z) for every x € M in terms of an orthonormal basis of eigenvectors

of Hess(V),,, according to Proposition 4.1.8 with coefficients depending on x. Thus, there are
real-valued functions &1,...,&; and n1,...,72,—q on M such that

2n—d

1 & 1
(4.4) Ap = E;gjej + % ; mfi-

4.1.9. DEFINITION. Consider the real scalar fields on M defined as coefficient functions in the
expansion (4.4) for a given Higgs field ¢ = wg + A¢. Then &1, ...,&; are called Nambu-Goldstone
bosons and 11, ..., N2n—q are called Higgs bosons. As noted above, d = dim G/H, where H is the
unbroken subgroup, and n is the complex dimension of the Higgs vector space W.

We thus see that the Nambu-Goldstone bosons describe the perturbation of the Higgs condensate
along the orbit of the vacuum vector under the action of G, while the Higgs bosons represent the
perturbation perpendicular to the orbit submanifold.

For arbitrary € M, we may take ¢(x) = wo + A¢(x) as the argument in a Taylor expansion of
V at wy. Recalling that grad V(wg) = 0, the second-order Taylor polynomial then reads

(4.5) V(wp) + §<<Hess(V)w0A¢(x),Aqﬁ(m)))w.

Inserting the eigenvector expansion (4.4) and using the notation of Proposition 4.1.8 for the eigen-

values of Hess(V),,, we obtain

2n—d
(4.6) Vo) + 5 Y mim(a)
=1

We learn that, disregarding the constant V(wo) and up to second-order, the Higgs potential looks
like a sum of standard Klein-Gordon Lagrangian terms for the scalar fields 7;, the Higgs bosons,
with mass m;. The Nambu-Goldstone bosons are interpreted to have zero mass.

4.1.10. ExamMPLE. We take up Example 4.1.7 about the electroweak theory with the 4-dimensional
gauge group G = SU(2) x U(1) with Higgs vector space W = C? (of 4 real dimensions), the
Higgs potential V(w) = —pu |w||®* + A |jw||*, vacuum vector wy = (\/(lzk), and the 1-dimensional
unbroken subgroup H given in (4.2). In the notation of Definition 4.1.9 we have here n = 2 and
d = dim G/H = 3 and expect to obtain 3 Nambu-Goldstone bosons and one Higgs boson.

For a start we note that
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is an orthonormal basis with respect to ({.,.))w, because a quick calculation shows
(((v2) s Cws ))yw = Re (1w + Taws) = Z Re ((Revy, — i Imvy,)(Rewy + i Imwy,))
k=1,2

= Z Re (Rev;C Re wg + Im vy Im wy, + (. . )) = Z (Re v, Rewy, + Im vy, Im wy,)
k=1,2 k=1,2
= Rewv; Rew; + Im vy Imw; + Re vy Rews 4+ Im vy Im wo

and thus ((b;, b)) w = 0.

We already observed that the action of the subgroup SU(2) x {1} on wq generates the whole sphere
of radius /1/(2)) around 0, which gave the vacuum manifold Wy in this case. Since SU(2) x U(1)
is generated from the subgroups SU(2) x {1} and {Is} x U(1) and the action of {I5} x U(1) is
only by phase factor multiplication, we obtain for the orbit!

0wy =10 = {we e ul = /5]

and therefore,
Ty Owy = {wo}™ = span{by, by, by} and (T, Ou,)™ = span{wg} = span{bs}.
Let us calculate the Hessian of V(w) = —u((w,w))w + A{{(w, w))3, at w: The bilinearity and
symmetry of ({.,.))y immediately give
grad V(w) = —2pw 4+ 4\ ((w, w))ww
and then (recalling that V,w means the differential of the map w +— w at w applied to v)
Hess(V)v = V, grad V(w) = —2uV,w + 4\((w, w) )y Vow + 4\ (Vo ((w, w))w) w

= (AM(w, wh)w = 20) v + 8M{(w, o)) ww = (4Nl = 20) v + 8 ] <<”’:’—H,v>>w

w
]l
= () = 24) ia(v) + 8A|Juo]* P (v),
where P,, denotes the orthogonal projection onto span{w}. At w = wy we thus obtain
-~ o . H
Hess(V ), = (4A5 - 2u) id + 8AJL P, = 4P, = 4P,
and immediately read off an eigenvector basis in the sense of Proposition 4.1.8 to be given by

e1 := b1, eg 1= bg, eg := by, and f; := bs. The matrix of Hess(V'),,, with respect to this basis is
diag(0,0,0,4), so that in the notation of Proposition 4.1.8 we have 2m?2 = 4y for the mass m;
of the Higgs boson, i.e., m; = /2u.

Finally in this example, let us determine the Higgs field ¢ = wg + A¢ in terms of the expansion
for the shifted Higgs field A¢ according to (4.4) with the three Nambu-Goldstone bosons &1, &2, &3
and the Higgs boson 7;. By definition,

1< 1 1 1 i 0 0 L (& +ig
A¢ = E;Sﬂj + ﬁmfl = NG <51 (0> +& (0> +8s <z) M <1>) B V2 (lfls +77?)
and therefore,

(@.7) b= <\/027A> +Ap = % (51 ;:52) + % (\/{L 771) ;

where we have collected the Higgs condensate and Higgs boson in the last vector and separated
the Nambu-Goldstone bosons in the first vector on the right-hand side.

LWe knew already from the beginning that dim O, = dimG/H = 3.
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Due to the triviality of the principal bundle P and the choice of the global gauge (section) sg
of P, any gauge transformation on P is simply given by a smooth map 7: M — G, a so-called
physical gauge transformation. Indeed, recall from the discussion preceding Lemma 3.4.8 that any
f € G(P) is of the form f(p) = poy(p) for some oy € C*(P,G)Y. Then setting 7 := o o sq, by
Lemma 3.4.8 we obtain that the action of f on a section ® = [sg, ¢] of E with ¢p: M — W is given
by f - [so(x), 6(2)] = [so(x). pl(0s(s0(x)))$(x)], i.e., is of the form &' = [so, ¢'], where

(4.8) ¢'(x) = p(r(2))d(z) (z € M).

One easily checks that, conversely, to any 7 € C*°(M,G) there corresponds a unique o, €
C(P,G)C, namely o, (s0(x) - g) = g~ '7(x)g.

4.1.11. DEFINITION. A physical gauge transformation 7: M — G is called a unitary gauge for
a Higgs field ¢ with respect to the vacuum vector wy, if all Nambu-Goldstone bosons for the
transformed field ¢’ according to (4.8) vanish on all of M. The transformed field ¢’ is then said
to be in unitary gauge.

Reviewing the constructions leading to the expansion (4.4), we see that a Higgs field ¢: M — W
is in unitary gauge, if and only if the shifted Higgs field A¢ := ¢ — wq satisfies

(4.9) Ve e M:  Ap(x) € (Tu,Ouw,)™

We see from Equation (4.7) obtained in Example 4.1.10 for the theory of the electroweak interaction
that the Higgs field given there will in general not be in unitary gauge. The following is a result
about existence of a unitary gauge for this theory.

4.1.12. THEOREM. Let ¢ = <£;) be the Higgs field given by (4.7) in the theory of electroweak
interaction as described in Examples 4.1.7 and 4.1.10. If ¢ is nowhere vanishing on M, then
there exists a unitary gauge 7: M — SU(2) x U(1) for ¢ with respect to the vacuum vector wy =

(m) such that ¢ = (S,) with a real-valued function ¥ on M.

PROOF. Step 1: We make the ansatz

(z) = a(x) ﬂ) eia(m) T
=5 o)) e

with functions a: M — R and a,b: M — C such that |a|? 4 |b|?> = 1 and note that then we have
oy _ W a(z)gy () —b(l”)@(fﬂ))
) (a) = plrioNole) = - (o) U

where ¢1(z) = &1 (x) + i&2(x) and ¢o(x) = i&s(x) + /K + ni(x). Since ¢o(z) # 0 for all z € M
by assumption, we may put b := a@(&; — i€2)/p2 and thus achieve that the first row of p(7(z))d(x)
vanishes. An alternative formulation of this intermediate result would be that without loss of
generality, we may already suppose that ¢ = ( d92 )

Step 2 - elementary variant: With the choice of b made in step 1, the second row of the right-hand
side in (x) reads

e N - e’ 2 2 2, @

\/i(a(fl 152)@ + agps) \/5(51 + & + |92 )%7
which we want to become a real-valued function upon choosing « and a, in addition to taking care
of the condition |a|?+|b|? = 1. Let us put o := 0 and ¢ := /&7 + &2 + |$2|2. By assumption on ¢,
we have ((x) > 0 for all z € M and we may thus put a := ¢2/(, which obviously makes the above

. ) . : 2 2 _ 1,02 &1 —i€al®y _ Jal® 2 _
expression a real-valued function  and also gives |al? + [b]? = |a|?(1 + 522 ) = s = 1

Step 2 - advanced variant: As mentioned at the end of step 1, we may suppose that ¢ = ((32 )
Since ¢o(x) # 0 for all x € M, ¢(z) := |pa(z)| defines a smooth map M —]0,00[ and also
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h: M — S', z — ¢a(x)/|p2(x)| is smooth. Since M is connected and simply connected (due to one
of the many assumptions for the current section), the (smooth) monodromy principle ([8, 16.28.8])
guarantees that there is a smooth lift 2: M — R such that eih(®) = h(z) for all x € M. Therefore,
we have ¢ = weih and we may choose the physical gauge 70: M — SU(2) x U(1) in the form

mo(7) = (12,67“3(””)) to achieve
p(1o(z))d = (1/)?I)) .

The composition of the gauge transformations in steps 1 and 2 shows that we obtain ¢’ = (3,)
with ¢ real-valued.

Step 3: We recall that (T, Ouw,)" = span{(9)} has been noted in Example 4.1.10 and we have
achieved A¢'(z) = (zp(z)f\O/M) € span{(9)} for all x € M. Therefore, condition (4.9) is
satisfied and confirms that ¢’ is in unitary gauge. O

4.1.13. REMARK. We note that in the proof of the above theorem, the assumption that ¢ vanishes
at no point was used in step 1 as well as in both variants of step 2. Clearly, the explicit formulae
using ¢o in the denominator would otherwise not be defined. But also the monodromy principle
could not be applied in the advanced variant, because smoothness of ¢ and h will fail. (Indeed,
consider the example with M = R2, ¢, (z1,22) = x1 + ix2, and suppose we had continuous functions
7,0: R? — R such that ¢o(z) = 7(z)e’*™® holds for all z € R%. Certainly, |r(z)| = |¢2(z)| # 0 for = # 0.
Let t > 0, then t = ¢2(t,0) = r(£,0)e“ implies (¢,0) € 7Z and it = ¢2(0,t) = 7(0,1)e**®? implies
6(0,t) € 3 Zoaa. Sending ¢t — 0, continuity of § at (0,0) would give 6(0) € (7Z) N (5Zoaa) = 0.)

In the remainder of this section, we will describe some of the mathematical ingredients leading
in physics to the so-called mass generation for gauge bosons. Suppose, in addition to the overall
assumptions stated earlier for the current section, that

(.,.)g is an Ad-invariant positive definite scalar product on the Lie algebra g

and let h C g denote the Lie subalgebra corresponding to the unbroken subgroup H C G with
orthogonal complement b with respect to {.,.),. We have dim g = r and, by h = g/h (as vector
spaces), dim bt = d.

Recall that the representation p: G — GL(W) induces (by derivation) the Lie algebra represen-
tation p.: g — L(IW). We combine this with the real scalar product ({.,.))w on W to define the
following bilinear form on g.

4.1.14. DEFINITION. The mass form (with respect to the vacuum vector wy € W) is the positive
semi-definite symmetric bilinear form m: g x g — R, defined by

m(A, B) := ((p«(A)wo, p«(B)wo))w (A, B € g).

Note that the map A — p.(A)wy, g — W is just the derivative T. fo of the orbit map fo: G —
W, g — p(g)wy and recall that H was defined as the isotropy group G,. We obviously have
h C ker T, fo, since fo(exp(tX)) = p(exp(tX))wg = wp for all t € R and X € h. Conversely, if
X € kerT, fy then

2] (plexp(tX)yun) = 0.

Consequently,

S| olexp(tX))wo) = | (plexp(sX))pexp(tX)wo)

dt lt=s
d
= TLytoxp(sxy (7], (Pexp(EX)w0) ) = 0

for all s € R. Tt follows that p(exp(tX))wg = wy for all t € R, i.e., exp(tX) € H for each t € R.
Therefore, X € b (see [24, Section 21]).
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Altogether, we have ker T, fo = b, which implies
VAeb: p.(Awy=0 and bht — W, A p,(A)wy is injective.

The mass form m is thus positive definite on h* C g, while m(A, B) =0, if A € h or B € h. We
may therefore directly deduce the following diagonalization result.

4.1.15. PROPOSITION. There is a basis a1, ..., of g, orthonormal with respect to (., .)q in g, and
a sequence of real numbers My, ..., M,, where My >0 for1 <a <dand M, =0 ford+1<a <,
such that the following hold:

(i) a1, .., aq is a basis of b, these are the so-called broken generators,

(i) cgs,-- -, s a basis of b, called the unbroken generators,

(iii) m(a, o) =0, if a # b, and m(ag, aq) = M2/2 (a=1,...,7).

The numbers M, (a € {1,...,7}) are called the masses of the gauge bosons.

Thanks to the global section sg of P, we may for any gauge field (connection 1-form) A € Q(P, g)
consider

A% = AoTsy € Q1 (M, g)
(as in (4.1) for the vacuum configuration). In a local chart on M with tangent basis vectors 0,
(p=1,...,dim M) let us define

A, = A%(0,),
which is a locally defined smooth map with values in g, hence can be expanded in terms of the
basis a1, ..., a;, of g with unique coefficient functions Aj in the form

A= ET:AZaa.
a=1

(In case of an expansion for A" we will write the coefficients as A#.) Recall from (3.15), (3.11)
that in these local coordinates, we can write the covariant derivative and the curvature as

Vii=0,+A, and F., =0,A, —0,A, +[Au, A,

where in Vﬁ we have now simplified the notation replacing p.(A,) by A,. In physics, the curvature
is called field strength and we may expand its local expression also according to the Lie algebra
basis a1, ..., a; with unique coefficient functions Fjj, in the form

r
_ a
F, = E FWoza.
a=1

Now we have everything in place to write out the Yang-Mills-Higgs Lagrangian from (3.22) in
local coordinates for the Higgs field and the gauge field A, (n = 1,...,dim M). We have (cf.
(3.10) and the discussion following Definition 3.4.5)

- 1 r
Lrnrmioc =Y (VVO) (Vo) =Voo— 3 > FI"Fj,
°w w,v a=1
Introducing again the shifted Higgs field by ¢ = wg + A¢ and observing

(4.10) Viie = 0,00 + AN + Aywg

(and similarly for VA”), one then tries to expand -y pri 10c in terms of powers of the combined
field vector (A¢, Ai,..., Adimn). Everything up to second order corresponds to “free” fields,
because it contributes only linear terms to the Euler-Lagrange field equations, while the higher-
order terms are then considered to represent the interactions between the fields. We will sketch
here some basic results for the free field approximation, i.e., up to second order.

Recall that we have already determined the second-order Taylor polynomials for the Higgs potential
in (4.5) and (4.6) in terms of the Hessian of the map w — V(w) := V(||w||?). We will therefore
focus now on the other terms in %y prp 10c and determine their contributions up to second order.
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We see that the middle term on the right-hand side of (4.10) is already of order 2 and gets
multiplied in % ar# 10c by the terms coming from (VA#¢)T, which itself is quite similar to (4.10).
Thus, only the first-order terms of each factor in the first sum in % ps#,10c have to be taken into
account and the remaining terms give (introducing the ad-hoc notation =z)

(411) (VM) (VL) mp (9" A6) (9,A6) + 2Re(9*Ad) (Awo) + (Awo)T (A, ).

Reasoning in a similar way for the Lagrangian field strength terms, every product involving con-
tributions from the Lie bracket term in F),, or F'*” produces order 3 or 4 and may be neglected,
therefore

(4.12) FIVFS, w5 (9,A% — 0, A%) (M AL — 0¥ A,

Collecting all the contributions up to second order as described so far, we would obtain an explicit
expression which we lazily call here % pr 10c,2 and note that %m0 2 Ly MH lo0c,2-

In the next step, we additionally suppose that
the Higgs field ¢ is in unitary gauge with respect to the vacuum vector wyg.

Note that according to Theorem 4.1.12; at least in the electroweak theory we know about the
existence of a unitary gauge. Then all Nambu-Goldstone bosons disappear and the expansion
(4.4) collapses to

2n—d

1
Ap = NG ; n;fi,

which gives the following concrete form for the first term on the right-hand side of (4.11) (recall

that the 7; are real):

1 2n—d

(0"2¢)1(9,A9) = 5 > (0 1;)(Dmy)-
j=1

As for the second term on the right-hand side of (4.11), the unitary gauge implies that A¢ has
values in (Tyy,Ouw, )", as noted in (4.9), and this remains true for 9*A¢. Since A,wy = p.(A,)wp is
essentially the derivative of the orbit map (called fy above), it has values in Ty,,O,,, and (recalling
(., ))w = Re(.,.)w) we thus have

Re(0"Ap)T (A, wp) = 0.

The third term on the right-hand side of (4.11) is (real and thus) equal to ({p.(A*)wo, p«(A,)wo))w
m(A*, A,,). Expanding A" and A, in the basis a1, ..., o, then yields

d
1
(Afwo)t (A wo) = 5 > MZALAL

a=1

The second-order Higgs potential approximation is unaffected by the unitary gauge and was already
only dependend on the Higgs bosons in formula (4.6). We collect all the simplified terms for
Ly MH loc,2 Obtained from (4.11), the Higgs potential, and (4.12) and split the final sum over a
in the original % pra 10c according to broken and unbroken generators into two sums, one with
1 < a < d and the other with d +1 < a < r. The result is

2n—d 2n—d

1 1
Lrnmioe =2 5 3 3 (0" 1)0) = Vllwoll®) = 5 3 min?
uooj=1 =1

d d
- i > (9,48 — 0, A% (0 AL — 0¥ Al) + % SN mzaray

wv a=1 poa=1

1 - a a v 4
- > (0uAL - 0, A%) (0" AL — 0" AR).

v a=d+1
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We remark that the constant V (||lwgl|®) is irrelevant for the Lagrangian, when (mostly formally)
searching for minimizing configurations of the associated action functional. The other terms in
the first line have the form of a Klein-Gordon Lagrangian for the 2n — d real Higgs bosons,
where 7; has mass m;. The second line is interpreted as the Lagrangian for the d broken gauge

bosons (A}L)M:L“’dim [V (Aﬁ)uzlwdimM, where (Af,),, has mass M, > 0. The third line is the
Lagrangian for » — d unbroken massless gauge bosons (Aﬁ“)ﬂzl___,dimM, ce (Aﬁ)uzl.--,dim M-

To summarize, we have r gauge bosons according to the dimension of the gauge group G and they
are encoded geometrically in the g-valued one-form A®® = AoT'sg on M, which in turn is obtained
from a connection 1-form A on the principal G-bunde P. The d gauge bosons with values in the
linear span b = g/h of the broken generators “acquired masses” M, > 0 (a = 1,...,d) in the
Lagrangian, because the mass form m(B,C) = ({p.(B)wo, p«(C)wo))w is positive definite there.
Observe that it was crucial for this to have a non-zero vacuum vector wg and that the mass form
term (A*wo)T(A,wo) emerged from the multiplication of covariant derivaties V,’:‘qﬁ according to
(4.10), which has an explicit coupling between the Higgs field ¢ and the gauge field A. Finally, the
2n — d Higgs bosons 7; correspond to the shifted Higgs field directions perpendicular to the orbit
Ouw, = G/H (diffeomorphic) in the representation space W with n = dim¢ W. The directions of
A¢ along the orbit have been “gauged away” in a unitary gauge.

4.2. Application to the gauge bosons of electroweak interaction theory

We take up Examples 4.1.7 and 4.1.10, and will illustrate here a few main aspects of the Higgs
mechanism applied to the gauge fields in the theory of electroweak interaction—recall Theorem
4.1.12 about the existence of a unitary gauge. The gauge group is SU(2) x U(1) and its action on
W = C? is given by

p(A, e")w = "™ Aw, where (A,e") € SU(2) x U(1),w € C*.

The Lie algebra is su(2) @ u(1) and recall that we have u(l) = {z € C | 2 = —z} = iR and
su(2) = {C € L(C?) | CT := o' = —C, trace(C) = 0}, where a basis for the latter is given in
terms of the Pauli matrices by iocy = (9§), ioo = (% §), ios = (§ °;). We may thus specify a

basis of g in the form
(4.13) B = ngal esu(2) (1=1,2,3), fs:= g’L €u(l)
2 2ny

with the coupling constants gw,g’ > 0.
Recall that for any matrix Lie group G we have the following explicit formulae for the actions in
the adjoint representation Ad: G — GL(g) of the Lie group and for the Lie algebra representation
ad = Ad,: g — L(g):

VXY €gVQ € G: Adg(Y)=QYQ ™', adx(Y)=[X,Y]=XY -YX.
In constructing an Ad-invariant scalar product on the Lie algebra of the gauge group for the

electroweak theory, we will make use of the Killing form, which is defined for any Lie algebra g
as the bilinear map B: g x g — R given by

B(X,Y) :=trace(ady cady) (X,Y €g)

Although the following statement is contained in more general results (cf. [19, Theorems 2.3.1,
2.3.3, and Corollary 2.4.20]), we do give here an elementary proof as well.

4.2.1. LEMMA. The Killing form B on su(2) is symmetric, negative-definite, Ad-invariant, and is
given explicitly by
B(X,Y) =4trace(XY) (X,Y €su(2)).

PROOF. Let us first establish the explicit formula for B. We recall from (1.15) the commutation
relations [o1,02] = 2i03, [02, 03] = 2i01, and [03,01] = 2i02. We use the basis io; (I = 1,2,3) of
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su(2) in expanding X,Y € su(2) as X = Z?zl xyio; and Y = Z?=1 yiio; and then also to obtain
matrix representations for the operators adx,ady € L(su(2)). We calculate

ady (io1) = [Y,io1] = —ya[o9, 01] — y3[03, 01] = 2yai03 — 2y3ioy,
ady (io2) = [Y, ioo] = —y1[o1, 02] — y3[03, 02] = —2yrios + 2ysio,
ady(idg) = [K Z‘O—Q} = 7y1[0'1,0'3] — yQ[O—Q,O—g] = 2y1’i0'2 — 2y2i01,

which implies that the (3 x 3)-matrix [ady] of ady with respect to the chosen basis in su(2) is

0 Y3 —Y2
lady] =2 —-ys O Y1
y2 —y1 0

and an analogous expression for the matrix [ad x]. Therefore, the matrix of ady o ady is given by
the matrix product

—I3Y3 — T2Y2 * *
[adx] - [ady] =4 * —T3Y3 — T1Y1 * ;
* * —T2Y2 — T1Y1

where we do not care here for the off-diagonal entries. Taking the trace now gives
B(X,Y) = —8(x1y1 + 2y2 + 23y3)-

On the other hand, we have from the basis expansion as a (2 x 2)-matrix

3 , .
B Z . 13 To + 121
X= — Titor = (—.272 + 121 —1x3 ) ’
similarly for Y, and thus obtain

[ —x3ys — xay2 — z1y1 + (Y122 — T1Y2) *
XY = . ,
* —x3Ys — Tay2 — T1Y1 — (Y172 — T1Y2)

which yields
1
trace(X - Y) = —2(21y1 + T2y + 13Yy3) = ZB(Xa Y).

Symmetry of B follows directly from the general property trace(XY') = trace(Y X) of the trace.
Recalling that XT = —X for X € su(2) and with components X = (5! 12, we have

B(X,X) = 4trace(X X) = —4trace(XTX) = —4 trace( (9&11 3321> (xn $12>)

12 T22 €r21 T22
2 2 2
+ |zo1] * 2
= —4trace 1] =—4 g T
( " |z12|2+|x22‘2 jk=1| ch' 3

which shows that B is negative-definite.

Finally, Ad-invariance is particularly easy due to the explicit action AdgX = QXQ™! for every
Q € SU(2), since
B(AdgX,AdQY) = 4trace((QXQ H(QYQ ™)) = 4trace(XY) = B(X,Y).
O

4.2.2. REMARK. By the above lemma, —B provides us with a Euclidean scalar product on su(2).
It can be shown that this is, in fact, the unique Ad-invariant Euclidean scalar product on su(2)
apart from an additional positive factor ([19, Theorem 2.5.3]). The latter corresponds to the
choice of the coupling constant gy appearing in the basis 8; (I = 1,2, 3) introduced above.
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Since the gauge group SU(2) x U(1) is a direct product and U(1) is commutative, it is now easy
to define an Ad-invariant scalar product on the Lie algebra g = su(2) ¢ u(1) in such a way that
this becomes also an orthogonal direct sum decomposition. For any constants ci,ce > 0 we may
put ((X,iz),(Y,iy))g := —c1B(X,Y) + coxy for all X,Y € su(2) and =,y € R (for convenience,
we switch freely between interpretions of X as (X,0) etc). We make the choice ¢; = 1/(2¢%,) and
co = 4n2./g'? and have the following property.

4.2.3. LEMMA. The basis 1, B2, B3, Ba of g = su(2) ® u(1) specified in (4.13) is orthonormal with
respect to the scalar product

ny
g/2

(X iz), (Y, iy))g == _g% trace(XY)

w

PROOF. Obviously, (84, B4)g =1 and (B4, Bj)g =0 (j = 1,2, 3). Recalling that the Pauli matrices
are traceless and o102 = i03, 0103 = —i09, 0203 = i01, we deduce (B}, fi)g = 0, if j # k. Finally,
remembering o3 = I (j = 1,2,3) we obtain

1
—trace(ly) = 1.

2 g:
. X ¢ w 2 —
</6j7/8_]>g g race(— Uj) 5

2 4
(]

The action of the basis elements on the Higgs vector space W = C? according to the Lie alge-
bra representation p.: g — L(C?) is easily determined by evaluating for arbitrary w € C? the
derivatives of t — p(exp(tf;), Nw (I = 1,2,3) and of t — p(Iz,exp(tBs))w at t = 0. They give

1 1
p*(ﬂl)w = QWEUlw(l = 17 23 3)7 p*(ﬂ‘l)w = Q/Ew'

Recall that we had the Higgs vacuum wqy and vacuum manifold Wy given by

0
w0:< H) and Woz{wecﬂnwuz,/%}
2)

with the one-dimensional unbroken subgroup H, the isotropy group of wg with respect to the
p-action according to (4.2) in the form

6
z 0
—{(( eig> e2"Y)|5€R}CSU( ) x U(1).
We thus obtain the Lie subalgebra h C g in the form

a1 5=((F %) ige) e R = {(tgontz) |t € R) =span(u + =)

3
The mass form m: gxg — Ris defined by m(X,Y") = {{p.(X)wo, p«(Y)wo))w = Re{p.(X)wo, p« (Y )wo)w

for all X,Y € g, so we calculate p,(5;)wo to find the matrix elements m(5;, fx): Writing |Jwo| in

place of \/p/(2)\) we have
i gw llwolli (0 1Y (0 _ gw [[wol| (i
(ﬂl)wofgWQO— U)O* 2 1 O 1 - 2 0 9

P« (B2)wo = gw la wy = 7‘9”0”2 i 0 gw [[Woll w woll (1
2 0 0 — z ,
p«(B3)wo = g ia wy = 7g||wo||z 0 0} _ 7gWHw oll (0

0 w5 08Wo = ; 0 ;)

IIwoll
4

which gives
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and together with

1 "Mlw 0
pu(Ba)wo = ¢ swo = 2 [|lwol| ()

2 2 )
we find
2 2
w w
(B, 82) = m(Ba, B3) = 0,mi(Bs, B2) = —~gwg' L0 (s, ) = 2120
Therefore, we obtain the matrix
o[ i : 0 0
Wo 0 g 0 0
m(Pa, a =
(m(Bas Br))1<ap<a 1 0 0 2 —gwy

0 0 —gwyg g7

We show that the matrix of m becomes diagonal with respect to the new basis consisting of

1 1
(4.15)  ay = P1,00 1= fa,a3 1= ———(gw s — g'B4), 4 '= ———==(9'B3 + gw Ba)-
gw +9 9w +9

Clearly, m(a, ) = 0, if j < 2 and k > 3; calculating (g3, + g"*)m(as, o) gives
m(gwBs — 9'Ba, 9'Bs + gwBa) = gwg' (m(Bs, Bs) — m(Ba, Ba)) + m(Bs, Ba) (g — 9"°)

2
wo
= % (9wd (g3 — %) — 9w d (g3 — %)) = 0;

for (g3, + g"*)m(as, a3) we obtain the expression
m(gwBs — 9'Ba, gw Bs — g'Ba) = giym(Bs, B3) — 29w g'm(Bs, Ba) + g"*m(Ba, Ba)

2
_ wol
4

2
[[woll
4

(9w + 297 9™ + ") = (g2 +9)%
and (g3, + ¢'*)m(aq, a4) is equal to

m(g'Bs + gwBa, g’ Bs + gw Ba) = g"*m(Bs, B3) + 29w g'm(Bs, B1) + giym(Ba, Ba)

2
w
| 2” (9298 — 29t 9" + givg™®) = 0;
thus, we indeed obtain a diagonal form
) g 0 0 0
_ Nwoll” ] 0 gy 0 0
(4.16) (m(aa, ap))1<ab<a = 1 0 0 ¢%+g? 0
0 0 0 0

We claim that (4.16) is a diagonalization of m acording to Proposition 4.1.15.

It remains to show that the basis a1, s, a3, a4 is orthonormal with respect to (.,.)q, o1, a2, 3
is a basis of h*, and a4 is a basis of h: Since the basis 3, (a = 1,2,3,4) is orthonormal and
a, (a = 1,2,3,4) is given by (4.15), it is obvious that a; L ag, if j < 2 and & > 3, and
(o, qq)w = &1, if §,1 < 2; furthermore, (g%, + g'%){as, )y = ¢'gw ((B3, B3)g — (B4, B1)g) = 0 and
clearly (g, a3)g = 1 = (@, au)g; thus, the basis a, (a =1,2,3,4) is orthonormal.

We had remarked that § is the kernel of the map X — p,(X)wp just prior to stating Proposition
4.1.15 and the above diagonal form of m shows that this must be the one-dimensional subspace
spanned by ay. But we also directly obtained in (4.14) that b is spanned by giwﬂg + 564 =
(9'Bs + gwBa)/(9'gw), which is proportional to ay. In any case, h = span{ay} and then clearly
ht = span{ay, az, a3}

To summarize, we have the broken generators ai,asg, as, i.e., three massive gauge bosons, with
masses

1
(4.17) My =M, = lwoll gw and Mz = —= [lwoll \/ g3y + 9’2,

1
ek NG

and one massless gauge boson corresponding to the unbroken generator ay.
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4.2.4. REMARK. (i) For the physics of the electroweak interaction theory, the gauge bosons, con-
sidered as (g ® C)-valued 1-forms on Minkowski space, are distinguished in the complexification
g ® C as follows (cf. [19, Subsections 8.3.3 and 8.5.5]): The two W -bosons with their coefficient
functions W#i (1 =1,2,3,4) according to those of (a; Fiaz)/v/2 in the basis expansion and both
with mass M7, the Z-boson defined by the direction of a3 and with mass M3, and the massless
photon corresponding to the ay-part of the g ® C-basis expansion.

(ii) In the Standard Model of Particle Physics, the Higgs field interacts with all the fermionic matter
particles, except for the neutrinos, by Yukawa coupling terms in the Lagrangian. It turns out
that after symmetry breaking, these coupling terms produce mass terms for these fermions in the
resulting Lagrangian, where the mass factors are, similarly to (4.17), proportional to corresponding
Yukawa coupling constants and to the norm of the Higgs condensate (cf. [19, Section 8.8]).






APPENDIX A

A geometric scheme for the Standard Model

We summarize here in a very schematic way the basic mathematical ingredients for the geometric
aspects of the Standard Model of Particle Physics:

e The base manifold M is Minkowski space, which we denoted by R"2 in the main text.
As spacetime symmetries we consider the proper orthochronous Lorentz group SO+(1, 3)
with double covering Spin™(1,3) = SL(2, C).

e There is a unique spin structure Spin+(M ) and we construct the spinor bundle S =
Spin™ (M) x, C* associated via the spinor representation a: Spin™*(1,3) — GL(C*).
e The gauge group and bundle are given by G = SU(3) x SU(2) x U(1) and P = G x M.
~—— —
strong electroweak

e Matter fields are sections (cf. §3.3) of a complex vector bundle E over M (with an action
of Spin*(1,3) x G) that is given as a direct sum of vector bundles:

three fermionic families  Higgs boson

—_— ——
F = EioE,oFE; & FEyg

e For each fermionic family (I = 1,2,3), the subbundle E; is given as a vector bundle
associated to the fiber product of principal bundles (S x p; P) via a unitary representation
71 of G on C?°, i.e.,

E; = (S X P) Xagm (C* @ C).

In total, the representations corresponding to all leptons and quarks adds up to

_ -~ C . c .
TIPmePny= T D s more details about 7 and 7 in §B.2).
T g ( §B.2)
dimension 90 particles antiparticles

Remark: The three lepton families e, ve; p, vu; 7, V- do not participate in the strong interaction.
The three quark families u, d; ¢, s; t, b are the basic building blocks for all hadrons (which are the
particles participating in the strong [and electroweak] interaction and consist of two classes: Baryons, like the proton

or neutron, are fermionic and consist of three quarks, while the bosonic mesons are quark-antiquark pairs.).

e Denoting by O(M) the orthonormal frame bundle over M and given a unitary repre-
sentation m of G on the Higgs vector space C? (cf. §B.2) we have

En = (O(M) XM P) Xtrivmy ((C@(Cz),

where triv denotes the trivial representation of O(1,3) (to be considered also as trivial
representation of Spin* (1, 3) to obtain an action of Spin™(1,3) x G on every summand of E).

e The gauge bosons are encoded in a connection one-form with values in the Lie algebra
g= su(3) & su(2)®u(l)
—— ————

8 gluons W+, W, Z, photon
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APPENDIX B

Representations of the Standard Model gauge group(s)

The gauge group

G =SU(3) x SU(2) x U(1)
of the Standard Model is a product of the matrix Lie groups SU(3), SU(2), and U(1). It is therefore
also a matrix Lie group with Lie algebra

g = s5u(3) ©su(2) ©u(l)
(see the brief discussion on page 88 in [18]) and we have dimG = dimg=8+3+1=12.

All representations of G in the gauge theoretic aspect of the Standard Model are complex finite-
dimensional unitary representations. They are constructed (cf. [19, Section 8.5]) from a direct sum
of (outer) tensor product representations p@o®7 on a (Hilbert) tensor product C*@C!@C™ = C",
where p: SU(3) — U(k), o: SU(2) — U(l), and 7: U(1) — U(m) are (continuous) irreducible
unitary representations®. For any A € SU(3), B € SU(2), ¢ € U(1), the action of (4, B,c) € G is
given on splitting tensors by

(p@oaT1)(A,B,0)u®v®@w=p(A)v®o(B)w® T(c)w (u€ C*veChweC™).

B.1. The irreducible unitary representations of U(1), SU(2), and SU(3)

B.1.1. The representation classes 7; (k € Z) of U(1). Since U(1) is commutative, the
irreducible unitary representations are all one-dimensional and hence their equivalence classes are
given by the sequence of characters 7 : U(1) — U(1), where k € Z and 7% (c) := c* for all ¢ € U(1)
(cf. [12, Corollary 3.6 and Theorem 4.6]). We note that 7q is the trivial representation, 7o(c) =1
for all ¢ € U(1), and 71 is the standard representation, 71(c) = ¢ for all ¢ € U(1).

Note that in [19, Section 8.5] the irreducible representation classes of U(1) are parameterized by
the weak hypercharge y such that 3y € Z ([19, Lemma 8.5.1] and with notation C, replacing 73,.

B.1.2. The representation classes o, (m € Ny) of SU(2). A classification of the irre-
ducible unitary representations of SU(2) can be found in [12, Section 5.4] or in [18, Sections 4.2
and 4.6 |. However, in the Standard Model of Particle Physics only the trivial one-dimensional
representation o, with oo(B) = 1 for all B € SU(2), and the 2-dimensional standard representa-
tion oy with o (B)v = Bu for all B € SU(2) and v € C?, are employed. Nevertheless we mention
that the whole set of equivalence classes is given by a sequence of unitary representations o,
(m € Np), where the representation space of ¢, has dimension m + 1.

B.1.3. The representation classes p(m, m,) (mi,ma € Ng) of SU(3). The equivalence
classes of irreducible unitary representations of SU(3) are described in [18, Chapter 6] (via a Lie
algebra isomorphism between sl(3,C) and the complexification of su(3)). The equivalence classes of
unitary representations can be listed in terms of a two-parameter family p(,,, m,) With my,mo €
No, where the representation space of p(;,, m,) has dimension (m; + 1)(mg + 1)(m1 + ma +
2)/2 ([18, Theorem 6.27]). The Standard Model makes use only of the trivial one-dimensional
representation pg := p(g,0), With po(A) = 1 for all A € SU(3), and of the 3-dimensional standard
representation py := p(1,0), where p1(A)v = Av for all A € SU(3) and v € C?.

1t follows then that p ® o ® T is an irreducible unitary representation of G (cf. [12, Theorem 7.12]).
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B.2. The gauge group representation for all matter particles and the Higgs field

On a very abstract level, the representation of G = SU(3) x SU(2) x U(1) for the matter particles
splits into a direct sum

7TEB7TC,

where 7 incorporates all Fermions and 7€ their antiparticles. The representations 7w and 7€ both
split into left-handed and right-handed parts,

T =7 D TR, nczwf@wg,
where 7Tg = TR, the representation complex conjugate to mg, and ﬂg = 7z. In particular?,
dim7¢ =dim7r and dim7§ =dim7

L — R R — L
and hence it suffices to describe 7y and mr in more detail.
According to three generations of Fermions we have

1 2 1 2

T, =7; O ®7mr and TR =THD TR D TH,

3 1 ~_ 2 ~ 3
my and mp & g = Ty

1 ~

where 7,

W% =

In each generation (i = 1,2,3) we have a splitting into a quark sector and a lepton sector:
71'2 :niLEB)\iL and WiR:m’REB)\iR.

The quark sector representations are given by

KY = p1 ®01® T, dimkt =3-2-1=6,
K= (P ®0o®@T1) ® (p1 ® 00 ®T_2), dimskh =(3-1-1)+(3-1-1) =6.

The lepton sector representations are given by
A= po @0y @T_3, dim\, =1-2-1=2,
%:p()@O'o@T_@, dim)\%=1~l-1:1.

Counting the dimensions we obtain
dimry =6+2=8, dimrh=6+1=7,
hence
dim7m, =84+8+8=24, dimnrg=7+7+7=21,
which implies
dim 7% = dim 7 = 24 + 21 = 45,
and sums up for all matter particles to
dim(r @ 7¢) = 45 + 45 = 90,

with a contribution® of 2(dim 7% + dim7%) = 2(8 4+ 7) = 30 dimensions from each of the three
fermionic generations.

In addition to the Fermions constituting matter, we have a representation 7y for the Higgs field
as a further summand, i.e.,

W@?TC@WH,

where 7 is two-dimensional and given on C ® C? ® C by

T = po @01 & T3.

2referring to the dimension of a representation while meaning the dimension of its underlying vector space

3Note that 7r%v =TR 7r112 @ﬂ'% @ﬂ'%, Tl'g =7 = 7r]1; @71’% @7‘(’%, and dim(rr}'2 EBﬂ'iL) = dim7rf12 +dim7riL.
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B.3. The adjoint Lie algebra representation for the gauge fields

The gauge theoretic aspect of the Standard Model is based on the trivial G-bundle over Minkowski
space with a connection one-form representing the gauge bosons (or gauge fields), influencing
the theory via curvature and covariant derivatives. Upon a choice of a global section (gauge),
the connection is given by a one-form on Minkowski space with values in the Lie algebra g =
s5u(3) @ su(2) & u(l), whose adjoint action adg: g — L(g) determines the zero-order terms in the
covariant derivative. Recall that the Lie algebra adjoint representation is given by ady := T.Adg,
where Adg: G — GL(g) is the (Lie group) adjoint action on g. Due to the product structure of
G =SU(3) x SU(2) x U(1) the adjoint action splits in the form
AdG(A, B, C) . (X, Yv, Z) = (AdSU(3) (A) . X7 AdSU(2) (B) . K AdU(l)(C) . Z)
for all A € SU(3),B € SU(2),c € U(1) and X € su(3),Y € su(2),Z € u(l), which we write by
some abuse of notation in short-hand as Adg = Adgy(s) x Adgy(2) X Ady(y). Differentiating this
map at the group identity (I3, 2,1) € SU(3) x SU(2) x U(1) we obtain (again by abuse of notation)
adg = astu(3) S3) adsu(2) S3] a‘du(1)~

In a corresponding decomposition of the gauge field values, the 8-dimensional part from adg,s)
gives the gluon gauge field, while the (3+1)-dimensional according to adgy2)®ad, (1) gives the weak

and hypercharge gauge fields and suitable linear combinations thereof define the two W-bosons,
the Z-boson, and the photon.






APPENDIX C

A glimpse at Quantum Field Theory (QFT)

The lecture course focusses on the gauge theoretic aspects and discusses the notion of field either
in the sense of sections of complex vector bundles (associated to principal bundles via group
representations) or of connection one-forms (with values in a Lie algebra). In a local representation,
a field is then given in terms of a map from (some open subset of) Minkowski space into a (finite-
dimensional) complex vector space or into a (finite-dimensional) Lie algebra. Recall that the groups
(and representations) involved concern on the one hand the Lorentz or Spin group implementing
space-time symmetries, and on the other hand the compact gauge groups which model the so-called
inner symmetries of the fields.

As soon as we pass to quantum fields, the local representation of fields ceases to be valid for two
important reasons:

1. The fields no longer have values in finite-dimensional vector spaces. The latter have to be
replaced by sets of unbounded densely defined operators on an infinite-dimensional Hilbert space.
2. The fields are no longer maps defined on (open subsets of ) Minkowski space, but instead have
to be considered as distributions (generalized functions) on Minkowski space.

There is also no neat global geometric description of these objects' anymore. Note that a nuisance
caused by 1. is that the set of all unbounded densely defined operators on an infinite-dimensional
Hilbert space is not even a vector space, since addition of operators can only be defined on a
common domain. And domain matters are only worse with composition of those linear operators.
But such issues are even more delicate because of 2., since distribution theory is purely linear
(defined in terms of dual spaces) and does not provide mechanisms for nonlinear combinations
of field operators. These indications may give some idea why certain requirements or conditions
occur in the set-up for the Garding-Wightman axioms discussed below. However, these still cannot
ensure a complete mathematical treatment and it turns out that as soon as interacting fields are
the subject a lot of “compromises with rigor” have to be accepted in approaching results, which
are so astonishingly coherent with experimental facts.

In preparing this appendix, we have used or may recommend for further reading the following
literature for various aspects of QFT: As sources in mathematical physics [2,5,13,15,17, 37]
and for theoretical physics including perturbation theoretic results [6,10,11,30, 35, 38]; for the
presentation here, we mostly followed Gerald Folland’s book [13] and tried to transfer some of its
spirit and clarity in providing an admiring mathematical view on QF T as it is applied in theoretical
physics.

C.1. Axioms for QFT

C.1.1. Basic notation for the Poincaré group. The Poincaré group P is the semidirect
product R* x O(1,3), i.e., (a,A4) - (b,B) = (a + Ab, AB) for a,b € R* and A, B € O(1,3). By P
we denote the connected component of the identity (0,1) in P, thus Py = R* x SOT(1,3) with
the proper orthochronous Lorentz group SO (1,3). Recall that the universal covering group of
SO™(1,3) is Spint(1,3) = SL(2,C) with the 2-fold covering map #: SL(2,C) — SO (1, 3), which
is constructed as follows: If H(2,C) denotes the set of all Hermitian complex 2 x 2-matrices, then

LAt least not known to the authors of these lecture notes.
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we have the isomorphism of real vector spaces M: R* — H(2,C), given by

3 .
Xo + T3 1 — 1T2 4
= E T,0, = . Vo = (xg, 21,22, 23) € R
vOvy <.’I?1 iTo To — T3 ( 0y L1y L2,y 3) )

where o := (V) and o1 = (9} ) = (9%"),03 = (§ %) are the Pauli matrices. A simple
calculation shows that det M (x) = n(x,x), where 7 is the Minkowski metric (with so-called West
Coast signature according to (4, — )) For any A € SL(2,C) we have

Ve eRY:  AM(x)AT € H(Q) and  det(AM (x)AT) = det M(x) = n(z, z),
hence we can find a unique x(A) € SO™ (1, 3) such that
Ve e R':  AM(x)A" = M(k(A)z).
Thanks to x we obtain the 2-fold covering map R* x SL(2,C) — Pg, (a, A) — (a, k(A)).

C.1.2. Remark (Euclidean QFT and C*-algebraic approaches). (i) The system of so-
called Euclidean axioms or Osterwalder-Schrader theory is based on a probability (Borel) measure
p defined on the space of distributions D'(R?) on R¢ (d € N). In fact, the basic object is its
generating functional S: D(R?) — C, given by

s= [ ¢mduw) (£ € DEY),
D/(R4)
which can be considered as a kind of inverse Fourier transform of p. The set-up of this theory is
motivated from a formal “analytic continuation of Minkowski space quantum fields to imaginary

time” and was successful in constructing rigorous low-dimensional (i.e., d = 2 or 3) models with
interactions (cf. [15]).

(ii) The axiomatic system of Haag-Kastler(-Araki) starts instead with local C*-algebras (or rather
von Neumann algebras) A(O) assigned to each open subset O C R*, such that A(O;) C A(O,) if
01 C Og, and consider A := |JA(O) (with the union over all open subsets O of Minkowski space)
as the algebra of observables. The axioms include conditions like the following (cf. [2,17]):

(a) There exists a representation of the Poincaré group as subgroup of all *-automorphisms on A
such that (a, R) - A(O) C A(RO + a) holds for arbitary (a, R) € P and every open subset O C R
(b) Causality: The subalgebras A(O1) and A(O2) commute, if O; and Os are space-like separated,
ie, n(z—y,z—y) <0 forany € O; and y € O,.

C.1.3. Fields as operator-valued distributions on Minkowski space. The following
list introduces all basic elements and properties used below for the formulation of the Garding-
Wightman axioms.

(1) Let (&, (.|.)) be a complex Hilbert space with a distinguished dense subspace D of F.

(i) Let U: R* x SL(2,C) — GL(F) be a unitary strongly continuous? representation such that D
is invariant under U, i.e. U(a, A)D C D for all (a, A) € R* x SL(2,C).

(iii) We suppose to have K € N different types of particles and for each 7 = 1,..., K to have
n; € N field components. If n; = 1, then the field corresponding to particle type j is scalar; with
n; > 1 we have vector, tensor, or spinor fields—the number n; corresponds to the fiber dimension
in the geometric formulation with sections of vector bundles associated with certain principal
fiber bundles over Minkowski space and representations of their structure group. The number of
inner degrees of freedom is the total number of field components N :=n; + ...+ ng. For every
particle type I = 1,..., K we are given an irreducible representation S;: SL(2,C) — GL(C™)
(specifying also the so-called particle statistics in the sense of Fermionic type [half-integer spin| or

2That is, U(a, A) is a unitary operator for every (a,A) € R* x SL(2,C) and, for every £ € F, the map
(a, A) = U(a, A)¢ is continuous R* x SL(2,C) — 7.
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Bosonic type [integer spin|) and we denote by S := S; @ -+ - @ Sk the direct sum representation
S: SL(2,C) — GL(CN).

(iv) The set of bounded operators on F given by {U(a,I) | a € R*} is a commutative subgroup
of the group of all unitary operators on & and is generated by the following four one-parameter
unitary groups: For each of the standard basis vectors eg,e1, e, e3 in R* we have the strongly
continuous unitary group t — U (te,,I) and thus, by Stone’s theorem, also a unique self-ajoint
operator P, as generator such that U(te,,, I) = exp(itP,). Spectral theory ([32, Theorems VIII.12
and VIII.13]) provides us with a joint spectral measure F for the (commuting) momentum operators
P,, P, P,, P;, which is a o-additive map from the Borel o-algebra of R* to the set of orthogonal
projections in &, normalized by E(f) = 0 and E(R?*) = 1, such that

Ula,I) = /e_i"(”’“) dE(p).
R4

(v) Fields (in fact, field components) ¢1,...,¢n are linear maps from the test function space
Z(R*) to the set of unbounded operators on F having D contained in their domain as well as in
the domain of their adjoint operators with the following two additonal properties:

(a) Invariance of the common domain, i.e., for all f € #(R*) and n € {1,...,N} we have
(b) Distributional continuity in the sense that for every &,7 € D, the map .7 (R*) — C, f
(€|dn(f)n) defines an element in .#/(R*), i.e., a temperate distribution on R*.

C.1.4. The Garding-Wightman axioms. Suppose we have all the objects with properties
as specified in C.1.3, then the further axiomatic requirements are (cf. [2,13,17,31,37]):

(i) There exists a vector {2 € D, ||| = 1, unique up to a phase factor, such that

Y(a, A) € R* x SL(2,C):  U(a, A)Q = Q.
We call 2 the vacuum state of the theory.
(ii) Completeness: The vacuum vector is a cyclic vector for the field algebra, i.e., the linear hull

of {¢1,(f1) 1, (fm)Q|meENg, 1 <y, )l <N, f1,..., fn € (R} is dense in F. (In case
m = 0 we define the empty product of field operators as the identity on F.)

(iii) For arbitary f € #(R%), (a,4) € R* x SL(2,C), 1 < n < N, ¢ € D, and upon defining
((a, A)f)(x) := f(k(A)"(z — a)) for every = € R*, we have

N
U(a, A)pn()U(a, A)7'E =" S(A™ ) m b ((a, A) f)E.

m=1

Pretending that distributions were functions, the latter could be rewritten in the form

(iv) Spectral condition: The support of the spectral measure F is contained in the forward light
cone {(po,p) € R* | po > |p|}. This is equivalent to saying that with the self-adjoint momentum
operators P, (v =0,1,2,3), both Py and P? — P? — P} — P2 are positive operators.

(v) Causality: If f,g € .#(R*) have their supports space-like separated® and m,n € {1,..., N},
then as operators on the domain D the fields ¢, (f) and ¢, (g) or ¢m(g)’, either commute

[ (f); Pnl(g)] =0 = [¢7n(f)z¢n(g)T]

3Recall that this means n(z — y,z — y) < 0, if f(z)g(y) # 0.
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or anticommute (notation {A, B} := AB + BA)
{6m(f),6n(9)} = 0= {6 (f) bu(9)"}

(depending on m, n, and on the particle species).

Remark: We want to add here a direct quote by Rudolf Haag how he phrases the causality condition
in a discussion preparing for the translation of the above axioms into a structure with local C*-
algebras as in C.1.2 ([17, page 107]): “Two observables associated with space-like separated regions
are compatible. The measurement of one does not disturb the measurement of the other. The
operators representing these observables must commute.” And then he immediately adds a long
comment starting with the following sentence: “To avoid possible confusion it must be stressed
that this has nothing to do with the discussion around the Einstein-Podolsky-Rosen paradox and
Bell’s inequality.”

C.1.5. A few vague remarks about rigorous results within axiomatic theories. The
spin-statistics theorem (cf. [37, Section 4.4] or [17, Section I1.5]) implies the following: Let the
Schwartz functions f and g have space-like separated supports as in the causality axiom. Particles
of integer spin must be Bosons, that is, each of their field components ¢,, satisfies the commutation
relation [¢,(f), ¢n(g)T] = 0, while particles of half-integer spin are Fermions, which means that
each of their field components ¢,, satisfies the anticommutator relation {¢,(f), #n(g)T} = 0.

The theorem on invariance under PCT ([37, Section 4.3]) or CPT ([17, Section IL5]) or TCP
([2, Section 5.6]) states that a QFT is not influenced by the combined operation of space inversion
or parity P, time inversion T, and charge conjugation C. (The invariance is in general not true for
a single operation or an arbitrary pairwise combination, as is illsutrated by the non-axiomatic theory of
weak interaction, which is known to be not P-invariant, and evidence from meson decays about violation
of C'P-invariance.)

The reconstruction theorem ([37, Section 3.4] or [5, Section 8.3]) shows that a theory can be
“recovered from knowing all its vacuum expectation values”. This means that the so-called hier-
archy of Wightman distributions wy, _, : f1 @@ fr = (Q¢r, (f1) - ¢1,. (f-)Q2) on RY (r € N)
determines F and the action of all field operators ¢, (f) uniquely (up to a unitary isomorphism).

The rigorous construction of some theories with nontrivial interactions (cf. [37, Appendix] or [15])
has been successful in space-time dimensions 2 and 3, although none so far in dimension 4, where
at least many rigorous free quantum field theories do exist and thus show that the axioms are
consistent (see, e.g., [13, Chapter 5]).

C.2. Perturbation theory for QFT with interactions

C.2.1. Dynamics (time evolution). As always in any quantum theory, the dynamics of
time evolution is implemented in the form of a strongly continuous one-parameter unitary group
(U(t))ter on the Hilbert space F. By Stone’s theorem there is a unique self-adjoint (densely
defined) generator H, the Hamilton operator, such that

VteR: U(t)=e "8,
The basic additional requirements about the dynamics in terms of H are the following:
(i) D is contained in the domain of H and HD C D,

(ii) the vacuum vector 2 shall be a basis of the eigenspace of H for the smallest eigenvalue of H.
In attempts to construct a QFT with interaction, the typical formal structure of H is
H = Hy+ Hy,

where Hj is the self-adjoint Hamiltonian of a free QFT (i.e., without interactions, or considerably
well understood) and H; is the so-called interaction Hamiltonian, considered a perturbation of
Hy, and it is hoped that (or ignored whether) Hy + Hj is a densely defined self-adjoint operator
on F as well.
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The interaction Hamiltonian Hj is often rather formally constructed by integration over a La-

grangian density (operator) L1 or a Hamilton density (operator) Hy := —Lj, symbolically, H; =
— Jps Lrdx = [ Hydx. The total Lagrangian density
L=Lo+ Ly

is usually written down in terms of functions (or local representations of sections of appropriate
vector bundles) instead of actually constructing operator-valued distributions (which in most cases
would not even exist anyways), where typically,

Lo is bilinear in the fields and represents the kinetic terms
L1 is a polynomial of degree 3 or higher in the fields (or of some other form, maybe a potential,
that does not fit into £g) and represents the interaction terms.

Recall that any “Hilbert space based quantum theory” usually distinguishes two ways of imple-
menting the dynamics in terms of the unitary group (U(t))ter, namely the Schriodinger picture,
where vector states £ € J evolve according to

) =U() (teR), or, if ¢ belongs to the domain of H: £(t) = —iHE(t), £(0) =&,

and the Heisenberg picture, where an observable R, i.e., R is self-adjoint with domain containing
D, evolves in time as given by

R(t) :=U(-t)RU(t) (t€R), or,if RDCD: R(t)=i[H, R()].

C.2.2. Interaction (or Dirac) picture. We consider H = Hy + H; and, for the pure
illustrative purpose of this appendix, will from now on assume the naive viewpoint described in
the following quote from Gerald Folland [13, page 124]: “For psychological comfort, the reader
may wish to think of the case where H is a self-adjoint operator and H; is a bounded self-adjoint
operator, in which case H is a self-adjoint operator with the same domain as Hy. However, this
is far from the case we shall need in the sequel.”

We distinguish the two time evolutions given by the free Hamiltonian Hy and by the total Hamil-
tonian H in the following notation for the respective unitary groups defined on J:

Up(t) := e o U(t) := e H = 7#HotH) (1 ¢ R),
In the sequel, the free time evolution of an observable R will be denoted by
R(t) :== Uo(—=t)RUo(t) (t € R),

while in the time dependence of a state £ we will focus on a comparison of the evolution with
respect to H with the free evolution and define

§(t) == Uo(=t)U (1) = V(1)§ (t € R),
where we have also used the following family* of unitary operators

V(t) = Up(—t)U(t) (t €R).

We show that with the above notation for the time dependence of observables and states, the
so-called transition probabilities or matriz elements are correctly conserved: If £;,& € D, then

(E1(0)[R(1)€2(1)) = (V ()& |Uo(—t) RUo (1) V (£)€2)
= <§1|(Uo(—t)U(t))TUO(—t)RUo(t)Uo(—t)U(t)§2> = (&|U(=t)Uo(t)Uo(—t)RU (t)&2)
= (&|U(=t)RU (t)&2) = (U ()& |RU (t)€2),
where the two expressions on the last line are the transition amplitudes in the Heisenberg and

Schrédinger pictures for the full theory with time evolution according to the total Hamiltonian H.

4which is in general not a one-paramter group
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The basic hope of perturbative quantum theories is to get somehow useful approximations for V' (t),
since Up(t) is usually well-known and one could then still get good results for U(t) = Uy(t)V (1),
at least in terms of matrix elements (transition amplitudes).

C.2.3. Remark: Non-existence of the interaction picture. According to a theorem
by Rudolf Haag ([5, Section 9.4] or [37, Section 4.5]), from the unitarity of V(¢) and V(0) =
I, one could construct a complete isomorphism between the interaction theory (with H) and
the free theory (with Hy) for all times, which means in particular, that all predictions about
transition amplitudes would agree. The latter clearly is absurd, since true interactions change the
measurements as compared to the free theory. Thus, it cannot be mathematically strictly true
that V(t) exists. On the other hand, already over decades now the results of perturbative QFT
are often in amazingly good agreement with experiments. Apart from this pragmatic argument
there are even conceptual reasons, considering various asymptotic cut-offs and renormalization
techniques, for not rejecting the perturbative methods (cf. [10, Chapter 10], which even contains
a subsection title “How to stop worrying about Haag’s theorem”).

C.2.4. The Dyson series. By definition, we have V (t) = Uy(—t)U(t), in particular, V(0) =
I, and on the domain D we may differentiate to get (recalling that Ho and Up(s) = e~ "0 commute
for every s € R)

%V(t) — iHoUp(—t)U(t) — iU(—t)HU(t) = %UO(—t)(—Ho + HYU(t)

= S Uo(-OHUp(()Un(~HU (1) = < Hi )V ().

Therefore, V(¢) is the solution of the following initial value problem (on the domain D)

V(t) = %Hl(t)V(t), V(0) = 1.

The basic idea now is to make succsessive approximations in the form

T

Y i)+~ [ B H (W () dr') dr
+’0/( I +z/ I I )

0
t t T
=1+ % /H](Tl)dTl + %2 //H](TQ)H](Tl)V(Tl) dry dry
0 0 0
t t T
=I+3 /H,(ﬁ)dﬁ - //HI(TQ)H,(Tl)dn dry ...,
0 0 0
which suggests to consider the Dyson series associated with V' and given by
- t T, T o0
V)~ T+ Zln //.../HI(TR)H,(Tn,l) o Hy(r)drydry =t T4y Va(t).
n=l" 9 0 0 n=1

(In the [unrealistic] case that H; is a bounded operator, the series converges in operator norm.)

A simple observation about multiple integrals of matriz-valued functions: Let f: [0,t] — M4(C) be
continuous and define Ty : [0,t]? — My(C) by Ta(11,72) := f(12) f(11), if 1 < 72, and Ta(1y,72) 1=
f(r1)f(12), if 71 > 75. By symmetry of Ty with respect to the diagonal 71 = 75 in [0,¢] x [0, ¢], we
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obtain
t T2 1 t t
//f(Tg)f(Tl)dTl dry = 5//Tg(7’1,72)d7'1 drs.
00 00
Similarly, for any dimension n > 2, writing T, (71, ...,7) = f(7,,) -+ f(7,), if 7, <--- <7, we
obtain

/7...]2]0(7””(7”1)---f(ﬁ)dn--.dfn=; / T (1,77 (71 ).
0 0 0

(0]

Note that the functions T, arranged the ordering of the time-dependent matrix factors in such
a way, that the earlier times always got to the right (and thus are applied first when acting on
a vector). This is just a special case of the general scheme of a so-called time odered product in
QFT, where for any finite family of operators R;(t), ..., R, (t) with time-dependence and distinct
times t1,...,t,, one writes®

(.T(Rl(tl) . Rn(tn)) = Rln(tln) i 'Rll(th)v if {ll, . ,ln} = {1, R 7TL} such that t, <<t

n

Employing this notation, we have by extrapolation of the above observations

t T t ot

1 1

Va(t) = Z.j//HI(’]?)HI(’H)dTl dry = 22 //T(HI(Tl)HI(TQ)) dr dry
00 00

and more generally,

t T T2
1
:Z.?//"'/HI(T")HI(Tn—l)"'HI(Tl)dTl"'dTn
0 0 0

:7/ / (Hy(r1) - - Hy(7n)) dr -~ dro

With some further boldness, we may consider T to be extended linearly, therefore, being applied in
the usual way to sums of products of (unbounded) operators (hopefully with a common and invariant
domain?) or equally well to integrals ... and go on to elegantly write

t t
o0 o 1
)~ T+ Va(t) :I+‘I Z M/ /HI - Hy(rp)dr - dTn)
n=1 0 0

n=1
. t
=:T [ exp E/HI(T)dT )
0

C.2.5. The lower order terms in the approximation of U(t). Recall that U(t) =
Uo(t)V(t) and therefore

which gives the most compact form of the Dyson series.

U(0) ~ Uol®) + 3 Tolt)Va(t)

represents the series associated via the Dyson series to the time evolution with interaction.

5Beware of the fact that the notation T(Ry(t1) - - - Rn (ts)) is misleading, because this is not the value of a map T
applied to the operator Ry (t1)--- Rn(tn), but rather assigning an operator to certain n-tuples (R1(t1),..., Rn(tn))
(cf. [6, page 136]). Moreover, we silently ignore the issue of defining the product in case t; = t; for some | # k,
because this corresponds to a subset of Lebesgue measure 0 in the integration (and do not engage in arguing about
measurability with respect to the time parameters).
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The lowest order term is just the free time evolution Uy(t) between the Yol®

initial time 0 and the “current” time ¢, symbolically this is expressed in
a very simple drawing.

0 t

The first-order term is
t

1 1 /
Uo(t)vl(t> U()( ) - UO HIUO
7 / Zo/

0

t

/Uot—THIUo( )d,
0

s\)—l

in which the integrand, read from right to left, represents 0 V1

Hy
first free evolution from time 0 up to time 7, then inter-
action according to Hj, then again free time evolution for
the duration ¢t — 7, pictographically this is shown here to
the right. 0 T

The second-order term is

t 1o
U // H[ TQ)H](Tl)dTldTQ
0

Ug(t) - Va(t) Hy Hy

= ﬁ/UO t — TQ)H]U()(TQ — Tl)H]U()(Tl) d(Tl,Tg)
{0<m<ma<t} o T Tt
and its integrand is represented in the picture.

C.2.6. The scattering matrix. A basic intuition of any scattering experiment is that the
spatial region of interaction is bounded and moreover, for ¢ — Foo no particle has yet participated
or can still participate in the interaction process. Heuristically, these asymptotically incoming or
outgoing states may be considered as states of free particles, and one is interested in the scattering
transformation between the incoming and the outgoing states.

Suppose that &, € F and 7., € F represent incoming and outgoing asymptotically free states in
a scattering experiment according to the interacting Hamiltonian H = Hy + H;. Recall that we
denoted the unitary group for the free time evolution by Uy(t) = e~Ho_ the dynamics including
the interaction by U(t) = e~*#  and that the time dependence of a state ¢ € J in the interaction
picture was given by ((t) = V(¢)¢ = Up(—t)U(t)¢. If asymptotically with respect to time, nous
emerges from &, in the scattering process, it seems reasonable that over long times in the whole
dynamics both 7.t and &, are connected via some common intermediate state ( € F, i.e., 1out =
V(t2)¢ and &, = V(—t1)( for some t1,t3 > 0. We therefore expect to find

Nout = V (t2)¢ =V (t2)V(—t1)” "in
for very large t1,t2 > 0. We may get rid of the dependence on t1,t2 > 0 by taking limits and thus
arrive at the “definition” for the scattering transformation (or S-transform)

o : _ -1
S = tl,}tlzrgoo V(tg)V( tl) s

which for practical purposes is often considered in the form of its so-called scattering matriz (or
S-matrix), i.e., the number scheme (n|S¢) for all {,n € F (or being members of some complete
orthonormal system in F).

Remarks: (i) Scattering theory has been studied intensively and rigorously also in axiomatic
settings of QFT (cf. [2,5]).

(ii) It is customary to write S = I 44T, where T is called the transfer matriz and contains all the
nontrivial parts of the scattering, because the identity I means “incoming state = outgoing state”
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and thus corresponds to the free theory without interactions. In a so-called irreducible scattering
experiment one considers only incoming states &, that are perpendicular® to the outgoing states
Nout- In this situation we always have

<nout|S§in> = <770ut|(S - I)§1n> = i<nout|T§in>~

In a realistic szenario, only the momenta of the states &, or 7oy are known or determined with
certain accuracy and they often correspond in an L2-picture to wave packets with highly concen-
trated momentum distributions’. Schematically and in an idealized situation with sharp momenta,
the transfer matrix turns out to be of the form

(Mout| Téin) = (2m)"* 5(21) = > 9) M(&n = o),

out

where the d-factor reflects conservation of momenta and M (&, — 7jout) is called the Feynman
amplitude. Tt turns out that |M (&, — 7out)|? can be related directly either to differential cross
sections or also to decay rates (inverse life time) of particles in scattering experiments.

C.2.7. Perturbation series for the scattering operator. We may slightly rewrite the
limit expression defining the scattering operator by

S= lim V(k)V(-t)"'= lim VOV() " = lim V(tt),

where we put V(t,t9) := V(¢)V(to)~!. Note that V(tg,to) = I and differentiating V (¢,) with
respect to ¢ gives LV (t,to) = —iH(t)V(t)V (to)™* = —iH[(t)V (t,to), which “asks again for” a
Dyson series as formal solution

1

inn!
[

/‘.T(H,(ﬁ).-.HI(Tn))d(ﬁ,...,Tn).

t(),t]”

t
1 o0
V(t,to) ~ T | exp f/HI(T)dT :I+Z
i
to n=1
Sending now ty — —oo and t — oo gives

s~1+z_:1in1n!/..‘/T(HI(Tl)..-H,(Tn))dﬁ...dTn.

Suppose H; was given in terms of a Hamiltonian or Lagrangian density by H; = [ H;(x) dx =
— Jgs L1(x) dx. Therefore, in this case we have at least formally Hy(t) = Up(—t)HUy(t) =
Jrs Uo(—t)Hi(2)U(t) dx = [po Hi(t,z)de = — [45 £1(t,2) do with the obvious “definition” of
Hi(t,x) and Ly(t,z) as the free time evolution of the operator-valued “function values” Hj(x)
and L;(z) at € R3 (of course, these are at best operator-valued distributions, not functions).
Combining then the time integrations in the Dyson series with the spatial integration of the
Hamiltonian density, we obtain in summary a Dyson series involving integrals over Minkowski
space (using here now z1,...,, to denote points in R*)

S~1+ZlZ,nln!/---/7(:}(,(351)---5{1(%)) dy - - de,
n= 4 R4

where the time ordering refers to the time components in z1,...,z, € R*. An important aspect
for QFT of this last representation of S is its indication of Lorentz invariance.

61n the sense of the Hilbert space J of all quantum states, this has nothing to do with the spatial geometry!
"Here, the word distribution is used (mainly) in the sense of probability /statistics.
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C.2.8. Creation and annihilation operators. In the sequel we will employ notation as
in the physics literature with annihilation and creation operators treated like operator-valued
functions on momentum space (similarly as with the fields ¢ from the Wightman axioms that are
mostly written like ¢(z) etc). However, we emphasize that here we are on a sound mathematical
basis with explicit constructions of these operators (see, e.g. [13, Section 4.5]) on the so-called
Fock space F generated from a given one-particle Hilbert space H, where often we simply have
H = L*(R3) or H = L*(R3)®C™, if we have to incorporate m additional field components relating
to internal symmetries.

We indicate at least in a rough sketch how to rigorously construct annihilation and creation oper-
ators. First, recall that a Hilbert space tensor product H; ® - - - ® Hj, is defined as the completion
of the algebraic tensor product with respect to the norm stemming from the unique scalar product
defined by sesquilinear extension from (u; ® -+ @ ug|vy ® -+ @ Vg )k = (ur|vr) - - - (ug|vg). In case
Hy =...=H = H we write ®k H for the k-fold Hilbert space tensor product and use the con-
vention ®0 H := C. In the second step, the Fock space is given by the Hilbert space orthogonal
direct sum ¥ := Zzozo ®k H, which again includes completion of the algebraic direct sum in the
obvious norm stemming from the obvious scalar product, in particular, @ H L ®" # (k #1). To
be more precise, the above construction has to be carried out with the symmetric tensor product
in case of Bosons and with the antisymmetric tensor product in case of Fermions, but we ignore
this aspect in favor of brevity.

Let f € H, then we may define two operators B(f)! and B(f) on the dense subspace of finite
linear combinations of splitting tensors of all orders in JF by the assigments

B (@ @u)=fou® - @u, B(f)(ur @ @ur) = (flur)uz @ @ ug.

We see that B(f)" maps k-particle states into states with & + 1 particles while B(f) decreases
the number of particles when acting on product states. These are the prototypes of the so-called
creation and annihilation operators (and it turns out that B(f)" indeed is the adjoint of B(f)).
Furthermore, we see that f — B(f)! is linear while f — B(f) is conjugate linear and showing
continuity of the matrix elements with respect to f is also easy.

We have already mentioned that, even with the same one-particle Hilbert space, we have to
distinguish between the two types of Fock spaces for Fermions and Bosons. Each of these can
accommodate an arbitrary number of particles of the same species—in the Fermionic case non
of these can be in the same state as is guaranteed by the antisymmetry of the tensor product.
If we have a theory with K € N different particle species, then one has for each j = 1,..., K
a single-particle state space J{;, which also has to take care of the n; field components (scalar,
vector, tensor, spinor type). If F; denotes the Fock space for species number j, then the Hilbert
state space for the whole system (at least for a non-interacting theory) is F:=F; ® - - - ® Fx and
the creation and annihilation operators corresponding to a certain species j act nontrivially only
on “their” factor JF; and act as the identity on all other factors in the tensor product.

The prototypes of creation and annihilation operators have been defined above for any f € L?(IR3)
and one can now easily imagine to take f as a function with support of its Fourier transform ]?
concentrated very close to p € R3, which shall give some intuition for the notation being introduced
now. Let p € R3 represent momentum and o and 7 denote some discrete variables, where o labels
spin states and 7 is a label for the particle species (in a broad sense, so that any discrete parameters
are incoroprated into 7; distinct antiparticles also have a different 7-label). We write a(p, o, 7) or
a'(p, o, ) for the operator of annihilation or creation of a particle of species 7 with spin state o and
momentum p. The canonical commutation relations (CCR) and the canonical anticommutation
relations (CAR) that hold for the corresponding operator-valued distributions ([13, Equations
(4.48) and (4.56)]) are translated with the current notation into

(CCR/CAR) a(p, o, ﬂ)af(p’, o, n') = :I:aJr(p'7 o', a(p,o,m) + (27T)35(p e ) [T
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where £ becomes +, if at least one of 7 and 7’ is Bosonic, and it becomes —, if both 7 and =’ are
Fermions (cf. [13, Equation (6.33)]).

C.2.9. The S-matrix in terms of vacuum expectation values. In the Fock space, we
have the special vector |0) := (1,0,0,...) e Cd Y 7, Q" H = F, which is the no-particle state
and can serve as the vacuum vector for a free QFT. It turns out that a dense subspace of F is
generated as the linear hull of all vectors being polynomials of creation operators applied to |0).
This suggests for scattering experiments to specify the incoming and outgoing states in the form

Kkin
lin) 1= &y = HaT(p}n,U}n,ﬂ}nﬂO) and |out) := 1oy =
=1

kout
H ClT (pgl)ut70_§>ut,77]o'ut)‘0>.
j=1

Using the fact that creation and annihilation operators are adjoints of one another, we may thus
rewrite the S-matrix in the following form

1 kin
(out[Sfin) 1= (oue|S&n) = (O] J[ a(s™, o™, a5 - S [ a' (o™ o, 7i)[0).
j:kout =1

Now we recall that S “is approximated” by a sum of terms [, T(Hy(z1) - Hp(xp)) d(z1,. .. 20)
and assume that H;(z) is a polynomial in the field operators ¢1(x),...,dn(x). Then we obtain

a series representation associated with (out|S|in) = (Nous|S&in),

N S .
where the term of order n is - times an expression of the form
i"n!

(%)

1 in
OF TT a0 m™) - T(diy (@1)™ - di, (@)™ - [ [al (0}, 0" ") [0) (a1, -, 20).

R4n J=kout

oS

Il
—

The field operators are usually constructed as Fourier integral representations with annihilation
and creation operators and are, in principle, of the schematic form (the symbol 7 appears here in a
double role, all but one occurences refer to a particle species)

elt.0) = Y [ @) (ularovmlala o mpe VT it
o ]R3

+ (g0, m)al (g, 0, M) VI e AL
(2m)?
where 7 denotes the antiparticle for the species of type 7, f is a scalar function, m is the mass of the
particle species 7 and 7, and the functions u, v have values in some C¢, for example to represent
spinors or polarization directions. Note that taking the adjoint turns the above representation
into one for the antiparticle 7.

Upon “plugging in” the Fourier integral representations of the field operators, the fundamental
terms (x) for the calculation of the S-matrix are basically multiple integrals of vacuum expectations

(%) (O]T(Ay--- Ag)[0)

with d € N and
Aj=A5+ A5 (j=1,...d),

where A7, Af is a sum or integral of annihilation operators, creation operators, respectively.
Here, we have suppressed the dependences on any variables (and indices) referring to points in R* or R3.
Moreover, the convention about the time ordering T has to be adapted: First, to the Fermionic case, with
additional minus signs appearing in interchanges of any two Fermionic operators; however, this is without
effect for interaction Hamiltonians H; containing Fermions only in pairs, which happens to be the case in
all relevant models. Second, to the case of operators without time dependence (e.g., the annihilation and
creation operators originating from &, and 7oyt remain in their respective order).
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Any annhiliation operator acting on the vacuum |0) gives the zero vector, i.e., a(...)|0) = 0, which

leads to some simplifications in the vacuum expectation series thanks to the consequences
(0]A---10) =0 and (0[---A}|0) =0.

C.2.10. Wick or normally ordered products and contractions. We learn from the
observation at the end of the previous subsection that, in evaluating vaccum expectations of
products A; - - - A,, it would be desirable to have all creation operators to the left of all annihilation
operators. The corresponding rearrangement (including the expansion into a sum of products) of
the product will be denoted by :A; - - - A,: and is called Wick (or normally) ordered product, with

an additional factor of —1 for every term that had two Fermionic operators interchanged. The
simplest case is n = 2 with at least one Bosonic factor, where we have

(A1 Ay = (AT + AT)(AS + AS): = ATAS + ATAS + ASAT + ATAS

and comparing this with A; A4, = ATAS + ATAS + ATAS + ATAS we see that
A1 Ay = A1 As — AT, AS).
If both A; and As are Fermions, then the Wick ordered product is instead
AuAz = (Af + AT)(A3 + AS): = ATAG + ASAS — ASAT + ASAS = A Ay — {A7, A3),
where {B, C} denotes the anticommutator BC + CB.
In any case, the whole point of the Wick ordering is that we have, by construction,
(0] :Ay--- A 10y = 0.
In the example with n = 2 we thus obtain
(0141 A4210) = (0] :41 A [0) + (0] [A%, A5] [0) = (0] [A%, A5] [0)

in case with at least one Boson, while for two Fermionic factors,

(0141 A4210) = (0] :4; Ay [0) + (0] {A%, A5} [0) = (0] {AS, A5} [0).

Recall that the CCR or CAR for annihilation and creation operators always give a (distributional)
scalar multiple of I for the commutator or anticommutator appearing in the last term of each of
the two equations above, hence the expectation values evaluate essentially to that (distributional)
scalar factor (which can then be integrated over).

A reasoning very similar as in the above example shows that for two factors A; and As, the
difference between the time ordered product T(A;As) and the Wick ordered product : Ay As:
always gives a (distributional) scalar multiple of the identity I. Therefore, one can define the

~
contraction of A; and Ay to be the unique (distributional) scalar A; Ay such that

—~ =
(I(AlAg)f IAlAQS = A1A2 1.

It turns out that in evaluating the vacuum expectation values in (xx), which were derived as the
main ingredients in the series for the S-matrix in (x), contractions “is all we need” thanks to

Wick’s theorem: T(A; --- A,) is equal to a sum of terms with k contraction pairs, where 0 < k <
[n/2], and all other factors in Wick ordering.

—~ =
The basic case n = 2 is just the definition of the contraction, i.e., T(A143) = A1 Az + : A1 A5
With n = 3, one can figure out that Wick’s theorem gives four terms

—~ = —~ = —~ =
T(AlAQAg) = 1A1A2A33 + A1A2 A3 + A1A3 A2 + A2A3 Al,
and for n = 4 we show only three of the ten terms in

—~ = —~
T(A1A2A3A4) = 3A1A2A3A4Z + A1A2 SA3A4I + ...+ A1A4 A2A3 .
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The important consequence for vacuum expectation values is that
(O|T(A;1---Ap)|0) =0, if nis odd,

and, with appropriately counting and summing over all possible contractions of pairs,

—— ——
(%% %) (OIT(Ar--- Ap)|0) = D Ay Ay - Ay, A

oy if n = 2l

To summarize, we “only” need to calculate all possible contractions A;Aj, where A; and Ay, are
creation operators, annihilation operators, or field operators. We have the following three different
cases to consider:

(i) Both A; and Ay, are creation or annihilation operators: As can be easily deduced from
the above examples for expectation values in case of two factors, this boils down simply
to the CCR or CAR and produces essentially only 0 or § distributions of differences of
momentum variables.

(ii) One of A; and Ay, is a field and the other is an operator of creation or annihilation: With
a Fourier integral representation of the field ¢, as in Subsection C.2.9 and applying the
CCR/CAR in the integrand one can deduce that

—_— .
a(p, 0,7 )¢ (t,7) = f(p)v(p, o, m)e VIPEFmE=rD g

and

Ox(t,2)a’ (p,0,7") = f(p)u(p, o, m)e IV IPETmE=mr)s

—_—

while the other two contractions a'(p, o, 7')¢x(t, ) and ¢ (t,z)a(p, o, ') vanish (be-
cause (0|a’---]0) =0 = (0|---a|0)).

(ili) Both factors A; and Ay, are field operators: The Fourier integral representation describes
a field ¢, in terms of annihilation operators for the species m and creation operators
for the antiparticle 7. If A; does not correspond to the antiparticle of Ay, the CCR or
CAR always give 0. Therefore, the only nontrivial combination is with A; = ¢, (¢, z)
and A, = ¢l (s,y) (with t,s € R, x,y € R3) and we will drop now the reference to

the particle species m. Recall that, by definition, A;A; = T(A;A;)— :A;A,: and
(0] :¢9: |0) = 0, thus we are left with

—_—~

o, 2)9" (s,y) = (01T (H(t, )¢  (5,1))[0).-
The right-hand side expresses an amplitude, whose modulus squared® is to represent a
probability density, namely, in case t > s, for the creation out of the vacuum of a particle
at location y and time s and annihilation of the same at location x and time ¢; in case
t < s it will be creation of an antiparticle out of the vacuum at location x and time ¢
and annihilation at location y and time s. In this sense, the above describes either a
particle propagating from y to = or an antiparticle propagating from x to y. The latter
justifies the notion of propagator for any expression of the type (0|T(¢(t, z)o(s,4))|0).

C.2.11. Propagators are fundamental solutions (or Green functions). Recall that
in the interaction picture and for the Dyson series, the time dependence of the observables and
fields is understood according to the free time evolution. The basic strategy in the construction of
the free fields is to consider the operator-valued analogue of the Fourier integral representations
of solutions to a guiding (Lorentz invariant) partial differential equation, e.g., the Klein-Gordon
equation or the Dirac equation. Therefore, the coefficients in the Fourier integral representations
of the fields still have this information about the solution of the field equation encoded and taking
expectation values brings this back from the operator level to functions or distributions. This is

8Alth0ugh these objects are not functions, but distributions (in the sense of generalized functions; but also
with a probabilistic interpretation).
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the reason why the propagators that emerged above from contractions of field operators turn out
to be, in fact, nothing but Green functions or fundamental solutions for the corresponding field
equation underlying the construction of the free field operators.

C.2.12. Term by term evaluation of the series for the S-matrix. According to (%),
(%%), and (x%x) the S-matrix element (out|S|in) = (7ous|SE&mn) is associated with a series of multiple
integrals with integrands that are, apart from constants, products of factors of one of the following
types (with ad-hoc notational shortcuts, e.g., suppress the variables o and 7 in the creation or annihilation
operators and use only simple indices instead; in the notation for the fields, we drop parameters referring
to particle species and indices for spinor components etc):

—_—~
(a) a;(p2")af(pi) = (27)3 85 6P — pP);

—_—~
(b) a; (p?“)qﬁ(tl, x;) = 0, if ¢ does not create particles of type j, and otherwise we have

/_A% > ou ou
a3 (0" )6 (11, 1) = e (VI g,
where m; now denotes the mass of particle j;

—_—
(c) o(t, xl)az (pr') =0, if ¢ does not annihilate particles of type k, and otherwise we have

—_— . in _ in .
oltn, mr)a (o) = ! (VIETEIE=C) i),

k /)

—_—~
(d) Pty 2, )0 (t1, 21) = —iA(t, — t;, 2, — x7) is just the propagator for this field, i.e., some
fundamental solution (Green function).

Note that (b) and (c) yield Fourier transforms upon integration with respect to (t;,x;), while (a)

represents a subprocess without interaction, since only p2%t = p}cn contributes here.

J

Towards Feynman rules and Feynman diagrams: The only variables in the above evaluation pro-

cess that are not integrated over are the 3-dimensional momenta p;’“t and pik“. Recall that for any

particle of 3-momentum 5 and mass m, the corresponding 4-momentum is (1/|p]% +m?,p). To
simplify notation, we will henceforth write simply p; for a 4-momentum corresponding to p;’“t etc.
These 4-momenta p1, ps, ... are used as labels for the so-called external vertices. (The distinction
whether some p; belongs to an incoming or outgoing particle can be indicated in the Feynman diagrams
by other means.) We will use labels x1,z2,... € R* for the so-called internal vertices and each of
these correspond to one integral over Minkowski space.

For every contraction there will be an edge in the graph connecting the appropriate vertices.
In the following simple example, the formula on the left corresponds to the picture on the right:

—_—N—
i —_—
o(z1)a) (p}) Pk g

There are conventions about the style of line drawing for different species of particles, e.g., in
Quantum Electrodynamics (QED) electrons have solid lines while photon edges are wavy. In
addition, there are conventions for adding momentum flow directions and orientation of arrows
(particle vs. antiparticle) and rules for assigning diagrams or parts of diagrams (and vice versa) to
the factors in the integrands described in (a), (b), (c), (d) above and how to combine and evaluate
these. (In particular, (a) produces disconnected diagrams, because the edge between the vertices
p; and pg will not be attached to anything else.) Proceeding in this way, one obtains a kind of
isomorphism between the Dyson series of integrals for the S-matrix and a cascade of ever more
complex Feynman diagrams.
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Now in retrospect, since all the ¢-occurrences in the middle of formula (%) derive immediately from
the Lagrange or Hamilton density £;(z) = —H;(z), one may more or less jump directly from the
specification of the latter to calculations with Feynman diagrams. In a very nice schematic figure
of QFT in [11, Abbildung 4.1, Seite 106], this short-cut is emphasized by bold double arrows
labeled “Einfache Rezepte” (simple recipies).

Ezample with ¢*-interaction: If ¢ is a real scalar field and H;(z) = ¢(x)* = —L;(x), then already
at order n = 1 in the Dyson series the factor ¢(x;)* in the integrand will, according to Wick’s

theorem produce, a sum of terms with contractions, one of these will be
P1 P2

a(pa)d(x1) a(p2)d(x1) p(x1)a’ (ps) $(a1)a’ (p1)

and define the following Feynman diagram

P3 P4

while one of the other terms will be of the form a(ps)al(p1) ¢(x1)al (p2) ¢(x1)b(21) a(ps)d(x;)
(since ¢ is real, we have ¢ = ¢'), which corresponds to the diagram

P2 v P3

P1 P4

A simplified QED-like interaction: Let v be complex and A be
real, so that ¢ represents the antiparticle of 1. Consider the
interaction Lagrangrian Lr(z) = —ey(x)A(x)(z) = —H;(x)
with a coupling constant e € R. In this case, the factor

A(z)(x)(x;) in the integrand at order n = 1, upon contrac-
tions, will contribute, among others, the following diagram cor-

—N—
responding to the product a(ps)A(x;) ¥ (z;)a’ (p2) ¥(2:)al (p1).

P2

C.2.13. A few further remarks: (i) The typical interaction Lagrangians in physics involve
some explicit coupling constant(s) and the constributions of the terms in the Dyson series are
usually sorted by powers of it. One is then often interested in perturbation calculation up to a
certain order in the coupling constant. However, as is well-known and notorious, convergence of
the Dyson series cannot be expected and even several of the terms of relatively low order do not
give finite results (e.g., loops in Feynman diagrams often produce divergent integrals). To cope
with these, various ingenious techniques have been developed in the art of renormalization with
impressive successes in producing highly accurate predictions of measurements.

(ii) As some readers might have experienced themselves, one often has a much more explicit
expression for fundamental solutions of the Klein-Gordon or the Dirac equation upon applying
Fourier transforms. Since these provide the crucial propagators for QFT, there are much more
elegant momentum space Feynman rules and these are, in fact, more important in real applications.

(iil) We recall from C.2.2 that the time dependence of operators in the interaction picture is given
according to the free time evolution Up(¢). In particular, throughout the perturbation theoretic
considerations starting with Subsection C.2.2 and up to now, a field ¢ did not represent the
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Heisenberg picture according to time evolution U(t). For this reason, one often finds a notation
like ¢o; for the interaction picture time evolution to distinguish it from the field ¢; in the sense
of the Garding-Wightman axioms. We now adopt this notation here.

Let © denote the vacuum vector for the interacting theory and |0) be the vacuum vector of the
free theory (see C.2.9). We briefly mention two results, accessible even from axiomatic theories,
that relate (a) the S-matrix with expectation values of the interacting fields ¢; with respect to
the interaction vacuum ) and (b) the latter with free field vacuum expectations:

(a) The Lehmann-Symanzik-Zimmerman (LSZ) reduction: For n € N, denote by W,,(p1,...,pn)
the Fourier transform of w,, a “time-ordered variant” of the Wightman distribution wy _,, (com-
pare with the discussion of the reconstruction theorem in C.1.5), i.e., w, is the temperate distri-
bution on R*" that maps splitting tensors f; ® --- ® f, with f; € SR*) (I = 1,...,n) to

(Qlo1(f1) - - dn(fn)2). Then we have

kout ——( out) Kin i
. . . w; (p5™*) w (pr") i i
(out|Slin) = it [T = (p{mt) 1< ( ;m)wkmkm(p?“%..,pzzf,t,—pan, =P
j=1 25 \j =1 2\

where A\, denotes the Fourier transform of the propagator for the field ¢, and u;, u; stem from
the coefficients in the Fourier representation of the fields.

(b) The Formula of Gell-Mann and Low: In the sense of time-ordered exponentials similar to
the Dyson series, or rather via the notion of generating functionals, or alternatively via boundary
values of analytic distributions, the vacuum expectations of the interacting theory (left-hand side)
can be expressed solely in terms of the free fields, the interaction Lagrangian of the free fields, and
the vacuum of the free theory by

(O[T (o1 (1) - - - Pon ()€ Jra Lz[¢o])|0>
(01T (exp(i fpa £1(¢0]))|0)

(Qlg1(w1) -+ - P (n)2) =
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