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Setting

Let M be a smooth manifold and (G — M, w) a parabolic geometry of
type (G, P). Here G a is semi-simple Lie group and P C G a parabolic
subgroup. w € QY(G, g) the Cartan connection form of the geometry with
values in the Lie algebra g of G. Geometries of interest could for instance
be projective structures, conformal structures or CR-structures.
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Setting

Let M be a smooth manifold and (G — M, w) a parabolic geometry of
type (G, P). Here G a is semi-simple Lie group and P C G a parabolic
subgroup. w € QY(G, g) the Cartan connection form of the geometry with
values in the Lie algebra g of G. Geometries of interest could for instance
be projective structures, conformal structures or CR-structures.

We are interested in overdetermined operators on such geometries which
appear as the first operators in the BGG-sequence

Ho D7, & .. Ot gy,

of natural differential operators as constructed by [Cap-Slovak-Sougek].
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Tractor bundles

For every G-representation V one associates the tractor bundle
V=g Xp V.

YV carries its canonical tractor connection, denoted by V = V", and this
gives rise to a sequence

V. dv dv
Co—C —=>Cp— ---

on the chain spaces Cx = QX(M, V).
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Tractor bundles

For every G-representation V one associates the tractor bundle
V=g Xp V.

YV carries its canonical tractor connection, denoted by V = V", and this
gives rise to a sequence

v v
Cglcld—>C2d—>---
on the chain spaces Cx = QX(M, V).

Moreover, one has the (algebraic) Kostant co-differential 0" : Cx11 — C,
0* 0 0" = 0, which yields the complex

9" o* 0"
Co+—Ci+Cop&---.

This complex gives rise to spaces Z; = ker 0* of cycles, By = im 9* of
borders and homologies Hx = Zi/Bk. The canonical surjections are
denoted Iy : Z, — Hy.
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The BGG-operators and the prolongation connection
The BGG-machinery of [Cap-Slovak-Soutek] is based on canonical

differential splitting operators Ly : [(Hy) — '(Z2x): A section s € T(Zy) is
of the form Lyo,o € T(Hy) if and only if dVs € ker 0*.
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The BGG-operators and the prolongation connection

The BGG-machinery of [Cap-Slovak-Soutek] is based on canonical
differential splitting operators Ly : [(Hy) — '(Z2x): A section s € T(Zy) is
of the form Lyo,o € T(Hy) if and only if dVs € ker 0*.

In particular, one can form the first BGG-operator ©¢g = 1y o V o Ly,
@o . r(Ho) — F(’Hl).
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The BGG-operators and the prolongation connection

The BGG-machinery of [Cap-Slovak-Soutek] is based on canonical
differential splitting operators Ly : [(Hy) — '(Z2x): A section s € T(Zy) is
of the form Lyo,o € T(Hy) if and only if dVs € ker 0*.

In particular, one can form the first BGG-operator ©¢g = 1y o V o Ly,
@o . r(Ho) — F(’Hl).

If a section s € ['(V) is V-parallel, we see that o = Ny(s) € (Ho) lies in
the kernel of ©g. We say that o is a normal solution of ©y(c) = 0.
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The BGG-operators and the prolongation connection

The BGG-machinery of [Cap-Slovak-Soutek] is based on canonical
differential splitting operators Ly : [(Hy) — '(Z2x): A section s € T(Zy) is
of the form Lyo,o € T(Hy) if and only if dVs € ker 0*.

In particular, one can form the first BGG-operator ©¢g = 1y o V o Ly,
@0 . r(Ho) — F(’Hl).

If a section s € ['(V) is V-parallel, we see that o = Ny(s) € (Ho) lies in
the kernel of ©g. We say that o is a normal solution of ©y(c) = 0.

In [H.-Somberg-Soutek-Silhan, 2010] a natural modification V = V + W
with W € QY(M, End(V)) was constructed which has the property that

Proposition (HSSS, 2010)

The solutions o € Hy of ©p(c) =0 are in 1 : 1-correspondence with the
V-parallel sections of V.

We call V the prolongation connection of Oq.
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An efficient condition for checking
normality of o € I'(Hy), ©g(c) =0

The Cartan curvature form K € Q?(M, A) of the Cartan connection w has
values in the adjoint tractor bundle A := G Xp g, which naturally acts on
the tractor bundle V via @ : A — End(V).
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An efficient condition for checking
normality of o € I'(Hy), ©g(c) =0

The Cartan curvature form K € Q?(M, A) of the Cartan connection w has

values in the adjoint tractor bundle A := G Xp g, which naturally acts on
the tractor bundle V via @ : A — End(V).

Proposition

A solution o of ©g(c) = 0 is normal if and only if 9* (Ke(Loo)) = 0.
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An efficient condition for checking
normality of o € I'(Hy), ©g(c) =0

The Cartan curvature form K € Q?(M, A) of the Cartan connection w has

values in the adjoint tractor bundle A := G Xp g, which naturally acts on
the tractor bundle V via @ : A — End(V).

Proposition
A solution o of ©g(c) = 0 is normal if and only if 9* (Ke(Loo)) = 0.
Proof:

Since V is the natural connection induced by w on V the curvature of V is
R = Ke € Q?(M,End(V)).
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An efficient condition for checking
normality of o € I'(Hy), ©g(c) =0
The Cartan curvature form K € Q?(M, A) of the Cartan connection w has

values in the adjoint tractor bundle A := G Xp g, which naturally acts on
the tractor bundle V via @ : A — End(V).

Proposition

A solution o of ©g(c) = 0 is normal if and only if 9* (Ke(Loo)) = 0.

Proof:

Since V is the natural connection induced by w on V the curvature of V is
R = Ke € Q?(M,End(V)).

Denote s = Loo. Now if 9*(Kes) = 0, then since R = dV o V we have
dV(Vs) € ker 0*. Thus

Vs = Ll(l'll(s)) = Ll(eoo') =0.
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Coupling maps

Let now V, V'’ and W be G representations and C : V x V' — W be a
G-equivariant bilinear map. The corresponding tractor map is denoted

C:VxV = W.
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Coupling maps

Let now V, V'’ and W be G representations and C : V x V' — W be a
G-equivariant bilinear map. The corresponding tractor map is denoted

C:VxV = W.

It induces the (differential) coupling map ¢ : T(HY) x T(HY') — T(H)

(v0") = NgY (C(Lg (o), Lg (07)))-
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Coupling maps

Let now V, V'’ and W be G representations and C : V x V' — W be a
G-equivariant bilinear map. The corresponding tractor map is denoted

C:VxV = W.

It induces the (differential) coupling map ¢ : T(HY) x T(HY') — T(H)
(0,0") = 8" (C(Lg (0), Lg (7))
Since C: V x V' — W is algebraic and natural, we have that for all
selr(V),s er(y),
VWC(s,s') = C(VVs,s') + C(s,VV's).

In particular, if o € #Y and ¢’ € HY' are normal solutions of © resp.
©Y’, then 1 := c(o, ") is a normal solution of QY.
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Coupling for |1|-graded parabolic geometries with
Oy of first order

The operators @(‘)/ and @(‘)// have prolongation connections
VV=vV4wV ¥V =V 1 vV Wewrites = LYo,s' =LY 0.
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Coupling for |1|-graded parabolic geometries with
Oy of first order

The operators @(‘)/ and @(‘)// have prolongation connections
VV=vV4wV ¥V =V 1 vV Wewrites = LYo,s' =LY 0.
By definition, t := C(s,s') is a lift of n = c(,0’) = NYY(t), but one

doesn't necessarily have t = L§'n:
VWt eV =QYM, W) need not lie in Z}V = ker 0*.
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Coupling for |1|-graded parabolic geometries with
Oy of first order

The operators @(‘,/ and @6// have prolongation connections
VV=vV4wV ¥V =V 1 vV Wewrites = LYo,s' =LY 0.

By definition, t := C(s,s') is a lift of n = c(,0’) = NYY(t), but one
doesn't necessarily have t = L§'n:
VWt eV =QYM, W) need not lie in Z}V = ker 0*.

That @(‘)/V is an operator of first order implies that one has a canonical
extension of MV : ZV — HIV to a map I'I}/}/@ : YV — M}V and then
O (n) = N, (VW1).
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Coupling for |1|-graded parabolic geometries with
Oy of first order

Now, for o € ker ©®) we have (equivalently) that s = L} satisfies
0=FVs=vVstuls

so VVs = —WVs, and analogously for o’ € ker @(‘)//.

M. Hammerl (University of Vienna) BGG-equations, the prol ion connection and coupling Brno, Aug 2010




Coupling for |1|-graded parabolic geometries with
Oy of first order

Now, for o € ker ©®) we have (equivalently) that s = L} satisfies
0=VYs=VVYs+uVs,
so VVs = —WVs, and analogously for o’ € ker @(‘)//.

Therefore VWt = VWC(s,s') = C(VVs,s') + C(s,VV's') =
—C(VVs,s') — C(s,WV's).
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Coupling for |1|-graded parabolic geometries with
Oy of first order

Now, for o € ker ©®) we have (equivalently) that s = L} satisfies
0=VYs=VVYs+uVs,
so VVs = —WVs, and analogously for o’ € ker @(‘)//.

Therefore VWt = VWC(s,s') = C(VVs,s') + C(s,VV's') =
—C(VVs,s') — C(s,WV's).

Thus, using O (n) = I‘I{/E/Q(th) we have

Proposition

Foro € ker®Y, o’ € ker®)" and 1 = c(a,0’) one has
oy (n) = —I'I{/E/Q (C(wVs,s') + C(s, \UV/S/)).

In particular, this yields necessary and sufficient coupling conditions.
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Conformal spin structures

A conformal spin structure of signature (p, g) on an n = p+ g-manifold M
is a reduction of structure group of TM from GL(n) to

CSpin(p, ) = Ry x Spin(p, q).

This induces a conformal class C of pseudo-Riemannian signature

(p, g)-metrics on M. The associated bundle to the spin representation
AP of CSpin(p, q) with R acting trivially is the (unweighted) conformal
spin bundle S.

We will often employ the conformal density bundles £[w], w € R, which
are associated to the 1-dimensional R representations ¢ — c". We also
employ abstract index notation &, = Q}(M), £2 = X(M).
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Conformal spin structures

A conformal spin structure of signature (p, g) on an n = p+ g-manifold M
is a reduction of structure group of TM from GL(n) to

CSpin(p, ) = Ry x Spin(p, q).

This induces a conformal class C of pseudo-Riemannian signature

(p, g)-metrics on M. The associated bundle to the spin representation
AP of CSpin(p, q) with R acting trivially is the (unweighted) conformal
spin bundle S.

We will often employ the conformal density bundles £[w], w € R, which
are associated to the 1-dimensional R representations ¢ — c". We also
employ abstract index notation &, = Q}(M), £2 = X(M).

A conformal spin structure of signature (p, q) is described by a parabolic
geometry of type (Spin(p+1,q+ 1), P), with P C G =Spin(p+1,q9+1)
the stabilizer of an isotropic ray in the standard representation on
RPHLG+L
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- . +1,q+1
The almost Einstein scale operator O

With T = RP+1:9+1 the standard representation of Spin(p + 1,q + 1), one
obtains the standard tractor bundle 7= G x p RPT1:9+1 together with its
tractor metric h. It has a semidirect composition series

T = E[1]& &,[1] & £[-1].
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- . +1,q+1
The almost Einstein scale operator O

With T = RP+1:9+1 the standard representation of Spin(p + 1,q + 1), one
obtains the standard tractor bundle 7= G x p RPT1:9+1 together with its
tractor metric h. It has a semidirect composition series

T = E[1]& &,[1] & £[-1].

With respect to the Levi-Civita connection D of a metric g € C the first
BGG-operator of T is

9g : E[1] = &2,
o — tf(DDo + Po),

with P € &,p) the Schouten tensor of g.

In this case the standard tractor connection V7 is already the
prolongation connection.

M. Hammerl (University of Vienna) Coupling in conformal spin geometry Brno, Aug 2010



e k+1pp+1,g+1
The conformal Killing form operator ©) ®**

Now let V = AKTIRP+1L.4+1 for k > 1 be an exterior power of the standard
representation and V = G xp V the associated tractor bundle. V has a

semidirect composition series
5[31...ak][k + 1] & (8[31---3,(“][/( +1] @ 8[31"'3k—1][k —1]) GrS[al,_.ak][k —1].
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e k+1pp+1,g+1
The conformal Killing form operator ©) ®**

Now let V = AKTIRP+1L.4+1 for k > 1 be an exterior power of the standard
representation and V = G xp V the associated tractor bundle. V has a

semidirect composition series
5[31...ak][k + 1] & (8[31---3,(“][/( +1] @ 8[31"'3k—1][k —1]) GrS[al,_.ak][k —1].

The first BGG-operator of V' is
@e)/ : 8[a1---ak][k + 1] — 8c[al...ak][k + 1]7

k
Oay-ay 7 cha1---ak - D[aoaa1~-~ak] o mgc[algqumo-qumak]

and its solutions are the conformal Killing forms.
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- - k+1lpp+1,g+1
The prolongation connection of ©)" ®*

The prolongation connection is VY = VY + WY for WY € Q(M, End(V).
Here it is enough to know its part of lowest homogeneity, which is

v € Hom(g[almak][k + 1]7 Ec® (8[31“‘ak+1][k + 1] ©® g[al-nak,l][k - 1]))7
o L(o)® R(o)

with
k+1 (k—1)(k+1)

L(o) = Tc[aomplcap\az'"ak] + Tgc[ao Cara qu\Pq|93"'ak]
(k—=1)(n—2) (k—1)(k—2)

R(O) = 50 iy Celar” Olbalorad =~ 300~ )y sy Olcoalanail
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o o +1,9+1
The twistor spinor operator @OAP !

With APT1:9+1 the spin representation of Spin(p + 1, + 1) we form the
associated spin tractor bundle X:= G xp APTLA+L Recall the the
(unweighted) spin bundle S of the conformal structure. Then X has a
semidirect composition series ¥ = S[1] & S[—3].
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o o +1,9+1
The twistor spinor operator @OAP !

With APT1:9+1 the spin representation of Spin(p + 1, + 1) we form the
associated spin tractor bundle X:= G xp APTLA+L Recall the the
(unweighted) spin bundle S of the conformal structure. Then X has a
semidirect composition series ¥ = S[1] & S[—3].

With respect to the Levi-Civita connection D of a metric g € C the first
BGG-operator of APTLaHLis @477 . [(S[1]) — (& @ S[2]),

1
X = Dex + —qePx;
where v € £ ® End(S) the Christoffel symbol of S and D x = gP9v,Dqx.

The solutions of @()Nﬂ’qﬂ(x) = 0 are twistor spinors, and the tractor
connection V coincides with the prolongation connection.
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Clifford action and invariant pairing

For every g € C we obtain identifications 7 = £[1] & &,[1] @ £[—1] and
S =83 @ S[-3].

Then the tractor Clifford multiplication is given by
708 —=3S,

(0,902,0) - (X 7) = (¢a - X — V207, —p, - T+ V2pX).

With b : S[3] ® S[3] — R the invariant pairing of the (weighted)
conformal spin bundle the tractor spinor pairing is

B:I®% —R, B((x, T), (x’,T')) =b(x, ™)+ (_1)P+1b(X/7 ).
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Wedge coupling of conformal Killing forms
Given s € [(A**1T) and s’ € T(AK*+1T) we form C"\(s,s') ;= sAs’.

We obtain the coupling map
ch: g[al---ak][k + 1] X 5[31---ak/[k, + 1] - 5[31---ak+k/ [k + K+ 2]

1

(Gayaps O ) = (k +1)01a,...a, Day.1 0

ar--ays Fk+1" a2 Aktkt1)

+ (—1)(k+1)(k/+1)(k/ + 1)0'fa1~--ak/ Da,, .0,

K +1 2 Al

M. Hammerl (University of Vienna) Coupling in conformal spin geometry Brno, Aug 2010



Wedge coupling of conformal Killing forms
Given s € [(A**1T) and s’ € T(AK*+1T) we form C"\(s,s') ;= sAs’.

We obtain the coupling map

ch: g[al---ak][k + 1] X 5[31---ak/[k, + 1] - 5[31---ak+k/ [k + K+ 2]

4l
/ /
(Cayaps Ua1~~-ak/) — (k+ 1)‘7[31~~~ak Dak+1aak+2._,ak+k+1]

+ (—1)(k+1)(k'+1)(k/ + 1)0—{31.“3“ Da,, .0,

K +1 2 Al

Assume that o and ¢’ are conformal Killing forms. Then the coupled
k 4+ k' + 1-form 1 = ¢”*(o,0”) is a conformal Killing form if and only if

_ 1\k+1 P / /
( 1) [a122 |Cap|a3"'ak+103k+3“'3k+k’+1] - Tlar---ax Cak+lak+2 \CUP\3k+3"'ak+k'+1]

2.

This generalizes formulas of [Gover-Silhan, 2008].
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Contraction coupling of conformal Killing forms

Let now k’ > k. We employ the tractor metric h to form a contraction
map CV : AKTLT s AKHLT 5 AK' =k

The coupling map is then
c\/ : g[almak] [k + 1] X g[ayuak/][k/ + ]‘] — 6[31"'3%7[(71][/(/ - k]'

/ p1Pk NG 5/
(0-31'“310 Ual---ak/) — (k + 1)0 D GQPl"'Pkal"'ak/_k_1

L , Po P1"* Pk
+(n—k +1)0P0"'Pk31"'ak’7k71D 7 .
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Contraction coupling of conformal Killing forms

Let now k’ > k. We employ the tractor metric h to form a contraction
map CV : AKTLT s AKHLT 5 AK' =k

The coupling map is then

c\/ : g[almak] [k + 1] X g[ayuak/][k/ + ]‘] — 6[31"'3%7[(71][/(/ - k]'
(O-al'“alﬂ U‘lal---ak/) — (k + 1)0-p1"'pk qu-ilpl---pkal---ak/_k_l

+ (n _ k/ + 1)0-;30...pk31~~~ak/7k71 DPOO-pL.-Pk‘

If o and o’ are conformal Killing forms the coupled k' — k — 1-form
n = c(o,0’) is also be a conformal Killing form if and only if
(n _ k/)CPO%lCO-qPT.'pknpo'"Pkal'"ak/_k_l

(kK — P1-Pk q192 ©
(k' =1)o Ccp1 Na1qopa---prar-—ap 44 — 0-
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Twistor spinor coupling

Let X, X’ € [(X) and fix a k > 0. We define an element in
/\k-l—ng /\k—l—lT* by

CK(X, X')(®) = B(d - X, X") ¥V & € ANFFLT.

This yields the invariant pairing from spinors to forms,

¢k T(ST1) % T(SI5D) = Eapalk + 1],

06 X)) = bOGA [y~ YarX)-
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Twistor spinor coupling
Let X, X’ € [(X) and fix a k > 0. We define an element in
/\k+17‘g /\k—l—lT* by

CK(X, X')(®) = B(d - X, X") ¥V & € ANFFLT.

This yields the invariant pairing from spinors to forms,

¢k T(ST1) % T(SI5D) = Eapalk + 1],

06 X)) = bOGA [y~ YarX)-

Since the prolongation connection of X coincides with the tractor
connection this (well known) map always produces a conformal Killing
k-form from two given twistor spinors.
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Conformal Killing forms - twistor spinor coupling

Let kK > 0. The tractor Clifford multiplication provides a map
C:AMTRE 5T

and the corresponding coupling map is

€ Bl + 1] x T(S[]) > T(SILD).
k+12(k+1)

o x o (-1) @-Px+(d<ﬁ)-x+(k(k+1) (52) - X

n n—k+1)

Here dip = Djya,...a,] is the exterior derivative of ¢ and
0p = —gP9Dppga,...a, is the divergence of (.
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Conformal Killing forms - twistor spinor coupling

This will be a twistor spinor iff k <1 or k> 2 and
o
CcalpqoquZ...ak731 ky = 0.

In particular, since this corresponds to the cases k = 0 or k = 1, pairing an
almost Einstein scale or a conformal Killing field with a twistor spinor
always yields another twistor spinor.

One can show that if the compatibility condition is satisfied, then in fact
LY (o) - L3 (x) is VE-parallel.
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Generic twistor spinors

We start with an algebraic observation. Take a k > 0 and the map

. AP+LG+L +1,g+1 k+1mpp+1,g+1
C : APFLATL o APFTLa+L _ AkFlRp+Latl

realized with respect to the Spin(p + 1, g + 1)-invariant pairing
B e Ap+1,q+1* ® Ap—&-l,q—l—l*.
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Generic twistor spinors

We start with an algebraic observation. Take a k > 0 and the map

. AP+LG+L +1,g+1 k+1mpp+1,g+1
C : APFLATL o APFTLa+L _ AkFlRp+Latl

realized with respect to the Spin(p + 1, g + 1)-invariant pairing
B e Ap+1,q+1* ® Ap—&-l,q—l—l*.

For a fixed X € APT1.9+1 we can form
-~ Aptlgtl k+1mpp+l,g+1
i C - APFLAHL _y \KHIRPTLGHL

which is G := Spin(p + 1, g + 1)x-invariant.
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Generic twistor spinors

Lemma

Assume that B(X, X) # 0. Then, after some suitable rescaling, one has
that the map

P - Ak+1Rp+1,q+1 — /\k—l—lRp-i-l,q—l—l’
® s ix C(® - X)

satisfies Po P = £P.
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Generic twistor spinors

Lemma

Assume that B(X, X) # 0. Then, after some suitable rescaling, one has
that the map

P - Ak+1Rp+1,q+1 — /\k—l—lRp-i-l,q—l—l’
® s ixC( - X)

satisfies P o P = +P.
Then ker P = ker ' X and we obtain a G-invariant decomposition

AFHIRPHLAHL — por TX @ im P.
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Definition

We say that a twistor spinor x € [(S[3]) is generic if b(x, D y) # 0. This
is the case if and only if the corresponding parallel tractor X = LOApH’qHX
satisfies B(X, X) # 0.
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Definition
We say that a twistor spinor x € [(S[3]) is generic if b(x, D y) # 0. This

is the case if and only if the corresponding parallel tractor X = LOApH’qHX

satisfies B(X, X) # 0.

Now for a twistor spinor y the coupling map X(M) x S[3] — S[3] can be
rewritten into

1 1
§ X x = Dex — Z(D[agb]) X+ %(Dpf”)x.

For a conformal Killing field £ € X(M) this is just the Lie derivative of the
(weighted) spinor x with respect to . Our algebraic observation from
above tells us that every generic twistor spinor x provides a decomposition

cKFf(M,C) = cKfy (M,C) & cKfy (M, C)

of conformal Killing fields into a part which also preserves x and a
complement.
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Generic twistor spinors in low dimension [HS, 2010]

Let (M,C, x) be a conformal spin structure of signature (2, 3) with a
generic twistor spinor .

Genericity of x implies that D, = ker~x is a generic rank 2 distribution
on M: One has that the subbundle [D,, D] of TM spanned by Lie
brackets of sections of D, is 3-dimensional and TM = [D,, [Dy, Dy]].
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Generic twistor spinors in low dimension [HS, 2010]

Let (M,C, x) be a conformal spin structure of signature (2, 3) with a
generic twistor spinor .

Genericity of x implies that D, = ker~x is a generic rank 2 distribution
on M: One has that the subbundle [D,, D] of TM spanned by Lie
brackets of sections of D, is 3-dimensional and TM = [D,, [Dy, Dy]].

Proposition (H.-Sagerschnig, 2010)

The conformal spin structure C together with its generic twistor spinor x Is
uniquely determined by D.

This is shown via a Fefferman-type construction which starts from any
generic 2-distribution D C TM and associates (Cp, xp). In particular,
there are non-flat conformal spin structures with generic twistor spinors.
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Generic twistor spinors in low dimension [HS, 2010]

The space of conformal Killing fields of (C, x) decomposes into symmetries
of the generic distribution D, = ker~yx and a complement chi(M,C). In

this situation it can be shown that the space chi(M,C) can be identified
with the space of almost Einstein scales aEs(M,C), so

cKf(M,C) = sym(Dy ) ® aEs(M, C).
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Generic twistor spinors in low dimension [HS, 2010]

The space of conformal Killing fields of (C, x) decomposes into symmetries
of the generic distribution D, = ker~yx and a complement chi(M,C). In
this situation it can be shown that the space chi(M,C) can be identified
with the space of almost Einstein scales aEs(M,C), so

cKf(M,C) = sym(Dy ) ® aEs(M, C).

Using the appropriate coupling maps one obtains explicit formulas: for a
g € C, the almost Einstein scale part of a conformal Killing field £ € X(M)

is given by 0 = b(x, §¢ - Dx + (Dpap)) - ) € EM1].

Conversely, an almost Einstein scale o € £[1] is mapped to a conformal
Killing field &, = b(vax, —20Dx + (Do) - x) € E,[2] = X(M)
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