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Plan

The main point of this talk is to show how one gets a description of the
kernel of an conformally invariant overdetermined operator as the space of
parallel sections of some connection.

We start by illustrating the problem for one particular and very well
understood equation. Then we proceed to lay out out other conformally
invariant overdetermined systems which can be described in a similar
fashion using BGG-operators. This description is then used for rewriting
the systems in closed form
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[[lustration of the Problem: Almost Einstein scales
Let

[g] = {e"g | f € C(M)}
be a conformal class of metrics on M.
Definition
A function o € C*°(M) is called an almost Einstein scale for g € [g] if the
open set U = M/o~1{0} is dense and o—2g is Einstein on U.
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[[lustration of the Problem: Almost Einstein scales
Let

[g] = {e"g | f € C(M)}
be a conformal class of metrics on M.
Definition
A function o € C*°(M) is called an almost Einstein scale for g € [g] if the
open set U = M/o~1{0} is dense and o—2g is Einstein on U.

Observing the transformation behaviour of the Schouten tensor

1 . R
Py = E(Rlcab - mgab)

one obtains that 0 2g is Einstein on the complement of the singularity-set
iff

(DanO' + O’Pab)o =0. (1)

Here D is the Levi-Civita connection of g and subscript 0 takes the
trace-free part.
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Let us encode this via the operator

©f : C>®°(M) — S3T*M, (2)
o — (DDo +0oP), (3)

which maps C°°(M) into symmetric, trace-free bilinear forms on TM.
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Let us encode this via the operator

©f : C>®°(M) — S3T*M, (2)
o — (DDo +0oP), (3)

which maps C°°(M) into symmetric, trace-free bilinear forms on TM.
©8 is conformally covariant: with m(-) denoting the multiplication
operator by a function,

©% =m(ef) o @8 om(e™")

for g = e* g.
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Let us encode this via the operator

8 : C°(M) — S3T*M, (2)
o (DDJ + JP)O (3)

which maps C*°(M) into symmetric, trace-free bilinear forms on TM.
©8 is conformally covariant: with m(-) denoting the multiplication
operator by a function,

©% =m(ef) o @8 om(e™")

for g = e*f g.

Equivalently, one can say that one has a conformally invariant operator;
for this we need the conformal density bundles £[w] for w € R: these are
line bundles which are trivialized for every g € [g] such that for f € E[w]
the resulting trivializations transform as

[fle = e"[flg

for g = e’ g.
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Then every ©8 defines the same operator
0: &[] — SPT*M ® &[1],

and we say that © is conformally invariant since it operators between
natural bundles for the conformal structures and is defined via a universal
formula in metric terms.
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Then every ©8 defines the same operator
0 : &[] — S’T*M® &[],

and we say that © is conformally invariant since it operators between
natural bundles for the conformal structures and is defined via a universal
formula in metric terms.

Now the equation (1) resp. the operator (2) is overdetermined. There is a
well known way to write the system in closed form:

Let

[S]g = E[1] @ &E[1] @ E[-1].

A section s € ['([S]g) will be written

p g[-1]
s=|val] € ga[l] : (4)
o &M
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We now define the bundle S as the equivalence class of the [S],, g € [g]
under the relation

P\ [P Tap? = 30TPT,
[5]§ =|fa] = vatoT, (5)
o o

where T = df.
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We now define the bundle S as the equivalence class of the [S],, g € [g]
under the relation

P\ [p—Tap® — LaTTy
[5]§ =|fa] = vatoT, (5)
o o

where T = df.

The insertion of £[—1] into S as the top slot is independent of the choice
of g € [g] and defines a section 74 € S[1]. The insertion of £[1] into S as
the bottom slot is well defined only via a choice of g € [g] and defines a
section 7_ € S[—1].

Projection to the bottom slot is well defined and gives a map

P

Mo:S—¢&[1], [p] — o
o
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There is a well defined connection on S: one defines

o <[ Dep — PPy
[V s]g =VZ |l pa]| = | Depa+ 0Pea+ p8ea | - (6)
o D.o — pc

Here g € S?T*M ® £[2] is the conformal metric.
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There is a well defined connection on S: one defines

B [ Dep — PPy
[V s]g =VZ|wa] = | Depat+ oPea+p8es | - (6)
o D.o — pc

Here g € S?T*M ® £[2] is the conformal metric. One defines the splitting
operator

L5 - E[1] = T(S), (7)
YA+ D)o
o Do

and calculates

Dc(Lo + Jo) — PP Dpo
Voo L§(U) = | (DaDpo + Papo) — %(AO_ + Jo)8as
0
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The middle slot is just ©(c) and it turns out that it is a differential
consequence of ©(o) = 0 that also the top slot vanishes. Thus:

Proposition

Mo and Loy : E[1] — S restrict to inverse isomorphisms between V°-parallel
sections of S and the kernel of ©.

We will say that (S, VS, T, Lp) is a geometric prolongation of ©. It is
well known that parallel sections are in 1 : 1-correspondence with
Holonomy-invariant elements of the modelling vector space. We
immediately gain some consequences:
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Corollary

The solution space of equation (1) is finite-dimensional and bounded by
rank S = n+ 2. Equality can only be obtained for a locally conformally
flat structure.
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Corollary

The solution space of equation (1) is finite-dimensional and bounded by
rank S = n+ 2. Equality can only be obtained for a locally conformally

flat structure.

Proof :

The dimensional bound is clear. Let K denote the curvature of V°. Then

R € Q%(M,s0(S) is computet to be

0 —Aio 0
KC1C2 =10 Cc1c2ab A? ac
0 0 0

with C_ ), the Weyl-curvature and
Aabc = Dcha - Dcha

the Cotton-York tensor.
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Having the maximal solution space implies trivial holonomy of V<;
especially, the curvature K has to vanish, and we see from (8) that then
both conformal curvature tensors are trivial. [J
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Having the maximal solution space implies trivial holonomy of V<;
especially, the curvature K has to vanish, and we see from (8) that then
both conformal curvature tensors are trivial. [J One more simple
consequence is:

Corollary

Any solution of (DDo + Po)o = 0 is determined by its 2-jet at a point.
Especially: If o is a non-trivial solution, it is automatically non-vanishing
on an open-dense subset.

Proof :

Lo is a second order splitting operator. Especially, if the 2-jet of a
o € C*°(M) vanishes, s := Lgo = 0. But a parallel section of S is
determined by its value at one point. [
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Tractor bundles, cohomology and the BGG-sequence
S is called the standard tractor bundle endowed with the standard tractor
connection V° and the tractor metric h. Any subbundle 7 of of a tensor

power of S is called a tractor bundle and is endowed with the connection
V7 induced by V¥,
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Tractor bundles, cohomology and the BGG-sequence

S is called the standard tractor bundle endowed with the standard tractor
connection V° and the tractor metric h. Any subbundle 7 of of a tensor
power of S is called a tractor bundle and is endowed with the connection

V7 induced by V°. A few simple algebraic observations, mainly the fact
that one has an inclusion

T*M < s50(S, h) = A*(S)
allow one to define an algebraic differential

9 QMY (M, T) — QK(M, T),
000" =0.
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Tractor bundles, cohomology and the BGG-sequence

S is called the standard tractor bundle endowed with the standard tractor
connection V° and the tractor metric h. Any subbundle 7 of of a tensor
power of S is called a tractor bundle and is endowed with the connection

V7 induced by V°. A few simple algebraic observations, mainly the fact
that one has an inclusion

T*M < s50(S, h) = A*(S)
allow one to define an algebraic differential
% QMY (M, T) — QK(M, T),
0" 00" =0.

We will abbreviate Q%(M,T) = Cx. Then 9* provides us with a complex
Lol .

This complex gives rise to spaces Z; = ker 9" of chains, By = im 0* of
borders and cohomologies Hy = Zx/Hy-.
Matthias Hammerl (University of Vienna)
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On the other hand, V gives rise to a sequence

v v
rabed. ..

and that's all we need for introducing the BGG-machinery as deveoloped
by [Cap-Slovak-Soutek,2001] and [Calderbank-Diemer,2001]:

The main point is that dV and 0* give rise to canonical differential
splitting operators Ly : Hy — Z in following way:
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On the other hand, V gives rise to a sequence

wYafed. ..
and that's all we need for introducing the BGG-machinery as deveoloped
by [Cap-Slovak-Soutek,2001] and [Calderbank-Diemer,2001]:
The main point is that dV and 0* give rise to canonical differential
splitting operators Ly : Hy — Z in following way:
While for a general section ¢ € QX(M,T) with 9*(¢) = 0 one need not
have that also 9*(dV(¢)) = 0, there is in fact a well defined subspace Ly
for which

dV
Z D Ly — Zr41 C Ck+1.

On L the natural projections MMy : Z, — Hy restricts to an isomorphism,
whose inverse is a (differential) splitting operator L.
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One can thus form the BGG-operators ©y as the composition
Mep1odY oly:

dV
Li—— Zks1

LkT J{nkJrl
€]

k
Hi — Hi41

and obtains the BGG-sequence
2%

We remark that only in the conformally flat case will this be a complex.
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One can thus form the BGG-operators ©y as the composition
Mep1odY oly:

dV
Ly —— 241

LkT J{nkJrl
€]

k
Hi — Hi41

and obtains the BGG-sequence

© © (S]
6262,

We remark that only in the conformally flat case will this be a complex.
The first operator in this sequence is always to be overdetermined.
Examples :

If T =S8, ©g is the operator governing Einstein scales introduced at the
beginning.
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If 7 = A**1T we will obtain the operator governing
conformal Killing forms

{0 € Elayaylk +1]
k

n_—k_'_lgqupUan..ak = O}

DcUal~--ak — D[aoaal“'ak] -
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If 7 = A**1T we will obtain the operator governing
conformal Killing forms

{0 € Elayaylk +1]
k

mgqupaan“ak == O}

DcUalmak - D[aoaal---ak] -

With respect to a metric one has

il 5[31...ak] [k - 1]
[A + T]g = g[al~~~ak+1][k + 1] ‘ g[aynak_l][k - 1]
g[al-uak] [k + 1]

via the identification
Pay-ak

Cagag | Mageeay | P ToNo+@+Te AT Ap+71 Ap. (9)

Oayeay
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The tractor connection on AK*t17 is given by

ki1 Pay--ay
Vf:\ 4 Pag---ay ’ Hap--ar | = (10)
Oayeay
Dcpay...ap — Pcp90pa1~~-ak - ch[a1Na2---ak]
(DCSOaO“‘ak + (k + 1)gc[aopa1~~~ak]> ’ ( Dc,uazuak )
+(k 4+ 1)Plag0ay. 2] —PL0payay + Peayeay

Dcaal...ak - gocal...ak + kéc[all’l’32"'ak]'
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The tractor connection on AK*t17 is given by

k+1 Pay--ay
vf:\ 4 Pag---ay ’ Hag-a | = (10)
Tayeay
Dcpay...ap — Pcp@pa1~~-ak - kPC[alMa2"'ak]
(DcSan--'ak + (k + 1)gc[aopa1~--ak]> ’ ( DC,LI/32"'ak )
+(k + 1)PagTar--a] —PL0 oz, + Peayeay

Dco'al-~~ak — Pcay--a, T k5c[alua2_..ak].
and the first BGG-splitting operator L7 : Elayalk +1] — NHLIT s
Lg (o) = (11)

DPDyoa,...a, + (k+1D D[ala|p|
Dy, DP 7 plaz--ai

(k+1) az-ak]

n(n k+1)
— 2k
= P[310'|p|a2 a] T JO'alv..ak

1
D[30031~"ak] | - n—k+1g TDp0gay---a

Oay--ay
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Then, via (10) and (11) one computes that for o € &[,,...,,[k + 1] the
projection of VA7 o L(’)\k+17(a) to the lowest slot £[,,...5,][k + 1] in
QY(M, NH1T) is given by

k

mgquPan2"'ak' (12)

Oayap 7 DeOayoay — Diag0ay.a) —
This is the projection of 0,,...,, to the highest weight part of

Eclar-a] [k + 1] which is formed by trace-free elements with trivial
alternation, we write

5{C[31...ak]}o[k +1]:={04.2,: 0= Olcay-ay] and 0 = g 0ca.a )
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We thus in fact have the first BGG-operator

k+1
96\ T : S[al...ak][k + 1] - g{c[ar“ak]}o[k + 1]7

0= Dicoayae

Forms in the kernel of @GHIT are thus the conformal Killing k-forms.
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We thus in fact have the first BGG-operator

k+1
e{)\ T : S[a1~~~ak] [k + 1] - 5{6[31"-ak]}0[k + ]‘]7

0= Dicog a0

. k
Forms in the kernel of @6\ T

are thus the conformal Killing k-forms.

Unlike the case of k = 0 and almost Einstein scales this is no longer a
prolongation: While MMy is easily seen to projects V-parallel sections of 7
into ker ©g, one only has V(o)) € im 0* for a o € ker ©g and not
necessarily VLy(c) = 0.
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General approach:

Our approach to prolong the overdetermined equations
(SN 20

for some first BGG-operator ©g is to modify the tractor connection in a
suitable way:

We will find a natural space of deformations of tractor connections such
that the BGG-construction still works and yields the same underlying
operator ©g. (All other splitting- and BGG- operators may change).

The deformed connection will describe the kernel of ©g as parallel sections.
Working in this class of connections we will find a unique one describing
the underlying system of equations.
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The deformation of the tractor connection

Let W € QY(M, gl(7))}. The change in curvature after a deformation
V-V=V+V
is given by
Ry = R+ dVV + [W, V]

with R € Q2(M, gl(7)) the original curvature of V7.
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The deformation of the tractor connection
Let W € QY(M, gl(7))}. The change in curvature after a deformation
VoV=V+V
is given by
Ry = R+ dVV + [W, V]
with R € Q2(M, gl(7)) the original curvature of V7.

The main deformation result is

Theorem 1

There exists a unique W € QY(M, gl(7))! such that
@ Us cim 0" and
@ 0*(Rys)=0

forall se 7.
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The prolongation connection V =V + W

Before proving Theorem 1, let us show how it solves the prolongation

problem: y
We can now do the BGG-machinery with V. Let us first check that this

still yields the same first BGG-operator ©g as with V:
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The prolongation connection V =V + W

Before proving Theorem 1, let us show how it solves the prolongation

problem:
We can now do the BGG-machinery with V. Let us first check that this
still yields the same first BGG-operator ©g as with V:

© Since )
Volg=Volymodim 9

we see 9* o V o Ly = 0, which implies that Lg is the first
BGG-splitting operator of V.
@ Again, since V =V mod im &* and My kills im 9*, we have

fo=Ty0Voly=6yg,

and thus our deformation doesn't change the first BGG-operator.
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We now show that the diagram

im LO L)- Zl
LOT

]
Ho i) H;

commutes:

Matthias Hammerl (University of Vienna)
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We now show that the diagram

im Ly Y 2
LOT ZIT
€]

Ho ———H

commutes:

© By definition of ©o, Vo Lo with values in Z; lifts @9 over ;. For it
to agree with L1 0 ©g we thus must have 9* o dY o Vo Ly = 0.
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We now show that the diagram

Ry

im LYz -2,
LOT le
Ho S Hi
commutes:

@ By definition of Oy, Vo Lo with values in Z; lifts ©g over ;. For it
to agree with L; 0 ©g we thus must have 9* odY o Vo Ly = 0.

@ But since dVoV = Ry with Ry the curvature of V,
9 0dVoVolg=8"0Ryolyg=0

holds by assumption on V.
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The prolongation connection V =V + W

Thus we have
Theorem 2

There exists a natural connection V on 7 such that Mg and Ly restrict to
inverse isomorphisms between V-parallel sections of 7 and the kernel of

©o. le.: (7,Mg, Ly, V) is a natural geometric prolongation of .

To prove Theorem 1 one employs a completely algorithmic inductive
procedure: The failure of V 4+ W to satisfy the conditions of the theorem is
given by

0o Ry € By C Ql(g,g[('f)).

Recall that we have a natural filtration of By with B/ > Bi*1 and B/ =0
for some high enough j and assume that we already got a
v € QY(M, gl(7))! which achieves that 9* o Ry € Bi.
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Then, for a ¢ which also maps 7 into Bj we find that
8*0Rw+¢—8*OR\y:DO¢ (13)

modulo terms in B{H. Here [J denotes the Kostant Laplacian: the only
important fact for us is that it is invertible on im 0* = B; C QY(M, 7).
This tells us to proceed by taking

¢ = —o0"Ry,

then 0% o Ry, sits in the next higher filtration component, and after
finitely many steps we arrive at a solution.
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An exposition of this prolongation procedure in the realm of conformal
geometry can be found at math.dg/0811.4122. There one also finds an
explicit step by step calculation for the prolongation connection of
conformal Killing forms.

A treatment of the alternative normalization condition 0* o R = 0 for
connections on tractor bundles will appear in a joint paper with J. Silhan,
V. Soucek and P. Somberg.
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An exposition of this prolongation procedure in the realm of conformal
geometry can be found at math.dg/0811.4122. There one also finds an
explicit step by step calculation for the prolongation connection of
conformal Killing forms.

A treatment of the alternative normalization condition 0* o R = 0 for

connections on tractor bundles will appear in a joint paper with J. Silhan,
V. Soucek and P. Somberg.

We will now quickly go over some applications: )
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Algebraic obstruction tensors for free

Since [1 069 =V o Ly one has that the composition of the first two
BGG-operators for V is

éloeoznzoR\uOLo.

Especially, when o € ker ©q, then necessarily Ma(Ry(Lo(0))) = 0.

For instance, for a conformal Killing k-form with k > 2 one obtains
without a line of computation that

C{Clczp[alalp|a2"‘ak]}0 = 0'
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Algebraic obstruction tensors for free

Since [1 069 =V o Ly one has that the composition of the first two
BGG-operators for V is

éloeozngonOLo.

Especially, when o € ker ©q, then necessarily Ma(Ry(Lo(0))) = 0.

For instance, for a conformal Killing k-form with k > 2 one obtains
without a line of computation that

C{Clczp[alalpIaZ"‘ak]}O = 0

This obstruction has been observed as a side result of calculations done in
ad hoc prolongation by Kashiwada (68), Semmelmann (2001) and
Gover-Silhan (2006). This description is completely conceptual.

v
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Construction of sharp(er) obstructions a la Gover-Nurowski

When one chooses a metric in the conformal class in the conformal case,
one obtains the Weyl (resp. Levi-Civita-) connection on TM and T*M

and its tensor powers, and may thus couple these connections with the
prolongation connection V.
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Construction of sharp(er) obstructions a la Gover-Nurowski

When one chooses a metric in the conformal class in the conformal case,
one obtains the Weyl (resp. Levi-Civita-) connection on TM and T*M

and its tensor powers, and may thus couple these connections with the
prolongation connection V.

Then for a @—parNaIIeI section s € T one has Rs = 0. Differentiating this
one obtains 0 = V(Rs) = (VR)s + RVs = (VR)s by parallelity and thus

(VXR)s = 0 Yk € Ny.
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Construction of sharp(er) obstructions a la Gover-Nurowski

When one chooses a metric in the conformal class in the conformal case,
one obtains the Weyl (resp. Levi-Civita-) connection on TM and T*M
and its tensor powers, and may thus couple these connections with the
prolongation connection 4

Then for a @—pargllel section s € T one has Rs = 0. Differentiating this
one obtains 0 = V(Rs) = (VR)s + RVs = (VR)s by parallelity and thus

(VXR)s = 0 Vk € No.

In the case of the standard tractor bundle of conformal geometry V = V
and Gover-Nurowski (2006) obtained sharp obstructions against the
existence of Einstein scales under a genericity assumption on the Weyl
curvature, using in fact only the equations for k = 0 and k = 1.
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