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CHAPTER 1

Introduction

The main result of this work is a natural prolongation procedure for cer-
tain overdetermined systems arising for parabolic geometries. The overde-
termined linear differential operators which describe the systems in question
are the first BGG-operators, i.e., the first operators appearing in BGG-
sequences. These operators are natural with respect to the underlying geo-
metric structure on the manifold, and the same is true for the resulting
equations. A main feature of our method is that also the prolongation con-
nection we construct is natural.

A simple and interesting case in which one can illustrate both problem
and solution comes from conformal geometry:

1.1. An example from conformal geometry: the prolongation of
the conformally invariant operator governing (almost)
Einstein scales

A conformal structure on a manifold M is an equivalence class [g] of
pseudo-Riemannian metrics, where two metrics g and § are equivalent if and
only if there is a function f € C°(M) such that § = €2/ g. The simplest way
to explain what a conformally invariant operator is, is to give an example:
The formula for the operator will at first depend on the choice of metric
g € [g], resp. its Levi-Civita connection D, and maps smooth functions on
M into trace-free symmetric bilinear forms on M:

0f : C®(M) — T'(SFT*M), (1)
o — (DDo + oP),,. (2)

Here
1 : Sc(g) 2
P=P(g) = R — —>—g) € '(S*T*"M
(9) = —— (Ric(g) ﬂn_nm ( )
is the Schouten tensor of g, which is a trace modification of Ricci curvature
Ric = Ric(g) by scalar curvature Sc = Sc(g). Subscript 0 takes the trace-free
part.

Now it is well known ([BEG94]), and we will check this in chapter [6]
that ©f describes the equation governing Einstein scales: for o € C®(M)
nowhere vanishing one has ©Jc = 0 if and only if 0~ 2g is Einstein, i.e.,
iff Ric(s~2g) is purely trace. Moreover, the operator Of is conformally
covariant between C> (M) and T'(S3T*M): if one switches to another metric
G = €%/ ¢ in the conformal class,

@g om(e) =m(e) o 0, (3)

where m(ef ) is simply the multiplication operator with ef.

3



4 1. INTRODUCTION

If we want an operator which doesn’t depend on a choice of metric we
need to introduce the conformal density bundles: For every w € R, E[w] is
a line bundle which is trivialized canonically after a choice of a g € [g]. Let
g = e*/g. 1f [0], is the trivialization of a section o € E[w] := ['(E[w]), then
[0]; = */[0],. From the definition it is clear that one can use E[2] to define
a conformal metric

g €T(S°T*M ® E[2))

which trivializes to g for g € [g]. Its inverse is denoted by g~! € I'(S*’TM ®
E[-2]). We will also regard g and g~! as isomorphisms; e.g., for ¢ €
QL(M), g7\ (¢) € D(TM & E[-2))

To obtain a conformally invariant operator from ©f we will tensor the
source and target spaces of ©F by suitable density bundles:

H, := E[1],
H; := S?T*M @ E[1].
Then is seen to be equivalent to ©f defining the same operator
©: Ho:=T(Hp) - T'(H;) = Hy

for every g € [g], and we say that ©g is a conformally invariant operator.

In general, a conformally invariant operator is obtained by a universal
formula in the Levi-Civita connection, the metric, the curvature, and the
volume form, possibly followed by contractions, such that one obtains a
well-defined operator between natural bundles for the conformal structure.

The example of the operator for Einstein scales above has another in-
teresting property: it is overdetermined, and thus one can wish to have a
prolongation of the corresponding system of equations: in classical terms,
this means that one wants to introduce more dependent variables and derive
differential consequences of the overdetermined system, such that one can
write down a closed system of equations; i.e., a system of first order PDEs
in which all (first order) derivatives of the dependent variables are expressed
in the dependent variables themselves.

1.1.1. The standard tractor bundle of conformal geometry and
the prolongation of the equation governing Einstein scales. The

prolongation of ©g(c) = (DDo + oP) 0 = is well known and conformally
invariant. With respect to a metric g in the conformal class the standard
tractor bundle S of a conformal geometry is given by

Sly=E[l]eT*"M @ E[1] ® E[-1] (4)

and one writes elements [s]l; =0 @ p @ p € [S], as

[sly="1#]- (5)

We will say more about the standard tractor bundle than would be strictly
necessary at this place to write down the prolongation, since many the struc-
tures introduced below for S will also occur later for general tractor bundles.
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For § = €2/ g one has the transformation

p p—g HT,p)— 5097 (T, T)
slg=1¢| = w+oY (6)
o o

where ¥ = df € QY(M). S is defined as the equivalence class of [S], for
g € [g] with respect to this transformation (see also [BEG94]). The space
of sections I'(S) is denoted S.

The filtration

[S]

[
[

'=[S],=E[l]eT*M  E[1] @ E[-1],
=T*M ® E[1] ® E[-1],
— B[-1]

g
Sy
sl,
is compatible with @ and thus defines a filtration
S=8158">8!

of S. By construction this filtration splits according to with respect to
a metric ¢ in the conformal class
We will denote the filtration of S as a composition series in the form

S=E[]¢T*M @ E[1] & E[-1], (7)
S~'/8" = E[1),
SY/8' = T*M ® E[1],
St = E[-1].

Thus says that the associated graded
gr(S) == gr_1(S) ® gro(S) @ gr,(S) :=8571/s" @ s’/s @ s

is given by .
The bundle [S], is endowed with the connection

p Dep—P(§,97 ()
Velslg= Ve | ¢ | = | Dew + 0ieP + pieg |, (8)
o Deo — ¢(§)

which is invariant with respect to the transformation @ and thus gives a
well defined connection on S, called the standard tractor connection.

We furthermore see from @ that one has a well-defined projection II to
the ‘lowest slot’” Hy = E[1] of S. This projection splits via the differential
operator Ly : I'(Hy) = Ho — S, which is again defined via a metric g:

L(pno—Jo)
oelll]— Do ,
o
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with Ao = —g~Y(DDo) and J € &[-2] the trace of P € S*T*M with
respect to g~! € T'(S?TM ® E[-2]). We calculate

+D(Ao — Jo) = P(-,g7 (Do)
V(Lo(0)) = | (DDo +Po)+ L(Ao — Jo)g
0

Since (Ao — Jo)g is minus the trace part of (DDo + Po), we see that
O : Ho — H1 comes about as the composition of Vo Ly with the projection
to the middle slot of §. This is an example of the calculation of a first
BGG-operator.

Let now o € C®(M) satisfy (DDo + Po) + (Ao — Jo)g = 0. Then
also

1
D3¢ 4 (DP)o + PDo + —D(Ao — Jo)g = 0,
n
and an alternation in the first two slots followed by trace yields
1
—Ric(-,g (Do) + JDo — P(-,g ' Do) + ~(n—1)D(Ao = Jo) = 0.

Then, using the definition of P, this is immediately seen to be equivalent to
vanishing of 2 D(Ao —.Jo)—P(-,g~!(Do)). Therefore Ogo = 0, which is the
middle equation of V(Lg(c)) = 0, already implies that also the top slot of
V(Lo(c)) vanishes, and we see that ©g(c) = 0 is equivalent to V(Lg(c)) = 0.
We therefore say that (S, V, 11, L) is a geometric prolongation of ©g : Hy —
‘H1: The maps II and Lg restrict to inverse isomorphisms between the space
of parallel sections of S with respect to V and the space of Einstein scales in
Hop. This is of course well known ([BEG94]), and will be obtained in a far
more conceptual way in [6.1, The approach taken here to get a prolongation

of the equation O¢(o) < 0 can be stated in the classical language: we
introduced more dependent variables via the extension of Hg by S and
found the differential consequences of ©¢ (o) = 0, namely V(Lg(c)) = 0.

1.2. The general procedure: prolongation of first BGG-operators

The general situation will be the following: We consider a parabolic
geometry

(ng) D

|

M

of type (G, P) on a manifold M. In the example above this would encode
a conformal structure [g] on M. The necessary parts of the, by now quite
extensive, general theory of parabolic geometries will be recalled in chapter

2l

Any G-representation V gives rise to the associated tractor bundle
V = Q Xp Vv

which shares basic properties with the standard tractor bundle of conformal
geometry discussed above: It is endowed with a canonical linear connection
V:T(V) =V — QYM,V) and there is again a a canonical quotient Hy
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via a surjection IT : V. — Hjy. The crucial fact is, as we will discuss in some
detail in the next chapter, that this projection admits a differential splitting

LO : F(Ho) = H() — V= F(V)

This splitting is the central part in the construction of the first BGG-
operator

@0 . Ho — Ql(M, HQ)),

which will be described in section [2.4] of chapter [2}
Then we will prove in chapter [

THEOREM. There exists a natural linear connection NV on'V such that the
projection 11 : V — Hy and the differential splitting operator Lo : Hog — V
restrict to inverse isomorphisms between the space of parallel sections of
(V,V) and the kernel of ©y.

Le., every first BGG-operator has a geometric prolongation (V, V, II, Lo).

Inconveniently, this natural connection coincides with the associated
tractor connection only in a few special cases.

For 1-graded parabolic geometries a prolongation procedure for first
BGG-operators has already been constructed in [BCEGO06|. The result of
this thesis has two advantages: One advantage of the procedure presented
here is that it works for arbitrary regular parabolic geometries. The main
point however is that the prolongation connection we construct is natural.

1.3. Overview of this text

In chapter [2| we will present the necessary background for parabolic ge-
ometries. The general facts on Cartan geometries will be recalled succinctly,
mostly to fix the notation. The main focus will lie on tractor bundles, their
cohomology and the construction of the BGG-sequence.

In chapter [3[ we will construct a natural modification/adjustment of the
tractor connection such that the first BGG-diagram commutes. This is the
main technical part in the solution of the prolongation problem, which will
then be discussed in chapter [4

Next we come to examples: in chapter 5] we start by treating the simplest
BGG-operators in projective geometry, namely those which arise for the
standard- resp. the dual standard tractor bundle and then proceed to two
more elaborate examples.

In chapter [(] we treat conformally invariant equations. After reviewing
the standard tractor bundle in our framework we proceed to the prolongation
of the operator governing conformal Killing k-forms in [6.2] In section [6.3]
we give a convenient description of the spin-tractor bundle and use this to
study the twistor-spinor equation.

Finally, in chapter [7] we use BGG-techniques and prolongation connec-
tions to study a generalized Fefferman construction associating conformal
structures of signature (2,3) to generic rank two distributions in dimen-
sion five. We obtain a characterizations of those conformal structures which
are induced by generic distributions via conformal Killing two-forms and
another characterization via twistor-spinors. Moreover, we give a decompo-
sition theorem for conformal Killing fields.
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CHAPTER 2

Preliminaries on parabolic geometries, tractor
bundles and the BGG-machinery

In this chapter we will recall basic notions of Cartan- and parabolic
geometries and then treat tractor bundles and the BGG-sequence. For an
extensive treatment of parabolic geometries we refer to [CS09]. The basic
references for tractor calculus are |[CGO02| and [CGO00).

2.1. Cartan geometries

Let us first discuss Cartan geometries of type (G, P), with G some (real)
Lie group and P < G a closed subgroup. We will always assume that G /P
is connected. The Lie algebras of G and P will be denoted by g resp. p.

The first step is to view the homogeneous space M = G /P as a geometric
structure, whose automorphism group is exactly G, acting upon M = G/P
from the left. Diagrammatically:

G G pP.

N

G/P

One can intrinsically describe this geometric data via the Maurer-Cartan
form wM¢ € QY(G,g) which is just left-trivialization of TG = G x g. It
satisfies the Maurer-Cartan equation

dw™C(X,Y) + [w(X),w(Y)] =0 for all X,Y € g. (9)

We say that the automorphisms of (G,w?) are the (right-)P-equivariant
diffeomorphisms of G preserving w™¢:

PROPOSITION. Aut(G,wM®) ={¥:G — G : ¥(gp) = ¥(g)p for allp €
P and ¥*wMC = MO,

Then it is well known that Aut(G,w™%) = G.

Now a Cartan geometry of type (G, P) is a P-principal bundle IT : G —
M endowed with a Cartan connection form w € Q1(G, g), which satisfies the
possible generalizations of w™® to a so called ’curved’ setting: Denote the
P-right action of g € P by r9, i.e., 79(u) = u-p, and the fundamental vector
fields for this action by (y for Y € p, i.e., (y(u) = %uzo(u -exp(tY’)). Then
one demands that
(C.1) wyp(TurPE) = Ad(p™Hwy (&) for all p € P, u € G, and € € T,G.
(C2) w(Cy)=Y forallY e p.
(C.3) wy : T,G — g is a linear isomorphism for all u € G.

9



10 2. PRELIMINARIES

We say that w is right-equivariant, reproduces fundamental vector fields and
is an absolute parallelism w : TG =2 G X g.
The automorphisms of (G,w) are

Aut(G,w) := {¥ € Diff(G)" : U*w = w}, (10)

which is a Lie group (see for instance [CS09]) with Lie algebra a subalgebra
of the P-invariant vector fields X(G):

aut(G,w) := {¢€ € X(G)" : ¢ is complete and Lew = 0}. (11)

One has that dim Aut(G,w) < dim G = dim Aut(G,wM®), with equality
implying that (G,w) and (G, w™?) are locally isomorphic as Cartan geome-
tries.

Let Ad : P — GL(g/p) be the representation on g/p induced by Ad,
which makes sense since p C g is Ad(P)-invariant. It is a direct consequence
of (C.1)-(C.3) that

In particular, dim M = dim g/p. For a general Cartan geometry (G,w) of
type (G, P) the failure of w to satisfy the Maurer-Cartan equation (9) is
measured by the curvature form Q € Q%(G, g),

Q&) = dw(&,n) + [w(§),w(n)] (13)

for £, € X(G). One can show that ) vanishes, i.e., w is locally flat, if and
only if (G,w) is locally isomorphic to (G,wM%).
Since the Cartan connection defines an absolute parallelism

w:TG=Gxg

its curvature can be equivalently encoded in the curvature function xk €
C>(G,A*(g") @ 9),

R(u)(X,Y) = Quwy ' (X), wy (V).

u

One verifies that € vanishes upon insertion of a vertical field (y for YV €
p, i.e. it is horizontal. Moreover, 2 is P-equivariant, and we will write
(= Qﬁor(g,g)P . Thus we can view k as a P-equivariant function G +—
A (g/p)* @8

We denote by

AM =G xpg (14)

the associated bundle corresponding to the restriction of the adjoint repre-
sentation Ad : G — GL(g) to P, called the adjoint tractor bundle (general
tractor bundles will be introduced later).

Since the curvature-form Q € Q2_ (G, g)* is horizontal and P-equivariant,
it factorizes to a AM-valued 2-form K € Q*(M, AM) on M. Thus Q €
Q% (G.9)f K € Q2(M, AM) and k € C*(G,A%(g/p)* ® g)* all encode es-
sentially the same object, namely the curvature of the Cartan connection
form w. Technical reasons will determine which representation should be

used at a given point.
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2.2. Parabolic geometries

2.2.1. |k|-graded Lie algebras. Let g be a real semisimple Lie alge-
bra. We say that g is |k|-graded if

G=g kP DI 1BGPBg B D gy (15)
—_— —_—

g- P+

such that [gi,gj] C git+j, with g; = {0} for ’Z‘ > k.
The grading of g induces a filtration

-k

g=g ») g—k‘+1

S>--Dg" =g D {}

via
k
g =Py
Jj=t

p := g° = go X py is then a parabolic subalgebra of g. go is reductive and
decomposes into the semisimple part g§* and its center gi. There is a unique
element E in g, called the grading element of g, which has the property
that ad(E)y, = jidg;.

2.2.2. Group level. For a given semisimple |k|-graded g will fix a Lie
group G with Lie algebra g and define

Go = {g € G: Ad(g)g: = gi ¥i}, (16)
Py :={g€G:(Ad(g) —id)g’ C "™ Vi} and
P:={g€G:Ad(g)g' C g Vi}.

These are closed subgroups of G with Lie algebras gg, p+ and p. One has
that P = Gog x Py with G reductive and P} a contractible nilpotent group
isomorphic via the exponential map to p;. In particular, we can write
P = GO X p+.

DEFINITION 2.2.1. A parabolic geometry of type (G, P) is a Cartan ge-
ometry (G,w) on a manifold M of type (G, P) with g a |k|-graded semisimple
Lie algebra and P defined as above.

Diagrammatically, we will say that

(ng) ~—P

|

M

is a parabolic geometry of type (G, P) over M

We will often use that the Killing form on g induces a P-equivariant
duality between (g/p) and py. Le: (g/p)* = py. Then, since TM =
G Xp g/p, one has T*M = G xp py. In particular, T*M is canonically
endowed with the structure of a (pointwise) nilpotent Lie algebra.
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2.2.3. Gradings and filtrations of representations. Let V be a P-
or G-representation. The action of p € P resp p € G on v € V written p - v,
and likewise the infinitesimal action of X € p resp. X € g is written X - v.
E.g., for V = g the adjoint representation Ad : G — GL(g) and X,Y € g
one has X - Y =-Y - X = [X,Y].

2.2.3.1. Let V be a G-representation. Then the semisimple element F
acts diagonalizable on V since g is a semisimple Lie algebra. If moreover V is
irreducible, the eigenvalues of E will form a (necessarily finite) chain in a+N
for some o € R and E thus induces a Gy-invariant grading V = V& ---® V..
of V. It is easy to see that g;V; C V;;;. The induced filtration

V:VOD"'DVTDVH'l:{O}
then satisfies g'VJ C VI, In particular p, V7 C VI*! and the filtration is
P = Gy x py-invariant.

2.2.3.2. IfV is just a P-representation, there is still a natural P-invariant
filtration

V=vV'ovl...oviovrtl = {0} (17)

such that p, V¢ C VL. This comes about by defining V" as the annihilator
of the pi-action on V; then one sets recursively

Vi={veV: Y veVHtvyep,}

Here r is chosen in hindsight such that all inclusions in are proper. The
associated graded gr(V') of V is then defined by

g(V)=gy(V)@- - @gr,(V)=V/Vi® - -aV YV aV,

and this grading is evidently P-invariant. In fact, p4 acts trivially on gr(V)
by construction.

REMARK 2.2.2. A map of homogeneity > i between filtered spaces de-
scends to a canonical map of homogeneity ¢ between the associated graded
spaces; however, a lift of a homogeneous map between graded spaces to a
map between the corresponding filtered spaces depends on a choice of iso-
morphism of filtered spaces between gr(V) and V.

2.2.3.3. Associated graded spaces of natural bundles: Consider the bun-
dle Gy := G/ P4 since Py is a normal subgroup in P and P/P; = Gg, Go is
a G-principal bundle over M.

Let V be a P-representation and let V.= G xp V be the corresponding
P-associated bundle.

LEMMA 2.2.3. There is a canonical isomorphism gr(V) = Gy Xg, V

PROOF. Since p; acts trivially on gr(V) and p; < P the quotient of
G x gr(V) by the P-right action

(w,v) -p=(u-p,p 't -v),ucGveV,peP

is the same as the quotient of Gy x V' by

1

(u,v)-p: (u-g,g_ ‘U),uego,v e V,p € Gy.
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2.2.4. Lie algebra (co)homology. Let now V be an irreducible G-
representation. We can act on V by both g_ and py, and this will yield
two Lie algebra differentials 0 and 0*. We begin by introducing the P-
representations

Cr:=A(g/p) @V =Ap, @V. (18)

which will be the chain spaces of algebraic differentials. C; = Alp, @ V
inherits the canonical Gy-invariant gradings from p and V' and the induced
P-invariant filtrations. For instance, C} = V* and Ci = > i=19; ® Viej.
We will say that an element of C} is of homogeneity > i. This refers to
the natural concept of homogeneity of maps between filtered spaces: take
for instance a ¢ € Cy = A%(g/p)* ® V. Then ¢ is of homogeneity > i, i.e.,
¢ € C4, if for all X € g5 and X; € g; one has p(X;, X;) € Vitstt,
Both 9 and 0* below will make

into a complex.
2.2.4.1. The differentials O and 0*: The Lie algebra differential 9 of g_
with values in V is defined by

d:ANg* @V — A" @usfor o € Alg* @ V,and Xo,...,X; €g_ (19)
l . —_
a@(XOa' o 7Xl) = Z(*l)ZXl . SO(XDa 7Xi7' o 7Xl)
=0
+ Z z-‘r] Xz,X]XO:"'aj(\iv"'7va"'7Xl)'
0<i<y<l

One has the Gp-equivariant isomorphism g_ — g/p; likewise for the dual
spaces g* = (g/p)* = p4. Thus one can view 0 a as map 0 : C; — Cjyq. It
is straightforward to check that 0 o @ = 0, and one obtains the complex

v=020,%...% ¢, (20)

Since the differential and the identification g* = (g/p)* are immediately
seen to be Gg-equivariant, so is 9 : C; — Cjyq1. It is however easy to see that
0 cannot be py-equivariant, Take for instance v € V,; X € g_1 and Y € g1
and compute that (Y - (0v))(X) — (9(Y -v))(X) = [Y, X] - v, which need not
vanish.

Dually to O one has the Kostant codifferential

O Ay, @V - Ap,L®@V; for Zy,--- ,Z€py and v €V, (21)
l
" (ZoA-NZy@w) = (1) ZoN-Zi N2 ® Zi v
=0
+ > (VM2 Z)NZy NI N NZG A N D@,
0<i<y<l

Since 0* as defined by is easily seen to be P-equivariant, and since the
the identification (g/p)* = p4 is so too, the codifferential 0* : Cj11 — Cj is
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also P-equivariant; moreover, one has that 0* 0o 0* = 0. Thus it provides the
complex

o* o* o*
V—C 0 &0,

We will denote the space of cycles of 9* by Z; = ker 0* C C} and the space
of borders of 0* by B; = im 0* C Cj. The homologies are H; = H;(p4,V) =
Z1/B;.

REMARK 2.2.4. For complex semisimple |k|-graded Lie algebras [Kos61]
provides an algorithmic computation of the homologies H;. The results have
been transfered to the case of real semisimple |k|-graded Lie algebras in
[Silo4].

In this text we will mostly be interested in Hy and Hi, since first BGG-
operators operate between the corresponding associated bundles. For Hy,
it follows from irreducibilty of V that Hy = V/V!. Hj is obtained auto-
matically when one computes the first BGG-operator, as is shown in the
examples in chapters [f| and [6] H, will appear when constructing certain
tensorial obstruction maps 6.2.6])

We don’t give the details of the computations here, which involve the
computation of part of the Hasse diagram of g and have been written down in
complete detail in [CS09]. One can also employ the implementation [Sil|.
For the purposes of computation one employs the algorithm of [BE89],
which works with the highest weight of the dual representation V*, written
as a sum of fundamental weights. For the explicit examples of chapters
and |§| we will therefore provide this via the Dynkin diagram of the (com-
plexified) representation and the coefficient of each fundamental weight in
the representation V* presented by an integer over the corresponding simple
root.

2.2.4.2. The Hodge decomposition via the Kostant Laplacian [J: It is due
to Kostant [Kos61] that 0 and 0* are adjoint with respect to a natural inner
product on the complex Cy, = Co®- - -PC),. This is used to produce a Hodge
decomposition via the Kostant Laplacian

O=000"+0"00.
One has
C; =1im 0 @ ker O & im 0%, (22)

and then necessarily ker(9) = im 0 @ ker O and ker(0*) = im 0* & ker [J.
This implies that H;(py,V) = H; = Z;/B; includes into C; as ker [ as
a Gp-module, but since [J is not p-invariant, ker [J is not P-invariant either,
and thus the identification H; = ker [ C C; only makes sense as Gg-modules.
Since 0* vanishes on im 0%, one has that 9" o 0 : im 0* — im 0* agrees
with the restriction of [ to im 0*. Thus

Ojim g+ = 0" 00 :im 0" — im 9~
has trivial kernel by and is therefore an isomorphism,where
((a* © 8)|im 8*)_1 = (D|im 3*)_1' (23)
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2.2.4.3. Tractor bundles. A natural bundle V = G x p V associated to a
G-representation is called a tractor bundle. Any G-representation V is also
a g-module, and thus one has a P-equivariant action of g on V, i.e.: for all
geP XecgandvelV,

Ad(g)(X) v=g-(X- (97" ). (24)

Thus, G-representations are special cases of (g, P)-representations, i.e., rep-
resentations V' of both g and P which are compatible via . A bit more
generally, we will say that P-associated bundles to (g, P)-representations are
also tractor bundles. ([24) is just P-equivariancy of the Lie algebra action
g xV — V, and thus yields an action of AM =G xp g on V, which we will
denote by e.

With

Ci=GxpCi=NT*MoV

and the P-equivariant Kostant codifferential as defined in we get the
complex

vZic Lo, L, (25)
The vector bundles of cycles, borders and homologies are
Z,=GxpZ; =kerd" C C,,
B, =G xpB; =im 0" C C; and
H,=7,/B, =G xp Hj.
We have the natural projections
Il; : Z; — H;. (26)

The spaces of sections of C;,Z;, B; and H; will be denoted by C;, Z;, B; and
H;.

Since 9 : C; — Cj41 is only Gp-equivariant, one has to switch to the
associated graded spaces: Since P = G X py and p4 acts trivially on the
spaces gr(Cj), we obtain a P-equivariant map 0 : gr(C;) — gr(Cjy1), and on
the level of associated bundles this yields the complex

gr(V) = gr(Cy) LA gr(Cy) S5...5 gr(C,).

Likewise, the Gp-equivariant Kostant-Laplacian [ : C; — C} gives rise to
maps

O gr(Cy) — gr(Cy).
We remark that the maps 9, 9* and [ are all homogeneous of degree 0 when

viewed as maps on the associated graded spaces. E.g., OJ preserves gr,(C;)
for all 4,1 and 0 maps gr;(C;) into gr;(Cj4+1)-

2.2.5. Regular and normal parabolic geometries. Recall that prop-
erty (C.3) of the Cartan connection form w yields the trivialization TG =
G x g. In particular, the filtration of g gives rise to a filtration

T7%G > ... > T"G > {0}.
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Since TM is the associated bundle to the P-representation g/p, which
carries the Ad(P)-invariant filtration
g /oDl p
, one has the filtration of the tangent bundle
T'M =G xpg'/p, (27)

TM =T *M>T*M>...o7 M > {0}. (28)

It is easy to see that the filtration of T'M is induced directly by the filtration
of TG: for u € G and x = II(u) one has T M = T,II(TG) for all i € Z.

We say that M is a filtered manifold if the filtration of T'M is compatible
with the Lie bracket of vector fields: one has

[&,n] € T(T" M) for € € T(T*M),n € T(T?M). (29)
In this case it is easy to see that the Lie bracket
[,/]: T(TM)xT(TM) - T'(TM)

induces an algebraic Lie bracket on all fibers of gr(T'M). This is encoded in
the Levi bracket

L:gr(TM) x gr(TM) — gr(TM). (30)
But gr(TM) already carries a natural pointwise (nilpotent) Lie algebra
structure {-,-} coming from g_: By Lemma [2.2.3] gr(TM) = Gy xg, 9-.

Thus the Gp-equivariant Lie-bracket on g_ carries over to an algebraic
bracket

{-}:gr(TM) @ gr(TM) — gr(TM). (31)

DEFINITION 2.2.5. A parabolic geometry (G,w) on a filtered manifold M
is called regular if the algebraic- and the Levi bracket on gr(7'M) coincide.
Le,if {-,-} = L(-,").

One can translate this into a simple condition on the curvature;

PROPOSITION 2.2.6. Let M be endowed with the filtration induced
by (G,w). Then M is a filtered manifold and w is regular if and only if
K € Q*(M, AM) is homogeneous of degree > 1, i.e., K € Q*(M, AM)!.

2.2.5.1. Additionally, parabolic geometries allow a uniform normaliza-
tion condition: The curvature form K of w lies in Q?(M, AM), with AM =
G x pg the adjoint tractor bundle of ([14). In notation of 2.2.4.3, Q*(M, AM)
is the chain space Cy for the G-representation g. Thus one can use the
Kostant codifferential 0* : Co9 — C; to define a normalization condition:

DEFINITION 2.2.7. A Cartan connection form w is called normal if
0" (K)=0.
In this case one has the harmonic curvature Kg = o(K) € Ha(AM).

In the picture of P-equivariant functions on G the harmonic curvature
corresponds to the composition of the curvature function x with the projec-
tion Iy : Zo(g) — Ha(g), i.e., to kg =Ila ok .
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2.2.6. Weyl structures. A Weyl structure for (G,w) is a Gy-equivariant
section o : Gg — G. There always exist global Weyl structures and they form
an affine space modelled on

CGo (G0, p+) = T(gr(1T"M))

(cf. [CS03] or [CS09]).
2.2.6.1. Reductions of structure group from P to Gy:

LEMMA 2.2.8. Given a natural bundle V.= Gx pV for a P-representation
V', a choice of Weyl structure o : Go — G yields an isomorphism

gr(V) = V.

PRrROOF. For u € Go,v € V, [u,v] € Gy X, V is the orbit of (u,v) under
the Gp-action

1

(U,’U) g = (U'g,g_ '/U)) g€ GDa

and analogously
[u,v] = (u,v) - P, with
(u,v) -p = (u-p,Ad(p~ ) foru € G,v € V,p € P.
This immediately gives that
GoxV=2GxpV, (32)
[u, v] = [o(u), v]

is well defined by Gy-equivariance of o. This yields an isomorphism Gy X ¢,
V=G xpV =V, but by Lemma [2.2.3| we have Gy xg, V = gr(V). O

We say that a bundle which associated to G via a P-representation is a
natural bundle for (G,w); and as we have just seen, every natural bundle can
be written as a Gg-associated bundle to Gy after a choice of Weyl structure.

In particular, one gets a reduction of structure group from P to Gy of
the chain spaces C; via C; = Gy X, C; = gr(Cy) and 0 and O lift to maps
on C, = EBC[.

We now discuss transformation rules for g, where gr(7M) = T'M. More-
over, we will need the transformation law only for the case where the (g, P)-
representation V has just 3-grading components, i.e., where V = V@ Vi H V5.

We will write [v], € [V], = gr(V) for the the element in gr(V) corre-
sponding to a v € V via the isomorphism of Lemma 2.2.8]

Let 6 = o - exp(T) be another Weyl structure for a T € Q(Go, T*M).

Then it is shown in [CS09], following Proposition 5.1.5, that for

V2
[U]U =\|v ],

0

one has
vy 4 Touy + 3 Te(Teuvy)
[v]e = v + Teuy . (33)

0
Here we employ the canonical action e of T*M on gr(V), which is in fact
the restriction of the algebraic action of AM discussed in [2.2.4.3
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2.2.6.2. Soldering form, Weyl connections and Schouten tensors: Given
a Weyl structure o : Gy — G one can consider the pullback o*w € Q(Gy, g),
which will be Gy-equivariant. Since the decomposition of g into g_ ®go P p+
is Gp-equivariant, we can decompose o*(w) correspondingly into

oc*(w)=0dvaP. (34)
Then 6 is easily seen to be a soldering form: this means that 6 €

Q' (Go,g_) is Go-equivariant, and with 19 : Gy — M the canonical sur-
jection one has that for every u € Gy,

ker 7,119 = ker 6),,. (35)
It is a standard statement that 6 therefore yields an isomorphism
Go X, §— = TM. (36)

This also follows from Lemma since gr(g/p) = g— as a Go-module.

Let us treat the other two components in the decomposition : Since
v € 2Y(Go, go) reproduces fundamental Go-vector fields and is Go-equivariant
it is a principal connection form on Gy. In particular, after a choice of Weyl
structure, every P-associated bundle V = G xp V, is endowed with a linear
connection, denoted by D and called the Weyl connection.

The p-component P € Q!(Gy,p,) of o*w is called the Rho- or gener-
alized Schouten tensor. Since P is a horizontal, P-equivariant, p+-valued
1-form on G, and since the P-associated bundle to py is T*M, P factorizes
to a section of T*M ® T*M

Under a achange of the Weyl structure to 6 = o - exp(Y) for a T €
QY (Go, T*M) it is shown in [CS09], that for s € T'(V),

Des = Des — {€, T }es (37)

and
(i¢P)a = (igP)a — (DeT)a+ 3 (T, {7, )} (3)

2.2.7. The adjoint tractor bundle. The adjoint tractor bundle AM
of (G,w) comes about as the associated bundle to the adjoint representation
of G on g, as already defined in (14): AM = G xp g. The filtration of g
carries over to a filtration AM = A=*M > --- > A¥M > {0} of AM. The
geometry (G,w) is said to be torsion-free if K € Q?(M, A°M).

The Lie bracket of g carries over to an algebraic bracket {-,-} on AM.
Since TM = G xp g/p, one has a natural projection II** : AM — TM.
Moreover, since the Killing form on g provides a P-equivariant duality be-
tween py and g/p, one has that T*M = G xpp. But py C g as a P-module,
which yields the canonical embedding

T*M < AM. (39)

The algebraic brackets on gr(T'M) and T*M introduced above are induced
by the algebraic bracket on AM.

Since g_ includes into g as a Gy module and AM is reduced by a Weyl
structure o : Go — G to Gy Xg, g, a choice of Weyl structure yields the
embedding

TM =Gy X, 8- — Go XG, 8 = AM.
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That T*M always includes canonically into AM was already observed in
. In particular, since AM acts on V by

e AM RV — V,
we obtain actions

o:TM®V — V and (40)
o . T"M®V -V,

the first of which depends on the choice of Weyl structure.

2.2.7.1. Formulas for O and 9*. The reduction of structure group of the
chain space C; = A'T*M @ V from P to Gy provided by a Weyl structure
was seen in to provide an isomorphism C; 2 gr(C;), and one can then
view 0 as a map 0 : C; — Cj1.

On the first chain space gr(V) = gr(Cy) it is easy to see that one has
fore e M, X € T,M and v € V,

O(v)(X) = Xev, forve V,, X e T, M (41)

In fact, one has more generally that for z € M, ¢ € (A'T:M ® V), and
Xo,... X €T, M

1
06(Xo, ..., X)) =Y (-1 Xped(Xo, ..., Xp,..., X)) (42)
k=0
+ Z (_1)Z+J90({XZ7X]}7X07 e 7Xi7 Tt 7Xj7 e 7Xl)7
0<i<j<l

where the bracket {-,-} is just the bracket of AM restricted to TM C AM.

The action e of T*M on V provides a map T"M ® V — V: for ¢ €
T*M ® V we write o(y) for the corresponding element in V. Take some
x € M. Then every p € Cyq, is a sum of terms of the form Y ® v for
Y € TXM and v € V. Since 0*(Y; @ v) = —Y;ov we see 0*(p) = —o(y).

One has similar formulas for all chain spaces, but we will only need one
for the second chain space Cs, and this only in the special situation when g
is 1-graded. Since then g_ and g4 are abelian the last terms in formulas
and disappear. An element p € Cy, = A>T} M ® V, can be written as
a sum of terms Y1 AYo ® v for Y7,Y; € T)M and v € V,. Now

YINYo,v=Y10Y2®@v-Y20Y Q.

Since T*M acts trivially on itself via e, we can view e as a map T*M ®
(T*M @ V) — T*M ® V where the first term 7*M acts on the other terms
tensorially. Again, this map is denoted by e(y) for ¢ € Cg,. Then

(Y1 AYo2v)=Ys@Yiev — Y] @ Yoeu = —0" (Y1 A Yy @ 0).

Thus, for ¢ € Cy we have 0% (p) = —e(p).
More generally, one can check that 0* : C;11 — Cj coincides with (the
negative of)

AT*MeoVcT*MoAT* MoV S ANT*M eV, (43)
where we have T*M acting on A'T*M ® V via e.
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2.2.7.2. The fundamental derivative. A section s of of AM corresponds
to a P-equivariant function f from G to g. But taking &, := w; '(f(u)), one
obtains a P-invariant vector fields on G, and this provides a 1:1 correspon-
dence between T'(AM) and X(G)”. Let now v be a section of a P-associated
bundle V. Then we define D¥v € I'(V) for s € I'(AM) by differentiating
the P-equivariant function g corresponding to v with the P-invariant field £
corresponding to s; so the result will be P-equivariant again. This operation
is tensorial in & € X(G)" resp. s € I'(AM) and thus yields a map

D¥ :T(V) = T(AM* @ V), (44)

called the fundamental derivative. Since g = g* via the Killing-form, one
can also view it as an operator D* : I'(V) — I'(AM @ V).

2.3. The tractor connection

Given a representation of G on V, we called the associated bundle
V =G xp V a tractor bundle in If we form the extended bundle
G’ := G xp G, which is now a G-principal bundle over M, we can equivari-
antly extend w to a g-valued 1-form on G’, which turns out to be a principal
connection form on G’. In particular, this yields a linear connection on every
tractor bundle V since we have V=G xpV = G’ x¢ V. This is the induced
tractor connection V = V" on V.

For a tractor bundle V associated to a (g, P)-representation, which need
not necessarily extend to a G-representation, one defines the tractor con-
nection as follows: Let & € X(M) and s € T'(AM) be some lift of &, i.e.,
II4(s) = &. Let v be a section of V. Then one checks that

Vev = Dgv + sev (45)

is in fact independent of the lift s of £ and defines a connection V on V.
In the case where V is in fact a G-representation, this construction of the
tractor connection coincides with the construction via the extended bundle
g

If f: C®(G,V)F is the equivariant function corresponding to v and
e X(M) is a P-invariant lift of &, then translates to V¢v being the
section corresponding to the equivariant function

§-f+w(@)-f (46)

If R € Q?(M,End(V)) denotes the curvature of the tractor connection
V, then one has in fact by construction that

R =K. (47)
Thus, for &1,&2 € X(M) and v € T'(V), one has that R(§1,&2)v = K(&1,&2)ev.

In other words: the curvature of the induced tractor connection is the action
of K € Q*(M,AM) on V.
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The tractor connection V on V induces the covariant exterior derivatives

dV: QY (M, V) — QY (M, V),
l

(dVeo) (&0, &) = Z ViV (€0, s Eny e &)

( )H_j ([glvg_j] 5()’""@7"'7@7"'7&)'

0<i<j<l

+

With C; = Q!(M, V) the space of sections of the chain spaces C; = G xp C
already introduced in we obtain the sequence

rv)=vY%a ... Te,. (48)

This however is a complex if and only if the geometry (G,w) is locally flat:
dVodV :Cl — C'*? is well known (cf. for example [Mic08|, 19.13) to be
the (algebraic) action of the curvature R = Ke; i.e.,

dVdVep = alternation(Key).

To be precise, i.e., to fix the factor of this action, for &1, ,&19 € X(M)
this is
1
500

with &;49 the permutation group of 1,--- 1+ 2.

As we have seen in a choice of Weyl structure o : Gy — G yields
a Weyl connection D : V — QY(M, V), and we ask how it relates to the
tractor connection V. First recall that o*w € Q'(Gy,g) decomposes into
ndyDP (see )7 with 7 being a soldering form yielding an isomorphism
TM = Gy xag, 89—, 7 € 2(Go,g0) a principal connection form and P €
I(T*M ® T*M) the Schouten tensor.

One can view 0 : V — C; =T*M ® V, which depends on o, also as an
element of

Z Sgn(U)K(ga(l)v 50(2)).@(&%3)’ s a£J(l+2))‘

U€6l+2

T*M ® End(V). (49)
Similarly, also the algebraic action e : T*M ® V — V can be viewed as an
element of TM ® V* @ V = TM ® End(V). Since P € T'(T*"M @ T*M)

we can compose P with the tensor product of the identity on T*M and
o ¢ TM ® End(V): We will write

Pe € T"M ® End(V). (50)
Now according to (to be precise, we restrict this formula to the Go-

subbundle ¢(Gy) C G), one calculates Vev € I'(V) for £ € X(M) and s €

[(V) as follows: let £ € %(Go) be the horizontal lift of £ € ¥(M) with respect
to the principal connection form ~; then £ is automatically Gp-equivariant.
Let f € C®(Gy, V)% be the Go-equivariant function corresponding to v.
Then V¢v corresponds to the (again Gp-equivariant) function

E-f+w@)-f.
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The first term is just the function corresponding to D¢s. For the second

term, the decomposition w =1 @® v @ P and v(£) = 0 yields that
w(@) f=n() - f+PE-f

Now 7(€) € g_ and P(€) € py correspond to & € I'(TM) resp. P(£) e
I'(T*M), where we view P as a section of T*M ® T*M, as discussed in

Then, via and (50, we obtain
V =0+ D + Pe. (51)

Now D :V — (; is homogeneous of degree > 1, and so is Pe : V — Cy: For
Pe this means that for every v € V' and € € X(M)J one has P(¢)ev € CLT7H,
and analogously for D. Since, as was already remarked in 0:C; —
C;41 has homogeneity 0, we see that V and 0 coincide in homogeneity 0. If
the curvature K € Q?(M, AM) is of homogeneity > 1, i.e., if w is regular,
one can show that also dV — 0 is always of homogeneity > 1. In fact, this
is a special case of Lemma in the next chapter. We will then say that
dV and 0 agree in lowest homogeneity, and this will be an important fact
for several constructions, in particular for the BGG-machinery below in [2.4
For a precise formulation of 9 and dV coinciding in lowest homogeneity
for a regular parabolic geometry, we introduce the canonical surjections

my € — C/C = gri(C1), (52)

which project elements of homogeneity > ¢ in C; to gr; (C;). Then we have,
for v € Cj,

Tr1(dVv) = (w4 (v)) € gr;(Crin)- (53)

This says that one can consider dV as a natural lift of the algebraic map
0 : gr(C;) — gr(Cyy1) to the differential operator dV : C; — Cyy1.

Once one has chosen a Weyl structure one gets a reduction of structure
group of Co ® --- ® C,, to Gg. Recall that the inclusion of H; into Z;
as ker [0 C C; is Gp-equivariant and that the Hodge decomposition on the
algebraic level implies

C;,=im 0@ ker®im 0*. (54)

Thus one can also view H; as included into C; as ker[]. This gives the
decomposition

which depends on the choice of Weyl structure.

2.4. The BGG-sequence

We now introduce the BGG-machinery. As above, V will be a (g, P)-
representation. The main object here is a differential splitting operator
L, = L}/ : 'H; — C; of the natural projection II; : Z; — H;. This was first
done in general in [CSS01], and with a simplified construction in [CDO1].
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2.4.1. Unique lifts. We will show that there is a unique maximal sub-
space L; C Z; such that

dv(ﬁl) C Zz'+1 C Ci+1. (56)

Note that for a general section s € Z; C C; one need not have that also
0*(dVs) = 0. But this will hold on the subspace L;.

LeEMMA 2.4.1. (|Cap05]) 9* odY : By — By is invertible. The inverse is
a differential operator, which will be denoted by Z;.

PRrROOF. The inverse of the operator 9*odV : B; — B; will be constructed
via a choice of Weyl structure, the choice of which doesn’t matter since the
inverse, if it is shown to exist, is necessarily unique.

Having chosen a Weyl structure, we have [J acting on B;, and can there-
fore form

N = (D|Bl)_1 0d*odY —idg, : B — B,.

Assume s € B; is of homogeneity > i, i.e., s € Bf. Recall from that
m; 00" o dV =9*00do my,; on Cli. Thus 77, o (010000 — idg,) vanishes
on B! for any homogeneity i. This means that in fact ;s € Bf+1. Thus,
if the highest nontrivial homogeneity of B; is kg, we have that ./\/'lk'OJrl = 0.
Le, N} : B, — B, is nilpotent. Therefore (D|Bl>_1 0d*odV = idrs,) +N is
invertible on B; and so is 9* o dV. O

2.4.2. BGG-splitting-operators. It is now easy to show

LEMMA 2.4.2. For every o € H; there is a unique s € Z; such that
0;(s) = o and 0*(dVs) = 0.

PROOF. First take an s € Z; such that 9*(dVs) = 0 and assume that
II;(s) = 0. This means that s € B;. However, *(dVs) = 0 already implies
s =0 for s € B; by Lemma This shows uniqueness.

For existence, let s € Z; be an arbitrary lift of o. Since 9*(dVs) €
B;, Lemma shows that there exists a b € B; such that 9*(dVb) =
0*(dVs). But then s — b € Z; projects onto o as well but additionally
satisfies 9*(dV (s — b)) = 0. O

By we can define a differential splitting operator L; : H; — Z; by
associating to o € H; the unique lift s in Z; which satisfies dVs € Z,.
Now we can define £; =im L;(H;). The operators

Ly:H — L C Z

are called the BGG-splitting-operators.
As a surprisingly direct consequence one has (|[Cap05|)

COROLLARY 2.4.3. If the geometry (G,w) is regular and normal, i.e,
K € Q*(M,AM)' and 9*(K) = 0, the full curvature can be recovered from
the harmonic curvature Kg = Ilo(K) € Hao; in particular, Ky is the full
obstruction to flatness.

ProoF. We have already observed that we can project K to Hs since K
lies in the kernel of 9*. Now K € Q?(M, AM) is the curvature of the tractor
connection V on AM, but every linear connection satisfies the differential
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Bianchi identity dVK = 0. Thus K = Ly(Kpg). Le: the full curvature can
be recovered from Kpg. O

In chapter [7] we will often only need the following consequence of the
definition of Lo : Hy — V: if s € V is parallel, one trivially has 0*(Vs) =0,
and thus s = Lo(IIp(s)). This is important enough to merit a

LEMMA 2.4.4. On the space of parallel sections of a tractor bundle V,
Lo oIy is the identity. Le., if s €V with VVs =0, then
s = Lo(IIy(s)). (57)
In particular, if the projection of a parallel s € V to its lowest homogeneity
part in T'(Ho) = T(V/V?1) vanishes, then s = 0.
” 2.4.3. BGG-operators. We can now form the BGG-operators 0, =
0, ,
01 Hi — Hita, (58)
0, =11 0dY o L. (59)
Diagrammatically,

dV

L, T lnl+l
0,

H — Hiya.

Note that this construction makes sense since for ¢ € H; one has by con-
struction dV(L;o) € Z)11 = ker0* C C41 and this element is projectable
into Hl-l—l-

The BGG-operators thus form a sequence

[% 0 O —
D(V/VY) =Hy B H, B 5 H,.
This sequence won’t be a complex in the general curved situation. In the
case where (G,w) is a flat parabolic geometry, i.e.,Q2 € Q%(G,g) as defined
in vanishes, it does form a complex: For this, we first note that in the
flat case the diagram

dV
;Cl e ZH_l (60)
LLT LZHT
0;
H; — Hi1
commutes, i.e., Ljy1 06, : H; — L;y1 agrees with the composition
dV oL : H; — C: this commutativity is evidently equivalent to

dvV(L£)) € Liy1 C Cyi. But if K € Q*(M, AM) vanishes, one has 0* o
dY o dV =0 trivially since

dY o dV = alternation o Ke = 0.
Thus, having commutativity of , we see that
0106 =T p0dY 0odV o L; =0,

and the BGG-sequence does indeed form a complex in flat case.
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In the curved case, one can in some cases restrict to certain subcomplexes,
see [CSO05].
Commutativity of will play a major role in the next two sections.






CHAPTER 3

A natural adjustment procedure for tractor
connections

In all of the following, (G,w) will be a regular parabolic geometry of type
(G, P).

3.1. A natural space of modifications

In this section we will mainly be concerned with mending the non-
commutativity of the diagram

Lo—Y= 2 (61)

LOT LIT
SN}

Ho —H1
This will be done by changing the tractor connection V on V by a modifica-
tion ¥ € QY(M,End(V)). For such a ¥, V = V + ¥ is the new connection
Vs = Vs + Us defined by
Ves = Ves + U(E)s

for £ € X(M) and s € V =T'(V).
The basic step in the construction of the BGG-splitting operators in
section [2.4] was Lemma [2.4.1] where we constructed an inverse of

o*odY : B — B (62)
The important point here was that we knew what 0* o dV did in lowest
homogeneity: by regularity of (G,w), we have, via the canonical surjections
i Gl — O = gry(C),
that on Bli,
m ;00" 0 dv|3li =0 o i (63)

This was used to invert 9* odY on B;. If we want to obtain a BGG-sequence
for a modified connection V = V 4 ¥ it is therefore natural to demand
that also V equals @ in lowest homogeneity, which just says that ¥ &
QY(M,End(V)) should be of homogeneity > 1, or ¥ € Q!(M,End(V))!.
Explicitly, this means that for all £ € T(TM)* = X(M)* and s € V7 one has
that ¥(¢)s € VIHI+L In fact, we have to following simple lemma.

LemmA 3.1.1. If VU € QY(M,End(V))!, then one has for the modified
connection V =V + W that, for all homogeneities j € 7Z,

7T1+17j Odv\clj =0 Oﬂ—l,j- (64)

27
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PRrROOF. Choose a Weyl structure o : Gg — G. This yields the decompo-
sition , V =0+ D + Pe with D the Weyl-connection on V and P the
Schouten tensor; and we have observed that 9 : V — C;j is of homogeneity
0 while D and Pe are homogeneous of degree > 1 as maps V — Cj.

For £ € X(M)? and s € V7 one has by assumption on ¥, ¥(¢)s € Viritl,
Therefore also ¥ is homogeneous of degree > 1 as a map V. — C;. This
gives V—0 =D + Pe + ¥, and thus

(Ves — 95(€)) = Dgs + P(¢)es + W(€)s € VT,
In particular,
70,145 (Ves) = o0, (95(€)) = (mo,5(3)) (€),
which holds for all homogeneities 7, j, and therefore yields for [ =0.
Take now s € C/ and & € X(M)’ for 0 < i < | and homogeneities
ji € Z. Then, by definition,
l

(dﬁs)(ggv e 7§l) = Z(_l)k@@cgp(é‘(h T 7567 e 7§l) (65)
k=0
+ Z H_k E’Lagk] 507"'751,"'7567"'7&)-
0<i<k<l

And by regularity of the geometry,
[62’7 gk] - {617 Sk} S Vji+jk+1
for all z € M,0 <i < k <. Together with for 1 =0, implies that
7To7j+zfczojk((dvs)(§07 &) =

l

7T07j+25g=0]k Z §k.(p 507 : 7567 T 751)

+ Z {é.lvé.k’} 507"'752')"'7‘5/{37"'7&))
0<i<k<l
This is the formula for 0 by . O

Since [J = 9% 0 9 on gr(B;) C gr(C;), this implies that also holds
with dV instead of dV: we have m;00%o dv‘Bli =0 o i for all [,4. The

resulting seqeunce of BGG-(splitting)-operators for V = V + ¥ is denoted
Lo,--+, O, .

In view of our prolongation problem, apart from this necessary homo-
geneity condition, another natural condition on the modification ¥ is that
the first BGG-operator

éo : HO — H1
of V coincides with the original first BGG-operator ©g. Le.: we want
to achieve commutativity of diagram without changing the bottom
operator. For this, one makes the following simple observation:

LEMMA 3.1.2. Let U € QY (M, End(V)) be such that for all s €V one has
that Vs € By = im 0*. Then the first BGG-splitting operator Lo : Ho — V
coincides with Ly, and also ©g = ©¢ : Hg — H1.
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ProOF. Take s € Ly. Then, by Lemma s = Lo(IIp(s)). Thus
Vs = Vs+ Ws. Since s € Lo, we have that Vs € ker 8*. But by assumption
on U, Us € im §* C ker@*. Thus Vs = Vs + Us € kerd*. Le.: s€ Visa
lift of IIy(s) € Ho into V such that 9*(Vs) = 0. By Lemma this split
is unique, and by the definition of splitting operators it is s = Lo(IIp(s)).
Thus indeed Ly = Ly.

To see that Oy = ¢ we just consider the definition

é)o:HlO@OIZ():HlO(V—I—\I/)OLO:
Since ¥ is a map V — By =I'(im 0*) = I'(kerII; ), we have in fact
O =111 0 Vo Ly = .

Thus the natural space of modifications of V we will allow is
DEFINITION 3.1.3.
Dy :={¥ € QY(M,End(V))! : Us € By Vs € V}.
We endow the space Dg C Q(M,End(V)) with the filtration
D = {U € QY(M,End(V))! : Us € Bi Vs € V}.
If the the tractor bundle is filtered
V=v’ovVvi>...oV">{0},
the filtration of Dp is
Dp =Dg D --- D D™ > D = {0}.

3.2. The normalization condition, existence and uniqueness

The basic observation is now

PROPOSITION 3.2.1. Let W € Dp and Ry be the curvature of the modified
connection V = V+U. Assume that one has for all s € V that 0*(Rys) = 0.
For this we will also write

0" o Ry = 0. (66)
Then the diagram
Lo—> 2 (67)
LOT [~/1 T
Ho i H,

commutes.
PROOF. Take 0 € Hy. Then V(Lo(c)) € Z; and by construction of Oy,
09 =111 o Vo Ly,
SO @(Lo(a)) € Z; is a lift of ©go € Hy. By assumption on ¥ resp. Ry,
dV(V(Lo(0))) = RyLo(o) € 2.
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Thus d¥(V(Lo(0))) € L1 is the unique lift of I11(V(Lo(c))) = ©o(0) € Hi,
and by construction this is L1(0¢(0)). L.e, we have
V(Lo(0)) = L1(80(0))

for all 0 € Hp and thus commutativity of . O

The next two Lemmas lie at the heart of our adjustment procedure em-
ployed afterwards in Proposition which obtains existence and unique-
ness of ¥ € Dy with 0* o Rg = 0. The goal is to control the change in
curvature which occurs when one changes V to V + U: first recall that with

R the curvature of V and Ry the curvature of V + ¥ one has the basic
formula

Ry=R+dVU +UAT, (68)
cf. for instance [Ram035], Chapter 5, Proposition 5.3. Here
A (T*M @ End(V)) ® (T*M @ End(V)) — A2T*M @ End(V),  (69)
AP (& n)s = V()W (n)s — U(n)P'(€)
forz € M, ¥, ¥ € T:M @ End(V),&,n € T, M, s € V.
Written out, is given by
Ry (& m)s = R(&,m)s
+ Ve(¥(n)s) — ( )WVes = Vp(¥(§)s) + W (§)Vys — U([§,n])s
+ W (§)¥(n)s — ¥ (n)¥(E)s.

LEMMA 3.2.2. Let ¥ € QYM,End(V))! and ¢ € Dy for some

2 <i<r+4k. Define
AW, ) =dVe+ o AT +T A+ pApe Q2(M,End(V)). (70)
Then
T, (8*(A(\I/, @)s)) = Omyi(es).

Proor. We will work with some Weyl structure o : Gy — G. By defini-

tion
d¥e(&,m)s = Velp(n)s) — p(m)Ves — Vi(p(€)s) + 9(§) Vs — o ([, 1)s.
With D the Weyl connection on V and P the Schouten tensor, V¢ = 0¢ +
D¢ + (i¢P)e. Now
D¢ + (igP)e:V — V

is homogeneous of degree > 0 for all £ € X(M). By assumption, ¢(n)s €
B by for all s € V and € X(M)’, Furthermore, regularity of w implies
that for & € X(M)" and n € X(M)® the Lie-bracket [£, 7], coincides with the

algebraic bracket {£,n} in homogeneity r + s. Taking this together, we see
that in homogeneity ¢ the map

(&,n) = Velp(n)s) — Vi(e(§)s) — ¢([€n])

agrees with

(&;m) = Oe(p(n)s) — Oy(@(§)s) — p({&,n})s = A(ps)(&,m)-
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The V-valued 2-forms [p, ¥]s, [, ¢]s and (&, 1) — @(£)0ys —p(n)0dgs are
all of the form (&,1) — p(£)(T(n)) — w(n)(7(£)), with 7 € QY(M, V). But
by assumption on ¢, this is seen to be homogeneous of degree > i+ 1.

The only term left in A(¥, @) is (§,1) — W(£)(e(n)s) — ¥(n)(0(£)s).
But this too is homogeneous of degree > i + 1.

Thus we see that (A(¥,¢)s agrees with d(ps) in homogeneity ¢ for all
s € V. But this immediately implies the result. O

LEMMA 3.2.3. Let ¥ € QYM,End(V))! and ¢ € Dj for some 2 <
i <r+k. Denote by R, R’ the curvature of V + W, resp. V+ W + ¢. If
0* o R € Dy then
(1) 0* o R' € Dy
(2) m;j0d0*oR =m 00" o R+DOom,op.
Proor. We have
R=R+dVo4+ oAU +TAp+pAp=R~+A(T,p).
We have seen in the proof of Lemma that 9*(A(¥, ¢)s) lies in Bi, and so
does 0*(Rs) by assumption. Also by assumption, 9*o R € Q' (M, End(V))!,
were the focus is on the homogeneity > 1. Thus to see that 0* o R’ € Dj
it remains to check that 0* o A(V¥,p) € QY(M,End(V))!. However, it is

evident that AV + [, U]+ [¥, ] + [, ] is homogeneous of degree > 1 as a
2-form on M with values in End(V), and so is 0* o A(¥, ¢). Thus we have

(1. follows immediately from Lemma 0

Having these technical Lemmas, we can now prove the main result of
this chapter:

THEOREM 3.2.4. There is a unique ¥ € Dg with 0* o Ry = 0.

PrOOF. Again we work with some Weyl structure. We will show the
following by induction in ¢:

(*) There is a ¥; € Dp such that the curvature R of V = V+ 7, has the
property that 0* o R € D?’l. Le.: 0% o R € QY(M,End(V))! and for every
s €V one has 9*(Rs) € B

(**) If also ¥} € Dp has this property, then (¥; — ¥) € D

U, = 0 satisfies the conditions for i = 1, because B} = {0} and Ke is
homogeneous of degree > 1 by regularity of the geometry. At the end of this
induction ¥, will be the solution we sought for and will be unique.

Now assume that for 1 < ¢ < r + k we have constructed ¥;. Define

p:=—-0"'108*cR. (71)
By inductive assumption ¢ € D?‘l. Let ;11 = ¥; 4+ ¢ and consider V' =
V 4+ ¥,41 and its curvature R'. One has
R=R+dVo+ oAU, +U; Ao+ pAp=R+ AT, p).
Now Lemma [3.2.3] tells us that
m1,i+1(07(R's)) = 1,41 (9" (Rs)) + 71,41 (0" (A(¥4, 9)s)) =
= m1,i+1(0"(Rs)) + Omyipa(0) =
= 7m1,41(0*(Rs)) — Omy i1 (0710 (Rs)) = 0.
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Since, as seen in Lemma 0*oR' € QY(M,End(V))!, we therefore have
0% o R' € Dig %, which shows that W; 1 solves (*) for i + 1.

For the uniqueness part, assume that for some 2 < [ < i+ 1 an gy €
Q' (M,End(V))! has the following properties: for every s € V, s € B} and
the curvature R” of V 4 W, + n also satisfies 0*(R"s) € Bi™2.

Then R"s = R' 4+ A(¥;41,7n) and

0=m1(0"(R"s — R's)) = m1 (0" (A(Ti41,m)s)) = Omi1(n);

Invertibility of 0 on B' and induction in [ yields ns € 8?2 for every s €
V. O

Since ¥ € Dg is uniquely determined by the natural condition 0* o Ry =
0, it is natural.

REMARK 3.2.5. When one works with a torsion-free, 1-graded parabolic
geometry, the proof shows that the modification ¥ € Q(M,End(V))! ac-
tually lies in Q'(M,End(V)!): Since the filtration TM = T—1M is trivial
for g =g_1® go ® g1 1-graded, ¥ € Q'(M,End(V))! means that for every
£€X(M)=X(M)"! and s € V' one has ¥(£)s € V. Le.: ¥(¢) € End(V)?
for all € € X(M).

Having additionally that w is torsion-free means that its curvature K
sits in Q2(M, A°M) C Q*(M, AM). Then Ke is homogeneous of degree > 2
as a map from V to Ca, and so is 9* o K'e. But again it follows immediately
from TM = T—'M that Q'(M,End(V))? = QY(M,End(V)!). The first
adjustment step in the proof above (which employs a Weyl structure) is
given by

V V4o
with
@:—D_loa*oKo.

Since [ preserves homogeneities, we have p € Q'(M,End(V)!). That then
also prolongation connection ¥ lies in Q!(M, End(V)!) follows inductively:
the inductive step in the adjustment procedure employs the change in cur-
vature ((70)), and this is again seen to be of homogeneity > 2.

3.3. A natural formula

In the context of Theorem [3.2.4] it is even possible to arrive at a natu-
ral formula for ¥. This depends on the simple nature of the action of the
Kostant Laplacian J: for an 0 < ¢ < n consider gr;(By) = gr;(C1) Nim 0.
Let F' be a Gy-isotypical component of gr;(Bj). Then O, which is Go-
equivariant, preserves F'; in fact, the proof of Kostant’s version of the Bott-
Borel-Weyl Theorem even shows that [ acts by scalars on isotypical com-
ponents, and since [J is symmetric with respect to a canonical Gg-invariant
inner product on C7 and im 0* Nker 9* = {0}, we have that [J acts by a
non-zero real number on F'.

The construction of a natural formula proceeds similarly as Theorem
but now the inductive procedure will go on finer than before, namely
via the isotypical components of Bi. Let us say that for 1 < i < r + k the
space gr;(B;) has 7; € Ny isotypical Go-components F; 1,...F; . By our
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conventions on the filtration, 71 = 7.41+1 = 0. The associated bundles are
denoted F;; = G xp F;; and the space of sections of F;; is F; .

For 0 < 5 < 7; we will denote by D;z, j the space of all elements ¢ of D;;
which have the property that for every s € V the section my ;(ps) of gr;(B1)
has trivial projections to F; ji1,... Fir.

_ TuEOREM 3.3.1. There is a natural formula for the adjustment
V =V + U, U € Dg constructed in Theorem |3.2./]

Proor. We will proceed by a nested induction upward in ¢ and down-
ward in j via the following statement:

(*) For 1 <i<r+kand0<j <7 there is an ¥; ; € Dp such that the
curvature R of V. = V + ¥, ; has the property that 0* o R € ng. v, ;5 is
natural; more precisely, it is given by a formula only involving multiplications

by real numbers and compositions of the operators 9%, dV and the algebraic
commutator-bracket [, -] of (69).

We know that (*) is satisfied for i = 1,j = 0 for the trivial reason that
gri(B1) = {0} and by regularity of the geometry. Having shown (*) for
(4,0), we have in fact (*) for (¢ + 1,741). The solution we sought for will
be obtained at (r + k,0) respectively (r + &k + 1,0).

So lets assume now that we have shown (*) for (i,j) with 1 <i<r+k
and 0 < j < 7;. We form ¢ = 0% o R, with R the curvature of V 4 U, ;.
We have the natural projections 7z, , : B — i,1- By assumption, for every
s € V one has that mr,(ps) =0 for [ > j.

Assume that O acts by ¢ € R\{0} on F; ;. Take ¥; j_; := ¥;; — %go and
form

V=V - %gp = V+T,_ 1.
Note that by assumption ¢ € ng, and in particular, ¥; ;_1 € Dg.
The curvature R’ of V' is
R =R+ AWy, ).
By Lemma [3.2.3] we have

T, oa*oR':(l—g)ﬂfloﬁ*oR.

Thus it is immediately clear that 9* o R’ has only j — 1 nontrivial projections.

Also by Lemma we know that 9% o R’ sits again in D, and thus
W, i1 solves (*) for (i,j —1). O

REMARK 3.3.2. The formula constructed in Theorem [3.3.1] is natural
but not canonical: it depends on an an order on the isotypical-typical com-
ponents of Bi. The problematic terms here are the commutators [,], which
result in higher order dependence on the eigenvalue of the component one
started with. We note that in the case of a 1-graded, torsion-free geometry
these terms vanish if V= V, & V4 @ V5. That all formulas which can be
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arrived at by this procedure are equal also in the general case follows only
by uniqueness of the solution shown in Theorem [3.2.4



CHAPTER 4

Natural prolongation of first BGG-operators via
the adjusted tractor connection

4.1. Geometric prolongation of O

Given a tractor bundle V for a G or (g, P)-representation V', we have
the first BGG-operator ©g : Hy — Hi. In chapter |3| we found a natural
adjustment V. = V 4+ ¥, U € QY(M,End(V))!, such that we have com-
mutativity of the first BGG-diagram ; i.e., with the splitting operators
Lo:Ho— Vand Ly : Hi — Zi:

L1060y =V o L. (72)

THEOREM 4.1.1. Let V be a (g, P)-representation, V the associated trac-
tor bundle and V its space of sections. Let ¥ € QY(M,End(V))! be the
unique modification of the standard tractor connection V on V with the
properties

(1) ¥s €im 0* Vs € V,

(2) 0" o Ry = 0 for Ry the curvature of V + W.
constructed in Theorem |3.2.4L Then, with V =V + ¥, (V,V, Iy, Lg) is a
geometric prolongation of ©g: The maps lly : V — Ho and Lo : Ho — V
restrict to inverse isomorphisms between the space of V-parallel sections of

V and the kernel of ©¢. Since ¥ is uniquely determined by natural conditions
(1) and (2) it is natural, and so is V.

PROOF. Let s € V be such that Vs = 0. For the parallel section s one
has s = Ly HQ(s)) by construction of the first splitting operator. But by
Lemma Ly = Lo and thus s = Lo(IIp(s)). Then, by definition of ©

(see (BY)),
O0(Tlp(s)) = T (V(Lo(o(s)))) = M1(Vs)) = 0.
Conversely, let o € ker(©y) C Ho. Then, by (72),
V(Lo(0)) = L1(80(0)) = L1(0) = 0,
which proves the claim. O

The connection V on V will occasionally be referred to as the prolonga-
tion connection on V or the prolongation connection of ©g.
One immediately has the following corollary:

COROLLARY 4.1.2. Let V be a (g, P)-representation and (V,V,1Iy, Lo)
the geometric prolongation of Theorem [{.1.1. The grading of V is assumed
tobe V=Vy@ - @V, forr € N. (See[2.2.5). Then

(1) The space ker ©y C Hy has rank < dim V.

35
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(2) Every o € ker ©q is determined by its r-jet at some point.
(3) If o € ker ©q is nontrivial, its singularity set c~1({0}) has an open
dense complement.

PROOF. Let € M and let V be the prolongation connection of Theo-
rem Take some identification of V with V, and denote by Hol,(V) C
GL(V) the holonomy group of V at z. Then it is well known that the space
of parallel sections of V with respect to a V isin 1:1- correspondence with
Holx(@)—invariant elements in V; in particular, V-parallel sections are de-
termined by their value at x. This immediately shows (1). For (2), one
observes inductively that the first BGG-splitting operator Ly : Hg — V is a
differential operator of order r; thus the r-jet of o € ker © at x determines
(Loo)(z) € V,, which again determines the V-parallel section Loo as we
have just observed. To see (3), assume that for some z € M there is a neigh-
borhood on which o vanishes. Then evidently (Loo)(z) = 0, since Lg is a
differential operator. Alas, since s = Lg(o) is V-parallel, it is determined
by its value at z and therefore vanishes globally. To be precise, we assume
here that M is connected. O

We remark that the notion of r-jets used in Corollary is the usual
one and ignores the filtration of T M.

PROPOSITION 4.1.3. Let s € V such that Vs = 0. Then ¥s = 0. Other-
wise put: V-parallel sections of V are also V-parallel.

PRrROOF. We will use Theorem [3.3.1] respectively its proof. Let
p:=0%0o (Ke).
Then, since s is V-parallel and Ke is the curvature of V, one has ps = 0.

But then also (dV¢p)s = 0 and [¢, ¢]s = 0. Since ¥ is generated from ¢ by
these operations we thus have ¥s = 0. (]

REMARK 4.1.4. Of course, in general, for ¥ # 0, the converse does not
hold. Another way to see Proposition is (see also |[CapO08|, Corollary
3.5): Let s € V be V-parallel, then O (Ily(s)) = 0, and thus V(Lo(Ily(s))) =
Vs = 0 by Theorem

DEFINITION 4.1.5. Generalizing [Lei05] we say that the normal solu-
tions of

@oaéo, o € Hy

are those which split to V-parallel sections of V, i.e., we define ker,,;0¢ C
ker ©¢ by

kerpo;©®g := {0 € Ho : VLy(o) =0}.
This yields additional equations on o. For specific examples of this see
6.2l and [7.3.3]
4.2. Curvature and obstructions

4.2.1. The Curvature of the prolongation connection and ten-
sorial obstructions.
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LEMMA 4.2.1. Let R be the curvature of the adjusted connection V =
V+W. Assume that K € Q*(M, AM)!. Then, for s a section of V, one has

2,1 (RS) = projgrl(Zg) (77-2,1 (K.S)) : (73)

PROOF. In the proof of Theorem [3.2.4] we started out with a regular
parabolic geometry: By Proposition [2.2.6] regularity of the Cartan geom-
etry (G,w) is equivalent to K € Q?(M, AM)!; i.e., the curvature form K
satisfies that for all £ € X(M)? and n € X(M)’ one has K(&,n) € A M.
This condition is exactly what is needed for the map ¢ € QY(M,End(V)
defined (after choice of a Weyl structure) by ps = —[J71(9*(Kes)) to be
homogeneous of degree > 1, i.e., for ¢ to lie in Q'(M,End(V))!. Likewise,
when one starts with a curvature form K which is homogeneous of degree
> 1, | > 2, one sees that ¢ € Q'(M,End(V))!, and also the final adjust-
ment ¥ of Theorem will be homogeneous of degree > [. In this case
the induction process in the proof of Theorem [3.2.4] starts at ¢« = [, since
for s € V =V% > ... O V" arbitrary, ¢s is automatically homogeneous of
degree > I.

Now the resulting ¥ € Q'(M,End(V))! can be written as ¥ = ¢ + ¢/
with ¢’ € D, in particular, for every s € V, ¢'s € B{™. If we apply
Lemma we see that in homogeneity I, Rs = R(V + ¢ + ¢')s equals
R(V + ¢)s; but the last line of the proof of this Lemma tells us thus that
with ¢ = —[071 0 9% o (Ke)

w1 (Rs) = ma(Kes) + w1 (0(es))1 =
= m (Kes) — m (9071 (9"(Kes)))),
which is the projection of 75 ;(Kes) € gr;(C2) to gr;(Z2). O

COROLLARY 4.2.2. Let (G,w) be a 1-graded, torsion-free parabolic ge-
ometry, V a (g, P)-representation. Let R be the curvature of the adjusted
connection V =V 4+ of Theorem M With the first two BGG-operators
©1 and ©g of V we define the natural map

D Ho — gra(Ha),
P := projg,, (1) © 0 0 Oy.
Then ® is tensorial and
®(0) = m22(RLo(0)) = Projgy, (31,) (K em,0(0)) (74)
for all o € Hy.
PROOF. Let s = Lgo, then for [ = 2 gives us
m2,2(Rs) = Projgy, (11, (m2,2((K'es)))

since gry(Z2) = gry(Ha). ~

By commutativity of (67), we have Res = dV(V(s)) = L2(61(8¢(0))),
which gives (74)). Since ms2(Kes) only depends on o = 7o (s) the map ®
is indeed tensorial. O

By construction, ® is in tensorial obstruction map in the sense that
ker ©g C ker ®. Of course, this is only interesting when gry(Hz) # {}.
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In the next two chapters [b] and [6] we will treat examples from projective
and conformal geometry and calculate this map explicitly.

REMARK 4.2.3. One can obtain stronger obstructions when one works on
the tractor bundle; this is analogous to the constructions of Gover-Nurowski
in [GNO0G6|. Fix some Weyl structure. Then we can couple the the prolon-
gation connection V on the tractor bundle V with the Weyl connection D
on T* M; we will denote the coupled connection on tensor products of T*M
with V by V.IfseVisa parallel with respect to V then necessarily Rs = 0
with R the curvature of the prolongation connection V. For & € X(M) we
then have 0 = V¢(Rs) = (V¢R)s + R(Ves). But the last summand van-

ishes by parallelicity of s, and thus we see inductively that (@kR)s =0
for all £ > 0. Therefore this system of equations is a necessary condition
for a section s € V to be a parallel section. This system of obstructions is
invariant in the following sense: if the first [ — 1 expressions vanish, then
the [-th expression doesn’t depend on the choice of Weyl structure resp.
Weyl connection. Again, analogous to the constructions in [GINOG| one
can form determinant-like expressions which are then conformally invariant
sequences of functions which determine injectivity of the maps (VFR) and
thus obstruct existence of V-parallel tractors. While it is clear that one can
compute these expressions, this would, a priori, yield quite unmanageable
formulas in the general case.

4.3. Infinitesimal automorphisms of parabolic geometries.

In this section we relate the prolongation connections one obtains by the
method presented above to those constructed in |Cap08] for the special case
of adjoint tractor bundles. Nothing new is contained here, but it is useful
to recall this case here for later applications in chapter

Since G — M is a P-principal bundle over M and the geometric structure
is encoded in the Cartan connection form w € Q(G,g), one defines an
automorphism of (G,w) as a P-equivariant diffeomorphism ¥ of G preserving
w, as was done in (10). The set of infinitesimal automorphisms is defined
by

inf.aut.(G,w) := {€ € X(M)": Lew =0}
Thus the Lie algebra aut(G,w) (see (11)) of the automorphism group of
(G,w) is formed by the complete vector fields in inf.aut.(G,w).
It was shown in [Cap08] that infinitesimal automorphisms of w are in

1:1-correspondence with adjoint tractors s € I'(AM ) which are parallel with
respect to the modified connection

Vs = Vs 4+ K(IT4(s), -). (75)
Here one employs the natural projection
OA: AM =G xpg— G xpg/p=TM

which projects s € T'(AM) to a vector field TI(s) € X(M) on M and
thus allows for the insertions of adjoint tractors into the curvature form
K € Q*(M, AM).
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Recall that w : TG — g is a P-equivariant trivialization of T'G, and thus,
for a ¢ € inf.aut.(G,w), the function f =wo & : G — g is P-equivariant. f
therefore defines a section of the adjoint tractor bundle AM =G xp g.

We have an explicit formula for the tractor connection V4 on AM, see
([5): To compute V;;‘s for n € X(M) and s € T'(AM) we take a P-invariant
lift ’ € X(G) of n and let s € T'(AM) be the adjoint tractor corresponding
to f € C®(G,g)". Then V;fs corresponds to the P-equivariant map

u = - w(€) + [wa(n'), wau(8)]- (76)

PROPOSITION 4.3.1 (|[CapO08|). Let s € T'(AM) be the adjoint tractor
corresponding to the P-invariant vector field € € X(G)F. Then

Lew =0 iff Vi's + K(I14(s),n) = 0 ¥y € X(M).

Le., £ € inf.aut.(G,w) if and only if the corresponding adjoint tractor s =
s¢ € I'(AM) is parallel with respect to the connection

VAs = VAs + K (II4(s), -). (77)

PROOF. It is a standard formula that £L¢ = i¢od +doi¢ as a differential
operator on forms. Thus, with i’ € X(G)" a P-equivariant vector field which
then factorizes to a field n € X(M),

(Lew)(n') = (igdw)(n') + dw() (1) = dw(&,n) + 1 - w(E).

Now use that K € Q?(M, AM) was defined as the quotient of the horizontal,
P-equivariant form Q € QF_ (G,g)" defined in (13), which is:

hor

Q& n) = dw(&n') + [w(E),w(n)].
We can thus rewrite dw(&,n’) as Q(&,7) + [w(n'),w(&)]. Therefore
Lew(n') =" w(&) + [w(n), w(@)] + Q& ).

But now Q(&,7) corresponds to K (II4(s),n) and according to the P-
equivariant function 1’ - w(§) + [w(n'),w(&)] corresponds to V,]As. O

Let us now compare this modification to the one obtained by our proce-
dure: Let R be the curvature of the modified connection V of . Then it
is shown in Lemma 3.3, [CapO08] that for an adjoint tractor s € AM one has
Rs = DYK € Q*(M, AM), with D¥ the fundamental derivative of
Thus, if (G,w) is normal, i.e, * K = 0, by naturality of D% one has

0*(Rs) = 0" (DYK) = D*(9*(K)) = D0 = 0.

Le, Ws = ipa(,) K satisfies condition , namely 0* o Ry = 0" o R = 0.

We have that Ho = AM/(AM)~*+1 = TM/TM~**1. With the first
BGG-splitting operator Ly : Hyo — AM of V and the first BGG-operator
Oy : Ho — H; the proof of Proposition shows that (AM, v, 1o, I:O) is
a geometric prolongation of ©. In particular, the operator O constructed
via V has as its kernel the space of infinitesimal automorphisms of w.

Let us assume that (G,w) is torsion-free, i.e., K € Q?(M, A°M). More-
over, we demand that the H; resp. H; = Hi(p4,g) is concentrated in
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non-positive homogeneity: The condition on H; = Hi(p4,g) means that
H2(Z3(p4,9)) = {0}. Tt is shown in Theorem 3.4 of [Cap08], that

U= K(IA(),): V- QY (M, AM) = ¢,

has values in By = im 0*. By uniqueness of ¥ with 0* o Rg = 0 and
Us € im 0 Vs € V, we see that in this case Us = i) K coincides with

the solution provided by Theorem and VAM = VAM LK is the
geometric prolongation of the (usual) first BGG-operator ©¢ : Hy — H;.
That Hi(p4,g) is concentrated in non-positive homogeneity is satisfied for
parabolic geometries other than projective and contact projective structures
(cf. [CS09)]).

In chapter m we will employ the following corollary (Lemma 4.10 in
[Capo8)),

COROLLARY 4.3.2. If (G,w) is regular, normal, torsion-free and Hy is
concentrated in non-positive homogeneity, every VM _parallel section of
AM inserts trivially into the curvature form K € Q*(M, AM).

PROOF. We just observed that under the given conditions the modifica-
tion K (II(-), -) agrees with the modification ¥ constructed in Theorem
Thus the claim follows immediately from Proposition O

Recall that VAM_parallel sections of AM are in 1:1-correspondence with
kerpor(©) be Definition These are the normal infinitesimal automor-
phisms.



CHAPTER 5

Explicit examples of prolongations in projective
geometry

5.0.1. Index notation. Before we start with examples in projective
geometry we introduce some general notation which will be very useful for
all explicit calculations occurring in chapters[5] [6land[7] This index notation
is derived from [GSO08], which is itself a version of the so called Penrose
abstract index notation (cf. [PR87]):

We denote the tangent bundle by E¢ = T'M and the cotangent bundle
by E, = T*M. Tensor products are written by sequences of indices, e.g.,

Eal...aiblmbj — @ITM ® QI T M
or
T"M@TM@T*M =E," .
Symmetric powers will be denoted by round brackets,
S*T*M = E(q),
exterior powers by square brackets, e.g,
T*M @ A*T*M = E 4, ..q,)-

The space of sections of E* (with % being a placeholder for some indices)
is &% := IT'(E*) and the modelling vector space will be denoted E*. The
space of vector fields is thus £¢ = X(M) = I'(TM) and one forms are &, =
QY(M) =T(T*M). For an n-dimensional manifold E* = R", E* = (R")*.

Taking traces is done by using the same symbol for an upper and a
lower index, resembling the Einstein sum convention for usual indices: for
instance, when ¢ € &,°, then ,” € C®°(M) is the trace of ¢. A subscript
0 will denote complete trace-freeness, e.g.:

Eoufy = {6 € TN (T"M) @ TM)) : ¢,,7 = 0},

When T'M is endowed with a metric g € £ we can also contract two

(ab)

lower or two upper indices, e.g., with g~ € & the inverse of g, we have

GpggP? = dim(M).
A subscript ® will denote the highest weight parts (with respect to the
structure group of the geometry), e.g.:

Eofaje = {0 ETANH(T*M) @ T*M) : ¢"apg = 0 and Gpapg = 0}.
Brackets around indices of a section will denote projections to the corre-
sponding spaces: for instance, if Yape = @ € Egpe = @3T*M, then Plable =
3 (Pabe — Prac) € Elatie-

41
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Both for projective and conformal structures there is an adapted notion
of densities, and the corresponding rank 1-line bundles will be denoted by
E[w] for w € R; its space of sections is again £[w] and the modelling 1-
dimensional representations are denoted R[w]. Instead of E,;, ® E[w] we will
simply write Eg[w].

5.1. Projective Structures

Let M be a manifold of dimension n > 2 endowed with a projective
class of linear, torsion-free connections [D]; here D and D are projectively
equivalent if there is a T, € &, such that for wy € & (cf. e.g. [BEG94] or
[Eas08]))

Dowy = Dawpy — Tawp — Tpwa (78)
resp. for £% € £¢
Do€® = Do’ + Tal + T,E06,;

here & = idpys is the Kronecker-symbol for the identity on T'M. We re-
mark that this transformation is such that projectively equivalent connec-
tions have the same geodesics up to reparametrization. As in [EMO07] and
[BEG94] we will restrict ourselves to projective equivalence classes of affine,
torsion-free connections D which induce the flat connection on the bundle of
n-forms Q"(M) = £4,...q,)- There is a simple proof in [EMO07] which shows
that for a torsion-free connection D this is equivalent to symmetry of the
Schouten tensor of D defined below in (82)).

There is a unique normal Cartan geometry (G,w) on M of type
(G,P) = (SL(n + 1), P) which induces the given projective equivalence
class of connections on (the oriented bundle) TM. P can be realized as
the stabilizer of the ray through the first canonical basis vector of R"*+1,
explicitly,

pP= {<8 fjl) :a € R\{0}, A € GL(n),v € R™ with aDetA = 1}.
G/ P is then seen to be projective n-space RP™.
The Lie algebra g = sl(n + 1) is 1-graded
g=0-19g ®g =R"®gl(n) & (R")",
where an element X @ A @ ¢ € g for A € sl(n) corresponds to the matrix

0 —p
(¥ %) (79)
and I, € gl(n) embeds in g as

_n
- ::< o 1]1”); (80)

E is the grading element of g introduced in [2.2:1} it is uniquely determined
by ad(E)|q, = iidg,.

With this convention the adjoint actions of Gop = GL(n) C SL(n+ 1) on
g—1 = R™ and g1 = (R™)* are the standard representation and its dual. As
an abelian Lie group the subgroup P4 of P formed by all unipotent matrices
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is seen to be isomorphic to g; = (R™)*, and since P; is a normal subgroup
of P one gets the semidirect decomposition P = SL(n) x (R™)*.

The P-associated bundle to the 1-dimensional representation which in-
finitesimally maps I, to multiplication with w5 is denoted by Efw]-its
space of sections E[w] is the space of projective w-densities.

5.1.1. The adjoint tractor bundle and curvature. The curvature
of the Cartan connection form w € Q'(G, sl(n+1)) can be viewed as a section
K of E¢,c, ® AM, with AM = G xp g the adjoint tractor bundle. Via a
connection D € [D] which induces the flat connection on &, ...q,], one has
according to and an isomorphism of AM = G xp sl(n + 1) with

[AM]p = {(2 —/f) for ¢ € Eq, € € B, A € Eg%}

—-n 0
0 &%
Then the curvature is given by

0 —A
K= acLe2 81
<O Cclcgab> ( )
with A the Cotton-York tensor and C' the (projectively invariant) Weyl

curvature.
Let R be the curvature of D. With the Schouten tensor P € &),

! R P (82)

Pab:n_1 pa b

one has

Coys = Royoly + Perpll, — Peypd?

cicep T Trcic2 p c1?

Aach = 2D[c1 Pcﬂa-
Using and the differential Bianchi identity D},C

a
ciea] b

(83)

= 0 one obtains

D,C P =(n—2)Apccy-

cice b T

We will later use that the Schouten tensor transforms as
Puy = Pay — DTy + Y, Ty, (84)

under a transformation D ~» D corresponding to Y.
Recall that if V. = G xp V is some tractor bundle corresponding to a
(g, P)-representation on V, the map

gV =",
(Zv)— Z-v
is P-equivariant and defines an algebraic action of the adjoint tractor bundle
AM @V =V,
(s,v) — sev.

Via the inclusions E* — AM and E, — AM we can also act on V by T'M
and T* M.
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5.1.2. A brief summary of the necessary steps involved in some
explicit computations of tractor connections, BGG-splitting oper-
ators and first BGG-operators.

REMARK 5.1.1. It turned out in chapter [2] section that one pro-
ceeds as follows: first, one chooses a Weyl structure o : Gg — G, i.e., a
Go-equivariant splitting of II : G — Gy. In the case of projective structures
every choice of D € [D] yields such a reduction. This provides a reduction
of structure group of every P-associated bundle to Gy, recall (32). In par-
ticular, one obtains an isomorphism between gr(C;) = gr(A'T*M ® V) and
C;, and therewith the algebraic differential 9 : C; — Cjy1. After inclusion
of TM and T*M into AM one obtains actions e of these spaces on V. After
having calculated these, one immediately obtains a formula for the tractor
connection V, since V = 0 + D + Pe. Moreover, according to and
we can express 0% : Cyj;1 — C; via the algebraic action e of T*M. Having 0
and 0%, we can compute (1= 0o 0* + 0* 0 J and its inverse. This will allow
us to compute the first splitting operator Ly and the first BGG-operator Oy.
In the examples below.

5.1.3. The Lie algebra differentials. Let now V be an arbitrary
(sl(n+1), P)-representation. In we introduced Lie algebra differentials
0 and 0" on the chain spaces Cf := Ej, ..., ® V. Since g is 1-graded,
g— and g4 are pointwise abelian Lie algebras the formulas for Lie algebra
differentials 0 and 0* introduced simplify:

For p € C), = Afg* ® V and Xo,..., X;, € g_ we have (after choice of
D e [D],

k
j=0

The Kostant codifferential 0* : Cy; — C% is given by

k
(VoA AY@v) = (=) A AV A AY® (V). (86)
7=0

for v e V,Yp,...,Y; € QY(M).

One has 0o 0 = 0" 0 0* = 0. We recall that it is a consequence of a
general result by Kostant ([Kos61]), that 0 and 0* are naturally adjoint
with respect to a (pointwise) inner product on the chain spaces Cp. This
gives a Hodge decomposition

Cr =1m 0 @ kerJ @ im 0* (87)

with = 000"+ 0% 0 0.

It is a crucial fact that 0* is P-invariant, in contrast to d, which is only
Go = SL(n)-invariant. We use 0* to define the spaces Zj = ker 0*NCy,By, =
im 0*NCy, and Hy, = Zj,/ By. Using the Hodge decomposition, one can embed
Hy, as ker C Cy as a GL(n)-submodule. The corresponding P-associated
spaces to Z, By and Hj are denoted by Zj, By and Hy. Their spaces of
sections are Zi, By and Hy.
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5.1.3.1. The projective standard tractor bundle S. The projective stan-
dard tractor bundle E4 := S is associated to the standard representation of
P =GL(n) x (R")* C SL(n+ 1) on E4 :=V := R**L,

As discussed in Remark we associate to V' the Dynkin diagram of
sl(n + 1) (or rather its complexification) and we write the coefficient of the
fundamental weight of the complexified dual representation (C"!)* over
each node. Thus, V corresponds to

This notation is useful for employing the algorithms of [BE89] for computing
the homologies H.(p4, V), which we won’t discuss here.
With respect to a choice of D € [D] we have that S decomposes as

8o = (m ) (38)

The space of sections of S is denoted S. Let s € E4 = R™*! be given by
s = <J’Oa> € for p € R[—1] and 0 € E*[~1]. Then for X? € EP = R" Y}, €

B, = (R")"
v (2)-(%)
o (2)- (7).

This gives the action e of AM resp. TM and T*M on V, which depends
on D € [D] for TM. For s € S with

1= (1)
it follows from that one has for D given by for a Y, € E, that
—Y.oP
1= ("7

Now, having chosen a D € [D], we have according to [2.2.7.1
O(v)(X) = Xev, forve V,, X € T, M.

p E-11Y _
<0_a> € (Sa[—l] C T [S]D
The tractor connection V = 9+ D + Pe on E4 is
VS P _ Dcp - Pcpgp
C O.(l Dco.a +p50a )
The curvature R of V¥ is given by the algebraic action of K € Q*(M, AM)
on S: one has for s € S that R°s = Kes. (Cf. (7).

Let



46 5. EXPLICIT EXAMPLES OF PROLONGATIONS IN PROJECTIVE GEOMETRY

The first BGG-splitting operator Lj : £2[—1] — S is now computed as
follows. In the first step one simply has the inclusion

LY : 0% — <00a> .

Composing this with the tractor connection we have
S/r0 - —P.,0P
o V2 (Ly(o)) = ( Dccgp ) .
In 2.2.7.1| we saw that for p € C; = E. ® V, 0"(¢) = —e(¢p), which is the
action of the E.-slot of E. ® V on V. Therefore
—D,oP

oo = (7).

Now 0= 0*00 on V is easily computed to be

—-n
0 )
and thus, 071 00" o Vo0 L] : £2[~1] — V is given by

1
_1p gp
a n—P

which gives the complete first splitting operator
Ly : £9-1] — S,

LDpo?

——Dyo

o nr .
o

Having this, we can compute O35 = IT;0V 0L: First, we observe (either cal-
culate it directly or use Kostant’s algorithm [Kos61]), that Hy = & [—1].
Then

05+ £-1) — £ 1]
1
0% +— Deo® — =6Dpo?.
n

Thus, ker @g consists of vector fields which are mapped to multiples of the
identity by D.

Denoting the dual of the standard tractor bundle S = E4 by S* = E4
we can regard the action of the curvature K, e on E4 as an element of
£ ¢ . By , this action is given by

p1p2 D-
_ q
Ky <P>:< AQPIPQU)
102 a a ~q .
g Cpips'q®

Composing this with 9* : Splp‘;‘

oo (ko 2 )) = (™). (59)

which vanishes by trace-freeness of the Weyl curvature tensor C. Thus V*
already satisfies condition 0* o (K'e) = 0 introduced in Therefore, ac-
cording to Theorem V¥ is the prolongation connection for the equation
0=0§0* = D.o® — 16 2D,0P on 0 € £91].

A .
— &, gives
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5.1.4. The dual standard tractor bundle. The dual standard trac-
tor bundle, corresponding to the diagram
1 0 0 0
K—O--0O--0O ’
is S* = E4; with respect to a connection D € [D] it decomposes into
- (31)
Dually to the case of the standard tractor bundle, we have the following
actions: Let s = <¢;a> € Ex = (R")* for o0 € R[1] and ¢, € E,[1]. Then,
with X? € EP =R", Y, € E, = (R")* one has

(2)-(h)
(3)-(3)

Thus the tractor connection is given by

VS* Pa _ DCSOa + Pego
¢ o D.o — ¢, ’

()< (Bl -

Then, for D € [D] given by for T, € Eg, one has

[s]p = <% i Ta) :

Since the computations are completely analogous to the previous case, we
just state the results: The first splitting operator is

Ly &[] — 87,
(%)
o —
o
and with Hy = &(4)[1] we obtain

Of &) = EanlL],
o +— DyDyo + oPg.

Let s € S* with

Similarly to the previous case of the projective standard tractor bundle, it
is again easy to see that V° is already the prolongation connection of the

equation @g*a L 0,0 € &[1]. In particular, according to Corollary
every nontrivial solution o € £[1] of this equation is non-vanishing on an
open dense subset.

Let therefore 0 # o € ker©35" C &[1] and set U = {x € M : o(x) # 0}.
Let ¢ € C*°(M) be the trivialization of o € £[1] and take the 1-form

1
Ta = Da(log H)
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on U and consider the projectively equivalent connection D, (78). Then
Y,=-6"'D,5,
D, Yy =5"2(Du5)(Dy5) — 5 *DyDya,
Yoy = 0 *(Da0)(Dy0)

and thus, according to , P =0. Le.: On U the projectively equivalent
connection D is Ricci-flat.

5.1.5. The adjoint tractor bundle. Let us now treat the adjoint
bundle AM

AM = sl(S) = (S® S*)g = E¢’',
which corressponds to the diagram
1 0 0 1
HK—O--0—0O.
Define

T = <(1)) ®leSoR[], 7 = <(1)) ® 1€ S* @R[-1].
Choosing D € [D], we have decompositions and , and can use Tf
and 75" to define sections 79 € I'(S ® E[1]), 75" € I'(S ® E[-1]), which
correspond to the respective inclusions of E[—1] into the top slot of
and E[1] into the bottom slot of (90).

They allow us to decompose

gry (-AM) E,
[AM]p = | gro(AM) | = | E[0] | Eof,
gr_q (AM) E¢

via the associated bundle maps to

SDaEEa'_’Tf@QSDa

leR— —— TE®T§*+ 0%
n

+1 n+1
1% € Eo% — 1%
" CcE' o7,

To be precise, the identification of E* with gr_;(g) = g—1 = E® used here
employes the embedding E* — S ® R[1], which yields the embedding % €
E— o271 € (SoR[1])®(S®R[-1]) = S®S5*, and completely similarly
for the other components.

In this picture, X? € E? and Y}, € E, act on g by

Pa 0
XV pluy ) = B XPe, | (X0p)o
o? —pX“—gp‘;Xp
Pa _lea_,upa}/p
Yoo (ol uhy| =5 a?Yl (%) |
a

o 0
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and this yields

Pa —(n+ 1)y,
Olpluh | ={-m+Dpl —u
o? 0

It is now straightforward to compute the tractor connection and the first
BGG-splitting operator:

A 90(1 Dcﬁpa_ppca_PcpMpa
vc 1% ‘ ,u/ab - Dcp+nT+1Pcp0'p+nT+l<Pc ‘ Dc#ab+1;ca0'b_%Pcpa'pat},‘i‘(sac@b_%Wc(sab
a D.o%—pst — @
g c PO c—He

Lyt £ = T(AM),
— 7 (DpDyo? + 2Pgy0P)
o — %Dpap | (Dac®)o
O.a
Employing Kostant’s algorithm [Kos61], one finds that Hy = Ep(,,. An
element y . € EO(alS includes into p+ ® go C p4 ® g = C via

0
/J’caf7 = 0 | /‘Lca{) € EC®EUG€)
0

Now one computes that for a o € £ the lowest slot of VA(Lg!(c)) vanishes
and the I'(E.® Eg)-component is given by (DqDyo®+ Pyy)o, with subscript
0 denoting the complete trace-free part. Now im 0* C F. ® anb is easily
seen to consist of those elements in E. ® Eocf’ which are alternating in ¢ and
a. Therefore

o & — €0 (ap)»
0% — (D(an)O'c + Pabdc)o.

The infinitesimal symmetries of the projective structure are those vector
fields whose flows preserve the projective class of linear connections; they
are also called projective vector fields. Since the homological condition
2(Z3(py,g)) = {0} is not satisfied for projective structures (see, oy is
not the operator governing projective vector fields. To obtain this operator,
one needs to form the first BGG-operator of the tractor connection VA +iK
with K the curvature . One finds that this yields the operator

% — (D(an)O'c + PabUc)o + Cp(acb)ap.

Observe that Cp(acb) o? already lies in 50( ab‘)” by complete trace-freeness of the
Weyl curvature C.

5.2. Metrization of conformal structures

In [EMO7] M. Eastwood and V. Matveev gave an explicit prolongation
of an overdetermined equation in projective geometry which governs the
metrizability of a projective class of metrics. The authors also construct a
prolongation connection for this system. We will show how our algorithm
of chapter [3| can be applied in this case.



50 5. EXPLICIT EXAMPLES OF PROLONGATIONS IN PROJECTIVE GEOMETRY

We are going to construct the prolongation of the BGG-operator of the
tractor bundle V associated to the second symmetric power E4 =V :=
S2R™ 1 of the standard representation of P on R™*!, which corresponds to
the diagram

0 0 0 2
X----0r---0—0,

Looking at the Hasse diagram of (g, P) and employing Kostant’s Version
of the Bott-Borel-Weyl theorem [Kos61] one sees that with respect to a
connection in the projective class the resulting first BGG-operator ©g :
Ho — Hy is

Qp : EL)[—2] — & b)[-2],

O_ab N (Dco_ab)O‘

One could also proceed as in and compute this directly.
We will write

] E[-2]
EA = EUB) — | po[-2]
Elab)[-2]

via the following identification: Let %, n® € E*[—1]:

0 AB

A B B A
)~ G0 G) e
O.(an/ g n o n

b)
For o0 = eo’ with ¢’ € E*[—1] and ¢ € R[-1],

AB

0 0 A B 0 B A
o) =() () +(5) () ==
0 o 0 o 0

ee’ NA B (AB)
0 0 0

An element s € EA = V will be written

p E[-2] Va
s=|p) el BU-2 | = (W], (91)
Uab E(ab) [_2] VO

One can project to the lowest and include the highest slot P-equivariantly.
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As in the previous section it is completely straightforward to compute
the actions of £* = R™ and E, =R,, on V: For X¢ € E* Y, € E, one has

P 0
X | pr | = pX@ ,
ob X(aub)
p —2Y,uP
Yo | u* | = [ —2Y,0"
o 0

This allows us to compute the Lie algebra differentials 0 and 9*, which we
will only need on the first chain spaces:

p 5 0
ue — polt | .
o, el )
Pe 5 0
1168 <, 25[61(1[)62]
a0 201¢, (a1 Heg) a2)
Pc py —2ppP
e g —2g,7
o 0
Peico 5+ 2faep?
Leres® — 20,7
Ocicy ab, 0

As Gy-representations, Vo, V; and p4 ® Vs are irreducible and are contained
in the image of 9*; p+ ® V1 decomposes into the trace-free part im 0*NpL @V
and the trace part which lies in the image of 0. The Kostant Laplacian [
acts by multiplication by the scalars

—2n
—(n+1)
0

on V| by multiplication with —2(n—1) on p; ® V5 and by multiplication with
—n on the trace-free part of p; ® V4. This is all the algebraic information
we need to calculate the splitting operators and the prolongation.

Now take a D € [D]. Then a section s € V decomposes to

p &[-2]
[slp={ w* | €| €*[-2] (92)
o@b g(ab) [_2]

If we transform D ~ D for a Y, € &, then according to ,

p—2YpuP + Y1 ,T 0P
[s]p = pt —2Y 0P . (93)
Uab
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The tractor connection V on V is easily calculated with the above actions
of E, and E® on V together with the formula V = D + 0 4 Pe:

4 Dep —2Pcqp
V1w ] =|Dep*— QPCbO-ab + péca
gab DCO'ab + 5c(a,ub)

It is then straightforward to calculate that the first splitting operator Ly :
Hy — V is given by

1 pg 4. 1 pq
n(n+1)DPD110 + 5, Ppeo
_ 1 pa
T Dyo

Jab

olab)

5.2.1. Prolongation. The prolongation procedure is also straightfor-
ward enough: The action of the curvature K € Q2(M, AM) is given by

0 _2Apclczﬂp
Koo | 0 | = [ —24peien 0™ + Cp o pi? (94)
o b 2Cclc(2alpaa2)p
Therefore we define
0 0 0 0
Uil 0 ]):= | =-00" (Ke| 0 |)) = %C’Cp“qapq
Uab 0 O_ab 0

Now the curvature of the modified connection V + ¥y is
R=Ke+dV¥,
since U1 A Wy vanishes. For &1,&, € X(M) and s € V

(@VW1)s(&1, &) = (95)
= Vg, (P1(&2)s) — V1(£2) (Ve 8) — Ve, (P1(61)s) + V1(61) (Ve s) — Wa([§1, &2])s.

We may expand and write (dV¥y)s as

De¢, (V1(&2)0) — W1(&2)(De,0) — De, (¥1(61)0) + W1(&1)(Dey0)
) =W ([6r, &2))e B ;
—W1(82)0, ¢ + W1(61)0g, 0 — W1(&2) 0, po + W1(61) O, 1t
O, V1(&2)0 — 0, W1 (&1)o
(96)

where we don’t care about the top component since it will vanish after an ap-
plication of 9*. The lowest component is simply d(¥10) = —00~10*(Keo).
Thus 0*(Rs) lies in the top slot (i.e., in homogeneity 1). So our first ad-
justment had the effect of moving the expression 9* o R one slot higher, and
0* o R only has values in the top slot.

The new connection V + ¥y has the following curvature R = Ry, in
the middle slot: From we obtain the terms 2D, ¥y, and (via an
application of the algebraic Bianchi identity for C), C,, .5 ,u*. By ([©4)), the
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contribution of Kes to the middle slot is —2A,,¢,0"* + C,

e pt? - I total,
we obtain the action of the curvature R = Ry, :

p *
;ﬂb H %(D[Q Ccﬂpa q)qu = 2Apey,0™ + 2CC1cza p“p
O'a *

Here the lowest slot is by construction in the kernel of 0* and the highest
slot aways lies in ker 0*. Now define

p 1 p
o | p ])=-0"0"((Ru, (| & |))
O_ab O.ab

Using D,Ce,cf o = (n — 2)Ageye, and trace-freeness of C' we calculate

P — 5 Apego??
\112( /ﬂ ) = 0
o 0
we have that ¥ = Uy + ¥y € I'(E. ® End(V)) is given by
,oa 9 —2Agcqa”q
pe | e Cpo? | . (97)

o_ab

Now, with Ry the curvature of V = V + U, one has by construction 9* o
Ry = 0. Thus,by Theorem V is the prolongation connection for

(Deo®™)o = 0.

5.2.2. Projective invariance. The Theorem also tells us that V is
natural and therefore doesn’t depend on the choice of D € [D] used to
construct it. In this case this is easy to see directly:

Let D € [D] be the modified connection of corresponding to Y, €
E,. We use to find

Acab = Acab + Tpc b (98)

ab ¢’

Let ¥ € Q'(M,End(V)) be the adjustment map calculated with respect to
to D. R

Take s € V. Then ¥ only depends on I(s) = o, and since C' is projec-
tively invariant and A transforms according to (98]) we have
—2Apeqo? = 20, C,

C,,%,0"
0

On the other hand, if we first calculate ¥[s]p with and then transform
according to , the middle slot doesn’t change and the top slot changes

by —27,C,,',, which shows projective invariance directly.

2
n

REMARK 5.2.1. One can ask whether a given class of projective equiv-
alence class of connections [D] contains the Levi-Civita connection of some
Riemannian metric g. It is shown in [EMO7] that, for a D € [D] which
has a parallel volume form, such Riemannian metrics correspond to positive
definite 0% € £ [-2] with ©go = (Do) = 0.
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5.3. SZA2S*

We now treat a more complicated example. Let V' be the highest weight
part of

52A2Rn+1
which corresponds to the diagram
0 2 0 0

HK—O0—O-O,

and V =G xp V. Then V C S?A%S*, and we will treat the corresponding
prolongation problem. Recall . We will write

Elap[2]
—c
via the following identification: Let 04,0, € E,[1]:

)0 0),06),-6),0),
< 0 AB 0 A 0 B 0 B 0 A A7

For o = eo’ with o’ € E,[1] and ¢ € R[1],
), (0),0),-(2),0)
<0AB 0)4\¢/)p 0)5\e/)4 A7)

E ap)ea[4]
E;=FEoa,4,) = | Eou.ld
E(ab) [4]

We define

Here we use the following identification: For o,0” € Epy[2], o, ¢ € Eq[2],

%%+M?€%mw (o N (o o\
N0/ 0/« 0/ - 0/’
0 i Ay Az Az Ay
) =(5), (), (), (0),.
ab¥c = )
0 i 0 Ay ¥ Ay 0 Ag ¥ Ay
0

) =000,
%O(aSO;,) i Y) i, \¥/ 4, Y) i, \¥P /4,

The space Eq4.q has Young diagram (see e.g. [Ful97]) H}, and Qgped €
Elapjca) actually lies in Eg,y.q iff the alternation over any three indices
vanishes, which already implies the symmetry ©upcd = Pedap- The Young

diagram of Eoqy)c 18 Bj and fiape € Egp)e lies in Eg gy, it @apg = 0. We
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thus write, employing Young tableaux schematically,

Vo Eo [abjeq [4] a5
V=|W|:=1| Eouldl | = B]
Vo E(ab) [4] 1]

Recall from [5.1] that the actions of E* and E, on E4 are:

v (2), (),
(), (),

On E; = Ej4p] one acts via:

e
=
3
5
=
@

And finally, on E; = Eg (A

¢abcd 0
XP. Habe = _2¢abchp € E@ [ab]c[4] ;

Oab +2Xpﬂp(ab) € E(ab)
¢abcd :U’ab[ci/p] + ,U/cp[aifb] € E@ [ab][cp] [4]
Yp . Habe = —2Y[p0'a]b € E@[pa]b[4]
Tab 0
We can therefore calculate the differentials 9 and 0*:
(babcd 0
O | tave | = | —20abep € Eopc/4]
Oab / 4 2:U’p(ab) € E(ab) [4]
¢p2abcd 0
Oy | Hpgabe | = | —49p1p21car € Eopap)c4]
Opaab | 4 _4M[p1p2](ab) € E(ab) [4} A
¢pabcd %(Mpabc — Heabp T Hbcpa — Nacpb) € Eo [ab][cp] [4]
a* //fpabc = _Upab + Uapb € E@ [pa]b[4
Opab | 4 0 A
®p1paabed %(Mmpzabc — Hpicabpy T Hpibepra — /‘placmb) € Eg [ad][cp2] [4]
0 Hpiprabe = —Opipaab + Oprapsb € Eo [p2alb

Opipeab J 4

Then 00 = 0 0 " 4+ 3" 0 J acts by the scalar multiplications

p —4p
Oflp] =1-3u
o 0

on V.
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In schematic Young-diagram notation the space E. ® V splits into the

following components :
Ho
Ty & T
E.@V=|Ma&Ma®&M| = @3@ @H:D . (99)
Ly @ Lo H}
HlerrD

The projections to the irreducible components of an

¢pabcd i
S =1 HMpabe € Ep
Opab

are:

Projr, (épabed) = i(2¢pabcd + Gcabdp + Pbacdp + Pabdep — Pdabep — DPbadep — Pabedp)
Projr, (épabed) = i(ZQSpabcd — Gcabdp — Pbacdp — Pabdep + DPdabep + Pbadep + Pabedp)
Projay, (Hpabe) = é(gﬂpabc + 2ptabpe + 2bpac + Hbpea — Hapeb — Heabp)

. 1
proj Mo (,Ufpabc) = z(ﬂpabc — Mcabp + Mbepa — Macpb)

. 1
Projaz, (,Ufpabc) = é(?’upabc + 3Mcabp - 2Mabpc - 2Mbcpa - 2,Ufbpac + 2,U'acpb — Mbpca + Mapcb)
prole (Upab) = Opab — O (pab)
prOjLz (Upab) = O(pab)-
One finds that Ly = Hy =kerd, L1 ® My =im 0 and T1 & Ty ® M1 & Mg =
im 0* = Bj;. We only need the Kostant Laplacian on B; = im 9*: On
T1 & 15 the Kostant Laplacian acts by —6idr, & —2idp, and on M; & Ms it
acts by —6idys, © —2idpy,.
Let us now fix some D € [D]. An element s € £; corresponding to

¢abcd
[S]D = Habe
Oab
transforms to
éabcd Gabed + Mab[ch] + Mcd[aTb] + TaT[cO'd}b - TbT[cUd]a
[S]b = | fabe | = Habe — 2T[ao'b]c
Tab Oab

(100)

under the change D ~~ D given by with T, € &,.
The tractor connection on V is given by

Pabed ngbade + ,uab[cPd]p + Mcd[an}p
[va]D = vp Habe = Dp,ufabc - 2¢abcp - 2Pp[a0'b}c
Oab Dpaab + 2Mp(ab)
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Recall that the curvature form of w is

K — /0 ‘ AaPlPZ\
ppe \O ‘ Png b}
Thus
(babcd
Kp1p2.5 = Kp1p2. Habe =
Oab

q
_20p1p2 [a(bb]qu +2 p1p2 [C¢d]qab + Hab| ]Ad]mpz + :ucd[aAb]plpz
- QCplpzq[a'ub]qC — “pip2 c,uabq - 2A[a\p1p2\o-b}c

o Cpmz( b)g
Calculating
0
Uy = _D_l(a*(chz. 0 ))
Oab
we obtain
0
vi(| 0 ))=
Oab
1 1 q 1 q
- 120;00 a0bq + C pe b0aq + Cpa c - gcpb Faq — ZCab cIpq
5 q
+ C pa v9cq — 12Cpb a9cq € gpdbc[4]'

Changing of V to V + ¥, changes the curvature K to R = Ry, = K +
dVwl + [\Ifl,\Ill], and the commutator expression vanishes. The terms in
dVW! involving the Schouten tensor are either trivial or lie in the top slot of
E. ¢, ® V, which is contained in the kernel of 9*. The terms in the middle
slot of

¢abcd
(Ko +dVW! + [T W) [ ape

Oab

have three contributers: first, the ones coming from K., .,®s, which are

2Cp1p2 [a Hbge Cplpzqcuabq + 2A[a|p1p2|0b]c-

Then we have
2\11[1(;1 8(:2]/~Labc = _qu[lclut:g]ab - _2‘1][101N02]ba =
= _\11(131 Hesab + \IIJA:Z Heiab — \Ilil Mesba + \I/iQMclbm

and morever the terms 2(Dy, \11(1:2])0'.

The computation of ¥y := —[071 0 0* o Ry, is alrady quite calcula-
tion intensive, and has been supported with computer algebra. We use the
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projections

prOjH} t Eabed = Eo(ap)(eaps

1
prOJH} Pabed) w[ab] [ed] T Pled] [ab})

PTOJHj : Bgpe — E@[ab]ca

1
prOJHj Mabc = Ma(bc) :ub(ac)) :

One obtains ¥ = U; + Uy € I'(E, ® End(V)):
0
\I/( Habe ) — (101)

Oab

1~ g 1~ g 1~ g
30 atwaqg — 3Cq" cMpga — §Cpc dMabq

2 q 2 q
B gcpc pHadg — §de pHagce

PI"OJHE! o %(Dacbdqc)apq - %(Ddc ¢ b)an

. , . I'(Ep @ Eogp)jeq))
- §(Dccpb d)o-aq - §<Dbc c d)an € F(EP ® E@[ab]c)
0

1 1
- Abpcaad - gAach'pb - §Adbcapa

4 q 5 q
proJHj ab capq SCpb cTaq — §Cpb a%cq ]

0

By Theorem|.1.1, V = V4 is the prolongation connection for Dcoap Lo

REMARK 5.3.1. Like in[5.2]we checked projective invariance of ¥ directly.

One employes ((100)), and

DPCabiZ = Dpcabcd - 2TpCabcd + chabZlépc - TdCabp + 2T[a0b]pcd7
which follows from .



CHAPTER 6

Invariant prolongation in conformal geometry

Interesting equations in conformal geometry described by first BGG-
operators are those for Einstein scales, conformal Killing forms, conformal
Killing tensors and twistor spinors.

In section[6.2] we will discuss our natural prolongation procedure of chap-
ter [4]in the conformal setting and specifically apply it to obtain an invariant
prolongation of the equation for conformal Killing forms.

We then proceed to lay out the interesting case of twistor spinors in
section where similarly to the almost Einstein case no adjustment of
the standard tractor connection is necessary.

6.1. Conformal structures

Two pseudo-Riemannian metrics g and ¢ with signature (p,q) on an =
p + g-dimensional manifold M are said to be conformally equivalent if there
is a function f € C*(M) such that § = ¢*/g. The conformal equivalence
class of g is denoted by [g] and (M, [g]) is said to be a manifold endowed
with a conformal structure. If D is the Levi-Civita connection of g and D
the connection of 15, then, according to ,

Dowy = Dowy — Yoy — T qwe + TPw,g.,

for w, € &, = QY(M).

Let g € S?(R™)* be a symmetric bilinear form on R” of signature (p, q).
We will also regard g as a symmetric n X n-matrix via the usual identification
employing the standard Euclidean inner product on R”. The conformal class
of metrics [g] yields a reduction of structure group of the full frame bundle
of TM to CO(g) = CO(p,q) = Ry x O(p, q): this CO(g)-frame bundle will
be denoted by Gy. In fact, a reduction of structure group of TM to CO(g)
is an equivalent description of a conformal structure of signature (p, q).

The associated bundle to Gy for the 1-dimensional representation R|[w]
of CO(g) given by

(¢,C) € CO(g) =Ry x O(g) > ¢”

for w € R is called the bundle of conformal w-densities and denoted by E[w]
with space of sections E[w].

Given a metric g € [g], a section o € E[w] trivializes to a function
[0]g € C*°(M) and one has

[U]leg = ewf[a]g'
The conformal class of metrics [g] defines a tautological section g in &qp)[2] =

[(S?T*M ® E[2]), called the conformal metric, such that the trivialization
of g with respect to g € [g] is just g. The conformal metric g allows one to

59
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raise or lower indices with simultaneous adjustment of the conformal weight:
e.g., for a vector field & € EP = X(M) one can form §, = g,,£? € &[2] =
I(T*M ® E[2]), which is a 1-form of weight 2.

6.1.1. Conformal structures as parabolic geometries. Let P be
the stabilizer in SO(p+1, g+1) of an isotropic ray in RPT1:4+1, Tt is a classical
result of Elie Cartan [Car23] that an oriented conformal structure on M
can be equivalently described as a parabolic geometry of type (SO(p+1,q+
1), P), which we will now discuss. The homogeneous model SO(p+1,q+1)/P
of Cartan geometries of type (SO(p + 1,4 + 1), P) is the space of rays in
RPTLATL wwhich can be identified with the pseudo-sphere S, 4 = (SP x S9): it
is endowed with the conformal class of metrics with representative g,®(—gy),
with g,,g4 the round metrics on S? and S9.

It will be useful to realize the groups P and SO((p+ 1,q + 1) explicitly
via the symmetric bilinear form h of signature (p+ 1, ¢+ 1) on R"*2 defined
by

h= (102)

= o O
=+ O« O
O O =

When P is realized as the stabilizer of
Riep = (Ry,0,...,0) C R*H2

he isotropic ray

one computes

b —cigC —5g(v,v)
P={[ 0 C v
0 0 c

c€Ry,C €50(g),v € RPFIY,
The Lie algebra so(p + 1,q + 1) = so(h) is 1-graded
so(p+1,q+1) =so(h) =so(h)_, ®so(h), ®so(h), :=
=R"®co(g) & (R")".
Realized in gl(n + 2) it is given by matrices of the form
—« AL 0
X A Z|,aeR;X,ZecR" Ac€so(g).
0 —X'g Q
The grading element £ € so(h) which is uniquely determined by ad(E)q, =
Jidg, is —I, € co(g) € go; explicitly,

€ SO(h)

1 0 O
E=10 0 O
0 0 -1

Let P, denote the set of unipotent matrices in P, i.e., P = {p € P :
(p — I42)? = 0}. The exponential map induces an isomorphism between
the abelian Lie groups (R™)* and P;; and since P, is a normal subgroup of
P one sees that P is the semidirect product P = CO(g) x (R™)*.

Given a manifold M endowed with a geometry (G,w) of type (SO(p +
1,q+1),P) , we can see how it is endowed with a conformal structure very
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easily: first note that since g_ = g_1 has just one component, the filtration
of TM introduced in is trivial: TM = T-'M > T°M = {0}. Since
the filtration is trivial, TM is automatically a filtered manifold in the sense
of . Since T2M =T M =TM, gr_,TM =T 2M/T~2M = {0}, so
the Levi bracket (30), £: TM x TM — gr_,(T'M) = {0} is trivial. Since
also g = g_1 is abelian, the geometry is also automatically regular in the
sense of Definition 2.2.5l Recall moreover that we showed in [2.2.6] that there
is a natural isomorphism gr(7TM) = Gy X¢, g—1. But since gr(T'M) = TM
this provides a reduction of structure group of TM to Gy = CO(g), which
is the same as the choice of a conformal structure of signature (p,q) on M.

For inducing the conformal structure on T'M from the parabolic geom-
etry (G,w) we only needed the identification

TM =gr(TM) =G xpgr(a/p) = Go X, Xg-. (103)

If w € Q(G, g) is replaced by another Cartan connection form o’ € Q1(G, g)
such that o' — w € QY(G,g"), this won’t change the identification ,
and thus there is no unique Cartan connection inducing a given conformal
structure. However, using the notion of normality introduced in Definition

[2.2.7 one has:

THEOREM 6.1.1 ([Car23]). Up to isomorphism there is a unique P-
principal bundle G over M endowed with a normal Cartan connection form
© € QYG,s0(h))) such that G/Py = G/(R™)* = Gy is the conformal frame
bundle of (M, [g]).

REMARK 6.1.2. Let Gy be the conformal frame bundle of (M, [g]). We
remark that the Cartan bundle G can be realized as the bundle of torsion-
free principal connections on Gy (see for instance [CS09]|): In contrast to
the (pseudo)-Riemannian case, there is no unique torsion-free co(g)-valued
principal connection form on Gy, and one can define the fiber of G, of G over
u € Go by

{’Yu € L(Tug()v Co(g))

. v e QY (G, co(g)) is a torsion — free principal connection form}.

Now every choice of g € [¢] yields the unique Levi-Civita connection which
can be extended to a CO(g)-principal connection form v € Q'(Go, co(g))
on Gy. 7 can thus be regarded as a smooth section Gy — G. The CO(g)-
equivariancy of v as a principal connection form means that this section is
likewise CO(g)-equivariant. We therefore have a Weyl-structure as intro-
duced in for every g € [g]. These are in fact special Weyl structures
which even yield reductions of structure group not only to CO(g) but to

0(9)- O

6.1.2. Tractor bundles for conformal structures. With § = RPH9+2 =
R™*2 the standard representation of P — GL(n + 2), the standard trac-
tor bundle of conformal geometry is defined as the associated bundle S :=
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G xp S. It corresponds to the diagrams (Cf. Remark [2.2.4))

0
1 0 0 0 0 1 0 0 0
HK—O--O---O=0O resp. H_O_O<§

for p + ¢ odd resp. p + g even.
S is naturally graded S_1 @ Sy @ 51 via the grading element E of so(h):
we write

S E[-1]
S=1| S | =| E1]
Sy B[]

We have the canonical elements

1

m=|0]®lecSaR]], = ®1ec S@R[-1]. (104)
0

_ o O

79 € S ® R[1] is P-invariant and defines a canonical section, denoted by
T4, of S[1]. This corresponds to the canonical inclusion of E[—1] into S.
A choice of g € [g] provides a reduction of structure group of S from P to
Go = CO(g), and we obtain the decomposition With respect to a metric
g € [g] one has

E[-1]
[Slg = | Ea[l] | . (105)
E[1]

Then 75 € S®R[1] is CO(g)-invariant and the corresponding section of E[1],
which depends on the choice of g, is again denoted by 7—. This correspond
to the inclusion of E[1] into [S],.

Let s € I'(S) = S with

p &[-1]
[slg= | va | €| &Eall]
o EN]

Then for § = €2/ g one has the transformation
p p—Tap® — 50107y
[slg=|¢a | = 9o+ 0T, (106)
o o
with T = df.
Since h € S2T*R™t2 is P-invariant it defines a tractor metric h on

S =G’ Xsom) R™*+2. With respect to g € [g] and the decomposition (105]) of
an element s € I'(S)

(107)

=

Il
_— o O
oQ o
O O =
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Via the tractor metric h we can identify A%S with s0(S), which is the adjoint
tractor bundle AM = G x p so(h) for conformal structures. The decomposi-
tion via a g € [g] yields a decomposition of AM, and employing matrix
notation, we will write its elements in the fiber over x € M as

[AM]q = (108)
—C — 0
{l¢e C n| witheceR,C €s0(T,M,gs), " € TuM,n, € TiM}.
0 =& c
(109)

One has a natural surjection (projection to £*) of AM onto T'M and an
inclusion (inserting of 1) of T*M into AM, while the inclusion via of
T M depends on the choice of g.The algebraic action e of AM on a tractor
bundle V restricts to actions of TM and T*M; so according to formula
, the tractor connection V° can be written as D + 0 + Pe with D be
the Levi-Civita connection of a g € [g]. Here

P=P(g) = i 5 (Ric(g) — 2(875(_9)”9) (110)

is the Schouten tensor of g, which is a trace modification of the Ricci cur-
vature Ric(g) by a multiple of the scalar curvature Sc(g). The trace of the
Schouten tensor is denoted J = gP1P,,.

Using it is then easy to compute for s € § with

p
slg = | wa | € T([S]y)
g
that
. S Dep —Ploy
[vc S]g = vc Pa | = Dc(pa +oPeo + PYca | - (111)
o Deo — ¢

As an s0(S)-valued form K € I'(Ej, ., ®AM), the curvature of the standard
tractor connection is

0 —Aecie, 0
Kee, =0 Coy A% |- (112)

0 0 0
Here C is the Weyl curvature and A = Aec,c, = 2D, P, is the Cotton-
York tensor. We recall that both A, ., and C ey d A€ trace-free. Further-
more the skew-symmetrization over any 3 indices of Cg.q vanishes, as does
the skew-symmetrization of Ag.. The Weyl curvature doesn’t satisfy the

differential Bianchi identity, however one has

D[acbc}de = gd[aA|e|bc] - ge[aA|d|bc]'

We will later need the transformation behavior of P: According to the
Schouten tensor changes under § = e¢*/ g, T, = D, f as follows:

R 1
P =Pup — D Yp+ T, Ty — iTprgab. (113)



64 6. INVARIANT PROLONGATION IN CONFORMAL GEOMETRY

We note here that a reader who looks for an introduction to tractor calculus
in conformal geometry and an explanation of related notational issues could
also find the careful and detailed exposition in the first part of [Sil06] useful.

REMARK 6.1.3. The standard tractor bundle of conformal geometry pro-
vides a notion of conformal holonomy: we define the holonomy of the con-
formal class of metrics [g] by

Hol([g]) := Hol(V®) € SO(p + 1,q + 1).

(Cf. [ArmO07], [Bau07]). To be precise, Hol([g]) is only given up to SO(p+
1, g+1)-conjugacy. Hol([g]) is well defined, since the standard tractor bundle
(S,V?) is unique up to isomorphism. Another way to introduce Hol([g])
is to define it as the holonomy of the principal connection form w’ on the
extended bundle G’ := Gx pG (cf. . Since S = G’ x ¢ RPT1t2 with V¥ the
linear connection induced by ', these two definitions coincide. Conformal
holonomy will play a central role in chapter [7]

6.1.3. The standard tractor bundle and almost Einstein scales.
The first splitting operator for the standard tractor bundle is
Ly - &[] — S, (114)
Lian-T)o

o Do
o

with the convention A = —DPD,,. By ([111]),

1D(Ao — Jo) — PEDyo
V90 L§(0) = | (DaDyo + Popo) + (Ao — Jo)g,,
0

Since 1 (Ao —Jo)g,, is minus the trace part of (Do Dyo+Pgp0) and Hy(S) =
Eo(ab) We have that the first BGG-operator of S is

05 1 E[1] = Eo(ap); (115)
0 — (DgDyo + Papo)o.
P
One has, for s = | ¢* |,
o
_APC16290p
Keic,08 = 00122 p(Pp + UAacwz
0
and thus
Coglpp? + 0 Al ¢4 0
0" (Kes) = 0 =10
0 0

Thus V satisfies 0* o (Ke) = 0, and one has 1 : 1-correspondence of ker ©g
with V-parallel standard tractors.



6.1. CONFORMAL STRUCTURES 65

Now take o # 0 such that (116 holds and let U = {z € M : o(x) # 0}.
By Corollary ([4.1.2)), U is open dense. On U we rescale g to § = 0~ 2g. Then

L)
log(|o|)
Dy Yy = 0" 3(Dao)(Dyo) — 0 DyDyo = Yo Xy + Py

Thus, according to (113)),

Y,=—-0 'D,o = D,(

. 1
Py = 7§Tprgabv

which is purely trace, and thus Ric(g), which differs only by a trace from P,
is a multiple of g. L.e.: g is an Einstein-metric on U, or

(DaDyo + Payo)o = 0 < o 2g is Einstein on U, (116)

which is well known. U always has to be an open dense subset of M, and
we call the set of solutions of (L16]) the space of almost Finstein scales
([Gov10]), i.e.

aEs([g]) = ker 05 C &[1]. (117)
Thus one recovers the well known fact

PROPOSITION 6.1.4. The space of V°-parallel sections of the standard
tractor bundle is isomorphic to aEs([g]).

6.1.4. Conformal Killing fields. The symmetries of the associated
conformal structure [g] = [g]p are the conformal Killing fields cKf([g]) ,

cKf([g]) = {€ € X(M) : Leg=e* g for some g € [g] and f € C*(M)}.
(118)

This condition on ¢ is easily seen not to depend on the choice of g € [g].
Since L¢g decomposes into a multiple of g and a trace-free part one can
equivalently demand that L¢g is purely trace. Now, with D the Levi-Civita
connection of g € [¢g] one has that L¢g being purely trace is equivalent to

D(céa)o = D(cga)opgp =0;

i.e., the symmetric, trace-free part of D.£, vanishes.

As an equation on 1-forms of conformal weight 2 this is in fact described
by the first BGG-operator of AM: The first BGG-splitting operator and
tractor connection are calculated for A*t1S below in for all £ > 0, so we
will use these results for the special case k = 1, since A’S = s0(S,h) = AM:

By ([134)) the splitting operator
LA*S . x(M) = £,[2] — T(A?S)
is given by
(—JnDpraa + 25 D"Digop + Tf%DaD”Up>
o +EPa0—p_15JO_a
D[aogal] ’ - ﬁgqupo'q
Oq

(119)
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Here indices within bars are not skewed over. Now the first BGG-operator
@6\25 of A%2S defined by the composition

03" : X(M) = £a[2] = Eojan[2]
QNS — 11, o VA*S o [A7S
is seen by direct calculation employing to be
£ — D&,

for £ € X(M); i.e., @6\23 is indeed conformally invariant operator governing
conformal Killing fields.

We now proceed to prove a technical Lemma, which will be used in the
proof of Theorem below. It is a general fact that normal infinitesimal
automorphisms of normal, torsion-free parabolic geometries insert trivially
into curvature, as was discussed in Lemma It is however easy to
see this directly for conformal Killing fields, in which case this has first been
observed in [Gov06]. We only give a simple proof for conformal structures
of dimension > 4, which is all we need:

LEMMA 6.1.5. Let s € T'(AM) be VA-parallel; i.e., VAs = 0. Then
PROOF. Since VAs = 0 one has R .,s = 2VA VA]S = 0, with R €

[e1 Ve
Q?(M,End(AM)) the curvature of VA. But since V4 is the induced tractor
connection of the Cartan connection form w one thus has

Rs = Kes =0 (120)
Let s € [(AM) = I'(A%T) be of the form
Pa

Pab | 2
Oq

Then via the projection IT : A%2S — &,[2] = X(M), s projects to the confor-
mal Killing field 6% € X(M). We want to show that K (II(s), ) = K(c%,-) =
0. By formula (112} this is equivalent to

Agpeo? =0 (121)
C,e %o” = 0. (122)
By (120)), 0 = II(K,,,05) = Ce¢ copa0?. But by the symmetries of the Weyl
curvature Cuped = —Chacd = —Clapde = Cedap, having o insert trivially into

one slot is equivalent to trivial insertion into any other slot. Thus the second
equation holds. Now just use the fact that (n — 3)Age = DPChpape, which
gives the first equation in our case for n > 4. U

6.2. Invariant prolongation of conformal Killing forms.

Conformal Killing forms were first prolonged by U. Semmelmann [Sem03],
however the discussion there did not take into account conformal invariance
of the equation. In [GS08] an invariant prolongation was calculated directly
(see also [Sil06]). Here we calculate the prolongation connection of chapter
for this system.



6.2. CONFORMAL KILLING FORMS 67

We are going to proceed as follows: In [6.2.1] we describe the exterior
powers of the standard tractor bundles, give explicit formulas for the Lie
algebraic differentials on the first chain spaces and determine their CO(p, q)-
decompositions. In we describe explicitly how the operator governing
conformal Killing k-forms comes about as the first BGG-operator for the
k + 1-st exterior power of the standard tractor bundle. In we obtain
a geometric prolongation by constructing a modification map ¥ with the
properties called for in section Theorem resp. Theorem In
we show directly the conformal invariance of W. This section is based on
[HamO08].

6.2.1. The tractor bundle. In the following k will be > 1. Let

_ Ak+1 +q+2
V = AkHLRPHe2

which corresponds to the diagrams

0
0 0 1 0 0 0 0 1 0
HK—0O--O--O0=0 resp. x—0O--O-- 0
(k4+1)St node (k4+1)St node

for p+ g odd resp. p + g even.
The grading element E € so(h) induces the following Go-invariant grad-
ing on V:

\ %1 E[al...ak][k) — 1]
V= Vo = E[ao--~ak] [k + 1] | E[agmak,ﬂ [k] )
Vo E[a1--~ak][k + 1]

Here we use the identification

Pay--ay

Paga | Hagear | = T2 Ao+ + T ATE A u+TE A p. (123)

Oay-ap

This is to be understood as follows: Since gr (V) = Vo = E,[1], we have
that Eg,...q,[k] — grg(A*S). Therefore F,,..q [k + 1] — gry(AFS) @ R[1].
With the canonical element 7° € gr_;(S) ® R[—1] defined above, it is then
easy to see that the map

Eqyeap[k+1] — gr_y(V) = gr_y (AM19),

a»—>T‘_g/\J

is an isomorphism of CO(p, ¢)-modules; and completely analogously for the
other irreducible components of V.

Another way to view the expression 75 A o as an element of V = AF+1S
would be to directly identify E,,...q,1[k + 1] with Elov-ak][_k 4 1] via g and
then use the embedding of E?[—1] into the middle slot of S.
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For V = AFt1S the associated tractor bundle we have the semidirect
composition series

V=v'¢Vvigv'.= (124)
| D [k+ 1] & (E[a1-~~ak+1][k +1] @ E[a1-~~ak_1][k —1J) G‘E[al...ak][k —(112],5)

which splits into V_;1 & V @ V1 after a choice of g in the conformal class.
With respect to g € [g], for k£ > 0 an element s € V = AF*1S is written

Pay--ay, E[ayuak][k? —1]
[3]9 = | Pag--ay, | Hag-ap, | € E[a0~~~ak} [k + 1] | E[a2~~~ak}[k - 1]
Oay--ay E[al---ak] [k + 1]
Similarly as in (106]), we have transformations
ﬁal...ak Pai-ay — Tb(pbal...ak — ]{T[al,u@...ak] - %TbTbaal---ak
Pag-a | flasar | = | Caoar + (k+ D) (0000 ay] | Haz-ar, — Y0bay-ay,
Gay--ap, Tay-ap,

(126)

The standard tractor connection ({L11)) gives rise to the invariantly defined
tractor connection V on V:

Pay--ay
Ve 90a0"'ak| Hag-ap | = (127)

Oay--ay
Dcpalmzzk - Pcp@payuak - ch[a1Ma2~~~ak}
— (Dc¢a0~--ak + (k: + 1)gc[a0pa1---ak] ’ Dcﬂagmak >
+(k + 1)Peag0ay.ay) —Plopayay, + Peas-ay
chal---ak — Yeay-a T kgc[al Hay---ay]

6.2.2. Description of the first homology groups. 0* : C; — Cy =
V is given (see (86)) by Z®@s — —Zesfors € V, Z € p;. Thus By = im 9" :
Cy — V is simply p, eV, which is all of V°. Therefore Hy = V/V°. By the
Hodge decomposition we can embed Hy as V_1 = ker[d =kerd C V.

Also, H; will be embedded into C; as ker 0 = ker(00*+0*0) for i = 1, 2.
The calculation of the CO(p, ¢)-decomposition of the spaces H; is purely al-
gorithmic using Kostant’s version of the Bott-Borel-Weyl theorem [Kos61];
the details of which are not important for us here. We just state the results
for H1 and Hj, which are all homologies we are going to need: We will write

Eley o) ® W1
Cr = E[cl---ck] ® Vo s

Eleycy) @ V21
and speak of the top, middle and bottom slots, which we will say have
homogeneities 1, 0 and —1.

E. @ V_1 contains the highest weight part Eq ., )k + 1], and this

is all of Hy. Explicitly, EQC[al...ak][k + 1] sits in Fgjq,. q,[k + 1] as those
0 = O¢q,.ap Which have both zero trace and vanishing alternation:

_ &Pq _
0=9"0opgas--ar, 0= 0Olcay.ap]-
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If £ > 2 then the analogous statement holds also for the second chain
space: in this case Ha is exactly the highest weight part of Ej. ., @ Vo1 =
E[clcz}[ay..ak][k + 1} i.e., H2 = E@[clcﬂ[almak}[k + 1] C E[C102] ® Vfl.

In particular, for ¢ = 0,1 we have that H; lies in the lowest grading part
of C; and if k > 2 this also holds for i = 2:

%1 5 E.®@WV 5 E{ClCQ] WV
Vo - E. 2V - E[clcg] ® Vo
Hy=V_, Hy &im 8‘\/0 H; & im a\Ec®VO

Now we describe what 9,0* and O do on the first few chain spaces
Co=V,Ci =E.®V and Cy = E[ch] RV:

6.2.3. Explicit formulas for 0,9" and [ on the first chain spaces.

Pay--ay, 0
Oc | Pag-ar, | Hagar | = (k + 1)§c[aopa1---ak] | Peas--ay (128)
Oay-ay, —Pcay-ap T kgc[a1ua2~~~ak]
Pezar-ap 0
aC1 Peaao-ag, | Hezaz-ap | = 2(k;+ 1)g[ao|[01p62]|a1"'ak] | - 2/)[6102}112"'%
Ocoay-ay 2@[clcg}a2~~~ak + 2k§[a1\[c1/’402ﬂa2mak}
Peay--ay, gpqupqalmak + ku[ayuak]
o* Peag--ay ‘ Heag--ar | = _(k + 1)U[a0---ak] ‘ gpqapqa2-~~ak
Oc aj--ay 0
Pciczar-ay _2gpq9ocpqa1~--ak - 2kﬂc[a1---ak]
oM Peicaao--ay ‘ Heicoaz-ar | = 2(k + 1)Uc[a0mak} | — 290 cpgas-ay,
Ocicaar-—ap, 0

The image of 0* in V = Cp is simply V? = Vi @ V4, and the Kostant
Laplacian thus acts by positive real scalars on V; and the two components
of Vy. It vanishes on V_; by . Explicitly, [J is given on V by

(k+1)|(72—k+1) . (129)
0

The image of 0* in C; contains all of E. ® V; (since we have (87)). Now
FE. ® V1 decomposes into three parts: the alternating maps, E[po...pk][k: +1],
the purely trace maps, Ep,...,, [k—1], and finally those maps which have both
trivial trace and trivial alternating part, Eg 4, 4,k + 1]. We will denote
the three irreducible components of E. ® V; by (E. ® V1)ait, (Fe® V1)e and
(E. ® V7). We will write this decomposition of gry(B;) = E. ® V3 Nim 9*
as

gri(B1) = Uat ® U @ Uy (130)
and one computes that the Kostant Laplacian [J acts by
2(n +k —1)idy,,, ®2(n — 2)idy, ©2(2n — k — 1)idy,,. (131)

Now to the middle slot: We have
E.@Vy= Ec[a()mak} [k + 1] ©® Ec[a2~~~ak} [k - 1]
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and both parts split into alternating, ® (highest weight)- and trace com-
ponents. Both highest weight-components, the ’left’ alternating and the
'right’ trace component lie in the image of 0*. The only other component
of im 9" N E. ®@ Vy is Ejg,...q,) [k — 1], which embeds into E. ® Vj via

0

Taya, = | —k(k 4+ 1)FefagTar—ap | (0 — k) Teay-ay,

We will write the decomposition of gro(B1) = E. @ Vo Nim 0* C E. @V} as
|
|
|

alt *
gro(B1) =1 ® o1, (132)
tr tr

where the component * in the upper right corner is determined by the trace
component in the lower left corner. One computes that the Kostant Lapla-
cian acts by the scalars

4(k+1) | *
2k \ 2(n—k) |. (133)
2n | 2(n—Fk—1)

6.2.4. The first BGG-operator Oy : Hy — Hi; and conformal

Killing forms. Using (127)), (128) and (129]), we compute that the first
BGG-splitting operator Lg : Hg — V is given by

1 k k
_n(k+1)DprUal“‘ak + n k+1)DpD[a10|P\f12"1'ak} + n(n—k—i—l)D[al DPOplay--ay)
o +7Pp[a1a|p\a2“'ak] — nJ 00

Dy

_ 1 gpa
aoo-almak} | n,k+1g Dpo-qa?”ak

Oay--ay

(134)
In [6.2.2] we saw that
Ho = Elayay] [k + 1],
Hi = Eocfayap) [k + 1],
Ha = Eofeyes)far-ap) [k + 1]-
Thus we immediately see using that
©¢ : Ho — Hi,
©p=II;o0VolL

is given by

®0caa1~~~ak = Dco'alu-ak — D[aoaay"ak} - mgc[algqu\paqu“ak]'

We also denote this expression, which is the projection of Do to the highest
weight-component in g, ...q,] [k + 1], by (Dcaal...ak)Q. This is exactly the
conformal Killing operator. Thus our prolongation procedure will yield an
isomorphism between the space conformal Killing k-forms

Oaroay € Eyan)lb + 1), (Debaya ) =0 (135)

and the space of parallel sections of a natural connection on V.
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For k = 1 we get exactly the operator describing conformal Killing fields,
i.e., infinitesimal automorphisms of the conformal structure; see also remark
This case has been treated in detail in [Gov06]. The main result of
this section, an explicit geometric prolongation, will also work for & = 1.
We only need k£ > 2 for obtaining the algebraic obstruction tensor which
was described in subsection [6.2.6]

6.2.5. The adjustment of the tractor connection. We are now
going to construct a ¥ € I'(E. ® End(V)!) with the properties called for in
Theorem [£.1.7]

The calculations will be made more readable by providing beforehand
the mappings which will appear: We will make use of the vector bundle
maps

L;: E[alnuk][k + 1] — Ec[a1-~~ak+1][k + 1], 1=1,2 and
R;: E[al---ak][_k + 1] — Ec[al---ak,l][k — 1], 1=1,2,

of homogeneity 1 defined by

Ly (U) = C[aoalplcaﬂaz...ak] L2(J) = gc[aoCa1a2qu|PQ|113“‘ak] (136)
1 (U) - Cc[a2pq0—‘pQ|a3“‘ak] R2(J) =C

rq
[agag U\CPQ|G4---ak] :

Recall that indices within bars | are not skewed over. In homogeneity 2 we
will need the maps

F,G;: E[a1-~~ak] [k; + 1] - EC[ }[k - 1]a

ai---ag

Ei : E[a1-~~ak+1][k + 1] — Ec[ay--ak][k — 1], and
T : E[a1-~~ak_1][k 1] — Ecla;ay [k —1]
defined by

Ei(p) = Cc[alpqwlpqla?-ﬂk] Es(p) = C[alagpq%\pqla3~--ak] (137)
Ti(p) = C, Ifamzu\l?la&"ak] T2(1) = 9efar Cazas”™ Hipglas-—ar]
Fi(0) = A, 09 plas-—ai] Fy(0) = Alyq, Olplas-ay]
Fy(0) = Ay 0, clplas -] Fi(0) = el Aay T pglas-a)
G1(0) = (DeCla 0y Vlpglas--ar]  G2(0) = (DPC g, 40,) 0 lpglasas]
G3(0) = (D[alC‘c\afq)U‘PQWS'“ak]'
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With respect to the CO(p, ¢)-decompositions ((130)) and (132]) a more natural
basis for the linear space formed by these maps is formed by

Ly = —: : ;LQ L=1Li— L (138)
Ray = %Rl + LfRz R= %(Rl — Ry)
Ealt:kilEl—F:;iEg E:::(El—Eg)
Ty =y T=T -1,
Fo= i Fi Fui = g Fa = 1y B
EzFrjﬁlB+2é;BR—k;y&,P}=Z;hﬂ+ﬂﬁ—%;%h
Gi= Gy + 2Fu — %(n —k—1)F i = Gy — WFW
n—3

Giii = G — 2Fq — TFtr-

Ly, Ty, and Fy,. are purely trace, Ry,Fq: and F,;; are alternating and all
other maps have both vanishing alternation and trace.

The maps of (136]) and (137)) can be expressed as

n—k
Ly =L+ Ly, Ly = _mLtr Ry =R+ Ry (139)
2 2
RQZ—mR‘FRalt Ey=E+ Eay EQZ_HE_"Ealt
n—k+1
T =T+T, n=-"""Tg,
k—2
and
1 k—1 k—1
Py =F; + §Falt + TFtr Fy = Fy + Fyy + WFW
2 1 n—k+1
F3 = sz‘i — Fu + EF” Fy = TFtr
2 2(k — 2
G1=G; —2F + E(n —k—-1)F Go =Gy + (k)Ftr
n—3
Gz = Gy + 2F ¢ + Fyr.
Par--ap,
For s = | @ag-ap | Has-a, | We have
Oy ey,
(Kos) =
kCclcz[aI;Mp\agwak} - kA[(l1|ClcQ|lL[/a2“'ak] - Apc10290pa1~-~ak

(k + 1)05102[a€90|p|a1--~ak] + (k + 1)A[a0|clcg|ga1~-'ak] | (k - 1)00102[a§/‘|p|a3-~ak] - Apcwzo-paQ---ak

P
kCclcz [a1 O-|p‘a2"'ak}
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We calculate
2kFy + 2kFy — kEy + k?(]{i — 1)T1
0" (Kes) = —k(k+1)L1 | —(k—1)Ry (140)
0

and thus have that the lowest homogeneous component of 0*(Kes), which
is of homogeneity 1, is given by (—k(k + 1)L1| — (k — 1)R1). Now we use
(139)),(129) and (138) to apply —[0~! to this expression, which yields

0
Uy = [ M L1+ AaLa| p1Ri + p2Ro (141)
0
where
1tk (k= 1k+1)
AL= Az = 2n
(- Dn-2) - 1Gk-2)
pr= 2(n—k)n P2 = 2(n—k)n

Now the curvature of the modified connection V + ¥y is
R=Ke—+ dvll’l + [\111, \111],
but [¥q, V] obviously vanishes. Let us calculate R: The only term which

Pay--ay
needs our attention is dV ;. Take any s = Pag--ap |Pag-ap | €T (V).
Tay-ap
Then for &1, & € X(M), we have, since ¥ is a 1-form on M with values
in End(V),

(@V01)s(&1,&2) = (142)
= Ve, (V1(€2)8) = V1(&2) (Ve 8) — Ve, (V1(61)s) + V1 (61) (Vey8) — Wi ([61, &2]) s
We expand and write (dV¥;)s as

*

Dg, (V1(&2)0) — W1(62)(De,0) — De, (P1(1)0) + 1 (&1) (Dg,0)
_\Ill([gl,gﬂ)a )
—W1(£2)0¢,p + W1(£1) 0k, 00 — W1(€2) e, pt 4 W1(€1) O, 1t
05, V1(&2)0 — 0, V1 (&1)o

(143)
where we don’t care about the top component since it vanishes after an
application of 9*. The lowest component is d(¥i0) = —90~19*(Keo).

Thus 0*(Rs) lies in the top slot (i.e., in homogeneity 1). So 0* o R has
values in the top slot only. This can be repeated: it is a straightforward
calculation using the expression in the middle component of and, in
that order, (140)), (139)),(131) and (138) to find, with ¢ := —[07" 0 0* o R,

1B + g2 + 1T + 115
+¢1 11 + ¢y + ¢3F3 + puFy
U="Uy=U; —¢p= +71G1 + 72G2 + 13G3 ) (144)
MLy + AaLa| p1Ry + p2Ro
0
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with the constants

k-1 (k — 1)k
T 9m k) 2Tk —n)n
(k=1 (n(n—k+1)—2k) (k=2 —1)
e 2(k —n)n . 2n
¢>1=—7n;§523 ¢2=1nk
(k=1)(n+k) (k=1)(2+k—2n)
¢3 = 2(k — n)n 1= 2(k —n)(n — 2)
k-1 k-1
=T —2)m 2T 5 —2)
_ (k-1
73_2(k—n)n'

Now the curvature R’ of V+ ¥ =V + ¥ + ¢ is given by
R+dYe + [0, ¢] + [¢, 1] + [, ¢].

One sees that for every s € V, ([¥1, 9| + [¢, V1] + [¢, #])s has values only
in the top component and we may therefore forget about this term when
calculating 9*(R’s). As in the calculation (T43)), we see that (dV ¢)s has only
values in the middle and top slots and the middle slot is given by 20|, ¢.,)s.
Therefore, by construction of ¢, we see that 0*(Rs) vanishes, and thus, via
the considerations of chapter [4 we have solved the prolongation problem for
conformal Killing forms.

We have already remarked there that this solution must already be con-
formally invariant by virtue of uniqueness, but we are going to check inde-
pendence of the choice of metric by hand in [6.2.7]

REMARK 6.2.1. For k = 1, we have V = A%S = 50(S) = I'(AM). Thus
V + V¥ prolongs the first BGG-operator for the adjoint tractor connection in
this case. Since conformal geometries are torsion-free and, as one can calcu-
late, the first homology of the adjoint tractor bundle H; is concentrated in
non-positive homogeneity, the corresponding first BGG-operator describes
infinitesimal automorphisms of the structure (cf. section , and the pro-
longation connection is V = V +iK. This can also be read off directly from
(144). O

REMARK 6.2.2. The invariant connection prolonging the conformal Killing
equation which was constructed in [GSO08| differs from our result
U as defined in : it can be checked that the image of the modifica-
tion map calculated there has nontrivial intersection with im @; but recall
that our solution ¥ € Q'(M,End(V)!) obeys in particular the condition
Us € im 0* Vs € V, and thus its image has trivial intersection with im 0 by
the Hodge decomposition (87)). If one wants to translate the solution
into the notation used in [GSOS] for an explicit comparison, one has to use
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the automorphism

Pay---ay (k +1)pay-ay
()Oa()"'ak ’/’[/a2"'ak) = ¢a0"'ak| - k(k + 1),“’&2"'@]3)
Ty eeay (k+1)og,.q,

which transforms an element of
E[(Il"'ak] [_k + 1] & (E[a1--~ak+1} [_k - 1] ©® E[a1~~-ak_1} [_k + 1]) ¢ E[ar--ak] [_k - 1]

in our notation to the equivalent element in the notation of |[GS08]. Then
U as defined in (144]) has the following form with respect to the conventions
of Gover-Silhan:

(k: + 1)(€1E1 + EQEQ)QD — %(TlTl + TQTQ)/L

Pay -y, +(P1F1 + poFo + ¢p3F3 + g Fy
Ue(| Pagaplbaz-sar) | = X +71G1 + 72G2 + 73G3)o
Cay---ay, 1 (ML + AaLo)o| — k(p1 Ry + peRo)o
0

¢

6.2.6. Algebraic obstruction tensors obtained via the curvature
of the modified connection. Since ¥ € I'(E. ® End(V)!), we know that
the curvature R € &, ,)(End(V)) of V. = V + U agrees with Ke in ho-
mogeneity 0. But if 04,...q;, € Elg;...qy)[k + 1] is a conformal Killing k-form,
then Loo is given by (T34); and thus 0 = dVVs = Rs agrees with KeLgo in
L(Ejc, e, ®gr_1(V)). But by (112)) this is simply (minus) Cclch[alalplaz“'ak]'
For k > 2 we have Ho = oy, cy]jay--a) [k + 1] and projecting the previous
expression to this space gives the conformally invariant tensorial map

. : p
b0 proJ@(CclcQ [alo-lp‘a?"ak])'

This obstruction has also been constructed T. Kashiwada in [Kas68|, U.
Semmelmann in [Sem03] and recently by R. Gover and J. Silhan in [GS08].
Our derivation describes this map as the composition of the first two BGG-
operators for the modified connection V: ® = ©; o ©y. This evidently
explains both conformal invariance of ® and why it vanishes on conformal
Killing forms. That ® is tensorial has the cohomological reason that Hs is
concentrated in lowest homogeneity. Cf. section

REMARK 6.2.3. Apart from the (trivial) cases of Einstein scales and
twistor spinors where one doesn’t need any adjustments and automatically
has 0%*o(Ke) = 0, the case of conformal Killing forms is the simplest situation
in which to explicitly compute the prolongation. Another interesting case to
treat will be conformal Killing tensors, for which, as far as we know, there
has not yet been given any invariant prolongation, and which can be treated
similarly as the form case. There the situation becomes more complicated
however, since the modelling representations S*g are 2k + 1-graded. This
case has interesting relations to symmetries of the Laplacian ([Eas05]). ¢

REMARK 6.2.4. The holonomy Hol(V) of the thus obtained prolonga-
tion connection V describes the solution space of the operator ©g. For the
standard tractor bundle and the spinor tractor bundle, which will be treated
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in the next section, one has V = V. In particular, the solution space is gov-
erned by the conformal holonomy of the structure, i.e., existence of Einstein
scales and twistor spinors correspond to reductions of the conformal holo-
nomy. In general, the existence of nontrivial solutions of ©g doesn’t imply a
holonomy reduction: for instance, full conformal holonomy doesn’t obstruct
the existence of conformal Killing fields or conformal Killing forms. (See for
instance [HamO7)).

Parallel sections of a tractor bundle give special solutions to GOg. In
the case of conformal Killing Forms, those coming from parallel sections
were called normal conformal Killing forms by F. Leitner in [Lei05]. This
notion of mormal solutions of first BGG-operators makes sense for every
tractor bundle and they correspond to reductions in conformal holonomy;,

cf. Definition O

REMARK 6.2.5. Using the tractor approach above for describing Ein-
stein scales as parallel sections, R. Gover and P. Nurowski [GINO06] used
the curvature R of the standard tractor connection and its derivatives to
obtain (under a genericity condition on the Weyl curvature) a conformally
invariant system of tensors which provides a sharp obstruction against the
existence of Einstein scales. For a general tractor bundle and R the curva-
ture of the prolongation connection, one can similarly build natural systems
of obstruction tensors, but it is not known whether these will be sharp; See

also Remark [£.2.3] O

6.2.7. Conformal invariance of U. For this calculation we need some
transformation formulas. We will denote by D the Levi-Civita connection
of the metric rescaled by e2f. More generally, we will denote by a hatted
symbol the corresponding quantity calculated with respect to the metric g.
With T = df we have

Ducabcd = DuCabed — 2T uCobed — 2T[acf|u|b]cd - 2T[ccf\u|d]ab
+ 2(” - 3)gu[aAb]cd + 2(” - 3)gu[cAd]ab
Aabc = Aape + TdC’alabc

In the calculation the following transformation maps
H; : 5[(11,,_%][]6 + 1] — g[ar--ak] [k — 1]

will appear:

Pq u Pq
[araz Clpalas--ay] QC[alT Casas 'O lupglas-ax]

=7.C
=7 dC dp0C|p‘a3,,,ak]

l[a1az
= 1C

p
dlaic O—‘P|<l2"'ak]

(o)

(o) CC[alafqalpﬂas'"ak]
(o) =7TPC
(o)

(o)

q
l[a1azc a|pq|a3~~~ak}

/\/-\Ef\
NP R N
I
._g

— pq
Hs(o) = T[11L1C(12a3 Tlepglas-—ax]:



6.3. TWISTOR SPINORS 77

The maps (136)) of homogeneity 1 are invariant with respect to the choice
of g € [g] since the Weyl curvature is conformally invariant. It is straight-
forward to calculate that the individual maps ((137)) transform like

Ey = E| +2Hy — (k—1)H, Ey = Ey+ H, — 2H7 — (k — 2)Hs
Gy =Gy —2H, —2Hy — 2H3 + 2H, + 2H7 Go = Gy — Hy — Hy — H3 + H + 2Hg
G3:G3—H1—H2—H3+H4+2H9,

and
FIZFl—I—Hg F2:F2+Hg F3:F3—|—H7
F4:F4—|—H4 T1:T1—H3 TQZTQ—Hg.

Thus, if we swlitch to another metric g respectively the corresponding
linear connection D and then calculate ¥ using , the result differs from
U only in the top slot of C}, and it does so by

(62 =271 — 2 —y3)H1 — moHe — ((k — 1)e1 — 271 — 2 —y3)Ha  (145)

+ (=262 + ¢3 + 271 +72)Hr — (11 — 271 — 72 — v3) H3 + (é1 + 272) Hs

+ (¢4 + 271 +3) Ha + (261 + ¢2 + 27y3) Hy — (k — 2)ea Hs.

On the other hand, if we calculate ¥ with respect to g and then transform

the expression via p = p — Tdnpdal...ak — kY (4, fay-.ay]> the difference to ¥
also lies in homogeneity two and is

1 kE—1 2
— A Hi{ — p1 H: MH Ao H 14
21 p1 2+k:+1 1 3+k+1 oHy (146)
—k H+EAH—LAH
p211s Erl 211 k1 1413.

Now it is straightforward to check that the expressions and (|146)
coincide. Thus ¥ is seen not to depend on the choice of the metric in the
conformal class used to construct it. As we already remarked this is in
fact a consequence of uniqueness of ¥ with the normalization conditions of

Theorem [£.1.11

6.3. Twistor spinors

6.3.1. Algebraic description. Let G = Spin(p+1,¢+1) be the (con-
nected) spin group of signature (p + 1,¢q + 1), which is a double-cover of
G =SOp(p+1,¢g+ 1) and GBS := Spin(p, q) the covering of G§® = SOq(p, q)
by the spin group of signature (p, q).

Conformal structures of signature (p, ¢) which preserve both orientations
are modelled on Cartan geometries of type (G, P), with P C G the stabilizer
of the ray R e, € RPHLatl

The preimage P of P under the covering G 5 G is the stabilizer in
Spin(p+1,¢g+ 1) of Rye.

We know that P = (R x GF) x (RP9)*. Since Spin(p, ¢) = G’%S embeds
canonically into Spin(p + 1,¢ + 1) and R, ,(RP?)* are simply connected, we
see that

~

P = (R4 x Spin(p, q)) x (RP9)".
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Thus Gy = CSpin(p, q) := R4 x Spin(p, q) is the conformal Spin group of
signature (p, q).

Let APtLa+1 and AP the spin representations of Spin(p+1, ¢+ 1) resp.
Spin(p, ¢). We are going to describe the structure of APTL4+1 as a (pseudo)-
hermitian Clifford bundle directly in terms of the representations AP4. This
is an alternative approach to the construction of [Lei0O8al.

We claim that

AP
Ap+l,q+1 = AP? p APY = (Ap’q>

as a Spin(p, ¢)-representation. To show this we give explicitly the action of

RPFLIFTL — Re, & RPY @ Re_ :
v -X-v
()= ()
A V2w
T lw) Lo
(v ._ 0
e_ w =1 _ o ]

Then we have, for s = <Z)> and X € RPY:

er-(eq-s5)=0

e_-(e—-s5)=0
er-(e—-s)+e_-(eq-s)=—2s
ey - (X-s)+X-(ex-s)=0
e--(X-s)+X-(e_-s)=0

X (X -s) = —[X[7 45;
Thus indeed, for all Z;, Z, € RPT14+1 | we have
AR (Z2 . S) + Zs - (Zl . 8) = —Qh(Zl, Zg)

APT14+4 a5 defined by the direct sum AP @ AP, is therefore a (complex)
Clifford module for (RP*1:4+1 1) of dimension 2dim(AP4) and in particular
a Spin(p+ 1, ¢+ 1)-representation. If p+ ¢ is even, there is only one complex
Clifford module of this dimension and the restriction to Spin(p + 1,q + 1)
must thus be APTLITLIf p + ¢ is odd, there are exactly two complex
Clifford modules of this dimension, one of them is thus realized via the action
just defined on AP? @ AP, but they are isomorphic as Spin(p + 1,q + 1)-
representations, and as such are both equal to APTLa+1

The identity in go = go = co(p,q) = Ry @ s0(p,q) is just ex Ae_ €

A2RPtet2 This element acts on a spinor s = v € AP b
. p “\w N2

Her e —eter = (32

1
Ew
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We will also need

1 x. 0
6+/\X.<;})>:(\/§)§ w)7e_/\X.<;})>:<1X"U).
V2

Now CSpin(p, q) is realized as Ry exp(e4 A e—) x Spin(p,q) € PcaG.
Since we use the convention that the spin representation of Spin(p,q) on
AP is trivially extended to R4 x Spin(p, ¢) = CSpin(p, ¢), we thus obtain
the decomposition

Ap,q[_l]
p+1,g+1 _ D)
st = ( Aral] )

of APTL4FL a5 a CSpin(p, q)-representation.

The Clifford action RP? x AP4 — AP? is Spin(p, ¢)-invariant. As a map
RP4 x AP — AP @ R[1] it becomes CSpin(p, ¢)-invariant.

AP? is endowed with a (pseudo-)Hermitian metric (cf. [Bau81] or
[Kat99]) k,,, which satisfies that for all X € RP? and v,v" € APY one
has

Fipg (X - 0,0) + (~1)P g (0, X - 0/) = 0.
This property shows that k, , is Spin(p, ¢)-invariant. For p odd we define

0 k
kpt1gt1 = <k‘pq 6’q> (147)
and for p even we set
0 ik
kptig+1 = <—i/<;pq g’q> : (148)

One checks that then for all X € RPTLe+! and v, w € APTLeHL one has that
Fpt1,g+1(X 0, 0") + (1) kpia g1 (v, X - 0) =0, (149)

and thus kp11,4+1 is the Spin(p+1, ¢+1)-invariant (pseudo)-Hermitian metric
on APTLaTL gatisfying (149).

Let now (G — M,w) be a (Spin(p + 1,¢ + 1), P)-structure. Then
Go = G/(RP9)* is a reduction of structure group of TM to CSpin(p, q)
and therefore a conformal spin structure.

Conversely, assume that (M, [g]) is a conformal class of metrics together
with a reduction of the CO, 4-bundle Gy to a a CSpin(p, ¢)-bundle Go. Let
(G — M, w) be the torsion-free Cartan geometry of type (SOg(p+1, ¢+1), P)
encoding [g]. Take some g € [g]; Then the corresponding Weyl structure
o : Go — G yields the decomposition G = Gy x (RP?)*. Since P = Gy x (RP9)*
and P = Gox (RP?)*, the P-principal action can be translated into an action
on the decomposition G = Gy x (RP9)*; on the other hand, the extension of
this definition to an action by P = Gy x (RP%)* makes G := Gy x (RP4)* into
a reduction of structure group of G to G by the double cover P — P. We
thus see that conformal spin structures on (M, [g]) correspond to torsion-free
Cartan geometries of type (G, ]3)



80 6. INVARIANT PROLONGATION IN CONFORMAL GEOMETRY

6.3.2. The spin-tractor bundle. Let now (M, [g]) be a conformal
class of metrics with a choice of spin structure and (G’ — M, w) the corre-
sponding parabolic geometry. Let ¥ be the (complex) spin-tractor bundle
G x » APTLAFL corresponding to

0 0 0 1

0
HK—O-0O-CO=0

0 0 0 0 ' 1 0 0 0 "
H—o—o@ ® H—o—o{é

for p+q odd resp. p+q even. Denote by A = Go e AP? the spin bundle of
(M, [g]). Then it immediately follows from our discussion above that under
a choice of metric g € [g] one has the decomposition

resp.

We encode the Clifford action TM — End(A) via the Clifford symbol
Yo € T'(Eq4[1] ® End(A)); Spinor indices will always be suppressed. Then a
vector field £ € X(M) acts on a tractor-spinor s € I'(X) with

= (1) eras =r((A )

o= () = (o)
“\&v) T %ép’ypv .

A one form ¢ € Q1(M) acts by

by

Accordingly,

w

1 vp
= (0 )

The spin tractor connection V is given by

Do+ L P ~Pw
vc<“>:< R ) (150)
w cw+%’ycv

with D the spin connection on A. To check conformal invariance of this
connection, one uses

. 1 1
D.oc = D.o — i’fp'ycvpa — iTpvpo’.

for o € T'(A).



6.3. TWISTOR SPINORS 81

The Lie algebra differentials are

0
() = (4e)
w ﬁ'}’cv
7 ()= (7)
We 0 ’

and thus the Kostant Laplacian acts by
v _n
— 2
HONT
and the first splitting operator Lo : I'(A[3]) — I'(X) is given by

-(4)

g

with ) : T(A[3]) — I'(A[—3]) the Dirac-operator, ) = 4?D,. As an
operator P : I'(A[—251]) — I'(A[—2F1]) the Dirac-operator is conformally
invariant. The first BGG-operator is now

1
o— D.o+ —~.Do,
n
which is called the Twistor-operator; Tw takes values in the Twistor bundle
Tw := E, ® A[3], which is defined by
1
{Ua € I\(Ea ® A[§]) : ’Ypo-p = 0}7

i.e., it is the kernel of the Clifford multiplication, where one views the Clifford
multiplication as a map E, ® A — A via the conformal metric g.
The curvature acts by

K. _.e® <U> — <%CC162pq7p7qU + \}§Ap61627pw>
cicC: -
1C2 w %Cclcgquypfqu

['hus
* v 1 C a~b ‘w
6 (}<0162. <w>) = 4% < pabcfyofy Y ) :

Now Cpape has symmetries Hjo in a,b,c: i.e: Cpape = —Chach, Cplabeg = 0
and gabC'pabC = 0. But

1
Hjo — End(A[i]) =AQ®A",
Xa[bc] = Xabcﬁyafyb’yc

vanishes since A ® A* =2 A ® A does not contain Bjo. To see this directly,
one writes

XachGVbWC = X[ab]cfyalybfyc + X(ab)07a7b767
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and has, since X is trace-free and v(qV) = —ggp, that

1
Xacha’Vb'VC = §(Xabc + Xbca)'YaVb'Vc;

Applying X, = 0 yields

1
Xapey"Py° = §chw“'y”’yc-

Repeating this we see

1
Xabc7a’7b76 = ZXabc’}/a'}/b'Yc
and thus X,p7%7?7y¢ = 0. This implies vanishing of Cpapey®y"7°
Cpabc = Cpa[bc] and Cp[abc] =0.
Thus, we see that

since

PROPOSITION 6.3.1. Twistor-spinors are in 1:1-correspondence with the
space of parallel sections of of the spin tractor bundle endowed with the

canonical spin tractor connection V (150).

This is an alternative proof of a well known fact; it has previously be
shown by calculating the differential consequences of the Twistor equation
directly, cf. e.g [BEGKO90].



CHAPTER 7

Applications of BGG-techniques and prolongation
connections for the Fefferman construction

Gy — SO(3,4).

In this chapter we are going to apply methods from tractor calculus,
the BGG-machinery and prolongation connections to the (generalized) Fef-
ferman construction which associates a conformal class of (2,3)-signature
metrics to a generic rank two distribution in dimension 5.

There is a similar and well studied result: this is the classical Fefferman
construction ([Fef76],[BDS77],|Cap02],|[CG06],[CG08],[Lei06],[Lei08b],[Baul?])
of a (pseudo-)conformal structure on an S!-bundle over a CR-manifold. It
has been observed in [Cap06| that both Nurowski’s and Fefferman’s results
admit interpretations as special cases of a very general construction relat-
ing parabolic geometries of different types. This viewpoint as a generalized
Fefferman construction lays the groundwork for this chapter.

The outline of this chapter is as follows: In section we briefly intro-
duce generic rank 2- distributions D C T'M and describe them as parabolic
geometries. In section[7.2) we describe the association of conformal structures
to generic rank two distributions as a generalized Fefferman construction.
In section it is shown that given a holonomy reduction of a conformal
structure [g] of signature (2,3) to G2, the conformal class [g] is induced by
a distribution D C T'M. This is then used to give precise criteria for a
(2, 3)-signature conformal structure [g] to come from a generic distribution
D: We provide characterizations via normal conformal Killing 2-forms and
twistor-spinors. Finally, in section[7.4] we show that every conformal Killing
field of [g]p decomposes into an almost Einstein scale and a symmetry of
the distribution D.

The general procedure to characterize induced Fefferman geometries and
decompose their automorphisms is largely analogous to the constructions of
[CG06] and [CGOS| for the (classical) Fefferman spaces.

The results of this chapter mostly grew out of a joint project with K.
Sagerschnig to apply the BGG-methods which underly this thesis and ex-
plicit calculations of in chapter [6] resp. [HamO8] to the Fefferman con-
struction studied in [Sag08]. A joint article is in progress, [HS09]. In this
presentation we will mostly focus on holonomy considerations and applica-
tions of the BGG-machinery. For some algebraic calculations necessary to
compare normality we will only refer to [HS09].

7.1. Generic rank two distributions as parabolic geometries of
type (G2, P)

83
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7.1.1. The distributions. Let D; and Dy be subbundles of TM. For
x € M we define

[D1, D2y :=span({[¢,n]> : £ € ['(Dy),n € I'(D2)}). (151)

In general [Dy, D3] does not define a subbundle of 7M. One has that a
subbundle D C T'M, D is integrable if and only if [D,D] C D. We are
interested in maximally non-integrable rank 2-subbundles of 5-manifolds:
We say that a rank 2 subbundle D C T'M is generic if [D, D] is a subbundle
of rank 3 and [D, [D,D]] = TM. Thus, we are looking at distributions of
maximal growth vector (2,3,5) in each point. We will also say that D is a
generic distribution. Classically, there is a well known class of second order
ODEs which yield generic rank 2-distributions, but we won’t discuss this
aspect here (cf. e.g. [Nur05]).

A generic distribution D automatically gives rise to a filtration of the
tangent bundle by subbundles

T'M:=D (152)
T72M := [D, D] (153)
T73M :=TM. (154)

By construction, this filtration is compatible with the Lie bracket of vec-
tor fields in the sense that for ¢ € T'(T'M) and n € T(TVM) we have
[€,n] € T(T™ M); i.e.: M is a filtered manifold (compare with [2.2.5). The
Lie bracket of vector fields thus induces a tensorial bracket £ on the associ-
ated graded bundle gr(TM) = @ gr;(TM), where gr;(TM) = T*M /T M.
This is the Levi bracket

L:gr(TM) x gr(TM) — gr(TM)

introduced in general in section It makes the bundle gr(7'M) into
a bundle of nilpotent Lie algebras; the fiber (gr(T'M),, £;) is the symbol
algebra at the point x. Note, that we can equivalently characterize generic
rank two distributions in terms of their symbol algebras: A distribution is
generic if and only if the symbol algebra at each point is isomorphic to the
graded Lie algebra g = g_1 ® g_2 @ g_3, where dim(g_1) = 2, dim(g_2) =
1, dim(g—3) = 2, and the only nontrivial components of the Lie bracket,
g.1xXg_2— g 3and A’g 1| — g_o define isomorphisms.

7.1.2. The embedding Gy — SO(3,4). Let us recall one of the possi-
ble definitions of an exceptional Lie group of type Ga: It is well known (see
e.g. [Bry87]) that the canonical GL(7)-representation on the space A3(R")*
of 3-forms has two open orbits, and the stabilizer of a 3-form in either of
these open orbits is a 14-dimensional Lie group. For one of these orbits it is
a compact real form of the complex exceptional Lie group Gg and for the
other orbit it is a split real form.

Consider the symmetric bilinear map

R x RT — A"R"",
(X,Y) — ix® Aiy® A D

associated to a 3-form ®. Using the classification of orbit-types in [Wes&81],
it turns out that this map is non-degenerate if and only if ® is contained
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in an open orbit. It is positive definite if the stabilizer is the compact real
form and it has signature (3,4) if the stabilizer is the split real form of GS.
By construction, the map will be GLg-equivariant with GLg the stabilizer
of of ® in GL(7).

Now this GLg-invariant bilinear map determines an invariant element
vol on R” given by the 9-th root /D € A7(R7*) of its determinant D €
(ATRT")?, see e.g. [Hit01]. One finds that for any ® in one of the two open
GL(7)-orbits, vol # 0, and thus GL(7)gs C SL(7), and we will henceforth
take vol the standard-volume form on R”.

Thus, for any ® in one of the two open orbits,

H(®)(X,Y)vol :=ix® Niy® A D (155)

defines a non-degenerate R-valued bilinear form H(®) on R” which is in-
variant under the action of the stabilizer of ®. In particular, GL(7)s C
SO(H(D)).

Consider the standard basis eq,---,er on R7 and e}, -+ ,er its dual
basis. We fix the representative

_ 1 1 1
O :=——e] Nej Ney — —=e5 Nes Ner — —=e] ANeg Aeg

V6 V3 V3

1 1
— —=es Nej Ney — —=ez ANey A eg

V6 V6

of a split real form of GS and always work with G = Gg := GL(7)3.
One computes that

1
H(®)(X,Y) = %(9«"13# + oys + T3Y6 — Taya + T5y2 + Teys + T7Y1)-

In matrix form, the resulting metric H(®) on R” is (up to a factor)

0 0 1
h=10 g O (156)
1 00
with
00 0 10
00 0 01
g=10 0 -1 0 O (157)
10 0 0O
01 0 00

Since G C SO(h), we can define it equivalently as the stabilizer in GL(7)
of the 3-vector corresponding to ® via h:

1 1 1
(I>::—%67/\62/\634—%65/\64/\62—1—%66/\64/\63 (158)
1 1
— —e7Aeg ANep — —=e1 A5 Aeg. (159)

V6 V3
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The Lie algebra s0(3,4) = so(h) has the matrix representation

-« AL 0
X A Z|,aeR;X,ZcR> Acso(g).
0 —X'g Q

The Lie algebra g of G = Go, i.e. the Lie algebra of elements M € gl(7)
such that ®(Mv, v, v") + ®(v, Mv',v") + ®(v,v', Mv") = 0, is a subalgebra
in so(h) consisting of matrices of the form

tr(A) Z s w 0
X A V217 Z5d g
r —V/2X'] 0 —V/27] s (160)
Y ~ 250 V2JX —A —7Zt
0 -Y? r -X! —tr(A)

with A € gl(2), X,Y € R?, ZW e R*", r,s € Rand J = (¢}

).

For later use let us note here that the complement of g in so(h) with
respect to the Killing form is isomorphic to the seven dimensional standard
representation of Go. That means we have a GGo-module decomposition

so(h) =g®R". (161)

This can be understood via the sequence
0— g so(h) B R -0, (162)

which is Ga-equivariant and exact. Here
i® : so(h) = A°R"T — R’ (163)

is the insertion of so(h) into ®. The factor of ® as given in (158]) was chosen
such that the insertion

i®: RT — A’R7 = so(h) (164)

splits sequence (|162)).

Let P be the stabilizer of isotropic ray Rie; C R”. As we discussed in
Section parabolic geometries of type (SO(h), P) correspond to (oriented)
conformal structures of signature (2, 3).

Define P = PN Gy; this is now a parabolic subgroup in Gs. To describe
explicitly the corresponding parabolic subalgebra p C g, we introduce vector
space decompositions of the Lie algebra. We consider the block decomposi-
tion

go g1 g2 g3 O
go G192 93
1 0 g g2,
2 -1 g0 @

0 g3 g2 g-1 9o
of matrices , which defines a grading

g=93Pg2Dg-1Dg0D g1 D g2 D gs-

Note that the subalgebra g_ = g_3 @ g_o @ g_3 coincides with the symbol
algebra of a generic rank two distribution in dimension five as discussed in
7.1.1] The grading induces a filtration g C g? C gl c g cg ' c g2 C

g-1
g2 g-
g-3 9-
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g3, which is preserved by the action of P on g. The subalgebra p = g°
is the Lie algebra of the parabolic P and the subalgebra gg = gl(2) is the
Lie algebra of the subgroup Gg C P that also preserves the grading. The
subgroup Gy is isomorphic to GL4(2) = {M € GL(2) : det(M) > 0}.

7.1.3. The homogeneous model and associated Cartan geome-
tries. Let us look at the Lie group quotient G /P: The action of G2 on the
class eP € SO(h)/P induces a smooth map

Go/P — SO(h)/P.

Since both homogeneous spaces have the same dimension, the map is an
open embedding. Since G3/P is a quotient of a semisimple Lie group by a
parabolic subgroup, it is compact, and the map is in fact a diffeomorphism.
The group SO(h) acts transitively on the space of isotropic rays in R7,
which can be identified with the pseudo-sphere Q23 = 52 x §3. It turns out
that the (3,4)-metric h on R7 defined in induces the conformal class
of (g2,—g3) on Qa3, With go,g3 being the round metrics on S? resp. S3.
The pullback of that conformal structure yields a Gs-invariant conformal
structure on Go/P. Thus Go/P = SO(h)/P = (Q2.3,[(g2, —g3)].

Explicit descriptions of the canonical rank two distribution on the pseudo-
sphere Q2.3 = S% x $3 can be found in [Sag06]. In an algebraic picture, the
distribution corresponds to the P-invariant subspace g~'/p C g/p. Via the
identification of T'(G/P) with G x p g/p this invariant subspace gives rise to
a rank two distribution which is generic in the sense of

More generally, suppose (G, w) is any parabolic geometry of type (G, P).
Recall from chapter [2] that the Cartan connection w defines an isomorphism
TM = G xpg/p. Hence for any such geometry the subspace g~! /p gives rise
to a rank two distribution. In general, this distribution will not be generic.
To obtain genericity, one imposes the regularity condition of definition [2.2.5]
on w. Let us recall this condition: Let

TM=T3M>T2M>T'M > {0}

be the sequence of subbundles of constant ranks 2, 3 and 5 coming from
the P-invariant filtration g/p = g=3/p D g~ 2/p C g~ !/p. Consider the
associated graded bundle gr(7'M). This bundle can be naturally identified
with

G xpegr(g/p) = (G/Py) xa, 9--

We recall from chapter [2| that since the Lie bracket on the nilpotent
Lie algebra g_ is invariant under the adjoint representation, it induces a
bundle map {,} : gr(TM) x gr(TM) — gr(TM), algebraic bracket. A
Cartan connection form w was defined to be regular in section if the
underlying manifold M is filtered and the associated Levi bracket on gr(T'M)
coincides with the algebraic bracket. But since g_ is the symbol algebra of
a generic rank 2 distribution one immediately has that a regular parabolic
geometry (G,w) of type (G2, P) endows M with the structure of a generic
distribution D := T 1M =G xpg_1/p C TM.

Moreover, we recall that regularity can be expressed as a condition on
the curvature of a Cartan connection (Proposition [2.2.6): Since g has a P-
invariant filtration, we have a notion of maps in A*(g/p)*®g of homogeneous
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degree > [, and the set of these maps is P-invariant. A Cartan connection
form is regular if and only if the curvature function is homogeneous of degree
> 1; this means that x(u)(g’, g’) C g"/*! for all i,j and u € G. Note that
if the curvature function takes values in A%p, ® p, i.e. if the geometry is
torsion-free, it is automatically regular.

We have seen above that a regular parabolic geometry of type (Ga, P)
determines an underlying generic rank two distribution D, and for our choice
of P the distribution turns out to be orientable. Conversely, the prolonga-
tion procedures for parabolic geometries, see e.g. [CSOQ], show that we
can always associate a regular parabolic geometry of type (Go,P) to a
generic distribution D. However, there are many regular Cartan connec-
tion forms inducing the same underlying structure. To obtain uniqueness,
one additionally imposes the normality condition of parabolic geometries,
as was discussed in Let (G,w) be a regular parabolic geometry of type
(G2, P). Let K € Q*(M,AM) be the curvature of the Cartan connection
form w. Then we said that w is normal if 9*(K) = 0.

Now we can state Cartan’s classical result in modern language. We
restrict our considerations to orientable distributions. Equivalently, this
means that the bundle A?D be orientable. Then one has:

THEOREM 7.1.1 (JEC10]). One can naturally associate a regular, nor-
mal parabolic geometry (G,w) of type (Ga, P) to an orientable generic rank
two distribution in dimension five, and this establishes an equivalence of
categories.

An important point to be used in the Fefferman construction later, is
that given a regular Cartan connection form w which is already normalized
up to a certain homogeneity, it only differs from the unique Cartan form
by terms of higher homogeneity: This follows from the Proposition below.
It will be employed in Note that for two Cartan connections the
difference w — @ is a P-equivariant, horizontal, g- valued 1-form on G and
thus it can be described by a P-equivariant function ¥ : G — (g/p)* ® g.
We say that ¥ has homogeneous degree > [ if ¥(u)(g?) C gt for all i and
u€qg.

PROPOSITION 7.1.2 (|CS09]). Let (G,w) be a reqular parabolic geometry
with curvature function k and suppose that 0%k is of homogeneous degree > 1
for some I > 1. Then there is a normal Cartan connection wy € Ql(g,g)
such that (wy — w) is of homogeneous degree > 1.

7.2. The Fefferman construction for Gy — SO(3,4)

The relation observed in section between the homogeneous models
Go/P and SO(h)/P suggests a relation between Cartan geometries of type
(Go, P) and (SO(h), P), i.e. between generic rank two distributions and
conformal structures. Indeed, it was Pawel Nurowski who first observed
in [Nur05| that any generic rank two distribution on a five manifold M
naturally determines a conformal class of metrics of signature (2,3) on M.
Starting from a system of ODEs he explicitly constructed a metric from the
conformal class. A different construction of such a metric can be found in

[CSo7].
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Here we shall discuss Nurowski’s result as a special case of an extension
functor of Cartan geometries, called a generalized Fefferman construction;

[Cap06]|. This was first done in [Sag08]. Let i’ : g < so(h) denote
the derivative of the inclusion i : Gy < SO(h). Given a Cartan geometry
(G — M,w) of type (G2, P), we can extend the structure group of the Cartan
bundle, i.e., we can form the associated bundle C; =G xp P. Then this is a
principal bundle over M with structure group P. We have a natural inclusion
j : G — G mapping an element u € G to the class [(u,e)]. Moreover, we
can uniqyely extend the Cartan connection w on G to a Cartan connection
@ € QYG,s0(h)) such that j*© = i’ ow.

The construction defines a functor from Cartan geometries of type (Ga, P)
to Cartan geometries of type (G’, ]5).

We will later need the relations between the curvatures of @ and w: In
the next Lemma we use the inclusion of adjoint tractor bundles AM <— AM
via

AM =G xpg— G xpso(h) =G x pso(h) = AM.

LEMMA 7.2.1.

(1) The curvature form Q € Q2(G,s0(h)) of @ pulls back to the curva-
ture form Q € Q2(G,g) of w:

7*(Q) = Q. (165)

(2) The factorizations K € Q2(M, AM) of Q and K € Q2((M, AM) of
Q agree:

K=K e Q*M,AM). (166)

In particular, K € Q%(M, ./ZlM) has in fact values in AM C AM.

PROOF. Since the exterior derivative d is natural, it commutes with
pullbacks: j*d® = d(j*@) = dw. Since also j*([&),&)]) = [j*w, j*®] = [w,w],
we thus see that by Definition of curvature we have j*Q = Q.

Now the inclusion j : G — Gisa reductlon of structure group from P
to P. Therefore factorizing Q € Q2 (G, so(h ))P to the curvature form K €
Q2(M, AM) is the same as pulling back € via j and then factorizing. O

By Theorem [7.1.1] we can associate a canonical Cartan geometry (G,w)
of type (G P) to a generic rank two distribution on a five manifold M. As
discussed in section [6.1] any Cartan geometry (G,&) of type (SO(h), P) de-
termines a conformal structure on the underlying manifold M. Thus the
above generalized Fefferman construction shows that a generic rank two dis-
tribution D naturally determines a conformal class [g] of metrics of signature
(2,3). However, a priori we do not know whether & is the normal Cartan
connection associated to that conformal structure; one has to prove that
normality of w implies normality of &:

PROPOSITION 7.2.2. Let (G — M,w) be a regular Cartan geometry of
type (Go, P) and let (G — M,&) be the associated Cartan geometry of
type (G, P). Then normality of w € QY(G,g) implies normality of & €
QY(G,s0(h)).
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For the proof we refer to [HS09] or [Sag08|.

7.2.1. The parallel tractor three-form and the underlying con-
formal Killing 2-form. Let S = G x P R be the standard tractor bundle
for a conformal structure [g] associated to a generic rank 2-distribution D
on a five manifold M. Then S is easily seen to carry an additional structure:

PROPOSITION 7.2.3.

(1) The standard tractor bundle S for a conformal structure [g] asso-

ciated to a generic 2-distribution carries a parallel tractor 3-form
® c T'(A3S*) =T(A3S).

(2) The tractor 3-form ® determines an underlying normal conformal

Killing 2-form ¢ € Eqy [3] which is locally decomposable, or equiv-
alently, satisfies ¢ A ¢ = 0.

PROOF.

(1)

By construction, the conformal Cartan bundle is the associated
bundle G = G xp P, where G is the Cartan bundle for the distri-
bution. Hence, the tractor bundle can be viewed as S = G xp R7.
It follows that the P-equivariant function fe : G — A3R” mapping
constantly onto the 3-vector ® stabilized by G2 induces a section
® c I'(A3S). Tt follows from Proposition that the normal
tractor connection VA’S is induced by the normal Cartan connec-
tion w € QY(G,g). Hence, according to , Vé\gsé corresponds
to the function u — (&, - fo) + wu(&'(w))(fo(u)), where v € G and
¢ € X(9) is a P-invariant lift of a vector field £ € X(M). Since fg
is constant and w takes values in the isotropy algebra g of @, this
means that VA'S& = 0, i.e. ® is a parallel 3-tractor.
Since ® is VA"S-parallel, ¢ := ITp(®) lies in the kernel of the first
BGG-operator of A3S, which, according to is the operator gov-
erning conformal Killing 2-forms. By Definition the parallel
tractor @ therefore gives rise to a normal conformal Killing 2-form,
subject to additional equations, to be stated explicitly in .
Let V = A3R". With respect to the conformal parabolic P C
SO(h), V is filtered V = V=1 5 VY 5 V1 5 {}. We see from our
explicit formula for ®, , that, up to a factor, a representative
in gr_,(V) = V/V' is given by e7 A e2 A e3. Around every point
x € M we can choose a local section ¢ : U — G; on o(U) C
G C G we define 3 constant functions, mapping to e7, ey and es;
these correspond to sections s7, s and s3 of the standard tractor
bundle S. s7 is simply 7_ of ; to be precise, we use that
o : U — @G gives in particular a trivialization of the conformal
weight bundles, and we can view 7_ as an (unweighted) section of
S. The tractors sy and s3 lie in SY, and therefore project to elements
@2 and 3 in ['(gry(S)) = I'(SY/S!) = £E,, where we again use the
trivialization of the conformal weight bundles. Thus 7_ A pa A3 is
a representative of ¢ = IIo(®) € V/V°, and the identification
of V/V° with Elap) tells us that ¢ = w2 A w3 € Ejup)-
O
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REMARK 7.2.4. The parabolic subgroup P preserves a filtration of the
standard representation, and thus the standard tractor bundle is naturally
filtered

S=s?>5s"cs">8" 58”5 {0}
The isotropic line bundle S?' corresponds to the subspace generated by e; €
R7. The bundle S~V is the orthogonal complement to S?" with respect to
the tractor metric. The explicit form of the 3-form ® (see (158])) shows
how the additional filtration components can be characterized in terms of
®. Recall the canonical insertion 7. € T'(S ® E[1]) of E[—1] into S? C S,
which was defined in section [6.1.1] Then the subbundle S!' can be described
as the set of all tractors s € T'(S) such that isi,, ® = 0. The subbundle S
is the bundle orthogonal to S~V O

REMARK 7.2.5. The distribution D can be recovered from the conformal
class [g] associated to the distribution and the conformal Killing 2-form ¢.
The kernel of the 2-form is the rank three distribution [D,D]. Restricted
to [D, D], a metric g € [¢] is degenerate, and in fact the rank two distribu-
tion can be recovered as the kernel of the restriction ofg to the rank three
distribution. O

7.3. Holonomy reduction and characterization via conformal
Killing forms and twistor-spinors

The goal of this section is to characterize conformal structures arising
from generic rank 2 distributions in dimension five in terms of normal con-
formal Killing 2-forms satisfying certain additional equations. See Theorem
for a precise statement of the result. We will obtain another charac-
terization in terms of twistor spinors in Theorem

We proceed as follows. First, we prove that a conformal manifold of sig-
nature (2, 3) whose conformal holonomy is contained in G5 is obtained from a
generic rank two distribution via a Fefferman construction. Then we aim for
a characterization of the conformal structures in terms of underlying confor-
mal data; we derive conditions to distinguish those normal conformal Killing
2-forms coming from parallel tractor 3-forms defining holonomy reductions
to G. This is done analogously to [CGO6|, where the authors arrive at a
version of Sparling’s characterization [Gra87] of Fefferman spaces in terms
of a conformal Killing field.

REMARK 7.3.1. Recently there has been an interest in conformal struc-
tures with holonomy (s, since this seems to imply interesting properties
for the ambient metric construction; this has been studied so far for certain
classes of examples in [Nur08] and [LINO9].

7.3.1. Conformal holonomy. Let (M, [g]) be a conformal structure

of signature (2,3) encoded in a Cartan geometry (G,®) as described in sec-
tion The standard tractor bundle S of [g] is endowed with the tractor
connection V* and we recall the conformal holonomy

Hol([g]) = Hol(V?).

i{ltroduced in Now S comes about as associated bundle to G’ :=
Gx 5S0(p+1,q+1), and V¥ is just the induced connection from the principal
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connection form &' € Q(G’,s0(h)). Thus we have that Hol(V?) = Hol(&').
Recall that by construction the pullback of & to G C G’ is simply the Cartan
connection form .

In the generalized Fefferman construction of section we started with
a parabolic geometry (G,w) of type (G2, P) encoding a generic rank 2 dis-
tribution and associated to this the parabolic geometry (G := G xp P, &) of
type (SO(h), P) by equivariantly extending w to &. If we add the extended
bundles G’ = G xp G and G’ = G x 5 SO(h) = G x p SO(h) to the picture

we obtain the commuting diagram of inclusions

In particular, this yields a holonomy reduction of (G',&') to (G',w'), and

thus Hol(&') = Hol(w') C G2. By Proposition @ is normal. Hence
Hol(@') is indeed the conformal holonomy Hol([g]p), which is thus seen to
be contained in Gs.

We are now going to show the converse: if, for a conformal structure
(M, [g]) of signature (2,3) one has that Hol([g]) C G2, then there is in
fact a canonical generic rank 2-distribution D on M such that [¢] = [¢]p.
To be precise, the group Hol(®) is only defined up to SO(3,4)-conjugacy:
it is defined for a point u € G, and one then writes Hol,(&). Since for
g € SO(3,4), Hol,.g = gHol,g~ !, one can always choose a point in the fiber
of w with a given representative of Hol(@) in the SO(3,4)-conjugacy class.

Let 7 : ' — M be the surjective submersion of the SO(h)-principal
bundle Q~’ . The next Theorem treats the holonomy reduction of a Cartan
geometry. A similar procedure was stated in [AltO8].

PROPOSITION 7.3.2. Let (G, @) be such that (G',&") has holonomy in G
and let H C G’ be a holonomy reduction of (G',&') to Go. Then

(1) H C G’ and Q - Q’ intersect transversally. We denote the resulting
submanifold by G :=H N G.

(2) For every u € G, Tyn(TuG) = TryM.

(8) G is a P-principal bundle over M.

(4) Let w be the pullback of & € Q' (G,s0(h)) to G. Then w € QY(G,g)
1s a Cartan connection form.

ProoOF. The holonomy reduction H < G has by definition the fol-
lowing properties: H is a Go-principal bundle over M and and j : H — g
is a Go-equivariant embedding of H into G’. One has that the pullback
4*(@) of the principal connection form @ € Q'(g,so0(h) has values in go, i.e.,
7*(@) € QY (H,g2) is a Go-principal connection form. In the following we
will regard H as a subbundle of G'.

(1) We have that T, H+T,G D u-g+u-p = u-so(h) = ker(T, 7). Since
T,m:T,G — T ()M is surjective, we have that dim (TuH+Tug~) =
dim (so(h)) + dim (g/p) = dim (T,,G').
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(2) Take u € G = HNG and € € TryM. Since the restriction of 7

to ‘H and G are surjective submersions, there exist & € T,’H and
& € T,G such that £ = T, w& = Tymés. Then

&—&ekerTyr=wu-so(h) =u-g+u-p.

Thus there exist 171 € u-g and 73 € u-p such that & — & = n1 +ns.
Let

=& -m=&+mnel,g.

Then indeed T, &' = €.

(3) Assume first that for an x € M there is a u € H, N Gy = G.. Then
evidently G, = u - (Go N P) = u - P. It therefore remains to show
that H, N G, is always non-empty: let u € H,. Then there is a
g € SO(h) such that u-g € G. But since Go/P = SO(h)/P (see
there is a p € P with gp = ¢ € Go; then u- ¢’ € H since H
is a Go-subbundle and u- ¢’ = (u-g) -p € SO(h); i.e., u-g € G.

(4) We now consider G as a reduction of the P-principal bundle G to
P and denote by w the pullback of & € Q'(G,s0(h)). By construc-
tion, H O G was obtained by holonomy reduction of (G’,&') to
G9. In particular, &)|’TH has values in g, and thus w € Q(G,g).
P-equivariance and reproduction of p-fundamental vector fields is
clear since G is just a P-principal subbundle of QN and @ is a Car-
tan connection form satisfying (C—(C by assumption. We thus
need to check that also (C holds for w. lL.e., for every u € G we
need that w, : T,G — g is an isomorphism. We have seen that
Tum(TuG) = Tr@yM. Since u - p = ker(T,7) C T,G, we see that
T,G C T,G must span at least dim (g/p)-complementary dimen-
sions and thus already T,,G +u-p = T,G. But then wu(TuG/u-p) =
Ou(Tug/u - p) = g/p = g/p. This, together with wy(u-p) = p
by reproduction of fundamental vector fields, gives that indeed

O

PROPOSITION 7.3.3. Suppose (M, |g]) is a conformal structure of sig-
nature (2,3) such that Hol([g]) C Go. Let (G,&) be the normal parabolic
geometry of type (é,ﬁ) associated to the conformal structure and let (G,w)
be the parabolic geometry of type (G2, P) obtained via reduction as explained
in Proposition [7.3.3. Then w is regular and there is a normal Cartan con-
nection wy € NG, g) such that the difference (wy — w) is of homogeneous

degree > 3.

For the proof we refer to [Sag08| or [HS09]. Having Propositions
and [.3.3] we can now show:

THEOREM 7.3.4. Let (M, [g]) be a conformal structure of signature (2, 3)
with conformal holonomy Hol([g]) C G2. Then [g] is canonically associated
to a generic rank two distribution D via a generalized Fefferman construc-
tion.
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PROOF. Let (G,®) be the normal parabolic geometry of type (SO(h), P)
associated to the conformal structure [g]. Let (G,w) be the Cartan geometry
of type (G2, P) constructed in Proposition Then we know by Propo-
sition that w is regular and that there is a normal Cartan connection
wy € QY(G, g) that differs from w only in homogeneous degree > 3.

Recall that the Cartan connection w determines an isomorphism G X p
g/p = TM. Regularity of w implies that the image of G x p g~!/p under this
isomorphism is a generic rank two distribution D. Furthermore, we have a
P-invariant conformal class of bilinear forms of signature (2,3) on g/p, and
the conformal structure induced via the above isomorphism on M is just [g].
On the other hand, the Fefferman construction associates a conformal struc-
ture [g|p to the distribution D. This is the conformal structure induced via
the isomorphism G x p g/p = T'M defined by the normal Cartan connection
wy € Q1(G, g) associated to the distribution D. Since wy — w is of homoge-
neous degree > 3, the difference (w —wy) takes values in p. But this implies
that w and wy induce the same isomorphism TM = G xp g/p and hence
the same conformal structure on M; i.e., the conformal structure [g] is the
one induced by the distribution D: [g] = [g]p. O

7.3.2. Characterization via the tractor 3-form. We have seen that
conformal structures associated to generic rank two distributions in dimen-
sion five precisely correspond to reductions in conformal holonomy from
SO(h) to Ga. As the next step towards the desired characterization re-
sults we show that such a holonomy reduction can be encoded in terms of a
parallel tractor 3-form satisfying a certain compatibility condition with the
tractor metric.

The group Gy C SO(h) has been realized as the isotropy subgroup
SO(h)e of ® € ART given by (I58). Let u € ¢’ = G x5 SO(h) be an
arbitrary point in the extended SO(h)-principal bundle over M. Recall that
we have extended the Cartan connection form equivariantly to an SO(h)-
principal connection form &' € QY(G’,s0(h)). We consider the conformal ho-
lonomy Hol,, = Hol, (&) of [g]. For g € SO(h) one has Hol,., = g Hol, g7,
and of course Hol([g]) really is the SO(h)-conjugacy class of Hol,,.

Let H, — G', u € G', be the reduction of the SO(h)-bundle G’ to Hol,.
If ¥ € I'(A3S) is parallel it corresponds to a SO(h)-equivariant function
f: G — APR7, which is a constant ¥, € A®R7 on H,. In particular
Hol, -¥, = ¥, or Hol, C SO(h)y,. If «' is another point in G’ one has
Hol,, = gHol, g~ ! for some g € SO(h) and ¥, = g - ¥,. Thus f(G') =
SO(h) - ¥,. We say that SO(h)y, is the orbit type of the parallel tractor
W. To be precise, the orbit type is of course only given up conjugacy under
SO(h).

Now compatibility condition singles out the unique SO(h)-orbit of
A3S whose isotropy type is Go. Hence Hol([g]) reduces to G if and only if
there is a VASS—parallel ® c A3S satisfying the global version of , ie.,

H(®) = Ah for a A € R\{0}, (167)
where, for s1,s9 € T'(S),
H(®)(51,52) = is,® N s, ® A B (168)
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We remark that this formula at first only defines a section of in S 2S* @ ATS*;
However A7S* is trivial by orientability of S, resp. since P C SO(h).

7.3.3. Characterization in terms of the underlying conformal
Killing 2-form. We want to express compatibility condition of the
VA*S_parallel tractor ® € I'(A3S) in terms of the underlying normal con-
formal Killing 2-form ¢ = o(®) € Ejqp[3]-

By Lemma and , we have

Payaz
¢ = | Yagaraz ‘ Hay | = (169)
Pasas
<—115D”Dp¢a1az 150" Diay dipjaa) + ﬁ)D[alD%pm])
+%Pp[a1¢|p\a2} — 5J%a1az
D[ao¢a1a2] ’ - igqup(ﬁqaz

aiaz

5[a1a2][1]
€ | Elagan) 3] | Eax[1]

g[aynaz} [3]
According to ([127)), the tractor connection VA'S ig given by

Paiaz
3
V? s Papaiaz ‘ Haz | =
¢CL16L2
Dcpaya; — Pcp(Ppcuaz - 2P0[a1 Has)]
= Dc(ﬂaoamz + 3gc[a0pa1a2] + 3Pc[ao¢a1a2] | Depra; — Pcpgbpaz + Peas
Dctayay — Pear-az + 2gc[a1:uag]
Thus ® € I'(A3S) being vA'S -parallel is equivalent to the following 4 equa-

tions: The equation in the lowest slot just says that ¢aia, € Elaay)[3] is @
conformal Killing 2-form:

1
Dc¢a1a2 - D[a0¢a1a2] - §gc[a1gqu|p¢q\a2} =0.
The additional 3-equations, for which we don’t write out ¢, ; and p as given
by (169)), are then

Depaya; — PCPQOPCHCLQ - 2Pc[a1:uag] =0 (170)

Dc‘PaoamQ + Sgc[aopamz} + 3Pc[a0¢a1a2] =0

Depray — Pcp¢pa2 + peay = 0.
We now consider the map (168). As a SO(h)-representation S?R”" decom-
poses into the irreducible components SS]R” of trace-free symmetric 2-forms

and the space Rh of multiples of h. The corresponding decomposition on
the tractor level is

S?8* = S2S* @ Rh. (171)

Accordingly H(®) decomposes into H(®)p and H(®),.. Compatibility con-
dition (167)) then means that H(®)y =0 and H(®); # 0.
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LEMMA 7.3.5. One has H(®)p = 0 if and only if
dNPNAp=0. (172)

PROOF. SgS* is the tractor bundle associated to the irreducible repre-
sentation of SO(h) on S§R7*. By assumption ® is VASS—parallel; the map-
ping ® — H(®) — H(®P)g is algebraic, and thus naturality of the tractor
connection implies that H(®)y is V535" _parallel. By Lemma , the sec-
tion H(®)o € T'(S3S*) can thus be recovered via the BGG-splitting operator

2 Q*
LS‘OS from its projection to Ho(S3S*) = £[2]. This projection is achieved
by inserting twice the top slot 74 into H(®)p, and since h(7y, ) = 0 this
is the same as evaluating H(®)(74,74). Now according to (168)),

H(®)(ry, 7 )vol = (ir, (®)) A (ir, () A .

Here vol € A7S is the canonical volume-form. We use the representation
(123]) with respect to a metric g € [g] and calculate

H(®)(74,74)vol =

=@ =T AN (=T AW A(T- NP+ @+ TL AT-Ap+ 7L Ap) =
=QONQATLAT_AP =T AUNPAT_ANG—PNANTLAPANT_Np =
=3 AT_AOND AN L.

This vanishes if and only if A o A p = 0. (]

REMARK 7.3.6. It follows from the proof of Lemma that ¢ A @ A
w € 5[a1..‘a5][7] is conformally invariant. To see this directly observe that

with a change of metric § = €2/g, fla, = fta, — TPppq, according to the
transformation rules (126)). But

0=0ANPNS=rirr(dANONG) =3 APA (ivrg).

Assume now that H(®)y vanishes, i.e. H(®) = H(®);, = Ah, and since
0 = V5755 (Ah) = (dA\)h we have that A € R is a constant.

LEMMA 7.3.7. If H(®)p =0, one has H(®) = \h for a constant X € R.
A # 0 if and only if

dNuNp#0. (173)

PROOF. We check that \ # 0 by inserting 7, 7_ since H (®)(74,7_)vol =
Ah(7y, 7_)vol = Avol:
H(®)(ry,7—)vol = (ir, ®) A (i, )N P =
=@—Te AWA(T-Ap+p)ANT-ANP+ O+ T AT-Ap+74 Ap) =
=ONANT_APUANTLAPFOAPATLIAT_AU—TL AUAPAT_-NG =
=3 ANT_ AP AuANp.

Thus A # 0 if and only if ¢ A u A p # 0. Note that this fixes the constant A
and ¢ A u A p either vanishes globally or nowhere. O

We are now ready to prove Theorem [7.3.8
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THEOREM 7.3.8. Let [g] be a conformal class of signature (2,3) metrics
on M. Then [g] is induced from a generic rank 2 distribution D C TM if
and only if there exists a normal conformal Killing 2-form ¢ € (3] that
is locally decomposable and satisfies the following genericity condition: for

Hay = gqup¢qa2 S ga[l]a

1 2 1
Pajaz = _BDPDP¢G1G2 + EDPD[al ¢|p\a2} + TOD[ale(b\Maz]

4 1
+ 5Pp[al¢|p\a2] - 5J¢a1a2 S g[ab}[l]
one must have
O0£PAUNpE 5[@.,.@5} [5].

ProoF. Normal conformal Killing 2-forms ¢ € Eay)[3] correspond to
VA3S—parallel sections of A3S via . The explicit conditions for a con-
formal Killing 2-form ¢, € E}44)[3] to be normal are (170)).

Now it was shown in that a parallel ® € I'(A3S) yields a reduction
to a parabolic geometry of type (Ga, P) if and only if ® satisfies compati-
bility condition . In fact, is equivalent to the orbit type of the
parallel tractor ® € I'(A3S) being G. Lemmata[7.3.7] and above yield
that is equivalent to conditions and on the normal confor-
mal Killing 2-form ¢ = IIp(®), resp. on its differential splitting components
as given by . The orbit type of ® being G5 actually implies locally de-
composability of the underlying 2-form ¢, as was shown Proposition [7.2.3]
which then implies that already ¢ A ¢ = 0.

We thus see that —i— is in fact equivalent to local decompos-
ability of ¢ together with condition (173)). (]

REMARK 7.3.9. It is a well known consequence of the classical Pliicker
relations (cf. [EMOO]) that a two form ¢ is locally decomposable if and only
if ¢ A ¢ vanishes globally. O

REMARK 7.3.10. Throughout this chapter we have assumed orientabil-
ity of TM. This was however only a minor point so far: If we remove
this assumption and denote by O the 2-fold covering of M which is the
orientation-bundle, we would obtain a twisted normal conformal Killing 2-
form ¢ € A’T*M ® E[3] ® O. The real gain in orientability is that one has
in fact a canonical spin structure in that case: O

7.3.4. Characterization via twistor-spinors. Since we work with
Go connected, Go < SOg(h). In fact one has that this embedding lifts to
G2 — Spin(h) = Spin(3,4). It is shown in [Kat99] that G2 C Spin(h) can
be realized as the isotropy group of an arbitrary non-isotropic element of
the spin representation A3

Let now (M, [g]) be a conformal spin manifold of signature (2, 3). As dis-
cussed in (M, [g]) corresponds to a Cartan geometry of type (Spin(3,4), P)
with P Spin(3,4) the preimage of the conformal parabolic PcC SO¢(3,4)
under the double-covering Spin(3,4) — SO¢(3,4). Let A be the spin bundle
of (M, [g]).
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Now let 3 = G ><13,A374 = Gx pA3* be the spin tractor bundle introduced
in We showed there that with respect to any g € [g]
_ (Al=3l
== ()
Furthermore, parallel sections of 3 were shown to be in 1 : 1-correspondence
with twistor spinors x € I'(A[4]) via the projection Il : & — A[L] and the
splitting operator

L:T(A[)) — T(2) (174)
V2
s WJDX
X < N ) (175)

with ) : T(A[4]) — T'(A[—3]) the Dirac-operator.

THEOREM 7.3.11. Let (M, [g]) be a conformal spin structure of signature
(2,3) and A its (complex 4-dimensional) spin bundle, which is endowed
with a pseudo-hermitian inner product (-,-) of signature (2,2). Then [g] is
induced from a generic rank 2-distribution D C TM if and only if there

exists a twistor spinor x € F(A[%]) with nowhere vanishing imaginary part

Jm({x, Px))-

PROOF. We only give a sketch of the proof, which employs similar ar-
guments to the characterization with normal conformal Killing 2-forms:

First, let D be an oriented generic rank 2-distribution and (G,w) the
corresponding regular normal Cartan geometry of type (G2, P). We regard
G4 as an embedded subgroup of Spin(3,4), realized as the stabilizer of an
element X € A3%. The Fefferman construction G = G x p Spin(3,4) is
then seen to yield a normal Cartan geometry of type (Spin(3,4), ]5), which
corresponds to a conformal spin structure of signature (2,3). Now, as in
the proof of Proposition @L X € A3* determines a parallel spin-tractor
X € I'(X), where ¥ = G xp AP = G X p A3* is the spin-tractor bundle.
We have seen in 6.3 that then X projects to a twistor-spinor y € T'(A[3).

Conversely, let xy € T'(A[3]) be a twistor-spinor for a conformal spin
structure of signature (2,3). Let X := L() € I'(2) and recall the decompo-
sition of the pseudo-hermitian metric k% on 3: with (-, -) the pseudo-

hermitian metric on A one has, for v,v' € T(A[3]) and w,w’ € T'(A[3])

kaa( ) (1)) = it = ).

Thus k?#(X, X) is a multiple of the imaginary part of (x, ), which is non-
zero by assumption on . Since y is a twistor-spinor, L(x) is V>-parallel (cf.
Proposition . Thus the holonomy of the extended conformal tractor
bundle Q’ =0Xp Spin(3,4) is contained in the stabilizer of a non-isotropic
element in A3* and is therefore contained in G5. The rest is analogous to
the proof of Theorem [7.3.4] O

REMARK 7.3.12. A3* and A?3 admit real structures A%A resp. A%’?’.
A%4 is endowed with an invariant symmetric (4, 4)-form, which can be ex-

. . . 2,3
pressed in terms of an invariant non-degenerate skew-form on Ap”. Then,
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with Agr the real spin bundle of dimension 4 over M and w the skew-form
on this bundle, one can also show that a conformal spin structure is induced
by a generic distribution iff if there is a real twistor spinor y € F(AR)[%]

with w(x, Px) # 0.

7.4. Decomposition of conformal Killing fields of [g|p

The goal of this section is to prove Theorem We will show that
every conformal Killing field of [g]p decomposes into a symmetry of the
distribution D and an almost Einstein scale. The space of almost Einstein
scales aEs([g]) was defined in (117) of section Now we discuss sym-
metries:

Since D and [g] are equivalently described by Cartan geometries (G, w)
resp. (G, @) we can determine their symmetry algebras by determining the
symmetries of their corresponding Cartan geometries - in fact one can define
them in this way. For this purpose, recall the general description [CapOS]
of the Lie algebra of infinitesimal automorphisms of a parabolic geometry
presented in

Before this Cartan geometric description, let us discuss the classical
notions: an infinitesimal automorphism or symmetry of the distribution
D Cc TM is a vector field on M whose Lie derivative preserves D, i.e.,

sym(D) = {{ € X(M) : Len = [§,n] CT(D) vy € T(D)}. (176)

REMARK 7.4.1. In this text we won’t show directly that the symmetries
of the distribution sym(D) defined via agree with the infinitesimal
automorphisms inf.aut.(w) of the corresponding Cartan geometry. We just
use the fact that associating a regular normal parabolic geometry of type
(G, P) to a generic rank 2-distribution D is an equivalence of categories.
The explicit form of the splitting from vector fields on M into the adjoint
tractor bundle relating the classical and the Cartan- viewpoint is only needed
in the conformal case, which was treated in [6.1.4 O

7.4.1. Decomposition of the conformal adjoint tractor bundle.
We will use the description [Cap08] laid out in of the symmetry Lie
algebra of a parabolic geometry (G, w) of type (G, P). This will be applied for
(G,w) the geometry of type (G2, P) describing the generic rank 2 distribution
D and for the conformal geometry encoded in the Cartan geometry (G, o)
of type (SO(h), P).

Let now AM := G xp g be the adjoint tractor bundle of the generic
distribution D and let AM := G x p50(h) be the conformal adjoint tractor
bundle. The tractor connection on AM will be denoted by VA and the one
on AM by VA

Recall from section that as a Go-module,

so(h) =R" @ g, (177)

Le., so(h) decomposes into the direct sum of the standard representation of
G2 C SO(h) on R” and the adjoint representation Ad : G5 — GL(g). This
decomposition was realized by the exact sequence (162)) of section and

its splitting (164)).
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On the level of associated bundles this yields a decomposition of the
conformal adjoint tractor bundle:

AM =G xps0(h) =G xpso(h) = (G xpR) @ (G xpg) =S®AM.
(178)

Le., the conformal adjoint tractor bundle AM is the direct sum of the stan-
dard tractor bundle S and the adjoint tractor bundle AM of the generic
distribution.

Let us check that we can also decompose the tractor connection

VA=VS VA (179)

Take a vector field £ € X(M) and its horizontal lift £’ to a vector field on
the extended bundle ¢’ = G xp G3. Then, for s € I‘(.,ZlM), the tractor
derivative V¢s is defined by differentiating the G-equivariant function f :
G — so(h) corresponding to s in direction &. But evidently taking this
derivative commutes with the algebraic projections of f to its components

fs:G — R7 and fapr: G — g; thus (I79) holds.

THEOREM 7.4.2. Let s € T(AM). s splits into s; € T'(S) and sy €
T (.:4M ) via the decomposition (L78|). Then s is parallel with respect to VA =
VA +iK if and only if s1 is VS -parallel and sy is VA = VA + i K -parallel.

PROOF. Let Q € Q2_ (G, g)" be the curvature of w € Q(G, g), which is

hor

given by Q(§,n) = dw(§,n) + [w(€),w(n)]. We have the inclusion

Jj:G—G
which satisfies by construction j*@ = w.

Recall that according to (I66) we have K = K € Q*(M, AM). Now

according to Proposition .1, we have an identification of inf .aut.(g,&))
with parallel sections of AM with respect to vA = VA—H'K, with ipa ) K =
K(TT(s),-) and an identification of inf.aut(G,w) with parallel sections of
AM with respect to the connection V4.

Let 51 € T'(S) and sy € T(AM) be V5- resp. VA- parallel sections. Since
the restriction of V4 to I'(S) c T(AM) is just VS we have that s; includes
as a V“Zl-parallel section into I'(AM). But by Lemma we have that
K(TT(s1),-) = 0, and thus also VAs; = 0. For sy we have VAsy = 0 by
(166|), and we see that s; + s5 corresponds to an infinitesimal automorphism
of (G,w).

Conversely, we take a s € I'(AM) with VAs =0 and decompose

s=s1®sye(S)DT(AM)

according to (I78). Since K has values in AM we have that s; € T'(S) is
parallel with respect to the standard tractor connection V¥ by . We
still need to show that sy is parallel with respect to VA = VA 4 i K, while
so far we only know that

VAsy + K(HA(SQ, )+ K(HA(32)> )

—
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vanishes. But since s; is parallel as a section of AM with respect to the
usual adjoint tractor connection V4 according to , we can again apply
Lemma which tells us that s; inserts trivially into the curvature K =
K. Thus also ?ASQ =0. O

We can now translate Theorem [7.4.2] into a decomposition of conformal
Killing fields:

THEOREM 7.4.3. Let D be a generic rank 2-distribution on a 5-manifold
M and [g]p the induced conformal class of signature (2, 3)-pseudo-Riemannian
metrics. Let ¢ € Eqy)[3] be the normal conformal Killing 2-form of Proposi-
tion[7.2.3. Then one has:

Every conformal Killing field decomposes into a symmetry of the distri-
bution D and an almost Einstein scale:

cKf([g]) = sym(D) @ aEs([g]). (180)

The mapping which associates to an almost Einstein scale o € E[1] a
conformal Killing field is given by

1
0 ¢apDPo — ZaquSpa (181)

where D 1is the Levi-Civita connection of an arbitrary metric g in the con-
formal class.

The mapping which associates to a conformal Killing field £ € X(M) its
almost FEinstein scale part with respect to the decomposition 18 given

by
1
Ea = Gpg(DE = SEP Doy (182)

PrOOF. By Proposition conformal Killing fields of [g] are in 1:1-
correspondence with @A—parallel sections of AM. By Theorem above,

every such section decomposes into a parallel standard tractor in S = I'(S)
and a VA-parallel section of AM. By Proposition and again Proposi-
tion now for AM, this yields the decomposition (180)).

It is now straightforward to make this decomposition explicit in terms of
the normal conformal Killing 2-form of Theorem [7.3.8] encoding the generic
distribution D:

To map an almost Einstein scale o € £[1] to a conformal Killing field we
use the splitting operator L : £[1] — S) given in (T14), contract this section
into the characterizing vA'S -parallel 3-form ® € I'(A3S) given by via
the tractor metric h and project the resulting section of A2S = AM down
to X(M): This yields (181].

To project a conformal Killing field £ € X(M) to its almost Einstein
scale part we proceed similarly: we split it into I'(A%S) via L{]\QS of ,
contract it into ® € I'(A3S) and project the resulting standard tractor to
&[2]. This gives (182). O

REMARK 7.4.4. We remark that this theorem employs the 2-form ¢ €
Elab) [3] with the ’correct’ factor, i.e, the one corresponding to con-
structed in Proposition [7.2.3l This depends on the tractor-version of the
exact sequence and its splitting . If ¢ is a normal conformal
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Killing 2-form as described by Theorem [7.3.8| may differ from the one ob-
tained by Proposition but it can be multiplied with a scalar that is
unique up to sign such that one has an analogous exact sequence on the
tractor-level. Then the composition of with is the identity.

REMARK 7.4.5. Mapping actually works more generally: in the
presence of an almost Einstein scale it was shown in [GS08|, Corollary 5.2,
that one can associate to every conformal Killing 2-form, not only to normal
ones, a conformal Killing field. O

REMARK 7.4.6. In terms of the Twistor spinor x € TI'(A[1]) and the
skew-symmetric form w of Remark this decomposition is given as
follows: An almost Einstein scale o € £[1] corresponds to the Killing field

o = w(%UJDX + (Do)PvpX; YaX)-

The almost Einstein scale part of a Killing field £, € &£,[2] is given by

4
w(—gfp’prDx + (Dpég)YPIx; X)-

We remark that ¢ = w(Xx,Va75X)- O
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